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1°. We have the following result of Nagel and Rudin [1] which says that if f is a continuous
function on the boundary of the unit ball in C" and the integral

2
f(h(e,0,...,0))e?dp = 0
0
for all (holomorphic) automorphisms ¢ of the ball, the function f extends holomorphically into
a ball. For the classical domains, the matrix ball of the first type, and the generalized upper
half-plane the boundary analogs of the Morera theorem were obtained in [2-4].

20, Let Z = (Z1,...,%Z,) be a vector composed from square matrices Z; of order m over

the field of complex numbers C. We can assume that Z is an element of the space Cc™'n. We
introduce on this set of vectors a matrix ‘scalar’ product according to

(ZW)y=Z\W{ +-- -+ Z,W},

where W is a conjugate transpose of the matrix WW,.
The set
B ={(Z1,...,Z,)=Z € C"mxm]:1-(Z Z) >0},

is called a matrix ball (of the first type); here (Z,7) = Z1ZF + Z2Z5 + --- + Zp,Z is the
‘scalar’ product, I is the identity [m x m]-matrix, Z} = Z’, is the conjugate transpose of Z,,,
v=12,...,n,[5]. Here I —(Z,Z) > 0 means that the Hermitian matrix I — (Z, Z) is positively
defined, i.e. all its eigenvalues are positive.
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30. We consider a matrix ball Bg?n(of the third type) (see [6]:

B ={(Z1,....Z,)=Z€C"imxm]:1+(2,Z2)>0, Z,=-Z,, v=1,...,n}.

The skeleton (the Shilov boundary) of the matrix ball Bg)n is denoted by X,(;z’,)n, ie.
X8 ={ZeC"mxm]|:[+(2,2)=0, Z,=~Z,, v=1,...,n}.

We fix a point A € X¥), (A® = (AY,...,A%)) and consider the following embedding of a

unit disc A in the domain Bg,?,)n

{Wecmz": W;=tA), j=1,...,n, |t|<1}. (1)

The boundary T of the disc A by this embedding is mapped into a circle lying on X,gf)n If

¥ is an arbitrary (holomorphic) automorphism of By(,?,)n, then the set of the form (1) under the

action of the automorphism goes into some analytic disc with boundary in Xfyi)n.

Theorem 1. If the function f € C’(X,(,::’)n) satisfies the following equality
[ e —o 2)
T

for all automorphisms v of the ball B,(ff,)n, then f extends holomorphically in B,(f?)n to a function
F of class C(B,(s)n)
Proof. We parameterize the manifold Xr(,f,)n. For Z € Xg)n we put Z = €U where

0 < ¢ < 27, and the element uﬁ) in the upper left corner of the U; is a positive number. A

manifold of such matrices is denoted by X . Note that not the whole set X,gf)n is parameterized
in this way, but a set smaller than Xr(,i)n, differing by a set of measure 0.

Lemma 1 ( [5]). The measure
do = h(U)dtdet(U), U e X,
where h(U) is a smooth positive function, does not depend on t.

Lemma 1 shows that the measure do can be written as

d
do = %dal(U) =

where t = €%, the measure o, is positive on X 7.
Multiplying equation (2) by do; and integrating over X, we obtain from (2)

[, 10(@)do(2) =0 (3)

where 2. are the components of the vector Z = (Z1,...,2,), k,s=1,...,m, l=1,...,n.
Consider an automorphism @[JBSS,)” that maps an arbitrary point A from By(,‘:))n to 0 [6]. Tt is

defined up to a generalized unitary transformation.
Then, substituting in the condition (3) instead of ) an automorphism w;}:” and making the

change of variables W = ¢;<13) (Z), we obtain

[, FOVI0 (W)ao07) =0, @
where 1/),‘35’[ are the components of the automorphism

BE),
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Corollary 1 ( [7]). For any continuous function f defined on the skeleton X,gn)n the Poisson

transformation F = P|[f] is a real-analytic function in Bﬁn,n\an,n and continuous on Bfn?n, and
F=fon Xﬁ?n.

Corollary 1 shows that do(pa(W)) = P(A,W)do((W), where P(A,W) is an invariant

Poisson kernel of the domain By(,f)n

Therefore, from the condition (3) we obtain
/X<3> FOV) (W) P(A, W)do (W) = 0 -

for all the points A from Bg?n and for all k,s=1,...,m, [=1,...,n
Thus, taking into account Corollary 2 on the properties of the Poisson integral [7] of contin-
uous functions, Theorem 1 follows from the following assertion.

Theorem 2. If the function f € C’(Xr({?,)n) and equation (5) holds for all automorphisms v 4s)  of

the domain B,(g’,)n transforming a point A from Bg’)n to 0 and forallk,s=1,...,m, I=1,...,n

then the function is the radial boundary value of some function F € U(Bg?”).

Proof. The invariant Poisson kernel for the domain B,(s’)n has the following form (see [7]) for
even m

P(AW) = [ (det(10™) + (A, A)))2 %: [ (det(1<m>+141j211+, YA, ))2 mstin )
(det(f(m +(4,W))) (det(I0m) + Ay Wy + - + A, W,))
- (det(I™) + Ay Ay + -+ + A, A )(’" -
= (det(I(m) + Ay W +...+Aan))m+l)" (det (1™ + Wy A, + +WnAn))M7
and for odd m
PAW) = [ (det(10™ +<A,A>))2 T (det(10m + A+ +Anf1n))2 e )
(det(10m) + (A, W))) (det(I0m) + AWy 1+ AuWi))
_ (det(I™ + Ay Ay + -+ Ay A,))
(det(I0m) + Ay Wy + -+ + A W,,)) 2 (det(10m) + WiAy + -+ + W,A4,)) %
Let
A= (A, .., Ay) =
= (0,19, -+, Alm3Gn1s - 5 Oyt 055 0,000,y 055 1), 0) =
= (lagp, - -, ag, ),
W= Wy,..,W,) =
= (0,Wlg, - W3 Wh s o Wiy 19, 053 0, W, W Wy W), 0) =
= (lwsp:-- - spl\),
where [lay, || = || =ap| , [Juspll = [=wpalls (sp=1...om), 1=1,...m
We find the expression o
2 2 apéfgpw) (6)
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Denote - B
1) L Wy Ay + -4+ Wody = llagl (@5 = 1...,m),
where ag; = 0gj + Y peq D ojey wékaé.k, agp = —ai,s, wép = —wés, ¢.j=1,...,m, and &, is the
Kronecker delta.
Using the usual rule for differentiating a determinant for any s=1,...,m we obtain
Ny Odet(I™ 4+ Wi Ay + -+ W, A,)
Z aSp 8al -
p=11=1 sp

= det(I'™ + Wi Ay + -+ W, A,) — det(I™ + Wi Ay + -+ W, Ap)[s, 5],

where det(I(m) + WA +--- + anln)[s, s] (ienotes the algebraic complement to the element ag
in the matrix det(7™) + Wy A; + - + W, A,).

Then
Ny Odet(I™ + WA+ + WAL
Z Z Usp aal -
s,p=11-1 sp

m
=mdet(I"™ 4+ Wi Ay + -+ WpAy) = Y det(IT + Widy + -+ W, Ap)[s, 5].
s=1

Similarly,

z’": Zn:al ddet(I™ + Ay Ay + -+ A, Ay)
sp

1
oag,

s,p=11-1

= mdet(I(m)+A1A1 +o+ ARAL) — Zdet(I(m) + Aj A+ -+ AR AL s, 8]

s=1

Hence for even m we have the following equality

m (m — l)nP(A,W) [ det(I + Wl:‘_h + Wnié_ln)[s,s] B
2 det(I + Wi Ay +---+ W, A,)
_Z:ll det([ + A1A1 + -+ AnAn)[S, S] _
det(I + AlA_l + -+ AnAn)
m(m

-1 - T 1 A
_ %P(A, W)ISp(I + Wi Ay + -+ W Ap) ™ = Sp(I + A Ay + -+ Ay A) 7. (7)

for odd m the following equality

m (m + l)nP(A W) S det(I + Widy + -+ Wy Ay)[s,8]
2 ’ det(I + Wy Ay + -+ W,A,)
_ Z:ll det([ + A1A1 + -4 AnAn)[S, S] .
det(I + Ay Ay + -+ A, A)
1 _ _ _ _
- WP(A, WH[Sp(I+ WiAi+ -+ Wy dy) ™ = Sp(I+ A1 A+ + Ay A,) Y. (7)

Here SpW denotes the trace of W.
The mapping of the form [6]

vaW) =@ (T+ WA+ + W d)) S Wy = A) Qs k=1,....m,

s=1
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transforming a point A to the origin, is an automorphism of the matrix ball Bg?n, where @ is
the block matrix Q(I + A1 A; + -+ A4,4,)Q = L.

If the condition (5) holds for the components of the map 94 (W), the same condition holds
for the components of the map

a (W) = (10 4 A A+ 4 A4, B (1 WAy W)Y (W - A,

1. "
=1

S

because the matrices Q and I™) + WA, +--- 4+ W,A, are non-degenerate and depend only
on A.

Then from (5) we get
[, FOVIE W) AW () =0

where wﬁ;l(W) are components of the map ¥4 (W), (s,p=1,...,m), v =1,...,n. Consider

the sum
m n
1 Al
DD Ty

s,p=11=1
Obviously, this expression is equal to Sp (¢4 (W), A), as [8-10]

> S aluht = p |1+ Ayt A A) I WA WAy X
s,p=11[=1

x (ArAy 4 Ay, — WAy — o — W, A,)] =

=Sp [(I(m) + ALA 4+ AR A) T WA+ 4+ WL A,) T X (8)
X (14 A1Ay+-+ A A,) — (T 4+ WiA + -+ W,A,))] =

= Sp [(ﬂm) WA 4 A WA = (I 4 AJ Ay 4+ AnAn)—l} :

Comparing formulas (7) and (8), from the hypothesis of the theorem we obtain

Yy, )

s,p=1[=1 ob

where F(A) = " FW)P(A,W)do(W) is the Poisson integral of the function f. ad
Xvn,n
49, The proof of this theorem shows that it remains valid if the condition (5) holds only for
automorphisms 9 5 , for which the point A lies in an open set V' C Bfﬁf)n
As Theorem 1, Theorem 2 can be generalized.

Theorem 3. Let the function f € C(X,(,:;’)n) and the condition (2) holds for all automorphisms
¥ that transform the origin to a point of some open set V. C Bﬁf)n Then f holomorphically

extends in the domain BT(,?Z)n to a function F € U(B,(,?Z?n).

5%. Let A,, be an analytic disc
Ay ={Z: Z = p(th%), |t < 1},
where Ag is a fixed point of the skeleton X,(Ti)n, and 1 is an automorphism of the domain By(;?)n

Then the boundary Ty, of the analytic disc lies on X,(,i)n, since the automorphism maps points of
the skeleton to the points of the skeleton.
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From the Morera theorems we obviously get a corollary on functions with one-dimensional

holomorphic extension property along analytic discs.

Corollary 3. If the function f € C(Xg’)n) exdends holomorphically (in t) in analytic discs

A, for all automorphisms (or for all automorphisms 1 that transform the origin to a point of

(3)

some fized open set V. C By(,i)n), then the function f extends holomorphically in By
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B amot cmamve paccmampusaemca epanutkulll sapuanm meopemv, Mopepovr dasa mampuurozo wapa

mpembvez20 muna.

Karouesvie cao6a: Mampuswnsili Wap nepeozo muna, MampuuHslld wap mpemovezo muna, Adpo Ilyaccona,
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