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1 Introduction

One of fundamental problems is to describe the extreme Gibbs measures
corresponding to a given Hamiltonian. Each Gibbs measure is associated with
a single phase of a physical system. Existence of two or more Gibbs measures
means that phase transitions exist.

As is known, the phase diagram of Gibbs measures for a Hamiltonian is close
to the phase diagram of isolated (stable) ground states of this Hamiltonian. At low
temperatures, a periodic ground state corresponds to a periodic Gibbs measure.
Therefore the problem of description of periodic ground states naturally arises
(see [1], [3][S]-[8].

In [5] and [6], [8] for the Ising model with competing interactions, periodic and
weakly periodic ground states were described.

In [7] for the Potts model with competing interactions on the Cayley tree
of order k with k > 2, periodic and weakly periodic ground states for normal
subgroups of index 4 were studied.

In [3] for the A-model on the Cayley tree of order two, periodic and weakly
periodic ground states were studied.

In this paper we shall study translation-invariant and periodic ground states
for the Ising model with external fields.

2 Main definitions and known facts

Let rk —(V, L) be a Cayley tree of order fc i.e, an infinite tree such that exactly
A+ 1 edges are incident to each vertex. Here V is the set of vertices and L is the
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set of edges of rk.

Let Gk denote the free product of k + 1 cyclic groups {e, a*} of order 2 wit!
generators ai, ar,..., I, .e., let af = e (see [4]).

There exists a one-to-one correspondence between the set V of vertices of th
Cayley tree of order k and the group Gk, see [1], [2].

We show how to construct this correspondence. We choose an arbitrary verte:
xq € Vand associate it with the identity element e of the group Gk- Since we ma;
assume that the graph under consideration is planar, we associate each neighbo
of xq (i.e., ) with a single generator ai>i = 1,2,...,& + 1, where the orde
corresponds to the positive direction, see Figure L

Puc. 1. The Cayley tree r2 and elements of the group representation of
vertices

For every neighbor of a*, we introduce words of the form o”aj . Since one
of the neighbors of ai is e, we put a*a* = e. The remaining neighbors of at are
labeled according to the above order. For every neighbor of aia® , we introduce
words of length 3 in a similar way. Since one of the neighbors of caaj is a*, we put
didjaj = ai. The remaining neighbors of aiaj are labeled by words of the form
aiajai, where i,j,1 —1,2,..., k-f 1, according to the above procedure. This agrees
with the previous stage because aiajaj —cua% = ai. Continuing this process, we
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obtain a one-to-one correspondence between the vertex set of the Cayley tree rk
and the group Gk-

The representation constructed above is said to be right because, for all
adjacent vertices x and y and the corresponding elements <, h £ Gk, we have either
g = hai or h = gaj for suitable i and j. The definition of the left representation
is similar.

For the group Gk (or the corresponding Cayley tree), we consider the left
(right) shifts. For g e Gk, we put

Tg(h) = gh (Tg(h) = hg) for all h € Gk
The group of ail left (right) shifts on Gk is isomorphic to the group Gk.
Each transformation S on the group Gk induces a transformation S on the

vertex set V of the Cayley tree rk. In the sequel, we identify V with Gk>
The following assertion is quite obvious (see [1], [2]),

Theorem 2.1. The group of left (right) shifts on the right (left) representation
of the Cayley tree is the group of translations.

For each x £ Gk, let Si(x) denote the set of all neighbors of x, i.e., Si(x) —
{y 6 Gk : (x,y)}, where (x,y) means that the vertex x and y are nearest neighbor.

Assume that spin takes its values in the set ® = {—1,1}. By a configuration
aon V we mean a function a:x GV —»a(x) E ®. The set of all configurations
coincides with the set I = dy,

Consider the quotient group GkK\G*k = {#bv ...,AT}, where Gk is a normal
subgroup of index r with r > 1,

Definition 2.2. A configuration a(x) is said to be Gk—periodic if a(x) = &uofor
all x G Gk with x E Hi. A Gk—periodic configuration is said to be translation
invariant,

By period of a periodic configuration we mean the index of the corresponding
normal subgroup.
Ising model with an external field is given by Hamiltonian:

H& =J H °(x)°(y)+Y, aMx), (2.1)

(x,y)eL X<EV

where J, ax £ IR ax is an external field and ae O.

3 Model with a external field
Let M be the set of all unit balls with vertices in V, i.e.

M —{{"} UA(X) :\& € V}.
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By the restricted configuration ob we mean the restriction of a configuration
a to a ball b G M. Let cb denote the center of a unit ball b. The energy of a
configuration cb on b is defined by the formula

U(crb)="J 72 + aQw(ch). (3.1)
X,y €b

Note that U(ab) has finitely many values for arbitrary configuration <. Denote
by Cm the minimal value of the function U(ob)-

Definition 3.1. A configuration (pis called a ground state for the Hamiltonian
(2-i), if

Ui}pb) — Umin
for any the A and be M.

Ising model with a translation-invariant external field, i.e. ax = a, K E V, is
defined by the following Hamiltonian:

H{a) =J * cr(x)er(y) + a cr(x), (3.2)
{xy)elL X£V

where J,a GR, and < £ 2
The energy of a configuration ab on b is defined by the formula
Usb) =3 22 c{X)cr(y) + aa(cb). (3.3)
By

It is not difficult to prove the following lemma.

Lemma 3.2. For each configuration we have the following
U(ab) € {E/_,(*._(-1),.... U-to, C/+,0, = U+ (k+1)}>
twere Ci,r=x(a+ r—4M)J),* =0, K+ 1-

Definition 3.3. A configuration (pis called a ground state for the Hamiltonian
(3.2), if

U(ipb) = min{C/+t ’r-- 051,..., k -f 1}
for any be M>

For every m = 0,1, (k+ 1), we put
mAm ={(<1d) ' U, m{p'b} 5 i —0,1, «k+ 1}
Quite cumbersome but not difficult calculations show that

At,(k+i) = {(J,&) : < 0,ta < O},
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Axj ~ {(7,a) :J —0,xa < 0}, where j = 1L
A+o0 = {Jja) :+J > 0,+a < 0},
The following theorem is described the necessary condition to the

configurations to be a ground states for the Ising model with random non-zero
external fields.

Theorem 3,4. For the hing model with non-zero external field, a translation-
invariant configuration is a ground state7if only if the external field is translation-
invariant.

Proof. Necessity. First we shall prove that if translation-invariant
configuration is a ground state, then the external field is translation-invariant.
Assume, ax € {ao,ai,..,an,..} W€V,

Let a(x) = 1, W6 € V be a ground state. Then the energy of the unit balls
b6 M may be one of the following:

"+ 17, a7 (L j ajp LD g0 AL+ g

Since cr(x) — I,Vas € K is a ground state the energy 4- a0 must be
minimal. From minimality of this energy for variable of external field we take
the following set {(a0,ai,..,an,..) : a0 < 0,a0 < ai,...,a0 < an,..-}- From
minimality of ai we the set {(ao,ai, ...,an,..) : ai < ao,ai <
0....,ail < an,.-} etc. Consequently we take the following:

{(a0, a1, » an,..):ao < Q,a0 < al,...a0 < an..}D

D{(a0,ai, ...,an,--) :al <ao,al <0, ...,al <an,~..}M..
n{(a0,at,...,an,...) ;an < a0,an < ai,,..,an < 0...} =
= {(aofait, ...,a..)) a0 —al —..= an——},
le external field must be a translation-invariant.
If of the translation invariant configuration cr(x) = —,\& £ V, the energy of
the unit balls b £ M may be one of the following form:

(ﬁ I)_‘_J_--<*o,~;®+ I-)-‘]---ai. -ijr‘ I-)-‘-J---az,...,——qi—;—_'}l J_ an, —

By similar way it easy to prove that in this case also the external field must
be translation-invariant.
Sufficiency. Now we shall prove that, if external field is translation-invariant

(i.e. for the model (3.2)), then any ground state is translation-invariant.
Let a be a ground state. For any b £ M we consider the following sets:

{at :ab{cb) = 1}; {" :crb(e) = -1}.
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May be the following cases:

1) Both sets are nonempty, then g configuration is no translation-invariant and
it is ground state on the set A+i MA-j = {(J,a) :a = 0}1i,) G{0,1,..., k+ 1};

2) one of the sets is empty, then a is translation-invariant and it is ground
state on the set {(J,a) :a ¢ 0}.

This finishes the proof of Theorem 3.4 O

We let GS(H) denote the set of all ground states of the Hamiltonian H (see

(3.2)).

Theorem 3.5. For the Ising model with non-zero translation-invariant external
field

a) If (J,a) G then GS(H) = {<r(®) = 1, V.t GV},

b) If (J,a) e /1_o then GS(H) = {v(x) = -1, W € *}.

Proof.a) Consider the configuration <r(x) = I,Va? G V. For any b G M by
(3.3) we have u{crb) = U+(k+i)- Thus the configuration a(x) = I,Vx G V is

ground state on the set A+ (fctl).

b) Consider the configuration cr(x) = —,Vac GV. For any 6 GM by (3.3) we
have n(crb) = U-q. Thus the configuration cx(x) = —,Wx GV is ground state on
the set A-o.

This finishes the proof of Theorem 3.5 O

Remark 3.6. Note that in [5] periodic ground states for the Ising model with
two step interactions on Cayley tree and with zero external fields are described. In
[6] weakly periodic ground states for the Ising model with competing interactions
and with zero external fields are described.

So, obviously seen from Theorem ??, when an external field is non-zero
translation-invariant, all ground states for the Ising model are translation-
invariant.

Let Gp = {x GGk : W\ is even}, where \x\ means length of the word x. Now

we shall study -periodic ground states for the Ising model with G*-periodic
external field .

4 Model with a periodic external field

Ising model with G » —periodic external field is defined according to the following
Hamiltonian:

(x,y)eb xev
where J, ax GR and

ao, iIf x GG "\
Ob if xeG k\G "\

dx B
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where ao ¢ d\.
The energy of a configuration ab on b is defined by the formula

u(@®)="J YI, <(X<t(cw) + 0lcy)(T(Ccb). (4.2)

x:(x, Cb)EL
It is not difficult to prove the following
Lemma 4.1. We have

W@ b \U 0,1 g U#J0, M0, ..., HEXK+ly OCk+1y Ubk+1y /(D)

for all (Toy where U\ = x{otj + (i - =0.1,k+1J=0,1

Definition 4.2. A configuration <pis called a ground state of the Hamiltonian
4.2), if

U<pb) = min{C/|00,U % Ul% U % un?\k+l),n % +1),< {HY'P% }
for all b£ M.
For a fixed m = 0,1,..., (k-f 1),j = 0,1, we set
= {(*/.«0,ai) € k3:U%m=min{<D EIQ, V>, +1),U "k+1)}.
Quite cumbersome but not difficult calculations show that

A+ 0" (3, M0,ai) £R3:+7 >0 a0 < 0 |of| < +a0},

"4+0 —{(«/,cto, <) £ R3:+xJ > 0,tai < 0,]ao] < TN'K
Atjrn = {(J>aQjO1) £ R3:J —0,+ao0 < 0, \ai\ < }m =12,
= {@,a0,ai) £ERB :J =0,%ai <0,lag <=zai}m=1,2,
A(fe+) = {(Mao,«i) £R3:xJ < 0,tao <0, |ai| < T"o0},

Ax\k+i) = {(Ma0,0;i) £ R3:+J) < 0,zo0y <0, |ao| < T<*ip>

and .
foH

=y A " *
m—0
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Theorem 4.3. a) If (J, ct0,ai) £ *+fo" then

(4.3)

(4.9)

—periodic configuration is G » —periodic ground state for the (4-1) model.

Proof, a) When we define the configuration for the model of (4.1) on the
Cayley tree in the form of (4.2) then Y6 £ M we have cr(cb) = 1 or <) = —I1.

If <t(cb) =1 then Mc £ Si(cb) we have cr(rr) = —L. In this case by (4.2) we
take U(ab) = |00 = ao.

If cr(cb) = —1 then V* G Si(cb) o(x) — 1. Then we have U<7b) = =

From these cases, G » —periodic configuration (see (4.3)) for the model of (4.1)
Is ground state on the set of M A Mctl) —{(J,ao0,ai) £ K3:J > 0,ac <
0,cMi = -ao}.

b)Simularly proved.

This finishes the proof of Theorem 4.3.

Remark 4.4. Note that for the Ising model with G *}—periodic external field
not exist translation-invariant ground states.
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