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Abstract

In this paper, the residue integrals over cycles associated with a system
of non-algebraic equations and formulas for their calculation are given. Their
connection with the power sums of the roots of the system is established. Some
examples are considered.
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Introduction

Multidimensional logarithmic residues in the theory of functions of several variables
have found, quite a lot, applications in mathematics and other fields (see [1, 2, 3,
4,5, 6, 7]). The classical formulas of the multidimensional logarithmic residue are
generalized to wider domains (see (2, 3, 4, 5, 6]).

For systems of nonlinear algebraic equations in C", based on a multidimensional
logarithmic residue, formulas were previously obtained for finding power sums of
the roots of the system without calculating the roots themselves (see [1, 2, 3]). For
different types of systems, such formulas have a different form. On this basis, in C"
a new method is constructed for studying systems of algebraic equations. It arose
in the work of L.A. Eisenberg [3|, and its development is continued in monographs
([1, 2]). His main idea is to find power sums of roots systems (to a positive degree)
and then in using one-dimensional or multidimensional recurrent Newton formulas
(see [1,2,3,4,5,6,7,8,9]). Unlike the classical method of exclusion, it is less labor
intensive and does not increase the multiplicity of roots.

Using the multidimensional logarithmic residue in [9], the formula is obtained to
find the sum of the values of an arbitrary polynomial in the roots of a given systems
of algebraic equations.

For systems of non-algebraic equations, formulas for the sum of the values of the
roots of the system cannot be obtained, since the roots of the system can be an
infinite number and a series of such roots is divergent. Nevertheless, non-algebraic
systems of equations arise, for example, in problems of chemical kinetics (|10, 11]).
Thus, the actual problem is to consider such systems.

In [12, 13, 14, 15, 16, 17, 18, 19|, power sums of roots in a negative degree for
different systems of non-algebraic equations are considered. To compute these power
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sums, a residue integral is used, the integration of which is carried out over the
skeletons of polycircles centered at zero. Note that this residue integral is not a
multidimensional logarithmic residue or Grothendieck residue (see [2]). For various
types of lower homogeneous systems of functions included in the system, formulas are
given for finding the residue integrals. Their connection with the power sums of the
roots of the system to a negative degree is established. The sums of some multiple
series are found.

In [19], the system arising in the Zeldovich-Semenov model in chemical kinetics
was investigated.

In |20], non-algebraic systems of equations were studied in which the lower homo-
geneous parts of the functions included in the system form a non-degenerate system of
algebraic equations. Formulas are found for calculating the residue integrals, power
sums of roots to a negative degree, their relationship with the residue integrals is
established. In this paper, based on these results, we find the residue integrals over
the cycles associated with the systems. Their relationship with the power sums of
the roots of the system is established. Some examples are calculated.

1 Necessary definitions and results

Let fi(z),..., fu(2) be a system of functions holomorphic in a neighborhood of the
origin in a multidimensional complex space C", z = (z1, ..., 2z,).

We expand the functions fi(2), ..., f.(z) in Taylor series in a neighborhood of the
origin and consider a system of equations of the form

fi(z) = Pj(2) + Q4(2) =0, j=1....n, (1)

where P; is the smallest homogeneous part of the Taylor expansion of function f;(z).
The degree of all monomials (in the totality of variables) in P;, is m;, j =1,...,n.
In functions (), the degrees of all monomials are strictly greater than m,.

The expansion of functions @);, P;, j = 1,...,n, in a neighborhood of zero into
Taylor series converging absolutely and uniformly in this neighborhood has the form

Q;(2) = Z al 2, (2)

lall>m;
Pi(z)= > 0P i=1,...n, (3)
l|Bll=m;
where o = (ay,..., ), 8 = (f1,...,0,) are multi-indices, i.e. a; and f; are non-

negative integers, j = 1,...,n, ||o| = aa + ... + an, ||B]] = f1 + ... + Bn, and
monomials 2% = 20 - 252 -+ 200 28 = 0. 22 2P

In what follows, we will assume that the system of polynomials Pi(z),..., P,(2)
— it is non-degenerate, i.e. its common zero is only point O(the origin).

Consider an open set (special analytic polyhedron) of the form

Dp(ri,...,rn) ={z: |P(2)| <mi, i=1,...,n},
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where rq,...,r, are positive numbers. His skeleton has the form
Cp(ri,...,rn) =Tp(r)={z: |P(2)|=m, i=1,...,n}.

These sets play an important role in the theory of multidimensional residues (see, for
example, [1]).
For sufficiently small r;, the cycles I'p lie in the domain of holomorphy of functions
fi, therefore, the series
D labfrir--rpe

llatl|>m;

converge, i = 1,2,...,n. Then on the cycle I'p(tr) = I'p(try,try, ..., tr,) for suffi-
ciently small £ > 0, we have

ST ower| = S0 Pt = ST, =1,

l|Bll=m l|Bll=m 8l=mi

and

Qutn) = | Y ditre] < S0 delal e = et N fa freglel-tmitn),

lall>m; lall>m; lletl|>m;

Therefore, for sufficiently small ¢ on the cycle I'p(¢r) inequalities hold

|Pi(z)| > |Qi(2)], i=1,2,...,n. (4)
thus,
fi(z) #0 on Tp(tr), i=1,2,...,n

In what follows, we assume that ¢ = 1, i.e., that the inequality (4) is valid on the
cycle I'p(ry, ..., 1m0).
We introduce the concept of the residue integral (see [21]). Denote by J., integral

B 1 1 ﬁ B
e <2W—_1>”p/ o ®)

1 1 f dfs dfn
/—q1)n 71+1 Yo+l _ntl N Ao A=y
(27T ) * 29 *Zn fl f2 fn
where v = (71, ...7,) is a multi-index. This residue integral is defined if r,...,7,

is chosen so that the inequality (4) holds and the cycle I'p does not intersect with
the coordinate planes. Note that this integral is not a multidimensional logarithmic
residue or Grothendieck residue.

In [20], a formula is given for calculating the residue integrals. But in order
to relate the residual integrals to the power sums of the roots of the system, it is
necessary to impose some restrictions on the functions Q;(z), 1 =1,...,n
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Consider as functions Q;(z), ¢ = 1,...,n, polynomials of the form (2)
Z al z”. (6)
lleel|>m

Suppose that for each i-th equation in (1) the conditions

degzi PZ < degzZ Qia deng- Pl 2 deng Q’h j # i (7>

Here deg,. P(z) is the degree of the polynomial P with respect to the variable z; for
the remalmng remaining variables. We have degP = m;. Denote deg (); = s;, and
degz P, =m] degzj Q; = sf Then m; < s;, m; < sj, « = 1,...,n. In addition,

. n .
i gJ - j
m] > s! for j # i. Cases when ) m] > m,.
i=1

1
Substituting z; = —, ¢ = 1,...,n in all functions f;(z) = Pi(z) + Qi(z), i =
wA

K3
1,...,n assuming all w; # 0, we get
Arean) = X o= e 3t
lI8ll=m 1 Wn* ||6||—mz
and
1 1 1 1 1 1 e srea,
Qi<w_1,”,7w_)_ > e L LS
T alsme e Y
We own

where P; are homogeneous polynomials

} : m}—pB1 mP—pfn st—mi
bﬂwl ...wn’ = w." 1.P7;7
l18lI=mi

and homogeneous polynomials

P, = Z bﬁwln UL
IBll=m;

In P, for the sign of the sum is not taken out neither wy, ..., nor wy,.
The polynomials @); have the form

~ 1 i n 1 1
Qi(wb"'awn):w?lnl“'wfl"'w:bnl Qz (577_) =

136

https://uzjournals.edu.uz/mns_nuu/vol3/iss2/1



Prenov: On the application of multidimensional logarithmic residue to sys

Bulletin of National University of Uzbekistan: Mathematics and Natural Sciences

— mll 877:: m:L 1 —Q1 S —Qn
_wl wzwn 7 awl ...wn —
i
wy s,
1 1 n . 1 n
m;—S; mit—s' m; —Qq m; —«
:’LUlZ Z[wl]wn’ LN g alawll ...u)nZ n'
llal|>m;

Denote by f; the functions

i i o~

fitw) = Pi(w) + Qi(w) = w ™ - P4+ Qs(w), i=1,2,...,n. 9)
We have . 5
deg P, > degQ;, i=1,...,n. (10)
Theorem 1. The following formulas are valid
» .
1 (_1)n / N+l ye+1 w? +1, dfl df2 dfn
Z gttt et ey ) i b fn
P

Z (_1)n+”a” /w71+1 w72+1 w%H-
el < TV 1) d 1 i '

A-QS Q%2 ---Qduwy Adwy A ... A dw,
pertl. peatl. PnanJrl

(1)Kl ] (Z ksj>! WA det A-Q° T ¥y
- ¥ S VA =

. BiN; N;
K<)l +n IT (ks)! H e

where || K| = Y kg is the functional 9 which maps the Laurent polynomial to its
s,7=1
free term and N; are natural numbers.

Proof. We have

1 1 dfv dfs dfn
J, = N A A o
T @2ny=D)" / p et et fn

o (_1>n y1+1 Y2+l oy Yntl f d_f2 @:
‘(zwm)"/wl R flAfg A

(—1)llln " o .
B — w’yl .w’m .”'_w’Yn .
§ o/ —1)" / 1 2 n

e <[y ll+n
f-@i“ CQ52 . -Qordwy Adwa A ... A dwy,
Poatl . poatl L pan '
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_ Since the origin is one common zero of the system of homogeneous polynomials
Py, ..., P,, then by Hilbert‘s theorem about zeros (see, for example, [22]) there exist
such natural numbers Ny,..., N,

n
N;j+1

w; _Zajkfkh j:172a"'7n7

k=1

that is, as functions g;(w) we can take the monomials wj-vj . By Macaulay‘s theorem
(see [23], as well as [2]), these numbers N; can be chosen with condition N; <
]{71+...+l{3n—n.

Let h(w) be a holomorphic function, and the polynomials fi(w), g;(w), 7,k =
1,...,n, are related by

gj:Zajkflm j:1>27"'7n'
k=1

The matrix A = [laz|;,_, consists of polynomials. Let’s consider cycles

Ip={w: |fj(w)|=r;, j=1,....,n}, Ty={w: |gj(w)|=r;, j=1,...,n},

where all r; > 0.
Then have equality

p 5 det A ﬁ a];;jdw
JrwE= ¥ L [rw——

: g’
Ly K, Y ksj=Ps IT (k)
s=1 s,]:l
where ! = (116! ... B8, B = (b1, Pe,...0n) and the summation in the formula
is over all integer non-negative matrices K = [[Kgyll;,_, then 8; = >° ky;. Here
P j:l
JE= S g =g g (see [24]).

Using formula (11), the concept of the functional 9 and substituting instead of g,
monomials wévj "1 in the last integrals, we obtain the last equality in the theorem. [J

Note that Theorem 1 for n = 2 is true without any additional conditions to the
system of polynomials P;, P, except for non-degeneracy.

2 Non-algebraic systems of equations

Consider a more general situation. Let the functions f; have the form

fi(2) =S5 = i=12....n, (12)
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where f}l)(z), fj@) (z) are entire functions in C" that decompose into infinite products

uniformly converging in C", f]@)(O) £ 0,

o0

e =11re, 2@ =112,

s=1 s=1

and each of the factors has the form P;(z) + Q;(2), and @, s(2) — functions satis-
fying conditions (7), s =1,2,....

For each set of indices jy, ..., Jn, Where ji,...,7, € N, and each set of numbers

i1, ... ,10,, Where iq,...,4, are equal 1 or 2 systems of nonlinear equations
(W) — (2) .y _ () () — 13
fl,jl (Z) =Y f2,j2 (Z) =Y, oy fn,jn(z) =Y ( )

have a finite number of roots not lying on coordinate planes.
The roots of all such systems (not lying on the coordinate planes) are at most a
countable set. Renumber them (taking into account multiplicities)

2(1)y Z(2)s - Z()s - -
Denote by 044 expression
o0
05”22 Bit1 6;11 Bnt1” (14)
=1 A1) "2 T Fn(l)
Here (1, ..., B,, as before, are non-negative integers, and the sign ¢; is +1, if in a

system of the form (13), the root which is 2, includes an even number of functions

f (2); and is equal to —1, if in a system of the form (13), the root which is z(;, includes
Js @

an odd number of functions fj(f)

For system (13) composed of functions of the form (12), the points 2 are roots
or singular points (poles). All functions f; are holomorphic in a neighborhood of zero
and are defined for them the integrals Js, since they have the form (1).

Theorem 2. For system (13) with functions of the form (12), series (14) absolutely
converges and formulas

Jp = (=1)"0s41.
Proof. Since

df}”(z) CdfP) dfP(2)

e O Q)

then (1) (1) (1)
fll (Z) le (Z) nl (Z)
d Ad A...Nd = 15
12 £ £2(2) )
(4@ _dP@ (4R de)
e 12 P B2()
139
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(dfﬂ« ) )
e B

(ll) dfli2) dftin)
= 0 A N 19
) AP() n"(2)
where s is the number of factors for which #; = 2, and the sum is taken over all kinds
of sets of numbers i1, o, ...,%, equal to 1 or 2.

Therefore, expression (15) is a finite sum of expressions of the form (16). Every
of them is determined by the set of entire functions fl(il)(z), e ,(f")(z) Therefore,
it suffices to prove the theorem for entire functions f;(z).

In this case -

dfj(z) B dsl;ll fJS(Z) Z df]s
fi(2) ﬁ Fis(2) —1 fis(2)
s=1 o

Moreover, the series under consideration converges uniformly on I'¢(r). Indeed, it
is easy to verify that if a given sequence of continuous functions f,, on the compact
set K, uniformly converging on it to functions f, and f # 0 on K, then starting from
some number of the function f,, # 0 on K and the sequence 1/ f,,, converges uniformly
to 1/f on K. It is also verified that sequences of functions uniformly converging on
a compact, we can multiply termwise and uniform convergence stays.

o
By condition, all [] fjs(s) converge uniformly to a nonzero function on I'f(r).

s=1
Therefore, series

S RC I L L L

S e T )

converges uniformly on I'(r). Thus, the integral J3 is defined and equal to a conver-
gent series of integrals of the form

1 L dfin(2) , dfan(2) A (2)
Pl R e L e AR e

Ly(r)

in which the summation is over cubes. Therefore, a series of ogy; converges. And
since the sum of this series does not depend on its permutations members, then its
convergence is absolute. O

For every integral, the necessary formula is proved (Theorem 1).
Theorem 2 is an analogue of the Waring formula for non-algebraic systems of
equations.

140

https://uzjournals.edu.uz/mns_nuu/vol3/iss2/1



Prenov: On the application of multidimensional logarithmic residue to sys

Bulletin of National University of Uzbekistan: Mathematics and Natural Sciences

The question of representing a function as a product of entire functions has been
well studied on the complex plane. The answer is given by the classical Hadamard
theorem. For several variables, analogues of the Hadamard theorem are also known
(see [25, 26]), but, in generally, functions in them are not represented as infinite
products. One sufficient condition for such an expansion in the form of an infinite
product is given in [27].

3 Examples

Example 1.
Consider a system of equations of two complex variables

fi(z1,20) = 21 — 20 + az? + bz} =0,
fo(z1,22) = 1+ ¢z = 0.

1 1
Let’s make a change of variables z; = —, 29 = —. Our system will be
w1 %)

{fl:w%wg—wf—l—awlwg—l—bw:o, (17)

ﬁ:wg—i—c:o.

The Jacobian of the system (17) A is

‘221)111)2 3wl +awy wi+aw; + b = 2w wy — Bw% + aws.

A= 0 1

It’s clear that _
{Q1 = aw wy + bwy,

Q2 =c.
Do 2 3
P, = wiwy — wy,
PQI'IUQ.

Because
. ~ ~
wy = an P+ aP,

We = ag1 Py + a9 Py,

then it is easy to show that the elements a;; of the matrix A are equal
an = —1, a;p = w%,
91 = 0, 99 = 1.

Consequently, det A = —1.
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By the theorem 1

5 (D)1 (ks + ko)l - (ks + o)

J =
©.0) Ein! - kig! - koi! - Kool

| K||=k11+k12+k21+ka2<2

(3w} — 2wiwy — awy) - (awyws + bwg)FrThar . chiztha o (_1yku . (y2)kz . g2 ke

3(k11+k12)+1 ko1+kas)—1
wl( 11+k12)+1 wé 21+k22)

XM

Simple calculations give that
J(O,O) = Cz.

Recall the well-known decomposition of the sine into an infinite product
sinz IO—O[ 1 22
z k2m2 )’
k=1

that uniformly and absolutely converge on the complex plane and has a growth order
of 1.
Consider the system of equations

fi(z1,20) = 21 — 20 + az? + bz} = 0,

sin z
fg(Zl,ZQ) = 2 =0.

z9

Using the formula obtained above and the known sum, we obtain that the integral
J(0,0) is equal to the sum of the series

o0

1 1
Ji0,0) = QZ 1252 3

s=1

Example 2.
Consider a system of equations of two complex variables

(18)

fi(z1,29) = a121 — aszs + Z% =0,
fQ(Zl, ZQ) = 6121 + bQZQ + Z% =0.

It satisfies conditions (7) on @;(#) from item 1. We assume that a;bs + asb; # 0,
i.e. the system of lower homogeneous polynomials is non-degenerate.

We make the change of variables z; = —, z5 = —. Our system will be
wn Wo

{fl = —aQw% + ajwiwy + we = 0, (19>

fg = bQU}lUJQ + blwg + wyp = 0.

This system has 4 roots, on the coordinate planes there is one root (0, 0).
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Jacobian A of the system (19) is

' —2@2’11)1 + awsy awy + 1 . 9 9
A= 62w2 +1 2b1w2 —|—b2w1 = 2@2()2’&11 4&2()1101'&02—{—2@161’[02 a1W bng 1.

Note that 3 3
Q1 =w2, Q2 =wi. (20)

pl = —agw% + a1wiwae, pg = b2w1w2 + blwg (21)

To find the matrix A, we use Example 8.3 from [8].
We introduce the matrix

—a9 aq 0 0

. 0 —ay Q1 0
Res=1 o 4 5 o0
0 0 by by

The determinant A of the matrix Res is equal to A = agbi(azb; + a1bs).
We calculate some minors according to Example 8.3 from |[8]:

—Qa9 Q7 0 aq 0 0
Al = bg b1 0 = —(Igb% — alblbg, AQ = — b2 bl 0] = —alb%,
0 b2 b1 0 b2 b1
_ aq 0 0 aq 0 0
Ag = |—a2 a1 0= a%bl, A4 = —|—Gay a1 0l =0.
0 b2 b1 bg b1 0
0 —Qay Q1 —ay Q1 0
Al =—10 bg bl = O, AQ = 0 bQ b1 = —agb%,
0 0 b 0 0 b
—ay a3 O —ay a; 0
Ag = — 0 —Qay Q1| = —agbg, A4 = 0 —Q2 Q1| = (Z%bl + alagbg.
0 0 bQ 0 bz bl

Therefore, the elements a;; of the matrix A are equal

1 /- . 1
= Z (Alwl + AQU}Q) = Z ((—a2b§ — a1b1b2>w1 — (Ilb%wg) R

1/~ ~ atbyw 1
iz =« <A3w1 + A4w2> = lAl S ay = N (Arwy + Agws) =

—azb%’wg

A )

1

1
Aoy = — (A3w1 + A4w2) = Z (—a%bgwl + (a%bl + alang)wQ) .

A
Then, it is easy to verify that

3 > > 3 5 >
wy = an Py + a2 P, Wy = a1 Py + axoPs.
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We calculate det A :

1
det A = — (aQwa% — (Igblwlwg — alblwg) .

A
By Theorem 1

Joo = 3 (D) (kyy + o)l - (Kot + kiog)! y
(0:0) Fert! - keyg! - Fept! - gy

K<2

A Ak11+k21 | Aki2+kez k11 k12 k21 ka2
A-det A-Q - Qg TGy Q1" "t Ao Ay

3(k11+k12)+1 3(k21+ka2)+1
wl( 1t+kiz)+1 wz( 21+k22)

XM

Denote A = asb; + a1by. By using the definition of the functional 91, direct
calculations give us

1 2&1()2 6@?)3 bg ai{’ 8&1[)2 4 . CL? a1b2 3(12[)1 bg

J _ —_— p— pr— —_— p— — — p— — _— —
OO T A7 b A aghi A2 A2 A2 A2 agh;  apA? A2
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