O‘ZBEKISTON RESPUBLIKASI OLLY VA O‘RTA MAXSUS

TA’LIM VAZIRLIGI

URGANCH DAVLAT UNIVERSITETI
Qo ‘l yozma huquqgida
UDK 517.958

Hasanov Boburjon Masharipovich

INTEGRAL MANBALI UMUMIY DAVRIY TODA TENGLAMASII
INTEGRALLASHNING YANGICHA USULI

Mutaxassislik: 5A130103 — «Differensial tenglamalar va matematik

fizikay

DISSERTATSIYA

Matematika magistri akademik darajasini olish uchun

IImiy rahbar: f.m.f.n. Babajanov B.A.

Urganch - 2018

1



MUNDARIJA

IR SH. L 3

I-BOB. Davriy diskret Xill tenglamasi uchun to g ri va teskari spektral

masalalar
1-§. Bazis yechimlar va ularning Xossalari ...........ccccoocovviniiininiiiniiee e, 6
2-§  FIOKE tBOIEMAST ...t 17
3-§ Teskari masala yechish algoritmi keltirib chiqarish........................ 24
I-bobbo’yichaxulosa............cooiiiiiiiii 33

11-BOB. Integrallanuvchi tenglamalar sistemalari

1-§. Integral manbali umumiy davriy Toda tenglamasni keltirib chiqgaris.... 34

2-§  Spektral parametrni 0" zgarish dinamikasini aniglash...................... 42
3-§  MISOllar. ... 48
I1-bob bo’yicha Xulosa..........cooiiiiiiii e 51

UL OSA . e tiititittittntettttttesasntassessssssasassssssssssasssassssssssssnsasasenn 52
ADABIYOTLAR. . titiitiiiiiiitiettitiietttarsttetsssssasasasassssssssssssnssses 53



KIRISH

Tadqiqot mavzusining dolzarbligi. Nochizigli evalyutsion tenglamalarga
goyilgan Koshi masalalarining global yechimlarini teskari masalalar usulidan
foydalanib topish masalasi matematika va fizikaning muhim masalalardan biridir.
Bu masalalar hozirgi kunda ko plab amaliy tatbiglarga ega, ulardan kvant fizikasi,
chizigli va nochizigli xususiy hosilali tenglamalar nazariyasi, kristallografiya,
geologiya-razvedka kabi masalalarni hal gilishda matematik apparat sifatida
unumli foydalanib kelinmoqda. Integral manbali umumiy davriy Toda tenglamasi
yugorida gayt gilingan Nochizigli evalyutsion tenglamalardan biri bolib, gattiq
jismlar mexanikasida muhim amaliy tadbiqlarga ega.

Hozirgi kunda moslangan manbali nochiziqli evalutsion tenglamalarning
muhim amaliy tatbiglari topilganligi bois ularni o rganishga bo’lgan gizigish
yanada ortmoqda.

IImiy izlanishning maqgsad va vazifalari. Ushbu ishda quyidagi

8, =P, (a,.0,)+a, [ 0, (4D, (A0, (4,1 —w, (40, (1,04

b.n = Qm (an ! bn) + anJ.é‘NJrl(ﬁ”t) [l//n_ (ﬂ“!t)vlr;l(ﬂ’t) + l//n_+1(2“!t)vlr:r (ﬂ’!t)] dﬂ“ -

(1)
~a,, Oy (A )y, (A 0y (D) +v L (D, (4,)]dA
E
an+N:an’ bn+N:bn’ nEZ,
N -davrli integral manbali umumiy davriy Toda tenglamasini ushbu
a,(0)=a;, b,(0)=by, neZ, (2)

boshlang’ich shartlar bilan garaymiz. a’ va h° nezlar N-davrli periodic
xagiqiy sonlar ketma-ketligi. (1) da
Pn(@,.0,) =a,[-5, n = Bram +Pra@iisnl
Qn(a,,b)=ala, . m—arityim—20,8,n +bia,,, MeN, teR,
hamda {e,, ; (t)}ojcms {8 ; (1) Jocjen lar ushbu

ﬂn,o = _1’ Ao = 01 Oy = 2’



2 2 .
Boia—Poaja= b, (ﬂn,j—Z _:Bn—l,j—z) —A, Aot 0y 2SS M,

a2 a2 b2
—_ n-1 n n H
ﬂn,j =75 Qg ja _7an+1,j—1 +?an,j—1 _bnﬂn—l,j—l’ 1<j<m,

Xn,j :bnan,j—l_ﬂn—l,j—l_ n,j-1r 2<j<m,
requrent munosabatlarni ganoatlantiradi. (1) sistemada meN ning o zgarishi

integral manbali umumiy davriy Toda tenglamasini beradi. {a, ()}, {b,(t)}",,
{v (t)}",— funksiyalar nomalum funksiyalar, hamda {w (t)}”, funksiyalar ushbu

(L(t) y)n = an—lyn—l + bn yn + an yn+1 = lyn (3)
diskret Xill tenglamasini Floke-Blox yechimlari bo'lib, quyidagi

wi(A,t) =1. (4)

(1) sistemadagi E to'plam L(0) operatorning spektridan iborat. 0~N+1(ﬂ,t)
ko paytuvchi ushbu

By () = H (11, (1)

tenglikdan aniglanadi. Bu erda g4 (t), £, (t), ..., 4y, (t) lar quyidagi
Oy.a(4,1)=0
tenglamani ildizlari. €, (4,t), ne Z funksiya (3) tenglamani ushbu
O,(A, 1) =1, 6,(4,1)=0
Shartlarni ganoatlantiruvchi yechimlari.

Ushbu ishning asosiy magsadi-(1)-(4) masalaning yechimini teskari

masalalar usuludan foydalanib topish algoritmini berishdan iborat.

Mavzuning o‘rganilish darajasining giyosiy tahlili: Zarrachani to'g'ri
chizigli o zaro eksponentsial ta'sirini ifodalovchi ushbu
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atuzn = eXp(Un_l - un) - exp(un B un+l) » NE Z !




Toda zanjiri [1] Flashka o zgaruvchilari [2] orgali quyidagicha

{an =a, (bn - bn+1) ,

b, =2(a%,-a%), neZ

ko rinishga ega bo'ladi. Toda tenglamasi birinchi bor B.M. Toda tomonidan
Kiritilgan [1]. Shundan keyin, Flashka [2] diskret Xill tenglamasiga qo’yilgan
teskar masala usuli yordamida Toda tenglamasiga qo'yilgan Koshi masalasining
yechimi topishga muyassar bo’lgan. Xuddi shunday natija Flashkani natijasidan
bexabar ravishda Manakov [3] tomonidan ham olingan. Davriy Toda tenglamasi
[4-9] ishlarda o'rganilgan. Shundan keyin diskret Xill tenglamasiga qo yilgan
teskari masalalar usuli yordamida integrallanadigan barcha nochigli evalutsion
tenglamalarni topishga bo lgan gizigish ortgan. Bu tenglamalar odatda Umumiy
Toda tenglamasi deb yuritiladi. Umumiy Toda tenglamasi birinchi bor K. Ueno
va K. Takasakilar [10] tomonidan kiritilgan. Umumiy Toda tenglamasining
diskret Xill tenglamasiga qo'yilgan teskari masalalar usulida integrallash

mumkinligi [11-22] ishlarda ko rsatilgan.

Tadqiqotning ilmiy yangiligi: Ushbu ishda diskret Xill tenglamasiga
qo yilgan teskari masalalar usuli yordamida integrallanadigan barcha nochigli
evalutsion tenglamalarni keltirib chigarishning yangicha usuli berilgan. Diskret
Xill tenglamasiga qo'yilgan teskari masalalar usulidan foydalanib (1)-(4)

masalaning yechimi uchun aniq tasvir olingan.

Tadqiqot predmeti va ob’ekti. Bitiruv malakaviy ishda oddiy differensial
tenglamalar, matematik fizika tenglamalari, funksional analiz, differensial
operatorlarning spektral nazariyasi predmetlari usullaridan foydalaniladi.

Tatgiqotning obyekti integral manbali umumiy davriy Toda tenglamasi.

Tadqiqotning ilmiy ahamiyati. O‘ganilgan natijalardan amaliy
ahamiyatga ega bo'lib, gattig jismlar mexanikasi, kristallografiya va geologiya-

razvedka masalalarida muhim tadbiglarga ega.



I-BOB. DAVRIY DISKRET XILL TENGLAMASI UCHUN TO G'RI
VA TESKARI SPEKTRAL MASALALAR

Ushbu bobda diskret Hill tenglamasiga qo yilgan to g ri va teskari masalalar

hagidagi zarur ma’ lumotlar keltiriladi
1-§ Bazis yechimlar va ularning xossalari
Quyidagi tenglamalar sistemasini ko’rib chiqamiz:
(Lp),=a,,Y,,+by,+a.y,,=4y,, ne”Z (1.1.1)
bu yerda a,,b, hagigiy N davrli koeffitsientlar:

a,.y=4a, b,y =b,neZ (1.1.2)

n+N n?’

N biror natural son, 2 kompleks parametr.
Misol 1. a, = a=const,b, =b = const bo’lsin. Bu holda (1.1.1) sistema
quyidagi ko’rinishda bo’ladi.

ay,,+by +ay =4y, neZ (1.1.3)

buning yechimini y, = 4" ko’rinishida izlaymiz.

n+l

au"t +bu" +au™t =Au",

a+bu+au® =y, au® +(b-A)u+a=0.

D = (b—A)? —4a?,

—(b-A)+Jb-4)7-4a>  —(b—A)—/(b—4)’ —4a’
b 2a e = 2a '

Agar D #0 bo’lsa, u holda y, =c.z +C,1, (1.1.3) tenglamaning umumiy
yechimi  bo’ladi. Agar D=0 bo’lsa, u holda y, =c +C,u,n (1.1.3)

tenglamaning umumiy yechimi bo’ladi.



Misol 2. a, E%,bn =0 bo’lsin. Bu holda (1.1.1) sistema quyidagi

ko’rinishda bo’ladi:
% Yoy +%yn =Ay,, hel (1.1.4)

buning yechimini y, = x" ko’rinishida izlaymiz.
/,ln_l-i-/,ln zzﬂﬁun’
1+ p? =2Ap, u®-2Au+1=0.
D=4 —4=4(2%-1),

= A+ -1,

Agar D =0 bo’lsa, yani 4 # +1 bo’lsa 1, = A—~/ A —1u holda

Y, :cl(/1+\/12—1) +c2(z—\/12—1) . (115)
(1.1.4) tenglamaning umumiy yechimi bo’ladi. Agar A =+1 bo’lsa,
y,=C,(xD)" +c,(£D)"n,

(1.1.4) tenglamaning umumiy yechimi bo’ladi. (1.1.5) yechimda 2 haqiqiy bo’lib
A* —=1<0 bo’lsa, —1< A <1 bo’ladi. Bu holda 1 = cosa desak, (1.1.5) quyidagi

tarzda yoziladi.

ina —ina

y, =c.e"™ +c.e

(1.1.1) tenglamaning quyidagi boshlang’ich shartlarni qanoatlantiruvchi
yechimlarini 8. (1) va ¢, (1) orgali belgilaymiz.

{90 (1) =1. {coo (4)=0. (1.1.6)

6,(4) =0, ¢ (1) =1



0.(1) va ¢ (1) yechimlar (1.1.1) tenglama yechimlarining fundamental
sistemasini tashkil giladi. Shuning uchun (1.1.1) tenglamaning ixtiyoriy y, (A1)

yechimi ular orgali chizigli ifodalanadi.
y,(A)=c, -0, (1)+c,p,(1) neZ (1.1.7)

Teorema 1.1. 6.(1) va ¢, (4) yechim mavjud va yagona bolib, ular uchun

ushbu

n—

1 -1 n-1 1 n-1 2 1 g o
O, (A)=—a,| [Ta; | {4 —|2b; A" +|Z| Xb; | —=Xb —>a; A" +...
=1 j=2 2 i=2 2 i—2 i

(1.1.8)

= B -t n-1 2 n-1 n-2
j=1 j=1 2 j=1 2 =t i

(1.1.9)
tasvirlar o'rinli.
Isbot:
a 0 ,+b6 +ad . =16, ne”Z (1.1.10)
tenglikda n =1 desak, va (1.1.8) boshlang’ich shartlarni inobatga olsak
a, +a,0, =0, (1.1.11)

kelib chiqadi. Bunga ko’ra 6, (1) =—% bo’ladi (1.1.10) da n=2 desak va

1

boshlang’ich shartlardan foydalansak
b0, +a,0, = 16,, (1.1.12)

kelib chigadi (1.1.11) va (1.1.12) dan



0,=— g, = A=ba)3 (1.1.13)
a, a, - a,
kelib chigadi. (1.1.10) da n=3 desak
a,0, +b,0, +a,0, =16, (1.1.14)
kelib chigadi.(1.1.11), (1.1.13) va (1.1.14) dan
0, :_ﬂ’_bs .6, _ﬁ_ez :_(ﬂ_ba)(l_bz)'ao +az "8y _
] a, a, a,-a, - a, a;-a (11.15)
——0 [ —(b, +b)A+b, b, —a];
al.az.ag[ (2 3) 2 3 2]

kelib chigadi. a, #0, ne Z shartdan &, yechiminig mavjud va yagona bo’lishi

ham shu tarzda ko’rsatiladi, umuman n>2 bo’lganda shu jarayonni davom

qgildirish natijasida (1.1.8) va (1.1.9) tengliklar o’rinli bo'lishi kelib chiqadi.
Teorema isbotlandi.

Teorema 1.2. Quyidagi tengliklar o’rinli

0 o, 6 0
[ n+N J:( N N+1j.( nj (1116)
Pnin On Pnit) (P

Isbot. Ushbu
a,,0,,+b6 +ab. =16, (1.1.17)
a .o, +bho +a e .. =1, (1.1.18)
tengliklarda uning o’rniga n+N ni qo’yib , a,,, =4a,,b,,, =b, shartlardan
foydalansak quyidagi
a, 0. ,+b 6 +ab . .=10 ., (1.1.19)
& 1 Pnin1 F 0 Prin 8000 = AP (1.1.20)

ayniyatlar kelib chigadi. Bularga ko’ra,



6. =C6 +Cop,, (1.1.21)
¢n+N = Dlen + ngpn (1122)

bo’ladi. (1.1.21) va (1.1.22) larda n =0 va n =1 deb (1.1.8) boshlang’ich shartni
xisobga olsak ¢, =6, ¢, =6,,, D,=¢,, D, =@,.,, hosil bo’ladi. Bularni

(1.1.21) va (1.1.22) ga qo’ysak
O.n=6\ 6, +60\. o, , (1.1.23)
Poin =Py O+ Ona - 0, (1.1.24)

kelib chigadi. Bularni matritsaviy tarzda yozsak (1.1.16) xosil bo’ladi. Teorema
2 isbotlandi.

Ta’rif 1.1.  Ushbu

M :(HN (1) 6’N+1(/1)] (11.25)
oy (4) @y (4)
matritsaga monodromiya matritsasi deyiladi.
Ta’rif 1.2. Ushbu
A(A) =6, (A) + 9y (2) (1.1.26)

funksiyaga Lyapunov funktsiyasi yoki Xill diskriminanti deyiladi.

Teorema 1.3. Ushbu

st)-4=(f1e,| {ﬁzw A3 ,.]fm[z(i B ziaje]w }

(1.1.27)

tenglik o’rinli.

10



Isbot. Teoremani isboti Lyapunov funktsiyasini ko rinishi (1.1.26) va bazis
yechimlar uchun olingan (1.1.8)-(1.1.9) tasvirlardan to'gridan- to'gri

hisoblashlar yordamida kelib chigadi.

Ta’rif 1.3. Ushbu
W =a, -[0,(4)-0,.(4) - 0,.,(4) - ¢,(1)] (1.1.28)
ifodaga €. (1), ¢, (1) yechimlarning Vroniskiy determinanti deyiladi.

Teorema 1. 3. 9,(1) va ¢,(4) larning W Vroniskiy determinanti n ga ham,

A ga ham bog’liq emas bo’lib, ushbu
W =2,[6,(1)@,.,(4) - 0,, () @, (1)) =2, (1.1.29)
bunga ko’ra detM =[6, (1) @y, (1) — 0., (D)@, (A)]=1 tenglik o’rinli.

Isbot. & (1) va ¢,(A) larni (1.1.1) ga qo’ysak

" T (1.1.30)

{an_len_l +b 6 +a 6 =10
an—1§0n—1 + bn¢)n + an§0n+l = ﬂ¢)n

tenglik o’rinli bo’ladi.Bundan esa

an—19n—1(0n + bn en ¢n + an 9n+1¢n = ﬂ“en ¢n
an—1¢n—10n + bn(onen + an(0n+10n = ﬂ“(Dne

n

anflenflwn + aanJrl(Dn = (/1 - bn )enwn
an—1¢)n—1(9n + an¢n+1€n = (/1 - bn )@ngn

tehgliklar kelib chigadi. Pastdagi sistemada tengliklarni bir-biridan ayirib
an (9n+1(0n - (Dn+16n) = an—1 ((Dn—len — ¢, an—l (1131)

tenglikni hosil qilamiz.Quyidagi bizga ma’lum munosabatlarni inobatga olib,

11



Oy..(1)=06.(1 6, =6
{ N+n( ) n( )’ { N 0 (1132)
¢N+n (ﬂ’) :wn (/1) gDN :¢0
va (1.1.8) tengliklardan
P10y — 90, =1 (1.1.33)

ekani kelib chigadi, (1.1.2),(1.1.31) va (1.1.33) tengliklardan foydalansak

W= a, [en (/1) Pt (/1) - 9n+1 (ﬂ“) Pn (ﬂ“)] =a,N [9n+N Pnina — 6n+N+1 Pnin ]:
=a, [60¢1 - (00‘91] =a,

tenglik o’rinli bo’lishi kelib chiqadi.Bunda detM =6, ¢,,., — 6\ ., ¢y =1 ekani

ravshan. Teorema 1.3 isbotlandi.

Ay Ay Aoy SONNar orgali ushbu
AN (A)-4=0
tenglamaning, hamda g, 4, ..., 1y, sonlar orgali ushbu
Oy.1(4) =0

tenglamani ildizlarini belgilaymiz. Barcha A, 1=42,..,2N lar va

4y, §=12,...,N =1 lar hagigiy bo’lib, x; ildizlar oddiydir. Quyidagi

AZ(/I)—4:(ﬂaj]_ [12-4),

-1

O.a(4) :_ao(liajj ﬁ(ﬂ_ﬂj)

tengliklarni bajarilishi ravshan. Ushbu

‘9N(,Uj)

12

of :sign[eN(yj)— :l j=12,..,N-1



belgilashni kiritamiz.

Ta'rif 1. ;s j=12,..,N -1 sonlar va o 1=12,...,N -1 ishoralar
ketma-ketligiga diskret Xill tenglamasini spectral parametrlari deyiladi.

Ta'rif 2. {,uj,O'j }': spectral parametrlar va A, i=12,...,2N sonlar
ketma-ketligiga diskret Xill tenglamasini spectral berilganlari deyiladi.

Spectral berilganlarni topish va ularning xossalarini o’rganishga diskret
Xill tenglamasi uchun qo'yilgan to'g'ri masala deyiladi. Aksincha, spectral

berilganlar yordamida diskret Xill tenglamasini koeffitsientlari a_, b, larni topish

masalasiga diskret Xill tenglamasini uchun qoyilgan teskari masala deyiladi.
Ushbu
(Lw)n Ean—lyn—l_|_bnyn +anyn+1 :;i’yn’ n EZ (1134)

tenglamani koeffisientlarini k € Z butun songa siljitish natijasida hosil gilingan

quyidagi tenglamani ko’rib chigamiz:
an—l+k yn—l + bn+k yn + an+k yn+1 - ﬂ‘yn , Ne Z ' (1135)
6..(1) va ¢, (1) lar (1.1.35) ning yechimi bo’ladi. Haqiqatan: Ushbu

a 0 ,+b6 +ab =10

nYn+1 — n?
tenglama koeffisientlarini k € Z butun songa siljitsak

6,

n+1+k

=10

an—1+k 9n—1+k + b 9n+k +a n+k

n+k n+k

bo ladi. Oxirgi tenglikda quyidagi

yn = 9n+k !

13



belgilashni kiritsak, u holda

a‘n—1+k yn—l + bn+k yn + a‘n+k yn+1 = ﬂ’yn

kelib chigadi. (1.1.35) tenglamaning quyidagi boshlang’ich shartlarni

ganoatlantiruvchi yechimlarini u, , (1) va v, (4) orqali belgilaymiz:

{uo,k (/1) =1 ’ {Vo,k (/1) =0 (1.1.36)

Uy k (/1) =0 Vik (l) =1

Teorema 3.1. (1.1.35) tenglamaning Lyapunov funksiyasi Z(/I) bo’lsa, u
holda A(2)=A(A) bo’ladi.

Isbot: 6., (1) va ¢,,, (1) yechimlar chiziqgli erkli bo’lgani uchun

un,k (/1) = A10n+k (ﬂ“) + A2(0n+k (/1)' (1137)
Vn,k (ﬂ’) = Blen+k (ﬂ’) + qu)mk (l), (1138)
(1.1.37) dan
{Al‘gk A+ Ap (1) =1 (1.1.39)
A’lngrl (/1) + A2¢k+1 (/1) = O
kelib chigadi. (1.1.39) sistemani yechamiz:
6. (1 (A 1 ¢ (4 6.(1) 1
W oo| s kol gy [P 0
Oa(A) o () & 0 ¢, (4) 0,..(4) 0

bo’lgani uchun

A =—(Pk(/1) A, ———9 (1)

0

bo’ladi. Bunga ko’ra

14



Uy ()= 2[4 (D, (D) = 6 (D (D)

0

bo’ladi. Xuddi shu tarzda quyidagi tenglik kelib chigadi:

Ve () =[98, (D) + 6, (D (2D,

0

Ushbu

Opa(A) = % : [QN (A0, (1) +0y,, (D)o, (ﬂ,)]

k

Pus D) =2 [0 (D6 (D) + 92D, (V)]

k

tengliklar o’rinli bo’lishi ravshan. (1.1.39)-(1.1.43) larga muofigq,

Uy (D) =9, (/1)[‘9N (DO, () + 6y, (D)o, (i)] -
~ O Don (N6, (2) + 9y (D ()]

VN (A1) =-o, (ﬂ)[eN (A0, () ++0, ., (L), (/1]) +
+0,(Don (16D + 0. (D, (A)]

(1.1.40) ga ko’ra

Vinak (A) ==, (D)0 (A) + 6, (D). (A) =
=-¢ (D0 (1)0..(1) + 0, (D)o, . ()] +
+ 0k (ﬂ‘) [(DN (/1)0“1 (/1) + ¢N +1 (/1)¢k+1 (ﬂ’)]

(1.1.44) va (1.1.46) ga ko’ra

Z(ﬂ,) =Uy (4) +Vy, (A) =

(1.1.40)

(1.1.41)

(1.1.42)

(1.1.43)

(1.1.44)

(1.1.45)

(1.1.46)

=0, (DO Do, (1) = 6,.,( D)o (D] + oy (DO (Do, (A) —

—0..(Do (N)]=0, (1) + 9y, (1) =A(4)
teorema 3.1 isbot bo’ldi.

Natija: (1.1.34) tenglamani spektri k ga bog’liq emas.
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Jlemma 1.1. Ushbu tengliklar o’rinli:

L
q:ﬁjfﬁ+§§@”+@m—z%) (1.1.47)

2 2 N-1
0 =B S+ 2y - 2u)
j=1

[2n
N1 2 L H('UJ' _ﬂ“i)
—E{M‘F%Z(ﬁzj + Ay — 21, )} _12 = . (1.148)
i

4 2 2 = N-1
= _ (,Uj — 1)
:;1,-
Jlemma 1.2. Ushbu tengliklar o'rinli:
+A 1
B :2'1—221\1 + E;(Azj + Aoja = Zluj,k)’ (1.1.49)

2L 2, 1N
o = S 4 2 - 2 )-
j=

o \/l_zj,\i[(/lj,k _ﬁ’i)

2 .
1[4+ 2y 1% 174,
—_{M‘F_Z(ﬂzj +ﬂ’2j+1_2:uj,k):| __Z N-1 , (1.1.50)
4 2 2 253 (5 — i)
il "
i#]

Buerda 4;,, j=LN-1 sonlaruy,,(1)=0 tenglamani ildizlari.
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2-§ Floke teoremasi.
Teorema 2.1.(Floke).

a) Agar A(1)—2=0 bo’lsa, (1.1.1) tenglama quyidagi chizigli erkli ikkita

yechimga ega:
v =(p, ()" B, PL (=P (), (1.2.2)

vy (D)= OO -P, Py (D)=P (A) (1.2.2)
b) Agar A(1)—2=0 bo’lsa,(1.1.1) tenglamaning davri N bo’lgan (A1)
yechimi mavjud:
Vo (D) =y, (), neZ
c) Agar A(4)+2=0 bo’lsa,(1.1.1) tenglamaning davri 2N bo’lgan
v, (A4) yechimi mavjud:
l//n+2N (ﬂ') = l//n (/1)1 ne Z 1

Isbot. (1.1.1) masalani biror p son uchun vy, (4)=py,(1),neZ shartni
ganoatlantiradigan yechimlarini axtaramiz:
y.(1)=c06,.(1)+c,p, (1) - bu (1.1.1) ning umumiy yechimi. (1.1.2) shartga
ko’ra 8., (1), ¢, (A) larni chizigli kombinatsiyasi ham (1.1.1) ni umumiy
yechimi bo’ladi. (1.1.23) va (1.1.24) tengliklardan va

yn+N (ﬂ') = Cl ) 0n+N (i) + C2¢n+N (2‘) (123)

munosabat o’rinli ekanidan hamda y, ., = py, shartda n=0 va n=1 desak, u

holda

{CleN +C,py = pC, {Cl(gN -p)+Cp =0 (1.2.4)

COya +Cooy., = 0C, ’ C.Oy +Co(py, —p) =0
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tenglamalar sistemasini hosil gilamiz. Bu (1.2.4) bir jinsli tenglamalar sistemasi

noldan farqli yechimga ega bo’lishi uchun

=0 (1.2.5)

Oy — P @y ‘
Oy Pna— P

tenglik bajarilishi kerak. Bundan teorema 3 ga ko’ra va (1.1.26) tenglikdan
p° —A(1) p+1=0 bo’lishi kelib chiqadi. Bu kvadrat tenglamani yechib

D = A* (1) -4,

A(A) ++N (A1) -4

2 1

A(A) —|A* (1) -4
2

p.(A)=

p_(A)=

(1.2.6)

tengliklarga ega bo’lamiz.

a) A°(1)—4=0 demak ushbu tenglamani p, (1), p_(A)ikkita yechimi
mavjud. Bularni har biriga bittadan (1.1.1) tenglamaning yechimi mos keladi.

Ulamni y; (1), v, (4) deb belgilaymiz, ;. (2) = o\ Vo (A)=pw;.
Ushbu P (1), P, (4) funktsiyalarni kiritamiz.

n n

Prun(W)=p Ny, Pr(A)=p Ny, (1.2.7)

(1.2.7) funktsiyalar N davrli ekanini ko’rsatamiz

n+N n n
Pin)=p, N win=p o oy, =p Ny,
n+N n n

P =p. Ny, =p o o'y, =p Ny,

Demak (1.2.7) tengliklardan (1.2.1) va (1.2.2) kelib chigadi.

C, =1 deylik , uholda C, =2~ yarni

Py
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_A(A)-20, + AN (A)-4 Py — Oy +,/A* (1) -4

C
? 20, 20

(1.2.8)

munosabat o’rinli. Demak

1 (D=CON+Cop, (=0, + 2B DZIEEA,,

(1.2.9)

(1.2.9) tenglik bilan aniglanadigan yechimlar Floke yechimlari deyiladi. Bu

yechimlar chiziqli erkli ekaninni tekshirib ko’rish qiyin emas.Bu tenglikdagi

mi(ﬂ.) _ (0N+1(/1) B 0N (2’) * VAZ(;i’ _4)

2¢, (1)

funktsiyaga Veyl-Titchmarsh funktsiyasi deyiladi.

b) A(1)=2bo’lsa p° —A(A)p+1=0 tenglama p, = p_ =1 yechimga ega
bo’ladi ya’ni (1.1.1) ni y_,, =1-y, shartni ganoatlantiruvchi yechimi mavjud.

c) A(1)=-2 bo’lsa, p>—A(1)p+1=0 tenglama p, = p. =—1 yechimga
ega bo’ladi, ya’ni (1.1.1) tenglamaning vy, ., (1) =—1-y, (1) shartni ganoatlanti-
-ruvchi yechimi mavjud. Bu yechimning davri 2N ga teng

yn+2N (ﬂ’) = yn+N+N (/1) = _yn+N (l) = _(_ yn (ﬂ’)) = yn (ﬂ’)

teorema 2.1 isbotlandi.

Ta’rif 2.1. 1 o’gning (1.1.1) tenglamaning chegaralangan noldan fargli

yechimi mavjud bo’ladigan qismiga spektr deyiladi.

Demak, spektr E={1eR:-2<AA<2}, R\E -to’plamga lakunalar deyiladi.

Teorema2.2. A*(1) —4 =0 bo’lsa (1.1.1) tenglamani barcha xos giymatlari
haqiqiydir.
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Isbot: A°(1)—-4=0, bundan p=+1 hamda a_,=a, b, =b va

Y..n =1V, shartlarga asosan (1.1.1) tenglamani maritsasini yozish mumekin.

1 a‘l t a'N
3, b
o oo (1.2.10)
bN—Z aN—Z
ta, .. ay, by,

Bu simmetrik matritsa bo’lib, elementlari haqiqiy. Xos qiymatlari haqiqiy
ckanini ko’rsatamiz. 4 x0S giymatga U xos funktsiya mos kelsin, agar xos
qiymatni kompleks qo’shmasini A* desak unga U *xos funksiya mos keladi.
LU = AU, L- simmetrikligidan (LU*,U )= (U*, LU ) bo’ladi.

(1.2.11)

AUU =U"(A)U =U"LU
AUU" =UAU" =ULU" =U"LU

(1.2.11) sistemadan (/l—ﬂ*p*—u =0 bundan A=1". Demak - haqigiy.

Teorema 2.2 isbot bo’1di.

Teorema 2.3. Quyidagi tenglik o’rinli:

2
N _
d_A:_%.Z @, +M9ﬂ _ 1; enz (1212)
dA ay n=l 20,\”1 40N+1
bunda
I'= (HN - (0N+1)2 +4p\ 0y, = (‘9N + (pN+1)2 —4=N -4, (1.2.13)

Isbot. (1.1.1) tenglamaning har bir 2 ga mos ikkita 8,(1), v, (ﬂ,) chizigli
erkli yechimini garaylik. Bularni (1.1.1) tenglamaga qo’ysak quyidagi tenglikka

ega bo’lamiz.
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nYni1 = ~n (1214)

{anlé?nl +b 6 +a 6, =10
an—ll/ln—l + bnl//n + anl//n+1 = ﬂ’ l//n

birinchi tenglikni y_ ga ikkinchini esa 6. ga ko’paytirib birinchi tenglikdan
ikkin-chisini ayirsak

(/,L - jj)gn W, =Y, (an0n+1 + bn Hn + an—len—l) -
Y, (anl/lnﬂ + bn';lln + an—ll//n—l) =q, (0n+1l//n - en'//nﬂ) —a,, (enl//n—l B en—ll//n )
(1.2.15)

tenglik hosil bo’ladi. Ikkala ta’rafdan n=1 dan N gacha yig’indi olsak
quyidagiga ega bo’lamiz.

~\N
(ﬂ* -1 )Zlenl//n = ai(HZWl - 91‘//2)"' a, (911//0 - 00‘//1) +a, (‘93V/2 - 92W3)_

- 31(92V/1 -0y, ) + a3a1(04'//3 -0, ) —a, (03'//2 - ‘92'//3)+

+ay (0N+1WN -0, WN+1)_ aNfl(QN Wna — Oy ):
=ay (9N+1l//N -0y l//N+1) —a (911//0 — Oy, )’
(1.2.16)

(1.2.16) tenglikda 6,(1)=1,6,(1)=0, 1//0(1):0,1//1(2):1 shartlarni inobatga

olib, hamda y/n(Z):en (Z) deb olsak u holda quyidagi tenglikni hosil gilamiz.

(1= 20,0, (2)= 2, (00 (2 (1) - 00 (2 a(2)

(1.2.17)

(1.2.17) tenglikda AA nolga intilganda limitga o’tib 6, =ddi; belgilash kiritsak

u holda
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X

_ ; 0N+1(/1)_9N+1(/1) . 0,(1)-6, (Z) B
o {5” Bl ™ O lim = }
)

(1.2.18)

Xuddi shunga o’xshash ¢, (1) va ¢, (1)-6,(A) ifodalar uchun quyidagilarni

hosil gilish mumkin.

> 0 () =aulon (2ol (D)= 0ol (2] (1219

a ' [ ' !
o, (}“)gon (ﬁ*): 7N(¢N Onst — PrnaaOn + Oy Prss — Onaa®y ): (1.2.20)

ay (‘9N Praa — O @y ): ay (§9N Oy — Puall )

jMZ
il

(2.18-20) va (1.1.26) tengliklardan foydalanib quyidagini keltirib chigaramiz:

1 N
—Z{(DNan _[HN _§0N+1]9n(0n _9N+1¢§}:

ay ni
O PuO0.s — 04O 100 + Oy P00 — OO Pr s + Oy a0y i Ph —
Oy Py Prs + O PraPr — OO — (O = Py O — 01O )| =
= {A' (/1)"' (‘9N - (0N+1)(9N (0;\”1 - (”;\1 9N+l)_ (HN - (0N+1)(‘9N (0;\”1 - CD;\I ‘9N+1)}: AI(}“)
(1.2.21)

(1.2.21) tenglikda (1.2.13) belgilashni kiritib uni quyidagicha yozish mumkin.

2
d_A:_0N+1.N ¢n+0N_¢N+19n . I; .(9[]2
dA ay na 20y 4 40y .4

Teorema 2.3 isbot bo’1di.

Natija : Teorema 2.3 dagi (1.2.12) tenglikda 6,,,, funktsiya A> —4 <0 da
nolga aylanmaydi va sign(A’(1))=sign(- 6,.,) tenglik o’rinli bo’ladi.
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Isbot: A*> —4 <0 bo’lsin.

Agar 6,,, =0 bo’lsa u holda Teorema 3 dan 6, -¢,,, =1 va ¢, :(9i

n

ekani kelib chigadi. Demak, [A(2)|=|6y +@y.l= >2 bo’lib bu esa

N +i
HN

N —4<0 ga ziddir. (1.2.12) tenglikdan esa I'=A*>-4<0 bo’lganda
Sign(A (ﬂ)): sign(— 6., ) ekani bizga ravshan natija isbot bo’ldi.

Izoh 2.1: A* —4>0 bo’lganda ham (1.2.12) tenglikni shaklini o’zgartirib

A'(2) ifodani ishorasini aniglash mumkin.
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3 - § Teskari masala yechish algoritmini keltirib chigarish.

Ushbu
(Lp)y =a,,Yos +0,Y, +2, Y0 =AY, NeZ (1.3.1)

tenglamani quyidagi

{90 (1) =1. {%(/1) =0. (1.3.2)

6,(1) =0, o (1) =1,
boshlang’ich shartlarni qanoatlantiruvchi yechimlarini 6 (1) va ¢, (4) orgali
belgilaymiz. Endi (1.3.1) tenglamani koeffisientlarini k € Z butun songa siljitish
natijasida hosil gilingan quyidagi tenglamani ko’rib chigamiz:
an—1+k yn—l + bn+k yn + a‘n+k yn+1 = ﬁ“yn ' ne Z ' (133)

6..(1) va ¢, (1) lar (1.3.3) ning yechimi bo’ladi. Hagiqatan: Ushbu

A6

n?

a, 0. ,+b6 +ad

nhi1 =
tenglama koeffisientlarini k € Z butun songa siljitsak

6,

n+1+k

=10

n+k

an—1+k 9n—1+k + b 9n+k +a

n+k n+k

bo’ladi. Oxirgi tenglikda quyidagi

Yo =6

n+k ?

belgilashni kiritsak, u holda

an—1+k yn—l + bn+k yn + an+k yn+1 = ﬂ’yn

kelib chigadi. (1.3.3) tenglamaning quyidagi
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{Qo'k(/l)=l’ {¢o,k(/1)=0 (1.34)

6 (4)=0 @ (4) =1
boshlang’ich shartlarni qanoatlantiruvchi yechimlarini 6,,(4) va ¢, ,(4) orgali
belgilaymiz.

Lemma 3.1. 6,,(4) va ¢, (1) yechimlar uchun ushbu tengliklar

bajariladi:

00 ()= 2 [00s(D00 (D) = 6 (D0 ()] (135)

0

P (A) = Z— [ (D)0, (A) + 6, (W), (A, (1.3.6)

0

Isbot. & ., (1) va ¢, ., (1) yechimlar chizigli erkli bo’lgani uchun

en,k (2’) = A19n+k (ﬂ') + A2(Dn+k (ﬂ“)’ (137)
(Dn,k (/1) = Blen+k (ﬂ“) + Bzwmk (ﬂ’)’ (138)
(1.3.7) dan
{A’lek A+ Ap (1) =1 (1.3.9)
Ab..(A)+ A, ., (1) =0
kelib chigadi. (1.3.9) sistemani yechamiz:
O.(1) o (1) _a L o) o), d.(1) 1 0.0
O (A) 9. (A)] A 0 ¢.1(4) 0..(4) 0

bo’lgani uchun

a, __%
A :a_ogok(l)’ A = a, 6, (1)

bo’ladi. Bundan esa (1.3.7) va (1.3.8) ga ko’ra (1.3.5) va (1.3.6) kelib chigadi.

Lemma isbhotlandi.

25



Oy (1)=0 tenglamani ildizlarini p;(k), j=LN-1 orqali
belgilaymiz. (1.3.5) va (1.3.6) dan

a a_, a a
0n+1,k71 =—= [(Dkemk - 0n¢n+k] — _O'(_ Dnx ): _L(Dn K (1310)
a'0 0 Kk ak
bo’ladi. (1.3.10) dan guyidagilar kelib chigadi:
e
O = —— @i (1.3.11)
ak
a
Porka =00 (1.3.12)
ak

Ushbu
a .0 ,+b6 +a6 . =16
tenglikda n ni n+ N gasiljitamiz, natijada quyidagi
an —1+N n —1+N + bn+N 0n+N n+N0n+l+N ://i’en+N !
a, 0 ,.+béo a o =A0

n n+N n n+1+N n+N

tengliklarga ega bo'lamiz. Bulardanesa ¢,,, ham (1.3.1) ni yechimi ekan

kelib chigadi. U holda 6,,, yechim 6. va ¢, yechimlar orgali chizigli

ifodalanadi, ya ni
6..n =C0O, +C,p, (1.3.13)

(1.3.13) da c, va c, larni topamiz:

n=0, 6, =c¢.1+¢c, 0= ¢, =6,
n=1, Oy, =60+C1= 02:0N+1.
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Topilganlarga ko ra, quyidagi
6n+N = QN en + 9N+1¢n (1314)

Poin = PO, + Oy, (1.3.15)

(1.3.14) va (1.3.15) larni (1.3.5) va (1.3.6) larga qo yamiz:

a
QN +1,k (/1) = a_k [¢)k+19N +1+k 9k+1§0N +1+k ] =

0

k

a a
= a_k(ﬂk+1 [‘9N Oq + 9N+1(0k+1] T 0.1 [(DN Opa t+ (0N+1(0k+1] ,

0 0
a
9N+1,k (ﬂ*) = a_k {HN +1§0:+1 + [QN —Onn ]9k+1(pk+1 — On enz+1 } (1-3-16)
0
(1.3.16) dan
a
9N+1,k+1(ﬁ’): ;+1 { 9N+1(D§+2 + [QN - (0N+1]‘9k+2(9k+2 — O ‘9nz+2 } (1.3.17)

0

kelib chigadi. Oy,;,, N Oy, s Oy — Puakr @n larorgali chizigli ifodalash

kerak. Shu magsadda quyidagilarni hisoblaymiz:

a a
Oy K = a_k [¢k+10N+k — 01 Pnk ] = a_k [¢k+1 (‘9N O, + O 10, ) — 0 (¢N O, + Py a®s )] =
0 0
a
= a_k{ ONO Pt + Ona PP — PnOOha — PO }, (1.3.18)

0

ak
Pniik = a_ {_ 2 9N+1+k + ek D1k }:
0

a a
= —a—k¢k (0N Oa + 9N+1¢k+1) + a—k0k (¢N Oa + ¢N+1(Pk+1)’

0 0
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a
Pnyak = a_k {_ OGP — OO P + PO, + ¢N+1‘9k¢k+1}' (1.3.19)

0

(1.3.18) va (1.3.19) dan

a
Ok — Prnsak = a_k{HN (9k§0k+1 + O, 10, )"‘ 20\ 1P Pa —

0

—2¢,6,6,., — ¢N+1(‘9k§0k+1 + 6, 1P, )}:

a
= a_k {29N+1(0k¢)k+1 + (9N ~Pna )(ek a0 ®s ) — 20,0, 6k+1}' (1.3.20)
0
(1.3.6) gako'ra
ay a, ay
(2N :a_[_ OO +‘9N¢N+k]:_a_¢k (QNQK +9N+1(Pk)+a_9k(¢N9k +¢N+1(Pk)’

0 0 0

a
DN x :a_k{_ 9N+1§0k2 _(HN _(pN+1)‘9k(0k +(pN‘9k2 } (1.3.21)
0

(1.3.19)-(1.3.21) ko rinishlaridan foydalanib, ushbu
Oniipes =X Opiay + ﬂ(eN,k ~ Pk )+ Y Pnk (1.3.22)
tenglikdagi «, £,y larni aniglaymiz:
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a,, a 2a a
k 1((0k2+2)=a—"gof+1a+a—k¢k(pk+1,8—a—k(0|fy, (1.3.23)

a‘O 0 0 0

a,. a a a
e Or2Pn = a_k8k+l¢k+la + a_k(9k¢k+1 + 619, )IB - a_k8k¢k7/’ (1.3.24)

a‘0 0 0 0

a a 2a a
_ﬂekzﬂ :__k9k2+1a__k0k9k+1ﬂ+_k9k27/' (1325)
a‘0 a'0 0 0
(1.3.25) dan,
alf+10k2+2 = a‘k ak+10k2+la + 2a'k a'k+10k 0k+1ﬂ - ak ak+10k27/ ' (1326)

(1.3.26) ni chap tarafidagi ifodani, tenglamadan foydalanib, quyidagicha yozib

olamiz:
((ﬂ“ —b )9k+1 - a0, )2 - (}L —Dbs )2 ‘9k2+1 o 2(1 =0 )akek Oa + alfekz . (1.3.27)

(1.3.27) ni (1.3.26) ga qo yib, mos koeffisientlarni tenglashtiramiz, natijada ushbu

2
aa,a=(1-b,) = a= (A-be, ) , (1.3.28)
akak+1
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2a.a, . f=-2(A-b.)a, = ﬁ:—(;t;—b"“), (1.3.29)
k+1
y=— (1.3.30)
ak+1

(1.3.28)-(1.3.30) ni (1.3.22) ga qo'yib, quyidagiga ega bo lamiz:

A-Db.,)? A-Db a
9N+1,k+1 (ﬂ) = M‘9N+1,k (/1) - M(QN,k (/1) - (pN+1,k (ﬂ')) - _k(DN,k (ﬁv)
ak k+1 k+1 ak+1
(1.3.31)
Xuddi shuningdek
2(1-Db
O\ ka1 (A) - Pk (A) = MﬁNﬂ,k (A) - (HN,k (A) - Pk (A)),
k
(1.3.32)
ak+1
PNkt (A) = _a_0N+l,k (4). (1.3.33)
Kk
Shu bilan birgalikda quyidagi
(On  (A) — Pk (A)? =A% () —4- 4oy « ()0, 11 (A), (1.3.34)
Oy (/1)¢N+1,k (A)=1+ DN x (/1)9N+1,k (4).
tengliklarni bajarilishi ravshan.
Quyidagi belgilashlarni kiritamiz:
2N
RA)=111-4;), (1.3.35)
j=1
N-1
S (W) =TT, (1.3.36)
j=1
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Q. (4) = Pnatk (iN) =0y (4) . (1.3.37)
[1a,
Ushbu munosabat bajariladi:
N Qu (#;,)
(D) =(1-b_ S, (1) +S, (1 , L : 1.3.38
Qu(4) =( )S (A) + S ( );Sk(ﬂj,k)(ﬂ—ﬂj,k) ( )
bunda

Qu(154) =75, RGa) (1.3.39)

va 7, =signQ, (u;,).

(1.3.35)-(1.3.37) larga ko'ra (1.3.31)-(1.3.34) tengliklardan quyidagilarga ega

bo lamiz:

Qlf (1) =R(1) + 4afSH (A)S, (1), (1.3.40)
Suu(1) = 25, ()~ Pl 2y BB ) (13.41)
Qk+1 (ﬂ) = 2(1 - bk+1)Sk (ﬂ) - Qk (ﬂ) . (1-3-42)

(1.3.38)-(1.3.42) tengliklar diskret Xill tenglamasi uchun teskari masala yechish

algoritmini beradi:

Bizga {yj,aj }': spektral parametrlar va 4, 4,,...,4,, sonlar berilgan.

1. (1.1.47) va (1.1.48) formulalardan b,, a,, &, larni topamiz.

2. 0,0=0, o= M, j=12,..,N =1 bolsin.

3. (1.3.35), (1.3.36) u (1.3.39) munosabatlardan R(4), S,(4)va Q,(;,)larni
aniglaymiz.

4. (1.3.8) tenglikdan Q,(4) ni topamiz.

5. (1.3.40) dan S_,(4) ga ega bo lamiz.
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6. S,(4) ko'phadni (1.3.11) orgali aniglaymiz va uning ildizlari {ﬂj,l},j\l:_ll
larni topamiz.

7. (1.3.12) yordamida Q,(4) ifodani tiklaymiz wva uning ishorasi
7;, =sign Q,(x;,) ni aniglaimiz.

8. (1.1.49) va (1.1.50) tengliklardan b, va a, larni topamiz.

9. Ushbu jarayonni davom qildirish natijasida b, va a,, keZ ketma-

ketliklarni aniglaymiz.

Izox: Ushbu algoritmning har bir gadamida Floke yechimlarini ham quramiz.

Buning uchun bazis yechimlar 6, (1) va ¢,(4) larni quyidagi

6,(1)=—2,
&
0.0=""2g,p),
Hk+1 (ﬂ,) _ (/1 B bk)ek (/2 B ak—lek—l (1) ’ keZ .
®,(1) :M,
@3(/1) — (ﬂ'_bz)goz(ﬁ')_al ’
Dot (l) _ (j’ B bk )(Dk (ﬂ') - a'kflgokfl (ﬂ') ’ keZ.

ak
munosabatlardan aniglaymiz. Ushbu belgilashni kiritamiz:

(1))
23,5, (1)
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Floke yechimini quyidagi
fi =c(4)0,(4) +¢,(4), i=12N, neZ.

tengliklardan aniglaymiz.

Xulosa

Mazkur bobda diskret Xill tenglamasi uchun go'yilgan to'g ri va teskari
spectral masalalar o'rganilgan. Xususan, diskret Xill tenglamasi uchun go’yilgan
teskari masalani yechinning yangicha usuli keltirib chigarilgan bo'lib, bu usul
garalayotgan masalani sonly usullar yordamida yechishda juda qo’l keladi.
Diskret Xill tenglamasining bazis yechimlari uchun yoyilmalar Kkeltirib
chigarilgan. Yagonalik teoremasi isbotlangan. Teskari masala yechishning

sxematik algoritmi ko rsatilgan.
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11-BOB. INTEGRAL MANBALI UMUMIY DAVRIY TODA
TENGLAMASNI INTEGRALLASH

Ushbu bob integral manbali umumiy davriy Toda tenglamasni

integrallashga bag ishlanga.
1-§ Integral manbali umumiy davriy Toda tenglamasni keltirib chigarish

Ushbu paragrafda biz Hill tenglamasiga qo'yilgan teskari masala
yordamida integral manbali umumiy davriy Toda tengamasini Kketirib

chigarishning effektiv usulini bayon gilamiz.

Quyidagi
2 =P (@0,0,) +2, (A Oy (1 Oy (A1) v (4. 0wy (DB,
B, = Qu @r10,) 2 [0 (1: Ol (1O (1) + 7,207 (0102

~a,, [ G (A Dy, Ay (A0 +v L (A )y, (2,1)]d4,

a,.y=4a, b.,=b,a>0neZ teR,
(2.1.1)
sistemani ushbu
a,(0)=a’, b (0)=b’, nez, (2.1.2)

boshlangich shart bilan garaymiz. Bu yerda a° va b°, nezlar N davrli davriy
ketma-ketliklar. P, va Q, lar a, va b, larning ko padi. Ushbu paragarfning
asosiy maqsadi quyidagi

(Lt)y), =a,,y,,+by, +ay =4y, neZ. (2.1.3)
diskret Hill tenglamasi yordamida integrallanuvchi barcha P, va Q,, larni

topishdan iborat.

Ushbu y’ (t) = (yJ (), v/ (©),..., Y ()", j=12, .. N -1 funksiyalar orgali
quyidagi
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{(L(t)y)n = an—lyn—l +bnyn +a‘nyn+1 :ﬁvyn, 1S n S N
Yy, = 0, Yna = 0.

chegaraviy masalani 2=, (t), j=12,.., N -1 xos giymatlariga mos keluvchi

ortonormallangan xos funksiyalarni begilaymiz. Ushbu
L)y =)y, j=12.,N-1

ayniyatni t bo yicha differentsiallab skalyar ko payitmadan foydalansak

quyidagiga ega bo lamiz
N o . )
£;0) =2(2a, (1) Yo Yo +0,O(Y)7), =12, N-L (2.1.4)
n=1
(2.1.1) ni etiborga olib oxirgi tenglik quyidagicha yozamiz

(1) = iltzpm (8,5,)Y Yl + Q@b ) (v ]+ iﬂ[cbn(t)yg vl + OO .

(2.1.5)
Bunda,
ch (t) = 2anJ‘é‘NJrl(/fi’ft) [Wn_Jrl(/l’ t)l//r:r+1(}i" t) - l//n_ (ﬂ”t)w; (ﬂ”t)h/’i’
E
F.(0) =2, [0y, (4w, (A Dy, (A1) +y,, (A Dy, (4,1)]dA -
E
—a,, [ 0, (40w, (A Ow (A +v,, (4D, (2,1)]dA.
E
Qulaylik uchun quyidagi belgilashni kiritamiz
H =2P (a,,b)ylyl, +Q.(a,b)(y)>. (2.1.6)
Biz ushbu
U, —Uu =H_. (2.1.7)

Shartni ganoatlantiruvchi u, funksiyani topamiz. Buning uchun u, ni quyidagi
ko rinishda izaymiz

u, = A (YD)’ +2a,(t)Byly,., +a;(t)C,(y...)", (2.1.8)
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Buyerda A = A (g;(t)), B,=B,(x(t)) va C, =C (;(t)) lar xozircha
nomalum koeffitsiyentlar.
(2.1.8) ni (2.1.7) ga qo yib ushbu

A\Hl(yr{ﬂ)z + 2an+1(t) Bn+1yr£+1yrj+2 + a§+1(t)cn+l(yr{-+2)2 -

- An (yr{ )2 - 2an (t) Bn yr{ erl - a§ (t) Cn (erl) = Hn . (219)
Tenglikka ega bo’lamiz. Quyidagi
_ 1 _ :
Yoz = [ (1) =0, () Yo —a, (1) Y, ]

an+1(t)
Tenglkni etiborga olsak (2.1.9) ni quyidagicha yozishimiz mumkin
(An+1 - as Cn )(yr:-+1)2 - An (yr{ )2 - ZBn yr: yr{+l + 2Bn+1er1.+1[(/uj o bn+1)er1.+l —a, yr{ ] +
+ Cn+1 (luj _bn+1)2 (yr{+1)2 - 2anCnJrl (luj _bn+1)yr{ erl +Cn+1ar? (yr{ )2 = Hn '
(2.1.10)
(2.1.6) ni etiborga olgan holda (2.1.10) ning o ng va chap taraflarini solishtirib
quyidagiga ega bo lamiz
- An +ar?Cn+1 :Qm’
A\Hl - a‘r?Cn + ZBn+1 (:uJ - bn+1) + Cn+1 (lLlJ - bn+l)2 =0,
—a, Bn —4a, Bn+l - anCn+1(/uj - bn+1) = I:)m .
Bundan esa,

I:)m =-4a, Bn —a, Bn+l _anCn+1(1uj _bn+1)’ (2111)
Q, = a’C 1 —aille +2B, (,uj -b,)+C, (,uj —bn)z. (2112)

n n+.

(2.1.11) va (2.1.12) ning chap tarafi x; ga bog'lik b"Imagani uchun B, va C,

larni quiidagi ko rinishda izlamiz
B, => Bl Co=Da, ul . (2.1.13)
k=0 k=0
(2.1.13) ni (2.1.11) ga qo yib ushbu

m m m
—k -k -k
P =20 2 sty =8 2 Bty =2ty =B Dty =
=0 =0 =0
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m

_ m—k+1

- —4a, Zaml k/uJ
k=0

m m m
-k —k -k
_an kZﬂnklu;n _an kz:ﬂml,kzu;n +anbn+1kz:an+l,k/u;n =
=0 =0 =0

m m m-1 m
_ m—k m—k m-k m-k __
=4, Zﬂn,k:uj —a, Zﬂnﬂ,k/uj —a, Zan+1,k+1/uj +anbn+1zan+1,k/uj

k=0 k=0 K=—1 k=0

m+1

= _anﬁn,m —a,%, Olu]

- anﬁn+1,m + a‘nbn+lcl

n+lm

m-k
Ak T8 bn+1an+1,k )/Uj

( a ﬂn k anﬂml,k

fMB

Tenglikka ega bo'lamiz. Buning 0 'ng va chap taraflarni solishtirish natijasida

quyisdagi tenglikarni hosil gilamiz

Ao =0, (2.1.14)
P.=—a,fn—aboim+ a0, 0m, (2.1.15)

va
— Bk = Bk — % T 0 =0, k=0,1,...,m-1, (2.1.16)

Xuddi shunga 0" xshash (2.1.13) ni (2.1.12) ga qo yib quyidagi tenglikni topamiz

m m m
2 -k 2 -k -k
Qm =a, kzanﬂ,klu;n - anlkzanl,klu;n + 2(/uj - bn)kZﬁnk:u;n
:0 :0 =0

m m m m
2 -k 2 —k 2 —k K
+ (fuj _bn) I(Z:an,kfu;n = an kzanﬂ,k/u;n _an—ll(Z:an—l,k/u;n _an I(Z::Bnk/u;n
=0 =0 =0 =0

m
-k
+20; ) B M}
k=0
2 u m-k
= a‘n Zaml,k/uj
k=0
m
+2> .0,
k=0
2 u m-k
= a‘n kz:aml,k/uj
=0

m-1
-k
+ ZKZﬂn,kH,u;n
=1

m—k+1

kM

m
2 m-k
+ U, zan,k/uj
k=0
5 m
m_
- an—lzan—l,kzuj
k=0
m
+ Zan,k:uj
k=0
_ a‘2 u m-k
n—lzan—l,kzuj
k=0

m-2

m

+ Zan,k+2:uj
k=-2

m—k+2
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- 2bn1uj Zan,kzu;n_k
k=0

- 2bn Zﬂn,k:u;n_k
k=0

- 2bn Zﬂn,k:u;n_k
k=0

m
2 m-k __
+ bn Zan,k/uj
k=0

m
2 m-k
+ bn Zan,k/uj +
k=0

- 2bn I(Z:an k,u;n =

m
2 m—k
+ bn Zan,k/uj
k=0

m-1
-k m-k __
- 2bn zan,kﬂ:uj
k=-1



= Ay — A1y — 20,8, D, L+

n~ n+l,m n*~*n,m

+ a‘r?aml,mfl:uj - arilanfl,mflluj - 2anBn,mflluj + bnzan,mflluj + 2IBn,m/uj - 2bnOln,m/uj +

m+1 m+2 m+1 m+1
+2ﬂn,0/uj +a, iy Ol _2bnan,0;uj +

m-2
2 2 2
+ Z(a an+1,k _anflanfl,k _2bnﬂn,k +bn an,k + 2ﬂn,k+1 +an,k+2 ~2b,a ),U

n n~*n,k+1
k=0

m-k __
j =

=a’a — af_lan_lym —-2b,B, . + b’a.  +

n~*n+1l,m n*~*n,m

+ (arfaml,mfl - arilanfl,mfl - 2bnﬂn,mfl + bza + 2ﬂn,m —-2b.a )/uj +

n*~n,m-1 n~*n,m

m—2
2 2 2 m—k
+ kZ(a 24 an—lOKn—l,k - 2bnﬂn,k + bn Ak + 2ﬂn,k+1 + A 2b.a )fuj +
-0

n“n+1k T n“n k+1

m+1 m+2

+ (Zﬂn,o + Ay — 2bnan,o):‘uj + an,Oluj .

Buning o'ng va chap taraflarni solishtirish natijasida quyisdagi tenglikarni hosil

gilamiz
a,,=0, (2.1.17)
2f,0+a,, =0, (2.1.18)
aﬁan%m_l — af_lan_l‘m_l —2b. B st bfozmn_1 +28, . —2ba, =0,
(2.1.19)
Qn =1 m — AUy 1 00, =208, 1 (2.1.20)
va
afozml’k — aﬁ_lan_lyk -2 8, + bnzocmk + 28 11+ %y — 2000y =0, (2.1.21)
k=0,1,...,m-2.
(2.1.17), (2.1.18) va (2.1.16) ning birinchi munsabatidan ushbu
a,,=0, B,,=C,=const, «a,,=2c, (2.1.22)

Tenglikni hosil gilamiz. Qulaylik uchun (2.1.16), (2.1.19) va (2.1.21)

formulalarni quyidagicha yozib olamiz
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= Brka — Prirka ~ Pk FPra@pini =0, k=2,3,...,m, (2.1.23)

2 2 2
anan+1,k72 - anflanfl,kfz - 2bnﬂn,k—z + bn A + 2ﬂn,kfl + Oy — 2bnOln,kfl = 0’

(2.1.24)
k=23,...,m,
A1 — 1Oy 1w — 20, By T 0, 1+ 28, — 2,2, =0,
(2.1.25)
(2.1.23)-(2.1.25) ifodalarda oddiy soddalashtirishlarni bajarib quyidagiga ega
bo lamiz

By o= 8 1y gy 2 — 2D, B0 o+ bia, ,+ 20, 1+
+(=Braxa = Boxa T 0 ) -2, =0,
aﬁanﬂ,k—z - ag—lan—l,k—z —20, B,k 2+ bnzan,k—Z +

T Pak1— :Bn—l,k—l - bnan,k—l =0,
aﬁanﬂ,k—z - ag—lan—l,k—z —20, B,k 2+ bnzan,k—Z +
+ Bok1 = Boska =B (=B iks = B2 B2k 2) =0,

2 2
ﬂn,kfl - ﬂnfl,kfl =D, (ﬂn,kfz - ﬁnfl,kfz) a4 k2 T A0 2<k<m.

(2.1.26)

(2.1.23) ni (2.1.25) ga qo yib ushbu munosabatni hosil gilamiz
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a’ a’ b’
— -1

ﬂn,m - _iam—l,m—l +— an—l,m—l + bnﬂn,m—l - ian,m—l + bnan,m’

2 2 2

2 2 2
a b
ﬂn,m = _?naml,m—l + nz Xn_1m-1 + bnﬂn,m—l - ?nan,m—l +
+ bn (_ﬂnfl,mfl - ﬂn,mfl + bnan,mfl) )
2 2 2
a a b,

ﬂn,m = n2 X im1— ?naml,m—l + ?nan,m—l - bnﬂn—l,m—l . (2127)

(2.1.22), (2.1.23), (2.1.26) va (2.1.27) rekurent munosabatlarni juda sodda
ko rinishda quyidagicha yozamiz
a,,=0, B,,=Cc=const, «a,,=2¢C,, (2.1.28)

2 2
ﬂn,k—l _ﬂn—l,k—l = bn (ﬂn,k—z _ﬂn—l,k—z) - an05n+l,k—2 + an—lan—l,k—Z’ 2<k<m )

(2.1.29)
6Zn,k = bnan,k—l - ﬂn—l,k—l - ﬂn,k—l’ 2<k<m ) (2130)
a’ a’ b’
ﬂn,m = n2—1 an—l,m—l - ?nanﬂ,m—l + ?nan,m—l - bnﬂn—l,m—l’ (2131)
Xuddi shuningdek
I:)m an’bn =a[=Pom — Pns m+bn+an+ mds
(@,.b,)=a,[-Bn = Buas, 1Pniam] (2.1.32)
Qm (an ) bn) = asanﬂ,m - ar?—lan—l,m - 2bnﬁn,m + bnzan,m’ meN te R.

bo ladi. Oxirgi tenglikda m e N ni 0 zgartirish hisobiga integral manbali davriy
umumiy Toda tenglsamasining barcha o rinishi kelib chgadi

a, =a, [_ﬂn,m - ﬂrwl,m + bn+1an+1,m] + CDn (t)’
b, = a2y — A0 1C 1 m — 2D, By + Pl + F (1), MeN, teR.

n

(2.1.33)

n“n,m

Explicitly, one obtains from (2.1.28)-(2.1.31)

Ay, = 2¢,,

ﬂn,l = _Cobn |

a,, = 2Cb, —2¢,,
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2 2 2
ﬂn,Z = C0 (an—l - an + bn ) _Clbn’
a,, =2c,(b; +a>, +a’)—2cb, —2c,,

2 2
ﬂn,3 = C0 (an—lbnfl —-a b

n>~n+l

+b®+2a’ b )+c(a’-a’, —b’)-c,b,  (2.1.31)

n

etc.
and hence from (2.1.33), we find few equations of the periodic Toda lattice
hierarchy an integral source,
m=1c,=-1

a, =4, (bn+1 _bn) +(Dn (t)!
b, = 2(a; —a;,) + F, (1),

n+l n+l

an = Clan (bn - bn+1) + an (a2 ar?—l) + an (b2 - bnz) + q)n (t)’
t-)n = 2Cl (ar?—l - ar?) - 2ar?—l (bn + bn—l) + zag (bn + bn+1) + I:n (t),

m=3,

an =C,a, (bn - bn+1) —Ca, (ar?+1 - ar?—l + br12+l - br?) +a, (br?+1 - br?) +
+2b . )+a’(b ., -b)-a’, (b, +2b)+D (),
b.n = 202 (arffl - ag) + 201I:a‘ril (bn + bnfl) - arf (bn + bn+1)] + 2a§ (ar2| + arirl) +

+2a’(0>+bb ,+b’ )-2a’, (b’ +bb, ,+b?,)-2a’ a>,-2a’ +F(t),

n™~n+l n+1 n~n-1

2
+ an [an+1 (b n+1

n+2 n+1

etc.
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2-§ Spektral parametrlarning o zgarish dinamikasini aniglash

Ushbu paragrafda biz spektral parametrni vaqt bo'yicha o zgarish
gonuniyatini keltirib chigaramiz.

Teorema. Agar a,(t), b, (t), v (1,t), neZ funksiyalar (1.1.1)-(1.1.4)
masalani yechimlari bo'lsa, u holda (1.1.3) diskret Hill operatorining spektri t

0'zgaruvchiga bog'liq bo'Imaydi, x;(t), j=12.., N-1, spektral parametrlar

ushbu
710 Fln®-2) ] 1

;) =25 k=1 .{Cl(ﬂj(t))—jem(ﬂ,t)l_ (t)dﬂ,}, (2.2.1)
g(ﬂj (t) - Ay (t) E H;

Tenglamalar sistemasini ganoatlantiradi. Bunda C,(u;(t)) = Zaliklujmfk (t)
k=0 '

Isbot. (2.1.7) formulani (2.1.8) ga qo'yib n bo'yicha yig'indi olsak

quyidagiga ega bo lamiz

N i i i i
ZHn = uN+1 _ul = Al\l+1(y|{1+1)2 + 2aN+1(t) BN+1yI{J+1yI{J+2 + al%l (t)CN (y|{1+2)2 -

—A(y!) —2a,(t) By y; —a’ (t)C,(y3)*. (2.2.2)
Ushbu
ay..(t) yr{1+2 = (,Uj (t) —by, (1)) yr{1+1 —ay (1) y,ﬂ )

tenglik va y] =0, y) ., =0 shartlarni etiborga olsak, (2.2.2) dan quyidagi

N

> H, =a;0C,(¥)" —ag (1Cy.. (Y4)* =a; (OC.I(¥s)* - (¥)*], (2.2.3)

n=1

tenglikni olamiz. (2.2.3) ni (2.1.5) ga qoyib quyidagiga ega bo lamiz
_ . N o .
£;®) =ag(OCI(Ye)" = (YA T+ 2 [P, (©)Y) Yas + F(O(Ya)']- (2.2.4)
n=1
Endi biz (2.2.4) tengikni o'ng tarafidagi ikkinchi tenglikni soddalashtiramiz

N o N .
Zanl//r;rl(/l!t)l//rtrl(/llt)yr: yr:+l - Zanl//r: (/q’!t)l//:ﬂ(ﬂ”t)(yr:ﬂ)z +

n=1 n=1
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+ > ay (ADy  (ADYYL =D aw (A (DY) +

n=1 n=1

N . N . .
+ > a, (A (AN =D aw, (AL, (Ayl,y) +

n=1 n=1

N i N i .
+ > a W, (A (D) =D aw, (At (ANyL,y) =

n=1 n=1

N - . - N - - -
= Zan (l//r:r+1 (/Lt) yr{ _l//r:r (ﬂ“’t)yr{-*—l)!r//r; (ﬂ“’t)yr{ + Zan (lr//r:r+1 (/l’t) yr{ - lr//r:r (ﬂ“!t)erl)lrl/n;l (i’t)erl +
n=1 n=1

N ) _ N ) _ )
+> 8, W (WYY —w, ANy Dvr (YY) + D a (. (ALY —w, Ay )ve (DY), =

n=1 n=1

N N _ N . ;
= ZTnlr//r: (l!t)yr{ + ZTnl/lr;l (ﬂ“’t) yr{-*—l + anl//r:r (ﬂ"t) yr{ + zwnl//:-d (ﬂ’lt)yr{ﬂ =
n=1 n=1 n=1 n=1

N . N )
= ZW;‘F]. (/1’ t) yr{+l (Tn+1 + Tn ) + Z l//r-;l (ﬂ,, t) erl (an+1 +Wn ) =

n=1 n=1

- 1 N 1
= ;m(\/\/ml _Wn)(TnJrl +Tn) + ;m(-rnﬂ _Tn)(vvml —|—Wn) —

2 N )
= Toa =W, T,) = — " Wy, Ty —W,T 2.2.
/I_luj (t) ;(val n+l n n) /I_luj (t) (\NN+1 N+1 1 1) ) ( 5)

bu yerda Tn = an (l//r-;l(ﬂ’!t) yr{ _‘//r-: (ﬂ”t) yr{+1) Va Wn = an (‘//r;rl(ﬂ’!t) yr{ _l//r: (ﬂ'!t) yr{+1) .

Oddiy hisoblashlardan quyidagilarga ega bo lamiz
Wi Ty = aua W2 (D Yo — W (WD Ye2)aw s W (A DY v (A DY) =
= (Vna (A Daya Y)W (W Day . Yi.,) =
= (Ve (A 0ay 1 VL) W (A DAy V) =va (A Dag Vv (L hay Y] =
= a, (Y)W (A D (D) = a, (V)2 (2.2.6)
W,T; =ag(y;)*. (2.2.7)

(2.2.5) formuladan foyalanib ushbu
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(t)

tenglikni keltirib chigaramiz. (2.2.8) ni (2.2.4) ga qo’yib quyidagiga ega bo lamiz

£1;(1) = 285C, (4; (O)(Yg)* — (V) ]+I6’N+1(ﬂL PN [(y2)* = (y3)*]dA =

(t)

—2aZ[(y})’ - (yJ)ZJ{cl(uj O[T, dﬂ}, 22.9)

Buyerda C, (u;(t)) = iallkyjm‘k (t). ay,, k=0,1,...,m foctorlar (2.1.28)-(2.1.31)
k=0

rekurent formulalardan aniglanadi.

Ushbu
i _ N yaive j j dg’
lo’] =20 = a0 (04) ] (O ="
(yly: =L gy (O

2 el

tengliklarni etiborga olisak (2.2.9) quyidagicha yoziladi

1

On (4, (t)’t)j.{cl(u,(t)) | ””(’18 d;t} (2.2.10)

2%[6& (1 (0),1) -

ﬂj(t):_

A= (©)
Quyidagi
Oy (A )91 (4,1) -0y, (4. D)y (4,1) =1,

tengliklardan ushbu

N (1 (1)) = 4=[6] (1, (1),1) — 031 (g (1), OF + 463 (1t (£), ) 32 (a1 (1), 1) —4 =
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=16} (14, ~ 9} (1, O T = [6«" (4, 0).0) - M:MJ -

munosabatni hosil gilamiz, bunda esa quyidagiga ega bo lamiz

0} (1, ().1 —W= o3 (1). /4y (1)) 4, (2.2.11)
Bu yerda
i j B 1 . B
aj(t):3|gn[9N (1;(1),1) —9d (,uj(t),t)]’ j=12,..,N-1.
(1.2.2) va (1.2.3) formualardan ushbu
#@-a=([1a.) [16-2). 2212)
0N+1(ﬂ”t) :_ao[ﬂaj ] ll\l__[l(ﬂ‘_zuk (t)) (2213)

tengliklarga ega bo lamiz. (1.3.12) ifodani 4 boyicha differentsiallab 2= y; (t)

bo’Isin desak quyidagi tenglikka ega bo lamiz

O, 0 = —ao(f! akj ﬁ(u,— ()~ () (2.2.14)

(2.2.11), (2.2.12) va (2.2.14) formulalarni (2.2.10) ga qo'yib (2.2.1) formulani
hosil gilamiz.

Endi biz A, (t) xos qiymatlarni t parametrga bog'lig emasligini
ko rsatamiz. {g[f(t)} funktsiyalar L(t) operatorning 4, (t), k=12,...,2N Xo0s
giymatlarga mos keluvchi ortonormallangan xos funksiyalari bo'lsin, yani

k k k k
anflgnfl +bngn +angn+l = ﬂ'kgn'
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Oxirgi tenglikni t parameter bo'yicha differensiallaymiz va natijani g* ga

ko paytirib n bo yicha yig indi olsak quyidagiga ega bo lamiz
d N :
=3 a0tk +5,0(0: ) ). 2:215)
n=1

(1.1) tenglikni etiborga olsak (2.2.15) ni ushbu

N N
ddik = Z(Zanbngsg§+l - 2anbn+lgrl:grl:+1) + Zz(ar?—l - ar?)(grlf)z +
n=1 n=1
+ [0y, (2,1)G (1,1)dA, (2.2.16)
E

ko rinishda yozish mumkin. Bu yerda

G*(A,1) = X {28, [Wry (A OWs (D) —w; (AW (A0}l +

n=L

N

3 Al (A (A D) + v (A D (A DIGE)? -

n=1L

N

—> oy Iy (v (D) + v (A D! (A DTG,

n=1
(1.2.1) tenglikdan foydalanib (2.2.16) tenglikni o'ng tarafini quyiagicha yozish
mumkin

a4 _

N
dt Z;t {Zan [ﬂk (t) grl: o a‘nflgrl:fl —a, grl:+1 ]g ri:+1 o 2an [ﬂk (t)glr;l —a, g: B an+1g:+2 ]grl? }"‘

N

+ Zz(ar?—l B a§ Xgrlf )2 + I§N+1(ﬂ“’t) Gk (i’t)di = ilz[(_ an—langrlf—lng:Jrl B ar? (grlf+1)2 )]+
E n=

n=1

v 32020t ) + 2,308 00t 32002, ~ a2 )@ f + [Bn (1DGH (211002 =
n=1 E

n=1

N+2

N
k k k k
= _z 2a'nfla‘n Una9na t Z 2an71an Un19n00 —
n=1 n=2
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N+1

-Y2a (g )+22an1( )+J<9N+1(zt)e (142 = [ 8, (1D G" (2.)d2.
(2.2.17)

A # 4, bo’lsin, u holda

2a;

G (1, t)=——"—
(==

[(gn)* = (g5)°1=0. (2.2.18)

bo'ladi. Agar A =4, bo’lsa u holda G*(A,t)=0 bo’lishi oson korsatiladi.
(2.2.17) va (2.2.18) formulalardan A (t)=0 ekani kelib chigadi. Teorema

isbotlandi.
Izoh 2. «,,, k=0,1,...,m faktorlar a,(t), b,(t) larga bog'lik bolib (2.1.28)-

(2.1.31) rekurent formulalardan aniglanadi. Ma'lumki a (t), b, (t) lar izlar
formulasi yordamida 4, va y;(t) lar orgali yoziladi.

Izoh 3. Teorema 1 qo'yilgan (1.1.1)-(1.1.4) masalani yechish usulini
beradi.

1. Koeffitsienti {a’} va {b’} ketma-ketlikdan iborat diskret Hill tenglamasi
uchun  goyilgan  to'grri masalani  yechib 2, i=12,..2N va
#;(0), o(0),i=12..,N -1 spectral berilganlar topiladi.

2. Teorema 1 ni go'llab x;(t), o;(t),i=12..,N—-1 spectral parametrlar
topiladi.

3. Teskari masala yechish algoritmini qo’llab a, (t),b, (t) va w, (1,t) lar
topiladi.

Natija1l. Agar N =2p bo'lib p son {a’} va {b’} ketma-ketlikning davri
bo'lsa u holda A(A) +2=0 tengamani barcha ildizlari ikki karrali bo"ladi. Borg
teskari teoremasining diskret anologiga ko'ra p son a,(t), b (t) yechimlarning

ham n o'zgaruvchi bo’yica davri bo’ladi.
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3-§ Misollar
Ushbu paragrafda yuqorida olingan natijalarni anig misollar yordamida ko'rib
chigamiz.
(1.1.1), (1.1.2) masalada m=2 bo’lsin.  Ya'ni ushbu
a =a (b ,—b)+a (a’,—a>,)+a (b, —b?)+d (1),
{bn =2(a’-a’,)—-2a’, (b, +b )+2a’(b, +b,.,)+F, (1)
ikkinchi davriy Toda tenglamasini quyidagi

a? +a?
(an)? ZITZ - (-1

boshlang ich shart bilan garaymiz. Bunda «, va a, ushbu 0< e, <, shartlarni

n O, 0 _
-2 b, =0,neZ,

ganoatlantiruvchi musba sonlar va @ (t), F (t) lar (2.1.5) formula bilan

berilgan. By holda
N=2 4 =-a, 4=—ay, y=a,, 1 =a,, 4(0)=0, 0,(0)=1.
Izoh 3 ni go'llab quyidagiga ega bo lamiz

220=57% 220 - () T 0 - e W O -ad).

b,(t)=(-1D" u(t), neZ,

D)= 2= 12(t) - ot (12 @) — a?) (1P () — o2) £ /(P — ) (PP — )
rort 280 (1) — (1)) ’

wi (A1) =1,
Bu yerda p(t) funksiya ushbu

dlt(;(lt) =4(l+a, - Oll)o'(t)x/(luz t) - alz)(luz (t) - azz) '

tenglamani 1(0) =0, o(0)=1 boshlang ich shartni ganoatlantiruvchi yechimi.
o(t) ishora u(t) o'z lakunasini [-«,, @] ning chekka nugtlari bilan
to"gqnashganda o'z ishorasini 0'zgartiradi. Ushbu p(t) = ¢, sinx(t) almashtirish

va quyidagi
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signo(t) - sign (cosx(t)) =o(0),
tenglikdan ushbu

al +6¥2

a(t)y=—"2—2— 2 sm 2x(t) - (-D)" 122cosx(t)\/ (ﬁj sin® x(t) ,

a,

b, () =(-D ", sinx(t),

A2 — a2 sin® X(t) — o, COS x(t)\/l—Lalj sin x(t) + /(2% — ) (2 — a?)
a,

v, (A1) =

23, (t)(A — e sinx(t))

natijaga ega bo lamiz. Bu yerda x(t) funksia quyidagi

Qa,

X(t)=4a,0,1+a, - al)\/l—(%j sin® x(t)

x(0)=0.

Koshi masalasining yechimi ( [24]). Oxirgi ifodani sodda o rinishda quyidagicha

yozib olish mukin:

X(t) :amL,Bt,ﬂj,
a,

Bunda g =4a,0,(1+a,—c;) va am Yakobini amplitude funktsiyasi. Oxirgi

ifodani etiborga olsak garalayotgan masalanining yechimi ushbu

an(t):\/M—a—fsnz(,Bt,a) (=1)" “1“2 (ﬂt,ﬁ)dn(ﬁt,&J
4 2 a, a, a,

b, (t) = (-1)" alsn[ﬂt,ﬂ} ,
a,
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A — afsnz(ﬂt,al] — a,a,Cn (ﬂt,alJ \/1— (%J snz(ﬂt,alj
a, a, a, a, n
24, (t)(ﬂ, - alsn(ﬂt,alD
a,

J2 —a?) (2 - a?)

2a, (t)[ﬂ, - alsn( Ft, %D
&,

Ifodalardan iborat bo'ladi. Bu yerda sn, cn va dn lar Yakobi elliptic

v, (A1)=

funksiyalari.

Boshlang ich shartlarn aniq sonlar yordamida quyidagicha olsak

o =1 a =3 @) = /2—(—1)“2, b’ =0, nez,

U holda garalayotgan masala yechimi grafiklarini ham toppish mumkin. Ular
quyidagicha boad:

ay by
20

] 1 2 [03 \04 ) 05
2 -05
........................ (]
00 01 02 03 04 05 -1.0¢}

Figura 2: a0 va ne larni [0, 0.5] kesmadagi grafgi.
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Xulosa
Ushbu bobda diskret Hill teglamasiga qo'yilgan teskari masala usulida
integrallanuvchi barcha nochizigli tenglamalar keltirib chigarilgan. Spectral
parametrlarning vaqt bo'yicha o zgarish dinamikasi keltirib chigarilgan. Aniq
boshlang’ich shartlarda ikkinchi Toda tenglamasini yechimini anig ko rinishi

keltirib chiqarilga.
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XULOSA

Ushbu magistrlik dissertatsiyasi integral manbali umumiy davriy Toda
tenglamasini teskari masalalar usulidan foydalanib, integrallashga bag‘ishlangan

bo‘lib, quyidagi natijalar olindi:

1. Diskret Xill tenglamasi uchun go‘yilgan to‘g‘ri va teskari masalalar o‘rganildi.
2. Diskret Xill tenglamasi uchun izlar formulasi topildi.

3. Teskari masala yechish algoritmi keltirib chigarildi.

4. Diskret Hill tenglamasi yordamida integrallanuvchi nochizigli tenglamalarni

keltirib chigarish algoritmi keltirildi
5. Spektral parametrlarning o‘zgarish dinamikasi o‘rganildi.
6. Integral manbali I1-tur Toda tenglamasi m=2 holida integrallandi.

7. m=2 holida Toda tenglamasi yechimlari grafiklari keltirildi.
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