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KHUPHUI

XOo3upru BakKTAa MamJIaKaTUMH3 JKaXOH XaMyKaMHSTHIA Y3UHUHT
MyHOCHO YpHHUHM J3ramad OopMokaa. HOprumuszna XanKUMU3HMHT 0axT-
caoJaTHHU Ky31al, >XKyJa Kymn Xalpiau umrap amanra omwupuimMokiaa. Iy
XalpJii unuiap 3aMupujia Xap TOMOHJIaMa €TyK, KOMUJI MHCOHHU TapOusiyiaill Ba
OapkaMoJ aBJOJl KeJlaKarMHU TabMUHJIAINIJIEK MAaKCAaJHU JaBliaT CUECATH
Japakacura OJUOYMKWIMINK €uuiapra OyiaraH dYekcu3 3IbTUOOp Ba IOKCAK
UIIOHYTUP.

’Kaxontanabmapuacocuaadapno3TrmiaéTranTabJIMMMAacKaHIIapH,
yIIapHU3APYPYKYBXKUX03JIapUBATEXHUKYCKYyHaAIApOMIaHTabMUHIIAHUIIIH,
ApaTUIIAETTaHIHT MY KYBCTaHIApTIIapH, JlacTypBaKyJUIaHMajJapXxamaa
WJIFOPIEIArOrTUKTEXHOJOTHSUIAPHUHTaMATUETAQKOPUM ~ STWINILK, Iy Oup
Karopa maremMaThka (aHu YpraHulIHM sHaJa YyKypJallTUPUIIHM Hyira
KYyHWHII MakKcaauaa [Ipe3uneHt Kapopu KaOyn KUJIMHUIIA
EIuIapKaMoIOTUHY T AAKY pcaTUIaETraHFaMXy pIMKHIUHTaMauiudoaacuiup.

Kymnagan, «Maremaruka  TabiuMu  Ba  (paHmapuHu  sHajJa
PUBOXJIAHTUPUIIIHU  JaBJAaT TOMOHHUJAH KYJ1a0-KyBBaTiall, [IYHUHIJCK,
¥30ekucton pecnybnukacu (anmap axagemusicuHuHr B.J.PomanoBckuit
HoMUJarn Marematuka MHCTUTYTH (AONHUSATUHU TyOJaH TaKOMUJLIAIITHPUII
yopa-Tagdupiapu TYFpuUcuma» V36ekucron PecnyOnukacu I[lpe3anneHTUHUHT
2019 #iun 9 wmronmaru [1K-4387-connu xapopu Ba Basupnmap MaxkamacUHUHT
«An-Xopazmuii Homugaru Xankapo ¢u3MKa Ba MaTeMaThKa MakTao-
WHTEpHATHHH Tamkwi 3tum TyFpucuga»ru 2020 imn 19 maptmarun 171-connu
Kapopu kaOyn KUIMHTaHAUTU(PUKPUMUZHUHT JATHIHIND.

Kynnanmanu &3umpa y30ek, pyc Ba 4YeT 37 OJMUMIIApPU TOMOHUAAH
ApaTWiraH JapcivK Ba KyJUIaHMalap XamJla HHTEpPHET MabiyMOTIapuiaH
¢oitnananunrad. TamaOaraTylUyHHMIIM OCOH OYJIMIIM y4yH Hasapus Ba
Macajiajnap OCOHAAH MypakkaOraua TapTuOusia KeTMa-KeT KOWIallTHUPUIITaH.
VpraHuIHM — OCOHJALITHPHIN, ONMHrAaH OWIMMIAPHM TH3HMIa  COIHMO,
YyKypJAalITUPUII MakKcaauJa aHaJIM3HUHT OHHI capa Macajajlapd Xamja
VIApHUHT €YUl Uynnapu TYauK Oepuiaran. Apum macajajlapHU €UMIlIa SHTU
byukiusnap  Ty3winO, opuruHan — ycywiapga —euwirad.  [IlyHuHTrIex,
MacajlaJapHu €4MIlia Ky KyJUIaHWIaJuraH TeopeManap Ba dopmynanapaaH
dbolnananum Wymiapu 6a€H KWIMHTaH. Xap OUp sSIHTM MaTeMaTHK TepMHUHIIapra
u3oxJjap Oepuiras.

Kynnanma «MareMatuk aHaluM3UHT TaHJIaHraH OoOnapu»danugan
é3unran 0ynuo, my (paHHUHT YKYB JIaCTYpHU acOCUIATy3UJIraH Ba YKyB a1a0uétu
OakanaBpiap yuyH JlaBiar TabiuMcTaHAapTUHUHT «MaTemaTuka» MyHanuiumra
MOC  KellaJld  BayHMBEPCUTETIApHUHT  4-Kypc  Tamabajmapu  y4dyH
mypkannanran. Kynnanma yu 6o0nan nbopar 6ynud, xap Oup 6001a Hazapuit
MabJIyMOTJIap Ba YTWITaH MaB3yHU Kall Japaxajaa Y3JIallTUPTraHIuTuHU
TEeKIIUPUIIIMAKCAIUa Ha30paT caBojylapu Oepwiran. byHpmaH Tamikapw,
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OJIMHTaH OWJIMMJIApHM MycTaxkamJjall Ba aMaJu€rra TaTOWK KUJIUIUIAPUHU
PUBOXIAHTUPUII Makcaaujaa naparpad cyHruga Oup KaTtop Mucoiuiap e4dud
KypcaTuiraH Ba MYCTaKWJl €UMIIJIApU YYyH TOMNIIMpUKIAp OepuiraH. Alpum
TONIIUPUKIAD OJJUH YOl KWIMHTaH Macajajap TYIJIaMUJIaH OJIMHTaH Ba
alipumiapu Myainudaap TOMOHHUIAH STHTH Ty3WJITaH.

Kynnanmanunr OupuHYM O00M aHUK HHTETPATHUHTYMYMJIAIIMACU
oynran CTWITbEC MHTETPAIMHU YpraHulijia acocuiiBazudpanu Oaxapuill Ouiian
Oup KaropAa MaTeMaTUK aHAJW3HUHIOOMIKa KYyrmiad wMacanajnapuaa KaTTa
axamusiTra dra Oynran Badanra OupunHun OYnu6 C.Kopaan ToMoOHMIaH
KUPUTWITAHYEKIIUBApUAUsAIM (DYHKIUSTIAp XaMmJa MOHOTOH Ba aOCOJIIOT
y3nyKeu3  (QPYyHKUMSUIADHUHT  XOCcajapu TYFpUCHAAQ KEHI' MabIyMoTiap
oepwiran.Ukkunun  6006ma  sca PumaH  uHTErpaiIMHUHT  TaOuuii
ymymiiammMacuoyiran CTHUITbeC UHTETpaiud Ba YHUHI XOCCAJlapy YpraHWUJITaH.
NkkuHuM Typ 3rpu 4M3UKIM HHTErpan Ba CTUITBEC HHTErpalid ypTacujaru
OOFIUKIUK TYUIYHTUPWINO, YHU SIXIIUPOK VpraHuil Makcaaujga Oup HeuTa
MHUCOJUIAp €4ud KypcaTuiraH.

Yupnun 000ma  OpTOroHanm — CUCTEMallap Ba  KaTopjiap  Xamja
MaTeMaTUK(PU3NKa TEHIJIaMajJapuHu MHTEerpajuiaiga yupaiuran
MaxcychyHKkIusiapaan Oupu - cdepuk (yHKusnap cuHpUBaAYyJIAPHUHT
xoccanapu Yypranwirad. Cdepuk QyHKUMSUIApHM aManuil tatOuru Oyiinua
¢du3uKara ouj; MacajlaHi KYyHWINIIKM Ba YHU HATHKaTapyu TYUTyHTUPUITaH.

Myammudnap  kyananMa — Tanabanapga  OWiIMM  OJMIUTAaUHTUIIUIIL
XUCCUHUHT IIAK/UTAHUIIWTa XU3MaT KWiIagu Xamja yiapra «MaTeMaTuk
aHAJIM3HUHT TaHJaHTaH 0o00japu» (paHMHUHTKEITUPUITAaH MaB3ylapu OViinua
OMIMMIIApUHY MycTaxkammanaaépaam oepanu n1ed ymua owiaupaaunap.



| BOB. Yekan Bapuanus/am Ba a0COII0T Y3JIYyKCU3 (PYHKIUSJIAP

Mabnymku, Puman UHTErpain MaTeMaTHhK aHAJTU3HUHT
acocuiiMaB3ynapujian Oupuaup. AManuii TaTOMFUHUHT KEHTJIUTHU OuiiaH (anma
MyXuM YpuH TyTaaud. Maskyp 600na PumaH MHTErpaJMHUHT yMyMJIAllIMAcu
oynranCTuiiTheC MHTErPAIMHKU YpraHUIlJa acocuil BazudaHubakapaguraH Ba
(danra oupuHun 0ynu6 C.)KoplaH TOMOHUJAHKUPUTUITAH YEKIU BapUallUSIIH
byHKUMATApHY ~ Ba  a0CONIOT  Y3JIYKCU3  (DYHKUMSUIApHU  YpraHuura
OaruIllJIaHTaH.

Yexnu Bapuauusuin  QyHkuusuiap (paxarruHaCTUATBEC WHTETpaIuHU
ypranuuia smac, 0anku MaTeMaTHKaHAJIM3HUHT OOLIKa Kyrmuiad Macananapuja
MYXHM axaMusTra sra.

81. Yekuiu Bapuanusiyiv pyHKIHAIAP BAa YJIAPHHHT XOCCAJTIAPH

1. Yexau Bapuanusiid GyHKOUSHUHT Tabpudu.f (x)hyHKIUS dekin
[a,b] kecmana anuknanran OyicuH. By kecMaHu a= xg < X1 < Xy < =+ < X <
X1 < +** < X, = DTEHTCH3NUKIAPHU KAHOATIAPTUPYBUM MXTUEPUN HYKTajIap
épraMuia n Ta OpaMKKa OyiaamMu3 Ba KyWHJard MMFUHIMHU Ty3aMu3:

00 = ) 1f Geiers) = F01. (1)
k=0

Tavpudl.dcap (Duusunounap Vn € N  yuyn 1wxopudan mexuc
yeeapananean oynca, ynoa f(x)pyukyus [a, b] xecmaoa uexnu sapuayusiea sea
EKu yseapuwiu dezapananean yumkyus oeuunaou. llly tiueunounapuune auux
I0KOpU Yezapacued QYHKYUsHUHE MmyaukK 8apuayusicu éku myaux yeapuuii 0eo

b
amanaouxamoa \/ f (x) kabubeneunanaou:
a

b
\/ F@ = sw (9.3 @

baw3n xommapna f(x) QYHKIMSHUHT YeKcH3 opainukiaard (macaias,
[a, +00) opanuknaru) Bapuanuscu TYFpUCH/IA XaM TallUPHUII MyMKUH OVIiaau.

dapa3 kunaiuk, f(x) ¢pyakus [a, +00) opanukiaa Oepriran OYJICHH.

Tavpud 2. Aeap f(x) @yukyus V[a,A] C [a, +) oparuxoa uexnu

sapuayusiea 22a o6yauo,
A
\/ 7o
a

myauK eapuayusiiap mekuc uezapaianean oynca, ynoa f(x)gyukyus [a,+o0)
opanukoa 4ekiu sapuayusea 32a 0eb amanaou xamoa



Vf (x) = Sup {V f (X)} (3

0eb Kaby1 KUTUHAOU.

H3ox. f(x) ¢ynuxyusnune uexnu esapuayusiea sea OVIUMUOA YHUHS
V3YKCUBIUSU MYMAAKO aXamMusimea 32a dMac.

Mmucoanap. 1)[a, b] kecMana uxTuépuii yerapajaHraH MOHOTOH (DYHKITUS
YEeKJIM BapHarusra sra 0ymaam.

a)[a, b] - ‘-IGKJII/I oyncun. Y xonaa

wakﬂ) Fex)l = Z[f(xkﬂ) Fex]| =

=1f () = f(xO) + f(x2) — f(x1) ¥ f(x3) fl2) + o+ f(xn)
— f(xn-1) |
= 1f () = f(xo)l = 1f (D) = f(a)].
bynna, ¢QyHKuMs MOHOTOH OYiAraHu y4yH MOAyJUIap HUFUHIUCH
WUFUHIMHUHT MOJIYJIMIa TEHT OYiuIy nHoOarra onuHau. Jlemak,
A

\/ 760 = supto,} = 1) - (@)l

a
0)snmuf (x)pyukuus[a, +o0) opanukaa oepunran O6yincud. byngan kemuo
YHKAJIUKH,

+00 A
\/ £ = sup {\/ f(x)} = Sup{f(A) — f(@)} = f (+o) — f (@),
a A>a a A>a

Oyepna

f(+e0) = lim f(A).
A—o0
2)DHINY3ITYKCH3,
JCKMHYCKITHBapHaNUATradradyiMaranyHKIUATaMUCOIKEITUPAMHIS.
Yoy

vi4
{xcos o arapx # 0,

flx) =
arapx = 0
¢yukusian [0; 1] kecmana kapaiimus. Kyiinnaru

0< < L < - <1<1<1
2n 2n-1 3 2

TEHT CH3JIMKIIapHUKAHOATIIaHTUPpYBUMHYKTanapépaamuna0; 1]kecMaHHOpamTnKi
apraaxpatammn3Ba
(1)fiuFrMHIMHUXUCOOIARMU3XaMIayIII0 yTeHI IMKKAAT a0y IaMu3 |

=D [ G = F )]
k=0

—1+1+ +
B 2 n

Jlemak,



1

—} = o0,
n

\/ £G) = Sup (0,3 = Sup {1+ 5 4+ -+
0 n

2. Yexsn Bapuanusuim GyHkuousiap cuHpu. Myxum Ba KynruHa
TaTOMKIapra sra OynraH QyHKOUSIAp oOpacuaa Y3rapuild 4erapajaHraH
dbyukusiap cuHgu KaTTa axamusiTra ara.

bupunuun 6aHgna Kyprauumusiek,[a, b] kecMana uxTuépuii yerapajiaHraH
MOHOTOH (YHKIUSI YEKJIM Bapuanusra sra 0ynanu. by xoccaman ¢oiinananuo,
YEKJIM Bapualusin GyHKIUsIap CHHPUHA KEHTaUTUPUIIT MyMKHH.

Teopemal.[a, b] xecmaoa bepuncan f(x)pynxyus wy xecmaoa o6yraxiu
MOHOMOH OyICa, IbHU

.61 = | J @ @sa] (@0 = @, = b)
k=0

ovauob, f(x)@ynxkyus xap oup [ay,ari+1] xecmaoa momomown 6ynca, ymoa
f (x)@ynxyus [a, b] kecmaoa uexnu sapuayusiea sea 6ynaou.
Hcoor.[a,b] kecMaHUHT UXTHEPHUI OVIIMHUIIIMHK 0JINO

80 = D 1f (ers) = F (0]
k=0

WHAFUHIN Ty3aMU3.
by 6ynunumira a; (k = 0, m) Hykranapuu Kymmo,[a, b] keCMaHUHT STHTH
OYIMHUILIMHY OJIaMU3. SIHrM OYJIMHUII YUyH

0n(m) = Z|f(ak+1) - f(ak)l =B
k=0

0Ymu0,0;, < Uy (n) TEHICU3IIUK Oakapuiau. Sup{9,} < B oynuo,
f (x)dbynknus[a, b]kecmanadexkuBapranusarasra SKaHIUTH KeJIUO YUKaIH.

1-mucon. Arapf (x)dyuxuus[a, b]kecmana Monoron OVyica, y xoiza
YHUHT y3rapHily 4erapajiaHrad 0ynu0, Tyna y3rapuum

b
\/ 111=1r®) - f@! (5)

ra TEHTJIUTUHU KYPCaTHHT.
Eunm.[a, b]kecmanunr uxtuépuiia = xg < x; < = < Xp_1 <X, = b
OYJIMHUILIUTA MOC KeJITaH

D16 = i)

inruauan Kapaiimus. f (x)dyskiusafa, blkecmaza MOHOTOH GYNraHIUrM ydyH
6apuai = 1,nmap yuynf(x;) — f(x;_1)KYIIMTyBUUTAPHUET HLIOpANapu OUp
XWJ1, ITYHUHT y9yH



DG = feol = D (F) = fe)| = IFB) ~ @l (©)

by tenrnukaad f (x)pyukuusuunr[a, b]kecmana y3rapuiiu
yerapajaHramiurd Ba (5) TEHIIMKHUHT TYFPUJINTY KEIHO YHKaJIH.

2-MHCOJI.
0, arapx = 0;

f(X)={

3cosx, arapx € (O, g]

T o o
(YHKIUSHUHT [O, E]KCCMaI[a Y3rapHuilli YeTapaJlaHTaH SKaHJIUTUHUA KYPCATUHT Ba
TyJIa Y3rapuIIUHU TOIUHT.
T . . T
E‘lI/IIH.[O,—]KeCMaHI/IHF uxtuépuii0 = xg < x; < - < xp_1 <xp, ==
2 2

OYIMHUIIKUHY KapaliMu3. YHra MoC KelraH HuFMHANHU 0axoaaiMu3:
n

DG = Gl = 1 G = FGo)l + D (FG) = £ (i)
i=1 =2

= |3cosx; — 0] + ZI3 cos x; — 3cos x;_4].
i=0
T o
Kocunyc QyHKIussHUHT [O —] KecMaza MaH(uil sMaciurd xamja MOHOTOH

KaMamBqH SKAaHJIUTUIaH (poiianaHuo, KYI/II/II[aFI/IFa ara Oynamus:
Z|f(xl) f(xi—1)| =3cosx; + BZ(COS Xj_q — COSX;) = 3c0Sx;

+ 3 [(cos X, — COS X3) + (cos X, — €0S X3) + -+ (coS xp_4
T T
- cosz)] =3cosx; +3 [cosxi - cosz] =6cosx; < 6.

Tawpudrakypa, f (x)pyHKIHSHUHT [O, g] KecMaJay3rapuiinyerapajaHraiB

T

\/[f] = SuPZIf(xi) — f(x;_1)| = sup 6cosx; =6.

0<x1<§
3- MHCO.T.
_(x—1, arap x € [0,1);
fe) = {xg -3, arapx € [1,2],
¢byskustauHT [0,2] KecMagaruTynay3rapuiMHAIXUCOOIaHT .
Eunm.[1,2] kecmama  f(x) = x? —3  QyHKIMS MOHOTOH  YCyBUM
OYAraHauru y4yH



2
\Vr=r@-rw=1+2=3

Oumu f(x) ¢ynkuusaunr [0,1] kecMamaru Tyna Y3rapuiiMHA TOMAMU3.
0,1 KeCMaHHHr uxtuepuii0 = xo < x; < -» < x,, = 1 OYIUHUIIKN YIYH
p X0 1 n y yay

wa» Flxi-l = wa» F O+ 1f Gon) = f ()] =

lel =+ ]-3 4 1P+ = Z(xi %) +
i=1
|_1 - xn—ll =Xp-1— Xt 1l+x 1 =1+2x, 4
TEHIVIMKYpUHIM. ByHnaHKyinarurasradynamus:
1

\/[f] = Sup Zlf(xl) — f(xi—l)l = Sup(l + 2xn—1) =3
i—0

1-xoccara kypa,
2 1 2
\Vir=\/11+\/1r1=3+3=6
oynanu. ’ ’ '

4-mucon.Arap [a,b] xecmama anuknanradf (x)QyHKUOus SpUM OYHK
OpajiuKJia MOHOTOH OYJica, YHUHT y3rapHilii yerapajiaHrad 0yiauo,
b

\/ 1= 1r -0 - @I +1f®) - £ —O)] )

TEHIIUKYPUHINIKAHIUTUHUKYPCATUHT .

Eunnn.[a, b]kecMaHUHTUXTHEPUHOY THHUITUHIKApaiMu3. D yHKIUSAHAHT
[a, b]apumounKopanrKIaMOHOTOHIKAHIUT M IaH Qoii1aIaHCaK,
Kyﬁnﬂamraara@”fﬂaMm

wa» Flxi-l = wa» FOaDl +1f () = fGenp)l =

= |f Cep— 1) f(a)l +|f(b) — f(xn-1)I (8)
() = |F () — F(@)] + IF(b) = F ()l x €
[a, b) dyskumsHuHT [@, b)IpUMOYNKOPATUKIAMOHOTOHKAMAOBUMIKAHIUT HHUKY
pcaramu3.Bynunr yayn [a,b)opanvkiaa éryBun uxTHepud X, < X, HyKTrajap
yayH P (x;) — Y (x;) = 0 5KaHIUIMHU KYPCATHUIL €TapIIu.
PY(x2) = If (x2) = f(@)] + [f (b) — £ (x2)]

= 1f(2) = f(x1) + f(x1) — fa)l

+1f(b) — f(xq) — f(x2) + f(x1))]

= 1fCc2) = fOe)| + 1f (xy) = f(a)]

+|f(b) = f(x1) = (f(x2) = fx1))]. 9
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(9) marmoxupruteHrmukf (x) ¢GyHKUUSHUHT[aQ, b) OpaavKIarn MOHOTOH
(apan  f(xy) — f(xy)ounanf (x;) — f(a)uuer  wmopanapu  Gup  Xui)
SKaHaMrugan Kenub umkaau.MxtuépuiiABa B comnmap yuyu|A — B| > |A| —
| B|oxannurunan ¢oiinanancax,

Plx2) — P(x)
= |f(b) — f(x1) — f(x2) = FO )+ 1f (x2) — f(x)
—1f() = f(x)| <0
TEHI'CU3JIMKHUXOCHIT Kmwiamus. by scayy(x)dyHkuusaunr[a, b) opanukia
MOHOTOHKaMasi TN aHKaHINTHHUACOOTIaiIH. (8)renrcusnuknan Ba
Y (x)pyuakuusaunr[a, b) opanukaa MOHOTOHKaMarOBYUIKAHIUTUIaH

sup ) If () = fGeel = sup_ 9 (epms) = (b= 0)

TEHIVIUK  KenuO uukagu. DyHKUMA Tyna Y3rapuUIMHUHT  Tabpudwura
Kypa,Kyinaarura ara 0yiaamus:

b
\/IA1= 90 - 0) = 176 - 0) - f@] + I (B) - (b - O)]

5-mucon. Arap f(x) ¢yukuus [a, b] xecmana Gepunran 6yau6 (a,b]
SIPUM OYMK OpalMKAaMOHOTOHOYICA, yHUHT TyJa
y3rapuinyerapaiaHran0yiainBa KyWnaaraTeHIIMKY pUHINOY1aau |

b
\/IA1=1f@+0) - f@| +If ) - f(a+0)] (10)

By MHCOTHMHI HCOOTH  XYIJUIOKOpUIATMAECKOaKapuiaau. YHUHT
UCOOTHHU YKyBUYUIa KOJAUPAMHU3.

6-mucon. Arap [a,b] kecmama  amukmamranf(x)  QyHkums
(a, b) opanukna MOHOTOH OYJica, YHUHT TYJIay3rapulInyIyH

b
\/IA1=1f@+0) - f@| +If(b - 0) - f(a+0)|
+f(b) = (b - )| (11)

TEHTJIUKY PUHIHIKaHINTHHUHCOOTIIaHT .

Eunnn.(a,b) opamuknan nxtuépuit C  HykTa oJaMu3. Y3rapHiny
yerapajgaHraH GyHKIUASITApHUHT 1-xoccacunanxammaa(7) Ba
(10)Tenrnuxnapaandoiigananuo,

b c b
\Vi=\/r1+\/in
’ "= 1f(a+0) = F@+ IF() - fla+0)]
+1f(b—0) = F(O+1f(B) - Fb—0)  (12)

TCHIJTIMKHUXOCHUJI KUJIaMH3.
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f(x)pyukuus(a, b) opamukaga MoHOTOH Oyiramwmurd  yuyHf(c) —
f(a+0)saf(b — 0) — f(c)ubonanapuuur wumopanapu Oup xuia. LIyHuHr
yayH
lf(c) = fla+0)| +1f(b—0) - f(c)
=1f(c) = fl@a+0)+ f(b—0) — f(c)l
=1f(b-0) - f(a+0)I
Bbynu xucobra oncak(12)gan(11)kenud gukaim.
[/-MHCOJI.
_ -1, arapx = 0
flo) = {cost, arapx € (0, m]
¢ynkuusan (0, 7] KecMaga MKKATa MOHOTOH KaMasaurad (yHKOUsJIapHUHD
AUUPMACUKYPUHUILLIUIATACBUPJIAHT.
Eunm:Arap f(x) ¢ynaxuusaunr[a, b] xecMana y3rapuinm yerapanaHras
oynca

0 = \/1f1, ¥ = 90 - F()

¢ynxuusnap[a, b] kecmagamonoTroH Kamasguran QyHKuusiap Oynamd Ba
yIapHUHT atupmacu f (x) GyHKIMSIAH ubopar. Mucosnzaa

oepunran f (x)pyuxuus yayue (x), ¥ (x) pyHKuusiapauTonamMmms;
f(x) dpynxuus(O0, g] OpaJIMKJa MOHOTOH KaMalOBYH, [g , 7] KecMaza sca

MOHOTOH YCYBUYH.
a)x = 0 O6yicun. Y xonna

0
0@ =0 =\/1r1=0.
0

0)0<x < §6§IJICHH. V xonga f(x) ¢yrxuus (0, x] opanvkia MOHOTOH
kamaroBun Oynanu. [llynunr yayn (10) Tenrmukka xypa,

0 = \/U1=17(0+0) = FO)I +If() - O +0)]
0

=11 —-(-1)| +|cos2x — 1| =2+ 1 — cos2x = 3 — cos2x
B)g < x < m 6yncun. Y xonma 1 + cos2x = Orkannurnam xucoora oiuo

o =\/11=\/11+\/11]
0 0 T
= 1f©+0) - fOI+|f (5) - fFO+ )| + |[f@ = £ (3)| = 11 - (D)

+|—-1—-1]| +|cos2x — (1) =2+ 2+ cos2x+ 1 =5 + cos2x|
HU xocu Kuiamus. lynaait kunu6
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0, x=0,

o(x) = 3 — cos2x, X € (Og)

T
k5 + cos2x, X € [E 1]

OYynap sxan. Duauy (x) HU TonaMuU3:
1, x=0,

T
() = () = f(x) = 3 — cos2x, xE(O,E),

k S5, xE[g,T[].

¥

8-mucos. Y3mykcus
0, arapx = 0;

fe) = {x COSE, arapx € (0,1]
2x

¢byakmusanar - [0,1]  kecmanma  y3rapuimy - derapajaHMaraH — OKaHJIUTHHU

KYpCaTHUHT.
Eunmn.[0,1] kecmanu Kyiinparuda2n 0ynakka 0yiamMus.

1
<...<_<_<1.

2n 2n-1 3 2
by0ynuHnmyuyH
2n 1
00 = D If (i) = )] = |-cos | +
k=1
2n
+Z| 1 2n+1—k 1 2n+2-k |_
2, 5t 1 08 > LA e Y > |l =
11 1 1 1 1 1 1
= — +—+ + + . —F+=-=14+—=-+ ..+
2n 2n 2n—-2 2n-—-2 2 2 2 n
oynanu.
1 1
1+—+ ... +—+ ... = ©
n

13



oynranmuru yuyH uxtuépuiiC > 0 coH y4yH UmIyHaail n Homep MaBxyaku,l +
1 1 .
PURE e COynanu, spHU

D 16 = f )l > €

By acaf (x) dyHKUMSHUHTY3TapHIIKM YerapaJjaHMarad SKaHIUTHHA OUIIIUPAIH.
9-MmcoJ1. Y3IIyKCU3, JIGKHH YEKIM Bapuanusara sra Oynmaran (yHKIUS
TY3HUHT.

Eunm.[0,1] opamukna f(x)byHKIMSHN KyWuaarudya Ty3u0 OJIaMU3:
f(x)=0fQ/k)=1/k k=12, ..6yacun Ba [1/(k+1),1/k]kecmana
Oynakiu yu3ukiau OYynubd, Oup maprta Hosra TeHr Oyincud. I'paduru Kyhugaru
KYpHUHUIITA 3ra:

-
!

0 1/3 1/2 1

VYwby ¢pyaxumsaunar [ 1/(k + 1),1/k] kecmanaru Bapuanuscu
1 1
- 4+ —
k+1 k
ra tenr. [lemak, [0,1] opanHKz[arH BapHauml

> (D=2

rapMOHUK KaTop OynmO, n — cokarop y3okjaamyBuu Oymanu. byHnaH, Ous
TOMOHJaH TY3WIraH y3IyKCH3 GYHKITUSTHAHT BapHUaIusICH
yerapajiaHMaraHjiuruHu Kypcartau.

Teopema 2. Acap f(x) ¢ynxyus [a,b] xecmaoa Jlunwuy wapmunu
Kanoamaaumupca, ssvhu wynoau L > 0 con monuncaxu, uxmuépuii x,X €[a, b]

HYKmManap y4yH

ra TCHT.

=

lfG) —f<L-|x—xl
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memnecusukbaxcapuica,
yuoaf (x)pyurxyus[a, blkecmaoauexiusapuayusnugynkyusoyraousa

b
\5wst- -0

MeH2CU3IUK DaNCapuIaou.
Hcoor.Yexnu Bapuanusuim GyHKOUIIAp Tabpudu Ba TeopeMa MmapTHTra

Kypa,

60 = ) 1f Gaiers) = FG S L) s = el = L(b = @)
k=0 k=0

Vn € NyuyH (2) popmynanan Kyiunarura sra Oyaammus:
b

\/f(x)SL-(b—a).

a

Teopema 3. Aeap f(x)@ynxyus [a, b] xecmada uecapananean xocunaza
sea oyaca, ynoa f(x)@ynxyus [a, b] kecmaoa uexnu sapuayusiea sea 6ynaou.

HUcoor. Teopema maptura Kypa, 1nyHgaid y3rapmacL > Ocon
tonunaauky, Vx € [a,b] yuyn

f ()<L
TEHTCHU3JIMK Oaxapwiaau. Vx € [a, b]aykramnap omub[x, x], (Exul[ x, x])kxecmana
JlarpaH)KHUHT Y€K OPTTUPMajap XaKuaard reopemacuaad GoigasanaMus:
If(x) = = |fE)E-x)|<L-|x—xl

Hemak, f(x) ¢ynxkuus [a,b] xecmama Jlummwn — IAPTHHH

KaHOATIIAHTUPAIM. 2-Teopemara Kypa aca, f(x)duexan Bapuanmsra sra Oyiaim.

Teopema ucbotmanu.
10-Muco.Ymoy

2 .
__|x“sin—, arapx # 0,
fx) = X
0, arapx =0,
byHkms uxTUEpUd deknu [a,b] Kecmanma dYeKIM BapHalusara SrajlurHHA

KYpCaTHUHT.

Eunm.3-reopemanan ¢oiiganann6d kypcatamms. f(x) yayH
x#0pmaf'(x)= 2xsin§ — 1Tcos gBa
x = Ona

: . f(Ax) - f(0) _ . T
FO) = fim =T = fim i =0
Oyiranu yuyH uxtuépuii uexnu [a, b] kecmana yuioy
If()|<2-b+m=1L
TEHTCH3IIUK YpuHIU OYnanu. 3-teopemara kypa f(x)byakuus [a,b]na dexim
BapHaIusira ara.
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Teopema 4.4cap [a,b] xecmaoa anuknanean f(x)@yuxkyusanu wy

kecmaoa
X

FG)=c+ j o(t)dt (5)

a
Kypunuwoa ugpooaraw mymxun oyaca, oynoa @(t) ¢yuxyus [a,b] xecmaoa
abconiom unmeepanranysuu @yuxyus, y xonoa f(x) gyukyus wy recmada
yexu sapuayusiea 32a o6ynuo,

b b
\ 7@ = \/le®iar
a a
MeH2CU3IUK Oaxicapuiaou.

Hcoor. (1) Ba (5) z[aH

Z|f(xk+1) Flxi)] =

xk+1 n—1Xk+1

nz: f p(t)dt <Z] lp@)| < j|(,0(t)|dt

~1x,
TeOpeMaHHHFI/IC60TI/IK6JII/I6‘-II/IK&I[I/I.

MycTakui 0axapuil y4yH TONMIHPUKIAP
1-tomumpuk. f (x) yukuusaunr|[a, b] kecMama y3rapuiiy yerapaiaHnral
DKAHJINTUHU KYPCATUHT Ba TYJa Y3rapUIIWHUA TOIUHT.

Ne f(x) [a,b] | Mo f(x) [a,b]
1 f(x) = sinx [0,2m] | 10 _5, qeapx = n [0, ]
fay =4 %
Sinx, aeapx + 5
2 (x) = [-m,m] | 11 _( 3,aeapx = 0, _nn
I o i fC) = {cosx,aeapx # 0. L 2’ 2]
3 flx) =1—x? [-1,1] | 12 0,azapx = 0, [, 7]
f(x)= {5 + 6cosg,a2apx * 0.
4 f(x) = 3sindx o113 _( S5,aeapx =0, [-1,3]
[0.5] f) = {xz — 1, aeapx # 0.
5| f(x) =6sin3x+5 2n_ | 14 B 8, azapx = 1, [0,2]
[O’?] fx) = {xz — 2x,acapx # 1.
6 _ 1 [-4,4] | 15 _ 2, aeapx = 0, [3,3]
f(x)_1+1+x2 f(x)_{lg (1 + x2), aeapx # 0.
71 f(x)=mn@+x? | [-1e] | 16 ) 6, acapx = g [0%]
f(x) = p
dcosx2x,azapx + >

16




8| f(x)=(x—-1(x [2,2] | 17 _( 3,aeapx =0, [-1,1]
ol fe =1 .

~1 aeapx # 0.

9 | f(x)=x*—-3x+2| [0,2] | 18 4,azapx = 1, [-1,2]

F@={u

,azapx # 1

82. MoHoTOH pyHKIMSIAP Ba caKkpam (YHKIIHSICH

3. Monoron ¢yukuusiaap Ttabpupu. IOkopuma keaTHpUITaH
MUCOJUIApJIaH KYPUHUO TYpUOIUKH, YEKIU Bapualusian QyHkuusinap cuHPuHU
ypranuiijia MOHOTOH (QyHKUMsUIapjaaH kyn waprta Qoiinananunagu. [y
cababiu MOHOTOH (PyHKIUsTIApHU OaTadcul YpraHuii J103uM 1e0 TOMUIIIN.

ABBasi0 0ab3u Kepakid TyNIyHYJIApHU Jciaramu3. h — ¥y3rapyBuu
MUKJIOPHUHT XaKUKUHA MycOaT (MaH(ui) COHJIM KUMMAaTIapHU KaOyna KuiuO
Hoira uaTWwmHnAh = 0 + 0 (h = 0 — 0) — maxnna 6enruiainmMus.

R - xakukuit connap TyriamMuaa aHukianran f (x) ¢yHkius Oepuirad Ba
Xo € R nmaru uxtuépuii HyKTa OYJICHH.

Arap

Jim £ +h) (L lim £ Gro + b))
JUMUT MaBxkyn Oyica, Oy mumurtraf(x) (GyHKUMSHUHTX, HYKTQJard YHT
(4am)muMuTH IerniainuBa
f(xo +0)(f (xo — 0))
ned OenruiaHagy.
Arapaaf (x)byHKIUMSIHUHT X, HyKTagarudamn(yHr ) TUMUTH MaBxKy 1 0yiuo0,
flxo—0) =f(xy) = f(xo +0)
TEHTTUKYpUHIH OYiica, f () byHKIMsI X, HyKTaaa y3IyKCu3 Aciuiaan. Arapja,
f(xo —0) # f(xo +0)
oynca (mumuriaap MaBxya OYimo0),f (x)PyHKIMSIX, HYKTagaOMPUHYU TYp
Y3WJIMIITA 3Ta JeHWIaau, X, Hykra 3ca, f (x)pyHKIUSHUHTOUPUHYN TYP Y3HIUIII
HYKTacH JCUUIIaIN.

f(xo +0) — f(xg — O)xuiimarra f () QyHKIMSIHHHT X,
HYKTaJarucaKpainu JeHuiau.

Arapf(x)byHKIUSHUHTX, HYKTaJard YHI Ba 4Yall JIMMHATIapUiaH
Oupopracu MapxyJ OynMaca€ku OuUpopTacH ueKcusra ainanca, Oy HyKTa
f (%) byHKIUSHUHTUKKUHYA TYPY3WIHAIT HYKTACH JCHIIAIH.

Tawvpud 1.[a,blxecmada anuxnanecan f(x) ¢ynkyus wy xrecmaoan
OJIUH2AH Xap KaAHOAU X1, X J1ap YUYH X1 < X5 Oyneanoa

fle) < FO(f(xg) = f(x2)) (D)
meHecusnukuu  Kanoamaauwmupced,f (x) @yHkyus MOHOMOH KaAMAUMANOUueanu
(Yemaiiouearn) hyHkyus oetiunaou.

Tawvpud 2.[a,blxecmada anuxnanecan f(x) ¢ynkyus wy xrecmaoan
OJIUHEAH Xap KAHOAU X1, X, JIap VUYH X1 < X, OVIeanoa

flx) < FO)(f (1) > f(x2))(2)
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menecuzuknu Kanoamianmupcea, f(x) monomon ycyeuu (kamaroeuu) @yuxyus
oelunaou.

Kuckaua kuinbd aiftranga, MOHOTOH (QyHKuMs €0 rOKopujaru
TabpudIIapaa KSITUPUIrad QyHKIUSIIAP TYITyHUTA M.

4. MoHOTOH PyHKUMSJIAPHUHT X0CCATaApH

1.[a, b]xecmana aHuKIaHTaH Xap KaHJai MOHOTOH (DYHKIMS NIy KecMajia
yerapaljiaHraH, YJI4aHyBUd Ba KaMJIaHYBYM () YHKIUSIUD.

2. MOHOTOH (GYHKIUSHUHT Y3WIUII HYKTaIapu ¢dakaT OUpUHYH Typ
OYIUIIN MyMKUH.

3. MOHOTOH (QYHKIUSHUHT Y3WIHII HYKTaJapy TYIUIaMA Kynou OuiaH
CaHOKJIMJIUD.

f(x) - MOHOTOH KamaliMaiiuraH, JanuaH y3nykcu3 GyHkius Oyincus. by
(YHKIUSHUHT Y3WINI HYKTATIAPUHU X1, X3, ... Xy, ...OPKAIA Ba QYHKIUSHUHT Oy
HyKTajapra MOC KellraH cakpanuiapuu hq, hy, ... hy, ... OpKanu OenruinaiiMu3 Ba

WAFUHIIN Ty3aMu3.
ORI

Xp<X
oyuna H(x) ¢yskuus f(x) muar cakpam ¢ydkuuscu (KeHMHYAIUK CakKpail
byHKIuscuHr Oatadcuipok ypraHamus) OVIMO, yammaH y3JIyKCH3, MOHOTOH
KamalMaiiuran QyHKIusup.

@(x) = f(x) — H(x)
IAKJIM/a aHUKJIAHTaH (PYHKIMS MOHOTOH Kamaiimaiauran QyHkuus 6ynamau, Oy
epaa @(x) - yanykeus QyHKIms.

4. Yangan (YHrmaH) y3inykcu3 OViraH xap KaHIail MOHOTOH (DYHKIMSHH
STOHA yCYJI OWJIaH Y3JyKCHU3 MOHOTOH (PYHKIMs Ba varjgaH (YHTIaH) y3JIyKCH3
Oynran cakpaml (GyHKUMACUHUHT HUFUHAUCH chdaThia €311 MyMKHH.

5. JluHM Xxocuaa CoHJapu./l[uHM XOocWja COHJIApUM TYUIyHYAaCHHH
xupuramus. f(x)pyukuusa[a, b]Jkecmaga Oepuiaran Ba X, HyKTa KECMaHHHT
WYKU HYKTacu OYJICHH.

f(xo +h) — f(xp)
h
HucOaTHU Kapaitmuk, Oynma xo + h € [a,b] By wmuc6arh — 0 pga Oupop
JTUMUTTa HHTHJIMACIIATHA XaM MYMKHWH, JIEKHH JOMMO YeKITH €K YeKCH3, KyHHu Ba
IOKOPH JIMMHTIIAP MaBXKYI:

I.—f(xo +h) — f(x0)
m

h—0 h - AyHr’
h>0

. f(xo +h)—f(x)

Ilm = }\yHI"
70 h

h>0
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I.—f(xo —h) — f(xo)
m

h—0 h = Dan
h<0

. f(xo_h)—f(xo)_

fILI_rr(l) h — fgam
h<0

Oy comnap f(x) QYHKUMSHHHI X, HyKTaJard MOC PaBMIIJA YHI IOKOPH, YHT
KYWH, Yall FOKOPH, Yal Kyiu XOCHJIa COHJIapy aevwianau. Arap
A}”/Hr = VHE (Auan = }‘uan)
oynca, f (%) GyHKIHS X HyKTaaa YHr (Jam) xocuiiara sra JeHuiaau, SbHA
mf(xo +h) — f(x0) _ |imf(x0 + h) — f(xo)

h—0 h n50 h
h>0 h>0

TEHIVIMK VpuUHIKM Oyica, y Xojiga (QYyHKUUSHUHT VHI XOCHJIACH MaBXKy[l
neuunanau.
Mucour.

Flx) = xsin;, x>0,

0, x<0

(YHKIUSHU YHT I0KOpH, YHT KyHH, Yal I0KOpU Ba Yam KyWH XOCHJIa COHJIApUHU
XUCOOJIAHT.

Euunm.

A}”/Hr — 11}\}”/1-11" = =1, Ayan = Aqan = 0.

MOHOTOH QyHKIUSIAP XaKUIaTd aCOCHIA TEOPEeMaHU KEeITHPAMHU3:

Teopemal(A.JleGer):[a, b]lkecmaoa anuknanean xap Kamoai MOHOMOH
f(x) @pyuxyus, 6y kecmanune despau xap 6up HyKmacuoa 4ekiu Xocuiaza 32a.

Ymly TeopeMaHu KaWCUAMp MabHOJA TYJIIUPYBUM cudaTHaa MOHOTOH
GYHKIUSHUHT XOCHWJIACWHW WHTETPAIUIAaHYBYM SKAHJIWTU XaKHUJArd KyHujard
TeopeMaHu 0aéH KUJIaMu3.

Teopema 2. [a, b]lkecmaoa monomon ycysuu xap kanoau f(x) ¢pynxyus,
Wy Kecmaoa 0eapau Xamma Hcotoa UHmMeSpailany8iu Xocuiaza 32a Xamoda

b
[ rreadx < 1) - £

bynaou.

Hcoor. OyHKUMSHUHT JeApid XaMMa >KOHJa Xocwiara sra OViIuiu
JleGer TeopemacugaH KenuO uuKanud. bH3 XOCWIaHM MHTErpaiaHyBUd
SKAHJIUTUHH UCOOTIANMU3.

f (x)bysKuMsaHM aHUKIAHUII COXACUMHU KeHratupus, [b, b + 1] kecmana
kuiimatu f(b) ra Tenr 6yicuH ne6 onammus. [a, b] kecmara TeruuuIM UXTUEPUIA
xnapaa f'(x)xocuna MaBKyUIMTH YUYH YHU
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—f(x)

fx+

f'G0) = lim

s =312

KYpUHUIIKA €310 0JIaMHU3.

fnlx) =n [f (x + %) —f (x)]cbyHKuI/Iﬂ a,b] xecmama VymuaHyBuH, y
XOJa JIMMUAT QYHKIUS YIYaHyBYM (YHKIHUSIAP KETMA-KETJIUTHHHUHT JTHMMHUTH
cuparupma  f'(x) xam VYauanmyBuu. Bymman Ttamkapu, f(x)pyHKUUSHUHT
MOHOTOH YcyBumiurugan Oapua fp,(x), mynunraek f'(x) dyHxkumsmap xam
HoMaH(uil. YmOynu »bTHOOpra onran xonga dary JaeMMacuHU KyIao,
KyHMIard TEHICU3JIMKHN OJIaMU3:

b b
jf’(x)dx < Supjfn(x)dx.

f(x) QyHKIMAHE MOHOTOHJIUTH YUYH, NIyHUHTIEK fr, (x) GyHKIMsSHU XaM
PrMaH MabHOCHIa HHTErPAUIAHYBYH SKaHIMTHHA MHOOATTa OJICaK,

b
f fo(x)dx

PumaH umHTErpanu sKaHIMIUIa HWIIOHY XOCWJI KWIAMW3 Ba YHHM KyWuaaruya
y3rapTupamus.

b+
jbfn(x)dx = njb [f (x +%) _ f(x)] dx = n[ j f(z)dz — jbf(x)dx} =

b+= a+=
1
nh f(Z)dz—j f(Z)dZLn[f(b)%—f(a)g]=f(b)—f(a).
b a

By TeHrcusnukau omum yuyH Ou3 (X) (QYHKUUSHA MOHOTOHJIMIMIAH
dborinananauk. bynnan

b
mmf&@MxSﬂw—fW)

SKaHJIUTH KeIuo YHUKaJIu Ba

b b
jf’(x)dx < Supjfn(x)dx

TEHI'CU3JIMKHHM MHOOATra OJICAK,
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b
[ rreadx < 1) - £

oynamu Ba f'(x) (QYHKUMSHM UHTErpayIaHyBYM ODKAHIMIM HCOOTIAaHId. By
TeopeMazad Keauo unkaauky, f'(x) QyHKUUs gespiay XaMMa JKOM1a YEKIIH.

My Vpunga MOHOTOH (QYHKUMSIIAp YYYyH Xap JOUM TEHIJIMK
OaxxapunMaiinumu neran caBoi Tyruwiaad. B.M.CobGoneBHuHr «Jlexkuuu 1o
JIOTIOTHUTENIbHBIM TJIaBaM MaTeMaTHYecKoro aHaimsa» [39]kuroduma MOHOTOH
byHKIUSIap YYYyH JIOMMO TEHIVIMK Oa»apuiMaciuru TYFPUCHAA MUCOI
KEJITUPUJITaH.

Var IOKOpH, VYHI KyHH, Yall IOKOpH, Yall KyHH XOCWJIa COHJIApHU
aHWKJTAHUIINIAH KYpUHAIUKH, [a,b]kecMana aHUKIaHraH MXTUEPHIA MOHOTOH
(GyHKUMS yUyH Aespiu Xap Oup HyKTaja

A}”/Hr = }\}”/Hr = Nyan = Aan
TEHIJIUKIIap Oakapuiiap SKaH.

Muconnap KkenTupamus:

1. f(x) = const, x € [a,b] byukuus OUp BaKTAa MOHOTOH yCMaMauraHn
Ba MaHOTOH KamailMaiiauran gpyHkuusra Mucoi 0ymia onaau.

OHJIU coJla MOHOTOH (DYHKIMSJIApHU KyHugaruia aHuKIan MyMKHH.

2. [a, b]lkecmana nxTuépuii YeKm

Aa<x;<x,<-<x,<b
HyKTajap Oepuiras Ba
k1<k2<k3<"'<kn<kn+1
XaKUKHI COHap OYJICHH.
ki, x € [a,x);
Kk x € [x1,%);
fo={ ..
Kn,x € [xXn_1,%p);
Kn41,% € [xn, D]
HIaKJIN/Ia aHUKIaHTaH()YHKIMUIap MOHOTOHKaMaiAuran(yHKius 0yano, yHUHT

Y3HJTHIII HYKTAIAPUX, Xo, X3, cor ver oo Xn, napaup.by aykranapaa f (x)
YHIOaHy3IyKCU3, danjaHysuaumra sra. OyHKuusHuar Oy  HyKTajapiard
cakpanuiapu Moc paBumigak, — kq, k3 — kg, ... ... ... . k,_1 — kymapra TeHr.

3.f (x) byHKUMAHY Kyiiuaarkaa Ty3aMus:
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( ki(x —a)

r—a x € [a, x;);
(k, — kq) (x — x7)
kl + 2 le_ X = , X € [xl,xz);
f) = (ki — k)X — Xn_1)
Ky +— xn__l " —, x € [xp—1,%p);
n n-1
k,_1—k,)(x—x
L kn+(n1b_nzc( n), xE[xn,b],
n

6y epma{x;},{k;}, i=Tn, j=1n+longuaru MuCcOIZa KeITHPHIraH
conniap. by G yHKIMS MOHOTOHYCYBUMY3TYKCU3 (DYHKLMATa MUCOJI OYIaau.

Ammof (x)bynxims {x;}, i = 1, n HyKTamapiayMyMaH OIraHIaxocuiara
sra sMmac. byHykranappayHrea wamnxocwianaprasra 0ynu0, ymap Oup-Oupura
XaMMaBaKT TEHT 3Mac.

X1HYKTaJ1a QYHKIUSHUHT YHT XOCUJIACUHU XUCOOIaiMM3:
kl(xl _h)_kla_kl

. f(xl - h) - f(xl) s X,1—a
lim = lim
h—0+0 h h—0+0 h
_ _klh _ _kl
T alotoh(y —a) g —a
OHIIU X, HYKTaJia yar XOCUJIaHu XUCOOIaiMm3:
 fOq+h) = f(x)
lim
h—0-0 h
k. + (kz—kq) (x1+h—x4)
s T (e kOh k=
oo h h=0-0 (X —x1)h X3 — x4

bynnan kypuHu®O TypuOmuku, Xxq,X,Bak,, k,JJapHUHT TaHJIAHWUIITUTA
Kapab,oup xoagaruHa

—ki _ka—y 3)
xl —a B xZ - xl
OYIMIMMYMKHH.
YmMmymaH onrana(3) TEHITUKOaKapUiIMan/Iu. Jemakx;HyKTana

f (x)bynkuus xocunara sra 6yaMaiau.
Komraux,, X3, ... xyHyKranapgaruf (x)  QyHKUMSHMHT ~ VHIBa  4arl
XOCHUIIAIAPUHUXUCOOIAIHUYKYBUMIa XaBOJIa DTAMU3.

6. Cakpam QyHKIMSICH XaKu1a Mabaymoriaap. [a, b]lkecmana

H(x) = Z h, (4)

Xn<x
TeHrnukOunananukianran H (x) pyskuuscakpanidyHkuuscuauoatad cuIpokkyp
10 YMKaMHu3.
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(4)pan kypunu® Typubmuku, 6yH(x)MoHOTOHKaMaliMakiauran QyHKIHM,
YyHKHXapryMeHTananbrakapadysrapranmia,(4) 1502650501050}
SHTUMYCOATKYIIMIYyBUMIAD KYIIWIMIIKA — OYIMIIMMYMKUH.MabiiyMKu, X, < X
oynrannamynnaiie < OMaBXyaKu,X, < X — ETCHTCU3IUKXAMYPUHIH OVIa u.

IIIyHuHT y4yH XaMm

H(x—-0) = Ilm H(x—e)— llm h, = H(x).

-0+
xn<x £

TeHrnuKIapkenu6 ynkaa. JemakH(x) bynxumsagangan y3aykcus dKaH.
By QYHKUMAHUHIY3WIMII — HyKTanapu{x,} OSKaHIUTHHUKYpPCATaAMU3.
XaKkukaraanxam x = x, 0yica,
Hlrng +0) = lim, HOsny +)= lim, D Ba= )
Xn<Xp,+e XnSXn,
TEHIJIMKYPUHIIAINAD.
Hartwxana Kyitnnaru

H(xn0 +O) —H(xn —O) = H(xn +O) —H(xno)

=S Y b,

n<Xn, Xn<Xng
TEHITIMKIAPIaH Xy Y3WIMII HYKTa Ba Oy HyKTaJard Cakpaiid SKaHTHIUTH
MabJIyM Oynaau.
Arap x,0upopra xaMm Xx,, Jap OuIaH yCTMa-yCT TylIMaca

H(xo +0) — H(x,) = z z h,

n=Xno Xn<Xno

TEHIJIUK YPUHIN o0ynu6,H (x)cbyHKuI/I;IHI/IHr Y3WIINLI HYyKTajJapu
TYIIaMJaHTuHA HOOPATIUTH KeJUO YuKaau.

1-m3ox.Cakpaw @yHKYuscUHUHZ 100pUOGeY AHUKIAHUWMU SAHA0A XaAM
VMYMAQUIMUPUTUUU MYMKUH.

[a, blxkecmana conun yeknu Eku caHOKIM HyKTalapHUHI Xam Oupura {h,}
Ba {h,} yexnm EkM CaHOKIM MycOaT COHJIAP TYIUIAMUHMHI Xap OMpHIaH
OuTTazaH COH, SbHM X; Tah; Bah,, Jap MOC Kyiuiarad OYJICHH.

Zhn<+oo, Zh;l<+oo
n

n

IaKJIKM/a aHUKJIaHTaH QYyHKIUS MypakkaOpoK cakpai (yHKIUsicu OViaau.

FOkopuaaruaek Kypcarum MyMKUHKA,H(x) kamaroBuw, HyKrajgapiaa
YHrIaH Ba YariaH y3umunuiapra sra Ba Oy HyKramapaard cakpanuiapu hy, + h;
COHJIapra TeHr Oynanau.

2-u30x. Caxpaw @pyHkyuscunu 6ymyn con yKuoa Xam aHukaIau MymMKuH.

Mmucon.ry, 1y, ..., T, ...OPKaJIHM COH YKHAAru Oapuya pauuoHall HyKTaJapHU
oenrunab, f(x)pyHkuusau
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flx) = z Zik xe(—00; +o0)
TR<x
IIaKIWIa aHUKJIaNuJIUK.
Tysuiran f(x) (QyHKIHMS MOHOTOH YCyBYHM, YamiaH Y3JIyKCH3, XamMMa
palroHai HyKTajapja Ba (pakat ury HyKTajgap/aa YHIJaH y3UJIuIra 3ra xamaa 1y,

HYKTaJIaru cakpaiiy 2" SKaHIUTHHE UCOOTIIAINIHN YKYBYMTa XaBOJa dTAMU3.

MycTakui 0a:xapuil Y4yH TONIIMPUKIAP
1-tommmpuk. Kyiinnardu QyHKUUSUTAPHUHT — y3IYKCU3JINIH, Y3WJIUII
HYKTaJlapy Ba  yJApHUHT TypJApUHM  aHUKIaHr  (arapaa  QyHKOus
uexiu[a, b]Jkecmana anuknanran Gyica,a Ba b Hykramapaa (axarruHa Oup
TOMOHJIaMa, S’ThHU MOC PaBHIIA VHT Ba Yarl JUMHUTIAP Kaparau).

X+ 2, —3<x<-2;
1)f(x)={—x—2, —2<x<0;
x+ 5, 0<x<1
x+1, x < -1;
2)f(x)={ x?, x| < 1;
X+ 3, x>1.
sin(x — 1), X € Q;
3)f(x):{ (o )xeR\Q.Q
In(1 — x) 1 0
4)f(x)={ x o TerTE
0,x=0.
(1, X — pauuoHari,
5) fx) = {O, X — MppaLOHal.
(X, X — palMoHal; _
6) f(x) = {O, x — uppaumonan. ¥ € [-5:5]
1
in— T T
7)f(x)={smx’ x;tO,xE - =
_ 2 2
0, x =0.

8) f(x) = [x], x € (—o0; +m), 6ynpalx], x — 1 < [x] < xmwapran
KAHOATJIAHTHPAIUraH OyTyH COH.
9) f(x) = x — [x], x € (—o0; +00).
10) f(x) = x - [x], x € (—o0; +00).

_(x—Ixl, xe€q
11) () _{ 0, x€R\Q.

12) f(x) = [x]cosmx, x € R.

13) f(x) = [x]sinmx, x € R.

sinx <0
14) f(x)={ x T
x+ 2 x=>0.
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2-Tonmmpuk. Kyiugard QyHKIMAIADHAHT MOHOTOHIMIM,  Y3UIIUIL
HyKTaJIapH, Yall Ba YHI CakpalUlapUHU TEKIIMPHUHT Xamaa QYHKIUIHE MOHOTOH
Y3IYKCHU3 Ba cakpall (yHKIUSIaPUHUHT HUFUHIUCH crudaTuaa E3UHr.

1l.o(x) =Px"+q; x€la,b], a<b, n€N, p, q-XakKuKuiiconmap.

T
2. ¢(x) = sinx, cos x, tgx, ctgx, X € [OE]

(%3, x € [-10, -2);

3. k) =1 -7, x € [-2,0);

L x—3, x € [0,4].

;

sin3x, X € [—g,O);

4. p(x) =+ - T
KSm x + 6, X € [OE]

( cos*x, X € [Og)

5. p(x) =+ ; i

cos’x — 5, xE[E,n].
(—x3 — 8, x € [-3,-2];
6. 0()={ 0, xe[-20]
—x°, x € [0,1].

\( _ T T
sinx, X € 2,2],
7. p(x) =+ T N,
1, xe[z,n),
\3 + cosx, x € [r, 27].
(Sinx xe[—z'—z)'
] 2, 4 )
_ 1 T
smx+§, xE[—Z,O);
. 2 = .
sin x+2, xe[0,4),
2 4o T T
Lsmx , XE[%—,E.
( COSX, XE[O’Z);
9 _ 1 c T 37‘[)_
. p(x) =< ctgx > X€\7 )
3
Lcosx—3, X € T,Tt].

3-TONIIUPHUK,.

1. @(t)- [a,b]xecmanaanukiianranycyBunGyHKIUAOYIcHH.@(a) = A4,
@(b) = B. f(x)pyukuus [a,b] opanukna aHUKIAHraH MOHOTOH (YHKI[HS
oyncun. f (@ (t)) xaMm MOHOTOH QYHKITUS OY1aqumMu?
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Arap ¢@(t) dyakuus Oupopt € [a, b] HykTama y3uwiumira sra Oyica,
f(p(t)) xam my tHyKTamay3wiauiara sra Oymumu maptvu? Iy caBosurapra
KyWlHJ1laru MUCOJUIap/ia kaBo0 OEpuUHT.

sint, t € [-1/2,0);
a) {(p(t) = sint+5  te€[0,n/2];
x3, x € [-1,0);
f=4 0. x€[05),
x3— 5, x € [5,6].
_ —COS t, t € [0,n/2);
6) o(t) = {—cost +2,  te [/2n).
—x, x €[-1,0);
f(x) = 0, x €]0,2);
—x + 2, x € [23]
_( —cost, t €[0,n/2),
B)o(t) = {—cost+3, t € [n/2,7).
X, x €[-1,0);

f(x) = 0, x €10,3);
x — 3, x € [3,4]
2. f(x) = |x + 4|bynkusax =
—AHyKTagaTypiIHyanBayHrX0CHUIagapra’radKaH M HHUKYPCATHHT.

. 1
3. f(x) = {xsm;, x#0
0, x=0.
byaknusauarX = OHYKTaJaru XOCWJIACHHU XUCOOJIaHT.
L1 1
85m2; + 9xc052;, x> 0,
4. f(x) = 0, x=0,
L1 1
55m2; + 7c052;, x< 0

bynknusanarX = 0 HyKTagard XOCUJIaCMHU XUCOOJIaHT.

5. f(t) — [a b]xecmana anukyianran y3nykcu3 GyHKIUs OYICUH.
m(x) = inf f(¢) Ba M(x) = sup f(¢)
t e[a.x] t e[a,x]

bysknusiapauHr[a, bJkecMaga MOHOTOH  Ba  Y3JIYKCH3  SKaHJIUKIAPUHU
HCOOTJIAHT.

6. f(x) — [a, b]kecmana aHukIaHraH, MOHOTOH (DYHKIUS OYJIUO, YHUHT
KUKAMAaTIIap TYIUIaMH

inf f(t), sup f()

t e[a,b] t e[a,b
kecManaHuOoparoyiacud. f(x) Huar [a,b] kecMaga y3IyKCH3 JKAHJIUTHHH
UCOOTIIAHT.
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7. [a,b]xecmana anwkmanran f(x) y3nykcu3 QYHKIUSHUHT TeCKapu
GyHKuMsicH MaBxkyn Oyiaumu yuyH f(X)MOHOTOH YcyBuM EKM MOHOTOH
KaMaroB4M OYIUIIN 3apypBa €TapJIMJIMTUHA UCOOTIIAHT.

8. MkkuTaMOHOTOH (DYHKUMSHUHT WUFMHIWCU Ba KyNMaTMacH MOHOTOH
byHKIMA OYnaguMu? Xap Xujl Xouiap Oyaummra Oup HeuTa MUCOJT KeITHPHHT.

8 3. Ueksin Bapuanusijin GyHKIHSLIAPHUHT X0cCaTapu

7. YUexau Bapuanusuii (pyHKIHSUIAPHUHT 4YerapajaHraniauru.Yexim
[a, b] kecma Oepuiran GYicuH.

Teopema 1.[a, b] kecmaoacu uxmuépuii uexnu eapuayusiiu QyHKyusiap
wy Kecmaoa wezapanianean 0ynaou.
Hcoor.Vx € (a, b]uykra onamu3. YHIa mapTra Kypa

b
8, = |F () - F@|+[F®) - F)| < \ [ F0 (@)

oynanu. Tenrcuznukaan GonaanaHcaxk,

£ = If6) = @+ f@] < |f &) = F@] + I @)
<\/r@+1f@i=m

0ynuO, f (x)uerapasaHraHJIMTH KEJIUO YUKAIH.
Teopema 2.Acapf (x)sag (x)dynxyusnapla, b]
Kecmaoadekniusapuayusaiubyica, yHoda:
a) f(x) £ g(x)
8a
0)f (x) - g(x)pyuryusnap xam uty xecmaoa uekiu eapuayusiiu OYIaou.
Hcoor. a)F(x) = f(x) £ g(x)6yncun. Y xonnal|F (xx41) — F(xp)| =
|[f Cerera) £ g (s )] = [F (i) = g ()]l =
|Lf Ceres1) = f ] = [9Ceks1) — 9G]l < 1f Oeerr) — FOa)| +

lg (xrs1) — g(xi)|0Vnamu. Tabpudra kypa, HMFMHANHK Kapacax,
n-1

D 1P ) = FGl < ) 1F Gies) = FII+ ) 19akn) = 9] <

k—0 — P
\hyf(X) + \byg(x)- I[eMaK,\byF(x) < \hyf(x) + \hyg(x)

skanyuruaad F(x)au yexnu Bapranusiin GyHKIMS SKaHIUTY KeIU0 YMKaIu.
0)f (x)Bag(x)pyukumsnap[a, b]na deknu Bapuarusuin Oyiaranu ydyH 1-

Teopemara Kypa, yjiap Iy KecMajaa derapajianrad Oymamu, spHudK > 0 pal >

O conuap tonmnaauku,Vx € [a, b]yuyn

lfGI <Kea lg(x)| <L

TEHICHU3JIHMKIIAp OaXkapuiaiu.
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D(x) = f(x) - g(x)ne6 Oenrwnam Kuputamus. Y Xolja KyHugaru
MyHocabaTiiap Oaxapuiaau:
|D(x41) — P = [If Cea1) - 9O )] — [f Ceie) - g (i1l =
ILf (i) + 9(erern) — f(ier) - 9 G + fxpern) - g Cxie) — () - g )]
< |f Coer DG Ceres1) — gl + 1g I f (i) — £ (i)
< K|g(xx+1) — gl + LIf (1) — £ ).

\hycb(x) SK-\hyg(x)+L-\7f(x)

a
skanurd Ba @(x)- ueknu QyHKIMs OYVIUIIMHA TONAMU3.
Teopema 3. Adeap f(x)sa g(x)@yuxyusnap [a,b] xecmada uexnu

by epnan

sapuayusinu 6yau6, wy xecmaoa g(x) =c >0 o6yrca, dea(—;Huc&zm xam

[a, b] kecmaoa uexnu sapuayusinu 6ynaou.

I/IcﬁoT
h(x) = ?ﬂe6 Oenrunad, YHUHT 4YEKJIM Bapualusira »s3ra OYJIUIIWHU
KypcaTaMus:
lg (X 41) — g ()l
h(x )—h(x)=| - |: <
IhCacrs) = PG = |50 3~ 56l = 190 - 9G]

1
= oz |9 (xk+1) — g(xpe41) | Bynman,

b b
1
\/ h(x) < ) . \/ g (x)oxannurukenubuUnKay.
a

a
Hemak, h(x) yeknu Bapuanusian GyHKIKS.
YHaa 2-teopemara kKypa
f(x)

f(x) - h(x) =—== 700

byukiusa xam [a, b]kecmana dekin Bapuaysin Oyaaau.

Teopema 4.f(x) @yukyus [a,b] xecmaoa anuxnanean ea c € (a,b)
oyacun. Aeap f(x) ¢yuxyus [a, b] 0a wexnu sapuayusiu 6yaca, ynoa y [a, c] ea
[c, b] kecmanapnune xap 6upuoa wexnu eapuayusinu 6yi1aou 6a aKcunyda.

LITyHuHr IEK, . .
\Vrw=\/ro+\/rme

TEHTJIUK Oakapuyiau.

Hcoor.Dapa3  kunaitmuk  f(x) o¢ysxums  [a,b] kxecmama uekiu
Bapuanusiu OyicuH [a,c] Ba [c,b] opaduKHUHT Xap OWPHHU UXTUEPHUN yCYII
OuJaH ajoxXyaa KecMajapra akpaTamMus3:

A=Y <Y1 <Y< <Yp=¢ €=2y<2 <2< <2 =b(3)
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Hatwmwxkana, OytyH [a, b] kecma xam Kucmitapra axkpanianu.|[a, c] Ba
[c, b] kecManap yuyH KyiHuaaru HUFUHAWIAPHU Ty3aMH3:

m—1 &-1
l
8 = 3 Uf @) — fOOL 90 = Y IfGiy) = FI.
k—0 i—0
[a, b]yaynd,, = 191(m) + 1951)637)121;[1/1. bynnan kenu0, yuKaIuku

b b
o™+ 00 =0, <\ [ ) =0 <\ [ r)
a a

Ba

b
90 < \/ fx).

f (x)dbynknus|[a, c] Ba [c, b] xkecManmapHUHT Xap OMpHUIA YCKIM Bapualusara sra
Ba KyHuJIaru TEHIJIMK Oa)kapuiiau:

\C/f(x) + \b/f(x) = \7f<x>. )

dapas kwiamus, f(x)dyakuus [a,c] Ba [c, b] kecmanapHuHT Xap Oupuma
YeKJIM Bapualnusara sra OyicuH. [a,b] kecMaHWHr WXTHEPHH OVIMHUIIMHH
ojlaMu3. Arap ¢ HyKTa OYJIMHHUIN HyKTallapura Kupmaca, yHIa C HH XaMm
OynuHuIl HyKTanapura Kymamus. Hatwxkana, 9, iuruaan gakatr kaTTalamuim
MYMKHH:

c b
op < 0™ + 00 <\ [ feo + \/ r@)

f (x)dbynkus [a,b] kecmana deknu Bapuanusra sra Ba

\b/f(x) < \C/f(x) + \b/f(x) 5)

TeHrcH3uK Oaxapwianau. (4) Ba (5)reHrcusnukinapaan (2)TEHICH3IIMK Kelnuo
YHKATH.
By Teopemanan HaTika cudarnaa KyHuaard xocca Keaud YuKaiu.
Teopemab.deap f(x) ¢yxnyus [a,b] xecmada uexnu sapuayusiea sea
oynca, ynoa uxmuépuiix € [a, blrap yuyn
X

90 =\/r®

MyauK eapuayus X Y3eapyeuuHuHe MOHOMOH — YCY8YU 64 He2apalaHeaH
@ykyuscu oOynaou.

Hcoor. Hxtuépmiix ', x e[a, b] (x' < x)uykranapam oncak, yHma 4-
Teopemara Kypa
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x" x' x"
\Vro=\ro+\/ro
a a x’
TEeHIJIUK YpuHiIu 0ynanu. bynnasx,
g - g(x) =

Vr0-\/10= /10207662 )

by »aca, g(x) O¢yHKUMSHM MOHOTOH VYCYBYM (DYHKIUS SKAHJIUTHHU
owupaIu.

8. Uexau Bapuanusiiim (GyHKOUSIAP YYYH3apypHil Ba eTapiu
maptaap. f(x) yukuus [a, b] opanukna anukanranOyicud. by maparpadua
ou3 O6epwitrad f(x) QyHKIUSHUHT YeKIUBapUaIlAsira 3Tra OYJIUIIM ME30HIapUHN
KeITHpPaMu3.

Teopemab. f (x)pynxyusnune [a,b] recmaoa uexnusapuayusiea s2a
Oyauwu YUy wy Kecmaoa MoHOmoH ycyeuu eauezapananean F(x)pynryus
maeocyo oynubuxmuéepuii X', x''] < [a, b] kecmaoa

fG&") = f(x) < F(") - F(x') (6)
MEHeCUSTUKHUHE OAXCapUIUWLU 3apyp 84 emapiu.

[ynnait  xoccara »osra OynranF (x)pyukuusraf(x) GyHKIUSYyIyH
Ma)XOPAHTA ACUUIIA]IN.

3apypaurn.®apa3z xuwiaimk, f (x) GyHKIUS dekIMBapHanusAra ara

OoyncuH. YHIa
Feo=\/r®

a
ne6 Oenrmmacak, F(x) ¢ynkmus [a,b] kecmMaga MOHOTOH —YCyBYMBA
yerapananran Oynanu. TYnuk BapuanusiHuHr Tabpudura Kypa

F&) - FeOl < \[ £ = FG) - Fx)

TEHT'CU3JIUK OaKapujiau.
Erapiuauru. (6) TeHrcusnnk 6akapuiicud. YHIa

80 = D If (esn) = FCl < ) [F(sn) = F(0)] = F(b) = F(@),
k=0 k=0

bynnan f(x)HuHT YekH Bapuaysuid ¢ YHKIUS SKaHIUTH KeJINO YUKaIH.
Teopema?.f (x)dyuxyus [a, b] kecmaoda uexnu eapuayusiea sea Oynruuiu
VUYH YHU Wy Opaiukoa UKKUMA MOHOMOH YCY8YU 64 YeeapailaHeau
QYHKYUALAPHUHS AUUPMACU KYPUHUWUOA UPOoOanaul MyMKUH OYIuwuy 3apyp 6a
emapau.
f(x) = g(x) — h(x). (7)
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Zapypaurn. f (x)byskiusi[a, b]Jkecmana yekiuBapuarusra sra OYJICHH.
Yuma  6-teopemara  Kypa, IyHmaiMaxopanta  F(x)tonmwmiamusa  (6)
TeHrcu3mkOaxapwianu. Ty3wmmmra kypa F(x) GyHKIHS MOHOTOH YCYBYH Ba
JyerapajaHraH.

Arap

g(x) = F(x)Bah(x) = F(x) — f (x)

ned Oenrmiacax,
f(x) = g(x) — h(x)
Oynamau xamaa mxtuépumii x> xBax'',x' € [a,b] yuyH KyhmmarumyHocabar
Oaxapuaaau:
h(x") —h(x") = [F(x") = F(x)] - [f(x") — f(x)] = 0,
sbHU h(x)PYHKIES MOHOTOH YCyBUMBaYerapajaHraH, YyHKH
[hC) < [FC)+ 1f ()] < M.
Erapimauru. ®apaz kunaitnmuk, g (x)Bah(x)byaknusnap [a, b]kecmana
MOHOTOH YCcyBYH Ba (7) TEHIJIUK Oa)kKapUIICHH.
F(x) = g(x) + h(x)
ne6 om0, yHUHT f(X) y4yH MakopaHTa OYJIUIIWHU KypcaTaMu3:
If (") = FOND = lgx"") — g(x)] = [A(x"") — h(x)]] < |g(x") — g(x")] +
|h(x") — h(x")| = [g(x") — g(x)] + [n(x"") — h(x)] = [g(x") + h(x")] -
[g(x) + h(x)] = F(x") — F(x').
Jlemak, F(x)maxopanta. YHaa 6-reopemarakypa f(x) ¢yukums [a,b]
KecMaJjia YeKJIM Bapuanusra sradyiaiy.
Haruxa.Aeap  f(x)@ynxkyus [a,b] kecmaoa wexnusapuayusiea sea
oynca,ynoa Vxg € [a, bluykmaoa ynune uwexnu 6up momonnu numumaapu
MasxHcyo:

flxo—0) = x—l>l;cr(',1—0f(x) f(xo +0) = xjgcrgl+of(x);

Hcbor. 7-Teopemara Kypa, miyHaad ycyBum Ba uerapananraHg(x) Ba
h(x) dyHkuusIap TOMUIAIUKH,
f(x) = g(x) — h(x)
TCHIVIMK Oaxapwiagu. MaremMaTuk aHamu3 KypCHAaHMabIyMKH,MOHOTOH
GyHKIHSIAp YIyH YSKIN
lim g(x) =g(x, £0) Ba_ Iixm+0 h(x) = h(xy, £0)
b ox

X—Xqx0
JJap MaBKYA. Bsz[aH f (x) (byHKHI/IHHI/IHF YCKJIHN 6I/Ip TOMOHJIM JTHMHATIApHU
MaBXyIJINTH Keano YUKaau.

MycTrakui 0axapuil y4yH TONMIHPUKIAP
1-tommmpuk. bepuiran f(x) gynkuus [a, b] kecmana MKKkUTa MOHOTOH
KamalMaiinurad QyHKuusiap aiupMacu maxiauaa udoaananr.

Mo () [a, b]

1 x?, azapx = 0, [0, 2]

fe) = {(x —1D(x —2), azapx # 0.
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3, x = -1, —
’ fx) = {1 + x?, achzapx *+ —1. =
P - {lg(ll—?-’xz), azapfga;f %0, o
* fx)= {55i761’2x, azag;;cg,t 0. [O’g
> f(x) = {Zar;s:inx, azap;zc;y? ’;t 0. o4
el i
7 2, azapx = 0, [0, ]

fx)= {SSing, acapx + 0.

8, azapx =1, _

’ f(x) = {xz — 3x, Zzapx + 1. =4l
2-ronmupuk. f (x) pynxuusuunr[a, b]lkecmana y3rapuim

gcrapaJiaHMarad SKaHJIMTHMHH KS"pcaTI/IHF.

f(x) [a, b]
No
1 0, acapx = 0, [0,1]
fe)= {Sin%, azapx + 0.
2 x + 1,aeapx € [0,1] N Q, [0,1]
f&) = Sin%, azapx € [0,1\Q.
3 . -1, azapx € K, [0,1]
flx) = { 1, azapx € [0,1]\K.
4 (0, azapx € [0,2]\Q, [0,2]
flx) = {2, azapx € [0,2]1 n Q.
5 25, azapx = 0, [0,1]
fe)= {xiz azapx *+ 0.
6 _( x,azapx € [0,1] n Q, [0,1]
flx) = {O, azapx € [0,1]\Q.
7 0, azapx = 0, [0, ]
f) = {xsin%, azapx € [0, ).
8 1, azapx = 0, [0, 7]
fe) = {COS%, azapx € [0, 7).
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’ f@%z}éz’ aeapx € [0,7], [0.1]
1,

azapx = 1.

by epna K- kaarop tymnamu,Q-panuroHan coHIap TYIUIAMH.

3-TONMIUPHUK,.
1. Arapf(x)pyukuus[a, b] kecmanapuma ysrapuiuiapu derapaHrad

Oyica,y xomiaa
00 =\/1r]

(YHKUUSHUHAT MOHOTOH KaMalOBYMIKAHIUT MHUMCOOTIIaHT.
2. Arapf(x)dyukuus[a, b] xecmamaysrapuiun yerapadnran Oyiica,yHUHD
yerapaHral SKaHJIUTUHUUCOOTIIAHT.
3. Arapf (x)pyuxuus|a, b] kecmMagaysrapuiny uerapanran 0yica,y Xoiaa
X

h() = \/111- £

(YHKUUSHUHAT MOHOTOH KaMalOBYMIKAHIUT MHUMCOOTIIaHT.

4, Arapf (x)pyukuusla, b] KecMmaja JIAMUT IIAPTHH
KaHOATJIAHTUPCA, YHUHT YeTrapaHrad dKaHIUTHHUKCOOTIIAHT.

5. Arapf(x)dpyunkuus[a, b] kecmanmaysrapuimim dyerapanran Oyica, y
xonga f(x)dyukuusauar xam [a,b] kecmama Yy3rapumM  YerapajaHra

AKAHJIUTHBA
b b
\/Ir11 < /i
a a
OYIUIIMHUA UCOOTIIAHT .

6. |f(x)] ¢ysxkuusaunr [a,b]kecmana y3rapuium  uyerapanaHraH
skammurugad  f(x)QyHKOMSHUHD 11y KecMala Y3rapuild —derapaiaHrad
SKAHJIUTY KEeJIMO YMKMACIMIMHU KYHHIard MUCOJI1A TEKIIUPUO KYPUHT'

_(x, arapx € [a,b] N Q,
flx) = {—x, arapx € [a, b]\OQ.

1.

[a, blxkecmanaysnykcuzueknuxocuaarasradyuran(yHKIUSHAHTY 3rapriderapa
JIaHTaHYKAHIMIMHUMCOOTIIaHT.

8.Arapf (x) dyukuusnunr[a, b]lkecmanarynaysrapumuAcyiica,
yxongakf (x) + coynxumsaunr[a, b]kecManaTynay3rapuIIMHATONUHT,

9.V3rapuum uerepanaHraH@yHKIMSHAHT 4-XOCCACUHY UCOOTIIAHT.

10. f(x) — [a,b], (a < b) xecmana anuknanran GyHKIUs GYICHH.
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\”/w -

oymumuyuyHf (x) = constoynummM3apypBa3’TapIMdKaHIUTHHUACOOTIIAHT.
11.  f(x)byuxuusuunr[a, b]kecmagarn  y3rapvinm  yerapaiaHrad
oyacun. f (x)pyukuusuunr[a, b]Jkecmaga MoHOTOH KaMaiiMaiinuran Oyiuinu

yuyH

b
\/ 1= -1

TEHIVIMKHUHTOaKapWIMILIY 3apyp Ba €Tapiid SKAHJIUTMHU UCOOTIIAHT .
84. Yexau Bapuanusia y3aykcen3s pyHknusiiap.’Kopaan reopemacu

5. Yek1u BapHAIMSIN Y3JIyKcH3 QyHKIHSIAp
Teopema 1.f(x)¢yuxyus[a, blkecmaoa uexnu esapuayusinu Gynkyus
oyaub, xo € [a,b] oyacun. Aeap f(x) ¢ynxyus x, nykmaoa yziykcus 6yica,

YHOA
9 =\/r®

DYHKYUSL XaMXoHYKmMaoa y3ayKcu3 0ynaou.

HUcoor. xy<b 1ed0 dapaz kmmamuz Ba  g(x)PyHKUUIHUHT
XoHYKTaJIayHIIaHy3TyKCU3IKaHIMrHHUICcOoTIIaliMu3. Ve > 0 con onuO, [x,, b]
KECMaHHU ylidy

Xg<x1<-<x,=b
TEeHTCU3JTMKHUKAHOATIAHTUPYBUHIITYHIaWHYKTaIapépaaMuIakecManapraaskpar
aMU3KH, HaTIKajaa

b
= > 1) = F0l > \ [ () — ¢ &
TeHFCI/ISHI/IKg;)(;(apHHCI/IH . B
f) €

C{x,},0ynranny4yH,x, HyKTaHU Xy HyKTaram yH/1aisKHHOJIUIIM yMKHHKH,

|f (x1) — f(x)l < &
6yJ’ICI/IH VYupaa (1) ra Kypa

\/f(t)<e+0 —e+Z|f(xk+1) Fal =&+ 1f () = fxo)] +

+ \/|f(xk+1) )l <e+e+ \/|f(xk+1) ~fGa)l < 2+ \/If(t)l
k= k=1 X1

oynanu. [lemax,
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\byf(t) - \7f(t) <2¢

EKU

myHocabatypunnd. bynman  g(x;) — g(x,) < 2e0ynumm  kenub YUKAIH.
g (x)byHKIHS YCyBUHOYITaHUYYYH
0 < g(xo+0)—g(xy) <2¢
Oynanu. ByTeHrcusnukBaE HUHT UXTUEPUUIUTHAaH(DONaTaHCaK,
g(xo +0) = g(xp)

TEHTTIUK, sSbHUG(X)PYHKIUSHUHTX(HYKTaIayHIIaHy3TyKCU3IKAHIUIH Ko
YUKAH.

xo >
abynranxonnag (x) GyHKIUSHUHT X HyKTaJadarIaHy31yKCH3IKaHIUTUXaM Iy
KaOUKYpcaTHIIaIH.

byTteopeMananKyingaruHaTHKaKeTMOYNKA N .

Hatuka.[a, b] kecmaoaeu uexnu eapuayusinu yzaykcus f(x) ¢pyuxyusanu
Wy Kecmaoa uKKUma y3ayKcus, Ycyeuu QYHKYUAHUHE aUupmacu KypuHuumuoa
ugooanaus MymKuH:

f(x) = g(x) — h(x).

glx) = \x/f(t)

a
nedbenrminacak, yaaag(x) ycyBum Ba l-teopemarakypag(x) € C[a, b]oymann.
Vupah(x) = g(x) — f(x)bynxuus xam[a, b]xecManayznykcuzoyaaagu. DHau
YHH XaM YCyBUH OYIIMIIMHUKYpCATaAMU3.
vx'"' > x', x" x' € [a, b]napyuyn

h(x) = h(x) = [g(") = 9G] - [F (&) - ()] =
\/ F® - - e 20

X
TeHrcuznukOaxapmiaau. by h(x)pyHKIMSIHN YCyBUM SKAHIUTUHU KYpcaTay.
Teopema 2.f (x) € C[a, b] 6yacun. [a, blkecmanuywoby
a=xg<x;<-<x,=b
MEeH2CUBTUKAAPHUKAHOAMAAHMUPYSUUUXTNUEPUUHYKMANAPEPOAMUOAKUCMIAP2A
ascpamamusea

HcooT. Arap

By = ) [f Gers) = F(00)]
k=0

tueuHOuHUoIaMU3. YHOa, acap
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A= max (x - X
max (Xirs = %)

oynca, yuoy

A-

b
im s, = \/ () @)

MeH2IUKYPUHIUOYIAOU.
HUcooT1. buzramabinymku,

b
\/ 760 = supfo,}

BabYyIMHUIIHYKTanapuranucoaTan{d,,} ycyBun. Jlemax,
TEOPEMaHUUCOOTIAITYUyHYIIOY
Supidn} = lim 9, (3)

TEHTJIMKHUHT0)KapIIUIITUHUKYPCATHUIIT €TaAPIIH.

dapa3KuIaniuK,

Sup{dn} = A (4)

OyJCHUH.

VYHaaHUKIOKOpUYerapaHUHI TabpuUrakypakyiugaruiapHu
XOCHUJIKUJIaMU3!
1) Vn € Nyuynd,, < A4;
2) Ve > Ocon onvHraHaaxamin, € NToananHKn,ﬁno > A —
ETCHTCU3IIUKOAXKapHUJIIa N,

Hemak, {9,}ycyBun. Bynman xenmu6 uyukaguku, Vn > ngyaynd, > A —
e0Vnanu.

Vn > ng nap yuyH

A—e<9,<A<A+c¢
oynanu. Ketma-keTIUKIMMUTHHUHT TabpUdUTraKypa,
lli m I, =A (5)

TeHTIUKYpurin. SIpHu, (4) Ba (5)nan (3) HUHT YPUHIIM SKAHIUTH KEJIUO YUKA U,

10. TyrpunanyBunuu3uKjIap. Kopaanreopemacu. YexnmmBapuanusuim

byHKIMSA
TYIIyHYACUAT PHUN3UKHUHT TYF pHJIaHyBUMITUTUMAacCaIacH1ay3TaTONFHHUTONTaH.
— x = @(t)
AB = (L :{ 6
Ty =y, telto; 7] ©)

coppasrpuunsukoepunran6cymmo, @ (t), y(t) € Clty; T]6yacun.
dapazKuiamms, tnmapametptynanTra KapaOy3rapranja,
YHTaLarpyUun3uKIaMOCKETyBUU
(x, ) = (p(0),y(x))
HyKTaAHyKTanaH BHyKTarakapa0y3rapcuH.
[to; Tlkecmamaymoyt, < t; <t, < - <t, =T
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TEHT CU3JIMKJIAPHUKAHOATIIAHTUPYBYUUX TUEPUIHYKTATapHroau0, ymapra (L)
ArPUYU3UKIAMOCKEITaHHYKTAJIApHH

A=A, <A, <A, <-<A,=B
ne0OenrunaiiMu3. byHyKTanmapHUKeTMa-KeTTyTamTupuinaarixkacuaa(L) srpu
YU3UKKA YW3WITaH CHUHUK YM3WKHUA XOCWJI KWJaMH3. Dby CHHHMK YWM3UKHUHT
MEpUMETPHU

P = Y o) — 9O + () —$@E ()
k=0

TEeHTJIUKEP IaMu1anHoaiaHaIu.
Tabpud. Acapyuiby
imb, =L (4= pRax (tie+1 = )

JUMUMMABHCYOBAUEKIUOYICA, ynoa(L) aepu YUUK
mMy2PULany84YUYU3UKOCUULAOUXAMOANUMUMHUHCSKULMAMU L
VHUHSY3YHIULUOCUUIAOU.

Teopema3

(CKopmanTeopemacn).(6)sepunusuknunemyzpunanysuudoyiuwuyyyn@(x) ea Y(x)
pynyusinapuune [ty; Toparuxoauexnusapuayuseareabyiuwuzapypeaemapiu.

Hcoor.3apypaurn. dapaszkuinamus (6)3rprUun3uKTYFPUIAHYBYHOYIICHH.
VY xonna[ty; T]kecMaHHHTUXTUEPHIAO Y IIMHUTIIY Iy H

Po= ) () = 9GP + p(trn) — PGP < M
k=0

TeHIrCH3JIMKOaxapuiaan. YHaa

[o(trs1) — 0] < VIotrrr) — )% + [W(trs1) — Y ()]

ra Kypa

z VIp(ts) — o)l <M
k=0

TEHTCU3JIUKY PUHINOVIau, sbHU@ (X) — YeKIMBapuanusuid QyHKIus OViamu.
Xynmu mry kadbup(x) GyHKIHSHUHT XaM YeKJIM BapHALUSIN OYIUIIHHA XOCHIT
KWJIAMU3.

Erapaunuru. o (x) Ba
Y (x) pyHKUMAIapYCKIMBAPUATUASTN( YHKIMSIIApOYIICHH. YHIa

P = D V9 — 9T + [ltica) — PP <
k=0

D [0(teen) = 9@+ + Y [(trs) — ()] <
k=0 k=0
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oyimmmnan (6)— TYFpUITaHYBYMATPUYU3UK SKAHIUTH KEITHO YUKAIH .
TeopemancO0TUIaHKYpUHUOTYpPUOIUKH,
T

TEHTCU3JIUKOAXKapHUJIain.
Orpuunsuk éinysyunuruaul = L(t) ne6, yuult,; t] opanukna kapaiimus.
VupaL(t)ycyun 6ynaau BaAt > 0 6ymrangaAL = L(t + At) — L(t) yuyn

t+At t+At
0<AL< \/(p(t)+\/1/)(t)
t t
TEHICU3IUKIapOaKapUIaIu. V351yKCU3TYFpUIIaHy BUMATpUIM3HKY9yH L (t)

GyHKUMS tnapaMeTpUHUHTY31yKCU3QYHKIUACUOYIaau.
85. ADcoIOT y3ayKcH3 (PYHKIHSLIAP

11. AGcoaror pynxuusiiap tabpudu.lxkkunuu naparpadaa Kyiugaru
TeopeMa KEJITUPUIITAH dIH.

Teopema 2. [a, b]lkecmaoa monomon ycysuu xap kanoau f(x) ¢pynxyus,
Wy Kecmaoa 0eapau Xamma Hcotoa UHmMeSpailany8yu Xocuiaada 32a Xamoda

b
[ rreadx < 1) - £

oynaou.

Teopemanan mIyHH XyJioca KUJIUII MYMKUHKH, TEHTCU3JIUK KaThbUU Xam
Oynumm MyMKUH. ByHnaH kenn® 4YMKagWKH, MOHOTOH YCYBUM (DYHKUUSIHU
JIespiav  XaMma  oKoMJa  MaBxkyn — xocuiacujaH — (dodpananuO, JlebGer-
CTUITbECHUHT MHTErpajiam xapaHuHU KYyiad, yHH TUKiIa0 Oyiamaiu.
Mynnai Gyakusiaap cuHbU MaBXKYyAKH,

b

[ rredx = 1 - £

TEHIVIUK Oaxkapuiaau. By TeHrnuk aOconioT y3iykcu3 (yHKuMsuiap cuHpuia
Oaxapuiau.
HNxxuH4M TOMOH/IaH KapaJca, Puman

HMHTETpaIMHUHTacocuiixoccanapuaanoupu HetotoH-JIeiOuuIl hopmynacuaup:
b

j F'(t)dt = F(b) — F(a) 1)

a
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Tabuuiiku, Jleber wuHTEerpanu Hazapuscu Ba JeApiad XaMMmaxoiaa

xocuiiarasradynran@yHKIusIapcuHPpUydyHITyHTa Vxuamdopmyna
VPUHIWIIUTH XaKujgarumacalia KYUUJIMIITUMYMKHH. Okopuaa Kanng
KWIMHTAHU]ICK,
OyMacalaHMHT€UMMUAOCONMIOTY3TYKCU3IUKTYIIyHYaCUTaoJuOKenaan,  YyHKHU
JleGer unrerpanu xam Oy Oopajia TeruuImxoccarasra.

Arapf (x) bynkius [a, b]opanukma Jleber
MabHOCHIaUHTErpAJUIaHyBUHOYJICa, y xonaauxtuépuite > Ocon

yuyHmryHaaid > 0 con Mamxkyaku, uxtuépuit ymdosnu [ € [a, b]yuynul <
dmaprOaxkapuirania

[ rea] <
1
Oynanu.
Tawvpud:[a, blxecmaoaanuxnanean f (x)pynxyus bepuneanOyicun.
Aeapuxmuépuiie > Ocon yuynuynoaud > Ocon masocyodyicaku, conu Yekiusa
Xapuxxucu yzapoxecummaouean xap

kanoar{(ayby)r= 1uHmepeaﬂﬂapcucmeMacuyqu

U(akbk)c [a, b] Z(bk a) <6

k=1
wapmaapoaxcapuneanoa

D 1B~ f(an)] < )
k=1

MeH2CU3TUK VpuHu oyaca, y xonoaf (x)gyuxyus
[a, b]xecmaoaabconromysnykcuzoetiunaou.
YMyMaHR qaruuxTuépuiopalnKI1aaHuKJIaHT aH byHKIMS

Y4yHa0COTIOTY3YKCU3IUKTY I YHYACUHUX Y IIUIITYHIAUKUPUTUIIIMYMKHH.
TavpudmnankypuHuOTYpuOaUKH, [a, b]kecManaadbCcoMIOTy3TyKCU30YITan

byHKIMSA ary OPAIMKJIATEKUCY3TYKCU3 XaMm oynanu.

TeckapucuymymaHaiTranaatyrpusmac (1ry naparpadaaru 6-Mucosra Kapasr).

12. A6coI0T y31yKCH3(PYHKUMSJIAPHUHT X0ccaaapu

1. AOcomoT y3nyKCU3(QYHKUMSHUHITabpU(DHUIArd «COHU  YEKIHU»
KYMJIAHU «COHU YEKIMEKUCAHOKIIN» KyMJIa0MIIaHaIMAalITUPUILIM YMKHH.

2. (2)TeHrcu3mk

D Ul - f@)| <e
k=1

TEHICU3JIMKOMIaHAIMAIITUPUIICA, a0COMIOTY3IYKCU3IUKTabpudU Y3rapMaiu.
Xakukataan xam, dapas kunaik|[a, blopanmuknadepwuiran f (x) b yHKITHS
KyWUJaTuIapTH  KAHOATIAHTUPCUH: wuXTHEpuiie > 0coH yYyHIIyHmald >
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Ocon  MamxynOynmu0O, wuxtuépuil  Yy3apokecummanauran{(ay, by)}} (a; <
bk)HHTepBannapCHCTeMaCquyH

U(ak,bk)  la,b] Z(bk a) < ©
6}”1J1raHz[a

<é&E

IRGCORIICD)
k=1

TEHI CU3JIMKOAXKaAPUIICUH.
IOxopuaarumapTHUHT3apypUIIUTHa0COMIOTY3TyKCH3() YHKIUSHUHT TabP
n(UIAHOCOHTHHAKETNOUNKAAN. DHAN OyIIapTHUHT €TapIMIUTHHUKYPCAaTaMu3.
dapa3 kunanuk f(x) Xakukuil Kuimar KaOyn KHiayBYM (DYHKIHS Bag >
06yuo, oy COH YUYHIOKOPUAArUIIapTHUA KaHOATIAHTHPYBUU S =
OronwnranGyncun.  Arap{(ay, by)}e=; tokopumarm  (3)  1apTIapHH
KaHOATJIAaHTUPYBUM MXTUEPUNA HHTEpBaUlap cucremacu Oyica, Ouz Oy
CUCTEMaHW HMKKWTa Trypyxra Oymamu3. bupunuan rypyxra f(by) =
f(ay)mapran  KawoatmauTHpyBun (g, by,), | = 1, munreppamiapkupcus
(OymapTHU KaHOATJIaHTUPYBUUOUpOPTA Xxam WHTEPBAI
oyamaciurumyMkun). Ukkunaurypyxra{(ay, by ) }eucremanaruxonran(a kg b kq) :

q = m + 1, nuHTepBAINIAPHUKUPUTAMUS.
[Taptra Kypa

Z(bkl @) < Sea Z (by, ~ax,) < &

g=m+1
TGHFCI/ISJ’H/IKHapHI/IHFI/IKKaJIaCI/I xam Oaxxapwnanu. lIlyHunryuyH Kyiinnaru

m n
D ) = fla)|<a| D ¢ (b,) ~ £ (a, )| <
=1 qg=m+1
TEeHrcHU3NMKIaprasradynamus. byreHrcusnukinapaan

n m n

D PG = f@l = ) IF(bu) = )l + D | (b,) = faw)| =
k=1 =1

q=m+1

n

> (be,) = (e )| < e+ e =2¢

q=m+1

=D (b)) — fla)| +
=1

MyHOca0aTkenmuounKaau, sbHH f (X )a0CcomoTy31yKcH3 QYHKIIHS SKaH.

Arapf (x)komruiekc KUAMaTIN GyHKIHS oyca, YHUHT
XaKUKUMBAMaBXyM
KHCMJIAPUHUHTa0COTIOTY3IIYKCU3IUT MTHUIOKOPUIar i ACKKY pcaTaMus3.
byrnan f (x) pyHKIUSHHHT Y31 XaM a0COTOTY3TyKCH33KaHIUT UKSTHOYHKA TN .
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3.
[a, b]xecmanaabconmoTy31ykcH30yIran yHKIUIHUHT Oy KecMa1ay3rapuiiaerap
aJIaHTaHTUP.

4.
Arapf (x)Bag(x)byukuusap[a, b]Jkecmamgaadcomory3nykenzoyicaf (x)
g(x),f(x) + g(x)byukuusanapsadbepunrankecmanag(x) #

O6§nraﬂﬂa%q)ym<um XaM Iy KecMaJaadCcooTy3yKCcu30ynaau.

HIyHUTabKUTANKOU3KH,
arapf (x)Bag (x)pynkuusiap R qarnderapaiaHraHTyiaMaaadCcoOTy3TyKCH30Y
acaf (x) - g(x)dyHKuns yMyMaHaWTraHaaa0COMIOTY3ITYKCU39MaC.

5. Xap
KaH/1ailabCcoM0Ty31yKCHU3() YHKIIMTHUMKKUTAMOHOTOHKaMaiiMa TuraHa0 CoTI0Ty
3IMyKCH3() YHKIUSUTAPHUHT Al NPMACHINAKIIH 1aTaCBUPJIAIIIMYMKHH.

6. Arapf (x)byHkius [a, b]xecmana JlebGer
MabHOCHIAUHTETPAJUIAaHYBUYHOYIICA, ¥ X0JI1a

X

Fx) = j F(O)du

a

byHKUUA ¢xnJleOerHMHraHMKMAaCHHTEr paIadCONOTY3IyKCH3 byHKUIMS
oynanu.

7. [a, b]kecmanaaGeomorysnykensoyaranF (x) pyHKius y
OpaJIMKHUHTIACSpInOapyaHyKTanapuIaueKaIn xocuiarasrasaf (x) =

F'(x)pyukuus [a, blna xamnanyBumOynaau, OyHmaHTalIKapu Xapoupx €
[a, b]lyuyn

[ r@an=rFe-r@

TEHIJIUK YPUHIIN.

8. Arapla, b]lkecmanaabeomorysnykcusoyiaran f (x) QyHKIUSHAHT
xocwiacu f'(x) nesipiu XapOMPHYKTaIaHOJTaTeHIOYIICa, f (x)dbynkus
y3rapmMaccoHraTeHroynaau.

[a, b]lxecmanaanukiianranf (x)pyHkims Baa, O<a<l1 COH
OepuiranOyicuH. ArapmyHnaai yarapmacK coH MaBxyn0ynu0, uxTuépuit
X,y € [a, b]napyuyn

lf () = FOI < Klx — y|*
TEHI'CU3JTUK Vpunnuoyca,
f () bynxuusaua napaxamul énpaepcunduH*[a, b]ra KapaluIiIenMU3.
Onatnaa = lpapaxanu ['énpnep cundura kapanumudyHKusIapHu Jlummmi
apTUHU KaHOATIAHTUPYBUU(D YHKIUsIapAeOanTUIaau.

XoccamapHUHT HMCOOTH YpraHwiraHia, 3-XOCCAHWHT UCOOTIam Wyimu
MyXHM axaMUusATra dSrajurd Ba Oolmika ucOoTiIapra yXmiamaciauru KYpUHaIH.
YmOynu nHoOatra oaub, 3-xoccaHu UCOOTUHU KETTUPAMHU3.
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Ucoor. Mxtuépuit € > OcoHn Ba yHIra MOC paBHILJA a0COJIIOT Y3JIYKCH3
byHKUUsIapHUHT Tabpuduaa kentupuiarad 6 > 0 Oepunran OyncuH. Arap
f(x) dynkuus [a,b] xecmama uekcus Bapuanusara sra 6yica, y xounna [a,b]
KEeCMaH! max(x; — x;_,) < §6yaran UXTHEPUH JEKIIH
[a, x1], [x1, x5], ... [%,,—1, b]OYaMBMIIMEYN onranuMusaa, wysgai [x;_q, x;]xecma
tonuaaauky, yuaa f(x) Gysxkuusau Bapranus yekcus 6yaaim.

[x;_1,x;] xecmamm mynpaii [xi(])+h x(])] j=1.2,.. mbynakiapra

a)XpaTaMH3KH,
m

D oh<s

j=1

31 (0 1) £ (<)
j=1

Yyekcu3 Karra Oynaau. By sca (QyHKUMSHUHI aOCOJIIOT Y3J1yKCH3 3KaHJIUIUra
3u1. Xocca UCOOTIIaHu.

1-mucou. f(x) =
xpyuxuusauar[0,1]kecManaadcomOTy31yKCH3TUTHHUUCOOTIIAHT .

Euum. ®apa3z kwrainmuke > Ouxtuépuidi coH OyncuH. 6 = ¢ >
Onebonmamus. OHam Oyd coH Tabpudaard MaApPTHH KaHOATIAHTHPUIITMHU
Kypcarammus. NxTuépuii {(ay, bi)}i=1
Vy3apokeculMaiiuraHuHTepBaIapCUCTEMACHYYYH

n n

U(ak’ by) c [0,1], Z(bk —ag) <9
k=1

maanap6a>1<apHﬂraH6yJICHH v xonj:[a

Zlf(bk) flal = Zlbk ~al= Z(bk ey <s=s

oynranma

ABHHN

D 1B - @l <e

TEHICH3JIHK XaMOaKapuIIaiu.
f(x) = xBa Yy3rapMachyHKIHAAOCOMIOTY3NYKCU30YITAHIMIHYdyH 4 —
xoccarakypanxtuépuiikyn xan xam[0,1]kecmamaabconroTy3myKkcu30yaany.
2-MHCOJI. Arapf (x)bynkuus[a, b]kecmanaJlunmuiuapTHHU
KaHOATJIAaHTUPCA, YHUHTIIYKECMa/1aa0COMIOTY3TYKCU30 Y TUIITMHUUCOOTIaHT .
Eunn. f (x) pyukius[a, b]kecmanaJIunmm mapTHHA KaHOATIAHTUPCHH,
spHAIIYHIak > OMaBKya0yIuo, uxTuépuiix, y € [a, blnapyayn|f (x) —
fO)| =k(x —y) VYpunmudyncun. HWxtuépuiie > 0con yuynd = e/k nebd
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onamus. Y xonpa y3apokecuinmaiiguran{(ay, b)}r-, MHTEpBAIIAp CHUCTEMACH
y4yH

U(aka bk) c [a,b], Z(bk - ak) <6
= k=1

mapTiiap 6axapuica,
n

D B0~ f@) < ) Kb —ad <k (e — @) <ks =&,
k=1 k=1 k=1

ABHHN

DI~ fl@l <e

TeHrcusnukOaxapunaau. Jlemak, f(x)adconroTy3nyken3dyHKIUsIIKaH.
bymuconganxycycunxonaakypuHaaukH,
f (x)bynkuus[a, b]kecmanaabeomorysnykcnzoynaau. UyHknOyHai G yukus.T
arpaHxTeopeMacurakypaJlunmunmapTHHUKaHOTIAHTUPA/IH.
3-mucoun.f (x) = x?2pyskuusauar (—o0; 00)opaanKaa abComoT Y3TyKCH3
AMACIIMTHHU KYPCATUHT.
Eunm:e = 2 ne6 onmamms. Kyitmmaru wkkutax, =n, y, =n -+ %KGTMa-

KETJIUKIApHU KapaiiMus.Y xomiaa Kyiujaara MyHocoOaTnap YpyuHIH:

|xn_'Yn|:;;_9O:

Fe) ~ FOml =2+ 25>2.  WneN

sbHU, uXTUEpHid 6 > 0 COH yuyH mmyHAail ny € NTomwiagukd, TEHTCHU3IIUK
oaxapunamu.Jlexkun |f(x,) — f(v,)]| > .

bynnankypuranuky, f(x) =
x 2 pynkums (—oo, 0o0)opanukgaabeomtorysnykcusamac. JIekun g (x) =
x pyHKIms (—00, 00) OpanuKaaadCoNMIOTY31yKCn3. byHn 1-
MUCOJIIaTUICKACOOTIAIIIMYMKHH.

4-mmcour. Arapyzapokecuinmaiiuran{(ay, by )} =1, (@ <
bk)I/IHTepBaJ'IJ'IapCI/ICTeMaCI/IMaBH(yI[6y.HI/I6

Z(bk - @) <o Zlf(bk) fla)] = oo

MyHoOca0atiapOaxkapuica,
yxomaaf (x)pynkrmsn[a, b] kecManaabcomoTy3nyKCcH30y10IMacIuriHUUCOOTIIa
HT.

Euum: Arap 6upop k € Nyuyn f(bko) = 00 EKu f(ako) = oo O¥ica, y
xonga f(x) HMHr aGCONMIOT Y3IYKCU3 DMACIUTH Y3-Y3umad pasBiuan.YyHku Oy
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xonma f(x) yHkims by €xn ay Hykrana ysuiaumra sra O6ynap suu. Hlynunr
YU4yH YMYMUIUIMKKA 3U€H €TMacllaH UXTuEépuil n € NydyH | f (ak0)| Ba | f (bk0)|
YEeKJIM COH Ae0 ¢apa3 KUIUII MyMKHUH.

& = 1 neb omamus.
Z( br — ay)
k=1

KAaTop SKUHJIANTYBYM OYITaHIuTH yuyH UXTHépuil 6 > 0 yuyH myHgaii N coH

TONWJIAANKH,
(0]

Z(bk —ap) <96

k=1
TEHT'CU3JIUK OaKapujiau.

D IF(b) — f@)l = o
k=1

Oynrannuru Ba xap 6up kyuys f (akO)Ba f (bko)quHI/ICOH6}”fﬂraHnHrH YUYH
n

DU —fladl=w>1=¢
k=1

TEHIrcU3JauKrasradynamus. bynnanadcontoTy31yKeu3()yHKIUSTHUHT 1-
xoccacurakypa, f (x)byukuus[a, b]naabcomroTysnykcu3aMacaeranxyaocarakes
amus3.
5-mucon.f(x) = x* 0 < a < 1lpyuxkuusuunr [0,1] opanukna aGcomroT
Y3IyKCHU3 YKAHJIUTUHUA UCOOTIaHT .
Euum:®apa3 kwraitnuke onguHaaH Oepuiran mycbat coH OVicwH.§ =
&

1/«
(E) >0 ne6 omamms. Oumm  {(ay, b)}=y, (ax < by), (ak, bi) C

[0,1]y3apo kecuinMaiigurad Ba Y3YHIUKIAPUHUHT WHFUHIUCH OJaH KHYHMK
OynraH uHTEpBaIap cUCTEMacu OVIICUH.

Arap & nykra 6upop (ay,, by, )unTepBanna €rca, y xonna Oy MHTEPBAIHH
ukku (ay,,0)Ba (8,by,) wunrepBamiapra 06ymu6,{(ay,by)} cucremanaru
(ak,, by, )unrepannu  (ay,,6) U (6, b,,) Ounan anmamrupamus. Y3-y3upan
paBimianku, Oy OwunaH QyHKIUS KuiiMaTiap aldpMacu MOJIYJIIAPUHUHT
nuruHaucy kamanManau. IlyHuHr y4yyH yMyMHUHIIMKKa 3apap KeJITHUpMaciaH
dHyKTa OupopTa XxaM uHTepBaiaa ETMaiau ned (apas KWINITUMA3 MyMKHH.

{(a, by)}r—uHTEpBaIIAp CHCTEMACHHHU UKKH rypyxra
oymamu3.bupunun  rypyxra [0,8] opamukna  €ryBum (ake,bke), e=

1, munTtepBamnapau kuputamus. VKKUHYM Typyxra KoJraH (akq,bkq),q =

m + 1, nunTepBaIapHu KUPpUTAMU3.Y X0JIJa UXTUEPUI
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xe | (abr,)

qg=m+1
oynaau. Illynunr yuyn Jlarpanx teopemacura

yaya |f'(x)] = [ax*7t] <
Kypa

:vaofmolzaﬂm)fmn| D e - )| <

qg=m+1

616‘{

n

\/[f]+ z 51— a|f(bk) f(ak)|<5“

g=m+1

6-Mnc0.11.a, O<a<1 papaxamu I'énpmep cuHpuUra Kapamuim,aMMO
a0COJIIOT y3JIyKcu3 Oynmarad GyHKIUSAra MUCOJ KEATUPUHT .

Eunm. ABBajo Kyiiugaru Myjioxasanu TabkupiaiiMus:Arap f(x) sa g(x)
moc pasumna H*,(0< a < 1) Ba HP,(0< B < 1) cundura xapauum Gyiuca, y
xonmaF (x) = f(g(x)) wmypaxka®d dynxims H Pcundra xapamumm 6ynazu
(uc6otnanr).fOkopuna g(x) ¢yHKUUsHUHT KuiimaTaap tymwiamd  f (x)
(YHKIMSHUHT aHUKJIAHUII coXacura Kapauuid 1e0 dhapas3 KUJIUHTaH.

Ouau [0,1] opanukiaa aHMKIaHTaH Kyluaard GyHKIUsSIIApHE KapaiMus.

9@ =%

g(x) OyHKIUSHUHT XOCHIACHHU XUCOOJIaiMuU3:
1

(n+2)x"+1sinxin—nxcosx—n, O<x<1
0, x =0.
Kypunnorypubauku, g’ (x)pyukius [0,1]opanuknaysnykcusd yuxims, ary
HUHryayHg (x) pyHKIus Iunmmimap THHUKAHOA TIIAHTHPAIH.
ByHnaHOKOpUIaTabKUTAraHUMH3TaKypa, UXTUEPUINBaX O<a<l)
yayaF (x) = f(lg(x)])byuxuusa napaxanul énbaepcundurakapaiuinoyiamm.
Ouau dapas kwiawk a (0 < a < 1) onauHmaH OepuiraH COH OYJICHH.

5
— =1 +a)i*=¢

sin xinBaf(y) =y* 0<a<l

g'(x) =

o Ng+2
bepwiran a yuyH myHpai ng € N COH TONWIAIUKU a < 1 teHrcuznuk

No
Ooaxxapunanu. Kyiinnaru ketMa-keTIIMKIapHU KapaiMu3:
1 1
X = ;Y = k=12.
k (mk + g)l/no T rmkng

bykeTMa-KeTIMKIapydyHKYHHaruMyHOCa0aTIIapy pUHIIN:
V1= X1 =Y =X > 0
wyHuHryayH (X, Y ) < [0,1]Ba(xy, , Yk, ), (Xk,, Yi,)uHTepBannapk,; #
k,06ynrannayzapokecumman . duauF (x; )BaF (v, )keTma-
KETJIMKJIapHUKAPAUMU3!
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(-1)”

T\ Ng+2
(nk +—) *
2 No
o0

— 1
ZIF(yk) —Flu)l = ;(ﬂk +Itezg "

F(y,) =0, F(x) =

k=1
YyHKHU

+ 2 ® <1
(no )Tlo_

BAaOXHPTUKATOPYMYMJIAIITaHTAPMOHUKKATOPOMIAHTAKKOCIaHA U .
4-mmconra kypa,F (x)abcomroT y3IyKCH3
smac.|g(x)|Baf (y)abcomor y3nmykcus GyHKImsmapaup. Jlemax,
y3IyKcu3 (DYHKUMATAPHUHT KOMITO3UIMSICH YMyMaH aiTrania

Y3JIyKCH3 dMac.
7-Mucon. AOCONIOT y3IyKCHU3 (PYHKIMSHUHT KyWHJaru
TYFpUMU?

byHKIMS
a0CoIIoT
a0CoII0T

Tabpudu

Xaxukuii f (x)pyukuus[a, bJopanuknaabcomor — y3aykcu3 — AeHWIagd, —arap
uxtuépuiie > OcoHu YUYH myHgaitd > Ocon TOMWJIAIUKH,
UXTHEpUIty3yHIuKiIap Huruaancudaan kuuuk Oyiran{A;}, A;= (a;, b;), 1 <

I < NUHTEepBAJLIAP CUCTEMACHU YUYYH
n

D IF() - Fa)l <

TEHTCU3JIMKOaKapuJica.
Eunm.Pasiankuy,

arapQyHKIUSIMUCOJIaKeNTUpIIIranTabpudOoyitnuaadbeomoTy3nykcusoyica,

oJataaruTabpupOyiinyaxamadbCcoaoTy31yKCu30yaaau.

F(x) =+x, x€

[0,1]dyukumsonatnarutabpudOyitnuaadcomoTy3nykens. JIekun y QyHKIus

IOKOPHJIard «TabpU(GHU» KaHOATIaHTUPMAa/IH.
—_— Ld —_— b —_— 1
Xakukataad xam, € = 16yncun.a, = 0, by, = k—zﬂe6 0JIaMu3

1% o
Bay (0,—)t{ uHTepBa/UIap CUCTEMACHHU KapaiMu3.
k2 1

Wxtuépuii & mycbat conn yuyH myHaaii N HaTypasl COH TONUJIaIUKH,
o0

1
Rz =0
k=1
TEHI'CU3JINTHU 621)I(apI/IJ'IaI[I/I.

[o¢) [o¢) 1
DI ~flal = ) L =e
k=N k=N

oynrannuru yayH N; > N COHM TONUIIATUKU
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TCHI'CU3JIUKIIAP

1 1
2ﬁ<5Ba ZEZJ.
k=N k=N

Oaxapuiaay.

JleMak,

f(x) =+vxx € [01]

I0KopuAaru «tabpud» 0yiirua abCooT y3IyKCU3 3Mac.

MycTaku1 6askapuil y9yH TONIIHPHKJIAP
1-romummpuk. f (x) pyukuusauar  [a, b] kecmazma aOCOMIOT  y3IyKCH3
SKAHJIMTUHK KYPCATHHI.

byHKIMSA

Ne f(x) [a,b] |Ne f(x) [a, b]
1 f(x) = x3 + 2x2 -1 [0,2] 9 f(x) — x% + xz [0,1]
2 f(x)=x*-2x® |[[-11]]10 | f(x) =sin(2x? —1) [o E]
2
3 fix)=2x>+x>-3 | [02] |11 | f(x) = cos(x®+x) [0, 7]
4 f(x)=3x*+x-5 |[-11] |12 () = sin x [0, 7]
fl) = x2 +1
© | fw= §x3 Ly |[FL2113 ) f@)=esny | (O]
° fw= x6—%x3 _q | I j24) fG=x+x | [0
7 = x7 — 2x? -1,2]1| 15 Cosx 01
f(x) ;C x [-1.2] fx) = 1 [0,1]
8 = 5x5 — 2x* 02] |16 o*? 0,
f(x) =5x x*+ x| [0,2] f(x)— - [0, ]

2-ronmmupuk. f (x) ¢yoaxuusauar [a, b]kecmaga aGcomoT  y3mykcus
SKAHJINTUHU Tabpu@ EpamMmuga KypcaTUHT.

Ne f(x) [a,b] | Mo f(x) [a, b]
1 1,x € [-1,0) [-1,1] 5 _(xx€[-10) |[-11]
{ 1,x € [01] f(x)_{l—x,xe[o,l]
2 xcos1 x#0 011} 6 0.x=0 [0.1]
&) { X f(x)_{sm—x;to
0,x
3 1 [01] | 7 0,x=0 [0,1]
f(x)={xs'”x”0 f()—{o 20
0,x=0 x'
4 — pauuonan | [0,1] | 8 —(x%xe[01) | [0.2]
flx) = {1 X — UppanyoHal fl) = {JZCxJJCc € [1,2}

3-TONIIUPHUK,.
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1. Arap f(x) ¢ynkuus abcomor ysnykcus Oyiuca, |f(x)|xam aGcomror
Y3IIYKCH3 OVIIMIIIMHA KYPCATHHT (TECKapUCH YPUHIUMU?).
1
sin —| : O<x<1

2. fa(x) - {x X
0, x=0

GyHKUMAHUHT UXTUEpUM a => 0OcoH ydyH aOCOJIOT Y3JIyKCH3 OYJIMIIMHU
KYpCaTHHT.
3. f(x) = x* pynxuusuuf (x) € H*[0,1]okanunn xypcaTunr.

0, x=0
f(x) € H/2[0,1] -oKkanmHn xypcaruer. Bupopra a > %yqu f(x) € H*[0,1]
oynagumu?

5. Arap f(x) — [a,b]lna aGcomor y3nykeus QyHKuus 0yica, UXTUEPUI
n € Nyuyn [f (x)]"xam [a, blna aGcomror y3nykcens 6Yaumuau MCOOTIIAHT .

6. f(x) dynkiusa [a, b]labcomot y3nykens Ba @ (x)dynxuus (—oo, +0o)a
Jlummmn, waptuau kanoatiantupeut. @ (f (x))dyuxuusuu [a, b] na abeomor
y3IyKcHU3 OYIUIIMHA UCOOTIaHT .

7.f (x) byuxus[a,b]na KaTbUl
yeysunsa@ (x)pyuxumal[f (a), f(b)]abeconror Y3IYKCH3
oyncun.@(f (x))uula,b] nma abcomor y3nykcu3  (QYHKIUS — OYIUINUHUA
UCOOTIIAHT.

8.V3rapumu  uerapamaHraHaGCoOMIOT  y3IyKCH30yIMaraH —(yHKIHSTa
MHCOJT KEJITUPHHT.

1+a

1
2
9. f(x) ={* ¢0S 7 O<x<1
0, x=0

¢ynkuusHUHT [0,1]kecMana abCONMIOT Y3TyKCH3IMACTUTUHH KYPCATHHT
2
10.f(x) = %CI)}’HKHH}IHI/IHF[]., +00)opanukaa abcomoT

Y3ITYKCHU3JIUTHHH TEKIIHPHHT .

4-TONMIIUPHUK.

1. f(x) = fi(x) — f.(x) OYyncun, Oynma f,(x)Baf_(x) HOMaupwuii Ba
uHTerpayutanyBun  Qyakmusuiap. Arap f(x) o¢yskuus [a,b]lma abcomor
y3aykeus Oyica, fi(x)Baf_(x) ¢yskumsiap xam abGcomor y3nykcus Oyia
oJIaIMu ?

2. beBocuTa TEKIIUPHII OPKATU

f(x): XSin;, O0<x<1

0, x=0
GyHKIUSHY (BapUaUsICcH YEeKCH3 SKaHIMTUAaH QolgaiaHnMaciaH) adcoioT
Y3IIyKCU3 SMACIUTHHA UCOOTIIAHT.
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HazoparcaBoJuiapu
1. YeknuBapuauusuiu yHKIUSTHUHT TabpUP U, MUCOJLIAP.

2. [a, b]xkecmanaruuxtuépuiiuerapananras,
MOHOTOHYCYBUYN () YHKIIUSTHUHT YEKITUBAPUALIUATAITA0 Y TUIINKYPCATUIICHH.,

3. [a, b] KecMaIay3IyKCHs3,
JIeKMHYEKIIMBapHAIMATrasralyIMaranQyHKIUATaMUCOIKEITHPUIICHH.

4,

[a, b]kecmanaru6ynakimMoHOTOH] YHKIMSSHUHT YEKTHBAPHALIAATAIT a0y IHIIIH .

5. [a, b]
kecMagal [unmunmapTHHUKaHOATIAHTUPYBYH(PYHKIIMTHUHT Y€ KJIBAPUALUSTadT
adynuIu.

6. [a, b]lna
yerapajgaHraHxocujarasradyaranyHKUUSHUHTYEKIMBapUalusAra’radyIIuiy.

7. Yoy

T o«
£lx) = xcosﬂ, acapx +# 0 o0ynca,

0, azapx = 0, oynca
(YHKIUSHUHTUXTUEPUHKECMAJaueKIIMBapUAIUATAdTa0 Y IUIUKYPCATUIICHH.,
X

8 f(x) = c+ j o(t)dt
a
KYPUHUAIIU AT} yHKITUSTHUHM IS KT BapUAIUSATadra0 YU .
9. YeknuBapuanusiiupyHKIMIHUHMYerapajaHraHIuT HXaKuaara Teopema.

10. YeknuBapuanusumn@yHKIUsIapyCcTHAa apu(PMETHK amaiap.
c b

b
11. \/ flx) = \/ fx) + \/ f(x),a > ¢ > brenrukucOOTIAHCHH.

a a Cc
12. f(x)byukuus [a, b]na yeknuBapuanusrasra6yica, yuaa

glx) = \x/f(t)

¢yukiusaunr[a, b]na ycysuun Ba yerapananran 6YMInu KCOOTIAHCHH.
13. YexknuBapuanusanud yHKIUsUIapydyH3apypuiBaeTapIumapTiap.
14. f (x) ¢yuxuus [a, b] na yexknuBapuanusaInOyIUo,
x € [a, b] 6Yacun. Arapf (x) € C{x,} 6yaca, ynna
X

glx) = \/ f(t) € C{x,}6ymumuc6orIancus.
a

15. UeknuBapuanusiny3nyKkcu3QyHKIUTHUUKKUTAY31yKCU3,
YcyBUM(YyHKIUSTIapHUHT AU PMACUKY pUHUIITUAaN (O JaTaliMyMKUHIUTUUCOOTI
AHCHH.

16. Arapf(x) € C[a,b]Ba
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3

Z|f(xk+1) f(xi)l6§ca, Lim o, \/f(x)
4

OYIUIIMUCOOTIaHCHUH.
17. T¥rpunanyBunuunsukiapsaKopaaHTeopeMacH.
18. TyrpunanyBunOyIMaraHIM3UKKAMHUCOJIKEITUPUIICHH.,

Il BOB. CTuntbec uHTErpaIn
81. CTuaThbec HHTErPAJTMHUHTTABPHU(PUBAMABKYITHKIIAPTH

1. Cruarbec wunHTerpamuHuHr Tabpupu. Crunteec Tomac
Hoannec(StieltjesThomasJohannes,1856-1894,  Tyny3a)  HUIEpIaHIUSIIUK
MaTteMaTuKk Ba acTpoHoM, Hunepnannus dannap akagemusacu ab3ocu, CaHKT-
[lerepOypr ¢dannap axageMuscuHuHr @DuU3MKa-MaTeMaTUKa OYIMHMACUHUHT
xopux Myxoup-ab3ocu. Jendraaru IlonuTexHuka MakTaOMHM TyraTras.
Jletinen oOcepBaropusicujia ulUiarad, cynrpa Tymny3ajgaru yHHBEPCUTETIA
npodeccop naBo3umuaa GaoausaT oaud 6opran. Acocan QYHKIIMOHAN Y3IYKCHU3
KacpJjiap HazapusiCu, MOMEHTJIIap MyaMMOCH, OPTOTOHAJI KYIXaajiap Ha3apusicH,
MHTETpaJl aJIMalITUPUIUIAP Ba KIACCUK AaHAJIM3HUHI OOIlKa WYHaIWIIapu
Oyiinya unmuil w3nanunuiap onmubd 6opran. 1884 #imnma Ctunthec TOMOHUIAH
takiud  KuiauHraH PumaH  uHTErpaJvHM — ymMymilaliMacd — 3aMOHaBHUI
MaTeMaTUKaaa MyXUM pOJib YUHANUIU.

Alituin xousku, CTHIThEC 3aHXUP Kacpljiap Ha3apusiCl yCTH/ia WIMHUHN
W3JIaHuIUiap oaubd OopraH BakTna PumaH WMHTErpaliMHu yMmymulaliMacura ayd
keiraH. bupuHun OYynub® HazapusiHu spatud, WIMUNA MIUIApUIA KYJJlaras.
Kenrycuna HazapusiHu siHajla KEHIpoK EpuTuil Oup kKatop onumiap - Kéuwr,
A.A.Mapkos, A M.JIsanyHoB, I'.®.Boponou, Pucc, Munsbepr,
XeNIuMHTEpIapHUHT 3UMMacura TYFpu Kenaau. by onummap xam uiamui
u3JIaHuIuIapu xapaéuuaa CTUAThEC MHTErpalid TYIIyHYAcUra Jy4 KeJTWIIaju.
XycycaH, A.A.MapkoB - 3amxup Kacpiap Hazapusicu, Kéuur - R-unTerpanu
Hazapusacu, [.@.BopoHoii - conmap Hazapusacu, A.M.JIsnyHOB — OCMOH
MexaHukacu, ['unebeprt, Xemnuurep, Pamon - wuHTerpan TeHrIIamanap
Hazapusicu, Pucc, Pajon — umsukiu ¢yHkuuoHamnap Hazapusicu, Y.I.JOHr -
TPUTOHOMETPUK KATOpjap Ha3apuscu Joupacujia oiaud OopraH uIMUN
UILJIapUIa KYJUIALIraH.

Ctuntbec UHTETpPAIMHU SHAJAa KEHT KAMPOBIW KYJUIAHWIMIIA XaKuaa
Mabiiymotinapan H.D.bayman Hommu MJTY Hampuéruaa dYon 3TUATaH
«Teopust Bepoarnocreii»[41], A.3ommepdensauunr «Mexanuka» [13]Ba
B.J.Paiizepuunr  «Teopuss HAIEKHOCTH  coopyxkeHuii»[34]kurodnapunan
TOMUII MYMKHH.
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Ctuntbec MHTErpaJid TYIIyHYacura OJMO KejlraH KyHuJard MacallaHu
épuTamMu3. M Maccaid MOJAUN HYKTaHUHT F Kyd4 Tabcupujaru ¢yHIaMeHTal
TEHIJIaMacuHM Kapailnuk: mi = F 0ynu0, OyHIa 7 — HYKTAHUHT DPaJnycC
BEKTOpU. Arap nra MOIIUNA HYKTaJaH H6opaT cucreMa Oepunran Oyica, y
XONla YIApHUHT Xap Oupu yuyH: m;# = F;, i = 1, nTeHrnuk ypuHiu G6ynaau.
By Tenrnuknapuu Kyuuo, Kym/mam MyH00a6aTHI/I 0JIaMU3’

Sni=3n

Ba YHM Y3rapTupud €3amus:

EKU

IaKJa KeJlTupaMmus, OyHia

Ba

i=1
Arap paauyc-BEKTOpU Ty, OynraH Oapua MOIIUN HYyKTajap CHUCTEMacu
(a3oHuHT OMp HyKTacura >kamjaHca, y3apo xapakarjapu Mypakkad Oymuiura

KapamacnaaH, yinap F kyd tabcupuaa HplOTOH KOHYHHU acocuia XapakaTIaHaau.
Tonuiras paguyc-BeKTOp
n
W=
M
i=1

KOWJIAIraH HYKTa, MOJJIHWM HYyKTajlap CHUCTEMACH OFUPJIUTMHUHI MapKas3u
Oymanm.

DHam Maccacu Oupop D coxaga TakCHUMIJIAHTaH MOJJIWM >KUCMHHUHT
OFUPJMK MapKa3uHU TOINMWII MaCaJaCUHM KYpuO 4YUKAIMK. XaXMHUHT
dvanementuga dm macca Ba M Kapamaétran D >KHCMHHHI YMyMHUH Maccacu
OyJCHUH.

y 1
V xonnaM = [, dm6ynca, macca mapkasi-_ [

Kapana€TraH Macca JIEeMEHTH dm HUHT pajnyC-BEKTOPH.
Connanuk yayH Oup y3rapyBud XOJiHH, ibHH D coxaHu [a, b] kecma ned
Kapanuk. Y xonjaa

rdmOynaau, Oynma r —

o1



M=jdm

a

b
1 j p
— | xdm
M
a
Oynanu, OyHnma x y3rapyBuu dm macca 3JIEMEHTHHH KOOPJMHATACH, aHHUKPOK
&3aauran Oyicak, dm smac,dm(x) ne6 Oymaau.
Ym0y é&3wiramyiapHMHr MabHOCH KyhWumaruya: [a,b] kecmanm P

Oymuuumu Ba yHma &; € [x;_1,x;], i = 1, naykranapau omamms. [x;_q,x;]
KecMara Am;MaccaHu MOC KysIMU3 Ba

z Ami Ba z EiAmi
i i

HuruHIUHY Ty3amu3. bymakmam mnapamerpu A(P) Hojra WHTHITAHIA MOC
paBuILIa

OYnu0O, YHUHT OFUPJIUK MapKa3u

b

b
j dm(x) Ba j xdm(x)
a a
napra sra 0ynamus.
Bynman tamikapu, MaccaHuHT Tapkaiaumu p(y) OyiraHaa, MOTCHIIMATHH
KyHUuJaru KypuHUIIIa E3WINIINA MYMKUH:

u(x) = j y(lx = yD) du()

B
Oy epna
1 -5
— —, arapn :
y(ry={ =2
Iog;, arap n = 2.

by wunterpamnapuunr Oapuacu PuMaH WuHTErpaliuHM yMyMJlallIMacu
oynran CTUITbeC UHTETPATUHUHT KYPUHUILIUAUDP.

2. Cruarbec wuHTerpanu Tabpudu. ODHmu OeBocuta CrHIThEC
UHTErpald HasapuscHMHU 0aéH Kuiamu3. XycycaH, CTHITBEC HMHTErpajiu
KyWHaarnya aHuKJIaHa .

[a, blxecmanma 2 ta uerapanmanran f(x)sa g(x) ¢yuxuusiap Gepuiarau
oyscun. [a, b]JkecmanuyniGy

A=Xg <X, <X, < . <XxXp_1<x,=0Db
TEHICH3JIMKIIADHUKAHOATIaHTUP Y BUNMX THEPUIHYKTaIapEpIaMuaanta
[ xk41), k=0,n—1, KHCMJIapraakpaTaMus. Axyp = Xp41 — XiBa
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A= max Axy
k=0n-1

ne66enrunaiimus. V&, € [xy; xy 1 ]ayKTa0016, Yo yHUFHHIMHATY3aMU3:

0= FE9 0 — 9G] = ) F(EAGC) (1)
k=0 k=0

HuruHIMraCTIIITheCHUHT MHTErPaJl HUFUHIMCH JICHUIaIN.
1-tabpud. Acap

limo =1
A-0

maexncyo éa weknu 6ynub, ynune suumamu [a, blkecmanune 6ynunuw ycynuea
xamoa ynoacu & HyKmaiapHuhe mauianuuiuea 602auK oyimaca, yHoa utycouned
f ) @ynkuuanune g(x)pynkyus 6yiuna Cmunmovec unmezpanu oetunaou
8a

b
) j F()dg(x)

Kabubencuranaou.

Kynaiinuk yuyd unrerpan oenrucu onguaard (S) Hu Tymupu® é3amus,
my cababnu Oupop-Oup M30X aTwiMmaraH Oyica, unrerpamuiapuu CTUAThEC
UHTErpaiu 1e0 TYNIYHUI JIO3UM. PUMaH HHTerpaiu OuaaH OOFIUKIIUTH XaKH1a
cy3 Gopca, axparuil ydyH Moc paBuinga uHrerpamiap oiamuza (S) Ba (R)
oenrunapu Kynuaaiau.

Jlemak,

b n-1
[ r@age = timo=1im > rEage). @
k=0

a

Arap(2) - HHTErpal
mapxynoyica,yuaaf (x) pynkuusi[a, b]lkecmana g (x) pynkuus
OyiinyanHTerpasiaHyBuUM/1cOalTUIIAIN.

CTuITbeC MHTErpalIMHUHr PuMman wHTerpanuaad acocuii dapku (&)
apryMEHTHUHT OpTTUpPMacH AX; Ta 3Mac, UKKHHYU (YHKIMSHHHT OPTTHPMACH
Ag(x;) ra kynaiTupuiaiy.

N3o0x. Puman unmeepanru Cmuimvec unmezparuHuHexycycutixoauoyiuo,
Cmunamvec unmezpanuoag(x) = xoetiunca, ynoan Puman ummeepanu xeau6
YUKAOU.

Ouau CTHIThEC HHTETPATMHUHIMABXKYUTHKIIAPTHHUKYPUO YNKANITHK.

®apazkmwiamus, g (x)PpyHKIUAMOHOTOHYCYBUHOYICHH. Y Xommalx, =
06yarangaAg(x) > 06ynanu.

Kyiinnarn6enrunaniapHuKUpUTaMuU3 .

me = inf {f()L M= sup {f(x)},

[xkixk44] X Xk+1]
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5= mbg(r), 5= ) McAg(n) (3)
k=0 k=0

2-Tabpud. S eagﬁué‘uﬂOuﬂapmocpaeumdaﬂapﬁy -
CmunimbecHUNHZKY iU 8AI0KOPUHUUHOUAPUOeOamanaou.
HapOy - CTuinTbeCHUHT KyWn Ba

FOKOPUNUFUHIMIIApUKY U aruxoccanaprasra.
1.A4zapla, blkecmanunebyrunuwnysmanapueasneunapukywuica,

yuoaS paxamopmuwiu,SocakamauuiuMymMKun.

SIbHu, {§ } yCyBUU Ba{g} KaMaroBYH.

2. /lapby -
CmunmuvecHUHUXMUEPUUKY UUTUSUHOUCUY HUHSUXIMUEPUUTIOKOPUTIUSUHOUCUOAHK
ammabynaoimaiiou (aeapybouKadyIuHUULAMOCKENCAXAM).

Arapyuioy

I. = Sup{S}sal* = inf{S}
TeHrnuknapépaamuaalapOy -
CTUITbeCHUHTKY MM BalOKOPUUHTET pajUIapUHUAHUKIACaK, YHIA

S<I,<I'<S
TEHTCU3IUKIapyPUHINOYIaIH.

byrenrcuznuknapsa/lapdy — Crunthechiurunaunapuaandonananuo,
onnuiiPumMaHuHTerpanTuKabUKy iU 1aruTeopeMaoCOHUCOOTIaHA TN,

Teopema 1. Cmurmvec unmezpanununemMasicy OOy iumuyyyHyuoy

lim(s—-5)=0
exKu
n—-1
!1”73 z wAg(x,) =0 4)
k=0

menznuxnunzoaxcapunuwusapypeaemapau(wy, = My, — my,).

3. CTHIITbEC HHTErPAJTHMABKYAOYIrandyHKI U IAPCHHDH
Teopema 2. Azapf (x) € Cla, bl6yaus, g(xX)pynryus
[a, blkecmaoamonomonycyeuubynca, ynoa

b
[ radge ©)

a
Cmunmbec unme2zpanumasicy00yiaou.

Hcoor. f(x) € Cla, b]6ynranmurugan  Kanrtop Teopemacurakypa,
yTekucy3nykcusaup. Avpan, Ve >0 yuyn myHmaii § > 0 coH TONMWIaaUKH,
[a, blkecmanu y3ynnuknapu 6 maH Kuuvk Oyarad Oyiakiapra axpaTdiraHia,
f () byskupsauar my Oynaknapaard TEOpaHuIId Wy Y9yH Yoy
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&
V=50 = g(a)

TEHTCU3JIUKOAXKapHJIaIx.
Duaula, b]kecManny3yHIMKIapU G JAHKUUUKOYIraHKMCMIIAPTaaKpaTaMu3.

/1_? OBaw;, < () = 9(a) 6}”0114_61,
£
,Z:;) wrAg(xy) < 70 —9(@ kz;)[g(xkﬂ) — g(x)]
=T —g@ 9B~ g@)] = e6ynann
bynnan

n—1
/!{ILT-(I)Z (l)kAg(xk) =0
k=0

6y110, (5)MHTErpaIHA MaBXKY/] SKaHJIUTH HCOOTIaHAIH.

Teopema 3. Acapf(x)pynxyusla, blkecmaoa Puman  mavnocuda
unmezpanianysuu 6yau6, g(x)gynxyus Junwuy wapmunu Kanoamianmupca,
ABLHU

lg(x) —g(x)| <L-(x—x), (L=const, a<x<x<b)(6)
meHecu3uKbadxcapuica, yHoa

b
[ r@age
a
Cmunmbec unme2zpanumasicy00yiaou.
Hcoor. a)Teopemanuaspang (x) GyHKIHS
(6)mapTHHOAKAPUIIIAHTAIIKAPUMOHOTOHY CYBYHOYITaHX 0Ty Iy HUCOOTIIaliMu3.
n-1 n-1 n-1
D g = ) e lgGrien) =g < L+ ) e (iewn — )
k=0 k=0 k=0
n-1
:L~Zkaxk. (7)
k=0
f (x)bynkuus [a, blna Puman MabHOCHIaMHTErpaUIaHyBUMOYIraHUYy Iy H
n-1

lim w,Ax, =0
A-0 k k
k=0

BaMocpaBuIa (7)TeHrcu3IMKKaKypa
n-1
A-0
k=0

oynanu. [lemak, CTUNThEC UHTETPATN MABXY/I.
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0) YMyMHUIiXo01.
Jlunuumap THHUKaHoaTIaHTUpyBuK g () Oy HKUMSAHUKY MM ar MKy pUHHIILIAE31
0onamus:

gx)=L-x—[L-x—gx)]=g,(x) — g (x). (8

(8)TeHrnuKnaru g1(x) = L - xpysxuus JIunmmmig IAPTHHN
KAHOATJIAHTUPUIIM OWjlaH Oup KaTopAa, MOHOTOH ycyBuu xam Oymanu. Illy
waptiaapaug,(x) = L - x — g(x)pyHkuus xam Gaxapauu.

Xakukatan  xaM, a<x <X < byuyng,(x) —g,(x) =L(x —x) —
[g(x) —gx)]=L-(x—x)—L-(x—x)=0,aemax, {9, (x)}ycyBun
BaJIMIIIUI] APTHHUKAHOATIIAHTUPATH

|9, (x) — g2 ()| < L(x — x) + |g,(x) — g, (x)| S L(x —x) + L(x — x) =
2L(x — x).

a) xomrakypag,(x)sag,(x)mapyuyn (4) maprOaxapunaau, OyHIaH
sca(4)maprg (x)pyukuus yayaxambakapunaau. Jemak, (5)uHrerpan MaBkKyI,.

Arap 6u3 3-reopemanag(x) ¢yHkuusra mapTHH KaMaWTHpCaK, y XOJaa
f(x) dynknmara kynpox maprt Kyiuiira TVEpu Kedaau. Kyingarn teopemManu
UCcOOTCU3 KENTUPAMUS.

Teopema 4.4Azcap f(x) ¢yuxyus [a,b] na yznyxcuz ea g(x) ¢ynxyus
yeKknu gapuayusea 3ea 6ynca

b
[ r@age

uHme2pan MasaHcyo oOyiaou.

Uly Vypunpa adTum xousku, my O0o0HWHr 9-6anmupa (Crunrbec
UHTErpAIMHU  OaxoJiani) ymoy HWHTErpaJiHd Oaxosam TYFpUCHIA Teopema
KEJITUPHIITaH.

Arap f(x)Ba g(x) dyukuusiiap derapananmaran 6yica xam, CTHITbEC
WHTETpaIl MaBXy Oynaguran QyHKIUsJIApHU KypUII MyMKWH. Macanas,
[—1, 1]Jopanukaa Kyiiuparu f(x)Ba g(x) GyHKOMAIaApHU KapaiIuK:

0, xe[-10]u{1}
=y _* e

1—x

g(x) = f(=x).

- - — - — — - — - - — —

)
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by ¢pynkuusinap yayH

1
[ r@age
-1

MaBxy/Jl (MyCTaKWJI XHUCOOJIaHT).
Teopema 5. Acapf(x)pynxyusla, blkecnaoa Puman  mawvnocuda
unmezpannamnyeuu 6yauo6, g(x)pyuxyusanu yuwoy
X

g =c+ j o (0)dt )

a
Kypunuwoa ugooanaw mymxun o6yaca, 6y epoa @(x) — [a,blkecmaoa Puman
MavHocuoa abconom uHmezpailany8yu GyHKyus, ynoa

b
[ r@age

MagdHcyo 6ynaou.

Hcoor. Teopema HIapTura kypa,|p (t)|Puman
MabHOCHIAWHTErPAIUIAHYBYH, OyHaaH Kenub uukaauku,|@(t)|- yerapananras,
spun AL > 0 Ba Vt € [a,b] yuyn |p(t)| < L. Yuma a < x < x < b yuyn yuioy

19) — g = |c + j p(B)dt — c — j p(D)dt| = j p(D)dt| < j p(D)dt

x
SL-jdtZL(Y—x)
X

MyHOcabaTIapOaxapuiaim, abHU g (X) PyHKIHS
JlummunmapTHHIKAHOATIIaHTUpaAu. Y Xoijga 3-TeopeMara kypa Crunrtbec
UHTErPaAId MaBKY/I.

Teopema 6. f(x)@yuxyus [a,bloa yzaykcus ea @(x) pynxyus 6ytiuua
UHMEPANILAHY 84U, TLHU

b
[ r@ o

MaedxHcyo OYICUH.
Azap @(x) ¢gynxyusnu [a,b] nune uuxu nyxmanapuoa uexnu conoazu
KUuMamiapu y32apmupuica xam

b
[ r@ ot

Maexcyo 6y1a0u 86a UHMe2PAaIHUHS KUUMAmMu y32apmatiou.
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by Tacnuk S5-teopema kabu UCOOTIaAHAIN.

Ky¥ingaru Teopema ypuHIIH.

Teopema 7.4zap f(x)pynxyus 6ynaxau ysaykcus eap(x) ¢ynkyus sca
yexau yzeapuwea s2a 6yau6, f(x) @yuxyus ysuruwea sea 6ynean Hykmanapoa
y3aykcus oynca, y xonoa Cmuimoec uHmezpanu

b
[ r@ o

MasdHcyo 6ynaou.

Ymly KeATUpWiaraH TeopeMalaH UIyHW aWTUIl MYMKUHKH, arap
f(x)bynkuus 6Ynakau ysnykens, @(x) yHkums yeknu y3rapuiira sra 0yiauo,
f(x) ¢yskums yswnumra sra OyaraH HyKTajgapia yswiammmra sra Oyica,
MHTErpaji MaBxyJ Oyamanu.

HUcoor.f (x)pyHkiusa cHyKraga OMPUHYM TYp Y3HIMIIIa 3ra OYJICHH.
Arap y3uIdm HyKTacH Ty3aTuO Oynmaiiguran 0yica, y xonga f(x)dyrkiusra

__ (0, arapa < x <c,
g(x)—{l’ arapc < x <b
(GYHKIMSHE MOC COHra KymnaiTupraHgan cYHr KymmO, y3iaykcu3 Ba @ (x)
Oyiinda MHTErpayUIaHyBYU (PYHKIMSHH TY3UII MyMKHH.

g(x) pynxuus @(x) O6yiinya maTErpasnanyB4M, Heraku, arap ¢ € [a, b]

Oyica, y xonua
n

Y 966 (900 — 9e-))
k=1

n
= g (0Ctm) = 9Gn-D) + D (9) = 9(e-)
k=m+1
= 9(&m) (0(xm) = @Qtn-1)) + @(b) — p(x)
oynamgu. Ax » 0 na @(x) QyHKUMSHU CHYKTaia y3AyKCU3JIUTUHA MHOOATIa
oncak, yur TomoH @ (b) — ¢(c) ra tenr 6ynany.
Arap f(x)dyHkuussHM ¢ HyKTa Ty3aTHO OYJajuraH y3WIWII HYKTacH
Oyica, Kyinnaru GQyHKIUSHA KUPUTAMHA3!
(1, arapx = c,
hx) = {O, azapx # C
Ba g(x) ¢ynxuusau Ypuura h(x) QyHkuuMsau Kyiub,roKopumaru kabu Qukp
IOpHUTCaK, Kyduaarura ara oyiamus.
n

> ) (90 = (i) = hEm) (9(tm) = 9(im 1)),
k=1

Kypunub typubnuku, Ax — 0 na ymoy udoa Hoara MHTUIAIN.
f(x) dynkimsa Gurra y3uiMmn HyKracura sra OYiraH XoJ y4yH Teopema
HCOOTIIaHIH.
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Teopemanu  ymymuii  xonga  ucOotd, CTHUITBEC — HMHTErpPaIMHU
upsukumaragan goinananud, f(x) ¢ysxumsara g(x + a) Ba h(x + f)napuu
(apryMeHTIapvHUd @ Ba [ ra CUIDKUTHIN OPKAIM) YU3MKIM KOMOMHAIMACHHU
KYui épaaMuaa y3aykcu3 (PYHKLIUS XOCHI KWIMII MYMKMHJIUTUAAH Keauo
yukaau. Teopema uCOOTIIaH I,

MycTaKiI HILIAI YY9YH TONHAPHKIAP
1) Arap f(x) ¢yskums Oupop KecMaja 4YeKIM Bapvalusra dra Ba
lf(x)| =d >0 6ynca, 1/f(x) wvm dexnu Bapuanmsara sra OYJIHMIIMHHA
UCOOTIIAHT.
2) f(x) GpyHKUUSAHUHT YyerapalaHraHIuIu

b
[ r@dow

a
CtunThec MHTETPATMHY MaBXKY]] OYIUIIN YIYH 3apypuid mapt 0yna oaguMu?
3) V3nykcu3 QYHKIHSHUHT y3inykcu3 QyHkous Oyiinmua Cruithec
MHTErpajgn MaBxyJ 0yjia 0JIMacIUrMHU UCOOTIIAHT.
4) f(x) dynkuus [a, b] xecMana ysnykcus Ba

b

[ r@dow

a
Ctuntbec MHTETpaiu MaBxXy/J[ OYIJICHH.

6-reopemara kypa, @(x) oysxuusau [a,b] kecMaHuUHr  WYKM

HyKTaJlapuja KUWMATIIApUHU Yy3rapTUpcak Xam OepuiraH MHTETPaTHUHT
KuiiMatu  y3rapmaiian. Arap @(x) (yHKUUSHM KECMaHWHI 4YETKM @ Ba b
HyKTajapuaa KAHMaTHHA Y3rapTHCAK, MHTETPATHUHT KUHMaTH Y3rapajruMu ?

82. CTHAThEC HHTETPAJTHMHHUHT X0CCATaApPH

4. CTWITbEC MHTErPAJUHHUHI Xoccajapu. CTWITheC HHTErPaTUHUHT
Tabpuduiad TYFPUIAH-TYFPU KyHUIAru Xoccanap Kenud YuKaau:
b

1 [ dg) = g - (@)

a

b b b
2 [ ) = £, dg@ = [ fi@dge) = [ LIdg(.

a a a

b b b
3 [ F@alg) £ 0,001 = [ g @ = [ F@dg.)
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b b
4 j k- Fd(L-g() = k- £ j £(x)dg ().

b c b
5. [ r@agt) = [ rage + [ r@agt @ <e<b)

Ma3skyp xoccanapHUHT KUCOOTH Oup-Oupura yxmam OYiand, mcOoTiail

KUAWMHYWIIUK ~ TYFIAPMaW]IN.

Ymbynn wuHOOatra om0, Qakar3-xoccaHu

ucOOTUHU KenTupamu3. byHuHr yuyH CTUNThEC MHTErPaJWHUHT Tabpudumaax

(dholinananaMus.
b

ff(x)d[gl(x) + g,(x)] = y_rfg z fEIAG (x) £ Agy ()] =

n
k=

f&)Ag: () £ ||m z f(&)Ag, (xy) =
0

j £ () dgs (x) + j £(x)dgs (x).

HN30x.5° -xoccadaeu

b
[ £G) dg @0

a
uHmeepaﬂHunemaeofcyd@?ﬂumuéaH

j F(x)dg(x) sa j f()dg(x)

uHmezpaiiapHune xap6upuHuH2 Maeofcyd Oyaumu Keaub uukaou, axcu 3ca

Vpumau 6yauy wapm smac.

bynra mucon kenrupamus. [—1; 1]kecmana 6epuiran ymoy

f ={

Ba

glx) = {

bykuusuiapau Kapaimus. YHaa
0

0, arap—1<x<0,
1, arap O<x<1
0, arap—1<x <0,
1, arap O<x<1

j F(x)dg(x) sa j f()dg(x)

UMHTETpajUlap MaBXKyJ, Ba HoOJIra TEHr Oyiaau, YyHKM HKKajla XO0JjIa XaMm
Crunthec HuFMHIMCHIA KaTHAmTaH Xaiap 0 ra TeHr .
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OHIn

[ r@age

UHTETPATHUHT MaBXKyJl AMaclUruHuKypcatramu3. byHunr yuyH [—1;1]
KeCMaHUHT UIyHAal OYnuHUIIMHU ojamu3kd, OHykTa OYIWHUII HyKTacH
oynmacus. uTerpan WUFUHIUHU Ty3aMu3:

o= z f(&)A g(xy).

0 € [xk, x,,,] OYncun. bynnma, x, <0 <xg,, Oymb, Hurunaunaru Kk —
KYIIMTYBYKIaH OOIIKA XaMMacH Hojra TeHr oymaan.Uynku [ # k aa
Ag(x;) = g(xi41) — g(x;) = 0.[lemax,
o = (&) Lg(xxs1) — g )] = f(&) - (1 —-0) = f(&) =
_ (0, arapé, <0,
N {1, arap é, <0.
Bynaas, lli_rg OHUHITYPIUKAAMATIAPKAOYIKAIHIITHIAH

[ r @age
MHTETPATHUHT XaM MaBXKY]l SMACIIUTY KeJIUO YUKAIH.
IOkopunma kentupwiran xoccajapHd  HWHOOaTra  ojcak, Puman

MHTErpaJIMHUHT alipuM yMmymilamrad xoccanapu CTHIThEC HHTErPAIU YUYyH XaM
S’lpI/IHHI/I Ooynaau.

2) j [ fy () % 6ofy ] dg(x) = ¢ j £1(0)dg () % ¢, j £,(0)dg (),

6y epna f;(x)Ba f, (x) pynxuusiap g(x) Oyiinua HHTeraHHaHYBqH c1 Bac,
nap uXTHEPUIA y3rapmMac coHap.
6) Arap a < aq < bl < b6§7HI/I6,

[ £e) dg @0

MaBxXy/J Oyiica, y xoiaa

| r@dg @

XaM MaBXKyJ OVmamu.
b

b b
0 j FG)dlergy () = c29,(0] = ¢4 j £ () dgr (x) % ¢, j £(x)dgs (x).
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by xoccamap xam Crtuntbec wuHTerpanu Tabpuduman doigananud
ncOOTIaHAIH.
IOxopuaa kentupuiaran xoccalapjaH Keau0 4YWKAJAWraH KyHujgaru
HaTIKaJapHu OaéH KUIIaMH3:
19, Arap g, (x) = g(x) + const (x € [a, b])6y1u6,
b b

j F()dg(x), j £(x)dgi (x)

UHTerpajyiapfaH Oupu MaBxyJ Oyiica, HMKKMHYMCU XaM MaBxyjJ OYnuo0,
KUiiMaTiapu TeHr Oynaau.

By warwkanuar wucOoru [a,b] kecMmanu uXTHEpHUI OYIMHUIIUHM
OJITAHUMM3/a XaM

Aig(x) =Ai91(x) (i =1,n)
TEHIJIMK Oa)KapuIUIIUIaH KeInO YMKaIu.
20, Arap [a, b] xecmanu xap KaHail OYTMHUIIN OMMHTAHAA XaM

0= FEg(ern) — glu)] = A = const
k=0

oynca,

b
[ redg

MaBXy/]l Ba KuiMatu A ra TeHr Oynaau.
Xakukatan xam Ve >0 Ba [a,b] xecmanm xap Kanmail OYaMHuIIM
OJIMHTaH[A XaM
lo —Al=|A—-A]l=0<¢
oynanu.
3% Arap g(x) = A = const(x € [a, b])6¥nca,
b

[ redg

MaBXy/ Ba KHMaTH HOJTra Oymaau.
by xonna xam Ve > 0 Ba [a, b] xkecmanu UXTUEPUN OYITMHUIIM OJTMHTaHa
xaM A; g(x) = 0 6ynamu. bynman sca

7= FE90i) — 90a)] = 0.
k=0

skaHmuTH Kenu6 unkamy. bynra 2° matmka kynmanuica, nc6otn kenmub dnKaum.
4° f(x) = A = const (x € [a, b]) 6¥nca, y xonaa
b

[ redg
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maBxy Ba kuitmatu c[g(b) — g(a)]ra Tenr 6ynanm.
Bepunran mapriapra xypa, Ve >0 Ba [a,b] kecmanu wuxrtuépuii
Oy mHMIIKY Ba &; OJMHTAH/IA XaM

U—Zf(fl)[g(xm) 9G] =cZ[g(xl+1) 9] =
g () — g(@]

Oymaau. bynra 20 martmka KYJIJTaHWIICa, UCOOTH KEINO YMKaIH.
Xycycan, f(x) = 06yica,
b

jO-dg(x)ZO

oynanu.
50, Arap a < b, f(x) bynxuus a Hykraga yurgan ysaykcus Ba g(x) =
A = const(a < x < b) 6ynca, y xonaa
b

[ rerdg

a
masxy 1 Ba kuitmatu f(a)[g(b) — g(a)] ra tenr 6ynanu.
6°. Arap a < b, f(x) gyskuus b mykraja uangas ysiykcus Ba g(x) =
A = const(a < x < b) 6ynca, y xonaa
b

[ rerdg

a
masxy 1 Ba kuiimatu f (b)[g(b) — g(a)] ra Tenr 6ynanu.
7°. Arap a < b, f(x) ¢yskuus (a,b] ApuM OUMK MHTEpBAIHUHT Gapya
HyKTasapuaa Hoyra TeHr Ba g(x) GyHKmsa a HyKrajga YHIIaH y3iykcus Oyica,
y X0J/1a

b
[ rerdg

a
MaBKy/l Ba KHMMaTH HOJITa TEHT OYIaau.
8% Arap a < b, f(x) dyskumus [a,b) ApuUM OUMK MHTEpPBATHUHT Gapya
HyKTasapuaa Hoyra Tedr Ba g(x) dynkuus b HyKTaja yanjgaH y3iykcus Oyica,
y X071

b
[ rerdg

MaB)Ky/Jl Ba KHMMAaTH HOJTra TEHT OYiaau.
By HatwxanapHUHT UCOOTIIApMHM YKYBUYMIa XaBoJia KHJIaAMU3.

8§ 3. CTuaTheC HHTErPATHHE XUCOOJIAI yCY/JIapu
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5. CTniaTbec MHTerpaau y4yH Oyjaakiaad umHTerpaiam gopmyJacu.
Onaunrun  mnaparpadpna CTunTbec HMHTETPATMHUHT OUp KaTop Xoccallapu
KeJITUpUIraH 31au. Ymly xoccanapaaH (oiinananu0, Kyldujgara TeopeMaHu
ucooTaanmus.

Teopema 1.42ap

b b
j £ (x)dg(x)sa j g ()df(x)

a a
Cmunmvec unmezpamiapuoan oOupu maedxcyo Oyica, YHOA UKKUHYUCU XaM
Maedxucyo 6ynaou ea yuby 6yi1axkiad unmepaiiaul hopmynacu YpuHiu:
b b

[ r®dge) = (@)L, - [ gare. @

a
Hcoor.Dapaszkuiiaiiiuk,

b
| 9erar @

MaBKy0VIICHH. [a, b]xecmannuxtuépuitycynounan [xy, xi41] (kK =
0,n — 1)xucmnapraaxkparamus Ba V & € [x Xj4q]HYKTanapuu Tannaimus.

[ redg

uHTerpan yuyH CTUATbEC WAFUHIUCUHY TY3aMU3!

0= ) FEI9 e — gl

ByﬁI/IFHHz[I/IHI/IKyﬁHILarI/I KS'lpI/IHI/IHII[aéBI/I(S oJIaMHU3!

o= Z FE-)9Ca) - Z F(5) 9(v) =
[Z f (E09(u) - Z f i 1)g(xk)]

- {g(a)f(fo) + Z 90) - [F () = F (€ )]—g(b)f(fn_l)}.
k=1
Xocun 6§ran upomara (£ (x) - g(x))|. = f(b) - g(b) — f(a) - g()

udogaHukymmrbdanrpamms.

o= () g()|, — {9 - [f(E)-f(@] +
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> 9G) -[FE) — FED + 9O B) ~ Gl @)
e

Bbyrenrnuknarukarrakasc (purypainkasc) nungaruudoaa
b

[ 9erar @

Ctuntbec UWHTErpaJid  YYyH UHTerpail WuruHauHuOepanu.by  iurunnu
[a, b] kecmanu [ &, €41 ] Kecmanap épramMunadyIMHUIINTA MOC Keaau. Arap
A= max Axgsa ' = max Aé,
ne6 Genrmnacak, (A - 0)~( A" - 0) 6ynamu. (2)renrmukaa A - 0(A" - 0) nma
JUMHTTa YTCak, yHAa MCOOT Kwmmumu3 kepak Oynran (1)popmynanm xocui
KWJIaMU3.

bynakna® wHTerpammam ¢GopMmyiacu XaKuaa yMyMJIAlTaH TEOPEeMaHH
kenTupamus. Xeu oynmaranna f(x) éku g(x) GyHKUMSIIApHUHT OUPU XaKUKHUIA
OyJCcHUH.

Teopema 2. Arap

b
[ rerdg@ sa [ gGrare
UHTerpajuiapaaH oupu BZ ’
b
| hFedge) va [ hGIg@IEF @)
WHTEerpajiap M&B)K;I[ Oyica, y xonaa ’
b
| hdlr g el
MHTErpai MaBxyJ 0yiauo, Kyﬁlcfmarn dopmyna ypuiu 2}7naﬂﬂ:
b b
| hlr g6 = [ h@F g + [ hexdgGdf

a
Arap ymOy TEHIJTMKHUHT UKKA TOMOHHUTa

[ r@gtanc

a
uHTerpanuan  Kymm6, uam tomoumaru f(x)g(x) Ba h(x) dykuusap
Ky Tiuru yuyH Oynaxnad naterpamiam (GpopmMyJacuHu Kylacak

F(D)g®)hb) - f(@)g(@h(a)
j R f () dg (x) + j h(x)g () df (x) + j F()g(0)dh(x)
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TEHIIMKKa Kelnamu3. By tenrmuk yura f(x), g(x) Ba h(x) dyrkuusiap
cUCTEeMacH yuyH Oynakiiad uHTerpauiail (GopMyIaCHHUHT yMyMIIalIMacUuIup.

Teopemanunr ucbotu I.X.I'oxmanuunr «Hurterpan CTuirheca U €ro
npunoxenus»[9]xkurobuma Gop.
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6. CTHIAThEC HHTErpaauaa y3rapyBUMJIapHU aIMAIITHPHIIT

Teopema 3. (CTuiaThec HMHTETpalWaa y3rapyBUMIAPHH aJIMAaIlTHPHII).
f(x) 6a g(x) dynxyusnap [a, bloa anuxnanean éa uecapananzan, u (y)ea v (y)
@yuxyusnap [c, d)oa anuxnanzan ea wezapananzan 6yncun. Bynoan mawxapu,
[a, b] 6a [c,d] nap ypmacuoa 6up xuiimamau monomown mocaux ypramunzam
OYnuUb, uxmuéputi X 6a y 1ap Hcypmaucu yyyH

f(x)=u(y)sag(x) =v(y)

MeHeIUK YPUuHIu Oyacun xamoa a Hykmaea ¢, b nykmaea d nykma moc Keicum.

Aeap

b b
[ 9ar @), [ uerav )

aapoan 6upu mMasxcyo oyaca, y Xon0a UKKUHYUCU XAM MABHCYO OYnub, yiap
b

b
[ 96rar @ = [uerav @)
a a

y3apo mene 6ynaou.

Teopemanunr  ucobotu  Puman  uwHTerpanuma  y3rapyBUWIapHU
aMaIITUPUIL TYFPUCHUIATH TEOpEeMaHUHT ucOoTr Kabu O6ynanu. McboTna karra
(bapk OyJIMaraHIury y4yH YHU KeJITUpMailMus.

Mabnymku, Puman wnHTerpamu Ounan CTHATREC UWHTETPATHHUHT
XOCCaJapUHHUHI acocuil KucMu Oup-Oupura yxwmam. Iy cababam kenrycuaa
CtuiitbeCc MHTErpAIMHM XHUCOOJAIl y4yH 3apyp Oymaauran Oup Karop
TeopemaiapHu 0Oa€H KujgaMuU3 Ba adpumMiIapuHu  UcOOTIapuHU  OuiaH
KEJITUPAMHU3.

Teopema 4. a < b 6yncun. 1°. Arap g(x) dynxims a HyKTama yHraaH
Y3IyKCH3,

f1(x) = f2(x) (a < x < b)

Ba

b b
j fi(0)dg(x). j £, (x)dg(x)

UMHTerpajuiapAaH Oupu MaBxyJ Oyica, y XoJi/la MKKUHYUCU XaM MaBxya 0ynuo,
KUiiMaTiapu TeHr Oynaau.
29 Arap g(x) gyskums b HyKTana ganmaH y3IyKcH3,

f1(x) = f2(x) (a < x < b)

Ba

b b
j fi(x)dg(x). j £, (x)dg(x)

UMHTErpajiapAaH Oupu MaBxyJ Oyica, y Xoyijla MKKUHYUCU XaM MaBxya 0ynuo0,
KUiiMaTiapu TeHr Oynaau.
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Hcoor.
f(x) = fix) - fo2(x)(a < x < D)

ne6 omamms. Mkkunum maparpadmarm 7°Ba 8° xoccamapra moc papumiga
19 Ba 2° napum kynnacax,

b
[ r@age

HMHT MaBKY/JITU Ba KMAMATH HOJTa TEHIIIMIH KEJINO YHKaIH.
Ily 6unan Oup karopaa, fo(x) = f(x) + f1(x)(a < x < b)6ynuo,
b b

[ rdg@ya [ fiGodg)

a
JAPHUHT Xap OMPUHU MaBXKYUIUTU]IaH
b b

b b
j f(x)dg(x) = j F()dg () + j fi(x)dg(x) = j f1(x)dg(x)

a a a
IKaHJIUTH Kennb unkaau. Teopema ucOOTIaHIN.

Oxopuna kentupunran Teopema Kabu uUCOOTIIAaHAAWIaH KyHuJaru
TaCAMKJIAPHHA KEeITUPAMU3.

Teopema 5. Arap

b
[ 1@ dgtma [ hw dg)

a a
uHTerpauiap Maxya 6ymub, g(x) dyakuus [a, b] opanukaa yekiau Bapranusra
sra ¢pyHKUMs OYica, y Xonaa

b
[ 1@ rwage

MaBxy Oynanu.
Teopema 6. Arap

j £ () dg(x)ea j h(x) dg(x)

WHTETpaJljIap MaBXy/ 6yJII/I6 g(x) (byHKumI [a, b] opanukna yekin Bapuanusra
ara Ba

m < |h(x)|(a < x < b,m — Mmyc6arcon),
b

X
6yJica, yoaja j % dg(x)maBxyn6yaany.

a
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8 4. CTuaThec HHTErpad MaBkya GyHKIUsIap cuHdu

7. CTHIThbeC MHTErPAJTMHUHT MaBIKY/l OYJINIIN XaKH/a TeopeMaap
Teopema 1.f (x)pynxyusla, blkecmaoa Puman MavHocuoa
unmezpannanyeuu 6yauo, g(x)dynxyus ywoby
X

gy =c+ j p(D)dt

a
KYpUunumoaupooanrancut, oyepoa(t)pynxyusala, blkecmaoaPuman
MavHOCUOA abCoNrOMUHmMe2paillanysyu. Y xonoa
b
® [ FeIdg@ = ®) [ F@eed )
a
MeH2IUKYPUHIUOYIAOU.

Hcoor. (1)TEHITUKHHHTYHITOMOHUAArH PHUMaH WHTErpamd Teopema
mrapTurakypamabkya. CTHATbEC HMHTETPATUMABKYIIMIHAICAa Iy OOOHHUHT
OupuHuM  maparpadugard  S-teopemaza  HcOOTIaHTaH. OJHAU  (¢akar
(1) TeHr MUKHUHTY PUHIMAKaHTMTHHUACOO TIIaITKEPaK.

Vmymuiinukkasuakearupmaranxonga@(x) > 0 e (apaskunamus,
qyHKAUXTHEPUI @ (X ) pyHKIUIHUUKKHUTaMycOaT@, (x)Bag, (x)hyHKIUITApHUH
raifupmacukypunuimaandogaiamMyMKad. Macanan

0 () = lp () 2+ ¢ (x)
Ba
0. () = lo () 2— ¢(x)
ne0ouIeTapiu.
OI[&TI[aFI/IyCYJI6I/IJ'IaH CTuiTheC MUFUHANCUHUTY3aMU3:
o= Zf(fk) [9Cres) — 9] = Z | rEewax 2)
k=0 x,,
I/IKKI/IH‘-II/ITOMOHI[aH
@ j f(x)fp(x)dx—z | reewa@
k=0 x,,

TeHrTuKypuHin.(2) nan (3) HU aiiupamMu3BaaiinpMaHOaxoJaiMu3:

1= o= ® [ Fe00dn| = Y 1160 - Fel o] <
a k=0
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n—1Xk+1

<> [ 1760 - rle@ax.

k=0 Xk
x € [xy, xp411malf () — f(x)| < wy sxannurunm uHoGaTIa OJICAK,
n-1 Xk+1 n-1
1<) o [ o@ir=) o900
k=0 X k=0

sra 6ymamus. aptrakypa,

b
[ r@age

MaBxkya. Jlemak,
n—-1 b
!1'—%;(‘)" Ag(x,) =0 = /{l_)rrga = jf(x)dx
= a

0yu0, (1) TeHrIMK UCOOTIaH IH.

Ucbotnanran teopemanan ¢oiganaHud, Kyluaaru teopeMa XaM OCOH
ucOoTIIaHaIN.

Teopema 2. f(x) ¢yuxyus [a,b] kecmaoa Puman  mavnocuoa
unmeepannanyeuu, g(x)pyuxyus [a,b] xecmada ysnyxcus ea ymume uexiu
COHOA2U HYKManapoaw mawkapu o6apya HyKmaiapuoa XOoCULAcu MAagicyo
oymub,  g'(x)xocuna  [a,b] kecmada  Puman  mavmocuoa  abcomom
unmezpaiianysuu 6yicun. Ynoa

b b
) j F)dg(x) = (R) j F()g (x)dx (5)

oynaou.
HMcoor.Teopema mapTuHuKanoaTiantupyBun g (x) QyHKiusyayH

9() = g(a@) + (R) j g'(e)dt

a
bopmynaypuHIMOYIaaH. Vuna(t) = g'(t)6ynranxonna,l-reopemarakypa,
(5)TeHMMMKHUXOCHIKHIIAMU3.
DHan g(x) byHakuus Y3UIIMIITasradyaranxosiia Cruitbec
UHTErPATMHUXUCOOTAITHIY PraHaMus3.
V3unumrasradyaran«crangapT» p(x) pyHKuusHu Kapaiimk.
_ (0, arapx <0,
plx) = {1, arapx >0,
p(x) ¢yakmus x = 0 wnHykraga 1-typ y3wiammrasraOynu0, yHUHT 01y
HYKTaJarucaKparim
p(+0) — p(0) =1
Oymanm.
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p(x) bynkuusicn kabu, ymoy

_ (0, arapx < c,
p(x—c)—{l’ arapx > c,
_ (0, arapx < c,
p(c—x)—{l’ arapx > c,
byHKIUSIApXaMX = CHYKTaja 1-Ttypy3unuiirasradbynuo,

YIapHUHTIIYHYKTaarucakpamumocpasuiigalea— lrarenroynamu.
f(x)dbyHkus x — cHyKTanay3ykcusaeodapaskuiaMu3Ba

b
[ r@asee- o
a
UHTerpaHuXucoodnaimu3. byepmaa < ¢ < b (c = bOyaranga WHTErpajg HoJra

TEHT OYIaan).
CTuntbec HUFUHANCUHUTY3aMU3:

o= ) FEIBp( — o).
i=0

Gapaskunaiinuk, ¢ € [xg, Xp41] (0 < ¢ < Xp4q) OVmcun. VYupai #
koymrangaAp(x; — ¢) = 0 Ba Ap(x;, — ¢) = 06ynanm.
b

o = FEJAP(x — ¢) = f(&) = j FG)dpGx —c) = lim o
= lim f() = f©).

Jlemak,

b
j F()dp(x - ¢) = f(c) (a < ¢ < b)(6)

TEHIVIMK YPUHIM OYiap skaH. XyAau 1y Kaou

b
f F)dp(x — ) = —F(c)(a < ¢ < b)(7)

SKAHJIUTUHYU XOCWI Kiiiamu3 (¢ = aOynranaa Oy WHTErpai Hojira TeHr Oynanm).
CrunteeCc MHTEpANM Xap [JOMM XaM PumaH wuHTerpaiud oOpKaiu

upoaananmaiiny. bynu Kyiugaru Mucosiaa KypcaraMmus.
0, a<x<c,

c € (a,b)Ba g(x) = {1’ c<x<b OVyIICHH.
[a, b] na y3nykcns xap kannait f(x) yHkuus yayH
b
[ r@age) =
a

OaXapUIUIITMHA XUCOOJIaI KUMUH dMac.
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JlekuH, Puman MmabHOCHIA WHTErpayiaHyBUd UXTHEpHH h(x)dyHKIUS
yayH Oapua y3nykeus f(x) GpyHkumsiapaa
b

j FOOh(x)dx = £(c)

TEHTJIMK YPUHIIM OYIMaiIu.

Arap myHmad h(x) ¢yHkums MaBxyn Oymnca, y xomma f(c) =0
OYIMILIMHU KypcaTamus3.

Kyiuna rpaduru ynsmiran f,, (x) QyHKIUSIHA KapaiMu3:

y A

[ITapTra xypa, UXTUEPUHN N Jap YUYH

b
[ Rheax = )

TEHIJIUK YPUHIIN.
Bupok,|h(x)| < H, 6ynnax € [a, b] nap yuyn
b

1
IF(O)] = j FCORG x| < HIFE)]

By teHrimk Oapua n map yuyH ypuriau Oynramnmmrugas, f(c) =0
9KAHJIMTHU Kenub ynkanu. Jlemak,

b
| reonedx = £
a
Oapua y3nykcu3 GyHKIUSIAp YUYyH XaM YpUHIIU OYiIMaiian.

8. CTuaThbec HUHTErpajuHu XucoOjam Oyiimya acocuii Teopema.
DHIUZ2-TeopeMaHNYMYMIIAII THPYBIYUTCOPEMAHUUCOOTIATMMKOHUSATUTA3TAMU3.

Teopema 3. f(x) sa g(x) ¢pynxyusnap [a,b] kecmaoa 6epunean 6ynub,
Kyuuoazu wapmiaap 0axicapuicum.

1)f(x) € Cla, b;
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2900 € c(la.bN|_Jteh

saa = ¢y < 1 <...< ¢, = bnyxmanap g(x) ¢ynxyusinune 1-myp
V3UTUWHYKMANapu;
3) uexnuconoazunykmanapoanmawxapuoag' (x)xocunamaercyo;
4)g'(x)xocuna [a, b] kecmada abconrrom unmeepannamnysuu.
Y xonoa

b
[ r@age

a
Cmunmuecunmezpaiumasicyooyiaousaxyiudacumen2iuKkoaxcapuiaou .
b

) j F()dg () = (R) j F()g' ()dx + (@) - [g(a + o) — g(@)] +

+ z f(cr) - [g(ex + 0) — glc — 0)] + £(b) - [g(b) — g(b — 0)1(19)
£

H3ox. Acapg(x) € Cla, bloyaca, VHOQ (8)gopmyna
(S)d)opMyﬂaeaauﬂaHaéu ABHUS-Meopemadan2-meopemarerudyuKaou.
Hc6oT.E3yBHMCOAIAaNAIITHPUITYYYHKY M Aar 1O eI UIalLIapHUKUPU TAMU
3.
a; = g(c, +0) — g(cp), k=0m-1,
a; = g(c) — g(ce = 0), k=0.m).
Vunal < k < m — lyuyna; — a; = g(cx +0) — g(cx — 0)6ynann.
KyiinnarnépaamunyHKIUSHHUOIAMHU3

9:0)= ) Bt ple—c) = ) aiplex—2).

Amnukianrat g4 (x) bysakmus g (x) pyHKIHSHIHTOApYay3WITUIILIApUHAY 31T
acaxjanauBa

g2(x) = g(x) — g1(x)
GyHKUMSA y30yKeu3 QyHKIMS Oyaaau.

Jlemak,

1) X # c,0¥ynca,
g5 (x)pyHKUMAY31YKCH3() YHKIMSIIApHUHT Al pMacHCUpaTHIAY 3Ty KCH30Y IaIu;

2) X = ¢, 0ycuH. Assang, (x)pyukuusuaunrcy (k <

M)HYKTaIayHr IaHy31yKCU30YIUIIMHUKYpcaTaMu3. X € [Cy, Cx41 + 0]0YacuH:
g2(x) = g(x) —agp(x — ) =
ga2(cr) = g(ci) — ai p(0) = glcy).

HNxxnaunToMOH1aH,
lim gz(x) = Iim [g(x) —afp(x) —ci] = g(cp +0) — aff =
X—Ck+ —C+0
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= g(ck +0) —[g(ck +0) — g(ci )] = g(cy).

Bynman kenu® umkamukd, g, (x)yHKUMSHYKTamayHraaHy3a1yKCH3.
Xymauimydrayxman g, (x) byaxuusaunrcy, (k >
0)HyKTagauangaHy3TyKCH3THruxaMKypcatunaau. g,(x) € C{c,} »xanmurnnan
g>(x) € Cla, b] 6ynuinm kenub ynkaau.

Arapx # Cp HyKTa OJuHCa, YyHAa Oy HyKTaHMHT Oupop arpoduaa
aHuKIaHumura kypa g;(x)dyHkums ysrapmac KuiiMaTHu KaOya KWIaiu.
g'(x) = 0, Oynnan kenub YUKAIUKH, X # Cj HYKTaaa

92(x) = g'(x)
oynaau (anbarradbyrenraukg’ (x)MaBKya0yaraHHyKragapaaKapaiaim).

Vanykcusoyaran g, (x) pyHKuusydyHaBBaIrn2-

TeopemarakypaCTuIThbeCUHTErPATTUMABKYA0Y 1A 1 |

b b b
) j F()dgr(x) = (R) j F()gs(0)dx = (R) j () g (x)dx (9)

OHau (6) Ba (7)renrnuknapaandoiiananuo,
KyWHJIaTMUHTETPATHUXUCOOTaNMU3
b m—1 b
) [ Fddgi0) = Y a9 [ F@dpx e -
a k=0 a
m b m—1 m
Sl (s) [ fedpla =0 = Y ai - fad+ Y i fla) =
k=1 a k=0 k=1
= (@) - [9a+0) — g(@] + > f(c) [g(ci +0) = glex — )] +
O -[B) - g -0 (10)
9) Ba

(10)TeHrMKIIapHUXAUTA0KY IIHIIEP IaMUTanCcOOTIAIIMMHU3KEpaKkOyIIran
(8) TeHMTMKHUXOCHIKHIIAMU3.

8 5. CTnaThec HHTErPATHHE XUCO0JIAIITA JOUP MUCOJLIIAP

Mabnym mapmiap Oaxapwiragaa CTWIbTeC HHTETPaIMHU XUCOOJAII
yuyH Kyiuaaru popmynanap ypuniau 0ynaau:

b b
) j F(G)dg() = (R) j F()g' () dx, (1)

Ba
b b
() j f(x)dg(x) = (R) j fx)g'(x)dx + f(a) - [g(a +0) — g(0)] +
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+ z f(cr) [glc, +0) — glc, — 01+ f(b) - [g(h) —g(b—=0)]. (2)
k=0

[y dhopmynanapaandoiianaHuOKyiraaru MUCOJIJIapHUEeYaMu3.
1-mucoan. (1) éxu (2) ¢popmynanapoanghoiioaranud, ytiuoaeu Cmunmvec

unmeepawzapuxuco@zaiicun .
T

a) szdln(1+x); 6) jxdsinx; B) jxdarctgx.

Eqnm MnconnapHH CUHIIT yqu (2) ®OpMyHaﬂqu)OHﬂaHaHaMH3

1
dx=j(x—1+ )dx=
x+1

0

a) (5)j x2d In(L + x) = (R)j

2
=2—-24+In3=1In3.
0

2

= (Z +In|x +1
=\7 —x n|x |

T

L _ u=x du =dx| _
6)(5)jdemx_(R)jXCOSde_|dv:cosxdx o= sinxl =
0

T

. _T[ E_T[ _T[
smxdx—§+(cosx)|0—§+0—1—§—1.

T

= (xsinx)lg —

CtY—— I3

1

= 0.

-1

dx = (%In(x2 + 1))

B)(S) jxdarctgx = (R) jx;:- 1

2-MuC0JL. (2) hopmynadanghoiioaranubkytivoazu Cmunmoec

UHmMe2paNIapuxucoOIAHCuH .
0, arapx = —1,

a) jxdg(x), oyepaag (x) = { 1, arap—1<x <2
—1, arap2 < x < 3;

1

(—1, arap OSx<§,

1 3
0, arapz < >
0) [ 2dg(x), oy epra g(x) =

x <
5 3
, arapx = >

L_Z’ arap§<xs2.
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Eunm. a)g(x) ynkuusauar x = —1Hykragarucakpamu 1, x =
2HyKTajarucakpamm —2 ra TeHrxamaax # —1;2uykranapaag’ (x) = 0. Vuapa
(2)bopmymara kypa Kyiumarura sra 0yaamMus:

3
jxdg(x)= 1-(1-0)+2(-1-1)=-1—4=—5
-1
0)g(x) GbyHKIUSHUHTX = %HyKTaﬂarHcaKpamn 1, X =

3 1. 3_ . ’
SHYKTaJarucakparmu -2 TaTeHreBax # 7 E6ynraHz[ag (x) =0.

Wurerpannu (2) popmynanandoiiganaHnoXuco0mainMus:
2

RSO RERE R
0

3-MHCOJI.

b
j FG)dH(x)

UHTErpaiHu XucoOsanr, oOynaa H(x) - XeBucaiin QyHKIUSICH.
Eunm. XeBucaiig QyHKIMACH XaKUKUNA COHJIAp TYIUIaMUa aHUKJIAHTaH
byHkuus 0ynub, Kyiuaaru KypuHHILTa 3ra:
H(x) = {O, arapx <0,
1, arapx = 0.
CtunTthec WHETErpanu Tabpudura Kypa HHTErpal WHFUHINHU TYy3UO
OJIaMHU3:

D FEIBH = ) FEIH ) — k).

ArapHosbHyKTa [a,b]kecmara Terunuin Oyiamaca, WHFMHIA XEBHUCAN]
GYHKIUACH aHWKJIAHWIINTA Kypa HoOJITa TEHT Oymamu. Arap HOJIb HYKTa
[x;_1, x;Jopanukka Terunnim (nuuga érrad KM YeKKa HyKTajlapura TeHT) Oyica,
HurunauauAr Kuiivatu f(€;) ra Tedr 6yaanu.

A(P) = Ona &; € [x;_1,x;] HykTa HONra mHTWIATU. Arap f(x) dyHKIUS
y3nnykcu3 Oyiica, kapanaérran nurnHauHuHT KuiiMaty f(0) ra Tenr 0ymaam.

Arap f(x) ¢byHKIUS HONB HyKTaja y3WiIWINTra 3ra Oyica, §; HU KHYHK
ysraprupuin opkanu f(&;) HM erapiaMya Y3rapTUpHIIra SPUILKII MYMKUH.
Hatmwxana A(P) — O na WUFUHIM aHUK JTUMUTTA HHTHIMAIH.

Ymby xonataan xam KypuHu® TypuOauku, CTUATbEC HHTErpaiuja
umtapok 3TyBud  f(x) Ba g(x) GYHKIVSUIADHUHT Y3WJIWII HYKTaJapu
(uHTerpan xucoOiaHaéTraH OpaJMKJa) YCTMA-yCT TYIICA, WHTErpal MaBiKy.l
Ooynmaiiu.

Arap f(x) ¢yHkums R ma y3inykcu3 Ba OMpOp OpajMKIaH TallKapuaa
allHaH HOJTa TEHr OYica,
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[ r@ane = 1
oynanu. )

4-MHCOJI. (2)popmynaoangpoiioananubkyiiuoacu Cmunmovec
uumeepawzapuxuco@zancuu

2
a) j xdg(x),  6) j Pdg@),  w) [+ Ddg@),
22

x+ 2, arap—ZSXS—l,

Oy epnag(x) = 2, arap—1<x <0,
x?+3, arap 0 < x < 2.
Eypm. a)MabiryMKH, g(x) dyukiusauarx = —1 Bax =

1, arap — 2 < x < —1,
0 mykranapunarucakpammul ra rearxamaag'(x) = { 0, arap—1<x <0,
2x, arap 0 < x < 2.

(Z)q)opMynanaH(bopmanaHaMI/B
-1 2

jxdg(x) == j xdx+jx-2xdx+(—1)-(2—1)+

-2 -2 0
02— (% A R S R
' —\2 3 T2 3 "6
-2 0
2 -1 2
6) szdg(x) = j xzdx+jx22xdx+(—1)2 1+
-2 -2 0

2+1— 1+8+8+1—111
- 3 3 Y

3/1, 2 /1,
2 -1 2
B) j(x3 + 1)dg(x) = j (x3 +1)dx + j(x3 + 1)2xdx +
-2 -2 0
. 5 2 0
0O+1= . 1 4+2+64+4_15
4 5 20°

5-mucon. (1)gpopmynaoan gotioananubd, ooouu Puman unmecpanudacu
oynaxknab unmezpaniiawi GopmynacuHuHe Oup yMyMIaQUIMACUHU Keamupamus:
u(x)sav(x)pynxyusnap [a, b] Kecmadaa&'omomuHmeepaJwaHyequ6yﬂu6

+[(—1)3+1]-1+(03+1)-1:<2—4+x>

1

Ux) = U(a) + (R) j w(t)dtsaV (£) = V(a) + (R) j p(t)dt
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OYACUH.
YHOa@yuudaeu ¢opmyna ypunaubyraou:

(R) j UEvEdx = UEVE)| - (R) j V() - u(x)dx. (3)

(1) dbopmynagan Ba  Oymakiiab I/IHTeraJIJIaIH dbopmynacuman
(dholinananaMus.

b b
(R) j UG w(x)dx = (S) j UGV (x) =

b
= (U(x)V(x))|Z —(R) j V(x) - u(x)dx.

a
H3ox.(3)popmynadazuu(x)eav(x) pynuxyusrapU (x)saV (x)pyuxyusrapn
unzxyocunacubyimaca xam, xocunasasugpacunubancapsnmu. Azapu(x),v(x) €
Cla, bl6ynca, ynoa
U'(x) = u(x)saV'(x) = v(x)
ovauob, (3)popmyna oooutioyrakiabunmezpaiiauipopmynacueaaiiaHudKoIaou.

6-MucoJ. XucoOaHr:
3

j xd([x] - x).
0
Eunm: Arap >5100p KuiamHca, uaterpamioBun g(x) = [x] — xpynkuus
0 < x < 3opanukaa kamaimaiguran[x] Ba VcyBuM X QYHKUMSAIAPHUHD
artupmacu cudatuga Oepuirad. Jlemak, CTUAThEC MHTETPAIMHUHT Tabpudura

Kypa,
3 3 3

jxd([x] —x) = jxd[x] —jxdx
0 0 0
YPUHIIU.
0 <x<3 opamkna [x] ¢yskuus x =1, x =2, x = 3uyKranapaa
y3WIMImra sra, X (yHKUUS dca Oepuirad opainMkaa y3nykcus. Jlemaxk,

MHTETpaJIHU XHUcoO0Iaml Koujgacura kKypa,
3

3
>

N ©

j xd (] —x) = f(1) + f(2) + f3) —= =6 —

0
6-MucoJu. XucoOanr

f f)de(x),

0
arappa:a) @(x) = [x], arap x = 06¥uca, @(x) = 0, arap x < 0 6¥uca.
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[x] —2 E], arapx =0,

6)p(x) = {
0, arapx < 0.
Eunm.a)@ (x)hyukuusaunr rpadguru Kyiuaarya:

0 1 2z 3§
NuTerpan xucoOnalHUHT acocuil popmynacuaan goiiganaHcax,

joo Fe)dp(x) = i f),
0 n=1

0) by yHkuusHUHT rpaduru Kyiumaruda:

¥ f =3 3

FOkopugaru muconra yxmiam Xoiaa e4aMm3:
co

joo FEp() = ) (1" ()
0

n=1

OKaHJUTH TomwIaau. Mkkaa xonaTaa KaTtopjiapHu a0CONIOT SKUHJIANTYBYH J1e0
(dhapa3 KuiImHaIH.

MyCTaKl/IJI HIIAID YYYH MUCOJ1J1ap

1
1) j f(x)dg(x) CTunTbecMHTErpaJMHUXUCOOIAHNT, OyH IA:
0

f(x) =x2% g(x)=x,arapra0 < x < %Ba glx) = % arapz[a% <x<1

2) f(x) dyuxuus [a, b] opanukna y3nykeus, g(x)dpyHkius sca nry
X

opanuAadeKauBapuanmarasraéyiacud. Yoagag(x) = jf(t)dg(t)
a

GYHKIUS YEKITU Bapuamusra sra oymaaumu?

3) Arap f(x)dynkmus ¢ € (a,b) Hykrana y3nykcus, g(x) ¢yHKIms 3ca

[a,b] opanukma ¢ HykTamaH Tamkapu Oapya HyKrajapja HoJjira TeHr OyJica,
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jf(x)dg(x) = 0 6YIMIIMH MU COOT/IAHT.

4) f (x)pyHKuusacHyTaZay31yKCHU3Ba j f(x)dg(x) uarerpan

MaBKy/1 OYJICHH.
VY xonzga

glx), x#c

| r@aged.  oymmgt = {, % T

a
UHTErpaJl MaBxya OViauo, KuimMaTu

[ r@age

ra TeHT OYJIUIIMHU UCOOTIIAHT.

5) XucoOmaur:

a)j(x — 1)d(cos x sgnx); b) j(x + 2)d(e* sgn(sinx)); c) jxdgo(x)

0, arapx = —1

6yHna<p(x)={1, arap—1l<x <2,
1, arap2<x<3

d) j x do(x), j x? do(x), j (x* + 1) do(x),

x+2 arap — 2<x< -1,

oynna @(x) = { 2, arap — 1< x <0,
3, arap0 < x < 2.

( T
X, arap0 < x < >
T
e) j sinxdg(x), 6yepaag(x) = 1 2, arapx = i
T T
L.X'_E, arap§<x<77:ﬂ
( .
ctgrx € g.3);
T 31
[) j (x? + x — sinx) do(x), 6yeprap(x) = { sinx —2,x € > T);
% ¢ 2 x € 3 7n]
 ctgx X 5
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™
4

7 j(Zx + 6)cos2x do(x),

31

4

( _ 3n mw
cosx + sinx — 2, x € —T,—E);
_ T T
cosx + sinx, XE[—E,—Z);
Oyeprag(x) = 4 -
cosx + sinx + 2, xe[—Z,O);
_ T
| cosx + sinx + 5, X € [OZ] .

8 6. CTHJITbEC MHTErPAJTHHHUHT T€OMETPHK MabHOCH Ba HHTEIPATHH
0axoJsamnn

9.CTHaThEC HHTETPAJTHMHUHT T€OMETPHK MAbHOCH

f(t) Ba g(t) oyskuusuap Oupop T = [a,b] opanukma aHUKIaHTaH
O0ynu0, Kyluaaru mapTtiapHu KaHOATIIaHTUPCHH:

Df() ec(T)saf(t) >0;

2) g(t) dynkums T ma karbuil YcyBum OYaMO, Y3WIMIN HYyKTaJlapura
(cakpanuiapra) sra OYJIHMIIN XaM MYMKHH.

Yoy
b
[ r@ag &
a
Crunteec uaTerpainau Kapanmns.Kyiingaru
x =g(t)
{y =f(o),te 72

napaMeTpuK TEHIJamanap TEKUCIHKIA OUpOp YUYU3UKHU, YMYMaH OJITaHJa
Y3WJIMIITa 3ra OYITraH YN3UKHU aHUKJIANWI1.

Arap Oupop t = t,Hykrana g(t) ¢yHkmus cakparmra sra o6yica, g(t, —
0) < g(t, +0) ourraf (t,)HyKTaHUMOCKYSIH.
(g(t, = 0),f(t,)) Ba (g(t, +0),
f (t,))HyKTanapHuKecMaépaaMuIaTy TAITHPUIICA,
oykecmaOXykuramnapamienoyinaauBay YN3uKHUt , HyKTalarucakpanmaaHKyTruiaa
MU3.
bomkacakpamnyKranapuaaxamuryxapa€HHuaManraolupcax,
Y Y31yKCU3YU3UKKaalJIaHA !, Xocunoynranun3ukHul ge6oenrumaimMmus
(un3Maja KeITUPHIITAH).
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7)1

f(t) -

0 g(a) g(t,—0) g(t, +0) z(bh) X

Ouau  (2)uHTerpaaHUHrKHUMaTHioKopuaanl um3nk,  KyduaanOXykH,
euérmapunanx = g(a)Bax =
g (b)BepTukarun3uKIapOUIaHUerapaIaHraHATPUIH3HUKTUTPANICIIUSTHUHT FO3UTaT
EHIOYIMILIMHUKYpaMu3.

T = [a, b] kecMannymoy

A=ty <t]..t, <tg1 < <t,=Dh

TEeHI CU3JIMKIAPHUKAHOATIIAHTUPYBUUUX TUEPUMHYKTATapEPAaMuUIaKucMiIapraa
KpaTamus.

Hatmwxkaga OX ykumaru [g(a), g(b)] xecma xam g(a) < g(ty) <
e g(ty) < g(tgs1) < -+ < g(b) mykranap épaamua KucMiapra axpaiaim.

m, = inf {f()}saM, = sup {f(t)}
[tx tr+1] [tk tr+1]
ne06enrunad, Ctunrsec — JlapO0yHUHIKYHHBAIOKOPUMUFU HANIAPUHUTY3aMK3;

n—1 n—1
§ - z mkAg(tk),§ - z Mk Ag(tk)
k=0 k=0

ByliuruHannapHUHIKuiMaTIapuMOocpaBu a0 epuiraHIlaKIHUHT MY U 12
TraHBAYHUY3UUYUTA0ITaHKYIOypUaKIapHUHTIO3alapUraTeHroyinaim.
(1)unTerpan sKMHIANIYBYM OYITaHU yIYH

n—oo n—-oo

b
ims=lim$=5= jf(t)dg(t)
a
oynanu.

10. CTuaTbec HHTErpaju Y4yH ypTa KuitMaT xakuaa teopema.®apas
kuinamus, [a, b] kecmana Oepwiran f(x) GyHKIUs YerapajgaHral OYIJICHH:
m< f(x) <M.
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Teopema l1.4cap [a,b] xecmaoa 6epuncan f(x) @yukyus monomon
ycyeuu oynuo,

b
[ r@age

a
Cmunmuvec unmezpanu magaicyo o6yica, y x010a yuioy

b
[ r@age = - 19w - 9@ @3)

meH2IUuK ypurau o6ynraou, 6y epoam < u < M.
Ucoor.[a,b] kecmanu opanukimapra O0yiau0, CTUITBECHUHT HHTETPAIH
WUFUHIUCUHA Ty3aMHU3.

EDWIGHIYIEN)
k=0

byrenrimukBam < f(x) < Mrtenrcu3nuknandoiiianancak,
KYWHIaTUTeHT CU3JIMKKAKeIaMU3 .

m-[g(b) — g(a)] < o < M[g(b) — g(a)]
by tenrcuznukaa A — 0 ga numuTtra yTuo,

b
m - [g(b) — g(@)] < () j F)dg() < M- [g(b) - g(a)]

E€Kn
S f0dg () _
— g()—g(a) —

SKaHJIUTUHU TOMAMU3.
Arap

[P F(0dg )

IORICO)
ne6 oenrunacak, m < yu < M 6ynu0, OXUPru TEHIJIHUKIAH UCOOT KUIUITUMU3
kepak Oyirad (3) TCHIIMK KeJTuO YUKaIu.
Hatuxa.Aeap 1l-meopemaoa f(x) € Cla,b] 6yrca, ynoa wynoai
¢ € [a, b] nykma monunaouxu,

b
[ r@aged = 1 19 - gl

MeHeAUK 0adcapuiaou.
Teopema 2.42ap a < bsa

b
[ r@age
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maexncyo  oynca, 6ynoa g(x) @ymuxyus [a,bloparuxoa ramaimatiouzan
@yHKryus, y x010a

b b
[ r@age| = [1rcalageo

b6ynaou.
Teopema 3. Aecap g(x) ¢yukyus [a,bloparuxda kamatimatiouzan
@yuxyus 6yu6, 0 < f(x) (a < x < b) 6yaca, y xonoa
b

0= [ g

oynaou.
Teopema 4. Acap a < b sa
b

b
[ Atage). [ £eage

a a
nap maedxcyo xamoa g(x) ¢pynxyus [a, blopanukoa kamaiimaiouean pynxyus éa
filx) < fLl)(a<x < b)6y11ca ymzaa

fﬁ@ﬂﬂ@<fﬁawﬂ@

oynaou.
Teopema 5.4cap a < b éag(x) ¢ynxyus [a, bloparuxda kamatimaiiouzan
@dyukyus xamoa

b b
j £(x)dg(x) Ba j h(x)dg(x) 1ap

a a
maexncyo 6yncun, 6ynoa f(x)Bah(x) - xakuxuit pynxkyusnap, y xonoa
Yo 0). y X . D, )y

b b
[ rentagw| < [(r@) g [(0e) dge

MEeH2CUIUK YPUHIU OY1a0uU.

Ymby TeopeMamap ypra KAWMAT TEOPEMAaCHHHMHT HCOOTH Kalu
ucoormanaau. Kymmmua  mabaymotiapuuld.X.['oxmannuHr  «MHTerpan
CTuiiTheca U ero IpuiaoKeHus»[9]KkuTobuIaHTOMUII MyMKUH.

11. Ctnarsec nHTEerpauHm 6axonam. CTUITbEC UHTETPAIMHUA YPraHUIIT
kapaéuuma amanmuérna f(x) ¢yHkmms y3naykcu3 Ba g(x) QYHKIHS YEKIH
Bapuanusra sra OyiaraH XoJ MyXuM axaMmusTra sra. bynaail xonaa, Ctunrbec
MHTETrpajJuHu Kyiinaarnya 0axoJiall MyMKHUH.
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Teopema 6.42ap f(x) € C[a, b] 6ag(x) uexnu sapuayusea sea ¢ynkyus
oynca, ynoa

[ redg)| < m-ve

TEHT CU3JIMKYPUHINGYIa1, OyepaaM = maag)lf(x)l, V= \/g(x).
asxs<

Ucoor. CTunbrec UHTETpaIvHu Ty3U0, YHUA O0axonaimus:

D FEAgd| = D IFEN 189Gl < M D 1g(iees) = 9Ca)l
k=0 k=0 k=0

b
SM\/g(x)zMV.

Byunan (4) HUHT YPUHIM SKAHIATH KEJTHO YMKaIu.
Teopema 7.f (x) € C[a,b], g(x) — uexnu sapuayusiu @yuxyus 6a
b

lo] =

1= jf(x)dg(x) 6yscuH. YHaavVe > 0 yayu3dd > 0,y > f6ysaranjga
a

b
lo—1I| < e- \/g(x)ﬁﬁnadu.

Hcoor. CTI/IJITBCC WHTErpajl MMFUHIMCUHHU Ty3U0 OJlaMu3!

n—1Xk+1 N
o= Z FE8gw) =Y [ FEdg@),
ey 7 =
I=| f(x)dg(x) = f(x)dg(x)
j k= oxjk J
o=11= Y [ 160 - Fdg) <
k=0 x,,
Z j ag) < Y wk\/g(x)
Teopema i mapmra

Kypa f(x) €
C[a, b]6ynrannyaynKantopreopemacuraacocanVe > Oyuyn3d > 0,y >

d0ynrannaw;, < eo6ynmamu. bynnan
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Xk+1 n—1Xk+1

zwk\/g(x) <ez \/g(x) =¢- \/g(X)

oynuiu KCJ’II/I6 YUKAIH.

§ 7. CTuaThEeC HHTErPATH 0€JITHCH OCTHIATUMHUTIA YTHIN Ba
aupdepeHuanIam

12. CTHIThEC HHTErPAJIH 0eJIrMCH OCTHAAJIUMHUTTA YTHIN
Teopema 1. Dapas KUNAQUIUK, [a, b]kecmaoa
{f,()} (n=12,...)pyuryuonan kemma-xkemaux bepunean 6yiuo,
lim £, (x) = f(x)
oyacun. Aeap
1) fu(x) € Cla, b];

2)n — da fp(x) = f(x),

3)g(x) qemueapuauu;mu gbyHKuuﬂ oyica, y xonoa
b

lim j Fu()dg () = j im fidg@ = [ Fedg@ @)
a
oynaou.

Hcodor.n — cona fn (x) = f (x)6ynrannyuynVe > OonuHrangaxam
myHaainn, eN con TOTMWIATUKH, VN = N Babapuax € [a, b] JapydyH
Ifn () —f() <e

TEHTCU3JIUKOAXKapHUJIain.
YHI20ITHHYH naparpadaaru (4)renrcusnukkakypa,vn >
Ny 0ynrangakyiuaaruMyHocadaTHUXOCIIKUIAMU3:

b
j fo (0)dg(x) - j F@)dg()| =

b b
= ([t @ - r@g)| < £\ [ 90

bynnane = 0 na (1) HUHT YPUHIIM SKAHIUTH KSJTUO YUKAIH.

Teopema 2.  @apasunainux, [a,blrkecmaoa  f(x)pyuxyusasa
{9 ()} (n=1.2,...)pyuryuonankemma-xkemauxoepuiean6yiuo,
Kyuuoa2umapmiapoaxcapuicuH.
1)f(x) € Cla, b];
2)gn(x) (n=1,2,...)— uexnusapuayusiugynxyusiap;
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3)\7g(x) <\/ =12..)

4)lim g,(x) = g(x).

b b
Yonga Tllilgojf(x)dgn(x) =jf(x)dg(x) 6y1aIH.

Hcoor. ABarmmuMuT O YHKIMS g (X ) HHHMYEKIIMBapUAIsITadTa
OyimmmHanKYpcaTamus. bynunryuys [a, b] kecMaHnymoy
a=xg<x;<<x,=0b
TEHI CU3JIMKIAPHUKAHOATIIAHTUPYBUNMX TUEPUUHYKTAIAP
épraMuakucmiiapraaxpatuo, vn € NyuyH

751 9n (k1) = Gn(xp)| < \bygn(x) < \/
k=0 V

TEHICU3JIMKKa3radynaMmus. byTeHrcusnukaan — cogaluMHUTIayTaMU3:

Til Gn (K41) — In ()| < \byg(x) < \/
k=0 a

OyHmaH Kemu0 Kenmno YnKaauku, g(X) —deKIMBapraysuTi (yHKIHS.
OHJIM MHTErpajl OCTUra JHUMHUTra YTUII MYMKHHJIUTUHUUCOOTIANMUS.
CTUITbeCUMFUHIUCUHUTY3aMU3

o= D fl) 8900w = ) f(xi) Agnlte).
k=0 k=0

V&> 0 CoH ou0, OpajvKHH IIYHAAW KHIKMK Oynakinapradymammsky, f(x)
(GYHKIUSHUHT Xap OUp opanukaaru TeOpaHuilu @, < 0ynaau.

Yupa  Oemwmnuum  maparpaduaaru  /-Teopemara  Kypa, Kydujaru
TEHICHU3JIMKIapra sra 0yiaMus:

b
( 0—ff(x)dg(X) < 8\/,

L @
o~ [ Fdgn(| < 2\/.

\
NxkrHYM TOMOHAAH, N — o© aa G, — G AeMak, dngeN, Vn>n, na
lop, —ol <e¢ 3
Oymanm.
Yuaa n>n, Oynranma (2) Ba (3)renrcusnukiapaan
KyWugaruiapHu XOCUJI KHJIAMU3!
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j £ () gn(x) - j F@)dg)| < j F)dgn(x) — o |+

lo,, — o] + G—jf(x)dg(x) <8\/+8+8\/ 2\/+1

Teopema I/IC60TJIaHI[I/I.

13. CTHIIThbEeC HHTErPAJIH HHTErpau ocTuaa quddepeHmnaIam

Teopema 3.4eap f(x,y) ¢ynxyus sa ynumne y6)5ﬁuttafy'(x,y) xycycuti
yocunacu uexnu R{a < x < b;c <y <d} myspu mypmbypuaxda yznykcus,
g(x) qbyﬂm;uﬂ [a, b] opafzzu;da yeeapanaunean 6yiaca, y x010a

j F (e y)dg(x) = j £ y)dg() (€ <y < d) @)

VpuHIU 6sza0u
Hcbor.cRad HyKTamapma MOC paBUIIa YHT Ba 4Yam XOCHJajap
TYIIYHUJIAIH.

b
F(y) = j FGy)dg(x) (c<y<d)

ne6 oenrunanMus.
[c, d]lxkecmanan yyBa y HykTamapHu onaiiuk.

F&) = F(o) _ j’ FGy) = F(x30)

dg(x) = j £ mdg ).

Y—Xo Y—Xo
oynman € (y,y,). by KYI/II/II[aFI/I‘-Ia &3m0 OJIaMI/IS
F(y) — F(y,)

e j (6, y0)dg () = j (6o ) — £ (e, yo) g (o).
0
a a
Teopema mraptura kypa, fy (x,y)pyskuus R TYFpuTYpTOypYaKIa TEKUC
y3nykcu3. lllyamar yuyn wxtu€puit € >0 con yuyH myHmad 1n >0
tonunaauku, |y — yol <1, 6ynraHz[a TCHIJIMKHUHT ~ YHT  TOMOHHJIArH
ndomaHuHT a0COTIOT KUMMaTH

JTaH KUYUK OViagn. Y xoJiga
V, (@b) Y

F(y) — F(y)
Y — Yo

oynanu. JlumuTHUHT Tabpudura Kkypa

b
~ [ K 0dg@)| < elly - yol <)
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b
ffy'(x,yo)dg(x) = tim £ ZF00) F' (o).
J Y=Yo Y —Yo
¥o HykTa [c, d]kecManuHr uxTHépuil HyKTacH, 1eMaK TeopeMa UCOOTIaH/Iu.
Kenrycuma myxum G¥yiran 6up Katop TeopeMaiapHU KeITHPaMU3.
Teopema 4.4eap f(x,y) ¢yukyus eéa ynume fy (x, y)xycycutr xocunacu
R{a <x <b;c <y <d} oa ysnyxcus ea uecapanawean, a,ceéad nap uexiu
counap, g(x) sca [a, b] ceamenmoa uexnu sapuayuseca sea éa b nykmaoa uan
momonoan y3uykcus oyaca, (4)menenux ypuniu oyiaou.
Teopema 5.42ap f(x,y) gynxyus 6a xycycuii xocunacu f,(x,y)R{a <
x <b;c <y<d} oa ysnykcus ea uecapananean, a,cead nap wexiu counap,
g(x) oca [a, b) apumunmepeanoa abcomom unmezpannanyeuu 6yica, y xo10a

b b
d :
z f £ y)g () dx = j f(x,y)g(x)d x

YpuHIU 6Y1a0U.
Ymby WKKUTa TeopeMa IOKOpHIa KEITUPWITaH acoCHil Teopema Kabwu
ucOOTIIaHa/IN.

§ 8. UKKMHYH Typ 3TPH YH3UKJIU HHTerpaTHuCTHITheC HHTErPaJIiura
KeJITHPHUII

14. Orpu yu3ukK Tymyndyacu. Onuil MaTeMaTUKaHUHT 1acTIa0Ku KUCMU-
HU YpraHuim MoOaiiHHIa YKyBUM 3TPU YM3WK Ba YHUHT TEHIrJaMallapu, 3Tpu
YU3UKHUHT Y3YHJIUTU KaOu MabJIyMOTIap, IIYHUHTJEK 0ab3u ATpU YM3UKHUHT
TacBUpJIapu OWIaH TaHUINTAH. OTPU YH3UKIM HHTETpaiap Hazapusicu
(IIyHUHTICK, KEHWHYAIMK YpraHWIaIUraH KOMIUIEKC aHalu3 KypCHla) Srpu
YU3UKIAPHUHT MYXUMJIUTUHU YbTUOOpra ouod, ynap xakuaa 0ab3u MabiyMoOT-
JApHU KEJITUPUII JIO3UM TOMUIAN. XO03UPIrd 3aMOH MaTeMaTUKacua TPy YU3HUK
Typiinya Tabpuduanran 6ynuo, ynap opacuaa XKopaaH TOMOHUIAH KEITUPUII-
raH Tabpud Oup MyHUa TAOMUUPOK XHUCOOJaHAIU. Y ArpU YU3UKHU HYKTAHUHT
Y3IyKCHU3 XapaKaTy HAaTHKAcUAa KOJJIUPraH u3M cudatuaa Kaparas.

o(t),Y(t) bdynxumsnap[a, Blkecmana aHMKIaHran Ba y3aykcu3 OYJICHH.
by dyuknusnapaan Ty3uiarad ymoy

{x = (1),

y = (1),

OyHna a < t < fcucrteMaHu Kapaniuk.

Texucnukna JlexkapT koopJauHaTanap CUCTEMACHHU OJUO, X Ba Y JIapHU
11y TeKUCIUKAAru oupop M HyKTaHMHT KOOpJHMHaTaiapu cudaruja KapanMus:
M = M(x,y). PaBmanku M nykra [a,f] man onmuran t ra GorauMK. AlHM
naiitna, M Hykra aprymeHT t HUHT (1) akcmanTupuniara akcu (o0pasu), t HUHT

(1)

89



y3u Oy akcinanTupunard M HykraHuHr aciu (nmpoo6pasu) Oynmamu. IlyHnait
k6, (1) akcnantupuin épramunaa [a, BlkecMaHMHT akcu TEKUCIMKIA YIIOY

AB ={(x,y):x = o(t),y = ¥(t), ¢t € [a, B1}
TYIUIAMHU XOCUJ Kwiaau. by AB TYIUIaMIa TEKUCIUKIAru JSIPU  YU3UK
NEWWITAIN.
Hemak, osrpu umsuk[a,B] nma y3nykcus Oyaram 2 1a  @(t)Bay(t)
byaknusmap épaamuna tabpuduianap skan. Omatna 3rpyu YU3UKHUHT OyHIai

TaCBUPJIAHUIIIM YHU TMapaMeTpUK KypuHUlAa Oepuiuimu nevinnanu. bynna t

napameTp.
Macanan:
X =rcost,
{ y =rsint, @)

Oy epma r >0, 0 <t < 2mcucremMa TEKHCIWKIAa MapKa3W KOOpJIWHATAIIAP
Oommga paguycu r Ta TeHr OyniraH aimaHanun wudonamaigu. [emak, (2)
all;TaHaHWHT TTapaMETPUK TCHIIIaMacH.

Bak3n XolUlapia SrpU UM3HKHMHT Tabpuuau udonanaiiuran AB
TyIiaMm Mypakka® OynuO, xarro y OM3 TacaBBYyp 3TaJuraH 3rpud YM3UKKa
OyTyHJlaii  yxmiamaid KoJMIIM MYMKUH. Macanan, Ileano TomoHugaH
[0,1]kecmana y3nykcus OVaran wmynpaii x(t), y(t) OyHKuusiap Ty3wiras:
ABtymnam yuanapu (0,0),(1,0),(1,1), (0,1) Hykramapma GyiaraH KeaapaTiaH
nbopar 6ynaau. bomkaya Kuinb aliTranaa «3rpu YU3UK» KBaJAPATHUHT Xap Oup
HYKTacCHJaH yTaau. by «3rpw um3uk» mry OWIaH XapakaTepiiaHaauku, OyHIa
HapaMETPHUHT YeKCH3 Kyl Typau Kuiimatnapuzaa x(t) sa y(t) ¢pyuxuusiap oup
XWJT KHUMATHHA KaOyJT KUJIaIu.

AWTalnuk

{(x,y)ix =),y =)t € [a, f1}Q)

TEHIJIaMalap CUTEMAacd OUpOp SrpY YM3UKHM aHMKiacud, oOynma x(t),y(t)
dynxumsnap [a, B] na y3nykcus. Arapt,, t, € [a, Blna t; # t, 6yaranga

x(t;) = x(ty)

y(t) = y(tz)
6ynca, y xonma orpu umsukaunr(x(ty), y(ty)) Ba(x(ty), y(t;)) Hykranapu
YHHUHT Kappaiiy HyKrajapu aeiimiany (Oy HyKTaaa STpy YHM3HK Y3UHH Y3H KECHO
yramu). Kappamu Hykrajmapra sra OyiMaraH 3rpu 4mM3uWK cojna JKopaan srpu
ypsury Jaedunanu. By xonma mapamerp t HMHI Typiu tq,t,(t; # t,)Kkuiimatia-
pura Moc keiysuu orpu umsuknuar(x(ty), y(¢;)), (x(t2), y(t;)) Hykranapu
Typiu Oynaaau. Macanan, [a, b]Jkecmana ysnykens Oyiarany = f(x) ¢yHKius
rpaduru comna Xopaan srpu umsuru O0ymann. XaKuKaTIaH XaM,

x =t,

b= )
oyuna y = f(x),a < x < bueiiunca, yuga Typiu tq,t,(t; # t,) yuyn x; #
x,(x, = t;,x, = t,) OVmumm pasman. Arap (3) cucreMa OMIaH aHMKJIaHAraH
Srpy 4YM3MKIa HapaMeTp t HuUHr Typau tq,t,(t; # t,) KuiiMamiapura Moc
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kemysuu  orpu  umsuknuHr(x(t), y(t1)), (x(t,),y(t;)) mHykranapu xam
Typauya 0yiuo,
x(a) = x(B),
y(a) = y(B)
OyIica, aTpy YM3HK coaia €MUK TP YU3UK TCHIIIAIN .
Macanas, ymoy
X = acost,
{y = bsint,
cucTeMa OWJIaH aHWKJAHTaH 3rpu 4u3uK (ummIc) comfa MWK STPH YH3HK
oymanu.Kenrycuna acocan XXopaan (TyFpuiiaHyBYM) YU3HUKIAPH Kapaiay.

a>0b>00<t<2m

15. UKKMHYMTYPITPUYUBHKJIUMHTErpajd Ba CTHITbeCHHTErpaiu
ypracuaaru 0OfJIaHMII. AWTANIHK,

j f(x,y) dxéxu j f(x.y)dy 5)
AB AB

2-Typ STpH YM3HKIM uHTerpan Gepmiuran 6ymu6, AB = {(x,y):x = ¢(t),y =
Y(t), t € [a, B]} OVncun Ba tmapamerp o mad B ra Kapa®b xapakaTiJaHraHzaa
yuramoc (¢(t), w(t))uykra Anan Bra kapab xapakarinancuH.[a,B] kecmanu
ymoy
a=ty <t <.<t,=f

HyKTanap épaamunarud uxtu€puid Oymuaumman onuob, A,=(@(t), w(ty)) ned
OenrunaiMus.Vty, € [ty, ty41] HyKTamapra Moc KenyBud HyKTanu M, ne0
oenrunad

| £y
AB

YUyH UHTErpan MMFUHIWHYU Ty3CakK, y Kyiuaaru KypuHuIlura 3radynanu:

0 = ) FMIA) = ) f 00w, v, (5)1A0(t)
k=0 k=0

Tabuuiiky, TEHTNIUKHUHT VHT ToMoHuAAru udona CTUIAThEC UHTETpalu
Y4yH UHTErpan uuruHau Oymaaum Ba Oy TeHrmukaaH A — 0 nga Kyitmgaru
TEHTJIMK KeIu0O YuKaIu:

B
| £endx = | fom wo1deo. @)
AB a

Xyanu my kabu ymoy
B

| renay = | fowwo1awe )
AB a
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TEHIJIUK XaM YPUHIIU.
(6) Ba (7)renrimknapaan (5)3rpu YM3UKIN WHTETPATHUHT MaBXYIIUTH
XaKu1a KyHuaara Teopema Kejmo YnuKaiu:

Teopema.deap f (x,y)pyuxyus ysnyxcuz eéa @(t)(éxu w(t)) @yuxyus
yekau sapuayusiau Gyuxyus o6yica, y xonoa (L)unmezpan masowcyo 6ynaou.

Xycycan, ABsepu uusux myzpunanyeuu, P(x,y) éa Q(x,y) ¢ynxyusnap
V3ayKcus oyaca, ynoa

j P(x,y)dx + Q(x,y)dy
AB
uHmMe2pa AKUHIAULY 84U OYIA0U Xamoa Kyuuoazu meH2auKoaicapuiaou:

~

AB

B
j P(x,y)dx + Q(x,y)dy = (5) j PLo(t), y(£)]de(c)

B
+(5) j QL) W(©)]dy (). @®)

OHJIU UKKUHYH TYP 3TPU YU3UKIU UHTErpauiapHu CTUATHEC HHTETpainra
KeJITUpuO Xucobiaiira ouj Mucosuiap edamus. Mucomnapgaru (QyHKIus Ba
ArpU YU3UKJAp TeopeMa MIAPTIAPUHU KAHOATIAHTUPTaHIUTH Y4yH, Teopema
mapTJiapuHy OaXapuiINIINHU KailTa-KaiTa alTuo yrMamus.

1-Muco..

j ydx — xdy
c
ATPU  YMBUKJIMMHTETPAHU XHCOOJaHr, OyHaaCsrpu YM3UK X = COSt,y =

sint,t € [O, g] napaMeTpuK KYypHUHHIIIa OepuiraH.
Eunm. (8) popmynanan doiinananamus:

B
j P(x,y)dx + Q(x,y)dy = (5) j PLo(t), v(©)]de(t)

C

B
+(5) j QLo(t), w(B)1dy D).

bepunran ¢pyukiusinapuu popmyara KysiMus:
T

[ yax = xdy = [ (1(0ax@) - xay©)
0

C
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dt dt

T T
2

f ~ d(cost) d(sint)
= (smt——cost )=
0

2
T
j(sint(—sint) — costcost)dt =—jdt =-3
0

0
2-MHCO.JI.

j ydx — xdy
C
STPH YM3HKJIMUHTErpaHu xucoonanr, oOynmnaCuunsuru (0,0) Ba (2,8) HykTanapuu
TYTAIITUPYBYH Y = x> 3rpu 4M3HKIaH HOOPAT.
Eunm. Warerpanau xucoOmam yuyH (4) Ba (8) dopmynanapman
dornananamus. lllynaa kyiugaru ¢popmyinara sra 6ynamMus:

B B
j P(x,y)dx + Q(x,y)dy = j P(x, f(x))dx + j 0(x, F())df (x).
C a a

y = x3 Bady = 3x2dxnapuu unTerpanra Kyiicax
2

2
!
jxdy—ydx =jx3x2dx—x3dx=j2x2dx :2[<Z>
0

C 0
3-MHCO.JI.

2
]:8.
0

j ydx + xdy

C
STPU  YMBHMKJIMUHTEerpasHu  xucobnanr, OyHmaCuwmsurum O(0,0) Ba A(1,1)

HYKTaJapHH TYTAIITUPYBYH Yy = X2 5IpU UM3UKIAH HOOPAT.
Eunm.by macananu euuin yuyH C YM3UKHU YU3U0 OJIaMU3!

4

A(1.1)

0(0,0)
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y = f(x) = x? tenrnamanu (8) dpopmynara Kyiin6,ronamus:

B B
j Pdx + Qdy = j P(x,f(x))dx +j Q(x,f(x))df(x)
C a a

1 1
3
jydx+xdy=j(x2+x-2x)dx=j3x2dx=3[<%>
0 0

C

1
|-1
0

y
4 — MUCOJL j —dx + dy srpUYM3UJIMUHTErPAJTHUUCOOJIAHT, OYH/A
X

C
Corpu ym3uru y = In x ymsuru 6yiinad xucobmanaan, Oynna 1 < x < e.

Eunm.by macananu euuin yuyH C YM3HKHU YU3U0 OJIaMU3!

y

Yy = In x0ynrannuru yuyn dy = %.
B B
j Pdx + Qdy = j P(x,f(x))dx +j Q(x,f(x))df(x)

a
(dbopmyliara acocaH €YMMHH TOIIAMU3!

y - Inx dx elnx edx -
j—dx+dy=j(—+—)dx=j—dx+j—=jlnxdlnx+
X X X X X
c 1 1 1 1
jdx_ (lnx)2+| ¢ —(lne)2+| (ln1)2+| L=
vl > nx 1 = Ne > n =5
1

5 — Mucou. j x2dx — xydy 3rpyMyYM3UIMHHTErPaJHUKMCOGIAHT,

c

OyHna Corpu 4YM3UFUOMPHHYM KBaJ[PAHTJA KOMJIAIraH paguyCcH a ra TEHT

Oynran ainananu €iin OYIM0, coaT cTpeikacura TecKkapu NyHaluiia aijianaiu.
Eunm. by macananu eunin yuyH € YU3UKHU YU3UO OJaMU3:
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- C AililaHa EWMHUHT TEHIJIaMacu y =
\ va? — x?nan ubopar. Jlemax,

\ J 1z > xdx
X y = ,/ a¢ — x4 = — ———.
0 a a2 — x2
bu3 arpu 4nM3MKHM coaT cTpenkacura
Kapluy WyHaIWIIIA alJIaHTaHJIUTUMU3
y4yH, HHTEeTpauiamn yerapacuan a nax 0

raya oJaMu3.
0

xdx
szdx—xydy = szdx—x\/a2 — x2 (——) dx

a2 — x2
c 0 a

—ijzdx—Z f

B B 3

a

0] B 2a?
=-—
a

MycTakiil HuuIam y9yH MECOJLJIap
1) Ky#iumaru srpu 4YuM3HKJIMUHTErpaiapHuCOyiiad xucoOsanr, OyHia
iy A(0,0) nykragan B(1,2) nykrara kapab 60ocub yTuaaau:

j xdy — ydx, 6yHza

c
a) C - AB— xecma; 6) C - y = x’napabonanu &, B) C - ACBCHHUK CH3UK,
C(0,1).

2) j sinx dx + cos3ydy sarpuYU3UJINHUHTErPATHUHCOOJIAHT, ByH A

C
C - y = sin 2xsrpu unsuraan noopat, 0 < x < %

3) j (x? + 2y)dx — (2x? + 5xy — y?)dy
c

ArpU YMBUKJIMUHTETpaHU XucoOnaHr, OyHnaCsrpu um3uruy > Orekuciauruaa
KOWJaIraH paauycd a ra TeHr OynraH ainaHanu €iu Oynu0, coar
CTpeJIKacura TeCKapu MyHAIUIIAA auIaHaau.

4)Kyiiugarn oSrpd  YM3HKJIMWHTETPAUIAPHH X HUHT  ycuO  Oopurr
WyHanuImmaa Xucooaanr:

a)j cosx dx —sinydy,
C
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Oynna C- y = —Xx TYFpW YM3UKIaru kecma, —2 < x < 2.

0) j (x2 — 2xy)dx + (y? — 2xy)dy,
6yana C - y = x’mapa6onanusr éiin, —1 < x < 1.
B) j (x2 + y?)dx + (x* — y*)dy,
oyuga C - y = 1 — |x — 1|umsuksunr kecmacu, 0 < x < 2.

5) Ky#imgaru srpu 4M3UKIUUHTErpauiapHuCOyiinad t mapaMeTpHUHT
Ycub OopuI HyHaIMIIUIa XUCOOJIaHT

a) j (2a — y)dx + (y — a)dy,

Oynna C - nuknouna éiin, x = a(t — sint),y =a(l —cost),0 <t < 2m.

x2dy — y*d
6)j 573 _,_y5/3 ’

Ooynna C aCTpOI/II[a éitn, x = acos3t, y=asin3t,0 <t < /2.

Ha3zopar caBoJsiapu
1. CtunThec UHTETpAIH TYLIYHYACH.
2. JlapO0y — CTunTeeCHHHT KyiH Ba IOKOPH WUFHHIWIApU Xamza
YJIIApHUHT XOCCaJlapHu.

3. Ctuntbec HHTCTPAJIMHHUHI MaBXYIJIMK IIapTH.
b

4.f (x) eCla, b] Ba g(x) ycyBuu 631ca, j f(x)dg(x) maBxymsKaHJIUTH

a
UCOOTJIAHCHH.

5. f (x)ynkuus [a, b] na R-unterpamianysu, g(x)dyHxus/Iumm
b

mapTHHHaHoaTJIaHTHpca,jf(x)dg(x) MaB3Ky/[3KaHJIUT UM COOTIaHCHH.

a
X

6. f (x)pyuknus [a, blga R —unTerpamnanysuu, g(x) = c + j o(t)dt

a
(o(t)pyuknusla, blmaabconoTUHTErpaIaHyBYK ) 6YIICa,

b
fa f (x)d g (x) MmaBxy>KaHIUTY UCOOTIAHCHH.
7. CTUNThEC HHTErPATMHUHT X0OCCaapH.
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b C
8. j f(x)dg(x)Ba j f(x)dg(x) (a < b < c)uHTerpa/yIapHUHTMABKY/

b

GyHHmnaaij(x)dg(x) WHTEerpaJHMHI MaBKy/ 01U
a

KeJIMOUYNHILUIIAPTIMACTUTUHHI KYPCATHHT.
9. CtunTbec UHTETpaNu yuyH 0ynakinad nHTerpaamdopMyIacu.
10. f (x)byukmus [a, b]na R-unTerpaiianyByH,
X

gx)=c+ j o(t)dt, 6ynpaop(t) dynkuusla, b]maabcomoTunrerpamia —

a
b

HYBYMOVIICa, j f(x)dg(x) CTuntTbecuHTEr paIMHUK COBJIAHT.,
a
11. Ctuntbec UHTETPATUHU XUCOOJIALL.
b
12. Arapf (x) € Cla, b]6¥nca, j f(x)dp(x)ucobnancus.

a

b
13. Arapf (x) € Cla, b]6¥nca, j f(x)dp(x — c)ucobaancuH.
a

b
14. Arapf (x) € C|a, b] Gysca, j f(x)dp(c — x)ucobmancuH.
a

15. CTuntbec MHTETrPAIMHA YMYMHI X0J11a X1UCOOalLl.

16. bynaxmnab uHTerpamiam GopMyJIaCHHUHT yMyMJIAIIMacH.

17. Ctuntbec UHTETPATUHUHT TEOMETPUK MabHOCH.

18. CtunThec MHTErpaIy yuyH ypTa KHIMAaT XaKuaaruteopema.

19. Cruntbec naTErpanu GENruch OCTHAA TUMHUTIA YTHIIL.

20. VxkuHYM Typ OSTpH YH3UKIM HWHTerpanHu CTHUIThECHHTETpaiura
KEJITUPHUILL

I11BOBb.OproronandyHkuusiiappakaTopaap

Ymby  600ma  opToroHanm — cucTeMaliap — Bakaropiap — Xamja
MaTeMaTHK(PHU3HKa TEHIrJIaMajJapuHu WHTEerpalIaaa yupanuran
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MaxcychyHKIusIapaad oupu-chpepuk (GyHKUusiIap CUHPUHUYPranuin OWiaH
IyFyJJITaHAMU3.

XVIII acpnan Gomnad JI.Dinep, H.bepnymnu, A.Jlexanap, Il.JIamnac,
®.beccenb Ba OoOIIKa OJMMIIAPHUHI MaTeMaTHKa, acTPOHOMUS, MEXaHHWKa Ba
¢usuka (mIaHeTamap XapakaTH, MeMOpaHa Ba TOp TEOpaHUIIM Xamja Iy
kabwiap) Qannapu OVitnua OOpraH WIMHE HM3JTAHUIUIAPHIA OPTOTOHAI
byHKIUsIap cUCTEMAacu Ba GYHKUIMSUIApHU yhap Oyinya €luin viapu nanao
oyna 6ouutarad. Xycycas, XK.@ypoe, K.IlItypm Ba XK.JIMyBUIHUHT MaTeMaTUK
¢bu3uKa TeHINIamMalapu Y4YyH 4erapaBMil MacajlaJapHu euuil Oyiinua
m3nanunuiapuaa, I[L.YeOblIeBHUHT UWTEpHONSIUSATIAl Ba Ba MOMEHTIAp
myamMmocH, J[.I'mapOepTHUHT WHTerpan TeHriamaiapHu euuil, A.JleGerHuHr
Yauamiiap HaszapusiCk Ba UHTerpauiap Oyimya onubG OopraH uiIMui
W3JIaHUIIIApUIa YUpauIu.

Optoronan xaropiap OVimya daon mznanunuiap XX acpaaH Ooiwuiad
MarteMmaTuk (u3uka, XucoOnaml MaTeMaThkacH, (yHKIMOHANT aHalau3, KBaHT
MEXaHUKACH Ba TYpJIM TEXHUK MacajalapHU XaJl KWiuil Oyiinda oaud Oopuiaran
WIMHUN UIUIApAA KauJl KWJINHTAH.

AWTHII  KOU3KH, B.CTeknoB  TOMOHHMAAH  OpPTOHOPMAJJIAHTaH
CUCTEMAJIAPHUHI ENUKIWMIM Macajacu Kydwiarah. by wmacama cdepux
byukuusinap, typm-JlnyBuwin onepaTOpuHUHT XOC (DYHKUUsTIApU, DPMHUT,
Jlarrep,I1.YeOblmeB, JlexaHapHUHT OPTOTOHAN KYMXajjap cUCTeMajlapu y4uyH
MKOOMM Xall KWJIMHTaH.

®.Pucc Ba D.Quniepiap TOMOHUJIAH UXTUEPUI OpTOHOPMANT (DYHKIUSIAP
CHUCTEMACH Ba COHJIAp KeTMa-KeThuru yuyH [lapceBasib TEHIIIUrK OakapHIIUILH
Ba y CUCTEMaHHMHT L,(da3ocuaa €NUKINId Ba TYIUKIUTHHU SKBUBAICHTIIMIU
UCOOTJIAHTaH.

QOyHKUMATIAPHU JIEIPIU XaMMa KOMJa SKUHIAIIYBYU KaTOp KYpUHUILNUIA
TacBUpJam Oyinya Kyna Kyn wiMi u3naHunuiap oaud 6opwmiran. 1957 imnaa
Vnuanaauran — QyHKOUSATa UXTUEPUNA  TYIUK  OpTOHOpPMAal  (yHKuusiap
CUCTEMAacH OpKaJIM YI4YOB OyiHya SKUHJIAIIAJUraH KAaTOPHUHI MAaBXKYJJIUTH
UCOOTJIAHTaH.

8 1. OproHopmaiyHkmusap Ba 'pamm 1eTepMUHAHTH

1. Opronopmaa cucremanap. Ywusukau ¢a3o Ba ckaasgp KynmantMma
TylIyHuYanapu QyHKIIMOHAT aHAIM3HUHT YMYMUN KYpCUJIaH MabJIyM.

Tabvpud 1. Cranap kynatimma xupumunean xap Kanoau yu3ukiu gazoza
Tunvbepmonou ¢pazocu oetivnaou.

Alitaitnuk R - T'uns6epronau dhazocu 6epuiirad 6YicuH.

Tabpud 2. Acap x ER 6a 'y € R snemenmaap yuyn (x,y) = Omenanux
baxcapunca, y xon0a X 6a 'y snemeHmiap opmozonan oeuunaou éa x 1L y xkabu
beneunanaou.
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Tabpud 3. Acap R ¢aszonune {x,}, x € R (A-unoexciraprune oupop
Myniamu) sneMenmiapu myniamu oOepuiean 0yaud, ynoacu uxmuépuii 2 ma
anemenmaap ysapo opmocouan oyiaca, {x,} cucmema opmozonan cucmema
Oetiunaou. Yuoan mawxapu xap oup snemenmuune Hopmacu 1 ea memne, sAvHU
X, =1 a €A 6yrca. Ynoa {x,}-opmonopman cucmema oeb6 amanaou.

Arap {x,, a € A} cuctema oproronai Ba 0apua a € Anap yuyH x, # O
Oyinca, yaaa Oy cuCTeMaHU «HOPMAJLJIAIITUPUIIT» MYMKHH.

XakukaTtaH XaM OepwiraH CHCTEMaHUHT Xap OWp AJIEMEHTUHU YHUHT
HOpMacura oynuin épaamMujia SHrM OpTOHOPMaJlJIaHTaH

e <)
CUCTEMaHUXOCUIKATIaMU3.

Jlemma 1.4eap R ¢pazonune{x,, a € A}(A-unoexcrapnuncoupopmyniamu)
NeMEeHMAAPCUCEMACUOPINOSOHAOVIUD, bapuaa € Anapyuynx, # 06yica,
YX010a0ycucmemMavyu3uKIUIPKIUCUCMEMAOYIAOU.

dapa3 KuIanmnk, 6ab3u

X Ok € Ak=12 ..n
AJNIEMEHTIIAp YUyH
MXg, + AXg, + -+ Apx, =0

TeHruK OaxapwicuH. Pukcupnanran kyuyn (k =1,2,...,n) TCHIJIMKHHHT
MKKaJla TOMOHHUHUX o, Ta CKAJISAP KynauTupuo,
(Akxak,xak) =0 (@D

OYIMIIMHA TOTIAMU3, YYHKH CUCTEMAHUHT OPTOTOHAIIUK IapTura Kypa j # kaa
(xaj,xak) = 0. Ilaprra kypa, x4, # 0 Oyaranum yuyn (xaj,xak) #+ OBa
(1)renrmukka kypa A =0, k=12,...,n.0y o3ca Oepwiran {x,, a € A}
CUCTEMaHUHT YM3UKJIU SPKIU SKAHIUTUHU OWIITUPAIH.
Jlemma 2. Aeap R azonunexq, ... XponemMeHmiapu cucmemacu YyuyH
Yoy
(1, x1) (g, x2) -0 (g, x)

G(xy, ... %) = (o2, 1) (2, x2) . (2, %) 2)

(xnixl)(xnixz) (xnixn)

oemepmunanmuune xutimamu Qzca mene Oyica, ynoa Oepunean cucmema
YUBUKIU O0TUK OY1a0U.

G(xyq, ... X)) Oemepmunanmea bepunean cucmemanume I'pamm
oemepMUHaumu Oetiuiaou.

Hcoor. nta A;, i = 1,2,..n,HOMABIYMIIH NTa YU3HKIA TEHIJIaMaliap
CUCTEMACHUHU KapanMu3:

(A 2x1 + Ay, %) = 0, i =1,n(3)
bynnan
A Qg ) + Ao (g, )+ -+ A (g, ;) = 0, i )

OYJIUIIMHU TOTIAMM3.

I
S
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by  cucremanuHr  gerepMuHaHTH  [paMMm  JIeTepMUHAHTHHUHT
TpPaHCTIOHUPJIAHTAHWTAa TEHT Ba mapTra kypa yHWHr Kuiimatud O ra Tenr. bup
KUHCJIM TEHIJIAMaHUHT acocuid nerepmuHanTd 0 ra TeHr OynraHu ydyH
(3)cuctema TpuBHAN OyiMaraH edumra sra Oyiaaau, SbHHUAq, ... A,JJAPHUHT
xammacu Ouwp Baktna O ra TeHr Oyma onmaiigu. DHaW (3) TEHIJIMKHU A;Ta
kynaiitupamus Ba Oapua i (i =1,...,n) map OyiWYa TEHIVIMKIAPHHU KYIIHO
YUKAMU3!
(A1xq + -+ Apxy, Axg + -+ + A x,,) = 0. ByHnan
Axq + o+ Apx, = 0.
byepnanymOyTeHITMKHH,
SbHU,X{, ... Xy, CACTEMaHUHTYM3UKJINOOFTNKIKAHIUTHHUXOCUITKIIIAMU3.
1-mucon. I'pamm perepmuuantupan Qoinananu6, [0,3] opamuknga
y1 =1, y, = x, y3 = e*hDyHKUMATApHU YU3UKIH OOFINKINKKA TEKIITHPHHT.
Euyum. Onmgua Oepwiran (QyHKIUsUTap y9yH ['paMm JneTepMHUHAHTHHH
YyMyMHH KypuHulga €3u0 ojsaMu3 Ba yJnapHu  Qopmynara  Kynuo,
anMamTUpuILIap 6axapamus:
uy) Ouy2) ys)
C(y1,¥2,¥3) = |(V2.91)  (v2.¥2)  (¥2,¥3)

(r3.y1)  (3.92) (¥3.¥3)
3 3 3

jl-ldx jl-xdx jl-exdx
0 0 0

3 3 3
jx-ldx jx-xdx jx-exdx.
0 0 0

3 3 3
jex-ldx jex-xdx jex-exdx
0 0 0

Kypunu® typubauku, Ooil jauaroHaiara HuUcOaTaH CUMMETPUK
JKOWJIAITaH JJIEMEHTIApP y3apo0 TEHI. boll JWaroHaJHUHT IOKOPUCUIA
KOMJIAIraH 3neMeHTﬂapHHHr KUHAMATJIApUHU TOMIAMU3!

3 3
jxdx—x— =5 j eXdx =e*|3 =e3 —1; jx-exdx=(xex—ex)|3
0 0 0
= 2e3 + 1.
Bom JuaroHanaga moﬁnamraﬂ 3neMeHTJIap'
223 g6 _ 1
jdx—B 0= 3] de— 9j2xdx— = >
0

HaTananapHH I paMM I[eTepMI/IHaHTI/IFa KYSIMH3 Ba JCTCPMHUHAHTHH
XUCOOJIaiiMU3:
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3
jdx jxdx jexdx
0 0 0
3 3 3
C(y1,¥2,¥3) = jxdx szdx jxexdx
0 0 0
3 3 3
jexdx jexxdx jezxdx
0 0 0
3 0 3_1
> e
= 2 9 2e3 +1
6
-1
e3—1 2e3+1 5

3e® 195
ByunauG(yy, y,,y3) = % —3e3 — — #O0memax y; =1, y, =x, y3 =
e* pyukuusnap [0,3] opanukna un3uKIM OOFIMK MaC.

2-mucost. I'pamm  jgerepmuHantugan  ¢Qoipananu6, [—2,5] opamukna

v, = 15x + 12, y, = 10x + 8dyHkuusiapHu YU3UKITU OOFJIMKJIUKKA
TEKIIUPUHT.

Eunm. ['pamM geTepMuHaHTUHY TY3U0 OJlaMHU3 Ba XUCOOJIalMu3:

5 5
f yidx f V1Y2dx
G(yy2)=| 3 s =
f Y2y, dx f y3dx
22 22
5 5
j(le + 12)2dx j(le + 12)(10x + 8)dx
22 22 _
5 5
j(le + 8)(15x + 12)dx j(le + 8)%dx
22

-2
_|14763 9842 | _
~ 9842 19684/3| =

G(y1,y2) =0, memak y; = 15x +12,y, = 10x + 8 ¢pyuxuusap [—2,5]
OpAJIMKJIA YU3UKJIH OOFJIHK.

101



3-mucon.y; =1, y, = sinx, y; = cosx, y, = sin2x,ys =
COS2X, ... Yoy, = SINNX, Vyp41 = COSNXPYHKUMIApHU  [—7, 7]  opamukna
YU3UKJIN OOFTMKIINKKA TCKITUPUHT.

['paMM neTepMUHAHTHHE OMPUHYY KATOPU Ba OMPHHYN YCTYHUJA Y, HUHT
KoJiraH Oapua (yHKUMsUIapra KynaiTMacu koinamrad. SIbHU, OUpUHYM KaTop
Ba OMpPUHYM YCTYHJIA KyWuaaru uHTerpamiap o0op:

A A A A

VA VA
j dx, j sinxdx, j cosxdx, j sin2xdx, j cos2xdx, j sin3xdx,
-1 —TT —TT -1 —TT -1
T T
j cos3xdx, ... j sinnxdx, j cosnxdx.
—TT —TT —TT
bupunuu uHTErpaNTHU XUCOOIAUMMU3 !
T
j dx = 2m.
—TT

Konran Oapua  WHTerpaJUlapHUHT  KYPUHHIIMOWDP  XWJI,  SIBHHU!
A A

jsin kx dxéxu j coskxdx, k € N.
- -

T
sinkx
CoSkxdx =
k
—TT

bupuH4n KaTop Ba OMPUHYN YCTYHHUHT OMPUHYH AJIEMEHTHJIAH TalllKapw
Oapuacu HOJITa, OMPHHYH JIEMEHT dca 27T TCHT.

bom nuaronanga
T T

jYi yjdx = jylz dx, i1=12 ..n,

-1 -1
sbHU (OUPHUHYH JICMECHTIaH TaIllKapH)
A

T cos kx|™

T
=0 jsinkxde =0.
VA
-1

X -z

T

j cos? kx dx, j sin? kx dx

-7 -1

KaOu MHTETpasuIiap >KONIallIra.
A A

1
j cos? kx dx = > j(l + cos 2kx)dx = m,

-7 -7
T

T
1
j sin® kxdx = > j(l — c0S 2kx)dx = m.
-7

-7
FpaMM ACTCPMHUHAHTHUHHUHI KOJITaH 3JICMCHTIIapHU
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A A A
jcos kix-sink,x dx, jcosklx-cos k,x dxéxu jsin kix-sink,xdx

—TT -7 -
KYPHHUIITA 3ra. €OS kX * SiN k,X TOK GyHKIHS, TeMaK
A

j cos kyx-sink,x dx = 0.

-1t
Konran unrerpannapHu xucoOnaiMu3:
A A

1
j cosk,x - cosk,xdx = 5 j(cos(klx — k,x) +cos(k,x + kyx)) dx =
- -7

T
1
5 j(cos(kl — ky)x + cos(k, + ky)x)dx
-

T

1 (Sin(k1 —ky)x N sin(k, + kz)x)
2\ ky—k, ki + ky

-TT
s

T
1
j sink,x -sink,x dx = 5 j(cos(klx — k,x) —cos(kyx + kyx)) dx =
—-TT

-7

T
1
5 j(cos(kl — ky)x — cos(ky + ky)x)dx
—-TT

= 0.

1 (Sin(k1 —ky)x sin(k, + kz)x) &
2\ ky—k, ki + ky
I'paMM  JeTepMHHAHTHHMHT OOl  JMArOHAaNWAa  SKOMIANTaH

QJICMCHTIIapHaaH TallKapu 6apqa QJICMCHTJIApU HOJIa TCHI' OJKaH. bom
JuaroHaJaIHuHT 6I/IpI/IH‘-II/I QJIEMCHTHU 277.', KOJII'aH 2JICMCHTJIAPU T I'a TCHI.

2r 0 0.. 0 O
O - 0. 0O
O 0 0. = O
O 0 O 0 =«

Hemak,G(Vy, Yy, ... V) = 2m?™*1 = 06ynrannurn  yuyH  Kapanaérras
Gynxuusiap [—1, ] opanukaa YM3UKIM OOFIUKCH3.

2. TpuronomeTpuk pyHKuusaIap cucremacu. 1, cosx, sinx, cos 2x,
sin 2x,..., cosnx, Sinnx. ...TPUTOHOMETPHK byHKIMsIIap CUCTEMACH
OpPTOTOHAJl KaTOpJIapHU YpraHumiga Myxum axamusaT kacO staau. llly cababnu
Oy dyHKIUSIAp CUCTEMAacMHU YYKYyppoK YypraHamu3. ['pamMm JeTepMUHAHTH
OpKaJIM IOKOpHJIa Ma3Kyp TPUTOHOMETPUK (PYHKIMSUIAPCUCTEMACUHU UYU3UKIIU
OOFIMKCH3 PKAHJIUTUHU KYpcaTauK. DHAM OOIIKa ycyiaa yuoy
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1, cosx, sinx, cos 2x, sin 2x,..., cosnx, sinnx....(4)
TPUTOHOMETPUK GyHKIMsIIAp cucremacul,[—-x; 7]dba3ona OpTOTOHA
GYHKIMATAp CHCTEMACHTAIIKHI KWIMIIHHK HMCOOTIIaiMH3 Ba  yjaapjaH
OPTOHOPMaJ (PYHKIIMSIIAP CUCTEMACHHH Ty3aMHu3.

Hcodor.
A A A
I = jsinmx sinnxdx, I, = jcosmx cosnxdx,l; = jsinmx cosnxdx
-1t -1 -1

I/IHTeraJ'IJ'IapHI/I XucoOIaiMus.

I, = j sinmx sinnxdx = 5 j [cos(mx — nx) — cos (mx + nx)]dx =

-7 -7
s

% j[cos(m —n)x — cos (m + n)x]dx

_1 Ksin(m —-n)x B sin(m + n) x>

2 m-—n m-+n

T
|
Arap m # no6yca,
= sin(m —n) t —sin(m —n) (—m) sin(m +n) T —sin(m + n) (—m)
1 m-—n m+n

sin(m—n)m B sinlm+n)m

m-—n m-+n
m = nOyarasjaa aca,
A
; j (1 2nx)d 1 ( Sinan)"
= smnx— —cos2nx)dx = = || x ————— =
1= 2 2n J_,
-1
[ sm2nﬂ ( sin (— 2nn)]
n———(n)————| =
2 2n 2n
Jlemak
A
. . : m#n,
I = jsmmx sinnxdx = { _
: m=n.
-1
[ynura yxmam [, Ba I3J1apHUA XUCOOJIAMMU3!
A
: m # n,
I, = j cosmx cosnxdx = { _
: m=n.
-
A
j . 0, m#n,
I3 = | sinmx cosnxdx = { _
T, m=n.

-1t
bynman kenu0 umkanuku,(4)TpUroHOMETPHUK (QYHKIUSUIAP CHUCTEMACH
OpPTOTrOHAJI CUCTEMaH! TaIIKWII KWIAIH.
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m =n Oynranna I; Ba I,napnan doiinananuo,
||sinnx|| = v, |lcosnx|| = v, n=12,..
SKaHIUTUHKM Tomamu3. Jlemak, (4)opToroHan cucremMara MOC —KeIayBYd

OpPTOHOpMaJ cUcTeMa yIIOy

1 1 1 1
—,——(C0SX,—SInx,..,—cosnx,—Sinnx, ...

Vor m Vr Vr Vr

KYpUHHUILTA 3ra 0ynaau.

MycTrakui 0axxapuil y4yH TONIMIHPUKIAP

1) I'pamMm aetepMuHaHTH EpraMuia KydWuaard (QyHKIUSIAPHUA YH3HKITH
OOFJIUKJIMKKA TEKITUPHHT

)y =1, y, =x, y3 =x%, y, = x5,

0)y; =10x +1, y, = 7x + 6;

B)y1 =1, ¥y, = x% y3 =x%

Ny, =x, y, =sinx, y; =e?*,

2) a,b,cBad napHuHr KaHgail kuiiMaTiapuga Oy y;, =ax +b, y, =
cx + d cucrema 4u3MKIM OOFIMK OYynaau Ba KaHIal KUMMAaTIapuaa YU3HKIH
OOFJIMK OYIManau.

§ 2. OpToroHaJ Kynmxamiap Ba yJjap opKaJiv ailpum
GyHKkuusIapHUKaTOpra éumum

3. Oproronan kymxamiaap. Ymly maparpadgmabup KaTtop OpTOTOHAT
Kymxajap Ba yiap €paaMmuaa aipum QyHKUIUsJIApHU KaTopra éiunuiing Oyinya
MUCOJIIAP KEATUPAMUS.

IJPMHUT KyIIXaau
2

H,(x) = (—1)nex2%e_x , n=0123,.. - Dpmur kynxaaa Oyiu0,

o 2
y3uHMHT e ¥

OpPTOTOHAJIUD:

Ba3HMH  (yHKnmsacu  Owinan  (—oo,+00)  WHTEepBaIa

+00
2 0, m # n,
e ™ x)H, (x 2{
j m(X)Hn (x) 2"nl\Vm, m=n.
— 00
AlipuM XoJulapja anbTepHAaTUB TabpudaaH QoiinanaHunub, Ba3HUI
x2

byukius cudaruga e 2z Kapamagd. by (yHKOMs acocaH 3XTUMOJLIAp
Hazapusicuaa GoigaraHuIaIu.

Jlarrep kynxaau
_ erd'(x"e™)
Ln(x) Y dxm

e* Basuuit pynkusicu 6unan [0, +00) uHTEpBaNIAa OPTOrOHAIIND:

, n=0,1,23,...0y Jlarrep xynxamu 0ynu0, Yy3UHUHT
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* n,
= n

[ @@=
0

YeObILIeBKYIXAAH
T,,(x) = cos(narccosx)— 6y UeObleBOMPUHYM Typ Kymxaau OYiau0,

V3UHUHT \/% BasHuil pynkuuscu 6unan [—1,1] uarepsanma oproronangup:
1 0} m # n,
Tm(x)Tn(x) _ m=n-= O,

T,
T \=n
1—x? > m=n=+0.

-1

Jlexkanap Kynxaau
1 d¥(x?-1)"
Py(x) =1, B,(x) = TR P , n=12, ..

Oy Jlexanap xynxaau 6yauo6, [—1,1] uarepsanma oproronanaup:

1 0, m#n,
[ e Par () = { 2
-1 2n+1' '

4. QyHKIUSAJTAPHU OPTOTOHAJ KYNXaJIap KATOPUra €iuin
1-mucoun.f (x) = Ax? + Bx + C pyHKIHAHH (—00, +0) opanrKaa
Dypbe-DpMUT KaTOpUra ENUHT.
Eunm. OpMuT QyHKIUSCUHU KYpUHUIIHIAH ¢oiganaHaMu3:
Hy(x) =1, H;(x) = 2x, H,(x) = 4x* - 2.
Homabiaym kordunmentnap ycyanHu KyananMus3:
Ax? + Bx + C = coHo(x) + c1,(x) + c; Hy(x).
OpMUT KYNXaJIUHU TEHTJIMKKA KYHUO, X HUHT OUp XUJI JAapa’kajlapUHUHT
onauaard KodhPuurueHTIapuHU TEHIAIITUPAMU3 !
Ax? +Bx+C=cq-1+cy 2x+c, - (4x% - 2),
Ax? + Bx + C = ¢y + 2c1x + 4cyx? — 2cy,

OyHJ1aH
4c, = A,
{ 2c, = B,
co — 2¢c, = C,
A B A
c0=C+§, c1=§,c2 :Z'
Jlemak,
, A B A
f(x) = Ax2 + Bx + C = (c +§) Ho(x) + 5 Hy(x) + 7 Hy(2),

2-mucou. f(x) = xP, p = 1 pyukuusuu [0, o) opamukna @ypre-Jlarrep
KaTopura €iuHr.
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Eunm. Eitnivma Kyhugaru ymymuit opmyna €paamusa €3uaau:
o0

&)= ealn).

n=0

¢, Koa(pburnumenTaapau xucoodaanmus.
co co

Co = j f(x)e ™ dx = j xPe *dx =T(n+1) =p!,
0 0
Oy epaa DiinepHunr I' — ramma ¢pynkuusicu. n = 1 nap y4yH:

1 d"(x"e™*
peTe)

n = EO dx™
1 dn—l(xne—x) o0 o i dn—l(xne—x)
] [xp dx™t | B oj px* dxn1 dx].
Cp = (_nll)np(p -D@-2)-..-(p—n+ 1)] xPe *dx =
0
"  p! =D (e)?
n! .(p—n)!r(p_l_l)_ n! .(p—n)!’

arapna 1 < n < p 6ynca.
Arap n = p6yica, ¢, = 0 6ynagu.
Hemak, Oepwiran ¢yHkuusHuar @ypse-Jlarrep katopura ElniMacu

KyWHJ1aru KYpyuHHUIITa 3ra Oynaau:
©o

flx)=xP =pl+ Z —(_1)n(p!)2

n!(p — n)!
n=1
Lo(x) = Oskannurunu  mHOOGATra  OJICaK, €YUMHM  KyHHIard  KOMIIAKT
KYypUHUIIUAA E3UITUMU3 MYMKHH:

L,(x).

e}

_1n !2
f(x):xp :ZML (x).

nl(p—-n) "
n=0

’KaBoOHu p = 2 nma Texmupud kypamus. Y xoiaa

[}

_1\n 2
x2 = Z CD™CY" ) () = 21 (4L, (0 +2L, ().

~ n! (2 —n)!

Jlarrep KynxaaiapuHu
2

X
Lo(x) =1, Ll(x) =1-x, Lz(x) =1-—2x +?

éimnmMara Kyinnuo, alHUSITHU OJlaMuU3!
2
X
x? =2-1—4(1—x)+2<1—2x+?> = x2,
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3-mucon.f(x) = x3pynkumaan  [-1,1] opamukma Dypwe-Uebbimen
KaTtopura €VuHT.
Eunm. Ymymuii xonaa Oepunran GQyHKIMSHU Kyinaaruda €30 oJaMus:
(00]

x3=co+ z c, T, (x).

n=1
Cpk0dpuuMenTHr anMKiaam ydyH YeOwimes kynxamuau [—1,1] opanukna

1 . .
T BasHui byHKUMSICK OuIaH OPTOrOHAILTUTUIAH (Dor1amaHaMus3.
—-X

1
B HUHI' H TSHI'JINKHHN HKKaJia TOMOHUHU HKIIUs]Tra
y yay N GyHkn

kynaiitpu6, [—1,1] opanukna uHTErpaIaiMus.
1 oo

x3dx Z () dx
—= cnTn(x) | ——
) V1 — x? — V1 — x?
f(x) = x3 TOK GyHKIHS Ba CHUMMETPHUK opanuKIa
MHTEPAIAETIAHIMIMMH3 YIyH TEHTJIMKHUHT Yall TOMOHH HOJITa TEHT
1
x3dx
V1 — x?
1

YHI TOMOHHHU 3Ca }”/3rapTHpaMH3'
co co

1
dx
j Z CnTn(X) ﬁ = Co t+ Z cnTy (X)
-1 wn=1 -1 n=1
1

j dx N z T (x)dx

=c g— :
0_1\/1—x2 o] \/1—x2

Oxupru wuHTErpajg oOCTUAAru (byHKL[I/I;IHI/IHr cyparura Ty(x) =1

(GYHKUMSHU KYTTalTUpCaK, qC6I>II_HeB KYIIXaJIUHU OPTOrOHAJUIUTUAAH

T (x)To(x)
o
OYIUIIMHU KYpaMu3.
Jlemaxk,
g dx 0
dx _ . _ _ n -
j—m = (arcsinx)|t; = arcsinl — arcsin(—1) = 5= (_ E) =
-1

bynnancy, = 0. c,ko3dpunmerTap Xxam nryHra yXmamn TOMUIaau.
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[}

x3 = Z c, T, (x)

n=0
ndomanu

e
izt

ra kynaitupamus Ba —1 nan 1 ra uHTerpamiaimMus.
1 , o
m(x) _ z 0 Tn(x) )
\/ 1- x2 V1 - x2

T (x)Tm(x) m
z ,—1 — x2 dx| = E Cm-
bynna YeOsbIieB kynxaauHu OpTOFOHaJ'IJII/IFI/II[aH dhorimanaHuIIN. Tm(x)

byukuusHu YpHura udogacMHu KyHub, X = costaaMamTupuIl Oakapamwus.
[lynna

m=1223,..

dx
VI—x2

t = arccos x, dt = —

Ba MHTETpaJUIAI Yyerapaapu
x = —1 gat = nmBax = 1 gat = O 6ys1aa4.

Y xomnga
2 1 ( ) 2 T

m X j 3
Cpy = x3 cos°t cosmt dt
"™ V1 - x2 o
-1 0
T

= —j — (3cost + cos3t)cosmt dt
m) 4

s s

3 1
j cost cosmt dt + —j cos3t cosmt dt.
27‘[ 21

0 0
I/IHTCFpaJIJIapHI/I anoxuja- anoxnz[a XucoOJanMus:

j cost cosmt dt = j[cos(t — mt) + cos(t + mt)]dt =
0

Ksm(m Dt sm(m+1)t>
— +

= 0,arapgam # 1.

2 m—1 m+1 ol
—1x0nyqu
jcos tdt == j(1+c082t)dt—1 <t+8m2t) n]:Z
2| 2 0 2

0
[lynra yxmam xonz[a WKKWHYY UHTETPATHU XaM XUCOOIaiMHU3:
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T T
1
j cos3t cosmt dt = Ej[cos(St — mt) + cos (3t +mt)]dt =
0

0
T

2 m—3 m+ 3
m = 3 XO0JI y4yH:
4 4 .
j 23tdt—1j(1+ 6t)dt—1 <t+sm6t)” =r
cos =5 cos =5 s ) |72
0 0

IOkopunarunapaan KeIuo YUKAJINKH,
1, cost, cos2t, cos3t,...cosmt, ...
yukiusiiap Tymwiamu [0, ] opanukma oproronan Ba

lein(m —-3)t . sin(m + 3) t)

] = 0,arapgam # 3.
0

00 m=#13
Cn=44" m=1
! =3
k4, m = 3.

Jemak, f(x) =x3 o¢ymkumsan [—1,1] opamukma ®ypre-UeObnmesn
KaTtopura €MuiiMacu

3 1
fl) =5 =7 T1(x) + 5 T5(x)

oynanu.
0 -1<x<0
4-mucoa.f (x) 2{ 1 0<x<1

Jlexxkanap karopura EMUHT.
Eunm. EfinnMa kyitugaru ymymuii ¢popmyia épaamua E3Unaau:
o0

&)= eaPala).

'TIOFOHAITA byHKUMSHU Dypbe-

) n=0
2n+1 2n+1
=" ff(x)Pn(X)dx = an(x)dx
-1 ) 0
2n+1( 1 d*(2-1"  2n+1fdi(x2-1)
~ T2 j onnl dxnt X T ondigy |7 et |
0

n=123...

¢, Kodpduuuentaapuu xucobmaimus.n = 0ma Py(x) =1 okanauru
MabIyM. Y X0i1a

1 2 1 2 1
Co :E_j f)Py(x)dx =§Ojdx =3

Cny N = 1 kod3pduULIMEHTIapHU TOMHUII YUYH
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dn—l(xz_l)n 1
(),

ndogaHuHT KUUMAaTHHU TonaMu3. Mabnymku, x = 10y udona 6apua n = 1 nap
yuyH HoJira TeHr. Oyuknusauar x = 0 gqaru kKudMaThuHU Tonu yuyH, HeroToH
OMHOM (pOpMyYJIACUHU KYJUTaliMHU3.

dn—l(xz _ 1)n _ d(Z?Z:o C_rrln (_1)mx2n—2m)n—1

n+1
<—

= z [C™(=1)™(2n — 2m)(2n — 2m — 1) -
m=0

c(=2m +n + 2)x""2mH],

bynnan xypuanu6 typubauku, x = 0 na uruaam n xyQT Oynranga Hoira

TeHr Oynanu. n ToK Oyiranja sca
CRL (~D)™2k(2k — 1)(2k — 2) -+ 3 - 2 = CKHL (—1)™(2k)!
oynanu.

By epma x—0ma Ba n=2k+1m=k+ 16yaraggax™ 2m+1 =
x2k+1=2(k+1)+1 = 30 = 1 reyrmknan (olianaHi¥K. MBa N HUHT OOLIKA
KHMAaTIapy YIyH KaTOPHUHT OOIIKa XaJJIapy HOJIra TeHT Oyiaau.

Konran xaamap

C2k — O,
4k + 3 2k + 1)! —1D*(4k + 3)(2k)!
Cok+1 = . ( ) (—1)*(2k)! =( Ul ) (2k)
22k+2(2k + 1) (k + 1)! k! 22k+2(f + 1)1 k!
oynanu.

Hemak, Oepwiran ¢ynkuusau Dypee-Jlexanap karopura ElniMacu
Kyhnnaaru popmyna Ounan €3unaau:

1 < (=Dk(4k + 3)(2k)!

f(X) - E + 22k+2(k + 1)| k' P2k+1(x)-

n=25 n=10Ban = 15 Oynranga OepwiraH TMOFOHATU (YHKIUATA
®dypbe-Jlexanap karopu OwiaH SKUHIAIIMII anmpokiumanuscn Mathcad
nacTypu €paaMujia Xxucoo0sanuo, rpaduru Yu3uiraH.

I
o —— ik
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IOkopunma xkentupwiran KynxaJjJapHUHT aMaJIMil axaMHsITH KaTTa
AKAHJINTUHU WHOOaTra onmd, kenrycu mnaparpadiapaa Jlexanap kynxaauHu
TYJIUKPOK ypranamus.

MycTaku1 6askapuil y4yH TONIMHPHKJIAP

1. f(x) = Ax* + Bx3 + Cx? + Dx + Edynxiusau (—o0, +00) opanukia
Oypbe-DpMUT KaTOpUra ENUHT.

2. f(x) = asinx + bcos (2x + 1) pyuxuusuau [0, ) opanukna Pypbe-
Jlarrep karopura EWHHT.

3. f(x) = x°pynxmmarn [—1,1] opanukna Dypre-UeObimes KaTopura
70505008

4. f(x) = |x|pyskupsau [—1,1] opanukna Dypne-Jlexanap xaropura
EJMHT.

8 3. Jlexkanap kynmxaaiapu

5. Jlexkanap kymxamjiapu xakujaa oOatadceua mabayMmor. Jlexanap
KYTxajjapu - YpTa KBaJpaTUK MabHOJa HOJJaH (dapKJIaHaIuran Kynxaaiup. ¥
[-1,1] opamukma L,dasoga opToroHan Kymxamiap CUCTEMACUHU TAIIKKII
kunagn. {1, x, x2, x3, ... Jxynxagmapnan IpamM-1IIMEAT OpPTOTrOHAIIAIITHPHUII
Kapa€Hu opkanu Jlexanap Kynxamiapy, SbHU YHUHI OPTOrOHAJI CUCTEMAaCUHU
KYPHILI MyMKHH.

d dy d?y dy

— (1 - 2—]=—,12 sxn(1 — x2)—= — 2x—+ A%y =

dx [( *%) dx yéru(l - x%) dx?z “Fdx y=0
JlexkaHap TEHTIaMacH JeUUIIaIn.

By temrmama ¢akar A2 =n(n+1), n=012,..0a dYerapanaHran
eyumra 3ra Oynaau. Yoy xosa TeHrjiaMa Kyiujaara KYpuHUIITHA OJIa/IN:

d dy
ez = _
dx [(x 1) dx] n(n+1)y, n=012..

Jlexxanap TeHrIaMacu MKKWHYU TapTUONM Oup kuHcau auddepeHiman
TeHriaama xucoOnaHaau. By kaOu TeHrnaMamapHUHT €UUMH HMKKUTa XyCyCUM
CUMMJIAPHUHT KOMOMHanusacuaan wuobopar. burra euum derapanaHras,
UKKMHYUCH 3ca X — *1 na yekcusra uHTHIaaAW. Arap Y,(x) derapanaHraH
eunM O¥yiica, y xomna Cy,(x) (C - uxtuépuii y3rapmac) e4uM Xam derapajaHran
oynamu. Arap y,(x) # 0 6yica, C uu myHgaii tariam MyMKuakd, Cy, (x) = 1
(HOpMaJUTAITHPWIITaH) OYIaau.

Jlexanap TEHrIaMaCHHMHI 4YerapajaHraH €4dMMHU N Japakalud Kynxan
OynummHu ucbotiam MyMkuH. By kynxan Jlexanap kynxaau aewiaau Ba
P, (x) xabu GenrunaHaam.

Tabvpud 1. Kyuuoacu

Py(x) = 1,
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1 dr(x?2-1)"

B,(x) = TR P , n=12,.. (D
meHenuKiap époamuda aHukiameaw Kynxaonapea Jlescandp kynxaonapu
Oetiunaou. by Poopuea gpopmynacu xucobranaou.

AmManuéraa KynuH4ax ypHura Kyt0 Oypyaru KOCUHYCH €3UIaau:
1 d"(cos?0 — 1)
2" . nl d(coso)™ '’
(1) bopmyia Epnamuna Jlexanap KynxaljlapuHA XUCOOJIAIT MyMKHH |

Py(x) = 1,P,(x) = x, P(x) = gxz _ % L P(x) = @xn

bynnan Tamkapu, Pn(x) KYIXaJ Kyiuaaru pekKypeHT (Gopmyiia OpKajlu
XaM TOIIMJIAJU.

B,(cosB) = n=12,..

x?2—1dP
Ppy1(x) = B (x) + ) d_;
By dopmynanapaan kypunaguku B, (x) — naapaxanu kynxamaaup.
—1 < x < 1 opanukaa OoUIaHFAY IIAPTIAP
1
Py(x) =1, P/(x)=x P,(x)= E(sz —1)
SKaHJUTUHU XucoOra onuo,JIexxanap KynxaauHu
2n—1 n—1
P,(x) = n xPp_1(x) _Tpn—z(x)
PEKKYpPEeHT (popMyJia OpKaIu XaM XUcOoOIall MyMKHH.
N30x: baumonune oxupuoa 15 ecaua 6ynean n nap yuym Jlexcanop

KYNXaonapuHute KypuHuy Keimupuieax.
[Mynunraek, —1 < x < 1 opaynukia OONUIAHFUY IIAPTIAP

dP; (x) dP,(x) dB, (x) dPp_1(x)
=1 = =nP,_ +y —
dx " odx 3x, dx NPy (x) +x dx
SKAHJIUTUHY XUcobra onnb,JIexanap Kymxaayu XOCUIaCHHHA
d*B,(x) d*1p,_1(x)  d*P,_,(x)
—=(n-1) —
dxk dxk-1 dxk

PEKKYpEeHT hopMyiia OpKaau XHCcoOIam MyMKIH. Xap Oup xocuiia X HUHT n — k
Tapaxkajay KynxaauaaH nuoopar.

PekkypeHT OofiaHMILIAPDHU a(3a/UIUTU  HATHKATA JPUINMIIHHA
Te3JalTHPAAN, KAMYMJIMUIHA 3Ca KATTa COHJIAPHM AWMPUMII-KYIIUIIAA
XUCOo0/1a1I AHUKJIANTHHA KAMailMIIN XTUMOJLUIUTH MABKYAJIUTHIAATHP.
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6. Jleskanap KynxaaJapuHHHT X0CCCATAPH
1) a.)B,(1) = 1, sabuu Jlexauap xynxaau B, (x) au koddpunuenTiapuau
WuruHaucH 1 ra TeHr;

6.) B,(-1) = (-1)™,
n
1 2n\ (4n — 2k 1 2n
— _1\k 2n—-2k — _— r_1\k
2) Py, (0) —an§_0( ne () (7, 7) o = =R (),
oynna Vk # n ma 022k = Q,02"2n = 1;

1
3)n # 0, PZn(O) < \/ﬁ;

4)vx e [-11], vneN, |P,(x)| < |—2

n(1-x2)

5) xydr n napma B,(x) xynxamma x muHr ¢axar kydr, TOK N iapia
B, (x) xynxanna x HUHT (akar TOK Japaskaaapy KaTHAIIAIM;

6) B,(—x) =(-1)"B,(x), svuu P,,(x) - xydr, Pypy.(x) - TOK
byHKIMS;

7) |B,(x)| < larappa |x| < 1.

8) [—1,1] opanukaa B,(x) = O Tenriama n Ta TypJid MIIU3ra Ora;

Xakukaran xaMm, B,(x)Jexanap xynxamuau —1 < x <1 opanukiga
XOJIATUHU Kapaliuk. bupuHun xoccara Kypa

() =1 BA(-1)=(-D"

MasbiyMku
1 d¥(x?-1)"
) = 2n . ql dxm
—1 < x < lunrepBaija
d(x? — 1)"
dx

xocwina n = 1,2, ...0urra ognuii (kappanu 0ynmaran) x = O wiausra sra. Poinib
TEeopeMacHura acocaH Xyjoca KUIaMu3, HKKUHYM TaPTHOIH XOCHIa
d?(x? —1)"
dx?
OepwiiraH MHTEpBaJIZla MKKUTA OJMKA (Kappaiu OyiMaraH) Wijau3ra sra 0yiaiu.
JIemak, —1 < x < lunrepsanga B,(x) (n =0,1,2,..) n Ta Xxakukuii Ba
Xap XWiI WIIH3Ta 9ra.

n=14 oymranga B,(x) xynxagamur —1 < x < luntepBanga y3uHu
KaHJail TyTUINY Yprauuiaus, rpaguru KeaTHPUIIraH.
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NxkrHuYM TOMOHAAH, JIexKaHap KYNIXaIUHUHT WIAU3JIapU
A (1)
xi(k+1) _ xi(k) _ z(k)
P, (xi )
HbI0TOHHUHT UTEpATUB yCyiH €pJlaMuia XaM XUcoOnaHuIu MyMkuH. bynna i —
s (I =1,2,..1n) ydyH OONUIAHFUY SKUHJIAIIKUII xi(o) = cos[r(4i — 1)/
(4n + 2)]ne6 onuuamm.
9) Vn € Nyuyn U, (x) = (x? — 1)"$pynxrusaau Kapaiinuk. Y Xonaa
Ups1(x) —2(n + DxU, (x) = 0;
(x? — DU (x) — 2nxU,(x) =0

TEHTJIMKIIap OakapuiiaJiu.

7. JlexaHAp KYNXaIHHHHI OPTOrOHAJUIMIM Ba HopMmacH.JIexaHiap
xynxamnaapu [—1,1] opanukaa oproronan, spHU
1

j B,(x)P, (x)dx = 0, arapgan # m
21

. 2
xamaa P, (x)kynxagHuHr HopMacu 57 [ TCHT, SbHHU

2
2n+ 1

1P GOII? = j 1P, ()2 dx =

Jlexxanap KynxaJylapuHi OpPTOTOHAJUTMTHHU UCOOTHHU KEITHPAMU3, ThbHU
cucteManuHr L,[1; 1]da3ona oproroHas cuctema OVIMIIMHH KypcaTamus3;
aitHan P, (x)-Jlexxannp KymXaIuHUHT UXTHEPUN m-mapaxanmn kymxan (m <
n) Q,,(x) ra oproroHan Oy IMIIUHU UCOOTIIARMU3.
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ByHuHr yuyH ymoy
df¥(x? - 1"
dxk
upomamm k =0,1,2,...,n-1 yayn x = -1 Ba x =1 HyKrazapaa Hoira
alinaHummHu  9cnatu0®  yramuz.MHterpamiapuu  xucoOnamga — Oynakinad
uHTerpauiam Gopmynacuaad ¢onganaHaMu3:
1
d*(x? - 1"
j 0n () dx =

dx™

dn—l(xz _ 1)n 3
j O3 (0) — o dx =

an— 1(x
dnl

= Qm(x)

dn—Z (x _
dxn—z

. dn m-— 1(x
— (_1) Q( )m(x)' dxn—m-1

[Mynai kuuo,

. dn—Z(xz _ 1)n B
Dt

= 0.

-1

—Q',,(x) -

f Qm(x)B, (x)dx =0, m<n,

XycycaH
1

j B,(x)P, (x)dx =0, m#n

-1
TEHTTIUK YpuHiau O0yianu. By aca {P,(x)} cucTtemMaHMHT OpPTOrOHAJ SKAHIUTUHH
aHTJIaTa/Iu.

Ounu Jlexanap KynxaauHU HOPMAaCHUHUXHCOOIaWMH3. ByHUHT yuyH
JlexaHp KynxaauHu
2n -2

P,(x) = Tl x"+Qp—_1(x)
kypuaniga udonanad omamus, Oy epaa Q,—_1(x)- mapaxacu (n—1) nan xarra
Oynmaran kynxana.B, (x) KynxaaHuHT dapa)kacl NJIaH KHYUK OYJIraH MXTUEpUi
KyIxajara opToroHan Oynuimu Ba Oup Heua MmapTta Oynakiad WHTErpaiaml
dbopmynacunan (boﬁz[anaHH6 TOIaMU3.

[ B2Cax = [ Bty [(2" — DY Qn_l(x)] dx =
@ jpn(x)xndX+ jpn(x)Qn—l (x)dx -
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@n—1 [ C nen 1 arw-1y
E an(x)x dx = n! j 2n' dxn xdx =
Gy faretont
T al@n)! _j g x"dx =
_ ., @n—=1) 2 , -
=(-1) eI jxd(x —1)n =

-1

— I
= (—1)”‘1—(n,(2 )?, j x2d(x* — )"

n—1 (2n — 1)” n—1
=(-1) W3 j(x 1) 1dx3

1

=..= | x2"dx = .
j x= 2n+1

-1

Jlexanap Kynxamjiapd CHCTEMAacCHHHHI  OPTOTOHAUIMTHIAH  YHHUHT
YUZUKIU HPKIU DKAHIATY KEITUO YHKAIH.
Jllemak Vn € NyuyH P, (x) GyHKIMSIHUHT HOPMaCH:

[Mynnai kuuo,

1

j P2(x)dx =

-1

2
2n+ 1

1B (o)l =

Jlexannp kynxaguauar HopMmannanrad P, (x) dyskuuscn ropma || B, (x)||
OwnaH Kyiugaruia OOFJIaHTaH:

~ _ B(x) _ [2n+1
RO = on= {2 &

KynxamHuHr kuilMatiapy X HHUHT KOHKPET KuUHWMaTiapuaa PEeKKYpPEHT
(dopMyna opKaJid TONUIAAN. XOCHIAHU XaM X HUHI KOHKPET KMUMaTIapy y4yH
XOCUJIaHU Xucobuam popmynacuaad GoianaHud TOMUIT MyMKHUH.

8. Jlexanap KYIIXaJUHUHT JACTJIa0KH
XaJIApUHUKY pUHUIIN. JIe)XaHIpHUHT OupUHYM YHOeIITa KYnxaad KyWhujaru
KYpHUHUIITA 3ra:

Py(x) = 1;
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P (x) = x;

P,(x) = %(sz —1);

P3(x) = %(Sx3 — 3x);

Py(x) = %(C%Sx4 — 30x2 + 3);

Ps(x) = %(63x5 — 70x3 + 15x);

P(x) = %(231?66 — 315x* + 105x2 — 5);

1
P,(x) = —(429x7 — 693x°> + 315x3 — 35x);

Po(x) = 735 (6435x —12012x5 + 6930x* — 1260x2 + 35);

Py(x) = 1;8 (12155x° — 25740x7 + 18018x°—4620x3 + 315x);

P o(x) = 2;6 (46189x1° — 109395x8 + 90090x°® — 30030x* + 3465x2
— 63);

Pia(x) = 525 (88179x11—230945x +218790x7 —90090x5+15015x3
— 693x);

Pi,(x) = 10%(676039x12—230945x10 + 2078505x8 — 1021020x°
+ 225225x* — 18018x2 + 231);

Pis(x) = 7557 (1300075x* — 4056234x"! +4849845x° — 2771340x”
+ 765765x°> — 90090x3 + 3003x);

P (x) = 20148 (5014575x1* — 16900975x12+22309287x1°
— 14549535x8 + 4849845x° — 765765x*+45045x2 — 429);

Py5(x)

= 5o (96948451 — 35102025x

+ 50702925x 11 —37182145x°+14549535x7 — 2909907 x5 +255255x3
— 6435x).

9. JlexkaHap Kynxaaaapu Xakula KymuM4a Mabjaymotiaap. Kymmmua
paBuIa Kylujaara GopMmyrialapHu KEATHPaMU3:

Pu(x) = Ziz (%) G - D + 1),

k=0
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k

px) = & 1)n2( 1) (7 (x_ ) L x#E—L

n=EGE o () D) e

JlexaHIpHUHT KymnnraH Kynxaad KyWuaaru ¢opmyna OuiaH
AHUKJIAHA]IN !

dm
P (x) = (1 —x*)™/2 Zom ()

EKU
m

d
B (cosB) = sin™ B W B,(cos 6).

m = 0 ga P (x) xyuxan P, (x) Gunan ycTMa-ycT TyIam.
JlexaHIPHUHT KYIIUITaH KynXaau

(1—-x?) <:_x [(1 - xz)j_xpr{"(x) +n(n+ 1)P1{"(x)> =m?P" (x)

TEHTJIAMaHHW KaHOATIIAHTUPAJIH.

[y Ounan Oup KaTopja alTuin >xou3k, xap Oup m > Omap yuyH
Jlexxanapuuur — Kymwiarad — QyHkogsiap  cucremMacu  PM(x), n=m,m +
1,..L,(—11) na tynux.

n Ba M JapHUHT XKy(pT-TOoKmurura OorimMK xoiaa JlexkaHIpHUHT
KYIIWITaH KyIXamiapu KyQpr Eki TOK QyHKIus Oyiumm MyMkuH: Bit(—x) =
(—=1)™™MP™(x),a6HUP,, (x)- xydT QyrKuMs, P,y 4 (x)- TOK GyHKIMS.

ly ypunrnma adtumn Jio3uMmkd, Jlexanap kynxamiapu (JlexxaHapHUHT
KyImmiaran (QyHKOusIap cucTteMacw OwiaH Ouprajivkia) TaOWWil paBHIIa
MOTSHIMAIIIAp Hazapusacuaa Byxkyara kenrad. [llapra oun yskmusiiap — 7,6, @
chepux koopaumHaranapaa (koucranrta amuknuruga) rB(cosf)cos mesa
r"B"(cos0) sinme, Oynma B(x) JleaHApHUHI KYIIWITaH KYyIXaldapH,
R3na Jlammac TeHTJIaMacHHH KaHoamnantupaau. Illynunraek, Jlanmac
TEHTJIAMACHHA YMYMHUH e€YUMHUHU uoJaam ydyH OpTOTrOHaN 0a3uc
BazudacuHu 6axkapaau.

MycTrakui 0akapuil y4yH TONIIAPHKJIAP
1. Arap n # 0 6ynca

1
P,,(0) < N ——— OYIMIIMHUUCOOT/IAHT.
2) Vx € [-1,1],vn € N nap yuyn
2
< |—_

OYyMUIIMHU NCOOTIIAHT.
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3) U,(x) = (x? — 1)"pynxuusnu kapaiinuk. Vn € N yuyn
Upi1(x) —2(n + 1)xU,(x) = 0;
(x? — DU (x) — 2nxU,(x) =0

PEKKYypeHT GopMmynanap YPUHIN SKaHJIUTUHU UCOOTIIaHT.
n—1 n

4) —aih (x)Ba o (x)HUMCOGIAHT.

5) Jlexannp kynxaauHUHT KOI(DDHUIMEHTIApUHU HUFUHAWCH Oupra
TEHIJIMIMHU UCOOTIIAHT.

6) xydpr n nmapma B,(x) xynxagma x HuAr ¢axar xy(dr, TOK n lapaa
B, (x) xynxaana x HUHT (aKar TOK Japakaaapy KaTHAIIUIIMHU KYPCATUHT.

7) B,(—x) = (=1)"B,(x), spuu Py, (x) - KydT, Pyppyq (x) - TOK QyHKIMS
SKaHJIMIMHU MCOOTIIAHT.

8)|x| < 1ma |B,(x)| < lrenrcusnuk GakapUIMIIMHU KYPCATUHT.

9) Jlexannap KynxaJuHNA XOCHIIACH
dPB,(x) n
dx — 1 — x2 [Pn—l(x) - xPn(x)]

PEKKYpeHT Gopmyiia EpaaMuia XucOOJIaHUIIIMHU UCOOTIIAHT .

8 4. OpToroHauiamITHPHII

10. OproroHa/utIalITHPUIN :KapaéHu Xakuaa wmawjaymor. Dapas
kwiainmuk, R T'unbbepronaum ¢azocu Oyncun. Kyitmparn macananu kypud
YUKAMU3!

R¢pazooa canoxnu snemenmoan mawikui monean Yu3uKaIu 3pKiu

{x,, n=12 .}
cucmema oepunean oyncur. Yexau conoazu Yu3UKIU KOMOUHAYUAIAPHU aMAed
owupuw Hamuxcacuoa Oepuniean CUCMeMAaoaH OpMO20HAN  CUCHEMAaHU
XOCUNKUTUWL IO3UM OYJICUH.

Ky#iunran macana xap J0ouM edwmra sra Oynub, y Kyilugaru teopema
épnamuaa udoanaHagu.

Teopema 1. @apas kunramus,

{xtn, n=12...}1)
cucmema R gpazonune uwusuxiu spkiu snemenmaapu cucmemacu Oyicum. Yunoa
R ¢pazonune wynoati

Wy #0n=12..}
OPMO2OHANL CUCeMACU MONULAOUKU, Oy cucmemanune xap oup y, n =12, ..,
onemenmu (1) cucmema  b6upunuu N ma  dNEMEHMUHUHZ — HYUBUKIU
KoMOuHayusicuoau ubopam oynaou:

Yn = An1Xy ¥ ApoXy + o+ Ay Xy, (2)

(2)xkypurummarn optoroHan {y,} cHUCTeMaHW XOCWJI KWIMII, OJaTnaa
{x, }cucTtemanu opTOrOHAJIAIITHPHUII KAPAEHU JICHIITAITH,

HcooT.y; = x;1e6 onamus. (1l)cucTema YM3MKIHM 3pKIM OYIITaHW YYYH,
y; # 00ynanu.
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dapaz Kwriaiiuk, (2)IIapTHU KaHOATIAHTUPYBYHM ¥3apO OPTOTOHAI
oynmran y, #0, n=12, ...k, k = 1pnementnap Mapxyn OyicuH. YHIA
O6apua Yy, ..., Y JIeMEHTIapra OpToroHan Oyiaranyy . 13JIeMEHTHU YOy

Vir1 = Brr11Y1 + Bra12Y2 T+ Brv1xVie — Xie+1(3)
KYPUHHUILIA KUIUPAMU3.

OproroHauvk mapTura Kypa,

1Yk == Uk Y1) =0
TEHTJIUKIIap Oakapuiuiy Kepak. by maptiap Ba (3) TeHrinukaan ¢oigananuo,

1 Y1) Br+11 = 1 Xkr)s o O Vi) B = ke Xiea1)
OynuinHM Tonamus. by TeHrnmknapaaH sca
Brsri i =12,k
ko3 punrentnap Oup KuMMaTIv TOMUIATH.

Ouau (3) TeHMMKAArd KodpUIEHTIAp YpHUra YHHUHI KHWMAaTJIapUHH,
Y1y, YEJ1ap ypuura ymapHuHr (2) xypuHunpiard wudopasapuHA - KYHHO,
coajanalITUpraHiad CyHr

Yi+1 = Agy11X1 F oo+ Apepq kX — X1
AKAHJINTUHU XOCUJ Kuiamu3. by TeHrnukka xypa Yy 41 # 00ynaau, yyHKU akc
X0J111a
X1y X2y o X1
CUCTEMa YM3UKIU OOFIUK OYub Konap 3au. Teopema UCOOTIIaHIHN.

Mabaymku, R ¢azona Oepuiran 4Yu3MKIM HPKIUM  3JIEMEHTIAp
CUCTEMACUIaHOPTOT OHAJI CUCTEMaHU Kypuijaa I'pamm-HIMuar
OpPTOTOHAJIAIITUPUIN >KapaéHuaaH doigananunagn. by xapa€n Kyhunaruua
amaJjra OIHUpHUIIAIN.

nymuamim R ¢azoma x = (xq, Xy, ... x,) 0azuc Oepwiran OyicuH. by
0a3ucHHM y3rapTUpuO, YHUHT acocuna sHTH Y = (Y1, ¥z, ... Yn )OPTOHOPMAJ Oa3uc
Kypamu3. byHHUHT y4yH KyWuaaru >kapa€HHU aMaJira OlupaMmus.

B _ 91
g, = %y, CPATE
_ 92 .
g2 = % — (x2,y1)y1, Y2 = g2 ll”
_ 93 .
g3 = x3 — (x3,y1)y1 — (x3,¥2)¥2, s = lgsll’
_ Y9n
n = xn — O, y1)y1 = =X, Yn—1)¥Yn-1, Yn = lgnll

Ymly Kypuiaran YVq,...,Y,CAUCTEMa OPTOHOPMAJ CHCTEMAaHH TaLIKUJI
KWJIAJIN.
TacnukHM MaTeMaTUK UHIYKUUS YCYJIUMHU KYi1ad ucOOTIall MyMKHH::
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1) n =1 na tacmuk ypurau, uynka y; # 0 Ba ||y;||=1. Burra Gupmauk
BEKTOpJIaH MOopar cucreMa Tabpudra Kypa OpTOHOPMAJl CHCTEMAaHU TAIlKHII
KHJIaJIH.

2) n = kna tacauk ypunim O0yicuH 1ed ¢apa3 KuiaMus.

SABHHA Y4, ..., Y} CHCTEMA OPTOHOPMAJ CUCTEMaHH TAIIKUJ KUJICHH.

3) n = k + 1o6yicun. SIHrH g) 11 BEKTOPHH

Ik+1 = X1 — e, YOIV = —(kr1, Vi) Vi 4)
dbopmyna acocusa KypaMmus.

Arap gy+1 = Onecak, y xonga

Xir1 = Orr, Y1)y1 0 (X1, Vi)V
oymm0, x = (X1, Xy, ... X;41)BEKTOPJAP CHUCTEMACH YH3UKIH OJPKIU OYIu0
Komagu. by aca (Xq,Xy,... Xk4+1) BEKTOpJIAP CHUCTEMACHHUHI YHM3WKJIH SPKIH
neras maprtura 3uf. Jlemak, gy .1 # O.
DOHAW gi4+q BEKTOPHHU Vi, ..., Yy BEKTOPJIAPHUHI Xap OMpHUTra OPTOTrOHAI

DKAaHJIUTHHH Kypcatamu3.byHunr yuyH y;, i =1k BekTopmapHu ¥3apo
OPTOTOHAJ SKAHJIUTHHU UHOOATra 0Ju0, (4) HU y; ra KYymauTupaMus:

Gr+1:Y) = G, Vi) = O YD O i) = k1, Vi) — (e 1) = 0,
6ynna (v, i) = 1.

Hemak, Y1, Y2 - Vie+1,0yHA2 Vierr = (Gr+1)/ 11 Greal
OPTOHOPMAJIBEKTOPJIAp CUCTEMACHHHM TAIIKWIJI KWJIaIM, BEKTOPJIAPHUHT HOpMAcH
Oupra TEHT.

1-MuCoJ1.DeMEHTIAPU X HUHT JapaxkajapujaH uoopar Oyiran

1, x, x2, ..., x™(5)
CHUCTeMaHu KapaiMu3. by cuctema mxtuépuii (4ekim €KW YeKCH3) OpalluKIa
YU3UKJIN 3PKIN Oynaau.

Euunm. XakukaTtaH xam, arap

Ao+ x4+ -+ 1,x" =0 (6)
Oyica, yaaa Oy ailHusITHU nMmapTa aud pepeHnussuiam épaamuia

n'A, =0

TEHIJIMKHM €KU A,, = O03KaHIUTHHU TOTIaMU3.

VYupa (6) aitHusT

A+ Ahx++ 1,_x"1=0

aliHWsITra aljgaHaau Ba tokopuaard kabu (n — 1)mapra auddepeHmmauan
wymun Ounan A,_; = 00ymumm xypcatunaau. JKapa€HHU 1aBOM OSTTHUPHII
Hatwkacuaa A, = - = A, = 00ynumman xocun Kuiamu3. by sca Oepuiran
(5) crucTeMaHMHT YM3UKJIN SPKJIM SKAaHIUTHHA OWIIIAPaIH.

Arap (5) cucremann [—1;1] kecmama kapab, yara ['pamm-IIImunar
OPTOTOHAJUIALUTUPUII KApPAEHUHU KYJUIacaK, YHAA Japakajapyd MOC paBUIIAA
0,1,2,... ra TeHr OYATaH OPTOTOHAI KYIIXaJjIap CUCTEMACHHH XOCHIT KHJIAMU3.

I'pamm-IIIMUAT OPTOTOHATAIITUPHUIIT >KApa€HU KYN XucoOJaluIapHu
Tanad Kujaaau. XucoOnaml WIIapUHM KamaWTtupum ydyH 1, x, X% 9M3HKIH
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spkim  pynkuusiap cucremMacunu [—1;1] kecmama opTOroHaUIAIITHPHIIL
YKapa€HUHU KypcaTaMus.

benrunam kupuramus:

Go(x) =1,G6,(x) = x,G,(x) = x2.

I'pamm-1IIMuaT OpTOrOHANIAIITUPUI KAapaEHUTA Kypa!

1) Po(x) = Go(x) = 1.

2) Uxkunum kagamra kypa Py (x) = G;(x) — Ay, Py (x),6ynna
_ (Gl(x)1 Po(x))

f"l G 1
(6,(x), Po(x)) = jt-ldt=0, 1P, GOI? = fl-ldt —2

Hemaxk, P;(x) = x.
3) P,(x) = G,(x) — A1x — Ay, OyHza
_G®W @) (6H),RK)

Ay = , =
S YOTE S TNCOTE
2
(G:eR) = [ =0, IP@IP= [tear=5
-1 -1
OyHIaHKeTno YuKaauku A,; = 0.
1 1
2 2 2
(G, (x), Py(x)) = | t?-1dt = 3 1P, ()|?= | 1-1dt =2
-1 -1
bynnaun
Po(x) = % —
X) =x°—=
? 3
DKAHJIUTHHH TOTIAMU3.
Jlemak,
1

PRO=1  P@=x P =xt-3

OopTOroHasl GyHKIUsJIAP CUCTEMACUHU TY3/UK.

Arap (5) cucrema yuyn xam[—1;1] kecMaza OpTOrOHALIAIITHPHIII
KapaCHUHM JaBOM JITTHPCAK, YH7Ia aapaxanapu moc pasumaa 0,1,2,... ra TeHr
OynraH opTOroHalsl Kynxajjap KeTMa-KeTIUTHHU XOCUJT KHJIaMU3.

2-mucon.R3pasonaf; = (1,1,0), £, = (0,1,1),f; = (1,0,1) Bexropnap
CUCTEMACHIaH OPTOHOPMAJI BEKTOPJIAp CUCTEMACHUHU TY3HHT.

Euyum. I'pamm-llImuar  oproronamnamitupuil — xapaéHura  Kypa
U3J1aHaéTral CUCTEMAHUHT OMpHHYHM djiemente; = f; = (1,1,0)6ynanmu.
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(f2.e1) 0-1+1-1+1-0
e, =fy — (ji) =(0,1,1) — TTIET0

orn-(G0)-(329)

(f3131) (f3.€2)

=fz— €2
(ell el) (821 eZ)
dbopmynanan (boﬁnanaHH6, YYUHYH 3JIEMEHTHU TOIIAMU3!
1

1 > 11 2 22
0= 0D | 3010+ (-551) )= (3-53.3)

4

(1,1,0)

OHIU

Harwmxkara xypa

11 2 22
0=010, e=(-351) e=(5-53)

BekTOpIap cuctemacu R3 (dasoma oproraHan GasMCHM TAIIKMI KUIagd. By
0a3MCHU OPTOHOPMAJUIAIITUPHUIN YUYH Xap OUP BEKTOPHU Y3WHH Y3YHJIUTHIa

Oynmub YnKamus.

3 2
el =V2, e, = |=,les] = —=.
| 1| | 2| \/; | 3| ‘\/§

Jlemak,

e1_<1 10)e2 112)e3 1 1 1
T Rl 0 R o Rl v A o v BT,
opToHOpMas 0a3uc Oynaau.

Yy 600HMHT OupuHuM mnaparpadumaru OpTOHOPMaANl CUCTEMallapiaH
Talkapu, KyWnaa sHa OWp HEYTa OPTOHOPMAN CHCTeMaylapra MHCOJUIap
KEJITUPaMU3:

a) yveknu R™daszona

e; =(10,..,0),e,=(0.10,..,0),..,e, =(0,0,..01)
BEKTOPJIAp OPTOHOPMAJ CUCTEMAaHH TAITKHJI KHJIA !,
0) L, [0, [1pazona

2
o (x) = \/:smk 7% k=123,...

byHKIUsIap TYIJIaMM OPTOHOPMAJl CHUCTEMaHW TallKWi Kuwiaau. byHnoaH
Tamkapu, 0y Gpyukusiap cucremacu L, [0, [] na opronopmain 6asucuu 6ynanu;
B) Pamemaxep ¢ynkuusimap cucremacu L,[0,1] nma opronopman
byHKIMsIap cucTeMacu Oynaau.
My ypunma alTHUIl >KOU3KU, UXTUEPUN YMBUKIM OOFIMK OYyIiMaran
cucrtemara ['pamm-1IIMuUaT OpTOTrOHANIAIITUPUIN MPOLECCUHU KYiu1ald, yHAaH
OPTOHOpPMAJI CUCTEMAHU KypHUIIl MYMKHH.
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I'pamm-IIMuar kKommacu acocupa HopMmaiulaHrad Jlexanap Kynxaau
KyHUuJaru KypUuHUIIHYU OJau !
SPY(x) = By(x);

2(n — m)n\"’
SP™M™(x) = (—1)™ <%> BM™(x).

Jlexxanap Kynxaad y4yH XOCUJI KUJyBUM (DYHKIUS
(0.0]
1

P, (2)x™ =
Z " V1 — 2xz + x2
n=0

MycTakui 0a:xkapuil Y4yH TONIIMPUKIAP

1)3neMeHTIapy X HUHT KypT Japa)canapujiad nbopar
oynranl, x2,x* ..., x?"cucremann (ueknmu EKM YEKCH3) OpANTUKIA UM3HKIH
APKIWIMKKA TEKIIUPUHT;

2) Pamemaxep ¢yukuusiap cucremacd L,[0,I] ma opronopman
GyHKUMATIAp cUcTeMacH OYJIMIIMHU UCOOTIIAHT;

3) 1, cosx, cos 2x,...,cosnx, .. .pyHKOHIIAp CUCTEMACUHUYCKITU
OpaliMKJa YM3UKIW DPKIUIUKKA TEKIIMPUHT. Arap 4YM3UKIM S3pKIH OVyica
I'pamm-IIIMuAT ~ OPTOrOHANNAINTUPUII  MPOLECCHHM  KyJuiad,  ynapjaH
OPTOHOPMAJI CUCTEMA KYPHHT;

4) 1, sinx, sin 2x, ..., sinnx. . ..pyHKO#sIIap CUCTEMACUHNYEKIIN
OpaliMKJa YM3UKIW DSPKIUIUMKKA TEKIIMPUHT. Arap 4YM3UKIM 3pKIH O¥yica
I'pamm-IIIMuAT  OPTOrOHANNAINTUPUII  MPOUECCHHM  KyJuiad,  ynapjaH
OPTOHOpPMAJI CUCTEMA KYPHHT.

§ 5.®ypnbe KaTOpJIaApHU
11.®dypre kaTopJapu Ba yJapHUHI Xoccajapu. Papa3 Kuailuk,
RTunw6epTonau dazocu 6yncun. Kyitugaru macananu KypaMmus:

Reazonune nma wuzuxiu 3priu eq, ey, ... ., en8€KMOPLaApU CUCmemacu
bepunean 6y1u6b, y € Roupopma ¢uxcupnanean eekmop 6yacun. lllynoa
aje; *azert...+tazen (1)
YUBUKIU KOMOUHAYUSHU MONUWL IO3UM OYICUHKU,
ly — (a1e1 + azex+... +agey)|| (2)
ugooa munumym Kutimamea spuuicut. by scaa,. .. ayyzeapysuunu yuioy
n 2 n n
y_zakek = y_zakekay_zakek (3
k=1 k=1 k=1
DYHKYUAHUHS MUHUMYMEA dIPULUULULRA TMeH2 KYYTUOUD .
Arap Rdazo nymuamnu 06ynu0, eq, ey, ... ., epBeKkTOpiap 0y dazomabdazuc

TAIKWJI KWica, yHAadg, k = 1,2,...n,Ko3QHUUEHTIApHA IIyHZald TaHJIaIl
MyMKHHKH,
Yy = a.e; +aze;+... +azen(4)
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TEHTJIUK Oaxkapwiaau Ba V3 HaBOartuma (2)udona Hoira aitmanaau. Arap R
(a30HUHT yIyamMu 4ekiau Oyiamaca €Ky 4ekiau Oynaranaa xaM N aaH karra Oyiica,
yHIa yMyMmaH onradna (4)TeHrIMKHH OakapWill MYMKHH SMac Ba Macaja
(2)udomara muHuMan KuiimMatHu Oepamurad (1)UM3HKIM KOMOWHAITUSHU
TONUILJAH nOopaT 6ynaau.

Arap no3uM Oyica OpPTOrOHAIIAIITUPUIN KapaCHuAaH (ougamaHumT
HaTWXXacujaa eq,e,,....,ey CUCTEMaHU HoJJaH (apkiau OyiaraH BeKTopiaplaH
TalIKWI TONTIaH OPTOTOHAJ CUCTeMa OwiaH anMmamTupuil MyMKuH. LlyHunr
y4yH

ek;tO, (ekej)ZO, k:,t], k,]=1,_n
neddapaskuiiamMmus. OpTroronamukmaptugandongaataHnuo

(3)cbyHKuHﬂHHHrK}”/pHHHmHHH}VI:?.rapTI/IpaMI/B :
n 2

yz arer|| = @.y)+ z Z Ay a; (ex, e])

k= =1j=1
n
—zz a (v a) = [Iyl1? + Zai Nlexll2 - ZZ(y,ek) = Iyl
k=1 k=1
e, 0 e
Z(ak lewll =22 = ) e (5)
el ” £ Tlex
by TCHFJII/IKI[aH KYpUHAJIUKH,
(v.ex) —
ay - llexll — =0, k=1n
kel = e
oynrauja, SbHU
_ (v ex)
% = el ()

TEHTTIMK Oakapwiranja (2)udoa MUHUMYMIa 3PHUIIA]IH.
Tavpud 1. (6)popmyra époamuda anuxnamean acomnap y 91eMEHMHUNHS

€1, €3, ... ., epcucmema oyuuua Dypve KoIhpuuenmnapu oetiunaou.
Arap ej, €y, ..., e,cucTeMa opToHopMan Oyica, yHima (6)dbopMyna commapok
KYPUHHILTA KEeJIaIu
ar = (¥, ex) (7)

Oumu  (5)udomara kaiitamm3. Arap y epaad, .. .,apiapcudaruaa

(6)Dypbe ko3P PUILICHTIAPHHHU OJICAK, Y XOJIAAKyHHIaTH TEHT CH3IIUK,
n n 2

IVIZ =) af - llell? = ||y = > ayer|| =0 ®

Ba Oy TEHI'CU3JIMKJIaH 3ca
n
Y. at lleell < llyl? (©)

k=1
XocuJ1 Oynaau.

126



[Mynat kunuob, Kyluaaru teopemMa ucOoTIaHau.
Teopema 1. Dapas kunamus,{e. e, # 0,k =
1, n}cucmemaRIunvb6epmonou gazocunune OpMO20HA eekmopJapu
cucmemacubyicun. Ynoa y € Reekmop yuyn aynap @ypvexosghuyenmiapuea
mene oyneanoa, Asvhuay, = ai, k = 1,2 ..., nmenenuxbaxcapuneanoa,
n

k=1
YUBUKIU KOMOUHAYUSL EKMOPHUHE IH2YAXWU AKUHIAuUWURY Oepadu. bynoa
2

n 2 n
inf |y — z aegl| = ||y — z age|l =
@1l k=1 k=1
n
= Y1 = ) a} llexll? = 0

k=1
MyHocabam baxcapunaou.
OHnu papa3 KUk,

ek(ek * O)k — 1,2 R (10)

AJIEMEHTIIap KeTMa-KeTiuru Oepuiran 6ynuo, y Rdasogaoproronan cucreManu
Tamkwi 3TcuH. by xomma xam yanemeHTHUHT (10)cuctema Oyiinua ®Dypbe
ko3¢ punentaapunu(6)popmyna épaamuaa aHUKIAHAIH.
Tavpud 2. Adeapa, k=12....1ap y osnemenmuune (10)cucmema 6ytiuua
Dypve ko3ppuyenmaapu 6yica, ynoa

z e (11)

k=1
kamopea yanemenmuune(10)cucmema o6yiuuua @ypve xKamopuoeuunaou. by

xonoa
[ee]
y— z A€k

k=1
Ka0u é3nnaau.
Tabpud 3. Yoy
n
E,(y) = inf ||y— arerll, n=12,
@1l k=1
KAMMAIUKKAY2/1eMeHMHUNHS
(o]
k=1

(npuxcupnanean)
YUSUKTUKOMOUHAYUANAPEP OaMUOALUIHAX WMUAKUHAauiumuOetiunaou. Byepoain

f
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n

k=1
KYPUHUULO QUMY MKUHOY12AHOAPYAUUSUKAUKOMOUHAYUSANAPHUHS 01, ... . . Ay KOO
QuyenmaapudyiuLaoIuHean.
by Tappudaan kypuHaIUKH,
Eni(y) < En(y)(12)
TEHTJIUK YPUHJIH.
1-Teopemanan Kyiugaru MyHocaOaTHUHT OakapUIIUILIN KETHOUNKAIH :

n

= [yl =) e} llewll2

k=1

(v, ex)
ay =——, k=12, ... (13)
(ex. ex)
12. Becceab TeHrcu3auru. Onauaru OaHAma KEITHUPHIITaHTACIUKHU 1-
TEOPEeMaHUHT HaTHXacu cudaTuaa KeITHPaMu3.

Hatu:ka 1. y € R anemenm @ypve kamopunune
n

Sp = z €k

k=1
Kucmuil uuunounapuy € Ronemenmuune
aeq + azert.. tapey

YUIUKTUKOMOUHAYUANAPUOYUUYAI HEAXWUAKUHAAUUUUHUOEPAOU.

HlyHuHTIEK, 2-TeOpeMaJaHKy i IarnHaTHKaTapKeITHOINKATIH.

Haruka 2. Yoy

Iy = Snsall < lly = Sull, n=12,...(14)

MeH2CU3UK YPUHTIU.

(14)renrcusnuk (12) Ba (13)myHOcabariapiaH TYFPUIAH-TYFPU KeIUO
YUKAIH.

Hatmxxka 3.y € Ronemenmnune  @ypve  kod¢uyenmiapua,, n =
1,2,..1ap yuyn yuoby

e8]

> dilleall® < llyll? (15)
n=1
beccenv menzcuznuzu ypuniu.
beccenb Tenrcusiuru (9)TeHrcU3IUKIaHN — 0014 KEIIMOYHKAIH.
Harmxa 4. Aeap wynoaiic > Oyzeapmac monunub,||ey|| = ¢, k=1,2,....
menecuzuk oaxcapunca, xycycan (24) cucmema opmonopman 6yaca (0y xonoa
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¢ = 10e6 onuw mymxun), y xonoa @ypve xosgpguyenmiapu k — 00oda nonea
UHMUNAOU

lim a; = 0. (16)
k—oo
y
ai = scapllell? <= ) agllell* < —5—= ) ai
llexl c c
k=1 k=1 k=1 k=1

KATOPSIKWHJIANTYBYHW. Y HAAKaTOPSIKUHIANIUITHAHT3apypUrTIIap TUTAKypa
lim az =0 = lim q, = 0.
k—oo k—oo
TabuuiicaBonTyruiaau:
Kanoatiuwapmaapoaxcapuneanoay snemenmuune@ypbekamopusKuHiauLy 84uoyi
aou?
BbycaBosnraxaBo00epuIIaHOIAUHKY UM IaTUTabpU(PIapHUKENTUPAMUS.

Tavpud 4.  AeapRmempuxghazooauxmuéputighynoamenmanxemma-
KemauksaKuniauysuuoyica, ynoaReamynamempukgazooeiiunaou.
Tabpud 5.

Ckanapkynaummaxupumuneauxapxanoaumynrayuzuxnugazoeal unvboepmdahazoc
uoeuunaou.

DypreKaTOPUHUHTIKAHIAMAIITAXAKA AT HCABOJITAKy HUJaTUTEOPEMasKaBO
00epaau.

Teopema 2. AeapRI'unvbepmeazocubynca, yxonoay €
Roanemenmuuneuxmuépuiiopmo2onan
(10)cucmemabyiiuna@ypvexamopuskuniaulysuudyiaousaazap

(00]

Yo = z Ak €y (17)
k=1
oynca,  yHOay — YgdleMeHm (10)cucmemanune bapuasiemenmuapuea

Opmo2oHan 6ynaou.
HcodoT. AltTalinnuk,

n
Sy, = z aier n=12 ...,
k=1

(11)DypbekaTOPUHUHTKUCMUAMHUFHHIAIAPUOYIICHH. YHIa
2

n+p n+p n+p
2
||5n+p—5n|| — z aklrl|l — z Ak €y z Ak €x
k=n+1 k=n+1 k=n+1
n+p
= z allegl’n=12,... p=12,..... (18)
k=n+1

oynanu.
(15)beccenb TeHTCH3IIUTHTa Kypa
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[}

D allelr

k=1

KaTOPSAKHUHIIAITYBYU O0ynanu.MabiymKu,
KaTopsKuHIammmuny1yHKommkpurepusicurakypa,ve >
OcoHonuHTaHIaXaMIyHIalin, € NHOMepTOonmmiIaauku, VYn = ngeap € N

n+p

agllell® < &
k=n+1

TEHTCH3IIMK Oaxkapmianu.(18)renrnukka kypa,vn = n.Ba p € NyuyH

1Snsp = Sull < &
AbHU{S, JkeTMa-keTIuK ~ Rdazoma  ¢yHmamenrtan  Oyinaau.RTynabyiaranu
yayH{S, }KuHIamysun 6ynaum.

dapa3 KUIaiinK,{S, JxeTMa-KeTIuK Rda3oHuHTydI1€eMEHTHTa

skurnanicus. Yxonga(l7)sa (6)dbopmynanapaandoiiiananub, KyHduaartiapHu
XOCHJI KWJIaMU3:

b —voex) =, ep) — (O);o,ek)
= (y.ex) — z ay - (en ex) = (v, ex) —ay - ||t‘3k||2

=, er) — (”y |T2) lexll> = (v.ex) — (v ex) =

Teopema nucbotmany.

13. ®ypbe kKartopjapu Tabpupu.DHA Dyphe KATOPUHU KIACCHK
MabHONA, STbHM IOKOpHIAa KEITHUPWITaH YMyMHH Ha3apUSHUHT XYCYCHH
XoJiapuaa Kypub yukamus.

f(x)bynkums Ppaspau  QyHkums gedimnanu, arappa  f(x + P) =
f(x)6yaca. f(x)byHkumssHUHr paBpu 27 ra TeHr OYiacuH. YmlOy Xosaa
GYHKIUSHA XOJATUHA [— T, T[] OpajuKIa YpraHUIl eTapiiu.

1) ®apa3 xunamus, 27 gaspau f(x)dyukous [—n, T[] opanukaa abcoIrT
UHTErpaUlaHyB4u OYJICUH, H’bHI/I

j If (0)ldx < oo

2) Slna dapa3 kwramus, f (x) byHKIMS OMp KUUMATIH, OYIaKIu-y31yKCU3
("dex HyKTajapja y3WIHIITa 5ra) Ba OVJIaKIM-MOHOTOH (YCKJIM COHJa Maxsa
min xuiiMaTIapra sra).

Arap 1) Ba 2) mapriap O6axapuica, f(x) Gynkuus yuyn ®ypbe Karopu
MaBXyj 0yn1u0, yHra sKMHJIAIIa u.

Arap xyHyKTa y3unuul HyKracu 0yica, @ypbe KaTopu
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1
!el_rfg)z[f(xo — &) — fxo + ©)]
KUMAaTra ssKMHIanajim.
f(x) dbynkuusiauar Oyphe KaTopH

a
flx) = ?0 + Z{an cos nx + b,, sinnx}
n=1

KypuHuiiga 6ynuod, Oynaa
A

a, 2% jf(x)dx,anZ% jf(x)cosmxdx,

an% jf(x)sinmxdx,(n=1,2,3,...).

-1t
Alipum  xomtapga Pypbe KaTOPUHMHT OOUIKA KYPUHUIIMAAH XaM
doimananunanu. a, Ba b, mapypuura d,Ba @, €ku d,Ba 0, y3rapyBunWIapHU

KUPUTAMU3:
a b
d, =+ a3+ b,zl,tg(an—n, tg 0, = -
bn an
I_HYHI[a CDpre KaTtopu

flx) =— 0+ z d, sin(nx + ¢,) éxuf (x) = ?0 z ncos(nx +6,)

n:
KypI/IHI/IIHFa KeHaI[I/I

14. Kyt Ba ToK pyHknusiapuu @ypbe Karopura éiium. Jlaspu 27
ra tedr OYnran xydpr f(x) ¢yuxkuusnapuuar @Oypbe KaTOpuaa CHHyCIAp
KaTHaIIMalu Ba KyWuaaru KypuHuiaa oyiaau:

co

a
f(x) =?0+Zancosnx

n=1
Ba K03 PULMEeHTIapH
A

0 :gjf(x)dx,an =%jf(x)cosmxdx, (n=123..)
0

OPKAJIM AaHUKJIAHA]IU.
[llynra yxmam maspu 27 ra Tedr Oyarad Tok f(x) ¢yHKUUsIapHUHT
dypbe KaTOpH1a KOCUHYCIap KaTHAIIMAKWI1 Ba KyHuJaru KypuHuiaa oynaau:
co

flx) = z a, sinnx

n=1
Ba K03 ULIMEHTIapH
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b, = %jf(x)sinmxdx,(n =1,2,3,..).

Ky#iuna maBpu 2m ra TeHr OynraHaiipum TUnuk (QyHKIusuiapau Oypbe
Karopura EMMIMIIMHU KypuO 4uKamu3, OyHIa Katopra EHWMII MyMKHH Ba
Oepwiiran GyHKIUATa SKUHIAMIAAN AeTad apa3 Kuiamus.

15. Aiipumpynkuussiapuu  @Pypbe Karopura Eilmm Oyiunua
MHCOJLIAP.

1-mucon.[laspu 27w ra tenr Oymranf(x) ¢yskuus @Pypbe Karopura
EUNIITaH:

a
flx) = ?0 + Z{an cos nx + b,, sinnx}

ay, a,Bab, ko3 pUIHEHTIAPHN aHUKJIAHT.

Eunm.a, xosdduuuentaun tomnui yuyH Dypbe KaTOPUHU [—n, T[]

OpaJuKaa UHTErpaIaiMu3:
A

o0 T T
jf(x)dx = ma, + z [an j cos nx dx + by, jsin nxdx|.
n=1 -1 -1

-1t

bapua n > Oyuyn

T . T
sinnx
cos nxdx =
n

—TT
-1

bynnan,

coS nx) |7T

T
=0Ba jsinnxdx = (—
n -1
—TT

1 T
o =— jf(x)dx.

a, kodbdunuenTiapuu aHukiam yuyH @Dypbe KaTOpPUHHU COS NX Ta
Kymaitupuo, [—n, T[] OpaJINKJa UHTETPAIIaNMU3!
b4 s

ff(x)cosmxdx:% fcosmxdx

T[ T

+ Z a, f cos nxcos mxdx + b, f sinnxcos mxdx|.
-1 —TT
TeHrIMKHUHT  YHT  TOMOHHAArd OWPHMHYM XaAW  HOJra  TCHT.
TpI/IFOHOMeTpI/IK alHHSATIapIaH (bonz[anchaK n#m Jap y4yH

j sinnxcos mxdx = 5 j[sm(n + m) x + sin(n — m) x]dx = 0,

-1t -1t
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T

T
j cos nxcos mx dx = j[cos m+m)x +cos(n—m)x]dx =0

-1t -1
ra TeHr Oynaau.
n = m Oynranaa
A

T
1
j sinnx cos mxdx = 5 j[sin 2m x + sinOldx, =

-7 -7
s

1 cos 2mx\|"
j sin® mxdx = = (— —) =0:
2 2m o

-1

T T
1
j cosnx cos mxdx = 5 j[cos 2m x + cos0ldx, =
-7

‘ 1|/sin 2mx
j cos’mxdx = > (—)

-7
s

1
+ 2n] = —[sin 2mm — sin 2m(-mn)] +
dm

2m —
-7
= .
Vs 1 T
jf(x) cosmx dx = a,m,=> a, = - jf(x) cosmxdx,m=123...
-7 -7

lynra yxwmwam, ®ypbe KaTOPUHU Sinmx ra KynautpuO, xaama-xana
uHTEeTrpaiad, b, TonaMus:

T
1
b, = - jf(x) sinmxdx,m=123....
—TT
Jlemak,

T
1
a, =; jf(x) cos nx dx,
-7

T
1
b, = - jf(x) sinnxdx,n=1273....
—TT

2-MHCOI.
_ 2, -nt<x<0;
f(x)_{x—l, O<x<m.
¢byukiusinu Oypre Katopura EHUHT.

Euumi.
T

a0=1 7Tf(x)deE 2 0dx+ (x —Ddx | =
2! Sl

T
0
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1 5 +1 5 )_n+2
n(n 27‘[ T = >
0

A
1
a = — 2 jcos kxdx +j (x —1)coskxdx | =
0

-1t

_ l(ZSin(n - k) N nisin(m - k) N cos (m - k) B 1 )

T k k k? k?
0, k =2n,n € N,
N
—y k=2n-1.

0 T
1
b, = - 2 jsin kxdx + j(x — 1)sinkxdx | =
0

-
_ 1( 2 N 2coskm coskm 1 mcoskm sin kn)

+ +
n\ k k k k 1 k k?
_1((3—n)coskn—3)_ Tk k=2nn€N;
T - )m—6
" k . k=2n-1
m-k
Anuknanrad kodduuuentiapau Oypbe Katopura KyssMu3:
T+2 1w [((-1F-1 1m—3+3(-1F
f(x) = > +;Z<TCOSkx_E = -sinkx .
k=1
3-MHUCOJT.
2x — 1, -1 <x<0;

f(x):{1+x, O<x<m.
byukiusiau Oypre Katopura EHUHT.
Eunm.

T 0 T
a, =%jf(x)dx=% j(Zx—l)dx+j(1+x)dx
—1 —TT 0

_1<2 ++12)_ T,
=_|-mf-mHmaont )= -2

WNuterpamnam xucoOnapu KUWMMHYWIMTH Ba KYIad WHTErpaliaml
ycyutapuid  Tanad  Kuiaau. LlyHuHr ydyH acocuil  XmcoOJanutapHu
KeJITUPaMU3:

T 0 T
a, = % j f(x)coskxdx = % j(2x — 1)cos kxdx +j (1 + x)cos kxdx
- - 0
_ 1((2n+ 1) —sinkm +£_ 2cos km . (m + 1)Sinkn+coskn _i)
T k k? k? k k? k?
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_ m, k=2nn € N;
3 —
W’ k=2n—1n € N.

T 0 4
1 1
=— jf(x) sinkx dx = - f(Zx — 1) sin kxdx + j (1 + x)sin kxdx

-1 0

171 @ +1)coskn+25inkn (7‘[+1)C0$k7‘[+1
VIR k k2 k K
Sinkn)_1<4 4 cos km ncoskn+sink7T)_
k? w \k k k? k2 )
3
e k=2nn € N;
~ 137 +4
, k=2n—-—1n€N.
tk

Anuganras ko3 punuertiapan Oypre Karopura Kyuumaa k aa Kypt
Ba TOKJIUTMHU UHOOATra oJu0, Kyiuaaru EMuIiMaHu oJlaMU3’

co ANk B X
f(x)=—g+%z<2k(—zl)coskx—% 3ﬂ+(2_1)g( b Smkx>.
k=1

4-mucon. TpanenusacumoH TYIKUH pyHkiusicuau Oypre Katopura EUUHT
x,0<x <1,

f(x)Z{ 1,1<x<2

3—x,2<x<3
3
Euum.Kecmanunr spmu L = - ra TeHT. ag, a,Ba b,kodddunmuentiapHu

jf(x)dx— ljxdx+jdx+f(3_x)dx —
E[(’L) + x| <3x_x_2> ]:f
31\2/], 1 2),| 3

nwx 2NX

jf(x)cos—dx— jf(x)cos 3 dx =

XUCOOJIaliMU3:

1 2
2 2nmx o + 2nmx ax+ (3 ) 2nmx p
3 jxcos 3 X jcos 3 X j X) cos 3 X

0 1
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2 3 2nﬂx
= 3 ( xsin

_2nnxd N 3 _2n7rx)2
jZnﬂ 3 <2nﬂsm 3

2NnT 3 1
N 3 3 2nnx - 2nmx
<2nﬂ( X)sin—3 j o 3 (T
2(3 | 2nm N 9 2nm 1) 3 dnm 2nn)
S{Znﬂ ST T e (COS 3 onm (Sm 3 SnT3
Adnm N 9 ( o + 4nn)}
2nﬂsm 3 o cos2nm + cos 3
_ 2 { 9 ( 2nm 1) N 9 ( dnm 1)}
~ 342z \“*° 73 a2z \“%° 73 |
Int 2nm 2nm
coSs T — CoS (2117'[ — T) — COST3K3HJ’II/IFI/IHI/II/IHO6aTraOJ'IcaK,
_2 29 ( 2nm 1)_ 3 ( 2nm 1) — 123
a, = 32 cos 3 = cos 3 n=123...

Bepuinran ¢yakuusaunr [0,3] opanmukna xypT skammurugan b, HUHT

HOJITA TEHNUru KenuO uukaau. PyHkuusHuHr Dypbe KaTopura Elnnamacu
KyWHJ1ard KYpyuHUIITa 3ra Oyaaau:

2 3 1-cos"  onmx
fx—3 ﬂzz "y cos 3

n=1

MycTakui 0a:xapuil Y4yH TONIIMPUKJIAP
1. Kyiinnaru ¢pyukiusinapau @ypbe Karopura EHuHT:

X+ 2, —3<x< -2
a)fl(x)Z{—x—Z, -2<x<0;
X — 2, 0<x<1

x+1 -2<x<-1;
6) f2(x) ={ —2x*+2, |x| <1;
x—1 1<x<2

B) f(x) =x— [x], Ix] <L

—x3-8, xe€[-3-2]

r) f(x) = 0, x € [-2,0];

N fe)={""

—x3, x € [0, 3].
—T<x<0,
x, 0<x<m.

e) f(x) =x3,-m<x <m;

RO ={ ] e

3) f(x) =x+5,—nm<x <m.
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8 6. Tyaa opToroHasa cucreMasjap Ba yaapHuHr ®ypbe KaTOpUOHIaH
OOFJIAHU N

16. Tyna oproroHaj cucreMajap Xakuaa TymyHuagap.CaHOKIH

CUCTEMA YUYH TYJAIUK TYLIyHYACUHU KUPUTAMU3. AUmatiiux,
e, €ERn=12 ..
cucmemabepuneanOyicun. AeapoycucmemadiemenmiapuUHUHSYU3UKIUKOMOUHAY
usnapumyniamuR ¢pazooazuubdyica, avHUxapoupx € RonemenmeaVe >
Oconyuynuynoaun = n(e, x)nomepealy, ... . d,conrapmonuncaxu,
lx — (Qrer+, ..., +Anen)ll < € (1)
menecuziux obasicapuica, yHoa obepunecan cucmemaR ¢azooa mynacucmema
oeuunaou.
Teopema  1.RIunvbepmonougpazocuoaeu((10), wy  606HUHE  Oewunuu
napazpagu)opmozonaicucmemManune wy ¢azooa myaa oyauwu yuyH Kyuuoazu
wapmuune Oadxcapunuwiyu 3apyp 6a emapauoup: uxmuépunly € Ranemenm
yuyHyHune @ypve Kamopu auHan wy iemenmaead AKUHAAUAOU, SbHU
[ee]

e
y = z aiey,oyepnaa; = M k=12, .. (2)
VA e
=1
exu
n
lim y—Zakek =0 3)
n—oo —

meHeauK baxcapuniaou.
3apypauru.Arap (1)mapt 6upopiy, ... . A,jap yayHOakapuiica, yHaa OCHIMHYH
naparpadaaru l-reopemara kypa, Oy mapt
AM=aq, ... Ay =ay

Oynranma xam Oaxkapwiamu, sbHU Ocepuiarane > Ocon yuyH (1) TeHrcu3muk
OupopTanja Ba Tabumiiku Oapuam > niappabaxapwianu. by aca (3) mapTHUHT
OaKapHUJIUIINTA TSHT KYYJIHIUD.

Erapmuauru. Arap (3)tenriuk 0axapuica, yaaa Ve = Oyuyn (2) @ypbe

KaTOPMHUHT IIYHIa1
n
Sp = z ageég
k=1

KHCMHUI K€TMa-KETIUTH TOIMIAIUKH,
ly — Sull < €(4)
TEHTCU3IUK, AbHU (1)mapT Oarkapuiaay.
Teopema 2. [unvbepmonou gaszocuysnemenmuune ((11), wy 606nune bewunqu
napazpagpu) Pypve Kamopu uLy s1emenmea ASKUHAAQUUWU YUVH YOy
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o0

V12 = a2llell?

k=1
IapcesanvmenznusuHUHZOANCAPUTUUUZAPYPEACMADIUOUD,
byepoaa,, ysniemeHmHune ((10), uy bobHUHS bewunyu
napazpagu)cucmemaodyiiuuaPypvexodpguyenmiapuxodpguyenmiapu.

By teopemanaH cucTeMaHHUHI Tyia OYIWIIM XakKujaard stHa OUp ME30H
Kenub YuKamu.

Haruxa. Rl unvboepmonou ¢pazocuoacu ((10), wy 606Hune Oewunyu
napazpagu)opmozonan cucmemarune wy azooa myna oy y4yH uxmuépuil
Yy € R snemenm onuneanoa xam Ilapcesanv menenueunu odaxcapuiuuiu 3apyp 6a
emapauoup.

Arap ((10), ury 606HMHT OemuHYM aparpadu)Tyia cucTeMa OpTOHOPMAUT
oynca, yaaa [lapceBanb TEHIIIUTH COIAPOK KYPUHUIITA KETau :

e8]

IVIP=) @l @=(ed, k=12, )

k=1
Ba yHU dYekcu3 YymuoBnu (Bazomap yuyH Iludparop TeopeMacHHUHT
ymymJjammMacu cudaruaa Kapam MyMKHH.
2-TeoOpeMaHUHT UCOOTH.
((8), mry 600HUHT OerrrHYM maparpadu)TeHIIHKKA Kypa ymioy

n 2 ©
y= ) aer| =lyl2 = alle?
k=1 k=1
TEeHTJIUKYpUHINAIU. byepmnan — cokyiungaru 2 ta
n
lim ||y — z axer|| =0 (6)
n—-o0
k=1
Ba
n
im (IyI2 = > ai2llecll? | =0,
n—-o0
k=1
ABHHN
n
VI = lim > a2llell? )
n—-oo
k=1

MAPTIAPHUHT TCHTKY WIMIKAHIUTUHUXOCUITKUIIAMHU3.
IOxopunarnaatmkal Ba2-TeopemManapaaHTyFpUuIaH-TYFPUKEITNOINKA TN, DHIN

o0

k=1
dypbe KaTopHura MOC KEJIyBYH 3JICMEHTHHHIATOHAIMTH MacalaCHHU YpraHaMHu3.
Teopema 3. AecapR -lI'unvbepmonou ¢pazocuoacu ((10), wy 606HUHe bewunuu

napazpagu)opmoeonan  cucmema uly  gazooa myra oyica eay €
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Ronemenmnune((10), wy 606nune Oewunuu napacpagpu)cucmema OViuua
bapua®Dypve koaghuyenmnapunonea meneoynica, yHOay d1eMeHMHUHZ Y3U
xamOea menebynca, ynoaysnemeHmHURe y3u XamMHoIea mene 0ya1aou.

[Mlaptra kypaa, = 0.Yuma (7)[lapceBans Ttenrmurura kypally|l =
06ynamu. byanan y = O skaHiuru Keaud YuKau.

Haruxa. Aeap y; €ER 6a y, € R anemenmnapnuune ((10), wy 606HuHe
bewunuu napacpagu)mynra opmoeonan cucmema oyiuua oOapua Dypve
Koaghuyenmunapu yzapo mene oynca, y xo10a y; = y, 6ynaou.

y,Ba Y,31eMeHTIIapHUHT Dyphe KOIPUIICHTIApU YIYH

(v.ex) (v —yo.ex)
= , k=12,...,
llexll> llexll?
TeHrnukOaxxapuinaan.bynnankenuo YUKAJUKHA,Y = Y; —
y,3NeMeHTHUHT0apuadypbekodrhPUIEeHTIApUHOITaTeHI 0y a1 :
e  —yoex) (e (z.ex)
= = — =0k=12.>
llexl? llexll> lerll>  llell?
3-Teopemara kypay = 0 = y; = y,.

Tyna oproronan cucremanap Ba yilapHuHr @Dypbe KaTOpUOWIaH
Ooormannmuun  [lapceBasib  TeHTIUTH  €paaMuia COHJIM  KAaTOPJIAPHUHT
WUFUHIUMCHUHU XUCOOIAlll MUCOJIU/IAa KYpcaTaMus.

17. TlapceBa/ib TEHIJMIW €pAaMHAa KATOPJAPHUHI HWHFUHIUCHHH
XHCO00J1a1ITa 1I0MP MUCOJLIAP.

1-mucoa. Kyitugaru KaTOpHUHT WMFUHANCUHU XUCOOJIAHT
(o 6]

1

n?
n=1
Eunmn f (x) = x ¢yskusra [lapceBanb TCHIIIMTHHA KYJIaiMu3.

f (x) = x byskuusau [—m, 7] opaJsz[a dypre KaTopura EIMm3:

f(x)—x—z (—1)™*1sinnx .

byuma ay=a, =0, quKH f(x) =x Tox ¢yukuus Ba b, =
2 o
~ (—1)"*16ynanm.
HapceBaJ]L TGHFJII/IFI/II[aH
T 42

S - fraaS 22
ﬁ;ﬁza%ﬂ;‘(?)

SKAHJIUTHU KEJIUO YUKAIH.
bynnman
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TEHT OYJIMIINHU TOIAMM3.

Kaitg kumuim 103umMu,
(o 6]

1
nS
n=1
Pumannusr ( (S) - n3erra dyukiusicu neimnaau. Hlynnait knmb ous,
— 1 2
2) = _
@= ===
n=1

OYNnuIIMHA UCOOTIAUK.

2-mucon.f(x) = x>  ¢ynxkuusara [—m,m] opanukga  Ilapceaisb
TEHIJIMTHHY KYIUIaHT.

Eunm.f(x) = x? ¢yskuusan [—m,m] opamukmarn @Dypwe Katopura
éinnmacusian goitnanianamus.

2 = 4
f(X) =x?= ? + z ﬁ(—l)n-l-l cosnx ,
n=1
OyHJ1a
2m?

aOZT, anZF(—l)n,anO.

by ¢yHkuus yuyH HapceBanL TeHFJ'H/IFI/II[aH ¢doitnananamus:

_+Z(an+bn)_ jf (x)dx =

< ) +n§:1[ni( 1)n] :—j x*dx =

1[(x5 ot 1 1 278
162n4 EKE)_J:THGMF_E'T:
1 2n* 2m* 1 8rn*
16;F—?—T=> 16,1:1?_@ S
— 1 _n*

2,7 =5

— PuMaHHUHTA3eTTaQYHKIMSACUIKAHIUTUHUMHOOATra0/ICaK,
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o 4

T
((4) = Z = = %SKaHﬂHmHHTonaMHs
n=1
3-MHCOI.
(1, arap0 < [x] <d
f&) = {O, arapd < |x| <m '

¢dbyuknusra [lapceBasib TEHIIIUTUHU KYI1a0,

L cin? d 2
sin“nd Z cos“nd
n? n?
n=1 n=1
HUFUHIUIAPHA XUCOOJIAHT .
Eunm.bepunran gynkuusan ®ypbe kKaropura €Wnd onamms (acocHid
Macaja WAFUHAWIAPHU TOMUWII SKaHIUTH yuyH (pyHkmusHu Dypre KaTopura

Eiuiaaru Xucooall HIUIAPHHA KSITUPMANMHU3):

d 2~ sinnd
f(x)=—+—z CoS nx,
T T n

n=1

OyHJ1a
2d 2sinnd —
ag = —, a,=——,b,=0.
0 T n nr n
ITapceBanb TEHIVIMTUHU KYJLJIacaK

o] VA

2 1

S+ @b = [ e,
n=1 —TT

Kyﬁpmamnapra sra OynaMus:

0 d
2sin nd 2d? 4 sinnd 2
( ) Z[ jf(x)dx=>—+ — :—jdx,
T T

n=1 0
2 sin’nd nd 2 sin’nd nd d?
T n — 2 n — T
ism nd d( ) T
= C—
T 2
n=1
sin’nd d(n d)
=
Z 2 2
n=1

IOxopuaa kentupwirannapaan GonganaHcaxk,

- 1—sm nd - 1 - sin nd
R

n=1 n=1

cos®nd
2

M8

T

S
1]
=
S
]
=

bynna
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(1-muconra Kapanr). Jlemak,

— 1 m?
;E:C(z) -5

Z cos’nd _nm* d(m—d) n®—3mnd+ 3d?

2 6 2 6

n=1
4-muUcoJr.

i +1
.
£ (2k +1)

KATOPHUHT WUFUHIUCUHHA XUCOOJIAHT .
Eunni. 3-mucomnna

o0 . 2
Z sin‘nd d(mw—d)
T2 2
n=1
T
DKAHJIMTUHU TONTaH dIUK. d = 3 n1e0 xucoOdacak

o0

. 2 NT T T [o] . 2 NI 2
sin 7 E T _E sin 7 T
E 7 = €KH E —2 ~ 3
T 2 T 8
n=1 n=1

ni {O, n =2k

sra Oyinamus.

sin——=11 n=4k+1, 6yumak =0,1,2,3, ...

2 (-1, n=4k+3
Jlemak,
. T _ {O, n =2k _
sin > "1l n=2k+1" oyngak =0,1,2, 3, ...
Hatwxana

- 1 _nz
E — =
k=0(2k+1) 8

OKAaHJIUTHUHHU TOIIaMU3.

MycTakui 0axxapuil Y4yH TONIIMPUKIAP
1. TapceBanb TeHrnUruaad Qoiaananud, KaTOPJAPHUHT HUFUHIUCUHU
XHCOOJIAHT:

- 1 =1 =1 - 1
a);(3k+1)2; 6)](2;5; B);ﬁ; r)kz:lk(k+1)(k+2)

2. Kyiiunarn ¢ysaknusuiapra [—m, ] opanukna [lapceBanb TEHTIUTHHA
KYJUIAHT

a) f(x) =x3 6)f(x)=x%+x;, 6)f(x)=x+sin2x; 0)f(x)
= signx;
r) f(x) =3[x] — 7x; n)f(x) =5{x}+2x — 1;
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(1, arap0<x<a,
3fulx) = {O, oJITaHHyTaJap/a
(GYHKIUS yuyH ENUKJIMK TEHIIAMACHHU OAKapPUIUIIMHU TEKIIUPUHT.

4. fap(x) = fp(x) — fo(x) 0<a<f <2m ¢ysximaEn Kapailiuk.
IOxopuna kenTupuiran Macanananad ¢oiinananu6, fuz(x) dyskums yayn xam
EMUKJIMK TEHIIIAMACHHU OaKapUIUIIMHU TEKIIUPHHL.

5. ITapceBanb hopmyacuHU KOMILIEKC Y3rapyBumniapaa €3UHTr.

O<a<?22n)

8 7. Cepux pyHknusiap

18.Cpepux ¢ynkuusuunr tabpudu. Chepux dynkuunap Jlammac
TEHrJaMacuHM Cc(epuK KOOpJMHATAIap CUCTEMacuaa E3WIraH OpPTOrOHOJI
eynumiiap OWJIACMHUHI Oypuak KHCMH XucoOnaHaau. Yiap cdepux cuptiap
Ownan yerapananraH (pa3zoBuii coxanapaaru (U3UK XOoAUCATApHU YpraHuUIill Ba
chepuk cuMMeTpusira sra (QPU3MK MacalallapHU €UHUIJa KEHT KYJUTaHWIaIH.
Xycycuih xocwianu gud@epeHnpan TEHIIamanap Ha3apusicu Ba Ha3zapui
¢u3uKana, XxycycaH aTOMHUHT 3JIEKTPOH OpOMTACHHU XHUCOOalll, IIaHeTaJapHu
MarHuT MalJJOHU Ba PEIUKTUK HYpJIAHUII UHTEHCUBIUTUHU YPraHUIIIA MyXUM
axamusTra sra.

bupnuk chepana kyitnnaru Htypm-JInyBunibs MacanacuHu Kapaniuk:

Ag,Y +AY =0, 0<6<m, 0<¢ <2m,
Y(6,9) =Y(0,9 + 2m),
Y0, p)l <o,  [Y(m,¢)| <o

oynna Ag, - Jlamnac oneparopuHuHr CepHK KOOpIMHATANAD CHCTEMACHIA

Oypyak KUCMU
A = 1 0(_96)+ 1 02
90~ Singag """ 96)  sin? 0 09
MacajnaHMHI  €YMMHMHM  y3rapyBuUMJapHud  Oyjakjam  ycyiluJaaH
doiinananu6, KUIUpaAMU3:

Y(8,9) = 0(0)0(¢).
Bynu tenrnamara kyiin6, ®(¢p) ra HucOaTaH KyWuarn MacalaHu OJaMu3:
O +vd =0 D(p) = D(p + 2n).
By mMacana v = m? Gyarania TpuBHai OyIMaran
D, (p) =™ m=0,%1,+2, ...
e4HrMmra Jra.
Q(0) pyukus yuyH
1 9, 00 m?
sin 6 96 (sm@ ﬁ) N </1 ~ sin? 9) ©=0
0<6<m|0(0)] <o |O(@)]<om.
Arap x = cos6,y(x) = y(cosf)kabu Yy3rapyBUMiapHd ajIMaIITHPHII
KWJICAK, MacaJla KyWuaaru KypuHUIITa KeJlaIu:
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d dy m?
_ — 2y — =
dx [(1 x )dx] * </1 1-— x2>y 0

—l<x<l1|y(xl)] <o
Ymly wmacana JlexannpHuHr kymmiarad ¢yHkuusgcn ydyH Ltypm-
JInyBuiul Macanacu faedunand. YHUHT Xo¢ cornapu A, = n(n + 1)tenr 6yauo,
X0C PYHKIUSIAPHU Yy, (c0s8) = B (cosB),0yuna m < n.
n- TapTuOau chepuk QyHKUMUUIApHUA €3aMU3:
Y6, ) = P,flml)(cose)eim‘p, 6yHga m < n.
Xoc (pyHKIUsAIApHU TPUTOHOMETPUK KYPUHUIITU

__ (Sinmx,
O () = {cos mx,

Cdepux ¢pyHKUMsIIap cucTeMacuia MycOaT UHIEKC M Jiap Y4yH Sinmx
Ba MaH(Uil MHJIEKC M JIap Y4yH COS MX KyNaWTUpWIran 1ed ojicax:
Y, (6, ) = P™(cosB) sin mx,
Y,-™(6, ¢) = P™(cos) cosmx, m =0,n

m =0,n.

sra Oyinamus.

Teopema (chepuxk ¢yHKIMsUIApHE TYyJUKIUrH — xakuaa). Cdepuk
byHKIMsIap cucTeMacu Oupiauk cepana TYIUK.

Teopemanunr ucbotu ™maxcyc GyHKIOUsIapra ouja Jespiau  Oapuya
agabuétmap  6op. Xycycan, C.E.Xonomoa, C.U.I[leperynunnapHunr
«Cnenuanbaele QYHKIMH B 3ajayaXx MaTeMaTndeckod (usuku»[49] kuroOuma
KEJITUPUJITaH.

Chepux Pynxuusuiap uxkku yimuamnau cdepa ¢yHkuusiap ¢azocuaa
OPTOHOPMAaJI CUCTEMAHU TAILIKWII KUJIadu:

vy = || grisinedede = 1,
2T T
™" = f f YY" sindd0de = 86
0 0
* - KOMIUIEKC KylIma Oenrunanrat, §;; - Kponekep cumBoiu.
Kenrycupga cdepuk GyHKIUSIapHA E3raHMMHU3NA, Y3rapyBUMJIapHU
YypHHTa MOC KeJIraH X0C COH Ba X0C byHKIUSIapHA
(nBamuiaprabo/ivk)Kyiicak, KyHuaarmiapra sra 0yaamMus3:

1 .
Ylm - me_Lm(p@lm(e),
Oynna 0;,,(0) dyukuusaap
1 d - dOy, m
sin6de (sm de )  sin? 6 Opn + 1L+ 1)y, =0

TCHI'TIaMaHH CYHUMJIAPU Ba KYﬁHHaFH KS"pI/IHI/IH_IFa ara.

2
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2l+1(l—m)!
2 (+m)

oynaa P/ (cos6) JlexaHApHUHT KYIIMIraH KYIIXaIH.
JlexxanaApHUHT MaHGUNA MK KYIIUITaH KYIXaau:
—m)!
PG = (—)m e ),
(I +m)!

Jlannac TeHriiaMacUHUHT C()epUK KOOpJIUHATANIap CUCTEMAacUJard e4uMu
map QyHkuusuiap aeimnaan Ba chepuk QyHKUUSUIAPHU pajyaib TEHIrama
eyrnmIIapura KyrnauTUpUILAAH XOCUI KWINHAIU.

Yumby kentupuiraniapaadn KypuHUO TypuOauku, chepuk QGyHKUUsIIAP
MareMaTuk (u3nkKa TEHrIamMajlapyuHu UHTerpauiamaa kyn yupaigu. Iy
cababmu Oy QyHkuusanap cuHUHM KEHrpokK YpraHamus. FOBopupa alTuo®
Vrunranuaex, chepux QyHkuusuiap y3rapyBuaHkodPQGUIICHTIN 0ab3U YHU3UKIN
TEeHrJaMajJapHUHT eunmiiapucudaruna, xycycan Jlammac TeHIJIaMaCHHUHT
eunuMu cudaTuaa aHUKJIaHAIH.

19. Jlamiac TeHrJIaMacHHUHT euumJiapu. Jlamutac Tenrnmamacu Jlekapr
KOOpAMHATaIap cCUcTeMacuia

Om(0) = P™(cosb),

0%U 9%U 0
AU:a + +

x2  9dy2 0

2y

2=0 (1)

KYpHUHUIITA 3Ta.

byTrenrnamanuHruyHaaieyuMiIapuHUKUAUPAMU3KHY,

ylapx, yBazy3rapyBurmiapranuc0aTaHOUpKUHCIUKYTIXaIKYpUHHUIIIUTadra0yicu
H. Coana xycycuil XolapHu YpraHuijad oonuiaimus.

Honuaum Taptrbim Oup )KUHCIN KYNXaja y3rapmac a ra teHr 0ynuo, y (1)
TEHIJIaMaHUu KaHoaTiIaHTUupaau. 1-TapTubiau Oup KUHCIU KYNXATHUHT YMyMUN
KYPUHUILLU

U =ax+by+cz
Kabuoymuo,
uxtuépuityzrapmaca, bsackosppunuentnapoauuranaaxam U; Kymxasn
(1)TeHrNIaMaHUHTSYUMHOYIATH. 2- TAPTHOTMONPIKUHCITH
U, = ax?+ by? + cz%? + dxy + eyz + fzx
KYTIXaTHIOJIAMU3. Unu (1)renrnamaraonn600puOKy N0,
ko3 punreHTIapyayHouTTa
a+b+c=0
MYHOCa0aTHUXOCUIIKUIIAMU3.

byrenrnuknandoitnananuo, MacajaHC = —a — baeHnImUMHU3MyMKUH.

VYunaa (1) TeHr1aMaHUKaHOATIIAHTUPYBYH 2- TAPTUOIUOUPKUHCITUKY XA TyIIOY
U, = a(x? —z%2) + b(y? — z?) + dxy + eyz + fzx

YMYMHUUKYpUHUALITA3ra0y1aau.

Byepnabus 5 Taun3uKInIpKIN

(x? —22),(y? — 2z%), xy, yz Bazx
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eunumiaprasradynuo,
yIapHUHTUXTEPUY3rapmackod G puimeHTaapepaaMuaar ian3uKIMKOMOUHALIS
cu (1) TEHTJIAMAHHHT YMyMUHESYNMIHIOEpHO, y 2-
TapTUOTUOUPKUHCIUKYTIXAAKYpUHUIIMAaU Do jaTaHau.
UxTtuépuii 3 - TapTHOIN OMp KUHCIHA KYTIXaJ] OJIAMHU3!
Us = ax3+by3 +cz3 +dx?y +ex?z+ fy?x +
gy?z + hz?x + kz*x + Ixyz.
U; vy (1) Trenrnamara o6 00pu6d KysiMu3:
6(ax + by + cz) + 2dy + 2ex + 2fx + 2gz + 2hx + 2ky = 0.
BbyrenrnmukHMCOIIAMAII THPHO,
X, y, Znapoaauaarukod punreHTIapHIHOITATeHTIAMEP TaMHATaKy U JaT U TSHT T
UKJIAPHUXOCUITKAIAMU3

1
3a+f+h=0, a=—3(f+h)
{3b+d+k:O, ékn < b= —3(d+k),
de+etg=0 =L+
Jemak, (l)renrnamanwHr 3 - TapTHOMWM OWUP JKHHCIM  KYIXajn

KYpUHUIIUATd YMYMUN €YUMHU
U;=d (xzy — 1y3) +e (xzz — 123) + f (yzx — 1x3) +
: 3 3 3

g (yzz — 123) +h (zzz — 1x3) + k (zzy — 1yg) + Ixyz
3 3 3
Oynap sKaH.
By xonaa 6u3 7 Ta YU3MKIM 3PKIM edumIIapra sra 0yiaMus.
Teopema 1. (1)Jlannrac mewnenamacu (2n +1) ma n- mapmubnu o6up
HCUHCIU KYNXAOapOaHn ubopam Oyiean YU3UKIU IPKIU eyumiapaad 32a.
bup xuHcnum kynxagHuHr Kod(ppuuHEHTIapu COHM Ba Oy KymXan
KAHOATJIAaHTUPUIILIK KepaK OYJIraH TeHrjiaManap COHMHU Xucobnaimus. Yoy
apx™ +ax" y + -+ aq,y"
UKKHY3rapyBYMIAN-TapTHO IO prxuHCIUKY IXaa (n + 1)kosddunuentrasra.
VYuy3rapyBUrIun-TapTUOIUOUPKUHCIUKY TXATHH
aOZn + (pl(xiy)zn_l + e+ (pn—l(an)Z + (pn(xiy)(z)
KYPUHHUIINIAE3UIIMYMKHH, oyepmaqgy (x, y)napk-
TapTUOTUOUPKUHCIUKY TIXaAJ1ap. Jlemak,
(2)OupKUHCITUKYTTXaTHUHTKO3 (D PHUIIMESHTIIApUHUHT YMYyMUAHCOHH
(m+1)(n+2)
2
Tabymaau. Arap (2)xymixamHu
(1)TeHrIaMaHUHIYAII TOMOHHUTA0IMO00PUOKY iHIICa, yupa(n —

1+2+-+n+n(n+1)=

2) —TapTH6J1H6I/IpmHchHK}“lnxaz[xocuﬂ6}“/nH6%axaﬂraara.
[ynaiikmumo, (2)
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(n+1)(n+2) (n-1n .
KyHXElI[HI/IHF—TaKOB(l)(1)I/IHI/IeHTJ'IapI/IT’T&6I/Ip)KI/IHCJII/ITeHFJIaMaJIapep

naMu1a00FIaHapIKaH. ArapOyTeHrinamanapaIpkianoyica,

YHAQ3PKUHKOJITAHKO3(PPUIIUEHTIAPCOHU
n+1)(n+2) (n-1)n
— =2n+1
2 2
Tabynanu. NcOoTkunmumumumMnu3kepakoyIraHHapCaHUXOCUITKHIITUK.
daxkarOyepaatoKopuaaai THIraHTeHTIJIaMaIapXaKMKaTaHXaM3PKIUOY1aIuMuer
aHCaBOJITaKaBOOHOAHUKKOJIIH.
[IymyHOCabaTOMIIAHTEOPEMAHUHT OOLIKATY IUKUCOOTUHUKEIITUPAMMU3.
(2)xymxaAHUKY AU AT UKy PUHUIITAE3U0 0N ITMMUA3MYMKHUH:

—_ T
U, = z Apgr xPy9z".

p+q+r=n

byrenrinamanan
_ 1 ap+q+r Un
Hpar = pl-q!-r!1dxP-0y9-0z" ©)
DKAHJIUTMHUKYPUIIKUHUHOMAC.

(1)renrnamanu

0%U B 0°U 0%U

9z2  09x?  Qy>2
KYpuHuigaé3ndosaMmu3BadyTeHrukaandoitnananuo
(3)udbomanapaaruz0oyiinya 1-
TapTUONNXOCUIIATIapAaHIOKOPUOYIraHX0CUIaIapIaHKy TYTUITUMU3MYMKHH.
Macainas,

°U 0% 82U+62U
Oxdydz*  0x0ydz2\dx? 9y?
9* [(0*U 09%U 9* [(0*U 09%U
= + + +
dx30y\ 0x? 0dy? dxdy3\dx? 0dy?
0°U 20U 0°U

~ 0x5dy 2 dx30y3 * 0xdy>
[ynankuuo,
SpKIMKOd (P buIEeHTIApCUDATHAAITYHIA Ay g KOIPOULMEHTIAPKOIIUKH,
ynapaazoyitnuaauddepennuamniaméknymyManinykEkuoupmapraaudpepenunan
nanagu. Iy xospduumentiap coHMHM XMCOOMAMMHU3: Apqo(p + q =n) €xu
apg1(p +q=n—1) Ba ynapuuur ymymuii comu pomnma-poca (2n+ 1) Ta
oynanu. UcOOTKMIMITMMU3I03UMOVITaHTACAUKUCOOTIaHIH.

20. ChepukPyHKUMSAIAPHUHTIOMIKOP KYPUHUINM. ABBanTH OaHIda

KYpWIraH Oup >KUHCIM KYNXAQJIADHUHT OIIKOpP KYPUHUIUIAPUHU TOMAMMU3.
CdepukkoopauHaTanapcCuCTEMaCUHUKUPUTAMU3!
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X =1rsinéd -cos g,
y=rsing-singp, (4)
Z=71cosé.
by xonaa n -raptu6au Oup )KUHCIU FTAPMOHUK KYTIXajl

Un(x,y,2) =7" - Y,(0, ) (5)
KYpuHUIIMgandoanaHau.

(1)reHrnamMmaHUHreYMMHOYITaHO YHIAWKYTXaAraofaTaaXxaxmuiicepurd
yukmus, Y, (6, ¢)xynaiTyBunrasdcacuprcdepurdyHKIUSICHEKACOITAKUITHO,
n-raptudancepuxPynkumusiedaranaim.
busauHrBa3zndaMu3un3uKIHIpKINOYIran (2n +
1)rachepukd yHKIUITAPIApHUTOUIIIAHUOOpaAT.

ABBain
(1)reHrnamMmaHMHreYMMHOMIAHOOFTUKOYITaHCOA1a0 NP (DAKTHUKESITUPAMHI3.
X, ), Zznapamerpiapra OOfiauK Oyiaran

T

U(x,y,z) = jf(z+ixcost+iysint,t)dt(6)

WHTETpAJIHM oOJIaMu3 Ba Oy MHTErpajJHd MHTErpajl ocTujga X,y Ba Z
V3rapyBumiap Oyitnya auddepeniumamiam MyMKuH 1e6 dapas Kkuiamus. YHIa
A

0*U 0*U 9*U
+ +
0x? 0y? 0z?
—TT

f'(z+ixcost+tysint,t)dt =0

oynamu. by epna f ”(T, t) ne6 f(t,t) dbynknusgan 7 Oyiumya 2 - TapTHOIM
xocwinanu Oenrwnanrad. Iymmaéi kw6, U(X, »,2) dyHkous f(z,t)
GYHKIUSHUHT KaHJIal OJWHUINKIAH KaThuil Haszap, (1)Jlammac TeHriamacuHU
KaHoaTHaHTHpap dkaH. Ouau (6)TeHrnuknan ¢oiinanann6 (1)TeHrnamanu
KaHoaTnaHTupyBun (2n +1) Ta n - TapTuOIM OWp >KUHCIM KYNXaJapHH
KYPHIII MyMKHH.

VY IIapHUKYy MU IaTUKypUHHULLIAE3aMU3 !

T

AU(x,y,z) = = j(l — cos’t — sin’t) -

j(z + ixcost + iysint)"-cosmtdt,(m =0,12,....,n) (7)

-1

A
j(z + ixcost + iysint)" -sinmtdt(m =0,12,....,n). (8)

-1t
CdepukkoopauHaTaTapHUKUPUTHUIIIBA
(7)unTerpannandoinanannmeépaamuaachepruk yHKIHusIap y Iy HKY A 1araig o,y
AHUXOCWIKUJIAMHU3!
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T

j[cos 0 +isin6cos(t — @)™ cosmtdt =

-
-

— j (cos @ + isin6 cos )™ - cos m(p + P) dy
it

= j(cos 6 + isin @ cosy)™ - cos m(p + ) dy,

Oy epaa (t — ¢ = ) Genrunad onuHAN.

cos m(¢ + Y)uniurunga IIAKIIK1
€3uOBasin me pyHKIUSIHUHT TOKMTHIaH (o anann0,0ychepukd yHKIUIHUKYH
UJaruKypuHUIIIAaE3aMu3.

A
cosme j(cos@ +isinfcosy)™-cosmypdp(m =0,12,..n). (9)
-7

Xynmu  mydra  yxmam  (8)uHTerpan  Om3HM  KyWumarn — cepuk
dbyHKIMsIapra 0auo Kenaau:
A

sinmg j(cose +isin@cosy)™ -cosmypdp(m =01.2,..n). (10)
—TT

cos meBasinme gyukuusnap (— 7, )

OpaMKIay3apOOPTOrOHANOYAraHUYUyHYIapUU3HKJIMAPKIY, OyHAaH  Kenuo
yukagaukn (9) Ba (10) chepukdynkuusapunsukamdpm. lyHnadkuiuo,
om3(2n + 1) TauM3MKIHIPKINN — TapTHOIMCHEepUuK(YHKIHIAPHUKYPHOOII UK.

[IyHHATABKUTANLIO3UMKH, 9) Ba (10)
dbopmynanapaaruCos mesasinmeaapoaauaaruko3GuireHTIapOup X uil.
VYnapauJlexanapkynxannapuépaamuaandoaanaimms. MasbnyMKy,
Jlexanapkynxaanapuyuoy
1 d"
— — . 2 _ n
P = — o [ — 1)) (11)

KypuHuirasra. YHaandoiinananuo, KyiugaruyHKIUIHUKAPUTAMU3:

nd™P (x) (1—x2)z d"*m
P = (1= ) — e = [ - 1] (12)
bynnan 0yén 6us x Hu [—1; 1] kecmaza y3rapanu ned Kapaiimus Ba

x =cos6f, 0 <6 < m neb onamus. bynga P)*(cos 8) udbomamaru (1 —

m
c0s%0)z xymaiitManu sin™@ ra Tenr aeitmns, uynkn 0 < 6 < .
Ougu P,(x) Ba B(x) nmap yuyn Oomka wnomasapHu KUPUTAMUS3.
Kommuunr unterpan ¢popmynacura Kypa,
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2_1n
)dz
Z— X

1
(x2 — 1)n = Zﬂlj (Z
Y

TEHIJIUKYPUHIIH, Oyepnay—z =
XHYKTaHUY3UYUTA0JyBUMUXTUEPUINMYCOATHYHAMMIUIMENUKYU3UK. by epnaan
(11) Tenrimkka Kypa,

1 z-D" - (z+ D"
P (x) = - j dz 13
n( ) on+lgi (Z — x)n+1 ( )
14
TEHTVIMKHUXOCUIKUIAMU3.
yKoHTypcudaTHaaMapkasnz = XHyKTaJaBapaguycH|x? —
1

1|5raTeHr6}”fJ1raHa17maHaHnonaMI/B ( x # x1nedxucobnaHaam).

bynnazysrapyBunHu
1.
z=x+ (x? —1)ze™¥
ne6 €3ull MyMKUH OYnaau, WHHA —7r JaH 77 radya y3rapaau aed xucobaaimus.
(13)unTerpanaa y3rapyBUHIApHHA aIMAIITAPHO

1, 1, n
x—1+ (x?% - 1)5e“l’] : [x + 1+ (x2 — 1)5e“l’]
d

T 1
2(x%2 — 1)zeW

TEeHIJTMKHUBadJIEMEHTapXucooamauamanraomupamus. Uurerpanocruiaruynk
UUSHUHDKY G TIuruaandoiianancak, KyinaaruopMyaaHUXOCHIKUIaMU3:
A

&m=%f[

1 Lo
P,(x) = > j [x + (x2 — 1)5c051//] dy =
—TT

%j [x + (x% - 1)%c051//]n dy (14)
0

ArapTeHIIIMKHUHTYHT TOMOHU/Iaru [x + (x% -

1 n
1)zcos 1//] udonannHeroToHOMHOMITaHDOK TaTaHNO TapakarakyTapcakBacos

HUHT TOKJapaxkaJiapuiaH (— 7, 77) OpauKOY N0 IMHr aHUHTETPaTHOIraTeHT Oy IT
umuaaHdoK1aIaHCcaK, yana(x? —
1

1)zHMHrTOKAapaXkasapuKaTHAIIraHOapYaxaaIapMHUHIHOIT aaiIaH MITTHUXOCHUIT
KUJIaMU3.

FOxopunaru kabu xucoOnanuwiapuu Plt(x) yuyn OGaxapammus. Yupa (13) garu
ndoma

P (x) = dz

2n+1n-i — x)n+m+1

(1-x2)z(n+D)m+2)..(n+m) [ (22— 1"
j (z
14

TEHT OyJau.
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AnukukyuyyH—1 < x < 1neOxucoOnaitmus. IOxopunaru Kalu

1 1

z=x + (x? — 1)2e"¥ anmamrrupum Gaxapamus Ba (x2 — 1)z = pi,p >0 1e6
Xxuco01a0

. m+1D(n+2)..(n+m)

21

P(x) =i

j [x + (x? — 1)%coszp]n e dy

TEHIVIMKEKUSINM W) YHKUUSHUHT TOKIUT U 1aH (O 1ajaHCcak
m+1D)(n+2)..(n+m)
B(x) =im- >
s

j [x + (% - 1)§coszp]n cos mi di (15)

TEHTJIUK KEITHO YMKAIH.

Arap (14) ékum (15)unterpautapma x = C0Sf necak, yuaa (9) Ba
(10)popmynanapaaru uHTErpaIap XOCHI OyIaau.
["apmonukkynxanaékuchepukpyHKuuaaapaay3rapMackynanTyBUNHUHI aXaMUSTT
a’ra’MaciiMrMHUYbTHOOPTa0TMOKYHHIarnXyjI0carakeiaMus.

(2n + 1)Tan-rapTuéan chpepuk GpyHkousiap

P,(cos8),B*(cos @) cosme , P, ,,,(cos ) sinme (m = 1,2, ..., n)(16)
KypuHuwuoaupodaranau, oyepoaP, (x) —
(11)popmynaépoamuoaanuxnanysuuslexncanopkynxaonrapu, BI*(x)aapsca (12)
GdopmynaépoamuoaaHuKIanaou.

m
HIyHM3CcnaTnOy TaMu3KH, (1 — x?)2kynaliTyBunx =
cos fanMalTUpUILAaHCYHT sin ™ @ratenraeoxucobnanaiu.
(15)eunmnapHuuXTHEPHITY3rapMaciaprakynai THpUIIBaKY MU IIEPAAMH AN -
TapTUOIUCHEPUKPYHKIUSIHUHTYMYMUUKY PUHAITUHUTOIAMU3 .

n
Y, (8,9) = ayB,(cos f) + z (a,, cosme + b,, sinme)P™(cos8) (17)
m=1

(17) dopmynana chepuk  QYHKIUSUIADHA ~ YMYMHH — KYPUHUIIH
omuaramauru yuyd Y, (0,¢@) oyHkumsaga oxopu MHAEKCH E3mnMaiiau. 18-
Oanama sca cepuk (QYHKIUSIIAPDHUHT Xap OMpH alloXHIa-aJoXHaa Kapalras,
SHHU YJApPHUHT KOMOWHAIMACH KapajMaraH, ITyHUHT yYyH yiapJa HKKATa
WUHJCKCIIHJINP.

[ynpalikuiunb, KyluaarureopeMancOOTIaHIu.

Teopema 2./lannac menenamacunu KaHOAGmMaAHMupyeuu N - mapmuoau
bup orcuncau kynxaonune ymymuil xypunuwu " - Y, (0,9) xabu 6ynaou, 6y
epoa Y, (0, @) (17)popmyra époamuda anuxnanaou.

N3ox.(16)euumnapuune uuzukiu KomOUHAUUACUHU OIUWL UYAU OUNAH
MPUSOHOMEMPUK (DYHKYUAIAPHUHS VPHUSA KYPCAMKUYIU DYHKYUSLIAPHU OTUUL
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mymxun. Ynoa (16) - n - mapmubau cepux @yuxkyusnap myniamu ypHueda
Kyuuoazu n - mapmuoiu chepux QyHKYuanap myniamunu oCun Kuiamus:
B,(cos0),P™(cosB)e'™®, ..., PM™(cosB)e™® (m=1.2,..,n)(18)

8§ 8. Cepuk pyHKIMSTIAPHUHT OPTOTOHAJINK X0CCATAPH BaaMaJIHid
axaMHuATH

21. Oproronanauk xoccamapu. OHau ((16), mry OOOHMHT ETTHHYH
naparpadu)chepuk GyHKUMUIAPHUHT OUPIUK cdepaga OpTOroHan OYIUIIUHU
ucObotnaiimus Ba Oy (yHKUUsIIap KBaApaTiIapuHUHT Oupiuk cdepa OYyitmua
WHTErpaJUlapuHu XUcoOmaiimus. ABBai ymoy

1

= j [P ()PP dx

MHTETPATHUXUCOOIAIOMITAHIITYFyJIJITaHAMU3.
pn (x)c[)yHKuHﬂHI/IHrTaLpH(bI/IraK}"/pa

j[Pm(x)]de = j(l —

Oy nau. Arap m = 0 6y.1ca, Po(x) = P,(x)6y.116,

A" B (x) dM B (x) J
dx™m dx™ x

lo = j (PP () Pdx = )

2n+1
-1

TEHTTTUKYpUHIHOYIaau (my 600HUHT 6-0aHarakapaHr).
bynaknabunrerpanamycynuiadpoigataHuOKy i 1aruTeHITMKHUE3U M YMKH
H.

d™P,(x) d™ 1P,(x)

1
x=1 j d™ 1P (x)

I = (1—x2)m. .
m=(1=x%) dx™ dxm=1 |x=-1 dxm-1
-1
d™B,(x)
— — y2ym M7
dx [(1 ) ]
KU
d™1p.(x) d d™P,(x)
n = f g | @
-1
by epna
_ dm—lpn(x) _ 1 dn+m—1(x2—1)”
LT T aemT T onpl dgntml
(YHKIUSHUHTYIIOY
d™t1p (x) d™P,(x)
e e L e B
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d™ 1By (x) _
dxm—1
TEHITIaMaH! KaHOATJIAHTUPUILWHYU TEKIIAPUII KMMUH 3Mac.
Byrenrmukan (1 — x2)™ lrakymaiitupno,
YHUKYHUJarUKyPUHULIIAE3UILIMYMKHH.

:_x [(1 — x%)m %} =—(m+m)(n—m+1)(1—x*)m1?

bynu (2)popmynara onmud 6opubd Kyiicak,
1
=@ m)=m+1) [ @-xtym
-1

m+m)n—m+1)

d™ B (x)
dxm—l

d™1p (x) d™ 1P, (x)
A1 A1

KU
Ly=Mm+m)(n—m+1),_,
PEKKYpeHT (opmyia XOCHI Oyiaau.
PexkypenT hopmynanan kertMa-keT GoianaHcak
IL,=(n+m)n—-m+1I,_,=n+m)(n—m+1)(n+m-—1).

m-m+2), ,=-=(Mm+m)n—m+1)(n+m—1).
m-m+2).(n+nly=(n+m)n+m—-1)(n+m-2) ...
_(n+m)!
(n—m+1)10 —m[o

IKAHJTUTUKETUOYNKAIH .
By epnan Ba (1)TeHrnukaan
1

. 2 (n +m)!
_f[Pn (x))%dx = ST —

bopMyTaHH XOCHI KUJIaMU3.

Okopunarn Hatwxkanapaan ¢oinananu6 Y, (6, ) chepuk ¢GyHKIMsIaH
Ooupnuk cepa Oyiirua MHTErpajHu XUcoOnam MyMKUH. OBa ¢ nap cdepanaru
HYKTaHUHI OAJUH reorpaQuk KoopauHaTajgapu Oymamu: {@ = const} -
MepuaMannap Ba {6 = const} - mnapamiemiap. KoopauHaT YM3MKIAPHUHT
OyHIail TaHIaHUIIKIA CUPT F03aCHHHUHT 3JICMEHTH YIIOY

do =sin@ -dfde(4)
dbopmyna Epaamuia XucoOJIaHaIU.

bupunun nasbatna Y,(6,¢) Ba Y,(6,¢) OyHKUMANApHHHT P # g
OyiraHma OpTOroHaa OYIUIINHH, SHHU

(3

ﬂ Y,(0,9)Y,(8, )do = 0 )

TEHIMITMKHUHT O KapUITUITUHUUCOOTIaMU3.
Alitaiinuk, 6 —cdepa Ounan yerapajgaHrad Xaxm, S —cdepa cuptu OViICUH.
YHIa
U, =1PY,(8,¢9) BaU, = rY,(0, ¢)(6)
rapMoHUK PpyHKusiap yayH ['pun ¢popmynacuau Kymianmmus:
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H(Up——U—)da ﬂ (U,AU, — U,AU,)dY =0

S
uynku AU, = AU, = 0.
by xonna Hopman Oyiinua xocuna r paguyc Oyiinuya xocuiaa OWIaH ycTMa-
yCT Tymaan. YHaa oxupru ¢popmyia Ba (6)dhopmynanan

ﬂ[qu(H,fp) . Yq(Q,(p) — qu(Qa(P)Yp(Q,(p)] _

S
TEHTJIUK, OyHAaHAca 3catyrpuaan-Tyrpu (4)popmyrnakemOUnKaIm.
nauar 1 rtakmiiMaturamockenayBud ((16), mry OOOHMHT eTTHHYH
naparpadu)chepukdyHKIUsIapXaMy3apoOPTOrOHATIOY A u.

Jlapxakukar,
oupnukchepadyiinyanaTerpauiam poyinga(0,2m)opaauKIanHTerpasuianrakesn
TUPUIIA]TIH. JlexwuH, ((16), 1114% O00OHUHT CTTUHYHN

naparpadu)byHkusiap eradornuKoyiran

1,cos ¢,sin ¢@,cos 2¢,sin 2¢, ..., CoSng, Sinne
KYyNaiTyBUMJIapHUY3UJacakIaiAnBa0 yKyMalTyBYMITApHUHT U XTHEPUNUKKUTACH
HukynanTMacuHuHT (0,27 ) opanmuKOyinyanHTpErpaiu 0 TaTeHT.
Xynmuurykaou((18), 11107 OOOHUHT ETTUHYH
naparpadu)QyHKIUSIapHUHT XaMOP TOMOHAJICUCTEMAXOCHIIKWTUITMHUKY PULIIMY
MKUH.
OuauP, (cosh) —
(rabormukOyIMaranchepukGyskimsaIonaMmssa P2 (Cos 0) GpyHKimsaganoupm
KcepabynyanHTerpaJTHUuXUCco0IaiMu3:

T 2T
jj P?(cos ) da:jj P?(cos@)sin@ - dode =
S
2T 1
2nj P?(cos8)sin0d6 = 2m jPz(x)dx _ A
B Ton+1

-1
Oynna do = SmH dfdep, cos 0 = x anmamTupunuiap OaxapwiuO, (1) max
dbolnanaHuIn.

Xyanu my kabu Oomika pyHKUusaapra HucOaTaH
T 2T

jj [P™(cos 8)]?sin?me - sin@ dOde = n j[Pm(x)]de
0 0
TEHITUKXOCHIOYIa 1. ByTeHrnuksa

(3)bopmymnanandoitnataHuOKyHuAArMMyHOCA0ATIAPHUXOCUITKAITAMH3
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4

ﬂ[Pn(cos 0)]?do = el

2 (n+m)!
2n+1(n—-—m)!’

N

j j [P™(cos ) cosmp]*do =

2t (n+m)!
\ 2n+1(n—m)!

S o o
by dopmynanapaan cdepa cuptuga Oepwiran HUXTUEPUNA (DYHKUIUSHU
chepuk pyHkuusuiap 0yinya eium macananapuaa dhonganaHuIaan.

j [P (cos B) sinmepl?do =

22. EpHuHr y3ura toprum mnoreHuuamau. Chepux (yHKIUSIAPHUHT
aMaMuil axaMusATH XaKuJa pu3nKara OuJ MUCOJIHU KEITUPAMMU3.

EpHunr orupnuk mapkasuHd KoopauHaTa Oomun cudaruma Oenruiad,
Oxyz xoopaMHATaJIAp CUCTEMACHHM TaHJAWIUK. OXY TEKHCIUTH JKBAaTOpHUal
Tekucnuk, Oz YKU 3ca MMUMOJIUN KyTOra WyHairaH ep ailaHuil YKU OuiaH
ycTMa-ycT TyumicuH. Oz ykuHU ['pUHBUHY MepuauaHu OuiaH Kecuiaau aed
XHCOOIaMU3.

Epnan Ttamkapuga OynraH UXTUEpUUP HyKTaHM paJinyc-BEKTODH,
KEHIJIMTH Ba Y3YHJIUTHHH T, ¢ Ba A 1e0 Oenrunacax,

X =rsin@-cose,y =rsinf-sing,z =rcosf
EPHUHT Y3UTa TOPTUII NOTEHINATIN

v=L0 i () jupatsing)

n=2
o n
To\" , .
+ z Z (—) P (sin @) [Apm cos(m) + B, sin(mA)]

n=2m=1 r
ownan udonananaau. byHaa f - rpaBUTalMOH JOUMUK, M Ba 1, — €pPHUHT
Maccacu Ba ypTa skBaTopuan pajguycd, fM = 3,9860 -10°km3/c?, ry =
6378,155 kM, B,Ba P — JlexaHAp KYNXaAW Ba KYMHWIraH QYHKIUSICH,
Jns Apm Ba By, YTHOBCU3 KaTTANIUKIIAp €PHUHT MIAKIN Ba YHUHT W4uja (€pHUHT
WYHJa 3UWIMK TypJinda, UIYHUHT YYyH €pPHUHI CTPYKTYypaBUH MOJCIH
rugpochepa OwiaH ypaiaraH KaTTHK KaTIaMJiaH, KOOMKHM WYHIa CHHIIKOK
CYIOKJIMK, CYIOKJIUKHU Mapkasujaa KarTuk chepoun (MUKHM sapo) naH mOopar)
MacCaHH TaKCHMJIAaHHUIIUTA OOFJIHK.

Arap B*(x) xymwmnran Qyskuusgan Hopmamtamrad B, (x) kymxaara

yTcak

B,(x) =V2n+1




anabuérnapaa Te3-Te3 yupauuran
M C To\" .
U= — 1+ Z]n (?) B,(sin @)
n=2

+ _{i zn: (:—O)n B, (sin @)[A}, m cos(mA) + B, sin(’m&)]},

n=2ms=1
dbopmynara kenamus, OyHaa

(n +m)! Apm . (n +m)! Bym

2—mivitzn T 2 mivi2n

ArapAy mBa By, JMapHU [, Ba Ay paapra Ay, = Jpm cos(m A, ),
Bim = Jum Sin(m Ay, ,,)y3rapTupcak, €pHUHT Yy3ura TOPTUII MOTEHIMAIHHU
Oomka upogacUHU OJIAMU3.

U = fTM{l + i () Autsing)

n=2
o0

55 e nntei—l

n=2m=1

®dopmynanapaaru J, ra OpomopuUUOHAn OYiraHn KYUIWIyBUHJIAp 30HAJ
rapMOHMKJIAp Jedunagu. EpHUHT ¥y3ura TOPTUII MOTEHIHAIUHUHT OUPUHYU
30HaJI TApMOHUK KO3(PhULIMeHTIapU TaxkpuOaaap HATUKACU acOCUa

J, = —1082,63-107°, J3=254-10"% J,=159-10°
Js =023-107% J,=-050-107°, J;,=036-107°
Js =0,12-107°, Jo=0,10-107°,

n # moynranjad; ,Ba B, 7apra OpONOPLHOHAN  Teccepualb
rapMOHMK  Ko3uuueHTiap XamjJa N =m  OyJIraHjgarua CeKTopHual
rapMOHMKJIAP KyHUJary skaiBajira KeJITUPUITaH:

* —
An,m -

n 2 3 3 3 4 4 4 4

m 2 1 2 3 1 2 3 4

A:l'm-lo8 241,290 | 196,980 | 89,204 | 68,630 | -52,989 | 33,024 | 98,943 | -7,969

Bim .10% | -136,41 | 26,015 | -63,468 | 143,04 | -48,765 | 70,633 | -15,467 | 33,928

l'eonorenumnan kapama€rtran Oxyz  KoOOpAHMHATajdap CHCTEMacuaa
OzepHuHr  aiiaHuiml  YKku  OWjlaH  yCTMa-yCcT  TYyIIaJAWraH  KwinO
TaHJIAHTAHJIUTUIaH

Aim =Bpm =0.

['eonoreHunaiHuHr  udoaacugarut OUPUHYMA  KYIIMJIYBUM I[IAPHUHT
3UWJIMKHUHT CPEpUK TaKCUMJIAHUINU MOTEeHIWanu Oynub, KojraH Oapua
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KYIIUIYyBYWIAp E€PHUHT CcPEepuK CTPYKTypadaH QapKUHH XapakTepianu.
Acocuii TapMoHMKa OViaraH 30HaJ TapMOHHMKa 53Ca E€pHUHT KyTOJapjia
cukiwniuan  udonanaiau. Tok TapTubIM 30HAAL TapMOHMKJIAD EPHUHT
AKBATOp TEKUCIWUTUra HHUCOATaH ACUMMETPHUSICMHM, TECCEepHaj Ba CEKTOpUall
FapMOHMKJIAD 3Ca EPHUHT >KUCMHUHI ailllaHuIll YKUra HucOaTaH JAUHAMUK
CUMMETPUKINKJIAH papKuHU aHUKIa0 Oepaiu.

MycTrakui 0akapuil y4yH TONIIAPHKJIAP

1. Cdepuk GyHKUMSUIADHUHT aMallMii Macajanapra TarOurura oOwuj
Macasanap KeJITUPUHT.

2. Coepuk GyHKOUATAPHU TYJIUKJINTA XaKUJard TeopeMaJaH Keinuo
YUKAIUTaH KyWuaaru HaTu>XajiapHu UCOOTIIAHT:

Haruxa — 1. Chepuk QpyHkuusiap cucremacu €nuk.

Hatmka - 2. Cohepux dyakuusap cucremacu Lrypm-JIlnysumn
MacaJaCUHUHT Oapya XOoC (YHKIMSUIADUHU TYIWK Korutaiiau. Xap OupAd =
n(n + 1)xoc conra2n + lra 4M3uKIM OOFIMK OyiMaraH xoc (GpyHKIUsIap MOC
KeJaau, ThHU Xap Oup xoc coH 2n + 1 kappanu Oy3unanm.

Ha3zopar caBoJutapu

1. Oproronan cucreMa TyUIyHYacH.

2. OpToroHaJ CHUCTEMAaHWHT YM3HKIM OPKIM CHUCTEMa OYIuIm
UCOOTIIAHCHH.

3. I'pamm nperepmMuHaHTH OWIaH YU3HUKIM OOFIMK CHCTEMa Opacuaaru
OOFJIaHMIII,

4. Jlexangp kynxamnapununr L,[—1,1]dasona oproronancucrema
TaITKWAI KAJTUITH HCOOTIIAHCHH.

5. I'mnpbepronan (a30CHMHUHT YEKIW 3JIEMEHTIApU CHCTEMACHUYU3HKIIH
Oornuk OVyica, y xonma ['paMM JeTepMHUHAHTUHUHTHOJTA TEHT OVJIMIIH
MCOOTIAHCHH.

6. Ymoysin (2n + 1) 2, n=1,2,3,.... ¢pyukuusiap kerma-kerauru [0, 7]

KecMajia OpTOroOHAJICUCTEMA TAIIKUIT KWJIUIIH KYPCATUIICHH.

7. Jlexanap KynxaJUHUHT HOPMACHU XUCOOIAHCHUH.

8. bepunran YuM3MKIH SPKIN CUCTEMaHU OPTOTOHAJUIAIIITHPHIII.

9. Ymb6yl, x, x?%,x3, ... x™, ...cHCTEMaHHHT UXTUEPUN OpaJIMKIa YU3UKIN
APKIIU OYIUIIN UCOOTIIAHCUH.

10. ®ypbe kaTopuHUHT Tabpudu, beccenb TeHrCU3IUTH.

11. ®ypre k03PPULICHTIAPUHUHT HOJITA WHTUIUIIN XAKUIArUTACIUK
KEJITUPUJICUH Ba UCOOTIIAHCHH.

12. ®ypbe KAaTOPUHUHT SIKWHJIAIIHIIIN.

13. Tyna oproroHan cucremanap Ba ymapHUHT Dypbe KaTopu OuiIaH
OOFJIaHUIIN.

14. TlapcecBanb TEHIJIUTH.
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15. dypre Karopura MoC KEIyBYM 3JIEMEHTHUHT SITOHAJIMTU XaKWJaru
TeopeMa UCOOTIaHCHH.

16. Chepuk GyHKIUSIHUHT TabpUPH.

17. Jlannac TEHrJIaMacCMHHUHI N- TapTUONM OUp KUHCIUKYIXaaapaaH
nbopar OYAraH YU3HMKIU 3PKIM €YUMIIapUXakuja TeopeMa KeITUPUIICUH Ba
UCOOTIIAHCHH.

18. Chepuk QyHKIMSITAPHUHT OIIKOP KYPUHUIIIH.

19. P,(x)Ba P, ,,(x)Ba QyHKIMsANAp XaMaa yIapHUHT XOCCalapH.

20. Jlamac TeHTJIaMacWHHM KaHOATIAHTUPYBUM N-TapTHOIU OUp KUHCIIH
KYIXQIHUHT yYMYMHM KYpUHUIIM  XaKUJarureopeMa KeJITUPWICUH  Ba
UCOOTIIAHCHH.

21. Chepuk QyHKIMSITAPHUHT OPTOTOHATAK XOCCACH .
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