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Kirisiw

Qatarlar ham izbe-izlikler kop sanli ogada ahmiyetli ilimiy ham ameliy
maselelerdi sheshiw ham koplegen teoriyaliq maselelerdi izertlew ushin tez-tez tabisl
gollanilip kiyatir. Maselen, darejeli gatarlar matematikada funkciyalardin manislerin
ham integrallardi esaplaw, differencialliq tenlemelerge qoyilgan har qiyh
matematikaliq maselelerdi sheshiw ushin ken qollaniladi [1,2,4,5,7].

Darejeli qatarlar Nyutonnin miynetlerinde 1665-jillar1 payda bolip, al galegen
funkciyan1 darejeli qatarlar arqali korsetiwge boladi dep esaplanadi. Bunnan son
qatarlardin teoriyasin rawajlandiriwga Leybnic Eyler, Dalamber, Lagranj, Gauss,
Koshi, Veyershtrass, Riman ham basga koplegen kornikli matematikler ulken ules
qosti. Bunday ilimpazlardin toparina Nyutonnin shékirti B.Teylord1 da jatqariwga
boladi. Ol 1715-j1l1 “Tuwr1 ham keri osiw usillar’” atamasindagi miynetin jariyaladi.
Bul kitapta shekli ayirmalardin ham tardin terbelisinin teoriyalarin bayanlap,
matematikaliq fizikanin tiykarlarin jaratti. Qéalegen analitikaliq funkciyanin gatarga
jikleniw formulasin birinshi ret keltirip shigardi.

K.Makloren 1742-j1l1 aniq emes koefficientler usilin qollanip, sofinan 6zinin ati
menen atalgan, darejeli qatardin formulasin keltirip shigaradi ham bul gatardi kop
sandag1 funkciyalard: jiklewge qollanadi. Lagranjdin 1772-j1l1 Teylor qatarin putkil
differencialliq esabinin tiykarina jatqariwina baylanish, Teylor ham Makloren
qatarlarinin ahmiyeti ogada artip ketti.

Lagranj 1797-jili Teylor qatarmin qaldiq agzasinin anlatpasin keltirip shigarada.
Biragta, bul méseleni toliq izertlew Gausstin (1812j), Bolcannin (1817j), Koshidin
(1821j), Abeldin (1826j) miynetlerinde orinlandi. Olar jiynaqh gatardin qosindisinin
aniqlamasin berip, qatardin gasiyetlerin aniglaytugin kép sanh teoremalard: délilledi.
Koshi 1823-jili qatardin berilgen funkciyaga jiynaqli boliwin izertlep, qatardin
uliwma jiynaqli boliw1 menen onin berilgen funkciyaga jiynaglt boliwinin arasindagi

ayirmashiligti korsetti.



Solay etip, Teylor gatarinin teoriyasin jaratiw juz jildan aslam waqit dawam
etti. Bunnan son funkcionalliq qatarlardin teoriyasma Fure salmaqli tiles qosti. Ol
matematikaliq fizikanin madselelerin sheshiwge trigonometriyaliq qatarlardi ken
qolland [4,6,8].

Pitkeriw qénigelik jumisinda dérejeli qatarlar usili sizighh ham sizighh emes
adettegi differencialliq tenlemelerge qoyilgan Koshi maselelerin  sheshiwge
qollaniladi. Birinshi tartipli 4dettegi differencialliq tehlemege , bunday tenlemelerdin
normal sistemasma ham joqari tartipli adettegi differencialliq tenlemege qoyilgan
Koshi maselelerin sheshiwge darejeli qatarlar usilinin  qollaniiw1 6z aldina
bayanlanadi.

Bul jumis kirisiw boliminen, altt paragraftan, juwmaglaw bdliminen,
paydalanilgan ddebiyatlar diziminen ham qosimshalardan turada.

Kirisiw boliminde darejeli qatarlar usilinin qollaniliw tarawlar1 qisqasha atap
otilip, bunday wusildin payda boliwmih ham qaliplesiwinin qisqasha tariyxi
bayanlanadi.

Birinshi paragrafinda joqan tartipli adettegi differecialliq tenlemege Koshi
(baslangish shartli) maselesinin qoyiliw1 berilip, bunday méseleni ogan ten kushli
bolgan, birinshi tartipli adettegi differencialliq tenlemelerinin sistemasina qoyilgan
Koshi maéselesi menen almastiriw, bunday madselenin sheshimge iye ham tek bir
sheshimge iye boliwinin zararli ham jetkilikli shartleri keltiriledi.

Ekinshi paragrafinda adettegi differencialliq tenlemege qoyilgan Koshi
maselesin sheshiw usillarina qisqasha sholiw jasaladi. Dal, juwiq analitikaliq ham
sanli usillar, olardin manisleri, bir-birinen parqi , qollamw tarawlar1 qisqasha
bayanlanip, olardin mdnisleri apiwayr misallar menen tasindiriledi. Differencialli
tenlemelerge qoyilgan jagsi tartiplesken hadm jaman tartiplesken matematikaliq
maseleler haqqinda tsinik beriledi.

Ushinshi paragrafinda 4dettegi differencialliq teflemelerge qoyilgan Koshi
maselesin sheshiwdin geypara juwiq analitikaliq usillar1 bayanlanadi. Bunda izbe-iz

juwiqlasiw ham darejeli qatarlar usillarimin esaplaw algoritimleri berilip, bul
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usillardin qateligin baqalaw maseleleri talqinlanadi. Darejeli qatarlar usilinin geypara
dara jagdaylar1 keltirilip, olardin bir-birinen parqi korsetiledi.

Tortinshi paragrafi jumistin tiykargi bolimin quraydi. Bul paragrafinda birinshi,
ekinshi tartipli adettegi differencialliq tenlemelerge qoyilgan Koshi madselesinin
birden-bir golomorf sheshimge iye boliw1 ham bul qatardin jiynaqliliq radiusin
aniqlaw haqqindag: teorema délillenedi. Sonday-aq ekinshi tartipli bir tekli sizigh
tenlemege qoyilgan Koshi maselesinin golomorf sheshimin tabiw hdam onin
jiynaqliliq shartleri aniqlanadi.

Darejeli qatarlar usilimin jogart tartipli adettegi siziglt ham sizigli emes
tenlemelerge qoyilgan Koshi maselesin sheshiwge arnalgan jana variantinin
teoriyaliq tiykarlar1 bayanlanadi. Bul usil, burinnan gqaliplesken klassikaliq usil
menen salistirganda, darejeli qatardin koefficientleri jenil aniglanatugin esaplaw
algoritmine 1ye boladi ham ol gatardin jiynaqliliq radiusin sanli usil menen aniqlawga
mumkinshilik beredi.

Besinshi paragrafinda darejeli qatardin jiynaqliliq tezligin arttinw usillar
bayanlanadi. Bunda darejeli qatardin argumentin qolayli etip almastinw ham
Shebishevtin 1 tirdegi kopagzalilarinan paydalanip, jiynaqlihiq tezligin arttinw
usillarinin esaplaw algoritimleri tiykarlanadi.

Altinsh1 paragrafinda birinshi ham ushinshi tartipli adettegi sizighh emes
differecialliq tenlemelerge qoyilgan Koshi maselelerin sheshiwge darejeli qatarlar
usilinin jumastin tortinshi paragrafinda tiykarlar1 bayanlangan jana variant qollaniladi.
Kompyuterde orinlangan esaplaw tajriybelerinin natiyjeleri eki kestege jaylastirilgan.
Alingan juwiq analitikaliq sheshimlerininh darejeli qatarlardin  kesindilerinin
Jiynaqliliq radiuslart sanlt usillart menen jetkilikli dallik penen esaplangan.

Juwmagqlaw boliminde pitkeriw ganigelik jumisinin tiykargi natiyjeleri ham bul
tema boymsha songir eki jil dawaminda ormlangan ilimiy-izertlew jumislarinin
natiyjeleri qisqasha atap otiledi.

Adebiyatlar dizimine jumustii temasma baylamish tiykargr oqiw ham arnawl

adebiyatlar kirgizilgen . Qosimshalar bolimine EEM ushin C++ algoritimlik tilinde
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dazilgen programmalar ham olardin orinlaniwinan alingan tiykargi sanli natiyjelerdin
basip shigarilgan nusqalar1 qosip tigilgen.

Jumista formulalar tomendegi tartipte nomerlengen: 1-cifr1 paragraftin nomerin,
al 2-cifr1 paragraftagr formulanin nomerin anlatadi. Paragraftin ishinde formulaga
suyengende tek formulanin nomeri korsetiledi. Basqa paragraftagi formulaga
suyengende paragraftin nomeri hdm ondagi formulanin nomeri korsetiledi. Maselen

“(4.20) formulas1” jaziw1 4-paragraftagr 20-formulaga stiyeniwdi anlatadi.



1-§. Adettegi differencialhq tenlemeler ushin Koshi maselesinin

qoyiliwi

Adettegi differencialliq tenlemeler menen 6z-ara tasir jasaytugm noqatlardin
sistemalarinin  qozgalisi, ximiyaliq kinetikanin, elektr shinjirlarinin, materiallar
qarsiliglarinin maseleleri siwretlep jaziladi. Dara tuwindili tenlemeler ushin qoyilgan
ahmiyetli maselelerde adettegi differencialliq tenlemelerge keltiriledi. Maselen, kop
6lshemli bunday tenlemelerde belgisizlerdi ajratiw mumkin bolmasa, onin sheshimi
6zgeriwshilerdin baz1 bir birikpesinen garezli bolsa, onda dara tuwindili tenlemeni
adettegi differencialliq tenlemelerdin sistemasina keltirip sheshiwge boladi. Usi
jagdaylarga baylanish, adettegi differencialliq tenlemelerdi sheshiw maselesi
fizikanin, texnikanin, ximiyanin qollanba maselelerinin arasinda ogada dhmiyetli orin
iyeleydi.

Berilgen aniq ameliy masele qalegen tartipli adettegi differencialliq tenlemege
yamasa qalegen tartipli adettegi differencialliq tenlemelerdin sistemalarin sheshiwge
alip keliw mimkin. Biraqta, p-tartipli

u®(x)=f(x,u,u'u,..,u®?)

differencialliq tehlemesinin U*(X)=U,(X) almastitwin orinlaw arqali, ogan teh kashli
bolgan, birinshi tartipli p tenlemelerdin sistemasina keltiriwge boladi:

UI‘((X)ZUM’(X)’ 0<k<p-2

Uy (X) = £ (X, Ugy Uy, U ), Ug (X) = U(X)

Tap ust siyaqli, adettegi differencialliq tenlemelerdin qalegen tartipli
sistemalarinda, olarga ten kushli bolgan birinshi tartipli adettegi differencialliq
tenlemelerdin sistemalar1 menen almastirnwga boladi. Sonliqtan aldagi waqitlar
birinshi tartipli adettegi differencialliq tenlemelerdin sistemasina qoyilgan maseleler

qaraladi:

(0 = £, (% Uy Uy U), 1K < p, (1.1)



Adettegi differencialliq tenlemelerdin bul sistemasin 1gshamlap tomendegi

koériniste jaziwga boladi:
u'(x) = f(x,u(x)),
U={Uy, Uy Uy o F =, e £ (1.2)
Adettegi differencialliq tenlemelerdin p-tartipli (1) sistemasi, uliwma jagdayda
c=(C,C,,...C,) p parametrlerinen garezli bolgan kop sheshimlerge iye boladi. Bul

sheshimlerin u=u(x;c) korinisinde jaziwga boladi. Parametrlerdin manislerin

aniqlaw ushim, U, (X) funkciyasinin p qosimsha shartler qoyilad.
Adettegi differencialliq tenlemeler ushin har qiyli ush tiykargi maseleler
qoyiladi: Koshi maselesi, shegaraliqg maseleler hAm menshikli ménisler maselesi.

Koshi_maselesi (baslangish shartli masele). Bul maselede berilgen adettegi

differencialliq tenlemege
U (&)=1m, 1<k<p, (1.3)

gosimsha shartler qoyiladi, yagniy barliq U, (X) funkciyalarmin x = &£ bir nogatindag:
manisleri beriledi. Bul shartlerdi, integralliq iymekliktin (p+1)- olshemli
(X,Ul,Uz,---,Up) kenisliginin baslangish (5,771,772,...,%) noqatinda koordinatalarinin
beriliwi dep esaplawga boladi. Sonda (1) yamasa (2) sistemasinin sheshimin
E<x< X (yamasa X <x<¢) kesindisinde tabiw talap etiledi. Sonliqgtan x=¢&
nogatin bul kesindinin baslangish nogati dep esaplawga boladi.

Egerde (1) teflemesinin on jaglar (95,771,772,...,77p) baslangish noqatimin kishi
dogereginde uzliksiz ham shegaralangan bolsa, onda (1),(3) Koshi maselesi

sheshimge i1ye boladi, biraq uliwma jagdayda sheshimi tek birew (jalgiz) bolmaw1

mumkin. Egerde (1) tenlemesinin jaqlar tek 0zliksiz gana bolip qalmastan, sonin
menen birge U, o6zgeriwshileri boymsha Lipshic shartin de qanaatlandirsa, onda

(1),(3) Koshi maselesi [£, X] kesindisinde tek bir sheshimge iye boladi ham ol

baslangish (¢, 7]1,772,---,77p)n0qat1n1r'1 koordinatalarinan uzliksiz garezli boladi, yagniy



Koshi maselesi korrektli qoyilgan masele boladi. Eger joqaridagi shartke qosimsha
(1) tenlemenin on jaqlart barliq argumentleri boyinsha g-tartipli uzliksiz tuwindilarga
iye bolsa, onda Koshi maselesinin u(x) sheshimi x boyinsha (q+1)-tartipli Gzliksiz

tuwindilarga 1ye boladi.

2-§. Adettegi differencialliq terilemelerge qoyilgan Koshi maselesin

sheshiw usillar:

Adettegi differencialliq tenlemelerge qoyilgan matematikali maselelerdi sheshiw
usillar1 dal, juwiq ham sanli usillar bolip, ulken ush toparga bolinedi.

Dal usillarga, differencialliq tenlemenin sheshimin apiway1 funkciyalar arqali
yamasa apiway1 funkciyalardan alingan kvadraturalar jardeminde anlatatugin usillar
jatadi. Dara jagdayda (1.1),(1.3) Koshi maselesinin dal sheshimin, differencialliq
tenlemenin uliwma sheshimin tabiw, olardi sapa jaginan izertlewdi jenillestiredi.

Biraqta, dal sheshimlerin aniglawga bolatugin differencialliq tenlemelerinin
topar1 ogada az bolip, olar ilmiy-texnikaliq hdm dmeliy maselelerdi sheshiwde payda
bolatugin adettegi differencialliq tenlemelerdin ogada kishi tlesin quraydi. Maselen,
apiway1

u'(x) = x> +U*(x) (2.1)
tenlemesinin sheshimi apiway1 funkciyalar arqali anlatilmaydi. Al
u'(x) = (u—x)(u+x) (2.2)

tenlemesin dal integrallap, aniq uliwma
u(x):%ln(x2+u2)+arctg% (2.3)

Sheshimin tabiwga boladi. Biragta u(x) sheshimnin manislerinin kestesin jasaw
ushin (3) transtsenidentlik funkciyasinin manislerin esaplaw kerek boladi. Bul songi
masele (2) tenlemesin tikkeley sanli sheshiwden jenil bolmaydi.

Juwiq usillar dep, adettegi differencialliq tenlemelerlerdin u(x) sheshimi

funkciyalardin bazi bir izbe-izliginin shegi esabinda aniglanatagin usillarga aytiladi.
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Bunda U,(X) apiway1 funciyalar arqali yamasa kvadraturalar jardeminde anlatilad:

dep uygariladi. Sonda bazi bir shekli n sani menen sheklenip, differentsiyalliq
tefilemenifh  U(X) sheshiminif juwiq aflatpasina iye bolamiz. Bunday usilarga
differencialliq tenlemenin sheshimin uliwmalasqan darejeli qatarga jiklew usili misal
boladi. Biraqta juwiq usillar, araliq esaplawlardin ulken tulesin déal orinlagan
jagdaylarda gana qollamiwga boladi. Bul shart, kobinese sizigli differencialliq
tenlemeler ushin gana ormlanatugin bolganligtan, ol juwiq usillardin qollamw

tarawlarin adewir taraytadi [3,6,7,8].

Sanli usillar. Bul usillar izlenip atirgan u(x) sheshimnin, saylap alingan bazi bir

topardagi argumentlerinin X, manislerine saykes, juwiq manislerin esaplaw

algoritimlert boladi. Bul usilda tenlemenin sheshimi sanlar kestesi korinisinde
tabiladi. Sanli usillar (1.1) tenlemeler sistemasinin uliwma sheshimin tabiwga
mumkinshilik bermeydi, al tek bazi bir dara sheshimine alip keledi. Bul sanh
usillardin tiykargi kemshiligi boladi. Biraqta, sanli usillar kef klasstag: differnciyalliq
tenlemelerdi hdm olarga qoyilgen barliq méselelerdin thrlerin sheshiwge qollaniladi.
Sonligtan tez esaplagish EEM lerdin payda boliwi menen sanli usillar adettegi
differencialliq tenlemelerler ushin qoyilgan jetkilikli quramalli maéselelerdi
sheshiwdin tiykarg: usillarinin birine ayland.

Sanl1 usillard1 adettegi differencialliq tenlemeler ushin qoyilgan tek korrektli
maselelerdi sheshiw ushin gana qollaniwga boladi. Onin Ustine, bunday méselelerdin

jagst shdartlesken boliwi, yagniy baslangish shartlerdin kishi shamaga o6zgeriwine

integralliq iymekliklerdin de kishi shamaga 6zgeriwi saykes keliwi kerek. Egerde bul
shart orinlanbasa, yagniy adettegi differencialliq tenlemelerge qoyilgan masele jaman
shartlesken bolsa, onda baslangish shartlerdin kishi shamaga 6zgeriwi sheshimnin
ulken shamaga 6zgeriwine alip kelse, onda déslepki méselenin sanli sheshimi tlken
qatelikler menen tabilad1 [3,6,7,8].

Jaman shartlesken maselenin misali esabinda mina Koshi maselesin qaraymiz:

u'(x)=u-—x, 0<x<100 (2.4)
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u(0) =1 (2.5)
Bundag1 (4) tenlemenin uliwma sheshimi
u(x,c)=1+c+ce*

korinisine iye boladi. Bunnan, (5) baslangish shartlerinen paydalanip, ¢c=0 manisi
kelip shigadi. Sonda (4),(5) Koshi maselesinin dara sheshimi u(x) =1+ x kérinisinde
jaziladi. Sonhgtan u(100) =101boladi. Biraqta (5) baslangish sharti kishi shamaga
6zgerse: U(0) =1,000001 manisine ten bolsa, onda ¢ =10"° manisine iye boladi. Bul
jagdayda T(100)=2,7-10" boladi, yagniy maselenin sheshimi ogada tilken shamaga
ozgeredi. Sonligtan (4), (5) Koshi maselesin ogada jaman shartlesken masele dep
esaplawga boldi.
3-§. Adettegi differencialliq teilemeler ushin qoyilgan Koshi maselesin

sheshiwdin juwiq analitikaliq usillan

Kopshillik jagdaylarda adettegi differencial tenlemeler ushin qoyilgan Koshi
maselesinin dal sheshimin tabiw mimkin bolmaydi. Sonligtan bunday maselelerdi
sheshiwge juwiq wusillar qollaniladi. Témende esaplaw praktikasinda ken
gollanilatugin geypara juwiq analitikaliq usillardi keltiremiz.

3.1.1zbe-iz juwiqlasiw usili. Birinshi tartipli adettegi differencial tenlemelerge
goyilgan

u'(x) = f (x,u), (3.1)

U(X,) =, (3.2)
Koshi méaselesin sheshiwdin manisi boyinsha en apiway1 (ameliy iske asiriw jaginan
emes) juwiq analitikaliq usillarinin biri izbe-iz juwiqlasiw usili boladi. Bul usildin
manisi tdmendegilerden ibarat.

Berilgen (1), (2) Koshi maselesinin sheshimi
u(x) = u, +j f (t,u)dt (3.3)
Xo
integralliq tenlemesinin sheshimine ten kashli boladi.
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Bul tenlemenin on jagindagi belgisiz u(x) funkciyasinin ornina, baslangish
juwiglasiw dep atalatugin, qalegen funkciyani aparip qoyiwgan boladi. Maselen,
U=U, dep alip, integrallawd1 orinlasaq, onda (3) tenlemenin sheshimine mina birinshi

juwiqlasiwdi tabamiz:

u, (x) = u, +J' f (t,u,)dt
Xo

Tap usinday usil menen U, din ornina U;di aparip qoyip, mina ekinshi

juwiqlasiwina iye bolamiz:

u,(X) =u, + I f (t,u,)dt (3.4)

Endi N — © ke umtilganda (4) tenligi menen aniqlangan juwiq sheshimi (1), (2)
Koshi maselesinin sheshimine ten 6lshemli juwiqlasatuginin korsetemiz.

Meyli, (1) tenlemesinin on jag1 f(x,u) funkciyas: (a,b) intervalin 6z ishine
alatugin baz1 bir juwiq G oblastinda eki argumenti boyinsha uzliksiz bolip, u

argumenti boyinsha Lipshic shartin qanaatlandiratugin:
| f(x,u,)— f(x,u)|< LJu,—u,,L=const, (3.5)
bunda x- G oblastina derek galegen noqat.
Izbe-iz kelgen eki juwiglasiwinin ayirmasin qaraymiz: o, :\um—un\. Sonda (5)

Lipshic sharti boyinsha qatnaslardi jaziwga boladi:

8, = =g =| [ [ f . u) = F(tu, )]dt| <L [|u, —u, < L3, ,[o-a]
X X0

Meyli, &, = max|u,,-u,| bolsin. Sonda da &,<6, ,L|pb-a tensizligi ormlanad.

xe(ap)y! "t

L|b—a|=«a dep belgilep, mina qatnaslard1 jaziwga boladi:
5 <ad,  <d’s ,<..<a"s,

Bunda s, = max |u, —u,| belgilew kirgizilgen.

xe(a,b)
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Solay etip, « <1 bolganda Ug,U;,...,U .. juwiqlasiwlari bazi bir u(x) funciyasina
ten olshemli jiynaqli boladi ham bul funkciyan1 6z gezeginde, mina gatar turinde
korsetiwge boladi:

U=Uy+ (U —Uy)+(u,—U)+...+(U , —U)+... (3.6)

Bul qatar ten Olshemli jiynagqli boladi, Oytkeni onmin héar bir agzasi
‘Uo‘ +8, +ad, +a’8, +...+a"8, +... san qatarinif hér bir agzasman kishi boladi.

Sonligtan N— ke umtilganda (4) tenliginde shekke otsek, onda (6) gatar

menen aniqlangan u(x) funkciyasi (1),(2) Koshi maselesinin sheshimi boladi.
Endi izbe-iz juwiqlasiw usilinin gateligin bahalaw maselesin qaraymiz. Bunin
ushin U, juwilasiwin
U=, +(u =)+, -u)+..+Uu -u. )
tarinde korsetemiz ham (1),(2) Koshi maselesinin (6) dal sheshimi menen
salistiramiz. Sonda mina natiyjelerge kelemiz:

u-u, =, ~Uu)+U. ,-U )+.<8+35.  +.<a"d+a"™5,+..

n+l
Sonda L|b-aj=a<1 tensizligin qanaatlandiratugin jetkilikli kishi (a,b) interval

ushin usildin gateliginin mina bahasina iye bolamiz:

g, :|u—un|£il_i‘; (3.7)

Bunnan n sheksiz 6skende usildin gateliginin shamasi, nolge umtilatuginligi
kelip shigad.

Izbe-iz juwiqlasiw usili adettegi differencial tenlemelerdin teoriyasinda Koshi
maselesinin  sheshiminin bar bolatuginin ham birden-birligin dalillew ushin
paydalaniladi.

Bul usil sonday-aq, differencialliq tenlemelerdi sheshiwdin basqa juwiq usillarin
teoriyallq jaqtan izertlewde, olardi qollanganda jardemshi qural esabinda

paydalaniladi. Maselen, differencialliq teflemelerdi Adams usillarin qollanip
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integrallaganda, izlenip atirgan funkciyanin baslangish manislerin bir neshe
noqatlarda esaplaw ushin qollanilad.

3.2.Darejeli qatarlar usili. Birinshi ham joqar1 darejeli &dettegi differencial
tenlemelerdi juwiq sheshiw ushin, tenlemenin izlenip atirgan korenin Teylor gatarina
jiklep, bul qatardin belgili sandagi agzalarm saqlap qaladi. Adettegi differencial
tenlemelerdin  bunday sheshimin baslangish shartlerdin  kishi  doégereginde
tenlemelerdi integrallaganda ogada qolayli boladi. Bunday usil menen tabilgan
adettegi differencial tenlemelerdin sheshimleri, olardi juwiq integrallawdin basqa
usillarin qollanganda jardemshi rolin atqaradi. Maselen, adettegi differencial
tenlemelerdi Adams ham Shtermer usSillar1 menen integrallaganda kestenin basin
esaplaw ushin paydalaniladi [3,7,8].

Meyli, p-tartipli adettegi differencial tenlemege qoyilgan Koshi maselesi
berilgen bolsin:

u®(x) = f(x,u,u’u",...,u®™), (3.8)
U(X)) = Ug, U'(Xy) =Ug, .., U™ (X)) =Ug>™, (3.9)
Bunda  f(xuu'u"..u*)  formulasi (X Ug Uy, UP™)  noqatinmn  kishi

dogerginde analitikaliq funkciya boladi, yagniy X—X, ayirmasinin darejeleri boyinsha
darejeli gatarga jiklenedi dep uygariladi. Sonda (8),(9) Koshi madselesinin  u(x)

sheshimin tdmendegi Teylor qatarina jiklewge boladi:

. u y(PD u(P
U(X) = Uy + Uy (X = Xg) + =2 (X=X )% + oot —2—— (X=X, ) P+ 22— (X — X,) P +
21 (p—1)! ! (3.10)
ué‘”l) (p+k) '

p+l Uy _ p+k
(p+1)!(X_X°) +'"+(p+k)!(x X))+

+

, , 1 k ,
Bunda Uép),uép+l),---,uép+k) X=X, bolgandagi u®u®Hu® L tuwindilarmin
manisleri boladi.

Baslangish (9) manislerin tikkeley (8) tenlemesine aparip qoyip
U = T (%, gy Ugyeen U ) (3.11)
manisine iye bolamiz.
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Bunnan son (8) tenlemesin X boyinsha differenciallap, kelip shiqgan anlatpalardi

garezsiz Ozgeriwshi, al u(X) t1 ham omin tuwindilarin X tin funkcialari esabinda

qarap, mina tenlikti jaziwga boladu:

of of , of of
—+—Uu'+—u"+..+

uP —
B (p-1)
oX ou ou ou

Bundagi nin ornina (2) degi omn manisin akelip qoyip,

(x,u,u,...,u™?) argumentlerinin toliq aniglangan funkciyasi bolatuginin koéremiz. Bul
funkeiyani f,(X,U,u,..,u"™) arqal belgilep, oni
u®? = f(x,uu,..,u"™) (3.12)

korinisinde jaziwga boladi.
Jogarida keltirilgen amellerdi takirarlap, song1 (12) funkciyasin X boyinsha
differenciallap, u(x) sheshimnin (p + 2) - tuwindisin aniglaytugin:

of, of of of
uP? =14 Ly —Ly. +—21u®

ox  ou ou' ouP™d

Bul tenlemege u‘® nif ornima (8) degi manisin akelip qoyip, mina aflatpaga iye
bolamiz:

u®? = f,(x,u,u,...,.u®™) (3.13)

Bunda f, de (x,u,u’,..,u®™) argumentlerinin toliq aniglangan funkciyasi boladi.

u®

Korsetilgen usil menen izbe-iz differenciallawdi ham n1 onin (8) anlatpasi

menen almastinwdr dawam ettirip, u(x) sheshimnin qalegen tartipli tuwindilarin

(X,u,u,..,u™?) argumentlerinin toliq aniglangan funkciyasi tarinde anlatiwga bolad.

Endi u(X),u'(x),...u"”(X) lerdin X=% bolgandagi manislerin (12),(13) h.t.b.
funkciyalarin aparip qoyip, u(x) tin saykes tuwindilarinin ménislerine iye bolamiz:

u$P™ = £,(X,Ug, Ug, .., USP™),
ulP*? = £, (X,Uq, Uy, .., u$"™),
............................................ , (3.14)




Bunnan son (11) hdm (14) méanislerin (10) gatarina aparip qoyip, (8), (9) Koshi
maselesinin izlenip atirgan u(x) sheshimnin X-X, din darejeleri boymsha Teylor

qatarina jiklewine iye bolamiz:

: (p-1)
u(x):uo+u5(x—x0)+%(x—xo)2+...+ 0 (x—xo)”‘1+ll(x—x0)"+ f (X=%) ™ +...
! p!

(p-1)! (p+D! (3.15)

fk
(p+k)!

+ (X=%,)P™  +...

Bunda  funkciyalarima manisleri X=X,,U=Uy,U'=Uy,...,u”” =u{"™

bolganda
esaplanilgan dep uygariladi.
3.3.Darejeli usildin geypara dara jagdaylarl. Meyli X €[X;,X] kesindisinde
u'(x) = f(x,u), u(x)=u, (3.16)
Koshi maselesin sheshiw kerek bolsin. Bul maselenin sheshimnin bar boliwi
ham oninh birden-bir boliw shartleri orinlanadi dep uygaramiz. Bunnan tisqari,

argumentlerinin  6zgeriw oblastinda f(X,y) funkciyasi, aldagi waqitlar1 talap

etiletugin qosimsha siypaqliqqa iye boladi dep esaplaymiz. Sonda tiykargi maqgset,
(16) maselesimih juwiq analitikaliq sheshimin tabiwga muUmkinshilik beretugin

esaplaw usilin jasawdan ibarat. Bunin ushin, (16) Koshi maselesinin izlenip atirgan
y(x) sheshimin, X-X; ayirmasimin darejeleri boyinsha darejeli qatarga jiklewden

paydalanamiz. Bul jagdayda juwiq analitikaliq usillardi jasaw jenil orinlanadi.

Daslepki berilgen Koshi méselesinin juwiq analitikaliq sheshimi

0,00 =3 E=X gy ¥ <x<X (3.17)

kérinisinde izlenedi. Bunda Uu®(x,)=u(x,)=U,u®(x)=u'(x)=f(,U,) boladi. Al

U(i)(Xo),i=2,3,---,p manisleri (1) tenlemeni izbe-iz differenciallawdan alingan,

tomendegi formulalar boyisha aniglanada:
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U(Z) (XO) =Uu "(XO) = fX (XO’UO) + f (XO'UO) fu (XO'UO)’
U@ (%) =u"(%,) = f, (X, Ug) +2F (X, Up) T, (X, Up) +
F2(XgrUg) T (%0 Ug) + Fiy (%o, Ug )L F, (X9, Up) + £ (X, Ug ) T, (%, Ug)], (3.18)

P (%) = Fy (F o For Fa Fuas Fanreen T Foo ) o s

YOXY Tur Txx? Txu! tuuttt

(ogada quramalli bolganhgi ushin F, funkciyasimin aniq korinisi Keltirilmegen).

Usilayinsha jasalgan (17) darejeli qatarlar usili X tin X, ga jaqin manislerinde ham p

nin jetkilikli tlken manislerinde (16) Koshi madselesinin us1 sheshimine jaqin
juwiqlasiwlardr aniqlayd.

Biraqta, (3) darejeli gatarmin jiynaqliliq radiust R di bahalaw adewir qiymn
masele boladi [1,2,4]. Sonhqtan bul jerde toqtamaymiz. Tek gana, egerde

differencialliq tenleme siziglh bolsa: U'=U,(X)+U,(X) ham Uy(X),U,(X) funkcialari X,
baslangish nogatinda uliwmaliq jiynaqliliq radiust R, bolgan, darejeli qatarlarga

jiklenetugin bolsa, onda R =R, dep esaplawga boladi.

Meyli endi ekinshi tartipli adettegi differencial tenlemege qoyilgan Koshi
maselesi berilgen bolsin:

u"(x) = f(x,u,u", (3.19)
(%) =g, U'(%,) =y (3.20)
Bul méseledegi f (x,u,u’) funkciyasi baslangish (X9 Ug, Uy) nogatinda analitikaliq

funkciya dep esaplap, (19),(20) Koshi maselesinin juwiq analitikaliq sheshimin

Teylor qatari tarinde izleymiz:
Z0) _
u(x):Z%(x—xo)' (3.20)
i=0 .

Bunda U,hdm U, baslangish (20) shartinen belgili. Al, (19) differenciallig

tenlemesinen u; = f(XO,UO,U;J) manisi aniqlanadi. Bunnan son differencialliq
tenlemesin X 6zgeriwshisi boyinsha izbe-iz differenciallap hdm tuwindilarinin kelip
shigqan anlatpalarina X=X; manisin qoyip mina natiyjege kelemiz:
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Uy =, (X1 Ugs Up) + f, (Xg1 Ug, Up Uy + T (Xg, Uy, U )Ug
h.t.b. Solay etip, izbe-iz (20) qatarin jasawga boladi. Sonda bul qatarda bazi bir

i=0,1,...,, p manisleri menen jiklenip, (19),(20) Koshi méselesinin

u(x)=u, zp:u(l)(x")(x X,)'

i=0
juwiq analitikaliq sheshimin jaziwga boladi.

Darejeli qatarlar usili differencialliq tenlemelerdin normal sistemasi ushin
qoyilgan
U () = f (XU, U,,..,0.), 1<k < p (3.22)
U (%) =g 1<k < p (3.23)
Koshi méaselesin sheshiw ushinda joqarida keltirilgen tartipte qollaniladi.
Egerde f, (X,u;,U,,..,u;),1<k < p funkciyalar analitikaliq funkciyalar bolsa, onda
sistemanin  u(x) = {ul(x), U, (X), ..o, up(x)} sheshiminin diziwshilerin tomendegi Teylor

qatar1 tarinde izlewge boladi:

0 (x) = 3 Y (I)(XO)(X x) 1<k<p (3.24)

= il
Bul qatarlardin koefficentleri (23) baslangish shartlerin esapga alip, (22)
sistemasinin tenlemelerin izbe-iz differenciallaw arqali tabiliwi mimkin.
Darejeli qatarlar usili, maselen (16) maselesi berilgen jagdayda, f(x,u)
funkciyasinin hdam omn .,/ <P tuwindilarinii ménislerin esaplawdi talap etedi.

Sonligtan wusild1 bir differencialliq tenlemeni har quyli baslangish shartlerde
sheshiwge qolayl boladi.
Bul usildi [x,X] kesindisinde (16) Koshi maselesin sheshiwge qollanganda,

kesindini X;,]=12,..,n noqatlar1 arqali kishi [Xg: % ], [X, %1, [X, 4, X] Kkesindilerine
bolip, Koshi maselesinin sheshimin (17) formulasi menen izlew qolayli boladi.

Oytkeni, bul jagdayda [X;.1,X;] kishi kesindisinde dérejeli qatar usili menen tabilgan
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u(x;) [X;,X;1] kesindisi ushin baslangish juwiqlasiw esabinda qabil etiledi. Bunday

jagdaylarda darejeli qatarlar usilin Koshi maselesin sheshiwdin bir adimli usillarinin

toparina jatqariwga boladi [3,7,8].

4-§. Adettegi sizigh differencial tefilemeler ushin qoyilgan Koshi

maselesin darejeli qatarlar usili menen sheshiw

4.1.Birinshi tartipli adettegi siziqh differncial tenlemesi ushin qoyilgan

Koshi maselesin sheshiw. Normal korinisinde jazilgan birinshi tartipli adettegi
differencial tehlemege qoyilgan Koshi maselesin garaymiz:

u'(x) = p(x)y+a(x) = f(x,u), (4.1)

u(xy) = U, (4.2)

Egerde f(x,u) funkciyas: (X,U,) noqatinda golomorf funkciya bolsa, onda (1),

(2) Koshi maselesi X, nogatinda tek bir golomorf sheshimine iye boladi. Bunday

sheshimi
U(X) =Uy+ D ¢ (X=%,) . [x—X,| <R (4.3)
k=1
korinisinde jaziladi [ 1,2,4].
Egerde berilgen f (x) funkciyasi X, nogatinin bazi bir dogereginde X-X, din

darejeleri boyinsha darejeli qatarga jiklenetugin bolsa, onda bul funkciya X,nogatinda

golomorf funkciya dep atalad:
f(X)=¢p+ D (x=%)|x=%|<R (4.4)
k=1

Bul jagdayda f(x) funkciyasi ‘X—XO‘<R0blast1nda (x-X%) din darejeleri
boyinsha darejeli qatar tirindegi analitikaliq korsetiliwge iye boladi dep ataydi.
Sonda X; noqatinin korsetilgen dogereginde f(x) funkciyasina ham onin darejeli

Qatar tarindegi analitikaliq korsetiliwine mina ush shart qoyiladi: f(x) funkciyasi
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aniglangan , yagniy ol shekli maniske iye boladi, qatar jiynaqli boladi ham onin

qosindist f (x) funkciyast menen saykes keledi.
Uliwmaligt1 jogaltpastan, baslangish (X;,U;) magliwmatlari nolge ten boladi dep
uygariwga boladi (X, =0,U;=0). Oytkeni X-X =¢&,Y-Y,=7 tarlendiriwlerin orinlap

barqulla bul jagdayga keliwge boladi. Sonligtan aldagi waqitlar1 (1),(2) Koshi
maselesinin ornina
u'(x) = p(x)u+q(x), (4.5)
u(0) =0, (4.6)
Koshi maselesin garaymiz. Meyli p(x) ham q(x) funkciyalart x=0 nogatinda

golomorf funkciyalar bolsin:
p(X) =D px  a() =g |x|<R (4.7)
k=0

Teorema. Berilge (5), (6) Koshi maselesi x=0 noqatinda tek bir golomorf

sheshimine iye boladi. Bul sheshimnin analitikaliq korsetiliwi bolgan (3) gatari, p(x)
ham q(x) funkciyalarmin (7) qgatarlar jiynaqgli bolatugin
x|<R (4.8)

oblastinda, jiynaqli boladh.

Dalilleniwi. Berilgen (5) tenlemesi sizigh bolganligtan, ogan qaraganda adewir
ken oblastta aniglangan, majoranta tenlemesin aliwga boladi. Bul (3) sheshiminin (8)
oblastta jiynaqli boliwin tdminleydi (egerde (8) oblastinda X tih barliq méanislerinde
F(x)=0 hdm f(x)=0 tenlemeleri ushin F(x)> f(x) tensizligi orinlansa, onda F(x)=0
tenlemesi f(x)=0 tenlemesi ushin majoranta tenlemesi boladr).

Daslep aniq emes koefficientler usili menen (1), (2) Koshi maselesinin (3)

sheshimi jasaladi. Sonda

G, =B (Pe. ) (4.9)
tenligi kelip shigadi.
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Bunnan son (3) gatarinin jiynaqliligin dalillew ushin Koshidin mina majorantali
maselesinen paydalanamiz:

u'(x)=F(x,0),a(0)=0 (4.10)

Bunda F(x,0)- f(x,u) funkciyasmin bazi bir majorantasi (F(x,a)= f(x,u)). FE(x)

majorantasin jasaw ushin p(x) ham q(x) funkciyalarin olardin uliwmahq ®(x)

majorantast menen almastinw jetkilikli. Bul o(x) funkciyasin témendegishe

aniqlawga boladi:

®(x) = Mx Jx| <R’ (4.11)

R
Bunda M — baz1 bir on san dep esaplanadi.
Haqiyqatinda da, R den kishi bolgan R' of sanin alip, mina tenliklerdi jaziwga

boladi:

Z|pk|R'k =M, Z|qk|R'k =
koo Py

Sonligtan
|pk|< |qk|—
bolad1 ham
i&i (M | S |\/|_X _
o R 1- X 1_7
R' R'

qatarlar1 (7) qatarlar1 ushin majoranta boladi. Sonligtan p(x) ham q(x) funkciyalari
ushin uliwmaliq majoranta esabinda (11) funciyasin aliwga boladi. Bunda
M =max(M,,M,) dep alingan.
Solay etip,

F(x,u) =Dd(X)u+Dd(x) =Dd(X)(u+1)
yamasa

F(x,u) = (u+1), ‘X‘<R'

1_7
R'
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dep aliwga boladi. Sonligtan Koshidin majorant maselesi esabinda mina maseleni

qabil etiwge boladi:

a(x) = (@ +1), T(0)=0

X
RI

Bul maseleni sheship, mina natiyjelerge kelemiz:

a __ M 4 In(U+1):—MR‘In(1—i|)+C
a+l ,_ X R
R
— , X
T(0) =0, C =0, In(T+1) =-MR Inil_ﬁj
X -MR’ X —~MR'
Bunnan U+1:(1——j , U:_1+(1__j
R' R

Usilayinsha aniglangan o(x) sheshimi x=0 noqatinda golomorf funkciya boladi:

o(x)=)cx, [x<R' (4.12)

k=1
Bunnan son (9) tenliginen paydalanip, C >0,‘Ck‘SEk,k =12,....qatnaslarinin
orinlanatugimin korsetiwge boladi. Sonligtan (12) gatar1 (3) gatarinin majorantast
boladi. Usi sebepli (3) qatar1 ‘X‘ <R' oblastinda sozsiz jiynaqli boladi. Biragta R' t1 R

ge galegenshe jaqin etip saylap aliwga boladi. Olay bolsa, (3) qatar1 (5),(6) Koshi
maselesinin barliq (8) oblastindagi sheshimi boladi. Teorema dalillendi.
Si1ziql1 adettegi differencial tenlemelerge qoyilgan Koshi maselelerinin golomorf

sheshimlerin jasaw maselesi p(x) ham q(x) funkciyalarinin analitikaliq gasiyetlerinen

ham analitikali dazilislerinen garezli boladi. Egerde dara jagdayda, bul funkciyalar
kopagzalilar bolsa, onda X, ham U, di erkli saylap alganda (3) qatar1 barliq X lar

ushin jiynagli boladi. Al, p(x) ham q(x) funkciyalar1 kopagzalilardin P(x)/Q(x)

qatnaslar1 bolsa, onda X, esabinda boliminin néli bolmagan galegen sandi aliwga

boladi.
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Baslangish X, ham Y, manislerin saylap aliwga ham (3) qatarinin jiynaqh
boliwina baylanisli siziqli adettegi differencial tenlemelerdin atap otilgen eki
artigshaligi, teoriyalig hdm ameliy jaqtan ulken dhmiyetke iye boladi. Sizighh emes
adettegi differencial tenlemeler bunday qgasiyetlerge iye bolmaydi.

4.2. Ekinshi tartipli adettegi siziqh differencial tenleme ushin qoyilgan
Koshi maselesin sheshiw. Meyli ekinshi tartipli adettegi siziqli differencial

tenlemege qoyilgan Koshi méselesi berilgen bolsin:

u"+ p(x)u'+g(x)u = f(x), (4.13)
U(X;) = Uy, U'(x) =, (4.14)
Sonda bul maseleni X; noqatindagi golomorf sheshimin, yagniy X, noqatinin

baz1 bir dogerginde
u(x):u0+u5(x—x0)+ick(x—x0)", [x=%,| <R (4.15)
k=2

darejeli qatar1 menen korsetiletugin sheshimin tabiw talap etilsin. Joqarida
dalillengen teoremadan: egerde X, noqat1 p,q ham f funkciyalarinin golomorf noqati

bolsa, onda (13), (14) Koshi maselesinin golomorf sheshiminin bolatugini ham onin

birden-bir bolatugin1 kelip shigadi. Bul teoremadan sonday-aq p, q ham f
funkciyalarimin X—X; din darejeleri boyimnsha darejeli gatarlart jiynaqli bolatugin
‘X— XO‘ <R oblastinda (15) qatarimin da jiynaqli bolatugmi kelip shigadi.

Usi jagdaylarga baylanishi, endi tek (15) qatarimin €, koefficientlerin gana tabiw
kerek boladi. Bul maseleni bir neshe usillar menen sheshiwge boladi:

1) Aniq emes koefficientler usilin qollanip €, koefficientlerin aniglaw. Bunin
ushin (15) qatarin agzama-agza differenciallap u' hdm u" lardi tabadi, u,u’,u" lardi
tenlemesine aparip qoyad: ham p,q ham f funkciyalarin X-X; din darejeleri boyinsha
darejeli qatarlarga jikleydi. Sonda kelip shigqan birdeylikte X—X;din birdey darejeleri
aldindag1 koefficientlerin tenep, ¢,(k22) koefficientlerine qarata tehlemeler kelip
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shigadi. Tenlemelerdin bul sistemasi barqulla sheshimge iye boladi hdm onnan
kerekli sandag ¢, (K >2) koefficientlerin bir manisli aniqlawga boladu.

Is jazinde (13), (14) Koshi maselesinin juwiq sheshimi kerekli dallik penen
alinatuginday etip, tek bir neshe C koefficientlerin esaplaw menen gana sheklenedi.

Dara jagdayda, bul méslenin juwiq analitikaliq sheshimin siziglandiriw usili menen

de tabadt:
U(X) = U, +Uy (X = X;)
2) (15) gatarmn ¢, (k>2) koefficientlerin izbe-iz differenciallaw usili menen de
aniqlawga boladi. Bunin ushin (13), (14) Koshi maselesinin golomorf sheshimin

Teylor qatar1 tarinde korsetedi:

000 = Uy (xx) + 3 L0 (4.16)

k!

Bundagi U"(X;) manisi (13) teflemesinen amiqlanadi: ondagi x,u,u’ lardin

ornina baslangish X,,Up, Uy manisleri qoyiladi. Bunnan son (13) tenlemesin
differenciallaymiz:

u"+ p'Xu'+ pXu"+g'xXQu+g(xX)u’= T '(x)

Bundagi x,u,u’,u” lardi XUy, Up,U, sanlart menen almastirp, u"(x,) di tabadi

h.t.b.
4.3.Ekinshi tartipli bir tekli adettegi siziqh differncial tenlemenin sheshimin
darejeli gatar tirinde korsetiw. Meyli ekinshi tartipli bir tekli s1zigh differencialliq

tenlemesi berilsin:

u"+ p(x)u'+q(x)u=0 (4.17)
Bul tenlemenin p(x) ham q(x) koefficientleri X=X, nogqatinin dégereginde golomorf

funkciyalar boladi dep esaplaymiz:

0

p(x)=i D (= %), A0 =Y, (x—%)" (4.18)

k=0
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Tenlemelerdin on jaglarinda jaylasqan qatarlar |[X—X,|<R oblastinda jiynaql bolad:

dep uygaramiz.

Bul shartler orinlanganda joqarida dalillengen teorema tiykarinda (4.1. bolimine

qaran) (17) tehlemenin X=X, dogereginde golomorf ham bul noqatta aldin ala berilge

qalegen U; ham U, ménislerin gabil etetugin, tek bir sheshimi bar boladi. Bunday

sheshim

u(x):u0+u(')(x—x0)+ick(x—x0)", (4.19)

k=2

Korinisine iye boladi hdm (19) nih on jagindagi darejeli qatar ‘X—XO‘< R

oblastinda jiynaqli boladi. Bunda Uy ham Uy - aldin ala berilgen qalegen sanlar.

Ilimiy — texnikaliq maselelerdi sheshkende (17) tenlemesinin koefficientleri ya
kop agzalilar, yamasa kop agzalilardin gatnaslari turinde korsetiletugin jagdaylar
kobrek ushirasadi.

Birinshi jagdayda (17) tenlemenin sheshimi X tinh barliq manislerinde jiynaqh
bolatugin darejeli qatar tarinde korsetiledi. Ekinshi jagdayda tenlemenin sheshimin
aniqlaytugin darejeli qatardin jiynaqliliq radiusi, X=X, noqatinan koefficientlerinin

bolimleri nolge aylanatugin, en jaqin noqatqa shekemgi qashigligtan kishi bolmaydi.

Egerde U, ham U, manisleri aldin ala berilgen bolsa, onda (19) formulasinin
G (k>2) koefficientleri tek bir manisli aniqlanadi. Maselen, bul koefficientlerdi (19)
qatarin (17) tenlemesine aparip qoyip ham tenlemenin shep jagindagr X-—X,din har
quylt darejelerinin aldindagi koefficientlerdi nolge tenep, aniglawga bolada.

Adette,(17) tenlemesinin X=¥%, nogatinda normalangan U;,U, sheshimlerinif

fundamental sistemasin jasaydi:

u, :1+ic§”(x— X,)
2 (4.20)

Uy = X=X+ D62 (X—%,)",
k=2
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Berilgen (17) tenlemesinin (20) formulalar1 menen aniqlangan , s1ziqli baylanissiz U;

ham U, sheshimleri mina baslangish shartlerdi qanaatlandiradi:

U, (%) =1,u;(%,) =0, }

UZ(X0)=0,U'2(XO):]_, (4.21)

Sonday-aq, (17) tenlemenin (20) formulalar1 menen aniglap U;,U, sheshimleri
X=X, noqatimin bazi bir ‘X—XO‘<R dogereginde jiynaqli boladi. Sonligtan (17)
tenlemesinin siziqlt baylanissiz U ham U, sheshimlerinen paydalanip ‘X—XO‘< R,
|u| <40, |u| < +e0 oblastinda omin

u(x) = Au,(x) + Bu,(x) (4.22)

uliwma sheshimin jaziwga boladi.
Solay etip, berilgen (17) tehlemesinin koefficientlerinin golomorf funkciyalar
boliw1 hagqindagi uygariwlar orinlansa, onda bul tenlemenin (19) darejeli qatari
turinde korsetilgen golomorf sheshimin barqulla tabiwga boladi. Buni tomendegi

teoremada tastiyiqlaydi [1,2,4].
Teorema. Egerde (18) qatarlar \X\ <Roblastinda jiynaqli bolsa, onda joqarida

korsetilgen usil menen jasalgan (19) darejeli gatar1 da X tin korsetilgen manislerinde
Jiynaqli boladi hdm ol (17) tenlemesinin sheshimi boladi.

4.4. Darejeli gatarlar usihmin jana varianti. Darejeli qatarlar usili qalegen
tartipli s1zigli ham sizigh emes a.d.t.lardin ken toparin sheshiw ushin qollaniladi.
Sonligtan bul usil 4.d.t.lard1 sheshiwge alip keletugin kép sanli ham har qiyh ilimiy-
texnikaliq maselelerdi sheshiwde ogada ulken ahmiyetke iye boladi.

Biraqgta, bul usildi gqollanganda darejeli gatardin koefficientlerin aniglaw ushin,
ya berilgen tenlemeni izbe-iz kdép martebe differenciallaw arqgali onin sheshimin
Teylor gatar turinde korsetedi, yamasa aniq emes koefficientler usilinan paydalanadi
[2,3,4,6]. Bul eki usilda, berilgen a.d.t.nin sheshimin kerekli dallik penen aniglaw

ushin , kop sanlt ham quramalli esaplawlardi orinlawdi talap etedi.
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Darejeli qatarlar usilin qollangandagi korsetilgen qolaysizliqlardan qutiliw ushin
jumistin bul paragrafinda, onin koefficientleri aldin ala belgili rekurrentli formula
menen esaplanatugin, jana variant bayanlanadi. Bul usil dérejeli qatardi ten kashli
tarlendiriwge tiykarlangan bolip, onin tiykargi manisi qatardin koefficientlerin
tikkeley esaplawga mumkinshilik beretugin formula jasawdan ibarat boladi.

Bul usildin ménisin
u® (%) = f(x,u,u’,...,u®™), (4.23)
U(%) = Up, U (%) = U'gyrs U P (%) = U™, (4.24)
Koshi maselesin sheshiwge qollaniw misalinda tisindiremiz.
Berilgen differencialliq tenlemenin of jag f funkciyast (XU, U'y,...,UP™)
baslangish noqatinin dégereginde 6z argumentlerinin funkciyasi boladi dep
uygariladi [1,2,4]. Bul shart orinlanganda, X, noqatina jetkilikli jagqn X tin

manislerinde, Teylor gatarina jiklenetugin (23), (24) Koshi méselesinin sheshimi bar
boladi [3,6,8].

Berilgen (23), (24) maselesinin juwiq analitikaliq sheshimin
U(X) =Y c (X—=X,)" (4.25)
k=0
Darejeli qatari tarinde izleymiz. Bul qatardin r-darejesin tomendegishe korsetemiz:

ur(x)zick(”(x—xo)k,r=1,2,3,... (4.26)

ko

Qalegen r=p+q ushin u" =u”*% =uPu® birdeyligi orinlanatuginligtan, Koshidin

absolyut jiynaqli darejeli qatarlardin kobeymesinin koefficientleri haqqindagi
formulas1 boyinsha [1,2,4], saykes gatarlardi kobeytip, mina tenliklerge kelemiz:

¢ =" =l +.¢Pe@ 1+ +cPc: p,q=1,2,3,...k=012.. (4.27)

Dara jagdayda, k=1 bolganda (26) qatar1 (25) gatar1 menen dal saykes keledi.

Sonligtan

¥ =c,k=012,.. (4.28)
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tenlikleri orinlanadi. Usi sebepli u" qatarmin galegen puatin dérejesinin cl”

koefficientlerin, daslepki berilgen (25) qatarmin €, koefficienleri arqali, jenil
aniqlawga bolad.
Haqiyqatinda da, (26) formulasinan paydalanip, u',u",.. tuwindilarin mina

qatarlar korinisinde jaziwga boladi:

000 =Y 6a(X=%)5 0700 = 6y (=) o (4.29)
Bunda
Cen = (K+2)C 1 G p = (K+D)(K+2)C,,5, (4.30)

belgilewleri kirgizilgen. Sonligtan u',u",... tuwindilariin darejelerin gatarlar menen

anlatiw jenil ormlanadi:
chﬂ(x X;) Zck (X=%)"ory (4.31)

Egerde (27) formulasindag1 C, koefficientleri saykes C,.;:Cy.,:-- koefficientleri menen
almastirilsa, onda (31) qatarmin koefficientlerin (27) formulasi menen aniglawga
boladi.

Sonda (25),(26),(31) qatarlarin daslepki berilgen (23) differencialliq tenlemesine
aparip qoyip hdm X-X; aymrrmasinin birdey dérejelerinin koefficientlerin tenep,
apiway1 turlendiriwlerdi orinlagannan son, tomendegi tardegi rekurrentli formulaga

1ye bolamiz:
Css = PCs €1y Cprovns s 1), K =01,2,.. (4.32)
Bul jerdegi @ funkciyasi berilgen f(x,u,u',..,u®”) funkciyas: menen toliq aniqlanadi,

al daslepki s koefficientleri (24) baslangish shartlerine saykes tdmendegishe

aniqlanadi:
Ug' up" ouf
Co=Up, G =7,C, =5,y e (4-33)
Korsetilgen usil menen jasalgan (32),(33) rekurrentli formulas1 (25) qatarinin

qalegen sandagi koefficientlerin esaplawga mumkinshilik beredi.
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Solay etip, bayanlangan darejeli qatarlar usili, berilgen s-tartipli 4.d.t.ga

qoyilgan Koshi maselesin sheshiwge baylanish barliq qiyinshiliglardr (25) gatarinin
C, koefficientlerin esaplaw ushin, kopshilik jagdaylarda apiway1 algebraliq duziliske

iye bolgan, (32) rekurrentlik formulasi jasaladi.

Egerde lim(c, /¢.n) shegi bar bolsa, onda (25) qatariin jiynaqliliq radiusin sanlt
usil menen esaplawga boladi. Haqiygatinda da, egerde

R = k=012,.im=123,.. (4.38)
k+m
izbe-izliginin jetkilikli sandagi agzalar esaplansa, yagniy esaplawlar
Cy — Ceim — Cesam — . =const = R(m) (435)
Ck+m Ck+2m Ck+3m

tenlikleri orinlanatugin k nin manislerine shekem orinlansa, onda darejeli qatardin
jiynaqli boliwinin Dalamber belgisi boyimnsha [1,4,8], bul gatardin jiynaqliliq radiusin
kerekli dallik penen tabiwga boladi.

Geypara dara jagdaylarda (25) darejeli qatarimin jiynaqliliq radiusin (32)

rekurrentlik formulasinan da paydalanip aniglawga boladi.
5-§. Darejeli qatardin jiynaghihigin tezletiw usillan

Adettegi differencial tenlemelerdi darejeli qatarlar usili menen sheshkende
tabilgan juwiq analitikaliq sheshiminin jiynaqliliq tezligi tomen ham onifh darejesi
ulken bolip, onnan paydalanip esaplawlardi orinlaw qolaysiz boliwi mumkin.
Bunnan tisqari, alingan sheshimnin gateligin bahalaw qiyin yamasa mumkin
bolmaydi da. Sonligtan bul usil menen tabilgan juwiq analitikaliq sheshimnin
Jiynaqliliq tezligin arttinw hdm jana jiynaqliliq tezligin saglap, onin kesindisinin
(dara qosindisinin) dérejesin tomenletiw zararligi payda boladi. Jumistin bul

paragrafinda bul méselelerdi sheshiwdin geypara usillar keltiriledi.
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5.1.Argumentin almastinnw arqah darejeli qatardin jiynaqhhgin tezletiw

usili. Meyli

f(X)=c, +CX+..+C X" +... (5.1)
darejeli gatar1 ‘X‘<r dongeleginde jiynaqgli bolsin. Sonda X nogat1 dongelektin orayina
qansheli jaqin jaylassa, yagniy ‘X‘/ I gatnasi gansheli kishi bolsa, onda n nin 6siwi

menen qatardin agzalart moduli boyinsha tez kemeyedi ham onin jiynaqliliq tezligi

sonshelli tezrek boladi. Sonliqtan qatardin X argumentin

X=gp(t)=at+at*+.. (5.2)
gatar1 menen almastiradi. Bunday almastinwga mimanday talap qoyiladi: a)
f (x) = f[p(t)] funkciyas1 baz1 bir M <R doéngeleginde jiynaqli bolgan

f(x)= flpt)]=b, +bt+..+0t"+.. (5.3)
darejeli qatarina jiklenedi; b) t noqati M<R Jjiynaqliliq dongeleginin orayina, X
nogatinin ‘X‘<I’ dongeleginin orayma jaqinligina salistirganda, jaqiniraq jaylasiwi

kerek, yagniy

m<m (5.4)
R r '

tensizligi ormlaniwi kerek.
Egerde X argumentin (2) formulasi menen almastirganda (4) tensizligi orinlansa,

onda (3) gatar1 f (x)qosindisina (1) qatarina salistirganda tezrek jiynaqli boladi.
Berilgen (1) qatarinan (3) gatarina otiw GC;,C,...,C,,...koefficientlerinin izbe-
izligin 0y,b,..,b,,... koefficientlerinin izbe-izligine ishmuyeshli matrica jardeminde

siziqh turlendiriwdi orinlaw arqali iske asiriladi.

Haqiyqgatinda da, ¢(t) funkciyast ushin jazilgan (2) gatarin (1) qatarina aparip

qoyganda, ¢"(t)(N=12,...) darejeleri ushin saykes qatarlardi jaziw kerek boladi. Bunu,

darejeli qatarlardi kobeytiw qadelerinen paydalanip, ansat orinlawga boladi. Meyli

kerekli esaplawlar orinlanip, kerekli qatarlar jasalgan bolsin:
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X" = ¢n (t) — z alEﬂ)tk
k=n
Bul gatardi (1) qatarina aparip qoyip ham qosindilardin tartibin 6zgertip, mina
natiyjelerge kelemiz:
0 0 0 0 k 0
f(X)=C,+ ) c,2" =€y + ) ¢, > "t =, + > 7> alc, =by+ > bt

n=1 n=l  k=n k=1 n=1 k=1

Bunday esaplawlar mina sizigh turlendiriwge alip keledi:
b, =C,,

5.5
b =alc, +a%, +..+a%c,,k :1,2,..} (55)

Tuarlendiriwshi matricanii  ushmuyeshli boliw1 €, koefficientlerinen b,

koefficientlerine 6tiwdi ogada jenillestiredi. Bunday qolayliligqa (2) jikleniwinde 4,

saltan agzasi joq boliwina baylanisli erisildi.
5.2.Darejeli qatardm jiynaghhq tezligin arttirnwdin ekinshi usih. Esaplaw

algoritmlerinin gateliklerinin en kishi boliwina erisiwge baylanisli, sanli analizdin
koplegen maselelerin sheshiwge Shebishevtin 1 tardegi T,(X) kop agzalilari ken

qollaniladi [1,2,4]. Bul kép agzalilar [-1,1] kesindisinde nolden en kishi awisiwga iye

boladi. Yagniy olar n-darejeli ham ulken darejeli agzasinin koefficientleri 1 ge ten

bolgan P,(X) kép agzalilarmin arasinda

max|T, (x)] < max|R, (x)

shartin qanaatlandiratugin birden-bir n-darejeli kop agzali boladi. Usi sebepli
funkciyalardin Shebishev kopagzalilar1 boyinsha qatarga jikleniw, olardin darejeli
qatarlarga jikleniwi menen salistirganda, tezrek jiynaql boladi [1,2,4,8]. Sonligtan
bunday ahmiyetli qasiyetine baylanisli, funkciyalardin darejeli qatarlarga jikleniwinin
dara qosindilarin (kesindilerin) Shebishev kop agzalilarinin sizigh birikpeleri menen
almastiradi. Usinin natiyjesinde berilgen funkciyanin manisin, qatardih az sandagi

agzalarimin qosindisinan paydalanip, jogar1 dallik penen esaplaw mimkin boladi.
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Darejeli qatardin jiynaqliliq tezligin arttinwga Shebishevtin [-1,1] kesindisinde
aniqlangan I tardegi kop agzalilarin paydalaniwga baylanish, daslep kopagzalilar
haqqinda qisqasha magliwmatlar keltiremiz:

1) Shebishevtin bunday kopagzalilari
T ,(X)=2xT (X)-T_,(x),n=12,...

n+l

formulas1 menen aniqlanadi (Ty(X) =1T,(X) =X);

2) Shebishev kopagzalilarimin sistemas1 [-1,1] kesindisinde ¢(x) =1/v1-x°
salmaq funkciyas1 menen ortogonal bolads;

3) Bul kopagzalilardin maksimumi +1ge, al minimum -1ge ten boladi, al [-1,1]
kesindisinif ushlarinda T,(-1) = (-1)", T,(+1) =1 manislerin qabillayds;

4) T.(X) kopagzalisin [-1,1] kesindisindegi nolleri (korenleri) mma formula

menen aniqlanadi:

2k -1

7,k=12,3,...,n
2n

X, = COS

Meyli, (1) qatarinin daslepki  n+1 agzalilarimin qosindist (dara qosindisi)

berilgen bolsin:
f(X)=¢, +ex+C,x +...+¢. X", xe[-L]] (5.6)
Egerde (1) qatar1 yamasa onin dara qosindisi [a,b] Kesindisinde berilgen bolsa,

onda

a+b b-a
——t
2 2

s1ziqh ornina qoyiwin orinlap, t e[-1,1] kesindisine barqulla 6tiwge boladi.

Shebishev kdpagzalisindagr X tin en tlken x" darejesin X tin kishi darejeleri ham

%Tn(x) arqali aniglawga boladi:

n_
- 2!’1—1

1 T.(x) (5.7)

2n—l n

X (b, +bx+b,x* +...+b,_ x"") +
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Bul tenliktegi en songi qosiliwshimi taslap ketip, modul boyinsha %den artiq

bolmagan qatelikke jol qoyamiz. Oytkeni, Shebishev kopagzalilarinii manisleri -1
menen +1 din arasinda jatadi.

Solay etip, X oOzgeriwshisinin n-darejesin onimn kishi darejelerinin siziqh
birikpesi turinde juwiq tirde korsetip, payda bolgan gatelikti ansat bahalawga boladi.

Bunnan son, (7) ni (6) ga aparip qoyip, n-darejeli kopagzaliga iye bolamiz. Bul
processti usilayinsha dawam etip, darejesi kishi, biraq jiynaqliliq tezligi jogar1 ham
qatekigi kishi darejeli qatardin kesindisine 1ye bolamiz.

Egerde X tin darejeleri Shebishev kopagzalilart arqali anlatilsa, onda darejeli

qatardin (6) kesindisin Shebishev kopagzalilart menen jiklengen gatardin kesindisi
menen almastiriwga boladi. Bunin ushin X tin darejelerin T,(X) képagzalilari menen
anlatatugin tayar formulalar bar [1,4,6,8]:

X' =1=T, x=T,

X2 = (T, +T,), X = 23T, +T,),
2 4
4 1 5 1
X =§(3T0+4T2+T4), X ZE(10T1+5T3+T5)'

X = 3—12(10T0 +15T, +6T,+T,), X = 6—14(35Tl + 21T, + 7T, +T,),

x® = % (35T, +56T, + 28T, +8T, +T,),

X = 2i56 (126T, + 84T, + 36T, + 9T, +T,), -

X0 = 5—12 (126T, +210T, +120T, + 45T, +10T, +T,,),

Juwmaginda, kopshilik jagdaylarda, funkciyalardi jogar1 darejeli darejeli qatarga
jiklew menen alingan dallikke, olardi kishi darejeli Shebishev kdpagzalilart menen

jiklew arqali erisiwge bolatuginin atap 6temiz.
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6-§. Sanh misallar

Bul paragrafta jumistin — paragraflarinda teoriyaliq tiykarlar1 bayanlangan,
adettegi differencialliq tenlemelerge qoyilgan Koshi maselelerin sheshiwdin darejeli
gatarlar usilimin jana variantin qollanip orinlangan kop sanli esaplaw tajriybelerinin
ayrimlarinin natiyjeleri keltirilgen. Korsetilgen usildin basqa analitikaliq usillar
menen salistirgandag1 6zgesheligi, sizigh emes adettegi differencialliq tenlemelerge
qoyilgan Koshi madselesi ogan ten kushli bolgan birinshi tartipli sizigli bunday
tenlemelerdin sistemasina qoyilgan Koshi maselesi menen almastirilmaydi, al
berilgen maseleni sheshiwge tikkeley qollaniladi. Ekinshi jaginan, islep shigqan
darejeli qatardin jiynaqliliq radiusin sanli usil menen joqar1 dallik penen aniglawga
boladi. Bul jagdaylar, 6z gezeginde, joqan tartipli sizighh emes adettegi differencialll
tenlemelerge qoyilgan Koshi mdselesinin juwiq analitikaliq sheshimin joqar1 dallik
penen aniglawdi tdminleydi [3,5,6,7].

Barliq esaplawlar C++ algoritimlik tilinde programmalar duzilip, kompyuter
jardeminde orinlandi. Dazilgen programmalardin nusqalart pitiriw ganigelik jumisina
qosimshalarda keltirilgen.

1-musal. Témendegi
y'=y3—y2+%ex, y(0)=0,5 xe[-11] (6.1)

Koshi maéselesin alti manili cifrlar menen darejeli gatarlar usilinin jaha variantin
qollanip sheshin.
Sheshiliwi. Berilgen (1) Koshi maselesin darejeli gatarlar usilinin jana variant

menen sheshiw tdmendegi tartipte orinlanada:

1) Déslep (1) tenlemesine y(x):icn(x—xo)", y =ic:k)(x—xo)”, (y) :icgﬂ(x—xo)",
n=0

n=0 n=0

(y"* = iffﬁ?z (x-%)",.. qatarlarm aparip qoyip, X = 0,k=2k=3 bolganda x"nin

n=0

koefficientlerin salistirip mina formulaga kelemiz:

. 3 2
cn+1:Cr(1)_Cr(1)+7nl n:0111211 (6.2)
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Bunda j, berilgen f(x)= %ex funkciyasinin Makloren qatarinin koefficientleri

1 = 1 X X
f(x)==¢"= X=X+ —+—+.), , 1.1
)=5 207 AR TR RSt
Endi (n+1)!=(n+1n! tenliginen paydalanip qollamw ushin qolayli mina

formulaga iye bolamiz.

1 1 1(11) v 1
= e TP P 6.3
71T )] n+1(5 n') i1 o=y =02 (6:3)

2) n=0 bolganda ¢,=y(0)=0,5 bolganhqtan (2) formuladan paydalanip, ¢
koefficientlerin aniglawga, al onnan son esaplawlardi n=1,2,... manisleri ushin dawam

etiwge boladi.

Haqiygatinda da ¢, =(n+1)c,.,,¢,, =(n+)(n+2)c,.,,.. formulalar1 boyinsha noqati joq
¢

— Tnil
n+1 (6.4)

Cn+1
koefficientin anigqlawga boladi. Bul formuladan paydalanip (2) formulasi boyisha
esaplawdi dawam etiwge boladi.

3)c®  ham @ koefficientlerin ¢ =c"™ =¢Uc™ +cc™ 1. +cVc™
(1=1,2,3,..;m=12,3,..;n=0,1,2,3,...) formulasi boymsha esaplawga boladi. Bul
formulada daslep I=m=1 dep, sofinan 1=1,m=2 dep alip, mma tenlemelerdi
jaziwga bolad.
¢ =c,C +CC, +CC ,+..4CC, (6.5)
¥ =c,c? +cc? +c,c? +..+c ¢ (6.6)
4) Solay etip bul usildin esaplaw algoritimi tomendegi izbe-izlikte ormlanadi:
a) (3) formulasi boyinsha J; lerdin manisleri esaplanadi. (Olardin manisleri nolge
ten bolgansha!)
b) Bunnan son (5) ham (6) formulalar1 boyinsha ¢ ham ¢ méanisleri
esaplanadi:  C,=0,5,¢ =¢,-¢,=0,25,c” =¢,-¢? =0,125; 7,=0,2

v) (2) ham (4) formulalar1 boyisha
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¢ =c¥-c?+y,=0,075 ¢, =0,075
g) G din tabilgan manisinen paydalanip korsetilgen esaplawlardi takrarlap,

y(x) = icn (x—x,)" qatarmnin kerekli sandagi koefficientlerin esaplawga boladi.

Barliq esaplawlar ush artiq onliq belgiler menen ormlandi. Esaplawlardin
tiykargi natiyjeleri tomendegi 1-kestede keltirilgen.

1-keste

Berilgen (1) adettegi sizigh emes differencial tenlemege qoyilgan Koshi

maselesin darejeli qatarlar usihmin jana varianti menen sheshiwdin tiykargi

natiyjeleri
2 3 23
n Cn Cn Cn 7/n Cn Rn = Cn /Cn+1
0 0.5 0.25 0.125 0.2 0.075 | 6.666666667
1 0.075000000 | 0.075000000 | 0.056250000 | 0.200000000 | 0.181250000 | 0.827586207
2 0.090625000 | 0.096250000 | 0.076406250 | 0.100000000 | 0.080156250 | 3.391812865
3 0.026718750 | 0.040312500 | 0.040851563 | 0.033333333 | 0.033872396 | 3.155224110
4 0.008468099 | 0.020688802 | 0.026211426 | 0.008333333 | 0.013855957 | 3.055761121
5 0.002771191 | 0.008884180 | 0.013546655 | 0.001666667 | 0.006329142 | 2.627077695
6 0.001054857 | 0.003719270 | 0.006764579 | 0.000277778 | 0.003323087 | 2.222030389
7 0.000474727 | 0.001587748 | 0.003236620 | 0.000039683 | 0.001688555 | 2.249149786
8 0.000211069 | 0.000693265 | 0.001516957 | 0.000004960 | 0.000828652 | 2.292427175
9 0.000092072 | 0.000313079 | 0.000711428 | 0.000000551 | 0.000398900 | 2.308160626
10 0.000039890 | 0.000142870 | 0.000334435 | 0.000000055 | 0.000191620 | 2.289891901
11 0.000017420 | 0.000065257 | 0.000157902 | 0.000000005 | 0.000092650 | 2.256229943
12 0.000007721 | 0.000029803 | 0.000074674 | 0.000000000 | 0.000044872 | 2.236825235
13 0.000003452 | 0.000013630 | 0.000035301 | 0.000000000 | 0.000021671 | 2.229852315
14 0.000001548 | 0.000006253 | 0.000016675 | 0.000000000 | 0.000010422 | 2.227820615
15 0.000000695 | 0.000002876 | 0.000007872 | 0.000000000 | 0.000004996 | 2.225256192
16 0.000000312 | 0.000001325 | 0.000003715 | 0.000000000 | 0.000002390 | 2.220746231
17 0.000000141 | 0.000000611 | 0.000001753 | 0.000000000 | 0.000001142 | 2.215784471
18 0.000000063 | 0.000000282 | 0.000000827 | 0.000000000 | 0.000000545 | 2.211591953
19 0.000000029 | 0.000000130 | 0.000000390 | 0.000000000 | 0.000000260 | 2.208401860
20 0.000000013 | 0.000000060 | 0.000000184 | 0.000000000 | 0.000000124 | 2.205851049
21 0.000000006 | 0.000000028 | 0.000000087 | 0.000000000 | 0.000000059 | 2.203546578
22 0.000000003 | 0.000000013 | 0.000000041 | 0.000000000 | 0.000000028 | 2.201340182

analitikaliq sheshimi

V()= y(9 =2 cx’
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koérinisinde jaziwga boladi. Al, (4.35) formulasi boyinsha, kelip shigqan (7) gatarinin
jiynagliq radiust R~ 2,2 bolganda talap etilgen dallikke galegen ‘X‘Sl ushin
erisiwge boladi. Sonligtan tabilgan (7) qatarinan paydalanip, integralliq iymekliktin
berilgen [-1,1] kesindisindegi galegen sandagi noqatlarin esaplawga boladi.
R~ 2,2 bolganligtan, [-1,1] kesindisinin sirtindagr noqatlardagi da (1) Koshi
maselesinin sheshiminin manislerin korsetilgen dallik penen esaplawga boladi.
2-musal. Ushinshi tartipli adettegi sizigli emes differencialliq tenlemelerge
qoyilgan Koshi maselesin alti onliq belgieler menen darejeli qatarlar usilinin jana

variantin qollanip sheshin:

y"=0,22y'+y° —lshx),
X

(6.8)
y(0)=1y'(0)=1y"(0)=0,5
Sheshiliwi. 1) (8) tenlemege y(x) = Zc (x=%)", ic : ':icnﬂ(x—xo)n,
n=0 n=0
icm ...qatarlarin akelip qoyip, x,=0,k=3 bolganda x" nin alding
koefficientlerin salistirip, mina tenlemege kelemiz:
Cs =0, 2(2Ck+1 +CI£3) - Ik)1 (6.9)

Bunda | berilgen f(x):lshx funkciyasimin  Makloren qatarma jikleniw
X

koefficientleri: f(x)=Lshx=txs XX X, )
X DA TIFTRET

Bul jagdayda

= 1 |
i+

an=0i=012,.. (6.10)

boladi. Apiwayilastiiw magsetinde ¢,,, =(n+1)c,.,,¢., =(N+1)(n+2)c,,,,... formulalarinan
paydalanip, (9) dag1 €., koefficientin almastirip, mma formulaga kelemiz:
Cors = (k+1)(k+2)(k +3)c, .,

Biraqta baslangish shartler boymsha ¢, =1, =1,¢,=1/4=0,25 ekenligin esapqa alip, (9)

formulasi tiykarinda mina formulani jaziwga boladi:
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c .= 2Ck+l +C|E3) — Ik .
2Bk +1)(k+2)(k +3)

¢,=¢=1c,=0,25n=0123.. (6.11)

Bundag: €,.; koefficientleri (2) formulasi menen, al ¢ koefficientleri (5), (6)

formulalar1 menen esaplanadi.
Esaplawlardin tiykargi natiyjeleri tbmedegi 2- kestege jaylastirilgan.
2-keste
Berilgen ushinshi tartipli adettegi siziqhi emes differencialliq tenlemelerge

qoyilgan (8) Koshi maselesin darejeli qatarlar usihmin jana varianti menen

sheshiwdin tiykargi natiyjeleri

" Cn C§ Cr?: Cn 7/n Rn = Cn /Cn+l
0 1 1 1 1 1 1
1 1 2 3 1 0 4
2 0.25 1.5 3.75 | 0.500000000 | 0.166666667 | 3.750000000
3 0.066666667 | 0.633333333 | 2.700000000 | 0.200000000 | 0.000000000 | 2.000000000
4 0.033333333 | 0.262500000 | 1.437500000 | 0.133333333 | 0.008333333 | 2.510460251
5 0.013277778 | 0.126555556 | 0.727333333 | 0.066388889 | 0.000000000 | 2.685393258
6 0.004944444 | 0.057555556 | 0.373458333 | 0.029666667 | 0.000198413 | 3.323848479
7 0.001487566 | 0.023947354 | 0.183046032 | 0.010412963 | 0.000000000 | 3.176836158
8 0.000468254 | 0.009265344 | 0.084057937 | 0.003746032 | 0.000002756 | 2.994271452
9 0.000156383 | 0.003537502 | 0.036786379 | 0.001407449 | 0.000000000 | 2.954683577
10 0.000052927 | 0.001357019 | 0.015714359 | 0.000529272 | 0.000000025 | 3.015881670
11 0.000017550 | 0.000512053 | 0.006604365 | 0.000193045 | 0.000000000 | 3.060562998
12 0.000005734 | 0.000189050 | 0.002718026 | 0.000068809 | 0.000000000 | 3.055720936
13 0.000001877 | 0.000068624 | 0.001094618 | 0.000024395 | 0.000000000 | 3.039380138
14 0.000000617 | 0.000024719 | 0.000433103 | 0.000008644 | 0.000000000 | 3.045912959
15 0.000000203 | 0.000008858 | 0.000169100 | 0.000003040 | 0.000000000 | 3.062590168
16 0.000000066 | 0.000003153 | 0.000065280 | 0.000001059 | 0.000000000 | 3.074272086
17 0.000000022 | 0.000001114 | 0.000024928 | 0.000000366 | 0.000000000 | 3.078068246
18 0.000000007 | 0.000000391 | 0.000009422 | 0.000000126 | 0.000000000 | 3.080053830
19 0.000000002 | 0.000000137 | 0.000003529 | 0.000000043 | 0.000000000 | 3.084336732
20 0.000000001 | 0.000000048 | 0.000001312 | 0.000000015 | 0.000000000 | 3.089513932
21 0.000000000 | 0.000000016 | 0.000000484 | 0.000000005 | 0.000000000 | 3.093598372
22 0.000000000 | 0.000000006 | 0.000000177 | 0.000000002 | 0.000000000 | 3.096370803
23 0.000000000 | 0.000000002 | 0.000000065 | 0.000000001 | 0.000000000 | 3.098746749

Esaplawlar Gsh artiq manili cifrlar menen ormlanilip, alingan tiykargi natiyjeleri
2-kestede keltirilgen. Bul jagdayda berilgen (8) Koshi maselesinif juwiq analitikaliq

sheshimi esabinda
22
y(x) = y(x) =D ¢, x" (6.12)
n=0
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qatar1 qabil etilgen. Kestede keltirilgen magliwmatlar boyinsha bul qatardin

jiynaqliliq radiust R~3,0 dep aliwga boladi. Solay etip n=22bolganda, bul jagdayda
da, berilgen dallikke barliq ‘X‘Sl ushin erisiwge boladi. Joqaridagr 1-musal
jagdayindagr siyaqlt x e[-1,1] kesindisinin sirtinda da (12) qatar1 jiynaqli bolip, (8)
tenlemenin integraliq iymekliginin kép sanli noqatlarin [-3,3] Kesindisinde de

esaplawga boladi.
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Juwmaglaw

Koplegen differencialliq tenlemelerinin sheshimleri apiwayi funkciyalar menen
anlatilmaydi. Bunday jagdaylarda differencialliq tenlemelerdi integrallawdin juwiq
usillarinan paydalanadi. Juwiq analitikaliq usillardin biri differencialliq tenlemenin
sheshimin darejeli qatar tarinde korsetiw usili boladi [3,6,7,8]. Bul qatardin shekli
sandag1 agzalarinin qosindist differencialliq tenlemenin juwiq analitikaliq sheshimi
boladi. Differencialliq tenlemenin juwiq analitikaliq sheshimin aniglaytugin funcionalliq
qatar aniq emes koefficienler yamasa Teylor hdm Makloren qatarlarin qollamiwga
tiykarlangan usil menen jasaladi. Song1 usil berilgen differencialliq tenlemeni izbe-iz
differenciallaw arqali iske asiriladi. Usinin natiyjeleri boyinsha Teylor (Makloren)
qatarndagi belgisiz funkciyanin manisleri izbe-iz aniqlanadi. Bul 6z gezeginde berilgen
differencialliq tenlemenin sheshimine sdykes keletugin dérejeli qatardin koefficientlerin
aniqlawga mumkinshilik beredi.

Biraqta korsetilgen usillardi qollanip, differencialliq tenlemenif juwiq analitikaliq
sheshimin aniqlaytugin darejeli qatarlardi jasaw adewir qiyinshiliglarga keledi. Sonligtan
bul usillardi qollanip, berilgen differencialliq tenlemenin juwiq analitikaliq sheshimin
jogar dallik penen aniglaw tlken kélemdegi esaplaw jumislardi ormnlawdi talap etedi.
Ekinshi jagtan, bul usillardi qollanganda kelip shiqqan dérejeli gatarlardin jiynaqliliq
radiusin aniglaw uliwma jagdayda sheshilmegen mésele boladi [1,2,4,6,7].

Korsetilgen jagdaylarga baylanishi berilgen differencialli tenlemenin sheshimin
juwiqlastirnwshi dérejeli qatardi jasawdin qollaniw ushin qolayli hdm joqari natiyjeli
usilin jasaw zarurligi payda boldi. Songi eki jil dawaminda bul méseleni sheshiw Gstinde
ilimiy-izertlew jumislart ormlanip, onin tiykargi natiyjeleri boymnsha bir ilimiy maqala
jariyaland1 [5]. Bul jumista dérejeli qatardin koefficientlerin aniglaw ushin rekkurentli
esaplaw formulas1 jaratildt hdm onin jiynaqlihiq radiusin sanli usil menen aniglaw
mumkinshiligi koérsetildi. Sonday-aq, darejeli qatarimin bul jana varianti, 6zgermeli
koefticientli joqar tartipli s1ziqli ham s1zigl emes differencialliq tenlemelerge qoyilgan
baslangish shartli hdm shegaraliq maselelerdi juwiq analitikaliq sheshimlerin jogari
dallik penen aniqlawga mimkinshilik beretuginin ayrigsha atap 6temiz.

Endi jumistin tiykargi natiyjelerin qisqasha keltiremiz.
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1. Differencialliq tenlemelerge qoyilgan Koshi madselesin sheshiwdin juwiq
analitikaliq usillarin qisqasha sholiw jasalip, olardin arasinda kép qollanilatugin izbe-iz
juwiglasiw usillarmin tiykargi rejeleri, jiynaqliliq shartleri ham gateligin bahalaw
maseleleri bayanlanip, bul usildin 4.d.t.ga qoyilgan Koshi maslesinin sheshiminin bar
boliw1 ham onin birden-birligin délillew, kop adimli ayirmalar usillarinda kestenin basin
jasaw ushin qollanilatuginligini atap otiledi.

2. Joqgan tartipli differecialliq tenlemelerge qoyilgan Koshi maselesin sheshiw
misalinda darejeli qatarlar usilimin klassikaliq variantlarimin teoroyaliq tiykarlari
bayanlanadi, olardin birinshi hdm ekinshi tartipli 4.d.tlar ushin qoyilgan Koshi
maselelerin sheshiwge arnalgan dara jagdaylarinin esaplaw algoritimleri keltirilip,
olardan natiyjeli paydalaniw boyinsha saykes usiislar beriledi. Birinshi tartipli
a.d.t.lardin normal sistemas1 ushin qoyilgan Koshi méselesin sheshiwge darejeli qatarlar
usilinin klassikaliq varianti qollaniladi.

3. Birinshi tartipli siziglt a.d.t.ga qoyilgan Koshi maselesin sheshiwge darejeli
qatarlar usili qollaniladi. Bul maéselenin tek bir golomorf sheshimge iye ham onin
Jiynaqli boliwinin shartleri korsetilgen teorema dalillenedi. Egerde birinshi tartipli s1ziql
a.d.tnin koefficientleri dara jagdayda algebraliq kopagzalilar yamasa bunday
kopagzalilardin qatnasi korinisine iye bolsa, onda bunday tenlemelerge qoyilgan Koshi
maselesinin barqulla birden-bir golomorf sheshimge iye bolatugini korsetiledi.

4. Ekinshi tartipli sizigh a.d.t.ga qoyilgan Koshi maselesinin birden-bir golomorf
sheshimge iye boliwinin shartleri keltiriledi. Golomorf sheshimnin koefficientlerin
aniglaw ushin aniq emes koefficientler ham berilgen tenlemeni izbe-iz differenciallaw
usillarin qollaniw maseleleri talqinlandi.

5. Ekinshi tartipli bir tekli s1ziqlt 4.d.t.larga qoyilgan Koshi maselesinifi baslangish
X = x, hoqatinin doégereginde golomorf sheshimge iye boliwiin shéartleri korsetiledi.
Egerde berilgen tenlemenin koefficientleri algebraliq kop agzalilar yamasa bunday
kopagzalilardin qatnasi bolsa, onda bunday tenlemelerge qoyilgan Koshi maselesi
barqulla darejeli qatarlar korinisindegi tek bir golomorf sheshimge iye bolatugini

haqqinda teorema keltiriledi.
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6. Darejeli qatarlar usilimin klassikaliq usillarman 6zgeshe jana variantinin
teoriyaliq tiykarlar1 bayanlanadi. Jogar1 tartipli a.d.t.larga qoyilgan Koshi maselesin
sheshiw misalinda bul usildin esaplaw algoritimi jasaladi. Bul usilda darejeli gatardin
galegen sandagi agzalarin esaplawga muUmkinshilik beretugin rekurrentli formula
jasaladi. Darejeli qatardin jiynaqliliq radiusin sanli usil menen aniglaw mumkinshiligi
koérsetiledi.

7. Darejeli qatardin jiynaqliliq tezligi tdmen bolgan jagdaylarda, oni tezletiw
zarurligi kelip shigadi. Usigan baylanisli bul maseleni sheshiwdin eki usili keltiriledi:
qatardin argumentlerin  almastirintw  ham  Shebishevtin  klassikaliq  ortogonal
képagzalilarinan paydalanip, bul méseleni qalay sheshiwge bolatugini korsetiledi. Bul
usillardi qollanip, dérejeli qatardin az sandagi agzalarmin qosindisinan paydalanip,
a.d.t.larga qoyilgan Koshi maéslesinin sheshimin joqar1 dallik penen aniglaw mumkin
boladx.

8. Kompyuterden paydalanip orinlangan koép sanli esaplaw t4jriybelerinin
natiyjeleri bir neshe kestelerge jaylastirilip keltirilgen. Darejeli qatarlar usilinin jana
variant birinshi ham tshinshi tartipli s1ziqli emes 4.d.t.larga qoyilgan Koshi maselelerin
sheshiwge qollaniladi, qatarlardin dara qosindisi1 korinisinde kelip shigqan juwiq
analitikaliq sheshimlerinin jiynaqliliq radiusi sanli usil menen aniglanad.

Juwmagqlap aytqanda, pitkeriw ganiygelik jumisinda darejeli qatarlar usilin, sizigh
ham sizigh emes differencialliq tenlemelerge qoyilgan Koshi maselelerin sheshiwge
qollaniwga baylanisli maseleler bayanlanadi. Ayrigsha atap otetugin jana natiyje —bul
usildin esaplaw magsetleri ushin qolayli hdm joqari natiyjeli jana variantinin jasaliwi
boldi. Keleshekte aldimizga qoyilgan basli maseleler —bul songi usildi 4.d.t.lar ushin
qgoyilgan shegaraliq ham menshikli manisler maselelerin sheshiwge uliwmalastiriw

boymsha ilimiy-izertlew jumislarin orinlaw maseleleri boladi.
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Qosimshalar

(Jeke kompyuter ushin C++ tilinde duzilgen programmalar ham
olardin iske asiriliwinan alingan sanl natiyjelerdin basip

shigarilgan nusqalar)
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1-maselenin C++ tilinde jazilgan programmasi:

#include<iostream>
#include<cmath>
#include<iomanip>
using namespace std;
int n=0;
double R[1000];
double a[1000];
double a 2[1000];
double a 3[1000];
double e = 0.0001;
double d[1000];
double b[1000];
double gamma[1000];
double delta = 0;
double kvadrat(int n)
{
double kv = 0;
for (int i=0; i<=n; i++)
kv += a[n-i]l*a[i];
return kv;

}
double kup(int n)

{
double kv = 0;
for (int i=0; i<=n; i++)
kv += a[n-i]l*a 2[i];
return kv;

}

double shtrix(int n)
{

return a 3[n] - a 2[n] + gamma[n];
}
int main|()
{

a[n] = 0.5;

a 2[n] = kvadrat(n);

a_3[n] = kup(n);

gamma[n] = 0.2;

d[n] = shtrix(n);

b[n] = d[n]/(n+1);

R[n] = a[n]/b[n];

cout<<setfill (' ')<<setw(6)<<n<"
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cout<<setfill ('

')<<setw(1l0)<<a[n]<<setprecision(9) ;

cout<<setfill ('

')<<setw (10)<<kvadrat (n)<<setprecision(9) ;

cout<<setfill ('

')<<setw (10)<<kup (n)<<setprecision(9) ;

cout<<setfill ('

')<<setw (10)<<gamma[n]<<setprecision (9) ;

cout<<setfill ('

')<<setw (10)<<d[n]<<setprecision(9) ;

cout<<setfill ('

')<<setw (10)<<R[n]<<setprecision (9)<<endl;

int KK=10;
do
{
n++;
a[n] = b[n-1];
a 2[n] = kvadrat(n);
a_3[n] = kup(n);

gamma[n] = gamma[n-1]/n;

d[n] = shtrix(n);
b[n] = d[n]/(n+l);
R[n] = a[n]/b[n];

delta = fabs(R[n-1]-R[n]);
cout<<setfill (' ')<<setw(6)<<n<<"°";

cout<<setfill ('

')<<setw (KK)<<setiosflags (ios::fixed|ios::

]<<setprecision (9)<<"°";
cout<<setfill ('

')<<setw (KK)<<setiosflags (ios:
drat (n)<<setprecision (9)<<"°";

cout<<setfill ('

') <<setw (KK)<<setiosflags(ios:

(n)<<setprecision (9)<<"°";
cout<<setfill ('

') <<setw (KK)<<setiosflags(ios:

ma[n]<<setprecision (9)<<"°";
cout<<setfill ('

') <<setw (KK)<<setiosflags(ios:

]<<setprecision (9)<<"°";
cout<<setfill ('

') <<setw (KK)<<setiosflags(ios:

]<<setprecision (9)<<endl;
}
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fixed|ios:

:fixed|ios:

:fixed|ios:

:fixed|ios:

:fixed|ios:

showpoint)<<a[n

:showpoint)<<kva

:showpoint) <<kup

:showpoint) <<gam

:showpoint)<<d[n

:showpoint)<<R[n



while (delta>e) ;}

Programmanin natiyjesi:

: Cn Cr? Cr? yn Cr? Rn = Cn /Cn+1
0 0.5 0.25 0.125 0.2 0.075 | 6.666666667
1 0.075000000 | 0.075000000 | 0.056250000 | 0.200000000 | 0.181250000 | 0.827586207
2 0.090625000 | 0.096250000 | 0.076406250 | 0.100000000 | 0.080156250 | 3.391812865
3 0.026718750 | 0.040312500 | 0.040851563 | 0.033333333 | 0.033872396 | 3.155224110
4 0.008468099 | 0.020688802 | 0.026211426 | 0.008333333 | 0.013855957 | 3.055761121
5 0.002771191 | 0.008884180 | 0.013546655 | 0.001666667 | 0.006329142 | 2.627077695
6 0.001054857 | 0.003719270 | 0.006764579 | 0.000277778 | 0.003323087 | 2.222030389
7 0.000474727 | 0.001587748 | 0.003236620 | 0.000039683 | 0.001688555 | 2.249149786
8 0.000211069 | 0.000693265 | 0.001516957 | 0.000004960 | 0.000828652 | 2.292427175
9 0.000092072 | 0.000313079 | 0.000711428 | 0.000000551 | 0.000398900 | 2.308160626
10 0.000039890 | 0.000142870 | 0.000334435 | 0.000000055 | 0.000191620 | 2.289891901
11 0.000017420 | 0.000065257 | 0.000157902 | 0.000000005 | 0.000092650 | 2.256229943
12 0.000007721 | 0.000029803 | 0.000074674 | 0.000000000 | 0.000044872 | 2.236825235
13 0.000003452 | 0.000013630 | 0.000035301 | 0.000000000 | 0.000021671 | 2.229852315
14 0.000001548 | 0.000006253 | 0.000016675 | 0.000000000 | 0.000010422 | 2.227820615
15 0.000000695 | 0.000002876 | 0.000007872 | 0.000000000 | 0.000004996 | 2.225256192
16 0.000000312 | 0.000001325 | 0.000003715 | 0.000000000 | 0.000002390 | 2.220746231
17 0.000000141 | 0.000000611 | 0.000001753 | 0.000000000 | 0.000001142 | 2.215784471
18 0.000000063 | 0.000000282 | 0.000000827 | 0.000000000 | 0.000000545 | 2.211591953
19 0.000000029 | 0.000000130 | 0.000000390 | 0.000000000 | 0.000000260 | 2.208401860
20 0.000000013 | 0.000000060 | 0.000000184 | 0.000000000 | 0.000000124 | 2.205851049
21 0.000000006 | 0.000000028 | 0.000000087 | 0.000000000 | 0.000000059 | 2.203546578
22 0.000000003 | 0.000000013 | 0.000000041 | 0.000000000 | 0.000000028 | 2.201340182

48




2-maselenin C++ tilinde jazilgan programmasi:
#include<iostream>
#include<cmath>
#include<iomanip>
using namespace std;

int n=0;

double
double
double
double
double
double
double
double
double
double
double

R[1000];
a[1000];

a 2[1000];

a 3[1000];

e = 0.0001;
d[1000];
b[1000];
gamma[1000] ;
delta = 0;
N[1000];
kvadrat (int n)

{
double kv = 0;

for (int i=0; i<=n; i++)
kv += a[n-i]*a[i];
return kv;

}
double kup (int n)

{
double kv = 0;
for (int i=0; i<=n; i++)
kv += a[n-i]l*a 2[i];
return kv;

}
double shtrix(int n)

{
return a[n]*n;
}
double faktarial (int n)
{
double p=1;
for (int i=1;
p*=i;
return p;

i<=n; i++)

}
double getGamma (int n)

{
if (n%2==0)
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return 1.0/faktarial (n+l) ;
else
return O;
}
int main()
{
aln] = 1; //n=0
a 2[n] = kvadrat(n);
a 3[n] = kup(n);
gamma[n] = getGamma (n) ;
N[n] = (n+l)* (n+2) * (n+3) ;
d[n] = 1;
b[n] = 1;
R[n] = a[n]/b[n];
cout<<setfill (' ')<<setw(4)<<n;
cout<<setfill ('
')<<setw(1l0)<<a[n]<<setprecision(9) ;
cout<<setfill ('
')<<setw (10)<<kvadrat (n)<<setprecision(9) ;
cout<<setfill ('
')<<setw (10)<<kup (n)<<setprecision(9) ;
cout<<setfill ('
')<<setw (10)<<d[n]<<setprecision(9) ;
cout<<setfill ('
')<<setw (10)<<gamma[n]<<setprecision(9) ;
// cout<<setfill ('
') <<setw (15)<<N[n]<<setprecision (6) ;
cout<<setfill ('
') <<setw (10)<<R[n]<<setprecision (9)<<endl;
n++; //n=1
a[n] = b[n-1];
a 2[n] = kvadrat(n);
a 3[n] = kup(n);
gamma[n] = getGamma (n) ;
N[n] = (n+l)* (n+2) * (n+3) ;
d[n] = shtrix(n);
b[n] 0.25;
R[n] = a[n]/b[n];
cout<<setfill (' ')<<setw(4)<<n;
cout<<setfill ('
')<<setw(1l0)<<a[n]<<setprecision(9) ;
cout<<setfill ('
')<<setw (10)<<kvadrat (n)<<setprecision (9) ;
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cout<<setfill ('

')<<setw (10)<<kup (n)<<setprecision(9) ;

cout<<setfill ('

')<<setw (10)<<d[n]<<setprecision(9) ;

cout<<setfill ('

')<<setw (10)<<gamma[n]<<setprecision (9) ;

//cout<<setfill ('

')<<setw (15)<<N[n]<<setprecision(6) ;

cout<<setfill ('

')<<setw (10)<<R[n]<<setprecision (9)<<endl;

int KK=10;
do
{
n++;
a[n] = b[n-1];

a 2[n] = kvadrat(n);

a_3[n] = kup(n);

gamma[n] = getGamma (n) ;
N[n] = (n+l)* (n+2) * (n+3) ;

d[n] = shtrix(n);

b[n] = (2.0*d[n-1]+a_3[n-2]-gamma[n-

2])/(5.0*N[n-2]) ;
R[n] = a[n]/b[n];

cout<<setfill (' ')<<setw(6)<<n<"°";

cout<<setfill ('

')<<setw (KK)<<setiosflags (ios::fixed|ios: :showpoint)<<al[n

]<<setprecision (9)<<"°";
cout<<setfill ('

')<<setw (KK)<<setiosflags (ios:
drat (n)<<setprecision (9)<<"°";

cout<<setfill ('

') <<setw (KK)<<setiosflags(ios:

(n)<<setprecision(9)<<"°";
cout<<setfill ('

') <<setw (KK)<<setiosflags(ios:

]<<setprecision (9)<<"°";
cout<<setfill ('

') <<setw (KK)<<setiosflags(ios:

ma[n]<<setprecision (9)<<"°";
// cout<<setfill ('

') <<setw (KK)<<setiosflags(ios:

]<<setprecision (10)<<"°";
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fixed|ios:

:fixed|ios:

:fixed|ios:

:fixed|ios:

:fixed|ios:

:showpoint)<<kva

:showpoint) <<kup

:showpoint)<<d[n

:showpoint) <<gam

:showpoint)<<N[n



cout<<setfill ('
')<<setw (KK)<<setiosflags (ios::fixed|ios: :showpoint)<<R[n
]<<setprecision (9)<<endl<<"°";

delta =

}

while (delta>e) ;}

Programmanin natiyjesi:

fabs (R[n-1]1-R[n]) ;

N Cn Cr? Cr? Cn 7n Rn = Cn /Cn+1
0 1 1 1 1 1 1
1 1 2 3 1 0 4
2 0.25 1.5 3.75 | 0.500000000 | 0.166666667 | 3.750000000
3 0.066666667 | 0.633333333 | 2.700000000 | 0.200000000 | 0.000000000 | 2.000000000
4 0.033333333 | 0.262500000 | 1.437500000 | 0.133333333 | 0.008333333 | 2.510460251
5 0.013277778 | 0.126555556 | 0.727333333 | 0.066388889 | 0.000000000 | 2.685393258
6 0.004944444 | 0.057555556 | 0.373458333 | 0.029666667 | 0.000198413 | 3.323848479
7 0.001487566 | 0.023947354 | 0.183046032 | 0.010412963 | 0.000000000 | 3.176836158
8 0.000468254 | 0.009265344 | 0.084057937 | 0.003746032 | 0.000002756 | 2.994271452
9 0.000156383 | 0.003537502 | 0.036786379 | 0.001407449 | 0.000000000 | 2.954683577
10 0.000052927 | 0.001357019 | 0.015714359 | 0.000529272 | 0.000000025 | 3.015881670
11 0.000017550 | 0.000512053 | 0.006604365 | 0.000193045 | 0.000000000 | 3.060562998
12 0.000005734 | 0.000189050 | 0.002718026 | 0.000068809 | 0.000000000 | 3.055720936
13 0.000001877 | 0.000068624 | 0.001094618 | 0.000024395 | 0.000000000 | 3.039380138
14 0.000000617 | 0.000024719 | 0.000433103 | 0.000008644 | 0.000000000 | 3.045912959
15 0.000000203 | 0.000008858 | 0.000169100 | 0.000003040 | 0.000000000 | 3.062590168
16 0.000000066 | 0.000003153 | 0.000065280 | 0.000001059 | 0.000000000 | 3.074272086
17 0.000000022 | 0.000001114 | 0.000024928 | 0.000000366 | 0.000000000 | 3.078068246
18 0.000000007 | 0.000000391 | 0.000009422 | 0.000000126 | 0.000000000 | 3.080053830
19 0.000000002 | 0.000000137 | 0.000003529 | 0.000000043 | 0.000000000 | 3.084336732
20 0.000000001 | 0.000000048 | 0.000001312 | 0.000000015 | 0.000000000 | 3.089513932
21 0.000000000 | 0.000000016 | 0.000000484 | 0.000000005 | 0.000000000 | 3.093598372
22 0.000000000 | 0.000000006 | 0.000000177 | 0.000000002 | 0.000000000 | 3.096370803
23 0.000000000 | 0.000000002 | 0.000000065 | 0.000000001 | 0.000000000 | 3.098746749
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