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KIRISH

a). Mavzuning o’rganilganlik darajasi va dolzarbligi. Yurtimiz istiglolga
erishgan ilk kunlardanog, davlatimiz tomonidan amalga oshirilayotgan bunyodkorlik
ishlari Vatanimiz mustaqilligi va ozodligi tufaylidir. Respublikamizda izchil suratda
amalga oshirilib borilayotgan “Kadrlar tayyorlash milliy Dasturi” bugungi kunda
jahon miqyosida e’tirof etildi va o’zining ijobiy natijalarini bermoqda.

O’zbekistonda ta’lim tizimini isloh qilishning dasturiy hujjatlarida [1,2]
ta’kidlanganidek, mamlakatimiz ta’lim tizimi xodimlari oldiga raqobatbardosh
kadrlar tayorlash, ta’l im tarbiya jarayonini jahon andozalari darajasiga etkazishni
ta’minlash asosiy vazifa qilib qo’yilgan. Shu ma’noda olib qaraganda, yoshlarning
yangi avlodi istigbol masalalarini kun tartibiga dadil qoyadigan va uni yecha
oladigan, fikr yuritishning yuksak madaniyatini egallagan, siyosiy hamda ijtimoiy-
iqtisodiy hayotda o’ziga mustaqil yo’l topa oladigan qobiliyatga ega bo’lishi kerak.

Zero  birinchi  Prezidentimiz  [3] ta’kidlaganlaridek:  —“Buyuk
magsadlarimizga, ezgu-niyatlarimizga erishishimiz, jamiyatimizning yangilanishi,
hayotimiz taraqgiyoti va istigboli, amalga oshirilayotgan islohatlarimiz va
rejalarimizning samarali taqdiri, avvalambor davr talablariga javob beradigan
yuqori malakali, ongli taffakurga ega bo’lgan mutaxassis kadrlar bilan bog’liq...”.

Ushbu magistrlik dissertatsiyasi mavzusi ana shu talab va vazifalardan kelib
chigib tanlandi.

X.Goldbax va L.Eyler orasidagi 1742 vyildagi yozishmalardan Eyler-
Goldbax muammosi vujudga kelgan.U zamonaviy tilda quyidagicha ifodalanadi
[4]:

I. Har ganday toq natural n > 9 sonni uchta toq tub sonlarning yig’indisi
ko’rinishida yozish mumkin;

Il.Har ganday juft natural n > 6 sonni ikkita toq tub sonlarning yig’indisi
ko’rinishida yozish mumkin.

Bu tasdiglarning birinchisiga Goldbaxning ternar problemasi, ikkinchisiga

esa Goldbaxning binar problemasi ham deb yuritiladi.



ILM. Vinogradov [5] 0’zi yaratgan trigonometrik yig’indilar metodi
yordamida ternar problemani 1937 yilda yetarlicha katta n > N, lar uchun hal
qildi. Bu problema yaqinda [6] to’la hal bo’ldi, ya’ni barcha n =9 lar uchun
isbotlandi.

Lekin binar problema hosirgacha t’ola hal etilgan emas. Bu sohada
N.G.Chudakov [7], Van-der-Corput [8] va T. Esterman [9] lar Vinogradovning
trigonometrik yig’indilar metodini qo’llab deyarli barcha juft sonlarning ikkita toq
tub sonning yig’indisi ko’rinishida ifodalanishini ko’satdilar. Aniqroq qilib
aytganda agar E(X) bilan [2,X) oraliqgdagi ikkita tub son yig’indisi ko’rinishida
ifodalanmaydigan juft sonlarning sonini belgilasak, yugoridagi mualliflar

belgilangan A > 0 soni uchun

E(X) «

In4x

bahoning o’rinli ekanligini isbotladilar.

Keyinchalik bu natija bir necha marta yaxshilandi. Jumladan Montgomery
H.L., Vaughan R.C. [10,11], I.Allakov [12], Chen J., Pan C.[13] lar tomonidan
E(X) < Xexp(—cVInX), E(X) < X*7%, E(X) < X% baholar olingan bo’lsada,
muammo to’la hal etilgani yo’q.

Qaralayotgan problema yechimini topmagani uchun ham bu sohadagi har bir
ilmiy izlanish soha uchun dolzarb hisoblanadi.

b). Ishning magqgsadi. Magistrlik dissertatsiyasining asosiy magsadi (1, X)
oraligdagi ikkita tub sonlarning yig’indisi

n=p;+p; (0.1)

ko’rinishida ifodalanadigan juft n —natural sonlar to’plamini o’rganib (0.1)
ning tub sonlardagi yechimlari soni R(n) uchun yangi baho olishdan iboratdir.

Ishning asosiy natijalari. Dissertatsiyaning asosiy ilmiy natijasi quyidagi:

1.Agar Dirixle L — funktsiyasining maxsus haqiqiy no’li mavjud bo’lmasa
yoki shunday maxsus hagigiy no’li £ mavjud bo'lib, (n,#) = 1 bo’lsa, u holda X
ning yetarlicha katta giymatlarida n, (n < X)ning ko'pi bilan



E (X) < XO,9882

tadan boshqa barcha giymatlari uchun

n1,008326
R(n) > n%991673 ( 0,0007262 - ——— — 1) (0.2)
p(n)

tengsizlik; qolgan giymatlari uchun esa

n1,008326
R(n) < n%991673 ( 0,0007262 - ———— — 1>
p(n)

tengsizlik o’rinli.

2. Ishda Rimanning dzeta-funktsiyasi {(s),(s =a +it) ning 0 <o < 1,

|t| < T to’g’ri to’rtburchakdagi trivial bo’lmagan no’llarining soni N(T) uchun

T

T T
N(T) = 5—lno——>-+ 6512850 InT (0.3)

formula isbotlangan.

Bu natija ilgari N(T) bilan bog’lig mavjud natijalarning aniqlashtirilgani
hisoblanadi. Tagqgoslash uchun ilgarigi natija 1. Allakov [14] tomonidan oligan
bo’lib

T T T
N(T) = 5—lno—— >+ 32,22660 InT

ko’rinishda edi.

Dissertatsiya ishining ilmiy-tadqiqot ishlari rejalari bilan bog’ligligi.
Dissertatsiyaning mavzusi Termiz davlat universiteti ilmiy kengashi
tomonidan tasdiglangan va Termiz davlat universiteti matematika kafedrasida

olib borilayotgan ilmiy tadgiqgot ishlari bilan bevosita bog’lig.

Ishning nazariy va amaliy ahamiyati. Dissertatsiya ishi ilmiy-nazariy
xarakterda bo’lib, matematikaning turli additiv masalalarini yechishda, xususan,

qo’shiluvchilar soni chegaralangan bo’lgandagi Varing muammosini, Goldbax



muammosini, Xardi-Littlvud muammosini, Xua-Lo-Ken muammosini hamda

ularning umumlashmalarini yechishda foydalanish mumkin.

Natijalarning qo’llanishi. Dissertatsiya natijalaridan O’z RFA ning
Matematika instituti va Qarshi va Termiz davlat universitetlarida ilmiy izlanishlar
olib borayotgan mutaxassislar foydalanishlari mumkin. Shuningdek ishdan shu
sohada ilmiy izlanishlar olib boruvchi mutaxassislar foydalanishlari hamda

talabalarga maxsus kurs va seminarlar o’tishda foydalanish mumkin.

Ishning sinovdan o’tishi. Ishning asosiy natijalari “ OTM larida tabiiy
va aniq fanlarni o’qitish muammolari *“ respublika konferensiyasida (mart, 2017,
Toshkent), shuningdek Termiz davlat universitetining  yillik  ilmiy
konferensiyalarida (2016, 2017 yillar), Termiz davlat  universiteti matematika
kafedrasi seminarlarida ma’ruza qilinib muhokama etilgan.

Natijalarning e'lon gilinganligi. Ish yuzasidan 3ta magola chop etildi [32-34].

Dissertatsiyaning tuzilishi va hajmi. Magistrlik dissertatsiyasi kirish, uch
bob, xulosalar va foydalanilgan adabiyotlar ro’yxatidan iborat, umumiy hajmi
kompyuter yozuvida 80 bet.

Dissertatsiyaning asosiy mazmuni

I-bob  “Asosiy tushunchalar va yordamchi materiallar” —deb nomlangan
bo’lib 3 ta paragrafdan iborat.

I.1-§ da Goldbaxning ternar problemasi (yuqoridagi I-tasdiq) va uning
isboti haghidagi materiallar bayon gilingan.

1.2-§da Goldbaxning binar problemasi (yuqoridagi ll-tasdiq) va bu borada
olingan keyingi natijalar o’rganilgan.

1.3- §. Binar additiv masalalarning maxsus t’oplami nima va uni ganday
baholash hagida natijalar keltirilgan.

Ishning Il-bobi “Dirixle L-fuksiyasining nollari hagida”—deb atalgan va 4ta
paragrafni 0’z ichiga oladi.

[1.1- § da L-funksiyaning logarifmik yoyilmasini no’llari bo’yicha qatorga

yoyish masalasi garalgan.



I1.2- § da N(T, y) funksiya uchun formulaning goldig hadiga Kiruvchi
o’zgarmasning qiymati aniqlandan. Shu paragrafda N(T, xy,) = N(T) ning qoldiq
hadi uchun yangi baho (0.3) isbotlangan. Bunda y, —bosh xarakter.

11.3- § da  Y(x, x) funksiya uchun formulaning goldiq hadiga Kiruvchi
o’zgarmasning qiymati aniglandan. Bunda y —Dirixle xarakteri.

1.4 -§ da zichlik teoremalari va ularning tub sonlar bo’yicha olingan

Z x(p)inp

p=x
yig’indini baholashda qo’llanishi bayon qilingan. P.X. Gallagher [15] teoremasi
isbotlangan.

Ishning I11-bobi “Sonlarni ikkita toq tub sonlarning yig’indisi ko’rinishida
ifodalash”— deb nomlangan. Bu bobda yuqoridagi 2 ta bobning natijalaridan
foydalanib ishning asosiy natijasi (0.2) isbotlangan.

[11-bob 5 ta paragrafga bo’lingan.

I11.1 -§ da asosiy belgilashlar va doiraviy metodni qo’llash uchun mos holda
birlik intervalni kichik va katta yoylarga bo’lish ragalgan.

I11.2- § da trigonometrik yig’indilar metodidan foydalanib kichik yoylar
bo’yicha olingan integral, ya’ni qoldiq had baholangan.

I11.3- § da katta yoylar garalgan va Xardi-Litlvud-Ramanudjanning doiraviy
metodi bilan katta yoylar bo’yicha olingan integrallar R, (L-funksiyaning maxsus
no’li mavjud bo’lmasa) vaR; (L-funksiyaning maxsus no’li mavjud bo’lsa) lar
soddalashtirilgan.

l1l.4-§ da R, va R, integrallar baholangan.

I11.5- § da asosiy teoremaning isboti, ya’ni (0.2) —natija isbotlangan.



ASOSIY QISM
I-BOB. ASOSIY TUSHUNCHALAR VA YORDAMCHI MATERIALLAR

I.1§. Goldbaxning ternar problemasi va uning isboti haqida

X.Goldbax va L.Eyler orasidagi 1742 vyildagi yozishmalardan Eyler-
Goldbax muammosi vujudga kelgan. U zamonaviy tilda quyidagicha ifodalanadi
[4]:

I. Har ganday toq natural n > 9 sonni uchta toq tub sonlarning yig’indisi
ko’rinishida yozish mumkin;

Il.Har ganday juft natural n > 6 sonni ikkita toq tub sonlarning yig’indisi
ko’rinishida yozish mumkin.

Bu tasdiglarning birinchisiga Goldbaxning ternar problemasi, ikkinchisiga
esa Goldbaxning binar problemasi ham deb yuritiladi.

Tushunarliki, Goldbaxning binar problemasining o’rinli ekanligidan ternar
problemanig o’rinli ekanligi kelib chigadi. Hagigatan ham, 2n = p; + p, bo’lsa, u
holda 2n + 3 = p; + p, + 3, tenglik barchan = 3,4, ... lar uchun bajariladi.

Bu muamolar 0’z vaqtida matematikaning juda ham qiyin problemalardan
hisoblangan. 1912 yilgacha Goldbax problemasini hozirgi zamon matematikasi

metodlari bilan yechib bo’lmaydi degan fikr mavjud bo’Igan.

Fagat 1919 yilga kelib V.Brun mohiyati jihatidan Eratosfen g’alvirining
takomillashtirilgani bo’Igan metodni ishlab chiqdi. U 0’z metodi yordamida har
ganday yetarlicha katta natural sonni har biri 9 tadan ortiq bo’lmagan tub sonlar
ko’paytmasidan iborat bo’lgan ikkita qo’shiluvchining yig’indisi ko’rinishida

ifodalash mumkin ekanligini ko’rsatdi.

Keyinchalik B. Brun natijasi bir necha bor yaxhilandi, lekin Goldbax
problemasini bu metod bilan yechib bo’lmadi. Shunga garamasdan B. Brun

metodi, keyinchalik esa uning turli shakl o’zgartirilgan variantlari: A. Selberg



g’alviri, Yu.Linnikning katta g’alvirlari tub sonlar tagsimoti nazariyasida tadbiq

etilib, bu sohada salmoqli natijalar olish imkonini berdi.

Ingliz matematiklari G.Xardi va Dj. Littlvud (Hardy G.H., Littlewood J.E.)
lar 1924 yilda Goldbaxning ternar problemaga doiraviy usulni qo’llab, hozircha
isbotlanmagan Dirixle L — funksiyaning no’llari haqidagi Rimanning

umumlashgan gipotezasini(URG) (unga ko’ra Dirixle L — funksiyasi

n
L(s,x) = Xr(ls)’ Res =0 > 1, (s =0+it)

n=1

( bunda y(n) —Dirixle xarakteri) ning barcha trivilal bo’lmagan no’llari o = %

to’g’ri chiziqgda yotadi) o’rinli deb qarab yetarlicha katta n toq sonining uchta tub
son yig’indisi n =p; +p, +p3; ko’rinishda ifodalashlar soni R (n) uchun
asimptotik formula oladilar.

I.M. Vinogradov [5,16] o’zi yaratgan trigonometrik yig’indilar metodi
yordamida 1937 yilda yetarlicha katta n > N, lar uchun bu masalani hal qildi.
1956 yilda K.G.Borozdkin bunda N, < expexpexp(41,96) bo’lishi kerak
ekanlini ko’psatdi. Keyinchalik bu natija Chen Jing ren va A.Qosimovlar
tomonidan bir necha bor yaxshilandi.

(1, N,) oraligdagi tog sonlar uchun Goldbaxning ternar problemasining
o’rinli ekanligi kompyuterlar yordamida tekshirib ko’rilgan. Shuning uchun ham
fagat (N,, N,) — oraligda problemaning o’rinli ekanligini isbotlash qoldi. Bu
sohadgi oxirgi natija J. —M.Deshouillers, G. Effinger, H.Te Riele va D. Zinoviev
[6] larga tegishli. Ular agar URG o’rinli bo’lsa, ternar problemaning barcha toq
n = 6 lar uchun o’rinli ekanligini ko’rsatdilar. Lekin URG esa hozircha to’la
isbotlamagan.

Endi Xardi - Littlvud va |.M. Vinogradov metodlarining mohiyatiga

to’xtalib o’tamiz.

10



Avvalo, Xardi - Littlvud metodi hagida. Bu metodning mohiyati
quyidagidan iborat: faraz etaylik A = {a,,,} — manfiy bo’lmagan butun sonlarning

qat’iy o’suvchi ketma-ketligi bo’Isin. Ushbu

F@)=2 (2D

funksiyani garaymiz. U holda uning s — darajasi

FS(Z) — ii Zaml+'"+ams _ iRS (n)Zn,
my n=0

=1 m=l

dan iborat bo’ladi. Bunda R;(n) bilan n  sonining A dan olingan s ta hadning
yig’indisi ko’rinishda ifodalashlar soni belgilangan. Masala hech bo’lmasa n ning
katta giymatlarida R¢(n) ni baholashdan iborat.

Koshining integral formulasiga ko’ra

R () =% [ F@zme

|lzZI=p

bunda 0<p<1.

Xardi-Littlvud—Ramanudjan (X-L-R) metodi bo’yicha R (n) ikkita
I, val, qo’shiluvchilarga ajratiladi. Ry(n) uchun asimptotik formulada birinchi
qo’shiluvchi I; bosh hadni, ikkinchi qo’shiluvchi I, esa qoldiq hadni beradi.
Shunday qilib X—L—R ning doiraviy usuli, bu R¢(n) dan taxmin gilinayotgan
bosh hadni ajratish usulidir.

Endi [.M. Vinogradov metodining mohiyatiga to’xtalib o’tamiz.

Bu metodning mohiyati quyidagidan iborat: avvalo X—L—R metodidagi

integral tagidagi funksiyani (cheksiz qatorni) chekli trigonometrik yig’indi bilan

11



almashtirdi. Keyin I; ni X—L—R metodi bo’yicha tekshiradi, I, esa |.M.
Vinogradovning trigonometrik yig’indilar metodi [5,16] bilan baholanadi.

I.M. Vinogradov metodi Goldbaxning ternar problemasini isbotlash va
Varing problemasidagi qoldiq hadni yaxshilash imkonini beribgina qolmay, balki
hozirgacha qiyin hisoblanib kelingan kasr qismlarining tagsimlanishi, kvadratik
chegirmalarning soni singari ko’pchilik masalalarda ham muhim natijalar olish
imkonini berdi.

1.2§. Goldbaxning binar problemasi va bu borada olingan keyingi natijalar.

Ikkita tub son yig’indisi haqidagi problemani esa Rimanning umumlashgan
gipotezasiga tayanib ham hal etib bo’lmadi. G.Xardi va Dj. Littlvudlar fagatgina
“deyarli barcha” juft sonlarning ikkita tub son yig’indisi ko’rinishida
ifodalanishinigina ko’rsata oldilar xolos, ya'ni agar E'(X) bilan X dan katta
bo’Imagan va ikkita tub son yig’indisi ko’rinishida ifodalanmaydigan deb gumon

gilingan juft sonlar sonini belgilasak

ekanligini isbotladilar.

1930 yilda L.G.Shnirelman sonlar nazariyasining additiv masalalarini
yechish uchun yangi metodni taklif etdi. U o’zi taklif etgan metod bilan shunday
bir » absolyut doimiysi mavjudki, har bir n natural sonini r tadan ortiq bo’Imagan
tub sonlar yig’indisi ko’rinishida ifodalash mumkin ekanligini ko’rsatdi. Lekinda
L.G.Shnirelman isbotidagi r soni ancha katta bo’lib chiqdi (r<8-10°).

Keyinchalik r ning giymati ketma-ket bir necha bor N.P.Romanov,
X.Xeylbron, E.Landau, Sherka, D.Richchi, X.Shapiro, J.Varga, In Ven-Linya,

N.I.Klimov, R.VVon va boshga matematiklar tomonidan yaxshilandi.

12



A.F.Lavrik faqatgina L.G.Shnirelman metodidan foydalanib r = 8 dan
yaxshi natija olish mumkin emasligini ko’rsatdi. Shuning uchun ham ko’pchilik
mualiflar o’z izlanishlarida L.G.Shnirelman metodining boshga metodlar bilan

kombinatsiyasidan foydalanganini aytib o’tish joizdir.

Lekin binar problema hosirgacha t’ola hal etilgan emas. Bu sohada
N.G.Chudakov [7], T. Esterman [8] va Van-der-Corput [9] lar Vinogradovning
trigonometrik yig’indilar metodini qo’llab deyarli barcha juft sonlarning ikkita toq
tub sonning yig’indisi ko’rinishida ifodalanishini ko’satdilar. Aniqroq qilib
aytganda agar E(X) bilan [2,X) oraliqgdagi ikkita tub son yig’indisi ko’rinishida
ifodalanmaydigan juft sonlarning sonini belgilasak, yuqoridagi mualliflar

belgilangan A > 0 soni uchun

E(X
(X) « Infx

bahoning o’rinli ekanligini isbotladilar. Bu natija boshga metod bilan Yu.Linnik
[17] tomonidan ham isbot gilingan.
A.F.Lavrik [18] n juft sonining ikkita tub son yig’indisi ko’rinishida
ifodalashlar soni, ya’ni
n=p;+p; (0.1)

tenglamaning tub sonlardagi yechimlari soni R (n) uchun asimptotik formula

oladi. Bu formula (1, X) oraligdagi n ning ko’pi bilan
X

K
In4x

ta qiymatidan boshqa barcha giymatlari uchun o’rinli.
Keyinchalik E(X) ning yugoridagi baholari bir necha bor yaxshilandi.
Jumladan R.C.Vaughan [10]

E(X) < Xexp(—cVInX), (0.2)
R.C. Vaughan va H.L.Montgomerylar [11]

13



E(X) < X*9, (0.3)

bunda 6, 0 < 6 < 1 shartni ganoatlantiruvchi effektiv konstanta. R.C. Vaughan
va H.L. Montgomerylar [11] da, agar URG o’rinli bo’lsa, & =%+ € deb olish

mumkin ekaligini aytib o’tganlar. Bu yerda &€ > 0 yetarlicha kichik o’zgarmas
son.  l.Allakov [12], J.Chen, C.Pan [13] lar tomonidan§ ning qiymati
aniglashtirilib yetarlicha katta X lar uchun
E(X) < X996

baholar olingan.

Faraz etaylik y - g (Q<T ) moduli bo’yicha Dirixle xarakteri bo’lsin.
Ma’lumki ([19], IX-bob, §2), shunday bir o’zgarmas ¢, soni mavjudki Dirixle L —
funksiyasi L(s, ), (s=o +it)

o>1- A tI<T
InT

sohada fagat birta primitiv hagiqiy xarakter 7(modf)(f<T) uchun §=1-2
haqiqiy no’lga ega bo’lishi mumkin. Agar shu shartni ganoatlantiruvchi no’l ,B

mavjud bo’lsa, u

CZ <1- Si

FY2In?F InT

i)

tengsizlikni ganoatlantiradi. Bu no’l 5’ niL — funksiyaning maxsus no’li deb
ataymiz.

I.Allakov [20] da n juft sonining ikkita tub son yig’indisi ko’rinishida
ifodalashlar soni, R (n) uchun asimptotik formula oldi. Bu formula (1, X)
oraligdagi n ning ko’pi bilan

E(X) < Xexp(—cm)
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ta giymatidan boshqa barcha qiymatlari uchun o’rinli. Lekin u Dirixle L —
funksiyasining yuqorida ko’rsatilgan maxsus noli mavjud bo’lsa, bu asimptotik
formulada tartibi  bosh hadning tartibi bilan bir xil bo’lgan had ham ishtirok etadi.
Shuning uchun ham I.Allakov tomonidan [20] da isbotlangan formulalar Dirixle
L — funksiyasining maxsus no’li mavjud bo’lmagan holda oqatdagidek asimptotik
formula bo’lsada shunday no’l mavjud bo’lgan holda ogatdagidan boshqacharoq
formulani ifodalaydi. Ya’ni bu holda R (n) uchun quyidan baho olingan.

[21] da [I.Allakov n juft sonining ikkita tub son yig’indisi ko’rinishida
ifodalashlar soni, R (n) uchun quyidan baho olgan. Bu baho (1, X) oraligdagi n
ning ko’pi bilan

E(X) < X9

ta giymatidan boshga barcha giymatlari uchun o’rinli.

1.3 §. Binar additiv masalalarning maxsus t’oplami va uni baholash haqida.

Sonlar nazariyasining tub sonlar ishtirok etgan binar masalalari:

a). G.Xardi va Dj. Littlvud masalasi "Har gqanday natural n sonini tub son p
va natural sonning darajasi m* vyig’indisi ko’rinishida ya’ni n =p +mk
korinishda ifodalash™.

b).Xya-Lo-Ken masalasi "Har qanday natural n sonini tub son p va tub
sonning darajasi p* yig’indisi ko’rinishida ya’ni n =p+p*  korinishda
ifodalash”.

¢). Goldbaxning binar masalasi va bularning turli umumlashmalari ([22] ga
garang).

Xardi — Littlvud—Ramanudjan doiraviy metodi nugtai nazaridan dastavval
bir xil sxemada garaladi. Bunda n ni ko’rsatilgan ko’rinishda ifodalashlar sonini
ifodalovchi R (n) — funksiya [0;1] oraliq boyicha olingan integral ko’rinishida

ifodalab olinadi va L.Dirixlening approksimatsiya (hagigiy sonlarni ratsional
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sonlar bilan almashtirish hagidagi) teoremasidan foydalanib bu integral ikkita
integral yig’indisi

RM) =Ry (n) + R, () (3.1)

ko’rinishida ifodalab olinadi. Bunda R, (n) ga odatda Kkatta yoylar
bo’yicha, R, (n) esa kichik yoylar bo’yicha olingan integral deyiladi.
Agar biz biror usul bilan garalayotgan n ychun R (n) > 0 ekanligini ko’rsatsak, u
holda shu n uchun biz o’rganayotgan masala yechimga ega bo’ladi.

Odatda (3.1) dagi R, (n) integral taxmin gilinayotgan asimptotik formula
(yoki isbotlanayotgan bahoning) ning bosh hadini, R, (n) esa goldig hadini beradi.
R, (n) irtegral I[.M.Vinogradovning trigonometrik yig’indilar metodi bilan
baholalanadi va hozirgi vaqtda trigonometrik yig’indilarning moduli uchun
yetarlicha aniq baholari mavjud bo’lgani uchun uni baholshda katta muammolar
kelib chigmaydi. (3.1) dan

R (M) =2 Ry (n) — [R, (n)]

bo’lgani uchun R (n) > 0 ekanligini ko’rsatish uchun

R () > R, (0] (3.2)

tengsizlikning  bajarilishini  ko’psatishimiz  kerak bo’ladi. Ana shunda
giyinchiliklarga duch kelinadi. (1,X) oraligdagi (3.2) — tengsizlik o’rinli
ekanligini ko’rsata olmagan n larni masalaning maxsus to’plami M(X) ga
kiritamiz. Shu maxsus to’plamdagi elementlar sonini E(X) bilan belgilaymiz,
ya’ni E(X) = card M(X) va uni yugoridan baholaymiz. Shunday qilib biz 2-
paragrafda ko’p qo’llagan R (n) > f(n)(> 0) baho (1,X) oraligdagi n ning
ko’pi bilan E(X) ta qiymatidan boshqa barcha giymatlari uchun o’rinli deganimiz
bu golgan n lar uchun masala yechimga ega emas degani emas, balki qolgan n lar
uchun R (n) < f(n) bajariladi deb tushunilishi kerak.
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Bu yerda shuni ham ta’kidlash kerakki, yuqorida eslatib o’tilgan barcha

additiv masalalarda

E(X) <

Indx
bo’lganda R (n) uchun turli mualliflar tomonidan asimptotik formulalar olingan,
lekin

E(X) < Xexp(—cVInX) va E(X) < X°%

bo’lgan hollarda esa 1. Allakov [20,22], V.I.Plaksin [23] va boshqalar tomonidan
R (n) uchun quyidan baho olingan. Bu yerda asosiy giyinchilik masalaning
yechimining Dirixle L — funksiyaning no’llari haqidagi URG ga bog’liq ekanligi

va URG ning hozirgacha hal etilmaganidadir.
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11-BOB. DIRIXLE L-FUKSIYASINING NO’LLARI HAQIDA
11.1- §. L-funksiyaning logarifmik hosilasini no’llari bo’yicha gatorga yoyish.

Bizga ma’lumki ([25], 12-§)

1

E(s, ) = (%)Eﬁga r (%s + %a) L(s, x)

tenglik bilan aniglanuvchi & (s, y) — funksiya uchun

5.0 =err [ [(1-3)er (LD
p

no’llar bo’yicha yoyilma orinli. Bunda I'(s) — Eylerning gamma funksiyasi, a = 0
agar y(n) haqiqiy xarakter bo’lib y(—1) =1 bo’lsa vaa = 1 agar y(—1) = —
bo’lsa; p = f + iy bilan L(s, y)ning no’llari belgilangan. 4, B lar y bog’liq bo’lgan
parametrlar. (1.1) ni logarifmlab keyin hosilasini olsak quyidagiga ega bo’lamiz:

%(S,X)———Zn +B(X)+z( — ;)+@—

Z (s +a+2n %) (12)

Bu yoyilmadam foydalanib keyinchalik kerak bo’ladigan quyidagi lemmani
isbotlaymiz.
11-lemma. Agar —1<0<2, s=2+4it,2<|t|<T bo’lsa, quyidagi

tenglik o’rinli:
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L 1
(5.0 = “Zl St et 16 <1 (13)
-y <

bunda y (modq) —primitiv xarakter va yig’indi L funksiya L(s, y) ning |t —y| <1

shartni gqanoatlantiruvchi no’llari p bo’yicha olinadi;

1 1
= 1011 — —J1+9T-2) L5t +3,56291;1,
c; = { +<;/(,+2T0+12T02+2 + ) 0}+ o

L = InT, l=InqT, T=2Ty =2, q=qy=3, L=Ly, 1=1,.
Isboti. Bu lemmaning turli isbotlari bor, masalan [19] ning 111-betiga garang.

c,ning giymatini aniglash magsadida biz isbotni takroran garab chigamiz. (1.2) dan

s = 2 + it bo’lgandagi xuddi shunday munosabatni ayirib quyidagini hosil qilamiz:

1 1
s+a 2+4+iT+a

LI
+ ‘I(Z + l'T,)()‘

L’( )<Z( 1 1 >+
L X = s—p 2+4+it—p
D

- 1 1
— ) 1.4
+Z|S+a+2n 2+iT+2n| (14)
n:
Bu yerda
A(n) A(n) A(n)
z n2
Inx
< 0.53088 + j — = 0,64585; (1.5)
X
42
1 1 2—0

(1.6)

- , = < ;
sta 2+4+iT+al [(o+a)?+t23/Q+a)2+t2 2V10
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agar[t—y|>1, 0<B <1,—-1 <0 <2 bo’lsa,uholda

1 1 | _ 2—0
s=p 2Fit=pl Je-B2+ -1 @-BF+(—7)?
3
< —; (1.7)
(t—v)?
1
Z 2+it—p z 2 2 2—-p =
711 U O GRS Ot t57Ts1
) co 2 o\ —x
Z‘ 1 — ; . |S(2—0) ((c +a+2n) +t)12<
n=1s+a+ n + il + 2n o~ ((2+a+2n)2+t2)5
2o iy <™ 18
(2-0)73() <3 (18)
ekanligini inobatga olib (1.4) dan
‘L’( )‘ Ll z 1+3 Z L . (1.9)
S, X — —+ C,, :
— t— 2
[t— Y|<1S P [t-y|<1 It—yl>1( V)
bu yerda
0,65585 + —— +
‘0 2V10 8
Endi |t| < T bo’lganda
LN (1.10)
—2 =6 '
[t—y[>1 =7

bajarilishini ko’rsatamiz. Bu

20



1
Z4+(t_y)2 <c, ! (1.11)

bahodan kelib chigadi. Hagigatan ham (1.11) dan

1
< .
). Tra—pr=!

[t—y|>1

Bundan

Z 1 - 1
—v)2 — — )2
4+ -y e SE-Y)

[t—yI>1

ckanligini e’tiborga olib va c; = 5c¢, deb olib (1.10) ni hosil gilamiz. Endi (1.11)
ni isbotlaymiz. (1.11) formulada s = 2 + it deb olib va (1.12), (1.13) va (2.5) ga

asosan

1 1 g v, 1
Rez <-In———+Re + 0.64585 + ¢ L,
s—p 2 mw 2 s+ta
p

bunda

_1 1+ + 1 + 1 +1 149772 | L1 T>T
=3 Yor ot T 1212 T 2 0 JFo =0

Endi

1 2+a

R =
“s+a (24 a)? +t2

1
<-

4
bo’lgani uchun

1
Re z = < (¢ +0,0348767 [;%)ingT
p

bo’ladi. Bundan tashqari

21



. 1 _ 1 ~ y . 1
eZp:S—P_ ‘G- +it—y) C-pP+C—1)? 4+C-1)°

Demak,

1

< [,
Z4+(t—y)2_c4
Y

bunda

, 1 11 1 2\
€4 =Cs : 0o — 5 Yo T o5 T 215
+0,0348767 57 = 241+ (Yo + g+ o 2 |1 9T% ) 5
0

+0,0348767 152,

Shuningdek (2.11) dan L funksiya L(s, x) ning |t —y| < 1 shartni ganoatlantiruvchi

no’llari soni ¢zl dan ko’p emas, ya'ni

1 < c5l (2.12)
[t—y|=1

bajariladi. Endi hosil qilingan baholarni (2.9) ga qo’yib lemmadagi tasdiqqa ega
bo’lamiz.

1-natija. Agar % <o <

N |

, Ss=0+it, 2<|t| <T vay (modq) — primitiv

xarakter bo’lsa, u holda

L 1
z(S,)()= Z E+C6921TLCIT

lt—y|=1

tenglik o’rinli. Bunda |6,| < 1 va

L PO . +1\/1+1225T‘2 £-14 419259 -2
%= Yo or, T 1217 2 4270 ] ~0 ’ 0
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2-natija. Agar % <oc<

N|U»

, s=o+it, 2<|t| <Tvay (modq) — primitiv
xarakter bo’lsa, u holda

1 < ¢,InqT,

bu yerda

c:=22 1+ (y +—l—+ ! -+1 1+ 12,25T;2 ) Lyt + 0,0698 152,
7712 02Ty 12T¢ 2 SR A ’ 0

Ikkala natija ham 2.1-lemmadan kelib chigadi, agar uning isbotida

N |-

<g<>
2

ekanligini e’tiborga olsak. Bu yerda [24] dagi natijadan foydalandik.

11.2-§. N(T, y) funksiya uchun formulaning goldiqg hadiga kiruvchi

o’zgarmaslarning giymatini aniglash.

Faraz etaylik y(modq) —Dirixle xarakteri bo’lsin. Ma’lumki, L(s,y) —
funksiya bilan bog’liq turli masalalarni yechishda ko’pincha N(T, y)va Y (x, x)
funksiyalar uchun aniq formulalardan foydalaniladi ([25], 16-19§). Shuning uchun
ham ko’pgina nazariy sonli o’zgarmaslarning qiymatlarini anigqlashda yuqorida
eslatib o’tilgan formulalarda ishtiroq etuvchi o’zgarmaslarning qiymatlarini bilish
talab etiladi. Xususan ular Montgomeri va Vo’nning teoremasidagi & va X,(9)
larning giymatlarini aniglash uchun kerak.

Ushbu paragrafda biz ana shularga doir quyidagi ikkita teoremani isbotlaymiz.

2.1-teorema. T = T, bo’lganda quyidagi formulalar o’rinli:

a)agar g = 3 bo’lib y(modq) — primitiv xarakter bo’lsa, u holda

T qT T
N(T,y) = Eln% —— + 33,33960,logqT;

b) agar g = 3 bo’lib y = y5 — 1 moduli bo’yicha bosh xarakter bo’lsa, u
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holda

N(T *)—Tl ar T+3222669 logT;
IXO - T nzn_ T ) 2 Og )
C)agar g = 3 bo’lib y(modq) — ixtiyoriy xarakter bo’lsa, u holda

T qT T
N(T,xy) = ;lnﬁ = + 22,462105Tlogq

tenglik bajarildai. Bunda |6;| < 1, i = 1,2,3.

2.1-teoremani isbotlash uchun bizga quyidagi lemma kerak bo;ladi.

2.1-lemma. Agar -m < args < m bo’lsa quyidagi formula o’rinli:

1 1 1
Inl'(s) = (s — —) Ins—s+=ln2n+r (E)'

2 2
(1) < ! <1+ 1 + ! )
"\$) =125 30[s[2 " 105[s|*/)"

bunda

Isboti. |args| < m bo’lganda [26] dagi (6.1.42) formulaga asosan

r<%>= lnF(s)—(s—%)lns+s—%ln2n— () 2 m(Zm—l)sZm T

bunda B,,, — 2m-Bernulli soni va

()l =

K(s) bilanu > 0 bo’lganda

|Bans2| K(s)
2n+ 1)(2n + 2)|s|?+V
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52

u? + s2

ning yuqori chegarasi belgilangan. K(s) < 1 bo’lanligi sababli oxirgi tenglikda n =
2 deb olsak undan lemmadagi tasdiq kelib chigadi.
1-natija. b o’zgarmas son (|b| < |s|) bo’lib |args| < m bo’lsa, u holda

quyidagi tenglik o’rinli:

1 1 1
InT'(s+b) = (s+b—§> lns—s+§ln2n+r1 <§)

bunda

- |3b% — b| +| ( 1 )|
=20asi=16D 1" \s+ /I

()

2-natija. Agar |args| <m —4, (§ > 0)bo’lsa, u holda quyidagi tenglik

o’rinli;

r'()_l 1, 1
[ =ms =0 T‘S()’

()

Isboti. Ma’lumki, Inl'(s) uchun quyidagi munosabat o’rinli ([19] ning 28-
beti):

bunda

10) s
< < .
2|s|sind  4|s|

nrs) = (s -2 ins—s + stnzm+ [ a2
n(s)—sznssznn . A Uu. (2.1)

Bundan
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[u]—u+l 1j'°° du
0

I’ 1 *®
—(s)—Ins+—| = — 2 dul <= =
‘F (s) = Ins 25‘ _]; (u + s)? =3 u? + |s|? — 2uls|coséd

o) < T
2|s|sind ~ 4|s|

Biz bu (2.1) da integral ostida differensiallash goidasidan foydalandik.

2.1-teoremaning isboti. Faraz etaylik y(modq) primitiv xarakter va

1
q ES+ECI. 1 1
= (L [(=s+= :
(s, 0 (n) (2 s+ a) L(s, x) (2.2)
bo’lsin. s uchlari %i iT,—%i iT nuqgtalarda bo’lgan to’g’ri to’rtburchakning

tomonlari boyicha harakatlanganda ar gé (s, y) nind orttirmasini qaraymiz. Bu to’g’ri
to’rtburchakga L(s, y) ning fagat birta s = 0 yoki s = 1 bo’lgandagi trivial no’li

tegishli va shuning uchun ham

2n(N(T, x) + 1) = Agargé(s, x)

bajariladi. & (s, y)ning funksional tenglamasi [25]

1
Y

f(l_sii):l :

q
00 §(s, %)

danargé(o +it, y) = argé(1 — o —it, ¥) + ¢, bunda

0= xve ()
h=1
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Gauss yig’indisi va ¢ soni s ga bog’liq emas, shuning uchun ham kontyrning chap
tomoni bo’yicha harakatlangandagi argument orttirmasi uning o’ng tomoni bo’yicha
harakatlangandagi argumenr orttirmasiga teng.

Shunday qilib

2n(N(T, x) + 1) = Agargé (s, x) = 2 (Ag,argé(s, 1)), (2:3)

bu yerda Ag bilan s R ning 0’ ng yarmida o’zgargandagi argé (s, x)ning orttirmasi

belgilangan. Endu 1-natijadan foydalanib A, argé(s, x) ni hisoblaymiz:

1 1
q ES+Ea t q q
dearg ()" T =g, (jing) =Tin s

2 2 2
= 2 {Imlogl' 1<1+ +'T) Imlogl’ 1(5+ )
= 2)Imlogl'{ {5+ a+1i mlogl'( |5 +a
1 a 1 1 1 1 1
=2]m{<——+—+—iT)ln(—iT)—EiT+Eln27T+r1(E>}

4 2 2 2
(1)| 10.] < 1
Tlsr 41 = -+

1 1 1 1
Ag, argl (—s +—a) = Ag, Imlogl’ (ES +—a)

T T
=TlnE—T+(2a—1)Z+294

1-natijadan T > T, bo’lganda

2

(1>|<2 15 FEYPRE I U E S
"\s 16(1— 1,57, " 6\ ' 1572 ' 105T¢)fT ~ °T

bunda

_, 15 L1, 2 16
‘= “l16(1— 15T, 6\ 1572 ' 105TZ)f

Endi L(s, y) ning argumentini gqaraymiz.
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Tl:S(X; T) = ARl arg L(S)X)
deb belgilab olamiz. Bu tenglikning 0’ng tomonini quyidagicha yozish mumkin:

24T 24T
L L
ARlargL(s,)():ZJ Im I(S'X) ds — 2 f Im Z(S'X) ds
. SHT

Birinchi integralni quyidagicha baholash mumkin:

—+zt 2

2 fT Imi AL O Y, (E) — 5364,
0

n=1

Ikkinchi integralni baholash uchun 2.1-lemmaning natijalaridan foydalanamiz. Bu
yerda
24iT

j Im(s—p)tds| = |Aarg(s — p)| <m

SHIT
bo’lgani uchun 2.1-lemmaning 1lva 2-natijalaridan q = q,, T =T, bo’lganda
quyidagiga ega bo’lamiz:
nS(x,T) < col,
bunda ¢y = 4cg + 2mc, + 5,3641;1.  Shunday qilib (2.3)-tenglikdan quyidagi
tenglikni hosil gilamiz:

T qT T
N(T,X) = Elnﬂ_;-k 61C10l,

bu yerda

1
C10 = (cog+ cg(Tolp)™)

1 1 1 N\
=13,0385{1 + [y, + T 12T2 E\/1+12,25T0 L;
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(2.4)

0,5968 0,1061 0,0142 0,01617>1

+( 4,4969 + + + + —.
< (1-1,5T,Y) T, T Ty Lo,

Endi faraz etaylik y = y; — 1 moduli bo’yicha bosh xarakter bo’lsin u
holda L(s, x5) = {(s) vabiz é(s, x) ning o’rniga ([25], 15-§)

_to 1
((s)=s(s—1)m 2 F(Es+1>{(s)

funksiyani garaymiz. Bu holda ham yuqoridagi sungari mulohazani takrorlab
quyidagi formulaga ega bo’lamiz:

T T T
N(T, )(8) = Eln% - E + 92C11L, (25)

= 5484311 + + 1 + 1 +1 14+4T72 | L1
‘1= Yoo, T 1212 T 2N 0 ]*o

0,3786 N 0,7162 N 0,0091 N 0,0103\ 1
To T T T, ) Lo

bu yerda

+ (2 1,7472 +

Nihoyat y primitiv bo’lmagan xarakter bo’lib y; (modgq,) primitiv xarakter bilan

indutsirlangan bo’lsin. U holda

L0 =L | | (1 —le(sp )>

r\q.ptq,

formulaga asosan L(s, x) funksiyaning L(s, y;) ning no’llaridan farqli no’llari
1 — x,(p)p~° ko’paytuvchining chekli sondagi no’llaridan iborat bo’lib 1 —
x1(p)p~° = 0 bajarilishi kerak. Bu esa q/p va q; 1 p bo’lgandagina, ya’ni

<= Iny,(p) _ l.arg)h(p) + 2mn

, (n — butun son).
Inp Inp
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|t| < T sohadagi bunday nugtalar soni

! 2 (Tinp +1) < — (1+
np T 2n

2T ;
E’Q1J{p

1
Tyln2

) Tlng

ga teng. Shuning uchun ham bu holda

NT.p) = —ine—— L 4+ g 1(1+
X _nn27t s 6o

Toan) Tlng + c19641

yokiagar T = Ty,(= e),q = q, bo’lsa, u holda

T T T
N(T,y) = Elnﬂ - + 05¢,,TIng

kelib chigadi. Bunda

_1(1+ 1 )+c10+cw InT 26
“2 = o0 Toln2/) T, lnqo?g%c T (2.6)

(2.4)-(2.6) larda g, = 3, T, = 3 deb olib 2.1-teoremaning tasdig’iga ega bo’lamiz.
3-natija. Agar N(T) Rimanning dzeta-funktsiyasi {(s),(s = g+ it)
ning 0 <o <1, |t| <T to’g’ri to’rtburchakdagi trivial bo’lmagan no’llarining

soni bo’lsa, u holda

T T T
N(T) = —In———+46,5128560 InT
2T 2w 2T

dbopmyna o’rinli.

Bu natija ilgari N(T) bilan bog’lig mavjud natijalarning aniglashtirilgani

hisoblanadi.
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Isboti. Avvalo

T T T
N(T)=—In— —— T 2.7
(T = In 5m o + 0cy In (2.7)

ning bajarilishini ko’rsatamiz. Bunda

T>=Ty =3[0 <lva 2c,
=5,4843 {1+ 7y, + 1 + 1 + 1 /1+4r2 +
Y Yo o7, 1272 2InT, 0

(21,7472 + 0,3786T,* + 0,7162T52 + 0,0091T,* + 0,0103T;>

InT,

0<o<1, |t|] <14,135 sohada {(s) (cm.[31]) ning no’llari mavjud bo’lmagani
uchun, T, = 14,135 deb olishimiz mumkin.U holda (2.7) dan

N(T) = — In—— — - 4 6,512850 InT
_2nn2n 2T n

ga ega bo’lamiz. Tagqoslash uchun yuqorida isbotlangan 2.1-teoremadan

T T T
N(T) =—In———+432,22660 InT
2T 2m 271

to’g’ridan-to’g’ri kelib chiqadi. Agar biz yuqoridagi teoremaning isbotida y = y,
vaT, = 14,135 deb olsak (2.7)-formulaga ega bo’lamiz.

11.3-§. Y(x, x) funksiya uchun aniglashtirilgan formula.

3.1-teorema. Agar y(modq) — ixtiyoriy xarakter va 3 < T < x bo’lsa, u
holda

B '
Y(x,x) =96 x—E~xT—Z ﬁ+R(x,T), (3.1)
* B [yl<r P

tenglik o’rinli. Bu yerda
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5. = 1, agar y = x, — bosh xarakter bo'lsa; _
o, agar y = x, bolsa’
B = 1, agar y = ¥ — maxsus haqiqiy xarakter bolsa; _
Ao, agar y # ¥ bolsa’

o’ng tomondagi yig’indi L(s,y)ning 0 <o <1, |[t| <T to’g’ri to’rtburchakdagi

maxsus haqiqiy no’ldan boshqa barcha no’llari bo’yicha olinadi va

x 1
|R(x,T)| < 1445,9163 Tlnqu + Egxilnx

+ 2,6721(Inx) min <1; (3.2)

)

bunda (x) bilan x dan unga eng yaqin turgan tub sonning darajasigacha bo’lgan
masofa belgilangan.

Isboti. Avvalo quyidagi belgilashlarni kiritamiz: §(y) bilan

_ 0, agar 0 <y < 1bo'lsa;
1 n+ioo ) ds 1
> agary = 1 bo'lsa;
) 1, agary > 1bo'lsa

tenglikning 0’ng tomoni bilan berilgan funksiyani belgilaymiz va

n+iT ds
Iy, T) = — s —
. T) 2mi ), _ir Y s

bo’lsin. 3.1-teoremani isbotlashda quyidagi lemmalardan foydalanamiz.
3.1-lemma. Agar y >0, ®>0vaT >0 bo’lsa, quyidagi munosabat

o’rinli:
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y*min(1; (zT) |iny|™1), agary # 1bo’lsa;

I(y,T)—§6 S{
11y, T) 2] w(mT)™L, agary = 1 bo'lsa.

Bu lemmaning isboti [25] ning 17-§ da keltirilgan.

x(modq) — ixtiyoriy primitiv xarakter bo’lsin. o < —1 yarim tekislikdan
1
|s + a+ 2m| SZ' m=20,1,2,...

ko’rinishdagi doiradagi nuktalarni chiqarib tashlaymiz. Bunda a = %{1 —x(—1)}.

Qolgan sohani G bilan belgilaymiz.
3.2-lemma. Agar |t| =t,,q = q, bo’lsa, G sohada quyidagi tengsizlik

o’rinli:

< C13lnCI|S|,

LI

bunda

In|l 1+ !
2,5708 21 J1+td

V4 +t2In(4 +t2) In(4 + t2) Ingoy/1 + t2

6,2759

+ .
Ingo/1 + té

Isboti. Bu lemma K.Praxar [27] dagi 4.3-teoremaning shakl o’zgarishidan
iboratdir. U yerdagi isbotdan foydalanib c,; ning giymatini aniglaymiz. [27] ning
VI1I-bob dagi (4.14)-formulaga ko’ra

! ! !

()—12ﬂ+ntn(+) (1-5) 1-s,% 3.3
LS,)(—qu Sctg5(s+a)—— S f( —5X). (3.3)

Bu yerda
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< z < 0,64585,

L
‘ 1-s%

va |t| = 1 bo’lsa, u holda

—TT

e
= < 1,0904.

|ctgg(s + a)| <

|t]| < 1 bo’lganda |ctg§(s+a)| funksiyani ekstremumga tekshirib G sohada
|Ctg§(s+a)| < 2,4142 ekanligini ko’ramiz. Shuning uchun ham Ctg%(s +

a)| < C14, bunda

_ {2,4142,agar |t] < 1 bo'lsa;
C1a = 1,0904, agar |t| = 1 bo'lsa.

3.1-lemmaning 2-natijasida s ni 1 — s bilan almashtirib va |t| = t, bo’lganda
In(1—s)| < @A +n(n|1—s)™HUn( + [s|™1) + In]s]),

va |t| = t, bo’lganda
|11 —s| > /4+t§

ekanliklarini e’tiborga olib

F’
|F (1=9)| < cis(In(1 + |s|™Y) + In|s)),

ni hosil gilamiz. Bunda

( 2,5708 >< 2T )
C =
' JA+t2In(4 +t2 In(4 +tg)
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Hosil qgilingan baholarni yig’ib (3.3) dan 3.2-lemmaning tasdig’iga ega bo’lamiz va
bunda c;5 quyidagiga teng bo’ladi:

1 1 1
C13 =Ci5 +9=C14 +2,4837 +c;5In( 1+ =
2 Ingq

J1+t2 J1+t2
I

/ In 1+

—<1+ 2,5708 ><1+ 2m >|1+ Jreid
VA + tE in(4 +t2) In(4 +t5) | Ingoy/1 + t&

6,2759

+ .
Ingoy 1 + t2

3.3-lemma. Agar |s| = |sy| > 2 bo’lsa, u holda

D12=pl < e lng

P
tengsizlik o’rinli bo’ladi. Bunda p — L(s, y)ning barcha no’llarini gabul giladi,
x(modq) — ixtiyoriy primitiv xarakter.

Bu lemmaning isboti G. Davenport [25] ning 108-betida keltirilgan.
Davenportning ana shu isbotidan foydalanib c;, ning son giymatini aniglaymiz.

3.1-lemmaga asosan

St+a
In |F (T>| < c;7|s|In]s]|,

bu yerda
1<1+a)1+ 1 N 1 N In2m
T2 sl \ T ol el T T el
2)r (&)
+ soral | |s +al = |sy +al,
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va o = % bo’lganda [25] ning 14-betidagi (14)- formulaga k’ora

IL(s, 0| < 2qls|
bo’lgani uchun (3.4) dan

1
1£(s, )] < 27 exp(cyglslinls))
bunda

C1g = ————+ |so|™1 + ¢4, Is| = |sol, o>

N =

Shunday qilib |s — 2| = R aylanada quyidagiga ega bo’lamiz:

In|é(s, x)| < Rlng + c;9RINR,

bunda
€19 = €18(1 = 2[so| D)1 + (In(1 - 2|so|™") ™) (InRy) ™'},
R >Ry =3,|s0| > 2.
L — funksiyaning funksional tenglamasiga asosan bu tengsizlik o < %bo’lganda ham

o’rinli. s = 2 da

Ll <% v |r(E9)]7 < 11281

bo’lgani uchun £(s, y) ning ta’rifidan ((3.4) ga garang) —In|é(s,y)| < 0,6877

kelib chigadi. Bu baholardan va lyensen formulasi

! -1 dr = ! an d l
fo rin(rdr = jo nl€(s, )lds — nl€(s, )|

dan

R
f r~In(r)dr = Ring + c,oRInR (3.4)
0

36



kelib  chigadi.  Bunda n(r) bilan  &(s,x)  ning |s — 2| <

r doiradagi no’'llarisoni, r <R va ¢,y = ¢19 + 0,6877(RoInR,) 1 (3.4) va
2R 2R
J r In(r)dr > n(R)f r~tdr = n(R)In2
R R

tengsizlikdan
n(r) < 2(In2)"(ring + 1,6309¢,orinr)

ga ega bo’lamiz. Bu yerdan

Dl=plt= > 2=plF+ > 12-pl <culng
p pE|s—2|<3 péE|s—2|<3

+j r~2dn(r) <cyglng,
3
bu yerda

4
Ci6 = §C21 + 1,9236 + 6,5834C20.

Lemma isbotini yakunlash uchun

12 — p|™* <cp1inq (3.5)

pE|s—2|<3

ning o’rinli ekanligini ko’psatish qoldi. Bu yerda

|12 —p|™2 < z 1< N,y

pE|s—2|<3 pPE|s—2|<3
bo’lganligi va 2.1-teoremaga asosan
N(3,x) < 35,0715Inqg

bajarilgani uchun biz (3.5) da c,; = 35,0715 deb olishimiz mumkin. Shuni ham
ta’kidlab o’tamizki, agar Ry = 3 va Imp = 1 bo’lsa, ¢,y ni =2* bilan almashtirish

mumeKin.
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3.1-teoremaning isboti. Faraz etaylik y(modq) —ixtiyoriy primitiv xarakter

bo’lsin.3.2-lemmani
Y(x,x), agar x # p® bolsa;

1/10 (X, X) = nsxX(n)A(n) = l/}(x, X) . %A(x), agar x # pa bo'lsa

tenglik bilan aniglanuvchi ¥, (x, y) — funksiyaga qo’llab quyidagiga ega bo’lamiz:

¢ X\t (7)1 A(x)
Yoo, x) —J(x, x, T)| < z A(n) (—) min 1,—x +un—— (3.6)
= n InZ T
n=1 | n
n+x
bundaxn > 1 va
1 n+iT LI xs
](XJX) T) == ﬁj};_ﬂ' {—Z(S,X)}?ds (37)
Biz
1
n=1+—
Inx

deb olib (3.12) ning o’ng tomonidagi qatorni baholaymiz. Awvvalo, uning n < %x

van = Zx shartlarni ganoatlantiruvci hadlarini garaymiz. [21] dagi 1.1-lemmaga
asosan agar 1 < o < 1,03 bo’lsa,

(,( ) < ! + 0,1856352( 1)< -

T S R Ol d o—1

bajariladi. Bunda y, = 0,57721566 ... —Eyler doimiysi. Bundan va x* = ex

ekanligidan (3.12) ning o’ng tomonidagi n S%x shartni ganoatlantiruvchi

hadlarining hissasi

ex ! e x
{ d (%)} < Inx, x=x,

nTln 4 ¢ tln iT
3 3
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dan ko’p emas. Shuningdek, n > Zx shartni ganoatlantiruvchi hadlarining hissasi

e Xl =

—(nx X X
5 , = Xo
T[lTlZ T

dan k’op emas. Endi %x < n < x shartni ganoatlantiruvchi hadlarini garaymiz.
Faraz etaylik x; bilan x dan katta bo’lmagan tub sonning eng katta darajasi bo’lsin

TR 3 . . :
) 1 . - .
(agar x = p%* bo’lsa, u holda x; # x) 2 X <X <x deb hisoblashimiz mumkin

X—Xxq

n=x bo’lganda In> 2 bajariladi. Shuning uchun ham n = x; bo’lganda

(3.7) dan quyidagiga ega bo’lamiz:

Ho

A(xq) (%)K min <1'#—x1|) < (§) (Inx) min (1,#%).

Bu yerda
1

o =1+ ,
0 Inx,

X = Xg.

Qaralayotgan gatorning qolgan hadlari uchun n=x;, —v, 0 <v < % deb olamiz.
U holda ln% > xl bajariladi. Shuning uchun ham bu hadlarning yig’indiga
1

qo’shadigan hissasi

(4>Kx(l )Zl<1<4)xo PR LA
3) aT Vo m\3 xolnxy = 3xglnx, T

o<v<-—-
4

dan ko’p emas. Bu yerda x > 1 bo’lsa,

zl<l Yot et —
n T Yo 2x  12x2

ns<sx

([21] dagi (1.8)-formula) ekanligidan foydalandik.
Endi (3.7) ning 0’ng tomonidagi x < n < Zx shartni ganoatlantiruvchi hadlarning

hissasini garaymiz. x dan katta bo’lgan tub sonning eng kichik darajasini x, bilan
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belgilaymiz. U holda yugorida garalgan %x < n < x holdagi singari mulohaza

yuritib garalayotgan hadlarning (3.7) ning 0’ng tomoniga qo’shagigan hissasi

0,2232
(1+

e ) (Inx) min (1 ;> +

"nT|x — x|

1/, 02232 2+ (3%0) 7\
(14 5) (14 5 g

—=In“x, x = x,.
T Inx, Xolnx, )T ’ 0

Barcha hosil gilingan baholarni yig’ib (3.7) dan

X X
[Wo(x, x) — J(x, x, T)| < M, Tlnzx + M, (Inx) min (LF(x))' (3.8)

1 ([ 4\ 0,2232 2+ (3xy)7 !
o= () 1 RGO
m(\\3 Inx, Xolnx,

1 1 1
+ (8,0506e +—+ ) )
Xo Xolnxy/ Inx,

bu yerda

M2=1+

0,2232 (4)“0
z)

Inx,

Endi (3.7) dagi integlashning vertikal yo’lini uchlari » +iT,U +iT
nuqtalarda bo’lgan  to’g’ri to’rtburchakning golgan uchta tomoni bilan
almashtiramiz. Bunda U — yetarlicha katta toq son agar a = 0 bo’lsa va U —
yetarlicha katta juft son agar a = 1 bo’lsa. Shunday qilib chap vertikal tomon
L(s, y)ning ikkita trivial no’llari orasidan o’tadi. Integral tagidagi funksiyaning
to’g’ri to’rtburchakning ichida yotuvchi qutb nuqtalaridagi chegirmalari yig’indisi

quyidagiga teng bo’ladi:
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(3.9)

a—-2m
— a.

—Z JIC.TP—(l—a)lnx—b()()+z:zxm

ly|<T msU

—1 <0 <2 va ixtiyoriy q,T lar uchun (1.12) asosan L(s, y)ning |T —y| <1
shartni qanoatlantiruvchi no’llari soni 8,c3IlnqT ga teng va no’llar orasidagi masofa

(c3IngT) ™1 dan kam bo’Imasligi kerak. Bunda

_> 1+ + 1 + 1 +1 149772 L1 +0,06972 152
=3 Yo T or, T 1212 24 0o J~o T o [

T ni |T —y| = (c3lngT) ttengsizlik bajariladigan qilib tanlaymiz ([27] ning 258-

betiga garang). U holda 2.1-lemmaga asosan —1 <o < 2,s =0 +iT,T = Ty(= 3)

bo’lganda

LI
‘f (8, 0)| < c22InqT

ni hosil gilamiz. Bu yerda

1 1
Cpp = C3 + {10 [1 + (yo + T t oty 1+ 9T-2>L51] + 3,5629l51} Iyt
0

Shuning uchun ham o ning bu giymatlaridagi gorizontal kesma bo’yicha
integralning giymati

x
Ca2
-1

S

S

V4
(In*qT)do < CZZT‘llZJ x%do =ecy,xl? (Tinx)™,  (3.16)

dan katta emas. Endi —U < ¢ < 1 gorizontal kesma va o = —U vertikal to’g’ri
chiziq bo’yicha integrallarni baholash qoldi. 3.3-lemmaga ko’ra gorizontal to’g’ri

chizigning qolgan qismi bo’yicha olingan integralni quyidagicha baholash mumkin:

“tingls| Lt InqT
C13 f_u 5| x°do < clgff_oox d0=c13m. (3.17)
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Vertikal to’g’ri chiziq bo’yicha integral U — oo da no’lga intiladi. Shuning uchun
ham (3.14)-(3.17) lar va

oo (00]

x—(Zm—a) 1
L S

2m—a x—1
m=1 m=1

dan quyidagiga ega bo’lamiz:
p

X X
Yolo ) == ) == b(0) +5M; = Inqx
p T
lyI<T
_ X

+ 96M2 (lnx) min <1'nT—(x)> ) (318)

bunda |6;| < 1,i = 1,2,3,4,5,6 va
ec c 1 1
;= 22 13 + M1;

+
minxy  wxtlylnx, (xo— 113 logxg

3
Endi b(y)ni boshgacha ko’rinishda ifodalaymiz. (2.2)- formulani

0,2232 4\
Mz = 1 + ( ) .
Inx,

L’( ) = 1l q 1T /s+a LB )"‘Z 1 +1 319
XTIy 2r(2> (X (s—p p)(' )
P

ko’rinishda yozish mumkin. Bu yerda s = 2 deb olib hosil bo’lgan tenglikni (3.19)
dan ayirsak quyidagi tenglikga ega bo’lamiz:

L_(SX)——(2X)+%%’(1+;)———<S+a>+z<s_p - p) (3.20)
p

Bu yerdan a = %{1 — x(=1)} = 1 bo’lganda
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L "1
‘I(Z'X) < 0,65585, _ F(E) = v, +2In2;

F—,(l N E) _ {—yo, agar a =0 bo’l’sa;

r 2 —Yo + 2 —In2,agar a = 1bo’lsa

bo’lganligi uchun
L 1 1
B(x) = —(0, ) = 1,645850, — z (— + —) (3.21)
L s—p p
p

kelib chigadi. a = %{1 — x(=1)} = 0, quyidagi yoyilmani garaymiz:

LI
I(S'X) =s 1+ B(y)+sh; +
Bu yerdan (3.20) va
1F’(s+a> +i( 1
2T 2 s+a+2n Zn)
n=1
dan
B(x) = 0,645850 z< ! +1) 5] <1. (3.2
X) =Y, 8 2—0p " p) 8 . (322)

(3.21) va (3.22) lardan agar 0 < 6, < 1 ni mos ravishda tanlab olsak,(3.21) ning
doimo o’rinli ekanligiga ishonch hosil gilamiz.

(3.21) ning o’ng tomonidagi qatorni qaraymiz. Bu qatorning |y| > 1 shartni
ganoatlantiruvchi hadlari uchun quyidagi tengsizlik o’rinli:

1
Z|2 P p| Z|p(2 ,0)| | 12 —pl2
14ES!

Agar |y| < 1 bo’lsa, u holda

1 1
. =Y ) 2= pl?"
p lyl<1 p

lyl<i
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Shuning uchun ham 3.4-lemmani qo’llab (3.21) dan

1
B(x) = c3304lnq + Z -,

lyl<i

bunda [65] < 1va cy3 = (6 +V5)cye + 1,64585(Ingy) ™. Shunday gilb (3.18) ni
quyidagicha yozish mumkin:

o xP P01 xF—1 xF-1
lpO(er):_Z _+z - =~ =~ +R1(er)'
lyl<T P B

bunda yig’indidagi shtrix yig’indining maxsus no’llar 1 — § va  dan (agar ular

mavjud bo’lsa) boshqa barcha no’llari bo’yicha olinishini bildiradi va

IR (xT)|<<M 4 23 )xz 2qx + M, (Inx) mi (1 a )
, —n-agx |-
1 7 Ingyx,) T 1 WX I T (x)

ZS f <1 bo’lganiuchun =1 <

g. Shuningdek
x1F -1 1
—— < x+ Inx.

Shuning uchun ham (x~# — 1)(1 — )~ va B~ larni qoldiq hadga kiritishimiz

mumkin.
2, \
lyl<1P

hadni ham qoldiq hadga kiritish mumkin. Hagigatan ham [21] 1.3-lemmaga ko’ra

agar y(modgq), (q = 3) haqiqiy bosh bo’lmagan xarakter bo’lsa, u holda unga mos
Dirixle L — funksiyasi L(s, y) ning
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Coq

s 53 t — ixtivori
g (It 3) q ixtiyoriy

sohada ko’pi bilan birta oddiy haqiqiy no’lga ega bo’lishi mumkin. Bunda ¢,, =
0,0109986. |t| <1 bo’lsa bundan o = 1 — ¢, (Ing)~kelib chigadi. Bu yerda
Cos = Coq (1 + (Ingo) tin4)™ 1. No’llar o = % to’g’ri chiziqga nisbatan

simmetrik joylashgani uchun ular B > c,¢ (Inq)~! shartni ganoatlantirishi kerak.
ly| <1 shartni qanoatlantiruvchi no’llar soni 3.1-teoremaga ko’ra (T = 3), ¢,,Ing

dan ko’p emas (c,; = 35,0715). Shunday qilib

DI
lyl<1 P

Endi ¥, (x, ) ning ta’rifiga asosan

! 1 c
21
< Z - < Coe lnzq, Crg = —
yi<1B C2s5

E ! xp
Y(x,x) = ~T—z = 4R, T), (3.23)
F B yi<r P
IR,( T)|<(M+ 3, * ey b )xlz
2%, 3 Ingexo  3(Inggxg)? €26 2Inqoxy/ T ar
+ M, (Inx) min( T x >> + Eﬁx 4 Inx. (3.24)

Hozirgacha biz primitiv xarakterlarni qaradik. Endi y = y; — 1 moduli
bo’yicha bosh xarakter bo’lsin u  holda ¥ (x, x5) = ¥(x). Shuning uchunham bu
holda y,(x, x) va L(s, y) larning o’rniga mos ravishda ,(x) va {(s) larni garab
quyidagiga ega bo’lamiz:

p
Y(x, x5) = x — Z % + R,(x,T), (3.25)
lyl<T
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bunda

D 1 1 In2mr 1 (c c
|R2(X,T)|<{ n n (27 4 Ce8 )

_I_ —_
Inx, 2(x%— Din%x, In?x, mw\lnx, xZin%x,

X
+ M1}7 In?qx + M,(Inx) min (1 (3.26)

)

va

1 1
Cr7 = 25e {(T—OZ + 0,64585) L_O

+11+ + - + - +1 1+4+4T-2) Lyt 2
2 Yo or, T 121 T 2 0

ve 22 4+ 064585 )2
‘Nz ™™ L2

1 1 1
+1le |1+ |y + s+ + -V 14+4T2 )Lt L5

2T, 12T¢ 2
{2 N 2 4 1,2418 }(1 4 In(1+ TO‘2)>
Crg = .
* JE+T2in@4+12)  In(A+T) 2L,

(3.24) va (3.25) lardan ko’ramizki, R, (x, T) (3.24) ning o’ng tomonidagi miqdordan
kichik.
Nihoyat, y(modq) — primitiv bo’lmagan xarakter bo’lib, y;(modq,) —

primitiv xarakter bilan indutsirlangan bo’lsin. U holda

Inx Inx

— < < — e .
W0 - Pl ) psio > <o lng
pV=x,p\q p\a.ptq,

ptq1

Shuning uchun ham (3.23) va (3.24) lardan diomo

xB ! xp
(x,)()=6x—E~T—z — 4+ R3(x,T)
v TP yi<r P

bajariladi degan hulosaga kelamiz. Bunda
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ecy; €13 1 1 C23
|R3(x, T)| < +— + 5+ + M, +
minxy nxilyInx, (xog—1) 1§ Inxg Ingox,

+ + + Cp6 + : + - = In?
3(Inqyxy)? €26 2lnqox, [n2)T nax

. X 1
+M, (Inx) min (1, nT—(x)) + Egxs Inx.

Buyerdan T, = 3, qo = 3, xo, = 3 deb olsak, 3.1-teoremadagi tasdiq kelib chigadi.

19

Natija. Agar o <q<P, 3T, < T(= PT), T2¢ < x va x — butun son

bo’lsa, quyidagi formula o’rinli:

xz;’ / xP
Y, x) =06 x—E'”_"_E » TR&T),
X ﬁﬁ lyl<T P
bunda
et
(/4 1 1 2 Ay 2¢53 Xy
R(x,T)| < n (_+ ) + + + + 0
IR(, T <%, (3 X9 — 1/ In?x, 19cln2  361c? 19clnx, Inxo

+1( fs S )+ L om
21 \(cxglnxy)? = 2c?%lnx, [xolnx, i
=175

Agar natijaning shartida keltilgan parametrlarning giymatlarini 3.1-teorema isboti

inobatga olsak undan isbotlanishi talab etilgan natija kelib chigadi.

47



111-BOB. SONLARNI IKKITA TOQ TUB SONLARNING YIG’INDISI
KO’RINISHIDA IFODALASH

111.1- §. Asosiy belgilashlar va birlik intervalni bo’lish.

Quyidagicha belgilashlar kiritamiz:

S@= ) ()e(pa) (LD
P<ps<X
va
Sam= ) (@) e@a. (12)
P<p=<X
Biz
P=Xx3% va Q=XxP! (1.3)
deb olib [0;1] kesmani asosiy va qo’shimcha intervallarga bo’lamiz. 1 <a < g < P,
_ i a_1 a 1f_ iV i '
(a,q) = 1lar uchun M(q,a) bilan [q il + qQ] asosiy intervalni

belgilaymiz. Tushunarliki, bu asosiy intervallar kesishmaydi. Asosiy intervallarning
birlashmasini 9t bilan belgilaymiz. Ql<a<14+QLaegM sharni
ganoatlantiruvchi a lar to’plamini 9t bilan belgilaymiz. Shunday qilib 9t —
qo’shimcha intervallarning birlashmasidan iborat.

Faraz gilaylik

R(n) = z Inp, - Inp,

n=p1+p;
P<p1+p2SX
bo’lsin u holda
1+Q71
R(n) =R, (n) +R,(n) = j S%(a) e(—na)da, (1.4)
Q—l

bunda

48



R, (n) = JSZ(a) e(—na)da, R,(n)= f S%(a) e(—na)da.
i 5t

111.2- §. Qo’shimcha intervallar bo’yicha olingan integralni baholash.

Bu paragrafda avvalo X ning yetarlicha katta giymatlari uchun

Z Ri(n) < X3P lin'?x (2.1)

n<X

ekanligini isbotlaymiz. Parseval ayniyatiga asosan

sz(n) = jIS(Of)I4 da < (maxlS(aN) JIS(Q)IZdOf

n<Xx N N

deb yoza olamiz. Bu yerda

1+Q~1
j|5(a)|2 da < j 1S(a)|? da < z In?p < n(X)In?X.
RN Q1 p=X

Buning o’ng tomonida [21] dagi 1.4.2-lemmaning birinchi gismidan foydalanamiz.

Unga ko’ra agar x > 1 bo’lsa,

< X L 3x 3x
m(x) Inx 2ln?x

tengsizlik o’rinli. Demak,

3
flS(a)lz da < 1 +m)XlTLX

bajariladi. ¢€9t bo’lsin. Dirixle teoremasiga asosan shunday g < Qvaa,1<a <q
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(a, g) = 1 sonlari mavjudki, ular uchun |a - §| < é bajariladi. Bu esa agar g < P
bo’lsa, @ € M(q,a) S M ekanligini bildiradi. Demak, a€It bo’lsa, g > P ekan.

1
[28] dagi 2.1.1-natijaga asosan, agar P<q<XP™l, 1<P<X3 (a,q)=

1, |a — % < 2—2 bo’lsa, u holda

1
|S(a)| < cy9XP2In*X
bajariladi. Bundan yetarlicha katta X lar uchun
_1
|IS(a)| < XP2In°X

ning bajarilishi kelib chigadi.
Shunday qilib

3
R3 (1 )X3P‘1l Uy < x3p~lin?y,
Z 2(n) <|1+ 2lnX, " "

nsX

ya’ni (2.1) isbot bo’ldi. (2.1) dan

7
|R,(n)| > XP 24
tengsizlikni ganoatlantiruvchi n, (n < X) lar soni
_5
XP zlnl?X (2.2)

dan ko’p emas. Qolgan n lar uchun

IR, (n)| < XP (2.3)

bajariladi.
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111.3-§. Katta yoylar. R, va R, larni soddalashtirish.

Endi faraz etaylik a € M(q,a) bo’lsin. Biz a = §+ n deb olamiz. M da

q < P bo’lgani uchun agar p > P bo’lsa, u holda (p, q) = 1 va demak,

(ha) = —= ) x(Pa)T(De(pn)
e(pa —(p(q)x)(par)(epn.

Bunda ¢ (q) —Eyler funksiyasi,
q
h
w00 = ) x(e ()
h=1 1

-Gauss yig’indisi. Shunday qilib (1.1) va (1.2)- tengliklardan foydalanib
S(@) = == 2@TDSCm) (3.1)
a) =—— a)t , .
P(a) & AT 1

deb yoza olamiz. Agar y = y, —bosh xarakter bo’lsa, S(xo,n) =T({1n) +
W(xo,m); Ez=1 bo’lsa, u holda S(¥xo,m) =T() +W(¥xon); golgan
hollarda, ya'ni y # x, va Ez = 0 bo’lsa, u holda S(x,n) = W(x,n) deb olamiz.
Quyidagi iki holni garaymiz.

a). Faraz etaylik Ez = 0 bo’lsin. 7(xo) = pu(q) ([21], 2.2-lemma) bo’lgani

uchun quyidagiga ega bo’lamiz:

1

qQ
| : 2(g) 2
zamL)S(a) e(mnayde = ::2(2) Cq(—n) fl T-(m)e(—nn)dn +

qQ
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1

u(q)

22(q )z (0 €y (=n) JT(n)W()( n) e(—=nn)dn +

QQ
1

- ( ) Zfom(x)c (=) j W mW () e(—mm)dn . (3.2)

QQ
bu yerda
hm

q
hm !

C,(m) = Z x(h)e <—) — Ramanudjan yig'indisi;, C,(m ) = z e (—)

et q hoNq

oxirgi yig’indidagi shtrix yig’indining ¢ moduli bo’yicha chegirmalarning keltirilgan

sistemasi bo’yicha olinishuni bildiradi. Xususan C, (1) = 7(x);

T =T = ) e(u.

P<n=sX

Faraz gilaylik y(modgq), primitiv xarakter y*(modr) bilan indutsirlangan xarakter

bo’lsin. Quyidagicha belgilash kiritamiz:

1

W) = ( f IW(X,n)IZdn\ . (33)

rQ

Asosiy intervallar uchun W(y) = W(x*) bajariladi. (3.2) ning ikkala tomonini
barcha q lar bo’yicha yig’ib, qulaylik uchun ikkinchi va uchunchi hadlarning
yig’indisini R; bilan belgilab olamiz, u holda integrallarga Koshi tengsizligini
qo’llab va [21] dagi II. 2.5-lemmadan foydalanib
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R, < %(21{@ 1, )XW + K(r,7, n)WZ) (3.4)

ni hosil gilamiz. Bu yerda

W= ) W

qsp

K(ry,mp,n) = 1_[ (1 o = 1)2) 1_[ - 1)2, = [ry, 73]
T3,pin

pirs,pin

([A] dagi 1l. 2.5-lemmaga garang). Shuningdek (3.4) da

1

qQ 1

j IT(m)|*dn < fIT(n)Izdn = z fe((nl —ny)n)dn < X
0 P<n{ny,<X o

QQ

dan foydalandik.
(3.2) dagi birinchi hadni garaymiz. [21] dagi Il. 2.6-lemmaga asosan
ITx (M| < 2lInl)~* bo’lgani uchun

1

1

2 2

[irerz an lf-Zd <Lq0
J 77 4 77 77 4q "
qQ ﬁ

Shuning uchun ham
1

[rrmecmman= 3 [e(Gu-nman= > 1<n

0 P<n1,n2SX 0 P<n1,n2SX
n=n;+n,

ekanligini e’tiborga olib barcha n, (n < X) lar uchun
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1

qQ

qQ
j. T*(m)e(—nn)dn = n+ 0y 7 1610l <1

-1
qQ

ni hosil gilamiz. Shunday qilib (3.2) dagi birinchi hadni

GO qq
ors; Catm (n+ 010) (35)

qsp

ko’rinishda yozishimiz mumkin. 6;, qatnashgan hadlar yig’indisini R, bilan

belgilasak [21] dagi (11.2.2)-tenglikga asosan

o(q) q
o) T (qm)

Cq(m) = pu(q1) —— (3.6)

bo’lgani uchun quyidagi bahoni hosil gilamiz:

q-1*(q)

1
<3¢ a=r9(@) ¢ ((q n))'

2

Agard = (q,n) desak, d - r = q,(d,r) = 1 bo’ladi. Shuning uchun ham

Ri<30 ). <p(d> e

dd\<P
<1 d T p T
—EQ;WT;1 ORPLTOLE )

r—kvadratsiz

R, ni baholashni davom ettirish uchun [29] da keltirilgan
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n 2,507
—— < e¥lnlnn + —— = b(n)Inlnn, (n = 3) (3.7)
p(n) Inlnn

tengsizlikdan foydalanamiz. U holda

2 T L w0 L, T

r<P r<200 201=sr=<P
r—kvadratsiz r—kvadratsiz r—kvadratsiz
(Inlnr)?

A,(200) + b2(201)

< A;(200) + b%(Py) (InlnP)? - InP

201<r<P
r—kvadratsiz

< ¢30(Py)(InlnP)? - InP,
bu yerda
C30(P0) == Al(ZOO)(lnlnP)_z(lnP)_l + bZ(Po).
Shunday qilib (1 — &)X <n <X, (0<eé&<1)bo’lganda

R, < K,(&1, Py, Xp) X141 P71 (IninX) (InIlnP)? - InP (3.8)

ga ega bo’lamiz. Bunda
1
K, (&1, Py, Xo) = Ea(51) * C30(Pp) b((l - S)XO); d(n) < a(e)n®.

(3.5) dagi golgan hadlarni barcha g > 1 lar boyicha yig’indi qilib yozsak, buning
natijasida

R3=n

B N )
£ 0(@) e

r>Pd—1

xatolik paydo bo’ladi. Bu yerda
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3 3
u(r) u(r)

z @?(r) T Z @?%(r) <

Pd~1<r=40 r>Pd~1(41)

z w3 (r) -
p*(r)| ~

r>Pd~1

3,2 + b2(41)

InlnPd~1)? 1 d
( ol ) -3 < C31(P0)F (lnlnP)z

pd= r>rd-1(41) T
va c31(Py) = 120(InlnPy)~1 + 20,9632 bo’lganligi uchun
R; < K,(&q, Py, Xo)X1Te1P~1 (IninX) - (IninP)?
ba_lariladl Bunda KZ(EIJ Po,Xo) == a(el) ' C31(P0) ' b((]_ - E)Xo)

Endi (3.2), (3.4) va (3.5) lardan Quyidagiga ega bo’lamiz:

R,(n) =no(n) + 0;,K3(g1, Py, Xo)X1e1 P71 (InlnX) - (InlnP)? - InP

e )(ZK(T 1, n)XZW + K(r,, n)Wz) (3.9)
bunda
Ky(er, Po Xo) = aler) - b((1 — £)Xp) - <1c30<P0) + 31(P°)). (3.10)
[nP,

o= B an = -g2) [ (4529 o

q=1 pin

b). Agar Ez =1 bo’lsa, u holda (3.2) ning 0’ng tomonida yana uchta had
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1

t*(X¥xo) _ i = _
S Cy(-m) j 2(n) e(—nn)dy +
" qQ
u(q)

(,0 %(q )z r(¥xo) XXO( n) JT(TI)T(T])Q(—nn)dn+

qQ
1

Zr(x)r(xxo) (1) j W T) e(-mdy  (3.2)

QQ

® (q)

paydo bo’ladi. Bunda
T(n) = Tx(n) = z nf=Le(nn)

P<n=sX

va

1

1

flT(TI)| dn < fIT(n)l dn = Z (n1n2)ﬁ_1je((n1 —nz)n)dn =

P<n1,n2 <X 0

z n2B-1 < x

P<n1,n2 <X

QQ

bo’lgani uchun yuorida R, ni baholagandagi singari mulohaza yuritib (3.2) dagi
oxirgi had uchun (3.4) bahoning o’rniga quyidagi bahoga ega bo’lamiz:

- n 5 1 5 -
Ris s (Z(K(r, 1,n) + K(r,#,n))X2W + K(r,r, )W ) (3.9

[21] dagi Il. 2.6-lemmaning ikkinchi gismiga asosan
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~ % C
TX(T’) < min <C32XB; 33~>
Inll?

bo’lgani uchun

Tx(m) < =
Inll#
deb olishimiz mumkin. Bunda
_ ( 0,0019128>‘1_ _3, 00019128
€32 InP, 3 T T P, — 0,0019128
Shuning uchun ham
1 1
2 2 1
~ 2 ~
fIT(n)I dn < c33qQ; jIT(n)T(n)I dn <5 ¢33q0Q
1
“qQ “aQ

tengsizliklar o’rinli bo’ladi. Endi (3.2) integrallarni quyidagicha yozishimiz

mumkin:
20
| 720 eC-nmyin = Fw) + 260,,¢hq0, (0 <05, <1
a6
2
j |T(77)T(77)| dn =J(n) + 613¢33qQ, (0 < 633 < 1),
26
bunda
1 1
F] = || 7200 e-nyn| < x; | = [ ITapTan|an| < x. (312)
0 0

Shunday qilib (3.2) dagi birinchi va ikkinchi hadlarni barcha asosiy intervallar

bo’yi1 olib quydagicha yozib olish mumkin:
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Z LX) ¢ (n)(Tn) + 2612¢5500) +

o 2@
\q
ZZ #2(3)) Caro (— n)T(¥xo) J(n) + 6;3¢339Q). (3.5)
qspP
™\q

(3.5) da 6, va 63 lar qatnashgan hadlar yig’indisini mos ravishda R, va Ry lar
bilan belgilab, ularni baholaymiz.

[21] dagi II. 2.1-lemmaga asosan agar y(modq), g = 3 — primitiv xarakter
bo’lsa, u holda |t(x)| =./q; agarda x(modq), ¢ =3 — hagigiy primitiv

xarakter bo’lsa, u holda 72(y) = y(—1)q va ﬁ — kvadratsiz (ya’ni birorta ham

tub sonning kvadratiga bo’linmaydigan) son bo’ladi. Bundan va (3.6) formuladan

foydalanib R, ni baholaymiz, u holda

_a
Ry < 26507 ) G n); wgq)

=P [P \ (g
\q

ga ega bo’lamiz. ¢ = 7+ [ desak, (7,1) = 1 va u?(l) = 1 (JA] dagi 2.5-lemmaning

isbotiga garang) bo’ladi. Shuning uchun ham

R, <

2c53Q7 z “(l)“((zn)) !

0@ () S| o(==) ¢O

bajariladi. Endi agar (I,n) = d deb belgilabolsak, l = d - k, (d, k) = 1 bo’ladi va
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T 7 Q d k
S N GRGD o) 2@ 2 T

d\n k<P(7d)~1

7 \2 k
2650 (55) “gam 4 G- ), xS

k<P(Fd)~1

K,(g1, Py, X)X 81 P71 (7, n)(InIlnP)* - (IninX) - InP,
bajariladi. Bunda
K4 (&1, Py, Xo) = 2C323 ~a(e) - b*(Py) - bz((l - E)Xo) * €30(Po).
Bu yerda b?(7,) ni b?(P,) bilan almashtirdik, binday gilish mumkin, chunki # ning
dastlabki 200ta giymati uchun

7 InlnP
max <375 ——
S50 o(7) IninP,

= C34IninP

bo’ladi. 7; ning qo’lgan giymatlari uchun

~

( ) < b(7y)Inin¥ < b(Py)IninP

tengsizluk o’rinli. Shuning uchun ham P > P, bo’lganda

3,75

b(P0)> l l PO C34—

bajariladi.

Endi faraz etaylik y(modq) — xarakter y*(modr) primitiv xarakter bilan
indutsirlangan xarakter bo’lsin va ixtiyoriy m — butun soni uchun ¢q, = mfl—m) deb
belgilab olsak, [21] dagi 2.4-lemmaga asosan: agar r t q; bo’lsa, C,(m) = 0;
agarda r\gq; bo’lsa,
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¢, (m) defZX(h)e( =) = f*((q,’rml)) 5((;1)) p(B) o ()0

bajariladi. Bundan foydalanib R uchun

tengsizlikka ega bo’lamiz. Bu tengsizlikning o’ng tomonida R, ni baholagandagi

singari mulohaza yuritib quyidagiga ega bo’lamiz:

Rs < K:(&4, Py, Xp) - X1te1- P71 . (n,7) - (IninP)* - (InlnX) - InP.

Bunda

1
Ks(&q, Py, Xp) = C_ - K, (&1, Py, Xo)-
33

(3.5) dagi qolgan hadlarda yig’indini barcha g > 1 lar bo’yicha olamiz. Bu
natijasida qo’shimcha ravishda R, va R, xatoliklar paydo bo’ladi. Endi Rg Va R,

larni yugoridan baholaymiz. U holda

ﬂ 2 1
~ T l
<p(r)'<0( )

q>P ‘% ((q ) ‘P(Q) (#n)) 1>PF1 O (m)
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X1 1 1
oo (2 )Z<0<d>k<Z 7

Fm) d\n <PGFd)!

< K¢(g1, Py, Xp) - X1te1- P71 - (0, 7) - (IninP)* - InlnX

bahoga ega bo’lamiz. Bunda

K¢ (g1, Py, Xo) = a(ey) - bz(Po) ) b((l - <‘—")Xo) - €31 (Py).
Shunga o’xshash

e (“””)

> @ ( @ n)) o(@|

R, < 2X7

Buning o’ng tomonini R, ni baholagandagi singari baholasak quyidagiga ega
bo’lamiz:

R7 < K6(81' Po,Xo) - X1+81 ' P_l ' (Tl, f') - (lTllnP)4 - lTllTlX

(3.5) dagi birinchi cheksiz yig’indi

~ _ ©*(Xxo)
G(n) = Z iy G

T\q
va ikkinchi cheksiz yig’indi

- 2((" )) Cays (—)T(Fx0)

ﬁz’Q
p_\
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ga teng bo’ladi. Bu yig’indilarni [21] dagi 2.1-lemma: agar y(modq), q =3 —
primitiv xarakter bo’lsa, u holda |t(y)| = \/E; agarda y(modq), q =3 —

haqiqiy primitiv xarakter bo’lsa, u holda 72(y) = y(—1)q va ﬁ — kvadratsiz

(ya’ni birorta ham tub sonning kvadratiga bo’linmaydigan) son bo’ladi. Hamda 2.2-
lemma: agar y(modk) xarakter y*(modr) primitiv xarakter bilan indutsirlangan
xarakter bo’lsa, u holda r\k va
w0 = u(H)x (52t
T T
tenglik o’rinli.  Bulardan foydalanib yuqoridagi birinchi cheksiz yig’indini

quyidagicha yozish mumkin:

() =x(—Du <(1:n)> 4027) o7 ((f‘,fn)) 1_[ (1 B (29—;1)2)

pif,pin

(1 + L) (3.13)

Ikkinchi cheksiz yig’indini uchun esa quyidagi tengsizlik o’rinli:

o u(q)
= 9*(q)
™\q

Cyxo (=)T(X0)

gty [T -5 [ (23]

pif,pin pif,p\n

T n
0*(7) on)

3 ~2
72X (n)

Shunday qilib olingan barcha baholarni yig’ib, Ez = 1 bo’lgan holda
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Ry(n) = no(n) + 5T + 5 72(n) X0y

2( ) <P(n)
+ K, (g1, Py, Xo) X1 P71 (n, #)(InlnX) - (InlnP)* - InP

n N 1
ame) (2K 1n + K, 7,m) )XW + K(rr,mW?),  (3.14)

ifodani hosil gilamiz. Bu yerda

K, (&1, P, Xo) = a(ey) - b((1 — €)X,) X

(e e
x{ (0, 7) (InInby)? <2(c33 + 1) ¢33 c30(Py) +3 InP, )} (3.15)

\ )

I11.4-§. R, va R, larni baholash.

Avvalo quyidagi lemmani isbotlaymiz.
Faraz etaylik § = 0T 1, 0 <6 < 1va
S(t) = Z c(v)e(vt)

v
absolyut yaqinlashuvchi trigonometrik gator bo’lsin. Bunda v — haqiqiy sonlarning
biror ketma-ketligida o’zgaradi va c(v) — koeffisientlar kompleks sonlar.
4.1-lemma. Yuqoridagi shartlarda quyidagi munosabat o’rinli:

x+é‘ 2

j IS(O)[2 dt < c35(6) j Y c)| dx

c35(0) = {min <%, —2(1n; 9)>}_

bunda
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Isboti. [30] dagi (1.25)- tenglikka asosan

f |S(t)F5(t)|2dt=J |Cs(x)|? dt, (4.1)

— 00 —_

bu yerda
Cs(x) = 671 Z c)

S5
lv—x|s=
2

va Fs(t) bilan

)
-1 < _ ; .
Fy(t) = {6 ,agar [t] < > bo'lsa;
0, qolgan hollarda
tenglik bilan aniglanuvchi Fs(t) — funksiyaning Furye almashtirishi belgilangan.

Fs(t) ni garaymiz. Bu yerda

o

Es(t) = j Fs(x —v)e(—(x —v)t) dx = JI | 86‘1 e(—(x —v)t) dx

sinmdt
st

|t| < Tva 6T =6 laruchun0 < 8 < % bo’lganda

sinmdt - sinm6
ot ~— mo

2
> —
A

tengsizlik o’rinli. Agarda %< 0 <1bo’lsa, uholda 6 =1-—c¢, (0 <e<

deb olib quyidagiga ega bo’lamiz:

. m(l-¢g)t

sin— sinmt(1 — ¢) 2¢  2(1-0)

> > =
-9t — g(1-—¢) (1l —¢) 0
T

Shunday qilib,
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)

sinmét _ (2 2(1 - 9))
> min|—,——=|.
T o

Fs(t) =

Bu tengsizlikdan foydalanib (4.1) dan lemmaning isbotlanishi talab etilgan

tasdig’iga kelamiz.

Endi

w=y Z;W(X)

qs<P

ni gqaraymiz. Yugoridagi 4.1-lemmaga asosan (3.3)-tenglikdan
2

X+5qQ . 2
W()()S<n72 f %qQ Z#x(p)lnp dx)) <

1
P x=>qQ

T 1 N\ P RS
\/_E (X + EqQ) max max (h + F) Z x(p)np (4.2)
XX hsoX x-1q0

ni hosil gilamiz. Buning o’ng tomoniga [21] dagi 1.4.1- teoremani qo’llaymiz. Unga
1+16¢
115

ko’ra  agar x; = , 0<e<0,01 va exp(\/lnX) <P<Xrn, XP 1<

h < %X lar bajarilsa, u holda

. X -1 x #
Z max max (h +F> Z x(p)lnp| <
qs<P X xsEX hslx x—h
2 2
InX .
C36 EXP (—037 m) , agar Ez = 0 bo'lsa;

InX ~
C3g XD (—039 m) (1—B)nP, agar Ej = 1bo'lsa,

tengsizlik o’rinli.
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Bunda csg < 2,002; c3; = 95,64-1075; cy5 < ex p(6,991466);
C30 = 72,637 1074 (4.3)

va yig’indidagi # belgi agar g = 1 yig’indining

zx:x”(p)lnp+ > 1
x—h

x—h<nsx

ga tengligini; Ez = 1 bo’lgan holda esa uning

X
Z Inp — z nf-1
x—h

x—h<nsx
n>0

ga teng ekanligini bildiradi.
AgarEp =0 bo'lsa, (4.2) dan quyidagiga ega bo’lamiz:

W< 7ﬂX2C36 exp( 38)

Buni va
K(r,r,n) = K(r,7,n) < 1,8371023,

K(r,1,n) = 1_[ <1+(p—;1)2>

pit,pin

1 1 - 3
] r(1-5) s14142-2= 106065
pif.p\n P

([21] dagi 11.2.5-lemmaga garang) ekanliklarini e’tiborga olib (3.4) dan quyidagiga
ega bo’lamiz:

R, < 2K(r, 1,m)XzW + K(r, 7, n)Wz)

(n) (
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<p(n) 36

Agar Ej =1 bo'lsa, (3.4) dan quyidagiga ega bo’lamiz:

—— Xc36(5,7714186 + 13,598604c; exp (— 637)) exp (- ﬁ) (4.4)

36

Ry < —oXca (15,767823 + 13,598604c35 exp (— =2 ) )
( ) 36
C39
(1 — ﬂ)(lnP exp ( 36) (4.3)
Endi biz asosiy natijani isbotlashimiz mumkin.
I111.5-§. Asosiy teoremaning isboti.
Biz R(n)>0 ekanligini isbotlashimiz kerak. (1.4) ga asosan
R(M) = Ry(n) + Ry(n)
bo’lgani uchun
R(n) > Ri(n) — [R,(n)| >0 (G.1)
ya’'ni
R1(n) > [Ry ()]
ekanligini ko’rsatamiz. I11.2-§ da (1,X) oraligdagi ko’pi bilan
-5
E,(X) < XP 1zln'2X (2.2)

tan, (n < X) lar lardan boshga barcha n, (n < X) lar uchun

IR, (n)| < XP 7 (2.3)

munosabatning bajarilishini ko’rsatdik.
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Endi (1,X) oraligdagi n ko’pi bilan E,(X) ta giymatlaridan boshga barcha
giymatlari giymatlari uchun
7
Ri(n) > XP 24 (5.2)
tengsizlikning bajarilishini ko’rsatamiz va E, (X) ni yugoridan baholaymiz.

Avvalo Ez = 0 bo’lgan holni qaraymiz. U holda (3.9) dan

R,(n) >no(n) — K3 (g1, Py, Xp)X161P~ 1 (IninX) - (InlnP)? - InP

(n) (2K(r 1,m)XzW + K(r,7, n)WZ)

> na(n) — K3(g4, Py, Xo) X161 P~ (InlnX) - (InlnP)? - InP

Xz (57714186 + 13,598604 34 exp (- ﬂ))

<p( ) 36

Bunda

> (1 1 %S 065445
s =] [(1- ok )

5a3 (- 1)? <P(n)

ekaligini va (4.3) ni e’tiborga olsak %X <n < X bo’lganda

R, (n) > —K3(&q, Py, Xo) X1 P71 (IninX) - (InlnP)? - InP

n ¥ {0,65445
p(n) 2

— exp(2,447064 — 31,88 - 107°8)

— —exp(3,998261 — 63,7610—55—1)}

bajariladi. Endi bu yerda § = 10,336 1075, ¢, = %6 desak, yetarlicha katta X lar

uchun

Ry (n) > 0’00072WX > 0,0007X > XP 2 (5.3)
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Agar Ez = 1 bollsa, (3.14) va (4.3) larga asosan quyidagilarga ega bo’lamiz:

Ry(n) = no(n) + 5(mI(n) + 5 72(n)

RO

+ K, (g1, Py, Xo) X161 P71 (n, #)(IninX) - (InlnP)* - InP

—Xe3015 (15,767823 +13,598604c3 exp (— & 29))

<p( ) 36

: (1 — E)lnP exp (— Ci) (5.4)

Agar (n,7) =1 bo’lsa,

3 7 n
51 < s <p<n) 1_“ (p—l)z) 102() o)

Shuining uchun ham (5.4) dan

Ri(n) > ?X X

9 r
{0 65445 — 120 K, (g4, Py, Xo)X8173% (IninX) - (InlnP)* - InP
— c39635 (15,767823

+0,0260114csq exp (— ;5)) (0,0019128)exp (- ;3(;) }

Bu yerda [21] dagi (2.1.6) gaasosan (1 — ) InP < 0,0019128 ekanligidan
foydalandik. Shuningdek [21] dagi (I.1.3) munosabatdan # = 9,69 InP ekanligi
kelib chigadi.

Bu yerdan yetarlicha katta X lar uchun

n
R,(n) > 0,6——X > 0,6X
p(n)
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ning bajarilishi kelib chigadi, ya’ni bu holda ham (5.3)- munosabat bu holda ham
o’rinli bo’lib qoladi.

Agar (n,7) > 1 bo’lsa, u holda (5.4) dagi uchunchi had no’lga aylanadi,
lekin to’rtinchi had (n,#) ning hisobidan katta bo’lishi mumkin. Shuning uchun

1
ham n ning (n,#) > Pz shartni ganoatlantiruvchi juft giymatlarini tashlab

yuboramiz. U holda qolgan n lar uchun bu had
1
K, (g1, Py, X)X 61 P72 (InlnX) - (InlnP)* - InP

dan katta bo’la olmaydi. Bu yerda tashlab yuborilgan n larning soni

1 1
z z 1< z X <XP72d(F) < a(e)XP 2
d\n

1 1
d\F, d>PZ ,_y d\F, d>PZ

dan ko’p emas. Shuning uchun ham X ning yetarlicha katta giymatlarida

1 5 1 a(e 5
E;x(X) <a(e)XP 2" = q(e)XP 12 2% < ( E ) )XP‘E

Pz &1

5
< XP uzin2X (5.5)

1
bajariladi. Endi )2—( <n<Xval<(n#) <Pz shartlarni ganoatlantiruvchi juft

n larni garash goldi.

1
sl <o || o= (56)

bo’lgani uchun agar (5.6) dagi ko’paytma bo’sh bo’lmasa (5.4) dan

R - X
1(n)>@ X
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1
X {0,65445 -3 0,65445 — K, (g1, Py, X)X 17130 (IninX) - (InlnP)* - InP

— C3501c (0,00301606 +0,49755 - 10™* - ¢4

en(-) en(-2) )2

mX {o 435 — K, (g1, Py, X)X 5 (IninX) - (InlnP)* - lnP}

0,4 —X >04X. 5.7
o) &7
Agar (5.6) dagi ko’paytma bo’sh bo’lsa, [21] dagi I1.2.1- lemmaga asosan
o 7
(n, T‘) = Z

1
bajariladi va garalayotgan n lar (n, #) < Pz shartni ganoatlantirgani uchun ham

T
ﬁS(Tl,f')SP

NP

1
BN F < 24P . (5.8)

Shuningdek

no(n) + 6(m)I(n) = no(n) — o(n)|I(n)

: (5.9)
bu yerda

I(n) = z (k(n - k))'/?_1 <n-nP-1=nb

P<k<n—-P

Chekli ayirmalar hagidagi Lagranj teoremasini qo’llab quyidagiga ega bo’lamiz:
n—nf = (1-p)nllnn=(1- ﬁ)nr’?lnn =(1-8)-n-(nn)- nb-1,
[21] dagi 1.1.1- teoremaga asosan
0,4941 < ~ 0,0019128

1—ﬁ<T. (5.10)

1
gz In*g
(5.10) dan
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i 1> 0,0019128> 0,0019128
B - [nP - 36lnn

kelib chigadi. Shunday qilib

n—nf=(1-p)n-(nn)-exp ((E — 1)lnn) >
~ 0,0019128

(1 —,8) -n- (lnn) - exp (—T> >
0,0019128

35 ) > 6,5274(1— ) - n - (InP).

(1-p5)-n-(nP)-exp (—
Endi (5.9) da bu tengsizlikdan foydalansak, quyidagiga ega bo’lamiz:

no(n) + 6§(n)i(n) = s(n)(n — nﬁ) > 0,65445% 16,5274(1 = ) - n- (InP)]

>2,1359- (1= f§)-X - —— - InP
1359 (1= )X +—— . np.
p(n)

Bularni inobatga olib (5.4) dan

Ri(n)
~ n
> {2,1359 - (1 — ﬁ) X W InP — K7(81,P0,X0)X1+£1"6 (IninX) (InlnP)*
- InP
C39
(p(n) —Xcag (15 767823 + 0,0260114csq exp ( 35))

C
X (1 — ,B)InP exp ( 33(;)) }
n
= mX{(Z,lSS‘) Caa (15 767823 + 0,0260114c;q exp ( ))> (1

— B)InP exp( 36) (K7(81,P0,X0)X 32 )X [X s2(InlnX) (InlnP)
- lnP]}
ni hosil gilamiz. (5.10) dan
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0,4941 0,4941 0,4034
> >

1 - 2 1 1
72 In%27% /24 (:534 + %) Pz [n2P P In?P
0

1-6 =

kelib chigadi.

Endi bu yerda § = 10,336-107>,&;, = 25 desak, yetarlicha katta X lar uchun

Ri(n) > (p(n)X -

n {0,8605
P+ InP
3 3T S5
— (K7(81,P0,X0)X_3_28 ) X7#° | X Z(IninX) (InlnP)* - lnP]} >

X 3 T s
1—{0,8605 — (K, (&4, Py, Xo)X 32° ) | X 32(InlnX) (InlnP)* - anP]}
P4 [nP -

0,8X 7
> 0 > XP 24 , (5.11)
P+ InP

(5.3),(5.7) va (5.11) lardan ko’pi bilan n ning

5
E,(X) = E5(X) < XP 12lnl2X

ta gqiymatlaridan boshga barcha g < n < X giymatlari uchun

7
Ri(n) > XP 2

ning bajarilishi kelib chigadi. Bundan va (5.1), (2.3) lardan ko’pi bilan n ning
5 5
E,(X) = E3(X) + E5(X) < 2XP 1zIn'?X < XP 1z[n13X

ta giymatlaridan boshqga barcha )2—( < n < X giymatlari uchun

R(M) > R, (n) — [R2(n)| >0
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ga ega bo’lamiz.

Natija. a). Agar Dirixle L — funktsiyasining maxsus haqiqiy no’li mavjud
bo’lmasa, u holda X ning yetarlicha katta qiymatlarida n, (n < X) ning ko’pi bilan
E(X) < X99882 tadan boshqga barcha giymatlari uchun

1,008326
R(n) > n%991673 ( 0,0007262 - ——— — 1>
@(n)

tengsizlik; qolgan qiymatlari uchun esa

n1,008326
R(n) < no991673 ( 0,0007262 - ———— — 1)
p(n)

tengsizlik o’rinli.

b). Agar Dirixle L — funktsiyasining maxsus haqiqiy no’li § mavjud bo’lib,
(n,7) =1 bo’lsa u holda X ning yetarlicha katta giymatlarida n, (n < X) ning
ko’pi bilan E(X) < X99882 tadan boshqga barcha giymatlari uchun

n 1008326
R(n) > n0,991673 <0,6— - 1)
@(n)

tengsizlik; qolgan qiymatlari uchun esa

n1,008326
R(Tl) < n0,991673 <0,6— — 1)
¢(n)

tengsizlik o’rinli bo’ladi.

Natijjaning o’rinli ekanligiga ishonch hosil qilish uchun uning shartini
¢’tiborga olgan holda yuqoridagi asosiy teoremaning isbotini takrorlash kifoya
bo’ladi.
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Xulosalar.

Ishda sonlar nazariyasida muhim ahamiyatga ega bo’lgan additiv masala
garalib quyidagi natija isbotlangan:

1.Agar Dirixle L — funktsiyasining maxsus haqgiqiy no’li mavjud bo’lmasa
yoki shunday maxsus hagigiy no’li £ mavjud bo'lib, (n,#) = 1 bo’lsa, u holda X
ning yetarlicha katta giymatlarida n, (n < X)ning ko'pi bilan

E (X) < X0,9882

tadan boshqga barcha giymatlari uchun

n1,008326
R(n) > n%991673 ( 0,0007262 - ——— — 1) (0.2)
p(n)

tengsizlik; qolgan qiymatlari uchun esa

1,008326
R(n) < n0991673 ( 0,0007262  ——— — 1>
pn)

tengsizlik o’rinli.

Additiv masalarni yechishda muhim ahamiyatga ega bo’lgan Rimanning
dzeta-funktsiyasi {(s) no’llarining soni haqida natija aniqlashtirilib quyidagi natija
olingan:

2. Rimanning dzeta-funktsiyasi {(s),(s=oc+it)ning0 <o <1, |[t|<T

to’g’ri to’rtburchakdagi trivial bo’lmagan no’llarining soni N(T) uchun

T T T
N(T)=—In———+ +46,512850 InT
2T 2m 2T

formula isbotlangan.

Bu natija ilgari N(T) bilan bog’lig mavjud natijalarning aniqlashtirilgani

hisoblanadi. Tagqoslash uchun ilgarigi natija I. Allakov tomonidan olingan bo’lib
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T T T
N(T) =—In———+432,22660 InT
2w 2w  2®

ko’rinishda edi.
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MWHUCTEPCTBO BbICLUEIO U CMELUUAIBHOIO O6PA3SOBAHUE PECIYB/IUKHU
Y3BEKUCTAH

TEPME3CKWUW rOCYAAPCTBEHHbIA YHUBEPCUTET

dakynbTeT: PU3NMKO-MATEMATUYECKUI CTy4AeHT marmcTpaTypbl:

AbaycamatoBa Xunona

Kadeppa: MatemaTuka HayyHbIn pykoBOoAUTEND:
4.0.m.H. N.Annakos

YuyebHbit rog: 2015-2017 CneunanbHOCTb:
5A130101-MatemaTtunka

( no HanpaBneHusam)

AHHOTALUMA

Marucrepckoit aucceptaumm Ha Teme: «O PELUEHUM BUHAPHOM
AQAUTUBHOM 3AJAYM C MPOCTbIMU YACTAMM».

AKTyanbHocTb Tembl. B 1742 roay u3 nepenuckmn X.fonbpbaxa c
J1.9Mnepom Bo3HUKNA Npobnema MNonbabaxa, npeacrasnsatowan coboro rmnoresy,
COrNacHO KOTOPOWM BCAKOE YEeTHOoe YMC/Io > 6 ecTb CyMma ABYX HEeYETHbIX MPOCTbIX
yncen (buHapHas npobnema lonbabaxa), a BcAKoe HeyeTHoe uucio =9 ectb
CyMMa Tpex HeuyeTHbIX MPOCTbIX uYucen (TepHapHas npobnema lonbabaxa).
OueBMAHO M3 cnpaBeanMBOCTM BuHapHoM npobnembl Nonbabaxa, TPUBMANBHO
cnepyet CnpaBea/IMBOCTb TEPHAPHOM Npobaembl Monbabaxa.

B 1937 roay N.M.BunHorpagos, MCcnonb3yA cBOM meTopa,
TPUFOHOMETPUYECKUX CYMM, O0Kas3as, TepHapHyt npobnemy lonbabaxa gna
BCEX A0CTaTO4HO bonblwnx n>ne. HepasHo B 1997 roay ata npobnema 6bina
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MONHOCTbIO peleHa ana Bcexn = 9. Ho 6uHapHas npobnema o cux nop
NOJIHOCTbIO He peweHa. OCHOBbIBaACb Ha metone BuHorpapgosa, H.l.Yyaakos,
BaH-gep-Kopnyt, T.3cTepmaH noOKasanuM, 4YTO MNOYTM BCe YeTHble 4ucna
npeacTaBMMbl B BUAE CYMMbl ABYX MPOCTbIX 4uMces, ToyHee Oblia AOKa3aHa

oueHka E(X)0 X/In*X, rpe E(X) — 4MCNO YeTHbIX HaTypasibHbIX YUCEN He
npeacTaBUMbIX B BUAE CYMMbl ABYX MPOCTbIX YMcen. ITOT pes3yabTaT ApYrum
MeToA0M TakKe Aoka3saH 0. JIMHHUKoM.

JanbHenwune ynydweHne OUEHKU WUCKIYUTENbHOrO MHoXKectBa E(X) B
3TOM 3aja4e He AaBHO nony4ynnm MoHTromepu n BoH, U. Annakos, *.YeH, C.PaH.
OHu cooTBeTcTBEHHO noayumnn E(X) < Xexp(—c lnX), EX) <X E(X) <
X%%, HecmoTpa 3Tomy noka 6wuHapHaa npobnema [onbabaxa ocTaérca
HepelweHHbIMm. [loaTomy wuccnegoBaHMM B 3TOM  HAMpas/ieHUU  ABAIOTCA
AKTyaJIbHbIMMW.

Uenb un 3apgaum wuccnepoBaHuA. Llenbto marmcrepckon pgucceprtaymm
ABNAETCA M3yYeHME MHOXKeCTBO 4eTHbIx umcen B npomexkyTtke (1,X), KoTtopble
npeacrtaBuma BBuae N =p; +p, W NOJNyYeHUE HOBYIO OLEHKY CHU3Y AnA
R(n) —umncna npeacraBneHnn n, B yKkasaHHOM BUAe.

O6bekT U npeamet uccneposaHua: OBbEKTOM McCNeoBaHMA ABAAOTCA
NPOCTble  YMC/la, YUCNOBble NOCNeAOBaTE/IbHOCTM, 4UYMCNOBble  GYHKLUM,
TPUrOHOMETPUYECKME CyMMbl. lpeameTom uccnenoBaHUA ABAAETCA 3a4aya o
npeAacTaBNAeHUM YMCeNn CYMMOM ABYX NPOCTbIX YnCen.

MeTtoabl uccnepgoBaHua. pn goKasaTenbCcTBe pe3ynbTaTOB UCNOAb3YIOTCA
pa3/inyHble BapPUAHTbl METOAd TPUTOHOMETPUYECKMX CYMM, aHAUTUYECKUN
MEeTO4, OLEHOK TPUTOHOMETpUYECKMX cymm A.®D.JlTaBpuKa, Kpyrosom metom Xapam
— JlnttnByaa — PamaHyarKaHa.

HayuyHasa HoBM3HaA. B auccepTauMOHHOM paboTe nosyyeHbl cneaylolme
HOBble Hay4YyHble pPe3ynbTaThbl:

1. Tlomyuena HOBas OlleHKa CHHM3Y s R(n) —uucia mpeacTaBiIeHUH N
BBUIE N = Py + P3.
2. YTOYHEH OCTAaTOYHBIN WieH popMysbl MaHroJIITA.
1.Ecnu  HecymecTBYeT MCKIIOYMTEIbHBIA BEIICCTBEHHbIH Hyn [ L —
dynkupm  JlupHxiae WM cymecTByeT Takoi myn S m (n,#) =1, Torma mpu
noctaTouHo OonpiioM X, ans Bcex 1, (n < X) uckmouas He Oonee ueM E(X) <
X 09882 3pauenny M3 HUX CHOPABEIIMBO HEPABEHCTBO
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71L008326

R(n) > n%991673 ( 00007262 - ——— — 1
pn)

Ana octanbHbix N, (n < X) cnpaBea/IMBO HEPABEHCTBO

1,008326

R(n) < n®%1673( 00007262 - ——— — 1
p(n)

2. Nyctb N(T) —KONMYECTBO HETPMBMA/bHbLIX Hy/len [A3eTa  GYyHKUUK
PumaHa {(s),(s = o +it) B npamoyronbHuke 0 <o <1, |[t|] <T. B pabote
A0Ka3aHo, popmyna

T T T
N(T) = —ln— ——+6,512850 InT ,
2T 21

KOTOpoe ABNAETCA yToyHeHMem popmyibl MaHronara.

MpaKkTuyeckaa 3HaUMMOCTb pe3ynbTaToB uccnepoBaHua. Pabota Hocut
TEOPETUYECKMN XapaKTep, €€ pe3ynbTaTbl MOFYT ObiTb MCNOAb30BaHbl B
nccnefoBaHUAX PaA3INYHbLIX AAAUTUBHbLIX 33434 TeOpPUM Yucesn, B YacCTHOCTU B
npobneme BapuHra C OrpaHMYEHHbIMW YUCAMMK C/laraemolx, B npobneme
lonbabaxa, B npobneme Xya-/lo-KeHa o npeacTaBieHUN YMCEN CYMMOM NPOCTOro
N OUKCMPOBAHHOW CTENEeHM NPOCTOro 4Yucna, B 3agavye 06 oAHOBPEMEHHOM
npeAcTaB/JIEHUM YMCEN CYMMOW NPOCTbIX YNCEN U B APYTMX 3a4a4aXx.

Peannsauma pesynbratoB. Pe3ynbTaTbl AuccepTauum  Moryt  ObiTb
peann3oBaHbl B HAyYHbIX WMCCNEA0BaHUAX MPOBOAUMMBIX Cneumansnuctamm no
Teopun uyncen paboTaroWMMM B UHCTUTYTax matemaTukum AH Benopyccum, AH
P.Y3., CamapKaHACKOM 1 Tepme3CKOM rocyHnBepcuTeTax.

CTpyKTypa U 06béMm pabotbl. Pabota M3noKeHa Ha 80 MaLIMHOMMUCHBIX
CTPaHMLAX, COCTOUT U3 BBEAEHMA, TPeX rna., pa3buTbix Ha AeBATb Naparpados,
3aK0O4YEHUNE N CNUCKA UCNONb30BAHHOM NTepaTypbl M3 34 HAMMEHOBAHUN.

OcHOBHble pe3ynbTatbl pabortbl. OCHOBHbIMM pe3yibTaTamMu PaboTbl
ABNAOTCA Cneaytowme pesynbTaTbl:

1.Ecnu  HecymecTBYeT MCKITIOUMTEIbHEIA BEIICCTBEHHBIH Hyn [ L —
dynkiuu  J{upuxie wiM cyuiecTByeT Takoit Hyn f m (n,#) =1, Torma mpu
noctaTouHo O6onpiioM X, ans Bcex 1, (n < X) uckmouas He Oonee ueM E(X) <
X 09882 3pauenny U3 HUX CHOPABEIIMBO HEPABEHCTBO

1,008326
R(n) > n%991673( 00007262 - ——— — 1>.
p(n)
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Ana octanbHbix 1, (n < X) cnpaBeanBO HEPABEHCTBO

n1,008326
R(n) < n9991673 ( 0,0007262 - ———— — 1>.
pn)

2. Nyctb N(T) —KONMYECTBO HETPMBMA/bHLIX Hy/en [aA3eTa  GYyHKUUK
PumaHa {(s),(s = o +it) B npamoyronbHuke 0 <o <1, |[t|] <T. B pabote
A0Ka3aHo, popmyna

T

T T
N(T) =—In———+46,512856 InT,
2t 2w 27

KOoTopble ABNAETCA yTouHeHnem popmynbl MaHronara.

KparTkoe u 00001eHHbIe U3J10KEHME 3aKJIIOUYEHUMH U NpeasiokeHnnu. B
MaruCTepCKOM TUCCEPTALMU TOJIy4YeHa HOBas OlEHKa CHM3y s R(n) —uwmcia
MPEJACTAaBICHUH N BBUJE N = P; + P, U YTOYHEH OCTATOYHBIM ujieH (HOpMYyIIbI
Mamnronnara.

HayuHblii pykoBoauTeNb:

DOKTOP PU3NKO-MmaTemaTuiyecKnx Hayk Annakos WU.

CTyaeHT marucrpartypbl: AbaycamartoBa X.
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TepMu3s naBaar yHuBepcutrerd (u3nMka — MareMaTuka (QakyjabreTn
“Maremaruka” kadeapacu 2 —Kypc Maructpantu AoOgycamaroBa XuJioJia-
HUHT “Ty0 coH1ap KaTHAIUTaH OMHAP AJAUTHB MACAJIAHUHT €YHMJIAPH COHH
xakuaa” masdycuaa SA130101 — matemaTuka TabJAuM WyHAIUIOM Oyiinuya
MATHCTP AaKaJeMHMK JapakacMHM OJHMII Y4YYyH ¢€3raH JucceprauMscura
paxoapHMHT

XVYJIOCACH

Ymlby Maructpiauk JAUCCEePTAlUsACH COHJIAD Ha3apUSCHHUHT  J0J3ap0
Macananapuaan ovpu ['onabaxHuHTr OMHAp aAIUTUB Macajlacura OaruilIaHTaH.

by wmacanma Owian kymia® coHJap Ha3apusiICH COXACUHUHT TaHUKJIH
MateMatukiapu Xapau, Jlutneya, U.Bunorpanos, A.Kapaiy6a, I'.MoHTromepu,
P.Bon, A.JlaBpuk Ba Oolikamap ILIyFyJUlaHUIITaH Oyicanapjaa, JIGKUH Macala
Xo3upraya TyJia y3 €4MMHMHHU TomnraH smac. lIlyHWHr ydyH XaM TaHJaral MaB3y
COXaHMHT J10/13ap0 MacanajgapuaaH XHUcoOIaHaIu.

Wmauar acocuit makcaau (1, X)opamukmard HMKKHTAa TyO COHJIAPHUHT
WUFUHIUCHU

n=p;+p; (1)

KypuHuimaa udonaanaHagurad KyQpT n —HaATypaj COHJap TYIUIAMUHM Ypranuo
(1) HuHr TYO COHNIapmard edumiiapd CoHH R(n) ydyH  sHru 0axo OJHIIAaH
ubopar OynMO muccepTanusga Oy Makcaara 3puiluiIrad, SbHA uiga R(n) yuyH
KyinmaHn siHTM 0Oaxo ojuHraH. byHman Ttamkapu wumjga PumanHHuHT 13eTta-
byukrcuscu {(s), (s = o +it) uuar 0 < 0 < 1, |t| < T 1yrpu 1ypTOypUaKsaru

tpuBHaj 6yamaran HostapuHUHT coHU N(T) yuyH

N(T)—Tl L 6512850 InT
_2nn27t 21 ’ n

dopmyna ucbornanran. by dopmyna unrapu Mapxyn dopmynanapiaH KOJJIHUK
XaJaaru y3rapMacHUHT KuiiMaTu OuiaH dhapk Kuiaiau.

by wnatwkamapuum omumpa  A.Kapany6a, [I'.Moutromepu, P.Bomn,
A.JlaBpuknapHuHr  Metomiapu  xamaa — MLAJIakOoBHMHr 1y COXaJaru
HaTWKalapuaan camapanu Qoiinananuirad. OJWHraH HaTWKaJApPHUHT aCOCUM
KMCMH WJIMUI MaKoJia Ba T€3HCIIap IIAKINAA YbJIOH KUJIUHTaH.

Nm mMyanmuHUHT COXaHW SXIMM TYIIYHWIIA Ba Oy coXaga MYCTaKWI
MacajalapHy Xal 3Ta OJUIINHU KypcaTau.

Ymyman Oaxapwirad um SA130101 — matemartuka TabiauM HYHaTUIINA
Oyiinua MarucTpiuK JgUCCEpTAlMsUIapura  KyWWJajuraH Tajabiapra »xXaBoO
Oepaau Ba yHUHT Myanupu AOaycamaToBa XWJIOJaHM MaTeMaTHKa MarucTpu
aKaJIeMUK JapaKaCHHM OJIUINTA JIOMHK Je0 XrucoOmaiimaH.
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