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Kirisiw
Ilim oblastlarinin har qiyli tarawlarinda integralliq tenlemeler, asirese ameliy
tarawlar1 bolgan aero ham gidrodinamika, filtraciya teoriyasi, elektrostatika,

elektrodinamika, biomexanika, basgariw teoriyasi, ekonomika, mediCina ham

basqada ilim tarawlarinda kop ushirasadi.

Tabiyiy bilim tarawinin har qiyli oblastlarinda bolip 6tetugin kopshilik har
qiyli qubilislar, hadiyseler = hdm processlerdin sapali 6zgesheliklerin duris
tusiniwdr qaliplestiriw ushin integralliq tenlemelerdih duris sheshimlerin tabiw
maselesi dhmiyetli waziypasin atqaradi. Fizika, ximiya hdm biologiyalardin har
quyli tenlemeleri tajiriybe tiykarinda alingan funkciyalardi yamasa parametrlerdi 6z
ishine aladi ham olar gatan emes tarinde esapga alingan boladi. Sonligtan bul
funkciyalardi analiz jasaw tiykarinda ham sheshiw jollar1 qolayli bolatuginday etip,
olardin strukturasin saylap aliw magqgsetke muwapiq boladi. Bunday muamkin
bolgan kriteriyalardin biri retinde, integralliq tenlemelerdin jabiq tarlerin sheshiw
mumkin boliwin talap etip qoyiw kerek. Integralligq tenlemelerdin dal sheshimlerin
sanli ham juwiq usillardin korrektligin hdm esaplaw gateliklerin bahalaw ushin

paydalaniwga boladi[1-3,5 ].

Kopshilik ameliy maselelerdi tariyplewde differencialliq tenlemelerine
qaraganda, Volterra tenlemelerinin bahaligina muwapiq, olarga diqqat kobirek
awdariladi. Bunday bahaligina dinamikaliq sistemalard1 tariyplewde, onin
qolayligin ham 1gshamligin keltiriwge boladi. Bunda shigis shamalart ham kiris
tasirler arasindagi garezsizligi integralliq operatorlart menen korsetiledi, olardin
yadros1 berilgen matematikaliq modellerdin ishki qasiyetleri menen toliq
aniglanadi ham  birden kiriwshi signallarina sistemanin juwabi retinde
tusindiriledi. Integralliq baylanislardin sanh turde amelge asiriwda joqar1 darejede
ornigliliq bolip ham kopshilik jagdaylarda bul tenlemelerge kobirek itibar beriledi.
Ekinshi tar Volterra tenlemelerin sheshiwdin adewir kop bolgan sayli usillari bar.

Bul usillardin képshiliginde integraldi kvadraturaliq formulalar menen almastiriw



tiykarinda alingan ham sonliqtan bul usillardr integralliq tenlemelerdi sheshiwdin

kvadraturalar usili dep ataydi[3,5,7].

Bul pitkeriw ganigelik jumisinda Volterranin ekinshi tardegi integralliq

tenlemesi ham on1 sheshiwdin kvadraturaliq usillar1 qaralada.

Pitkeriw qénigelik jumist kirisiw boliminen, tort paragraftan, juwmaqlaw

boliminen, adebiyatlar diziminen ham qosimshalardan ibarat bolad.

Pitkeriw ganigelik jumistin birinshi paragrafinda integralliq tenlemeler ham

olardi klassifikaciyalaw usillar1 qaraladi[5].

Pitkeriw qgéanigelik jumistin ekinshi paragrafinda Volterranin ekinshi turdegi
tenlemeleri qaraladi. Bul paragrafta rezolventa tusinigine aniqlama beriledi.
Rezolventam1 dal ham juwiq tabiwdin har quyli usillart bar bolip ham olard:
integralliq tenlemenin analitikaliq sheshimin aliwda paydalamiw usillar1 dep
aytiladi. Integralliq tehlemenin rezolventasin tabiw usillarina musallar keltiriledi.
Egerde integralliq tenlemenin yadrosi aynimali emes bolip berilgen bolsa, onda bul
yadron1 aynimali yadro menen almastiriw jollar1 kérsetiledi. Sonih menen birge
Volterranin ekinshi tardegi integralliq teflemesinen Volterranin birinshi tar

integralliq tehlemesine Otiw jollar1 korsetiledi.

Pitkeriw ganigelik jumistin ushinshi paragrafinda Volterranin ekinshi tirdegi
tenlemelerin kvadraturalar usili menen sheshiw maselesi qaraladi. Bul jerde
tiykarinan trapeCiyalar hdm Simpson kvadraturaliq formulalar jardeminde

integralliq tenlemenin juwiq sheshimlerin tabiw maseleleri qaraladi[2,5].

Pitkeriw ganigelik jumistin tortinshi paragrafinda sanli misallar sheshiledi.
Bunda berilgen Volterranin ekinshi turdegi integralliq tenlemesin trapeCiya ham
Simpson kvadraturaliq formulalarina tiykarlangan usillart menen sheshimi tabiladi
ham bul eki usili boymsha alingan nétiyjeler bir biri menen salistiriladi.

Volterranin ekinshi tardegi integral tenlemesin sheshiwdin algoritmleri duazilip



ham esaplaw programmasi1 C++ programmalastiriw tilinde jaziladi ham natiyjeleri

kompyuter jdrdeminde alinadh.

Trapeciya ham Simpson kvadraturaliq formulalar1 tiykarinda Volterranin

ekinshi turdegi integralliq tenlemelerinin juwiq sheshimleri esaplanadi. Tabilgan

juwiq sheshimlerdi tekseriw ushin qosimsha esaplawlar Mathcad ham Maple

matematikaliq paketleri jardeminde orinlanad .



1-§. Integralliq tenlemeler haqginda tasinik. Integralliq tenlemelerdi

klassifikaciyalaw
Izleniwshi funkciyas: integral belgisinin astinda jaylasgan tenlemelerdi

integralliq tenlemeler dep ataydi. Maselen,

y(x)=f:K(x,s)y(s)ds+ f(x),(a<x<h) (1.1)

yamasa
Y00 = [ K(x,5)y(s)ds + 1 (x) (1.2)
Bunda  K(x,s) ham f(x) - berilgen funkciyalar, al y(x) — izleniwshi

sheshim boladi. K (x,s) funkciyasi integrallig tenlemenin yadres: dep atalad:.

(1.1) ham (1.2) tenlemeleri sizigh integralliq tenlemeler toparina tiyisli bolad:.

Siz1igh integralliq tenlemelerdi tomendegishe klassifikaciyalawga boladi:

a) egerde izleniwshi funkciyas: integral belgisinin astinda jaylasgan bolsa,
onda bunday tenlemelerdi | tardegi integralliq terilemeler dep ataydi. Birinshi

tardegi integralliq tenlemelerge tdmendegi integralliq tenlemeler tiyisli boladi:

[TK(x,5)y(s)ds = f (x) (1.3)

yamasa

jXK(x,s)y(s)ds - f(x) (1.4)

Izleniwshi funkciyas: integralliq qostwshimin sirtinda jaylasgan (1.1) ham (1.2)

gatnaslari Il tardegi integralliq tenlemeler dep ataladi.

b) egerde integrallaw shegaralar aniq berilgen bolsa, onda bunday integralliq
tenlemelerdi Fredgelm teslemeleri ((1.1) ham (1.3) jagdaylarin) dep atayd.
Egerde integrallaw araliglan 6zgermeli ((1.2) ham (1.4) jagdaylarin) bolsa, onda
bunday integralliq tenlemelerdi Volterra terilemeleri dep atayd..
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Fredgolm tenlemesinin dara jagdayin formal tarde Volterra tenlemeleri
retinde garawga boladi, bunda maselen (1.2) de s>x te K(x,s)=0 boladi dep
esaplaytugin bolsag. Biraq Volterra ham Fredgolm tenlemelerine alip kelinetugin
fizikalig maseleleri de, sonin menen birge bul tenlemelerdin sheshimlerinin
qasiyetleri de bir birinen aytarhqtay har qiyli boladi. Sonligtan 6zgeshe tardegi

tenlemeler toparina Volterra tenlemelerin ajiratad.

V) Egerde f(x)=0 bolsa, onda (1.1)-(1.4) tenlemelerin birtekli dep, al keri
jagdayda bul tenlemelerdi bir tekli emes dep atayd:.

2- §. Volterranin ekinshi tardegi integralliq tenlemeleri

2.1. Volterranin ekinshi tardegi sizigh integralliq tenlemesi.
Volterra operatorin 6z ishine aliwshi integralliq tenlemeler - Volterra tarindegi

tenlemelerge tiyisli boladi.

Volterramn ekinshi tardegi sizigh integralliq tenlemeleri tomendegi tarinde
bolad::

y(X) - [K(x,9)y(s)ds = f (x), x < [a,b] (2.1)

bunda K(x,s) yadrosina ham tenlemenin on qaptal bolegindegi f (x) funkciyasina
har qiylh shegaralawshi shartler goyiladi. Bul goyilgan shartlerine baylanish (2.1)
tenlemenin sheshiminin bar boliwi ham ol jalgiz bir sheshim bolatugin shartleri
baylanisli boladi. Dara jagdayda, bul tenlemenin sheshimi bar bolip ham ol jalgiz
bir sheshim boladi, egerde onin K(x,s) yadrosi s=a, x=hb, x=s tuwrilari menen
shegaralangan ashmuyeshliktin ishinde ham onin tareplerinde uzliksiz funkciya

bolip, al f(x) funkciyasi [a,b) araliginda sheklengen sandagi uzilis nogatlarina iye



bolsa, sonin menen birge ol sheklenbegen boliwida mumkin, egerde Hf(s)\ds
sheklengen manisine iye bolsa.

(2.1) tenlemesi Il tardegi Fredgolm tenlemesinin dara jagdayi boladi, egerde
s >xda shartin K(x,s)=0 yadrosi ganaatlandiratugin bolsa. (2.1) tenlemedegi
integraldi, kvadraturalig formulasi menen almastirip, izleniwshi funkciyanin
manislerine qarata approksimaciyalawshi sizigh algebralig tenlemeler sistemasin
aliwga boladi. Bul sistemanin matricasi ashmuayeshli bolip ham izleniwshi

funkciyanm manisleri belgili bir tayinlerinde esaplanip alingan boladh.

(2.1) tenlemesi tomendegi integralliq operatordi 6z ishine alad..
AB(p(X)EIK(X,S)(p(s)dS, s<X, (2.2)

bul operatordin en ahmiyetli gasiyetlerinin biri, bunda y (x)= A, ¢(x) funkciyanin
manisleri galegen x ushin tek gana s<x ta ¢ funkciyanin manisleri menen
amglanadi.  Usi gasiyeti menen xarakterlenetugin integralliq operatorlari, sonin
menen birge sizigh emes operatorlari da Volterra operatorlar dep ataladi ham
ameliyatta bazi-bir processlerdi tariyplewge kennen qollaniladi. Integralliq
operatordin bul 6zgesheligi (2.1) tenlemesin sheshiwde mina ameldi gollaniwga

imkaniyat beredi, bunda tenlemenin sheshimin [a,b) araliginn bir boleginde

duziwge bolip, maselen bazi-bir a<x<x, intervahinda ham x>x_ bolganda

1

sheshimin tabiw ushin tomendegi anlatpadan paydalansa bolad:

y(x)={f K(x,s)y(s)ds+ f (x)}t j K(x,s)y(s)ds -

X

Ameliyatta sanl sheshimin tabiwda ea bir ahmiyetli bolip aymimali

(boliniwshi) yadro jagday: esaplanadi:



K(x9)=% ()5, (2.3)
ogan saykes keliwshi tenlemesi
Y00- 3, (x) ] £,0) y(s)ds = £ (x) (2.4)

bolad.

Aynimali yadrosina iye bolgan ekinshi tardegi Volterra tenlemesi:

y(x)-}K(x-s)y(s)ds: f(x), x € [0,b] (2.5)
yamasa
y(x)— }K(x—s)y(s)ds: f(X), X € [-00,0]- (2.6)

2.2. Rezolventa haqqinda tasinik. Ekinshi  tardegi  (2.1) Volterra

tenlemesinin uliwma analitikalig sheshimi bolip tomendegi anlatpas: esaplanadi:
y(x)=f (x)+ j R(x,s) f (s)ds. (2.7)

R(x,s) funkciyasin Rezolventa dep ataydi ham ol téomendegi anlatpasi menen

aniglanadi:
R(x5)=Y K, ,(x,5) (2.8)

bunda K, (x,s)- rekkurent gatnaslart menen amglaniwshi témendegi

takrarlaniwshi yadrolar:

K, (X,8)=K(x,s),



K,.(x,8)= [K((x,DK,(t,s)dt, n=1,2,... (2.9)
Bunnan, rezolventa saltan agzasinan garezli bolmaydi, ol tek gana tenlemenin
qgasiyetleri, onin yadros: menen aniglanatuginhigin koriwge boladi.

Rezolventan: dal yamasa juwig tabiwdin ham (2.7) analitikaliq tarinde
sheshimin aliw ushin paydalaniwdin har qiyli usillari bar bolip esaplanad:.
Rezolventan1 amglaw ham onnan paydalamiw ameli (2.1) tenlemenin dara

jagdaylar1 ushin natiyjeli boliwi mamekin.

(2.7) ham (2.8) anlatpalarin keltirip shigariwdin uliwma usili bolip sheshimdi
sheksiz gatar tarinde korsetiw bolip esaplanadi. Daslepki berilgen tenlemeni

tomendegi tarinde jazamiz:
y(x)= f(x)+ijx' K (x,s)y(s)ds , (2.10)

Izleniwshi sheshimdi darejesi 2 bolgan qgatar tarinde anlatiwga boladi:
Y(X)=Y,(X)+ Ay, (X)+27y,(X)+ ...+ A"y (X) + ... (2.11)
(2.11) gatard1 (2.10)ga aparip qoyip tdmendegi natiyjege iye bolamiz:

Vo) + Ay, (X)+ Ay, (X)+...+2"y (X)+...=

x (2.12)
= FO)+A[KOGS)Y, () +A Y, () + Ay, (X) + ...+ A"y, (x) + .. ]ds

(2.12) tenlemenin shep gaptal ham on qaptal tareplerindegi 2 tendey darejedegi

koefficiyentlerin salistirip tomendegi gatnaslarina iye bolamiz:

Y, (x) = f(x),

yl(x):j K(x,s)y,(s)ds= j K(x,s) f(s)ds,
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Y, ()= [K(%,5)Y,(s)ds = [ K (x,8)[ K (s,5,) f (5,)ds,ds

bunnan kelip shigadi:

y,(X)= .X[ K(x,s) f (s)ds,,

yz(x):} K,(x,s) f(s)ds, K,(x,s)= j K (x,s,)K(s,s,)ds, (2.13)

ooooooooooooooooooooooooooooooooooooooooooooooooooo

bunda K__(x,s) (2.9) tarine iye bolad:.

n+1

(2.9) ham (2.13)di esapga alsaq, onda (2.11) gatan tomendegishe boladi:

y(x) = f(x)+ixuf|<u(x,s)f(s)ds, (2.14)

v=1

bunnan 2 =1 rezolventa ushin (2.8) anlatpasi kelip shigadi. Egerde K (x,s)-
uzliksiz funkciya bolsa, bunda a <s<x<b ham f(x)- a<x <b bolganda tuzliksiz
bolsa, onda (2.14) tin on gaptal bolegindegi gatar x ham A boyinsha galegen
A da jiynaqgl: bolad:.

1-Misal. K (x,s) =K, (x,s)=e*" Yyadromn rezolventasin amglawda, yadros

menen orinlanatugin amellerin kérsetip beremiz.

(2.9) formulas1 boyinsha

K,(x,s)=[e" e "dz=e""[dz =e""(x - 5),

p X—-s _z-s X—$ (X_S)z
K3(x,s):£e e (z-s)dz=e _—

11



s (X=8)°

1 X
K - X—S . z2-§S . 2 —
L(X,8) 2!6 e’ (z-s)’dz=e .

yamasa uliwma tarde

X—$ (X B S)n

K, ,(xs)=¢e n=0,12,..

Endi (2.8) anlatpas1 boyinsha tabiwga boladi:

- = (x—s)"
R(x,8)=>_ Km(x,s):ex‘sz( ) =e e
n=0

n=0 n!

_ ez(x—s) )

2.3.Rezolventaga qarata tenlemesi. Rezolventa ushin oni1 amqglawshi

integralliq tenlemesin de keltirip aliwga boladi. Haqiygatinda da, (2.1) ham (2.7)
den

}R(x,s) f(s)ds:jK(x,s)y(s)ds =
:} K(x,s)f (s)ds + jK(x,s)dsz(s,t) f(t)dt =

K(x,s)f(s)ds + j f (t)dt}K (x,s)R(s,t)ds =

D C—y X D Cm—y X

K(x,s)f(s)ds + i f (s)ds}K(x,t)R(t,s)dt,
bunnan R(s,t) ga qarata tenlemege iye bolamiz:
R(X,s)=K(x,s)+ jK(x,t)R(t,s)dt. (2.15)

Alingan eki olshemli (2.15) tenlemenin duzilisi sheshilip atirgan (2.1) tenlemenin
strukturast menen birdey boladi, bunda rezolventan1 payda etetugin daslepki
informaciya bolip K (x,t) yadros: esaplanadi. (2.1) daslepki berilgen tenlemenin
sheshimi menen salistirganda (2.15) tenlemenin sheshimi quramali masele bolip

esaplanadi, biraq maseleni sapal analiz jasaganda ham har qiyl ekvivalentli ham
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apiwayilastiriwshi tarlendiriwler alip bariwda onnan paydalaniw juda bir ahmiyetli
bolip esaplanadi. Bazi-bir jagdaylarda en basl izertlew maselesi bolip goyilgan
daslepki tenlemenin sheshimi bolmay, al onin rezolventasin tabiw bolip
esaplanadi. Onda (2.15) tenlemenin analitikaliq, juwiq yamasa sanl: sheshimleri
ameliy maganasina iye boladi. Egerde berilgen tenlemenin birdey yadrosinda on

gaptal bolgan f (x)tin har qiyli manislerinde koép martebe esaplaw zarar bolsa,

onda rezolventan: tabiw ulken ahmiyetine iye bolad:.

1-kestede bazi-bir yadro turleri ushin rezolventanin formulalart keltirilip

berilgen.

1-keste

K (x,s) yadrosi R(x,s) rezolventasi

1 eX—S
AlX — 1
(x-s) — shy/a(x-s) (4>0)
N
/Iexz_tz A(x-s) . (x?-s?)
e e
1+ x? 1+ x° ex(x—S)
1+5s°? 1+s?

P 1+ cos x 2 + COS X RIS
1+coss 2+ COS S
/1(3h_X chX s

chs chs

Aa**(a>0) a et

2—(x-s) e (x—s+2)

—2+3(X—S) Ter __e—s(x—s)
4

13




2X 2xe"
_4x—2+8(x—s) 4s*+1 [ 8 _4e_z(x_s)—|
2x+1  2x+1 2(2x +1)° [432 +1
sin(x —s) X-S
sh(x —s) 1
—sh~/2(x—s
N (x-s)
e “Isin(x-s) (x—s)e "
2cos(x —s) 2" (1+x—s)
lex—s e(/“'l)(’(—s)
ch(x-s) s 7
e ?|ch £(x—s)+ Lo ﬁ(x—s,)
T e

2-Misal. Berilgen integralliq tenlemenin
y(x)=e* +| e y(s)ds

rezolventas: tomendegishe targe iye:
R(x,s)=e*"e* ™.

Onda (2.7) ne muwapiq tenlemenin sheshimi bolip tomendegi tenleme esaplanad:
y(x)=e" +] e e e y(s)ds=e*"",

2.4.Aynimali darejeli yadro jagdayi. Rezolventani tabiw ushin on1 amglawshi

differencialliq tenlemesin dazip ham sheshiwge boladi. Bul bolsa bazi-bir dara
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jagdaylar1 ushin mamkin bolip, biraq (2.1) tenlemenin yadros: aynimali bolgan

jagdayr ameliyatta ahmiyetli bolip ham ol tomendegi tarine iye boladi:

a,,(x)

K(x9)= ,00+8,00(x=9) + 420

(x-s)"" (2.16)

bunda a, (x), k=0,n-1 Koefficientleri [a,b] kesindisinde uzliksiz bolad1 dep

shart qoyiladi. (2.16) ushin rezolventa tomendegi anlatpas: menen aniglanadi:

R(x,s)= 3 9(X:8) 2.17)
dx"
bunda g(x,s) funkciyas: tomendegi tenlemenin sheshimi boladi:
d ng |' d n—1g d n—Zg ‘|
—1a. (x +a. (x +...+a (X =0 2.18
an \\ 0( )dxn,l 1( )dxn,z n,l( )gJ ( )
bunda
dg d n—zg d n—lg
=— =...= =0, =1. 2.19
g X=§ dX . an—Z - dxn—l - ( )

Tomende berilgen yadrosi ushin

b, (x)

K009 =b,00+b,(00x =) o 00

(x—s)""

rezolventa tomendegi tarine iye boladi:

R(x,5)=- a796.x) ,

ds”

bunda g(s,x) (2.19) shartlerin ganaatlandiratugin tomendegi tenlemenin sheshimi

boladi:

15



99 )99 599
dx” L ds™ ds™

+...+bnl(s)g}:0.

3-Misal. Yadrosi K(x,s)=x—s bolgan tenlemenin yadrosin tabamiz. Bunda
ol a(x)=1 ham basqa koefficientleri nolge ten bolganda (31) yadronin dara

jagday1 boladi. Bunda (2.18) tenlemesi tomendegi tarin gabil etedi:

d*g(s,x)

2 +9(s,x) =0,
e g(s,x)

bunnan
g(x,s)=C,(s)e"+C,(s)e .
(2.19) shartleri sistemaga alinip kelinedi:

C,(s)e*+C,(s)e " =0,]
C,(s)e’-C,(s)e"=1,]

onin sheshimi boladi:
1 1
C,(s)=—e", C,(s)=——¢",
.(s) 5 (s) 5
bul koefficientleri jardeminde tomendegishe jaziwga boladi:
1 .
g(x,s):g[ex —e " =sh(x-5s).

(2.17) ge muwapig tomendegige iye bolamiz:

R(x,s)=[sh(x —s)]’,=sh(x—5s).

2.5.Rezolventa ham tenlemenin juwiq sheshimleri. Rezolventan: tabiwdin

analitikaliq usillarinin sant sheklengen bolganina garamastan, olard: integralliq
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tenlemelerdi sheshiwdin juwig ham sanli algoritmlerin daziw ushin paydalaniw

magsetke muwapiq bolip esaplanadi.

Rezolventanin sanli manislerin alhiw ushin esaplaw anlatpalarin (2.9) ham
(2.15) shi anlatpalardan alwi mamkin boladi, egerde olarda s=s,i=0,S dep
alsag, yagniy bunda s 6zgeriwshinin [a,b) 6zgeriw araligin S kesindisine boélip

taslasaq, onda (2.9) ham (2.15) ke muwapiq tomendegige iye bolamiz:

K., (xs,)= }K(x,t)Kn(t,si)dt (2.20)
ham

R(x,s;)=K(x,s,)+ JX‘K(x,t) R(t,s,)dt

x. —[a,b] (2.21)

(2.20) anlatpas: gaytalaniwshi yadrolardi aliw maselesin Volterranin integralliq
operatorin esaplawga alip keledi, al (2.21) anlatpas: ekinshi turdegi Volterra
tenlemesi bolip esaplanadi, bunda onin yadros: bir 6zgeriwshisine iye funkciyasi

bolip ham berilgen tenlemenin on gaptal bélegi menen tendey bolad.

Anig bir analitikaliq anlatpasina iye emes, juwiq tardegi rezolventani bunday

jol menen aliw quramal: bolatuginligi malim bolip esaplanad;.

Rezolventanin bazi-bir basgasha jolin paydalansagta boladi, yagniy yadron
sonday etip approksimaciyalaymiz, bunda analitikaliq tarde juwig rezolventan:

aniglaw mamkin boladi. Bunday jol menen rezolventan: aniglaw usilin keltiremiz.

Egerde (2.1) tenlemesi ushin x  o6zgeriwshinin 6zgeriw arahgin

W . b-a
x=x,=a+ih, i=0,n nogatlart menen, adim: h=

bolgan X, tendey n
n

arahglarina bolip taslasag, bunda x,  <x<x, ham X -jabiq araliq bolsa, onda
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X=X, i =1n s= s;, j=0,n-1 tuwrilar tiykarg1 D(a <s < x <b) ashmuyeshlikti

D,(x,, <x<x,s_,<s<x)sant n Dbolgan ushmuayeshliklerine  ham sam

ivii-1 —

n(nz— 1) bolgan D, (x,,<x<x,s,,<s<s,) kvadratlarma béledi. (2.1)

j-

tenlemesinde K (x,s)yadrosin ham f(x)ti tomendegi funkciyalari menen

almastirgannan keyin

5 X,seD,,i=1n,

k(x,s):{ B _) _ o (2.22)
K(X,,s,)= x,se D, i=Ln, j=1i-1

ham

f(x)=f(X)="f, xeX,i=1n,

h .. . .
bunda X, =x, | +E’ §, =X, bolads, natiyjede tomendegi tenlemege iye bolamiz:

Y ()= [k(x,8)§(s)ds = f (x) . (2.23)

(2.22) yadronin rezolventas: tomendegi tarine iye boladi:

K.e““? x,seD,i=1n,
r(x,s)= ,
L

Ky (X=X )+ K (s~ . .
TG Uy se DL i=2,n, j=1i-1

ij ij’

bunda

€
L, =K, +2K,

K h-1

bunda K, =0 bolganda ° bolshek h penen almastiriladi.
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(2.33) shi tenlemenin juwiq sheshimi analitikalig tarinde jaziladu:

y(x)=C e "™ xeX., i=1n,

i-1 eth_l -
bunda C,=f, C,=f +3Y K, C,i=2,n.
=t K

i

3-§ Volterranin ekinshi tardegi integralliq tenlemelerin kvadraturalar
usili menen sheshiw

y(x)=[K(x,8)y(s)ds = f (x), xe[a,b]. (3.1)

Integrallig tenlemeler teoriyasinan bizge malim, egerde K(x,s) -yadrosi

R{a < s<x<b} oblastinda uzliksiz funkciya bolatugin bolsa, al f(x)- [a,b]

kesindisinde uzliksiz funkciya bolsa, onda (3.1) integralliq tenlemesi y(x) jalgiz

bir sheshimge iye boladi.[6,7]
Kvadraturalar usili menen integralliq tenlemeni sheshiw ushin Nyuton-Kotes

kvadraturaliqg formulalarinin birin tanlap alip ham (3.1) integralliq tenlemesinde

X=X, i=0,n dep esaplap ham aniq integrallard: shekli gosindilar menen juwiq

turde almastiriw ameline tiykarlanadi.

Sanli esaplawlar jurgizgenimizde integrallawdin 6zgermeli integrallaw shegin

belgilep alamiz ham sonhqtan bul jagdayda amiq integrald: juwiq esaplawdin

formulalarin gollaniwga boladi. Uliwma jagdayda olar tomendegi tarine iye boladi:

}F(X)dX=iAiF(xi)+ R[F], (3.2)

Bundax, —[a,b] kesindisinen belgilep alingan nogatlardin abcissalari yamasa olardi

tayinleri  (interpolyatsiyaliq tayinler) dep te ataydi. A, i=1n - sanh

koefficientleri, olar F (x) funkciyasin saylap aliwga garezli emes boladi.
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Bunda, R[F ]-formulani qaldiq agzas: yamasa qgateligi, adette A. > 0 ham

ZAi:b—a

i=1

(3.2) tardegi kvadraturaliqg formulasina ugsas bolgan kop sanli formulalar bar
bolip, olarda integral astindagi anlatpani interpolyaciyaliq kopagzalisi menen

almastinnwga tiykarlangan.

Egerde integrallaw arahqglari bolgan a ham b ushlar: interpolyaciyalaw tayinleri
bolsa, kesindinin 6zi 6z —ara ten bolgan n —1 sanli uleslerge boélip taslanadi, onda
olarga saykes keliwshi kvadraturalig formulalard: jab:q turdegi formulalar dep
ataydi.Egerde integrallaw araliglarin n +16z-ara ten bolgan tleslerge bolsek ham
interpolyaciyalig tauyinleri a ham b nogatlarin 6z ishine almasa, onda bul
jagdayda payda bolgan kvadraturaliq formulalardi ashiq tardegi formulalar dep
ataydi.Bir — birinen tendey gashighqgta jaylasgqan x, =a+(i-1) h,i=1.2,..,n
tayinleri ham integrallaw arahigin 6z-ara ten bolgan n -1 leske bolgende

b-a

n-1

bolad:.

integrallaw adim1 h =

Bunda tomendegilerge iye bolamiz:

1)Tuwrimuyeshlikler formulas: ushin:

Ci=ln-1, A =0.
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Integral tenlemelerdi kompyuter jardeminde sheshiwde jabiq targe tiyisli

bolgan tuwrimuayeshlik ham trapeciyalar formulalarinan ken tarde paydalanad.

Volterra tenlemelerin sheshiwdin bir gatar kvadraturaliq usillari ashig ham
jabiq tardegi formulalardan birgelikte paydalaniwga tiykarlangan. Integrallardi

kishi araliglarda esaplaw ushin adette ashiq formulalardan paydalanad.

Ashiq formulalarina misallar keltiremiz. Bunda integrallaw shegarast 0 ham
h bolgan jagday: ushin:

4

" h h* .
.([F(x)dx :E[SF(O)+8F(h)— F(2h)]+§F (), 0<€ <2h,

h _L _ ﬂ 5 (4) .
'([F(x)dx_24[9F(0)+19F(h) 5F(2h)+F(3h)]+720hF (¢), 0<g <3h;

Integrallaw shegarasi 0 ham 2 h bolgan jagday: ushin:

IF(x)dx=2[F(O)+4F(h)+ F(zh)]—g—oF“)(g), O0<& <2h;

0

Integrallaw shegarasi 0 ham 3 h bolgan jagdaylar ushin

3h

j F(x)dx = %[F(O)+3F(h)+3F(2h)+ F(3h)]—%F<‘”(8), 0<¢& <3h;

Volterra tenlemelerin sheshiw ushin kvadraturaliq formulalarin tanlap ahw
ameli ansat emes, sebebi, garalgan adebiyatlarda onnan ameliyatta paydalaniw
ushin tayar usinislar joq, sebebi 6zgermeli sheklewlerine iye integrallar jetkilikli
darejede ele de ayrenilmegen. Integralliq tenlemelerdi sheshiwde, onin yadrosina
tensalmagli bolgan integrallardi esaplaw zararligi payda boladi. Bunnan basga
izleniwshi funkciyas: retinde integral astindag: funkciya belgisiz boladi. Ayyemgi
integrald1 esaplaw maselesinde integral astindagi funkciyas: belgili bolip

esaplanadi. Sonhqgtan kvadraturaliq formulan: tanlap aliwda yadronin gasiyetleri

21



ham izleniwshi sheshimnin xarakterleri kelisimli boliwi tiyis. Bul jagdayi

kvadraturaliq usillardi qollaniwdin koplegen usillarin ham amellerin payda etedi.

Ozgermeli sheklewlerine iye integraldin en ahmiyetli 6zgesheliklerinia biri
bolip integral astindag1 funkciyanin har bir manislerin funkciyanin tek bir manisin
esaplawga paydalanip galmastan, al integrallaw natiyjeleri bolgan onin koplegen
manisleri ushin paydalaniw imkaniyat: bolip esaplanadi. Bul bolsa esaplawlardin
kop emes mugdarinda ahinatugin natiyjenin kerekli dalligin tamiyinlewshi

kvadraturalig formulalardan gollaniwga imkaniyat beredi.

Volterramin ekinshi tardegi sizigh tardegi tenlemesin garaymiz:
Y00~ [ K (x,9)y(s)ds =  (x), x < [a,b] (3.3)

(3.3) sizigh tenlemeni sheshiwge kvadraturaliq usilin gollanmw ushin,

tomendegi anlatpadan paydalaniw zarar boladi:

X

y(xi)_J.K(Xi,S)Y(S)dS = f(x;), i -1n, (3.4)

a

tenlemedegi x 6zgeriwshini belgilep, alingan x, manislerinde bul anlatpas: payda
boladi. x, manislerin arnawh tarde saylap aliwimiz mamkin yamasa egerde
tenlemenin on qaptal bolegi f(x) keste tarinde berilgen bolsa olar aldin ala
beriledi. x, manislerin kvadraturalig formulamn tayinleri retinde gabil etip ham

oni (3.3) degi integrald: shekli gosindist menen almastirip, mina sistemasina iye

bolamiz.
)3 A Ko b, )= £+ R ) (35)

bunda R [y]-approksimaciyalaw gateligi. (3.5) anlatpasin keltirip shigariw

yadromn ham saltan agzalardin uzliksizligi menen  baylanish boladi. R [y]

22



gatelikleri Kkishi bolad: dep esaplap ham olard1 alip taslap, sizigh algebraliq

tenlemeler sistemasina iye bolamiz:

Vi— > ARy = f, i=1n, (3.6)
j=1

bul jerde minanday belgilewler kiritemiz:

(3.6) sistemanma sheshimi  x, tayinlerindegi izleniwshi y(x, )=y,
funkciyanin juwiq sheshimlerin beredi. (3.6) sistemas: to’mendegi tuarge ahp
keliniwi mamkin:

i-1

Y AKG Y HQ-AK )y =, i=1n, (3.7)

j=1

yamasa mina korinisine:

1- A1K11 Y1 fl
B A1K21 1- A2K22 Y, fz
. = , (3.8)
-AKy [ -AKL | [ I-AK Yi f.
_AlKnl _AZKnZ _AiKni ) l_AnKnn Yo 1:n
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bunnan, sistemanin koefficientleri ashmuyeshli matricas: bolatuginligi korinip tur.

Bul bolsa y,,V,,..., y,-nifi. manislerin izbe-iz rekkurent formulasinan tabiwga

imkaniyat beredi:

i-1
Yi = (1_ A K )1( 1:n + Z AJKijyj}’ i R’ (3'9)
j=1

bunda bul formulasina

1-AK,)=0, (3.10)

sharti qoyilads, tayinlerdi saylap aliw joli menen ham A, koefficientlerdin jetkilikli

kishi manislerinde bul shart barlig waqitta orinlanad.

Trapeciyalar formulasinan paydalangan jagdayda (3.9) formulas: to’mendegi tarin

gabil etedi:

h -1 h i-1
yi:(l—ZK“] (f,+2|<,1y1+h2 Ky, (3.11)

j=2

(3.9) anlatpasinin 6zgesheliklerin atap 6temiz: bunda adimnin tartip nomerine

baylanishi gosindinin agzalar san kobeyip ham ogan baylanish esaplawlar

mugdarida kobeyip ketedi, sonin menen birge A K koefficiyentlerinin manisleri
har bir jushin 'y ; 6zgerip baradi, sonligtan alding: adimdag: esaplangan natiyjeler

menen paydalaniwga uliwma jagdayda muamkin emes. Bunnan basga har qiyh
kvadraturalig formulalardan paydalaniw 6zgeshelikleri bar bolip, sonhqgtan bul

6zgesheliklerdi esapga aliw kerek boladi.
Ashiq tardegi kvadraturaliq formulalardan paydalaniw

Ashiq tardegi kvadraturaliq formulalardan paydalaniw ameli sizigh, sonimn

menen birge s1izigh emes Volterranin ekinshi tardegi integralliq tenlemeleri ushin
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apiwayi1 sanl sheshiw algoritmlerin jasawga imkaniyat beredi, sebebi bunda
izleniwshi funkciyanin sheshimler kestesin bazi — bir tenlemelerdi sheshpey,
esaplawlardi dawamlaw esabinan. Bul formulalardin mamkinshiliklerin Volterra —

Urison tenlemeleri tiykarinda garaymiz:

y(x) = .x[ K[x,s,y(s)]ds, xela,b] (3.12)

y, = y(x,) manislerin h adimi boyinsha x, = a+ (i —1)h, i =1,n. tayinlerinde
izleymiz. Izleniwshi funkciyanin daslepki berilgen manisleri ushin ush jagdayin

garaymiz.

1 — jagday. Bir (daslepki) y, =0 manisi berilgen jagday. Bul jagdayda
sheshimnin izbe — iz manislerin apiway: ashiq formula menen ham uliwmalasgan

trapeciyalar formulalarin birgelikte paydalaniw jardeminde aniglaymiz:

a+h 2
h

_[ F(s)ds:hF(a)+?F‘(§), a<&é<a+h. (3.13)

a

I =2,m de x=x_ ushin jaziwga boladr:

v = [KDxs, y(s)lds,

V= [ KIx, s, y(s)lds + [K[x,s, y(s)]ds, i=3m
0, x, ham x, ,x, shegarasina iye integrallardi (3.12) formulast menen
almastirip, al shegarasina iye integraldi trapeciyanmn uliwmalasgan formulasi
menen almastirgannan keyin ham qaldiq agzalarin alip taslap, tomendegi

algoritmge iye bolamiz:
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y, = hK
— (3.14)

Bunda

3 1 3 S
=Zh,A. ==h, A=hj=2i-2, A..==h,i=4, 3.14
A, 5 A, 5 ] i A 5 i=4,m ( )

formulanin dalligi o(h*) ga ten bolip ham ol jogar: emes bolip esaplanads, biraq bul

alip barilatugin esaplaw algoritmlerdin apiwayiligi menen saplastirilip ketedi,

sonhigtan (3.14) formuladan jardemshi algoritmler tarinde kobirek paydalanadi.

2— jagday. Eki daslepki y, =0ham y, manisleri berilgen boladi. Egerdey, -
nin manisi dallik O(h®) darejesi menen belgili bolsa, onda kelesi vy, i=3m
manislerin tomendegi ashiq formulasin

j F (s)ds = 2hF (a+ h)+%h3F "(¢), a<&<a+2h, (3.15)

a

ham mina tardegi formulani

a+h

5 2 1 1o,
J'F(s)ds:—hF(a)+ghF(a+h)—EhF(a+2h)+ah F (&),

12 (3.16)

a

a<é<a+2h
paydalanip tabiwga boladi.

3, m lar ushin

(3.12) den x=x, i
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Yy, = '[ K[X3151 y(S)]dS y

i_3 Xjn X

Yi=> [ KIx,s, y(s)lds+ isz[xi,s,y(s)]ds,i:S,_m

i=1 :
formulasina iye bolamiz.

a,x, ham X_,, X, shegine iye integrallard: (3.15) formulasi, al X, X, ,

shegine iye integraldi (3.16) formulasi menen almastirgannan keyin ham galdiq

agzalarin alip taslap, tomendegi algoritmge iye bolamiz:

1
A=A = ghv
8 4
Ais=Aia=7hA,=-—h
: , : 3
4 i—7
Ai,2k+2 h,k=0,—
2 i—-7
: =—hk=1——
y|,2k+1 3 2
13 9
Ais=—-hA;,=0A=—h
' 12 ’ ' 4
8 4 1 4 8 4
A =0,A;, = A, gh’Ass = _Eh’ A=Ay = gh'An =—hA;= gh’ Ay = _gh
(3.17)

bunda

1
Ys = Z(A51K51 + A Ky, + Ay Ky + A, Ky, ) = 0.109235

1 1 73
y(x)==x"+ x0 + X
8 896 84816896
5 7 23 12
A41:_h’ Aiifzz_h’A43:_h’ ’Ai2 =—nh,
12 ' 12 12 13
7 23
., =—h,A. . =—h, A =h,i=6,m,j=3,i—-3
A|,|—2 12 A,I—l 24 Alvl
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3 — jagday. Ush manisi y, =0, y, ham vy, berilgen bolsin. Egerde y, ham
y, manislerdin dallik darejesi o(n*) ga ten , tomen bolmagan jagdayda, onda kelesi
manislerin tomende berilgen ashig formulalar:

a+3h

[ F(s)ds=%hF(a)+%hF(a+2h)+§h4F"'(§), a<c<a+sh  (3.18)

ham

a+4h

[ F (s)ds:ghF(a+h)—ghF (a+2h)+§hF (a+3h)—%h5F<“)(g),

’ (3.19)
a<é<a+4h
Simpsonnin uliwmalasgan formulalarin birgelikte paydalanip esaplanadi.
(3.12) formuladan x =X, i= 4,m ushin i — jup manislerinde mina

formulasina iye bolamiz:

Xi—

y, = [K[x,s y(s)lds + [K[x,s, y(s)lds (3.20)

a X3

3 X;

I din tag manislerinde
Xi74 X;

Y, = [K[x.s,y(s)lds + [K[x,s,y(s)lds (3.21)

a X;-4

Integrallaw arahglarin  (3.18) ham (3.19) formulalari menen saykes tarde
almastiramiz, ham integrallardin adimi h bolgan Simpsonnin uliwmalasgan
formulast menen almastiramiz. Onda qaldiq agzasin ahp taslap, tiykarg: esaplaw

anlatpasina iye bolamiz:
Yi = AilKi(lo) + Z Aij Kij (yi )1 i = 4!_m (322)

bundai din jup manislerinde:
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3 9 1 4 13 9
Ay = _-h’/\ = 0’/\ = __h’ ::_'h; = _'h; = ___hy = O, =—h
41 4 42 43 4 ABl 3 AGZ 3 A63 12 A64 A65 4
1
A= h
i-6].
yi,2k+2 h’k 207_ 1:8)10,129-..
2 i—-6
yi,2k+1 - Ehvk :l,T
13 9
Ais= Eh' Ai=0A= Zh

bolad, al i din tag manislerinde:

8 4 1 4 8 4
A51:0'A52 = A54 :gh’Am :_Eh'An:An:gh'A?z :gh'Am :gh’AM :_gh
1
Ar=Ai, = gh’
8
Ais=AiL= gh' Az = h,
4 -
A —h,k=0,—
i,2k+2 3 2
2 i—7
Yioka = gh:k :1’7

Bul keltirilgen algoritmnin dallik darejesi O(h") ke ten boladh.

M:sal.Joganida Keltirilip berilgen algoritmlerden paydalanip integralliq

tenlemenin manislerin x, =0, x

esaplan.

4, ..
1, xszgtﬁymlerl ushin

X 1,5

1 x°s
y(x):—'[xse4 y(s)ds .
4 0
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1. Meyli y, =0 bolsin. Onda (3.14) formulasina muwapiq tomendegige iye

bolamiz;

1
yZZZLK

=0

21
1
Y, = Z(A31K31 +A,,K,,)=0.02777

41° 41 427 742

1
Vo= (AuKi+ Ay + AgK ) = 0.111367

1
Ys = Z(A51K51 + ALK, + AgKgs + A54K54) =0.267373
y,=0,y,=0,004629
1

y, =—2h, K,, =0.037039
4

2.y, =0,y,=0,004629 bolsin. Onda (3.17) formulasina muwapiq

tomendegige iye bolamz:

1
y3 = ZZh,

K,, =0,037039,
Il {{(y(x) - L s y(s)dsl}H(AﬂKu 4 ALK,,) = 002777
LU 4% 1]

1
Ys = Z(A51K51 + A Ky + AgKgs + A, Ky, ) = 0.195750

3. Meyli y, =0, y, =0,004629 , y, =0,037041 bolsin. Onda (3.22)

formulasina muwapiq tomendegige iye bolamiz:

1
Vo =7 (AaK Ay + AgK,,) = 01255416

41" “41 427 42
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1
Ys = Z(ABIKSI + A K, + Aoy + Ay Kg,) = 0.267373

Berilgen manislerdi esaplap ,alingan manislerdi salistirip bir — biri menen
alingan natiyjelerdin dalligi hagginda juwmaqg shigariwga boladi. Bunnan basga
alingan natiyjelerdi, sheshimdi gatarga jiklew joli menen alingan manisi menen
ham dara gosindilar menen salistirip aliwga da bolad:.

1 73
X" + X+
896 84816896

1.,
X)=—X"+
y()8

bul

y, =0.126131, y, = 0.2513352 natiyjelerin beredi.
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4-§. Sanli misal

1) Volterranin ekinshi tardegi integralliq tenlemesin trapeciyalar formulasinan

paydalanip juwiq sheshimlerin tabin.

y(x) — I y(s) ————ds=1+x (4.1)
1+X+s
Sheshimi: Bul integralliq tenlemenin yadros: K (x,s)= ten.
1+x+s
f (x)=1+ x boladi, bunda h=0,1, onda n:b_Tazlo boladi. Demek, x, =0,
x, =01, x,=0,2, x,=0,3, x,=0,4 , x,=0,5, x,=0,6, x,=0,7, x, =0,8 , x, =0,9ham
X, =1 bolad.

n=10 da trapeciya formulas: ushin tomendegilerge iye bolamiz:

&
I
&
I
|
P
I
=
H

(4.1) tenlemesinde x=x,dep esaplaymiz ham natiyjede tomendegige iye

bolamiz:

yi(x)—j&ds_ux ,i=0,10

1+Xx +s

Volterranin ekinshi tar integralliq tenlemesin juwiq sheshiw ushin n=10 ushin

jogaridag (3.11) formulasina tiykarlanip,trapeciyalar formulasinan paydalanamiz:

32



h
Y _E[Kzoyo t 2K21y1+ K22y2]= f2’

h
Y _E[Ksoyo + 2(K31Y1 + Kszyz) + K33y3]= f3’

h

| Yo~ E[Kmyo t 2(K41y1 + Ky, + K43y3) + K44y4] - f4’

h
Y5 — E[Ksoyo + 2(K51y1 + Kszyz + K53y3 + K54y4) u K55y5] - f5’

h
Ys _E[Keoyo +2(Kgp Yy + Ky ¥y + K ¥y + Koy + Ko ¥g) + K66y6] =t
|

h
Y7 _E[Kmyo + 20K, Y, + KoYy + KoYy + Koy, + Kogyg + Kogy) + K77y7]: fr

:
Yo = [Kuao + 20Kasdy + KoY + Keolo Kl Kig + K+ Kip¥o) + Kyohy ] = fy

h
| Yo = E[Kgoyo + 2(K91y1 t ngyz t Kgsys t K94y4 t K95Y5 + ngye + K97y7 + K98y8) * Kggyg] - fg'

h
; Yo E[Klo‘oyo +2(K g, Yy + Kig oYy + KygaYs + Kyg Vo + KigsVs + Kiges + Kyg ¥y + KpgVs + KpgYe) + K10‘10y10i| =Ty

|
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K(X,S):;

f (x) =1+ x manislerinin kestesin duzemiz:

1+Xx+s
I KOi Kli KZi K3i K4i K5i K6i I<7i K8i K9i I<10i
0|1 0,9091 | 0,833 | 0,7692 |0,7143 |0,6666 |0,6250 | 0,5882 |0,5556 |0,52 | 0,5
3 63

1 /0,909 | 0,8333 |0,769 |0,7143 |0,6666 | 0,6250 |0,5882 | 0,5556 | 0,5263 | 0,5 |0,4762
1 2

2 10,833 |0,7692 | 0,714 | 0,6666 |0,6250 |0,5882 | 0,5556 | 0,5263 | 0,5 0,47 | 0,4546
3 3 62

3 10,769 | 0,7143 | 0,666 | 0,6250 |0,5882 |0,5556 |0,5263 | 0,5 0,4762 | 0,45 | 0,4349
2 6 46

4 | 0,714 | 0,6666 | 0,625 | 0,5882 |0,5556 |0,5263 |0,5 0,4762 | 0,4546 | 0,43 |0,4167
3 0 49

5 [ 0,666 | 0,6250 | 0,588 | 0,5556 |0,5263 | 0,5 0,4762 | 0,4546 |0,4349 [0,41 |0,4
6 2 67

6 | 0,625 | 0,5882 | 0,555 | 0,5263 |0,5 0,4762 | 0,4546 | 0,4349 |0,4167 | 0,4 |0,3846
0 6

7 10,588 | 0,5556 | 0,526 | 0,5 0,4762 | 0,4546 | 0,4349 | 0,4167 | 0,4 0,38 | 0,3704
2 3 46

8 (0,555 |0,5263 |05 |0,4762 |0,4546 |0,4349 |0,4167 | 0,4 0,3846 | 0,37 |0,3571
6 04

9 10,526 |0,5 0,476 | 0,4546 | 0,4349 | 0,4167 | 0,4 0,3846 | 0,3704 | 0,35 |0,3448
3 2 71

10 | 0,5 |0,4762 |0,454 | 0,4349 | 0,4167 |0,4 0,3846 | 0,3704 |0,3571 | 0,34 |0,3333

6 48
ham (4.2) sistemadan izbe-iz tabamiz:
y, = f, =1,

[ h . ho YT
y1:Lf1+EKloyOJ 1- 2Ky | =11952
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|_
y,=| f, +

y,=1| f, +

y,=| f, +

y5=[f5+
yez[f6+
y7={f7+

:

ygz{f9+g

h 1 h
EKZOyO + hKZlylj/(l_ 2K22j 2113830

h ] h
EKsoyo + h(KSIyl + ngyz)J/[l_ 2K33j =1,5649

h i h
EK"OyO +h(K41y1+ K,,Y, + K43y3)J/(1—2K44j:1,7289

h "| h -1

EKsoyo + h(Kslyl + K52y2 + K53y3 + K54y4)J(1_ EKSSJ =1,9152

h "l h -1

S Keo¥o + h(Ke,Y; + Kg ¥, + KegYs + Koy, + Kesys)J 1- Ke | =2,0858

h —| h -1
EK70yo+h(K71y1+K72y2+ K73y3+K74y4+K75y5+K76y6)J 1_EK77 =2,2539

h 1. h -
Ye = L fg+ EKsoyo +N(Kg Y, + KoV, + Ky + Ko ¥y + Kggyg + Ky + K87y7)J[1_ EKasj =2,4198

. h Y
Kgo¥o + h(Kglyl + Koo ¥, + KogVs + KoV, + Kgg Vs + KoY + Kgr Y, + Kggyg)J 1- EKQQ =2,5839
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h I h o
le = L f10 + EKlo,OyO + h(KlO‘lyl + KlO‘ZyZ + KlO‘3y3 + KlO‘4y4 + K10,5y5 + K10,6y6 + K10,7y7 + K10‘8y8 + KlO‘QyQ)J[l_ EKlo,lﬂJ = 2’7465

Natiyjede tomendegi juwiq sheshimlerge iye bolamiz:

Yo Y1 Y, Ys Y4 Ys Yo Y, Ys Yo Yio

111,195 1,383 | 1,564 | 1,728 | 1,915 | 2,085 | 2,253 | 2,419 | 2,583 | 2,746
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2.) (4.1) Volterranin ekinshi tardegi integralliq tenlemesin Simpson usilinan

paydalanip juwiqg sheshimlerin tabin.

y(x)—Jx' y(s) ds =1+ x (4.1)

1+x+s

Sheshimi: Bul integralliq tenlemenin yadros: K (x,s)= ten.

1+Xx+s

f (x)=1+ x boladi, bunda h=0,1, onda n:b_Tazlo boladi. Demek, x, =0,

X, =0,1, x

1

=0,2, x,=0,3, x

3

=04, x,=05,x,=0,6, x,=0,7, x,=0,8, x, =0,9ham

2 4

X, =1 bolad.

n=10 da Simpson formulasi ushin tbmendegilerge iye bolamiz:

h 2h 4h
AZ g =0 AT A= Ay = A A S S Ay =

(4.1) tenlemesinde x=x dep esaplaymiz ham natiyjede tomendegige iye

bolamiz:

y.(x)—j&ds=l+ X, i=0,10
' 1+ X +5S '

Volterranin ekinshi tar integralliq tenlemesin juwiq sheshiw ushin n=10 ushin

jogaridagi (3.11) formulasina tiykarlanip,Simpson formulasinan paydalanamiz:
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|[y0: f0:15

h
yl_E[K10y0+ Kllyl]: fi
h
yz_E[Kzoyo+2K21y1+ K22y2]: fa)
h
Y3_E[K30yo 2Ky Y, + 4Ky, + Ksays]: fa,

h
Yo E[Kwyo T 2(Kyp Yy + Kigys) + 4Ky, + K44y4] = f,,
|

h
Vs~ E[Ksoyo N 2(K51yl * K53y3) + 4(K52y2 + K54y4) + K55y5] = fs’
| h
Yo~ E[Keoyo ’ Z(Kﬁlyl + K63y3 + Kesys) + 4(K62Yz + Ke4y4) + Kesye] = fs,
h
g _E[K”’y“ 20Ky Yy + KoYy + KogYs) + 40K, + KoY+ Kogye) + Koy, 1= 1,
h
o™ E[Ksoyo +2(Kaply + Kags + Keg¥s + Kyp Vo) + 40K ¥, + Koy ¥, + Ko Yg) + KssYs] = f;
h
Yo = Kan¥y + 2(Kaads + Ko+ Kl + Kip o)+ 4(KY, + Koyl + Kl + Kegl) + Kgdo ] =

h
ho™ E[KIO’OyO * 2(K10,ly1 + K10,3y3 + Km,sys + K10,7y7 t K10,9y9) + 4(K1o,zyz + K10,4y4 t Km,sye t K1o,sys) + K1o,1oy10] = fip»
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1 . .., . , .
K(x,s)=———, f(x)=1+ x manislerinin kestesin dizemiz:

1+XxX+5S
I K0i Kli K2i K3i K4i K5i K6i K7i K8i K9i K10i
0 1 0,9091 | 0,8333 | 0,7692 | 0,7143 | 0,6666 | 0,6250 | 0,5882 | 0,5556 | 0,5263 | 0,5

1 |0,9091 |0,8333|0,7692 | 0,7143 | 0,6666 | 0,6250 | 0,5882 | 0,5556 | 0,5263 | 0,5 0,4762

2 |0,83330,7692 | 0,7143 | 0,6666 | 0,6250 | 0,5882 | 0,5556 | 0,5263 | 0,5 0,4762 | 0,4546

3 10,7692 | 0,7143 | 0,6666 | 0,6250 | 0,5882 | 0,5556 | 0,5263 | 0,5 0,4762 | 0,4546 | 0,4349

4 |0,7143 | 0,6666 | 0,6250 | 0,5882 | 0,5556 | 0,5263 | 0,5 0,4762 | 0,4546 | 0,4349 | 0,4167

5 | 0,6666 | 0,6250 | 0,5882 | 0,5556 | 0,5263 | 0,5 0,4762 | 0,4546 | 0,4349 | 0,4167 | 0,4

6 | 0,6250 | 0,5882 | 0,5556 | 0,5263 | 0,5 0,4762 | 0,4546 | 0,4349 | 0,4167 | 0,4 0,3846

7 10,5882 | 0,5556 | 0,5263 | 0,5 0,4762 | 0,4546 | 0,4349 | 0,4167 | 0,4 0,3846 | 0,3704

8 |0,5556 | 0,5263 | 0,5 0,4762 | 0,4546 | 0,4349 | 0,4167 | 0,4 0,3846 | 0,3704 | 0,3571

9 |0,5263|0,5 0,4762 | 0,4546 | 0,4349 | 0,4167 | 0,4 0,3846 | 0,3704 | 0,3571 | 0,3448

10 | 0,5 0,4762 | 0,4546 | 0,4349 | 0,4167 | 0,4 0,3846 | 0,3704 | 0,3571 | 0,3448 | 0,3333

ham (4.3) sistemadan izbe-iz tomendegi juwiq sheshimlerdi tabamiz:

[ h . ho Y
y1:Lf1+§Kloy0J 1-3Ku =1,1625
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[ h 2h j h
y, = f2+§K20y0+—K21y1J 1—§K22 =1,3796

[ h 2h 4h —| h
Y; = f3 + ngoyo + ?(K?)lyl)—i_ 3(K32y2)J/(1_ 3K33j =1,5293

[ h 2h 4h 1 h
Y, = f4+3K4oyo+3(K41y1+K43y3)+3K42y2J 1_§K44 =1,7163

[, h 2h 4h 1. h, Y\
Y5 = L f5+ EKsoyo + ?(K51yl + Kssys) + ?(Kszyz + K54y4)J l_ngs =1,8783

[ h 2h 4h 1. h -
Yo = L f6+§K60y0 +?(K6ly1 + Keg¥s + K65y5)+?(K62y2 + K64y4)J 1_§K66 =2,0785

[ h 2h 4h . h, Y
Y7 = L f,+ EKmyo + ?(Knyl + KoYy + Kogys) + ?(Knyz + Koy, + K76y6)J 1- EKW =2,2068

[, h 2h 4h W, b, )
Yg = L fg+ ngoyo + ?(KSIyl + KV + Kggys + Ky y;) + ?(Kszyz + Ke Y, + Kseye)J 1_§Kss =2,4104

[ h 2h 4h . ho Y
Yo = L f9+§K90yo + ?(Kglyl+ Kos¥s + Kggys + K97y7)+?(K92y2 + KoY, + KgeYg + Kesya)J 1_§K99 =2,5440
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[ h 2h 4h
Yio = L flO + g K10,0 Yo t ?(Klo,lyl + K10,3y3 + K10,5 Ys + K10,7 Y. + K10,9 y9) + ?(Klo,z Y, + K10,4y4 +
Natiyjede tomendegi juwiq sheshimlerge iye bolamiz:
Yo Y. Y, Ys Y, Ys Yo Y, Ys Yo Yio

11,162 {1,379 [1,529 |1,716 | 1,878 | 2,078 | 2,206 | 2,410 | 2,544 | 2,735

Eki usil boyinsha esaplagan natiyjelerdi salistiramiz:

[ y(x,) (trapeciya) y(x,) (Simpson)
0 1 1

1 1,1952 1,1625
2 1,3830 1,3796
3 1,5649 1,5293
4 1,7289 1,7163
5 1,9152 1,8783
6 2,0858 2,0785
7 2,2539 2,2068
8 2,4198 2,4104
9 2,5839 2,5440
10 2,7465 2,71356

Simpson usilinin dalligi trapeciya usilina salistirganda jogar1 boladi.
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Juwmaglaw
Bul pitkeriw qanigelik jumisinda Volterranmin ekinshi tardegi integralliq

tenlemelerin  sheshiwdin kvadraturaliq wusillar1 qaraldi. Bunday integralliq
tenlemelerde integrallaw araliginin jogari shegi 6zgermeli bolip turadi. Sonligtan

Volterra tenlemelerin ayrigsha tardegi integralliq tenlemeler dep ataydi.

Ameliy maselelerdi tariplewde Volterra tefilemelerinin bahaliligin esapqa alip,
differencialliq tenlemelerine garaganda,olardan kobirek paydalanadi. Dinamikaliq
sistemalard1 tariplewde bunday bahaligina, onin qolayligin ham 1gqshamligin
keltiriwge boladi. Sistemanin shigis shamalar1 ham kiris tésirler arasindagi 6z ara
baylanislar1 integralliq operatorlart menen korsetiledi ham olardin yadrolari
berilgen matematikaliq modellerdin ishki gasiyetleri menen toliq aniglanadi, bunda
ont kiris signallarina sistemanin birden beretugin juwabi retinde tasindiriledi.
Integralliq baylanislardi sanli amelge asirtwda usildin ornigliligr joqar1 darejede
bolip hdm koépshilik jagdaylarda sol ushin bul tenlemelerine digqat kébirek

beriledi.

Ekinshi tar Volterra tenlemelerin sheshiwdin adewir kop bolgan sayl usillart
bar. Bul usillardin kopshiliginde integraldi kvadraturaliq formulalart menen
almastiniw tiykarinda alingan ham sonligtan bul usillardi integralliq tenlemelerdi

sheshiwdin kvadraturaliq usili dep ataydi[3,5,7].

Integralliq tenlemeler teoriyasinan bizge malim, egerde integral tenlemenin

yadrost K(x.s) qaralip atirgan R{a<s<x<b} oblastinda tuzliksiz, al f(x)
funkciyasi [a,b] kesindisinde tzliksiz funkciyalar bolsa, onda Volterranin ekinshi

tardegi integralliq tenlemesi jalgiz bir sheshimge iye boladi.

Pitkeriw ganigelik jumisinda Volterra tenlemesindegi integraldin joqari shegin
belgilep alip, olardi bizge malim belgili kvadraturaliq formulalar jardeminde

sheklengen qosindilar menen almastiriw maselesi garaldi.
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Bul pitkeriw ganigelik jumisinda Volterranin ekinshi tardegi integral
tenlemelerin sheshiwde trapeciya ham Simpson kvadraturaliq formulalarinan

paydalanip sheshimleri tabildu.

Juwmaglap aytganda, trapeciya ham Simpson kvadraturaliq formulalar:
tiykarinda Volterranin ekinshi turdegi integralliq tenlemelerinin juwiq sheshimleri
esaplandi. Qosimsha esaplawlar Mathcad ham Maple matematikaliq paketleri
jardeminde orinlandi ham trapeciya, Simpson usillarinin algoritmine C++ tilinde
esaplaw programmasi dizildi ham integralliq tenlemenin natiyjeleri kompyuter

jardeminde alindi.

Bul pitkeriw ganigelik jumisinda alingan natiyjelerdi qanigelik panler

boyinsha ameliy ham laboratoriyaliq sabaglarinda paydalaniwga boladi.
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Qosimshalar

(Jeke kompyuter ushin C++ tilinde duzilgen programmalar ham olardin

iske asiriliwinan alingan sanh natiyjelerdin basip shigarilgan nusqalari)
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1-msal.(trapeciya usilh)
C++ tilinde duazilgen programmasi:

#include<iostream>
#include<iomanip>
using namespace std;
main ()
{
char d=187,ss=188;
const float h=0.2;
int n=5,1,7];
float vyy,p,s,£f[100],x[100],y[100],k([100][100];
for (1i=0;i<=n;i++) {
x[1]=1*h;
cout<<"x ["<<i<<"]="<<x [1]<<", "5}
cout<<endl;
for (1=0;i<=n;i++)
for (3=0;3<=n;j++)
k(1] [31=1/(1+x[1i]+x[]]);
for (1i=0;i<=n;i++) {
fli]=x[1]+1;
cout<<"f["<<i<<"]="<<E (1], "}
cout<<endl;
y[0]=1;
for(i=1;i<=n;i++)
{
s=0;
for (7=0; j<=i+1;j++)
ylil=(£[i]+h/2*k[1i] [3]1*y[J]1+h*s)/ (1-
h/2*k[1i][1]);
s=s+k[i+1] [J]*y[i];
}

/////////////////////////////////////////////////////

////////////////////

cout<<"° i° KOi °  Kli ° K21 ° K31 ° K41
o K5l o \n";

////////////////////////////////////////////////

//////////////////

ITTITITIITITIIIIIIIIII \n";
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for (i=0;1<=n;i++){ cout<<"°"; 1if (i<5) cout<<" ";
cout<<i<<"°"<<setprecision (2)<<setiosflags(ios::fixed|1
os::showpoint) ;

cout<<" ";cout<<setprecision (6)<<k[O0] [1i]<<"®
"<<k[L1][il<<"e "<

K[2] [1]1<<"° "<<k[3][1]<<"® "<<k[4][i]<k"®°
"<<k[5][1]<<"° ";cout<<" °\n";}

N N R R R R N R R A R R N R R A R R R R R N R R R R R R N R R R A

P R R R R N R N R N R

for (i=0;i<=n;i++)
cout<<"y ["<<Ki<<"]="<<y[1]<<endl;

Natiyjesi:

x[0]=0, x[1]=0.1, x[2]=0.2, x[3]=0.3, x[4]1=0.4, x[5]=0.5,
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1-msal.(Simpson usih)
C++ tilinde duazilgen programmasi:

#include<iostream>
#include<iomanip>
using namespace std;
main ()
{
char d=187,ss=188;
const float h=0.2;
int n=5,1,7];
float vy,p,s,£[100],x[100],y[100],k[100]([1007];
for (i=0;1i<=n;i++) {
xX[1i]=1i*h;
cout<<"x ["<<i<<" ="k 1", "}
cout<<endl;
for (i=0;1<=n;i++)
for (3=0;3<=n;j++)
k(1] [3]1=1/(1+x[1]1+x[]])
for (1i=0;i<=n;i++) {
fli]l=x[1]+1;
cout<<"f["<<i<<"]="<<E (L], "5}
cout<<endl;
y[0]=1;
for(i=1;i<=n;i++)
{
s=0;
for (J=0;j<=1i+1;j++)
y[i]=(£[1]1+h/3*k[1i][J]*y[J]1+h*s)/ (1-
h/3*k[1] [1]);
if (7%2==0)
s=s+2*k[i+1] [J]*yI[i];
else
s=s+4*k[i+1] [F1*y[i];
}

/////////////////////////////////////////////////////

////////////////////

cout<<"® i° [KOi °  Kli © K21 © K31 © K41
o K5j_ (e] \nll;

////////////////////////////////////////////////

//////////////////

for (i=0;1i<=n;i++) { Cout<<"°"; if (i<5) cout<<" ";
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cout<<i<<"°"<<setprecision (2)<<setiosflags(ios::fixed|1i
Os::showpoint) ;

cout<<" ";cout<<setprecision (6)<<k[O0] [i]<<"®
"<<k[1][i]<<"?e "<

K[2][1]<<"° "<<k[3][1i]<<"® "<<k[4][di]<<k"®
"<<k[5][1]<<"° ";cout<<" °\n";}

N N R R R N R A A R R N R R R R R R R N R R R R R A N R R R A

P R R R R R R N N R R N

for (1i=0;i<=n;i++)
cout<<"y["<<i<"]="<<y[i]<<endl;
}

Na’tiyjesi:

50



859pL Z=[0T]14
006£85°2=[614
r6861%"2=[8]4
006£5z 2=[L]4
608580°2=(914
292516°1=[514
0068ZL" 1=[p]A
GE6p95 I=[€]4
ppOEBE " T=(Z]4
922661"1=[114

000000°T=[014

€EEEEE"0||8BZBFPPE O [[EPTLSE"O0 ||JOLEOLE O [|GTOPBE 0 [[00000F°0 [|L999TF 0 [|EBLVER O [[SPSPSP 0 [06TILYP 0 [[00000S°0f OT
828V PE OEPTLSE 0 [OLEOLE O [|STO¥P8E 0 ||0O000F 0O |[L999TP 0 |[€EBLYPEF"O |[SPSPSP°0 [0O6TOLP"0 [00000S°0 ||9TE9ZS O 6
EPTILSE O)OLEOLE O [|STIFBE 0 [[00000F "0 |[[L999TV 0 [|EBLPER O |[SPSPSP 0 [|O6TILF 0 [[00000S°0 ||9TEIZS 0 [|9GSSSS 0 8
OLEOLE"O|STOPBE 0 [[00000%°0 [|L999TF 0 |E€EBLYEF O |[SPSPSP 0 [JO6T9LF 0 [[00000G°0 [|9TE9ZS"0 [|96GGGS 0 ||SEZ88S O L
ST9¥8E°0)|000007 "0 [|L999T¥ 0 |€EBLVEP"O ||SPSPSP 0 [[06TOLYP 0 [JOO000S 0 [|9TESZS 0 [[955555°0 ||SEZBBS 0 [|000SZ9°0f 9
000007 °0[[L999TF "0 [|[€EBLVPEY 0 [|SPSPSP 0 JO6T9LF 0 [JO0000S 0 [[9TE9ZS 0 [[96GGSS°0 [|SEZ88S°0 [|[000G29°0 ||L99999°0f S
L9991V 0fl€8LYEY 0 [|SPSPSP 0 [|0O6T9LP 0 [JOO000S°0 [[9TEIZS 0 [|9GSSSS°0 [|SEZB8S 0 [|000S29°0 [|L99999°0 [[98ZFPTIL Of ¥
€8LVEV"OfSPSPSP° 0 [[06T9LP"0 [|00000S°0 [|9TE9ZS 0 [|9SS55G°0 [[SE€EZ88SG 0 [[000G29°0 [[L99999°0 [|982Z%TIL 0 ||TEZ69L 0| €
SPSPSP 0|06T9LP "0 [J[00000S°0 [|9TE92S 0 [|9655GS5°0 [[SEZ88S 0 [|[000529°0 [[£L99999°0 |[[982PTL 0 [ TEZ6IL 0 [[EEEEEB 0| C
06T9LP°0[|00000G 0 [|9TE9ZS"0 |[9GSGSS°0 [|SEZBBS 0 [[000529°0 [[£L99999°0 [|98ZFPTIL 0 [[TEZ69L 0 ||EEEEEB 0 [|[T60606°0| T
00000S°"0f|9TE9ZG 0 [|9G555S°0 ||[SEZBBS 0 [|000SZ9°0 [[L99999°0 [|98ZFTIL 0 [[TEZ69L 0 [EEEEEB 0 || 16060670 [[000000°T| O
TOTX TeX T8M T T9M T6M i3t TEM T2 TM Tod T

51



Mathcad matematikaliq paketinde misallard: trapeciya
ham Simpson usillarinan paydalanip sheship,juwiq

sheshimleri tabild:
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ORIGN :=1

Ai=1 c:=0 d:=1
1
k(x,s) := f(¥):=1+x N :=10
1+ Xx+s s

d -c

h :=
N

i:=1.N x:=c+ (i-1)h Fi= f(xi)
A '—h A '—h A h i 1,2.N -1
Mo =3 NS = i:=1,2.N -

Fo+ x.z if(j > i,O,Aj~Ki’j-yj)

i=1

h
1-1—K. .
2 1,1

Trapeciya usili boyinsha alingan natiyjeler:

Yo Y1 Y, Ys Ya Ys Ys Y7 Ys Yo

11,195 1,383 [1,564 | 1,728 | 1,915 | 2,085 | 2,253 | 2,419 | 2,583
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ORIGN :=1

Aoi=1 c:=0 d:=1
1
k(x,s) := —— f(x):=x+1 N := 10
1+ X+s I
d -c
h :=
N

i:=1.N X i=c+ (i = 1)h F =f(xl)

A D Al i A gl i A =2l
M-—g N-—g i:=2,4.N -2 P = g i:=1,3.N -1 P = g
i:=0.N j:=0.N Alﬁ.m.:k(x,x)

i:=0.N N
F A fl(j 2i,0,A.-K. -y.
- Z '(J bR l,JyJ)
i=0
Y=
h
1-A—K, .
el 1,1
Yo Y1 Y, Ys Ya Ys Ye Y; Ys Yo Yio
1 1,1625 1,3796 1,5293 1,7163 1,8783 2,0785 2,2068 2,4104 2,5440 2,7356
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