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yambapyac OOFJIMKAMP, YHAA MaB3yJap 3aMOHAaBUN NEATEXHOJOTUS THU3UMHUIA CysSHTaH X0Jj1a
0aéH KuIMHTaH. Xap Oup MaB3y oxupHaa Tanadanap TOMOHHAAH OaXapuiuiM 3apyp Oyirax
TONIIKPHKIAP BA HA30PaT CABOIUIAPH KEITHPUIraH. YKyB-ycoyOuil Maxkmya ['yIHCTOH JaBiaT
yHuBepcuTeTd Wnmuii kenramu Tomonuas (1- 6aéunoma 28.08.2017 #imn) kypub uMkuiIrad Ba
VKYB kapa¢Hu/ia KyJjiamra TaBCHs 3TUITaH.
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KHUPHUILI

Amanmaru  5130100-maTemaTrika OakanaBpuaT TabiINM HYHaIUIINA [aBIaT TablIuM
craugaptu (2014) xamaa «Xucobnam ycymnapu» GaHHuHT  YKyB nactypura (2014) myBoduk
tanabanap «Xucobnam ycysuapu» Kypcu OVitnua MaremaTuka MacalalapyuHu eyuilnra Oynran
AXTUEK MOJICIUIAIITHPHUII HATHXKACHIA BYXKY/ra KeJrammra Tydaimm y xap Oup Macajara
aHUK €YUM TOMHMIITa KapaTWJITaHHM, YHUHT MakKcagu Macajla €YMMUHU COHJIap IIAKJIUIa
TONMIIAH HOOPATIMTUHY OWJIHIIIApY TaJlad KWIHMHATU. XHCOOJAl yCyJUTapy XO3UPTH KyHAa
KYNTMHA aMajiuéT MacaialapyiHH €4HIIa TeKaMJIM XUCOOIaIll yCyIIapuHy TaHJIal OunaguraHd
Ba YyJIapHM KOMIIbIOTEpAa peanu3alus KWIaJuraH MyTaXxacCUCJIapHU Talépiamia Karra
axaMmusTra ora.

Xucobuanr YKCIepUMEHTHIarH MaTeMaTHK MOIeIUIAIITUpU omman DXMja nacTypiani
MOFOHANIAPH OpacHa >KOWNAIraH XucoOnam ycymnapu(JUCKpeT MOJAeN Ba XucoOiail
QITOPUTMH) MaTeMaTHKa, aMajiuii MaTeMaTHKa Ba HMH(POPMAIMOH TEXHOJOTHsUIap Oyiinua
MyTaxacCUC Tadpmamga Myxumadp. YmolOy ¢aH anrebpa, MaTeMaTHK aHalW3, OAJIUN
maddepeHnran TeHrIamanap, MaTeMaTtuk (usnka TeHrnamanapu (ammapu OwiraH yamOapdyac
OOFIIUKIUD.

Xwucobuam ycyiiapyu KypCHHHHT Makcaau Tanadanapra ymoy ¢aH anredpa, MaTeMaTHK
aHaMM3, OJWH nudQepeHnran TeHIJaManap, MareMaTuk (U3UKa TeHrIamanapu QaHIapu
OusaH OOFIMKIMTUHY YKTHPHUIIIAH HOOPATIHP.

Xucobnan ycyiaiapu KypcHHUHI Basuganapura Tanabanapra anrebpa, MaTeMaTHK
aHanmm3, auddepeHnran TeHriaaManzap, (QYyHKIFSUIAPHU SKHHJIAIITHPUIL, MaTeMaTHK (U3HKa
TEHrJaMajapu Ba Oomika (aHiaapaa yuypalauraH KaTop MacajajlapHU COHJIM €YUl yCyJJIapuHH
[IAKJUTAHTUPUIT KUpagu. “Xucobnam ycyiurapu” ¢GaHuIaH JapCHUA FOKOPH WIMHK-TIEArOTHK
Japakaja TAlIKWI 3TWIALIM, MyaMMOJIM MalIFyJoTiap YTKa3WIUIIK, AApCIapHU CaBOJI-)KaBOO
Tap3uga KU3UKapiu TalIKWil KWIMHUILIN, WIFOP NEAAroruk TEXHOJIOTUsIIapiaH Ba MyJIbTUMEANA
KYJUTaHManapJan camapaiu ¢oigananui, TanadamapHd MyCTakuia (UKpJaIira yHIauIura,
VilmaHTHpaauraH MyaMMo CaBOJUIAPHHU yJIap OJAMTa KYHUIll, Tada04aHIuK, THHIJIOBYMIAp OUIaH
MHAMBUyal MIUIALI, VOKOAKOPIMKKA WYHANTHPUIL, SPKUH MYJIOKOTTa KHPHILIUINTA, WIMHH
W3JaHMIra >kajnd Kuiaum Ba Oomika TaaOupinap  ¢aH MaB3yJapuHH YyKyp STrajUIaliHH
TabMUHJIAUIN.

VKyB-yci1y6uii Maxmya KyHuariuIapHy §3 H4Ura OJlajiy:

Xucobmam ycyiapu GpaHu CHILIa0yCH.

Ha3zapuii matepuannap (Mabpy3anap KypcH)

Amanuii utapuHe Oakapuin Oyinda yenyOuid Kypcarmanap.

Tanaba mycrakui uniapu Oyiinya MaTepuaniap (MyCTaKHII UII TOMILIUPUKIIAPH)
Hasopart caBosutapu Ba Tectiap.

I'moccapuii.

NudopmannoH-ycimyonii TAabMUHOT.

Hnosanap:

1. HabMyHaBu# Ba UIIIYK YKYB JacTypJiap.

2. Hrnn3 Ba pyc TWIMJATU XOPWXKUN YKYB MaTepuaiapy (3JIEKTPOH LIaKiza).
3. TaknumoTinap Ba MyJTUMEIUS BOCUTAIAPU (JIEKTPOH IIAKIIAA)

4. Kymmmya quIakTUK MaTepuaiiap

Nk Wb =

Maskyp YKyB-ycinyouit maxkmya “XucoOnam ycymnapu” Kypeuaan Basupmuxaunr 2017 #wun 1
MapT 107-connm Oylipyru OwiaH Tacaukiadran “Onuil TabIuM YKyB pexanapu (GaHIapuHUHT
SHTH YKyB MaXMyalapuuHH Tanépnam Oyiimua yciyOuii kypcatma” acocuja spaTHITaH
nacTiabKu YKyB-yCIyOuii MakmyayapiaH Owpu Oynranmuru ca®abnu, yHIa 0ab3W IKy3bHUH
KaMUYWJIMKJIAp, MyHO3apalu Kapamiap Ba atamanap ydpamm myMmkuH. lllyHra kypa maxmya



XaKugarn —QUKp-MyJoxasajapuHud  OWIMpPraH XamkacOmapra wmyamtad OJIIMHAAH Y3
MUHHATAOPYMWINTUHU OUIAUpaan

VKyB-ycimyOuit MaxMya 3aMOHABHIT IEATEXHOIOTHS TaTabIapira MOC PaBHIIIA HILIAHUO,
yH/a YKyB MakcaJJlapH, Ha30paT CaBOJIJIapy Ba MyCTAKHII U TOMIIUPHUKIAPU KEATHUPUIITaH.

Manzumumus: 120100. I'ynucron maxpu, [Vmasse, YHuBepcurer,
«Marematuka» kadeapacu

1. «XUCOBJIAII YCYJUIAPN» ®PAHUHUHI' CUJIVIABYCH
(2017/2018 yxyB iwinm)

Kadenpa nHomnu: MaremaTuka
S"KnTqun XaKuaa Kanangapos A. abdugayumqalandarov(@
MabJYMOT: mail.ru
CemecTp Ba YKYB KYPCUHUHT CemecTp Ba »aMu coaT
JAaBOMUHJINTH
JKaMHu: 116
ITYHUHTJICK:
VKyB coaTiapu xaxmu: Mabpysa 32
ceMUHap -
Awmainuii (mabopatopus) 34
MYCTaKHJI TabJIUM 50
. MaTeMaTHKa 5130100
Nynaaum nHomu Ba mudpu
KypcHuHT ipetMeTH Ba Ma3MyHHU: Matematuka GaHu TypMyII MacajlaJlapiHe eduInra Oyiran

9XTUEX Ty(ainm By)KyAra KeJITraHIMIH yU4yH XaM y XUcoOJall MaTeMaTHKacu 0Yiau0, yHUHT MaKca i
Jca Macajia eYMMHUHH COH IIAKIIUIa TOMHUIIIaH HO0opar.

@daH Ba TEXHUKAHUHI >KaJall PHUBOXKIAHUIIM, aTOM SApOCHIaH (oHJaNaHuIl, Yy4dyBUH
amnmapariapHu JIOWWXajaml, KOCMHK YYyIl JWHAMHKACH, OOIIKAPHIAAWTaH TEPMOSIPO CHHTE3U
MyaMMOCH MyHocabaTu OuiaH IulazmMa (U3MKACMHM YpraHulll Ba IIyHra yXmiam Kyl macajajJapHu
TEKIIUPUII Ba €YMILIHU TaKo30 KWiIMOKaa. byHnail macananmap ¥3 HaBOaTuaa MaTeMaTHKIAp OJWra
SHIUJAH-IHIM XUCOOall METOJUIapHHM sipaTuil BazudacuHu KyiMokaa. FOxkopuaa kailn sTuiarax
MacajlaJlapHd €4HII yYyH IOKOPH TE3JIMKKa 3Ta OYiaraH XucoOJall CHCTEeMallapUHU SPATHIINIINA 3Ca
MaB)XyJ METOAJIApHU KalTagaH KypuO YMKMIITa Ba 3aMOHABUH XMCOOJIAII CUCTEMAIapHHU KYJUlamira
MOJIMK SIHTH METOJIapHU Kalll() STHIMIIUHYU TaK030 ATMOK/IA.

Xo3upru 3aMOHAAa HWUPHUK TaOMHUI-UIMHUI Ba XallK XYKAIUTUHUHT TYpJIM MacalalapuHu
apdexTrB eunmma DXMiapHu KeHr KyJlamokaa. Mypakkad MyaMMOJIApHH TaAKuK dTHmga D XM
éprammia YpraHuwiaéTraH OObEKTHH MaTeMaTHK MOJEIMHM TY3HWII Ba TaXJIHJ ATHUILI TEXHOJOTUSACH
KEHI TapKaJaMokaa. byHaai TaAKuK STHIIHU 0JIaTAa XUCOOIaIl SKCIIEPUMEHTH IeHnIaIu.

KypcHu YKUTHIIHHHT MaKcaaH Ba Ba3dudanapu:

1.1 MartemaTuka mMacaiajapuHu €4HINra OYynaraH »SXTUEK MOJCUIAIITHPHUIN HATHXKACHUIIA BYXKYJra

Kelarawiuru Ttydainu y xap Oup Macajara aHUK €4MM TOIHWIIra KapaTHIraH, S’bHU XHcoOjaln

MaTeMaTUKacH 0Yar0, YHHHT MaKCcaJId Macaja CIMMUHH COHJIAp IAKINIa TONHIIaH HOOpar.

1.2 Xucobuan MmaremMaTukacu KYpCHHHMHTI Ba3uanapura Ttanabanapra anredpa, MaTeMaTHK aHAJIU3,
muddepeHnman TeHraMmanap, GyHKIUsUIapHd SKHHIAIITHPUIL, MAaTeMaTHK (U3MKa TEHTIamMaaapu
Ba OoImIKa (aHiapAa ydpalurad KaTop MacalajapHU COHJIM €M YCYJUIAPUHU HIAKJUTAHTUPHULI
KHPaJIu.




2.MABPY3AJIAP KYPCHU

XUCOBJIALI YCYJUUIAPUIAAH MABPY3A MATHJIAPU.

1-MagB3y: Xuco6nam matemarukacu (paHUHUHT NPEAMETH. XaTONUKIap. MHTEpIONSIMOH KyXaap.
bynunran altupmanap. Yexnu aitupmainap

AskpaTuiras coaT - 2 coar
Mamrynor Typu - Mabpy3a

Hapc pexacu (acocuii caBosiap)

1. XucoOmam ycymapiuHu acocuid Bazudacu MaTeMaTHK MOCIUIAII THPHIILT
2. Xaronap Man6au

Mag3ynaru acocuii TassHY TyIIyHYajnapu (nbopanapn)

MOJICIUTAIITUPHUIL, TAKPUOUI XucoOa, TakpuOuil KuitMat, xucobJan marema-
THKaCH.

__l-acocuii caBoJ:
Xucobmam yCyJIapuHHA acoCcuid Bazudanapu

VKUTYBUMHHMHT MaKcaau:__ XucoOmam ycyuiapyu GaHuHUHT TPEAMETH Ba Tab-
JUMJIaTU YPHUHHU Tanabiaapura TyuryHTHpUO Oepui. Xarogap Ba MOJEIIAII-
TApUII OViinYa TylryH4a OepHI.

WaeHTuB YKyB Makca/ulapu __(Tanabanap y4yH YKyB MakcaJ1apH)

1.1. Xucobnam ycysuapy NpeIMEeTHHHHT aCOCHI MacaianapuHu cy3nad Oe-
pUILL
1.2. AHuK Ba TapkuOuii eunmiaapHu GapKiail.

1-ym acocwuii caBon 6aéHu:

Marematruka (GaHu TypMmyIl MacalajlapuHu eduinra OynraH 3XTuéx Tydaitnmm Byxynra
KENTaHIIUTH YYYH XaM y XHcoOJal MaTeMaThuKacu O0yiu0, yHHHT MaKcaId 3ca Macana €4uMUHU
COH HIaKJIKJa TOMUIIAAH noopart.

@daH Ba TEXHUKAHWHT JaJall PUBOXKIAHUIIM, aTOM spocunaH (oipanaHumi, y4dyBud
anmnapaTiIapHU JioMuxanall, KOCMUK Y4yl TWHAMHUKacu, OOIIKapuiIaJuraH TePMOSIPOCUHTEIU
MyaMMoOcH MyHoca0aTu OwiaH TUia3Ma (U3MKAaCHHM VYpraHull Ba IIyHra yXmam Ky
MacajajapHd TEKIIUPHUII Ba EYMIIHU TaKo30 KWIMOKAa. byHnmalt macananap y3 HaBOaTHia
MaTeMaTHKJIAp OJJIUTa SHTUAAH-SHTH XUCOOJIall MEeTOIJIApUHU SIpaTUIl Basu(acHHu KyHMOK/Ia.
IOxopuma Kaiig STUATaH MacajaJlapHUA €YUl YYYH IOKOPH TE3JIMKKa 3ra OYynraH XucoOsanr
CUCTeMAaJIapUHU SPATUIIUINN 3Ca MaBXKyJ] METOAJApHU KalWTaJaH KypuO YMKHUIITa Ba 3aMOHABUN
XHCOOIall CHCTEMANapUHU KYJUlallra MOJUK SHIM METOJUIapHU Kall STHIMIIMHH TOKO30
3TMOK/A.

Xo3upru 3aMoHa HMPUK TaOUUH-UIMUN Ba XaJIK XY>KQIUTHHUHT TYPJIIA MacajalapuHu
spdexTuB eunmga DXMuapHu KeHr Kymaamokaa. Mypakkad MyaMMOJapHH TaIKUK STHUIINA
OXM épmamuaa ypraHwinaéTtraH OOBEKTHM MaTEMaTUK MOJEIMHU TY3WII Ba TaXJIAJI DTHII
TEXHOJIOTHSICU KEHT TapKaJIMOKIa. byHImal TalkWK STHUITHM OAaTia XHUCOOJall SKCIEPUMEHTH
NeUnIamau.



MatemaTrKa MacajlalapuHy €uuIlra OYIran dXTHEK MOJISIUIAIITHPUII HATH)KACH A
BY)KyJra Kenranaurd TyQaiinu y xap Oup Macanara aHHMK €4dM TOIHUIITa KapaTHITaH, ShbHU
xucoOJamn MmaTeMaTukacu OYViub, YHHHT MaKcaJu Macajia €YMMUHU COHJIap MIaKIuIa
TOMHILIIAAH HUOOpaT SAH.

M: O3aap Ba Xa)XMJIapHH yJTdall, KeMa XapakaTuHA OOIIKApHIN, FOJAy3JIap XapaKaTHHU
Ky3aTuII Ba X.K. ~MareMaTuka Tapuxura Hazap Talulacak MacajiaH; BaBUJIOH OTUMIIapUHUHT
acocwuii (haoJIMATH KaABaJUTap Ty3HIIAaH noopat Oynran, muinomran 2000 Hur aBBas Ty3WITaH
1 nan 60 raya coHJapHHUHI KBajapaTiap *KaJaBaju, MIIOAAAaH OaAuHTH 747-iinnaa ty3uirad On
Ba Kyem tyrwmmi xxananu.Kagumru Mucpaukiiap kacpiapau Mucp kacpiiapy makjimnaa
udoaanan xKaaBaluHu Ty3UIITaH. YH3uKiIu OyImMaran anreOpauk TeHIJIaMallapHH €YUl Y4YyH

BaTapiap yCyJIMHH Apatumrad. ['pek matematukiiapugad ApXuMel T COHU y4yH 32 <r< 3l

TEHICU3JIMKHU KypcaTay, MeaoaaaH assal ['epon Ja~ %(Xn +(a/Xn)) wureparmon

Meroanan (oiinananrad. [{uodany 11 acpna anukmac TeHrIaManapHil €UUIIAaH TalllKapu,
KBaJpaT TEHIJIaMaJlapHU COHJIM €UUI yCYJJIApUHU SpaTraH.

IX acpna Oyrok y36ek matemaruru Myxamman uoH Myco an-Xopasmuil xucoOsiarn
METOJITAPUHU SIpaTUIIra KaTTa XyMcca KYIraH, y T HUHT TakpuOuil kuitmatuau n~ 3,1416
aHUWKJIaJId, MaTEMATHK KaJBajiap Ty3umaa ¢aon karHamad. 960 innga AdynBado an-
By3xoHmi cuHycnap jxaJBalIlMHUA XUCOOIAIl YCyIUHU UIad yukau Ba sin (1/2)° HuHT
KUMMAaTUHU TYKKU3Ta UIIOHYIM pakaMu OuiaH OepJy, TaHT'€HC
(GYHKUMSHU KUMMaTiIap *aJBaJUHU Ty3H.

XVII acpna X.Henp, M. bropru, Bpurc, A.Biakk Ba GolIKanap TOMOHHIAH SPaTHIITaH
JorapuMUK xaasaiiap, Jlamnac cy3u OuwiaH aitrasaa "... XxucoOaaliapHi KUCKapTHPHUO,
aCTPOHOMJIAPHUHT YMpHUHHM y3altupau". Huxost 1845 iiunga Anamc Ba 1946 itunga
JleBepbenapHUHT XMcoOanuIap HaTwxkacuaa HenTyH caliepacHHUHT MaB)XyAJUTY Ba YHUHT
¢dazomaru ypHUHU OJIIMHJAH aWTHILIAPH XUCOOJIAII MATEMAaTHKACHHUHT OYIOyK TainadacH dIH.

Xucobuan xkapaeHu1a MabIyM TypJaru MacajlapHH €4MIIa KyJl KelaJurad ycyulapHu
U3JIallra TYFpy KearaH, MacajlajJapHu MOJIEUIAIITUPHUINTa XapakaT KuiIuHraH. bynnaii
XHcobmam ycyJutapHuHr aiipumiapu Hetoton, Jitnep, JloGaueBckuii, ["aycc, Uebuies, DpmMur
HOMJIapH OmsiaH OOTIMKAND, SHHU XMCOOall MaTeMaTuKacu OUJIaH y3 3aMOHACHHUHT OYIOK
MaTeMaTHKJIapH UIyFyJUIaHUIITaH.

AlipuM 3aMOHJIapAa MaTeMaTUKIIap YbTHOOPUHN MAaTEMAaTUK METOJJIapra KaTbUil MaHTUKUH
3aMUH Talepialra, KapaTWITaHIWIH OOUC, MaTeMaTHK TaJAKHUKOTIAPHHU CYHTH COHJIN
HaTIKaJlapuraya eTKa3HIl sS’bHU XMCOOJIaIl METO/UIApUHN sIpaTHITa Xam 3bTHOop Oepras, Oy
COXa 3ca MaTeMAaTUKAHUHT TaJKUKOTJIapH YUyH KyZAa 3apyplup.

@aH Ba TEXHMKA PUBOXKJIAHTAH CApH TAaTOMKUI MaTEeMAaTHKAaHUHI XaM KYJIaMu OLIHO
00pMOK/a, yHIA IIyHAAl Macajaiap rypyxura Ayd KeIWIl MyMKHHKH YJapHU edullja
KJIACCUK ycyiuiapiaH Qoitnananu6 6ynmaiinu. Macanan: TapTuOu xKyJa KaTTa Oyiarax
anreOpaHy TEHIVIaMaslap CUCTEMAaCUHH €4MII, MaTPULIAJIAPHUHT TECKapUCUHU
TOTHUIIL,MAaTPUIIAHUHT XOC COHJIAPUHU TOIUII, anreOpank Ba TPAHCLEHACHT TEHIJIa-

MaJIapHU XaMJia OyHJail TeHI1aManap CHCTEMACHHU €UHII BaX.K.

®aH Ba TEXHUKAHUHT XKyJa pUBOXJIAHUO OOPUIIH KYI MacanajapHU TEKIIUPHUII Ba CUUIITHU
Tako30 Kuiaau. bynnail macananap y3 HaBOaTHa MaTeMaTUKIIAp OJIIUTA STHI'U XUCOOIaIn
yCyJUIapUHU ApaTull Basu(acuHu Ky u. UKKUHYM TOMOHJAH TEXHUKAaHU PUBOKIAHUIIN
MaTeMaTHUKIap KyJIura Kywin XucoOam BOCUTaIapuHu OepMoKaa. SIbHU MaBKy1 METOAJIApPHU
SIHTY MalllMHANap/a KyJUTall YU9yH KaiTa KypuO YUKHII IXTHEKU TYFHIMOK/A.

MareMaTHkaia TUIIMK MaTEMAaTUK MacajJalapHUHT €4UMIIAPUHUHT eTapinya aHUKJIaIaa
XHco0al IMKOHHUHH OepyBYM METOJIApUHHM SPATHUIIra Ba LTy MaKcaaa X03UpTry 3aMOH
xucobar BocuTasiapuaad GoiianaHuil HyIIapyuHd UIIa0 YUKHUINTa OarvIUTaHTaH coXa
XHcoba MaTeMaTHKacH JAeiniaiy.



XO03HUpru 3aMOH XUCOOJIAIl MAaTEMAaTHUKACH KaJdaJl pUBOKIIAaHKO OopMoKa. Xucobarn
MaTeMaTUKACUHUHT KaMPOBH XaM KyJa KeHT, TAOMUIKHA Macalajap XujaMma XWI yJIapHHHT
eunmitapu xam xxynaa kym. [llynra kapamait Oy euuin yCyJUIAQpUHUHT YMYMHU FOSICH XaKua C3
IOPUTHULI MyMKHH.

Xucobmamn MaTeMaTHKacuIa yupanaurad Ky MacaiajiapHu

Y = AX (1)
KYpUHUIa €311 MyMKUH, OyHaa X Ba A jap Xakuaa MabilyMoTiap 6epwiran 6ynu6, YHu
TOTIHII JI03UM O¥Iica, OyHIail Macana TYFpu Macana aeinnaai. AkcuH4a A Ba Y Xakuaa
MabJIyMOT Oepunran 6ynu0 X HU TONMUII Kepak Oyiica Teckapu Macana aevnnanu. bynnai
Macajaap xap JIOUM XaM aHUK €4WIaBepMaciuru cababiyd XucoOsal MaTeMaTHKacura
Mypo’KaT KMJIMHa u. bab3n Xoinapaa TexxaMKop ycyJulap MIUIa0d YMKHIL 3apypaTH TyFUIIaIu.
Macanas: YM3UKIM anreOpuK TeHrIaManap cucreMacunu eunmna Kpamep popmynamapura
Kaparasja ['aycc ycynu aHua TekaMKop.

Xucobmam MaTeMaTUKAaCHAa FOKOpUAaru MacajlajJapHUHT XaJl KUJIUIIHUHT aCOCHM MOXUATU
R1, R2 ¢a3zonapuu Ba A oneparopuu ( X € R1, Y € R2 ) xucobnam yuyH Kynail 6yiaran moc

paBuuIa Gomka R1,R2 dasonap Ba A omepatop OGUIaH aIMaIITHpHIIIAH HOopaTaup. basban

ynapH# (akaT OupuHM anMamTupuin Ownan kudosanum MyMmkuH. LlyHgait
AIMAINTUPUNIUIAPAAH KSWHH XOCHIT OYIITaH STHTU

Y =AX (X € RLY € R])

MacaJlaHUHT e4uMH OMpop MabHOA (1) MacamaHMHT eyuMUra SKUH OYICHMH Ba Oy €UMMHU KYTI
MexHaT capdiamacaaH TOMUIIT MyMKHAH OYJICHH.

Jlemak xpcobmnai MaTeMaTHKacH OJIANra KyWuiran acocuii Macana QyHkKuuoHan azona
OTIepaTOPIIAPHH SKMHIAIITHPHIN XaMa XO3UPTH 3aMOH XHUCOOJIAIl MamluHajlapy KyJUTaHaUTaH
[IAPOUT/Ia MacajlaJIApHU €UHUIl yUyH OKHJIOHA Ba TEKAMKOP aJrOPUTM Ba yCyJJIapHU UILITA0
YUKHIIIAH HOOpATIUD.

HazopaT Tonmupukiaapu:

1.1.1. XucoOmam ycynu puBOXKIaHUII TAPUXUHHA OaeH KUJIUHT
1.1.2. Xucobumam ycynu KaniueTIapiad caHad yTHHT

1.1.3. Xucobmam ycynnapu HUMa y4yH YpraHuiaan

1.1.4. XucoOmam ycyimapuaaH HAIMaH! YPraHHII 3apyp

1.2.1. AHuMK euum HUMA?

1.2.2. Tapkubuii eanm HUMA?

1.2.3. AHMK e4nM OwsiaH TapKuOui e4nM hapKUHU TyITYHTUPUHT
1.2.4. MaremaTuk MaJeuIaliTUPUILT HUMA?

__2-Acocuii caBon
Xaromap MaHOain.

VKUTYBYMHUHT MaKcau: _ MaTeMAaTHK MOJE/UIAIITHPHINA Ky HHIaIUraH XaTo-
JUKJIApHA Tasiabaiapra TyITyHTUPUIIL, aHUK €4H-
MU OuJiaH TapkuOuit eunM opacuaaru (aprapHu
Tanmabanapra eTKa3HIIl.

__Vpentus YKyB Makcaaiapu __(Tayiadanap y4yH YKyB MaKCaIu)

2.1. MaTtemaTukaHuHT 0ab3u 000Japuaaru aHUK €UUMIIAPHHU ICTa OJIHII Ba



yJIapHU TapKuOuii eynMiapaaH Qapxian.
2.2. xaTonap MaHOAWHH OWJIHIIL.

2-4M acoCUi caBoJI bacHU
XATOJIAP MAHFAU.

Kynuaua MaTemMaTuk MacajlalapHi COHJIM YCyJulap/a €4HIiaa Ou3 JOWMO aHUK €M
0Jla0NIMaiMU3 TaKpUOUii e4rM oaMH3. AHUK €4UM OWJIaH OJIMHTAaH TaKpUOW €4rM OpacHIaru
XaTOJIMK KaHAald KWInO KenuO KOJIW JETaH CaBOJ TYTWJIMINHN TaOuuid Xoi. ByHWHr ydyH
XaTOJIUKJIAPHUHT X0cuJ OYnuin cababnapuHu ypranui Jo3uM. Tabuatnaru OUpop XxapakaTuHU
MUKIOpHI HUCOATIApUHU Y €KH Oy (YHKUIWSUTAPHHMU, TEHTIIAMaJlapuHU HQoaamam MyMKHH,
Oy ¢yHKIUsIIapHU OUp KUCMHU MabiIyM OYnub nacTiabku MablyMoTiap, oJaTaa OouKaiapu-
HU TOMUIITA TYFPU KEeTaIH.

Jlactnabku MabiayMoTJIap ojJaria TaxpuOadaH oiuHaAu. MacanaH:EpyTiMK TE3JIUTH,
[Inenk noummiicu, ABaraapo coHH Ba OoIIKaiap eKu 0omIka OMpop MacallaH! SYHUIIIAH XOCHI
Oynmamu. Xap UKKaja XoJaa XaM O3 JacTiia0Ku MabJiyMOTJIApHU aHWUK KUHMaTura sra
IMacMu3, Oanku Oanku TakpuOWii KuitmMaTura sra 6ynamMu3. AHMK e4uM OMsIaH TaKprOuit
eunM opacuaaru ¢apk xaro aedmnanu. Jlactiiabku MabIyMOTIAPHUHT HOQHUKIIUTH
HATHKacuJa XOCHII OYIraH xaTo HYKOTHIMAc XxaTo Jedmnanu. by xaTonuk MaTemMaTukka
Ooriuk OynMacnaH yHra Oepuiiral MabIyMOTIAPHUHT aHUKJIUTUTA OOTIIMKAND. JICKUH Xu-
co0JI0BUM AacTIA0KHM XaTOMUKHU KaTTAIUTUHY OWJIMINK Ba IIyHra Kapad MYKOTHUIMAac XaTOHU
Oaxomamm Kepak. Arap AacTyiadKu XaTOJIMK KaTa OyJica,KaHuajJuK aHWUK YCyJl OujiaH XpcoOanmr
om0 OOpMIHMIIMAAH KAaThUU Ha3ap Ky3JIaHTaH MaKca/ra dpUIIAIMAiI.

Macananu eqyuiiia aipuM uica Al TUPHIIIIAD KYJJIAaHWIAAH, SbHA TaOUUK MacajaaHu
MaTeMaTHK MOJENH YpraHuiaaan. XoAUCaH! aHUK Udoaanaiiiuran Moaens OynaBepMaiau.
ByHuHT HaTHKacua XaTOJMMK KenO YMKaau, yHIa METOI XaTocH neinnanu. bus noumo =, e,
Ln2 Ba mryHra yxmam UppanydoHaji COHJIapHU TaKpHOWi KUMaTJIapUHU OJaMU3, HATHXKaa
XUCOOJIaIT XaToNUIu  Taiao0 Oyiany.

KOxopunaru xaronapau 6apyacu OUPIK TYIHMK XaTOJUKHUA TAIIKHI KAJIQIH.

Hazopat Tonmmpukiapu:

22.1.3. Xo3upru 3aMOH XHCOOJIall MaTeMaTUKacuaa KaHaam ycysuiap KyJi-
JaNIAPUHTH3 JI03UM?

2.1.4. Kanpgait macananapra TYFpu Ba TECKapHu mMacaiaiap JAevnianm

2.1.5. V243 ,e,77 COHJIApHU TaKpuOUil KHiMaTIiapy HUMasapra TeHr?

2.2.1. Xucobnanuiapaaru XaToJlukiap Kauaai Keauod yukaan?

2.2.2. XaToJapHUHT TypiapuHHU caHa® OepuHT

2.2.3. Xucobnanuiapaa SpUIIWIral HaTKaJapHU Xap JIOMM €4HM ypHHJA

OJIUII MyMKUHMU?
2.2.4. Meton xatocu HUMa?
2.2.5. TYnUK XaTOJIMKHH TYITYHTUPUO OCpUHT

Mycrakun uni:

1. MyTtaxacuciaukka KUpHIl (JaHUHU JacTIa0KH MaB3yCHHH TaKPOPJIAHT.
2. Takpubuii XxucoOanuIapHu YpraHuIil.

doitnananuaaauran agaoueTiap:

1.Ucponnos M.U. Xuco6mam ycymrapu. Tomkent. Yxurysun: 1988 it.



2.bornaes O.II. BeruncnurensHas mMareMaTtvka M INPOTrpaMMHpPOBAHHE.
MockBa.1990.

3.bepésun U.C.,Kunkos H.I1. Metoas! Beruucienuit. 1962.

4.A6nyxamunioB A.,XynoiHazapos C.,XucoOnaml ycyiapyuad Malikjiap Ba
naboparopust unutapu. TomkeHt.1995.

5.My3adapos X.A. Ba 6omkanap. Connu ycyiunap. Mabpy3aigap MatuHu TourkeHT 20005

XaTonMKIap Typiapy Ba yJIapHU XuUcoOuarl.

Mag3synaru acocuii TyuryHuyanap. (ubopamnap)

CaHok cucTeMasnapu,COHJIapHU SXJIUTIAI,a0COII0T Ba HUCOUI
xaToJjap, JJUMUT aOCONIOT Ba IUMUT HUCOMI XaTojap,UIIoH-
WIK pakamiiap,iyKoTuiaMac xarosuap.

XaTOHUHT Typiapu. AOCOIIOT Ba HUCOUH XaToiap.

__ VkuryBunnmar Makcamm:__ XaTonap Typunu Tanabanapra ypratum Typrys-
JIMK XaKuaa Tajadanapra TyuryHda oepuir. AGco-
JIOT Ba HUCOWI XaToJapHU Tanabanapra TYILIyH-
THPUIILL.

VaeHTuB YKyB Makcajulapu __ (TanabaJapHUHT YKyB MaKcaiapH)

1.1. XaTonapHu TypJapH Ba yJapHU XUCOOJIAIIHN OUITHILI.
XaronapHu XOCHII OYJIUINIMHN aMajifa KypcaThill (SIXJIATIIAIN)
1.2. AGcomtoT Ba HUCOMIA XaToIapHU (hapKIall.

1-um acocuii caBoi1 OacHU.

bu3 rokopua TYIUK XaTOJIMK MYyKOTUIMAC XaTOJUK, METOJ

XaTOJIUTH, Ba XUCOOJIAI XaTOJUKIAPH HUTHHANCHIaH HO0OpaT SKAHIUTHHHU
KypauK. bu3 MabliyM COHJIApHUHT AUCKPET TyIUIaMU OUIaH WII Kypamus,
Oy OMpOp CaHOK CUCTEMAaCH COHJIAp TymuiamMua dTaau. by Tymiam

t(alqg" +a2q"(n—-1)+...+amq” (n—m+1)) 2.1

KYpUHMILIAru COHNapaH noopar 6ynud, OyHAa - CaHOK CHUCTEMAaCHUHHHI acoCU
1-0yTyH connap, O < o 1< @-1 mapTHu KaHOaTIaHTUpaM. i= 1,2,..., m; m-COH-

Jap XOHACHHUHT MUKJIOpU, OYTYH N COHU n < N MAPTHH KaHOATJIAHTUPA-

mu. OnaTtaa Kynna XxucobliaHaeTranaa YHIN caHok cucremacuaa (q=10)

um Kypwiaad. DXMiapaa acocaH UKKWIUMK CaHOK cucTeMacuaa (qQ=2) wii-

Jaiay. YIIapHUHT KYITUMIUTH LIyHIal Ty3WIraHky, yiapaa q=2, m=35,

no=63 eku

g" =2 ~3%10",  2+2% ~35%10"° Gymamm.

Opnatna apudmernk amamurapHu OakapaeTran/ia Ky XOHAIU COHIap XOCWI 0ya-
IV HaTHKa/1a XOCui OYIIraH COH KapallaeTraH TyIJIaMAaH YUKUO KITaau, y 4YUKUO
KECTMACJIUTH YUYYH COH M - XOHAaCHUrada AXJIMT/JIaHaau, TaOUHUHKH SAXJIUTIIaHaIUuIraH COH



YHT'a 3HT SKMH COH OWJIaH aJMallTUPWINIIN, ShHU SIXJIUTIIALI XaTOCH SHT KMYUK OYiu-
i kepak. by kyitnnaruda 6axkapunaau.

XwucoOJ1al HaTHXKacuaa

n—m+1

t(a,q" +a,q" " +a,qg"" e, (2.2)

o B 1
COH XOCHII OYIICHH, arap a, ., +da, ,q  +..< 54

m+l

O0ynca, (2.2) connm (2.1) coH OunaH aJMamITHpaMu3, arap

1
-1
a,. + a,..q +...< Eq

6ynca (2.2) conHu

+ [alq” +a,q"" +(a, + l)q”"’””] (2.3)

_ 1
ra anMaiuTupamus. a,,, +d, ,q " +...< 54

m+1

OynraH xoJ/1a KeHUHTY aMaJuIapHU Oa)xapuInra KyJiaid KWin0 amMarITHPUITIa N,
Macanan: 5,780475 cOHUHU Ke€TMa-KET SXJIUTIAIIHU KypalluK.
5,78048; 5,7805; 5,780; 5,78; 5,8; 6 coHM KeIMO YHKAIY.
ABCOJIIOT BA HUCEUI XATOJIAP.

a - OMpOp MUKJIOPHHUHT aHUK KUAMaTH OYJICMH a* 3ca YHUHT MabiyM TaKpuOWid Kuil-
MaTu OYJICHH, y X0JI/1a TAKpUOUH a* COHHHMHT aOCOJIIOT XaTOCH J1e0

A a*= | a-a* | ra aituiaau. bus KyiMHYa a HUHT aHUK KUAMaTUHU OuIMaiimMus,

IIYHUHT Y9yH A a* Hu Xam OnnMaiMu3, IeKWH a0COJIOT XaTOHM y3TapHIl YerapacuHH
KypcaTHIll MyMKUH, Oy yerapanap a* TakpuOui KUMMAaTHU TOMMII yCYIH OMJIaH aHUK-
JaHa/u.
| a-a* | < A(a*) - numuT abCOIOT XaTo.
Macanan: nn*=3,14
3,14<n<3,15 |rn-n*|<0,01, nemax A (n*)=0,01
7e0 OJUIIUMHU3 MyMKUH.
Arap 3,141 <m<3,142 neb6 A (1%)=0,02 sra 6ymamus.
_Aa *

—— - HUCOUI XaTo JeHuIagu.

561*
o



Aa*

o

o(a)*= - TUMUT HUCOMH XaTO JeHUIIagu.

A(a*) =|a*|5(a)

a=a*(1+ o6(a*))

Ha3zopar Tonmumpukiapu:

1.1.1. XaTonuk TypiapuHu E3UHT

1.1.2. Tynuk xaro ne6 Humara arunaau?

1.1.3. CaHOK cHCTEMAaCHHU TYLUIYHTUPHHT

1.1.4. ConnapHau AXIUTIAII JeTaHJa HUIMAHU TYIIyHAcHU3?
1.1.5. 6,871496 coHHn KETMa-KET SIXJIUTIAHT

1.2.1.1=3,14 abCcomI0T XaTOCUHU XUCOOIaHT.
1.2.2. AGcomroT xaro 1e0 HuMara anTuwiaau’?
1.2.3. HucOuii xato ned Humara aituinagn?

1.2.4. 42 - Muconuaa a6eosioT Ba HUCOHIA XaTOJUKJIAPHU XHCOOJIAHT
1.2.5. Jlumut abCOMOT Ba HUCOMIA XaTOTUKIAPHH TYIITYHTHPHHT.

2-acoCHU CaBoJl.

QOYHKUUSAHUHT HYKOTUIMAC XaTOCH.
NimoHuiM pakamiiap COHUHH XHcoOa.

VkuryBunHuHT Makcamu: MyKoTHIMAac XaTonapHu Tanabamapra TyIIyHTH-
puil. OyHKIMYHU HYKOTUIMAC XaTOCUHU 0axoJalil-
HY Tanabanapra ypratuml. Muruemm,kynaiTya Ba
OynmMHMa XaTOCUHM amMaiga Kypcatum. WmoHdamm
pakamiiap COHMHHU XUCOOJIaIIHU Tajnabanapra yp-
TaTHIIL.

NnentuB YKyB Makcaau (TamabalapHUHT YKYB MaKCain)

2.1. Uykotunmac xaronap. OyHKIUSHAUHT HYKOTHIMAC XaTOJapUH XUCO0-
Jai OwInII.
2.2. NmoH4M pakamyap COHMHU XUcoOJai OMImII

2-41 aCOCHUH CaBOJIHUHT OacHU:

Bynnan keitH 613 TUMUT aOCOJIOT XaTO Ba JMMUT HUCOMI XaTOHU KHCKaya al-
COJIFOT Ba HUCOMII XaTo 1eiMu3. AGCOIIOT XaTo UCMIIM MUKAOpP OYr0, HuUCOM xaTo
ucMmcu3 Muknopaup. Hucouii xaro onataa pousnapna (%) E3unaam.

COHHUHT E€3WJIMIIAATH, Yarl TOMOHIaH OMPUHYN HOJIIAH QapKiIu pakaMuaaH OOorI-
71ab XxaMMa pakamJiapyu MabHOIM paKaMiIapH AeHUIau.

M: a*= 0,408 mabHONMM pakamu yuTa. Kacp KNCMHUHT oxupura Hoyiap €3Uau0 eku
HOJITApH TAIUTAaHUO MabHOIIM paKamiap COHWHH y3TapTUPHUII MYMKHH.
bupop w (1/2 <w < 1 ) COHHM TaHJIaMU3.
Arap A(a*) < wg"™"' Tenrcusnuk Gaxxapuica, y Xoua TaKpuOHii



a*=tra,q" +a,q"" +a,q"" + .. 3.1)

CoHzma o pakaMm WIIOHWIHM paKaM JeHHIIaIu, akc Xoaa 0 NIyOXaud pakaM Je-
Hunaau. Arap o MIIOHYWIM pakaMm OYyIica ONJIUHTY paKkaMJIApDHUHT 0apyacu WIIOHYIH
pakam Oyiaam.

TaxpuOuii COHHU €3U1 KOMJACH IIyHAaH HOOPATKH, YHUHT OXUPTU MAabHOIM DPa-
KaMU Xap JOUM HINOHWIN OYicuH. ByHHHT yuyH nry0xanu pakamiiap TallTaHaId, Kepak
OyIraH XoJ/1a YHHHTI TOMOHUTA KynaiTyBuu ¢' (t- OyTyH COH) €310 Kyituaaau.

Arap ¢* =302448 COHHMHT MKKUTA ULIIOHWIK paKamu Oyica, yau ¢ =30*10*  xypwu-
HUILAA E3UII Kepak;

d*=0,007143 coHaa HIIOHYIM paKaMIAPHUHT COHHM y4Ta 6ynca, yau ¢ =7,14%107
KypUHUIIA €31 KEpaK.

DOYyHKIUAHUHT HYKOTHIMAC XaTOCH.

®dapa3 KWIalauK QyHKIUSHUHT apTyMEHTHHU aHUK KUHMaTIapy MabliyM OyaMacaaH TaKpHuOwit
KUIMaTIapy Ba YHra MOC paBHINa a0COIIIOT XaTolapy MabllyM OYIICHH,

5

ABHH X)X, e X, Ba A(x] ), A(x))yees A(X))
Jap MabIyM yjIapra Moc  y = f(x,,X,,..., X,
(GYHKUMSHU KHMMAaTHHE XMCOOAIl MacajJaCUHU Kypailiuk . y*HU HYKOTHIMAC XaTOCUHU
TOIHUII

‘xi —x;‘ < A(a*)

OepwiraH xonja
YA <y < yFHAYT)
HU TOTIHIIJIaH UOOpaTIUp.
Macananu coaanalITUPUIL YU4yH KyHUIaryu MapTIapHu KysIMH3
f pyHKIMS y3yKeH3 Ba y3IyKcu3 qudpepeHnraiianyBIM Ba XyCyCuil Xocumanap
CEKHMH y3rapraH XoJjjia
8(x,),8(x)s 8 (x,)
eTapyinia KH4uK OYIICHH.
VY xonna Jlarpamx opmynacura Kypa

y_y*:f(x17x27"'>xn)_f(xl*7x;ﬂ""x:) zzfvl,(é:)(x’ —X;)
i=1
OyHIa

*

§:(§Ia§2a'--a§n) (x15x2a'--axn) Ba (XI*,X;,...,X”)

HYKTaJapHU OUPJIAMITHPYBYM KECMAaHUHT OMPOp HYKTaCH.
[Taptra kypa Kyiugarunya aaMallTUPULLI KUIUII MyMKUH

Yoy =Y Sl - ) Gymaa y—y*< Y |f (o)) AG)
i=1 i=1

Jemak GpyHIUSHUHT aOCOTIOT XaTOCH YIyH

NCOED WACHIER (3.4)



dbopmynara sra 6ymamus.
®opmyna HUCOU XaTo YUyH KyHUAAru Kypu uiiga oymanm

ﬂ|
\f( *)\

oy AOY) _

€K1
5' (v =X [fin s}, |

OyHKIMS HUCOUM XaTOCHHH apryMEHT HUCOMI XaTocu OWiaH Kyhnaaruda udoa-
narnt MyMKI/IH'

(3.5)

A(x,
50 = 3| fin £ |- A5
<]
€KH1
S(v*) = Y[ AIn £ () |- 5 (x) (3.6)
i=1
Mpucomn N:1
Kyiunaru TMruHIMHUHT U=x+x,+..+x,
a0comroT Ba HUCOUI XaTOCUHU TOIHHT.
AW = AR (37
i=1
5=y "L 5(x)) (3.8)
i=1
Ne:2

~ ~ * * *
Kymaiitma yayH u=x, +x, +..+x,
abCoMIOT XaTo

A=Y
i=1

1

AG)) (3.9)

HUCOUI1 XaTo

S =36(x) 8 (ur) =58 (x*) (3.10)
N:3

X 17 - . N .
u==-L (x,x>0) Aw*) =—|x, A(x,) + x, A(xz)]

Xz xz

SW*)=38(x))+3(x;)

N:4
y=Inx A =200 ()

yHim norapudm yuyn  Igx = Mlnx
M=1gl=0, 334 - yTuu MOIyIu

A(lnx*)=Mo (x*)=0,3340(x*)



WimoHuwM pakamiiap COHUHH XUCOOAIIL.

TaxpuOuii COH UIIOHWIN PaKaMJIApPHUHT MUKAOPY OUJIaH YHUHT HUCOUN XaTOCH . opacHuiaru
MyHocabartra ypHaTtuin MyMKuH. Dapa3 KHWIaliukK,

a*=a,q" +a,q" " +..+a,q""" (o #0) (2.2)

TaKpHOUIl COHHUHT XaMMa paKaMJIapH WIIOHYIH OYJICHH.

Hemak  A(a*)<Wg"™"" Oy TEHICH3IIUK
d n—m+1 d n—m+l1
5(61*) < n v:—l n—m+1 < > n
aq" +o,q" +..+a,q a,q
SAbHU  §(a*) < ———, OyHza (3.11)

1

o, - OUpUHYM MabHOJIH PaKaM, M UIIOHYIN paKamiap COHU
Arap m 6epuiran 6yica , 6(a*) Hu TOMII MyMKHH, akcuHYa 0(a*) 6epunrad OYViIcHH. m

w

N g

(3.12)

TEHICU3JIMKHUHT OyTyH €4MMH O¥iica, y X042 OMPUHYN MIIOHYIN pakaM ¢, T'a TEHT OyiraH
a* coH xeu OynMaraHfa mra ra WIIOHWIM paKamra 3ra 0yiaau XaKkuKaTaH XaM

A(@*)=a*o6(a*)<o(a*)(a, +1)q" < an_"Jrl 6y mca 0 HIIOHYWIN
5KaHMHM KypcaTanu.

Hazopat Tonmmpukiapu:

2.1.1. ﬁyKOTHnMac Xaro 1ed Humara anTuinamgn?

2.1.2. OyHKUMSHUHT HYKOTUIIMAC XaTOCH KaHIai xucobmanau?

2.1.3. Jlarpanx ¢popmMynacuHu E3UHT

2.1.4. KynaiitMaHuHT Ba OYJIMHMaHUHT HUCOUI Ba a0COJIIOT XaTOIapUHU
KypCaTUHT

2.1.5. Murunam Ba aifupMaHuHT aGCOMIOT Ba HUCOMIT XaTONAPUHU XHCOO-
JaHT

2.2.1. MabHonu pakamiap Ae0 HUMara anTuiagu?

2.2.2. Nmonunu pakamiap aed HuMara antunaan’?

223. 6(a*) < % Jla MAbHOJIM PaKaMJIapHU Ba HILIOHWIH pa-
1



KamJylap COHMHU KYpCAaTHHT.

Mycrtakun umi.
1. KoHKpeT MUCOI KeNTUPUO XaTONUKIAPUHU TYIIyHTUPUO OepUHT

dolinananuiaaurad agadbueraap:

1.Ucpownno M.U. Xucobmam ycymrapu. Tomkent. Y36ekucton: 2003 i.

2.bornaes O.II. BeruncnurensHas mMareMaTtvka M TNPOrpaMMHpPOBAHHE.
Mocksa.1990.

3.bepésun U.C., ) Kunkos H.I1. Metoas! Beruucienuit. 1962.

4.A6nyxamunioB A.,XynoHazapos C.,XucoOnam ycyiapyuad Malikjaap Ba
naboparopust unutapu. TomkeHt.1995.

OyHKUUSIIAPHU UHTEPIOSAIUIANI. JIarpaHk HHTEPIOJISIIIMOH (PopMyIIacH.

Jlapc pexacu___ ( acocwmii caBoJiap )

1. ®yHKUMSITAPHU UHTEPIOISAIMSIIALLI
2. IHTepnonsiquoH KynXaJapHUHT MaBXyUINTY Ba sroHanury. Jlar-
paHX UHTEPHIOJAINOH HOpMyJIacu

Mag3ynaru acocuii TasH4 TylyH4anap _ (ubopanap)

GYHKIUSHU HHTEPIOSAIUSIIALL UHTEPIIONALNS TYTyHIAPH, UHTEPIIO-
JSUSUTIOBYN (QYHKITHS, HHTEPTIOJISAIUsUIAI anredpacu,Jlarpamk wH-
TepHoJsAuoH hopMynacu,pyHaaMenTan kynxananap,Jlarpamk uH-
TEPIOJSALNOH KYITXaIH.

1-acocwuii caBoil.
1. ®yHKUUSIHY UHTEPIOSALMIIALI.
YKUTYBUMHHUHT Makcaay__: OyHKIUSIHA UHTEPIOJSLMIIAILIHY 3apyPUATH XaM/ia

KyJIAWIMTHHA Tajmabagapra TYHIyHTHPHIL, HHTEPIIO-
asuMd anreOpacuHu Tajgadanapra KypcaTuul.

VaeHTuB YKyB Makcajulapu___ (TasabajJapHUHT YKyB MaKcajiapH)

1.1. ®yHKIUSAHU UHTEPIOSALUSIIAN HUMAIUTUHY YPTraHWIl Ba YHUHT axa-
MUSITUHYU OWIIHNILL.
1.2. OyHKIUSIHU UHTEPIOISALUSIIAII ANTreOpacuHU YPTaHHUI .

1-yn acocuii caBoJ1 OacHHU.
OYHKIMSUTAPHU HHTEPIIOIISAIHAIIAII.
MacanaHuHT KyHUIHILIHA.

bab3u macananapaa 6upop GyHKUMs ypHHUra yHra Oupop MabHOAA SIKUH Ba TY3WJINIIN-
HUHT COAJIapoK Oynarad pyHKUMs OWiIaH alMalITUPUII Macaiacu Kyhunaau. OyHKuus-



HUHT SIKUHJIAIITHPUITHUHT Macanacu Kyiminaan. OyHKIUSHAHT SKUHIAIITAPUHUHAT SHT
COZJIa Ba KEHT KYJUTaHWJIaJUraH KUCMH (DYHKIVSIHUHT UTEPIOJISIMSIANI Macajdacu Ky-
Hunagu.

Jlactnab ureprnonsuusuian Aeranaa QyHKIUSIHUHT KHAMaTIapuHK KaaBanga Oepu-
MaraH apryMeHT KHHMaTh/a TOIIUII TYIIYHIIAp 3. XO3Up HTEPIONAIUSIIAN KeHT
MabHOJA TyrryHunaau. dapa3 kunaitnuk y(x) ¢yskuus [a,b] opanukaa Oepuiraxn

eKU Xeu OynImaranja ), f(x3)5ees f(X,)
KuiiMatiapu MabiiyM OyicuH. Iy opanukiaa aHUKIIaHTaH XUCOOMAI YUyH KyJai OyncuH

{p(x) } dyHkuus cunpuHU onaMu3, MacaiaH kynxaanap cuapu f(x)=p(x)

aJIMaIITHPHII MacajJacy UTEPHOJIANUIALI MacanaH; p( X ) OEpHiIraH Xx,,Xx,,..., X,
Hykragapaa f(x) ¢ysknus kuiiMaTiapu Ouiad Oup Xl KHMaTIapHA

Ka6yn xunanu: p(x,)= f(x,) (i=1,n)
bynna. x,,x,,...,x, HyKTaJlap MHTEPIIOIs-

s Tyrynnapu aevunaau. P(X) aca uHTepnoasauusiioBud GyHKINS TeHHUITa TN,
Arap {p(x,)} cunduu napakanu kynxamiapaan u60pat 6¥sca, UTEPHONSIHSIALI

anreOpauk aeinnanu. Anredpa UTeproAnusUIall KeHr Kyutanwiaan. Arap f(x) gaBpuit 6ynca
{p(x )} ypHHUTa TpUTOHOMETPHUK QYHKIUIAp CHH(MUHN OJUII MyMKHUH, arap Oepwiran f(x)
¢yHKuMs Oepuiran HyKTaiap/a 4YeKcusra aijaHagurad 0yca,uTeprosusuioBYn

GbyHKIMS ypHaAra pandoHan GyHKIUsIap CHHUHN OJIUIITNA MyMKHH.

Hazopat Tonmmpukiapu.

1.1.1. UaTepnionsiuus TyryHaapu HUMa?
1.1.2. aTepnonsauus MacaJlaCHHUHT KYWNIMIINHYU TYUIyHTUPHHT
1.1.3. UaTepnionsiiusiioBun Kymxas aed HuMara antunaan?

1.2.1. UaTepnonsuusiiam anredpacu 1e0 HUMara anTunaau?

1.2.2. InTepnonsuusiamra MUCOJI KEITUPUHT

1.2.3. f(x) naBpmii 6ynranga {P(x)} ypuura kanmaii QyHKUusIaApHU
OJIUIII MyMKHH?

2-acoCHi caBoJl.
WTepnionsaiyon KynxaJIapHUHT MaBXYJIUTH Ba SITOHAJIUTH.
Jlarpan>x HHTEPIIOJSIIIHOH (POPMYJIACH.

VKUTYBUMHMHT Makcamy__: AcocaH anreGpank HMHTEPIOIALUSIAIIRN Tanaba-
napra yprarum. MaTepnonsuusiam macanacu Mas-
KyUIMTM Ba SATOHAJIUIMHU  Tanabanapra
kypcatuul. @yHnameHTan KYIIXaJIapHU
TyIIyHTHpHUUL. JlarpaHd MHTEPHOJSALNOH KYNXaJWHU
Ba YHUHT YHUHT XyCYyCHH XOJUTapUHU Tajabanap-
ra ypraTuul

WnentuB YKyB Makcauiapy___ (TajgaballapHUHT YKYB MaKcaJjiapH)




2.1. IluTepnonsiiuoH KYIXaJHU MaBXyIJIUTH Ba STOHAJIMIMHU ypra-
tui. @yHaaMeHTan Kynxa iapHudapkian.

2.2. JlarpaH4 UHTEPHOISALMOH KYIIXaIu,YHUHT XyCYCUH XoJIapuia UHTep-
HOJISLMOH KYTIXaUIapHU Kypa OMJIIHIL.

2-4y acocuii caBoj OaeHH.

bu3 acocuii anreGpank uTepnossIMsAIam OUlaH NIyFyJuiaHaMu3. Jlapakacy n JaH I0KOpH
OynmMaraH IryHan Kymxaa KypuJiCcHHKH, y Oepuiran
(n+1)Ta

Xos X1 X5 Xy X HyKTajap Oepuiran

n

F(X,),f(X),F(X,),F(X;),.,F(X,)
KUMaTIapHU KaOy1 KUJICHH.

¢, Ko3(hOHLEHTIapHY IIyHal aHUKJIAIl KEPaKKU

p(x)=cy+cx+..+c,x" (4.1)
Kynxaja yuyyH
plx)=f(x,) (k=1,n) (4.2)

TCHI'JIMK 6a)I(apI/IJ'ICI/IH, SABbHHU

cotex, +...+c,x; = f(x,)

cotex +..+c,x; =f(x) 43)

By cucTemaHu IeTepMUHAHTH BanaepMoH AeTepMunantunup: Wx,,x,,...,x, |
X, + X, +..+x, Jnap Oup-Oupugan Gpapkiu,aeMak JeTepMUHAHA HOJAaH (apkiu-

aup. UlyHuHr yuyH (4.3) aroHa equmra sra, SbHM HMHTEPIIOJIALNSA Macalacu e4uMra
sra. ABBall pyHIaMEHTall Kynxaaiap 1ed atanyBuu Kyiugaru:

0,i#j o
J Oynranna,

an(xi) :5ij :{1 ..
1=]

oynranma,

HIapTJIApHU KAaHOATIIAHTUPYBYH N - Japakald KyXallapHU KypaMus.
VYV xonnma



L,()=Y /)0, () (4.4)

U3J1aHAeTraH MHTEPIIOAMOH KYnxaa 0ymaau.
[ynnait kunub Oy kymxaa n Ta OYIyBUHCH MabliyM, OyHIa

0,x)=CJ](kx-x,) Keaub YUKau

iz]
Homabnywm kynaiitysun C HuU 3ca

an(x) = CH(X_/ —xi) =1

i#j

apTAaH TONaMH3, HaTHKa1a

Q,(x)= H

l?’»‘] ] l

xocun OYymamy.

JlemMak UHTEPNOJALIMOH KYIIXa;:

(2.5)

li_] ' l

By xynxanra Jlarpanx HHTEpHOJAIMOH KYTIXaau neinnaau. n=1 6ynranga 6y ¢opmy-
JIa UKKU HyKTaJjaH YTYBYH TYFpH YM3HK (hopMyIacuHu Oepasm.

L0y 200

L,
(0= (x, —x,) (X —x,)

Arap n=2 0¥ca, KBaApaTUK HHTSPIIOJISIIHOH KYIXara ara 0ynaam, Oy Kymxas Bep-
THKaJI YKKa 3ra OyJiraH, y4 HyKTaJaH yTyBYM MapaboIaHu aHUKIaiIu:

(x— xl)(x xz) (x— xo)(x X,) (x— xo)(x x,)
L =
2 ()= (3 =X, )(xy — )f(°)( Xo)(x, — )f()( Xo)(x, — )f“)

Mucon. 0,1,2, kuiimatinapaa Moc paBuiiaa 1,2,5 kuiiMatiapHu KaOyJ KWTyBUd KBaJ-
patuk Kynxaj Kypuwicun. Oxupru popmynanan

L= GmDE=2) 0= ) (0D s
(0-1)(0—- 2) 1-0)1-2) 2-0)2-1)

bomka kypunumgaru JlarpoHx HHTEPIOIAIMOH KYIIXal KUPUTHII MyMKHH, OyHUHT YIyH



W..x)=T]x-x,) KYIIXaJHU KUPUTAMU3
j=0

yHHHT XOcwnach W), (x)=) {H (x—x, )} ,JeMak OyHIaH
k=0 i#j
Woa(x))= I1 (x;,—x,) oynanu.
i#j
xX—X,

[ynunr yuys xam, ] Jlarpanx ko3¢ UIMEHTUHH

i#] x]‘ _xi

Wn+1 (X)
W, () (x=x,))

KYypUHMIIIA €3UII MYMKUH. Y XOJiJIa

Jlarpanx kynxan

L= L E )

4.6
W (x)(x = x)) ¢

KypuHuUIga 0ymnamm.
Tyrynmnapu 6up Xui y30KJIMK/a KOWIAIITaH XyCyCHil Xxosa ca:
X1-X0=X2-X1=...=Xn- Xn-1=h Oy xon1a coagaiik yayH
X=X0+th anmammrtupumn 6axxapamus, y Xoi1a
x=x; = h(t= )W, (x) =B W) (0)

Oy epna
W, (@) =t(t=1)..(t=n), W, (x,)=(=1)"7 ji(n— j)h"
0yu6 JlaHrpaHK MHTEPIOSALMOH KYTIXaau Kyiuaarunda Oynaau:

e D f(x))
L,(xy+th)y=W,, (X)Z(; (=)= ))!

(4.7)

Ha3sopar Tonmuupukiapu.

2.1.1. BangepMoHA JeTepMUHAHTUHYI HOMJIAH GapKIMIUTUHU KYPCATUHT

2.1.2. dyngameHTan Kynxaaiapra MACoJuiap KEeITUPUHT

2.1.3. HTepnonaunoH KYNnxaaJapHUHT MaBXyMJUTMHU Ba SITOHAJIUTUHU
UCOOTIIaHT.

2.1.4. TyryH HyKTanapu Oepuirad KuiiMaru TeHr Oupop Kynxas €3uHr

2.2.1. UnTepnionauusnan airedpacu Huma?

2.2.2. UnTepnonauusiaira KOHKpET MUCOJI KEITUPUHT Ba TYLIYHTUPUO
OepuHT

2.2.3. UnTepnonauusiaiHi aXaMUSITUHHU TYITYHTUPUO O€pUHT

2.2.4. NaTepnionauuoH Gopmyiia aHUK GopMyia OYIHIIN MyMKUHMU?



Mycrakwi nmi.

1. Tetimop hopmylacuHHA TaKpOpPJIaHT
2. NHTepnosuysulaliHi aXaMUsITHHU Y PraHuIl.

DdolifanaHuIaurad afaduerap:

1.Ucponnos M.U. Xuco6nam ycymrapu. Tomkent. Yxurysun: 1988 it.

2.bornaes O.I1. BeluncnurensHass MaTreMaTvka W IMPOTPAMMHUPOBAHHE.
Mockga.1990.

3.bepésun U.C., X Kunkos H.I1. Meroas! Beruncnenuii. 1962.

4.AonyxamunoB A.,Xynoitaazapos C.,XucoOmann ycyJmapuaaH Mamkiap Ba
naboparopus unuiapu. TomkeHnt.1995.

1. DHTKEH cXPMacH.

L (012...n)(X) opkamu X0,X1,...Xn tyryunap Epnamuna kypuiran n-napaxka-

M Kynxaaau oenrunaiiMus. (4.5)popmynara kypa

S (x0)xy =X,
Ly (x) = )Z__);ll S(xy)+ ;__);00 f(xn) =f();11)i—1);%
J(e)x —x
IANEE x ‘_);22 f(x) +%f (r2) = %
S (o) xg —x
Loy ()= ’Z ‘_’;22 £(x) +%f (%) = %

Ounu L(0,2)(x) udona f (X0) Ba f(X2) napnan kangail KOHyHHUST OWJIaH Ty-
3uarad 6yca, Xyt Ity KoHyHust 6unad L(0,1) B L(1,2) (x) Epgamuna Ty-
3WITaH

f(o,l)(x)xo -X
f(O,Z)(x)xz —X
px)=——""—"7-—
Xy =X

upomanu kypub unkamus. P(x) ukkunun napaxanu kymxana, Ba P(X0)= f(XO0),
P(X1)=1(X1), P(X2)={(X2), tenrnux ypuunu.lemax P(X)= L(012)(x),
wryHiai knimd, L, (x) Ba L, (x) Tra OMpuH4M TapTHOIMN

WHTEPHIOJIAMHN KYJIJ1a0 L(012) (x) xymxaara sra OyaauK
[y >xapacHHHA YEKCU3 JaBOM STTUPUII MYMKHH.

Macamnan:



f(0123)(x)x0 —-X
Sizzay (X)x, —x

X, — X,

f(om)(x)xa —-X

Sior2a) (X)X, —x
L(01234)(x) = =
X, =X,

HOxopuaa kentupunran cxema DUTKEH cxaMacu Aedmnanu. DitkeH cxomacu Ln(X)

HUHT YMyMHU KYPUHHUIITUHHA TOTUIINA YIyH dMac, OajIKu YHHUHT OUpOp X HyKTaJlaru
KUHMaTHHU XucoOnamia GpoianiaHuIaau.

XucoOmanuiapHu JkaiBall MakiIuaa €31 KyIaipok.

x|y X, — X L(i-1,1i) | L(i-2,..,1) | L(i-3,..,1) | L(i-4,..,1) | L(i-5,..,1)
Xo | YVo| Xo™X
X | x—x L(Ol)(x)
Y| Yo X L(12) (x) L(012) (x)
G|yl X —x L(23)(x) L(m(x) L(om)(x)
X4 Yo| X4 —X L(34) (x) L(1234)(x) L(01234)(x)
X L(234) (%) L (%) L(012345 ) (x)

Sl Ys| Xs—X L(45)(x) L. (%) L 5345,(x) (12343)

(345)

Hazopat Tonmmpukiapmu.

1.1.1. bupunun gapaxainu Jlarpanx HTHTEPHOJIALMOH KYTIXaJAUHU KYPHHT.

1.1.2. Ukxkunun papaxkanu Jlarpan MHTEPHOIALKUOH KYIXaAUHU KYPUHT.

1.1.3. n-mapaxanu kynxaanan ¢oigananud (nt+1)-gapakanu KynxaaHua
KYPHILIHU OWJIHII

1.1.4. Yura Ba TypTTa TyTyH HyKTaJI1 UHTEPIOJSIMOH KYNXaAHU KypHIL
CXOMAaCUHU alTHHT.

1.2.1. L, (x) BaLg, (x)

3UTIAN.
1.2.2. L 4534, (x) HA KYPUHUIINHY E3UHT.

Kynxamiap Kagaam Ty-

1.2.3. DiiTKeH cXdMacu HUMa Y4YyH KyJlaHuiaaan?
1.2.4. DiiTKEH >kaJJBAJIMHU TYIIyHTUPUO OCpUHT.

JlarpaHx HHTEPIIOJISIIIHOH (POPMYJIACHHUHT KOJIJIUK XaAMHHA OaxoJiarl.
2.1. Konauk xan KaHmai nmaio OYTUIIMHN TYITYHHII Ba KOJIIUK XaIHU KY-
PUHUILIAPUHUA OMIINLLL.
2.2. Konauk xaguu udoaanaii Oummm Ba 0axoamniHy YpraHui.

Arap f(x) pynkuusHu Oupop [a,b] opanukaa Ln(x) HHTEpNONSIIUOH Kynxan OuiaH

aNMaIITHPUIICA, UHTEPIIOIALMS TyTYHIapHUIa yCTMa YCT TyIIaau, KOJIFaH HyKTrajapaa

sca ¢apk kmnaau Konauk xan R(X) = f(x) - Ln(x) kypuHUIIMHN ToUI Ba Oaxojarl
Makcaara myBoduk. ®apas kunaimmk f(x) pynkmus [a,B] opanmukaa (n+1) tapTuo-
raya y3JayKCU3 XOCWIanapra 3ra OYICUH.




Teopema:
Arap f(x) pynkmus [a,B] opanmkaa (n+1) Taptudrava y3mykcu3 Xocuianap-
ra ora Oyiica, y X0J/1a UHTEPIIOISIUSIHA KOJIIUK XA IHHHA

_ prn+l) Wn+1(x)
R(x)=f (5)—(n+1)! (5.1)

KypuHuIaa udoaanam MyMkuH. by epna & € [a,b]

Ucbot: Epnamun dynxims tyzamuz  ¢(x) = R(z) — kW, (z) Oy epna
oynna K- Homabnym ysrapmac koaddunent. Anbarra 0y yHKUHA z = X, X,,..., X,
napnaa Honra TeHr 6ynanau. K au mrysaait ranmaiivuska ¢(y) ¢yHknus z = X€ [a,b]

x=x,(i=0,,..,n) Hykramapaa 0 KuiiMaTUHHU KaOy] KUJICUH, IeMaK

_ R(x)
k= W, (x) -2

y xonga ¢ (z) ¢ysknus [ a,b] opanukauHr n+2 HykTanapuaa 0 ra aiinmaHaau.
Poms Teopamacura xkypa Oy opanukaa kamuaa n+1 Ta Hykranga 0 ra ainanany,

gol (Z) acan Ta Hykraga 0 ra ailylaHaad Ba XOKas3o.
@ n+l (Z)
KaMua OMTTa HyKTajaa HOJIra ailnananu, Oy Hykra & 6ymcun, "' (£)=0
Bbynaa Ln(xX)HMHT n qapaxany KynxaJl 3KaHIUTUHU 3bTHOOpra oJicak

0" (&)= ") - Ly (&) - KW V() = f1(E) —k(n+ 1)

K= % Ba Oynmad (5.2) nan (5.1) bopmyna
n+1)!

VPUHIIM SKaHHU KeITNO YUKaTH.
Hazopat Tonmmpukiiapu.

2.1.1. Konouk xan Kanaai naigo 0ymamn?

2.1.2. Teitnop ¢opmynacu Ba yHUHT KOJAUK XaJU1apu (HopMyJIaCUHU 3C-
JIQHT.

2.1.3. Jlarpanx ¢opmynacuaary KOJIUK XaJHU YMyMUN KYPUHUIIIHHA E3HHT.

2.1.4. Ponib TeOpIMacUHU alTHHT.

2.1.5. Teopemann MabHOCHHHU TYLIyHTHPHUHT.

2.2.1. Teopemanu uc60t11a0 OEpUHT.
2.2.2. Huma yuyn ¢""'(£)=0  OYIMIIMHM TYUIyHTUPHHT.

2.2.3. Epnamun GpyHKIMAHN KYPHHUAIINHY E31HT.

2.2.4. Epramun QyHKIMSHM HUMA y9yH XOCHIANAPH MABKyLTUTHHHI TYITyH-
TUPHHT.

2.2.5. bupopTa MucoIa KOJITUK XaIHU OaXOCHHU KypcaTuO OepuHT.

MycTakui TONIHUPUK:



1. UnTepnionsiioH ¢popMyJiaHU TY3UILIHU Ba YHUHT KOJAUK XaJAUHU Oaxo-

JALIHU YPraHul.
2. JlarpanX HHTEPIOJSIIUOH KYIIXaIMHA KaMYHIUTUHI QWAL

doiinananuIaanran agadueTiap:

1.Ucpomno M.U. Xucobaam ycymrapu. Toukent. Yiurysuan: 1988 i.
2.bornaes O.II. BeruncnurensHass MaTreMaTuka M INPOrpaMMHPOBAHHE.

Mockga.1990.

3.bepésun U.C., ) Kunkos H.I1. Metoas! Beruucienuit. 1962.

4.A6nyxamunos A.,XynoiHazapoB C.,Xucobamn ycyyurapyuaan Malkiap Ba
nabopatopus unuapu. TomrkeHT.1995.

BYJIMHI'AH AUMPMAIJIAP BA VJIAPHUHI XOCCAJIAPU
Hp1oTOHHUHT OYIHMHTaH aiinpMalii HHTEPIIOJILUOH
dbopmynacu

TasH4 TylryH4anap (nbopanap)

bynuuran aitupma,i-tapTrOIHM OYIMHTaH aitnpma, OYIiH-
rad alvpMayiap »aJBaJIi BAa YHU KypuHHUIIU. bynuHran
alimpMalii HHTEPIIOISIUOH ppMyIia

1. Bynunaran aliupMainap Ba yJapHUHT XoccanapH.
1.1. bynuuran aiiupmanapHu ¢apkiail Ba yiap acocuna Gopmynaiap Ky-
PUILHY YPraHUIIL.
1.2. bynunrax aitupManap *aJABaJInHU KypULIHHU YPraHuUIll

1-acocuii caBoyiHU OaeHU

bupop cundman onuaran f(x) Gpynkus Ba 6up oupunan dapxmm X0,
X1, X2,... Xn tyrynnap Oepunras 0yncus. f(x) dbynkinusauar X=Xi Ty-
TYHJAru HOJIMHYM TapTHOaM OynuHran aiiupmacu ne6 f(xi) ra alitunany;
Oupunun TapTrGIKM OYnuHraH aiiupmaza sca.( x,,x, TyryHIapaa)

f()= () 0

i J

f(xixj):

TEHIJIMK OWJIaH aHMKJIAaHA/W, TYTYHIapra MOC KeJlraH 2 TapTHOIMCH 3ca

f(xj’xm)_f(xi’xj)

xm _xi

f(x,x;,x,)=

TeHrnuk Omnan Ba K- Taptubnu 6ynran aitupma (k-1) Taptubnucu opkamu

S X505 X)) = S (X500 X5 1)

X =X

f(x;0x,) =



dbopmyna OwiiaH aHUKTaHaau. byIuHTaH aifmpManapHu Kyduaaru xaaBaja KypUHHUIIIA
€3MII MyMKVH:

X0 S(x0)
Xy f(x) S (xq,x,) f : P )
f(xl,xz) X05X15%y Xos X)Xy, Xy
iz ]f(gfcz; f(x2:x3) f(xl’x2’x3) f(xl’x2’x3’x4) f(xo’xl’x2’x3’x5)
xj f(xz) S(x5,x,) S (x2,%5,%,)

Jlemma__ bynunran aitupmainap y4dyH

f(xo,...,xk) = 2%

a#i

(2) TeHrnUK YpuHIN

__HWcb6or__ Jlemmanu uHAyKIust MeToan Ounan nucoot kunamus : K=0 6ynranga

f(x,)=f(x,) Tearmuk f(x,)= f(x,) TeHraukka ainanaau. K=1 6ynranga

(2) TEHIJIMK (1) TEHIJIMK

Owran yctMa ycT Tymaan. ®apas Kwnainuk (2) TeHrauk k =< n yuyH YpuHIH
O6yncun. Y ypunnmuna

S (XgpeenX,0y) = S (X X,0) = S (X505 X,) _

X1 — X

n

_ 1 < fx) & f(x)
_xn+1_x0 iZIH(‘xi_xj) iZIH(‘xi_xj)

J#i J#i

1<j<n+1 0<j<n

By TEeHTNIUKHUHT YHT TOMOHHAA 120 , i#n+l1 map yuyH

onauaaru ko3 uIeHT Kyinumgarura TeHT:



1 1 _ 1 _ (x; =x0) = (%, —x,,1) _ 1
a1 — %o II Gi=x) TIGi=—x)| (x,0-%) H (x;=x;) ] (—x;)

1<j<n+1 i) i#] I#]

J#i 0<j<n 0<j<n+l 0<j<n+l

1=0 Ba i=n+1 nap yuyn f(x,) ¢axar | mapTa KaTHaIIaay, Ba y OJAUAATH
K03 UIIEHT Kepakiiu KypuHuiira sra o6ynaau.Jlemma uc6ot 6ynam.

Ha3sopar Tonmumpukiapu:

1.1.1. Jlarpanx UHTEPIOJAIMOH KYIIXaIUHN HOKYJIail TOMOHMHHU (apKiiail Ouiui
1.1.2. bynuuran aitupma ne® HuMara aiTunaan?

1.1.3. i-tapTiGau 6yauHraH aitupma HUMa?
1.1.4.

f(x15x2’-~-7xk)_f(XO’xla-":xk—l)
f(x e, x,)=
i b k xk _xO

dhopmynaHu TyIIyHTUPUO OepUHT

1.1.5. bynunran aliupmainap >kaJBajllHU TYITIyHTUPUO OepUHT

1.2.1. Bynuuran aitupmainap *aJaBajlluHU Ty3HUIIJIaH MaKcaJ HUMa?

1.2.2. KonkpeT mucosnga OyauHTaH aifipMa Ty3HHT

1.2.3. JleMMaHu MabHOCHHU alTHUHT. JIeMMaHU HCOOTIAIT CXOMACHHU alTHHT.

1.2.4. HatnyxaHu alTHHT.

1.2.5. @yHKUMSHUHT TYTYHJIapHIa KHHMaTIapuHy OYIMHTaH aiupmanapaa
KATHAIINWIIWHU TYIIYHTUPHUHT.

HBIOTOHHUHI BYJIMHI' AH AMUPMAJIA UHTEPIIOJISAIIMOH ®OPMYJIACH.

1.1. JIarpanx HHTEPHOIAIHMOH (POPMYIIACHHH HOKYJIail TAMOHJIAPHHN OVITHIIT
1.2. HpIOTOHHUHT OYIMHIaH aiiupMaliu HHTEPIIOIALUOH (GOPMYIaCUHU Kypa
Onmin Ba Jlarpanx HHTEpOISINOH GopMyiacuaaH GapKiaml.

Jlarpan>x HHTEPIONIALMOH KYNXaAUHUHT Xap OUp Xaau UHTEPIOISLMS TyTyHIapu-
HUHT XaMMacura OOrIMKIup. Arap SHI'M TYTYHJIap KUPUTHIAAUraH 0yica HHTepHois-
LIMOH KYIIXaJHU KaUTaJaH KypuIlura TyFpu kenaau. by Jlarpank HHTEpHOIALNUOH KyI-
XaIUHUHT KaMUMJIATHIUD . JIarpanyk MHTepHoJsAIMOH KYNXaIuHU IIyHAail TapTudna
€31 MYMKMHKH XOCHJI OYJIraH KyIXaJHUHT UXTUEPHH 1- Xall UHTEPIIONALUS TYTyH-
JApUHUHT (pakaT aBBAITH 1 TacUra Ba (DyHKUIUSHUHT 1Ty TYTYHJIapHaaru KuimaTiapu-
ra 6orymk O6ymaam.

F@ =L, = )W, 03— Ly Ly )

J#l J#

=0 (x_xi)H(xi_xj) H(x_x‘) i=0 (xi_x)H(xi_xj)



by udomanu onnuHrn MaB3yarv jeMma OniIaH COMMINTHPCAK KaBC HYUIaru udosa
HUHT Y31 KaHJIUTY KypuHaau. Jlemak

SO =L, (x) = (x5 255006, )W, (X) (1)

suau Ln(x) tyrynnapu X0, X1, ... Xn nan udopar Jlarpanx HHTEpHOIAINMOH KyIixa-
mu O6Yncun . Y xonaa JlarpamkHuHr Ln(X) MHTEPHOSIMOH KYIIXaIUHU

L,(x)=Ly(x)+[ Li(x)=Ly(x) ]+..+[ L,(x)-L, ,(x) ] )

KYypuHUILAA npoIanan MyMKHH.

byepma L, (x)—L, (X)xy,X ... X,, HyKTajnapaa
HOJITA alIaHaINTaH M- Tapa)kaiu KYmXal YyHKH.
L,(x)=L, (x;)=f(x,),(j=0,m-1) [ITyHuHT yuyH Xam

L (x)=-L, (x)=A4AW, (x),W, (x)=(x-x,)...(x—x, )

bynna X=X ne6 oncak

f(x,)-L, (x)=4W, (x,) raara

oynamu3. Mkkuauu TomonaaH (1) renrmukaan n=m-1 Ba X=Xm nae0 oncak

f(xm ) - mel (xm) = f(xm s xO EARRS xmfl )Wm (xm)
[ynnait kunub A= f(x4,e0sX,,) Ba JIeMaK

L, (x)=L, (x)=f(xg,0 X, )W, (X)
by muknopnapnu (2) ra kyiuob kyitnaarura sra 0ynamus.

L,(x)=f(xg)+ f(xe,x)(x =)+t f(Xg5X 500 X,) X (x = X )(x = x))...( X — X) 3)

Bbynra HeTOHHUHT OYIMHTaH allipMaTi HHTEPIOJSIIAOH KYTIXaIu JeHniau.
(onauHTa UHTEPHOJSAIUSIIAIT (OPMYIIACH)

(1) TeHrUKHA f(x)-L,(x)= mel , (%)
(n+1)

TEHIUIMK OuaH COJIMIITHUPCAaK

f(x ,xo,...,xn):w,x0£§£xn 4)
(n+1)

KeJINO YMKaIu.

Arap x,>x,, >..>Xx >X, TapTUO/a MHTEPIOIIALINSA



TYTYHJIApUHHU Kaj0 Tcak
L(x)=f(x)+(x-x,)f(x,,x, )+x—x)x—x,)f(x,,x, 1,X, ,)+...+(x=x)x=x, ).
(X=X (XX, s X5 X))

©)

opKara UHTepnoJisusuIan Gopmyiia Xocui 0ynaan
Hazopat Tonmmpukiapu.

2.1.1. Jlarpanx HHTEPNOJIANMOH (HOPMYJIACHHH Xap OUp TYTYH HyKTacHza
OOTrJTaHUIITMHY OMJIUIIL.

2.1.2. Jlarparx HHTEPHOJIANMOH (POPMYJIACMHH HOKYJIaii TaMOHJIapuHU (ap-
KJIAIIL

2.1.3. Jlarparx HHTEPHOJANKMOH (DOPMYJIACHHH TyTYHJIapura 6oriaad €3umr
TapTUOUTa OOTJIMKIUTUHU OWIINIIL.

214, L,(x)=L, (x)=f(x)(j=0,m—1])
MabHOCHUHU TYIIYHTUPUO OCpPHUHT.
2.1.5. W (x) HU  KYpUHUILUHY JCJIAHT
2.2.1. bynuxran aitupManapHi UHTEPIOJIALMOH KYIXaaaa Kyuiaid Onmmin
222, f(x;,x;) o1 uonacuHy E3UHT
2.23. f(x,,x;,x,) HA ©DOIACHHH E3UHT

2.2.4. HploTOHHUHT OYIMHTaH alipMalId MHTEPIIOJISIUOH KYTIXaAUHU E3UHT
2.2.5. OnanuHra Ba opkara MHTeprossuusuian GopMmyiacuHu (papkiaHr
Mycrakun Tonmmpuk: f(X) HU m gapaxanu Kynxazn

m
P,=>ax' oynran xonga HelOTOHHMHT Oy-
i=0
JIMHTaH aiupMajIi UHTEPIONALUOH HOPMYIACHHN OUITMIL.

dolinananuiaaurad agadbueraap:

1.Acpounos M.U. Xucobmam ycymrapu. Tomkent. Ykurysum: 1988 ii.

2.bornaes O.I1. BeruncnurenbHass MaremMaTdka M MOpOrpaMMHpPOBaHUE.
Mockga.1990.

3.bepészun U.C.,)Kunkos H.I1. Metoab! Beruuciaenuid. 1962.

4.A6nyxamunoB A.,XynonHazapoB C.,XucoOnamnt ycyiapyuaad Malikiap Ba
naboparopust ummapu. TormkeHT.1995.

YEKJIU AUMPMAJIAP BA YJIAPHUHI XOCCAJIAPH.

1. Yexun altmpmanap Ba yJIapHUHT XOccalapu

@apa3 KWIaiIMK apryMEHTHUHT y3apO TEHT Y30KJIMK/A )KOMIAIraH x, = x, + il

(h-xanBan kagamu ) KuiiMaTiapuaa f(X) QyHKIUSIHUHT MOC pa-
BUIIIATU KUHMATIapu
f, = f(x,) O6epunran 6yncus. Yoy f,,, — f, ailiupmara OupuHUHM TapTUOIU

yeKkiM aiinpma nerinnanu. llapoutra kypa 6y MUKIOpPHH YHT YEKJIM allupMa:
; Yar YeKJIM aiupma @ Vf, | ; €KM MapKasui aiupma

éfwf - +1
2

nap kabu OenruaaHaIu.



[Mynpai kunud, Kyiugarnda €3amMus:

FAfi= 1, =Vfu=6 £ = . (1)

IOxopu TapTnbIM alimpManap peKKypeHT MyHocadatiap épaaMua Ty3HIaIu.

N = AT ) =N = AT A,

kai _ V(V]Hf;) _ Vkil(vf,-) :V]Hf; _Vkilﬁ

5'f, =86 f)=6"1()=6""F  =5"1
2

j——

2

Alinpmanap kaJBany ojatia Kyiujaaruya TacBUpJIaHaIu.

¥ f Iz 12 13 1
Xo Jo

flz 2
X, b /i \

f 1 f% 4
X, S % 15 /2

1 fs

X3 /s f: % 13 ”
Xy Ja f ;

Xucobmanl mpakTUKacua UITHUHT XxaMMma OOCKUYIapyuia Ha3opaT KWJIyBYM amailiap-
HUHT MaBXXyJUIMTUHM Tasad KuiauHaau. bynaail Ha3opat KuilyBUM amaniap aiupmaiap
KaJIBaJMHU Ty3aeTranaa O€BOCUTA XOCHII OYIasm.

fll"'fgl"‘---""fnli =ﬁ_f()+f2_fi+“'+fn_ﬁz—l :fn_f()’
2 2 2
f12+f22+"'+ nzfl :fgl_fll+f§1_f§l+---+fnlil_fnlié :fnlil_fll
2 2 2 2 2

2 2 2

STbHU JKaIBAJTHUHT Xap OMp YCTHHUIATH COHJIAPHUHT HUTUHANCH aBBAJITH YCTYH 4YeT-
KM 3JIEMEHTJIApUHUHT alpMacura TeHT. AWPUM HUHTEPIOJIAIHNOH (popmynanapaa
Ba YJApHUHT YEKJIH aiiupManap Ouian Oup Katopa alupMalapHUHT KyHunaru ypra
apu(QMeTUru UIIaTHIaIH.

g

2k 2k
Mf2k71 — A ’Mkal — .f; +fi+1
2

l 2 2

1. Jlemma _ K- tapTtu6nm yekiu aiinpMa QyHKIIUSTHUHT KUAMaTIapy OpKalIu KyWumard
¢dopmyna 6unan udomananaIy.

=X D el S @

By epna x xxydt 6ymmb 1 6yTyH 6Ynu0, K TOK OyIranaa i spum OyTyHIUD.



__1-Hatwxa _ 2Ta @ Ba 1 ¢yHKUUsIIAp HUTHHIUCH €KUM alPMaCUHHUHT
YeKJIM aliupmanapu MOC paBula my QyHKIUsIIap YeKJId afupMaTapuHUHT
WHATWHINCU €KW AalUPMACHUIH TEHT.

Kk k k
Iy =9¢;tg;
__2-Harmxa _ ®DyHkuus OuiaH y3rapMac COH KYMaTMAaCHHUHT YEKIIU ailupManapu OuiaH
y3rapMac COHHUHT KyIIalTMacHura TeHT.

(af)! = af !
_ 2.Jlemma__ XKagsanuunr kagamu K=Xi-Xi-1 y3rapmac Oyica y xonaa OynuHran aimpma

OwJiaH YeKJIM aiimpMa OWJIaH YeKIIM aiimpMa opacuaa Kylujaaru MyHocadar
YPUHIN:

.k
f/k+5

f(xi,...,ka) = W

€)

_ 3-Hatwxka  n- napaxxaiy KYIXaJHUHT N-TapTUOIN YEKIU alupMacu y3rapMac coHra
TEHT OYIn0, yHIaH FOKOPHCH TapTHOJIMCH 3ca HOJITa TEHT.

O,k>n
AP (x)=1C,k=0
P, (x),k<n
P (x) -Jlapa)kaliy KyNxak, c-y3rapmac CoH

Ha3zopar Tonmumpukiapu

1.1.1. Yeknu aitupmanu Tabpudianr

1.1.2. Bynuunran aitupma Ouiian 4ekian aiupMaHu (GpapKianr

1.1.3. Yan, yHr Ba MapKa3uil 4YeKJIM arpMaiiapHu GapKIaHT

1.1.4. FOxopu TapTubau aiupMaiapHH Ty3UIIHU TyIIyHTUPUO OepUHT
1.1.5. Aliupmasnap >kaJiBaJIMHU TYIUTYHTUPUHT

1.2.1. k-Taptubam yexnm aiinpMa QyHKITUSHAHT KHAMATH OPKaIu KaHai
udomananaau?

1.2.2. ﬁHrHHﬂHHH YEeKJIM alupMacu HUMara TeHr?

1.2.3. ®yHKUMAHM y3rapMac COHra KynauTMacHuHU Y€KJIM alupMacyu HUMa-
ra TeHr?

1.2.4. h=x -x y3rapmac Oynran xonjaa OyauHrad aiupmMa OWIaH YEKIIH
alipmanap opacuaara MyHocabaTHU €3WHT Ba UCOOTIal OUITUHT

1.2.5. n-gapaxanu KynxaJHUHT N-TapTUOIU YeKIM alupMacu ysrapmac
Oynca, yHIaH IOKOPUJIApU HUMAra TeHT

WuTeprionsauys TyTyHJIapy TEHT Y30KJIMK/A )KOMIAIITaH XOJIHH , SbHU
x; =x,+ih,(i=0,12,..)
OynraH X0IHM KapaiMu3. byHna uHTepnoiasmuoH (GopMyJIaHWHT KYPUHHUILIApU aH4a
coJaanaiy.
@apa3 kunainuk L, (x)x,,x,,...,x, TyTyHIap 0yiiuua Ty3uiara

n

HpI0TOH MHTEPHONSAIUOH KYTIXaau OYJICHH.

L,(x)= f(xg)+ f(x0,X)(x—=x0) + oot f(Xg5000s X, )X —Xg)ee(Xx =X, ) (D



Bynnaru 6ynuHraH aitupmMaiapHy 4eKIU aiupMarap OniaH alMaIiTupaMus3.
Yy X=Xo + th anmamrupumiau 6axkaprangan keius (1) kynxaa Kydugaru xy-
pUHHMIITA 3Ta OYIIaam:

L, (5, 4+ = fy + ) + D

N tt—-1)(t-2) . t(t-1)..[t=(n-1)] £ (2)

! 3 I n
3! 5 n! 5

flz

By dopMynaHUHT KOJIIHMK Xaau KYWHIard KypUHHAIIAA OYIaau:

R, (x)=(x—x,)(x—x,—h)...(x —x, —nh) /7S = B t(t-1)..(t—n) 3)
(n+1) (n+1)!

(2) popmyna HeroTOHHUHT 3kaBai OOMIMIATY HHTEPIIOIALUOH POpMYJIacH IeHnIaIu.
(1) popmynanga HHTEPIOIAIMSIIAIT TYTYHIApU CHU(aATHIA
TYTYHJIApHU OJIaMU3.

L,(x)=f(xg)+ f(xg,x  )(x—x0)+ f(x0,% 1, X ) (x—x0)*

4
Fx=x)+. o+ (X x_ )X =X;)..(x —x—(n-1))
bynuuHran aiiupmanap y3 apryMEHTHHHHT CHMMETPHUK (DYHKIUSCH OYIITaHINTH YIyH
S (g Xy X)) = f(X 0y X5 %)
(4) popmynana sHa OYIMHraH ailMpMaIapHU YeKJIM alupManap OuiiaH anMaimTupul Ba
X=Xo + th n1e6 onub, KyiuAaruH1 XOCHJI KIJIAMH3.
L (xg+th) = f, +1f' + [ 1(t—1) s t(t+1)..[t+(n-1)] )
) 2 ) n!
By popmyraHuHT KOIAMK Xan
n+l p(n+l)
Mt(t +1)...(¢+n) KYpUHULILAA OYIaau.
(n+1)!
(3) popmyna OunaH KOMAUK Xaau KaTHAIIyBYM Xocwianu (4) ¢opmyna EpnaMI/ma
aiimpma OmIIaH arMaIITHPaMU3.
tt-0...(t-1) ..
Rn ~ wfm—ll (6)
(n+1)! -~
[ynunraex (5) dopmyna ypunaa Kyiuaaru TakpuOuii 1ekuH Kynail ¢gopmynara sra
Oynamus.
t(it+1)...z+1) ..
R MDD (7)

! (n+1)! =

2
Hasopar Tonmumpuxiapu.
2.1.1. TeHr y30KIMKAaru TyryHiap Aeraiia HUIMaHU TylIyHacu3?
2.1.2. (1) popmymnanu TymryHTHpUO OEpUHT
2.1.3. x=x +ih anMamTHpUIIIaH KeUUHTY KYPUHUIITHH €310 OepuHT

2.1.4. (2) popMynaHUHT KOJIUK XaAUHU E3UHT

Mycrakun Tonmupuk: JKaapan Ty3uiga iy KYWnirad Xato F0KOpU TapTuo-
JIY aiupManapra KaHJ1ani TabCUp dTULINHU YPraHUHT

DdolifamaHuIaUrad ajadueTap:

1.Ucponno M.U. Xuco6mam ycymiapu. Tomkent. Yiurysuan: 1988 ii.



2.bornaes O.II. BeruncnurenbHas mMareMaTtvka M INPOrpaMMHPOBAHHE.
Mocksa.1990.

3.bepésun U.C., ) Kunkos H.I1. Metoas! Beruucienuit. 1962.

4.A6nyxamunioB A.,XynoiHazapoB C.,XucoOnaml ycyslapuad Malikjiap Ba
naboparopust unutapu. TomkeHt.1995.

2-Mag3y: Conau nuddepennmnannam. Criaifniap 6uaH SKMHJIAIIMII (YU3UKJIN Ba
KYOHK).

Acocuit mywiynuanap: Takpubuti oughghepenyuaniaw gopmynarapu €xku Uekiu auupmaiu
xocunanap 6a yiapHune XamoauKiapu.

Acocuit namudicanap::

1. Takpubuii ouppepenyuanriaw macanacu:

D f(x)=A f(x),D, f(x)= A f(x).
2.Yexnu atiupmanu xocunanap: A f(x), A f(x), A f(x), A" f(x), A f(x),A_ f(x):
h) - 1
£ = LEEDZIE gy = a0+ 00,
S(x)—f(x—h) s
h 12

£ = LEEDZTEED o0y = A2+ 008

[ =

S (S =N f(x)+0(h)

(%)= ﬁ[%f(X) +A(x+h) = f(x+2m)]+0(h*) = AL f(x) + 0(h*),
(%)= ;—h[f(x =2h) = 4(x = h)+3f ()] +0(k*) = AL f(x) + 0(h*) ,

fE=m =2/ @)+ [G+h) ) ) :
E D = AL () + 00

S =

1. TakpuOuii tupdepHIHAIIALI MacATACH.
bupop [a,b] kecMana xxaaBanu
a=x,<x<..<x,=b (1)
HyKTanap Tymamu Oepunran Ba Oy HyKramapaa KaHmagup y = f(x) QYHKIUSHUHT
v, = f(x),i=0,1,2,...,n KHAMaTIapu OCpUIraH.
Takpubunit guddepenumamnam  macanacuga D f(x) = £ (x) XOCWIaHW, HHTErpajIaml
Macaacuaa

I =] redr =Y pfE) @

WHTErpaJIHA TomuIl Taynad KuiauHaau. by epna pi»&ii= 0,1,...,n — ko3 dumeHTIap Ba TYyryH
HyKTanap, iMFUHAM TaKpUOUii MHTerpaiall KU KBaapaTypa Gopmyiacu 1e6 alTuiaau.

by ukkana macanana xam y = f(x) QyHKUUSHUHT aHAIUTUK KYPUHUIIN OUPOp YEKCHU3
WUFUHIM €KW MHTETpa KYypuHUIIKAa Oepuiran OyiaraHaa xaMm By)Kyara Keianu. ['am nmryHjaakw,
WUFMHIM Ba UWHTerpan OwnaH Oepwirad (QyHKIUSHUHT KHWMAaTIapUHU XucoOnam KUWWH
OYJIraHINIM y4yH YHUHT KHHAMAaTW 4EKIM COHJAru, Macaial, {x,} HyKTajlapaa XucoOiaHraq
KOJIraH HyKTajapja XucoOjall Y4YyH SIHTH JIEKHH COIIApoK (QYHKUHMS KypHIaIH.

By ukku macana xam O6up Xui ycynaa eduwnand. Macanad, uHTepronsuus GopMynanapu

N,(f3x),L,(f5%),8y(f;x)

kypmm0, ( N, (f;x) Hsroron, L (f;x) - JlarpaH:x MHTEpHOIALUS KYIXaAIapH)



fx) =1, (f5%),J(f) =T, (f;x))

ne6 onmHamu. byHna Kyinnara xaToaukiapra Wy Kynumamu:

r(fix)= " (0)-1,'(f;x) 3)
b b
r(f) = [[f () =1,(f;x))dx = [ R, (f;x)dx (4)
K 6upop dyukuusnap tymnamu 6yncus. Arap
r(f)=0, feK )
Oynca TakpuOuii wHTErpayuTam GopMysack K Tymuiamaa aHuk acvmianu. (4) dopmynanax
KYpUHAAUKK, TakpuOuil wuHTerpauiam Qopmynacu K =P -n - Japaxald Kymnxaanap

TYIUIAMHU/Ia aHUK SKaH.
Takpubuil unrerpamnam ¢opmyiaacura OomIKada XaM Tyc Oepuur MyMKHH. N, (fx)

ypuuna L (f;x) oncax

1)~ L, (f3) =Y p S () (6)
HU XOCWJI KMJIMIIMHTU3 MyMKUH, Oy epaa -
p, = j)-ll.(x)dx; i=0,1,..,n (7
Jlemak, TaKpuOui I/IHTeraJ'IJ'IaaIH (bopMyJIacHHUHI JKymJaJaH TakKpuOui
muddepennmamiam GopmyiaacuHu (6) KYpUHUIINAA OJUII MyMKHH, MacaaH,
D(f)=f'(x)= i;cif(xi), ¢ =c(x)=1'(x), . ®)

Takpubuit  muddepenumamnam  opmynanapu. UYexnu  aiimpmanu  Xocuiaiap
f'(x,), f"(x,) mapHUHr  TaKpuOMH KHMHMaTIapuHu Tomamu3. Hykramap TeHr y3o0KIMKaa

x)oinamran 1e0 (apa3z Kumaiiuk.

HproTon uaTepnosiuus popmyaacugaan ¢oigaaanumn

N, (f5x) = f(x0) + (- x0) T X, 14 (x - 2 )(x - ;) fToxg3 x5, |

Dopmyranan
F ) =N, (fi) ==L 20 o ©)
£(x,) zNz(f;xl)=%d§f = A%x,) (10)
P(x,) = N ()= Lo =3 _4£l+ 267 for = M) (11)
f(x,) = Nz"<f;x0>=wd§f Freo = Afix,) (12)

dopmynanapHu Xocus Kuiamu3. By TeHrnumkiapia YHr  TOMOHJAruh  y4WHYM — YCTYH
XOCWIATAPHUHT TaKpHOW KHWMaTIapu, TYPTUHYM Ba OCUIMHYM YCTyH 3ca Oy TakpuOHii
KUWMaTIapHUHT WapTin Oenrwiapuuau udonanaiinu. bynnan keiun def udona tavpud
Oyiinua JeraH MabHOHHU aHTJIATA]IH.
r (f;x)=R)(f;x) DKaHJIUTHIAH

rz(f;x,') = f(3)(§)/3![(xi 'xl)(xi 'x2)+ (x,' 'xo) (Xi 'xz)"' (x,' 'xo) ()Ci 'x1)]

HIYHUHT Y9yH



Shrdliof S0E),

finy =02 — o+ O (13)
=Lzl ] (3)(5) i = f.,+O() (14)
.fl(xz):ﬁ)_42f}11+3f2+f(3;(§)h2:fx,2+0(h2) (15)

Kyitnna xypamusku,
fOy=l 2L JTOR o2y = A f(x)+ 00 (16)

h’ 12
(9) - (12) dbopmymnanap takpubuii nuddepennumannam Gopmynacu €K YEKIU alUpMaln
xocunanap aevmnaan. (13) - (16) Oy dopmynamapHuHT XaToNWKIApUHU Kypcaramu. (14)
OupuHuYM TapTHOIM Mapkasuii xocwna, (16) UKKMHYM TapTUONM  MapKaswii  Xxocuia
naevnany. YUuHYM XOCHIa YeKIaHraH QyHKIusiap cuHpuaa Oy XOoCHIaJapHUHT XaTOJIHKIAPH
OOIIKANaPHUKUIAH UKKH MapTa KHYMKIUTH KypUHUO TypHOAN.

Sonli differensiyalashda Nyuton interpolyatsiyalash formulasi

Berilgan jadval bo"yicha hosila topish amalini bajarish uchun Bu Nyutoning 2- interpolyatsiya
ko'phaddan foydalanamiz:

By (x) = By (xg +ht) =

2 3 n
7t+%t(t— D(x—x;) + A;O (= 1)(t = 2)4y b 2 04t = 1)(2 = 2)4,.. 41 = (1 = D,.

bunda t=(x-x0)/h . Murakkab funksiyani differensiallash qoidasiga asosan:

dBy _dBydr o dP,

_ 6 yrOd T = ——h 6 v o
dt dx di a @ yrad
1dp,
f(x)~h %
1425,
710 e
Wl gl
LHmnan
(i) 1 g E,
O

2 2
f(x)s:s—(&yu+ﬂ2 (2¢— 1:|+"3"‘3~:"'”|:3.c2 & +2) + 45"”(25 — 92 +11- 3+

4
A
£'(x) ziz(Azyo +A3y0(t—1)+%(6t2 — 18t +11)+...
h !

2. Teisop ¢popmyaacuaan ¢oijnananuml.
Qdapa3z Kwiailnuk, ¢QyHKuMs ~— QopMmynangapAa MaBXKyJd Y3IyKCHU3 XOCWianapra sra

O0yicud. bynusr yuyn f(x)e C?[a;b], p <4, 06ynauiin 6U3 yuyH eTapiu.
ABBano, f(x)e C’[a;b] neimuk.  Teiinop popmysacura acocas,

fx2h) = fx)x hf'(x)+h* /12 1(&)



by epnan

+f(x) =

S -f(x) 1

h

Oumu f(x) € C"[a;b] OYncuH, y Xonna
fx, 2 h)y= f(x)Ehf'(x)+h /2f"(x,) B /13 f"(x, +h, 147 (&)

Oy TEHTTUKIApHU KYIIHO

S =

12

VACHLE

hZ

dopmymnara xkenamus. 1 (x) € C*[a;b] nuruaan

FTEN+ TG =21"(9)

TEHIJIMKHYA KaHOATIaHTUPYyBUH & HyKTa MaBxyn. LIy 6ouc

f”(xi) =

dbopmyna ucoor O6ymmu.(13),(15) dopmymamap xam Kyhugarudya yMyMJIaIITHUPUIUIIA

(16)

MYMKHWH

S =M =2+ S+ 7)o

12

hZ

12

SO =2 )+ [ =) 1 S @)+ 1" (&),

= Axxf(xi) + O(hz)

(%)= ﬁ[f(x —2h) = 4(x=h)+3f ()] +0(h*) = f,o = AL f(x)+0(h*).,

YUK,

(%) = i[%f(X) +4(x+h) = f(x+2m)]+0(h*) = AL f (x) +0(h*)

by dbopmynanapau ncbotiaiimus:

fEh)=f)* ' (Dh+ f"

()
2

+0(h%)

fx£2h) = f(x)% f'(x)2h+ f"(x)2h* +O(h*)
4f(xth)=4f(x)£4 /" (Dh+ f"(x)2h* +0(h°)

Spatunran Oapua GopmynagapHu OUTTa >KaaBaira €3aMus:

*)
(**)

(**) man (*) Hu ailupuO, f'(x)HU TOmICaKk MCOOTIAIIMMM3 Kepak OyiaraH ¢opmynanap Keiaud

N+ | xocna | Yekin aiinpmasn xocnaa | lapram 6enrncn | Kommurn
L] /() S +h)— f(x) fo=Af(x) -hf"(£)/2
2 | f(x) S (x + h}; —f(x) fo =N f(x) hf'(£)/2
31 /() S (x +h)ff(xi —h) fo=Af(x) | B*f"(£)/6
4 | /(%) —3f(xo)+4zf}"l(xi)—f(xz) o= Nf(x) | K" ()3
S| S(x) | S(x)- 4f2(z,,_1) +3/(x) | f=ALf(x) | =R S (E)/3
6 | /(x) | S(x)— 2fz (ilxi) +/ () | fa=ALS(x) | R ST(E)/12

By Ttakpubuii nuddepenunanam Gopmynanapu TeHrIamMagapHU YEKIH alupManu

cxemanap épaamMuaa TaKpuOHii eunIga MyXuM poJib yiTHANIH.




Mucon 1. y" = f(x,y),y(a) = y,,a < x < b, Komu macanacunu kapaitnuk. [a,b] kecmana

a=x,<Xx, <..<x, =b,HyKrajap TyIUIaAMUH{ KHPUTAMU3.
Y'(x) =[x, y(x)), (%) = yg,a < x < b, y'(x) = (¥(x,) =y [(h) + 13, = f(x,, v(x,))
1e6 onamus. Yekcns KMUMK XaAJapHu Tanuiad 10opubd y, = y(x,) KMMaTIapHU TONULI y4yH

Oiinep hopmynacura kenamus: y,,, =y, + f(x,,,),i =0,1,...,n — 1, 6epunran. Kypcarunaauku,

Y(x;) =y, = 0(h).
Ha3zapwuii caBo/ls1ap Ba TONIUPHKJIAP.
bupuHum TapTH6IM MapKa3uil YeKIM alupMaiy X0CHi1a Ba KOJJIMFU HUMAara TeHT.
BupuHumM TapTHOIM Yan YeKIH alupMali XOCHIa Ba KOJIIUFY HIMara TeHT.
bupuHum TapTHOIM YHI YeKiIn aiiupmau Xocuia Ba KOJIUFU HUMara TeHr.
WxkuH4yr TapTuOiM OMPUHYM Yam Ba YHT YEKIM alUpMalyd XOCWJIa Ba KOJIMFU
HUMAara TeHr.
5. MKxuHYM TapTUIM MapKa3ui 4eKIU alMpMalld XOCHJIA Ba KOJIJUFY HUMAara TeHT.

MyHnapukara

b=

CIIJIAVHJIAP BUJIAH MHTEPIIOJISALVSITALLL

Acocuii mywynuanap: CniauuiapHuHe mavpu@rapu, Yusukiu UHMepnorayus CniatuHu 8a
VHUHZ KOJIOURU,KYOUK UHMEPNONAYUsL CNIAUHY 84 YHUHS AHUKIO8YU MEH2IAMALAp CUCMEMACU.
Acocuii hamudicanap:
1.Cnaaunnapuune mavpugu:
—k k1 . .
s(x)eCP M a,b], 1<k<p; s“V(x)=0,x <x <x,,;5x)=[f(x),i=0,..,n.

2.Kybux unmepnoasiyusi Cniamu:

M (x, -x)} M,  (x—x) M.h x., —x M. h’ x —x
. S ;X)) = i i+1 + i+1 i + L i7i i+1 + - i+1"7 l,
(f3x) 6 61 (f; 6 )—hl- (fin 6 ) i
2My+ B M, =d,, aM, +2M, +BM,. =d, i=12,.,n-1,a M, +2M, =d,

3. Kybuk cnaaiin Kypuw oacmypu.

1. CiiaiiHJIapHUHT TABPUPH
[a,b]KECMA a = x, < x, <..<Xx, =b HyKTalap

Owan Oynakiiapra OynuHTraH OYJCHH. p >1 HaTypal COH OVIJICHH.

Tabpud 1. [4,] 1a aHUKTaHTAH Hapaxanu k- nedeKTIu crjaiiH

ne6 ymdy mapriapHu KaHOATJIAHTHPYBUYU (DYHKIIUSTA aUTHIIA/IN:
Dstyec? Kap), 1<k <p;
2) s(x)=ay, +a,(x—x)+..+a,(x—x)" x <x<x,,

k -mapaxanu xynxan, SbHH sV (x)=0,x, <x <x,,,

Tabpud 2. Arap s(x)=f(x,), i=0,1,..n Oynca s(x) CIIAWH f(x) HH
WHTEPNOJSIIUSIAUIN JeUWIad Ba Kyuduaaruda €3mwiagu: s(f,x)

Arap p=2m-1, m =1, k=1,.. Oyica CIjailH TOK Japa)kajdu OIIUN CILIaiiH

nevunanu. byHaa crlalHHUHT SPKUHIIMK JapakacuHu (KodhuiieHTIap COHUHM)
aHUKJIANIIHK.



Xap oup kecma [x,,x,,, 142 s(f;x) 2m-1 - JAapaxkanu Kynxal, SbHU A =2mn Ta
kod(pdunmentra sra. by koapdunmnentnapra Kynaaru OoraHUILIAD KYHUJTaH:

a) M4KK n-1 Ta (x,,..,x,,) HyKrajapaa S,S'.,S?"? Xxocujanap y3JIyKCHU3,
STbHH (n-1)(2m -1) Ta WapT 00D;

0) (n+1) Ta uHTepHONALUA S(f;x,)= f(x,), i=0,1,..,n IApPTIAP OOp, IBHU
B=n+1+(n-1)(2m-1) Ta maptiap 6op. ®apk 4-B=2m-2 ra TeHr. by eTummaran
mapTiap yerapa maptiap cudaruaa Oepuiaim.

l-Typ derapa maptu: f (x,), f V(x,), 1< j< m-1 Jap Oepwirad, s’bHU
(YJapHUHT COHU A - B = 2m — 2 Ta TEHT.)
SO (fit)= (1), t=a &xu t=b j=1,...,m-1.
2-Typ derapa mapT: 2%, f Px,), m< j< 2m-2, nap Oepuiras,
s'bHU(YJIAPHUHT COHU A - B = 2m — 2 T'a TEHr.)
SY(fit)=f (1), t=a &km t=b,j=m.,...,2m-2
2'-typ verapa wapt: /" (a), V(b))  Xocunayiap OepuiIMaras. [yHuHT
Y4yH SY(fit)=0, t=a &éxu t=b, j=m,..., 2m-2 , (yJ]apHI/IHF COHU A-B=2m-2 ra TeHr.)
ne6 KaOyn KuiuHaau. 2'- Typ 4erapa mapT TaOuui Jeruaiy.

HaBpuii yerapa mapt. Arap WHTEPHOJALNUS KATUHYBYH (YHKIUS JTaBPHMA
oyica CILTalH XaMm JaBpUN OyuIm kepak. yHuHr YUYH
SO(fity= f/(t),j=1,...,2m-2 , neb Tamad KUINnHAIH.

Mucoa 1.UYusukim HHTEPHONSANHS CIUTAWHH. (m = 1). PaBmanku, xap Oup
[x,,x,,] OpamuKaa S(f;x)=a, +b(x-x,) OYIUO, a,b kod(hdunmentiap
UMHTEPIIONMS IIapTiaapAaH Tomwianu: S(f;x)= f(x,), S(f;x.,)= f(x,,) ULyHHHT
YYYH a, = f(x,), b, = f[x,,x,,,]. h =x,, -x, HIICaK,

S(Ex)=1(x, ) +(x-x )X, .x,,, ].x, £ x< X
Oynanu. PaBiianku, YU3UKIU CIUIAWH KOJIJIUFU

R(fi0) = f@)&f@—f(@u.mu %) (1)

Xap Oup [x,,x,,,] YUYH aJOX{Ja OJUHAIH.

i+l

(1) dopmymna (11.16) nan kenud yukau.

Mucon 2. [Ilapabonuk CcrulaiiH. [a,h] KECMaHU a=x, <X <..<X, =b
HyKTajap Ounan 2n Oynakka Oynamus.[x,,x,],[x,,x,],...[x,, -2,x,,] KecManapaa 2-
Japakajid UHTEPHOIAIUS KYIXaaAHu KypuO ymoy QyHKIUSHU aHUKIAHMU3:

S(EX)={f () + f1x %, 100 = X)) + f1x, %0, X5, 1 (=) (x = X, ), @)

xelx,x,,1,i=0,2,..,2n-2.

YHu mapabonuk cruiaiid 1e6 ataiimu3. Konauk xan Kyiumaruyda 0yiaau:

3)
RUfi0) = f(x) = S(f32) = f(@

2. KyOuK MHTepnoOJIsius CIIAWHH .
m=2k=1  JI3CaK,
S(f;x)=a,+b(x—x,)+c,(x—x,) +d,(x—x,),x, <x<x,,

dbopmymara sramus.

(X - xi)(x - XHI)(X - xi+2)



PaBmianku, S"(x) - YU3UKIN (DYHKIUS, IIYHUHT YYyH S"(x,) = M, AdCAK
§"(x) = 7,(x) = M, S M,

2 i

,Xxel[x;x,, ],

dbopmynara kenamus. by epnian, paBIIaHKH,

Sty =g =y ox)’

6hi i+l 6hi — t (x1+1 x) +ﬁi(x-xi)’ hi =X X
ABBaino,
S(x,)=f(x,), S(x,,)=f(x,,) SKaHIIMTUJIaH
oo di M, hz 8 _&_ M, i
h h 6
[ITyHuHT yuyH,
M (x.,, —x)Y M, (x-x) M. x h’ x —x,
S : — i i+l + i+l i + C i’ il t+1 i i 3
(f5x) 6 ) (f; 6 ) ——— - +(fin — 6 ) i (3)

1 1 1

By epnan 1-xocunanu tonamus: (3) naH X;<x<Xj;| Y4yH

2 2 . )
S'(f3x) = - M, (le; - X) + M, (2);' x,) + fi+1h fi (M, 6Mi)hi X <X<Xis1, 4)
(4) nan Oup TOMOHJIaMa XOCHJIAJNAPHH  Xi,...,Xp | HyKTaJIasza TOIAMM3:
Si(f'X-—O)—hllM +h11M+f f;l S(f +0)_ th +f+1 ﬁ
o 6 3 h, . 3" h

7
[Mlapt Oy#mua S', S" nap y3mykcus. S'(f;X) HUHT Xi,...,X,; HyKTajgapjaaru
XOCHJIAJIAPHH TEHTIATUPUO YOy TEHTIaMalapHU XOCHIT KHJIaMU3:

hMH h’1+h’M h‘M _Jin = f"—f"_f"*l,izl,z,...,n—l,
6 3 6 h, -
€KU
aM,, +2M,+ M, =d, i=12,.,n-1 (5)
Oy epna
h h
ai =l—_l’ IBI =1-ai = ! N
h_ +h h_, +h
SIx5 01— fIx5x]
d =6——"= ——==6f[x_;x;x.,]-
i hl-_l +hl- f[ i-1 i i 1]

KyOuk nntepnonauus crylalHUHY TYJIa TONUI y4yH (5) cucremara siHa
2 Ta yerapa mapT KYWHII KEepak.

l-Typ 4yerapa mapt: S'(f;a)=f,', S'(f;b)=71,"
(4) nan KynaaruiapHu TONAMM3:

S'(f5x,+0) =~

hoMo +f1_fo _MlhO
3 h, 6
h, M LSt i
S ; _O_nl nl+nl n n=1 _
(f5x,-0) G 3 M, , 1
IIyHHHT y4yH yerapa mapTIapHUHT KypPUHHLIIAPU

:fo]

n—1



6 fi-J 6 oS Su

2My+ M, =— —fo' )M, +2M, =—
0 1 hO ( hO f;) ) n-1 n ho (f;1 h,Fl
mrakiga 6ymanu, mryHaai Kuano ous
6 h-fo .,
M+ M, =—(F—2-f,"),
hO hO
aM,  +2M, +aM, =d, i=1,..,n-1],
Mn—l +2Mn :£(~f;z - f;1 -]p”_] ) :
hO hn—l

).

(6)

CHUCTCMaAra KcjiaMus. By CUCTEMaJdaH M, Jap TOoHOWIrad K}/6I/IK CILIaMH KHﬁMaTH

(3) dbopmyna acocuma xucoOnaHaIu.
2-Typ uerapa mapr.
S'(f.a)=M,, S"(f,b)=M,,
VY xonna pakar (4) eunnaau, Eku
M+ pM, =d, -a,M,
oM,  +2M, + M, =d.,i=2,.,n-2,
a,M,,+2M,, =d,, -p, M,

(7)

Sua, M,,..,M, nappaH ¢oiinananu® S(f;x)HUHr Kuimatu (3) dopmyna

OwaH XMCOOJIAHUIIN MyMKHH.

2'- Typ werapa mapt. M, =M, =0. by (7) HUHT XyCcycuii XOJu.

3-Mag3y: SIKuHnamuil Macagacu. Yprada KBaJpaTUK SKUHJIAIIUI.
AskpaTuiraH coart - 2 coar
Mamrynor Typu - Mabpy3a

Hapc pexacu (acocuii caBosiap)

1. HHTCpHOHSIHI/IOH JKapaCHHUHI AKWHJIAIIWIIN
2. I/IHTepHOHHHI/IOH JKapaCHHUHI' TCKUC AKWHJIAIUIIN

Mag3ynaru acocuil TasiHu TyuryH4anap: Konauk xaanu Gaxosall, uHTepIo-
JSIMMOH JKApaCHHUHT  SIKMHJIAIIHIIHN, THTEPIIOJISIINOH
YKApACHHUHT TEKUC SIKUHJIAIINAIIN,0YTYH (QYHKIHS.

1-acocuii caBos
1. IHTEpNONSIMOH KapaCHHUHT SKHHJIAIIUIIN.
YKUTYBUMHHHT Makcau: IHTEpIOSAIMOH jKapaeHIapy KaHIail HaTmkanap-
ra o0 KeJIuIly TyFpucua Tanadanapa TyIyH-
Ya XOCHJI KWJIMII XaM/1a UHTEPIIOJISIAOH JKapacH-
Japjia Tanabanap HUMajgapra 3THOOp OepHill Ke-
PaKIMTHHHM yJlapra CHHT TUPUII

WNnentuB YKyB Makcaiapy (TaiabajapHUHT YKyB MaKcaaJiapH)

1.1. UaTepnonsunoH xapacHaapHu GapKJall.
1.2. IHTepnoSILMOH XKapacHIapHu cy31ad OepHil Ba KyJuiail Ouui



1-um acocuii caBoJi1 0OacHU.

Hurepnionsiius amanaa KyJUlaHWITaHa Xxap JOUM XaM KOJIJUK Xa-
HU Oaxomai MyMKuH O0ynaBepmaiiau. [IlyHUHT yayH XaM eTapiddya TYTYyH-
Jap OJIMHTAaH/1a UHTEPIIONIAUOH KYMXAIHHHT HHTEPHOJSIUIIaHyBYN (DyH-
KIMSTa eTapianya XU SKUHIAIMIINTa UIIOHY XOCHJI KWJIMII aMalluii UHTep-
MOJISIUSIIAIIA KAaTTa aXaMHUsTra 3ra.

[y cababin XxaM UHTEPIOSILIMOH KAPEHHUHT SIKUHJIAIIUIIN Macajlacu TYTHIaIu.
dapa3 KuIaiIuk 6usra aIeMeHTIapy [a,b] 1a 3TyBYH YeKCH3 yuOypUYaKkin MaTpHIla
Oepuirad OVIICHH.

)
Xo

x(()l)xl(l)

(2) ,.(2) .(2)
Xo X1 Xy

()

x(()”)xl(”)xén) Lxim

[a,b] opanukna anukyianran oupop f(x) dpyskums yuyn Jlarpanx HHTEpHOISAIMOH
KYTNIXaJUHUHT KETMa-KETIUTH {Ln (x)} Oepuiran 6yim0, L (x) HH Kypuiaa

(1) - maTpuIIaHUHT N- caTpuaaru 0apya dIeMEHTIap KaTHAIICHH. Arap UXTUEpU
(2) X[a,b] yuyn limL, (x)=f(x) (2) TEHIJIMK Oa)kapuiica UHTEPIOJSAIIMOH

KapaeH sikuHiamaan aevnnaau. Arap (2) tenrnuk X ra HucOaTaH TEKUC Oaxapuiica,
KapaeH TeKC SKUHIAMAIN TeHUIaIu.
[a,b] opasukaa y3mykcu3 6ynran f(x) pyHKIus yayH nH)OpMaIMOH jkapaeH ssKUHIa-
[IaIUMU JeTaH CaBOJ TYTHIIAIH .

By caBonra mxo6wii ;xaBo0 6epud OyIMaiiu.
K¥itnnaru Teopema ncOot kuimHran: Xap Kanaai (1) KypuHUIaru TyryHiaap MaTpu-
1acu yqyH mryHaai f(X) y3mykcus QyHKIus TOMWIAIMKN, YHUHT Ya9yH Oy TyTyHIIap
6yitnua Kypuiran Jlarpank HHTEpHOJSIMOH KyniXaau [a,b] opanukna Oy ¢yHkmsara
sSKUHIammMainan. byHnan xam Kywimpok HaTWxkauu [-1,1] opaiukaa TEHr y30KJIHKIA
ofinamran Tyryunap x\” =—1,x" =1 6yimaa f(x)=| x| Qynxums yayn

Kypuiras Jlarpamx uHTepnoisiuoH Kynxamiapu -1,0, 1nykranapaan Tamkapu Ou-
popta HyKTa Xam f(X) Ta SKMHJIANIMACIUTH KYpCaTHTaH.

Hazopar Tonmumpukiapu.

1.1.1. Konguk xan Huma?

1.1.2. Konauk xam Kangaii 0axoraHaau?

1.1.3. YuOypuakiu Marpuua KypUHUIITHHA alTUHT

1.1.4. HTEpIIONAIMOH )KapaeHHUHT SIKHHJIAITUIIN MacaJlaCuHHU TYITyHTUPUO OCpHHT
1.1.5. HTEpoNsArOH KapacHHUHT SIKHHIAIIMACIUTUTa MUCOJT KENTUPUHT

1.2.1. UHTEpIIONSAIMOH )KapaeHHUHT SKMHJIAITUIIN Tabpu)uHN aiTHO OepuHT

1.2.2. Texuc SIKHHIAMIUIITHA OJIUN SKUHIAMUIIIAH (hapkiaad OepuHr

1.2.3. HTEpIOSINOH JKapaeHIapHUHT SKUHIAMINIIN Xap JOUM FXKOOHH skKa-



BOO OepuIlIu MyMKHUHMHU?
1.2.4. [-1;1] opanukna y3nykcu3 QyHKIMsIIAp yuyH Kypuiaran Jlarpanu
MHTEPIONSLMOH KYNXaau Xap JOUM SKHHJIAITYBYM OYinagumMu?

2-aCcoOCHH CaBoOJI.
WNHTepnoNisiuoH KapacHHUHT TEKUC SKUHJIAITUIIIH.

S"KI/ITquHHI/IHr Makcaau: MTHTeprnonannoH xxapaéuia SKUIaluil TyIIyHYaCUHU
tanabanapra 9yKyppOoK TyIIYHTHPUIL,OIHA STKHH-
JAIIUIIT OMJIaH TEKUC SIKUHJIAIIUIITHA TYITYHTHPUII Ba
3apyp XoJuiapia yJapHH )KapaeHIapHU YpraHUIIra
Tag0MK 3Ta OWJIMIIHY YPraTHILL

WnentuB YKyB Makcauiapu (TanabaiapHUHT YKyB MaKcaiapH)

2.1. IHTepnONsSIMOH KapaeHHU OJ AN Ba TEKUC SKUHIAIIMIUTAPUHE (apKIiait

2.2. Kanpaii maptiap 6axapuirania MHTEpPHOJIAIMOH KapacHHUHT SKWHJIa-
IITUIITMHA OMJTUIIL.

2-41 aCOCHUH caBoJI OAcHU.

Tavpud:

f(x) pynkuuanu X HUHT Oapya yeKkIn KuiMaTiapuaa f(x) = Z a, (x—x,)"
k=0

SKUHIIAITYBYM Japakalld KaTop IIakinaa udoaanai MyMKUH Oynca y xonaa f(x) Oy-

TYH QYHKIHS JeHnIaIu.

Teopema: dapa3 kunaitmuk, f(x) pyHkmus OyTyH GyHKIUS OyicuH. Y Xosjga
aneMeHTaapu [a,b] opanukaa 3TyBuH (1) KYpUHHIIIArY UXTUEPHN yuOypyak MaTpu-
na Oyiinya f(x) yays Ty3unran Jlarpamxk uaTepnonsannon kynxaam Ln(x) [a,b] opa-
mukaa f(x) dyHKuusAra TeKuc SKUHIAIaIu.

Nco6ot. ByTyH QyHKIMS HXTUEPUNA TapTUOJIM XOCcHIIara 3ra Oyinraniura Ty dai-

JIM, UHTEPIIOTUIIMOH (I)OpMYJ'IaHI/IHF KOJIJIMK Xa/1 y4yH Kyiugaru 6axora sra 0ynamus.

IR, ()] = | (x) - LS i “*11),| W, (%)

by epna
M. =max|/ W, ()= H(x x")
bynnan -
| L (x)| <(b-a)™ HU €3UIIMMM3 MyMKHH. [[emak |R (x)| Myt ——(b-

+1)!

Arap Oy TEHICU3JIMKHUHT YHI TOMOHHHHHT HOJITA WHTHIIAIITHHHA KypcaTcaK, TE€O-
pema uc6ot 6ynaau. f(x) Hunr (n+1) TapTubnm xocunaacuHu Tonuod, 6axomaitmMus

SO = S k= (k= (- x,)"

k=n+1

| £ [= Y ke=Dk=n)] a, | x-%,

k=n+1

o n+l

SZ(nJrl) | a,., || X—X, |k_1
k=1

n—k—1

X
x>0 oyrma (1+-)"<e" Oymnanmu,

S

)n+1



n+l n+l
OyHIOaH (n+k} :[1+EJ <e!
n+1

) g

k=1

Jemak

k-1
an+k |(l|x - xO |)

Ounau L uxtuepuii mycoOar, JiekuH MyailsiH coH 0yacuH. OXUpru TEHICU3IUKHUHT Xap
WKKajla TOMOHMHH L' Ta KymauTupamMus:

(n+1)
X 0
f (n+1) Ln+1 < Z|an+k )n—l
(n+1) k=1

Arap R opkamu L Ba Tok (e|X-X0|) COHIapHHHT 3HI KaTTacWHU Oenruiacak, y XoJjja

(n+1) °
L s S

(n+1) k=n+1

By tenrcusnuk 6apua x€[a,b] yuyH ypuHIUIAD.
Hemak

M

n+l Ln+1 < c k 3
(n+1)" < el ©

L(1 |x —X,

f(x) 6yarannuru yayH Z|a k|r" KaTop SIKWHJIAIaJAu Ba YHUHT
k=0

KOJITUK Xaau Z|ak |rk OwaH Oupraaukaa

k=n+1

M”HL’HI (l’l + 1)7n—1 TO, n— © (4)
e HUHT elnjIMacu
2 3 n+l n+l
e”“:1+(n+1)+(n+1) S D naH wiy, (DT
2! R] (n+1)! (n+1)!

yukaau.Jlemak

KeJmo

n+l
h(b _ a)n+1 — ]‘4;14-]”+1 . (n + 1) (b . a)n+1 < M—n+1n+l[e . (b . a)]nH SHIN L:E(b-a) I[e6
(n+1)! (n+1) (n+1) (n+1)
oo,
(2) Ba (4) nan Jlim (M—”f)"(b —a)"" =0 T.uc.6.
n+1)!

Ha3zopat Tonuumpukiapu .

2.1.1. aTEeprosALMoH )KapacHHUHT TEKUC SIKUHJIAIIUIIN XaKuaaru Teope-
MaHU aiTHHT

2.1.2. ®yHKIMOHAT KETMa-KEeTJIMKIAPHUHT [a,b] opanukia oaauii Ba Te-
KUC SIKUHJIAIIAIIMHI 3CIaHT

2.1.3.

1
x,=(1+-)" KETMAa-KETJIMK JIUMUTUHU JCIIaHT
n

2.1.4. Napaxanu KatopjaapHU SKUHJIAIIUIIAHA TAKPOPJIAHT
2.2.1. baxonanuiapHu TyIyHTUpUO OepuHT
22.2. ¢  elinaMacuHu aiTHO GepuHT

k
2.2.3. Z|a k|’” KAaTOPHU SKMHJIAIIMIINHYU TYUTYHTUPUHT
k=0

doitnananuiaanran agadueTiap:



1.Acpowmnos M.U. Xucobnam ycymiapu. Tomkent. YkuTysuu: 1988 ii.

2.bornaes HO.I1. BeluncnurenbHass MareMaTdKa M MPOrpaMMHUPOBAHUE.
Mocksa.1990.

3.bepésun N.C.,)Kunkos H.I1. Metoap! Beruucienuid. 1962.

4.A6nyxamuoB A.,XynoinazapoB C.,XucoOnam ycyjulapyujad Malikjiap Ba
naboparopus unuiapu. Tomkent.1995.

CD}’HKHI/IHJ'IapHI/IHF SIKMHJIaIITU I

1. Ypra kBagpaTHUK SIKHHJIAIIUII
2. @ynkuoHan (azonapa IKUHIAIIUILIAD

__Map3ynaru acocuii TasHY TymyH4Yauap:  Yu3HKIM 3pKIN QYyHKIUSIIAP CHC-
3MacH, yMyMIIAIraH Kynxai,ypradya KBagpaTUK OTul,
9HT KMYUK KBaJIpaTiiap yCyJu,Ba3H (yHKIUSACH,PYH-
KIUATapHU MakcuMasamrupuil, ['nnbept dasocuna
SIKAHJTAILIHILL.

1-acocHuii caBoI
Ypraya KBapaTUK SKUHIIAILIKILI

__VkuryBumnmEr Makcamy: _ UM3HKIH SpKIn GYHKIUSIAP CUCTEMACHHI Taja-
Oanmapra sciraTHLLyMyMJalraH KYNXaJUlapHU —ypra-
THIILYpTaya KBaIpaTUK SKUHJIAIIUIIHY Tajadanapra yp-
TaTHIIL.

VneHTuB YKyB Makca/ulapy__ (TamabajgapHUHT YKyB MaKcaJ1apH)

1. Ypraua kBajpaTUK SKMHJIAILMUIIHY YpraHUIl Ba Kysu1ail Ouinm
2. YMymIamras Kynxapiap CACTeMacHHU YPraHUIl Ba OOmKa (yHKIIMOHAT
(dazonapra SKMHIAMIUIIAHA OUITUII

__1-um acocuii caBon 6aeHU

MacanaHuHr Ky WWIHLLIN.

@apas Kunaunuk, @,(x),e,(x),....e,(x)

eTapiarya CWIIMK Ba XUCOOJaI yuyH KyJail Oyiran 4n3ukiy 3pKin GyHKIHsIIap CHc-
TIMacu 6yicuH. By QyHKUMsAIapAaH Ty3uiaran

P, (x) =cop,(x) + ¢, (x) +...+¢,0,(X)
(D)
YU3UKIM KOMOMHALIMS yMyMJIallrad Kynxaja Jerduiaau.
OyHKIUAIAp YYYH YpTa KBaJIpaTUK MabHOA SIKWHIIAIIHUILI MACAIACUHU KYWUSMIIHK.
[a,B] opanukna anuktanran f(x)pyakaus yuyH (1)KypuHUIIIArY SKHHIIANTYBYH IITyHIAH
Pm (X) xymixax TOMUICUHKH,

[[r@)-P,(x)Fax )



ndo1a MyMKHH KaJiap 9HT KHYUK KHIMaTHH KaOyJl KHJICHH.

Arap (2) uHTerpan KH4uK KUiMat KaOym Kuica, IIyHH OWIIUpaavKH, [a,B]
opanuk kyn kucmuzaa f(x)sa Pm (X) 6up-Oupura sikun. Lllynra kapamacman aiipum
HyKTanap arpoduaa eku 0y OpaluKHUHT 0ab3u KUK Kucumiapuaa f(x)-Pm(x)aiup-
Ma HHcOaTaH eTapinda KaTTa OYJIHMIIN XaM MyMKHH.

Kyinnaru

b
5= |——[[r()- P, Fdx 3)
b-a-
MUKIO0p Pm(X)HuHT
f(x)nan ypraua kBajpaTHK OTUIIN Aelnnany, Ba f(x) Hu Pm(x) Ounan sikuHIammii-
Ja Ky’ KBaJipaTUK MabHOAATH XaTOHU OWIIMPaIH.

Arap f(x) Hu ypTa KBagpaTuK MabHOAa Pm(X) Ounan sxuHIamTHpuiia oupop
cababra Kypa KapajaeTraH OpaJUKHUHT OMpOp KHUCMU/Ia YHUHT OOIIKa KUCMUTa HHC-
0aTaH aHUKPOK SIKHHJIAINITHUPHUII Kepak Oyiica, y Xoi1a Ba3H Je0 aTallyBUH Maxcyc
paBuIiia TaHiab oauHraH MmaHduit 6ynmaran p(x) GdyHKUMAHU 05TUO

(2) ypHura ymoy
[ PGl ()= B, (0F dx

WHTETPATHUHT SHT KHYUK KUIMAaT KaOy KUauimy tainald kuimHaau. by eprna
IIyH/Aai TaHJIaHTaH OYJIMIIN KepakKH, arap OpaJIMKHUHT Oupop X HyKTacu atpodura
SKHHJIAIIUII aHUKJIMTH OOIIKa HyKTajlapra HUcOaTaH SXIMMUPOK OV Tanad KIIHHCA,

p(x) 1y HyKTajap atpoduaa KaTTapok KuiimMaTra sra OYIuily Kepak.
Arap f(X) QyHKIIUSHUHT aHATUTUK KYPUHUIIN YpHUTA, YHUHT dakaT (n+1) Ta
X0,X1,...Xn HyKTanapaaru KiiiMaTujaapuruia MabiyM Oyinca, y xonaa (2) MHTer-
pan ypHura

n

M fx)-B, ()

i=0

(4)
WWTUHIUCUHUHT MYMKHH KaJlap KUYWK KHAMaT KaOyil KUIUILUIATH TaJiad KWJIMHAIH.
by xonna

n

1 2
5, = \/EZ[ﬂxi)—PM ()]

i=0

MUKJIOp YpTa KBaapaTUK OTUII ACHUTIAIH. VpTa KBaIpaTHK SKUHJIAIITHPHIL YCYIH SHT
KHYUK KBaJIpaTiap YCyJIU XaM JCHIITaIH.

Arap f(x1) napHUHT aHUKIUTK Oup XU Oynmaca, Y xonga Ou3 aHUKIUTH KaT-
Ta OynraH KuiimaTiapra Kartapok "Ba3H" Oepummmus kepak. bByHuHr yayn Xi Hyk-
TaJlapJard Ba3H €0 aTaayB4M MaxcycC TaHJaHIraH p, > 0

coHnapHu onub6 (4) ypHura

> plf (x) =P, )F
5)

Ba3HUM WUTMHANCUHU MUHUMAJLIAIITUPUILIUMU3 KEpaK.
By Baznnap umrynaai TaHgaHaJUKU, YHUHT WHTMHIUCH | ra TeHr OYIuIIM Kepak.



Arap (3) OunaH aHUKJIaHTaH YpTa KB.OTUII KHYUK OYIica, [a,B] OpATMKHUHT aKca-
pust nykranapuza |f(x)-P(x)| aitupma kuiimatu kuuuk 0ynaau. JIeKuH 1ryHra Kapa-
MacliaH alipuM KHYHUK OpaliuKJaiapaa 0y MUKAOp KaTTa OYIUIIN XaM MyMKHH.

[a,b] opanukHuHT 6apya HyKTanapuaa f(x) HuHr P(x) gan orumm OepuiaraH MUK-
JOpJIaH KUYMK Oyiumy tanad kuimHaau. bus f(x) dyskuums [a,b] na y3mykcus Ba
P(x) anrebpauk Kynxaa XOJHH KypaMus3.
®dapa3 kunanuk Hn(P) mapaxacu n nan optmaiiauran
P(x)=a,+ax+..+a,x"
anredpauk KymxaaJapHUHT
Tymiamu 0yncun. Arap f(x) gynkuus [a,b] opanukna ysmykens Ba P, (x) € H,(p)

oynca, y xonga f(x)=P(x) naHn [a,b] opanukka orumuHu

max|fx)-P,)| =1 E/(f.p,)

a<x<b
opkanu 6enrunaiiMuz. by muknop Pn(x) kynxan koaddunenrnapu a0, al, ... an
HUHT GyHKIUsIcH 0Vnuob, y MmaHnduii smac Xxamaa Oy MUKIop MaH(uii OyiamaraH aHukK
KYyiu yerapara sra 6ynasiu:

E,(f)=ing,E,(f,p,)

b eH,(P)

Arap myHnait P (x)  Kynxax MaBxyn 6yiau0, E (fp.)=E,(f)
TEHIJIHK Oa)KapHiica, y Xonaa P, (x) KYIIXaj 9HT SXIIN TeKUC SKHHIANTYBIH

kynxan Ba En(x) sHr kKWyuK orumi eku f HUHT n- gapaxany Kynxaj OuinaH SHT sSIXIIH
SIKUHJIAIIAIIN JeWIaau.

Hazopat Tonmmpukiiapu.

. OpKiH PYHKIUS CHCTEMAaCHHH TYITYHTHPUO OepUHT

. YMymnamran kynxan ned Humara aitunaamn?

. Slpra KBaJPATUK SKUHJIAITUIITHU TYITyHTHPHHT

. (3) popmynanu TymyHTHpHO OEpHHT

1.1.5. Ba3n ¢yskusicu Huma?

1.2.1. ®ynkuuonan pa3oHu TabpuUHH ICIAHT

1.2.2. ®ynkuuronan ¢azona SKHHIANIUI IeTaHa HUIMaH! TYITyHACH3

1.2.3. SJ’pTaqa KBaJIPAaTHK OTHII 70 HUMara anTuiaau.

1.2.4. DHr KU4YMK KBajapatiap ycyJiu Huma?

1.2.5. Ba3uuii WHTMHAMHU MUHUMAJUTAIITUPUII IETaHa HUMAHU TYIIyHACHU3

—_ e
—_ e
AN W -

__2-acocuii caBoi




OynkroHan Gazonapaa SKUHIAITUIIT

VxuryBunnmar Makcaan: __ TanaGanapra GyHKupoHAT hasoIapaa SKHHIALIHII-
HU scnatuil mnbept ¢asocuaa  SKUHIAIIUIIHA
TaKpOpJIall Ba KyJuiail Oununiau Tanadanapra yp-
ratuil. OyHKIUATAPHA MUHUMAIIAIITAPHUIIHU TaK-
popJiail Ba KyJuianl.

WnentuB VKyB Makcauiapy___ (TajmabalapHUHTIII YKYB MaKca1apy)

1. ®yukuuoHan (o3onapaa SKUHIAMIUIIHNA OWIUII Ba YyKYpIAIITUPUII
2. I'nnsbept azocuaa SIKMHIAIIMIIHA OWJTUIT Ba KOHKPET MUCOJUIapaa yp-
TaHMIII

2-41 aCOCUH caBoJI OaeHU

Ha3sopar Tonmumpukiapu

2.1.1. ®ynkunonan ¢aszonapaa SKUHIALIUIIHT 3CIaHT

2.1.2. Hopma Tabpuduau alTHHT

2.1.3. ®yHKUMAHU OUPOP CUCTEMA OPKAIU €HUIMAaCcUHU E3UHT

2.1.4. ®yHKIUSAHY MUHUMAJUIAIITHPHUIIL IETAH/1a HUMAHU TYITyHACH3
2.2.1. T'unb6ept hazocuuu TabpuPUHN AUTHHT

2.2.2. T'unbeprt hazocuna SKUHIAMMIIHA TyITYHTUPUHT

2.2.3. Myc0OaT aHUKJIaHTaH MaTpHIla 1ed KaHaal MaTpuiara antuinaam’?
2.2.4. Ckansap kynaiTMa ne0 HuMara antuinaam’?

dolinananuiaaurad agadbueraap:

1. Acpounos M.U. Xucobnam ycymiapu. TomkenT. Ykutysun: 1988 ii.

2.bornaes O.II. BeruncnurensbHas mMareMaTvka M INPOrpaMMHpPOBAHHE.
Mocksa.1990.

3.bepésun U.C.,)Kunkos H.I1. Metoas! Beruucienuit. 1962.

4.A6nyxamunoB A.,XynoiHazapos C.,XucoOnaml ycyiapyuad Malikjiap Ba
naboparopust unutapu. TomkeHt.1995.

4-MAB3Y. TakpuOuii uHTerpaiam. Ajared0pamk aHMKJIMIH JHT IOKOPH
kBaaparyp ¢popmyia. Kappanu unrerpayiapau TaKpuoOuii Xxucoodaam

yeyJLu1apu.
Pexa:
1. MacananuHr KyWuiauum.

2. AHUK MHTETpPaJIHUHT T€OMETPUK MAbHOCH.

3. T¥rpu TypTOypuak Ba Tpaneuus ycyuiapH.



4. YcymIapHUHT WIIYHA aJITOPUTMIIAPH, YJIAPHUHT XaTOJHMKJIApU MHUKIOPUHHM OaxoJiail Ba

YHU KaMaUTUPHUIL HYIITIApH.
Tasn4y néopanap:

Bommanruy ¢yHKums, snemMeHTap (QyHKIUS, WHTErpaj, aHUK HHTErpaj, aHUKMac WHTErpad,
KBaJpaTyp, KBaaparyp (opmyia, TYfpu TyprOypuak ¢Gopmynacu, Tpamenus (GopMmyiacH, erpu

YU3HKJIM TPAICINsl, €TPH YU3UKIIU TPAMCIHs 103K, aHUK €YUM, OYJIMHHII HyKTaJapH.
1. MACAJIAHUHT KYUHUJIAIIU

KyHnanuk xa€TtumMusaa yupaiaurad Ky MyXaHIUCIMK MacajaJlapuHUA €UYWIIa aHWK

b
UHTErpaIapHu Xucobnamra TYrpu kenaau. Papa3 KUIAMIUK, '[ f (x)dx xucobnam  Tanad

a
stuicuH. by epma ¢(x) - [a;, 6] kecmama Oepunran y3nykcu3 ¢yHkuus. by wuHTErpanHm

xucoOmama Kynnaaru popmyna (Heroton—Jleiionui hopMynacu) KyJmanviaam:
b
jf(x)dx = F(b)— F(a)
a

Oy epma @(x) — Oouutanrmy ¢yHKuma. Arap Oommanrud QyHKus @(x) HH SJIEMEHTap
byHkuusiap opkaium udonanad Oynamaca €ku MHTErpan octuiard (QyHKUus ¢(x) >xaaBai
Kypunuuaa o6epuica, y xonna (5.1) dpopmynanan ¢oiigananuimn MyMKUH 3Mac. by xomnna aHuk
WHTErpaJIHN TaKpuOuii hopmyanap opkaau xucobmamira Tyrpu kenaau. bynnait ¢popmynanapra

Kkeaopamyp ¢opmynaniap newvnaam.
2. AHUK UHTETPAJIHUHI TEOMETPUK MABHOCH

Bynnait ¢opmynanapau KenTupu® YMKApUIIl Y4YyH AHUK HHTETPATHUHT TE€OMETPHK

MabHOCHHU OMJIMOKJIHK JIO3UM.
b
Arap [a; 6] xecMana ¢(x) >0 6ynca, y xonaa I f (x)dx HUHT KMMMAaTH COH XUXaTHIaH U
a
= ¢(x) byHKUUAHU Tpaduru Xamaa x=a, Xx=0, TYFPH UYM3HKJIAp OWJIaH YerapajaHTaH MIAKT
(¢urypa) Hunr ro3ura tenr (l1-pacm). Arap [a;0] kecmana ¢(x)< 0 O¥yica, UHTErpaTHUHT
KHI?'IMa§1/I‘ IOKOpHJa KeATHPWITAH MAKIHUHT TECKapu WIIopa OwWiaH ojuHTraH tozura TeHr (12-

A 0 a b

v

pacm). : :

\—/_\1

I

v
<




11- pacm 12-pacm

[lyngati kuam® aHWK MHTETPAIHM XHUCOOJAIl JeraHaa Oupop IMAKJIHUHT FO3WHHU
xucoOmam Tymysmiaan. Kylinaa aHuK HHTETpaTHA XucoOam yayH 0ab3u Takpubuii popmyia-

nap OuaH TaHUIINO YUKAMUS3.

3. TYFPA TYPTBYPYAKJIAP BA TPATIETCHUSJIAP ®OPMYJIACH

b
dapa3 Kunainuk, Ouznaxn I f (x)dx aHUK MHTETPAJHUHT TaKpUOW KUMMATUHU TOMUII

a

Tanad TWICHH. Xg, Xj, X2, . . . X, HyKTamap épaamuiaa [a, 6] kecMaHu n Ta TEHT Oylakdaiapra
. . -a ..
oynamuz. Xap 6up OyIaK4aHUHT Y3YHIUTH /i = . bBynuuum nykranapu sca:
n
Xo=a;, x;=a-+x Xo=x+2x; x3=at3x..x,.; =at(n-1)x, X, =0

By  HyKkramapuu  TyryH HyKrajzap ne0 araiimMu3. ¢h(x) QYHKUMSHUHT TYyTyH
HyKTalapuaara KuimaTinapu ty, iy, iy, ... i, oyncun. bynap iy = ¢(a); i; = ¢(x;) ... u,=¢(6)
Japra TeHr Oyiaam .

Erpu uM3uim TpaneuusHUHT FO3WHH TOINWII Y4YyH [a,0] KecMaHu OYIuII HaTHxXacuia
Xxocusl 6ynran Gapya TypTOypUaKJIApHUHT I03MHU XMCOO0JIad, yJIapHHU Kamilall Kepak Oymaiu.
AnbGatra Oy ro3avajapHu XHcoOmamiapaa MablyM Japakaja XaToJIMKIapra Wyn Kyduinaaud
(wrpuxnaHraH ro3adanap). bymapuu Ba 5.1-7a alTWraH aHUK WHTETPAJHUHI TE€OMETPHK

MabHOCHUHHU XHCOOTa OJICaK, KyHHIaruHu E3UIMINMN3 MyMKUH OYIaau:

b n—1
[fG)dx = by +hyy +hys + oty = h(yo + 31+ y2 + ot Yuot) = h D vy
k=0

a

b n—1
jf(x)dxthyk (5.2)
a k=0

By epna Tyrpu TypTOypdUak [O3WHH XMCOOJIANIa YHWHT Yall TOMOH OPIWHATACH OJIMHIIH.

Arap yHT TOMOH OpJMHAaTaMH OJICaK XaM IIyH/aai ¢opmyara sra 0yinamus:

b n
J £ (e = Ay, 4y, 4t 2, ) = HE v

b

J-f(x)dx = hiyk (5.3)

a



(5.2) Ba (5.3) mapHu Moe paBUIILIA uan Ba yHe (hopmyaarap neivnamu. Arap 13- pacmra 3TuO0p
Oepcak, (5.2) popmyna OMiIaH UHTETPATHUHT KUWMATH XMCOOJIAHTaH/1a MHTETPATHUHT TaKpruOuii
KUMaTH aHUK KUHMaTHIaH MabIyM Japa)kaia KaMpoK uukaay, (5.3) épaamua xucobnaHranaa
3ca TaKpuOWi KWMaT aHWUK KUHMaTIaH MabJIyM Japakana KaTTapok uukaan. SpHM (5.2) Ba
(5.3) dopmynamap Epmamuna aHWK WHTETPAIHUHT TaKpuOWW KHMMaTH XucoOjaHraHga Oy
dopmynanapaan OUpY MHTETPATHUHT aHUK KUMMaTUHHU KaMH OmiaH udoaanaca, MKKUHUYUCH 3ca
kynu Ownan udonanaiiau. 13- pacmaan kypunaauky, (5.2) Ba (5.3) dopmynanapau kynnarania
Wyn KyHwinaauraH XaTOJMKHU KaMaWTUPHIN Y4YyH OYJIWHUIN HyKTaJapuHU WIOXKH Oopuua
KYIPOK OJHIN, SHHU KaJaM X HH ToOOpa KHYpPAWTUpUII JIO3UM Oynanu. Anbarra, X HH
KAYpaiTUpHII XucoOam sxapaHHHUHT KeCKUH Ycummra onub kenaau. by Hapcagan xaBoTupra

TYIIMaCJIUTUMU3 Kepak, YyHKH OyTyH XucoOJal xxapaéau DXM ra 1okiaHaim.
1
Mmucoa. Tyrpu TyprOypuakinap dopmynanapu (5.2) Ba (5.3) épnammna I la’x HWHTETPATHUHT
+Xx
0

TaKpuOWit KMiMaTiapyu TOMHUIICUH.
Eugum . by epna a=0, 6=1; n=10; x=(6- a)/u=0, 1.

1
f(x):m

xo=a=0; x;=a+x=0,1; x,=a+2x=0,2;x3=a+3x=0,3
xs=a+4x=0,9 ... xg=a+9x=0,9; X10=0=1
1 1 1

_ _ - - =0,909;
n=f)= = n=rla)= 10

va = f(x,)=0833; y3=f(x3)=0,769; ...y9 f(x9)=0,53;  yo = f(x19)=0.5.

(5.2) nau j % 0,1(1+ 0,909 +...+0,526) = 0,718
1+x

(5.3) mant | ldx ~0,1(0,909 + 0,833 + ... +0,5)=0,6688
+ X
o

1

MasbiyMku, Jhi In2, In2~0,693. bynapnaH KypuHaAuK{, aHUK €YMM 4Yall Ba YHT
I+ x

(dopMynanap opKajiu TONWITaH euuMiap opacuaa €Tau.

Tonwiran eunminap 0,718 Ba 0,668 Hunr ypra apudpmerurunu oncak, 6y 0,693 ra teHr
O0ynanu, Oy 3ca aHUK €4rM OWJIaH yCTMa-yCT TyIIaIu.

by xynocamapun Hazapra onran xonma (5.2) Ba (5.3) ¢opmynamap Xaa-JTapuHH MOC

paBuIa Kymub ypra apudMETUTHHU OJICaK, Kyiuaaru nugdoaa Xxocusa Oynaau:

b 1 1 n-1
ff(x)dx ~ h(gyo ty ty, ety +—ynj = h(%+ kak + y2) (5.4
a =1

2

(5.4) bopmyna mpaneyusniap gpopmynacu neb atanamu. by popmyna Epaamuaa Tonuiran

UHTETPAHUHT TaKpUOMM KUHMATUHUHT aHUKJIMTUHU OLIMPUII y4yH OYJIMHUII HyKTajdapud COHU



H» HM MKKH, Y4 Ba X.K. MapTa OlIMpuIl Kepak Oymanu. Anbarra OyHIa XxaMm XucoOiall XakKMu

Oup Heua MapoTada omray.

4. YCYJUIAPHUHI UIIIYU AJITOPUTMJIAPH, YIIAPHUHI XATOJIUKJIAPHA
MUKJIOPUHU BAXOJIAIII BA YHU KAMAWTHUPUII UYJIJIAPH

b
®dapa3 KuJIauiuK, .[ f (x)dx WHTETPAJIHUHT aHUK KuiimMatu M 6yncuH. Y xonna

a
u==u,+P, (5.12)

Oy epna M, — Ttpaneuusnap dopmynacu €ku Cumrcon dopmynacu EpaamMuaa UHTETpaHU
xucoOJarania YuKKaH HaTHxa; P — mry ¢popMysalapHu KyJutaranja uysn KyWuiara XaToinuk. Arap
UHTErpai octunaru ¢(x) gyskuus aHamutuk (popmyna) xKypuHHmAa OYica, MHTETpaJUIAPHU
TakpuOuil XucoOmam XaTOMMTUHU H(oAaIoBYH (GopMylalapHH MaTEMaTUK aHAIMU3 YCYJUIapH
OunaH KeNTHpUO YMKApUIl MYMKHpP Arap HMHTErpan octuaard (yHKIus xaaBal kU rpadux
KypuHuiiga Oyica, OyHmai ¢dopmylalapHH KEJITUPUO UYWKAPWIIHUHT WIOKHU OYiamanmau.
[yaunr yayH Oy xonna 6ommka ycyimap Kysuiamra Tyrpu kenanu. [llynapnan 6as3u Oupiapuau
KypuO YuKamus3.

VKyBunra oOpTHKYa KHHMHYMIMKIAD TYIJAMPMACIMK — XaMAa KHCKAIMK  YdyH
dbopmynanapHu  KeNTHpUO YMKApUITHK (McOOTHamHM) J03uM  Kyp-maauk. FOxopuna
aUTUITaHUJICK, OYIIap XaMMacu MaTeMaTUK aHaJIU3 yCyJutapu €paaMuaa UCOOTIIaHAIN.

b
@dapa3 KuIanamk .[ f (x)dx UHTETpanHu H=2M Ta Ba H=4m Ta Oymnakdanapra O0ymuo,

a
CumMricoH ¢popMyJlacHHU KYJu1ad OJMHTaH HaTvkanap M, Ba My, 6yncud. M, HUHT KHAMAaTUHA
Uy, Ounan comumtupu® CumrncoH (HOPMYTACHHUHT AaHUKJIUTH XaKuJa MyJoxa3a FOPHUTHUII

MyMKUH. byHna M, HUHT XaToJMry KyWHIard COHJIaH KaTTa OYyIMaian:
Ry, <——7—7— (5.13)

[a,6] xecmana M, =max @" (x) . (5.12) nan P-H-H,,. By Xon1a XaTolnuK-jiap Kyiugaraaa
OaxosaHamu:

Tpaneuusinap popmynacu yayH

S G b - xy)
f®)- f(xp)

X2 = Xl (514)

Cumncon gopmynacu yayH

R< % (M, = 1(x) (5.15)

! dx .
Muco.1. J‘i UHTerpaiHu Tpaneuusuiap Ba CumricoHn ¢opMmynanapu Epaamuaa
X+

0

XypcoOarania uyn KyHuiaqurad XaTouKIap TOMUICHH.



Euwnr.

| ” 2 2 ,
)= 0= )= T 00 kewama [ l<2
1+x (x+1) (x+1)
™ ()<24.
n=8 na (5.14) nan Tpanenusap popmyIacu yuyH:
R< 2 =1 0003
12-64 384

(5.15) nan Cumricon popmynacu yayH:
‘ R‘ < 24 . 1
180 -8 30720

< 0,000034;

Taxkpopaam yuyH caBoJuiap:

1. Hweroron-Jleitbuun popmynacuau udomananr.

2. Hwproton-JleitbamIy dbopmynacu KaHaKaHTU HWHTETpaJJIapHU xucobmarnga
KYJUTaHuau?

KBanparyp ¢popmynanap neb6 Humara aitunanu?

AHUK UHTETPAJTHUHT T€OMETPUK MAabHOCUHU TYIIyHTUPHHT .

TyryH HyKTanap Huma?

NxXTuépuil erpu YM3UKINA TpaneUUsHA YU3HHT.

Erpu yM3uKIM TpaneussHUHT I03UHU XucoOam GopMyIacuHU E31HT.

Yan popmynanu E3UHT.

A A

VYHr dopmynaHu E3UHT.

10. Tpanenusuiap popmMyaacUHH E3UHT.

CUMIICOH (ITAPABOJIA) YCVYJIN
Pewxa:
1. Cumncon (mapabona) ycymu.

2. YCYJ'IHI/IHI‘ HITYHU aJITOPUTMHU, YHUHT XaTOJIMTU MUKIAOPUHHA 6axonam.

Tasinu ubopanap:
OnemeHTap QyHKLUS, MHTETPaJ, aHUK MHTErpaji, aHUKMac MHTETrpall, KBalparyp, erpyu YU3UKIH
Tpameuusi, erpu YM3MKJIM Tpameuus 03, aHUK eduM, OYynuHuIl HyKranapu, CHUMIICOH

dbopmynacu.

1. CUMIICOH (ITAPABOJIA) YCYJIU
Cumncon ¢QopmMynacu IOKopuga KelaTupuO uyukapuiarad (opMmynanapra Kaparasaa

AHUKJIUTH IOKOpHu Oynran dopmyna xucobOnaHaau. by dopmynana MHTErpaIHUHT KUHMaTHHU



IOKOpY aHUKJIUKIA OJIUII y9yH OYJIMHHIN KaJaMJIapHHH TOOOpa OIIMPHIN Tajad 3TUIMAiIu.
[a,6] xecmaHu a=xp<x;<X;...X,.; <X,=6 HyKTaysap Ownan n=2 Ta xKy(}T TeHr Oymakyamapra
aXpaTamMu3. y= ¢h(X) erpu YM3MKKa TETUILIU OYnran (xgu), (x1,u;), (X2,t2) HyKTanap opkaiu
napabona yTkazamu3. busra Mabiaymku, Oy mapaboJlaHUHT TEHTJIaMacH

i=A"+Bx+C (5.5)
O0ynanu, Oy epna 4, B, C — xo3upua HOMabIyM Oynran koedduiueHTIap. [x,x,] KecMmagaru
erpy YHM3MKJIM TPANCHUSHUHT FO3WHU IIy KecMmajuaru mapa0Ooyia OwiaH uerapajaHraH erpu

YU3UKJIU TPANCUSHUHT 1031 OWJIaH ajJMallTUpCcak, Kyluaarura ara OyinaMus:

) X3 3 217 3 _y3 2 2
If(x)dsz(Ax2+Bx+C x={A3+Cx+Bz} =4 23 0+ B 22 O+ Cxy —xp)
)CO XO xO

(X, —X() HM KaBCIIaH TalllKapura Yukapu0, yMyMH Maxpax-Tra KeJITUPCaK:

X2
Xr — X
If(x)dx ~=2 70 [ZA(xg +XxpX, + x% )+ 3B(x0 + X5 )+ 6C] (5.6)
)CO 6
(5.5) naru Homawaym A, B, C xoebdunueHTIap KylHuaaruda TOMHJIATU: X HUHT Xg, X, X2
o o o o o XO + .X'Z
KuliMaTIapuaa ¢h(x) HUHI KUMMaTIapu i, ti;, U2 DKAHUHU Ba X| = XKaMHUHHU
xucoOra oJcak, (5.5) nan:
Yo = Axg + Bxy + C,
2
Xo +X Xo +X
yy=4 92| 470 ""2 ¢, (5.7)
3 2
Vy = Ax% + Bx, +C.

(5.7) auHT MKKUHYY UDOAACUHU TYpTra KynmanTupuO, ydana TEHIJIMKHE Oup-Oupura KyIicak:

Yo +4yy + 3y = A +(xg +x,)° +X§J+B[xo +2(xg +x)+ 3, ]+ 6C = (5.8)
=24 x(% + XXy + x% ]+ 3B(x0 + X, )+ 6C

by udomanu (5.6) Ownman commmTUpcak, OYyiapHUHT YHr Tapadiaapu OuUp Xui
SKAHJIUTUHU Kypamu3. (5.8) Hu (5.6) HUHT YHT Tapadura KyHUcak Ba X-Xp=2% [x=(6-

@)/n] SKaHJIUTUHH YBTUOOPTA OJICAK, KyHHIaru TaKpuOHii TeHIJIMKHU TOMIaMM3:

)CZ h
If(x)dx zg()/o +4y;+ ;) (5.9)

X0

Xynau myHaai GopMynaHu [x;, X4/ KecMa y4yH XaM KeITUPUO YUKAPUIIT MyMKHUH:

X4
If(x)dx z;l(yz +4y3+y4) (5.10)
X2

by ¢dopmynanapuun OyTtyH kecma [a, 6] ydyH Kentupub uyukapubd, Oup-Ompura Kyuicak,

KyHUIaruHu XOCHI KUJIaMU3:



b

h
jf(x)dx zg(yo +4y1 +2yy +4Y3++ 20 2 4o 1+ Vo) (5.11)
a

by Ttommnran dopmyna Cumncon ¢opmyracuoup. baw3u xomnmapna yHH napaboranap
¢opmynacu ned xam aTauguap.

(5.11) Hu ecyiab KOMUII YHUAIMK KUMHMH 3Mac; TOK pakaMJId OpJMHATANap TypTra, Kyt
pakamiid opauHaTanap (MKKH YEKKaJard OpJMHATA/JaH TallKaph) WKKUTA KYMaWTHPUIIAIIH.

Yekkamaru opauHaTanap iy, iz, 3ca Oupra KymanTupuiaam.

2. YCVYJIHUHI" U1IYA AJIT'OPUTMU, YHUHI" XATOJIUTY MUKIAOPUHU BAXOJIAILL

1
MpucoJ. ]:J. dx
ol+x

MHTETPAIIHUHT KUMMAaTUHU Tpaneuusuiap Qopmyjacu xamjaa

2

Cumncon ¢opmynacu épaamMuaa TOHHT.

Eunw: By epra 0scsl; n=10a=0; 6=1x=(6-a)/n=0,1; f(x)=y = ! 5 - Kyiinzarn
1+x

5.1-kagBajnHu Ty3aMu3

5.1-xanBan
2 2 2 2
S e (0 el L D R [P (9 B
1+ x 1+ x
0,0 0,00 1,00 1,0000000 0,6 0,36 1,36 0,73522941
0,1 0,01 1,01 0,9900990 0,7 0,49 1,49 0,6711409
0,2 0,04 1,04 0,9615385 0,8 0,64 1,64 0,6097561
0,3 0,09 1,09 0,9174312 0,9 0,81 1,81 0,5524862
0,4 0,16 1,16 0,8620690 1,0 1,00 2,00 0,5000000
0,5 0,25 1,25 0,8000000

Tpaneuusnap ¢popmynacura acocan

1
=] o zh(wzylh YL+ Yy et ygj - 0,1(1 +20’5 +0,9900990 + ... + 0,5524862) _

ol+ x?
=0,7849815
CumncoH ¢opmyrnacura acocal
1
dx h
I=] "5 =3 0+ 491+ 270 +4y3 + 234 +4ys5 4276 + 47 + 25 +4v9 + 710) =
0 X
= 03’1 [1+0,5+4(0,9900990 + 0,9174312 +...+ 0,5524862 + 2(0,9615385 + ...+ 0,6097561))| =
0,7853981
Lodx o
busra mabrymkw, I 5 = arcigx | =—=0,78539816
ol+x o 4



bynapnan xypuHaguku, Oy MHCOJI Yy4yH Tpamenusuiap (Gopmyiiacu KyJUIaHTaHIa
HucoOuit xatonuk 0,06 % na ommaiian. CuMmmncoH ¢opmyrnacu KyJUIaHTaHga 3ca HHUCOMi

XaTOJIUK JEApIIU UYK.

Takpopaam y4yH caBoJiiap:

CumncoH ¢opmyrnacuHu udoaaiaHr.
CumncoH ¢gopMynacH siHa KaHJaid HOMJIaHa I ?
Wurerpannapau xucobnamaa Wyn KyHuiIrad XatoJvkiap Kauaai Tonunaan?

Tpanenus Ba CUMIICOH yCyJUITApUHUHT acocuil papku HuMazna?

M e

CHMIICOH yCYJU MOXUSATUHU TYLIYHTHUPHUHT.

TAKPUBUI UHTETPAJLJIAI (kBaapaTypa)®OPMYJIAJIAPU

Acocuni  mywiynuanap: Taxpubuti ummeepaiiaw  Gopmyrarapu, Hviomon - Komec
@opmynanapu eéa ynapnune Konouxnapu, Tpaneyus gpopmynacu, Cumncon gpopmynacu
Acocuit namuxcanap:

1. Hotomon - Komec gpopmynanapu J* (f)=J(L,(f;x)) = Lb Zn: S (x)L(x)dx = Zn: f(x)p;-

1. HeTon-Korec popmyranapu J* ().
J(f)=int(f,a,b)) HWHTErpaJHU XucoOysamr yuyyH JlaHrpaxx HMHTEpIOISLUSL
dbopmynacuaan QoiinaraHaMus:

T =T (F) = [ L 0ds =3 fe) e =Y (), (1)
Oy epna

p, = Jj [(x)dx = J.;H ; __);’ dx (2)

J#E
(1) dopmyna x,_, -x, =h, xon yuyH Hsroton - Korec popmynacu peitmnanu, (2)
Hetoron -Korec koaddunmentnapu aevmnaau. (2) Aa x =x+th aJIMalITUPUII
Oaxxapcak dx = hdt, x >t, a - 0,b - n, h=(b-a)/n Ba
b—a ¢n i t@E=D..(t—n
p =22 [y D) (3)
n J il(m—-0)l(t-1)
KYPUHUIITHA XOCWI KWJlaMu3. (3)HU XOCHJI KWJIUIIIA
x-x; =(t-)h, x;-x; =(-))h

TEeHIJIMKIapaH (HoigaIan vk,

KBAJIPATYPA ®OPMYJAJTAPUHUHI KOJAUKJIAPH.

Acocuii mywynuanap: Tpaneyus gopmynacunune gonouu, Cumncon ¢opmynracunue Konrouau,
Xamoaukuu —amanuti 6axonawHune Pynee Kouoacu, makpuOuu YCYIHUHE —AXWULAUIHUHS
Puuapocon sxempanonayus ¢oopmynacu.



Acocuit namuscanap:

1. Kesadpamypa ghopmynanrapunute Kor0uxiapu.
n () =-fP(h*(b-a)/12, 1" (f)=fP()h*(b-a)/24, f(x) e C*[a,b],
1) =-rD()h*(b-a)/180, f(x) e C'[a,b].

2.Pynee kouoacu 6a Puuapocon skempanonsayus popmynacu:

Z,,-Z
n=2-27, :%JFO(M“"), h—>0 .

Z*=Z,+(Z,,-2) 2“-D),r, =Z-2Z, =0(h"") .
1. KBagparypa ¢popmyajlapUHHHT KOJAUKIAPH.
Ymoby nbonanap ' (f)=J(f)-J, ) , 1) =I)-1,n" () =T -7, (6)
Tpanerusi, CUMIICOH Ba T.T. KBagparypa (popMyITaJlapuHUHT KOJTUKIAPUIMD.
Teopema 1. Arap f(x) e C’[a,b] OYica ymOy TEHTIIMKIIAP YPUHIIU

RI(f) = - (b-a) 12,57 (f) = fP ()P (b-a)/ 24 . (1)
Teopema 2. Arap f(x)e C*[a,b] OVica ymiOy TEHIJIUK YPUHIIH
R ==Y () (b-a)/180 . (2)

HMcoor. PaBmianku, L, (x)= f(x,)+ f[x,x., 1(x—x,),x € [x,,x,,] AICAK

-1 Xitl

R (N=3 [ [F0)-L,,(0) s = 5 j [(FPe0e=x)(x=x,)] |/ 2dx =

i=0 i=0
n-1

=Y s %)j[(x X))/ 2 Zf<”(z>h3‘=—h2b “sz;)_ P e

i=0

By epna unTerpan yuyH ypraua KuiiMaT Xakujaa TeopeMajiad GpoialiaHInuK, YyHKA
f "(x) - y3IyKcH3 Ba (x-x,)(x-x,,)<0.O0xupuaa WAFUHAM YUYH ypTa KUAMaT
XaKuJaru TeopeMa MWIUIATWIAW, YYHKH f "(x) - Y3JIyKCHU3 Ba

f )+ " ) =nf" (), .6 €la,b].
(1) HuHT UKKUHYK hopMyTIacu Kyhuaarnya ucoornanaau. Pasmanku,
SO = F+RI2)+ £+ R 2) (0= %) + (€)= %,0)7,

n—1 i+l n=1 sl

S [ rod= thlmﬁij(c)(x b= () D oy

i=0 x; i=0 X;
(2) bopmyna xam 11y kabu HCOOTIIaHA M.
Jlemma 3. UXTHEpuit f(x)e C*[x,,x,] y4yH ylIOy TCHIVIUK YPUHIIH

hS
rhc(f’xoaxz) = _%fw(’?):xo <n< Xy -
Hcbot. OnaunHru semMmmara acocat S (P(x)) =0,P,(x) = N,(x)+dx*,d € R.

P (x) K}”Inxaz[HI/I MHTCPIIOJIALSA K}”Inxaﬂn IaKjianuga ojJ1aMu3s:;
P(x,)= f(x),i=0,1,2,P/(x,) = f'(x,) . PaBlIanku,



Ry(x) = f(x) - P(x)= %f(“(ﬂ)(x—xo)(x—xl)z(x—xz) ;

= [ R0 =] =3 )5 (-, e =

—%f(‘”(f)‘[(x—xo)(x—xl)z(x—xz)dx =%f(4)(§)j(z+h)t2(;_h)dt:_h (b-a) 9.
DH/U paBILAHKH,
c __mlhs (4) o f(4)(771 - Bt “
n ()= ;%f (m)=- 2*90 ); _ 180(b O f P )

2. PyHre kougacu Ba PuyapacoH 3xkcrpanoasiuus (popmyJiacu
Z, Mukznop Z HuHr h mapamerpra OOfIUMK Oupop TakpuOui KuiMaTu
Oy7CuH Ba KyWUJaru acCUMITOTUK OOFJIAHUII MaBXKYy 1 OYIJICHUH:
Z=27, + ch* + O(h**™), ¢ =const, h >0 k,m -OyTyH COHIap. 3)
Teopema 1. Arap (3) ypunnu 6yica,
Z=2, +%+0(k’”m),h—>0 4)
MyHoca0at ypuHinu 6ynaau, sbHu ymoy dhopmynanap YpUHIIU:
Z, —Z Z —Z .
’,.h:Z_Zh: }jzk 11/2_|_O(hk+m)z I‘:zk h/2 ”;,

Z*=Z,+(Z,,-Z,) 2"-V)=c, Z,,+¢, Z,,¢,=2" /(2" =1),c, =—1/(2" -1).

=7Z-7, =0(h"")

Ha3zapuii caBoJisiap Ba TONHPUKJIAP.

1. Heroron-Kotec kBagpatypa dhopMmyaacuHu KOJIJIUFUHU E3UHT.
2. Mapka3uii TyFpu TYpTOYypUaKiaap GopMyITaCHHUHT KOJJAUFUHA E3UHT.
3. Tpanemus Ba CumncoH GpopMyIacCMHH KOJTUFUHU UCOOTIIAHT.

5-MAB3Y. AjireOpauk Ba TPaHCIHEHAEHT TEHIJIAMAJIAPHU TAKPUOU A eqnIn

yeyuiapu. Urepanus ycyau. HeroToH yeyiaun
Pexa:
1. MacanaHuHr KyHuIuim.
2. WnpuznapHU axpaTuil.

3. OpanuKHU UKKHUra OYJIUII yCyJIH, YHUHT MIIYH aITOPUTMHU.
Tasinu ubopanap:

Anrebpauk Terimama, TPaHCLUEHIEHT, OPAIMK, WIIW3, XOCHIA, Y3IMYyKCU3, YUyBYH, KaMalOBYH,
KEJNTUPUIITaH TeHTIama, /lekapT KoopauHaTacH.



1. MACAJIAHUHI KYUWIUIIIN.

bup HOMabIyMIIn MiCTaTaH TEHTJIAMaH! KyWHIard KYPHHAIITA KEITUPUTT MyMKHH
P(x)=0, (4.1)

Oy epaa ¢b(x) pyHkuus [a, 6] opanuKia aHUKJIAHTaH Ba y3IyKCHU3.

Ta pud. (4.1) TenrnamanuHr urouszu (euumu) ned mynnai & (a<E<O) coHra auTHIATUKH,
€ uu (4.1) ra kyiranga

@ () =0

alHUAT XOCHJI OYaau.

Arap (4.1) na ¢(x) dbynkuus anredpauk, S-HHA

b (x) = apd" +a X" ax+ L+ axtay, 4.2)

O0ynca, y xonna (2.1) ancebpaux menenama ned aranagu. (4.2) ma apay,...,a, — UCTaITaH
COHJIap, 1 — HATypaJl COH.)

AnrebGpauk TeHIJIaMara MHCOJIap:

x+-/x _x—1
x—-lx 4

Anrebpauk TeHrinama jaeraHaa (4.2) kYpUHMLAArd TEHIJIama Ky3aa TyTUJIaIu.

x? —5x+6=0; J2x+6+-/6x—4=14;

Ba X.K.

Kentupunran mMucoiapiard MKKMHYM Ba YYUHYM TEHTJIAMATApHU COJAa amauiap Oakapud
(4.2) xypuUHHUIITA KENTUPULIT MYMKHH.

Arap (4.1) rearnamaga ¢(x) pynkuusa anredpank O6ynamaca, sbHU YHH (4.2) KYpuUHUIIAA
upomanad Oymmaca, y xomma (4.1) ra TpaHCHEHAEHT TCEHTIaMma JCHAIAIN.
TpaHCLEHACHT TEHTJIaMara MUCOJLIap:

x-10cunx=0; 2x-2cocx=0; ne(x+1)=mex Ba X.K.

Kypcarknunu (a'), norapudMuk {1o2x), TPUTOHOMETPHUK (CUHX, COCX, mM2X Ba X.K.)
byHKIMsUTap anredpank Oyamaran (TpaHCICHICHT) (QyHKIUSIApIUD.

(4.1) Tenrmama XakMKUM E€KM KOMIUIEKC WIIU3ra sra Oynumm MyMmkuH. buz dakar
XaKUKUI WIIn3Iap TOMUII OWJIaH NIyFyJJIaHAMU3 Ba KyWHIard MacaiajapHu e4aMu3:

1) (4.1) Tenrnama XaKMKAW WIAM3ra draMu €KU WYKMH, arap sra Oyica wigusiap COHU

HeyTta?
2) XaKWKui WITU3NTapHU aHUK ycyJulap OwnaH €k OepuiraH aHUKIUKIA TaKpuOui
ycyJuiap OWJIaH TOIIHIII,
Omuit anreOpamaru anreOpauk TEHIJIAMAJTApHUHT 0ab3d XOCCalapUHU HUCOOTCH3
KENTUPAMU3:

1) Xap kangait anreOpavk TeHTJama >XKyjaa OynamaraHma OWTTa WIaU3ra sra (XaKuKui

€K1 KOMILIEKC).

2) Kap xanpmaii n taptuOau anreOpauk TEHTJIAMaHUHT WIAW3JIapW COHU 7 JaH KarTa

oynmanu.

3) Xap kanmaili Xxakukuil koedduimeHTaN anreOpauk TeHrnama (akar XypT COHIH

KOMILJIEKC WJIAM3Iapra ora OYIuIIy MyMKUH.



4) Xap KaHJail TOK Japakalld aJireOpank TEHrIama XKyjaa Oynmaranjga OUTTa XaKuKUi
WJIIA3TA JTa.

AnreOpauk TeHTJIaMa WITU3IapUHH KaHai TornaMu3?

1-, 2-TapTHOIW TEHrIamManap y4yH Taiép xucooOnam ¢popmMyranapyu MaBxy 1 0Viuo, yiap
Omsra ypra MakTad MaTeMaTHKacHIaH MabiyM. by dopmynamapaa wigusnap TEHTIaMaHUHT
koeddunmenTiapu opkanum udoganaHagy (MacajdaH KBaApaT TEHITIAMAHUHT WITU3IApUHU
xobmamiaa). 3- Ba 4- TapTuOnu TeHrnIamanap y4yH XaMm dopmynanap MaBxkyld. bupok Oy
dbopmynanap Mypakkad KYpUHHUIIIA. 5- Ba YHIAH IOKOPH Japakaldd anreOpavik TEHTamaiap
yayH OyHmai ¢opmyrnamapHUHT Oyiumm MyMKuH sMac. bynn Hopserusimuk maremaTuk AGens
ucbornarad. bynnait Tenrnamanapau (akat Xycycwil xoJulapAardHa €4dil MyMKHH (MacasiaH
ax"=6 un).

[y myHocabat OujaH XucoOiam MaTeMaTHKacHaa KaTop TaKpuOWi ycyiap unuiad
yukwiradl. by ycymmap OwimaH uWcTanraH gapaxand —anreOpauk €K TPaHCICHICHT
TEHTJIaMaJapHu OepHiIraH aHUKIUKAA eyl MyMKuH. [IlyHUHT ydyH TakpuOuii ycyinap 10KOpH
Japakajy TeHrIaMajapHH SYHIl YIyH acoc Oynaau.

«bepwiran aHUKJIMKIATA TAKPUOWIA €9rMY JIeTaH/1a HUIMaH! TylryHaMu3?

dapa3 kunaitnuk, & (4.1) HUHT aHWK €YMMH, X 3Ca YHUHT € AQHUKJIUKIArd TaKpuOuil
eunmu (0<e<1) O6yncuH. Y Xo0y1a FOKOPUAArd CaBOJIMMHU3HUHT KaBOOH ‘ E-x | <e Oynmagu. YOy
00012 Ou3 OMp HOMABIyMIIM ainreOpanK Ba TPAHCIEHJEHT TEHrJIaMajapHH O0ab3u TaKpuOui

€4MIl yCyJIIapy OMJIaH TaHUIINO YHKAMMU3.
2. WIJN3JIAPHU AXKPATHII. OPAJIMKHU UKKWUT A BYJIUII YCYJIHN

Tenrnamanapau TaKpuOWiA €4nI KapaéHU UKKUTA OOCKUYTa a)KPaTHIIAIH:

1) unauznapHu aXxXpaTHL;

2) wunau3napHA OepwiiraH aHUKJIMKAA TOTHUIII.

[a,6] xecmana ¢h(x) =0 TeHrnamaHuHr & maH OomIKa WIAM3M HYK Oyica, mnmus3 &
axpartwirad xucobnanaau. MnausnapHu axkpaTtuil yuyH [a,6/ KecMaHU LIyHJai KecMadajapra
Oynum kepakku, Oy KecMayanapaa TeHrJIaMaHuHr (akaT OuTTa mnausu OyncuH. MnausnapHu
rpadukKk BaaHATUTHUK YyCyulap OMIAH aKpaTUII MyMKHH.

Napuznapuu rpaduk ycyaga axparum. l-yeya. by ycyn kyaga comma Oynu0
Kylunarnya Oaxapwianu. JlekapT KoOpauHAT THU3UMUAA y=@(x) QYHKUUSHUHT TpapuraHu
yu3amu3 (Oy Oumsra ypra Mmaktad mactypuzaaH MabiyMm). lly rpapuxaHuar Ox yku Ounan
KECHIITaH HyKTajJapy u3jdaHaéTran wiausiap (Takpuouii) Oymaau.

Mucoda. x>-6x>+20 =0 TeHrTaMaHUHT TaKpUOHMI eUUMIIAPH X, X2, X3 1-

pacMjia KypcaTHIraH. y A

0 y=x"—6x+20

X1 X2 X3

v




yA

1- pacm

> X 2-yeya. ¢(x) =0
=,(x) xypuHuiaa 3ud oramus.

TEHIJIaMaHU qb(x§1 X2

Hexapt koopauHaT TH3UMHIA  ¢@;(x) Ba ¢hy(x) QYHKIUSIIAPHUHT TpadUKIapUHHA
yr3amu3. Arap Oy erpu 4M3uKiIap ¥y3apo KecHIlca, KeCHINTaH HyKTamapuaaHn Ox yKWTa THK
YM3HK (TMEPIPHIANKYJISAP) YTKazamMu3. X0cw1 OYIraH HyKranap (€Kd HyKTa) TaKpuOuil euumiiap

Oynamu. 2- pacMaard x; Ba x; jap (2.1) TeHrmamMaHUHT TaKpuOWUN eduMIapUIup.

2- pacm

By ycymnap Ounan TeHIIamaniap edrasjia aHMKpOK €4uMIIap OJIMII YUyH rpadukiapHu
WIOKKA OopHyYa aHWK YHW3MII Ba Karra macimrad onwm Jjo3uMm Oymamm. Illynra kapamait
rpaduk ycyiap OuWaaH WITU3IApHU IOKOPH aHUKIMKAA Xucobnald 6ynmmaiiau. I'paduk ycyn
OWjlaH TEHIJIAMAaHWHT WIIU3JIAPUHA OHWpOp uerapajaHraH KecMajga aHUKJIaiMu3, ShbHU
YM3MaHM WCTaIraHya KarTa YIMOBAa OJIOJMAaiMM3 Ba TEHIJaMa He4YTa WIAW3ra sra
9KaHIUTura *aBob Oepa onmaiimu3. Unau3imapHu FOKOpY aHUKJIMKAA TOIHMII JIO3UM OYiica,
Oomika TakpuOuil ycynapaas (oinananui Kepak.

Nnpu3aapHu aHAJTUTHK yCyJaa akpaTHil. ¢(x)=0 TeHrIaMaHWUHT WIAH3JIAPUHU
AQHATUTHK YCYyJ/Ia aXpaTHIl Y4YyH OJMM MareMaThka KypcuaaH O0ab3u TeopeMallapHU
UCcOOTCHU3 KENTUPAMU3.

1-teopema. Aeap ¢h(x) ¢pyukyusa [a, 6] kecmaoa y3nykcuz Oyaub, KeCMAHUHE 4eKKa
HyKmaiapuoa myp Jiu uwopaiu Kutimamiap xaoyn kuica, y xonoa [a, 6] xecmada ¢(x)=0
MEeH2IaMaHUHe 4cyoa Oyamazanoa bumma unouzu émaou.

2-Tteopema. Aeap ¢(x) pynxyusa [a,6,] kecmada y3nyKcus 6a MOHOMOH OVIUD,
KeCMaHuHe YeKKa HyKmauapuoa mypiu umopaniu Kuumamaap Kaoyn kuica, y xonoa [a, 6]
kecmaoa ¢h(x)=0 menenamanune paxam oumma unouzu émaou.

3-teopema. Aeap @(x) pyukyus [a,6] kecmaoa y3iykcus OVIUO 64 KECMAHUHE YeKKA
HYKmManapuoa mypiu uwopanu Kuimamiap xaoyn kuiud,  [a,0] xecmanune uuuoa ¢ (x)
xocunacunune wwopacu yseapmaca, y xonoa [a,6] kecmaoa ¢h(x)=0 TeHrnamawune paxam

oumma unousu émaou.



Ecnarma. 1) y= ¢b(x) yHkums Oepriiran MHTEpBaIa MO HO T O H JCHIIIaIH, arap 1wy
WHTEpBalra TETHIIN HCTANTaH X;>X; Y4YYH h(x;)=> Pp(xz) (¢ ’(x)=20) (monomon ycyeuu) exu
D)< P(x1) (P 1x)<0) (monomon kamarosuu) 6yica.

2) Arap y=¢(x) GyHkuus Oepuiran HHTEpBaja y3IyKcu3 O0Ymu0, MHTEpBATHUHT XaMMa
HyKTaJlapuaa XOocCujallapy MaBxyjd Oynca, y Xoiaa (QyHKUUSHUHT Oy HMHTEpBaJa MOHOTOH

oymuim yuyH ¢v(x)>0 €xu ¢ (x) <0 TEHTCU3TUKIAPHUHT Oa)KapHJIMIIY 3apyp Ba eTapiu.
3. OPAJIMKHU UKKWUT A BYJIUII YCYJIH

dapa3 KwIalmmk, ¢(x)=0 TeHrIaMaHuHT OMpOp & WIAW3U [a,6] KecMmala aXpaTUiraH
6yncun. KecmanuHr y3yHnuru 0=60-a ne6 Oenrmnaiinuk. Tenrmamanunr & euumu ¢ =0,001
AHUKJIMKAA TOMWICHH. § winau3  [a,6/ HUHT nuupa Oynrannuru {a<& <6} ydyH @ HA KaMu
OWJIaH OJIMHTAH TaKpUOWW WIIIU3, O HU OpTUTH OWUJIaH OJMHTAH TaKPUOWH WIAN3 1e0 ONMUIINMU3
mymkuH. Arap a<0,001 Oynca Macana edwiraH XHCOOJIaHAAW Ba a Xamma 6 map ¢@(x)=0
TeHrnaMaHuHr Oepwirad £=0,001 aHukIMKAard eyuminapu Oynaau. By Xonnma takpuOuii eunm

cudaruma @ Ba 6 NapjaH TamKapu Oyiap opacuaa €TrraH HCTaIraH Xy {a<xp<6) HU OJIUII

o a—+
myMkuH. TakpuOuii eqnm cudatuga x, = HU OJIMLI MaKcajra MyBOQHK.

Ounu Qapa3 kwiaimuk 0>0,001 Ba [a,6] xecMaHuHr ypracuma c=(a+6)/2  HyKTa
oNuHTaH OyncuH. Y xonaa [a,06] xecMa y3yHIukiIapu (0-a)/2 ra tenr Oyiran  [a,c]/ Ba [c,0]
kecmanapra axpaiau. [y nkku kecMagan kaiicu OMPUHUHT YeKKa HyKTajapuaa ¢(x) GyHKIHS
UIIOPAacCUHM Y3rapTupca, Iy KecMaHM oju0 Koaud KeHuHrucuHM Tanuiad robopamus. Konran
KeCMaHHWHT y3YHJIHTH 0; < & O¥nca, my epaa Tyxtaiimm3. Arap mapt Oaxkapuimaca, 0Juo
KOJIMHIaH KecMajJa IOKOpHIard MyJjoxasajapHu Takpopiaimui. Mkkura Oynum >xapa€HUHU

KECMaHHHT Y3YHIUTU O, <& (n-UKKWra Oyiauuuiap cCoHu) OYIraHura Kajgap AaBoM €TTUPaMU3.

Mucour. x’—4x—1=0 Tenrnama ¢ =0,001 aHUKIMKIA CUMIICHH.
Kylinaaru sxagBaaHu Ty3aMu3
X -1 0 1 2 2,1 2,2

¢(Xx) HUHT UIOpacu + - - - - +

Kansanman kypunsntuku [-1,;0]; [2,1; 2,2] xecmanapaa Ttakpubuii eunm (1-teopemara
acocaH) 0op. bu3 yuyn kynait kecma [2,1; 2,2]. bBynna ¢p(2.1)=-1,39 < 0; ¢p(2.1)= 0,850 > 0.
buzna a=2,1; 6=2,2. bynnan 0=6-a=0, 1> ¢. JleMak XucoONalIHu JaBOM €TTUPHII KEpPaK.

@ (2,11) =-0,046 < 0; @ (2,12) = 0,046>0
by epnan a=2,11; 6=2,12; 0=6-a=0,01>¢

XucoOnalHy SHa 1aBOM €TTHPAMU3:

@(2,114) =-0,0085<0; ¢ (2,115) = 0,0009 > 0
a=2,114; 6=2,115; 0=6-a=2,115-2,114=0,001=¢



Kyiinnran maxcaara SpUILIUK, S’bHU KECMAHUHI Y3YHJIUITW O aBBajjlaH OepuiraH
anuKiuk €=0,001 nan karra smac. by muconaa usnana€rran TakpuOuii euum & Kyiunparu
opanmuknaa 6ymamm 2,114<€<2,115, spuu 2,114 Ba 2,115 napau TakpuOUil €4uM Tap3uja OJHIII
MyMKHH (§ aHMKJIMK OunaH). Amanga OYiaapHUHT YpTa apu(METHTd OJMHCA €YUM aHUKIUTU
sTHaJia OIaaN

TakpopJam yuyH caBosiap:
TeHrimaMaHUHT WIAW3U HUMA?
Anrebpauk TeHIJ1ama Jieranja HUMaH! TyUIyHacHu3?
TpaHcueHaeHT TeHriama HuMa?
Nnau3napaum axpaTuil Aeraijga HIMaHu TyIIyHAacu3?
Wnnusnapau Gepuirad aHUKIMKIA TONUII HUMa?
Kecmanu y3ynnuru Huma?
I'paduk ycyn neranja HUMaHU TylIyHacu3?

CDYHKHI/U{HI/IHI‘ HWHTCpBAIJa MOHOTOHJIUTH HuUMa?

A S R S

Wnpu3napHu aHAINTHUK YCYyJIAa aXXpaTUIl KaHal Oaxxapuiuaan?

10. OpanukHu MKKUTa OYIUII yCyIM KaHai IapT acocuaa amaira OIMIMpHIIaan?

BATAPJIAP YCVYJIN. YPUHMAJIAP YCYJIN. KETMA - KET AKUHJIA NI
YCYJII

Pewxa:
Barapnap ycynu.
Ypunmanap (HeroToH) ycynu.

KerMma - ket SAKUHJIAIWII yCYJIU.

Sl A e

YCynnapHUHT UIIYH aJTOpUTMIIAPH.

Tasinu udopanap:
Barap, xocuna, H-xocuia, TaKpUOW €4UM, YPHUHMA, €rpU YM3HK, OOILIAHTUY SKUHJIAIIWII,

KOMOUHAIMS, Y3IIyKCHU3, YCYBUH, UTE€paLUs, TEHT Ky4IH.

1. BATAPJIAP YCYJIN

Anr e6paHK Ba TPAHCHCHACHT TCHIVIAMAJIApHU CYUIIAa BaTapjap YCYJIHM KCHI

KYJUlaHaJAWraH ycyiapaad Oupuaup. by ycyaHM UKKU XO0JIaT YYyH KypHO YHMKaMu3.

l-xomaT. ®Papa3 Kwiammk ¢(x) =0 TeHrIaMaHWHT WIAH3U [a,6]  KecMmaaa
QXpaTWIraH Ba KECMAaHUHT YeKKa HyKTanapuaa ¢(a) - ¢p(6) <0 Oyncun. byHnan tamkapu

OMpUHYY Ba UKKHHYW XOCHJIAJIapy OUp XUJI UIIOPATT KHMaTiapra ara OYJICHH, SbHU (v (X) -

@ vu(x) > 0 &xn Pla) <0; G(6)>0; Po(x) >0; dvu(x)>0 (5-pacm).



Ya Ya
B(b;f(b))

Xll?

B(b;f(b))

5- pacm 6- pacm

¢(x) =0—TeHTrnamMaHUHT aHUK €4uMH, ¢)(x) QyHKuus rpadpuruHuHr Ox yKu OwiiaH
KECHUIITaH HyKTacHu Xo. 4 Ba B HyKTajapHH Typpy YM3HK (BaTap) OWiiaH TyTalITHpaMH3.
Ounuit MaTeMaTHKa/aH MablIyMKH, A Ba B HyKranapaa (5- pacMm) yTras TYfpy UN3UKHUHT
TEHIJIaMacu KyWuaaruda €3uiam:
y=fla) _x-a
— (2.3)
fb)-fla) b-a

VYTka3unradn BatapHUHT Ox yKH OWJIaH KECHIITaH HYKTAacHu X; HU TaKkpuOuWii euum ned Kalyi

KWJIaMHU3 Ba YHUHT KOOPJMHATACUHU aHUKIamwu3. (2.3) Tenrmukna x=x; y=0 ned xucobnad
YHH X; Ta HUCOATaH euaMu3:
al\b—a
X =a —7f( )( ) (2.4)
/()= f(a)
Wznana€rran eduM Xy 3HOu [X;; 6] KeCMaHMHT W4yuAa. Arap TONWITaH X; €4YHUM OW3HU
KaHOATJIaHTUPMaca I0OKOpUIa alTUIITaH MyJioxa3ajdapHu /[x;; 6] KecMa y4yH TaKpopiaiMu3 Ba X
HYKTaHUHT KOOPAMHATUHU aHUKJIANMU3:
. S Nb-x) 5
25X TN A (2.5)
f(b)- 1)
Arap x, wnau3 xaMm OM3HH KaHOATJIAHTHPMAca, ShHU aBBAJJIaH OCpWIIraH € aHUKJIUK YUYH X -
x;| £ & mapt 6axkapunmaca, x; HI XUcoOIaiMu3:
e o S Jb—xy) 26
3 =X (2.6)
- 2
SB)=1(x2)
€K1 yMyMUH X0J11a
x _ _ f (xn )(b —Xn ) o)
1= Xp 2.7)
" 1(6)=f(x,)
x}’l

S’bHU XUCOONAIIHU  |X,,1; - X,| < & mapT OakapuiryHra Kajgap JaBOM €TTUPAMMU3.



IOxopuna kentupwirad opmynanapau ¢(a) > 0; ¢(6) < 0, ¢v(x) < 0; povv(x) < 0
YUyH XaM KYJIam MyMKHUH.
2-xonaT. ¢(x) GYHKUUSHUHT OMPUHYM Ba MKKUHYM XOCWJIAapy TYpJIH HUIIOPATU
KuiiMaTiapra sra 1e0 ¢apas KWIalimkK, SbHA v (X) - pow(x) < 0 &ku ¢(a) > 0, ¢p(6) < 0, ¢ (x)
<0, pvv (x) > 0 (6-pacm).
A Ba B HyKTaJlapHU TyppH YHM3WK (BaTap) OWJIaH TYTAIITUPUO YHHUHT TCHIJIAMACHHHU
é3amu3
y-fb) _x-b
- (2.8)
fb)=fla) b-a
by Tenrnmamana ¢ = (0 Ba x = x; 1e0 KaOyn KuinO, yHH X ra HUCOaTaH €4uCak,
_ S(a)b-a)
b (2.9)
/()= 1(a)

Tomwiran x; HU TakpuOMiA e4rM 1e0 OJUIIT MyMKHH. Arap TOMHWITAH X; HUHT aHUKJIUTH OW3HU

X1 =

KaHOATJIAaHTUPMAca, FOKOpUIArd MyJioxXa3aHu [a, x;] KecMa y49yH Takpopjaimwu3, SbHH X, HU
XHUCOOJIaiiMu3:
S ) —a)
(2.10)
f(x)-1(a)

Arap |x;-x;| < & wapt Gaxxapuica, TAaKpuOUil eunM cudaruia X, ONMHAAH, OaxkapuiMaca Xz,

xz =x1—

X4, ... Jap XUCOOMaHAIN, SHHU

f (xn )(xn - a)

= (2.11)

f (x n )_ f (a)

Xucobmamr xapa€Hu |x,+; - x,| < & OYynryHra Kaaap JaBOM €TTHPHUIIAIH.

@a) <0, p(6) > 0, pv(x) > 0, pvv(x) <0 OyiraH X0J yuyH XaM Takpuouii wiaus (2.9) —(2.11)

dopmynanap 6unan xucobnanagu. Jlemak, arap ¢v(x) - pwvn(x) >0 6ynca Takpubuit euum (2.4-

Xn+1 =Xp —

2.7) ¢opmynamap OunaH, ¢wv(x) - pvwv(x) < 0 6ynca (2.9) - (2.11) dopmynamap Ounax
XucoOIaHaIu.

Mucon. x’+ x° - 3 = 0 tenrmama ¢ = 0,005 aHMKIHKIA BaTapiap ycyiu Ouial
XUCOOJIaHCHH.

E 4 u m . Ungusnapau axkpanak, 0,5<x<1,5 ra sra 6ynamus; Oy epaa
@(0,5)=-2,625<0; ¢(1,5) = 2,600 > 0; pv(x)=3x" + 2x; Pww(x) = 6x + 2. Kumnpunaérran
TaKpuOUii Annm [0,[5; 1,5] xecmana skaH. By kecmana aca ¢@w(x) > 0; pvv(x) >0. Jlemak 6u3
Takpuouit unausuu (2.4) - (2.7) popmynanap Epnamuna xucobnaitmus (1- xonar). (2.4) gan X,
= 1,012 vu, (2,5) nan x; = 1,130 Hu; (2.6) nan x3 = 1,169 uu, (2.7) naa (1=3) x3 =1,173 Hu
tonamu3. by epna [x4 - x3/ = 1, 173 - 1,169 = 0,004 < ¢. [lemak mapt 4-kagamaa Oaxapuiiam.

[ynunr yuys x,~=1,173 roxopunaru Tearaamanunr € = 0,005 aHUKTHKIATH WITU3H OYI1aIu.

2. YPUHMAJIAP (HpIOTOH) YCYJIN



Ypunmanap ycynuau HbioTon ycynu ne6 xam ataiawiap. By ycylnHM XaM MKKH X0jaT
yUyH KypuO YuKaMus3.

1- x omaT. ®Papa3 kunaitnuk, ¢g(a) < 0, ¢p(6) > 0, pv(x) > 0, pvv(x) > 0 ékn G(a)>0,
@) <0, dv(x) <0, pvv(x) <0  (7-pacm).

»

71 B(b;f(b)) Y

y =f(x)

a = Xg X1 X2

v
v

a

f(a)

A(a;f(a)) A

7- pacm 8 - pacm

i = ¢b(x) erpu un3uKka B HyKTanma ypuama yTkazamu3 Ba ypuHMaHuHr OXx yku OuiiaH
KeCHUIITraH HYKTACH XjHH aHHKJ’IaﬁMH&

ypI/IHMaHI/IHF TCHIJIaMaCHu KYﬁHHaFI/I‘laZ

i - p(6) = po(0) (x-0), (2.12)
Oy epna u=0, x=x; ne6 , (2.12) Hu x; HUCOATaH euCaK,
x;=b- f,(b) (2.13)
/')
[y mymoxa3anu [a,x;] KecMa y4yH TakpopJiald, X, HA TONaMH3:
Xy = x| f,(x) (2.14)
/'(x)
YMyman onranaa
f(x,)
Xpil =Xp =~ (2.15)
n+ n f (xn)

XUCOOMAITHU  |Xy+7 - Xy < € IAPT OaKapUIITaHJa TyXTaTaMu3.
2-xomart. Papa3 kunaitnuk ¢(a) < 0, ¢p(6) > 0, pv(x) > 0, pvv(x) < 0 Exu ¢h(a)>0,
@) < 0, Ppv(x) < 0, Ppvv(x) > 0 (8- pacMm). u = ¢h(x) erpu yuM3MKKa A HyKTaJa ypUHMa
VYTKa3zaMu3, YHUHT TEHTJIaMacH:
i - p(a) = v (a) (x—a), (2.16)

By epna =0, x=x; necak,

/(a) 2.17)

Xy =a-—

[x;;0] kecmamaH



f(x) (2.18)

Ymyman

f(x,) 2.19)

(2.13) Ba (2.17) dbopmynanapau Oup-O6upu OWaH COJMINTUPCAK, yiaap Oup-Ouprapunan
Oonmanruy sKUHIAmMmM (g €ku 6) HU TaHnad onmm OwnaH QapkinaHagunap. bommanruya
SIKAHJIALTUIITHA TaHIa0 OoNUIIa Kyiuaard Kouaaaan GoHIaTaHuIaan; OONUTAHT Y STKUHJIAIINIIT
Tap3uaa [a;0] KecMaHUHT IIyHAal 4yekka (a €ku 6) KMHMaTUHHU OJHII Kepakkw, Oy HyKTajaa

GYHKIMSTHUHT UITOPACH YHUHT MKKMHYM XOCHJIACHHUHT UIIOpacy OWIIaH Oup Xuil OYJICHH.

Mmucoa. x-cunx=0,25 tenrnamanuar wigusu €=0,0001 aHMKnIMKAa ypuHManap ycyiau
OWIaH aHUKJIAHCHH.

Edum. Tenwrnamanuar winmsu [0,982; 1,178] kecmama axparunrad (OyHu
TEKITUPUIITHU KATOOXOHTa XaBoJia kunamus); 0y epna a=0,982; 6=1,178,
@v(x)=1-cocx; ¢vv(x) = cun x>0.

[0,982; 1,178] xecmama ¢p(1,178) * ¢pvn(x) > 0, apHU OOUUTAHTHY SKUHJIAMIUAIILA X
=1,178. XwucoOmammum (2.13)-(2.15) dopmynamap Bocuracuma Oaxkapamu3. XucoOJarr

HaTWKanapu Kyiunaru 2.1-xansanna Oepuiras.

2.1-xanBan
, f(x,)
H Xy, - CUH X, b (Xy)=xy-cuHx,-0,25 ¢’ (xy)=1-cocxy Iz (Xn )
0 1,178 -0,92384 0,00416 0,61723 - 0,0065
1 1,1715 -0,92133 0,00017 0,61123 - 0,0002
2 1,1713 -0,92127 0,00003 0,61110 - 0,0005
3 | 1,17125

Kansannan kypunaguku, xz-x; = [1,17125 — 1,1713| = 0,00005 < ¢ . Jlemak euum aed x =
1,17125 au (¢ =0,0001 aHI/IKJ'II/IK,Z[aP OJIAII [MyMKHH.

5-8 — pacmiapra aMKKaT OwiaH dSBTHOOP KHWICAK INyHH KypaMuskd, ¢@(x)=0
TEHTJIAMAHUHT TAaKpUOWiI €YMMIIApUHH BaTapiap Ba ypUHMAlap YCyJlIH OWIAH TONTraHAA aHUK
eUMMra MKKHM 4YeKKaJaH sSKWHIamuo kenuHaau. LIIyHUHT yuyyH MKKana yCyJaHH OUp BaKTHHHT
¥3uaa  KyJUlalml — HaTWKacujga  Makcaara TE3POK  HDPUINMII  MyMKHMH. by  ycymnHu
KOMOMHANMUITaHTaH ycyna ne0 araimwiap. KomOWHanusaHraH ycyi IOKOpHIA

KEITUPHWITaH YCYJUIApHUHT yMyMJalMacu 0ynranu Ty gaiiam Oy TyFpuaa Kym TyXTaaMaimus.

3. ATEPAIIUA YCYJIA



bmnan ¢(x)=0 TeHrmaMaHWHT WIIW3WHH aHWKJIAN Tajad STWICHH. By TeHTrIamaHu
Kyluaaru (TeHT Ky4wId) KYpUHHIIAA €3aMU3
x = @x) (2.20)
@(x) =0 TeHrnaMaHu X = ((X) KYpPUHUILTA KEATUPHUIIHH XKyJa SHTWI amajiap OuiiaH MCTalraH
BaKT/la amalira Ommpuin MyMKuH. (2.20) HUHT winu3n [a,6] KecMaaa axpaTwiraH OVIICHH.
[a,6] BHUHT Wuyuaa UXTUEPHA X HYKTaHU ojamMu3 (@ < x9< 6) Ba Oy HYKTaHH OOILJIaHTHY
(HONMMHYM) SIKMHIAmUII 1e6 KaOyn kunamu3. X  HH (2.20) HUHT yHT Tapaduaard X HUHT YpHHATA
KyHuO, Xocui OYIIraH HaTHKAHU X JIICAK,
X7 = @(xo) (2.21)
X; HU OWpUHYK sKuHammm Oyitnda (2.20) HUHT wian3u Acimnanu. KeduHru sKuHIamunap

Kynyugarun4ia Tornujiaiaun:

X2=@ (xl),
X3 = @ (x2),
Xn =@ (xH—l)

ByHMHr HaTKacuaa KyMuaaru KeTMa-KeTIIMKHU TY3aMH3
X0, X1, X2, oee , X (2.22)

Arap (2.22) KeTMa-KeTIIMKHUHT JTUMUTH MaBxyx Oyinca ( lim x, = x),% xonga x (2.20) HuHT
n—> 0

winusu 0ynaau. byHuHr uc6otu xyna cogua. Arap ¢ (x) HU y3mykceu3 QyHKIHS JICaK,
lim x, = lim ¢(x,_;)=¢(lim x,_;)=gp(x)
n—>0 n—> 0 n— 0
SbHA X = @ (X) Oyu0, x (2.20) HUHT Winnu3u O6yiaam. -
Arap (2.20) keTMa-KeTIMKHUHT JIMMHTH MaBxXyJ OyiMaca, Yy Xojiga KeTMa-KeT
SKUHJIALIHIL yCYJIMHUHT MabHOCHU OYIIMaiIu.
IOkopupa aiftuirannapaan Xxynoca Hiykud, 6uz Oy ycyn Oounan ¢(x) =0, [x=¢ (x)]
TEHIJIAMaHUHT €YMMMHHU TONMOKYM SyJicak, KyHuaarn KeTMa-KeT Oa)kapwlMIIM JIO3UM OyiraH

XKapaéHHU XUCOOIAIMMH3 Kepak Oyimau:

X1 =0(xp)
Xy =o(x)
X2 =olx
3 (P( 2) (2.23)
Xy = ¢(xn—1)
Oy epla x9,X,X2, ..., X ... KEeTMa-KeT SKHHJIAIIHUIILIAP; Xy - OONUIAHTHY SKAHJIAINI; X; -

OMPHHYM SKUHJIAIIUIIL X, - UKKWHYX SKUHIJIAIINII Ba X.K.
(2.23) >xapa€H SKUHJIAIIYBYM OYJIMIIMHUHT €TapIWIMK MIapTIapUHU KyHuaaru

Teopema udoaanann (TeopeMaHu UCOOTCHU3 KEITHPAMU3).



Teopema. x=¢ (x) meneramanune urousu [a, 6] xecmada axcpamunean 6yauo6, 6y

Kecmaoa Kyuuoazu wapmaap oaxcapuica:

1) ¢ (X) pyukyus [a, 6] 0a anuxnanean 6a oughghepenyuaiianysuu,;

2) b6apua xe[a;0] yuyn ¢(x) €[a;0];

3) 6apua xe[a;0] oa |@(x)| <M <1 6yrca, y xonoa (2.23) sxcapaén akunnautysuu

oynaou

By epna myHu TabKu[Iamn JIO3UMKHA,  TEOPEMaHUHT mapTiapu (akaT erapiu O0yiauo,
3apypuil smacaup, spHH (2.23) xapaéH Oy mapTiap OakapuiMaraHjga Xam SKWHJIAITyBYH
Oynuimy MyMKuH. (2.23) HE XucoOIaraHUMU3a, XUCOOIAIIHN aBBayaH Oepuiiran AHUKJIUK
yUyH KyHHari TeHrCH3JIMK Oa)xapuiaryHra Kajap 1aBoM eTTHpaMU3:

XX <€ n=1,2,34, ...)

Mucoa. 4x-5nax =5 TeHrnama € =0,0001 aHMKIMKIA KETMA-KET SIKWUHJIAIIMII YCYJIU

OWJIaH CYNJICHH.
4x -5 4x -5

KYypUHHUIIIA €3aMU3 BA U= JIHX; )y =
5

YU3HKJIAp KECUIITaH HYKTaH! aHukjaimu3. bymap xp = 2,28, xp= 0,57. bynapuu Gonuianrug

Eyum. Tearnamanu Inx =

SKUHJIAIINII HyKTajgapu ne0 onamus. bepunran tenrnamanu x=17,25(1+anx) kypuHuiiga €3cax,

b

o(x)=1,25(1+anx) OYynamu, OyHHIaH, go’(x)= . by xonma xp =2,28 ydyH KeTMma-ker

SKUHJIAIINII XKapa¢HU SIKUHIIAITYBYH OVIaau:

o'(x)="2 <1
X

Xucobmai HaTHKaapy Kyiuaaru 2.2- xaaBajija KeITHPUIraH:

2.2-xanBan

) 2) 3)
X aa(1) +1 1,25(2)
2,28 1,82418 2,28022
2.28022 1.82427 2,28034
2,28034 1,82432 2,28040
2,28040 1,82435 2.28044
2,28044 1,82437 2,28046

bounanarny sikuamamum X =0,57 atpoduaa xkapa€H SKMHIANTYBYH OVIMaian, YyHKA
, 1,25 1,25
X0 0,57

by xonga Oepuiran TeHTJIaMaHu X = e 08 x1 KYypuHHUIIIa €310, XUCOOIAIIHN JTaBOM

>1

ETTUPHUII KEPAK.

Takpopaam y4yH caBojuiap:



TenrnamMaHuHr aHUK €4UMU HUMa?

TYFpu YM3UKHUHT TEHIVIAMACUHU E3UHT.

N3nanaérran euum Huma?

Takpubuii eurm HUMA?

Barapnap ycynu Kangail mapt acocuja amaira OIHpHIagn?
Ypunmanap yCyiau KaHaai mapT acocujaa amajira omupuiaaan?
YPpUHMaHUHT TEHITIaMaCUHU €E3UHT.

Bonuraarny sxusiammm guma?

A R o e

Ypunmanap yCyJqMHHUHT 1-Xonatu KaHgai?
10. Ypunmanap yCylnMHUHT 2-X0J1aTH KaHan?
11. Tenr kyunu TeHraamaiap HuUMa?

12. KeTMa-KkeT AKMHJIALIUII YCYJIM KaHJai MapT acocujia amajira oumupuiaan?

YN3UKJU AJITEBPAUK TEHT'JIAMAJIAP TUBUMUWHU EYNL YCYJUIAPU.
I'AYCC YCYJIM. bOII DJIEMEHTJIAP YCVYJIN

Pexa:

Bexkropnap Ba maTpunanap xakuaa 6ab3u MabIyMOTIIap.
MacanaHuHr Ky WWIALLIN.
lNaycc ycynn.

bour sanementnap ycymnu.

AN e

VY CyJUTapHUHT UIYY QITOPUTMIIAPH.
Tasinu udopanap:

BekTtop, Marpuma, ckansip KymnaiTMa, BEKTOPHUHI MOAYJIH, OUPJIMK MaTpulla, aHUK YCYI,

UTEpaIMOH TU3UM, OUPUHYHM OOCKUY, UKKMHYH OOCKHY.

MACAJAHUHT KYUWUJINIIHA

Hazapuii Ba amanuii MaTeMaTUKaHUHI KYNTHHA Macajajapyd YU3UKIH anreOpauk

TCHIJIaMaJlap TU3BUMUHHA CHUIIITa 0110 Kei1aau.

Uusukiau anreOpauk TEHIJIaMaJapHU €YMII acocaH HWKKM ycyidra - aHUK Ba
UTEpaluoH ycyiapra OyIuHaau.

Anux ycyn aeranaa WyHJal ycyJsl TyUIyHUJIaJWKH, YHUHT €pJaMuaa 4eKIM MUKIOpIAru
apuMeTuK amMayyilapHH aHUK OakapHIl HaTIKacula MaCalaHMHI aHUK EYUMHHH TOIIMII
MyMKHH Oynaau. Xammara MabiyMm Oynran Kpamep kougacu aHUK ycyJra MUACOJ OVia ojaam.

Jlexun, Kpamep xomnacu amanza >xyna KaM KyJUIaHWJIaIu, YyHKH Oy ycyin OwiaH n- TapTHOIN



YM3UKIA anreOpank TEHTJamalap TU3MMHUHH €uraHjga HUXOATAa KyN apu(METHK aMalUIapHH
OakapuIra TYFpu KeJau.

bu3 xucobnam yuyn Texxamun OynaraH 'aycc Ba 6om sieMeHTIAp aHUK
yCyJIapuHu Kypu0 ynkamu3. bynap HoMabiyMiaapHU KETMa-KeT FOKO-THII FOSICUra aCOCIaHTaH.

Hmepayuon (xeTMa-KeT SKUHIAIINII) ycyn Iy OWIaH XapakTepiaHa-IuKd, Oy ycyinaa
YM3MKJIM  aireOpavik TeHIVIaManap THU3MMHUHUHT €YHUMM KETMa-KeT SKUHJIAIIWIUIAPHUHT
JUMUTHUIEK TOIWIAIN.

Htepanmon ycymiapHu Kyulaétranaa (akaT yJIapHUHI SKHHJIAIIUIIApUTHHA 3Mac,
Oasky AKMHJIAIIUIIAPHUHT TE3JIMTHY XaM KaTTa axaMusITra ara.

By ycynnap aiipum TU3UMIIap y4yH KyAa TE3 SKMHIAMMO, OOIIKa TH-3UMJIap YUYH CEKUH
AKUHJIAIIMIINA €KW yMyMaH SKMHJIAIIMACIUTA XaM MyMKHH. UIyHMHr ydyyH Xam HUTepanyoH
yCyJIapHU KYJIa€TraHja TU3MMHU aBBaj Tai€pnad onmuiml kepak. SIbHu, OepuiraH TU3UMHU
yHTa TEHI Ky4WwId OyiraH mryHiail TM3UMra aaMallTHPHIL KEpaKKH, XOCHJ OYIraH TU3UM Y4YyH
TaHJIAHTaH YCYyJI TE€3 SIKMHIIALICUH.

Tusumaaru TeHriaamanapJaH HOMabIyMJIapHU KeTMa-KeT WYKOTHUIIHU HMKKHM Hyn Oumnan
amaJira OIIMPHII MyMKHH:

a) TeHIJIaMaJapHUHT KepakJiu KOMOWHALUSATIAPUHU TY3HILL;

0) aIMalITUPUIIHUHAT Xap OUp KajiaMuaa TU3UM MATPUIIACUHUHT OMPOpP 3JIEMEHTUHH EKH
OMpOp yCTyHJIaru AMaroHai 3J€MEHTHUHI OCTUAArd Oapya 3J€MEHTIApUHU HOJra alylaHTUPUIL
Makcaauaa 0y MaT-pULIaHU MaxcycC paBUILJja TaHJIa0 OJIMHIaH MaTpHLara KynaiTupui.

Xap MKKajza Xoyija XaM 5JbTHOOp IIyHra KapaTWIMIIN KEpakKKd, aJIMallTHPHIILIAp
HaTWkacujga OepwiraH TM3MM yHra TEHI Kywid OYiIraH TH3MMra aJMallMIIM Xamja cojja

KYPUHUIITA dTa OVIIUIIN JTO3UM.
IF'AYCC YCYJIU

["ayccHMHT HOMabJIyMJIapHH KETMa-KeT HYKOTHUII YCYJIH YN3UKIIH aJIreOpankK
TCHIVIaMaJIap TUSUMUHU CUUII YCYJIJIapy WU aa S5HI' YHUBEPCAJI Ba SHI' CaMapaIuMCUaup.
Copnanuk yuyyH TypTTa HOMabJIyMJIHM TypTTa YU3UKIM TU3UMHM €UUIIHUHT ['aycc ycynnuHu

KypuO 4HKaMu3.

Ymly tuzum 6epunrad OViIcuH:

ap Xy +apXy +ap3xy +ayXy = by;
a1 Xy +anXy +ay3X3 +axXy = by

(3.7)
az| Xy +azpX; +asx; +azxy =bs;
g1 Xy +agpXy +Ag3X3 +AgaXy = Dy
Oy epma x, (u=I1,4) - HOMabIyM COHIAP, A, (Hc = 1,4) Ba 0, (u=1,4) - wMabayMm

koepdunmeniap. Kynalmmk yayH a;s = 0;, azs = 0, azs = 03, a4s =04 10 onamus.



laycc ycynuHHMHT TYIUK TaBcudura yramu3. bBUpuHYM KaJJaMHUHT €TaK9IH dJIEMEHTH J1e0
aTanaguran a;; koeddunuentHn HonmaH dapkau ned xucoOmanmmus. (3.7) maru OUpUHUK

TEHTJIAMaHUHT XaMMa XaJJIapuHu a;; Ta 0ynub, Kyiuaarura sra 0ynamus:

X;+ 01X+ 013x3 + 014x4 = 055 (3.8)
by epna
aj .
by=—-  (j=2345)
a1

(3.8) TenrnuknaH ¢Qoupananu® (3.7) TU3MMHUHI MKKMHYM, YYUHYM Ba TYPTHUHUYHU
TEHIJIaMajJapuiaH X; HOMabJIlyMHU UyKoTtaMu3. byHuHr yuyH (3.8) TeHrnamaHu a;, az; Ba aq; ra
KynauTupu®d HaTWXXaHM MOC paBUINJA THU3UMHUHI MKKMHYM, YYUMHYHM Ba TYPTHHYH

TEHIJIaMalapy/IaH aupHIl Kepak. Y X0JJ1a y4 HOMabIyMJId KyWHIard TU3UMTa 3ra OyiaMmus:
1 1 1 1
1 1 1 1
1 1 1 1

Oy epna
Auwe = Auwe -Au1015 (U = 2,3,4, ac=2,3,4,5) (3.10)
OHIY 1y TU3UMHHU Y3rapTUPUILITa KUpUIIAMU3.
WkkuHYM KaJjaMHU Oa)kapuIlra yTUIIJIAH OJIJMH UKKWHYM KAJaMHUHI €TaKyd 3JIEMEHTH
ned ataaaurad a122 snementHU HOJITAH (apkiu e (apa3 kumamu3 (akc XoJ11a TeHIJIaMa-JIapHuHT
YPHUHU TETUILIM PaBHUILJA aaMaIITUPUII J03uM). (3.9) TU3MMHUHI OMPUHYM TEHIJIaMacHHU

| o
a p ra Oynmammus, y Xomnmua

Xy + b%)x3 + b&)x4 = b§15) (31 1)
Oy epna
(1)
an
pll) =21 (e=345)
J 1
az

IOxkopuparura yxmam X, HU HYKOLAK,

a(z)x3 + a(Z)X4 = a(z)

33 34 35 (3.12)
2 2 2
a4(13)x3 + a4(14)x4 = az(ts)
TU3UMra sra 6ynamus, Oy epra
all) =al)—aDbl) @ =34; 5c =345 (3.13)

(3.12) HuHT OMPUHYU TEHTTIAMAaCUHU a%) ra Oynamus, y xoija
2 2
X3 + b3(4)x4 = b3(5)

O0ynanu, Oy epaa



by Tenrnama épnamuaa (3.12) THBMMHHUHT UKKUHYY TEHIVIAaMacUJaHHU HYKOTHO, Kyiinaaru

TEHIJIaMara sra 6ynaMus:

(3) (2)

AaqXq = Ays
Oy epna

af) = a?) ~aPp? (orc =4,5 ) (3.14).

Hlynnait xkummb, (3.7) Tu3uMHH y4yOypyak MaTpULAIM Y3Ura TEHI Kydid Oynran
KyWHJard TH3UMI'a KEITUPIMK:
Xy +bipX1p +by3x3 +Db1gxy = bys;

1 1 1).
Xy + b§3)X3 +b§4)X4 = bgs),

X3+ b3(a)x4 = bgls); G-19)
ol =)
by epnan kerma-keT KyuugaruiapHu aHUKJIauMu3:
ay)
x; = b3 b, (3.16)
xy =53 =)y —b{xs;
X1 = b5 = Dyaxy —bi3x3 —bypx;.

[Mynnpaii kunuo, (3.7) TH3UMHU €4HII UKKU O0CKUYaH HOopar:

OumpuHYU Oockwuu- Tyrpu Uyn - (3.7) Tuzumuu (3.15) yuOypuak KYpUHHUIIHUTA
KEITUPHIII;

MKKMHYU OOCKHY - Teckapu iyn - Homabiaymmapau (3.16) dopmynanap
€pramMuia aHUKJIAIIL.

Kynna xucobmaérranma xaTora Mya KyHMacIuK yuyH XUCOOJamI kapa€HUHN TEKITUPHIII

MabKyJaup. ByHUHT yayH Ou3 ymoy
n -
ai’n+2:zal~j + f, (z'zl,n)
j=1

HurnHAMIaH (oiianaHnamMus.

Arap caTp dJeMeHTIapH YCTHAa Oakapuiral aMaJJlapHu Kap OWp caTpJard TeKIUPYBUH
WUFUHIM ycTuAa XaMm Oaxapcak Ba xucoOmnamap Xarocu3 OakapwiraH Oynca, y Xonga
TEeKIIUPYBYM WHUFUHAWIApIAH TYy3WIraH YCTyHHMHI Xap OHp DJJIEeMEHTH MO€ paBullIa
QIMAIITUPWITAH caTpiap AJIEMEHTIAPUHUHT WHFUHIMCHTA TeHT Oynamu. by Xom sca OupuHYH
0ocKkHY (TyppH IOpHUIT) HU TEKITUPUII YUYH XU3MAT Kuaau. MKkuHIM O0CKUY (TecKapy IOPUII)
118 5Ca, TeKIIUPYB  Xpe = Xpe + 1 (o1c=1,4) TapHu TOIHII GUIAH GaXKAPHIIAM.

Tenrnamanap TU3UMUHU KYyJIJla €UWITaHAa XUCOOIANUIapHU Ky Huaaru 3.1-
XKaJBajna KypcaTwiran ['ayCCHUHI MxuyaM Tapxu Oyimua Oakapumn MabKyiaup. (XKaasamma

COANAIUK YUYYH TypTTa TCHITIaMaJIap TU3UMUHHA CHUII TaPpXU KCJ'ITI/IpI/IJ'IFaH.)



3.1.-xanBan

X X X3 X4 0301 XaJy1ap > TapX KUCMJIapu
an an ay 0 apn
a
i ax ax a4 02 a2
a
21 a33 a3 a4 03 az6
a3]
a4 44 A4 04 46 A
a4
| aip a3 ai4 by di6
ap a1 a1 by a1
(M
26
) aysV a5, 6, =
1 1 1 36
a2 253 2y, 6, "
az" apy ap D 6, s
2,V .. A
- .. .. 0
(1) (1) (1) a5
1 a3 a4 b, 722
an a by,
&) as,"”) 65 a3
a3 a44(2) 64(2) a4 6(2)
1
a43( ) cee oo oo A
2
(2) (2) (2)
1 A3y by 436
ass ass ass
3 6.0 22c®
a44( ) DY DY
As
o |
a4 asq
X4 X4
1 X3 X3
1 b
1 X2 X'Z

X|+Xy —2x3 + x4 =6;
2x; + Xy + Xy —x4 =3
—X] = 3%y —x3 + x4 =-§;
xXp+2xy —xy +2x4 =11

TuzuMHu euun kapaéHu Kyhuaaru 3.2- xafBaijia KeITUPUITaH.

Mmucoa. Kyiinnaru tuzum I'aycc ycynu Ounan eqynsicuH



3.2.-kamBali

X1 X X3 X4 O3o0x xannap Tapx kucmiapu
1 1 -2 1 6 7
2 1 1 -1 3 6
-1 -3 -1 1 -8 -12
A
1 2 -3 2 11 13
1 1 -2 1 6 7
-1 5 -3 -9 -8
-2 -3 2 -2 -5
1 1 1 5 8 A
1 -5 9 8
8 16 11
-13
-2 -4 0
6
A
P _16 _u
13 13 13
22 44 66
- - - A3
13 13 13
1 2 3
1 0 1
B
1 3 4
1 1 2

[ynaaii kunuo,

e4rMHMra sra OyiuK.

bOLI JIEMEHTJIAP YCYJIN

x;=1;x2=3; x3=0; x4=2

laycc ycynuna erakum s5ieMeHTIap I0MM XaM HouijiaH apkiu OynaBepmaiiau. ba'zan

3ca ynap HOJTra SIKWH COHJIap OYiHIIM MyMKuH; OyHIail coHnapra Oynaranaa Karra abCcoNoT

xaTora sra Oynran coHimap xocunl Oymanu. ByHuMHT HaTwxkacuma TakpuOuUN €4MM aHUK

euuMIaH cE3UIapiv Japakaia YeTIammo KITaau.

Xucobnamga OyHIai dYeTNIaMIIaH KYTHIWII y4dyH [aycc ycymu Ooml 3JeMEeHTHH

TaHJIAIl [OJIM OWiaH Ky/utaHwnagu. by ycymHuur I'aycc yCynMHUHT Mx4yaM TapxujiaH ¢apku

Kyhuaaruaan nbopat. @apa3 Kugaiauk, HOMabIyMIapHU WYKOTHIN jkapaéHuaa ymoly TU3UMra

oraMus:




(1) (1) M, _,0
m m 2
X, +b’£1’m+1xm+1 + ... +b,gm)xn = bm,)n+1’ .
(n) R S Y epa
A me1Xm1 T Ty X = Ay ks
m m
A m+1%m+1 + a1(1 n)xn = ar(z n)+1’
e, (n) _ 4 m-1) _ (m-1) ()
m) _ ~m,j m) __ m— m ..
by, j ~ (m)’ 4y " =4 Qi Dy (. jzm+1)
An
DHau ‘a’(ner)l k‘ - max‘algﬁ)l j‘ TEHINIMKHM ~ KAaHOATJIaHTHPaJUraH K-paKaMHH  TOIHO,

V3rapyBUMIIapHH KalTa OCNTHIANMU3: X, + =X, Ba X, =X,,+; CyHrpa (M+2) TeHrnamagan Oomuiad,

OapyacunaH Xx,+; HOMabIyMHH HyKoTaMu3. byHnail kaHTa Oenrunanuiap WYKOTHUI TapTHOWHU

Y3raptupuiira onud Kenaau Ba KYm Xoiuiapaa XucoOjaml XaTOJUTMHU KaMaWTHUpPHUILITa XU3MaT

Kuj1agu.

MmucoJ. bour anemenTiap ycynuaas ¢oiinanannd KyHuaard TH3UM €UUIICHH.

TusumHu euni xapa€Hu Kyhiuaaru 3.3- kaaBanjia KeITHPUIICHH.

1,1161x; +0,1254x, +0,1397 x5 +0,1490x, =1,5471

0,182x; +1,1675x, +0,1768x5 +0,1871x4 =1,6471

0,1968x; +0,2071x, +1,2168x5 +0,2271x, =1,7471
0,2368x; +0,2471x, +0,2568x3 +1,2671x, =1,8471

3.3-xagBan
u My Ayl Qu2 Au3 Aua Aus 2=aus
1 0,11759 | 1,11610 0,1254 0,1397 0,1490 1,5471 3,07730
- 2 0,14766 0,1582 1,1675 0,1768 0,1871 1,6471 3,33760
3 0,17923 0,1968 0,2071 0,2168 0,2271 1,7471 3,59490
4 0,2368 0,2471 0,2568 1,2671 1,8471 3,85490
1 0,09353 | 1,08825 | 0,09634 | 0,10960 1,32990 | 2,62399
nun 2 0,11862 | 0,12323 | 1,13101 | 0,13888 1,37436 | 2,76748
3 0,15436 | 0,16281 | 1,17077 1,41604 | 2,90398
TN 1 0,07296 | 1,07381 | 0,08111 1,19746 | 2,35238
2 0,10492 | 0,11170 1,20639 | 2,42301
B 1 1,06616 1,10944 | 2,17560
1 1 1,04059 | 2,04059
B 2 1 0,98697 | 1,98697
3 1 0,93505 | 1,93505
4 1 0,88130 | 1,88130

Oy epaa m, = au/an; 6apya u=n nap yuyH a,, — Ooul aneMeHT. JKagBaijaH KyHuaaru e4MMHA

XOCHIJI KUJIaMU3:




x; = 1,04059; x> = 0,98697;
x3=0,93505; x4 = 0,88130.

Taxkpopaam yuyyH caBojuiap:
BexTop Huma?
Marpuna Huma?
Ckainsip kynaiitMa HUMa?
BeKTOpHMHT y3yHIIUTH JeraHJa HUIMAHU TYIIyHACH3?
Ksagpar marpunia auma?
Matpunanu BekTopra KynairmMacu Huma?
Marpunanapuau Oup-6upura KynaidTMacu Kanaai 6axapunaau?

Teckapu Matpuiia HUMa?

A S o e

bupnuk marpuna Huma?
10. I'aycc ycynu Huma?

11. bom anemeHTap ycyiau Huma?



6-MAB3Y. Un3uk/am ajnre0paHuHr TakpuOuii ycysiapu. 3eiaesa Ba ogauii

UTepanus ycyJuiapu

Pexa:
Urepanmon ycysnap.
NrepanuoH ycyuIapHUHT YMyMHUN XapaKTEPUCTUKACH.
Opnuit uTepanmoH ycyJ.

3eiiaen ycyu.

A e

Y CyJUTapHUHT UIIYU QITOPUTMIIAPH.

Tasnuy uéopanap:
Urepanus, cramoHap, peKKypeHT, HOCTAI[MOHAp, XaTOJIMK, MapameTp, €MIUPHK, OOIIaHTHY

SIKMHJIALLHNILL, TAOTOHAM 3JIEMEHTIIAP, OLIKOP YCYII.
1. A”TEPALIUOH YCYJUJIAP

Byrynna Typnu tamoiiun (pUHIUN )JIapra acocIaHTaH Ky/aa KyIiad UTepaluoH ycyJuiap
MaBXkyJ. YMyMaH, Oy yCYJUIApHUHT, y3Ura XoC TOMOHJIApHIaH OUpHU LIyHAaH UOOPATKH, Myl
KyUWITaH XaTOJUKIapu Xap Kajgamjaa TyFpuianu0 Oopaau. AHUK ycyuiap OuiaH uiaétraiia,
arap Oupop Kagamjaa Xarora ImyJ KyHuica, Oy XaTO OXUpPrd HaTuKara XaM Ta CUp KWJIaJu.
SIKUHIAITYBYM UTEPAIMOH KapaéHHUHT OMpOp KagaMua iy KYHWIrad XxaTonuk 3ca dakaT oup
HeYa uTepaius KaJaMUHU OpTHKYa OakapuiuraruHa onu0 kenaau xonoc. bupop kamamaa wyn
KYWMJITaH XaTOJWK KEHWHTH Kagamiapaa Ty3atuiub Oopunamau. bo3 ycrura Oy ycymapHUHT
xucooOam taptubu comna Oyimo, ymapaun OXM napaa xucobnam Kymadmup. JlekuH xap Oup
UTEpPalUOH YCYJHUHI KYJUIAHUII COXacu derapaiaHranaup. UYyHKu wurepauus xKapa€HU
OepwiraH TU3UM YUYYH Y30KJIANIU-IITU EKU IIYHUHTJEK, CeKHH SKUHJIAIIUIIN MyMKAHKHA, OyHUHT
OoKnOaTuaa amaia €4MMHU KOHUKAPJIU aHUKJIWKIa TOMUO Oyimaiiau.

HlyHuHT y4yH XaM HTEpaluoH ycysuiapiaa (akaT SKWHJIANIMII MacajlaCHTHHA 3Mac,
Oanky SIKWHIANIMII TE3UTH MacallaCl XaM KaTTa axaMusTra sragup. SKUHIAmum TE3MUTU
JacTnaOKy SKUHJIAIIUIT BEKTOPUHUHT KyJail TaHIAHUIITUTA XaM OOPIUKIMP.

by maparpadpaa aBBan UTEpalMoOH YCYJUIAPHUHT YMYyMHUH XapaKTepUCTHKAaCHUHH KypuoO
YUKaMU3, CYHrpa 3ca XHucoOjaml aManuéThaa KEeHr KYJJIaHWIaJUraH UTEpaluoH YCyJIapHU

KEJITUPAMHU3.
2. ATEPAIIMOH YCYJJIAPHUHI YMYMUMN XAPAKTEPUCTUKACH

Oxkopuna kailq STWITaHUIEK, UTEPALMOH yCyJUlap THU3UMHUHT HW3JIAaHTAH X €YUMUTa
SKUHIIAaaurad Mo, Wy, fy, ... UTEpAllMOH KeTMa-KeTIIMKJIAPHU KypHIITa acociaHraH. Xap oup
IIyHIal yCyJl HaBOATHaru Wy SKUHJIANIUIIHE aBBAITWIApH €pAamMuaa xucobjarira UMKOH

Oepanuran urepanuoH (opmynanap OWigaH XapakTepilaHaTd. SHT COJJa  XOJjaa W1 HU



xucobnamaa Qakar OMTTa aBBAITH i, uTepanusnaH ¢ovgananwiaad. byrnait ycymrap oup

KaJlamiIu Jeiinnaan. bup kagamiu ycysuiap yuyH uTepaios GopMyiaHu KyWnuaara

Tk+1

CTaHAapT KaHOHUK KYpUHUIIIA E€3UIl KaOyd KUIUHTaH; OYHAA T+ - UTEPAIMOH MapameTpiap
(tx+1>0), Byy1 — €pmamum maxcycmac matpunaiap. Arap T Ba b map k+1 uHzekcra OOFIHMK
o0ynmaca, spHU (3.17) Gopmyna uxTUEpUil K Jap ydyH OUp XWJI KYpUHHINTA dra Oyica, y Xonua
Oy WTepalyioH yCyl cTaumuoOHap ycya paevmnaan. CramuoHap ycyiuiap XUCOO-iar
Kapa€HUHU TAlIKWI €THII HyKTau Ha3apulaH COATaaup. AMMO HOCTallMOHAp yCyJuiap Oomika
YCTYHJIMKJIapra odra: ymap {Tgr1}, {bxr1} KETMa-KeTIMKIApHU TaHjam OujaH OorjaHTaH
KyIINMYa «EPKUHIIMK Japa)xkacura» ira. byHmaH W, uUTepanusiiap TU3UMHUHT X €UUMHTra
SKUHIIANINII TE3TUTUHU oupUIaa GpoiaanaHuin MyMKHH.
(3.17) ureparmon popmyna épaamua HaBOATAATH My SKMHJIANTUIITHA TOIUIN YIIOY

Bivgtiyr] = Dyyg (3.18)

TEHTJIaMaap TU3UMUHU euuIHn Tanad »tanu. bynna
Dy = (Ex+1 = T+l A) Up T Tiers Qb

[llynnait xucoOnamuan kap Oup Kagamaa Oakapuiira Typpu kenamau. byy; martpuma cudartuma
oupmk by = E MaTpuia oncak, urepanyioH KeTMa-KeTIUK XaJapuHU XUCOOJIall Y9yH OHT
comma tapxra sra Oyma-mu3. By xomma (3.17) dopmyna kerMa-KeTIMKHUHT HABOATIATH i
XaJWHU YHUHT aBBAJITH i, XaJHd OpKaliK OLIKOp Moaanan UIMKOHUHYU Oepaau:

Uer] = Ui - Terg A v + Ters qb (3-19)

AHa mryHAai peKKypeHT (popmyrara acocaaHraH UTEPAIlMOH YCYJIUIap OLIKOp yCysuiap

nenuitaau.

Omkopmac ycymnap (bgr1 #E opacuma by wmatpumanm  yuOypuakiud — KwinO
TaHJIAHAJIUTaH yCYJUIap 3HT Ky TapKayiraH. by konma HaBOaTaaru i HTepaisiHi TOMUIT YIYH
W1 HUHT KoMmnoHeHTHapuHH (3.18) yuOypuaknu TH3UMIAH OMpPUH-KETHH [aycc yCyJIMHUHT
TECKapH IOPUILINTa KUJITMHTaHUACK TOMUILTa KEITUPUIAIH.

Kanmaiinup wTepanyoH YCyJIHHMHT KYJUIAaHUIIH — {iy} KETMa-KeTIMK TU3UMHHUHT X
€UYMMUTA SKUHITAIINIITHN OWIITUPAIH:

lim y;, =x (3.20)

k—o

(3.20) TeHrIMK KyHUJArMHA aHTTIaTaau:

\/(yl(k)—xl)z +(y£k)+x2 +...+<y,(1k)—xn)—)0 (3.21)

(3.21) nman xypuHAIUKH, Y  BEKTOpJap KETMa-KEeTJIUTMHUHI X BEKTOpra SIKWHJIAIIUIIMHUHT

3apypHii Ba eTapiiy mapTu Kap OMp KOMIIOHEHTHUHT SIKUHJIAITY BYMIIUTHAAH HOOpaT:

(k)

lim y™ =x;, i=12,..,n
k—o0



YOy aitupma 3, = Wy - X XaTOJHK IeHUIaan. W, HU , = X + 3¢ KypuHuaa €3u6 Ba (3.17) ra

Kyii10, XaTONMK y4yH,
Zpi —Z
B KTk 4 4z, =0 (3.22)

uTepalron Gopmynamu xocui kuinamus. (3.17) nan ¢apkin yinapok, y TU3SUMHUHT YHI TOMOHH
(¢p) Hu ¥3 wuura onmaiau, ssbHU Oup >kuHcAUAUp. (3.20) SKUHIAMIUIIHE Tanad eTHUI 3; HUHT
HOJIT'a UHTWIMILIY JIO3UMJIUTUHY aHTJIaTau:

lim z, =0 (3.23)

k—o©

Xap Oup WuTepalMoOH YCyJ SKUHJIAIIYBUWIMITHHUHT €Tapiuiuk maptiapu A, by

MaTpulagap Ba T+ WTEPALMOH IapaMeTpiap KAaHOATIAHTUPUIIM JIO3UM OYiraH KypUHMIIAA
nbponananaau. VYmapnaH Oab3WjapuHH, aWHUKCA, HTEPAIMOH TapaMeTpIIapHA ONTHUMAI
TaHJIAIIra OWJ INApTIapHU TeKWHpuil KuiimH. Hatmxana xucoOnamuiapHu Oakapaérrania

UTEpALMOH MapaMeTpiapHu KYNuHYa TakpuOa rojiu OuinaH (eMIIMPUK) TaHJIAITa TYppU Kelau.

3. OJI/IN UTEPAITMOH YCY.I

®dapa3 KuJIauiuK,

Ax =06 (3.24)
TU3UM OUPOp yCyi OuaH
x=Cx+d¢ (3.25)

KYpUHUINTa KenTHpwiran OyiacuH, Oy epaa C — KaHIaWaAMp MaTpuua, ¢ - BEKTOP YCTYH.
JlacTna6ku sSKMATammIn Bektopu X\ 6upop ycyn GmmaH (Macanas, x° = 0) TOMMIraH GYICHH.

Arap KeMUHIY AKUHJIALIUIILIIAP
x(lc+1) — Cx(zc) + qb (K=0,],2, )

peKKypeHT opmyna Epaamuia Tonuica, OyHaal ycyn ofanil uTepanus yCyau AeHuIaan.

Arapna C maTpulia 3IeMEHTIapu

n
> (Cy

i=l1

<a<l (i=12,..,n) (3.26)

Ba

n

> (Cy

i=1

<p<1 (j=12,...n) (3.27)

mapTiapaaH  OMpopTacMHM —KaHOATIAHTHPCAa, y XOJga MTEepaluoH kapaéH Oepuira

©

TCHI'JIaMaHUHIT X CYHMMMI'a I/IXTI/IépI/Iﬁ OoIIIaHruY X BCKTOpAa SAKUHJIAIIWIIN I/IC6OTHaHraH,

SABbHH

x = lim x(k)
k—o0



lynnait kunmub, TH3MMHUHT aHWUK €YMMH YEKCH3 KaJamuiap HaTWXKacula -XOCWI KWIMHAIW Ba
XOCWJI KHJIMHTAaH KETMa-KeTJIMKHUHI HUXTUEPUN BEKTOpU TakpuOuii euumHu Oepamu. by

TaKpHOUI €YMMHUHT XaTOJIMTMHU KyHuaara popmMynanapaal Oupu opkaiau ngoaanai MyMKUH:

X; —xl.(k) | < e max x(.k) —x(.k_l)‘ (3.28)
l-a  j=1.2,.4 “/ J
arapza (3.26) mapt 6axapuica, €K1
n
‘xi —xl.(k) < P > x®) _ (k1) (3.29)

1_13 =) J J

arapza (3.27) wapt 6axkapuica. By 6axonapHu Moc paBuIla KyHuaaruya Ky4aiTHpUII

MYMKHH:
m(xl _xl(k))s - max‘xl.(k) _xik—l)‘
CKHU
3 B <3 _
P RlEh Z o)

Utepaunon kapa€HIapHM [OKopuJaru 0Oaxonap OJAMHIAH OepwiraH aHUKIMKHU

KaHOATJIAaHTUPTaHa Tyrauiaiaunap.

© ©) —

BEKTOP, YMyMaH OJIFaHAa, UXTUEPUN TaHJIAHUIIM MyMKUH. ba'3aH X
©

bonutanruu x
¢ ned omumaau. AMMO X~ BEKTOPHMHI KOMIOHEHTJapu cudaTuaa HOMabIyMIApHUHT KYTI0J
TaXMUHJIApJla AaHUKJIa-HIaH KUAMaTIapy OJIMHAIH.

(3.24) tu3umum (3.25) KypuHUWINTa KEATHPHUIIHK OMp HeYa XWJI ycyJuiapia amalra
omnpuil MyMmkuH. @akar (3.26) €ku (3.27) maptiapaad OUpOPTACHHUHT Oa’KapUIIHILU JIO3UM.
Hlynnail ycynnapJjaH HKKMTAacUra TyXTalaMu3.

"bupunun ycyn. Arapaa A MaTpUIIAaHWHT JUArOHAJ JIEMEHTIIApY HOMIaH Gapkiu Oyica,

SSBHU
Ay #0 (U=1,2,..., n)
y Xoi1a Oepriirad TH3UMHHI
1
X1 = 7(51 —dai;nXx) _"'_alnxn)
ar
1
Xy =——(by —apx)—apx;—..—ay,x,) (3.30)
anr :
. )
Xn = bn —an* Ay.n-1%n-1
ann

KypuHHIaa €3uil MyMKuH. by Xonaa C MaTpuiia aneMeHTIapy Kyinaa-rudya aHuKJIaHaIu:

a::
Cl'j:_l (l?ﬁ]), Cii:()
ii



xamza (3.26) Ba (3.27) maptiap Moc paBuIga KyHuIara KypuHUITHA KaOyJT KAJIaIH:

n ..
)y Y cac (i=12,.,n) (3.31)
Jj=14ii
J#i
noa;;
> < p<l (j=12,...n) (3.32)

i=1|4ii

(3.31) Ba (3.32) TeHrcusznuknap A MaTpUIIAHUHT  JTHArOHAN dJEMEHTIapH

ag| > Z\aij (i=12,..n) (3.33)

J#i

mapTiapTIapHy KaHOATIAHTUPTaH1a YPUHIN OYIaau.

NkknHum ycyn. by ycynHM KyHuaaru MHCOJI OpKaJIM HAMOWHII KMJIAMH3.

YMyMmaH osranza, Xap KaHjaail KeITHPWIMAarad MaTpulaid  THU3UM YUyH SIKHHJIAIIyBYU
UTEpALMOH yCyJulap MaBXy, aMMO YJIapHUHT 6apuacy KKcoOal yuyH KyJiail amac.

Arappa urepanus ycynu sIKMHJAIlyBud Oyica, y xoiza Oy yCylsl IOKO-puia KypwiraH
yCcyJutapaaH Kyiuaaru ad3ayuIikiapra ora oymaam:

1. UTepannoH »apa€H TE3POK SKUHIIALICA, SHHU TU3UMHHUHI €YMMHUHU aHUKJIALl YYyH 7
JlaH KaMpOK uTepauus Tajnad KWIMHCA, Y X0JIja BaKTJaH I0TWIAAN, YyHKH apu(MeTHK eMasiap
conn n’ ra MyTtatocu6 (poropuponan) (Fayce ycyim ydayH sca 6y COH n° ra MyTaHOCHO).

2. SxauTnam XaTONUKIApU HTEpalus yCyJduJa HaTWKara KaMpoK Ta -CHp 3TaJu.
ByHnnan tamkapu utepanus ycysu ¥3 XaTOJIMTHHU TYFpHiIad 00pyBUYH YCYIIAUD.

3. Urepauus ycyau TU3UMHHMHI MyaisH KoedduuueHTIapu Hoira TeHr OYiaraH kojijaa
KyJa XaM KyJanamaan. byHagail Tuzumiap xycycuid xocwianu auddepeHiuan TeHraaMalapHa
€4rasjia KyrnpokK y4panuiu.

4. Utepanusa xapaéHuga Oup Xwi Typaard amamiap Oaxapwiaau, Oy sca eX.M yudyH
IIPOrpaMMajalliTUPUIIHU OCOHJIALITHUPAIN.

1- mucon. Kyituaaru TH3um oiiuii uTepanus yCcyiau OuiiaH equICHH:

10x) +x5 —3x3 —2x4 +x5 =6

— x| +25x5 —x3 =5x4 —2x5 =11

2xy + x5 —20x3 +2x4 —3x5 =19
Xy —x3 +10x4 —5x5 =10

xl +2X2 —.X3 —2X4 —20.X5 =-32

Euum. bupunum ycynana aitunranujex, Oy TU3UMHUHI TEHIVIaMaJapMHU MOC paBHILIA

10, 25, - 20, 10, 20 mapra 6ynu6, Kyiuaara KypuHUILa 310 omamMus;



x,=0,6 -0,1x, +0,3x3+0,2x;, — 0,lxg
x5 =0,44+0,04x; —0,04x5 +0,2x4 +0,08x5
x3 =0,95+0,1x; +0,05x, +0,1x, — 0,15x5
x4 =1-0,1x, +0,1x3 +0,5x5

x5 =1,6+0,05x; + 0,Ix, +0,05x5 + 0,lx4

Oy epaa (3.31) mapt 6axkapunaau. XakKukaTaH Xam,

iC1j=O,3<l; ic2j=0,28<1;
j=1 j=1
ic3j:o,41<1; ic4j=o,5<1;
j=1 j=1

i Cs; =03<1;

j=1

JlacTmaOKu SKUHJIAIITUIIT P cudaruaa ozoxa xaanap ycrynu (0,6; 0,44; 0,95; 1; 1,6) au onud

KEHHHTH SAKUHJIaIUIIIapHU TOIIaMHU3!:

¥ =0,6-0,1x + 0,35 +0,2x (")~ 0,1 (") =
0,6 0,1-0,44+03-0,95+02-1-0,1-1,6=0.881

x=0,44+0.04 - 0,6-0,04 -0,95+0,2-1+0,08-1,6=0,754

Ilynra yxmam x(l)Z 0,892; x(l)z 1,851; x(l)Z 1,72. XwucoOmalapHUHT JaBOMHHHU 3.4-
yHra y 3 4 5 p

JKaJBaJiia KCJITUpaMU3:

3.4-xanBai
. =0 =y 0 =Y =0
0 0,6 0,44 0,95 1 1,6
1 0.881 0,754 0.892 1,851 1,72
2 0.9884 0.9482 1,0029 1,9147 1,9859
3 0,9904 0,9814 0,9908 1,9939 1,9854
4 0,99944 0.99753 0,99789 1,99364 1.99897
5 0,99839 0,99865 0,99929 1,99954 1,99970
6 0.99986 0,99989 0,99977 1,99976 1.99960
7 0,999934 0,999920 1,000018 1,999788 1,999947
8 0.999974 0,999951 0,999976 2,000042 1,999978
Oxkopunaru  3.4- xxagBangan  kypamusku, 8-urepauusa x;= 0,999974; x,= 0,99951; x3=

0,99998; x4 = 2,00004; x5= 1,99998 eunmaan u6opar. by Tonuiran TakpuOuii e4uM aHUK €YUM

NaH OCIIMHYM XOHAHWHT OMpIUKIapy OyitmuarnHa apkiaHazim.

*

P
X1 =X

*

X4 = X5

=)




2- MucoJ.
1,02x; —0,05x, —0,10x5 = 0,795
—-0,11x; —1,03x, —0,05x5 = 0,849
-0,11x; =0,12x, +1,04x3 =1,398
TU3UMHH 3 Ta UTepanus Oakapud eYHHT Ba XaTOJUTHHU OaXOJIaHT.
Euwum. Bepuiran TM3uM-MaTpUIIaHUHT AUAraHai dJIeMEeHTIapy Oupra siKuH,

KOJITaHJIapH 3Ca 6I/IpI[aH aH4Ya KU4YHUK.

[y cababmau uteparus yCyJauHu KyJUlalll yayH Oepuiarad TH3UMHHU Kyinaaruda €3u0 oJamMus:

X;] = 0, 795 - 0,02)61 + 0,05)62 + 0,]0)63,'
X>=0,849 + 0,11x; - 0,03x, + 0,05x3,
x3=1,398 + 0,11x; + 0,12x, - 0,04x;3.

(3.31) sxuHnamum mapty Oy TH3UM YUyH Oakapuiiaau. XaKUKaTaH Xam,

3
>|C1; =0,02+0,05+0,10=0,17 <1
j=1

3
>|Cy;=011+0,03+0,05=019<1
j=1

3
>|C3[=01140,12+0,04=0,27 <1
j=1

Bomuranruy  skuaianmm  x” cudaruga 0301 XauIap YCTYHH DIIEMEHTIApUHM HKKH XOHa

AHUKJIMKOa OJIaMU3
0,80
NONINYE
1,40
OH/IM KeTMa-KeT KyiugaruiapHiu aHUKJIaiMu3:
k=1 ma
x;"'=0,795 - 0,016 + 0,0425 + 0,140 = 0,9615 ~ 0,962
x:"' = 0,849 + 0,088 — 0,255 + 0,070 = 0,9815 ~ 0,982
x3"' = 1,398 + 0,088 + 0,1020 — 0,056 =1,532

K=2 jna

xi1® =0,980, x,¥=1,004, x;" = 1,563
kK=3 ma

x?=0,980, x,®=1,004, x3* = 1,563

HoMabIyMIapHHHT K=2 Ba K=3 jaru Kuitmaraapy 3-107 1an kaMpox hapk KHTasITH, IIyHHHT
yUyH HOMabJIyMJIAQPHUHT TaKpUOMi KuiMaTiapu cudaruia
x; = 0,980, X2 = 1,004, x3=~ 1,563

JIApHU OJIaMU3.



4.3EMJIEJI YCYJIN
3eiigen ycynin 4M3MKJIM OUp KajaMid OMpPUHYM TapTHOIM HUTEpAllMOH ycyinaup. by
yCyll ONMH WTEpalyoH YCyJinaH [y OwiaH (apK KHIaIuKH, JacTIa0KH SKHHIIAIINII

xl(o),xgo),..., x,go)ra Kypa xl(l) tonuinaau. CyHrpa xl(l),xgo),..., x,(f)) Kypa xgl)TOHI/IHaIII/I Ba

Xx.K. bapua xl(l) Jap AHWKJAHTAHAAH CYHT xl.(z),xl.(3),...ﬂap TONWIAAU. AHUKPOK aWTrasjia,

Xucobnanuiap Kyiuaara tapx (cxema) Oyitnya onnd Gopuiiaam:

b n al.
x1(k+1) _ b J ()
air =291

b a 1o
k+1 2 21 (k+] J _k
xg+)—— x1(+)—2 x§~)

a3y app j=34922
b. n a::
xl(k+1):71_7_z i k+1 = ixgk)
i Qi =149 j=i+1 i

(k+1 z

n :

3.3.2. paru SIKMHJIAIIWII IIApTIIapu 3einen ycyiau yuyH XaMm ypunnuaup. Kynunua 3eiinen
yCyIHM OJJMH WTEepalusl yCcyJura HUCOaTaH SXIIMPOK SKHHJIAIIAAM, aMMO Xap JOUM Xam
Oynnaii OynaBepmaiinu. bynman Ttami-kapu 3eiljen ycyiau MNporpaMMajalliTUPUII y4yH

(k+1)

KyJlauaup, YyHKH X; HUHT KuiiMatu XxucoOiaHaérrania xl(k),....,x.(lfl) JApPHUHT

1

KHUMMaTUHU Cakjad KOJMUIIHUHT X0XKaTH VK.

Mmucou. 3eiigen ycynmu O6unan 3.3.2. garu 1- MUCOTHUHT €4MMHU 5 XOHA aHUKIMKIA

TOITWJICHUH.
Euynm. Tusumau

x;=0,6-01x; + 03x;3 + 02x,- 0, Ix5,
x> = 0,44 + 0,04x; - 0,04x3 + 0,2x4 + 0,08x;5,
x3=095+01x; + 0,05x; + 0,1x4 - 0,15xs,
xs=1-01Ix,+ 0, 1Ix3+ 0 5xs,
xs=1,6+0,05x; +0,1x> + 0,05x3 + 0,1x4

KypuHHIIAa €3u0 oOJamMu3 Ba JACTIA0KH SIKHHJIALIUIL X cupatuia OIAUNA UTEpAIHS

yeynuaaruaek x =(0,6; 0,44; 0,95;1; 1,6) ne6 onamus.

WrepanussHuHT OMPUHYN KaJaMHHH Oa)kKapaMu3:
1 =06-01x"+ 037 +0,2x, - 0,1x5” =

=0,6-01-044+03-095+02-1-01-1,6=0,881
57 =044 + 0,04 x,Y - 0,04x5” +0.2x,7 + 0,08x5” =



= 0,44 + 0,04 -0,881 - 0,04 - 0,95+ 0,2 -1 —0,08 - 1,6 = 0,771
x5 =095+ 01x,"+ 005" +0,1x,7 — 0,1x;” =
=095+0,1-0881+0,05-0,771 +0,1-1—0,15-1,6 =0,937
x=1-01x"+01x;" +0,5x;” = 1,817
x5 =1,6+005x," +0,1x," + 0,05x5" +0,1x,/V = 1,948

Kelinaru sxunmamumngiapiy 3.5- )kaaBainga KeJITUPaMU3:

3.5-xanBain

. N0 N0 NG NG NG

0 0,6 0,44 0,95 1 1,6

1 0.881 0,771 0,937 1,817 1,948

2 0,973 0,961 0,985 1.974 1,992

3 0,995 0,995 0,999 1,996 1,999

4 0,9995 0,9991 0,9997 1,9995 1,9998

5 0,99992 0,99989 0,99997 1.99991 1,99997

6 0,99999 0,99998 0,99999 1,99999 2.00000

Kypunu6 typuOauku, 3edaen ycyiaum OAIUM HTeparus

SIKUHJTAIIIMOK/1A.

0NV kW

ycynaura HucbaraH TE3POK

TaxkpopJam y4yH caBojiap:

Wrepaunon ycyn Huma?
Cranuonap ycyn HuMa?
Ouikop ycysuiap Huma?
OIIIKOpMAC yCyJiap HuMa?
bupunun ycyn auma?

WNkxunun ycyn Huma?
bonutanruy skMHIammm Huma?
3eitaen ycynu Huma?

3eiizien yCyaTUHHUHT OAJIUI UTepanus ycynuaas Gpapku?

III/I3I/II{.JII/I BYJMATAH AJITEBPAUK TEHTJIAMAJIAP TU3UMMWHU EYHIII
YCYJJIAPU. KETMA-KET AKUHJIALINII YCYJIN

Pexa:

1. YUnzukiam 65'7JIMaFaH TCHITIaMaJIap TUBUMUHUHT MOXHUATHU Ba aXaMUATH.

2. Kerma — ket (OonuiaHFu4) SKUHJIAMINII YCYJIIH.

3. YCyJHMHT UIIYH aJTOPUTMHU.

Tasinu udopanap:




Xycycuii Xxocuia, YM3UKIN TeHI1aMa, OJIMNA UTepalys, YU3UKIN OyIMara TeHrjama, y3IyKCcHs3
TU3UM, OOLUTAHIMY SKMHIIALIMIL, KBaApaT TYFPU TypTOypyaK, OMpPUHYM SIKUHJIAIIUII, HKKUHYH

SKUHJIaIIWIII.

1. YM3UKJIA BYJIMATAH TEHT'JIAMAJIAP TU3UMUHHUHI MOXUSTH BA
AXAMUATH

Uly maiftraua Ou3 Qaxkar YM3WKH TEHIVIAMAlap THU3UMHHH €UWII YCyJUTapH OWiiaH
TAaHULAMK. SHAM TEHIJIaMalap THU3MMU YHU3UKIM OYIMaraH XoJd YCTHAA TyXTaJlaMH3.
Conjanuk ydyH MKKM HOMAabJIyMJIM MKKUTa YU3UMHU OYJIMaraH TU3UMHHM OJJUH UTepauus

yCyJii OWJIaH euuIra TyxXTaiaMmu3. byHaai TH3uM Kyinaarnda €3usaam:

{f(%y)=0
o(x,y)=0

®dapa3 KWIaWIUMK OONIIAaHTHY X , Y SAKUHJIAmMIDIap OepwiraH OyicuH. bepuiran

(3.34)

TU3UMHU KyHujaruda €3ammus:

{x:F(xay)
y=(x,y)

xamja Oy TU3MMHHUHT YHT TOMOHHJIATY X Ba y Jlap YpHUTA OONUIaHTHY SKUHJIALINII X , Y JapHH

(3.35)

KYHu0, OMpUHYY SKUHJIAITUIITHA aHUKIANMU3:
{xl = F(xq,¥0)
y1=P(x9, )
XyIu UyHUHTICK MKKUHYW SIKAHITAIIAITHA aHUKJTaiMU3:
X2 =@ (x4, 1)
iy =D (x5, 1) (3.37)

(3.36)

Ba yMyMaH

(3.38)
Yn = ®(xn—l > Vn—1 )’

Arapaa  (x, y) Ba (X, y) GyHKIMsIIAp Y3IYKCU3, XamIa X, X2, ..., Xu, ... Ba Uy, o, ...,

{xn = F(xn—l > Vn—1 )’

Wy, ... KeTMa-KeTIMKIAp SKUHJIAIIYBYM OYica, y XojiJa YJapHUHT  JIMMUTIApuU OepuiiraH

TEHIJIAMaHUHT €YUMH OYIIaIu.
2. KETMA - KET (bOLIVTAHFUY) AKUHJIAILIUII YCYJIN

IOxopuaa kenTupuiaraH UTEpalMOH KapaéHHUHT SKUHJIAIIYBYM OYIWII IMIapTiapura

TyXTaJlaMH3.



Teopema, X Ba y (3.34) THBHMHHHTI aHHK e4UMIapH, a < X < 0, ¢ < i < 1 6y1u0,
X=a,x=6, i=c Ba U=0 TYFPHU YM3UKJIAap OWIaH YerapajaHral TYrpu TypTOypuak muuja OoIIka
euumiiap yk Oyinca, y Xonaa KypcaTiiral Typpu TypTOypYakia Kyiuaark

oF oF 0D
oF oF o

0x %

SPI) Sqla SPZ) ay SQZ

Py +P, <M <1 Ba K + kK <M < 1) tenrcusnukiap Oaxapuica, UTEPAIIMOH >XKapaéH
SKUHJIAITYBYM OYimagy Ba OONIUIAHTMY SKUHJIAMMII X,y cudatuma Typpu TypTOypUaKHHHT
UXTUEPUM HYKTAaCUHU OJIUII MYMKHUH.

TeopeMmaHUHT HCOOTUHU KENTHUPUO yTUPMANMU3.

Mucon
flx,y)= x> +y3 -6x+3=0
(p(x,y)z x> —y3 -6x+K =0
TU3UMHHUHT MycOaT eUNMHUHH UTEPAIHOH YCYJI OWIaH Y4 XOHA aHUKJIMK/IA TOITHHT.

bepunran TM3UMHM Kyiugaru KypuHuiga €3uo oiaMus:

3 3
x4y 1
== 7 4+ - =F(x,
x=" Tt =Fly)
3 3
x =y 1
S I
y= =0 y)

0<x<1, 0<ii<] kBazpaTHU KapaiiMu3. Arapaa Xo, o HyKTa Iy KBajparra TeTHIUIH Oyica, y
xonaa 0<d (xo, ip) <1 Ba 0 <D (x, i) < 1 6ymaau. (Xo, ¥p) OONTAHTHY AKUHIAIIMII KaHIal

TaHJIAHUITUAAH KaT ¥ Ha3ap (X, Hy) AKMHIAMANIIIAP KBAAPATra TETUILINH OYIaau, YyHKH
1
0<(x8 +y(3))/ 6<§
1/6<(xd3 - i)/ 6<
—176<xp = Yo < 6

bynnan Tamkapu (X, i) HyKTanap ; <x<—, 1 <y< ; KBaJparra reruuuid. by kesagpar

6 6

HYKTaJlapu y4yH:

25+1

2 2 T
ai+a£:x +L<M:ﬁ<l
ox| |0y 2 2 2 72
od| lod| x* |y?| 34
—|+|—]= < —x<l1

ox| |0y 2 21 72

Oaxkapuaam.
Jlemak, KypcaTWiraH KBajJpaTaa TH3UM STOHA €YMMIa 3ra Ba YHH HWTEpAIMOH YCyJiaa

AHUKJIalll MyYMKHUH.



X0 =; Ba Y = l ned omamus, y Xonaa
1.1 1.1
1 8 8 1 8 8
X =—+ =0,542, y =—+ - 0,333
2 3
10,5423 +03333
Xy =—+- ’ = 0,533
2 6
1 05423 -03333
%) =§+ > ’ =0,354
1 0,533% +03543
Xy =+ ’ = 0,533
2
1 0,533%-0,3543
Yo :§+ 20,351
1 0,533%+0351°
Xy =+ ’ =0,532
2
3 3
' :;+0,533 0,351 0351

By epna x; = k2 = 34/72 <0,5 6ynranu ca®abmu OMPHHYM y4Ta YHIUK paKaMJIQPHUHT MOC

TYHTaHJIUTHA KCEPAKIIM aHUKJIMKAArh C€4YWMMHHU TOIUII HUMKOHUATUHU 6epaz[1/1. IHYHﬂaﬁ KHIno

KYWHJIary e9uMra sra OVIIIuK.

x=0,532; u=0351

Takpopaam y4yH caBojuiap:

Omwkop ¢pyHKIMS HUMA?

Omwmkopmac ¢pyHKUUsS HUMA?

A S A o i

10. Vanykcusnuk QyHKIUsS HUMA?

bupunuu sKkuHIamuMIm KaHgan aHuKIaHaau?

UKkknuHy SKUHIAIIKIN KaHal aHUKJIaHan?

Bounanruy sikuHIamuIn XaKkuaara reopema’?

bounanruy ssKMHIAMMII KaHai mapTra acocad TOnuiaaaun?
TY¥pu TypTOypuakHHHT N()OJATOBUN TEHTJIAMAHU E3WHT.

Nrepanunon xapaéH AKUHIALIYBH [IAPTUHU €3UHT.

Hyxranu kBajpatra TErMILTWINK [IAPTUHU E3UHT.



7-MaB3y: Xoc kuiimatiaapuu Ty Myammocu. Kpuinos Ba JlaHusieBekuid MeToiapu. Xoc
KUHAMATIIADHUHT KUCMHUI MyaMMOJIapH.

Acocuit mywiynuanap: Mampuyanune xoc connapu, xoc éexkmopaapu, I amunomon-Kennu
meopemacu, CUMMEMPUK MAMPUYaIap y4yH Xoc COHIAPHUHS XOCCANAPU, IHS KAMMA XOC COHU
MOnUWL YYYH umepayusi yCyuu.
Acocuii hamudicanap:
1.Xoc counap 6a xoc eekmopnap: Ax = Ax, x #0,.

2.Cummempux mampuyanune xoc counapu: A € R,A # u> (x,y)=0.
3.OHe kamma xoc COH YUyH umepayusl yCcyau:
x' =245, x" e R",
4. Xapaxmepucmux menenama Kypuwinute Jlesepve-@aodees ycynu.
5. Aneopumm ea dacmypaap.

k— 0.

=14 >4

‘max

1. 4la,), i,j=1,...,n KXBajpar, XaKMKUA OIEMCHTIM Marpuua Oepwirax OYicuH,

A:R" - R", E- OGupnuk MaTpuia OYICHH.

Yoy

Ax = Ax, x #0, (1)

TEHIJIMKHU ~KaHOATJIAHTUPYBUYM A COH A4 MATPHULIAHUHT XOC COHH, X # (0 BEKTOp 3ca XOC
BEKTOpH JCHUIA/IH.

A MaTpulaHUHT Oapya XOC COHJApW TOMHII XOC COHJap MpoOiemacu IeHunaiu.
K¥ypaitnukuu, Oy macana Humara oaud kenap dkad. (1) Hu Kylingarunda €3ub oammus:

Ax — AEx = (A—- AE)x = 0. (2)

(2) 6up xuHCTHM cHCcTEeMa, Y HOJIb OYJIMaran equmra sra OYJIWIM y49yH, YHUHT aeTepMuHaHTa (
ra TeHr Oynuum kepak: det(4 — AE) =| A— AE |= 0.

Jlexun,
a, -4 a,..a,
ay Gy —A..a
21 22 2
A—-AE = "l
a, a,..a, —A
[IIyHuHT yuyH,

det(A—AE)=(-D)"(A"+ p,A "'+ p,A " +..+p,)=0. (3)
(3) Tenrnama 4 MaTPULIAHUHT XapaKTEPUCTHK (acpHii) TEHIIamMacu AeWunaau. Y n —aapaxand
anreOpauk TenrnaMa. Lllynnait kummb, XOC COHJApHU TONMMII yYyH anreOpauk 7-Japakaiu
XapaKTepUCTHK TEHITIaMaHU Oapya eYuMIIApUHU TOMUII KepaK dKaH.

AnreOpaHMHT acoOCHil Teopemacura acocaH, XapaKTepUCTHK TeHrjJama aiareOpauk 7n-
mapakald TEHIJIamMa OYJTaHJIWrd ydyH, Xap KaHgail — A-maTpuiia Kappajapu, KOMIUIEKC
WIAN3JIapUHU XUCcOoOra oJiraHzia 7-Ta X0C COHJIapra ara.

L'amunemon-Kennu meopemacu. Xap KaHaail MaTpulia ¥3 XapaKTEPUCTUK TEHIVIMACHHU
KaHoaTinaHtupanu: det(4-A E) = det(4- AE) =0.

Amanuérna, KynuH4a MaTPUIIAHUHT OMp Heda XOC COHJIAPWHM TOIMWII Tanad 3TUIau,
MacajlaH, HI' KMYHMK Ba JHI KAaTTa XOC COHJApHHU. YJapHU TOIMUII, XOC COHJIAPHUHI XYyCYCHH
npobnemacu nedwiagn. bapya Xoc COHJIAPHM TONMII XOC COHJIAPHMHT TYIUK MpodiiemMacu
aeiunagy. DHI KAYUMK XOC COHM TOMUII OOIIKAa MAaTPUIIAHUHT 3HI KaTTa XOC COHM TOTMII
Macajacura KelaTupwiaau. XakukKaTaH XaM, Ax= AX <> A" x=x/A SKaHJIWTHOaH. A -MaTpuULa
YUYyH 3HT KaTTa XOC COH, B = 4" MaTpuIa y4yH SHT KUYHK XOC COH DKaH.

X0C COHJIApHU TOMUIIHUHT OUp KaH4a yCYJUIapu MaBxKy/I:

1) DOHr xarTa (3HT KHYMK) XOC COHHU TOMUITHUHT UTEPALlUs YCYIIH.



2) ABBan XapakTepUCTUK TeHTJaMaHu, cyHr yHuM euuin ycyiuiapu (Kpsuios, JleBepbe,
®danieeB, HHTEPIIONALUA,HObMATYM K03 (UIIeHTIap Ba XOKa30);
3) Xoc COHJapHM XapakTEepUCTUK TEHIVIaMa Ty3MaclJaH TOIYBYM, MaTpHUIAJApHU

AIMAaIITUPHUIITA aCOCIAHTaH uTepanus ycymuapu( SAkoodwu,...).

2. Marpuua Y3uHUHT TpaHCTIOPTUpPJIAHTaHHHUTA (KOMIUIEKC KYIIMacHura) TeHT Oyica, €Ki
R" 1a ckaisp KynmaiTMa MabHOCHIA

(Ax,y) = (x,4* y) = (x,Ay), x,y € R 4

TEHIJIMKHA KaHOATJIAHTUPCa CUMMETPUK JeHUIIaIu.

CuMMeTpHK MaTpUIla YUYH XOC COHJIap XaKuaa Kyhuaaru Gukpiaap YpuHIn:

Teopema 1. CuMMeTpUK MaTpPUIIAHUHT XOC COHJIAPU XAKHUKHM, Xap XWJ XOC COHJIapra
MOC BEKTOpJIap ¥3ap0 OPTOrOHA.

WcboT. Ax = Ax, Ay = uy 6yncun. dapas kunaiimuk, =4 +id,, 1=, —il,
oyncun. Tabpudra acocan,

(Ax,x) = (Ax,x) = A(x,x) = (x,4x) = (x,Ax) = Z(x,x)
[IyHuHr yuyH, (1 - Z)(x,x) =0.x # 0 PKAHIMTHAAH 1 = 1 = A, € R. Uxkununjas,
(Ax,y) = A(x,y) = (x,4y) = (x, ) = p(x, ).

Mynunr yayn, (A —u)(x,y)=0. A # u decak (x,y)=0=>xLly

T*T = E IIapTHU KAHOATIAHTHUPYBYM MaTpHUILAIap OPTOTOHAJ MaTpULajiap AeUuIIaau,
paBuIanku, ynap yuyH T*T'. A+T*BT apTv KaHOATIAHTHPYBYM MAaTpULAIap yXIIALl
JeHnIaam.

Teopema 2. Vxmam MaTpuuanap GMp XHMJI COH COHJApra 3ra, XOC BEKTOPJIAp ¥3apo
YU3UKJIM OOFJIaHTaH.

Hcoot. Ax = Ax , OyncunH,y xonna Ax=T*BTx=Ax, m Tx =y Jecak

T*By=Ax=AT 'y= By =(T*)"'AT 'y = A(T*T) "'y = AEy = Ay
SAbau, By =y e6a y=Tx DJKaH.
3. Ax=Ax Macamaga OSHI KaTTa XOC COHM TONMINra Kupumamus, Bupop x* € R”
BektTop o6 x®=Ax*",  k=1,2,..., BeKTOpIap KETMa-KETIMIU KypPaMH3.
Teopema 3. x' € R” uxtuépuii Gouutanruy Bekrop yayH x®=(x,®, . x ©)=Ax®
KeTMa-KeTJIMK KypHiIraH 0yicuH. Y xonga

lim x?k)
—t = , i=1..n %)
k> o x b D
Hcbot. Ae, = A,e,6yncun, i =1[,.... Dapa3 KUIaluK,
|4 24 2. 2|4,

Papmanku, x”=a e +..+a e, JHecak,
1 0
xV = Ax" = dae +.+Aae,

X = Ax* P ae +..+ Lae

n—-n-n

) oecax x" =Alae,+..+Aae,., ea

n"n"ni’

e, =(e,,€,,...e

in

x® Mae, +..+Aae

n""n-ni

k=1) — k-1 k-1 -
X; A ae, +...+ A ae,
k k
1+ u; (a,e,; /ae,)+...+ u,(a,e, /ae;)

=1 140 =N
1 1+ 1t (aye, /ae,)+.+ 1 (a,e, /ae,) 100 )

Oy epna u, = A,/ A, i >1. SIbHn,



(k)

X e —
x(;ﬁl) = 2’1 + O(| :u2 |k 1)’ (6)

By epnan (5) kenub unkay.
4. XapakTepUCTHK KYNXaJHU TONMHUUIHUHT HObMaIyM Ko3((dULEeHTIap yCyu.
D(A)=det(A-AE)=p,+p,A+...4p,, A" +A" nelnHK. p, KO3)DHUUEHTIAPHH TONUII yUyH

D(i)=d,,i=0,...,n-1, (7
JerepmunanTiapau xucobnanuk.PaBiianku, p
pO :do 9

PotP P, +1° :d] >
Py +2p, .. 2" p. 2" =d,,

)]
p, T(n-1)p, +~-~+(n‘1)n_1pn-1 +(n-1)"=d_,.
By epnau nappoB keaub unkaauku, p,=d, Ba
p,+..tp,,=d,-d,-1",
py+2p,+.+2"'p, ,=d,-d, 2",
..................................... s 9)

(n-D)p, +...+(n-1 )n_] Pp =4, -do-(n-1)".

OHau ymdy MaTpulia Ba BEKTOPJIApPHU KUPUTAMM3:

M=[m,]=[i],i,j=1,....,n-1,p=[p,,p,--..p,, ],b=[b,,b,,....b, , ].b;=d;-d-i".
Hatmxana (7.9) cucremanu Kyiugaru KypuHunaa €310 oull MyMKHH:

Mp=5b (10)

M MaTpULaHUHT IeTepMUHAHTH HONJAH (apkiu, y BanaepmMona neTepMHHaHTHHUHT
MuUHOpUIMP. YHU €unb p = M™'b (GopMysasan XapakTEpPUCTUK TEHTIAMAHUHT
K03 dULIeHTIIapUHN ToaMu3. XapaKTepUCTHK TeHIIaMaHu OUpop ycyi OusaH equd xoc
COHJIapHH ToraMu3. TeHTrIaMaHuHT Oapya XaKUKHi WITU3IapiuHn Tonuiiaa PeidakoB ycynm
KyJa Kyau.

usul;

8-Mavzu:ODDIY DIFFERENSIAL TENGLAMALAR (ODT) UCHUN QO'YILGAN
KOSHI MASALASINI YECHNI BIR QADAMLI USSULLARI.

Ishdan magsad: Birinchi tartibli differensial tenglamani Runge -Kutta usulida
vechishni talabalarga o ’rgatish quyidagilarni o’z ichiga oladi:

o differensial tenglamani integrallashga sonli usulni qo’llash;

o hisoblash ishini tashkil qilish va bajarish;

e masalani yechish dasturini tuzish va sonli natijalar olish.

Masalaning qo’yilishi.
Birinchi tartibli differensial tenglama
v'=f(x) (1)
[x,,b] kesmada



y X=X, = yO (2)

boshlang’ich shart bilan berilgan bo’lsin. x=b nuqtada noma’lum y=y(x)
funksiyaning qiymatini taqribiy hisoblash talab qilinsin.
Agar berilgan masalaning y=¢ (x)yechimini topish mumkin bo’lganda, x=b nuqtada,

= go(b) ni topishimiz mumkin bo’ladi. Lekin aksariyat hollarda masalaning

ravshanki, y

umumiy yechimini topib bo’Ilmaydi. Bunday hollarda taqribiy (sonli) usullar qo’llaniladi.

Differensial tenglamani integrallashning eng keng tarqalgan sonli usullaridan biri
Runge -Kutta usulidir.

Bu wusul har xil tartibli aniqlikdagi sxemalarni qurishdan iborat bo’ladi. Bu
sxemalar EHMda hisoblash uchun juda qulay hisoblanadi. Ko’pgina qo’llaniladigan
sxemalar to’rtinchi tartibli aniqlikda bo’ladi. Hozirda ulardan amaliy hisoblashlarda
foydalanilmoqda.

Usul tavsifi [x,,b] kesmada hosilaga nisbatan yechilgan birinchi tartibli differensial tenglama

dy _
dX_ (xay)

berilgan bo’lsin va x = x, nuqtada y = y, boshlang’ich shart o’rinli bo’lsin.

b—x . . o : e
H = ¢ qadamni tanlaymiz va quyidagi belgilashni kiritamiz: x, = x, + ih va
n
y, = y(x,) (=123,...,n). Quyidagi sonlarni qaraymiz:
A . K(i)
_ H K , ,
KO =hf|x+ oy e | KO =hlo+ oy +K0)  G)

Runge — Kutta usuli bo’yicha x,, =x, + H nuqtada taqribiy yechimning y,, qiymati
quyidagi formula bo’yicha hisoblanadi
Via =Y +AY, (4)

bu yerda Ay, = %(Kl(i) +2K 42K +Kff)) (i=0,1.2,.)

Bu usul bo’yicha bajariladigan hisoblashlar quyidagi jadvalga sxema bo’yicha
joylashtiriladi:

1 —jadval
i x y K=H-f(x,y) Ay
O _xo yo K](O) KI(O)
H (0) (0) (0)
xO + — yo + Kl K2 K2
2 2
K(O) K ©) K©
Xg +— 2 3 3
0 2 yO + 2
Wil | kD KD KD
Ay,




1 X N

1 —jadvalni to’ldirish tartibi.
1) Jadvalning birinchi satriga x,, y, berilgan qiymatlarni yozamiz.

2) f1 (xo, yo) ni hisoblab # ga ko’paytiramiz va K* sifatida jadvalga yozamiz.
kO

L larni yozamiz.

3) Jadvalning ikkinchi satriga x, +?, Vo +

(0)
é )ni hisoblab # ga ko’paytiramiz va K§°> sifatida jadvalga

H
4) f(x0+?7 y0+

yozamiz.
K (0)

> larni yozamiz.

5) Jadvalning uchinchi satriga x, + ER Yo +

(0)
6) f (xo +%, Vo + K22 Jni hisoblab # ga ko’paytiramiz va K\ sifatida jadvalga

yozamiz.

7) Jadvalning to’rtinchi satriga x, + H, y, + K larni yozamiz.

8) f (xo +H, y,+K §°))ni hisoblab # ga ko’paytiramiz va Ki‘)) sifatida jadvalga
yozamiz.

9) Ay ustuniga K, 2k, 2k, k) larni yozamiz.

10) Ay ustundagi sonlarning yig’indisi 6 gabo’lib, Ay, sifatida jadvalga yozamiz.
11) y, =y, + Ay, ni hisoblaymiz.

Keyingi navbatda (x,, y,)ni boshlang’ich nuqta sifatida qarab hisoblashlarni shu singari

davom qildiramiz.
Runge-Kutta usuli yordamida EHMlarida qadamni avtomatik tanlab hisoblashlar
bajarilganda hasoblashlar ikki marta bajariladi. Birinchisida A qadam bilan, ikkinchisida esa

h = % qadam bilan. Agar bu holda olingan y, ning qiymatlari berilgan aniqlikdan oshsa, u

holda keyingi x,,, nuqtagacha qadam ikkilanadi, aks holda yarim qadam qo’llaniladi.



15-ma’ruza
ODDIY DIFFERENTSIAL TENGLAMALAR (ODT) UCHUN CHEGARAVIY MASALALARNI
TAQRIBIY YECHISH USULLARI. KOLLOKATSIYA, ENG KICHIK KVADRATLAR, SOHACHALAR,
GALYORKIN USULLARI

Ma'ruza rejasi:
ODT uchun chegaraviy masalalarni (ChM) echish usullari tasnifi;
2-tartibli ODT uchun ChMning umumiy qo yilishi;
Tafovut funktsiyani tuzish;
Kollokatsiya usuli;
Integral va diskret shakldagi eng kichik kvadratlar usullari;
Sohachalar usuli;
Galyorkin usuli;
Vaznli tafovutlar usuli hagida umumiy ma’lumotlar.

e S

Kalit sozlar: ODT uchun chegaraviy masalalar, tafovut, bazis funktsiyalar sistemasi,
tafovutni minimallashtirish.

1. Chegaraviy masalalarni echish usullari

ODT uchun ChMni echishda samarali taqribiy va sonli usullar ishlab chigilgan. Taqribiy
usullarga kollokatsiya, eng kichik kvadratlar, sohachalar usullari, bundan tashqari samarali va
universal bo'lgan Galyorkin usuli kiradi.

ODT uchun chegaraviy masalalarni sonli echish usullari ayirmali echimni tuzishga
asoslangan. Ayirmali usullar o'zining qulayligi va o'ta universalligi sababli keng qollaniladi.

2. Tafovutni minimallashtirish usullari

ChM quyidagidan iborat. Quyidagi differentsial tenglamaning
Lu=u"+ p(x)' +q(xlu=f(x) a<x<b (1)

ikkita chegaraviy shartlarni
lyu = ao”(a)"‘ :Bo“'(a): Vo>
liu = al“(b)"' 51”'([7): Vs
ganoatlantiruvchi echimini topish talab etiladi, bu erda p(x), q(x), f(x) €C/a,b] — berilgan

)

funktsiyalar, &, f3,, 7, - berilgan sonlar, ya'ni
2 2 .
a;+p; >0, j=0,Ll.
Agar (2) shartlarda «; =1, B, =0 bo'lsa, u holda bu chegaraviy shartlar birinchi tur
bo'ladi. Agar a; =0, p, =1 bo'lsa, ikkinchi tur chegaraviy shart deyiladi. Umumiy holda

a; #0, B, #0 bo'lganda, (2) shartga uchinchi tur chegaraviy shart deb ataladi.

(1), (2) masalani echishga quyidagicha kirishamiz. Berilgan [a, b] kesmada ikki marta
uzluksiz diffeentsiallanuvchi (ya'ni, S?[a, b] fazodagi funktsiyalar) chizigli borliq bo'Imagan
o0, @r..., O, ..., funktsiyalar sistemasini tanlaymiz. Bunda, ¢y funktsiya (2) chegaraviy shartlarni



qanoatlantiradi, ya'ni ly@y=w, li¢po=y1, qolgan funktsiyalar esa birjinsli chegaraviy shartlarni
qanoatlantiradi, ya'ni
=0, l1p=0, i=1,2, ...
Berilgan {¢@; funktsiyalar sistemasini bazis funktsiyalar sistemasi deb
ataymiz.

Bu funktsiyalar sistemasidan
yn(‘x):¢0(x)+ a1¢1(‘x)+"'+aiz¢n('x) (3)

funktsiyani tuzamiz. Bunda a; i =1,7 lar hozircha noma'lum sonlar.
l;, j=0,1 operatorlar chiziqli bo'lganligi uchun y,(x) funktsiya (2) chegaraviy shartni
qanoatlantiradi. Haqiqatdan,

Ly, :ZJ(% +Zaz¢"}:lj% +Za,-lj(0,- =7;+0=y;, j=0lL
i=1

i=1

Quyidagi
W asena,)= 1y, (0)= f()= Loy ()= f()+ YaLo, ()

funktsiya tafovut deyiladi.

Tafovut - (1) tenglamaning chap tomonidagi u(x) ning o'rniga y,(x) funktsiyani
qo'yganda, tenglamaning chap va o'ng tomonlarining farqini xarakterlovchi funktsiyadir. (4)
tafovut a; sonlarga chiziqli borliqdir. Agar a; sonlarning ayrim qiymatlarida

l//(x,al N7 PO ,an) munosabat nolga teng bo'lsa, y,(x) funktsiya (1), (2) masalaning echimi

bilan mos tushadi.

Lekin tafovutni nolga teng qilishga hamma vaqt erishib bo'lavermaydi. SHuning uchun a;
sonlarni ma'lum usul bilan tanlab, tafovutni iloji boricha kichraytirishga harakat qilinadi. Buning
natijasida (3) munosabat bilan aniqlangan y,(x) funktsiya (1), (2) masalaning taqribiy echimi
sifatida qabul qilinadi.

Taqribiy usullarning ko pchiligi @; sonlarni aniqlash yo'li bilan bir-biridan farq qiladi.
Quyida shulardan ayrimlarini garab o tamiz.

3. Kollokatsiya usuli

Usulning nomlanishi «collocation» ingliz so'zidan olingan bo’lib, o'zaro joylashuv,
tagsimlanish ma'nosini anglatadi.

Bu usulga ko'ra [a, b] kesmaning ichida »n ta x;, x», ..., x, nuqta olinib, ularda tafovut
nolga tenglashtiriladi:

w(x,a,ay,..a,)=0

A1, ., =0
l//(xzalaz an) 5)



Olingan x;, x, ..., x, nuqtalarga kollokatsiya nuqtalari deyiladi. Olingan (5) chiziqli
algebraik tenglamalar sistemasini (CHATS) q; larga nisbatan

alL(Pl(xl)"' azL(Pz(xl)"' et anL(Dn(xl): f(xl)_ L(Po(xl )a

alL(Pl(xz)"' azL¢z(x2)+ et aann(‘XZ): f(xz)_ L@o(xz )a
(6)

alel(xn)-i_ aZLQZ(xn)-l_ e T anL(Dn(xn): f(xn)_ L¢0(xn )

shaklda yozamiz.

Uni echib, aj, izl,_n larni (3) ga qo'yib, (1), (2) masalaning taqribiy y,(x) echim
topiladi.

4. Integral eng kichik kvadratlar usuli

Bu usulda tafovut kvadratidan tuzilgan
¢ 2
/= J\If (x,a,.a,,....a, )dx
a

integralning minimal qiymati izlanadi.

Ekstremumning zaruriy shartiga asosan integral minimal qiymatga ega bolishi uchun

b [RE—
;Gaa/ :I(/Iawdx =0, i=1,n. (7)

1

oa;

bo'lishi kerak.

(7) shartlar (4) ga asosan aq, i=1,_n larga nisbatan chiziqli algebraik tenglamalar
sistemasiga keladi
a (Lo Lo+ a(Lon Lo )+...+a,(Lo,Lo)=(f Lo, Ly))
a (L. Lo, )+ ay(LopLpy)+...+a,(Lp,Lo,)=(f Lo L))

a(Lo.Lo,)+a(LouLo,)+...+a,(Lp,Lo,)=(f - Lo, Le,).

®)

b

bunda (f g ) = I f (x )g (X )dx - skalyar ko paytma.

Agar Loy, ..., Lo, funktsiyalar sistemasi [a,b] kesmada chiziqli erkli bo'lsa, u holda (8)
sistema yagona yechimga ega bo'ladi.

5. Diskret eng kichik kvadratlar usuli

Bu erda / integralning minimumi o'rnida
N
1= w(x,a,,a,,..a ,)
i=1

yirindining minimal giymati izlanadi. Bunda x;e(a,b) — ixtiyoriy nuqtalar, N>n.



Bu usulda ham q; larga nisbatan (8) sistemani hosil gilamiz. Faqat skalyar ko paytma bu
holda

N
(f;g): Zf(xi)g(xi)
i=1
ko’rinishida topiladi.
Agar N=n bo’lsa, u holda bu usul kollokatsiya usuliga keladi.

6. Sohachalar usuli

a=x9<x;<...<x,=b bo'lsin. y,(x) taqribiy echim koeffitsientlari quyidagi tenglamalar
sistemasidan topiladi

X

fw(x,al,az,...,an )dx =0, i=1n.
Xi-1
Bunda yana q;, I = L_n larga nisbatan ChATSga kelamiz. Bu usulni ishlatishda extiyot
bo'lish kerak, agar [x;; x;] intervallar uzunligi kichik bo'lmasa hamda (x,al,az,..., an,)

funktsiya x bo'yicha tez o zgaruvchiligidan, usul yomon natija berishi mumkin.

7. Galyorkin usuli
Galyorkin usulining asosida @;, ¢,...,¢, bazis funktsiyalari (4) tafovut funktsiyasiga
ortogonal qilib tanlanadi, ya'ni

b _
Iw(x,al,az,...,an Jo,(x)dx=0, i=1n.

Bu shartlardan a; noma’lumlarni topish uchun

ai (Lo @)+ ay(Loy,o)+..+a,(Le,.0)=(f-Lo;.0;)
ai (Lo, 0y)+ay(Loy.@r)+.c+a,(Le,.0,)=(/~Lgy.0,),

a\(Loy.9,)+ ay(Loy,9, )+ +a,(Lo,.0,)=(f~Lgg.0,)
ChATSga ega bo'lamiz.

Chegaraviy masalalarning yuqorida garalgan taqribiy echish usullarining umumiy asosi
mavjud. Umumlashgan usul vaznli tafovutlar usuli deyiladi.

Faraz qilaylik 7 egri chiziq bilan chegaralangan qandaydir @ sohada berilgan ¢

funktsiyani approksimatsiya qilish talab qilingan bo'lsin. Dastlab 7~ chegarada , funktsiya
bilan mos tushuvchi approksimatsiyani topish bilan shurullanamiz. Agar 7~ da ¢ ning qiymati

m=12,..}

= 0) chiziqli erkli bazis funktsiyalar sistemasiga keltirilsa, u holda @

m?

bilan bir xil bo'lgan qandaydir y funktsiya topilsa, ya'ni (//|1r = (p|r hamda {N

(barcha m lar uchun N,

da ¢ uchun quyidagi approksimatsiya taklif qilinishi mumkin:

N M
p~p=y+Y a,N,, )

m=1



bu erda @, (m=12,.,M) — qandaydir parametrlar. Bazis funktsiyalar ba'zan forma

funktsiyalari yoki namuna funktsiyalari deyiladi.

{N,} sistema shunday xossaga ega bolishi kerakki, (//|r = ¢|r shartni gqanoatlantiruvchi

M
M — o da y+ ZamN , kombinatsiya ixtiyoriy ¢ funktsiyani etarlicha aniqlikda ifodalashi

m=1

lozim. Bu to'lalik sharti deb ataladi.

Approksimatsiyada Ry, = @ — @ qoida bo'yicha aniqlanadigan R, xatolik yoki tafovut

tushunchasini kiritamiz.
R, - €2 ning nugqtalari koordinatalaridan borliq funktsiya. €2 sohada bu tafovutni

kamaytirish uchun, turli vaznlar bilan olingan xatolik integrallarini nolga tenglashishini talab
qilamiz, ya'ni

[W,(o-9)dQ=[WR,d2=0, 1=1,M, (10)
Q Q

bunda {Wl , 1= 1,2,3,...} - chiziqli erkli vaznli funktsiyalar to'plami.
(9) ni (10) ga qo'ysak vaznli tafovutlar usuli tenglamalari sistemasi @, ga nisbatan
ChATSga keladi. Uni umumiy holda quyidagicha yozish mumkin
Ka=f,
bu erda

a" =(a,,a,,..,a,),

kp = [WN,dQ, 1<Lm< M,
Q

fi=[Wp-wyd, 1=1.M .
0

Amaliyotda turli {,} vaznli funktsiyalar sistemasi ishlatilishi mumkin. Bunda turli

vaznli tafovutlar vositasida olinadigan approksimatsiya usullariga ega bo'lamiz.
1. Nugtali kollokatsiya

Buerda W, =6(x—x,),bunda ¢ -del’ta - Dirak funktsiyasi. U holda
k=Nl fi=[p-v]

Im m

X=X, x=x;

2. Sohachalar bo’yicha kollokatsiya

Bunda

1, x, <x<x
w i I+1 >
0, x<x,, x>x,, .

U holda

X141 X]

ki = [ Nodx, £, = [(o-wds.

X

3. Galyorkin usuli



Bu erda vaznli funktsiyalar sifatida bazis funktsiyalarning o'zi tanlanadi, ya'ni
W,=N,.
Ushbu holda
klmzj.VVledx’ f‘[:J.NI((D_W)dX
Q Q

Bu erda XK matritsaning simmetrikligi hisoblash usullarining yuturini ta'minlashini
ta'kidlab o’tish lozim.
Quyida
I'da B(p)=Zp+r=0
chegaraviy shartli
Qda A(p)=Lp+p=0,
differentsial tenglamani qaraymiz. Bunda L, Z - chiziqli differentsial operatorlar, p,, » lar ¢
dan borliq emas.
(9) ifodani I da Zy =-r, ZN, =0 shartlar bilan aniqlaymiz. Shuning uchun ¢
avtomatik ravishda chegaraviy shartni qanoatlantiradi.
Tafovut quyidagicha aniqlanadi

A A M
R,=A(@)=Lo+p=Ly+>.a,LN, +p.

m=1

Vaznli tafovutlar usuliga muvofiq

M
JW,RQdQ:IW,{Lz//+ZamLNm+p}d_Q:O. (11)
Q 0 m=1
Har bir / =1,2,..., M lar uchun (11) ni qo'llab ChATSni olamiz
Ka=f, (12)

bunda

LM,

Ky = [W,N,d2, Lm
Q

fi==|WLyd2-[Wpd2, 1=1,M .
0 0

(12) ni echib g, larni aniglaymiz.
O’z-0 zini tekshirish uchun savollar

ODT uchun chegaraviy masalalarni echishning qanday usullari mavjud?

2-tartibli ODT uchun umumiy ChM ganday qo'yiladi ?

Bazis funktsiyalar va ularning sistemasi qanday xossalarga ega ?

Tafovut funktsiyasi qanday tuziladi ?

Kollokatsiya, eng kichik kvadratlar, vaznli tafovutlar usullarining asosida qanday asosiy
g oyalar yotadi ?

Nk W=



10 — ma'ruza

CHEKLI AYIRMALI SXEMALAR (CHAS) TO'G'RISIDA TUSHUNCHALAR.
DIFFERENTSIAL OPERATORNING CHEKLI AYIRMALI (CHA)
APPROKSIMATSIYASI. CHA MASALANING QO'YILISHI. APPROKSIMATSIYA,
KORREKTLIK, TURG UNLIK, YAQINLASHISH VA ULAR O'RTASIDA
BOG 'LANISH

Ma'ruza rejasi
Sohani diskretlash, tekis va notekis to'rlar;
H, va H, funktsional fazolar, ularning elementlarini taqqoslash;

Oddiy differentsial operatorlar (ODO)ning ayirmali approksimatsiyasi,
To rda approksimatsiya xatoligi;

Sxemalar yaqinlashishi va aniqliligi;

Chekli ayirmalarning turg unligi;

Ayirmali masalalarning korrektligi;

Turg unlik, approksimatsiya va yaqinlashishi orasidagi bog'liklik.

© NN kWD =

Kalit so’zlar: to'r, to'r qadami, tor funktsiyalar fazosi, ayirmali xosilalar,
approksimatsiya, turg ‘unlik, yaqginlashish

1. To'rlar va to'r funktsiyalar

Berilgan differentsial tenglamani taqribiy ifodalovchi ayirmali sxemalarni yozish uchun
quyidagi ikkita amal bajarilishi kerak.
1. Argumentning uzluksiz o'zgarish sohasini uning diskret o'zgarish sohasiga almashtirish
kerak;
2. Differentsial operatorni qandaydir chekli ayirmali operatorga almashtirish, bundan tashqari
chegaraviy shartlar va boshlang'ich ma'lumotlar uchun ayirmali almashtirishlar tuzish kerak.
Bu jarayon amalga oshirilgandan keyin algebraik tenglamalar sistemasiga o' tamiz.
Uzluksiz argumentning barcha qiymatlari uchun ayirmali masalani echib bo'lmaydi.
SHuning uchun bu sohada gandaydir chekli sondagi nuqtalar to'plami olinadi va fagat shu
nuqtalarda taqribiy echim izlanadi. Bunday nuqtalar to'plamiga to'r deyiladi. Nugtalarning o'zi
esa to'r tugunlari deb ataladi.
To'r tugunlarida aniglangan funktsiyaga to'rli funktsiya deyiladi.
SHunday qilib differentsial tenglama echimlari fazosini to'r funktsiyalar fazosi bilan
almashtirdik.
1 misol. Kesmada tekis to'r. [O,l] kesmani N ta teng bo'lakga bo'lamiz.

h=x,—x,_,=1/N to'r qadami deb ataladi. Bo'linish nuqtalari x, =ik - to'r tugunlari deyiladi.

Barcha tugunlar to'plami ), = {x,. =ih,i=1,N —1} to'rni tashkil qiladi. Bu to’plamga
x,=0,x, =1 chegaraviy nuqtalarni qo'shish mumkin, ya'ni on = {xi =ih,i =ﬁ} deb
belgilaymiz.

2 misol. Tekislikda tekis to'r. D={0<x<1,0<:<T} sohada aniglangan ikki

o 'zgaruvchili u(x,t) funktsiyalar to plamini qaraymiz.



X 0'qining [O,l] va ¢ 0'qining [O,T ] kesmalarini mos ravishda N, va N, ta bo'laklarga
bo'lamiz. 2 =1/N,,z=T/N, bo'lsin. Bo'linish nuqtlaridan o'qlarga parallel to'g'ri chiziglar
o'tkazamiz. Natijada bu to'g'ri chiziqlar kesishishidan (xl.,t].) tugunlarni hosil qilamiz, ular
@1: = {(x,,t,)e D} to'mi tashkil giladi.

t
(xis 1))

>)C

0 Xi 1

Buto'r x va ¢ yo'nalishlar bo'yicha 4 va r qadamlarga ega.
SHunga o xshash kesmada yoki tekislikda notekis to'rni qurish mumkin.
x = (x,,x,) tekislikda I~ chegarali murakkab ko'rinishli G soha berilgan bo'Isin.

X, A

T T T,

AT e 3¢

L MY
Wl del [ 1 1)
/XK\, oL L J 7/ »xl
i

xy; =ihy, Xy = Jhy, 1,j=0£1%2,..., h,h, >0 to'g'ri chiziglar o'tkazamiz. U holda

(ih,, jhz) to'rni hosil gilamiz. «o» bilan ichki, «x» bilan esa tashqi nuqtalar belgilangan. Ichki
nuqtalar to'plamini w, bilan, chegaraviy nuqtalar to"plamini y, bilan belgilaymiz. Shunday qilib
®, to’r ox,, ox, yo nalishlar bo'yicha tekis, ammo G soha uchun w, = o, +7, o't esa chegara
yaqginida notekis.

Uzluksiz xe G argumentli u(x) funktsiyalar o'rniga y(x;,) to'r funktsiya olinadi. y(x,)

to'r funkiyani vektor ko rinishda berish mumkin.
Odatda {ooh} to'r to'plami 4 gadamga bog'liq bo'ladi. Mos ravishda y,(x) to'r

funktsiyalar ham 4 parametrdan bog'liq bo'ladi. Agar to'r notekis bo'lsa % sifatida
h = (hl, hy,..., hn) vektor garaladi.

Uzluksiz argumentli u(x), x € G funktsiyalar qandaydir H, funktsional fazo
elementlaridan iborat. y,(x) to'r funktsiyalar esa H, fazoning elementlari. SHunday qili chekli

ayirmalar usuli A, fazoni y,(x) to'r funktsiyalarning H, fazosiga o'tkazadi.



H, fazodagi |||, norma kabi H, chiziqli fazoda ||, norma kiritiladi.
Bir qator normalarni keltiramiz
1) C da normaning to'r ko rinishi:

¥, = max|y(x)| yoki |y|, = max|y,|.

XE®), 0<i<N

2) L, da normaning to'r korinishi:

N-1 % . N
b =(Zorh)voki =34
i=1 i=l1

Taqribiy usullar nazariyasining asosiy e'tibori y, ning u(x) ga yaqinligini baholashga

b

qaratiladi. Biroq y, va u(x) lar turli fazolarning vektorlaridir.
Baholashning ikkita imkoniyati mavjud:

l. o, (G) da berilgan y, funktsiya G sohaning barcha nuqtalarida aniqlanadi (masalan, chiziqli
interpolyatsiya yordamida). Natijada x € G uzluksiz argumentli i(x,h) funktsiyani olamiz.
¥(x,h)—u(x) ayirma H, ga tegishli bo'ladi. y, ning u ga yaginligi |7(x,h)—u(x)|, bilan
xarakterlanadi, bunda [{ - H, daginorma.

2. H, fazo H, ga akslantiriladi. Har bir u(x)e H, funktsiyaga mos u,(x),xcw, to'r
funktsiyaga o'tkaziladi, yani u, =R,ue H,. Bunda R, - H, dan H, ga o'tkazuvchi
chizigli operator. Bu moslikni turli yo'llar bilan amalga oshirish mumkin (R, turli
operatorlarni tanlash bilan). Agar wu(x) uzluksiz funktsiya bo'lsa, u,(x)=u(x) deyish
mumkin, bu erda xew,. Ba'zan x, ew, tugunda u,(x,) berilgan x, € w, tugunning
gandaydir atrofi bo'yicha u(x) ning o'rta integral qiymati bilan aniglanadi. Bundan keyin
u(x) - uzluksiz funktsiya va barcha x, € w, lar uchun u,(x,)=u(x,) bo'ladi deb faraz
qilamiz.

u, to'r funktsiyaga ega bo'lib, H, fazoning vektori bo'lgan y, —u, ayirmani hosil
qilamiz. y, ning u ga yaqinligi ||yh—uh||h bilan xarakterlanadi, bunda ||||h- H, dagi norma.

Bunda H, fazodagi norma || normani barcha u e H, vektor uchun approksimatsiyalaydi

timfr, |, =[]
ol lh 0

deb faraz qilish tabiiydir. Bu shartni H, va H, fazodagi normalarning o'zaro kelishganlik sharti

deb ataymiz.
Biz bundan keyin ikkinchi yo'ldan foydalanamiz.

Oddiy differentsial operatorlarning ayirmali approksimatsiyasi

Lv chiziqli differentsial operator bo'lsin. Lv ga kiruvchi hosilalarni ayirmali
munosabatlar bilan almashtiramiz, Lv o'rniga shablon deb ataluvchi biror to'r tugunlari
to'plamida v, to'r funktsiya qiymatlarining chiziqli kombinatsiyasidan iborat L,v,ni hosil
qilamiz:

Lyv, (x)= ZAh (xag)"h (5)

gelll (x)



yoki

(thh)i = ZAh(xi’xj)vh(xj)’

x;elll (x;)

buerda 4, (x,f) - koeffitsientlar, # - to'r qadami, ZI/(x) - x nuqtadagi shablon. Lv ni L,v, ga
bunday taqribiy almashtirish differentsial operatorni ayirmali operator bilan approksimatsiyalash
deyiladi (yoki L operatorning ayirmali approksimatsiyasi deyiladi).

L operatorni ayirmali approksimatsiyaga keltirishda shablon tanlash zarur, ya'ni L
operatorni approksimatsiyalash uchun qo'llash mumkin bo'lgan v(x) to'r funktsiyaning
giymatlaridan bog'liq bo'Igan x tugun bilan qo'shni tugunlar to'plamini ko rsatish kerak.

Quyidagi misollarni qaraymiz.

1. Lv=dv/dx.
x nuqtani fiksirlaymiz va x—#h, x+ A nuqtalarni olamiz, bu erda 4 >0. Lv approksimatsiya
qilish uchun quyidagi ifodalardan biridan foydalanish mumkin

st o
L”EMEV«“ )

(1) ifoda o'ng ayirmali hosila, (2) esa chap ayirmali hosilani tasvirlaydi. Ayirmali
ifodalar ikki nuqgtada aniglangan.
Yana quyidagi ifodani olish mumkin
Liv=ov, +(1—0')v;,
bunda o - ixtiyoriy haqiqiy son. Xususiy holda o =0,5 bo’lganda markaziy ayirmali hosilani
olamiz
1 v(x+h)—v(x—h)
e +Vv-|= . 3
v, 2(vx vx) o 3)
(1), (2), (3) approksimatsiyalarda qanday xatolikga yo'l qo'yildi va x nuqtada # — 0 da
w(x)=L,v(x)- Lv(x) ayirma qay holda o'zini tutadi kabi savollarga javob berish muhimdir.

l//(x) miqdor x nuqtada Lv ayirmali approksimatsiya xatoligi deyiladi.

v(x) ni Teylor qatoriga yoyamiz

2

x £ h)=v(x) £ '(x)+ %v"(x)+ o).
Bu ifodani (1), (2), (3) larga qo yamiz
v, =v(x)+ %v"(x) +O(*), v-=V(x) —gv"(x) +O(h), v, =V/(x)+O0(h).
Bundan ko 'rinib turibdiki
w=v,—v'(x)=0(h), w=v. -V (x)=0(h), w=v. - Vv(x)=0(h).

V' - L, ayirmali operatorning 4 < h, o'lganda III(x,h) shablondan iborat x nuqtaning
LI (x,h,) atrofida berilgan etarlicha silliq funktsiyalar v € ¥ sinfi bo'lsin.
Agar
()= Lv(x)- Lv(x) = 0(4")
bo'lsa L, operator L differentsial operatorni x nuqtada m > 0 tartib bilan approksimatsiyalaydi

deymiz.



d*v

5 -

2 misol. Lv=v"=

dx
Uch nuqtali shablonda
Ly-= v(x+h)— 2\;1(2x)+ v(x —h) .

v (x)= v;(x +h), L,y= M = %[vx(x + h)—v;(x)]: v;x(x).
Ushbu holda approksimatsiya tartibi ikkiga teng bo'ladi, ya'ni v (x)-v"(x)= O(h2 )
Besh nugqtali shablonda

(x—2h,x—h,x,x+h,x+2h) 4)

Lv =v* hosila uchun
Ly=v. - = hlz [v;x (x+h)- 2v_ (x)+ v (x— h)] =

L o 20 (e 4 R)o () l— ) ()

olinadi.
Approksimatsiya tartibi ikkiga teng, ya'ni
h2
y=v . v = ?V(é) +0(*).
h darajabo'yicha w = L,v—Lv approksimatsiya xatoligi yoyilmasidan

approksimatsiya tartibini oshirish uchun foydalanish mumkin. SHunga binoan
2 2

v- —v'= %vm + 0(h4)S il—zvxm + 0(h4)

XX

ga ega bo'lamiz.
Bundan (4) shablonda aniglangan

operator Lv = v" ni to'rtinchi tartib bilan approksimatsiya qilishi kelib chiqadi.

Lemma. Agar ve C®[x—h,x+h] bo'lsa
B v(x + h)=2v(x)+ v(x - &)
w o h2
vaagar ve CW[x—h,x+h] bo'lsa

=v(&), E=x+0h, |0<1,

2

v =V ), E=veah ()<,

formulalar o'rinli bo'ladi.
Isbot. Integral shakldagi qoldiq hadi bilan olingan Teylor formulasidan foydalanamiz

W)= vla)+ (x - aW(a)+ .+ @vw(ap R (). )

bunda

r+l 1

f(x ey v (e =B [=syvi(a+ste—a)s.

Rr+l (x) = |
r. 0

X~



Integral uchun o'rta qiymat haqidagi teoremani qo'llaymiz
(x _ a)r+1 (rH)
R (x)=2—" :
r+l (x) (r N 1)! 4 (5)
bunda ¢ - [a,x] kesmada x ning o'rta qiymati,
1
1
=a+60x—a), 0<6<1, |(l-s)ds= .
E=a+0(x—a) I( s) ds P

0

(5) da x ni x+4 va a ni x bilan almashtirib, » =1 va r =3 uchun mos ravishda
quyidagilarni olamiz

v(x +h)=v(x)+ mv'(x)+ hzj(l—s)v"(x+sh)ds , (6)

v(x + A1) = v(x)+ mv'(x) + h?v"(x)+ %v’"(x%— %j (1—s)P v (x+sh)ds. (7)

0

Buerda 4 ni -/ ga, s ni —s almashtirib

0
v(x —h)=v(x)-hv'(x)+ hzj(1+s)v"(x+sh)ds, (8)
-1
h’ h’ h* 7
v(x—h)=v(x)-m'(x)+ TV”(X)— i v"(x)+ ZJ‘(I +5) v (x+sh)ds  (9)
-1
formulalarni olamiz.
(6), (8) dan quyidagini olamiz
vxx:v(erh) 2v )+ v(x—h) ng "(x+ sh)d

bunda
l+s arap —-1<s<0 na,

gz@)={

2, (s) >0 bo'lganligidan o'rta qiymat haqidagi teoremadan foydalanish mumkin, natijada

l-s arap 0<s<1 na.

1
V- = v”(x + Hh)jgz (S)dS =v"(x+ Hx) =v"(¢), -1<6<1,
1
bu erda & - [x—h,x + h] kesmada o'rta nugta.
(7) va (9) dan
Vo = v"(x)+ ?j‘g4 (s)v(4)(x + sh)ds
-1

hosil qilamiz, bu erda

(s) (1+s)3 arap —1<s<0 pna,
84\5)=
! (l—s)3 arap 0<s<1 na,

jg4(s)ds :%'

g, (s) >0 va v(4)(x) uzluksizligidan, o'rta qiymat haqidagi teoremani qo'llab



(4)

V- = v (x)+ }i—z(x +0h),

0 <1

ni olamiz va shu bilan lemma isbotlanadi.

2
4 misol. Lv:@—a—‘;, v:v(x,t).
ox Ox

(x,t) - tekislikda nuqta bo’lsin. SHablonni aniqlaymiz. U to'rtta nuqtadan tashkil topgan

bo'lsin (a rasm).

a) 6)
(x, t+7) (x-h, t+7) (x, t+7) (x+h, t+17)

Py

(x-h, 1) (x, 0 (xth, t) o
(x-h, t+7) (x, t+7) (xth, t+7)
B)
(x-h, 1) (x, 1) (x+h, £)

L, niquyidagicha aniqlaymiz
100, v(x,t+7)=v(x,2) v+ h,t)=2v(x,)+ v(x - h,t)
htV T T - h2 .
Quyidagi belgilashlarni kiritamiz
v=v(x,t), v=vxt+7), v=vlxt-17).

Unda
- v(x,t + T)—v(x,t) _V=v
' T T
va
L) =v, —v, . (10)
b rasmdagi shablondan foydalanilganda, 7+ 7 momentda v_ olinsa, u holda
L) =v,—v. . (11)

(10) va (11) larning chizigli kombinatsiyasini olib, o # 0 va o =1 bo’'lganda oltinuqtali
shablonda (v rasm) aniglangan chekli operatorlarning bir parametrli oilasini hosil gilamiz

Lv=v —(ov. +(1-o)- ). (12)



L(h‘)) operatorlar L(hlz ning approksimatsiya tartibiga ega, (12) esa ¢ <0,5 bo'lganda
O(h2 + r), o =0,5 bo'lganda O(h2 + 12) approksimatsiya tartibiga ega.
5 misol.
o*v 0%
V=
ot*  ox’
Quyidagi shablonlardan foydalanilamiz

(e-h,t+70)  (x, t+7) (x+h, t+7)

a ® (X, t+1)
b)
a) (x’ t) s (x, t)
1 (x, 1- z') * -
(x-h,t-7) (x,t-7) (xth, t-7)
V) (o, t|.+ 7) 9) (x-h, t+7) (x, t+7) (x+h, 1)
(x-h,t) * (x, ) o (xth,t)  (x-h, 1) ) (x+h, 1)
(x,-7) (c-h, 1-7) x, £-7) (c+h, £-2)

Approksimatsiyalardan biri (v rasm)
Ly =vi =V, (13)

bunda
b, = bl )2 o( - )
a) shablonda:
Lyev=v, =V, (19)

To'qqiznugqtali shablonda (g rasm) ayirmali operatorlarning ikkiparametrli oilasini yozish
mumkin

L(,f;’UZ)v =v. - (Gl\’/\;x +(1-0, -0, )v;x + 0o,V ) (15)
(15) dan o, =0, =0 bo’lganda (13), o, =0, o, =1 bo'lganda esa (14) kelib chiqadi.
(13), (14), (15) ayirmali operatorlar O(h2 + 72) approksimatsiya tartibiga ega.

To'rda approksimatsiya xatoligi



Biz xozirgacha lokal ayirmali approksimatsiyani qaradik. Odatda to'rda ayirmali
approksimatsiya tartibini baholash talab qilinadi.
, - {x = (xl,xz,...,xp )} to'r funktsiyalarning biror G Evklid fazosidagi to'r, H, - w, da

berilgan to'r funktsiyalarning chiziqli fazosi, H, - v(x) sillig funktsiyalar fazosi bo'lsin. Faraz
qilaylik, 1) ixtiyorty u € H, uchun R,u =u, € H, bo'ladigan R, operator mavjud, 2) ||||h va
H , hormalar quyidagicha bo'Isin, ya'ni

lim % ], = [

|r|>0

0)

bunda |

- h vektorning normasi.

H, da berilgan qandaydir L operatorni va @, da berilgan v, to'r funktsiyani L,v, to'r
funktsiyaga akslantiruvchi L, operatorni qaraymiz (ya'ni H, dan H, ga ta'sir qiluvchi).

L operatorni L, ayirmali operator bilan approksimatsiyalash xatoligi deb

v,=L,v, —(Lv)h )

to'r funktsiyaga aytiladi, bunda v, =R,v, (Lv), =R,(Lv), v - H, dagi ixtiyoriy funktsiya
(vektor, element).

i/ -0 da |y,| —0 intilsa L differentsial operatorni L, ayirmali operator
approksimatsiyalaydi deymiz.

], =, = o), = oli”) (16)

yoki

m

|y, = (Lv),], <M |

bo'lsa m >0 tartib bilan £ differentsial operatorni Z, ayirmali operatori approksimatsiyalaydi

deb ataymiz, bunda m -

h\ dan bog'liq bo'Imagan musbat o' zgarmas son.
R, opeartorni tanlashga misollar:

1) agar v(x) - uzluksiz funktsiya bolsa, u holda
v, =R v(x)=v(x), xeaw,;

x+h 1
2) v, =Rp(x)= %X_hv(t)dt :% Jv(x +sh)ds

-1

bunda v(x) - integral funktsiya va h.k.

1 eslatma. Agar h = (h,,h,,..., h, ) - vektor bo'lsa, i ni |A| = (hf +h; +..+h, )1/2 uzunlik

deb tushunish mumkin. « =1,2,.., p tartib bilan turli %, bo'yicha approksimatsiya qilish
mumkin. U holda (16) o'rniga

L, —(Lv),], M3 k2, bunda m, >0.
a=1

my,my,..,m, lar orasida eng kichik sonni olamiz va uni m bilan belgilab (16) baholashni

olamiz.

1. Agar w, notekis to'r, ya'ni h = (hy,h, ..., h,) bo’lsa, misol uchun |4| = max 4, yoki o'rta

I<i<n

kvadratik qiymat |4 ni olish mumkin, bunda » - tugunlar soni.



Misol. Notekis to'rda ayirmali approksimatsiva. 0<x<1 kesmada berilgan
H, = C¥[0,1] funktsiyalar fazosida Lv = d*v/dx’ ni qaraymiz. Quyidagi to'rni olamiz
o, = {xi, i=01,..,nx,=0x,= 1}.

Lv operator (x, ,,x,,x,,, ) noregulyar shablonda x, tugunda aniglangan

1|v.,—v —v, -
(th)i :7{";2 L h_VH } Vi = v(xi )’ hi = O’S(hi +hi+1)’

i+l i
ayirmali operatorga mos keladi. Quyidagi belgilashlarni kiritamiz

i

ViV Vi = Vi V;

v;,i o h—’ Vi = V;,Hl - h—a Vei =
i i+1 i
L,v operatorni quyidagi ko rinishda yozish mumkin
(th)i =v._. =v_.

XX,0

Approksimatsiyaning lokal xatoligi
v, = (L) - (o), =2 ofh?)

ga teng.
Demak L,v opeator to'r normada

||1,y||c = max |l//i| =O(h), h= max h,

1<i<n-1 1<i<n-1
birinchi tartibli approksimatsiyaga ega.
L, to'r normada quyidagicha

n—1 12
Wl=(Enwz] -0t
i=1

birinchi tartibli approksimatsiyani ham olishimiz mumdkin.
Biroq

i=1

n-l1 i 2 2
Wl £4(Env) |

normada y ikkinchi tartibga ega, ya'ni
||g//||(71) = O(h2 ), bunda 4 = maxh,.

1<i<n

Bu tasdiqni isbotlaymiz. y ni
hl, —h’

= i+1 V{”+ O(le)
Vi e Y

ko’rinishda yozamiz.
" +0O(h,,,) ni inobatga olib

"__
vi - vi+1

m 2..m
i+l h;v

6h,

topamiz, bu erda y; = O(hz) ixtiyoriy normada.

2
— hi+1v

v, = Y=Yy

:/o/l. bosh had divergent ko rinishga ega. SHuning uchun

i

S, = Zh v =2 vl = i) = (2w, - hivi)s.

k=1



Bundan |S ,.| < Mh* ekanligi ko'rinib turibdi va haqiqatdan

° n—1 1/2
= (Z h,.Sfj =0(h?).
(=D

i

i=1
Bundan
ol sl <o,
ya'ni |||| “n normada approksimatsiya xatoligi ikkinchi tartibga ega.

y(x, t) =y, (x,t) to'r funktsiyani
W, =0,X0_ = {(x,t), Xewm,, tea),}
to'rda aniglaymiz.
U xew, argumentning funktsiyasi bo'lib ||||h norma bilan H, fazoning vektori

hisoblanadi. @,, to'rda y(x,t) ni baholash uchun odatda

. = max|y(@),

tew,

v

normadan yoki quyidagilarning biridan foydalaniladi

12
=Sl D, - [zrnmnz} |

tew, tew,

v o

L,.vy. - Lu (u=u(x,t)) opeatorning ayirmali approksimatsiyasi bo'lsin. L, operator
®,, to'rda berilgan v, (x,¢) to'r funktsiyalarda aniqlangan. v(x,#)e H, bo'lsin. Agar v(x,t) ¢
bo'yicha uzluksiz bo'lsa, barcha ¢ € @, lar uchun v,_(x,¢)=v,(x,z) bo'lishi mumkin. SHunday
qilib, w,, to'rda berilgan v, (x,¢) va approksimatsiya xatoligini aniglash uchun

Ve (6,0)= L,v, (0,0) = (Lv),, (x0), (x0)ea,, .
Bu erda v, (x,7) = R ,v(x,z).
L ni L, x boyicha m>0 va ¢ bo'yicha />0 tartib bilan approksimatsiya

qiladi deymiz, agar v(x,t) etarli silliq funktsiyalar sinfida

||l’//hT (x’t) ht = OQh
baholash bajarilsa, bunda m -

SM(]h|m +Z'l)

" +z'l) yoki ||1//,”

h\ va [ dan bog'liq bo'lmagan musbat 0'zgarmas.

ht

Sxemalar yaqinlashishi va aniqligi

CHekli to'rda biror masalani taqribiy echishda dastlab quyidagicha muloxazaga ega
bo’lish kerak, ya'ni bu usul yordamida masala echilaganda masalaning aniq echimiga qanday
aniqlikda yaqinlashishi mumkin. SHuning uchun ayirmali sxemalarning yaqinlashishi va aniqligi
to'g'risidagi savolni qarab o tish kerak.

I" chegarali G sohada quyidagi chiziqli differentsial tenglama echimini topish talab
qilingan bo’lsin

Lu:f(x), xeG. (1)
Echim quyidagi qo'shimcha (chegaraviy va boshlang'ich) shartni qanoatlantirsin
lu= ,u(x), xel, (2)



bunda f (x), y(x) - berilgan funktsiyalar, / - chiziqli differentsial operator.
G soha to'r bilan almashtiriladi.
h - to’r tugunlarining joylashish zichligini xarakterlaydigan vektor parametr bo'lsin, y, -

chegaraviy tugunlar to'plami.
(1), (2) masalaga quyidagi ayirmali masalani mos qo'yamiz
Ly, =¢,, xeo,, 3)
Ly =2Xn» XEVys

bunda ¢,(x), z,(x) - ma'lum to'r funktsiyalar, L,,/, - x € s =@, +y, uchun berilgan to'r

funktsiyalarga ta'sir qiluvchi operatorlar.
h ni o'zgartirib {y,} echimlar oilasini olamiz. SHunday qilib turli % lar uchun (3)

ayirmali masalalar oilasi qaralishi kelib chiqadi. Bu (3) ayirmali masalalar oilasini ayirmali
sxemalar deb ataymiz.
(1), (2) masalaning echimiga, h(g) qadamni tanlashdan bog'liq ixtiyoriy berilgan ¢ >0

aniqlikda (3) masalaning y, echimi yaqinlashishini tushuntirish uchun y, va u(x) larni

taqqoslash zarur.

Bu taqqoslashni H, to'r funktsiyalar fazosida o'tkazamiz. u, - @, to'rda u(x) ning

qiymati bo'lsin, bundan u, € H,. Ayirmali sxema xatoligi
Zp =Yy Uy
ni qaraymiz.
z, uchun shartni yozamiz. y, =z, +u, ni (3) ga qo'yib z, uchun (3) ga o'xshash
quyidagi masalani olamiz
Lz, =y, xeowo,,
lhhzhh: vvhlf xey, ,] ¥
bunda y, va v, - tafovutlar, ular v, =@, - L,u,, v, =y, —1,u, teng.

(4) ning o'ng tomonlari (1) tenglamani (3) ayirmali tenglama bilan va (2) qo'shimcha
shartlarni L,y, = y, ayirmali shart bilan approksimatsiyalashdagi xatolik deyiladi. Qisqasi v, -
(1) tenglamaning u(x) echimida L,y, = ¢, tenglama uchun approksimatsiya xatoligi, v, - (1),
(2) masalani echishda /, y, = y, approksimatsiya xatoligi deymiz.

Sxemaning z, xatoligi va y,,v, approksimatsiya xatoliklarini baholash uchun, mos

ravishda | )’

to'r funktsiyalar normalarini kiritamiz.

H|(2h) ’ '||(3h)

(3) ayirmali masala echimi (1), (2) masala echimiga yaqinlashadi ((3) sxema
yaqinlashadi) deymiz, agar
|h|— 0 da ”Zh”(]h) =|, _“h”(m) -0,

i)

h—0 da p(n)—>0.

yoki

9

”Zh"(m) = ||,0(|
bunda



(3) ayirmali sxema 0(1h|m) tezlik bilan yaqinlashadi yoki m-nchi tartibli aniqlikga ega
deyiladi, agar etarlicha |A| < h, da
h

m
b

”Zh ”(m) = ||y,, —Uy ”(m) =M
tengsizlik bajarilsa, bunda M >0 -

l4 dan bog'liq bo'lmagan o’zgarmas, m > 0.

Quyidagicha savol tug’iladi, ya'ni sxema aniqligining tartibi approksimatsiya tartibidan
bog'ligmiq z, = y, —u, xatolik y, (va v,) o'ng qismli (4) masalaning echimi. Approksimatsiya
tartibi bilan aniqlik tartibi o'rtasidagi aloqa ayirmali masala echimining o'ng tomondan
bogligligi bilan xarakterlanadi. Agar z, y, va v, lardan uzluksiz bog'liq bo'lsa, aniqlik tartibi

approksimatsiya tartibi bilan mos tushadi.

Ayirmali sxemalar turg unligi

Misollar. Tenglamalarning o’'ng tomonlarini, chegaraviy va boshlang'ich ma'lumotlarni
chekli approksimatsiya qilishda biz bundan keyin bir atama bilan — muayyan xatolik bilan
berilgan boshlang'ich giymatlar deb ataymiz. Algebraik tenglamalar sistemasini sonli echish
jarayonida ham xatolik ro'y beradi. Boshlang'ich ma'lumotlardan bog'liq kichik xatoliklar
hisoblash jarayonida oshmasligi va izlanayotgan echimni olishni buzmasligi sxemadan talab
qilinadi.

Agarda boshlang'ich xatoliklar hisoblash jarayonida oshib ketsa sxemalarga turg unmas
sxemalar deyiladi va amalda ulardan foydalanib bo'lmaydi.

Misollar keltiramiz.

1 misol. Turg ‘un sxema.

u'=—-au, x>0, u(O)zuO, a>0 (%)
bo'lsin.

Masalaning aniq echimi quyidagicha

u(x)=u,e™™
Bu echim uchun « >0 da |u(x] < |u0| va hagiqatdan, u(x) u, dan uzuluksiz bog'lig.
(5) masalani @, = {x,. =ih, i= 0,1,...} tekis to'rda ayirmali masala approksimatsiyalaydi

(v, =y ) h+ay, =0, y,=u,, i=12,.
yoki

1
L =5y.., S=———, =u,.
Yi Vit 1+ oh Yo 0

Bundan
yi=s'y
kelib chigadi.
x fiksirlangan nuqtani qaraymiz va 4 qadamlar ketma-ketligini shunday tanlaymizki, X

hamma vaqt x = i,h tugun nuqta bo'lsin. U holda 2 — 0 da to'rni kichiklashtirganda tanlangan
nuqta x ga mos keluvchi i, nomer cheksiz o'sadi. SHu nuqtada , ning qiymatini hisoblaymiz

)=y, = s,



a >0 vaixtiyoriy 4 da |s| <1 bo'lganidan, ixtiyoriy 4 da ‘ y()_cl <sh y0| < | y(0)| bo’ladi.
Oxirgi tengsizlikdan ko'rinib turibdiki, (5) ayirmali masala echimi boshlang'ich
qiymatlardan uzluksiz bog'liq.

2 misol. Turg unmas sxema. (5) masala uchun quyidagi sxemani qaraymiz
Vi = Via Yin Vi
O'T+(1—G)T+ayi =0, ©)
Vo =Uy, W =;0, i=12,...,
bu erda o >1 - sonli parametr.
Sxema uch nuqtali bo'lganligi uchun, y, dan tashqari y, ning ham berilishi talab
qilinadi. Agar u, :(l—ah)uo deb olinsa, u holda u¢ —u(h)= O(hz) bo'ladi. (5) masalaning

ayirmali echimini y, = s’ ko rinishda izlaymiz. U holda (6) dan

(c-1)s*-Qo—-1+ah)s+0 =0,
kelib chiqadi. Bu tenglamaning 2 ta turli echimlari mavjud

B 20'—1+ahi\/(2a—1+ah)2 —4o(o-1)

12 2(o-1)

20 —1+ah£\1+220 ~)ah +a’h’

- 2o -1) '
(5) ning umumiy echimi quyidagi ko rinishda

y; = As| + Bs;. (7
i=0,i=1 larni qo'yib va y, =u,, y, = uo larni hisobga olib 4 va B 0'zgarmaslarni
topamiz
4 Uo —S,U, . B= SU, — o
S1 =9, S1 5,

o>0-1>0 dan, s;5, >1 bo’'ladi. Ixtiyority ah da s, <1 bolishini ko'rsatamiz. O’z

navbatida o >1 da

2o-1)- o1+ ah—1+2020 - oh+a’h? )=

= J1+2(20-1)ah +ah? —(1+ah)> 0.
Ixtiyoriy ok ning qiymatida s, >1 bo'lishidan, s,s, > 1 kelib chigadi.
Agar 4#0 bo'lganda y, = As/ + Bs! formuladan ;i » » da y, — o bo'ladi. y, =u, ni
shunday tanlash kerakki, 4=0 bo'lsin. Buning uchun u = s,u, deb olish kifoya. s/ echim

atrofidagi xatolikdan hisoblash jarayonida qochib bo'lmaydi hamda turg unmas sxemaga keladi.
h fiksirlangan nuqtada bu sxemada x, =iA oshishi bilan echimning oshishi kelib chiqgadi.

h ning kamayishi x, =i 4 fiksirlangan nuqtada xatolikning oshishga olib keladi, ya'ni 4 ning
kamayishi bilan i, = X/h oshadi. # — 0 da boshlang’ich giymatlarning kam o'zgarishi ixtiyoriy

x fiksirlangan nuqtada masala echimining cheksiz o'sshiga olib keladi.

Ayirmali masala korrektligi



v, biror ayirmali masalaning echimi, ¢, esa boshlang'ich qiymatlari bo’lsin. Ular #
parametrdan bog'lig. / ni o'zgartirib {p, } boshang'ich giymatlarga mos {y,} echimlar ketma-

ketligini olamiz. SHunday qilib, nafaqat bir ayirmali masalani, balki # parametrdan bog'liq

masalalar oilasini qaraymiz. |h| — 0 da ayirmali masalalar oilasi uchun korrektlik tushunchasi
kiritiladi.

Barcha etarlicha kichik |h| < h, larda masala korrekt deyiladi, agar:
1) Qandaydir mumkin bo'lgan oiladan barcha ¢, boshlang'ich qiymatlar uchun ayirmali masala

echimi y, mavjud va yagona bo'lsa;

2) y, echim ¢, dan uzluksiz bog'liq hamda bu bog'liglik / ga nisbatan tekis bo'Isa.

2-nchi shart yanada anigroq shuni bildiradiki, etarlicha kichik |4| < &, da A dan bog'liq
bo'lmagan M >0 o'zgarmas mavjud bo'lib

H)N’h _th(lh) SMH&h _§0hH(2h) (8)

tengsizlik bajariladi, bunda y, - @, boshlang'ich qiymatli masala echimi,

'”(m) va ”'”(zh) lar esa
o, to'rda berilgan to'r funktsiya to"plamidagi normalar.

(8) tengsizlik bilan ifodalangan ayirmali masala echimining boshlang'ich qiymatlardan
uzluksiz bog'liglik xossasiga boshlang'ich qiymat bo yicha sxema turg unligi deyiladi.

Turg unlik, approksimatsiya, yaqinlashish
xeG daLu=f(x), xel na luzu(x) 9)
uzluksiz masala berilgan bo'lsin va w; = @, +y, torda uni quyidagi ayirmali masala
approksimatsiya qilsin
xew, dL,y,=0,, xey,dal,y, =1,. (10)
z, =y, —u, Xxatolik uchun masala (bunda u, - o,

4

to'rda (9) masala echimining
qiymatlari) quyidagi ko rinishda bo'ladi
Lz, =y, xew, lz,=v, xey,, (11)
bu erda y,,v,- tenglama va qo'shimcha shartlarning approksimatsiya xatoligi. (11) ning
0'rninga
Lz, =v,
ni yozamiz.
Agar Zh operator chizigli va ayirmali sxema korrekt bo'lsa, (8) o'rniga quyidagiga ega
bo'lamiz
HZhH(m) < MH% H(Zh) yoki thH(m) < M(”WH(M) + thH(3h))' (12)
Bu erdan ko'rinib turibdiki, agar sxema turg'un va masalani approksimatsiya qilsa, u
holda yaqinlashuvchi bo'ladi (odatda “approksimatsiya va turg'unlikdan yagqinlashish kelib
chiqadi” deyiladi), sxemaning aniqlik tartibi uning approksimatsiya tartibi bilan aniqlanadi.
YUqorida aytib o'tilganlardan shunday xulosa chiqadiki sxema yagqinlashishi va aniqlik
tartibini o'rganish approksimatsiya xatoligi va turg unligini o'rganishga olib keladi, ya'ni aprior
baholash deb ataluvchi (12) ko rinishdagi baholash olinadi.



Nk L=

O'z-0"zini tekshirish uchun savollar

Tekis va notekis to'rlar to'g'ri chiziqda, tekislikda va fazoda qanday quriladi?
H, da norma ganday aniqlanadi?

H, va H, fazolar elementlarini solishtirishning qanday usullarini bilasiz?

Birinchi tartibli hosilani approksimatsiya qilishning qanday usullarini bilasiz?

Ikkinchi tartibli hosila ganday approksimatsiyalanadi?

To'rda approksimatsiya xatoligi qanday aniqlanadi?

Ayirmali masalaning approksimatsiya aniqligi, yaqinlashishi, turg'unligi hamda korrektli
tushunchalari ganday aniqlanadi?

Approksimatsiya, yaqinlashish va turg'unlik o'rtasida qanday bog’liglik mavjud?



10-ma’‘ruza

IKKINCHI TARTIBLI ODT UCHUN CHEGARAVIY MASALALARNI O'Q OTISH VA
CHEKLI AYIRMALAR USULI BILAN YECHISH. PROGONKA USULINING
TURG UNLIGI

Ma'ruza rejasi
1. O’q otish usuli;
2. Chekli ayirmalar usulini (ChAU) ikkinchi tartibli ODT uchun ChMni yechishga
go'llash;
3. Ayirmali tenglamalar sistemasini yechish uchun progonka usuli;
4. Progonka usuli yaqinlashining yetarli shartlari.

Kalit sozlar: o'q otish usuli, ayirmali sxemalar, koeffitsientlari uchburchak matritsali
ayirmali tenglamalar sistemasi, progonki usuli, progonka usuli turg ‘unligining yetarli shartlari

Chegaraviy masalalarni echishning sonli usullarini qaraymiz. Ularni ikkita guruiga
ajratish mumkin:

1) Chegaraviy masala echimini ketma-ket Koshi masalalarini echishga keltirish;

2) Chekli ayirmalar usullarini qo'llash.

Birinchi gurui usullariga, xususan, o'q otish usuli kiradi.

O’ q otish usuli

[0,1] kesmada ikkinchi iosilaga nisbatan echilgan ikkinchi tartibli tenglama uchun
chegaraviy masalani qaraymiz:

v'=f(xp.y) (1)
Iar ganday kesmani
X—a
[ =
b—a

almashtirish yordamidamojno [0,1] kesmaga keltirish mumkin.
Chegaraviy shartni quyidagi oddiy

1‘ ko'rinishda olamiz
Y y(x, ay) y0)=y,, yA)=y.
)
Y(x, a) 0'q otish usulining moiiyati (1), (2)
T i chegaraviy masalani echishni (1) tenglama
e uchun
APALS ¥0)=y,,  ¥(0)=k=1ga,
Yo £

3)
boshlang’ich  shartli masala echimiga
0 1 : keltirishdan iborat, bunda o - parametr

x = 0 nuqtada integral chiziqga o'tkazilgan



urinmaning Ox o°qi bilan hosil qilgan burchagidir.

(1), (3) Koshi masalasini « dan borliq deb hisoblaylik, ya'ni y=y(x,), shunday
y=y(x, a+) integral chiziqni izlaymizki, u (0,yy) nuqtadan chiqib
(1, y;) nuqtaga tushsin.

SHunday qilib, agar a=a+ bo’lsa, u holda y(x, @) Koshi masalasi echimi y(x) chegaraviy
masala echimi bilan ustma-ust tushadi. x =1 da (2) ni hisobga olib y(l,oc)z y; ni hosil
qilamiz

y(1,@)-y1=0. 4)
Demak F(a)=0 ko rinishdagi tenglamani hosil qildik, bunda F(a)=y(1, )-y;.

(4) tenglamani echish uchun chiziglimas tenglamlarni yechishning birorta usulini qo'llash

mumkin.

Chekli ayirmalar usuli

Quyidagi
Lu=u"+ p(x)u'+q(x)u = f(x), (5)
tenglamaning
Ly =eya)+ey'a)=c,
Ly =dy(b)+d,y(b)=d. ©
shartlarni ganoatlantiruvchi echimini topish talab etilgan bo’lsin.
Masalani sonli yechish izlanayotgan u(x) haqiqiy echimning xy, x;, x2,..., x, nuqtalardagi
Yo, Y1,---yn taqribly qiymatlarini topishdan iborat. x; nuqtalar to'r tugunlari deb ataladi. Bir-
biridan bir xil uzoqlikda joylashgan tugunlar sistemasidan hosil bo'lgan quyidagi tekis to'rni
qo’llaymiz
x;=xotih, i=0,1,2,...n.
Bundan
xo=a, x,=b, h=(b-a)/n.
h — kattalik to'r qadami.

Quyidagi belgilashlarni kiritamiz
P()=pi q(x)=q; Jx)=1i
y(xi):yi’ y,(xi):y;7 y,'(xi):y;,'
y’(x,.) va y"(xi) larni har bir ichki tugunda ayirmali markaziy hosilalar yordamida
approksimatsiyalaymiz
V)= B off), ()= BT ofe),

Kesma oxirilarida bir tomonlama ayirmali iosilalarni qo'llaymiz

yp== S oh) =P 0f)

n

Bu formulalarni qo'llab (5), (6) berilgan masala ayirmali approksimatsiyasini hosil
qilamiz:



Vi =2y + i Yiaa = Via .
+ p. +q.y. =1, i=1ln-1,
e P g,y =/
=y
Cl yO +Cz ! 0 =cC, (7)
dlyn +d2 y” _hy”_l - d

Izlanayotgan echimning yg, yy,..., V, taqribiy qiymatlarini topish uchun (7) n+/
noma'lumli  n+/ ta chiziqli tenglamalar sistemasini echish zarur. Bu sistemani CHATS ni
echishning biron bir standart usullari yordamida echish mumkin. Ammo (7) tenglamalar
koeffitsientlaridan tuzilgan matritsa uch dioganallidir, shuning uchun uni echishda progonka
usuli deb ataluvchi maxsus usulni qo’llaymiz.

(7) sistemani quyidagi tarzda yozamiz

Boyot Vo =@,

aiyi—1+ﬁiyi+7iyi+1 =@, i=12,.,n—1, (8)
anyn—l +ﬂnyn :¢n7
bunda ﬂ(): cih-c; =c2, JW=S2, @0:}13 , (PI:ﬁhZ;

b

h
al.:l—%pih, B.=—2+qh?, 7/[:1+%, i=12,.,n—1

o= —d2 , ﬂn:hdﬂ‘dg , ¢n:hd.
(8) sistema echimini quyidagi ko rinishda izlaymiz
yicuitvyier, =0, 1, ..., n-1, 9)
bu erada u;, v;, i=0,1,...,(n-1) lar progonka koeffitsientlari deb ataladi.
(9) ni (8) ga qo'yib u;, v; lar uchun quyidagi rekkurent formulani hosil gilamiz:

Vi u Q;, —a; U; .7

vy, =——-—tr = , i=1,n. (10)
Bi+a v, B ta, v,

Hisoblash sxemasini bir jinsli qilish uchun
op=0, 72=0,
deb olamiz.
Progonka usuli ikki bosqichdan iborat.
1) Progonkaning to g 'ri yo'li. (10) bo'yicha i indes o'zgarishining o'sib borish tartibida
ketma-ket u; v; koeffitsientlar

__Yo _Po
Vo , U B,
giymatlar yordamida hisoblanadi.
2) Progonkaning teskari yo'li. (9) formula bo'yicha i indeksning kamayish tartibida
ketma-ket y,, Vi1, ...,yo kattaliklar aniglanadi.
SHunday qilib »,=0, u holda v,=0 va y,=u,, ya'ni progonkaning to'fri yo'lida v;, u;
kattaliklar yordami bilan y, echim hisoblanadi.



SHunday qilib, progonka usuli bilan (9) sistemaning aniq echimini topa olamiz, bu esa
(5), (6) chegaraviy masala echimi xatoligi faqat berilgan masala ayirmali approksimatsiya
xatoligi bilan aniqlanishini va xatolik O(%) ga teng ekanligini ko rsatadi.

(9) sistemani

Yy, _lBiyi 7 YVia =@ i=ln-1,
Vo= XNt Hs YV, =XoVe T My,

ko’rinishda yozamiz, bu erda

(11)

Yo ®, a, ®, 2
=7 M= 7> Xo=7"7F7, K= ) ﬂizz_q['h >
AT BT T BT T B,

a,#0, B #0.

U holda (10) formula quyidagi ko rinishga ega bo'ladi
, au. ., —Q.
Vl' — 7/1 , U,~ — i7i-1 q)l .
ﬁi —aV; ﬂi —aV
X =b nuqtada (ya'ni i =n da) Y,
{yn =X2Vua T H,
ynfl = Z’tnfl + vnflyn >

(12)

sistemadan )/,
Yn = Xz(un—l + Vn—lyn)+ Ko, (1 ~X2Vn-1 ))’n =XolUy—1 T Hy
_ XaUp1 T Ho (13)

Yn
l=%,v,4

kabi aniglanadi.
(12), (13) formulalar ma'noga ega bo'ladigan etarlilik shartlarini isbotlaymiz:

‘,B[‘Z‘a[‘+‘;/i, i=lLn-1, ‘;([‘Sl, i=12, ‘751‘+‘22‘<2- (14)

Bu shartlarda i = 0,7 — 1 uchun ‘Vi‘ <1 bo'lishini ko rsatamiz.

< 1bo'lishini ko'rsatamiz. SHunday qilib ‘Vo‘ = ‘ X 1‘ <1,

V.

1

V,-_l‘ <1 bo'lsin. Bundan

u holda bundan barcha i = 1,2,...,n —1 lar uchun ‘Vl-‘ <1 bo'lishligi kelib chiqadi.
(14) qo’llab quyidagi ayirmani baholaymiz

‘ﬂ,- B aivi_l‘ - ‘71" 2 ‘ﬂ,-

+‘7i‘_ 71“:‘“:“_04'

Bundan ‘,B, - aivi—l‘ Z ‘7/1"-

>

a; "Vi—l‘_ Vi

"Vi—l‘ :‘ai"(l_ VHDZ 0.

>

. ‘vi—l‘ _

Q; Q,

‘7/1“

=——<1
‘ﬂi _aivi—l‘ .

SHunday qilib 7; # 0, u holda ‘ﬂ, - OliVl-_l‘ >0, ya'ni ‘Vi‘



Bundan ko'rinadiki agar VH‘ <1 bo'lsa, u holda |v;,| <1 bo'ladi. ‘Vo‘ = ‘ X 1‘ <1 da
<1 bo'ladi.
(10) ning maxrajini baholaymiz:

‘I_ZZVn—l‘ 21_‘752"

vn71‘<1(

barcha

Vi

vn—l‘ 21_‘%2‘ >0:

bundan ‘}(2‘ <1 yoki ){1‘ <1da), ya'ni ‘1 —}(ZV,H‘ >0,

Agar ‘,Bio‘ > ‘aio“i‘ Vi,| hech bo'lmaganda bitta I =1, nuqtada bajarilsa, u holda

barcha >, uchun |V;| <1 bajariladi va jumladan i = n—1 da

V,,_l‘ <1 ga ega bo'lamiz. Bu

holda ‘){1‘ + ‘){1‘ < 2 shart ortigcha hisoblanadi, chunki |;(1| =1 va |;(2| =1da

‘l_lzvn—l‘ 2 1_‘12‘ ) vn—l‘ > O

bo’ladi.
O’z-0zini tekshirish uchun savollar

1. ODT uchun CHM o'q otish usuli yordamida ganday masalaga keltiriladiq
2. 2-tartibli ODT va umumiy chegaraviy shartlar ganday approksimatsiyalanadiq
3. Ayirmali tenglamalar sistemasini echish uchun qaysi usullarni qo'llash mumking
4. Qanday shart bajarilganda progonka usulini qo'llash mumking
5. Progonka usuli nechta bosqichdan iboratq
6. Progonka usuli turrunligi etarlilik shartlari gandayq



12 - ma'ruza
BIR O'LCHAMLI ISSIQLIK O'TKAZUVCHANLIK TENGLAMASINI SONLI
YECHISH
Ma'ruza rejasi
. Masalaning berilishi;
. Olti nuqtali sxemalar oilasi;
. Olti nuqtali sxemalarning xususiy hollari;
. Approksimatsiya aniqligi;
. Uch qatlamli sxemalar.

wn B W N =

Tayanch so'zlar: berilgan masala, olti nuqtali shablon, oshkor AS, oshkormas AS,
approksimatsiya tartibi, uch qatlamli sxemalar, Richardson sxemasi, Dyuffort-Frenkel
sxemasi

1. Masalaning berilishi

Bir o'lchamli nostatsionar issiqlik o'tkazuvchanlik tenglamasi quyidagicha bo'ladi

ou 0O ou —
ept = O, T
P 8x( 8xj / D

bunda u =u(X,?) - temperatura, s — birlik massa issiqlik sig'imi, p - zichlik, & — issiglik
o'tkazuvchanlik koeffitsienti, f - issiglik manbalari zichligi, ya'ni birlik vaqtda birlik
uzunlikdan ajralib chiquvchi issiqlik. Agar ¢ = c(x,t,u), k =k(x,f,u) bo'lsa tenglama
kvazichiziqli deb ataladi. Agar s=const, k=const bo'lsa tenglama quyidagicha bo'ladi

ou o’u  ~ k=
—=a'——+f, a=—, f=i, @)
ot ox oc ols

buerda a’ - temperatura o'tkazuvchanlik koeffitsienti.
Umumiylikdan ajralmagan holda @ = / deb hisoblash mumkin, u holda (2) dan
quyidagini hosil qilamiz
2
Birinchi chegaraviy masala (I): D= {0 <x<1,0<Lt<T } da uzluksiz bo'lgan
quyidagi masalaning u#(x,¢) yechimini topamiz
ou 0’u
o o’
u(x,0)=u,(x), 0<x<1,
u(0,t)=u,(t), u(lt)=u,(t), 0<t<T.

+f(xt) 0<x<I1,0<t<T,

2. Olti nuqtali sxemalar oilasi

Quyidagi to'rni kiritamiz



@, ={x, =ih, i=01..,1} w =y =jr, j=01I..,J]

va D to'mi

o, =, %o, ={ih,jr), i=01..1, j=01,..J}
ko'rinishda 4 =1/I, 1=T/J qadamlar bilan kiritamiz, bunda yl-j — ,, da aniqlangan
bo’lib, y funktsiyaning (xi, t j) tugundagi qiymati.

Bir parametrli ayirmali sxemalar oilasini qaraymiz

y]+1 y] . )
’7 A(a j”+(]—a)yl.f)+(pl.f, O<i<lI, 0<j<J, 4)
-2y +y/!
bunda /lyl =)V, = yl Z;l = , o —haqiqiy parametr.

(4) sxema ba’zan vaznli sxema deb ataladi.
CHegaraviy va boshlang'ich shartlar quyidagicha aniq approksimatsiyalanadi:

yvi=ul, yl=uj, (5)
v =y(x,,0)=u,(x,). (6)

Bunda (p,-j — (3) tenglama o'ng tarafi f ni approksimatsiyalovchi funktsiya, masalan

(Dzj :f(xl’t]+05) tj+0,5 :tj +0’5T'
(4)-(6) ni (IT) ayirmali masala deb ataymiz.
(4) AS quyidagi olti nuqtali shablonda yozilgan

(‘xiil o )a (xi oL )a (‘xiil o )’ (xi ’tj)

(4) tenglama ichki tugunlar deb ataluvchi ( X;, ,+1) i=01,..,1-1 j+I1=1,..,J
tugunlarda echiladi. ,. dagi barcha ichki tugunlar to'plamini

{( x,t,), I<i<I—1, I<j<J } ko'rinishida belgilaymiz.

(5), (6) boshlang'ich va chegaraviy shartlar @,, ning chegaraviy nugqtalarida yoziladi.

t=t; to'g'ri chiziqda yotuvchi @), to'r tugunlari odatda gatlamlar deb ataladi. (4) da y,-j
qiymatlar ikkita qatlamda yotadi va shuning uchun bunday sxemalar ikki gatlamli sxemalar deb
ataladi.

o=0 da (xpt+1), (xpt), (xz1t) shablonda aniqlanuvchi to'rt nuqtali
j+l j

Yi —Vi _

. = Ay l-j + (Dl-j sxemani hosil qilamiz yoki uni quyidagicha yoza olamiz
+1 T
W =1=2y)y! +v(yl + vl )+ el V=T
(7
t=t;+; qatlamning har bir nuqtasidagi y,:’ ! qiymat (7) formula yordamida r=¢; qatlamdagi yl:’

giymatlar orqali oshkor ko rinishda ifodalanadi. SHunday qilib /=0 da yl-o =u,(x,;) berilsa, u



holda (7) formula bo'yicha ketma-ket ixtiyoriy qatlamdagi y ning qiymatlarini aniglay olamiz.
(7) sxema oshkor sxema deb ataladi.
Agar o #0 bo'lsa, u holda (7) sxema oshkormas ikki qatlamli sxema deb ataladi.

o #0 da yl:’ " larni aniqlash uchun quyidagi chegaraviy shartlarni qanoatlantiruvchi

y(;#] — uij+1’ y1j+1 — u;’+1’
algebraik tenglamalar sistemasini hosil gilamiz:
oAyi -y =k (8)

S - :
F=—y" +(l-o)Ay/™ + o,
i=1,.. I-1.
(8) ayirmali tenglama echimi progonka usuli bilan topiladi.

o =1 da sof oshkormas sxemaga ega bo'lamiz
=M e ©)
o = 0,5 da olti nugtali simmetrik sxemani hosil qilamiz

Jrl_

Vi Vi
T

ba'zan bu sxema Krank-Niko!l son sxemasi deb ataladi.

1 . . .
:EA(yiJH vyl ol (10)

(19_]+1) (1_17J+1) (1:J+1) (1+17J+1)
(i-1j) @, J) (i+1,)) @, J)
(7) oshkor sxema shabloni (9) sof oshkormas sxema shabloni
(i-1,j+1) @, j+1) (i+1,j+1)
(i-1, ) (i) (i1, j)

(8) ikki qatlamli oshkormas va (10) Krank-Nikol’son sxemalari shabloni

3. Approksimatsiya aniqligi
(4)-(6) sxemalar aniqligi haqidagi savolga javob berish uchun (4)-(6) masala echimi
J

Y =Y; ni(I) masala echimi u=u(x,¢) bilan taqqoslash kerak. Shunday qilib u(x,#) (I) masalaning



uzluksiz yechimi bo'lsin, u holda #;/ =u(x;,f,)qo'yamiz va z/ =y —u/ ayirmani

qaraymiz.
z/ ni baholash uchun quyidagi normalardan birini tanlaymiz

I 172
2
A= 2w
i=1

=%, ¥,=(y—y)/t indekssiz belgilashlar yordamida (4)-(6)

2] =] = max]z,
c 0<i<I

vl =y, ¥"
masalani quyidagi ko rinishda yozamiz
ye=A(oy+(1-0)y)+9, (xt)ew,
V0.t)=u,(t), y(Lt)=u,(t) tea,, (1I)
y(x0)=uy(x), xew,, N =yg-
y =z +u ni (II) ga qo’yib va u ni berilgan funktsiya deb z uchun quyidagi masalani
hosil gilamiz
y.=Noy+(l-0)y)+¢, (xt)eo,
2(0,t)=2(1t)=0, tea..
z2(x,0)=0, xeam,,
bunda y = Ao+ (l—-oc)u)—u,+¢ — (I) tenglama wu(x,y) yechimida (II) sxemaning
approksimatsiya xatoligi.
Ta'rif. (IT) sxema (I) tenglamani (m,n) tartib bilan approksimatsiyalaydi yoki (I) tenglama
u=u(x,t) yechimda oh™ +1") approksimatsiyaga ega deyiladi, agar

Hy/(x,t)HZ =0(h" +1" ) yoki HI/IHZ <SM(h" +1") tengsizliklar barcha € @, lar uchun

bajarilsa, M esa h va 7 dan bog'liqg bo'lmagan musbat o'zgarmas, | - H , — @, to'rdagi
qandaydir norma.
u=u(x,t) dan x va ¢ bo'yicha kerakli hosilalarni qo'yib, (II) ning approksimatsiya
tartibini baholaymiz. Quyidagi belgilashlardan foydalanamiz
u=0u/ot, u'=0u/ox, u=u(x,t,,5), t=t,,;=t +05t.
u(x,t) ni (x; tj+o.5) nuqta atrofida Teylor qatoriga yoyamiz.
Ushbu formulalarni qo'llab
Uu=05u+u)+05u-u)=05+u)+05tu,,
u=05u+u)-05tu,,
cu+(l+oc)u=05(u+u)+(c—05)tuy,
w ni quyidagicha yozamiz
y=05A0+u)+(c—-05)tNu, —u, +¢.
Yugqoridagi ifodalarni bu erga qo'yib hamda
2

w BT (a4 4 h s 4 0°u
Au=u +Eu +O(h )=Lu+ELu+O(h ), Lu=

o’
— '[2_
B=u+05tu +§ii+0('c3),



2
" =ﬁ—0,5r§+%5+0(r3),

2
a _ T =
05(v+u)=u +§u +O(r3),
u, =1 +0(zr?)
ifodalardan foydalanib
_ = — ko,
(//:(Lu—u+¢)+(a—0,5)rLu+EL2u+O(72+h4) (12)
ni hosil qgilamiz.
Bundan ko'rinadiki @ = f = f(xi,fﬁoj) da
w=(c—-05)tLi+0(t° +h’)
bunda fagat 4 =Lu + . Lu =L'u+ Lf =u"") 4+ f” va L’u=Lu — Lf ekanini
hisobga olib (12) dan quyidagini hosil gilamiz

2 2
(//:((p—f)+|:(0—0,5)2'+]]/l—2:|LLTl—ELf+O(h4+2'2). (13)
(13) da o'rta qavs ichidagi ifodani nolga tenglab ushbu tenglikka kelamiz
> 12, * . (14)

i’
O =0, qiymatda va @ esa @ = f +—Lf bo'lganda sxema (II) O( ©?+ht )

approksimatsiyaga ega. Agar biz f " i %, = Af ifodaga almashtirsak sxema approksimatsiya

I A
tartibi buzilmaydi, ya'ni ¢ = f + EAf yoki quyidagiga kelamiz

ng]:fin/z (flj+1/2 fij+1/2 f,fjl/z) fl]+1/2 (f]+1/2 fpjjuz)

(15)
C” (D) - shunday funktsiyalar sinfi bo'Isinki, ularning x bo'yicha m va ¢ bo'yicha

n tartibli hosilalari D da uzluksiz bo'lsin. (13) va (14) formulalardan ko'rinadiki (II) sxema
quyidagi approksimatsiyalarga ega:

1. 0=05 ¢=f yoki @ = f+OM* +7%)da O(h’ +17 ) boladi, agar u € C}
bo’'lsa;
2. %035, ¢= f+ O(hz +7) da O(hz +7) bo'ladi, masalan, (pzf yoki
= f bo'lganda, agar U € C; bo'lsa;
3. 0=0.dava @ esa(15) formula bilan berilsa, O(h4 + Tz)bo‘ladi, agar U € C?

bo'lsa.



2
(I) sxema 0 =0, va @ = f + il—z Af da odatda yugori tartibli aniglikdagi sxema deb

ataladi. @ o'ng tarafni tanlash berilgan o da approksimatsiya tartibiga qo'yilgan talablarga
bo"ysungan bo'lishi kerak.

SHunday qilib & = 0,5 da @ ni 9=0,5(f + /), @ = f deb olish mumkin va i.k.
(13) dan ko'rinadiki O(h° +7°) xatolikka & # 0,5 da ham erishishi mumkin.

Masalan & = 0,5+ h’ct / 7 deb olish mumkin, bunda - & va 7 dan bog'liq bo'lmagan

ixtiyoriy o'zgarmas. « ni tanlash sxema turg unligi sharti bilan chegaralangan.
4. Issiqlik o' tkazuvchanlik tenglamasi uchun uch gatlamli sxemalar

Ba'zan uch qatlamli sxemalar qo'llaniladi. Bunday sxemalardan bittasi Richardson
sxemasidir:

j+l
y J—

2T

Jj-1

Y Ay yoki y, =AY/, (16)
t

= <

bundayO:y_ , V=Y
¢ 2T

J+l

v . .
, V= y]_l, y=y’, Ay=y;, . Busxema r vah bo'yicha

ikkinchi tartibli approksimatsiga ega W = AUu—u, = O( v+ h ). Ammo u absalyut
t

turg unmas sxemadir.
(16) ni quyidagi ko rinishda yozamiz
J+1

ALY i S 2yl 4y
yz yz :yl—] yZz yH—I . (17)
2T h
Jj+l

Agar (17) ning o'ng tarafidagi 2yl-j ni y;, + yl-j - ga almashtirsak, u holda uch

qatlamli «romb» sxemaga (Dyuffort-Frenkel sxemaga) kelamiz:
J+1

Yi

J+1 _

vyl =y =y yl,
27 - h’ ’

bu sxema y,.j H ga nisbatan oshkor goladi va absolyut turg'un hisoblanadi. «Romb» sxemani

(18)

ushbu ko rinishda yozish mumkin

2
v o= (19)
bunda Y, = (¥{" =27 +y/7)/ 77
Haqiqatdan
Y \Y4
Vit = Vi= Vit Vi _ YVia =20t Vi Vi= 20ty _i i
h2 - h2 h2 = Vxx h2 Vit -



Bu ifodani (18) ga qo'yib (19) ni hosil gilamiz. Demak Richardson sxemasi «romby
72
sxemaning xususiy holi hisoblanadi. ?y 7+ had turg'unlikni ta’'minlaydi.
(19) ning approksimatsiya xatoligi quyidagicha
2 2
T

2
v =Au—u, —h—zuﬁ :u”—LI—Z—Zii+O(12 +hz):—:l—2ii+0(t2 +h?).
t

Bundan ko'rinadiki «romb» sxema shartli approksimatsiyaga ega bo’ladi
2
T
l//=0(f2+/’l2+h—2j20(h2)’ TIO(hz)da,

Agar 7 = ah(1+ O(h)) deb olsak, u holda (19) sxema
ou ,0u  0u
o Te 5 =77
ot ot ox
ko rinishdagi tenglamani approksimatsiyalaydi, bunda a = const .

Odatda (3) uchun vaznli oshkormas uch qatlamli sxemalar qo’llaniladi
a) simmetrik sxemalar

yozA(G)?+(1—20)y+Gy]+(p, (20)

t

b) simmetrik bo'lmagan sxemalar

\4
ye+otyy =Ay+o. (21)
(20), (21) tenglamalar uchta (l‘j_ I 1) gatlamga ega. SHuning uchun ular
t, 27, Jj 21 qatlamlarda yoziladi. y(x,7) qiymatini qo'shimcha ravishda berish kerak,
masalan Y(x0)=u,(x) yoki y(x,7)=y(x0)+7u,(x), bunda
i,(x)=u)(x)+ f(x,0) ifoda y(%,7)—u(x,7)=0(7" ) shartdan tanlanadi.

Ba'zan y(x,7) ni aniqlash uchun ikki qatlamli sxemalar qo'llaniladi.

O'z-0"zini tekshirish uchun savollar

1. Bir o'lchamli nostatsionar issiqlik o'tkazuvchanlik tenglamasi uchun umumiy
boshlang ich-chegaraviy masala ganday qo'yiladi?

2. Issiglik o'tkazuvchanlik tenglamasi uchun bir parametrli ayirmali sxema ganday

tuziladi?

Qanday sxemalarga oshkor sxemalar deyiladi?

Qanday sxemalarga oshkormas sxemalar deyiladi?

Krank-Nikol’son sxemasi qanday shablonda aniqlangan?

Qanday shartlarda quyidagi approksimatsiya xatoliklari

O(h*> +1), O(h* +7°), O(h* +7°) aniglanadi?

7. Richardson sxemasi qanday aniqlanadi?

AN



8. Dyuffort-Frenkel sxemasi ganday aniqlanadi?



13 - ma'ruza
TO'LQIN TENGLAMASI UCHUN CHEKLI AYIRMALI SXEMALAR TUZISH

Ma'ruza rejasi
Tor tebranish tenglamasi uchun umumiy boshlang'ich-chegaraviy masalaning qoyilishi;
Bir parametrli ayirmali approksimatsiya;
O(t’ +h’ ) approksimatsiyali masala;
Approksimatsiya xatoligi;
Uzilishga ega koeffitsientlar bilan umumiy masala;
Birjinsli ayirmali sxemalar.

AN o e

Tayanch so'zlar: Tor tebranish tenglamasi, bir parametrli ayirmali sxemalar oilasi,
approksimatsiya xatoligi, birjinsli sxemalar.

1. Ayirmali masalaning qo'yilishi va approksimatsiya xatoligini hisoblash

Birjinsli tor tebranish tenglamasini qaraymiz
0’u , 0°u

;=4 2

ot, Oox,

+ f(x,,t), 0<x, <[, >0,

x=x,/1, t =at, /! o'lchovsiz kattaliklarni kiritib bu tenglamani quyidagicha yozamiz

o’u  0’u
?:a)c—2+f(x,t), 0<X<], O<tST (1)
Boshlang'ich momentda
ou(x,0) _

u(x,0) = u, (), Uy (x) ()

ot
shartlar berilgan, bu erda uy(x) —boshlangich chetlashish va #,(x) - boshlangich tezlik.

Tor oxirlari quyidagi berilgan qonun bo"yicha harakatlansin
u(0,t)= (), u(lt)=u,(t). (3)
D=(0<x<1, 0<t<T) sohada isssiqlik o'tkazuvchanlik tenglamasini

approksimatsiyalashda qo'llangan to'rga o’xshash @, to'g'ri to'rtburchakli to'r kiritamiz

y=y/, p=y/tt =y yt:y—y, y;=y_y,
T 2T
. \V4 N \V4
Yi—Yi _y—=2y+y Yi+tYie Y=y
Ay:y)?x’ y[t: t t: 2 , y(): t t — .
T T t 2 27

(1) da hosilalarni quyidagi formulalarga almashtiramiz



o%u o%u Au, f
oy~ Ui g~ Uge=Au, f~ ¢
ot ox’

Quyidagi vaznli sxemalar oilasini qaraymiz

Vi = Moy +(1-20)y+0y)+9, 0= f(x1,),
Yo=(t), yy=Ma(t), y(x.0)=uy(x), y,(x0)=uy(x),

bu yerda #(x) ni keyinroq aniglaymiz.

4

Chegaraviy shartlar va birinchi u(x,0)=up(x) boshlang’ich shart @, to'rda aniq
~ ~ ou(x,0) - _
bajariladi. U (x) ni shunday tanlaymizki. %, (x) _(a—t) =U, (x) —Uu, (x) approksimatsiya
xatoligi O(7 2) kattalik bo'lsin. Quyidagi
u,(x,0)=1(x,0)+0,57i(x,0)+O0(t’ )=, (x)+0,57(u"(x,0)+ f(x,0))+O(7° ) =
=i, (x)+05t(u)(x,0)+ f(x,0))+O(t’ )
formuladan ko'rinadiki #(x)—u,(x,0)=0(7’) belgilashni qo'ysak quyidagini hosil
qilamiz
u(x)=u,(x)+05t(u)(x)+ f(x,0). (5)
Shunday qilib, (4), (5) masala qo'yildi. (4) dan y = y’*' ni aniqlash uchun progonka usuli
bilan yechiladigan chegaraviy masalani hosil qilamiz
or* (vl + vl )= (1+200° )yl ==F, 0<i<I, y,=p, y, =,
y=t/h, F =02y -y )+1°(1-20)Ay’ +or’ Ay’ +77¢p.
Bunda o > 0 bo'lganda progonka usuli turg un bo'ladi.
Q= f (X o1 j) da (4) sxema approksimatsiya xatoligini hisoblaymiz. y — (4), (5)
masalaning, U = u(x,t) - esa (1)-(3) masalaning yechimlari bo'lsin. (4) ga
y = z + u qo'yib quyidagini hosil qilamiz

zz =N o6zZ+(1-20)z+0z)+ v,

(©6)
zy=z,=0, z(x,0)=0, z,(x0)=v(x),

\4
buerda W=A( cu+(1-26)u+cu)+¢-— Uz - (4) sxemaning u=u(x,t) yechimdagi
approksimatsiya xatoligi, V =U,(x)—u,(x,0)-esa y, = leo (x) ikkinchi boshlang'ich shart

uchun approksimatsiya xatoligi. Yuqoridagilardan ayonki, vV = O(7 2 ).
\4
U=U+TU,, U =U—TU; lardan foydalanib quyidagiga ega bo'lamiz

\

cu+(l+2c)u+ocu=c(u+ ru,)+(1—2c5)u+G(u—ru;):u+0r2

I/lfl , (7)



ya'ni har qanday o (o, ¢ va h dan bog'liq emas) ¥ = Au + GTZAut—t +Q—Uu; =
=Lu+or’Lii+ f—ii+0G&>+ 1), w=0(t"+h’).
3-tur chegaraviy shartlar

WOL) _ goa0.0)—pyt), ~2 g oire) - pyit)
ox ox

quyidagi yoyilmalarni qo'llab approksimatsiya qilinadi

ou h h’ h’

_:ux urr__ur!r__u(]V)+O(h4)
ox 2 6

va
2 3
ou _ u- + ﬁu" — h—u"’ + h—u(”/) + O(h4)_
ox 2 6 24
0(2'2 +h’ ) approksimatsiya tartibini hosil qilish uchun
h "
i=0da U, _Eu = pu—u(t)+ O(hz)
yoki

u,—pu t
X Bl +Ml():u”+0(h2)
0,5h 0,5h
ifodalarni qo’llaymiz.
Tenglamaning o'zidan quyidagiga ega bo'lamiz

Uy =ty =
y ayirmali funktsiya uchun quyidagiga egamiz
u;, :A_(G)?+(I—2O')y+0y)y+go_, i=0,
bu erda

_ Y. =By - w(t)
Ay=22" PV —pe
YESogE 0 0 T g o=/

Shunga o"xshash

U, :A+(G)?+(1—20)y+0yjy+(p+, i=1,

bu yerda
s Y= Py L Hy(1)
N =——— =p+——-, p=1f.
osn 0 T s 07
Ou 2 4
Bundan tashqgari g yoyilmada yanada yuqori tartibli hosilalarni qo'llab O(z~ +Ah")

aniqlik bilan sxemalar hosil gilish mumkin.

2. Masalaning umumiyroq qo yilishi



Endi masalani umumiyroq qoyilishini qaraymiz. ET = [O <x< 1]>< [O <t<T ] to'g'ri

to ' rtburchakda giperbolik tipli tenglama uchun 1-chegaraviy masalani qaraymiz

0’ 0 0
at? =Lu+ f(x,t), Lu= a(k(x,t)a—zj, (x,t) e D,, (8)
oux0) _
M(X,O) = MO (X), %) = uO (X), (9)
u(0,0) =u,(t), u(l,t)=u,(t), (10)

0<c, <k(xt)<c,,
buerda D, =(0<x < I)x(0<t<T].
Faraz qilaylik masala l_)T da yagona uzluksiz va etarlicha hosilalarga ega bo'lgan

echimga ega bo'lsin. k(x,¢) (va f(x,t) o'ng taraf ot o'qqa parallel chekli sondagi to'g'ri
chiziglarda 1- tur uzilishga ega bo'lishi mumkin (qo’zg almaydigan uzilishlar). Har bir chiziqda
x=¢&,, s=12,..,s, uzilishlarda qo’shmalik sharti bajariladi:

[u]=u(&, +0,t)-u(£, -0,t)=0

[ka%x]zo - (11)

Endi (8)-(10) masala uchun bir jinsli ayirmali sxemalarni tuzishga kelamiz.

0, = {xl-,i =01...1, x,=0, x;= 1} to'r 0<x<1 da ixtiyoriy notekis to'r,

A
A —_ —_—

0, = {tj =j-1, j=0,12,.., J} to'r 0<¢<T da ixtiyoriy tekis to'r, My, = M X O -

T

to'r esa Dy to'g'ri to'rtburchakda berilgan to'r bo'Isin. Avvalo fiksirlangan { € @, da Lu+f

operatorni approksimatsiyalaymiz va Au + ¢ = ( a( X, )M 5 ))g + (- ayirmali operatorga

keltiramiz.

Bularni quyidagicha almashtiramiz
0’u

— ~u
ot’ ~

Lu+F = A(z‘j)u(””%) +o,

I’
1
Bu erda

Vv

u @ =g+ (1-6, -0, Ju+c,u,

Alt; Ju = (a(x’tj)”f)f’ u=u', u=u"", i=u"""
Quyidagi belgilashlarni eslaymiz

Vi Vi Via =V _ Viea =V
Vei = > Vx,i - =V
h. h.

i i+l i



bu erda

2 1lv,—v. v —v
hi = O)S(hi + hm )’ Lv= %, (th)i = _|: = - = j| = Ve T Ve > va
x _

h, P h,
bulardan quyidagi vaznli bir jinsli uch gatlamli sxemani hosil gilamiz
Ya =AY 4. (12)

t=t; o'rta qatlamda a koeffitsientni olamiz

Quyidagi Y =Yy +1y, + O,Sszgt, F=y—€3+05ty;, . bu erda
t

v, = (F+P)/Qe). v, = (7 =2y +5)/2 lamigqollsb ¥ =y + (0 —03)ay +
0,5(c, + 0,)r’y,, ni hosil gilamiz, bulardan keyin (12) sxemani quyidagicha yozamiz
(E—0,5(UI+O'2)Z'2/1)yn—(O']—O'Z)T/ly(t, =Ay+o, (13)
bu erda E — birlik operator. O} = O, = O da simmetrik sxemani hosil qilamiz
(E—arz/l) Z=Ay+o(xt) 0<t=rt, (14)

va uni o'rganish bilan cheklanamiz.
(10) chegaraviy shartlar va (9) birinchi boshlangich shart aniq qanoatlantiriladi

W0,t)=u,(t), y(Lt)=u,(t), y(x0)=u,(x). (15)
ou/ Ot\tzo =1u,(x) ikkinchi boshlang'ich shartni ikki usul bilan approksimatsiyalash
mumkin. Bitta usul yuqorida ko rsatildi

Y.(x0)=u,(x), uy(x)=uy(x)+0,57(Lu,+ [ )_,. (16)

U 7 bo'yicha ikkinchi tartibli approksimatsiyaga ega.
Ikkinchi usul shundan iboratki, y(7) ni aniqlash uchun quyidagi ayirmali tenglama
yoziladi

(E=01>A(0)y,(x0) =TT, (x)+0,50( Au, + f(x,0)). (17
Natijada (14)-(16) (yoki (14), (15), (17)) ayirmali masalani hosil gilamiz.
Bu sxema uch gatlamli deyiladi. Y Angi qatlamdagi y= yj” ni hisoblash uchun avvalgi

ikkita gatlamdagi yj va yj_l qiymatlarni bilish kerak. Har bir # =17, yangi qatlamda
A +1
chegaraviy masala ) = y] ga nisbatan echiladi (progonka usuli bilan):
(E — GIZA))? =F,
O<x=ih<l, y,=u, y,=u,,
F(t)z2y—y—z‘2/1((20—1)y—0'yj+rz(p, t2r,

F(0)=u,+7°(0,5-0)A(0)u, +tit,(x)+0,57° f(x,0).



SN

O'z-0"zini tekshirish uchun savollar

Tor tebranish tenglamasi uchun birjinsli holda boshlang’ich chegaraviy masala ganday
qo'yiladi?

Tor tebranish tenglamasi uchun bir parametrli ayirmali sxema ganday tuziladi?

Xatolik uchun masala qanday aniqlanadi?

O(t’ +h* ) aniglik bilan sxema ganday hosil gilinadi?

Uzilishga ega koeffitsientlar bilan berilgan tenglama uchun masala qanday qo'yiladi?
Uzilishga ega koeffitsientlar bilan berilgan tor tebranish tenglamasi uchun ayirmali sxemalar
ganday tuziladi?

14 - ma'ruza

LAPLAS OPERATORINI TEKIS VA NOTEKIS TO'RDA APPROKSIMATSIYA
QILISH.
PUASSON TENGLAMASI UCHUN DIRIXLE AYIRMALI MASALASI

Ma'ruza rejasi
1. Ko'p o'lchovli sohada Dirixle masalasi



Laplas operatorining ayirmali approksimatsiyasi

Laplas operatorining «xoch» notekis shablonda approksimatsiyasi
Misol

Sxema xatoligini baxolash

Ayirmali tenglamaning kononik shakli

AN

Kalit so zlar: Dirixle masalasi, «xoch» shablon, notekis shablon, approksimatsiya xatoligi,
to’g'r1 to rtburchakda Dirixle masalasi, kanonik shakl

Puasson tenglamasi uchun Dirixle masalasi quyidagicha qo'yiladi: ushbu G + I” sohada
2 0%u
Au = a—zz—f(x), xeG (1)
a=1 xa
Puasson tenglamasini hamda ushbu u‘r = ;,L(x) chegaraviy shartni ganoatlantiruvchi uzluksiz

u(x) funktsiyani topish talab gilinadi. Bu erda x = (xl Xy ey Xy ); G - r-o’lchovli, chegarasi G
bo’lgan chekli soha.

1. Laplas operatorining ayirmali approksimatsiyasi

x = (x,,x,) tekislikda

0’u
Au=Lu+Lu, Lu= —, a= 1,2 ) )
0
Laplas operatorining ayirmali ko rinishini yozamiz.
ou o’u
X = ()c1 ,xz) nuqtada har bir Lu = —— Yoki Lzu = F operatorlarni uch nuqtali
X X

A1 yoki A, operatorlar bilan approksimatsiyalaymiz
Lyv~Ayv=v, = %(v(x1 +h,x, ) =2v(x,,x, ) +v(x,—h,x, )),
1
3)
Lyv~Ay= Ve, = %(v(xl,x2 +h,)=2v(x,x,)+v(x,x, - hl)), 4)
2
bu erda ~ approksimatsiya belgisi, /4#;>0, h,>0 — berilgan sonlar (x; va x, o'qlar bo'yicha
gadamlar).

A operator
(x1-h1, x2), (x1, X2), (x1+h1, X2)
regulyar uchnuqtali shablonda, A, operator esa
(x1, X2-h2), (x1, x2), (x1, X2 h2)



regulyar uchnugqtali shablonda aniglangan.
(3) va (4) dan foydalanib, (2) Laplas operatorini besh nuqtali «xoch» shablonda
aniqlangan

Av=Ayv+Ay=v, +v, | Q)

chekli ayirmali operator bilan almashtiramiz.

20
h,
[ ®
3 0 h, 1
4@
Ko'rinib turibdiki
1 1
Av, :h—z(v1—2v0+v3)+h—2(v2—2v0+v4)_ (6)
1 2
Xususiy xolda, #1=h,=h bo’lganda
1
Avozﬁ(vl+v2+v3+v4—4v0)_ %

(5) ayirmali operator bilan (2) Laplas operatorini approksimatsiya qilgandagi xatolikni
hisoblaymiz. a =1,2 bo'lganda
o’v k2 o'y h’
Ayv=—+—-2—+0(h)=Ly+-—2Lv+O(h}), (8)
ox, 120x, 12

unda
h12 2 h22 2 4 4
ANv-—Av=—"Lv+=Lv+O(h +h).
12 12
Bundan ko'rinib turibdiki, agar v(x) - ixtiyoriy funktsiya x, bo'yicha to'rttadan kam

2 2
bo'Imagan tartibli xosilaga ega bo'lsa, unda Av—Av = OQh‘ ), Vl‘ = h12 + h22 bo’ladi.

SHunday qilib, (5) ayirmali operator (2) Laplas operatorini «xoch» regulyar shablonda ikkinchi
tartib bilan approksimatsiyalaydi.
SHunga o'xshash r-o’lchovli (#>2) Laplas operatorining
Z o’u
Lu=) Lu, Lu= = )
a=1 o

ayirmali approksimatsiyasini tuzamiz.
L, larni A4 uchnuktali ayirmali operator bilan almashtirib

P
AV:ZAQV (10)

a=1



1
_ _ (+la) (-la)
AQV—vfaxa ——Z(V Y _2y4+yTe ) (11)
ha
+1 +1
ni xosil qilamiz, bu erda V( *) = V(X( a)). Bunda x™'¥ (yoki X1 ) - x=(xy,...,x;) nuqta x,

yo'nalish bo'yicha ha kesma uzunligida o’'ngga (chapga) siljigandagi nuqta. (10) operator

(+1a)

uchun shablon 2r+/7 ta x, x a :L_p nuqtalardan iborat, approksimatsiya xatoligi esa

ikkinchi tartibga ega.

2. Laplas operatorini notekis «xoch» shablondagi approksimatsiyasi

Ikki o'lchamli holda (¥=2) shablon
(x1-h1., x2), (x1+h1s, X2), (X1, X2), (X1, X2-ho), (X1, X2that),
beshta nuqtadan iborat bo'ladi , bu erda /,.>0, 4,:>0, xech bo’'lmaganda bir o uchun 4,4+,
Har bir L; 1 L, operatorlarni uch nuqta bo'yicha approksimatsiyalaymiz

(x1-h1., x2), (x1+h14, X2), (X1, X2), (3, 1, 0 nugtalar)
(x1, X2-h2.), (x1, X2th2+), (X1, X2). (4, 2, 0 nuqtalar)
20
h2+
o ®
3 h. 0 h;+ 1
h,.
40

Buning uchun quyidagi ifodalardan foydalanamiz:

le Ay i{v(xl +h1+,x2)—v(x1,x2) B v(xl,xz)—v(x1 _}A_,xz)}
1 h, h ’

1

(12)

Love Ay = L{V(xl’xz +h )= v(x,x%,) v(x,x,)—v(x,X, _hz_)}

2 2 )

2 h2+ hQ,
bu erda ha = O,S(haf + ha+ ), a=12.
Laplas ayirmali operatori notekis shablonda quyidagi ko rinishga ega boladi
%y = A" Y =
A v—A1v+A2V—vW1 + Ve (13)
x('lo‘) X X(+10L)
® g ° >
hg. h+

Agar, misol uchun, h;= his=h; bo'lsa, unda A*lv =Av=v__ vaxakozo.

1%
Ushbu



K :(xl +h1+,x2), K1 :(xl —hl_,xz), ELY :(xl,xz ihzi)’

viPe =y x) v=v(x), v =y(xT), a=12,

belgilashlarni kiritamiz.

*

A, uchun

- } h,=05(h,_+h,) o=12 (14)

ifodani yozish mumkin.
Lv =v" bo’lganligi uchun

th:l{v(x+h+)—\/(x)_v(x)—v(x—h)}:Vx_vx

h h h h

.
bo'ladi.
Ushbu
2 3

v(x+h+)=v(x)+h+v'(x)+h7+v"(x)+%v'"+O(hf),

2 3

v(x—h_)=v(x)—h_v'(x)+%v"(x)+%v”’+O(hf),

yoyilmalarni hisobga olib
h h’ h h’
V.=V 4+ =V (x)+—V"+O(h) ), v.=V+—V"(x)+—V"+O(h’),
2 6 2 6
v —v. ., h—h

Loy=Ye" Ve p T o oep2
wVY 7 4 6/ v (")

ifodalarga ega bo'lamiz.
U holda

h _h "
y=Lv—Lyv=—+ 3 —V +0(h2)=0(h).
Tafovut uchun quyidagiga ega bo’lamiz
. 1 oy 5
Ay =Ly =2k, —h, )5 +0(h) . (15)
xOL
SHuday qilib, (13) formula bo'yicha anigqlanuvchi A* ayirmali operator notekis
shablonda Laplas operatorini birinchi tartibda approksimatsiya qiladi.
Bizga Laplas operatorini notekis shablonda approksimatsiya qilishning ikkinchi usuli
ham kerak bo'ladi. (14) formula o'rniga

1 {V(ﬂ,) N

Ny=— - =
Y p W & } h, =max(h_,h,, ), (16)

o

‘lami ANyv=—"2y
ega bo'lamiz va demak ‘o I X, %, .
o



Bu holda A*a operator nolinchi tartibli lokal approksimatsiyaga ega bo'ladi
v, =Au—-Lu=0(1).
Haqiqatdan ham (15) ni hisobga olib, quyidagini olamiz:

h 3h ox.

o o

v, =ANu—Lu= (1—h—jL NN (R )a”+0(h )=

( h, +ha_jL Lorh, )__2max{ha+,h2h} (h,, +h, )Lau+0(ha)=

—h,_
_pfe—he 2h Lu+0(h,)=0(1),

chunki

_ 2 2
Nu= v 1 v’+hiv”+hiv”’+0(hi)—v’+&v” ho VI +O(R)) | =
h h 6 2 6

o o 2
2 2
= i hoc+ + ha— V' + h h "4 0(h3 ) h_otv" + (hoc+ hcx— )ha V' O(hi)
h(x 2 h(l h(l

(16) approksimatsiyadan qanday holatda foydalanishni quyidagi misolda ko rsatamiz.
Misol. Ushbu

"=—f(x), 0<x<l1, u(0)=0, u(1)=0
birinchi jinsli chegaraviy masalani qaraymiz.
Approksimatsiya uchun chegara yaqinida tekis bo’lmagan

o, ={xi, x,=h, X, =x+h i=12..,N-1 x,, =x,+h}

to'rni tanlaymiz, h <h, h,<h, h,+h,+(N —-1)h=1. Ichki x;, 1<i<N regulyar

tugunlarda

chegaraviy tugunlarda esa

u'~ Nu, :%|:”2 ;_lul 4 }:”0 } u' ~ A, :%|:”N+1h_u1v Uy _h”N—l
1 2

approksimatsiyalarga ega bo'lamiz.

Natijada quyidagi chekli ayirmali sxemaga ega bo'lamiz

Voo =—f(x,), x,=h+(i-1)h, 1<i<N,
A*y1 :_f(x1)’ A*yN :_f(xjv): Yo = Vnn =0.

z=u-u uchun

Az=—-y(x), 0<x<l, z,=2z,,=0, (18)
tenglamaga ega bo'lamiz, bu erda x;<x;<xy bo'lganda Az = Z.., =2, 3, ..,N-1 bo’'lganda
AZ1 = A*Zl, AZN = A*ZN, VY, = O(hz) ,i=1, Ndaesa |, = 0(1)

(17)



Sxema i=1, N chegaraviy tugunlarda approksimatsiyaga ega bo'lmasa ham, (17) sxema S

fazoda ikkinchi tartibli aniklikga ega: ||z] =O(%?).

Bu baxoni olish uchun (18) tenglamani x=x;, xy da yozamiz
1 2=z Z1—Zy | _ l Zya "2y Zy T Zy. ~0
h h,

Rl A h

Zy, = hhz\VN . SHunday qilib, (18) masala

h

buerda Z, Zhhl\vl,
z..=—WY(x), x<x,<x,, Az =0,

A*ZN =0, zy=hhvy, zy,=hhy,,

masalaga ekvivalent bo"ladi.

Ushbu
N N
HZ < maxQzO , ZN+1D+ Zh; //l‘lﬂk‘,
i=l1 =1
aprior bahodan foydalanamiz.
Bundan
Hz = Hy —u| < hhl‘%‘ + hhz‘wN‘ +max wl.‘ < Mh?

kelib chigadi, ya'ni (17) sxema ikkinchi tartibli aniqlikga ega.

3. To g ri to'rtburchakda Dirixle ayirmali masalasi

G,=(0<x,<1l, 0<x,<I,) tomonlari /; il bo'lgan to'g'ri to'rtburchak bolsin,
G — uning chegarasi. C_?o = G, + [ da Puasson tenglamasi uchun Dirixle masalasini qaraymiz:
Au=—-f(x), x=(x,x,)eq,, u‘r =H(x). (1)

(70 da h, =1,/N, va h,=1,/N, qadamlar bilan @, to'rni quramiz, bu erda N;>0
x$" =ih,, i,=0,N,

va N>>0 - butun sonlar. Buning uchun xl(’“ =ih, i,=0N,

ikki to'g'ri chiziqlar oilasini quramiz.
X2 A (i1hy, i2hs)

[

N
.

>

0 >

Bu to'g'ri chiziglarning i14; va ixh, koordinatalardagi kesishish nuqtasini x=(i1A,, i2h)

tugun deb ataymiz. Umumiy ichki tugunlar soni (N;-1)(N,-1) ga teng.



To'g'ri to'rtburchak chegarasida yotuvchi tugun (i;=0,N; yoki i,=0,N, bo'lganda),
quyidagi to'rtta (0,0), (0,,), (0,02), (I,,1») nuqtadan tashqari nuqtalarni chegaraviy tugunlar deb
ataymiz. Ular Y, ={(i,,h,,i,,h, )} to'plamni tashkil giladi. Barcha ichki va chegaraviy

tugunlar to plamini Eh = ®, +7, to'rdeb ataymiz.

Har bir X € @, ichki tugunda besh nuqtali «xoch» regulyar shablonni qurish mumkin,

+1
bunda x” «)

Laplas operatorini barcha ichki tugunlarda
Au=u, +u

o=1, 2 tugunlar ®, (ya'ni, yoki ,, yoki y,) da yotadi. SHuning uchun Au

XpX)
ayirmali operator bilan almashtirish mumkin.
(1°) tenglamaning o'ng qismi- f(x) ni ¢(x) to'r funtsiya bilan shunday approktsimatsiya

gilish mumkinki @(X)— f(x):O(W), f(x)eC? boladi.  fix) funktsiyaning

uzluksizligini hisobga olib, ¢(x)=f(x) deb faraz qilamiz.
(1') masalaga mos keluvchi ayirmali Dirixle masalasini qo'yamiz: ichki tugunlarda

(®, da)

Ay - _f(X), Ay = yflxl + yfzxz (19)
tenglamani qanoatlantiruvchi @, da aniklangan va y, chegarada
YO)=p(x),  xEN. (20)

qiymatlari berilgan u(x) to'r funktsiyani topish kerak.
h #h, da ©,( G, ) to'r to°g ri to rtburchakli, hy=h,=h da esa kvadrat to'r deyiladi.

Ay uchun kvadrat to'rda to'liq ifodani yozamiz
1
— (+h) (1) (+h) (-1)
Ay =5 (08 4y )y —ay),

¢@=0 bo'lsin. Ay =0 tenglamani u ga nisbatan echamiz:

1 + - i )
y:Z<y( Wy ")+y(”+y”))_

SHablon markazidagi # ning qiymati qolgan to'rtta tugundagi u larning o'rta arifmetik
qiymatiga teng bo'ladi. Bu formula garmonik funktsiya uchun o'rta qiymat formulasining chekli
ayirmali analogi bo'ladi.

(19), (20) dan ko'rinib turibdiki, p(x) larning to'g'ri to'rtburchakning uchlaridagi
giymatlaridan foydalanilmaydi. Bu esa y, ni qanday tarzda tanlaganimizni izohlab beradi.
Uchinchi chegaraviy masala xolatida OQh|4)sxema v» chegaraning barcha nuqtalaridan tashkil

topadi (to'rtburchak uchilarining nuqtalari ham kiradi).

(N1-1)(N, -1) tartibli(19) algebraik tenglamalar sistemasini sonli echish usullari keyin
ko'rib chiqiladi. (19)-(20) ayirmali sxema aniqligini baxolash uchun z=y—i ayirmani tuzamiz, bu
erda u — (19), (20) masalaning echimi, i - (1°) masalaning echimi. y=z+u ni (1’) ga quyib, z
uchun quyidagi masalaga ega bo’lamiz ®, na:

Az=-y, vy, mansca z=0, (21)



bu erda y=Au+ f - (1’) tenlamani approoksimatsiyalashdagi (19) sxema xatoligi.
v=Au+ f—Lu+Lu=Au—Lu bo'lganda Lu+f=0 bo'ladi, ya'ni Y = Au—Lu.
12 ox! 12 ox)

argumentlarning mos ravishda (x;-h;, x2), (x;+h;, x3) va (x5, x>-hy), (x5, x,+h;) intervallardagi
ba'zi o'rtacha nuqtadagi qiymatlari olinganini bildiradi.
2

(8) dan kelib chiqadiki, ueC® bo'lganda , bu erda yuqori chiziqcha

4

M, = max
4
G ox,

deb belgilab, l//‘ <M, E ga ega bo'lamiz.

To g'ri to'rtburchakda
o, = {xl. :(xl(i‘),xgiZ)), i,=0L..,N_ ng” =0, x&N“) =1

o

a=12]

hl(il) = xl( " —Xl( ", hz(iZ) = XgiZ) —xgiz‘l) gadamlar bilan notekis to'r ham Kkiritilishi
mumkin. Bu xolatda (13) ayirmali operatordan foydalanib (19), (20) o'rniga
Ay==f(x), Ay=yi+yee, €&, | =nx) (22)

masalani olamiz.
Bu sxema birinchi lokal tartibli approksimatsiyaga ega bo'ladi

1 : i, +1 i 83 2
Wy = (), =l g+ 00) = T W Vo),
[ =n? +nl.

4. Ayirmali tenglamani kanonik shaklda yozish

Regulyar tugunda 2p+1 nuktali Ay = —f sxemani qaraymiz

| N _
> b =2y )=t
Bu tenglamani quyidagicha ifodalaymiz
3230 = S+ ) £ ()
a=1rty a=17rty

(23) tenglamani notekis bo'lgan shablon uchun ham yozish mumkin.

(23) tenglamani kanonik shaklda yozamiz
A(x)y(x)= Y2 B(x,E)y(E)+F(x), xecw,, (24)
gelll'(x)
bu erda SH'(x) - markazi x nuktada bo'lgan (2r+1)- nuqtali «xoch» shablonning x tugundan
tashqari, ya'ni ¢ # X, 2r tugunlari to'plami. SH'(x) to'plamni x tugunning atrofi deb ataymiz.
A(x) va V(x,&) - tenglamaning berilgan koeffitsentlari. (23) dan ko'rinadiki,
A(x)>0, B(x,§)>0, ZB(x,i):A(x), Vxew,.

Eelll'(x)



(24) tenglamaga y‘y = W( x ) shart qo’shiladi.
h

Ayirmali Dirixle masalasi quyidagi umumiy masalaning xususiy xoli hisoblanadi:

®, = ®, +7Y, daaniglangan
A(x)y(x)= 2 B(x.E)y(&)+F(x)
Celll'(x)

tenglamani hamda xe€w®,, y(x)=Wu(x), xe€7, shartni qanoatlantiruvchi wu(x) to'r

funktsiyani topish kerak, bu erda barcha X € ®, uchun:

A(x)>0, B(x,£)>0, D(x)=A(x)— Y B(x£)20.

xell'(x)

O’z-0"zini tekshirish uchun savollar va topshiriglar

1. Ko'p o'lchamli sohada Dirixli masalasi qanday qo'yiladi?

2. Regulyar shablonda Laplas operatori qanday approksimatsiyalanadi?

3. Notekis shablonda Laplas operatori ganday approksimatsiyalanadi?

4. Notekis shablonda Laplas operatori xatoligi ganday baxolanadi?

5. To g'ri to ' rtburchakda Dirixle masalasi qanday qo yiladi?

6. Puasson tenglamasi uchun ayirmali sxema kanonik ko rinishga qanday keltiriladi?



16-ma’ruza
INTEGRAL TENGLAMALARNI YECHISH USULLARI
Ma'ruza rejasi

Birinchi va ikkinchi tur Fredgolm va Volter integral tenglamalari
Fredgolm teoremasi

Mexanik kvadraturalar usuli

Yadroni “ko’paytma” yadro bilan almashtirish yordamida yechish usuli
Ketma-ket yaqinlashishlar usuli

Nk W=

Kalit sozlar: Fredgolm va Volter integral tenglamalari, integral xad kvadraturasi,
“ko paytma’ yadro, ketma-ket yaqginlashish

Quyidagi tenglama
TK(X,S)y(S)dS:f(x) (1)
Fredgolmning birinchi tur tenglamasi.
VOx)= 2 K(x,5) v(s )ds = f(x) @

- tenglama esa Fredgolmning ikkinchi tur tenglamasi deb ataladi.
Vol’terning birinchi va ikkinchi tur tenglamalari quyidagi ko rinishlarda bo'ladi

[K(x5)y(s)ds = f(x), 3)

y(x)=A[K(x,5)y(s )ds = f(x), @)

bunda f(x), K(x,s) - berilgan funksiyalar, y('x) - gidirilayotgan funksiya.
Ayrim masalalarni echishda differentsial tenglamalardan ko'ra integral tenglamalardan
foydalanish qulaydir. Misol uchun Koshi masalasining qoyilishini

% — flxy) 9(x0) =,
X

integral ko rinishda ifodalash mumkin
y=yo+ [ f(s.3(s))ds.
X0

Shunday qilib, integral tenglama to'liq qo'yilgan masaladan iborat, uning uchun
go'shimcha (boshlang'ich va chegaraviy) shartlar berilishi kerak emas.
Endi ikkinchi tur tenglamalari uchun masalalarni qaraymiz. Birinchi tur uchun masalalar
nokorrekt qo'yilgan.
Agar (2) tenglamaning o'ng tomoni nolga teng bo'lsa, u holda quyidagi ko'rinishda
ifodalash mumkin bo’lgan ikkinchi tur birjinsli Fredgolm tenglamasi hosil bo ladi

V(x)=AfK(x,5)v(s )ds, ©)

a<x<b.
y(x)=0 bu tenglamaning nol (trivial) yechimi bo'ladi. Uning uchun xos giymat

masalasini qo'yish mumkin. Agar (5) tenglama y = ¢,('x ) noldan farqli yyechimga ega bo'lsa,



A, parametrlar K('x,s ) yadroning yoki (5) tenglamaning xos giymatlari deyiladi, ularga mos
@,(x) yechimlar esa xos funksiyalar deyiladi.

Fredgolm teoremasi. Agar A son K(Xx,s) yadroning xos giymati bo'lmasa, u holda
birjinslimas (2) tenglama x € [a,b] da y(x) yagona uzluksiz yechimga ega bo'ladi, aks
holda bu birjinslimas tenglama yoki yechimga ega bo'lmaydi yoki cheksiz ko'p yechimga ega
bo'ladi.

Amaliyotda K(x,s)=K(s,x) bo'lgan haqiqiy simmetrik yadroli Fredgolmning
ikkinchi tur tenglamalari muhim rol o ynaydi.

Simmetrik yadro uchun quyidagi xossalar orinli:

1) Simmetrik yadro xech bo'lmaganda bitta xos qiymatga ega bo’ladi;
2) Simmetrik yadroning barcha xos qiymatlari haqiqiydir;

3) Simmetrik yadroning xos funksiyalari ortogonal, ya'ni

b
[o.(x)p,(x)dx=0, i+

(4) Vol’ter tenglamasi xos qiymatlarga ega emas. Unga mos f(x)=0 bo'lgandagi birjinsli
tenglama faqat y(x)=0 trivial yechimga ega. Haqiqatdan, (4) birjinslimas tenglama hamisha A4
ning ixtiyoriy qiymatida yechimga ega va u yagonadir.

1. Mexanik kvadraturlar usuli

Biror-bir sonli integrallash formulasidan foydalanamiz
b m
J(y)=[w(x)dx=S,(y)=Ycp(x"). (6)
a Jj=1

bunda ¢, - umuman olganda m dan bog'liq.
Quyidagi tenglikga ega bo'lamiz
J(w)=S,(V)+R,(y), (7)
buerda R, (y) - (6) kvadratur formulaning qoldiq hadi.
(2) tenglamani qaraymiz. (7) munosabat yordamida uni quyidagicha ifodalash mumkin

y(x)= A3 e K(xx" ) y(x(" )= R,(1Ky)= f(x). ®)

b
bu erda R, (AKy) qoldiq xad, (6) kvadratur yordamida ﬂjK (x,s)y(s)ds  integralni

hisoblashdagi x o'zgaruvchining funksiyasidir. (8) tenglamada x=x", i=1,_m deb olib

i

quyidagi tenglamalar sistemasini hosil gilamiz
(m) \ (m) _(m) (m) y_ (m)
y(’xi )_izlch(xi "xj )y(xj )_ f(xi )+Rm(My) |Xl(m)'
/:

Qoldiq hadni tashlab yuborib chiziqli algebraik tenglamalar sistemasi (CHATS)ni hosil
qilamiz

y,»—l_lech(xf’“,x?”)y,- =/, )
<

=S, i=im

Bu sistemani echish uchun CHATSni echishning standart usullarini qo’llash mumkin.



(9) tenglamalar sistemasini sistemaning matritsasi simmetrik bo'ladigan ko'rinishda
almashtirish mumkin. Buning uchun (9) sistemaning 7 -inchi tenglamasini ¢, ga ko paytiramiz
va quyidagi simmetrik matritsali tenglamalar sistemasini olamiz

ey =AY ce, K(x"™ x" )y, =cf, i=Lm. (10)
j=1
(m) L.(m) : .
Bunda K(x;",x ; ) - simmetrik yadro.
Sistema matritsasini simmetrik holga keltirishning yana bir usuli quyidagicha. (9) da 1 -

inchi tenglamani \/Z ga ko'paytiramiz va \/67 y; =z; deb olib, quyidagi tenglamalar

1

sistemasi hosil qilinadi
2 =AY NeJe, K(x" X" )z = e, f;. (1
j=1

¢, >0 bo'lganda sistema matritsasini simmetrik holga keltirishning ikkinchi usuli
afzaldir.

2. Yadroni “ko’paytma” yadro bilan almashtirish yordamida integral tenglamalarni
yechish

Integral tenglamalarni yechishning boshqa klassik usullari (2), (4) masalalardagi K(x,s) -

integral operator yadrosini “ko’paytma” yadro bilan almashtirishdir.
“Ko'paytma” yadro ushbu ko rinishda ifodalanadi

K(xs)=Yc,(x)d,(s), q<o.
Endi g
K(x,5)~K'(x,5)=Y e (x)d,(s) (12)

bo'lsin deylik.
Aniqlik magsadida  ¢,(x), ¢,(x),...,c,(x) va d\(s)d,(s)..d,(s) lar

chizigli erksiz bo'lsin deb faraz gilaylik. Aks holda K 0( X,s ) yadroni eng kichik giymatli ¢

bilan (12) ko rinishda yozish mumkin.
(12) holda kutishga asos bor, chunki (2) tenglamani echish

Y(x)=A[K°(x,5)y(s)ds = f(s) (13)

integral tenglamani yechishga yagqin.

K° (x,s ) ifodani (13) ga qo'yib quyidagi tenglikni olamiz

W(x)= F(x)+ A e, (x)d, (3)y(s ds. (149
Demak

V(x)= f(x)+ 23 e (%), (15)
bunda :
4, =de(s)y(s)ds.



Shunday qilib (2) tenglamani yechish A ; koeffitsientlarni aniglashga olib kelinadi.
Y(x ) uchun (15) ifodani (14) ga qo'yib, quyidagi munosabatni olamiz

Ay Ae(x)- zfzq;ci(x )d (s )[ F(s)+AY A (s )jds 0.

w i=1
Bu tenglikni olishda ikki holatda j indeks I bilan belgilangan. Oxirgi tenglamani
quyidagicha yozish mumkin

iBici(x) =0,
bunda .
B=4 —Tdi(s)f(s)ds—/Izq:Ajj.dl.(s)cj(s)ds.

c;(x) larning chiziqli erksizligidan B, = 0 kelib chiqadi. A4, ga nisbatan tenglamalar
sistemaisni olamiz

4 =23 (d,e,)A, = (d,, ).

b
buerda (g,f )= .[ g(x)f(x)dx - skalyar ko'paytma. 4, ni aniglagandan so'ng quyidagi

ko'rinishdagi masala yechimiga yaqinlashishni olamiz

y(x)zf(x)+ﬂ.iAjcj(x).

3. Ketma-ket yaqinlashishlar usuli

Fredgolm tenglamasini qaraymiz

b
y(x)=f(x)+A[K(x,5)y(s)ds. (16)
(16) tenglamani echishda chiziglimas tenglama uchun oddiy iteratsiya usuliga o'xshash
iteratsion jarayonni quramiz. y,(x) - y(x) izlanayotgan funksiyaning boshlang'ich

yagqinlashishi bo'lsin. U holda y,(x) ni (16) ning 0'ng tomoniga qo"yib

yi(x)=f(x)+A[K(x,5)y,(s)ds

munosabatni olamiz.

Xuddi shunday topilgan qiymatni integral ostidagi ifodaga qo'yib y,(x) topiladi va
xokazo jarayon davom ettiriladi. Ixtiyoriy k£ +1 - inchi yagqinlashish uchun quyidagicha yozish
mumkin

yk+1(x)=f(X)+/1j1K(x,s)yk(s)ds, k=0,1,...

| 4| ning etarlicha kichik qiymatida va K(x,s) chekli yadroda bu iteratsion jarayon Xx
bo'yicha tekis yaqinlashadi va bu yaqinlashish chiziqli bo'ladi. Yaqinlashishning yetarlilik
sharti quyidagicha

M-|A|(b-a)<l, (17)



M =max | K(x,s)|.

Ketma-ket yaqinlashishlar usulining yana bir variantida darajali qatorlardan
foydalanishadi. Bunda y(x) izlanayotgan funksiya A daraja bo'yicha qator ko rinishida yoyiladi

Y=Y 2, (). (18)

Bu yoyilmani (16) tenglamaga qo'yib, bir xil A darajalardagi ifodalar tenglashtirilib,
quyidagi rekurrent munosabatlarni olamiz

Po(x)=f(x),

b
0 (x)=[K(x,5)p,\(s)ds, k=12,..

Agar (17) shart bajarilsa, chegaralangan K(x,s) va f(x) larda (18) qator
yaqinlashadi.

0O'z-0"zini tekshirish uchun savollar

Birinchi va ikkinchi tur Fredgolm va Volter integral tenglamalarini yozing.

Integral tenglamalar uchun qo’shimcha shartlar berilishi kerakmi?

Fredgolm teoremasini ayting.

Mexanik kvadraturalar usuli qanday qo llaniladi?

Integral tenglamani yechishda mexanik kvadraturalar usuli nimaga olib keladi?

Mexanik kvadraturalar usulini qo’llashda gqanday qilib koeffitsientlari simmetrik matritsali
CHATSni olish mumkin?

Qanday yadrolar “ko’paytma” deyiladi?

8.  Ketma-ket yaqinlashishlar usuli yaqinlashishining yetarlilik shartini keltiring.

AN e
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