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1. Introduction. Statement of the problem 

Many problems of science and engineering are naturally reduced to singular integral equations. Moreover plane prob-

lems are reduced to one dimensional singular integral equations (see [10] ). The theory of one dimensional singular integral

equations is given, for example, in [7,11] . It is known that the solutions of such integral equations are expressed by sin-

gular integrals. Therefore approximate calculation of singular integrals with high exactness is actual problem of numerical

analysis. 

We consider the following quadrature formula 

∫ 1 

0 

ϕ(x ) 

x − t 
d x ∼= 

n ∑ 

α=0 

N ∑ 

β=0 

C α[ β] ϕ 

(α) (x β ) , (1.1) 

with the error functional 

� (x ) = 

ε [0 , 1] (x ) 

x − t 
−

n ∑ 

α=0 

N ∑ 

β=0 

( −1) αC α[ β] δ(α) (x − x β ) (1.2) 

where 0 < t < 1, C α[ β] are the coefficients, x β ( ∈ [0, 1]) are the nodes, N is a natural number, n = 0 , m − 1 , ε[0,1] ( x ) is the

characteristic function of the interval [0, 1], δ is the Dirac delta function, ϕ is a function of the space L (m ) 
2 

(0 , 1) . Here

L (m ) 
2 

(0 , 1) is the Sobolev space of functions with a square integrable m th generalized derivative and equipped with the

norm 

‖ ϕ| L (m ) 
2 

(0 , 1) ‖ = 

{∫ 1 

0 

(ϕ 

(m ) (x )) 2 d x 

}1 / 2 
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and { ∫ 1 0 (ϕ 

(m ) (x )) 2 d x } 1 / 2 < ∞ . 

Since the functional � of the form (1.2) is defined on the space L (m ) 
2 

(0 , 1) it is necessary to impose the following condi-

tions (see [20] ) 

(�, x α) = 0 , α = 0 , 1 , 2 , ..., m − 1 . (1.3)

Hence it is clear that for existence of the quadrature formulas of the form (1.1) the condition N ≥ m − 1 has to be met. 

The difference 

( �, ϕ ) = 

∫ ∞ 

−∞ 

� (x ) ϕ(x ) d x = 

∫ 1 

0 

ϕ(x ) 

x − t 
d x −

n ∑ 

α=0 

N ∑ 

β=0 

C α[ β] ϕ 

(α) (x β ) (1.4)

is called the error of the formula (1.1) . 

By the Cauchy–Schwarz inequality 

| ( �, ϕ ) | ≤ ∥∥ϕ| L (m ) 
2 

∥∥ ·
∥∥� | L (m ) ∗

2 

∥∥
the error (1.4) of the formula (1.1) on functions of the space L (m ) 

2 
(0 , 1) is reduced to finding the norm of the error functional

� in the conjugate space L (m ) ∗
2 

(0 , 1) . 

Obviously the norm of the error functional � depends on the coefficients and the nodes of the quadrature formula

(1.1) . The problem of finding the minimum of the norm of the error functional � by coefficients and nodes is called the

S.M. Nikol’skii problem , and the obtained formula is called the optimal quadrature formula in the sense of Nikol’skii . This prob-

lem was first considered by S.M. Nikol’skii [12] , and continued by many authors, see e.g. [13] and references therein. Min-

imization of the norm of the error functional � by coefficients when the nodes are fixed is called Sard’s problem and the

obtained formula is called the optimal quadrature formula in the sense of Sard . First this problem was investigated by A. Sard

[14] . 

There are several methods of construction of optimal quadrature formulas in the sense of Sard such as the spline method,

ϕ-function method (see e.g. [3,9] ) and Sobolev’s method which is based on construction of discrete analogs of a linear

differential operator (see e.g. [19,20] ). 

The main aim of the present paper is to construct optimal quadrature formulas in the sense of Sard of the form (1.1) in

the space L (m ) 
2 

(0 , 1) by the Sobolev method for approximate integration of the Cauchy type singular integral. This means to

find the coefficients C α[ β] which satisfy the following equality 

‖ ̊� | L (m ) ∗
2 

‖ = inf 
C α [ β] 

‖ � | L (m ) ∗
2 

‖ . (1.5)

Thus, in order to construct optimal quadrature formulas in the form (1.1) in the sense of Sard we have to consequently

solve the following problems. 

Problem 1. Find the norm of the error functional (1.2) of the quadrature formula (1.1) in the space L (m ) ∗
2 

(0 , 1) . 

Problem 2. Find the coefficients C α[ β] which satisfy the equality (1.5) . 

Many works are devoted to the problem of approximate integration of Cauchy type singular integrals (see, for instance,

[2,4,6,8,10,15,17,18] and references therein). 

The rest of the paper is organized as follows. In Section 2 using a concept of extremal function we find the norm of

the error functional (1.2) . Section 3 is devoted to successive minimization of ‖ � ‖ 2 with respect to the coefficients C α[ β].

In Section 4 we give some definitions and known results which we use in the proof of the main results. In Section 5 we

give the algorithm for construction of optimal quadrature formulas of the form (1.1) . Explicit formulas for coefficients of the

optimal quadrature formulas of the form (1.1) are found in Section 5 for the cases m = 1 , 2 , 3 . Finally, in Section 6 some

numerical results which confirm our theoretical results are presented. 

2. The extremal function and the expression for the error functional norm 

To solve Problem 1 , i.e., for finding the norm of the error functional (1.2) in the space L (m ) 
2 

(0 , 1) a concept of the extremal

function is used [19,20] . The function ψ � is said to be the extremal function of the error functional (1.2) if the following

equality holds 

(�, ψ � ) = ‖ � | L (m ) ∗
2 

‖ ‖ ψ � | L (m ) ∗
2 

‖ . (2.1)

In the space L (m ) 
2 

the extremal function ψ � of a functional � is found by S.L. Sobolev [19,20] . This extremal function has the

form 

ψ � (x ) = (−1) m � (x ) ∗ G m 

(x ) + P m −1 (x ) , (2.2)

where 

G m 

(x ) = 

| x | 2 m −1 

2 · (2 m − 1)! 
(2.3)
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is a solution of the equation 

d 

2 m 

d x 2 m 

G m 

(x ) = δ(x ) , (2.4) 

P m −1 (x ) is a polynomial of degree m − 1 , and ∗ is the operation of convolution, i.e. 

f (x ) ∗ g(x ) = 

∫ ∞ 

−∞ 

f (x − y ) g(y ) d y = 

∫ ∞ 

−∞ 

f (y ) g(x − y ) d y. 

It is well known [19] that for any functional � in L (m ) ∗
2 

the equality 

‖ � | L (m ) ∗
2 

‖ 

2 = (�, ψ � ) = (� (x ) , (−1) m � (x ) ∗ G m 

(x )) 

= 

∫ ∞ 

−∞ 

� (x ) 

(
(−1) m 

∫ ∞ 

−∞ 

� (y ) G m 

(x − y ) d y 

)
d x 

holds [19] . 

Applying this equality to the error functional (1.2) and taking into account (2.2) we obtain the following 

‖ � ‖ 

2 = (−1) m 

[ n ∑ 

k =0 

n ∑ 

α=0 

N ∑ 

γ =0 

N ∑ 

β=0 

(−1) k C k [ γ ] C α[ β] 
(hβ − hγ ) 2 m −1 −α−k sgn (hβ − hγ ) 

2(2 m − 1 − α − k )! 

− 2 

n ∑ 

α=0 

N ∑ 

β=0 

(−1) αC α[ β] 

∫ 1 

0 

(x − hβ) 2 m −1 −αsgn (x − hβ) 

2(2 m − 1 − α)! (x − t) 
d x (2.5) 

+ 

∫ 1 

0 

∫ 1 

0 

(x − y ) 2 m −1 sgn (x − y ) 

2(2 m − 1)!(x − t)(y − t) 
d x d y 

] 
, 

where sgn x is the signum function. 

Thus Problem 1 is solved for quadrature formulas of the form (1.1) in the space L (m ) 
2 

(0 , 1) . 

Further we consider Problem 2 . 

3. Minimization of the norm of the error functional � ( x ) 

Now we consider the minimization problem of the norm (2.5) of the error functional � under conditions (1.3) . 

It should be noted that minimization of ‖ � ‖ 2 by C α[ β], α = 0 , n ,β = 0 , N is very hard. Here we suggest successive min-

imization of ‖ � ‖ 2 by C α[ β], i.e. first we consider the case m = 1 and the expression (2.5) of ‖ � ‖ 2 we minimize by C 0 [ β].

Further we consider the case m = 2 , and using the obtained values for C 0 [ β], the expression (2.5) of ‖ � ‖ 2 we minimize by

C 1 [ β]. After that in the case m = 3 , using the obtained values of C 0 [ β] and C 1 [ β], the expression (2.5) for ‖ � ‖ 2 we minimize

by C 2 [ β] and so on. 

Next we realize this successive minimization. Here we use the Lagrang method. We consider the function 


(C , λ) = ‖ � ‖ 

2 − 2(−1) m 

m −1 ∑ 

p=0 

λp (�, x 
p ) , 

where ‖ � ‖ 2 is defined by (2.5) and 

C = (C 0 [0] , C 0 [1] , ..., C 0 [ N] , C 1 [0] , C 1 [1] , ..., C 1 [ N] , ..., C m −1 [0] , C m −1 [1] , ..., C m −1 [ N]) , 

λ = (λ0 , λ1 , ..., λm −1 ) . 

We consider the case m = 1 then the quadrature formula (1.1) has the form 

∫ 1 

0 

ϕ(x ) 

x − t 
d x ∼= 

N ∑ 

β=0 

C 0 [ β] ϕ(hβ) (3.1) 

and ‖ � ‖ 2 depends only on C 0 [ β] ( β = 0 , N ). 

Equating to zero partial derivatives of 
( C , λ) by C 0 [ β] and λ0 we get the following system of linear equations 

N ∑ 

γ =0 

C 0 [ γ ] 
(hβ − hγ ) sgn (hβ − hγ ) 

2 

+ λ0 = F 0 (hβ) , (3.2) 

β = 0 , 1 , ..., N, 

N ∑ 

γ =0 

C 0 [ γ ] = g 0 , (3.3) 
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where 

F 0 (hβ) = 

∫ 1 

0 

(x − hβ) sgn (x − hβ) 

2(x − t) 
d x 

= 

1 

2 

[ 
1 − 2(hβ) + (t − hβ) 

(
ln (t − t 2 ) − 2 ln | hβ − t| )] , 

g 0 = 

∫ 1 

0 

1 

x − t 
d x = ln 

1 − t 

t 
. 

Further we consider the case m = 2 . In this case the quadrature formula (1.1) takes the form 

∫ 1 

0 

ϕ(x ) 

x − t 
d x ∼= 

N ∑ 

β=0 

(
C 0 [ β] ϕ(hβ) + C 1 [ β] ϕ 

′ (hβ) 
)

(3.4)

and expression (2.5) of ‖ � ‖ 2 depends on C 0 [ β] and C 1 [ β]. Then using the solution C 0 [ β] and λ0 of system (3.2) –(3.3) ,

equating to zero partial derivatives of the function 
( C , λ) by C 1 [ β] and λ1 we get 

N ∑ 

γ =0 

C 1 [ γ ] 
(hβ − hγ ) sgn (hβ − hγ ) 

2 

− λ1 = F 1 (hβ) , (3.5)

β = 0 , 1 , ..., N, 

N ∑ 

γ =0 

(
C 0 [ γ ](hγ ) + C 1 [ γ ] 

)
= g 1 , (3.6)

where 

F 1 (hβ) = − f 1 (hβ) + 

N ∑ 

γ =0 

C 0 [ γ ] 
(hβ − hγ ) 2 sgn (hβ − hγ ) 

4 

, (3.7)

f 1 (hβ) = −
∫ 1 

0 

(x − hβ) 2 sgn (x − hβ) 

4(x − t) 
d x 

− 1 

4 

[ 
3(hβ) 2 − 2(hβ)(1 + t) + 

1 

2 

+ t(t − hβ) 2 
(

ln (t − t 2 ) − 2 ln | hβ − t| 
)] 

, 

g 1 = 

∫ 1 

0 

x 

x − t 
d x = 1 + t ln 

1 − t 

t 
. (3.8)

In the case m = 3 the quadrature formula (1.1) has the form 

∫ 1 

0 

ϕ(x ) 

x − t 
d x ∼= 

N ∑ 

β=0 

(
C 0 [ β] ϕ(hβ) + C 1 [ β] ϕ 

′ (hβ) + C 2 [ β] ϕ 

′′ (hβ) 
)

(3.9)

and ‖ � ‖ 2 , defined by equality (2.5) , depends on C 0 [ β], C 1 [ β] and C 2 [ β]. Then using solutions C 0 [ β] and λ0 of system (3.2) –

(3.3) and C 1 [ β], λ1 of system (3.5) –(3.6) , equating to zero partial derivatives of 
( C , λ) by C 2 [ β] and λ2 we have the

following system of linear equations 

N ∑ 

γ =0 

C 2 [ γ ] 
(hβ − hγ ) sgn (hβ − hγ ) 

2 

+ λ2 = F 2 (hβ) , (3.10)

β = 0 , 1 , ..., N, 

N ∑ 

γ =0 

(
C 0 [ γ ](hγ ) 2 + 2 C 1 [ γ ](hγ ) + 2 C 2 [ γ ] 

)
= g 2 , (3.11)

where 

F 2 (hβ) = f 2 (hβ) −
N ∑ 

γ =0 

C 0 [ γ ] 
(hβ − hγ ) 3 sgn (hβ − hγ ) 

12 

+ 

N ∑ 

γ =0 

C 1 [ γ ] 
(hβ − hγ ) 2 sgn (hβ − hγ ) 

4 

, 
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f 2 (hβ) = 

∫ 1 

0 

(x − hβ) 3 sgn (x − hβ) 

12(x − t) 
d x 

= 

1 

12 

[ 
− 11 

3 

(hβ) 3 + (5 t + 3)(hβ) 2 −
(

2 t 2 + 3 t + 

3 

2 

)
(hβ) + t 2 + 

t 

2 

+ 

1 

3 

+ (t − hβ) 3 
(

ln (t − t 2 ) − 2 ln | hβ − t| 
)] 

, 

g 2 = 

∫ 1 

0 

x 2 

x − t 
d x = 

1 

2 

+ t + t 2 ln 

1 − t 

t 
. 

Suppose, continuing by this way, for the cases m = 1 , 2 , ..., k − 1 we found C 0 [ β] , C 1 [ β] , ..., C k −2 [ β] and λ0 , λ1 , ..., λk −2 .

We consider the case m = k . Then square of the norm (2.5) of the error functional � of quadrature formulas (1.1) depends

on C 0 [ β] , C 1 [ β] , ..., C k −2 [ β] and C k −1 [ β] . Further using the obtained solutions C 0 [ β] , C 1 [ β] , ..., C k −2 [ β] and λ0 , λ1 , ..., λk −2 of

corresponding systems, equating to zero partial derivatives of the function 
( C , λ) by C k −1 [ β] and λk −1 we arrive to the

system of linear equations 

N ∑ 

γ =0 

(−1) k −1 C k −1 [ γ ] 
(hβ − hγ ) sgn (hβ − hγ ) 

2 

+ (k − 1)! λk −1 = F k −1 (hβ) , 

β = 0 , 1 , ..., N, 

N ∑ 

γ =0 

C 0 [ γ ](hγ ) k −1 + 

k −1 ∑ 

i =1 

N ∑ 

γ =0 

C i [ γ ](k − 1)(k − 2) ... (k − i )(hγ ) k −1 −i = g k −1 , (3.12) 

where 

F k −1 (hβ) = f k −1 (hβ) −
k −2 ∑ 

l=0 

N ∑ 

γ =0 

(−1) l C l [ γ ] 
(hβ − hγ ) k −l sgn (hβ − hγ ) 

2(k − l)! 
, 

f k −1 (hβ) = 

∫ 1 

0 

(−1) k −1 (x − hβ) k sgn (x − hβ) 

2 k !(x − t) 
d x, 

g k −1 = 

∫ 1 

0 

x m −1 

x − t 
d x. 

Further we solve systems (3.2) –(3.3), (3.5) –(3.6) and (3.10) –(3.11) , i.e. we find optimal coefficients of quadrature formulas

of the form (3.1), (3.4) and (3.9) . 

4. Preliminaries 

In this section we give some definitions and formulas that we need to prove the main results. Here we use the concept

of discrete argument functions and operations on them. The theory of discrete argument functions is given in [19,20] . For

completeness we give some definitions. 

Assume that the nodes x β are equally spaced, i.e., x β = hβ, h = 

1 
N , N = 1 , 2 , ..., functions ϕ( x ) and ψ( x ) are real-valued

and defined on the real line R . 

Definition 1. The function ϕ( h β) is a function of discrete argument if it is given on some set of integer values of β . 

Definition 2. The inner product of two discrete functions ϕ( h β) and ψ( h β) is given by 

[ ϕ(hβ) , ψ(hβ) ] = 

∞ ∑ 

β= −∞ 

ϕ(hβ) · ψ(hβ) , 

if the series on the right hand side of the last equality converges absolutely. 

Definition 3. The convolution of two functions ϕ( h β) and ψ( h β) is the inner product 

ϕ(hβ) ∗ ψ(hβ) = [ ϕ(hγ ) , ψ(hβ − hγ ) ] = 

∞ ∑ 

γ = −∞ 

ϕ(hγ ) · ψ(hβ − hγ ) . 

The Euler–Frobenius polynomials E k ( x ), k = 1 , 2 , ... are defined by the following formula [5] 

E k (x ) = 

(1 − x ) k +2 

x 

(
x 

d 

dx 

)k 
x 

( 1 − x ) 2 
, 

E (x ) = 1 . 
0 
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The discrete analog D m 

( h β) of the differential operator d 

2 m / d x 2 m satisfies the following equality 

hD m 

(hβ) ∗ G m 

(hβ) = δ(hβ) , (4.1)

where G m 

(hβ) = 

| hβ| 2 m −1 

2(2 m −1)! 
, δ( h β) is equal to 0 when β 
 = 0 and is equal to 1. 

It should be noted that the operator D m 

( h β) was first introduced and investigated by S.L. Sobolev [19] . In the work

[16] the discrete analog D m 

( h β) of the differential operator d 

2 m / d x 2 m , which satisfies Eq. (4.1) , was constructed and the

following result was proved. 

Lemma 4.1. The discrete analog of the differential operator d 

2 m / d x 2 m has the form 

D m 

(hβ) = p 

⎧ ⎪ ⎨ 

⎪ ⎩ 

∑ m −1 
k =1 A k q 

| β|−1 

k 
for | β| ≥ 2 , 

1 + 

∑ m −1 
k =1 A k for | β| = 1 , 

C + 

∑ m −1 
k =1 

A k 
q k 

for β = 0 , 

where 

p = 

(2 m − 1)! 

h 

2 m 

, A k = 

(1 − q k ) 
2 m +1 

E 2 m −1 (q k ) 
, C = −2 

2 m −1 , 

E 2 m −1 (q ) is the Euler–Frobenius polynomial of degree 2 m − 1 , q k are the roots of the Euler–Frobenius polynomial E 2 m −2 (q ) ,

| q k | < 1, h is a small positive parameter. 

Furthermore several properties of the discrete argument function D m 

( h β) were proved in [16,19,20] . Here we give the

following properties of D m 

( h β). 

Lemma 4.2. The discrete argument function D m 

( h β) and the monomials ( h β) k are related to each other as follows 

∞ ∑ 

β= −∞ 

D m 

(hβ)(hβ) k = 

{
0 when 0 ≤ k ≤ 2 m − 1 , 

( 2 m )! when k = 2 m. 

In particular, when m = 1 from Lemma 4.1 we get the discrete analog D 1 ( h β) of the differential operator d 

2 / dx 2 which

has the form 

D 1 (hβ) = 

⎧ ⎨ 

⎩ 

0 , | β| ≥ 2 , 

h 

−2 , | β| = 1 , 

−2 h 

−2 , β = 0 . 

(4.2)

Now, based on Lemma 4.2 , we get the following properties of the operator D 1 ( h β) 

D 1 (hβ) ∗ 1 = 0 , D 1 (hβ) ∗ (hβ) = 0 , (4.3)

hD 1 (hβ) ∗ | hβ| 
2 

= δ(hβ) . (4.4)

where δ( h β) is the discrete delta function. 

5. The main results 

In this section we solve systems (3.2) –(3.3), (3.5) –(3.6) and (3.10) –(3.11) . 

It should be noted that in the process of solution of these systems only the discrete analog D 1 ( h β) of the differential

operator d 

2 / d x 2 is used and each of these systems is reduced to the system of two linear equations with two unknowns as

shown below in the proof of Theorem 5.2 . 

We note that in the work [15] was only considered the case m = 1 , i.e. there were constructed optimal quadrature

formulas for singular integrals of Cauchy type over the interval [ −1 , 1] with weights 1 and 1 / 
√ 

1 − x 2 in the space L (1) 
2 

(−1 , 1)

and the results given as Theorem 1 and Theorem 2, respectively. From Theorem 1 of [15] by linear transformation which

transforms the interval [ −1 , 1] to the interval [0, 1] the following is obtained. 

Theorem 5.1. In the space L (1) 
2 

(0 , 1) when t 
 = h β , β = 0 , 1 , ..., N, the coefficients of optimal quadrature formulas of the form

(3.1) are defined as follows 

C 0 [0] = 

1 

h 

[ 
(h − t) ln 

| h − t| 
t 

− h 

] 
, 

C 0 [ β] = 

1 

h 

[ 
(h (β + 1) − t) ln 

| h (β + 1) − t| 
| hβ − t| + (h (β − 1) − t) ln 

| h (β − 1) − t| 
| hβ − t| 

] 
, 

β = 1 , 2 , ..., N − 1 , 
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C 0 [ N] = 

1 

h 

[ 
(t − h (N − 1)) ln 

1 − t 

| h (N − 1) − t| + h 

] 
. 

Now, using Theorem 5.1 , we solve system (3.5) –(3.6) . 

The following holds 

Theorem 5.2. In the space L (2) 
2 

(0 , 1) when t 
 = h β , β = 0 , 1 , ..., N, the coefficients of optimal quadrature formulas of the form

(3.4) have the form 

C 1 [0] = 

1 

2 h 

[ 
t(h − t) ln 

| h − t| 
t 

+ 

h 

2 

(h − 2 t) 
] 
, 

C 1 [ β] = 

1 

2 h 

[ 
h (h (β + 1) − t) ln 

| h (β + 1) − t| 
| hβ − t| − h (h (β − 1) − t) 

× ln 

| h (β − 1) − t| 
| hβ − t| − (h (β + 1) − t) 2 ln 

| h (β + 1) − t| 
| hβ − t| 

− (h (β − 1) − t) 2 ln 

| h (β − 1) − t| 
| hβ − t| + h 

2 
] 
, 

β = 1 , 2 , ..., N − 1 , 

C 1 [ N] = 

1 

2 h 

[ 
(t − 1)(t − 1 + h ) ln 

1 − t 

| 1 − h − t| + 

1 

2 

(h 

2 − 2 h (1 − t)) 
] 
. 

Proof. Suppose C 1 [ β] = 0 when β < 0 and β > N . Then, using Definition 3 , we can rewrite the system (3.5) –(3.6) in the

following convolution form 

C 1 [ β] ∗ | hβ| 
2 

− λ1 = F 1 (hβ) , β = 0 , 1 , ..., N, (5.1) 

N ∑ 

γ =0 

(
C 0 [ γ ](hγ ) + C 1 [ γ ] 

)
= g 1 , (5.2) 

Denoting by 

u 1 (hβ) = C 1 [ β] ∗ | hβ| 
2 

− λ1 , (5.3) 

using (4.2), (4.3) and (4.4) , we obtain 

C 1 [ β] = hD 1 (hβ) ∗ u 1 (hβ) . (5.4) 

In order to calculate the convolution (5.4) we need to determine the function u 1 ( h β) for all integer values of β . From

equality (5.1) we get that u 1 (hβ) = F 1 (hβ) when β = 0 , 1 , 2 , ..., N. Now we need to find representation of the function u 1 ( h β)

when β < 0 and β > N . 

Taking into account that C 1 [ β] = 0 when β < 0 and β > N for u 1 ( h β) we get the following 

u 1 (hβ) = 

⎧ ⎪ ⎨ 

⎪ ⎩ 

−hβ

2 

(g 1 − ν1 ) + a −
1 
, β ≤ 0 , 

F 1 (hβ) , 0 ≤ β ≤ N, 

hβ
2 

(g 1 − ν1 ) − a + 
1 
, β ≥ N, 

(5.5) 

where ν1 = 

∑ N 
γ =0 C 0 [ γ ](hγ ) is known (since the coefficients C 0 [ β] are the coefficients given in Theorem 5.1 ) and 

a −1 = μ1 − λ1 , a + 1 = μ1 + λ1 , 

here μ1 = 

1 
2 

∑ N 
γ =0 C 1 [ γ ](hγ ) and λ1 are unknowns. If we find unknowns a −

1 
and a + 

1 
then from the last system of equations

we have 

μ1 = 

1 

2 

(a + 1 + a −1 ) , λ1 = 

1 

2 

(a + 1 − a −1 ) . (5.6) 

Now from (5.5) for a + 
1 

and a −
1 

when β = 0 and β = N we get the following 

a + 1 = 

1 

2 

(
g 1 − ν1 

)
− F 1 (1) , a −1 = F 1 (0) , 

where F 1 (0) and F 1 (1) are obtained from (3.7) putting β = 0 and β = N, respectively, and g 1 is defined by (3.8) . This means

that we obtained the explicit form of the function u ( h β). 
1 
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Further, using (4.2) and (5.5) from (5.4) calculating the convolution hD 1 ( h β) ∗u 1 ( h β) for β = 0 , N we get 

C 1 [ β] = hD 1 (hβ) ∗ u 1 (hβ) = h 

∞ ∑ 

γ = −∞ 

D 1 (hβ − hγ ) u 1 (hγ ) 

= h 

[
N ∑ 

γ =0 

D 1 (hβ − hγ ) F 1 (hγ ) + 

∞ ∑ 

γ =1 

D 1 (hβ + hγ ) 

(
hγ

2 

(
g 1 − ν1 

)
+ a −1 

)

+ 

∞ ∑ 

γ =1 

D 1 (h (N + γ ) − hβ) 

(
1 + hγ

2 

(
g 1 − ν1 

)
− a + 1 

)]
. (5.7)

From (5.7) for β = 0 we get 

C 1 [0] = 

1 

h 

[ 
F 1 (1) − F 1 (0) + 

h 

2 

(g 1 − ν1 ) 
] 
, (5.8)

for β = 1 , ..., N − 1 we have 

C 1 [ β] = 

1 

h 

[ 
F 1 (h (β − 1)) − 2 F 1 (hβ) + F 1 (h (β + 1)) 

] 
, (5.9)

and for β = N we obtain 

C 1 [ N] = 

1 

h 

[ 
F 1 (1 − h ) − F 1 (1) + 

h 

2 

(g 1 − ν1 ) 
] 
. (5.10)

Using equalities (3.7) and (3.8) from (5.8), (5.9) and (5.10) , after some simplifications, we get explicit formulas for coef-

ficients C 1 [ β], β = 0 , 1 , ..., N, which are given in the statement of Theorem 5.2 . Theorem 5.2 is proved. 

Now using, Theorems 5.1 and 5.2 , we get the following result for the coefficients of the quadrature formula (3.9) , i.e. we

get the solution of the system (3.10) –(3.11) . 

Theorem 5.3. In the space L (3) 
2 

(0 , 1) when t 
 = h β , ( β = 0 , 1 , 2 , ..., N), the coefficients of the optimal quadrature formulas of the

form (3.9) have the form 

C 2 [0] = 

1 

12 h 

[ 
− h 

3 

6 

+ 2 ht(h − t) − t(h − t)(2 t − h ) ln 

| h − t| 
t 

] 
, 

C 2 [ β] = 

1 

6 h 

[ 
2 h 

2 (t − hβ) + 

(
2(t − hβ) 3 + h 

2 (t − hβ) 
)

ln | t − hβ| 

−
(
(t − h (β + 1)) 3 + 

h 

2 

2 

(t − h (β + 1)) + 

3 h 

2 

(t − h (β + 1)) 2 
)

ln | h (β + 1) − t| 

−
(
(t − h (β − 1)) 3 + 

h 

2 

2 

(t − h (β − 1)) − 3 h 

2 

(t − h (β − 1)) 2 
)

ln | h (β − 1) − t| 
] 
, 

β = 1 , 2 , ..., N − 1 , 

C 2 [ N] = 

1 

12 h 

[ 
h 

3 

6 

− 2 h 

2 + 2 h + 2 h 

2 t + 2 ht 2 − 4 ht + (t − 1)(t − 1 + h )(2(t − 1) + h ) ln 

1 − t 

| 1 − h − t| 
] 
. 

Theorem 5.3 is proved similarly as Theorem 5.2 . 

Remark 1. It should be noted that when singular point t coincides with nodes h β (i.e. when t = hβ for β = 1 , 2 , ..., N − 1 )

of the quadrature formulas (3.1), (3.4) and (3.9) then in Theorems 5.1, 5.2 and 5.3 the corresponding coefficients C α[ β],

α = 0 , 1 , 2 , equals zero. 

6. Numerical results 

In this section we give some numerical results in order to show numerically convergence of our optimal quadrature

formulas (3.1), (3.4) and (3.9) , with coefficients given correspondingly in Theorems 5.1, 5.2 and 5.3 , in dependence on the

values of N and m . Furthermore, here we compare numerical results of our quadrature formulas with numerical results of

the optimal quadrature formula constructed in [1] in the space L (2) 
2 

(0 , 1) . 

Now as function ϕ in the formula (1.1) we take the monomial x 6 , i.e. ϕ = x 6 . Then for the function ϕ = x 6 the absolute

value of the error (1.4) is: 

∣∣(�, x 6 )∣∣ = 

∣∣∣∣∣
∫ 1 

0 

x 6 

x − t 
d x −

n ∑ 

α=0 

N ∑ 

β=0 

C α[ β]((hβ) 6 ) (α) 

∣∣∣∣∣. (6.1)
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Table 1 

The numerical results for |( � , x 6 )| when m = 1 , 2 , 3 , t = 0 . 0015 , 0.15, 0.45, 0.65, 0.75, 0.95 and N = 10 . 

t m = 1 m = 2 m = 3 

0.0015 0.00626707 0.0 0 0 03402 0.0 0 0 02509 

0.15 0.00788350 0.0 0 0 03792 0.0 0 0 03380 

0.45 0.01453324 0.0 0 018749 0.0 0 0 04759 

0.65 0.01951954 0.0 0 072082 0.0 0 0 04164 

0.75 0.01899824 0.00117041 0.0 0 0 02843 

0.95 0.01752485 0.00278585 0.0 0 0 06152 

Table 2 

The numerical results for |( � , x 6 )| when m = 1 , 2 , 3 , t = 0 . 0015 , 0.151, 0.451, 0.651, 0.751, 0.951 and N = 100 . 

t m = 1 m = 2 m = 3 

0.0015 0.0 0 0 06262 3 . 35 × 10 −9 2 . 51 × 10 −9 

0.151 0.0 0 0 07926 1 . 38 × 10 −8 3 . 67 × 10 −9 

0.451 0.0 0 016918 2 . 36 × 10 −7 6 . 91 × 10 −9 

0.651 0.0 0 029129 6 . 93 × 10 −7 8 . 51 × 10 −9 

0.751 0.0 0 035608 1 . 05 × 10 −6 8 . 56 × 10 −9 

0.951 0.0 0 022846 2 . 09 × 10 −6 2 . 53 × 10 −9 

Table 3 

The numerical results for the error of the formula (6.2) of [1] when N = 10 and 100. 

t N = 10 t N = 100 

0.0015 0.0 0 070762 0.0015 7 . 21 × 10 −7 

0.15 0.0 0 083110 0.151 8 . 48 × 10 −7 

0.45 0.0 0 083110 0.451 1 . 30 × 10 −6 

0.65 0.00214 86 8 0.651 2 . 07 × 10 −6 

0.75 0.00295468 0.751 2 . 92 × 10 −6 

0.95 0.01296825 0.951 1 . 66 × 10 −5 

 

 

 

 

 

 

 

 

 

 

Using formulas for the optimal coefficients C α[ β], α = 0 , 1 , 2 given in Theorems 5.1, 5.2 and 5.3 from (6.1) when m =
1 , 2 , 3 and for some values of t we get numerical results which are presented in Tables 1 and 2 correspondingly for N = 10

and N = 100 . 

The numerical results of Tables 1 and 2 show that the error of the optimal quadrature formulas decreases as m and N

increase. 

In the work [1] , in the space L (2) 
2 

(0 , 1) , for the Cauchy type singular integral the optimal quadrature formulas of the form

∫ 1 

0 

ϕ(x ) 

x − t 
dx ∼= 

N ∑ 

β=0 

C βϕ(hβ) (6.2) 

was constructed. From Theorem 1 of [1] when N = 10 and N = 100 for corresponding values of t from Tables 1 and 2 and

for the function ϕ = x 6 we get numerical results for the error of the optimal quadrature formula (6.2) given in Table 3 . 

Comparison of the third column of Table 1 with the second column of Table 3 and the third column of Table 2 with forth

column of Table 3 , correspondingly, shows that the optimal quadrature formula (1.1) with derivatives of the present paper

more exactly calculate the Cauchy type singular integral than the optimal quadrature formula (6.2) of [1] . 

7. Conclusion 

Thus, in the present paper in the Sobolev space L (m ) 
2 

(0 , 1) , the algorithm of construction of optimal quadrature formu-

las with derivatives for approximate calculation of the Cauchy type singular integral is given using discrete analog of the

operator d 2 

d x 2 
. Here this algorithm is realized for the cases m = 1 , 2 and 3. 
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