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So‘nggi yillarda mamlakatimizda oliy ta’lim sifatini oshirishga qaratilgan
bir gancha chora-tadbirlar amalga oshirilmogda. Chunki, jahon talablari
darajasidagi ragobatbardosh kadrlar tayyorlash magsadida talabalarga dunyo
standartlariga javob beradigan bilim va ko‘nikmalar berish bugungi kunning eng
dolzarb masalalaridan biri bo‘lib golmoqda.

Mazkur o‘quv-uslubiy majmua “Matematik analiz” fani bo‘yicha
tayyorlangan bo‘lib, u “5130100-Matematika” yo‘nalishi talabalari uchun
mo‘ljallangan va Termiz davlat universiteti “Matematik analiz” kafedrasi
o‘qituvchilari tomonidan tayyorlangan. Ushbu majmua mamlakatimizda
“Matematik analiz” fanini o‘qitish bo‘yicha uzoq yillardan beri to‘plangan boy
tajriba hamda rivojlangan xorijiy davlatlarning yetakchi Oliy ta’lim
muassasalarining tajribalaridan foydalangan holda, shuningdek, ularning o‘quv
dasturlaridagi asosiy adabiyotlardan foydalangan holda yaratildi.

Matematik analiz fani matematikaning fundamental bo‘limlaridan biri

bo‘lib, u matematikaning poydevori hisoblanadi. Matematik analiz kursi
davomida ko‘pgina tushuncha va tasdiqlar, shuningdek, ularning tatbiqlari
keltiriladi.
Matematik analiz fanining asosiy vazifasi shu fanning tushuncha, tasdiglar va
boshga matematik ma’lumotlar majmuasi bilan tanishtirishgina bo‘lmasdan, balki
talabalarda mantiqiy fikrlash, matematik usullarni amaliy masalalarni yechishga
qo‘llash ko‘nikmalarini shakllantirishdan iborat.

Ushbu o‘quv-uslubity majmuada dastlab sillabus hamda o‘qitishda
foydalaniladigan interfaol ta’lim metodlari berilgan bo‘lib, so‘ngra har bir
ma’ruza bo‘yicha materiallar batartib berilgan. Bunda har bir ma’ruza bo‘yicha
matnlari, nazorat savollari, mashqlar, glossariy, amaliy mashg‘ulot materiallari,
test savollari va keyslar banki keltirilgan.

1-maB3y: R™ (pa3o Ba yHMHI MyXHM TYILIAMJIAPH
1-manpy3a
PEXA:
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1°. R™ ¢azo rymynuacu.
2°. R™ ¢azona nykTanuHr aTpodu.
3% R™ ¢asona ouuK Ba énMK TYImIamiIAap.
4°, R™ ¢pazoga TYFpyM YM3MK Ba KecMma.
Tasnuy uéopanap: dazo TymynyacH, pa3oga HyKTaHUHT aTpodu, OUMK Ba EMUK
TyIuiamiap, gaszona TYFpu YU3HK Ba KecMa
1°. R™ ¢pazo Tymynuacn. Xakukuii connap tymiamMu R épnamuaa ymoy
RxRx---xR={(X,,X,,....%,): X, €R, X, €R,.. X, R} (1)

m ma

TymiaMan ( R HMHr fgekapT KynauTMmanapuaH Ty3WiraH TYIUIAMHH) XOCHII
Knnaiimvk. PaBmiankw, (1) TyruiaMHUHT xap OMp aieMeHTH M Ta Xp, X,,....X,

XaKI/IKHﬁ COHJIapJaH TAIIKHJI TOIII'aH TapTI/I6JIaHFaH m JuK

(X5 X9 500X )

naH uoopat 6ynaau. Yuu (1) TyIuiaMHUHT HyKTacu neiniano, outra xapd Ounan
OeNrmiIaHagn:

X= (X, Xpyeee X ) -

bynna X;,X,,...,X,, COHJap X HYKTaHUHI MOC paBHIa OUPUHYH,
WKKUHYH, ... ,M-KOOpJINHATANIApU JCUNIaaN.

Arap X=(X, Xy, Xp) » Y=(Y1,¥p,...Yp) HyKTQmap yuyH X =Y, ,
Xo = Yo,y Xy = Yy, OYICA, X =Y neiunany.

dapa3 KWIANIKK,

X:(X]_;XZl"'le)l y:(ylvyz""’ym)

nap (1) TYyTuIaMHUHT UXTUEPHUN UKKH HYKTacH OYJICHH. YOy

\/i(yk - %)’

k=1

MUKJIOp X Ba Y HyKTajJap opacujgarda macoda aedunanu Ba p(x,y) Kabu
OeNruiaHagu:

m

2
P(X,Y):\/Z(Yk _Xk) - (2)
k=1
DHa1 MacoO(paHUHT XOCCATAPUHH KEITHPAMUS3:

1) Xap noum p(x,y)ZO Ba p(x,y):O & X=Y Oynaau.



<« (2) myHOCabatra Kypa, Xap J0uM p(x, y)z 0 6ynmagu. Arap p(x, y): 0
oyica, yHaa
2 2 2
(yl _Xl) +(y2 _Xz) + "'+(ym _Xm) =0
Oynmub, Hatwxkama X =Y, , X, =Y,,..... Xy =Y, » ABHM X=Y Oymumm kenud

yuKagd. AxcuH4Ya, arap X =Y, , X, =VY,,....X, =Y, Oyaca, yHma (2)
MyHoca0ataaH doinananud p(x, y): 0 OynummHaM Tonamus. P

2) p(x,y) Macodha X Ba Y yjapra HucOaTaH CHMMETPUK OVianu:
p(x.y)=ply.x).

<« by xoccanur uc6otu (2) MmyHocabatnan Keiud YMKaIu:

p(c9)= (305 -%F = 6, =l
3) (1) TYIIIaMHHHT UXTUEPHIA
X=(X, X, X )y Y=(Y1, Yor-s¥m) s 2=(21,25,5-.2)
HYKTaJIap¥u YIyH
p(x,2)< p(xy)+ ply,2)

TEHTCU3NIUK YPUHIIUA OYIaau.

4Mabiymky, uxtuéput a,,a,,....a, Ba b,b,,....pb, Xakuxuit conmap
YIyH

Ji(ak +b, ) s\/gaf +J§b£ 3)

k=1 1 k=1

Oynamu (xapancun, [1], 12-600, 1-§; omatma Oy TeHrcu3nmukHu Komu-
ByHSKOBCKUI TEHTCU3IUTH einaaan). (3) TEeHrCu3InKIa

a=Y.-% .b=z-y. (k=12..m)

11e0 TonmaMus;

Br-n < [Sn-nF o [Slac-n

k=1 k=1 k=1
by aca
p(x,2)< p(x y)+ ply,2)
OynuHUIIM OunupuIaau. »

Mynpait kumm6, (1) Tymmamaa (Tymiam sieMeHTIapyd opacuaa) Macoda
TYIIYHYaCUHUHT KHPUTHIUIIMHU Xamaa Macoda ydTa xoccara sra OYJIUINNHH
KYpAUK.



Oparna, (1) ymiam R™ ¢aso neiunanu. [emax,
R™ ={(X,,X,...%,): % € R, X, €R,... X, €R}.
Dugu R™ (asomaru 6an3u Oup TYIUIAMIIApHU KEATUPAMU3.

Aitraitmk, 6upop a=(a,,a,,...,a,)eR™ HykTa Ba r >0 CcoH Gepuiran
OYJICHH.

Yoy

B, (a)= {(xl,xz,...,xm)e R™ :\/(x1 —a ) +..+(x,—a,) < r}

KHCKaya,
B,(a)= {x eR™: p(x,a)< r}
TYIUIaM MapKas3u a HyKTa, paguycH I Oyirad map (M YI4OoBIM Wap) AeHuiaay.
Kyitunaru
B,(a)= {x eR™: p(x,a)< r}
tymam R™ ¢asona énuk map,
B%(a)= {x cR™: p(x,a)= r}
Tymam oca, R™ ¢asoma cdepa (M ymuosmu chepa) neinnanm.
PaBmanku,
B, (a)=B(a) B/ (a)
oynau.
Yoy
(a,....a,;b,b,,...0, )= {(xl,xz,...,xm)e R™:a, <X <b,a, <X, <b,,..a, <X, <bm}

ymwiam R™ dasona mapawienenunen neiwnany, Oyuaa a,,a,,...,a,;b,b,,...b,
XAKUKHM COHJIAp.

2°. R™ azona mykrammur arpodm. Bupop Xx° = (Xf : Xg,...,xr?])e R™
HyKTa Xamjaa £ >0 con Oepuirad OYJICHH.

1-rabpud. Mapkasu x° HykTaga paguycu & 6ynran R™ dasomaru map,
x° € R™ nykranusr cdeprk atpodu geinnany Ba Ug(xo) Kabu OeNruaaHaIu:

Ug(xo)z {x eR" :p(x,x°)< g}.
2-tabpud. Yoy
H(§1,§2...,5m):{(xl,xz,...,xm)e R™:

. 0 0 0 0 0 0
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napaiuienenunes X HyKTAaHMHT MapauleNelunenuan atpodu aeiunanm Ba
Us s, (XO) kabu 6enrunananu, 6ynaa o, >0, 5, >0,...,6,, > 0.

R™ ¢asogarn nykramunr Oy arpoduapu opacupard MyHocabaTHU
Kyhnaaru seMma udoaanaiam.

Jemma. x°eR™ mykrammmr xap kKammai U, (XO) chepuxk artpodu
ONMHTaHZAa XaM xap JouM X' HyKTaHHHT  IIyHJaid Uél’ 5po6 x°
napajuieNienumneuai arpou TOMUIAINKH,

L_J(sl,gz_,,gm (XO )C U c (XO )
oynanu.

Ilyaunrnex, X° HyKTaHMHT Xap Kadmaii U 5,696 (XO) napa’-
Nenenenuauan arpody oTHHraHAa XaM Xap fouM X’ HyKTaHHHT IryHai U, (XO)
chepuk aTpodu TOMWIAAUKH,

0 (40 0
oynanu.

« Xx° € R™ HykraHHHT chepuk aTpodu

Ug(xo)z {x eR™: p(x, x°)< 5}

g

Jm

oepwiran OViacuH. Jlemak, & >0 con Oepwiran. YHra kypa o <

TEHICH3INKHU KAHOATIAHTUPYBUM O COHHH 0110, X° HYKTaHHHT ymby

Ué(xo):UMﬁ(xo): {(xl, Xy, Xy )ER™:
X =S <X <X+, X0 =T <Xy < XTI+, X0 —F<x <X + 65}
napasennuneauan arpobunn tysamus. Harmwxamn x° HykTaHHHT
Ug(xo) Ba Ug(xo)
aTpodnapura sra 0yiamMus.
Aiiraitnuk, VX eU (Xo) OyncuH. YHaa

X —xg| <8 (k=12,...m)

i(xk —x;)2 < &:52 =5-Jm

. £
oynamu. FOxopuaaru 6 < —— TEHTCU3JIMKHU YbTHOOpTra 00O TOMaMM3:

Jm

oynuo,



w/é(x" _XE)Z <&.

Jlemax, p(X,%,)<¢& 6ymu6, xeU, (XO) Oynagu. bynnan
Oa(0)eu, ()
OyuIy Kenub YuKaIu.
x° € R™ HYKTaHMHT Napasielenune uan arpodu
Uss,.o (xo): {(xl,xz,...,xm)e R™:
XY =8 <X <X A O, X =S <Xy <XT A+ 5y XS = S < Xy <X+ )
oepuiran 6yicun. bepwiran o,,0,,...,0,, MycOaT connap épaamuia
g=min{5,,8,,...0,}
connnn Tomu6, X° HYKTaHHHT Y6y
Ug(xo): {x eR™: p(x, x°)< g}
cepuk atpodrn Tyzamus. Hatmxaga x° HyKkTaHHHT
US(XO) Ba Uglgzmcsm (XO)
aTpodnapura sra 0yiamus.
Anramnuk, VXeU, (XO) oyncuH. Y xomnma
p(X,XO)z i(xk —xlf)2 <£<6, (k=12,...m)
k=1
0ynuo,
X =xg| <5 (k=12,...m)

oynmamu. byHman aca X € LTél Sy (XO) oynmumum kenu6 yukaau. Jlemak,

U,(x°)cU,, s (°).»
By nemma R™ (azo HmykracuHuHr Oup arpoduuaH UKKUHYKM aTpodura
YTHIIN UMKOHUHH Oepajiu.
3% R™ ¢azona ounk Ba énuk Tymamiaap. Aiitaitnuk, R™ ¢asona dupop
G Tymnam (G C Rm) 6epuiran 6ymu6, X° € G 6yncuH.
Arap x° nykta G Tymmamra Teruuu 6yiras U, (XO) aTpodra sra 6yIca,
(U . (XO )c G) x° HykTa G TYIUTAMHUHT WYKUA HYKTaCU JCHUIA IN.

3-tabpu¢ G TYIIIaMHUHT Xap OMp HYKTAaCHM YHUHT MYKU HyKTacu Oyiica,
Yy OYMK TYIUIAM JECUUJIaIH.

1-mucoan. R™ dasomarm ymoy
B,(a)={xeR™: p(x,a)<r|
IIAPHMHT OYHK TYILJIAM SKAHJIUIH KYPCATUIICHH.
<« vx° € B, (a) nykranu onamus. Yuaa
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r— ,o(x0 , a)
MUKIOp MycOat Oynanu. YHu O Jeunuk: o =F — ,o(xO , a). (22-yn3ma)
Duan  X° HyKTaHUHT ymoy U5(X0)= {X eR" :p(X, X0)< 5} aTpouam
Kapanmus.

1.1-yuzma

bynna Ug(xo)c B, (a) Oymamu. XakukaTaaH Xam, VX e Ué(xo): p(x, XO)< o
o6ymu6, Macodanunr 3)-xoccacura Kypa
p(x,a)< p(X, x°)+ p(xo,a)< S+ p(xo,a): r
oynanu. Jlemax,
VXEUE(XO):> X e Br(xo)

bynnan U 5(X0)c B, (XO) oYUM Keanb YuKaIu.

Hemak, B, (a) TYIUIAMHUHT Xap OWp HYKTacH YHUHT HYKH HYKTacH
oynanu. bunobapus, Br(a) OYMK TYyTUIaM. P>

Aditaitmuk, F c R™ 1ymnam xamma X° eR™ Hykra Gepuiran OYiCHH.
Arap X° HYKTaHHHT HXTUEpHI U, (XO) atpodua (Vg > O) F Ttynnamuusr
x° nan dapkau kamuIa OuTTa HyKTacu Oyica, x° HyKTa F TynmamMHUHT TUMUAT

HYKTacH JCUHNIIaJIHN.
Macanas, ymoy

B,(a)= {x eR™: p(x,a)< r}
TYTUTAMHUHT Xap OWp HYKTacW YHUHT JIMIMHUT HyKTacH Oyianu. AWHU nanTaa,
B, = {XE R™: p(x,a)= r}
TYIUIAaMHUHT Oapua HyKTajapu xam my B, (a) TYIUIAMHUHT JIMMUT HYKTacu
O0ynanu. bupok, 0y numut Hykranap B, (a) TYIIamMra Teruiuia OyiamManu.

11



A4-tabpud. Arap F < R™ r1ymnamMuuHr Gapya JMMHUT HyKTa-JIapH Iy
Ty11amra Terunuia oynca, F €nuk Tymiam neiniaim.

Macanas,
Br(a)={xeR": p(x,a)<r}
tymaam (R™ dasogaru énuk map) énuk Tymiam 0ynanu
Bupop M = R™ tymnam xamaa X° € R™ HykTanu Kapaiiiux.
Arap X° HYKTaHMHT MXTHEPHii Ug(xo) atpoduga xam M TyramMHuHT,
xaM R™\M TymiaMHMHr HyKTamapu 6yiaca, X° HykTa M TYIUIAMHHHT

yerapaBuii HyKTacu jaevmianu. M TyruiamMHUHT Oapya uyerapaBuil HyKTajdapu
YHUHT YerapacHHM TallKuWi 3Taau. M TYIUIaMHUHT 4Yerapacu 8(M) Kaou

OenruiaHaau.
Macanas,

B%(a)=1{xeR": p(x,a)=r}

B, (a)={xeR™: p(x,a)<r]
TYIUIAMHHUHT Yerapacu Oynaiau:

0(B;(a))=B8(a).

Arap F < R™ TynmaMaunr yerapacu G(F) 1y TYTjiaMra Terunuiy 0yica,

TyIIaM

F énuk Tynnam 6ynaau.
Macaias,
B.(a)={xeR": p(x,a)<r}
EnuK TyIuIaM OYyiaau, 9yHKH
o(B,(a))= B/ (a)< B, (a).
4%, R™ ¢pazona Tyrpm umsnkK Ba kecma. dapas kunaiimik, R™ dasona
a=(a,,a,,...a,) , b=(b,b,,...0,)

HyKTamap Oepunran OyiacuH. by HyKTamap KoopauHaTajgapu EpaaMujia

KyWUJarujiapHu
X, =a;t+b@-1),
X, =a,t +b,(1—1t), (4)

Ty3u6, (bynma t € R) t y3rapysumra Gormuk 6yaran R™ ¢azonunr
X = (X, Xp .00 X, )
HYKTQJIApUHU XOCUJ KWJlaMH3. byHan HyKranap TyniaMu
{x =(Xy, Xpyees Xy )€ R™ 1% =@t +by(1-1)
X, =a,t +b,(1—t)...x, =a,t+b (@-t), teR}

12



R™ daszona a:(al,a2 ,...,am) Ba b= (bl,bz,...,bm) HYKTaJlap OpKaIu YTyBYH
TYFPH YNA3UK JTCUUIANIN.

DHIY IOKOopUJard a Ba D HyKTalapHUHT KOOpAHWHATAIApU EpaaMuja
Tyswiral (4) myrocabarga 0 <t <1 6yncun. R™ ¢azonunr Gynnaii HyKramapu
TYILIaMU

X = (X0, X0 X )€ R™ 2, = At + by (1—1) , X, =a,t +b, (L—t),
n=at+b, (1-t) , 0<t<1}
R™ ¢daszoma a Ba b HykramapHu OupIAIITHPYBYM TYFPH YHM3MK KECMAacH
JeUnIaaun.

R™ ¢aszona uexnm conparu Hykranap Oepunran 6yicud. By HyKranapHu
OMpUH-KETUH TYFPU YM3UK KecMaiapy OuiIaH OMpIAaIITUPULLIAAH TAIIKUII TONTaH
YU3UK CUHUK YU3UK JeHIaam.

Arap M < R™ TymiiaMHUHET UXTHEPHMI MKKU HYKTACUHU OUPIALINTPYBYH
IIyHAAal CHHUK YM3UK TomWicaku, y my M Tymmamra terunum 6ynca, M
OOFJIaMJIH TYTUIaM JACHUIa M.

5-rabpud. Arap M < R™ 1ymuam ounk xamma Gornamim Tyiiam Gyiica,
y COXa JICMUJIAIN.

Macanau, B, (a)= {X eR™: p(x,a)< r} coxa Oyau.

5% Xycycnii xoap. m=1 6ynranga R™ = R 6316, y 6apua Xakukuii
COHJIapAaH ubopar Tymiaam O0ynaau. by TyninaMHUHT Xap OUp 3JEMEHTH TYFpHu
YU3UK HYKTaCUHH, TYTJIAMHUHT Y3H 3ca TYFPU YM3UKHU H(oanaiiam.

Ukku X € R, y € R nykranap opacuna macoda

p(xy)=[x=y,
X, € RHyKTaHuHT atpodu
U,(x)={xeR:p(x,x,)<el=(x, —&, % +&)
oynanu.
m=2 Gymranga R™ =R? 6y1u6, y Gapua TEKHCIHK HyKTa-JapuuaH
ubopatr TymiaM Oynaau. By TYymuiamMHUHT WKKA X = (Xl, X2) ES (yl, y2)
HyKTajapu opacuaarua macoda

p(x, Y):\/(Y1 - X )2 +(y, _X2)2 ’

(XO, yo) HYKTaHUHT cpepuk aTpodu

U, (€)= {x, ) R? : p((x ) (%01 Yo ) < £} = {x,¥) € R : (X = x5 + (= yo

oynaau.
R? dasoma ym6y {(x,y)eR?: p((x,y), (X, o)) <r}

TYIUIaM OYHK, KyMuJaru

{(X,y)eRZZXZO, yzO,x+y£1}
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TYmiIaMm 3ca €nuK Tymiam oynanu. Ynap 1.2-4nu3mana TaBCUpIIaHraH.

////

yA yA

.
>

X 0 1

1.2-yn3zma
MamkJjap

1. Arap G, cR™ ,G, = R™ ouuk tymiamnap 6yica,
P 2

G UR™,G,nR"
TYIUTAMIIAPHUHT OYUK TYTUIaM OYJIMIIN KYpPCATHUIICHH.

2. Arap F,cR™, F, cR" énuk tymiamnap 6yca,
PR 2

FFUR™  F, nR"
TYIUTAMIIAPHUHT €MUK TYTIIaM OYJIUIIN KYpPCAaTUIICUH.

IJIOCCAPU

R™ ¢azoxa nykrauuur arpodu. bupop x° :(Xf,xg,...,xg)e R™ nykra
xamzaa & >0 con Oepuiran OyJICHH.

Mapkasu X° Hykraga paguycu & Oyaran R™ ¢asomarm map, x°eR™
HYKTaHUHT cepuk atpodu aeiinaaam Ba U, (XO) KkalOu OenrunaHagu:

Ug(xo): {x eR™: p(x, x°)< g}.

Arap X° mykra G Tymamra terunum 6yiran U (x° ) arpodra sra 6yica,
p y y y e |y y
(Ug(xo)c G) x° HykTa G TYIIAMHHHT MYKH HYKTACH JCHIIIA M.

KENC BAHKHA
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R? fazoda quyidagi ketma-ketliklarning limiti a(a < R?) ekanligi tarif
yordamida isbotlansin.

1.1 x_[18=n" 2n-1) a(_l-_ZJ
' 1+2n2'2-3n/ 2" 3)

KeiicHu 0akapui 00CKU4Iapu Ba TONMIHUPUKIAP:

e Keiic MyaMMOHH XaJl KWJIKII MYMKHH Oyiran acocuit (popmyna,
TYIIyHYa Ba TaCAUKJIAPHU KEATUPUHT (MHIUBYAUAI Ba KHUUK

rypyxJjapia)

o Tymmanran mabaymoTiaapaaH ¢oiaananud, KyHuiaradn MacaJiaHu
SUUHT

1-amanuii MALIFYJIOT

R™ ¢azoxaru kerMa-KeTJHKJIAPHUHT JUMUTHHE XHCOOIA1I

1°. R™ fazoda ketma-ketlik va uning limiti
Ushbu

R™ =R><R><...R={(xl,x2 ..... Xy )i X, eR,k:l,m}

m-Tta

to’plamga m o'Ichovli Yevklid fazosi deyiladi.
Ixtiyoriy x=(x,,....x,)eR™ va y=(y,,...y,)e R" nugtalarni olaylik. Quyidagi

Pl )=l -0 bt - F = % ()
migdor x va y nugtalar orasidagi masofa deb ataladi.
U quyidagi xossalarga ega:

1) plxy)z0va (p(xy)=0=x=y),

2)  pxy)=ply.x)

3)  p(xz)< p(x,y)+ p(y,z); (uchburchak tengsizligi).
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Natural sonlar to'plami N va R™ fazo berilgan bo'lib, f har bir ne N ga R"
fazoning biror x® =(x"....x,")eR™ nugtasini mos qoyuvchi akslantirish
bolsin:

f:N —>R"™ yoki n— x™

f : N — R™ akslantirish obrazlaridan tuzilgan

x@ x@ g (2)

to'plam ketma-ketlik deb ataladi va u {x} kabi belgilanadi.
Demak, (2)-ketma-ketlikning xadlari R" fazo nuqgtalaridan iborat. {x®}
ketma-ketlikning mos koordinatalaridan tuzilgan {"}...,{x®} lar sonli
ketma-ketlik bo'lib, {x™} ketma-ketlikni shu m ta ketma-ketlikning
birgalikda garalishi deb hisoblash mumkin.

Aytaylik R™ fazoda {x(”)} ketma-ketlik va a=(a,,.,a,)eR™ nuqta berilgan
bo’lsin.

1-Ta’rif. ve>0,3n,(e)e N:vn>n, =p(x”,a)<z, unda a nugta {x™} ketma-
ketlikning limiti deb ataladi va lim x™ =a kabi belgilanadi.

Limitga quyidagicha ham ta'rif berish mumkin.

2-Ta'rif. Agar a nugtaning v|J,(a)={xeR™:p(xa)<s| atrofi olinganda ham
3ng(e)e N:vn>n, =x, el J,(a), unda a nugta {x} ketma-ketlikning limiti deb
ataladi.

Teorema. R" fazoda X™}={x,..x,") ketma-ketlikning a=(a,...a
nugtaga yaginlashishi uchun n—« da bir yo'la x" > a,,...x™ —a_ bo’lishi
zarur va yetarli.

R™ fazodagi ketma-ketlik uchun ham sonli ketma-ketlik uchun o’rinli bo lgan
xossalar o'rinli. Biz ularga to xtalmaymiz.

rR? fazoda quyidagi ketma-ketliklarning limiti a(a < R?) ekanligi ta'rif
yordamida isbotlansin.
11 X(%(M 2n—1} a(_}._g) 1.2 x =

1+2n?'2-3n/ 2’ 3 3n2+2 2n’ -a(izj
an?-1'n*-2) 4"

' 3n?+2'3+2n% ) \3" 2)°

16

1.4 x =
(4+2n 5n+15j_ ( 2 j
, pal——-5].
1-3n 6-n 3
1.6 x™ =

1-2n?  5n ) ( 1.
———— al - =;-5].
2+4n®> n+1 2




1.7 x = (l;gcosnn); a(0,0). 1.8 xM = [EMJ a(§;2j
nn 2n-1 2n+1 2
l9x("):( 2n 1+”j [E-_EJ. 1.10 M[ﬁ n 1ja(oo)
3n+1'1-2n/) \3" 2 n ‘'n2+1)
m_(L5 <n):ZL)
1.11 x® - nz,nj,a(o,o) 1.12 x (n’n+1 2(01)

2-maB3y: R™ ¢a3zona kerMa-KeT/IMK Ba YHHHT JJUMHTH

2-Mabpy3a
PEXA:

1°. R™ ¢azoga KkeTMa-KeTJIMK Ba YHHHT JUMHUTH TyUIyHYa-JIapH.

2°. KeTMa-KeTJIMK JIMMATHHHHT MABKY/IJIUTH.

3% Muma-u4 KoiIalran énuK mapjap npUHIAIIH.

4°, Kucmuii kermMa-keTsinkiaap. boabuano-Beliepmrpace TeopemMac.

Tassnu wubopanap: @da3zona KeTMa-KeTIUK Ba YHUHT  JIMMUTHU
TymyH4anapy, Muma-ud xoinamradH €nuK Liapiaap NPUHIUIIN, {Bn} R™
(dazona nuMa-uy KOUIarad EnuK mapiap KeTMa-KeTIUru

1°. R™ ¢azona KeTMa-KeTJIMK BAa YHHMHI JIMMHTH TYIIyHYa-JIapu.
Alitaiinuk, 6Gupop Kouaara kypa xap oup Harypai con N ra R™ ¢asonunr 6urra

X = (x, x4V, x) (n=12,...)
HyKTacd MOC Kyimiran OyiacuH. By Mocnuk Hatmwkacuaa R™  ¢aso
HYKTaJIapU/IaH TalIKWI TONraH yuioy

(W x® L x Wy (@ x@) L x @y ) xmy

KHUCKa4da
x® x@ oxm
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TVIIaM xocui Oynanu. YHu R(M dhazoma KeTMa-KeTIuK ACHuIno, {X(”) } Kabu

oenrmnanaan. Jlemak, {X(”)} KeTMa-KeTIMKHUAT ~ xamiapy  R™  ¢aso
HyKTaJlapujaH noopar 0Yiau6, Oy HyKTajgap-HUHT KOOpAUHATaIapu M Ta
{xl(”)}, {xg‘)}, {x,(;‘)}, (n=12,..)
COHJIap KeTMa-KeTINKIAPUHU 03ara KeITUPa/IH.
dapas kunaiiauk, R™ ¢dazona {X(”)}:
x® x@

...... (1)
KEeTMa-KeTJIMK Xam/ia
a=(a,,a,,.a,)R"

HYKTa OepuiraH OYJICHH.

1-tabpud. Arap Ve&>0 ommnranga xam, myHgad Ny €N coH
TONWJICAKH, Oapya N >N, y4yH

p(x a)<¢
STBHU
Ve >0, dn,eN, vn>n,: p(x"a)<e

Oynca, a HyKTa {X(”) } KETMAa-KETJIMKHUHT JIMMUTU JeHUIaId Ba

lim x™ =a éku n—>o ga xX™ > a

n—o
Kalu OenruiaHaau.
vn>n, na
p(xM a)< ¢
TEHICU3JIMKHUHT Oaxkapuiuiy, (1) keTMa-KeTIIMKHUHT N, JaH KaTTa HOMEpIU
xammapu a Hykranusr U, (@) arpodwura terunum O6ynmummuu Oonngupanu. by

xoll (1) KeTMa-KeTIMKHUHT JIMMHTHHH KyWujaaruda Tabpudian UMKOHUHU
oepaau.

2-rabpud. Arap aeR"™ wuykramuar wxtuépuit U_(a) arpodwu
OJIMHTAHIAH XaM, {X(”)} KeTMa-KeTJIMKHUHT OWpop XamuaaH KeHuHTH Oapua

Xaapu 1y atpodra Terumuiu Oyica, a HyKTa {x(”)} KeTMa-KETJIMKHUHT
JIUMUTH JeUHIaIH.

1-mucoa. R™ dasona ymoy

k) {1 1 1}

n'n’n
kerMa-keTuKHUHT Jumvuta a = (0,0, ...,0) 6ynmumm KypcaTHIICHH.

. m
4 V¢ >0 conunu onubd, yHra kypa N, = {—} +1Hu Tonamms.
g

YHaa Vn>n, yuyH
18



P2 = (5 m f Jm
0

)(00 D))—n T ¢
{g}+l

2°. KeTMa-KeT/IMK JUMHTHHUHT MaBKyuura. ®apas xunaif-mik, R™

oynanu. Jlemax,
lim x™ =a .»

N—ao0

dazona {X(”) } KeTMa-KeTauK Ba a € R™ Hykra Gepuiran OYiICHH.
1-reopema. Arap R™ dasona
x™ = (xM xM . x0) (n=12,...)
KETMa-KEeTJINK
a=(a;,a,,....4a,)
JMMHUTTA 3ra 6yIica;

lim x™ =a ,
N—o0
y X0JIa
r!lLr!O an) = al!
lim x") =a,,
Nn—oo
n
fim =
oymau.
4 AliTalyink
lim x™ =a

n—o0

oyncun. JInmur Taspudura 6uHoan Vn>n, € N yuyH
XM U, (a)={xeR™: p(x,a) <&}  (Ve>0)
oynanu. PaBmanku,
U.(@cU., (@)

7 m .
U, (a)=x={(x, X, .. Xy )€ R™:
B —E<X < +E 8y —E<Xy <Ay + &0, 8y —E< X, <8y + £

OyHJa,

Keiliunru myHocabatnapaas, Vn >N, y4yH
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a,—e<x"<a +¢,
a,—e<x\V<a,+¢,

am m m
AbHU
(n)
(n _
‘xz az‘ <&,
(n)
KO~ [<e
OynmumuHN TonaMus. byHnau sca
lim x{" =a,,
n—o
lim x{" =a,,
N—oo
lim xM =a,
n—o0

oynuiuy kenubd yukagu. »
2-teopema. Arap R™ dasogaru
{x”}z {( xMxEM X )} (n=12...)
KeTMa-KeTJIuK Ba a=(a,,8,,....,8,,) HyKTa yuyH

lim x{" =a,,
N—o0
lim x{" =a,,
N—o0
lim x" =a,,
N—o0

oyica, y xonaa {x(”) } KETMa-KETJIUK JIMMUTHUTA dTa 0YIuo0,

lim x™ =a,
nN—o0
oynau.
«4 TeopeMaHUHT IIAPTH Xamjaa JUMUT Tabpudumaad Qoiina-maHuo
TOTIAMU3;

: £ .
lim x{" =a, = V& >0,3In{’ eN, vn>n{’ :‘xl(”) - al‘ < —7— 6ynamm.
n—o A/m
: £ .

lim x{" =a, = Ve >0,3n? eN, vn>n{? :‘Xén) — az‘ <——= OYynanwm.
n—oo vm
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. & o
lim x(" =a, = Ve>0,3n{™ eN, vn>n{™ :‘x,(n”) - am‘ <= 6ynamm.
et Jm
Arap
N = max{nél), n?, ..., ném)}
aewnica, ynaa Vn>n, aa oup ityna
(n) & _
X" —ay| < —— (k=12,...m)
Jm
TEHICH3ITUKIIAp Oaxkapwiaan. Y XoJja
\/ i () ’ i & \2
(" —a) < [2(=)"=¢
a a Vm
SABHH,
p(xM a)<e
oynamu. Jlemax,
lim x™ =a.»
N—o0
By TeopemManapaan Kyiugaru TacIuK Keauo YMKaIu.
R™ dazona {x(") }: {( Xl(”), Xé”), Xr(n”) )} KEeTMAa-KETJIUK
a=(ay,a,,...,a,) IMMUITra,
lim x™ =a
nN—o0
ara Oynuiy yuyH oup iyna
lim x{ =a,,
N—00
I’Ill—rllo Xén) =8y,
H n
lim x(" =a_,

n—o0
oYUy 3apyp Ba eTapiiu.

By wMyxuMm Ttacauk Oymu6, y R™  (dasomarm KeTMa-KeTaMKIiap
JUMUTIAPUHU YPTraHUIIIHU COHJIAp KeTMa-KeTIUKIap JUMUTIApU-HU YpraHuiira
o6 kemanu. CoHJlap KeTMa-KeTJIMKJIAPHUHT JTUMUTH 3ca 6-8-mabpy3anapa
6aTtadcuit 6aéH STUNTaH.

Arap (1) keTMa-KeTJIUK TUMUTIa 3ra 0y1ca, y SKMHIAIIyBYM KEeTMa-KETIHK
JIeUnIaau.

FOkopunarn xentupuiran TtacaukiaaH Qoiigananu® ucOOTIaHAIUTaH
MyXMM TeopeMaHu Kentupamus. Assano R"™ (daszoma KeTMa-KeTIMKHUHT
(GyHIaMEHTAITUTUHU TabpUIaiMus.
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3-rabpud. R™ daszona {X(”)} KeTMa-KeTJIMK Oepwiran OYyicuH. Arap
Ve >0 ommHranga xam, myspai Ny € N tommucaku, Vn>n,, VP >n, mnap
y4yH
,O(X(n), X(P)) <z

TEHI'CU3JIUK Oaxkapuiica, {X(”) } (GyHIaMeHTas KeTMa-KeTIUK JAeHuIaIn.

3-teopema (Komu Teopemacn). {X(”)} KETMA-KETJIUKHUHT SKUHJIAITYBYH
OYnuIIM yuyyH YHUHT (yHIaMEHTal OYIUIIN 3apyp Ba €TapJd.
By Teopema 9-mabpy3ana kentupuiaran 3-reopeMa kabu ucOOTIaHAIH.
3°. Muma-uy :koiilamran énuk mapJaap npunound. R™ dasona
MapKaziapu
a =@",al”,...a") (n=12,...)

HyKTasapaa, paguyciaapu r, >0 (n=12,..) 6ynran ymoy
B, =B,(@®)= {x eR™:p(x,a®) < rl}

B, =B, (a®?)= {Xe R™:p(x,a?)<r, }

...................................................

€nuK 1apiap KeTMa-KeTIUTHHH Kapainuk. Arap Oy €nuk mapiap KeTma-
KETJIMTUHUHT XaJIapy YU4yH KyHugaru
B,oB,>..oB,>...
MyHoca0at ypuHiau Oyica, {Bn} WuYMa-u4 KoWnamrad €nuk Iapiap KeTMa-
KETJINTU JIEUNIaIHN.
Aitraitmuk, {B,} R™ dasona mama-ud xofnamran MUK mapaap KeTMa-

KETJIUTU OYJICUH.
4-teopema. Arap N — oo 1a mwap paauyciapy I, HoJIra UHTHICA, S’IbHU

limr, =0

n—o0
Oynca, y xonga Oapua €nuK Immapiapra TETHUIUIM OYiAraH a HyKTa (ae Rm)
MaBy/l Ba y siroHa OYyau.
<« [Ilap MapkaznapujaH Ty3uJraH

™! @™ er™, n=12.)
KEeTMa-KeTIIMKHU KapaliukK. YHUHT (yHIaMeHTal KeTMa-KeTIHK OYIUIINHU

KypcaTamus.
Hlaptra xypa limr, =0 . Yuna

n—oo
Ve>0, dnyeN, n>n,:r,<e¢
Oynanu. AliHM nmaiTaa, €MUK mapaap HuMa-ud >KoUalraH-JIuruiad UXTUEPUA
22



P>n>n,

YayH

B, 2 5B, (a"))
o0ynuo,

p(a(”),a(P))g r,<e
oynanu.

Jlemax, {a(”)} dyHnamenTankerMa-ketnuk. YHaa Komm teopema-cura kypa y
AKUHJIAIIYBYU OYIaau:

lim a™ =a. (aeR™)

n—oo
by a wnykra §rn (a(”)) TYIUIAMHUHT JIMMUT HYKTacu Ba Ern (a(”)) EnuK
OYNTaHIIUTH YUyH @ € §rn (@) (n=12..) 6ynanu. Jlemax, a Gapua rmapiapra
Terunum Oyiran Hykra. @apa3 KWIaiinmk, a HyKrajaH Gapkiau 6apua mapiapra
Terunum Oyiran b Hykra (b € Rm) MaBxyn Oyncun: be §rn @™) b=a.
Macodanunr 3-xoccacunan hoigananud Tonamus:

pla,b)< ,o(a, a(“))+ p(a(”), b)s 2r,.

Arap n—oo ga r, - 0 OynumuHM 3pTHOOpPra OJcaK, KeHUHIH MyHOocabaTiaH
p(a, b) =0, spHu a =b Oynumm xeand ynkagm. P

Onmarna, Oy Teopema WYMa-WY SKOMJIAIITaH €MUK MIapjap MPHHIIAITA
JCHHITAIN.

4°, Kucmuii kermMa-kersmkiaap. boabuano-Beliepmrpace Teopemacu.
R™ ¢azona {X(”) }:

x®, x@ L x®

KeTMa-KeTJIMK Oepuiran OyyicuH. YOy KeTMa-KeTINK
X(nl) X(n2) X(nk)

OyHna,

n<n,<..<n <..;n.eN, k=12,
Oepwiiran {X(”)} KETMa-KEeTJIUKHUHI KHCMHUH KeTMa-KeTJIWUTru JIeuuiaaau. Y
{X(”k) } Kabu OenruiaHaIu.

PaBmranku, OWTTa KETMa-KETJIMKHUHT Typjiuda KUCMHUN KeTMa-KeTIUKJIapH
Oynanu.

Arap {X(”)} KeTMa-KEeTJIMK SIKUHJIAITyBYH OYIHNO0,

lim x™ = a

N—0o0
Oynca, Oy KeTMa-KeTIMKHUHT Xap KaHAal KUCMUN KeTMa-KEeTIUTH {X(nk)} Xam
SIKWHJIAITyBYX OYH0,
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lim x™) = a

k—0
oynanu.
by TacmMKHWHT MCOOTH KeTMa-KeTJIMK JHUMHTH TabpudumaH OeBOCHTa KeInoO
YUKA/IH.
Abitaiimuk, R™ pazoga 6upop M Tymaam Gepunran 6ymacun: M < R™.
Arap R™ (asona mapkasu (O, O,..,O) e R™, panuycu r >0 6ynran map

U’ :{(xl,xz,...,xm)e R™: p((X;, X5,-,X,) (0,0,...0)) < r}

TOIUJICAKHU.

McU°
OyJsica, M dYerapajiaHraH TyIjiaM Jeruiiau.
Ounu bonpuano-Beliepurpacc TeopeMacuHu HCOOTCH3 KENTUPAMU3.

5-teopema (Boabuano-Beiiepmrpace teopemacu). R™ daszoma xap
KaH/Iail yerapajaHraH KeTMa-KeTIWKIaH SKUHJIANTYBYM KUCMHUN KETMa-KETIUK
QXpATHII MyMKHH.

5% Xyeyemii xoumap. m=1 6ynranga R™ =R 6yau6, ynmarum kerma-
KETJIUK COHJIap KeTMa-KeTIuru Oynamu. MablyMKy, COHJIap KETMa-KETJIUTH Ba
VHUHT JJUMHATH 6-8-Mabpy3amapaa 6aradcun ypranuirad.

m=2 6ymranga R™ =R? 6yaub, yHIarnm KeTMa-KeTIHMK TEKHMCIHK
HyKTajapuiaH nbopar
(X0, Y3 ) (X0 Yo )oeee (X Vi Do oev (x.€R, y,eR, n=12.)
KeTMa-KeTIHK Oymanu. By keTMa-KeTIUKHUHT JHMHTH {Xn} Ba {yn} COHJIAp
KeTMa-KEeTIMKIAPUHUHT JTUMHTIAPU OPKAJN YPraHUIAIH.
MacanaH, ymoy
) e

-1-1, @Y, (-1-2),...(D", -D"),...
KEeTMa-KEeTJIMK JIUIMHUTTA 3Ta OYIMaiin, 4YyHK!
X, =-D", y,=(-D" (n=12,..)
KETMa-KETJIUKJIAp JIUMHUTTA 3ra HMac.

MamkJjap
1. Arap x° e R™ mykra M ¢ R™ TymamMHuHT TMMAT HYKTacH Gyica, M
TYTLIAM 3J1eMEHT/IAPHAH TAIIKHII TONTaH Ba X° HyKTara sSKWHJIAIIA HTaH
{x(”)} (x(”) eM, x™M=xx, n =1,2,...)

KETMA-KETJIUKJIAPHUHT MaBKYJINTA KYPCATUIICHH.
2. Arap

lim x™ = a (x(”) eR™ aeR™, n:1,2,...)

N—o0

oynca, {X(”) } KETMa-KETJIIMKHUHT YerapaJIaHTaHJINTHA KYypCAaTHIICHH.
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I'JIOCCAPUA

Kucmuii ketma-kernukiap. bonbiiano-Beliepirpacc

Numa-uy xoinamirad €MUK mapiiap NpUHIHUIIH.

¢ynmamenran kerma-kerimk - R™  dasoma {X(”)} KETMa-KETJIMK
Oepwiran OyicuH. Arap Ve >0 onuHranza xam, myHjpai n, € N Tomnumicaky,
vYn>n,, VP >n, 1ap yu4yH

,O(X(n), X(P)) <z

TEHICH3JIUK OakapuJica, {x(”) } (¢yHIaMEeHTAJI KeTMA-KeTJIHK JICHIIIa/IH.

KENC BAHKHA

rR? fazoda quyidagi ketma-ketliklarning limiti a(a e R?) ekanligi ta’rif
yordamida isbotlansin.

1.1 ™ — 13-n? 2n-1 _a(_l__gJ
' “l1+2n2'2-3n/ 2" 3)

Keiicau 0axxapuin 00CKM4YJIapu Ba TONMIAPUKJIAP:

e Keiic MyaMMOHHM XaJI KUJIMIII MyMKHH OYJraH acocuil popmyia,
TylIyHYa Ba TaCAUKJIAPHU KEATUPUHT (MHIUBYAHAT BA KHIUK

rypyxJjap/ia)

e Tymianran mabaymoTiapaaH ¢oiananud, Kynuiarad MacajiaHu
€YMHT
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2-aMaJIMid MAlIFyJaoT

R? fazoda quyidagi ketma-ketliklarning limiti topilsin.

113, x 1+2+...+n_[2n+3j”+1
T Joni41 \2n+1) f

114 ¢ L(zn +1)+(2n + 2)!;(n —1)”*2} |

(2n +3) n+3

1.15. x — 2”+l+3n+l?[n2_lJn }

2" +3" n2

1.16. x — 1+2+...+n_[2n+3j”+1
T Joni41 \2n+1) f

117, 5 — 1+4+7+...+(3n—2)_(n+1}"
snt+n+1 \n-l

118, x — (n+4)!—(n+2)!;(n+3)"+4j_

(n+3) n+5

1.19 x™ = 3 45— +3n* + 2 _(n3+1]2”"3]

1+3+5+...+(2n-1)'(n®* -1

1.20 x™ = §+i+i+...+1+2 ,n(sx/5+8n3—2n) .
4 16 64 4"

1.21 x™ = i+i+...+ ! 24280242 .
1.2 2-3 n(n+1)
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3-ma3y: Kyn y3rapyBuniiu pyHKIUSI BA YHUHT JUMHUTH
3-Mabpy3a
PEXA:

1°. Kyn y3rapyBumnin GyHKIMsi TyIIyHYACH.
2°. Kyn y3rapyBunin GpyHKUust JMMHTH (KappaJd JUMATH) TabpudJiapu.
3%, @yHKuMA JUMATHHUHT MABKY/IJIUTH.
4°, Takpopuii IUMHATIAP.

Tasgnu wubopanap: Kyn y3rapyBuminm GyHKOUS JUMHTH (Kappaiu
JUMUTH), TAKpOpUH umuTiIap, Kyn y3rapyBuninu GyHKIMS TyIIlyHYacu

1° Kyn ysrapysumiam ¢ynknus Tymynudacu. Papas kunaiimuk, R™
daszona E tynnam 6epuiran 6yacun: E < R™.

1-tabpud. Arap E tymmammaru xap 6up X = (X, X,,..X,,) HyKrara oupop
f xommara kypa OuTTa XaKuKHUii U COH MOC Kyhwiran Oynca, E tymiamma kym

y3rapyBumin (M ta y3rapyBumiin) GyHKIUs Oepuiirad (aHUKJIAHTaH) TeHnuIaan.
YHu

fixX=(X,Xy,....Xy) > U kn U= F(X)=F(X,%X;,....%)

(X=X, X9, X ) €R™ , UER)
kabu Oenrwiananu. bynna E GyHKUMSHUHT Oepuiui (aHUKJTAHMII) TYTUIAMH,
X1y Xoy.o Xy, J1Ap  (OpKJM  Y3rapyumnap) (QyHKOMS apryMeHTiapu, U Hca
Xy X9 y. Xy JJAPHUHT QYHKIMACH ASHNITAIN.
Macanan, f - xap 6up

X=(X,X5,..Xp) €M,

M :{XE R™ :p(x,O)Sl}
HyKTara yuoy

2
m

(X0 Xg o Xy) > A[1= X2 = X2 —...— X

Koujga OwiaH OWTTa XaKMKMH U COHMHM MoC Kyiicun. By xomma M < R"™
TYIUIaM/1a aHUKJIAHTaH

U=1-x —x2 — .= X2

m
byHKIIUS XOCHIT OYIau.
Aitraiimuk, U= f (X;,X,,..X,) dyskumsa (xyn xomnapaa Oy GyHKUUSHH

u=f(x) xabm éamm3) EcR™ r1ymmampa  Gepuiaram  GyicHH.
x° :(Xf , Xg ,...,Xr?q) € E mykrara moc kemyBum U, coH U= f(X) dyaxumsauHar

x° HyKTaJaru Xycycui Kuiimaru nevmnaau: Uy = f (XO).
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bepunran pyHKIMSHUHT 6apya XyCcycHil KuiiMatinapuaas noopar ymoy

u=f(x):xeE} (1)
connap tymiaMm U= f(X) dbyHkuus kuiiMatiapu Tyuiamu aeviniaand. Arap (1)
TyiaM gerapaianran Oynca, U= f(X)= f (X, X,,..X,) oynk-mus E tymmamna
yerapaJiaHraH JIeUHIain.

R™! hasomaru ymo6y

{(x, f(X)):X=(X, Xp,.. X, ) €R™, F(X) € R}

TYIUTaM KyT y3rapyBumian U = f (X, X,,...X,,) OYHKIUSHUHT Tpaduru geiduiaam.
dapa3 kunaiiamk, rokopuna Kapanaérran f (X, X,,.. X, ) GyHKIuA12

X = ()= (1, 1),

Xo =, () =0, (t;,1,,...t,),

Xm =0 (1) =0 (1,1, 1),
oyncun, Oynma ¢;(t) oynkuus (i=12,..m) Tc R¥ Tymiampa aHuKiaHraH
oymo, t=(t,,t,,....t,) €T Oynranma yara moc X=(X,X,,..X,)€E Oyncun.

Hatmxana

f(x®)=f(pt,...5.). o, (... 1) (b, D)) = F (8, 8 )
byukiusa xocwn 0Vnaan. YHU Mypakkad QyHKUIUS AeHuIaan.
2°. Kym ysrapyBumium QyHKOMS JAMATH (KAppajM JIMMHTH)

tabpuduapu. Papas xunaiimuk, f(X) ¢ysxums (XxeR™) EcR™ rymmampa
6epuiran, X° € R™ uykra E munr mumut Hykracu 6yncus. Y xomma R™ dasona
myHaan {X(”)}:

X(l),X(Z),....,X(n),....

KETMa-KCTJIMK TOIHJIAIUKH:
1) VvneN ma x™ eE, XM 2 x°,
2) n>wo ga x™-x°
Oynaau (OyHnai KeTMa-KeTIUKIIap ucTainraHda 0ynaam).
2-tabpud (I'eiine). Arap
1) vneN ma xXMeE, xM=x%;
2) nowo gax™—x°
apTiIapHA KAHOATIAHTUPYBYH UXTUEPHMA {x(”)} KETMa-KETJINK YYyH
ns>o ma f(xM)— A
oynca, A f(X)=F(X,,Xy,.....X,) OYHKIMUSTHUHT x° = (Xf, xg,...,x%) HYKTaJaru

namuTy (Kappanu TuMuTH) Aeiinnand. Yau lim f(x)=A €ku
X—>X
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lim f (X, %,,...X,)=A
0

X, = X

X, —> X5

Kabu OenrniaHaIun.
dcaarma. Arap

{x(”)} xMeE, xM=x°n=12...),
{y(”)} (y"eE, y™=xx’n=12..)

KCTMA-KCTIINKIIAP YIYH Nn—>o0 ga
xM 5 x% L y™ 5 x°
oyuo,
f(x")>A, f(y")—>B, A=B

6yca, f(X) Gpynkuus X HyKTaza IMMHUTTa ra GyIMaiin.
3-tabpu¢d (Kommu). Arap Ve&>0 coH onuHrama xam IIyHAai
5=05(g)>0 rtomcaku, 0< p(X,X°)<& TEHICU3IHKHH KAHOATIAHTH-PYBYH

v xeE (E c Rm) na
‘ f(x)— A‘ <&

TeHrcm3muK Gaxapuica, A con f(X) ¢ynkimsauar X° HyKTajard JTHMHTH
(xappajv TUMUTH) JeHUIaIH.
by Tappudnu Kuckada Kmimd Kyhdugarnia xam airca 0ymanau.
Arap

Ve>0, 35>0,VxeEnU,0ON\KC)):  [F(0)-A<e
oynca, A conn f(X) QyHKIHMSHUHT x° HyKTaJgard JIUMHUTH JICHHIa N,

3. @ynknus JUMHTHHEHT MaBxXyaura. @apas  Kunainuk,
f(X)=1f (X,%,..X,) yakuus EcR™ 1ymmamma Gepwiran — 6yu0,
x° = (Xf , Xg e ,Xl(,)n) € R™ nykra E TYIIaMHMHT JMMUT HyKTacH OYJICHH.

1-teopema (Komm). f(X) ¢yHKIusS x° HyKTaja JUMHUTTa dra OVIIHIITN
yuyH Ve >0 coH onuHranja xaMm mryHaait 0 >0 con Tonuiumo,

VX' e E m(Ug(xo) \ {xo}) . WX'eE m(U5(x°) \ {xo})
HyKTanxapaa
<&

[£(x7)— f(x)

TEHICH3JIUKHUHT OaKapUIIHIIIN 3apyp Ba €TapIiu.
« 3apypiurn. Aitraiuk, f(X) dyakuus x° Hykraga A numuTtra sra

OyJcHH:
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lim f(x)=A.

X—>X

Jlumut tabpudura xypa,
Ve>0, 35>0,VxeE (U, () {)):

P
f(x)— A<—
100- A<
oynamnu, Xymnagan
X' €ENU;(OVX), X' €En(U;0C)\ D
HYyKTajap y9yH

f)-A<Z, [fx)-A<E
2 2
oynau.
Kelinaru TeHrcusnuknapaan
[f(x") - f(X)
oYUM Kenub YuKaIu.
Erapauauru. Aitaitnuk, Ve >0 coH ommHranga xam myHmaid o >0 coH
TONMJIAIUKH,
UX €ENU; 0\, WX eEn(U,(x°)\ X))
HyKTajap y9yH

<[f(X)—-A|+|f(x)-A<e

‘ f(x")—f (X')‘< £
TEHTCU3IIUK Oa)kapuiiaju.
x° HyKTara MHTHIYBYH MKKHTA {x(”) }, {y(”)} KETMa-KETJIMK-JIADHU  OJIAMU3:
n—>oo ga
xW 5x® (xWeE, xM=xx" n=12..),
y™M — x° (yMeE, y™=x%n=12..)
by kerma-keTnukiap xaanapuaan organanuo, ymoy
XO Y@ x@ @
KeTMa-KeTJINKHU XOCWI KIJIaMHU3. Y HU {Z(”)} KEeTMa-KeTJIHK JeuauK. PaBmanky,
6y KeTMa-KeTIMKHUHT XaM TUMATH X GY1agm: N — oo aa
2 5x° ™M eE, ™ £x% n=12...),
Jlumut Tabpudura O6uHOaH roKopugaru o >0 coHra kypa myHzpai Ny €N
TONUIAAUKHA, VN >Ny, VM>n, na
zM cE m(Ug(xo) \ {xo}),
2™ cEn (U(;(xo) \ {xo})
oynasu.
TeopeMaHuHT mIapTUIAH

f(zM)-f(z™) <&
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TEHI'CU3JIMKHUHT Oa)kapuiauiy Keiaub uukanu. [lemak, {f (Z(”))} COHJIap KeTMa-
KeTIuru QyHAaMeHTal KeTMa-KeTIuK 0ynaau. bunobapus, y sSIKWHIAIIYBYH :
n—oow ma f(z")—>A.
YHma N — o0 na
fxXM)>A f(y")>A
O0ymu0, hyHKIMs TUMATUHUHT [eline Tabpudura kypa
lim f(x)=A

X—>X
oynaau. »
4%, Takpopuii Jumuraap. Papas wunmainmk, f(X)=f(X,X,,.X,)

dynkuus E < R™ rymnamaa Gepwran 6ymu6, X° = (X, X9,...Xx2)eR™ my E
TYIUIAMHHUHT JUMUT HYKTacH OYJICHH.

M Ta X;,X,,..X, y3rapyBumiapra 6orauk 6ynran f (X;,..X,) ¢yHkumusga
Xy, X3,.. X, ¥3rapyBumilap TalUHIAHCA, PABLIAHKU, Y OUTTA X; Y3rapyBUMHHHT

¢yHKuMAcura aimnaHagu. AWrtainuk, Oy QyHKOUsS X, — xf a JMMWIa jra
OYJICUH :
im (X, %, X0 ) =01 (X5, Xg, 0 X) -

XX
Oumn @ (X, Xg,...,Xy)  GyHKIMSADA  Xg,X4,...,X,  Y3rapyBUMIapH
TaiiMHIaHNG, CYHT X, —> Xy TMMUTTa yTHICA
10, 010X ) = 02 (s X )
0ynuo, 6epuiirad GyHKUUSIHUHT
lim Iim0 f (X Xsyeei X))

X2—>Xg X —>X1
JUMHTH XOCHJI OYI1au.
Xynnu mynra yxmam f (X, X,,...,X,) OyHKIUSTHAHT
Xii o X s oee o Xi
0

y3rapyBumiiapu MOC paBuIlAa Xl(l), Xi, 1+

0
"’Xik Japra MHTWIrangarv JUMHUTH

lim ... Iim0 f(X0s Xs e X)

0
Xik —)Xik Xil —)Xil

HU XaM Kapall MyMKHH.
Opatna, 6y mumutnap f(X,X,,...,X,;) OYHKUMSHUHT TaKpoOpHil JUMHUTIApH
nevmmamn. (X, X,,...,X,) QYHKOHSA apryMEHTIapH X, X,,..X

paBuIIIa Xf , X(Z),...,X,?1 COHJIapra Typiiu TapTHOJa WHTWITAHAA (PYHKIUSHUHT

n J1ap Moc

TYpJU TaKPOPUN JTUMUTIAPU XOCUIT OYTIaau.

Kyn y3rapyBumnu (pyHKUMSHUHT JUMUTH (Kappajiud JMMUTH) XamJa YHUHT
TAaKpOpUIl JTUMHUTIAPH Typiauua MyHocabaTAa Oynmaau. Yiap xakuia, XyCycui
XO0JIIa KeHuHry 0anma 0aéH sTaMus.
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5% Xycyewmii xosurap. m=1 Gyaranga Gurra y3rapyBumra OOFIMK Oyiran R
dazomaru Oupop TyIamaa anukiaanran U = f(X) dyHknusra sra 6ymamus. by
¢yHkIMs Ba yHUHT JuMmuTd 11- Ba 12-mabpy3anmapna ypraHwirad Ba TYJIUK
MaBJIyMOTIIap KEITHPUII-TaH.

m=2 6ymranga R? ¢asomaru (TeKkucIUKHard) OHPOp TYILIaM-Ia
aHWKJIAaHTaH WKKWA y3rapyBumra Oorymk Oymran U= f(X,y) ¢yHkuumsara sra

Oy nammus.
Macanas,

u_m08+y2—n

/n—XZ—yZ

by  GyHKUMSHUHT  aHUKJIAHUII  TYIUIAMU
TEKUCIUKHUHT YOy

x? +y?-1>0,
4-x*-y*>0
CHCTEMaHH KaHOATJIAHTUPAIUTaH HyKTanap TyIuiaMu 24-4u3majia TacBUpJIaHTaH
XaJKaH! UQoaananiu:
Wxku y3rapyBumra Oormuwk Oynran U= f(X,y) dbyHKIusHHHT Tpaduru

ymyman R® (asona (613 smab Typran pazona) cHpTHH Hoaanaiim.
Macanas, ymoy
u=x>+y?
dynkupsanar rpadurn R® dasona 25-umsMana TACBHpNAHTAH ailaHMa
napabosous 6ynaau:

AU

0 1

X 3.2-un3ma
Ajitaitmuk, f(X,y) ¢yskuus E cR? tymmamma Gepwiran 6yiuo,
(X0, Yo) € R® HyKTa E HUHT numMuT HyKracu OyncuH. By ukku y3rapyBumiu

GyHKUMS TUMUTH Tabpudiiapu Kyiugaruda oynaau:
Arap X

1) vnEN Aa (Xn'yn)EE’ (Xn’yn)i(XO’yO)
2) n—o Jna (Xn’yn)—>(XO’y0)
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HIAPTHUA KaHOATIAHTUPYBYHM UXTUEPHI {(Xn A )} HYKTajap KeTMa-KEeTJIUTH YUyH
n—>o ga f(x,,y,)>A
oynca, A ¢yHkuusHUHT (Xo,Y,) HYyKTagard JHMUTH (Kappaid JIUMHTH)
JEeUNIIaIN Ba
lim f(x,y)=A¢&ku lim f(x,y)=A
(x,y)=>(%0.¥o) X=X
Y—Yo
Kalu OenruiaHaIu.
Arap Ve&>0 onuaranga xam myHmad o6 >0  Tomwiicaku,
O<p ((X, ¥),(Xo, yo))< O TEHICU3JIMKHU KaHoaTinaHTupyBun V(X,y) € E na

f(x,y)-A<e
TeHrcu3mmk Oaxapmica, A con f(X,y) ¢yskumsauar (X,,Y,) HyKTagaru
JUMHTH (Kappaau JTUMHUTH) TCHUIIAIM.
bepuiran GyHKIMSHUHT UKKUTA TAKPOPUH IMMUTIAPU

lim lim f(x,y), lim lim f(x,y)

li
X=Xy Y=o Y—=Yo X=X
OYIIUIIN MyMKHH.
1-mucoJ. Yoy

Xy
f(xy)=4X* +y°

0 ,arap x° +y?=06yuca

,arap X° + y? #0 6ynca

byukuusauar (X, y) —(0,0) naru mumute 0 OYIUIIN KYpCATHIICHH.

<« Kommu taspudugan oinananud Tornamus:
Ve >0 coH yuyH O = 2¢ neuunica,

0<p ((x¥).(0,0)<6s

TEHrCH3INKHU KaHoaTnantupysun V(X,y) € R? na
1
< ?/x2 +y?=

=P .0.0)< 25 =2

Xy

X% +y?

f(xy)-0=

oynamu. [lemak,
Iirrg) f(x,y)=0.»

y—0

2-mMucoJ1. Yoy
x2y?
f(x,y)=

X*y® +(x—y)*

¢yukuusauar (0,0) HyKTama JMMUTH MaBXKYy SMACIIUTH KYPCATHIICUH.
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<« PaBmanku, 0y QyHKUIUSA

R*\{(00)}

tymnamaa anukiadrad Ba (0,0) HykTa mry TYTIJIAMHUHT JTUMHAT HYKTacH.

(0,0) HykTara MHTHITYBYH {(% %)} {( % — % j}

KCTMa-KCTJIIMKIIapHU OJIANJINK:

G ij (0,0) ,(%,—%)—)(0,0).

(l,l) xamja (1,—lj HykTamapaa (n=1,2,3,....) Gepwiran (QyHKIUSHAHT
nn n n
KUMMaTiapu
JEE IPRVTENE I
nn n n) 4n°+1

f (11)—)1 , (1,—1j—>0
nn n n

oynaau. OyHKUMS TUMUTUHUHT ['eliHe Tabpuduaan Qoiinananud, Oepuiiran
¢ysakmusaUHT (X, Y) — (0,0) na muMuTra sra SMaciIuruHu TonamMus. P>

oynuo,

3-MuCoJ1. YOy
X
f(xy)=4X* +y°

0 ,arap x°+ y? =0 6yuca

arap X+ y® =0 6yica,

¢yuakuusauHT (0,0) 12 TakpopUil TUMHUTIAPU TOTHIICHH.

<4 bepwirad QyHKUMSIHUHT TAKPOPHUI IMMUTIAPUHU TOMIAMU3:

im £ (x, y) =lim ——2— =0, lim lim f(x,y) =0,

x—0 /XZ +y y—0x—0

I|m f (X, y)_IlmL_O lim lim f(x,y)=0.
/X + y x—0y—0
Hemak, 6epwiran gynkiusHuar (0,0) HykTagaru Takpopuil JUMHUTIapu Oup-

Oupura TeHr 6ynuo, ynap O ra Texr. »
4-mucos. Yoy
2X—Y

f(x,y)=</X+3y

0 ,arap x*+3y=06¥i1ca

,arap X+ 3y # 0 Gynca,

¢yuakuusauar (0,0) HyKTagaru Takpopui JIMMUTIAPU TOMTUICHH.
<4bepunrad QyHKUUSHUHT TaKPOPUH JIMMUTIApU Kyluaaruda oyiaau:
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1. . 2x-y 1
—=, lim lim =—=
x>0X+3y 3 y20x0X+3y 3

_2 limlim XY _o.
y—=0 X + 3y x—=0y—0 X + 3y

Aiinu naiitaa, 6epriran pyakmus (X, y) — (0,0) xa iumutra (kappayiv JUMUTTA)

sra OynIMaiiiu, YyHKH
(E,Ej —(0,0) , (5,% —(0,0)

nn nn
KETMa-KEeTJIMKJIAp YYyH

54 6 6
fl-—|=—=>—
(n n) 17 17

o0ynu0, ynap 6up-Oupura TeHr smac. P

5-mucou. Yoy

x+ysinE arap X # 0 6ynca
f(x,y)= x P AR

0 ,arap x=06ynca

¢yukuusauar (0,0) HyKTagard TaKpopui JIMMHUTIAPU TOMUICHH.

by byHKIIUS YUyH
lim f(x,y)=x, limlim f(x,y) =0,
y—0 x—0 y—0
0ymuo0,
lim lim f(X,y)
y—0x—0

aca MaBXKy]l OyIMaiiu.

Avinn  mavtoa, (X,yY) —>(0,0) na Oepuiaran QYHKIMSHHUHT JTAMUTH
(kappasii TMMUTH) MaBXyJ OYIaau, YyHKU

\f(x,y)—O\:x+ysin§£\x\+\y\ (x #0)
oymmo,
lim f(x,y)=0
e
oynamu. »

dapas kumaiauk, f(X,Yy) GyHKIH R? dazomaru
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E:{(x,y)e R? :\x—xo\<a,\y—y0\<b}
Tyramaa oepuiirad OyicuH.
2-Teopema. Arap
1) (X,¥) > (Xg,Y,) ma f(X,y) pyHKUMIHUHT TUMUTH (Kappaid JTUMUTH)

MaBXXy/l Ba
lim f(x,y)=A,
X—>Xg
Y—=Yo
2) xap O6up TallMHIAHTaH X Ja
im (X, y) =@(x) (2)
Y—=Yo
MaBXy[ Oyica, y xoiaa
lim lim f(x,y)

X=X Yo
TaKpOPHI JTMMHUT MaBxKyJl Ba
lim lim f(x,y)=A

X—=Xg Y—=Yo
oymau.
4 AliTalllIuK,
Iim f(x,y)=A
X—)XO
Y—Yo

oyncun. Jlumut tabpudura O6mHoaH, Ve>0 ommHraHma Xam myHmai o >0
TOMWIAJIUKH, YyIIOY

{(x,y)eR2 L x=xo|<8, |y- y0\<5}cE
TymiamauEr Gapua (X, y) HyKTanapu yays
| f(x,y)-Al<e

TEHICU3IMK Oakapunaau. KeiWHru TeHrcusiavknaH, y—Y, Aa JUMUTra yTuo

TONIAMU3:
‘ o(x)— A‘Se.
Jemak,
lim ¢(x)=A. (3)
X—>Xg

(2) Ba (3) myHOcabatnapian
lim lim f(x,y)=A

X—=>Xo Y—Yo
Oymummm kenub yukaau. P
Xyanu myHra yxiamn Kyiuaara TeopeMa ucooTiiaHau.
3-Teopema. Arap
1) (X, y)—>(XO, yo) na f (X, y) GYHKIUSHUHT JTUMUATH (Kappajiud JTUMUTH)
MaBXKy/l Ba
lim f(x,y)=A,

X—=Xg
Y—Yo
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2) xap Oup TaliuHIaHTaH Yy Jaa

lim £ (x,y)=¢(y)

X—>Xo
MaB:Ky Oyica, y Xxonaa
lim lim f(x,y)
X—=>Xo Y—=Yo
TaKPOPHIA JIMMUT MaBKy/l Ba
lim lim f(x,y)=
X=X Y—Yo

oynasu.
Harmka. Arap f(X,y) byHKIMSA y4dyH OUp BakTAa HOKOpU-Jaru 2,3-
TEOpEeMaJlapHUHT apTIapu Oakapuica, y Xoiaa

Im)zo f(x,y)=lim lim f(x,y)=lim lim f(x,y)

X—=>Xg Y—=>Yo Y—=>Yo X—=Xp
Y—Yo

oynanu.

Mamkiap
1. ®yukuus gumutuHuHr  [eitne Ba  Komm — TabpuduapuHuHr
DKBUBAJICHTIINTY KYPCAaTHJICHH.
2. Jlmmutra sra 6ynraH GyHKIMSUTADHUHT XOCCAIapy KEITUPHIICHH.

3. Yoy
Iim f(x,y)=A
e
JUMUT TabpU]IIaHCHH.
4. Yoy
lim (x?,y?)e )
o

JIUMAT XUCOOJIAHCHUH.
3-amaJjiuii MalIFyJa0T

3-macaja. Kappaau JuMutiaap Xxuco0J1aHCHH.

3.1 lim SN 3.2 lim——>Y
20 X +y or X2 —xy +y?
3.3 Iim( 1) 3.4 J"IL( . ZJ :
o X AR
3.5 lim x +y4 3.6 LH}(XZJFVZ)”

oo Xty y>0
o 38 Iy
3.7 Iim(1+—j . o
X—>00 X

y—0
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x—1
y—0 X"+ y

&9|mﬂd§i§).
e

x“+y4

3.11 1im=

x—0 4
y—0 X + y

3.13 Ilm(1+x +y )x iy

y—>0

3.15 Ilm(x +y )sm ! =

X—o0 X + y

y—o

3.17 tim(x+y)e <),
y—o0

3.19 Ixiirg(x2 + yZ)X‘ .

y—0

2
3.21 tim Y
oL X2 4yt —2x+1

y—0

3.10 fim SNy*)

D

3.12 IXiLr(}(lJr xzyz)W.

y—0

4,2

3.14 lim xy2

0
COXE A+

o, 1
3.16 1m(x +y )In(1+sm x2+y2)'

y—x©

3.18 lim

s Iy

y—

3.0 lim1=0s(y?)

2
23 (x?+y?)

X +y?

4-macana. lim lim f(x,y) va lim lim f(x,y) Takpopuii JUMHATIAP

X=X Y—Yo Y—Yo X—>Xo
XHCOOJIAHCHH.
2 2
4.1 f(x,y)=si 1 Xo =0, Yo = 0. XAy Ly -

(x,y) s|n2X+y X, =0, Y, =0 4.2 (x,y) xz—Xy+y2’X0 Yo =0.

4.3 f(xy)=log,(x+y)x, =1y, =0. 4.4 f(x,y)zw;x():)’ozo-
2X+ 3y

4.5 f(x,y)= M Xo =Yo =0.. 4.6 f(X,y)=M;Xo=yo=0'

X" +Yy

in3x—tg2y
A7 f(xy)="0X"02Y., _y —0.
(xy) oxaay oV

X
4.9 f(X,y)=m,X0 =-i-OO,y0 =+40.

x* +y°
411 f(xy)= xiyr 07 00)

0,(x y)= (00 = yo =0

X—Yy+x*+y?
413 f(x,y)= X+y
0,Xx=-yX,=Y,=0

X # =Y
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x> +y
4.8 f(X,y)ZmXOIyOIOO.

1 Xy
410 f(x,y)=—tg—>—:x, =0,y, =o0.
(x,y) Ty Fo =00 =

1 X+y
4.12 f(xy)= (“Hyj x+y=0

Lx+y=0x, =Yy, =00

4.14 f(xy)= sinx+siny X, =y, =0.
x+y
KoY ey
416 £(x,y)={ {1’

0.4 =]\ % = ¥ =0



\_/

4.17 f(x '”(“ey % =1y, = 0. 418 f(xy)= = V

VX2 +y?
4.19 f(xy)= VXY -1

x+y

4.21 f(x,y)=sin 2(X+y);x0 =y, = 0.

xo=y0=0.

4.20 f(x,y)= In{x y+ y);xo =1y, =0.

4-mas3y: Kyn y3rapyBuniu GQyHKUMAHUHT Y3JIyKCH3JIUTH.

4-mabpy3a
PEXA:
1% Kyn y3rapysunin GyHKuMs y3IyKCH3JIMIH TYIIYHYACH,
2°. Y3nykens pyHKIHSUIADHHMHT COIIA XOCCATAPH.
3% Tymiamaa y3iayken3s 0yiaran pyHKIUSUIAPHUHT X0CCA-JIAPH.

Tasinu no6opanap: GyHKIUS y3TyKCU3IUTH TyllyH4Yacy, TyiamMmaa y3ayKcu3
Oynran ¢pyHkuusIap,

1% Kyn ysrapysumim ¢yHKuusi y3ayKcusaurd tymyHdacu. dapas
KWJIaNIIHK, f(x): f (Xl,xz,...,xm) ¢ynkmus R™  ¢asomarm E  Tymmamza
6epunran 616, X’ €E Hykra E TYIIaMHHHT JUMHT HYKTacH GYIICHH.

1-tabpud. Arap
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lim (%)= (x°) (1)

X—Xg

oynca, f (X) dyuxims X° HyKTaza y3nykeus aeiiunam.

2-tabpud (I'eitne). Arap
1) VneN na x" eE :
2) n > ma x"_5x°
apTIaApPHU KAHOATIAHTUPYBUH UXTUEPHIA { x(”)} KEeTMa-KeTJINK YIyH

n—oo ga f (X(n))—> f (XO)

oynca, f (X) dynkmus X° HYKTaga y3IyKcH3 IeHunaim.

3-tabpud (Komm). Arap

Ve>0,35>0, VxeENU; (xo), ‘ f(x)-f (xo)‘<5

oynca, f (X) dynknus X° HYKTaga y3IyKcH3 AeHHnaim.
YMmyman, U= f (X) dyukuusauar X € E HyKTamaru y3nyKCH3INIH KyHHIaruHu
aHIIaTaau:
Ve>0,35>0, VxeENU; (xo), f(x)eU, (f (xo)) .
Opnatna, ymoy

Au=1 (-1 () (= 030 ) X0 =0 7))

anupmMma, u:f(x) dynkimsauEr  X°  HYKTagarm  OpTTHpMacH  (TYIHK

OpTTUPMACH) TCUIITA/IN.
Arap
AX =X =X, AXy =Xy — X3 AX, =X — X
1= XA 2=X =Ry 0 e m="m ~ Am
Jenuiica, yHaa
_ (0 0 0 0,0 0
Au=f (x1 +AX, X3 +AXy ey Xy +Axm)— f (x1 X5 ...,xm)
oynanu. FOxopunaru (1) mynocabarnan doiganannb Kyiujgaru TacIuKHU aiita
0JIaMHU3:
f(X) Gpysxumsauar X° HYKTaa Y3IyKCH3 GYIIHIIN yayH
lim Au=0, seau Iim Au=0
X=X Ax—0

AX,—0

oYUy 3apyp Ba eTapiiu.

IOxopunaru Taspudiap 3xkBUBajIeHT Tabpudiaap Oyaaau.

Arap (1) wmyHocabar 6Gaxapmimaca f(X) ¢ymxmms x° HykTa-ma
Y3WIMIITA 3Tra ACUNJIA]IN.

4-tappud. Arap f(X) dynkums E TymmamMHUHT Xap OMp HyKTacuaa
y3JIyKcu3 Oyiica, pyHkius my E Tymnamna y3nmykcus neduiaim.
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Kyn y3rapyBunnu pyskuusanapaa GyHKUMSHUHT HYKTaJard TYJIUK OPTTUPMAacH
TyLIyHYacu OwiiaH Oup KaTopAa YHUHI XyCYCHUN OpTTHpMallapH TyLIyHYallapH

XaM KHUPUTHUIIA]TH.
Yoy

A u=F0¢ + A%, %5, X5, %) — (X, %5,...x0),
A U= F(X,%5 +AXy, X X)) — T O, %0 ,0.%0),

0,0 0 0 0,0 0
Ay U= 0% 00 X X + A ) = F (X0, Xg 0000 X)),

aitmpmamap Moc pasumga f(X) QyHKmusHHEr X° HyKTamarg X, X,,...

y3rapyBuniap Oyiinda XyCcycuil OpTTUpMaapy JTeUnaan.
PaBmnianku,
lim A, u=0,

Ax—0
lim Au=0 = | lim A u=0,
X—)X0

lim A, u=0
Axp—0
oynanu. bupok, Axy -0 ga A, u—0 (k= 1,2, . ,m) Oynuiuaan
lim Au=0

X—>Xg

OymumM Xxap A0MM Kenud uvuKaBepMaiau (OyHra MHUCOJ KEHWHTH IMyHKTIA

KEeNTUPHUIIA]IN).

4-aMmaJIuil MALIFYJIOT

Kyituparn pyHkuusiiapau Oepwiiran HyKrajapaa xap omp
y3rapyBum Oyiimua Xycycuid Ba MKKaJia y3rapyBum Oyiinua

OMprajukaa y3JyKCU3JIUKKa TEKITUPHUHT.

x'y" X*+y* =0

513 f(x,y)=<x*+y*’ y ' 0(0,0) va AL2).
0,x*+y*=0
XCy: o a

) 01

514 f(xy)=ix +y* " 7 77 0(0,0) va ALo*10°).
0,x*+y*=0
X' 4y’ X +y #0

515 f(x,y)=1x +y ' 0(0,0) va A(-1-1).
0,x +y =0
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X2 —y?
516 f(x,y)=<x*+y*’
1Lx*+y>=0

x> +y? #£0,

0(0,0) va A(01).

sinx+siny X2 1 y? £0
517 f(x,y)=1 x +y ' " 0(0,0) va A(%—%)
1Lx+y=0

COSX—COSY . 4
518 f(x,y)=1 x -y yorEu 0(0,0) va AG;%).
0,x—y=0

519 f(x,y)=1x"+y’ (0y)#(00) 0(0,0) va AL0).

0,(x,y)=(0,0).
z(zy =, x> +y? 20,
520 f(x,y)=4%*Y 0(0,0) va A(%,0).

0,x2+y?=0

22xy ~ X2 +y? =0,
521 f(x,y)=<x"+y 0(0,0) va A(11).

0,x*+y*=0

5-maB3y. Y3iykcu3 QYHKUMSJIAPHUHT X0CCATIaApH
S5-mabpy3a:
PEXA:
1. ¥V3aykcu3 pyHKUMSJIAPHUHT CO//Ia X0CCAJIaAPH.
2. Tyninamaa y3aykcu3 0yJrad pyHKIusUIapHUHT X0CCAJIaApH

Tasinu n6opanap: Yznykcus 6yiran GyHKuusuiap, TymiaMaa y3ayKCU3IHK,
C =const.-y3rapmac

1°. Vinyken3 pyHkuusiapHuHr coaaa xoccagapu. dapas Kunaimuk,
f(x) Ba g (X) dyuximsnap EcR™ tymnamaa 6epuiran 6yau6, x° €E Hykrama
y3IyKcu3 OyicuH. Y Xoiaa

(), Fg00, FRa0 ~X (g(x)0)

dynkimsiap xam X° HyKTaja ysnykcus 6yiaau, Oyrma €= const.
By TacnukauHr ncbotu 15-Mabpy3agaru MOC TaCAUKHUHT UCOOTH KaOUaAMp.
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ANTaNIK,
X =@t ... ) =0,(),
X, =@, (U, 1y, 1) = 0, (1),
X = @ (. ) =0, (1)

dyrkimsapauar xap oupn M < R¥ Tymampga anukimanras 6yiacus. By (2)
MyHocabaT HaTiwkacuga M tymnamuuHr xap oup t=(t,t,,....t,) Hykracura

()

Moc kenyBur R™ (GazsoHuHr X = (X, Xy,....,X,) HYKTacu Xocwi 6ynanu. byrnaii
HyKTajap TymuiamMuau E neitnmuk. Papmanku, E < R™ 6ynanm.
®dapa3 kunanuk, E tymiamaa
u=f(xX)=f(X, Xy, .X1,)
dbyHkuus anukIaHran 6yncud. Hatuxkana
teM >xeE—>ueR,

ABbHU
(t,t,...5)eM > (X, X%,.... X, ) EE—>UeR
oyuo,
u=f(x@)=flet,...t), @ ...t ) (b, 1)) = D) = D(t, 1y, 8, )

byHKuMs xXocwi 0ynaau. YHU Mypakkad GyHKIUs Jerunap d7u.
1-Teopema. Arap

X =gi(t), X =@, (1),... X = (1) (t=(t,....&))
dyukmusmap t®=(t0,...t7))e M cR* nykrama ysnykcms, U= f(X) ¢ynxuus
X° = (X, X5,...x0) € EcR™ mykrama (X =@, (t°), x5 =, (t°),...x° =@, (t°))
yanykens 6ynca, y xomma f(x(t))= f(@,@,,....0,) Mypakkab dyskmus t°
HYKTaJa y3JIyKCU3 OYyiaau.
<« Ilaprra kypa f(x) dynxims x° mykraga yanykens. YHaa tabpudra 6uHOaH
Ve>0, 35>0, YxeENU(x°): \f(x)— f(xo)\<g (3)

oynaau. PaBmankwu.

vxeEnU ;(x°) :>\xi - x?\ <5 (i=12,.....m) (4)
oynau.
Illaptra kypa @ (t) (i=12,....m) dysxousap t° Hykrama ysmykcus.
Tavpudra xypa o >0 yuyn mynnait o6, >0 Tonunaauku,

vteM nU; (t°): ‘(pi(t)—(pi(to)‘<5

oynamu, i=12,...m
Dumu Min{s,,8,,....0, } =0 ne6 onamms. Y xonma Ve M NnU,(t°) Ba Gapua
1=1,2,....,m nap yuyH
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2 - %) <5, sromm \xi - xf‘ <o

6ymamm. (3) Ba (4) mynocabatmapaan Vte M U 4(t°) yuyn
‘ f(x(t))— f(x(t, )‘ <&
Oymumu keaub® umkamu. Jlemak, mypakkab f(Xx(t)) ¢ynkmus t° Hykraga
y3JIyKCcu3. p
2°. Tymaamaa y3iaykeus 0yiaran GyHKUMSUIADHHHT Xoccadapu. DHIU
TYymIaMa y3nyKkcu3 0yiaran GyHKIUSUTApHUHT X0Cca-TapuHI KEITHPaMHU3.

2- teopema. Arap f(X) dynkuus yerapananran émuk E < R™ tymiamua

y3nykcu3 0yica, pyakmus E ga derapamanran 6ymamm.
A Antraiuk, pyakuud my E Tymnmamaa yerapananmaras OYJcuH. YHAA

VneN, Hx(”)eE:‘f(x(”))Zn (n=12,.....)

Oynmanu. PaBuimHKY, {x(”)} KEeTMA-KETJIMK  4YerapajaHrad. bosbiano-
Betliepmirpacc TeopeMacura Kypa sKUHIAITyBYH
xW1 (xWeE, k=12....)
KUCMU#T KeTMa-KeTIIUK MaBXKY/I:
k> ma X™ —x°pa x° eE.
Avinm naiitna, f(X) ¢yakuusauar E na y3nykcusnuruaa
k>0 ma f(x™))— f(x°) .
oynumu kenub uynkaau. by aca
k o0 ma | f (x™))| =1, — o0

aevivmmnmra 3ua. 3unauar  f(X) ¢yskuusauar E pa  gerapanaH-maraH
nevinummaan kenmu6 yukan. Jlemak, f(x) ¢dynkuus E na yerapananras. »

3-reopema. Arap f(X) ¢ynkums uerapanran énuk E < R™ tymmampa
y3IyKCU3 0yiica, PyHKIMS 1y TYImiaM/1a Y3MHUHT aHUK IOKOPU XaM/a aHUK Kyin
yerapajgapura 3pHIIaau, SbHA

X eE, sup{f(x)}=f(xD),

xeE

K eE,  inf{f(x)}=fx")

xeE
oynau.
4 IOxopumarm Tteopemara kypa f(X) dyakmus E  Tymmamaa
yerapajaHrad 0ynaau. Yuaa 0y QyHKIUs aHUK yerapajapra ara:

sup{f (x)}=a, anE{f (x)}=b.

xeE

AHUK I0KOpH derapa tabpudura kypa

vneN, ™ cE:a-t<f(x™)<a (n=12,.)
n
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oynanu. PaBiiaHkw, {X(”)} yerapajlaHraH KeTMma-KeTJuK Oynub, yHIaH {X(n")}
KHUCMHI KeTMa-KEeTJINK aKPaTUIII MyMKHUHKH,
k > ma x™ —>x® pa xO eE (5)
oynanu. bepunran GQyHKIUSHUHT Y3IyKCU3IUTHAAH (Hor1amaHu0 TOIMU3:
k> ma f(x™)— f(x).
AiiHu naiThaa,
vneN ga a—ni< f(x"))<a
k
oynuo, yanan K — oo ga
f(x™)>a (6)
oYUy Kenub YuKaau.
(5) Ba (6) myHocabatnapaian
f(xD)=a=sup{f(x)} (X" €E)
OYJIMIINHYA TONIAMMU3.
Xy[au IIyHra yXIman
f(x"N)=b=inf{f(x)} (x"7eE)
oynmuiuy ncooTiaHagu. P
4-teopema. ®Papa3 kunaitmuk. f(X)= f(X,X,,....,.X,) QyHKIHI OOFMaMITH

E = R™ rymnamaa Oepunran O0yiacum.
Arap
1) f(x) dbysukus E na ysnykeus,
2) a=(a,,a,,....8,)eE, b=(,b,,..b,)eE
HyKTajap/ia TypJd HIIOpalid KHiiMaTiapra sra
(f(@)>0, f(b)<0 ¢xu f(a)<0, f(b)>0)
O¥ynca, y Xxonaa myHnait ¢ =(C,,C,,....C,,) € E HykTa Tonunamuku

f(c)=0
oynmanm.
<« Anraiimuk, f(X) ¢ynxums Gormammum E < R™ tymmampa ysmykcwus
6y1u0,
f(a)<0, f(b)>0
OYJICHH.

E Gornmamuu tyruiam. bunoGapun, a Ba b HykranapHu OMpIAIITUPYBYU Ba Iy
TYIJIamMra TeTUILIN CHHUK YU3WK Tomuiaaau. Arap Oy CHHHMK YM3HK Y4JIApUHU
udomanoBun HyKTamapHuar ompuaa f(X) dyHKIMsA Honra aimaHca Teopema

nucOOTIIaHAIN.
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Arap cunMK un3uK ywiapuaa f(X) ¢yHkuus Hoira aidjlaHMaca, y X0Jj1a CUHUK

! !

YM3UKHUHT OTyHJai KeCMacH TONWIAAUKH, YHUHT Ooup yuu &' =(a, ,a, ,.....a, )
na f(a') <0, uxxkuaunm yau b’ = (b, ,b, ,....b,, ) ma f(b")>0 6ymanm.
Oumu f(X)=f(X,X,,.....X,;) HH Iy KecMa

k = {(xl,x2 voouX)eR™x =a, +t(b, —a,),

! !

! ! ! ! 1
X, =8, +1(b, —a,),.... Xy =a, +t(b, —a,)|

(0<t<1) nakapaitmus. YHIa

f(ay +t(b, —a,), a, +t(b, —a,),...a, +t(b, —a, )=F()
Oymuo, Outra t y3rapyBumra OOfIMK (yHKUUA Xocud Oynanu. by QyHkuus
[0, 1] cermenTna y3mykcus Ba
FO=f@)<0 , FO=1f({d)>0
Oynanu. Yuaa 16-mabpy3aga KenTHpWIraH Teopemara kypa, mysnuail t, € (0,1)
HYKTa TOMWJIANKH,
F(t,)=0
SbHU
fa, +t.(b, —a ) & +t.(b, —a,)....a, +t,(b, —a,))=0
oynamu. Arap
¢, =a +t (b —a,) c,=a, +t (b, —a,),...c,=.4a, +t.(b, —a,))
neiunca, yuaa € =(c;,C,,....C,) € E HyKTana
f(c)=0
oynmamu. »
5-treopema. @apa3 kwmaiimk, f(X) ¢ysakuus Gormammu E < R™
Tymamaa oepuirad 0yyicud. Arap
1) f(x) byakums E na y3mykcus,
2) acE,beE nykramapna f(a)=A, f(b)=B

KuiimaTiiapra sra Ba A= B GVyica, y xonga A 6wrian B opacuna xap kannaii C
COH OJIMHCA XaM, IyHjai C € E Hykra Tonunaaukw,

f(c)=C
oynmanm.

<4 by Teopema 1okopuaaru 4—-reopema kabu ucoornaHagu. P
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S-amaJnii MalIFyJioT
f(x,y) funksiyani M to plamda chegaralanganlikka tekshiring.
6.1 f(x,y)=x*-y>, M={xy)eR? x> +y? <25/,

6.2 f(x,y)=x*—y* M ={(x,y)eR2,x2 +y? >25}.

2 2
6.3 f(x,y): 2X° + 3y 1 M:{(x,y)eRz,x2+y2¢0}.

X2 + y2
6.4 f(x,y)= X+ V>X—yC°S(X— Y) M= {xy)e Ry =0},
6.5 1 (x,y)= SN+ y>x—y3‘”<x— Y) M ={x y)eR?xy %0}
6.6 f(x,y)= w M ={(x,y)e R x = y}.
Quyidagi funksiyalarning ko rsatilgan to plamda

chegaralanganligini isbotlang, uning aniq chegaralarini toping va
funksiya shu giymatlarga erishish-erishmasligini aniglang.

X2 — yz
X% +y?

6.6 f(xy)= , M:{(x,y)e Rz,x2+y2¢0}.
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6 6
6.7 f(x,y):%, M:{(x,y)eR2,0<x2+y2£9}.
x> +y

X2 2
6.8 f(X,y):ﬁ, MZ{(X,y)ERZ,X4—|—y4¢0}-
6.9 f(xy)=xe™, M={xy)eR%x>0,y>0}.

4(x2 + y2)+ 22°
x> +y%+12°

6.10 f(x,y,z)= M ={xy,2)eR® x* +y? +2 0.

6-MAB3Y: Kyn y3rapyBuniun GyHKIUSIHUHT y3aykeusauru. Kanrop
TeopeMacH.
PEXA:

1° GyHKUMSAHMHAT TEKUC Y3IYKCH3JIUIH.

2°KanTop Teopemacu.

Tassnu ndopanap: OYHKIUSHUHT TEKUC Y3JIYKCU3JIWTH, TYIJIAaMUJIard
TEOpAHMILL,

1° GyHKUMSAHMHAT TEKUC Y3IYKCH3JIUIH.

Avitaiimuk, f(X) gynkums E < R™ tynnamupa 6epunran 6yicun.

5.1-rabpud. Arap Ve >0 con osmHranaa xam myHnain o =o(g) >0 con
TOIMJICAKH,

p(X',x")<o
TEHICU3JIMKHY KaHoaTiaaHTupyBun uxtuépui X' € E, X" € E yuyn
‘ f(x")—f (X')‘ <&

TeHrcu3auk Oaxapwica, f(X) ¢dynknus E  Tymmamma Tekuc  y3iaykcus
JIeUnIaau.

Arap f(X) dynkmus E tymmamna tekuc y3nmykcus Oyiica, y nry Tymiamia
y3iayKcu3 Oymaau.

<« XaKkuKataaH xaM, oKopuaard Taspudua X" Hykra cudaruaa x° € E
onuHca, GyHKIusHEET X° HYKTaja y3OyKCH3-IHIH, 6uHOGapuH E Tymmamma
Y3IYKCU3JIUTH KenuO uukaau. »
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f(x) ¢ysxkuusauar EcR™ Tymmampa TeKUC y3IyKCH3 OMACIUIU
KyWujaruya:

dgy >0, Vo >0,3x' eE, X" €E, p(X',x")<J: \f(x”) — f(x)
oynanu.

6-Treopema. (Kanrop Tteopemacn.). Arap f(X) dbyHKIusA yerapagaHraHn

2 &

émuk E cR™ Tymmampma ysmykcms Oyica, QyHKIMS IOy TYIUIAMOa TEKHC
y3IyKCU3 Oynaau.
d®Dapa3 kumaiimuk, f(X) ¢ynkous gerapamanmran émmk E < R

TYIIaMaa y3iaykcus Oynu0, y mry Tymiamaa TeKUC Y3JIyKcu3 OYiaMacuH. YHJa
oupop &, >0 conBa Vne N yuyn E tynnamaa

n n 1
p(x™ yt ))<H (n=12,3,....)

TEHTCH3JIMKHYU KaHOATJIAHTUPYBYH NIyHIAM
x" e E, yMW e E
HyKTaJIap TOIUIIAIUKH,
Fx™) = £ (y™) 2 &
oynanu. PaBmanku,
{x(”)} (xXM eE, n=123,....)

KC€TMAa-KCTJIUMK YerapalaHTaH. yHI[aH AKWHJIAITyYBYH KI/ICMI/Iﬁ KETMa-KCTJINK

aXXpaTuil MyMKHH:

ko0 ma x™™) —x°ga x° eE.

Macoda xoccacunan oitnananud Tonammus;

o 1
p(y(nk) , X ) S p(y(nk) , X(nk)) + p(x(nk) , XO) < n_ _|_ p(X(nk) , XO).
k
Kelinaru myHocabaTaaH, K — co J1a TUMHUTIra YTHUII OWJIaH

yM) — x°
6ymmmmay Tomamus. f(X) ¢yskums E Tymmamua, xymnanan X° € E Hykraga
Y3IIYKCHU3. YHIA K — o0 11a
FX™) = (), fF(y"™)— f(x")

0ymu0, yHaan

f(x™) - f(y"™)—0
Oymuim kenud ynkaau. by sca

fOE) = 1 (y™)|2 6

ne6 xwimHran ¢apasra suamup. Jemak, f(X) ¢ynkums E tynnampma tekuc
y3IyKcu3. p>

Aditaiimuk, R™ ¢aszoga 6upop E Ttymiam Oepuiaran O6yincun: Ec R™ .

Yoy
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a= sup p(x',x")

X'eE,x"eE
MUKIOp E TymmaMHUHT muaMeTpu Aevuiaay.

6-rappud. f(Xx) dpynxums E < R™ tynnamna anuknanran 6yiacun. Yeaa
o(f,E)= sup {f(x)—f(x")|}

xX'eE,x"eE

con f(X) dynkmusauar E tynnmamunaru TeOpaHuIm qeinaanm.

Harmka. f(X) ¢ysxuums derapanamran émuk E < R™ Tymmampa ysmykcus

Ooynca, y xomga Ve>0 coH yuyH myHaail o >0 con rtonunaauku, E
TYIUIAMHUHT JUaMETpU O JaH KWUYMK OynraH E, Tymuiamnapra mryHzaai

aXpatuil MyYMKHHKH,

xap oup E, na
o(f;E )¢
oynau.
dHarwkanuar maprtugan  f(X) ¢ysknusauar E - Tymurlampa  Texuc

Y3IYKCU3IUTH Kenub uukaau. YHaa Tabpudra 6unoan Ve >0 yduyH mryHmai
0 >0 Tommmamuku, p(X',X") <O TEHICHU3IMKHU KAHOATIAHTHPYBYH HXTHEPHIA

X" e E,x" € E nykramapaa
‘ f(x")—f (X’)‘ <&
oymasu.

6-amaJmii MalIFyJI0T

f(x,y) pyHkuusinuHr M TYmiamMaa TeKuc y3JayKcu3 0y aumm
Tabpud épaamMuaa HCOOTIAHCHH(S = 5(s)—?).

6.11 f(x,y)=2x+3y+5 M =R?.

6.12 f(xy)=x2+y®> M={xy)eR? x*+y> <4},
6.13 f(x,y)=+x2+y> M =R

6.14 f(x,y)=x-2y+3, M=R>.

Kyingaru pyHKuMsiJIapHu KypPCcaTHITaH TYIJIaMAAa TEKHC
Y3JIYKCH3JIMKKA TeKIIUPUHT.
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X% +y?
x*+y*’

6.6 f(xy)= M ={(x, y)eR*,0<x* +y? <1}.

6.7 f(x y):—“X4+y4 M:{(x,y)eRZ,0<x2 sl}.

x> +y?

6.8 f(x,y):x-sinlM={(x,y)eR2,O<x<1,0<y<1}.
y
6.9 f(x,y)zxysin%, M={(x,y)eR2,0<x<1,0<y<1}.

6.10 f(x,y)=y-cos%, M ={(x, y)eR?,0<x<10< y<1}

6.21 f(xy)=x*—y® funksiyaning M ={xy)eR’1<x <20<y<i]
to plamda tekis uzluksiz ekanligi ta'rif yordamida isbotlansin.

7-maB3y. Kyn y3rapyBunin pyHkuusstHuHr auddepeHuna ianyBYMINTA.
Wynanum 6yiinua xocuia
7-mabpy3a:
PEXKA:
1. OyHKUMAHMHT XyCYyCHI XOCHJIAJAPH TYLIYHYACH
2. Kyn y3rapyBumiu pyHKuussHMHT J1uddepeHnua-IanyBYHIUTH.
3. Uynanum 6yiinua xocuaa

Tasinu udopajap: Xycycui XOCHIIA, (GYyHKUMSIHUHT
b depeHnramIanyBUMIUTH

1°. dynkuusiHuHr XycycHii Xocuaaaapu Tymyndacu. dapas kunaiiux,
f (X): f (Xl, Xy, ...,Xm) ¢yukuus EcR™ tymnamaa 6epuran 6yauo,

x° =(x1°,xg x%)e E, (xf +A X, X3 ,...,xr?,)eE (Ax1>0)
<
OyiacuH. By QyHKUMSHUHT X° HyKTagaru X, y3rapyBuM Oyinya XyCycHi
opTHpMacu
A, f (xo): f (xlo+Ax1,x‘2) xr%)— f (xf X3 x,%)
A X, Ta O0fJIK OYnanu.
1-tabpud. Ymoy

A¥—0 Axl
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JUMUAT MaBxXyn Oynca, Oy JUMHUT f(x)zf(xl,xz,...,xm) (YyHKIUSA-HUHT
x° :(Xf,xg,...,xfn) HyKTaJaru X, y3rapyBuUHCH Oyln4ya XyCyCHUH XOCHJIACH

neumiaaau. YHU

Kabu OenruiIaHagu:

0 f (Xo_)_ Y lim Axl f(xo)

8X1 ! AXl*>0 AX]_
0 0 0 0 0 0
_ m f(x1 + AX(, X5, xm)— f (xl,xz,...,xm)
AXl—)O AXl

bepunran QyHKIUSHUHT Oy XyCyCHIl XOCHIIACHHM KylHaarnya

f (xl,xg,...,x%)— f (XfXng?w)

XX X, — X,
Tabpudaca xaM 0ynaau.
Xyaau — IIyHTa  YXIIarmm f (Xl, Xy, ...,Xm) GYHKIUSHUAT — OOIIKa
X5, X3 4.y Xy Y3rapyBUMIIapH OyHinYa XyCyCUil XOCWIaNapu TabpUQIaHaIu:

of !XO P: lim sz f (XO):

a X2 A)(2_>O A X2

_jim (xf,xg+Ax2,x§,...,x%)— f (xfxgxfn)
Ax,—0 AXZ ’

of !XO ?: lim Axm f (XO) _

OXy M0 AX
. f(xO X0 x% . x% +AX )—f(xo X2 . xo)

= fim X X e TAXR )T TV Ko ) Ay 50, k=2,3,...,m
AXpy—0 Axm <

KOxopuna xentupunrad Tabpuduapaad Kyn y3rapyBuMin QyHKIUSHAHT
Xycycui Xxocunaiapu Oup y3rapyBUmiM QYHKITUSTHUHT XOCHIIACH KaOu IKaHIUTH
kypuHagu. Jlemak, kyn y3rapyBumid (yHKUMSHUHT XYCYCHM XOCHJIAJIapUHU
TOMMINJIa MABJIYM >KaJBall Ba KoujanapjaH Qoiinananum MmyMkuH. XKymiaaas,
arap

f(X)=F (X, %, X))  » 9(X)=g (X, Xp,..00 %)
¢yukupsmap EcR™ tymmampa Oepunran 6ynmu0, Xe€E wHykrama Xxycycwuii
Xocuanapra ara 0yica, y Xosja:
yvoer, AT 0f )
O X, OX,
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2 o (X)ra(x)_af(x) ag(x).

O Xy 0%,  0X,
5 21 0a() 210012909,

at0) ) ()
gix 2 o f(x og(x
9 90 g 2 2L g0 1078
(g(x)%0), k=1,2,...m
oynasu.
2°. Kyn y3rapyBumian GyHKuMssHEHT Juddepennua-JianyBYHIuru.

3apypuii mapr. Airaitnuk, f (X)z f (xl, X5, ...,Xm) ¢yuxuus EcR™ tynnamaa
Oepwiran 6ynuo,

x° :(xf X3 x%)e E, (xf FAX XS FAXy ey XD +Axm)eE
6y1cuH. MabinyMKy, Oepuirad (pyHKIHSHART X° HyKTaJard Tyia opTTHPMAacH

Af (xo): f (xo FAX, XS +AXy .., X +Axm)— f (xfxgxf,’])
oymm0, y AX,,AX,,...,AX,, Japra OOFIuK Oynanu.

2-tabpud. Arap AX;,AX,,...,AX, opTrupManapra OofiuK OyImaraxH

m
myHaai AL, A,,....,A, COHIapu TONWINO, (PYHKIMSHUHT x° HyKTamard TYIHK
OpTTUPMACH YIIOY
Af (xo)zAlel+A2 AXp+... A AX_ +
+ oy AX +a, AXy +. 4o AX,

1)

KypuHHUIIa udomananca, f (X) dynknus x° HykTaga quddepeH-1uanaHyBun
aevwnanu, OyHma oy,Q,,...,0, Jap AX,AX,,...,AX, Japra OOFIuK Ba
AX; =0, AX, =0,..., AX, =0 1a yekcu3 KMYUK MUKIOPJIAp.

Arap (Xlo,xg,...,xfn) xXamJa (Xlo +AX1,Xg + AX, ,...,X,?]+Axm) HyKTa-jap
opacugaru macoda

p=| AXZ+AXZ +.. +AXC
yuyH, AX, =0, AX, =>0,...,AX,, >0 na
o AX +o, AXy+. 4o AX, :0(,0)

OynuimHM 3bTHOOpra oJicak, (1) MyHocabaT yuoy

Af(xo):AiAxl+A2Ax2+....+AnAxm+0(p) 2)
KYpHUHUIITA KEJIaau.
Opatma, (1) Ba (2) w™myHocabatmap f (X) GYyHKIUSTHUHT x° HYKTajaa
audepeHnramianyBu1 IapTy ASHNTIaIH.

1-mmucour. YOy
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f(X)=F (X, Xgreeei Xy ) =X2 X2 4.+ X2

GYyHKIUSTHIHT ‘v’(xlo XS XY )e R™ mykraga muddepeHnmamianyBud Oy InIm
KYpPCaTHJICHH.
dbepwirad  QyHKIUSHUHT X% = (Xlo ,Xg ,...,Xr?]) HYKTaJaru TYJINK

OPTTHPMACHUHU TONAMU3:
Af (xo):(xlo +Ax1)2 +(xg +AX, )2 + ...+(xr?] +AX, )2 =
X% 4% . xC ):2xf AX,+2X) AXy+...+
+2X2 AX +AX. FAXS +. +AXE.
Arap
A =2x, A,=2x3,..., A =2x°
o =AX,0,=AX,,..., o, =AX,
Jennica, yuaa
Af (XO)ZALAX1+A2 AXy+ooo ik AL AX + 0 AXy 0ty AXy .ty AXy
oynanu. JleMax, Oepuiiran byHKIUA vx’eR" HYKTaJia
b depeHunanianyBuu. P
Arap f (x) ¢yskums EcR™ r1ymmamaubr xap Oup HyKTacuua

muddepennmanianyBuu 0ynca, pynkuus E tymnamaa nuddepeHunaiianyBun
JeHuIau.

1-Teopema. Arap f (X) byHKIUSA x°cE cR" HYKTaJia
muddepennnamanyBuu 0yica, y Xxoiuna GyHKIUS Iy HyKTajaa y37IyKCu3 Oymaam.

«Illaptra kypa f (X) dynkims x° Hykraza guddepeHnman-naHyBun.
Jlemak, QYHKIMSIHAHT 1Ty HYKTaJard TYJIUK OPTTUPMACH

Af (XO)=A1AX1+A2 AXy+.cb AL AX + 0y AX + 0y AXy +.o 0 AX,

oynanu. By TeHrnukaan
lim  Af (x°)=0

AX1—>0
AXZ—)O

6ymumEy Tonamus. emak, f(X) dynkius x° HyKkTaza ysmykcus. P
2-teopema. Arap f(x) dynxuus x° mykTama ambdepen-nmanIaHyBdHn
Oynca, y Xxonaa pyHKIMA [Ty HyKTaja Oapya XyCyCcHil Xocuiaiapra sra Ba
f, (xo):Al, f,, (xo):A2 SO (xo):Am
oynau.
«lllaptra x¥pa f(x) dyskuus x° HykTama auddepeHnHaI-TaHyBYN.

buno6apus, (1) mapt 6axapuiaau. YHaa
AX,#0 , AX,=AX;=..=AX, =0
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neb oJMHCca, Kyduaaru
0
A FOC)A Ax +ayAx,

TEHIJIMK XOCHJI OYaau. by TeHrIMKIaH ToraMms:

A TIXY)
Alimo%l)_Aumo(Al ta)=A.
JleMak,
f,. (xo):Ai.
Xymma  mydra  yxmam  f(x)  QynkuusHAHT x° HYyKTajaa

fX'2 (XO ), fxl3 (XO ), ey f);m (XO) XYCYCHM XOCHJIaJapUHUHT MaBXY/UTUTH Xam/1a
f, (XO):A2 . (XO):A3 v By (xo):Am
oYM Kypcatuiaau. P
By Teopemanan X° HykTana quddepeHnuamianypuyn f (X) (O YHKITUSHUHT
OpPTTHpPMACH YUyH
Af (xo): f, (xo)-Axl+ f,, (XO)A Xp+..+ f, (XO)A x,, +0(p)
OynuIy Kenub YuKaIu.

Jcaarma. f(x) QyHKIMAHUAT Gupop X° HyKTajza Oapuya Xycycmid

f,, (xo), f,, (xo), f,, (xo), . (xo)

HUHT MaBXyJl OYTUIIHNIaH, YHUHT 1Ty HyKTaja AuddepeHimamuianyBuu Oy Iuim
Xap JOMM Kenuo yukaBepmaiiin. (OyHra MHCON KEWHMHTM IyHKTAA
KEJITUPUIIA]IN).

XOCHIIaIapu

IOxopuma kenTupuiarad TeopeMa Ba dciaatMaman f (x) dyskupsarEr X°
HyKTaja Oapya XycycHwil xocwianapra sra Oynuil (yHKUMSHUHT 11y HYKTajaa
muddepeHnramIanyBuy OYIUITUHUHT 3apyPHil MIAPTH KAHIUTU KeTNO YUKAIH.

3% ®ynkuus auPPepeHUHAUIAHYBYWIMTHHUHAT €TApJM INAPTH.

dapaz kunahamk, f (X) ¢ynxkuus EcR™  rtymmampa Gepuiran  6yimO,
Us (XO)CE 6ymncun (5>0).
3-Tteopema. Arap f (X) dyHkumsa U (XO )zxa Oapua Xycycuil xocuiajiapra
sra 6y1m6, 6y xycycuii xocunanap X° HyKraza y3iykcu3s 6yica, f (X) byHKIUSA
x° HykTaza quddepeHInaIIIaHyBYN OYIIaIH.
4Vmly
(xlo+Ax1, Xa +AXy .. X +Axm)eU5 (xo).
0

:(X10 ,Xg - X%) HYKTaJaru TYJIUK

HYKTaHH 0u0, Oepuiradn QyHKUUSHUHT
OPTTUPMACUHU Kapanmus:

Af (xo): f (xf + AX XS Ay, XD +Axm)— f (xfxgxr?,)
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By opTTpManu Kyiingaruya €3u onamMus:

Af (xo):[f (xlo +AX] X +AXy ey X +Axm)— f (xf,xg +AXy X +Axm)J+

+[f (xlo,xg+Ax2,...,xr?1 +Axm)—f XC ,Xa , Xa +AXg .o X +Axm)]+

+....+[f (xf Xe e X0, XD +Axm)— f (xlo xgxg)]

3
Jlarpanx teopemacuaaf Gpoinananud TonaMums: ©
f (xf+Ax1,xg +AXy e XD +Axm)— f (xf,xg + A Xy oo XD +Axm)=
=f,, (xf+6?l-Ax1,xg+Ax2,...,xr?1+Axm)-Ax1,
f (xlo,xg+Ax2 ,...,x,?1+Axm)— f (xf,xg JXg + AXg e XD +Axm):
=f,, (xf,xg +0,-AXy X3 + AXg,..0 X0 +Axm)-Ax2; %

0o ,0 0 0 0o ,0 0)_
f(xl,x2,...,xm_l,xm+Axm)—f(xl,xz,...,xm)_
e 0 L0 : 0

=f (xl,xz,...,xm_l,x +6?mAxm)-Axm.

m
(0<6,<1,k=12,..,m)

[IlapTra xypa fxl, fX'2 ,...,1‘)('m XYCYCHI XOCHJIajaap x° =(Xf,xg ,...,Xg) HYyKTa/1a

Y3IIYKCHU3. YHIA
' 0 0 0 ' 0
fXl (x1 +O, AX Xy +AXy e Xy +Axm): f (x )+a1,

' 0 O 0 0 _ £ 0
fx2 (xl Xy + 0, AXy X3 +AXg .. X, +Axm)_ fy, (x )+a2,

(5)
fx'm (xlo Xe e X2 XD+ 0 AX ): f, (x°)+am ,
oynanu. bynna
Ax —-0, Ax, =0,...,.AXx, >0 o0a o —>0 , a,—0,..,a,—0.

FOxopunaru (3), (4) Ba (5) myHocabatiapan
Af (xo): f)gl(xo)Ax1 + f,, (XO)AXZ +o+ (xo)Axm +
+oy AX +a, AXy + . ta, AX,

Oymumm  kenmu® — ywkamu.  Jlemax, f (X) byHKIHS x° HYyKTaJa
nuddepeHnranIanyBuu. P
by Teopema f (X) dyuximsanar X° HykTaga mddepeH-IuanaHyBu
OYIUIIMHUHT €Tapyiy WapTUHU Udoaanaiam.

Vpra kuiimaT xakuaa teopema. Hynaaum 6yiinua xocuna
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1°. Vpra kuiimar xakuaa Teopema. ®apas kumaitmuk, f(X)= f(X,Xy,....X,)

byaxkmus E < R™ tymnamua 6epunran 6yincun. By E Tymnampa myngai
a=(2,88)  b=(.byb,)

HYKTaJIApDHU KapalMU3Ku, Oy HYKTaJIApHU OWPIAIITHPYBYM TYFPH HH3UK
kecmacu E Tymmamra terunuim 6yiacuH.
Papmranku, 0y kecma ymoy

K= {(xl,xz,...,xm)e R™: x, =a, +t(b, —q,),
X, =a, +t(0, —a,),...X, =a, +t(b, —a,) , (0<t<1)}
HyKTanap Tyriamu ounan udonanananu: KcE.
1-teopema. Arap f (X) ¢ynkuus K xecmanmHr @ Ba b Hykramapuma
Y3IIYKCHU3 0ynuo, KECMaHUHT KOJITaH Oapua HyKTaJlapu/ia
muddepennmamanyBun 0yica, y xonma K kecmama mryHaai C=(Cl,cz,...,cm)
HYKTa TONMUIAIUKH,

f(b)-f(a)="f, ()b —a)+ 1, ()b, —a J+...+ f, (c)(bn—an) (1)

oymasu.
<« f(x) pynxmusa K ¢ E kecmama Kyitnaaru

f(X)=F (X, Xp0i0 X, )=

=f(a, +t(b, —a),a, +t(b, —a,),.....a, +t(b, —a,)) (0<t<1)
kypunumaa Oymamu. By t  y3rapyBumHMHT (QyHkuuscunu F (t) Ouan
OeNrmIaiIvK:

F(t)="(a, +t(b, —a,).a, +t(b, —a,),....a, +t(b, —a_)).
PaBmanku, F (t) byHKIHS [O,l] CErMEHT/Ia y3IyKcu3 0yiuo, (0,1) na
F(t)=", (b —a)+f, (b, —a,)+...+ f, (b, —ay,)

xocuara sra oynanu. byHnna fX ,fxz, o Fu

(a, +t(o, —a,),a, +t(b, —a,),....a, +t(b, —a,))

HYKTaJlaru KuAMatjiapy OJIMHTaH.
Jlarpamx TeopemacuaaH ¢oiganaHnud Tonamus:

F@)- F(0)=F*(t,). (0<t, <1) (2)
FO)=f(a) F@=f(b) (3)
XamMaa

F(t)= xl( +t, (b —a), a8, +t.(b,—ay),..a, +t. (b, —a,))-
(b, —ay )+ f, (al+to(b1_al)’a2+to(b2_a2)""’am+to(bm_am))° (4)
by —ay)+..+ f_(a +t,(b,—ay)....a, +t. (b, —a,))-(b, —a,)

OYAMIIMHYU >bTUOOPTA OJICAK, CYHT YIIOY

f, Xycycuil XocHiamapHUHT

Arap
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8, +1. (b, —a))=c,,
a, +1,(b, —a,)=c,,
ap +1, (bm —ay ): Cn
OenrunanuiapuHu Oakapcak, yHaa
c=(c,,Cy,...nCpy JE K
oymmo, (2), (3) Ba (4) myHocabatiapaan
fb)-f(a)="f, ()b, —a)+ 1, ()b, —a,)+...+ f, (c)(by —ay)
oynuiy kenub yukagu. »
Onatna, (1) popmyna JlarpaHKHUHT yeKIM opTTUpMaap Gopmyiacu JeHnusau.
20, Xycycnii xoanap. Hynanum 6yiinua xocuia.
m =1 6ynranja roKopuIaru TeopeMaja KeITupuirad popmysa
f(b)—f (a)=f (c)-(b—a)
(aeR,beR, a<c<b) kypummmra kenamu. By Jlarpamk Teopema-CHHH
udonoBun Gopmymna 6ymmo, 21-Mawpy3ana yprauuiaras.
m =2 6ynranaa (1) popmyia
f (b)-f(a)=1,(c)-(b,—a,)+ f, (c)(b, —a,)
(b:(bl, b,)eR* a=(a,a,)eR® c=(c,c,)eR? )
KYpUHUIIKMAA OY1aau.
Mabnaymku, U= f (X) (X eR,ue R) QyHKIMAHMHT Xocmmach | (X) ury
(GYHKUMSHUHT ~ y3rapumiuHd  (Y3rapuml — TE3UTMHU)  udojaiap  dIu.
u="f (X, y) ((X, y)e R ,ueR ) UKKH  Y3rapyB-udiu  (QYHKIUSHUHT
f, (X, y) : f; (X, y) Xycycuit xocunanapu (QyHKIusHUHT Moc pasuiga OX
xamaa OY Vkmap Oyitmda y3rapuin Te3NMUrdHu Ounaupaau. bomkada aiitranmga
f (X, y) (GYHKUMSHUHT XYCYCHUH XOCHJalapyu KOOpJIMHATa YKJIapH WYHAIUIIH
Oyiinua xocumnanap O0ynaau.
Oumn f (X, y) (GYHKIIUSHUHT TEKUCIUKIATH UXTUEPUN TalluH MYHAIUIIN
Oyiinya XOCHUJIacu TYIIYHYACUHU KEATHPAMMU3.
dapa3 kunaiamk, f (X, y) dynknus Ec R? Tymiamua Gepuiran GyiicHH.
by ¢yaxkumsan  Jlekapt KoopauMHATajmap —CHCTEMAacHuza  TacBUpPJIaHTaH
AO:(XO,yO) nykranuar U (A )cE  (6>0) arpodmma kapaiivus. Ymby
A=(x,y)cU;(A)) uykranu omub, A, Ba A HyKTanapu OpKaiu TYFpu UU3HK
VyTKazaMu3. YHAArd UKKYM WYHAIUIAaH OUpUHU MycOat iyHamum (26-un3mana

KypcaTuirasek), MKKMHYMCUHHU dca MaHbuit ityHanu n1ed kaOdyn Kuiamus. by
HyHanran Tyrpu un3ukau | Owtan Genrmmaitmus. A, Ba A HyKramap opacujaru

Macoda

p=p(By, A=y (x= 3, +(y - ¥
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oymuo6, 6y macoda A,A BekTopHHHT HyHamumw | HuUHr iyHanumym Ounan Oup

X1 OyIica, MycOat uiopa OmIaH akc Xoa Man(uii uimopa OuaaH OJTUHAIM.

Arap | wuar wmycOar #yHammmm Owmam OX Ba OY koopauHara
YKIapUHUHT MycOaT WYHAIMIIIIIAPH opacuaard OypyakHA MOC paBUIIa « Ba
S neuniica, (26-un3ma) yHaa

X=X _ cosa, =0 —cosp
p p

OYJUIIY TONUIAIN.

YA

Yo

<Y

26-yn3Mma

1-tabpug. Arap
A—Ay Yo
MTUMUT MaBxy 6¥1ca, 6y mumvut f (X, y) dyHkuusaEr A, :(Xo, yo) HYKTaJaru

| #yHamum 6yitnua xocuna neinnaan. YHu

of (Ao) S of (XO’yO)

ol ol
31 (A)_ . F(A-T(A)

ol APy Yo,

kabu Oenrmnanaau. /lemak,

1-mucon. Ymily
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f(x,y)=3x%y

¢ynkuusauar (0,0) HykTama Oapya WyHamuumiap OywW4a XOCHITaJapUHUHT
MaBXKYJTUTH KYpCATHIITaH.

o . To_.
< AliTalinuk, o ;tirE oyncun. by xonna

y=tga-X
oyuo,

f(x,y)=3xtga =x3ga
p((%,),(0,0))=yx? +x*tg2a =|x 1+tg2a

Oynanu. YHpma OepuiraH (QYHKIUHUHT (0,0) HYKTaJlaru o ;ti% oynran

uXTUEpUN WyHanuI Oyiinya Xxocuiacu, Tabpudra OMHOaH
_ 3 :
0£(0,0)_ iim | (x,y)- f(0,0) iim __ga X

ol e p p0 firtga|X|

oynau.

Arap —%<a<% oynca, yama X >0 , ‘X‘:X 0yuo,

0f(0,0) 3tga

ol Ji+tgla

oynanu.

3
Arap §<a<?ﬁ oynca, ynga X<0 , ‘X‘:—X 0ymo,

0 1(0,0) 3ftga

al J1+tg?a

oynmanm.
AWTaNITUK, a:i% oyncun. by xomma x=0, f(O, y):O oynuo, Oy

nyHanunuiap 6yiinya xocuia
o 1(0,0)
ol

=0

oynamu.»

1-Tteopema.  Arap f(x,y) Gynkuus A, =(x0,y0) HYKTaja
muddepennmamianyBun Oyica, y xonna (QyHKIOUS Iy HYKTajga Xap KaHmai
HyHanuu Oyiinya xocuiiara 3ra Ba

01 (A)_0f (%, ¥0)_0f (xo¥o) oo,

ol ol OX

afx—cosﬂ (5)
oy

oynau.
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<« Aidfraiiiak,  f(x,y) Qynxkuma Ay =(X,,Y,) Hykrama jaud-
depeHmamianyBu 0yiacuH. Y xoinaa
f(A)—f(A)=f(xy)—f(x Y)
OPTTUpPMA y4YH

A= 1 ()= TL ) e+ L)y o)

oynanu, OyHaa

p=A(x =% )" +(y -y, -

KeliuHru TeHrTMKHUHT Xap UKKM TOMOHUHU O Ta OYiamMus:
(A= 1(A)_01(A) x—%  2F (&) y=y,  0(o)
p 0X p oy p p

Mabinymku,

X=Xo — Cosc, Y—Yo
P P
Myau spTHOOpPTra 01b, p — 0 na nmumuTra YyTHO TOMaMMU3:
i (A= () T (A) o1 (A)
oy

p—0 £ O X

=C0S/f.

COSox +

cosp:

Jemaxk,

of(Ay)_of (XO'YO)COSQ+M003'B'>
ol ox oy

2-MucoJ1. Yoy

f(x,y)=x>+y?
> > o
(G YHKITUSHUHT (1,1) HyKTaga I =1+ 2 ] BekTop WyHamum Oyinda XOocuiacu

TOTIVJICHH.
<« PaBmianku, 0y xoiaa

cosozzi cosﬂ:i,
V5 V5
of(xy)_ a(xz + y2):2X1 of (1,1):2 |
oX oX oX
of(xy)_al+y?) ,  of@y_,
oy oy T ey T
oynanu. (5) popmynanan doigananud Tormamms:
of@@l) , 1 2 _6 p
BY =2 NG + 2 NG

dapa3z  kunmahnmk, f (X, y) byukmus ounk EC R? TYIIaMaa
muddepennnamianyBuu 0yncuH. bunobapun, dyaknus E tymmamHuHT Xap 6up
(X, y)e E nykracuga

of(xy) af(xy)
ox dy
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Xycycuii xocunanapra sra 6ynanu. KoopaunaTtanapu nry xycycuil xocusanapaaH
noopart OViIraH BEKTOPHU Ty3aMU3:

of(xy) 7, otlxy) 7 6)
0X oy

- -
Oynma, | Ba | KoopAuwHATa YVKjaapu Oyiuua HyHauran OMpiMK BexkTopjap. (6)

pektop f(X,y) QyHKuusHuET rpamwentm neimiazm Ba grad f  xabu
OenruiaHaan:
of(xy) 7, aflxy) 7
0X oy
Jlemax, grad f E tymmamuusr xap 6up (X, y) HykTachra 6UTTa BEKTOPHH MOC

grad f =

KYIOBYM KOWJIa, OOIIKa4a alTranaa UKKU Y3rapyBuUmiIvd BEKTOp PyHKIMs OViaau.

ol

%
XOCHJIACHH YHUHT TPaTUCHTH OpKaM Moaanan MyMKHH. XaKAKATaH XaM, grad f ae

BEKTOPJIAPHUHT CKaJsIp KynmalnTMacu

01 (%), (o550 f(0Y) )
O X oy

o f(x,y)

egrad f =cosa

6ynmuo, y (5) bopmynara kypa ra TeHr Oynasu:

ggrad f =M.

OX

4)
Avinu maiitna, € Ba grad f BekTopJapHHHT cKalsp KyHmaWTMacw Mry

BEKTOP Y3YHJUKIApPH KYMaUTMAacHMHHU yjap opacujaru Oypyak KOCHHYCHTa
KYTIaWTUpWIraHura TeHT Oyaau:

ggrad f =|grad f|- e -cos(g?grad f} (8)
PaBmianku, | e |=1.

(7) Ba (8) myHOcabatiapian

%T’y):\ grad f (x,y)| -cos(g, grad f (x, y)j

oYUM Kenub YuKaIu.
_)
Keinary TeHTIMKIaH KypuHaauky, € Xamaa grad f (X, y) BEKTOpJIap mapanien

of(xy)

oynranaa T HUHT KUMMaTH SHT KaTTa Ba 'y
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Jaradt £ (6 y)| =y £, Gy 1 (xy)
ra TeHT OViaau.
Mynnait kumu6d, f (X, y) ¢ynkuusauHr Tpaguentn grad f  QyHKUIMSHUHT
(X, y) HYKTaJIaryd 2HT Te3 YycaJurad TOMOHTa WyHaiuraH OViIu0, YHUHT Y3YHJIUTH
11y yHanum 0yiinya YCuI Te3IMTUra TeHr YKaH.
3-MucoJ. Yoy

f(x,y)=x2+2y?
GYHKITUSTHUHT (1,1) HYKTaJa dHI Te3 yCaauraH WyHaJuly aHWKJIAHCHH Ba Iy
HyHanuu Oyinya YCHUII T€3JIUTY TOMHIICHH.

<4 Papmankwu,
ﬁf(x’y):a(X2+2y2):2X’ M:Z;
o0X o0X OX
8f(X,y)_6(X2+2y2):4y M:4-
oy oy ’ oy ’
0ynuo,
grad f(11)=2i+4]
|grad f (11)[=v2? +4° =245
oynmamau. »
MamkJjap
1. Airaitmuk, f(x) ¢ymxmma  Gormammm  EcR™  Tymamaa

nuddepennnamianyBun Oyiacud. Arap E tymiamaunr xap 6up xe€ E < R™
Hykracuga f (X) GyHKUUSIHUHT 0apya XyCcycui Xocuiiajapu HOJTa TeHT OyJca,

bynkmus E tymmamaa y3rapmac 0ynumm ncOOTIaHCHH.

2. Arap f(x, y) byHKIUS (0,0) HyKTaga Oapya WyHanumuap Oyiinua
xocuiara sra Oynca, f (X, y) byHKIHS (0,0) HyKTaga nuddepeHnnanianyBun
oynagumu?

/-aMaJIMnii MAIIFYJIOT
1-Ta'rif. Agar A nugta ¢ to'g'ri chizig bo'ylab A, nugtaga intilganda
ushbu

wh (A, A)
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limit mavjud bo'lsa, uning giymatiga f(x,y)= f(A) funksiyaning A, =(x,.y,)

nugtadagi ¢ yo nalish bo’yicha hosilasi deyiladi va % yoki w

kabi belgilanadi.
Demak,
f (A)_ f (Ao) (7)

5-Teorema. Agar f(x,y) funksiya A =(x,,y,) hugtada differensiallanuvchi
bo’Isa, u holda shu funksiya A, nugtada v yo nalish bo’yicha hosilaga ega
va

of (Ay) _ of (%, Yo) of (%o, Yo)

T COSOH‘TCOSB (8)

tenglik orinli.
Izoh: Funksiya biror nuqtada differensiallanuvchi bo’Imasa ham u shu
nuqgtada biror yo nalish bo’yicha hosilaga ega bo’lishi mumkin

3-MHuCoJ. YOy

f(x,y)=x?+2y?
(GYyHKUMSIHUHT (1,1) HYKTaJa dHT Te3 yCaauraH WyHaJuIIW aHWKJIAHCHH Ba IIy
HyHanum 0yinya YCUIl T€3JIMTY TOMHUIICHH.

<«4PaBmrankwy,
af(xy):a&2+2yﬂ:2K af(LQZZ;
O X O X OX
of (x,y)zé(x2 +2y2):4y’ Mﬂ“
oy oy oy
oynuo,
grad f(l,l):2?+4T ,
|grad f(11)|=v2% + 4% =24/5
oynamau.

8-mas3y: Kyn y3rapysuniu pyHkuusHuHT JuddepeHunalIaHyBYNINTH.
8-Mabpy3a
PEXA:
1. Mypakka0 ¢yHKuusiHUHT Ju(pPepeHunATIaHyBUNINTH,
2. Xycycuii xos1ap
Tasinu no6opanap: Mypakkad GyHKIMSHUHT JudPepeHInanIaHyBUUIUTH,
opTUpMAaJIap.
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AWTalinuk, ymoy

X =0 ()= (81 Ly -0 )
GyHKIMsIapHUHT Xap oup M < R* Tymiamza,
U= (X, Xy 000 X, )
byHKLHA Hca
E={ (%% 1 X )ER™ X =01 (1) 3o =0, (), X =0 (1) |
Ty1uiamaa 6epuiiran 6ynuo, ynap Epaamuna

f ((Pl (t)’% (t)’ o P (t)): F (tl ACER )
Mypakka0 (QyHKIMS XOCUJI KUIMHIaH OYJICHH.

4-teopema. Arap X =g (t1 t ,...,tk) GYHKIUSATApHUHT  Xap Oupu
(i =1,2,...m), (tlo ,tg ,...,tg )eM HykTaga auddepeHmamuianyBun  0yiuo,
f (Xl,x2 ,...,Xm) byHKIUS MOC (Xf ,Xg ,...,Xr?q) HyKTaja

(60 =n 00,12} 0= (0o (6 12))
muddepeHnmanianyBun 0yica, y xoJjija Mypakkao

oty t) @ (i) ()

byHKIUA (tlo R e O ) HyKTaza quddepeHunaiianyBun 0ynaau.

< (tlo ,tg ,...,tf )eM HYKTaHUHT KOOpJAMHATaJlapUura MOC paBUILIA
At At,,...,At, opTTUpManap OepalIuKKu

(2 + Aty 10 + Aty,.. 10 + Aty Je M

OyncuH. YHma Xxap Oup X =g (t1 L ,...,tk) byHKIUSA (i :1,2,...,m) XaM
AX (i :1,2,...,m) opTTUpMayiapra Ba HUXOST f(x) ¢byakmus A f oprrupmara
ara Oymanu.
Ilaptra xypa X =@, (t,t,,...,t,) QyHKOMATApHUHT Xap OWpH (tf RPN o )
HyKTajaa nuddepennuanianyBuu. Jlemax,

AX]_:%Atl‘i‘%Atz +ot %Atk +0(p) ,
atl tZ a‘tk

AX, =%Atl+%At2 +ot %Atk +0(p) ,
o, a, o, (6)

Xm OX
Aty +...+ —TAt, +0
1 o, 2 o, k (P)
oynanu, OyHna
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XyCyCUH XOCHUJIaTapHUHT (tlo,tg oot ) HyKTa/laru KuiiMatiapy oJMHIaH Ba
p=AJAt2+ AL +. + AL
X,)  GbyHKkius (Xl0 X3 ,...,Xr%) HYKTaJa

Illaptra  xypa  f(X,%,,...,
muddepennmamianyBun. Jlemaxk,
of of of
Af=——AX +—AXy + ...+ —AX, + QAKX + AKX, + ...+ o MK, (7)
1 2 Xm

ﬂ, (i :1,2,...,m) XyCYyCHM XOCHJTAIADHUHT

A, —-0,Ax, »>0,.,A,—>0 o0a o —0,a,—>0,..,0,—0.

(6), (7) myHOCabaTIapJiaH TOIIAMMU3:

af=2t axlAt1+aX1At2+...+axlAtk+O(p)+
ox | ot ot, ot

A aszt 49X Z AL, +. +6X2Atk+0(p) +
ox,| ot ot, at,

af Xm oX oX
At D At, +...+ —2At, +0 +
|: ot 1+ ot, 2 ot, k (P):|

F AKX+ Ay AXy + ot Ay AXy = of 0% of 9%
ox, oY oX, Ot

f Oxp, JAtl+(af ox, o0f ax, — of axij2+

+ ..+
m O 0x, 0t, 0OX, Ot, OX, Ot,
f ax1 of 0x, - of ox, At, +
X, Oty ax2 ot OXn, Ot
of of
+...+ -0 + G AX + s AX, +.. .+ AX
(ﬁxl ox, axmj (P) QAKX+ AyA X, Ay m

by Tenrnuknan
of oOf of

—+—+...+— |-0(p)=0(p),

[axl ox) ame (0)=0(p)

At, >0, At, »0,.....At, >0, spau p—>0 12

Ax, >0 ,Ax, -»0,...,.Ax, -0, Bagy >0, o, >0,...,a, >0

oynranu cabadmm
o AX + 0, AX, + .o AX, =0(p)

OynuIM xamaa Kyiuaaru
of 8x1+6f-8x2+ +8f O X, ®)

"% ot ox, o, T ax, ot
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(j = 1,2,...,k)6enmnamnap HATWKacHUaa
AT = AAtL + AAL, +...+ A At +0(p) (9)

6ymamm. Jlemak, Mypakka6 ¢ynkims t° Hykramza muddepeHumuan-
JaHyBYU. P>

Airaiinuk, f(x(t)) Mypakkab QyHKUMS IOKOpHIArd TeopeMa-HHHT
HIApTIIAPUHU KAaHOATIAHTUPCHH. Y X012

of of of
Af(t)=——At, +—At, +...+—ALt, +0
0-5r A+ Shat S at, +0(o)

oynamu. by xamma (8), (9) wmyHocabarnapnman ¢oiinaganud Mypakkad
(GYHKUMSHUHT XyCYCUH XOCUJlanapy Kyhuaarnia

8f_af8xl+afaszr +af8xm
ot, ox, ot ox, ot,  Ox, ot
of ofox, of ox, of O0X,
= + +ot—
ot, 0x, ot, 0Xx, ot, 0X, Ot,

of _of ax1+af 8x2+m+£8xm
ot, ox, ot, 0Xx, ot, OX, Ot
OYJIMIINHYA TOMIAMMU3.

5.  Xycyemit  xotap. m=1 OGymramma Oump  Y3rapyBUMIH
u=f(x) (xeR,ueR) ¢dyHkmms Xxocumacu TyITyHYacHTa Kemamms. Bymap
Xakugara Mmabiymotiap 19-21-mabpysanapaa 0aéH STuITaH.
m=2 OyncuH. by X0J1]1a UKKH y3rapyBUnIn u=f (X, y)

((X, y) cEcR?, ue R) (GYHKUMSHUHT XyCYCUH XOcUanapu

of e A f(x+AX,y)- f(x,y),
OX Ax=>0 AX Ax—>0 A X

A, f _
of i AT fy+ay)-f(xy)
Oy Ay=>0 Ay Ay-0 Ay

XamJ1a Kyuuaara
Af=f(x+AX,y+Ay)-T(xy)=
= AAX+BAYy+o AX+a,Ay

muddepeHnnanIaHyBUMIMK MAPTUTa 3ra OYIamMus3.
2-mMucoJ1. Y10y

X
f(x,y)=Intg —
(xy)=intg ©

(YHKIUSHUHT XyCyCHI XOCHJIaIap TONMUJICHH.
<dbepunrad QyHKUMSHUHT XyCyCHI XOCHIanapu Kyiinaa-ruda 0ymnaau:
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of 0 X 1 1 1 2 .
—=—1|Intg— |= . —= ,
OX OX y X y . 2X

of 0 X 1 1 X -2
oy 0y Y) 19 cos? 2\ Y ) yZinct

y y y

3-mMucoJ1. Yoy
2Xxy .
f(X, y): m, arap (X, y);t(0,0) oyica,
0 ,arap (xy)=(0,0) 6ynca
GYHKIUSHAHT XYCYCUH XOCHIaIapy TOTHJICHH.
4 AlTalnuk, (X, y);t(0,0) oyncun. Y xonaa

8f:i( 2%y ]ZZY(XZ+y2)—2>Q/-2X:2y(y2—x2)_

5 OX X2+y2 (X2+y2)2 (X2+y2)2 ,
of _ a( 2 Xy jZZX(X2+y2)—2W'2y:2X(X2—yz)
ay oy x*+y’ (x2+y2)2 (X2+y2)2

oynanu.
Aitraitnux, (X, y)=(0,0) 6¥ncun. By xonna Tabpudan doiinananu6 Tonamus:
0f(00)_ im | (0+Ax,0)-(0,0)_ iim 28%:0_
OX AXx—0 A X Ax—0 AX3
0f(0,0)_ im (00+Ay)-f(0,0) iim 24 y3- 0
oy Ay—0 Ay Ay-0 Ay

4-mucor. Yoy
F(xy)=yx® +y?

GYHKUMSIHUHT XYCYCUM XOCUJIaIapy TOUIICHH.
< Aitraitmux, (X, y)#=(0,0) 6yncun. By xonma
of 0 [ 2 2 X X
——=—\/ X"+ y = = ,
ox 0x 2x%+y? X2 +y?
oft_0 heyyio2Y _ Y
gy oy 2x2+y% X2 +y?

0,

=0. >

oynau.
AMTailnuk, (x, y):(0,0) oyncun. Tavpudra kypa
0f(00)_ o f(0+4x,0-(00)_ . M’
OX AXx—0 AX Ax—0 AX
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0 f(0,0) f(0.0+4y)-F(0.0)_ . [AY]
0 y Ay—0 Ay Ay—=0 Ay
O0ymu6, Oy MTUMUTIIap MaBxXyH OyIMaraniuru cabadmu Oepriran QyHKITUS (0,0)

HYKTaJla XyCyCHi Xocuiiajapra ara oyiamaiau. »

5-mucou1. Yoy
Xy )
f (X, Y)Z W’ arap (X’ Y);t (0,0) oyiica,
0 ,arap (x,y)=(0,0) 6ynca
DY HKIMAHART (O’O) HYKTaJIard XyCyCUi XOCHIajgapy TOTUJICHH.
<«Tabpudra kypa

0f(00)_ i, f0+4x,0)-1(00)_,
O X Ax—0 AX

0f(00)_ i, F0.0+Ay)-1(00)_,
oy Ay—0 Ay

6ynanu. Bupok Oepuiran gynkuus (0,0) HyKraga y3iayKcus OYVaMaiiam, 9yHKu
11 1 1)1 1
=, —~—|—(0,0) ma f|=,= |==—>=#1(0,0).»
(nn?’J (00) x (nn3)2 2 (00)
6-mucos1. Yoy

f (x, y): ——XZXZ- v , arap (X, y)i (0,0) oyca,
0 ,arap (X, y):(0,0) oynca
GyHKIUSTHIHT (0,0) HYKTa/la XyCYCUW XOCHJIAJTADHUHT MaBXKyA-JINTH aMMO 11y
HyKTaga nuddepeHImasianyBId SMACIUTH KYPCATHIICHH.

<4PaBmanky,
of (0,0): im f(Ax,0)- f(O,O):O’
OX Ax—0 AX
01(00)_ . 1(0.ay)-1(00)_,
oy Ay—0 Ay

Jemak, 6epunrad QyHKIMSIHUHT (0,0) HYKTa/la XyCYCHI XOCUJIAJIapy MaBKyJ Ba
ysap O ra TeHr.

by ¢ynkus (0,0) HykTtaga auddepennuamianyBun Oynmainau. [lyxu
ucoommaiimus. TeckapucuHu Qapas KuwiaiiMk, KapanaérraH (QyHKIUS (0,0)
HyKTaaa quddepeHnnamuianyBuu Oy ICuH:
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Af(0,0):%S’O)AX+MAy+a1AX+a2Ay:
—ayAx+a,Ay . (Ax—0,Ay—0 0a oy >0, a, —0).

AVHN manTnaa,

AT(0,0)=f(0+AxX, 0+AY)-f(0,0)=f (Ax,Ay)= ——2XAY

JAX? +AY?

oynanu. Jlemax,
AXAY

JAXE + A Y2

by Tenrnuknan, AX=AYy >0 6ynranna

=a; AX+a,AYy.

1
J2

Oynumm kenu6 unkaau. by saca AX=Ay >0 na o > 0,a, — 0 Oynumury 3un.

JleMak, 6epuiirad QyHKIUS (0,0) HyKTaja nuddepeHuraianyBuu smac. P

7/-MuCc0J. Arap f(x, y) dyskmms R? muddepeHrmanianysun 6ymo,
of of
X=rcose, y=rsing Oyinca, —, — J1ap TOIUICHH.
or’' dg

<«4PaBnianky,
f(x,y)= f(rcose,rsing).
Mypakka0 GyHKIUSSHUHT XyCYyCUH xocymanapHHH TOIUII Kopmacnra K}"lpa

of of 8x of oy of
——+— ——COS(p——i-Slngo—— ( —+y )
o X or ay or X2 + y?
of _of ox of oy . Of of of of
—+—-—=-ISN@—+rcosp—=-y—+X—. P
8g0 X aq) oy Op OX oy OX oy
MamkJjaap

1.  VYwoy
1t(X,)’)=(¥)X, 1‘(x,y):lnsinX—Jrl

Jy

GYHKUMSUTApHUHT XyCYCUN XOCHIIaJapyu TOIUIICHH.
2. Arap

: . u
f(x,y)=xsiny+ysinx, x=—,y=uU-v
|4

of

Oyica, —, — Jap TOIUJICHH.
ou ov

70



3. Aiiraitnuk, f(x) Ba g(x) ¢ynkuusap U;(x°)c R™ na anukianran
o0ynuo,

1) f(x) pynxuus x° Hykrana muddepenumsuranysur Ba f(x°)=0,

2) g(x) o¢yskmms x°  Hykrama ysmykems  6ymca,  f(X)-g(X)

dynxmmsanar X° HykTaga muddepeHmaIanyBuH OYITHIIN KYPCAaTHIICHH.
4. Ymoy

f(x,y) =%

dbyakuusauHr (0,0) HykTaga auddepeHIuauiaHyBYd YMaCIUTd NCOOTIaHCHH.

8-amanuii MalIFyJa0T
Ky y3rapyBunnm GyHKIUSHUHAT AU¢depeHITnaUIaHyBYNINKTa TEKITUPHII Ba
yHUHT qudepeHnnanuim Xucoomari.

8.1-mmcoa. Arap f(x y) dynxims R? muddepeHnmanianypun 6y1uo0,
of of
X=rCcoSe, Yy=rsing Oynca, —, — Jlap TONWICHH.
or’ Og

<«4PaBnianky,
f(x,y)= f(rcose,rsing).
Mypakka0 GyHKIUSHUHT XyCYyCUH xocymanapHHH TOIUII Kopmacnra Kypa

of _of ox 6f oy of of

— =+ ——COS¢—+smgo—— ( —+y )

or  ox or 8y or X2 + y?

of _of ox of oy . of of of 8f
—— 4+ — - —=-IsSiN@p—+rcosp—=—-y—+X—

8(0 OX Op 0oy Op OX oy OX 8y

7-masala. Quyidagi funksiya o(0,0) nugtada xususiy hosilalarga
egami va bu nuqtada differensiallanuvchimi?

3. 3

71 u(xy)=x2+y? . 72 vt y)e R EAA
0.[x+]y|=0

7.3 u(x,y)=3%/xy. 7.4 u(x,y)=\/xy -sinx.

7.5 u(x,y)=3/x* +y*. 7.6 u(x,y)=3/x2y -tgx.

7.7 u(x,y)=%xsiny. 7.8 u(x,y)=4x*+y*.

7.9 u(x,y)=4x" +y* . 7.10 u(x, y)=+2x* —3y2.
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1

7.11 u(x,y)=/x* +y* . 7.12 u(x,y)= e X x4yt 20

0,x*+y*=0
7.13 u(x,y)=3x?y?. 7.14 u(x,y)= x> +y*.

%JXHM;‘&O
7.15 u(x,y)=3x*+y°. 7.16 u(x,y)= Y

0, |x+|y|=0

9-maB3y: Mypakkad (yHKIUMSIHUHT XOCHJIACH.
PEXA:

1. Mypakka0d QyHKIUSIHUHT XOCHJIACH.
2. Mucoaiap 60axapuin

Tasinu udopanap: nuddepeHnramaHyBuu, OpTTUPMAIAp
Alitaitnuk, ymoy

X =@, (t):% (tl AP ""’tk) ,
Xy =0, (t):(Pz (tl’tZ 1""tk) ,

X =P (t):(Dm (tl 1 ""’tk)
byHKIMsIIapHUHT Xap oup M < R Tymumamna,
u="f(X,%Xy,...X,)
byHKIMS 3ca
Ez{ (X, X5 ,een X )ER™ % =0 (1) X =, (t), ... Xy =0, (t) }
Tyamaa 6epwiran 6ynuo, ynap épaamMuia
f ((Pl (t)’% (t)’ = P (t)): F (tl Loy )

72



Mypakkad (QpyHKUIHSA XOCHI KWIMHTaH OYJICHH.

4-teopema. Arap X =g (t1 b ,...,tk) GYHKIUSIIApHUHT  Xap OupwH
(i =1, 2,...m), (tlo ,tg ,...,tl? )eM HykTaga auddepeHuuamuianyBun  0ynuo,
f (X, Xy ,..0 Xy ) DyHKIIHS MOC (Xf X9 ,...,Xr?q) HyKTaja

(¢ =0 0,880 t0) X8 =00, 1) X =0 (080 )
nuddepennpanaanyBuu 0yica, y Xojaa Mypakkao

Flon(tt) o (b i) @ (b0 t)

byHKIIHS (tlo R e O ) HyKTana auddepeHuauianyBIu Oyiaam.

< (tlo ,tg ,...,tf )eM HYKTaHUHI KOOpAHMHATaJapura MOC paBHIIIA
At At,,...,At, opTTUpManap OepalIuKKu

(2 + Aty 10 + At,,..t0 + Aty Je M

OyncuH. YHma Xxap Oup X =g (t1 L ,...,tk) byHKIUSA (i :1,2,...,m) XaM
AX (i :1,2,...,m) opTTUpMaiapra Ba HUXOST f(x) ¢bynakmus A f oprrupmara
ara Oymaau.
[Mlaptra kypa X,=@; (t1 ,t2,...,tk) GbyHKUUSTIApHUHT Xap Oupu (tf ,tg ,...,tf )

HyKTaaa nuddepeHnraianyBun. [Jemaxk,

Axlz%Atﬁ%Atz +ot %Atk +0(p) ,

1 a2 k

AX, =%Atl+%m2 +ot %Atk +0(p) ,
o, a, o, (6)

oynmaau, OyHaa

XYCyCHM XOCHJIaTapHUHT (tlo,tg ,...,tf) HYKTaJard KuiMaTjiapy OJIMHIaH Ba

p=AJAt2+ A +. 4+ AL

Ilaptra  kypa  f(X,Xy,...X,)  OGyHKIHS (Xf X3 ,...,X,?]) HyKTaja
muddepennpanianyBuu. Jlemak,

of of of
Af=—AX, + —AX, +...+ —AX_ + a;AX; + &, AX, + ...+ o, AX 7
ox, 1 ox, 2 ox. m 18% 28X A, (7)
Oynanu, OyH1a —_— (i :1,2,...,m) XyCYyCHM XOCHJIAJIADHUHT

(Xf ,Xg ,...,X,?]) HYKTaJlaru KuiMatiapy OJIMHTaH Ba
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A, —>0,Ax, -0,.,A, >0 oa o —0,a,—>0,..a,—0.

(6), (7) myHOCabaTiapaaH TOIAMU3:

AT = t, + At2+...—|—ax1
O X,

ot, ot, ot,
L of asztl+aX2At2+...+aX2Atk—|—O(p) +
OX, | oty ot, ot
of
+—
O X,

_of |:8X1A 9% Atk+0(p):|—|—

O Xm At + O Xm At, + ...+ %Atk +0(p) |+
ot, ot, ot,

of oOx of ox,
- -+ -+
ox, Ot, OX, Oty

L. ,of aijAt1+(af ox, ,of ox, ~  of axmjAtz+

+ A AX + A AXS oy A Xy :(

ox, ot ox, ét, oOx, ot, = Ox, Ot,
+ ...+ of 8X1+ Of 9%, —|—...+—a]c O Xm. At +
OX, Ot OX, Ot oOX,, Ot
of of of
—+ -+ + ...+ -0 + A Xy + XA X, + oty A Xy, -
(6)(1 %, axmj (p) 1 1 2 2 m m

by TeHrnmkmnan

of oOf of

—+—+...+— |-0(p)=0(p),

(axl ox, me] (p)=0(p)
At, >0, At, -0, .....At, >0, spau p >0 na
Ax —-0,Ax, =»0,...A,—>0, saey >0, o, >0, ...,,, >0
oynranu cababau

alAX1+a2AX2+...+amAXm:O(p)
OynuIyM xamja Kyiujaaru

A _of -8x1+8f -8x2+ +af 0 X,

- ®)
0% Ot; 0x, Ot OXy Ot

(j = l,2,...,k)6enmnamnap HATWKACHUIA
AT = AAtL + AAL, +...+ A At +0(p) (9)

6ynmamu. Jlemak, MypakkaG oyHkims t° Hykrama muddepeHiman-
JaHyBYH. P>

Airaitnuk, f (x(t)) Mypakka® QyHKUMS FOKOpUIArM TeopeMa-HHHT
HIApTIApUHU KAaHOATIAHTUPCHUH. Y X012

Af (t):g—thtﬁ%Atz +...+2TfAtk +0(p)

0

1 2 k

oynmamu. by xamma (8), (9) wmyHocabarnapman ¢oiinananund Mypakkad
(GYHKIUSHUHT XyCYyCHIM XOCHUJIaNapu Kyluaarnia
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of ofox of ox, of ox,
= + +ot—

oty 0x ot 0x, ot OX, Ot

of ofox, of ox, of ox,
= + +ot— ,

ot, 0x ot, 0Xx, ot, 0X, Ot,

of _of axl+af 8x2+m+£8xm
ot, 0x ot 0Xx, ot 0Xy, Ot
OYIUIINHYI TOMIAMHU3.
5.  Xyeyemii  xoqumap. m=1 Oyaranma Gup  Y3rapyBumin
u= f(x) (X eR,ue R) byHKUIMS XOCWJIacH TylIyH4Yacura kenamus. bymap

xakugaru mabirymotriap 19-21-mabpysanapaa 0aéH sTuIraH.
m=2 OyncuH. by X0J11a UKKH Yy3rapyBUnIN u=f (X, y)

((X, y) cEcR?, ue R) (GYHKUUSHUHT XyCYCUH XOCUanapu

of i Axf f i f(x+Ax,y)—f(x,y)’
6)( Ax—0 AX Ax—0 A X
Of _jim Ay i foy+ay)-flxy)
8y Ay=0 Ay Ay-0 Ay

XamJ1a Kynuaara
Af=f(x+AXx,y+Ay)-f(xy)=
= AAX+BAY+o AX+a,Ay

mudepeHnnanIaHyBUMIIMK MAPTUTa dra OYIamMus.
2-MHUCOJ1. YOy

X
f(x,y)=Intg —
(x.y) y

(GYHKIUSHUHT XyCYCHUI XOCUiiajap TOMUICHH.
dbepuiran QyHKIUSHUHT XYCYCUH XOCWIallapy Kyluaa-ruda 0ynaau:

of a( ] 1 1 1 2
_:_|tg_: . R :

ox 0x y tgi cos? X Y ysing
y y y
Z_f:i(. tg_jzix. L [_J_zz.
y oy Y) g% cos? 2\ Y ) y%in<®
y y y

3-mMucoJ. Yoy

2Xxy .
, X, 0,0) 6 :
¢ (X’ y): X2 N y2 arap ( y)-‘ﬁ( ) yJca

0 ,arap (x,y)=(0,0) 6ynca

(GYHKIUSHUHT XYCyCHI XOCHIallapy TOMHICHH.
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<« Atiraiimux, (X, y)#(0,0) 6yncun. V xonna

of _of 2w 2y(® 4 y?)-2xy-2x_2y(y? —x?),
oX ox 2 " -

Kty ey f o (eeyf
of _ a( 2xy ):2x(x2+y2)—2w-2y:2><(x2—yz)
oy oy(x*+y? (2 +y2f (<2 + y2f

oynasnu.

AWTANNNK, (X, y):(0,0) oyncun. by xonna tabpudaan goitnananud Tonamus:

0f(0,0)_ i f(0+Ax,0)-1(0,0)_ iim 2Ax3-O:O,
OX Ax—0 AX Ax=0 A X
0f(0,0)_ im (00+Ay)-f(0,0)_ iim 24 ys'ozo. >
oy Ay—0 Ay Ay-0 Ay
4-mmcor. Yoy
f(x, y)=y/x* +y?
(YHKUMUSIHUHT XYCYCUM XOCUJIaIapy TOHIICHH.
<« Aiiraitux, (x,y)#(0,0) 6¥ncun. By xomnna
ﬂ:i X2t y? = 2 X _ X
ox 0x 2 /x2+y? xP4y?
of 0 7 2y y
—=—— X+ Yy = =
gy oy 2x2+y% X2 +y?

oymasu.
AMTailnuk, (x, y)z(0,0) oyncun. Tabpudra xypa
0f(00)_ . F(0+4x,0)-f(00) . [AX]

OX Ax—0 A X :Ax—>0 A X ’
0t(00)_ . f(00+4y)-(00)_. |2yl
ay Ay—0 Ay Ay—=0 Ay

0y1u0, Oy AUMHUTIAp MaBXyA OYyiMaraHiuru cababnu Oepuirad QyHKIHS (0,0)
HYKTaJla XyCyCHil Xocuanapra ara oyiamaiiau. »

S5-mucoJ. Yoy
3

X3y )
! Xl # 0,0 6 ,
f(x,y)=1{x +y? arap  (x,y)#(0,0) Gyxca

0 ,arap (X, y):(0,0) oynca
GYHKIUSTHUHT (0,0) HYKTaJaru XyCycui XoCHjiajiapyu TONUJICHH.
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«Tavpudra kypa

0f(00)_ i f(0+Ax,0)—f(0,0):0 |
O X Ax—0 A X

0 f(0,0)_ i f(O,O+Ay)—f(O,O):0
oy Ay—0 Ay

6ynagu. bupok Gepuiran Gpynkuus (0,0) HyKTaga y3Iykcu3 6yimaiam, 4yHKn
11 1 1)1 1
L2 )500) m f[ 5 =221 (00).»
(n n3) (00) x (n n3) 2 2 00)
6-mucos1. Yoy

f (x,y)= ﬁ arap  (x,y)#=(0,0) 6¥ca,
0 ,arap (X, y):(0,0) oynca
(G YHKITUSHUHT (0,0) HYKTaJla XyCYCHUH XOCHJIAJJADHUHT MaBXKYA-JINTH aMMO Iy
HyKTaga auddepeHImaianyBId dMaCIUTH KYPCATHIICHH.
<«4PaBnianky,

_m f(Ax,0)— f(o,o)zo’

oy Ay—0 Ay
Jemak, 6epunrad QyHKIUSIHUHT (0,0) HYKTa/J1a XyCYCHI XOCUJIAJIApX MaBKyJl Ba
yiap 0O ra TeHr.
by ¢ynkuus (0,0) HykTaga auddepenunamianyBun Oynamanau. [HyHu
ucbotnaiimus. Teckapucunu (apa3 KWIAMIWK, KapanaéTtrad (QyHKIus (0,0)
HyKTaga nuddepeHnaianyBdu OYiIcuH:
Af (0,0):MAX +MA Y+ AX+a,Ay=
0 X oy
—a,Ax+a,Ay .  (Ax—0,Ay—0 0a oy >0, a, —0).
AiHN manTaa,

AT(0,0)=f(0+AxX, 0+AY)-f(0,0)=f (Ax,Ay)= ——2XAY

JAX? +AY?

oynamnu. Jlemax,
AXAY

JAXE + A Y2

by Tenrmuknan, AX=AYy >0 Oynranma

=a; AX+a,AYy.

1
J2
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Oynumm kenu6b ynkaau. by aca AX=Ay >0 na o4 - 0,a, — 0 Oynumury 3un.
Hemak, 6epriran GyHKIHAS (0,0) HyKTaga auddepeHuaianyBdu smac. P

7-mucos. Arap f(x, y) dbyskmms R guddepeHnHaIaHyBU 6YIIHO,

. . of of
X=rcose, y=rsing 0ynca, —, — JIap TOMUJICHH.
or op

«4Pasmranku, f(X,y)= f(rcose,rsing).

Mypakka0 GyHKUUSIHUHT XyCYCUN XOCUJIAIApUHU TOTHII KOUJIacura Kypa

of _of X, of oy _ of of 1 of  of
—— COSp— +SiNp—=—ou (X—+ y—),

o ox or 8y or OX oy x*+y? OX oy

of of ox of oy of of of of

—=——+— 2 =—rsiNp—+rcosp—=—-y—+X—. P

op X Op oy Op ox oy ox 0oy

MamkJjap
5. Yoy

f(x,y):(¥)x, F(x,y) = Insin L

Jy

(GYHKIUSITApHUHT XYCYCUH XOCUJIaJIapy TOIMWIICHH.
6. Arap

: : u . of of
f(x,y)=xsiny+ysinx, X=—,y=u-v O¥yica, —, — Jap
1% ou ov
TOIINJICHUH.

7. Airaitmuk, f(x) Ba g(X) dysxmuamap U ;(x°) c R™ na anukmadran
o0ynuo,

3) f(X) dynkums x° Hykrama auddepenupsuanysun Ba f(x°)=0,
4) g(x) oynaxmma x° wHykrama ysaykems  Oymca, T (X)-g(X)

dynximsanar X° HykTaza mddepeHImaIanyBu OYITHIIN KYPCATHICHH.
8. Ymoy

F(x, ) =%

¢yukuusauar (0,0) Hykraga nuddepeHnaIanyBId SMACIUrd HCOOTIaHCHH.
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9-amajauii MAIIFYJIOT
Mypakkab GyHKIUS XOCUIACH.

Quyidagi murakkab
funksiyalarning xususiy hosilalarini
toping (f va g-differensiallanuvchi).

0.0 u= 1y Iy e i) gpu=tleyhy-xy)
9.3 u=[flx-yI"" 9.4 u=f(x=y,),
9.5 u=f(xy) a(yz)

Xy
9.7 U= f(y X]

Agar f-ixtiyoriy differensiallanuvchi funksiya bolsa, u(x,y)
funksiya mos tenglamani ganoatlantirishini tekshiring.

96 f(x+ Y, X° +y2).

9.8 ="l +y); yi-xT=0
n y au ou
=x".-f|L|. x=_2y==
9.9 177 [xj y Ty
0.10 U=Y (¢ ~y) y* Sorn S =
y* ou
_J 2l AU _
911 U—3X+f(xy), e~ xyay+y =0
y 2\ o, o ou
912 u=x f( xﬁj Xax ayay Bzaz nu
_Xy y z ou ou. _ou Xy
913U InX+Xf(Z X] X&'ﬁ‘yE-FZE—U'F?
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10-maB3y: Kyn y3rapyBuniu ¢pyHkuusstHuHr 1udgepeHuuaim
10-mabpy3a:
PEXA:
1. ®yukuus auddgepeHnuaId TYIIYHYACH
2. Mypakka6d ¢pynkuussHuHr 1uddepenuuanu. Auddepennuan makJIHUHT
WHBAPHAHTJIMIH.

TAAHY UBOPAJIAP: Oyukuus auddepenumant, Mypakkad QyHKIUSIHUHT
g epeHnnani, THBApUAHTIMK

1°. ®ynxous auddepenumann  Tymyndacu. Dapas KHUIAKINK,

0 (Xf ,Xg Cox0 )e E w#ykranma auddepeHnmamuianyBun OViIcuH.  YHAA

f (X) = f (X1 Koy eeny Xm) dynkums  ECR™  ga Gepuwiram 6y,
X

» Km
Tabpudra kypa QyHKIUSHAHT X’ HYKTaJIard TYJIUK OPTTUPMACH
Af(XO):MAX1+MAX2+---+MAXm+0(p) (1)
0%, OX, X,
oynaau. by MmyHnocabatna
P=~AXZ +AXE + -+ AXD
6ym6, AX, >0, Ax, >0, ..., AX, >0 na p—o.

1-rabpud. f(X) byakuussHuHT Af (XO) OopTTHUpMacuaaru

o) o o0y o o)
X, ¢ ox.

0X,

ndoma f (X) GYHKIUSHUHAT X Hyktagaru guddepennuanu  (TYIUK
muddepeHrany) AeHuaaam Ba

df(xo) éxu df (Xf,xg . ,x,?])
kaOu Oenrnia”aIu:

df (xo):ﬂxo)Ax1 + %X)ﬁ)Ax2 TR %ﬁ)mm.
2 m

oX,

Jemak, f(X) (GYHKUUSHUHT X’ nykragaru auddepenmuama AX , AX,, ..., AX,
Japra OOFJIMK Ba YJIapHUHT YU3UKIN QYHKUIUSACH OYIIaau.

Arap
80



AX =0dX , AX, =dX, , ..., AX, =0dX,

neunuca, f(X) GYHKITUSTHUHT X’ HyKTaaaru nuddepenimany ymoy
0 0 0
df (XO):af(x dxl+de2+---+af(x dx_ 2)
OX, X, X,

KYypUHHIITA Kenaau. JlemMak,

AF(x°)=df (x°)+0(p).
KelinHaru TeHrnvknan p —0 1a

AF (x°)~ df (x°)

Oymumu kenu® uyukagu. by TakpuOuil (HOpMyJTaHMHT MOXMUATH UIYHJIAKH,
ynxuusauar opprupmacu AX, AX,, ..., AX, napHuHT, ymymaH aiiTranga
Mypakka® (QyHkuuscu Oynaran xonga (QYHKOUSHUHT  au@depeHiuany
AXj, AX,y, ..., AX,, TapHUHT YKM3UKIM QYHKIUAH O THIIHIAIHD.

2°. Mypakka6 ¢Qynkuusauar auddepennnann. Juddepen-uuan
IIAKITHUHT MHBAPUAHTIUIU. AUTANINK,

Xy :¢’1(t):(01(t1’t2 ""'tk)’
X5 =(p2(t):¢)1(t1,t2 ""!tk)’

Xn =@ (t)= o1t 100 )
byHKIUsIIapHUHT Xap Oupu M < R* Tyuiamaa Oepuiran 6ymuo,
E :{(xl,x2 o Xn)ER™ X =, (t) =, (t, .1, ..., 1),
X =0,)=ot ) X =D =01t G )

Tymwiamaa oca f (X, X,,.... X, ) GyHKims anuknadran 6yncun. Bynap épnamuna

F(x(1))= T (% ()% () % (1)) = F (Lt )
Mypakkad QyHKIUS XOCWJI KUJIUHTaH OYJICHUH.
Masbiymku, X, =@, (t oo ,tk) byHKIIHSIIA (i =12, ... m) t° :(tlo, .. tlf)
HyKTaaa nuddepeHmanianyBuu 6yauo, f( ) f(Xl y Xoyonn Xm) byHKIMS MOC

xoz(xf,xg,...,xr?]) HyKTazia (xl_gol( ) Xz—goz( ) X0 —(om( ))
nubdepeHuanianyBun 0yica, Mypakka6 ¢yakmus t° = t1 e ,tk) HYKTaJa
muddepeHnananyBun Oynaau.

MogomuKH, f(X(t)) ynxuus t,1,,... .1, ysrapyBunnapra Gornux skan,

yHJa

df :idtﬁﬂdt2 +---+idtm (3)
ot ot ot

1 2 m
oynau.
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Mypakka® GyHKIUSHUHT XyCYCHI XOCHIalapuHU Xucobmai Gpopmynanapuaa

doiinananub Tonamus:

¥ _¥m ¥, | F

o, ox O, axz g, &k, o
of of o
S5 APHHHT YpHUra

by xycycuit xocunamapau (3) udomamaru R R
k

2

Kysmu3. Hatmxana

df —{af % , o +---+i 8—}dtl

Tlox, o, ox, ot ox. ot
+ 8f.8xl+af.8xz+.. iaidtz
oX, ot, 0x, ot, oX, Ot,
N of _8x1+ of X o O of X, dt, =
oX, ot, 0OXx, ot X atk
_ O G X e P, |+
Tox oy toat, ot,
o2 FXZ dt, + X2 dt2+---+%dtk}+ A FX’“ dt, + X g, 4ooq X dtk}
X, | oY at, ot Xy | O 2 at|<
oynanu.
PaBmnianku,

X X X
—dt +—=dt, +...+—dt, =dx,,
: g A R
2dt1 2dt - +thz dt, = dx,,
2 k

2 k
JHemak, Mypakka® QyHKIUSHUHT nuddepeHimanm

df :idlerﬂdx +.. +(;Xidx 4)

oX, X, 0

oynanu.
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buz  1okopuna f(X) xXamaa f(X(t)) Mypakka®  (QyHKIIUSHUHT
muddepennamiapu yuyH (2) Ba (4) udonanapuu tonauk. by udomamapau
coMIITUPUO ynapHUHT dhopmacH (IaKJIU, KYPUHHUIIN) OUp XU, sbHU (2) Ba (4)
dbopmynanapaa QyHKUUSHUHT AudPepeHImaiy XyCycuil XOCHJIaJIapHU MOC
auddepeHnnamuiapra KynanTManapaal Ty3WiraH WUFUHIUTA TEHT SKaHJIUTHHH
naiikaiimMus. by xocca nuddepenman makIHUHT UHBAPUAHTIMIU JCHIIAIN.

dcaarma. | (X) byukius  gubdepernmanuauar  (2) udomacu-garu
dx,,dx,,...,dx, map moc paBumma AX,AX,,..,AX, map 6¥ica, f(X(t)) GyHKIHS
mudoepentmamunary  dx,dx,,...dx, map t.t,,..t  Y3rapy-ummapHuHT
bynknusaapu 6ynanu. emak, (2) Ba (4) popmyna-JmapHUHT KYPHUHUIILJIAPUTHTHA
Ooup xun Oynaau.
3% Conna koumanap. Aitaiinuk,
U=U(X Xoreen X ) s V=V(X X000 Xy )
dysxumsiapn E < R™ Tymiamaa 6epunran 6Ymmub, x° =(x;,x;,...X;, )€ E HyKTana
g depeHuramianyBun OyJICHH. Y Xoja:
1) d(u+v)=du+dv,
2) d(u-v)=vdu-+udv,

u) vdu-—udv
3)d(Vj:V—2 (V?fO)

oynanu.
by myHocabatnapian OupuHM, Macaiad, 3) HUHT UICOOTUHU KENTUPaMU3.
4 AliTalllIuK,

F=4
\Y

oyncun. by xonma F ¢ynkmus U Ba V jmapra Ba U Ba V map ¥3 HaBOaTtmma
Xy Xoyee0 Xy Y3rapyBumMiiapra 0oriuK 0ynu0, Mypakkad QyHKIusira sra 0ymamus.
Huddepeniman makIHUHT UHBAPUAHT-JIN XOCCacura Kypa
dF = Fqu+Eay
ou ov

oynanu. PaBmanku,

u vV
Jemak,
dE =ldu—izd _vdu—zydv’
v v v
SBHH
(uj vdu —udv
dl = |= >
v v
oynanu. »
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4%, Xycyemii xosiap. @ynkuusi aup@epeHMaIMHIHT TeOMEeTPUK
MabHOCH. Alitaiinuk, m=1 6yicun. By xomma u=f(x) (xeR,ueR) dynkuus

Ba YHUHT AudepeHiumanu
du =df = f'(x)dx

ra sra Oyiamus.
Mabnymkn, U= f(X) oyakuusaunr guddepenumam ury QyHKuus

TaCBHpPJIaHTaH TPH YU3HKKaA (X, f (x)) HYKTaja yTKa3ui-
raH ypUHMaHUHT OPJIMHATACUHUHT OpTTUPMAcHHU udoaanaiau (27-uyn3ma)

YA

< ¥

9.1-yu3ma
m=2 OyincuH. By Xonma uKku y3rapyBumiau u=f(x, y) ((x y)eRZ,UGR)
dyHKumsra sra 6Ynul, yuusr (X,,Y,) Hykragars quddepeniuan
g i x,. ¥, 'dx+3f'x,=}f.. y

du=df (%)= ™ % by (5)

Oynmaau, OyHIa dx=Ax, dy = Ay .
AX Ba Ay Jap eTapiuda KHYUK OynraHma
Af(x,,y,)~df (x.,y.)

SABHU

f(x +AX Yy, +Ay)~ f(x,y.)+ o (x. y")Ax+ o (x. y°)Ay
24 oy
Takpuouii hopmysna xocuia Oyaaau.
1-mucoua. YOy
u=x’
GbyHKIUSHUHAT 1uddepeHrand TOMUICHH.
<«4PaBmankuy,
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a—u:yxy‘1 , a—u:xylnx.
OX oy

VYuna (5) hbopmymara kypa
du = yx’dx+ x” In xdy

oynaau. »

2-mucol. Tomonmapm x=6m Ba w»=8wum OyATaH TYFpU TYPTOYpUAK
Oepuiran. Arap Oy TYfpu TYpTOypuakHUHT X TOMOHHHHU 5 CM. Ta OIIMPHUIICA, Y
ToMoHMHU 10 cM. ra kKamaiTupwica, TYpTOypYaKHUHI AWOTAaHAIM KaH4Yara
y3rapaau?

<« Arap Gepunrad TYFpu TYpTOYpUaKHUHT AMOTaHAIUHU U ecak, yHaa

U=x*+y’

Au(x.,y,)= X Ax+—2

PE+Y: X+ Y2
OYIUIIMHY 3bTHOOpra 010, TONaMU3:
X X, - AX+ Y, - A
0 CAX 4 Yo Ay = 0 Yo - 2Y

Au(xy, Y, )=
S ey NSRS VX Yol

By myHocabatna
X =6m ,Ax=0,05m, y, =8m, Ay=-0,10n

oynmamu. DHIH

Ay

Jenuiica, yHaa
AU~ 6-0,06+8-(—0,10)

\36+64

m=-0,05m

OynuIy Keaub YuKaIu.
JHemak, TYFpu TYpTOYpUYaAKHUHT AMOTOHAIM TaXMHUHAH O CM. ra Kamasp
JKaH. P

Dumn f(X,y) byHkums muddepeHIMaTMHUHT T€OMETPUK MabHOCHHH

KEJITUPAMU3.
AWTailmk,

z="f(xy)

bysHkus ounkK EcR? Tymnamaa auddepeHnnamuinyBun 0yiacuH. by yHkums
rpaduru R® dazona oupop I'(f) CHPTH 1(oJaIacuH.
F(f):{(x,y,z)e R*:(x,y)eE,z= f(x,y)} cuptia (x,Y.2)el(f) (z.=/(x.».))
HYKTaHH Ba Iy HyKTaJaH YTyBUH, KapalaéTraH CUPTra TeTHIIIIN OYJITaH CHUILTUK

F:{xzx(t),yzy(t),Z:Z(t):aStS,B}
ATPU YM3HKHU oJamMu3. MOAOMUKH, STPU YM3HK CUPTAA €Tap 9KaH, yHIA

2(0)=1 (x(1).y(1)

((<(),¥().2(t)) = (% V.02t < (@ B))

oynanu. PaBmanku,
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2(t)="1 (x(1). (1)

Mypakkab GyHkmms OynmuO, yHuHr [ Hykragaru —auddepeH-nmaim,
nuddepeHIan mMakJIHUHT HHBAPUAHTIUTH X0ccacura OuHoaH, ymoy
&%) & %)
dflx v l=dz= x4+ e
i (x.y o % by (6)

KYpUHHUIITA ra.

Koopauuaranapy dx,dy,dz Gyiran Bekrop I arpu 4usvkka (XY, Z,) HyKrama
VYTKa3uiITraH ypuHMa BEKTOp Oymaau.

OH/IM KOOpAMHATATIAPH

_8f(xo,yo),_8f(xo,yo), 1

28 oy

oynran n BEKTOPHM Kapailimuk. FOkopuaaru (6) MyHOcCa0aT n BEKTOpP YpUHMA

BekTopra (X, Y.,Z,) HyKTaga oproroHan Oymumuud Owinupanu. [lyHusr yays

N BEKTOp SIPHU YM3MKKA (X, Y,,Z,) HyKTaaa OPTOrOHaJ Jeiuiaim.

Mabnymku, I orpu uusuk (X, Y.,Z,) Hykragan yrysuu Ba I'(f) cupraa éryBun

MXTUEPHIA STpU YM3HK 50u. BuHOGapuH, n BekTop wiy (X, Y, Z,) HyKTajaH

YTyBun Ba I'(f) cupraa €TyBYM MXTUEpHIA 3IPU YM3MKKA OPTOTOHAN OYmaju.

Illysnar yayn n Bextop I'(f) CHPTHMHT  HyKTACHZATM HOpMAl BETODH
JNEUNIIaau.

Cuprtaunr (X,,Y,,Z,) HyKTacuia YTyBUM Ba CHPTHHUHI HOpPMall BEKTOpHra
oproronan Gyaran texuciauk, I'(f) cuprra (X.,Y,,Z) HyKraga YTkasuirad

ypPUHMA TEKUCIIUK JACHUIIaId. Y HUHT T€HIJIaMacu

At 2 Gty

6ynamu, Oynma (X,Y,Z) ypuHMa TEKUCIMKIATH Y3rapyBud HyKTa. By

-7 =

TEHTJIMKAaH (oii1ananuo,

7 ;-0 (X, yo)(x_xo)ﬁf (x.y.)
X oy

Oymumman onamu3. Kentupwiran TeHriuk Ba (6) MyHocabaTnaH
df (Xo! yo):Z _Zo

(y-v.)

oYUM Kenub YuKaIu.

lynnait kunub, z=f(x,y) byukuusaunr (X, Y,) Hykragaru auddepenuuan
df (x.,y,) Oy dyHkuus rpadurura (xo,yof (Xy)) HYKTaCH/la YPMHMA TEKUCIIHK
anTJIMKaTACHMHUHT OPTTUPMAcHHU udoaanap skaH (28-uyu3zma)
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N

9.2-yn3ma
MamkJiap

1. Yoy

f(x2+y2,arctgz] (x*+y*>0)
X
byHKUUSHUHT AuddepeHInany TOMUICHH.

2. Ymoy

3,01

a=(1,02)

MUKIOPHHUHT TAKpUOUH KHIMATH TOIHJICHH.

10 - amaauii MaIIFyJI0T

Funksiya differensialini ko rsatilgan

nuqtalarda toping.

9.14 =%’ M(x,y.2) yq M,(123)

T T
9.15 u=cos(xy +xz), M(x,y,2) yq Mo[l,g’g),
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9.16 u=x", M(X’ y') va M0(2,3).

9.17 Uu=xIn(xy), M(x,y,) yq Mo(-1-1)

ou ou . . o . .
ax Va 3y xususiy hosilalarni hisoblash va f va g fuksiyalarning

hosilalarini (f va g-differensiallanuvchi funksiyalar) yo qotish yo'li
bilan shunday tenglama tuzingki, u(x.y) funksiya uni ganoatlantirsin.

_ffxy 9.19 u=flx-y.y-2),
9.18 U f(y’ Z).
X u=x+ f(xy)
0,90 U :Xf(y_] 9.21 .
10-masala. Ko rsatilgan tartibdagi xususiy hosilalar va differensiallar hisoblansin.
u: X_"_y. am+nu u:men. am+nu
101 X_y’axmayn . 102 ! axmayn .
u=e?siny+e*cosY: T u=eY; ou
10.3 Y= y 2’ axmﬁyn . 10.4 ! ox oyor -
10.5 U=sinx-cos2y; o 106U=X4COSY+V45inX;ﬂ
' Cooxtoy® - : ox‘oyt -
0.7 U :(x2 + y)lotgx aCh 0.8 u=sinxy; o o
1 .7 ! X ay9 . l . ’ aXZGy va Ox ayZ .
U=+x>+y*-ev; du x) .,
109 ' 10.10 U{;j  d7u
10.11 U=x";d’u 10.12 U= flx+y+y’}d’u.
10.13 U= f(xy)-g0a) d’u 10.14 U= f(sinx+cosy) d*u_
10.15 u:f(x+y,22)d2u_ 10.16 u:f(xy,x2+y2);d2u_

11-maB3y: Kyn y3rapyBuniu GQyHKUMSAHUHT IOKOPH TAPTHOJIM XOCHJIa BA
nugdepeHIMATIAPH.
PEXA:
1. Oxkopu TapTHd/IM Xycycuid Xocuianaap
2. FOxopu TapTudau qudgepeHuuanap

Tasnuy uGopanap: UKKMHYM TApTUOJIN XYCyCHI XOcuia, N— TapTHUOIU XyCyCcui
XOCHJIanap
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1°. IOxkopu TapTubam xycycuii xocmaanap. dapas KuIaiimk,
f(X)=f (X, Xp,eeo0X,,) Gynxima ounk EcR™  Tymmammmar  Xap  6up
X=X, X, ,.....X,, )€ E HyKTacuna

of(x) .. :
—2=f i=12,.....m
st )
Xycycul xocuianapra sra OyncuH. By Xxycycumil Xxocwnmamap Xy, X,,.....,Xp

y3rapyBunmapHUHT (QyHKIOUSACH OYIMO, ynap XaMm XyCyCHH XOCHWJajapra 3ra
OYJIWIII MYMKUH:

o (of(x) BN :
—| —— |=(f, (X I,k=1,2,....m).
8xk( X j (“( »w ( )

by xycycuii xocunamap Oepuiiran f(x) GYHKUMSSHUHT UKKUHYU TapTHOIU
XyCYCHM XOCHWJIaJIapu JeUUiIaIn Ba

2
L(X) exKu fX”X (X) (i,kzl,Z,....,m)
O X% OX i

Kabu OenrviaHagu:
2
0" £ (x)_ ¢ (x)= 2 (af(x)]_

ox ox T ox | ox
Arap i =k 0yuca,
0% f(x)
0X, OX;
WUKKUHYM TapTUOIM XyCYCUI XOCHJIa apalalll XOCuia IeniIaau.
Arap i=K 0ynca, UKKMHYH TapTUOIU XyCyCHI XOCHIIAIap

0% (x) £ (x)

X 0%

Kylugarnya
0% f (x)
ox?

= 1

Eé3MIaau.

f (X) QyHKUMSHMHT yuMHUM, TYPTUHYM Ba X.K. TApTHOAArHM XyCycHil

XOCWJIANapy  XyIJOW FOKOpWAArura yxmam Tabpud-managn. YMymas,

f(X)=f(x,%,,...X,) yHKIESHHHT Xy Xiy, oo Xy X Y3rapyBUMIapH

Oyiinua N -TapTUOIM Xycycuid xocwiiacu OepwiraH (yHKIMSHUHT (n—l) —
TapTUOJIM XyCyCU X0CUIacu
"1 (x)

OX,  OX ..0X

Ih-1 Ih-2 h

HUHT X; y3rapyBun Oyiinda XyCycuil Xocunacu cugparuia rabpudanaim:

(i, +iy +... 4, , =n—1)
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0" f (x) 0 " f(x)
OX; OX; ...0X. 0%  OX_ |(0X _...0X OX
n n-1 2 1 n n-1 2 1

by xonna xaM 1 ,i,,....,1, J1ap Oup-Oupura TeHr Oyamaranna
o" f
0% ... 0%, 0%
apananl Xocuia JeHuiau.
Arap I =I,=...=l,=K 0¥nca, n — Taptubium Xycycud Xxocuia-iap
KyWujaruda
0" f (x)
O Xg
&3mnanu. Yoy
o° f | o° f (i %K)
0 Xy O 0X; O X
apajam  XOoCHJajiap (GYHKUMSIHUHT  Typid — y3rapyBuwiapu  Oyitnua
muddepennmamiam TapTudu Ounan Gpapk KUiIaau:
o° f
O X, OX;
na f (X1 s X ey Xm) (YHKUMSHUHT aBBal X; y3rapyBuucH OyiiMua, CYHI X,
y3rapyBUMCcH Oyiinda XyCycui Xocuiaacu Xucobanran o6yica,
0° f
O X; O X,

Jla 3ca aBBaJl X, y3rapyBuMcH Oyinda, cYHr X; y3rapyBuucH OyinuYa Xycycui
Xocuiaacu xucoOjaHraH. Ynap Oup-Oupura TeHr XaMm OYJIWIIM MYMKHH, TEHT
OynmMacaH KOJIMIIK XaM MYMKUH (MUCOJUTap KEMUMHTH MyHKTA KeITUPHUIIAIN ).

Apanai xucuianapHUHT TEHIVIMTUHU KyHUJaru Teopema udoaananim.

1-Teopema. @apa3s KUJIAWUJINK, (X, Xp,0e0 Xoy) byHKIMA
x? = (Xf : Xg e Xr?] )e EcR™ nykraga n mapra auddepeHuuanaanysuu Oy IICHH.
Y xomga x° HYKTaJa f(Xl,Xz,...., Xm) GYHKIUSHUHT UXTUEPUNA N -TapTUOIH
apajail XOCHUJIAJIApHUHT KUWMaTU X, X,,...., X, y3rapyBumiap Oyinua KaHaail
TapTuoaa auddepeH-nuamianuImra OOFIuK OyaMaian.

4by TEopeMaHUHI UCOOTH, KEHMHTM MYHKTAA WKKH Y3rapyBUHIIA
GYHKIUS YIyH KeITUPUIaIUral TeopeMa ucboru kabu 0ymanu. P

2°. Oxopun Ttaprubim aupdepennuanap. @dapaz KUIANINK,
f(X)="f (X, Xp,...n X, ) Gynxima oumk E — R™ tymmamma Gepunran, X e E
HYKTa/la MKKU MapTa nuddepeHnuanaanyBuu OYICHH.
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1-tabpud. f(X) bynkuus  audpdepenumamn  d f (X) HUHT
muddepennmany OepwiraH (QYHKIUSHUHT X HYKTaJard WKKUHYA TapTHOJIU
muddepennmany aevrmiaay Ba d 2 f (X) KaOu OeJrviaHagu:

d2f (x)=d (d f (x)).
OHIM  GYHKUUA MKKUHYM TapTuOaum aud@epeHunanTuid  YHUHT XYyCyCUH

XOCHJIaJapy OpKaiIu uQoIaJTaHUIIINHN KYypcaTaMu3.
PaBmankwu,

d f(x):L(X)dx +L(X)dx +m+_8f(x)
ox, Lox, - Ox,

6ymi6, y X =(X.,X,,...,X,,) Ta Xxamaa dx,,dx,,...,dx,, mapra 60rmuK 6ymamu. By

dx

m

teurmkaa dX;,d X,,...d X, napuu Taiinaiaanran ne6 xuco6iab, d f(x) HU
XyyXoy .o Xy Y3rapyBUMJIApHUHT  (yHKOMsCH cupTanga Kapald, YHUHT
muddepeHnranTuHy TomamMus3:

d(d f):d(S—fd x + 2 dx, +...+§—fd mez

1 2 X

o[ of o (of o (0f
=dx| —| — |[dX+—| — |[[dX, +...+ —| — |-d X, |+
OX \ 0% 0X, \ 0% OXy \ 0%

o of o (of o (of
+dX,| —| — [dX,+—| — [dX, +....cq —| — |d X, |+
OX \ OX, 0X,\ OX, OXy \ OX,

o of o of o ( of
+dX,| —| — |[dX +—| — |d X, —| — |d X, |=
OX \ OXp, O0X, | OX, Xm \ O Xy
2 2 2 2
0 Idxl2 g ];dx§+.. %dxﬁl+2 ot dx dx, +
OX; X5 o 0 %X,0 X,
2 2 2 2
+ ot dx,dx; +...+ 0 dx,dx,, + 0 dx,dx; + dx,dx, +
0% 0%; X1 O X 20 X3 X20 Xy
2 2
ot dx,dx, + ot dX 4 dX,
O0X, 00Xy 0 X 10X
2
= idxl+idx2+...+idxm f.
0%, 0X, 0 X

byHna cumBouMk papumiga E3wmmmuaan doiganaHuiaaan. Y Kyluaaruua
TYIIYHWIAIW: KAaBC WYMJArd WHFMHIWA KBajapartra kyrtapuwnub, cyar f ra

"kynaiitupuianu". Kelinn gapaxa KypcaTkuuiapu XyCycuil Xocuianap TapTuou
neb xucobaanaam. Jlemax,
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2
dzf(x):(aixdxl+aixdx2+...+a%dxm] . 1)
1 2 m

f (X) GyHKUMSHMHT X HyKTaJ[aru yYuHYH, TYPTHHUM Ba XK. TApTUOAArH
g depeHnramuiapy xaM I0KOpHIaruaek Tabpuduanaim.
Ymyman, f (X) GYHKUMSHUHT X HYKTajaru (n —1) -TapTHOIN

maddepenmann d"* f(x) munr muddepenmmama f(X) HEEr N -TapTHOIH

nubepenmany aeiinnaay sa d" f (X) kabu Oesrvia”aau:

d"f(x)=d(d""(x)).
Arap, f(x) byHKIMA X HyKTaga N Mapra auddepeHnuaianyBuu Oyica, y
XoJiaa

d”f(x):££dxl+idx2+...+i] i 0

0%, 0X, 0Xp

oymau.

11-amananii MaIIFyJI0T

Lagranj usulidan foydalanib u=u(x,y) (yoki u=u(x,y,z)) funksiyaning
berilgan shartni ganoatlantiruvchi ekstremumlari topilsin.

13.12 u=xyz, x*+y?+z°=3.
2
13.13 u_—2 E)/—2+—2, x> +y>+2*=1 (a>b>c>0).
a c

13.14 u=x-2y+z x +y*-z?=1.

13.15 u=xy?z®, x +2y +3z =6 (x>0,y>0,z>0).
13.16 u=x*+y*—-z*+5, x+y-z=0.

13.17 u=x*>+y?+2z* x—y+z=1.

13.18 u=xy x*+y?=1.
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a2

13.19 u=x+y, =
x?

1
y

13.20 u=x +y,—+y =1.
a b

13.21 u=x-2y+2z, x* +y* +2% =1,

12-maB3y: Vpra kumiimaT xakumarm Teopema. Kyn y3rapysumiam
¢ynkuusaunr Teitsiop popmyJiacu.
12-manpy3a:
PEXA:
1. Vpra kniiMaT XaKuaa Teopema.
2. Kyn y3rapyBumnin pynkuusHuHr Teiiinop ¢popmyaacu.

Tasiny nubopanap: cerMeHTIa y3JIyKCHU3, XyCyCHI XOCHIaIapHUHT

(a,+t(b,—a,) @, +t(b, —a,),....a, +t(b, —a,)) HYKTaJlaru
KUKAMaTiapy, JIarpaH>KHUHT YEKJIM OpTTUpMAaiap

12.1°, ?pTa KHHMaT XaKujaa TeopeMa. dapa3s KUJIANIINK,
f(X)= (X, %,,....X,) Gyrkums E < R™ tymnampa Gepunran 6yncun. By E
TyIUIamaa myHaan

a=(ay,8...3,), b=(by,b,....0,)

HYKTaJapHU KapaiMu3ky, Oy HyKTaJapHU OUpPIAIITHPYBYM TYFPH UH3UK
kecmacu E Ttymmamra terunum 6yiacuH.
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Papmranku, Oy kecma ymoy
K= {(xl,xz,...,xm)e R™: x, =a, +t(b, —q,),
X, =a, +t(0, —a,),...X, =a, +t(b, —a,) , (0<t<1)}
HyKTanap Tyruiamu ownan udonanananu: K cE.
1-teopema. Arap f(x) dyskmms K xecmanmnr a Ba b HykTamapuma
Y3ITyKCHU3 o0ymuo, KECMaHUHT KOJITaH Oapua HyKTajgapuaa
muddepenunamianyBun 6ynca, y xonna K kecmana mryHnai C=(Cl,02,...,cm)
HYKTa TOTIIATUKH,
f(b)-f(a)=", ()b —a)+ T, ()b, —a,)+...+ f, (c)bn —an) (1)
oynau.
<« f(x) pynkuus K c E xecmana kyitunaru
f(X)=f (X, Xpreron X, )=
=f(a, +t(o, —a),a, +t(b, —a,),....a, +t(b, —a,)) (0<t<1)
kypunumaa Oynamu. By t  y3rapyBumHMHr (QyHKuuscunu F (t) Oulan
OeNruiailvK:
F(t)="(a, +t(b, —a,)a, +t(b, —a,),....a, +t(b, —a_)).
PaBmanku, F (t) byHKIUS [O,l] CEerMEHT/Ia y3IyKcu3 0yiuo, (0,1) na
F' (t): fxl (bl - al)+ fx2 (b2 - 8.2)+ et 1:xm (bm B am)

xocunara sra 6ynamu. bynna f, ,f, ..., f);m XyCyCHUH XOCUJIAIApHUHT

(ay +t(by —ay). 8, +t(b, —a,).....a, +t(b, —a,))
HYKTaJlaru KuAMatjiapy OJIMHTaH.
Jlarpamx Teopemacuaan ¢oigananud Tonamus:

F(@)-F(0)=F'(t,). (0<t, <1) (2)
Ara
p FO-f). FO=10) o
XamMaa
Ft)=f, (@+t(b-a)a+t(,-a,)..a,+t(b,—-2a,))

(b, —a )+ f, (& +t. (b, —a,) @, +t, (b, —a,),...a, +t, (b, —a,)) (4)
by —ay)+..+ f_(a +t (b, —ay),...a, +t. (b, —a,))-(b, —a,)

OYIMIIMHYU >bTUOOPTA OJICAK, CYHT YOy
3, +1t, (b -2 )=c,,
a, +t,(b, —a,)=c,,
an + L, (bm —ay ): Cn

oenrunanuiapuHu oaxkapcak, yHaa
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c=(c,,C,,....C, e K
oynuo, (2), (3) Ba (4) myHocabatiapaaH
f(b)-f(a)=1, ()b —a)+ T, (c)b, —a,)+...+ T, (c)(b, —ay)
Oymumm kenub yukaay. P
Opnartna, (1) popmyina JlarpaH>KHUHT YeKiIM OPTTUPMATIap GopMyIiacu aeinianu.

4°, Kyn y3rapypunian pyukuusaunr Teiiaop ¢popmynacu. Aitainmk,

f(x): f (Xl,xz,...,xm) ¢yukuus ounk E < R™ rtymmampa Oepwiran 6yamo0,

0
m

vX:(Xl,XZ,...,Xm)eUg(XO) x° :(Xf’x(z)v--’xr?w)

U (XO )c E 6yncun, 6ynna x° = (Xlo,xg,...,x ) Ba ¢ >0. PaBmanku,
HYKTaJapHU OUPJIAIITHPYBYU TYFPU YN3UK KECMACH
Az{xf +t(x1 —xf), Xa +t(x2 —xg),...,x,?] +t(xm —X%); Ostsl}
my U 5(XO) ra Terunum 0ynaau.
®apas kumaitmuk, f (X, X,,....,X,) Gyaxmms U 5(X0) tymiamaa (n+1) mapra
muddepennnamuanyBun Oyincun. by dyHkuumsaun A Tymimamaa Kapacak, [0,1]
CETMEHT/a aHUKJIAaHTaH Yoy
F(t)=f (xf +t(x1 —xf),xg +t(x2 —xg),...,xf’n +t(xm —xg))
(ynxuusra sra 6ynamus. F(t) pynxuus [01] na xocunara sra 6yau0,
: of 0y Of 0 of 0
FU)=——\X =X J+—X = X5 J+...4 —\X, — X, =
(t) 6X1(1 1)+6‘X2(2 2)"‘ +8Xm<m m)
0 0 0 0 0 0
N v “ (x, - o (x = f
[axl b2+ =) xm)j
oynaau, Oynna f (X) GyHKIUSIHUHT Oapua XyCyCcui Xocumaiapu
(xlo +t(xl —xlo), Xa +t(x2 —xg),...,xf’n +t(xm —xﬁ)) (4)
HYKTaJ[a XUCOOIaHTaH.
YMymaH, xocun KwinHran F (t) dyHKIHsA K -TapTrOIHN (k =1,2,...n +1)
XOCHIIajapra ara Ba y
k
0 0 o 0
I:(")(t):[a—xl-(x1 - xf)+ a—xz-(x2 - x2)+ .t E(Xm - X%)J i

ra TeHr, OyHmaru Oapua xycycuil xocwnanap (4) Hykraga xucodbnanrad. by
MYHOCA0AaTHUHT  TYFPWJIMTH  MaTEeMaTUK HWHAYKIUSA ycynu  E€paammjia
ucOOTIaHAIN.

Ilynpait ka6, F(t) dynxmms F (t), F”(t),...,F(”+1) (t) xocmmamapra sra
oynmamu. Teitmop ¢opmymacura kypa (kapancuH, 24-mabpysa) t, HykTaga
(0<t, <1)
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F(t)=F(t,)+ F (t)(t—t, )+ = F(t,) (t—t, ..+

2!
1 (n) n 1 (n+1) n+1 ©)
+ PO -t)" + Vil (c)}(t-1t)
6ynamu, Oyuma c=t, +0(t—t,), 0<6<1.By renrmukaa t,=0,t=1
Jennica, yuaa
F@)=F0)+1F(0)+2F"(0)+..+ FM(0)+ L _F(g)
1! 2! n! (n+1)!
oYUM Kenub YuKaIu.
AViHU antnaa,
F(O)=f(xf,xg,...,x,?1), ©)

F@)=f (X, X000 X ) s

F(k)(o):(aix()(l _ Xf)+ aix-(x2 - xg)+ ot ai -(Xm - X%)J f
1 2 m

(oyrma f QyHKIUSHUHT Oapya XyCycHH XOCHJIAIapu (Xlo ,xg ,...,X,ﬁ’]) HYKTaJa
XUCcOOJIaHTaH) OYJIMIIMHYA YBTUOOpTra oJicak, y Xoiaa (5) Ba (6) TeHrIuKIapJaaH

f(xl,xz,...,xm)=f(Xfixg,---’xr%)Jr

k
+il(i-(xl —xf)+i-(x2 —xg)+...+ i(xm —x,?])J i (xf,xg,...,x,?])+

k=1k! axl 8X2 5Xm
n+1

1 (o 5 ]
+(n+1>!(a_x1(xl‘xf)+a—xz(&—X3)+---+a(xm-xg)j »

X f(xl0 +¢9(x1 —xf), Xa +9(x2 —xg), o XD +9(xm —xr%))

(O < 6’<1) TEHTJIMKKAa Kenamu3. by «kym  y3rapyBummu (Xl, X2,...,Xm)
GYHKIUSHUHAT Jlarpamk KYpUHUIIUAATA KOJIWK Xamau Teinop dopmynacu
AeHuIaan.

5% Xycycewuii xo/u1ap. Apajan XOCHJIAHMHT TEHIJIMTH XaKH/Ia Teopema.
m=1 Oymcun. Oy xomma u="f (X) (X eR,ue R) (GYHKIIUSSHUHT  FOKOPH
TapTHOIM Xocuia Ba nuddepeHnman-nmapura Kemamus. Yiap 23-Mabpysana
OaTtadcri 6aéH dTUITaH.

m =2 6ynranma u=f(x,y) ( (x,y)eR*,ue R) VKK Y3rapyBUMIId (QYHKIIHSA
Oynu6. YHUHT WKKUHYM TapTUONIM Xycycuil Xocunanapu (yiap 4 ta Oymaam)

Kyhugarnda 0ynaau:
o°f(xy) o (Gf(x,y)j

X% OX

OX
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ot (xy)_ o (af(xy)
oxoy  oxl oy

o°f(x,y) o (of(x,y)
0oy OX oy OX

0°f(x,y) o (of(x,y)
oy° oyl oy

1-mucoua. YOy
f (x,y)=arctg X (y=0)
y

(GYHKIUSHUHT UKUAHYY TapTUOIHM XYCYCUH XOCHIIAJIapy TOIHJICHH.
<«4Papmaku,

af 1 1y of 1 [ xj_ X
- 2y w2 g2 ! - 2|7 y2 T w2 2
0 X 1+Ly X“+y oy 1. X y X“+y

2 2

y y

oynanu.
OHnu Tabpudgan doigananuld Oepuirad GYyHKUUSHUHT UKKAHYU TapTHOIU
XyCyCui XOCUJIaJTapUHU TOTIAMU3:

’f o y ) 2xy
ox2 x|\ x2+y? (x2+y2)2 ’

o*f o y | xX-y
oyox oy x*+y? (x2+y2)2

o° f 8( J_ x> —y?
oxdy Ox +y? x +y )2 ’
o’ f ( j

5}’2 x +y

2-MHUCOJ1. YOy

Xy Xy arap x> +y”>>0 Gyuca
f(X, y): x2 4+ yz ! Y ,
0 ,arap X’ +Yy?=0 6yica

dyuxiumsnunr (0,0) HyKTagaru apasiani XoCHIanapu TOMHIICHH.
Aitraitnux, (X, y)#(0,0) 6¥acun. By xonna

o f 2oy AxPy? of x> —y?  4x*y?
axzy x2+y2+ 2 2 | o =X X2 2 (2 2@ |’
(x +y ) y +y (x +y )
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o’f 0 (afJ_xz—yz {“ 8x7y? J
- — 2 2 (o o |
oyox oylox) x2+y (X2+y2)

o*f _ofof ) x*-y* L 8x°y®
oxoy ox\oy) x*+y? (x2+y2)2
oynanu.

AWTaNIUK, (X, y):(0,0) OyncuH. by xonma (QYHKOUSHUHT XOCHJIAJIApUHU
Tabpudrra kypa xucoOaanmMus:

af(o,o):Iim f(Ax,O)—f(O,O):O |
O X Ax—0 AX
af(o,o):Im f(0,Ay)- f(o,o):O |
oy Ay—0 Ay
o f(0,Ay) 01(0,0)
0° 1(0,0) i AX  AX - —Ay°
=i = lim =1,
Oyox -0 Ay Ay—0 Ay
o f(Ax,0) of(0,0)
2 3
0" 1(00)_yy & & _im Y 1
@x@y AX—0 AX Ax—0  AX
IOkopuna KEJITUPUITaH MHUCOJJIapaaH KYpUHAIUKH, f (X, y)
GYyHKIUSHUHT
0% f 0% f
oXdy  dyox

apaan Xxocujanapu Oup-Oupura TeHr xam OYJIMIIM MYMKHH, THT OYyJIMaciaH
KOJIMIIIA XaM MYMKHH JKaH.

2-Teopema. ®Papa3 Kwianuk, f (X, y) byHKIUS (XO, yo)e R? HyKTaHHHT
U, ((%,Yo)) atpoduna

o’ f(xy) o°f(xy) (%, y)eU, ((%.¥o))

oxoy 0y OX
apanam Xocuiajgapra asra 0ynm6, Oy Xocuianap (XO, yo) HYKTaJla Yy3JIyKCU3
oyncun. Y xonaa f (X, y) GYHKIUSHUHAT apajiail XOoCHiIalapu (XO, yo) HYyKTaJa
TeHT Oymanu:

0* f (%0, Yo) :azf (o, Yo)
dy Ox oxoy
< AliTailluK, (%o +AX, Yo +AY), (X0 + AX,Y,) , (X0, Yo + AY) HyKTa-jaap
(Xo, Y, ) HyKTaHEHT aTpodura TErHILTH 6YICHH:
(%o + A%, Yo +Ay) €U, (X0, ¥o) ) (%o + 4%, ¥5)€U 5 (%o, ¥0)),
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(%0, Yo +Ay)eUs((%, o)) -
Yoy
@ (A%, Ay)=f (xg + A%, yo +Ay) = f (%o + A%, yo )= T (X, Yo +Ay)+ (x5, ¥o).
P(x)= 1 (X, Yo +4y)— T (X yo)
GYHKIUSITApHU Kapaliuk
PaBnianku,
D(Ax, Ay )= p(x, + AX)— (%))
Oynaau. by TEHrMMKHUHT YHr TOMOHMra JlarpaHX Te€OpeMacHHH HKKH MapTa
KyJ1a0 Tomamus:

(D(Xo +AX)_¢(X0):(P'(X0 +6"'AX)‘AXZ
_[8 f(x, +OAX, Y, +Ay) Of(x,+6 -Ax,yo)}AX_

OX OX

2
_ O + O, Yo + 0Y) (0<6,,6, <1)

oy OX

[[lapTra xypa apanam Xxocuia (Xo,yo) HyKTajga y3iaykcus. Jlemak,
AX—0,Ay >0 na

) 2
0 f(XO +01Ax’y0+H2Ay)AxAy:MAXAy+O(1)
0oy OX
o0ynuo,
0% f (X5, Yo)
@ (Ax,Ay) = 27U Ax Ay +0(1 !
(Ax,Ay) oy ox xAy +0(2) (7)
oynanu.

OHaH CD(AX,Ay) dbyHkuus OunaH Oupra Kyuaaru

w(y)=1 (% + A%, y) = f (x,y)
byHKUMSIHA Kapaiimu3. PaBiianku,

®(ax,Ay)=y(¥o +Ay) -y (¥o)
Ooynamu. IOkopunmarunmek, Oy TEHTJIUMKHUHT VHT TomoHura Jlarpamx
TeOpeMacHMHM UKKU MapTa Ky1ad, CYHT apananl XocHnaHusT (X,, Y, ) HyKTana

y3ayKeu3nuruAad (GoinanaHud Tomamms:

0 fx, +AX, Y, +OAY) 6 FlX,, VY, +OA
w(yo+Ay)—t//(yo){ b+ .30+ 89) 273 1y)Ay=

oy oy

2 ' ' 2
_0 f(x0 +6,AX, Y, +¢91Ay)AxAy:8 f(xo’yO)AxAy+0(1)
oxoy
(0<6,,6, <1, Ax—>0,Ay —0). lemax,

@(Ax,Ay):%&f/O)Ax Ay +0(1). (8)
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(7) Ba (8) myHOCcabaTiapian
0 f (%, yo): 0*f (%0, Yo)
oxoy 0y OX

oynuiy kenud yukagu. P

12-amanunii MalIFyJaoT
6-Teorema. (Teylor formulasi). Agar x va x+h nugtalarning o'zi va
ularni tutashtiruvchi kesma M to'plamga tegishli bo'lib, f(x)ec®™(m)
bo’Isa, u holda ushbu Peano ko rinishidagi qoldiq hadli Teylor formulasi
o rinli bo’ladi:
f(x +h,...x, +h )= f(x,...,x,)=

[h S jkf(x)+o(h”)

0%, X,

“Zia

. Yy

X2 +y?
, arap X’ +Yy°=0 6yca

) HyKTagaru apajaia XOCHJIaJdapu TOIMUJIICHH.

! X _y ,arap X’ +y®>0 6yuca ,
yHI(I_II/ISIHI/IHF 0

Ajtraitnux, (X, y)#(0,0) 6¥1cun. By xonna

of 2oy Ax%y? of x2—y?  4Ax*y?
=Yzt 2 | =X 2 2 2 |

OX y (x2+y2) oy X2 +y (x2+y2)

o't _ o (af)_x° —y s 8x°y°

yox oyl ox) x?+y? (X2+y2)2 ’

o't _afof)_x* —y 1, 8%y’
oxoy oxloy) x? +y? (X2+y2)2

oynau.
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AWTaNNNK, (X, y):(0,0) OoyncuH. By xonna (QYyHKUMSHUHT XOCHJIaJapUHU
Taspudrra Kkypa XucooaanMms:

8NQ®:manvﬂ%=NQ®:0,
OX AX—0 AX
8HQ®:|m'HQAw—fﬁM»:O’
oy -0 Ay
o f(0,Ay) 01(00)
2 - 3
100, __ax AX_ _fim T _ g
8an Ay—0 Ay Ay-0 Ay
o f(Ax,0) af(0,0)
2 3
oXx oy AX—0 AX A0 AXE
IOxopuna KCJITUpUITaH MHUCOJJIapAaH KYpHUHAIUKH, f (X, y)
(GYHKIUSHUHT
0% f 0% f
OXdy Oy ox

apaail xocuianapu Oup-Oupura TEHr Xam OYJIMIIM MYMKUH, TEHT OYiaMmacjaH
KOJIUIIIN XaM MYMKHH JKaH.

Mamkap

1. Y6y
u="f(x,y), x=t?+s? , y=t-s

(GYHKUMSIHUHT MKKUHYY TapTUOAM U PepeHain TOnUICHH.
2. Yoy

u=y-p(x2-y)
byHKUMS Kylnaru
l1ou 10u u
- =
XOX yoy y?

TCHI'NIMKHU KaHOATJIaHTUPUIIN MCOOTIIAHCHH.
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13-maB3y: Kyn y3rapyBuwin (QyHKUMSJAPHU IKCTPEMYMIa TeKIIMPHIIL
JKCTPEMYMHHMHI 3apYPHi Ba eTapJ/id IapTJIapu.

13-manbpy3a:
PEXA:
1. ®yHKOus IKCTPEMYMH TYIIYHYACH. 3apypHuid mapT.
2. OYHKIHUSA IKCTPEMYMIa SPUIIMIIMHUHT eTAPJIH APTH.

Tasiny noopanap: 10Kaja MUHAMYM, JIOKAJI KATBUI MUHUMYM, JIOKAJI
AKCTPEMYM HYKTA.

1°. ®ynkuusi dKCcTpeMyMH TymiyH4Yacu. 3apypuii mapr._ ®apa3s
kumaitmak, T (X)=f (X, Xy,....X,) Oynkima EcR™ tymnamma  Gepunran
6ym6, x° :(Xf,xg,...,xg])e E 6yncun.

1-tabpud. Arap mynnaii 6 >0 COH TONMMIICAKH,

U5(XO)C E 6ymu6, VX eU5(X0) ma f(x)< f(xo)

oynca, f(x) dynximsa X° HyKTaza JTOKal MakCHMYMra, f(x)>f (XO) oynca,
f (x) dynxims x° HykTana TOKaq MHHUMYMTa SpHIIAM JeHuIa .

2-tabpu. Arap mysgaii 6 >0 con Tomwicaku, U 5(X0)c E 6ynuo,
Vx eU 5(XO)\ {XO} na f (X)< f (Xo) oynca, f (X) byHKIHS x° HYKTaJa KaTbHH
nokan Makcumymra, f(x)> f (XO) 6ynca, f(x) dynxuus x° HyKTaga JoKan

KaTbUM MUHAMYMTIA SpUIIAINA JCHUITIAIN.
OYHKIUSHUHT JIOKaJl MAKCUMYMH, JIOKAJI MUHUMYMH YMYMU HOM OMJIaH

JIOKaJl JKCTpeMyMmu aeuunanu. bynpaa x° HYKTa f(x) (YHKITUSHUHT JIOKaJ
IKCTPEeMyM HyKracH, f (Xo)ra aca (PYHKIIUSHUHT JIOKAJl SKCTPEMYM KUHMaTH
euniIaan.

OYHKIUSHUHT MaKCHUMYM (MUHHUMYM) KAWMAaTH KyHuaarnJaa
OenruiIaHaau:
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f(xo): m 0)f(x) (f(xo): min f(x)).

xeU (1)
Masbnymku,
Af (xo): f(x)-f (xo)
aiiupma f (x) GyrKImsEEET X° HyKTaJary TYIHK OPTTHPMACH JeHuIap S0,
f (x) dyrkmus x° HyKTaa JOKal MaKCHMyMTra 3pHiica, yaaa vx e U 5(X0) na
Af (xo) <0
Oymamu Ba akCUHYA.
Ilynunraek, f(x) dynxmma x° HykTaga jokan MHHAMYMra SpuIIca, YHIA
VxeU; (xo) bt
Af (xo) >0
OyJaau Ba aKCHUHYA.
1-teopema. Arap f (X): f (Xl,xz,...., Xm) byHKIHS x° = (Xf,xg,...,x,%)
HYKTaJla JIOKaJl 3CTpEeMyMTIa 3pHIIica Ba Iy HyKTaaa 6apda

ot (i=1,2,...m)

o0X

XyCyCcHul Xocuianapra sra o6yica, y Xxoiaa
of(x°)

ox.

0 (i=1,2,...m)

oynanu.
< Airaitmax, T (X)= (X, X, X, ) Gynxkmus X% = (Xf,xg,...,xr?q)

TEHrcu3IMK Oaxkapuiaan. XKymnanan
0 0 0 0 0 0
f (xl,x2 , X3 ,...,xm)z f (xl , X5 ,...,xm)
Oynmaau. Arap
0 O 0
(%)= f (X1’ X21 X3 ""'Xm)

nenwnca, VX, € (Xlo —5,% + 5) na

p(x)> ()
o0ymub, Oup Y3rapyBuUmwIU gp(xl) (QyHKIHS X, HyKTaja JOKaJl MHHEMYMTIa
spumaan. Yuaa 25-Mabpy3ajia KeITUPUITraH Teopemara Kypa

g/)'(xf):o, SABHU a(;x)l(o =0

oynanu.
XyIau OIyHra yxianui
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ot i) _,

0X,

0 X

oynuium ucootnaHagu. »

1-3caarma. Arap f (x) dysxuus 6upop X° HyKTana joKam SKCTpeMyMra
spuilica Ba 1y HyKTaaa quddepenunan-ianyBuu o6yica, y Xxoiaaa

d f(x°)=0

oynasnu.

2-3caatma. f (X)= f (Xl, Xy, ...,Xm) dyHkuusHEEr Oupop X° HyKTamga
Oapua XycycHil Xxocuianapra sra Ba

0
L(X)zo (i=1,2,...,m)
0 X

Oymumuaan Oepuirad QyHKIUSHUHT 1Ty HYKTaJ1a JOKaJl 3CTPEMYMIa SPULITUIIN
Xap AOUM Keau0 YrMKaBepMaiin. (Mucosiap KeMMHTY MyHKTIA KEITUPUIIAIN).

Hemak, 1-teopema (GYHKIUSHUHT JIOKaJdl 3KCTPEMYyMra SpHUIIALIIMHUHT
3apypHil apTUHU Upoaananim.

f(x) OyHKIMS XycycHMil XOCHWJIaNapuHH HOJra ailaHTHpaIu-TaH
HyKTaJlap YHUHT CTallMOHAp HyKTalapu AeHNIIaIH.

20, ®yHKIUs IKCTPEMYMIa SPUIIMIIHHUHAT eTAPJIH APTH. ARTaAINK,
f(x)=f(x, X2,...,Xm) dynxims x° € R™ mykranuar Gupop U 5 (XO) atpoduna
Oepunrad, my arpodaa Oapya HMKKUHYM TapTUOIM Y3IYKCH3 XyCYCUU

Xocuianapra ara Ba
f (x° :
2t (<)_ (i=1,2,...m)
0X;
oyncun. by ¢yukmusuunr Teitmop dopmynacu (62-mMabpy3ana KeITUPUITAH
Telnop popmynacuga n=2 Oyaras xod),

M:o (i=1,2,..,m)

0X;
IIAPTHH XUCOOra OJIraH Xoja, Kyiuaarnia
10 52 f
f(x)=f(x° = AX: AX 1
(=16 e 22 axax, @

Oynanu, OyH/Ia UKKUHYM TapTUOIN XYCYyCHI Xocuanap
(xf +O-AX, XI+O-AXy ..., Xo + H-Axm)
(0<0<1) mykrana xucobnanran Ba
AXp =X — X2, AXy =Xy — X, ) AX =X — X0
Bepwiran f(x) QyHKIHMS WKKHHYE TapTHONM XYCyCHil XOCHJIa-JapHHUHT

CTallMOHAP HYKTa XO Jdaru KHﬁMaTHapHHH
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2 0
ﬂﬂ (i,k=1,2,...m)

A =
O0X; OX
Ownan OenrunaiiMus. bapya UKKMHYY TapTUOIM XyCyCU XOCHIaiap
o’ f
0 X;0 Xy
napauaT X° = (Xlo XS X,CT)]) HYKTaJla Y3JIyKCU3JIUTUIaH
Qi = Ay
xamza
o° f (xf +OAX, X5+ O-AXy . Xor + Q-Axm) o° f (xo)
= + Qi =8 + A
0X; O X, 0X; O X,

oynmuiy kenub yukaau, OyHaa
Ax, -0 (i=1,2,...m)oa a, —0.

Hatuxana (1) TeHrnuk ymoy

l m m

Af (xo): f(x)-f (xo):E{ S a AX AX + Y o A AX, }
i k=1 ik

KYPVHHILTA KEITA/IN.
Arap

p=fAXZ +AXZ 4.+ A
AX; = p-C; (i=1,2,...,m)
neiunca, cyur Ax; —0 (i:1,2,...,m) na, seEu o — 0 1a

m

m
Y. A Ax AX :,02%: AiGi Sk :,02'05(,0)
|

i k=1
(6ynna, p — 0 na a(p)— 0) 6ymumuHM >6THOOpTa OJICaK, y X0J/1a

m

Af(X°)=%2{ > audi¢+alp) } @

i k=1
OYJIMIITMHYA TOTIAMM3.
Masbnymku, A f (XO): f(x)— f (XO) aiinpma U 5(Xo)zxa UILIopa cakjaca, sS’bHH
VxeUg (XO) na

Af(x°)=0
6ynca, f(x) bynkius x° HyKTajia JOKaJl MHHIMYMTa,

Af(x°)<0
oynca, f (X) dynkmus X° HyKTaa JOKaI MAKCHMyMIa SPHILIAIH.

Okopunarn (2) TEHITHMKAAH  KYPUHAIUKH, Af(xo) HUHT  WIIOpacu
K03 duLueHTIapu
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oynran
2. i S 3)
i k=1

KBaJpaTUK Gopmara OOFIIUK OY1asu.

2-Tteopema. Arap (3) kBaapatuk popmMa MmycOat aHuKJIaHraH Oyica, f (X)
dynximsa x° HykTaza JOKan MHHAMyMra, MaHQHil aHMKIaHraH Gyica, JoKai
MaKCHUMYyMTa SPUILIA/IH.

Arap (3) xBagpatuk dopma HoaHUK Oyica, f (X) dynxims x° HyKTaza JoKan
ACTPEMYyMTa pUILIMANIN.

4 by Teopema, KEWMHTH TyHKTIOA, XyCYCHH XOJJa SbHH WKKH
y3rapyBuniau GyHKUMIIAp YUYH UCOOTIaHaIu. P> (KapaJCuH, [1], 13-600)

3%, Xycycnii xosuaap. m=1 6ynacun. 6y xomaa u = f (x) (X eR,ue R)
(GYHKIUSHUHT JIOKAJT SKCTpEMyMJIapH, SKCTPEMYMHHUHI 3apypuil Ba eTapiu
miapTiaapu Kabu TyIlIyHYa Ba TacAuKJapra keiaamus. Yiap 25-mabpysana 6aéH
ATHUIITaH.

m=2 6yncun. by xomma u= f (X, y) ((X, y)e R%ue R) UKKW y3rapyB-udiiv
(GYHKUMSHUHT JIOKaJ 3KCTPEMYM TYyIIyHYajapHu o3ara KeiumO, Oy XoJl ydyH
YJIIApHUHT Tabpudiiapu Kyiinaaruya oyaaam.
Aditaiimuk, u= f(x,y) d¢yaxmua Ec R® Tymmamaa Gepumiran 6yauG,
(Xy,Y,) € E 6¥ncun.

Arap mynnait §>0 com Tommicaku, Uy((Xy,Y,))<E  6¥1u6,
¥(x,y)eUs (X0, Yo )) yayn

FOOY)2 F(x,Y0) (F(xY)< (X0 0))

oynca, f (X, y) byHKIMS (XO, YO) HyKTaJla JIOKaJl MHUHUMyMra (JoKaj
MaKCHMyMTa) dpuinany aeitmnanu. (Xo,Y, ) Hykra f(X,y) GyHKuusHunr mokan
MHUHHMYM (MakcuMyM) HyKTacH, f(X,,Y,) MEKIOp 3ca GyHKIMAHMHAT MUHAMYM
(MakcUMyM) KUMMaTH JeHnIaIn.
Arap mymmaii  6>0 com tomumcaku, Uy((x,,Y,))<E  6ymm6,

V(% y)eU s ((Xg, Yo )\ { (X, Yo )} yuym
FOGy)>Fx0.¥0)  (FOGY)<f(X,Y0))

6ymca, f(x,y) dynxmms (X,,Y,) HyKTaga KaThuii JOKaT MHHEMyMra (KaThHi
JIOKaJl MaKCUMyMTIa) SpUILaan AeHIIaan.

1-mucoua. Yoy
f(x,y)=1-%x%—y?

GYHKIUSTHUHT (0,0) HYKTaJa KaTbUii MAKCUMYMIa SPUILUIIN KYPCATHIICHH.

106



4 5>0 (0<6<1) comnu omu6, (0,0) myxramuur U4((0,0))
aTpoduan xocun kunamus. Yaaa V(x,y)eU ;((0,0))\{(0,0) } yayn

f(xy)=41-x*-y* < f(0,0)=1
oynamu. Jlemak, Oepriran GyHKIAS (0,0) HYKTaJla MaKCUMYyMTa 3puiiaay. »

Arap f (X, y) byHKIMSA (XO, yo)e E — R? HyKTaja JOKal SKCTpeMyMra

SpHUILCA Ba Iy HYKTa/1a
of of

X oy
XyCycHil Xocuianapra ara 0yica, y Xxonaa
0 (x5, Yo) 0 0 (%o, Yo) 0

O X oy
oynanu.

bupok, f(x, y) GyHKUUSIHUHT  OUpOp (X*,y*) HYKTaJa ﬂ, of XyCyCHM

ox oy
XocwJaJlapyu MaBxXyJl OYnu0, yiap 1y HyKTaja HoJira TeHT OVyiica, KapanaéTrad

Gyukmus (X, y" | Hykrama SKCTpeMyMra OSpHIIMACAAH KOJIHMIIM MYMKHH.

Macanas,
f(xy)=x
byHKIUSA
of of
— = y, — =X
O0X oy

XyCycHil Xxocuanapra ara 6ynuo, ynap (0,0) HYKTaJla HOJITa TeHT
0 £(0,0) o Of (0,0)

_— = —:O

OX oy
oynca xam, Oy (yHKIUS (0,0) HYKTaJa JKCTpeMyMra spuinMaau (QpyHKIus
rpa@uru-runepOoarK napaboaouIHU TaCaBBYp KUJIUHT).
Aiiraiimuk, f(x,y) dynxuus (X,,Y,)eR? nykramuar 6upop U ;((Xy,Y,))
atpoduna (5 > O) Oepunran 0ynu0, Kyiuaaru maptiapHu OaKapCuH:
1) f(x,y) oymxmma  Ug((X,Y,)) 7na y3ynkeus Ba  ysimykcus
fo . f,, fo, f

X1ty XZ’ Xy !

2) (Xo,Y,) cTanmonap HyKTa:
f, (X, Y¥0)=0, fyl/ (X0:¥0)=0.
By f(x) gpynxims yayn 2° 1a ropuTHIIraH MyNoXa3anapHy Kyiuiad
AT (X0, ¥0)=F(xy)— f(X,Yo)=

= %(allez + 28,AXAY + 8,,AY? + 01, AX? + 201,AX AY + aZZAyZ)

fy2 XyCyCHii Xocujiaiapra ara,

(*)
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OYJIMIIMHY TOTIaMU3, OyHa
Q= fxz (Xo’ YO)’ ap = fxy (Xo’ yo): fyx (Xo’ YO)’ Ayp = f;:z (XOv YO)
oyuo,
AX—>0,Ay—>0 oa oy, >0, o, >0 ,,, >0
oynasnu.

3-Teopema. Arap
2y, A% + 28, AXAY + 8,7y (4)
KBaJIpaTHK opMa MycOaT aHUKJIaHTaH, SbHU

dqp Ay

dp1 8
6ymca, f(x,y) dynkmus (XO, YO) HYKTa/1a JIOKaJl MUHIMYMTa 3puIiaau, arap (4)
KBaJIpaTUK popma MaH(DUI1 aHUKJIAHTaH, SHHU

dqq Ay

3.11<0, 2311322—3.122 >O

dy; gy
oynca, f (X, y) byHKyUs (XO, yo) HYKTa/1a JIOKaJI MaKCUMYyMTIa SpUIIaau.

<« Masnymkn, f(x,y) oysxmusausr (X,,Y,) HyKTaza sKcTpeMymra
spummii U 5((Xo, Yo )) 12 ymo6y

Af (%0, ¥o)= F(x,y)— T (X0, ¥o)
allMpMaHMHT UIOpa cakjaly OuiaH OOFIINK;
V(x,y)eUs((X,Yo)) ma Af(xy, Yo)>0 6¥rca,
(XO, yo) HYKTaja JIOKal MHUHUMYM, A f (XO, Yo ) <0 06¥nca. (Xo, yo) HYKTaJia
JIOKaJl MAKCUMYM COIup Oyiaau.
Af (XO, yo) allupMaHUHT UIIOPACUHU aHUKJIAI KyJiai Oynuiy Makcaauaa (4) na
AX=p-COS@, Ay = p-Sing

aNMaIITUPUIITHU Oaxkapamu3, OyH1a

,0:\/AX2 + Ay2 :

Hatmxana (*) myHocabat ymoy
2

Af (X, Yo )= %[ (allcos2 @ + 2a,,C0s¢sin ¢ + a,, sin’ (p)+

(5)
+ (ozllcos2 @+ 20, COSSIN @ + oy, SiN° (0)]
KYpHUHUIITA KeJIaau.
AWTannuk,
2
OYJICHH.
PaBmanku,
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a,,C0s” @ + 2a,,C0S@sin ¢ + a,,sin’ g =

—i[(a COsQ + 8y, 5iN @) + (ay;2,, — 8% )- sin’? ]
"2 11 C0S@ + a5l @ 11922 ~ A2 @}
11

A maittna, Oy GyHkuus, ¢ HUHT QyHKUMACH cudaTHaa [0,277] J1a Y3JIyKCH3
OYnu0, Y3MHUHT PHT KHYMK KuiMatu (YHH M OwiaH Oenruiaiiink) M ra ara
oynanu:
‘allcos2 @+ 2a,,C0SpSin @ + a,,sin’ (p‘z m>0.
NxxuHam TOMOH/IaH, AX—>0 , Ay —>0 STHHU p—0 na
o, >0, o, >0, a,, >0 Oynrannuru cababnu, p HUHT E€TAPAIU KUYHMK
KUHAMaTIapuaa
‘ocllcos2 @ + 201, COSPSIN o+ at,, SiN go‘ﬁ‘allH 2| | +] apy| <m

Oymaonaam.
Jlemak, a,, >0 , a,;,8,, —a5, >0 6ynranna (5) TEHIUKHUHT YHI TOMOHH/IATH
udona mycoar 6ynanu. bunodbapus,

Af(%,Y0)>0
oymmo, f (X, y) byHKIUSA (XO, yo) HYKTaJ1a JIOKAJI MUHUMYMTa PUIIIAJIN.
ANTaNK,

8, <0, a8y, —a, >0

oyncuH. by xonaa (5) TEHMMKHUHT YHT TOMOHHAAru udoaa Manduii 6ymamam.
bunobapuH,

Af (%, Y0)<0
oymuo, f (X, y) byHKIHS (XO, yo) HYKTa/1a JIOKaJI MAKCUMyMra spuiiaiu. »
3-3caaTma. Arap

8118y, — 8, <0
oynca, f (X, y) byHKIHS (XO, yo) HYKTa/1a SKCTPEMyMTa SpUIIMaiIn.

4-rcaaTma. Arap
8,8y, —a, =0

oynca, f (X, y) byHKIIHS (Xo, yo) HYKTaJla JKCTPEMyMra »>pUILIUIIA XaM
MYMKHH, SPUIIMACIUTH XaM MYMKHH (KapaJCuH, [1], 13-600).

MamkJjap

1. 3-Teopemana KeATUPHUITAH f(x, y) GbyHKIUS YIyH (XO, yo) CTallMOHAp
HyKTajaa
fo (%01 ¥o)- fyz (X0 Yo )_[ Fy (%o yo)]2< 0
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oyica, f(x, y) byHKIUSA (Xo,yo) HYKTaJa DKCTPEMyMra JPHUIIMACIUTH

UCOOTJIAHCHUH.
2. Ymoy

f(x,y)=(y—x)’ +(y+2)°

(GYHKIUS SKCTpEeMyMra TeKIITHPUIICHH.

13-amanuii MaIIFyJa0T
K¥yn y3rapyBunnm QpyHKUMATAPHU SKCTPEMYMTIa TEKITUPHILL.
13.1-mucoqa. Yoy

f(x,y)=x>+xy+y?—2x-3y
(GYHKIUS SKCTpEMyMra TEeKIITHUPUIICHH.
<4 ABBasio Oepuirad PyHKIUSHUHT CTallMOHAP HYKTAJIApPUHU TOMAMU3:

f.(xy)=2x+y-2, 2x+y-2=0, X,=

f,(x,y)=x+2y-3,  x+2y-3=0, vy, =

wWlh Wik

Jlemak, (%,gj CTallMOHAp HYKTA.

PaBnianku,
f(xy)=2, f,(xy)=1, f.(xy)=2.

Jemak,
a,=2, a,=1, a,=2

a,; =2>0 Ba a,, a,, — a5, =3 >0 6ynranaury yayn 6epunrad GyHKIHs (% : %)

HYKTa/1a JOKaJl MUHUMYMTa SpHIIaIf Ba
: 14 7
min f (x,y)= f (5’5)“5
oynamau. »
13.2-mucou. Yoy
fi (%, y)=x"+y*
fo(xy)= _(X4 + y4) ’
fa(x,y)=x3+y?,
GYHKIUSIIap SKCTPEMyMra TeKITHPUIICHH.
dbepunran  QyHKOUSIIAp Y4yH (0,0) cTallMoHap HyKra Oymanu. By
byHKIUAIAP YIYH

2
a8y, —a;, =0
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Oynaau. PaBmiaHku, (0,0) HYyKTaJa fl(x, y) dynxuus munumymra, f,(x, y)
dyHKmEsS Sca Makcumymra opumand.  fi(X,y) ¢yskmms (00) mykrama
AKCTpeMyMra sra oynmaiiau. p

Ko p o' zgaruvchili funksiyaning ekstremumlari
f(x)= f(x.,.,x,) funksiya ochiq mcr? to'plamda berilgan bo’lib,
Xy = (%1, xrﬂ)e M bo’lsin.
5-Ta'rif. Agar x° nugtaning 3_J,(x’)= M atrofi topilsaki, vx e J,(x°) uchun
f(x)< £(x°) ( f(x)=f(x°))
bo'lsa, f(x) funksiya x° nugtada min (max) ga ega deyiladi. f(x°) giymat
esa f(x) funksiyaning lokal (max) min giymati deyiladi va

Fx7)= ma (P00} (1)< ip,fr(0))

)

kabi belgilanadi.
Funksiyaning max va min giymatlari uning ekstremumlari deb ataladi.
x° nuqtaning | J,(x°) atrofida
A=f(x)-f(x°) (12)
ayirmani ko raylik.
Agar bu ayirma Uﬁ(x‘))da 0z ishorasini saglasa ya ni har doim A>0(A <0)

bo'lsa, f(x) funksiya x° nugtada min (max) ga erishadi. Agar A ayirma x°
nuqtaning v atrofida ham o°z ishorasini saglamasa, unda f(x) funksiya x°
nuqgtada ekstremumga ega bo"la olmaydi.

1-Teorema. (zaruriy shart) f(x) funksiya x° nugtada ekstremumga
erishsa va shu nugtada f,(x,)..... f, (x°) xususiy hosilalar 3 bo’lsa , unda

£ (%)==, (x°)=0  (13)
bo’ladi.
1-1zoh. Teoremaning aksi har doim ham o'rinli bo lavermaydi. Masala,
f(x,y)=x-y funksiya uchun £/(0,0)=f,(0,0)=0, lekin funksiya (0,0) nugtada

ekstremumga erishmaydi, chunki u (0,0) nugtaning v atrofida har hil
ishorali giymatlarni gabul giladi.
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14-maB3y: Omkopmac pyHkmusiap. Ouikopmac GyHKIUSITIAPHUHT
MAaBIKY/IJTUTH, Y3JIYKCU3JIUTH Ba Tu(depeHnauiany BYHINTH.

14-manpy3a:
PEXA:
1. Omxopmac pyHKIHMSA TYIIyHYACH.
2. Omkopmac GyHKIMSIHHHT MABKY/IJTUTH.

Tassnu udopaJsiap: omkopmac KypuHUIIIA Oepriran GyHKIHS, OMIKOpMac
(GYHKIUSHUHT aHUKJIAHUII TYTIAMU

1. Omxkopmac ¢ynknus TtymyHdacu. Mabvaymku, X R,Y R
Tymiamiap Ba Ompop f Komma Oepwiran xomma xap Omp Xe X conra f
Koujara kypa ourra y €Y coH Moc Kyiwica, X Tymiamaa Yy = f(x) byHKIUS
AHUKJIAHTaH Jeuuiap d/u.

X Ba Y y3rapyBUWIapHU OOFJIOBYM KOWJA TypJjuya KymiiaJlaH aHAITUTHK
ubonanap €pnamuna, kaaBan €EpAamuia, SrpU YM3UK EpAaamuaa OViIuIu
MYMKHUH.

OHIM X Ba Y y3rapyBuUwiIap TeHIIama €pjamuja OOFJIaHraH Xoija (yHKIUs

103ara KeJIMIIWHA KypcaTaMu3.
AlTailnuk, X Ba Y y3rapyBUMJIapHUHT F(X, y) byHKIHSICH

Ez{(x,y)e R?:a<x<b, c<y<d}

Ty1uiamaa 6epuirad 6yacud. Yoy

F(x,y)=0 (1)
TerJaMaHu Kapaunuk. Xap Oup TaiuHiaHraH X=X, nga (1) Ttenrmama Yy ra
ucOaTaH TEHIVIaMara annaHagu. by TeHruama siroHa Y, e4umra sra OYJICHH.
Jlemak,

F(Xo.Y0)=0.
bynnaii xycycusitra sra OynaraH X, HyKrajgap OMp KaHua OYJIMIIM MYMKMHH.
VYnapnan tamkwin TonraH TymiamMHu X gednuk. PaBmanku, Oyaga X (a, b)
Oynanu.

OHIM X TYymiaMmJiaH OJMHTaH Xap Oup X ra (XE X) (1) TernamaHuHT
AroHa €4uMH Y HU Moc Kysinuk. Hatmxkana X ga aHMKIaHTaH (yHKIHS
xocun 6ynanu. Vau ¢(x) neiinuk. Jlemax,

@:x—y Ba F(x,¢(x))=0.
by gp(x) omkopmac (omkopMac KypuHuiiaa 6epuiran) GyHKIUs AeHnIaIu.
1-mucoua. Yoy
F(x,y)=yV/x*-1-2=0 )
TeHTJIaMa €paaMua omkopmMac GyKInus aHUKTaHUIINA KYPCATUIICHH.
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<«Pasmanky, (2) Tenriama xap 6up X € (—o0,~1)U(L,+w) j1a srona

y=p(x)=—
X° -1

euuMra 3ra Ba
F(x,0(x))=0.
Jlemax, (2) Tenrnama ¢(x) omkopmac GYHKIUSIHE aHUKIai . P>
2-MHUCOJ1. YOy

F(x,y):x—y+%siny:0

TeHrJama €pJamMuia omKopMac pyHKINS aHUKJIAHUIINA KYPCATUIICHH.
<dbepuirad TeHINIaMaHu Kyilnjaaruda €3u0 ojgamus:

=y—%siny=a(y) , (y € (—o0,+0)).

By a(y) dynkuus R ma ysynykeus Ba o (y):l——cosy>0 oynagu. YHna

a(y) dysxmus (—oo,+0) na Teckapu y = -(X) QyHKIHEATa ST Ba
Flx.a()=0
oynanu. Jlemak, Oy TeH1ama ymoy
p:Xx—a (X)
omkopMac (GyHKIMSHU aHUKIaiau. P
3-mucoa. Yoy

F(x,y)=x*+y*=Iny=0 (y>0)
TEHTJIaMa Y HU X HUHT omKopmac QpyHKIuscH cudarnia aHuKJIaiumMu?

< AHuKnamMaiid, YyHKH Xap Oup Xe (— 00, + oo) mra  y’—Iny>0
Oynranauru cababyiu, eyumra sra amac. P

Omkopmac QyHKIMSUTApHU YPraHuIIa KyHuaara Macaia-iap MyXuManp:

1) F (X, y) dynkims 6upop E  R? Tymmamua Gepuiran xomaa y = (p(x)
omkopMac (QyHKIusS MaBXyqn OVmamumu Ba Oy (QYHKIIUSHUHT aHUKJTAHHIII
TYymIaMu Kanaai 6ynaau?

2) (1) TeHrinama OWIaH aHUKJIAHTaH OMIKOPMAc PyHKIUSA Y = (p(x) KaHzaai
xoccanapra 3ra Ba Oy xoccamap F (X, y) dbyHKIUs Xoccalapyu OwiaH KaHjal
Oormanran?

20, Oumkopmac pyHKUMSIHUHT MaBKY/AJIUTH.

1-teopema. @apaz kunaiimnk, F(x,y) Gynxuus (X,,Y,) HyKTaHHHT
oupop arpodu

Uni(%6. Yo ) ={(x, ¥) R 135 —h<x<xg +h yo —k<y<y, +kf
na (h >0,k > O) oepwiran 6ynub, Kyluaaru mapTiapHu OakapCHH:

1) F(x,y) dysxuns Uy (o, o)) na ysnyxens;
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2) Xap 6up Taitun X e(X, —h,X, +h) na y ysrapyBunnunr dyHKIHACH
cudaruaa yCyBuH;

3) F(X,Y0)=0.
VY xonma (Xo, yo) HYKTAHUHT IIyHJal atpodu

U&((xo,yo))z{(x,y)e RZ:X, —S<X<X +3, Yo —E<Y<Y, +g}
tommnamuky, (0<5<h, 0<e<Kk),

a) Vxe(x, —8,%, +J) na

F(xy)=0

Teurmama srona Y (ye(y,—&,Y,+¢€)) eunmra ora, seam F(X,y)=0
TeHIIaMa EplamMu/ia omkopMac Y = ¢(X) GyHKIMS aHUKTaHAIH,

6) ¢(X)= Yo 6ymama

B) Y = @(x) dynkmus (X, — 5, X, +J) 12 y3IyKcus 6ymaam.

U, (X, Y, )) aTpodra Termmmm 6yran

(%, Yo =€) (Xo,Yo +5) (0<e<k)
HyKTanapHu onu6, [y, — &, Y, + &) cermentna
w(y)=F(%.y)

byHkuusHU Kapaiimu3. TeopemaHuHT 2)-maptura Kypa y/(y) ycyBum, 3)-
mapTura kypa (Y, ) = F(Xo, Yo )=0 6ymamu. Bynma sca

v (Yo —&)=F(X, Yo —£)<0,

w(Yo +&)=F(x, Yo +£)>0
Oynuiy Kenub YnuKaau.

Teopemanunr 1)-maptura kypa F(X, y) byHKIMS Uhk((xo, Yo )) na
y3JIyKcu3. YHIa Yy3IyKcu3 (QYyHKIUSHMHI Xoccacura Kypa, X, HYKTQHUHT
IITyH1al (Xo =0, Xy +0) aTpodu (0 <o< h) TOTIVITATUKH,
VXe(Xg—9, X, +0) na

F(x,y, —£)<0, ;

F(x,y, +£)>0 ®)
oynau.
Dumm (X,, Y, ) HYKTaHHHT

U&((xo,yo)):{(x,y)e R:X, —0<X<X,+0, Yo —€<Y<Y, +e}
atpodua
F(x,y)=0

TEHIJIaMa Y HHU X HHUHT oOlKopMmac (QyHKOuscu cudaruaa aHUKIAIINHUA
KypcaTamus.
VxTuépuit X* € (X, —J, X, +J) HyKTanu onud, [y, — &, Y, + £| na ymb6y
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(y)=Flx'.y)
byHkuusiH Kapaimus. PaBmanku, Oy GyHKIMS [yo —&,Y + 5] CerMeHT/1a
y3JyKCH3 Ba aifHu naiTaa (3) MyHocabarra OuHOoaH
9(Yo —&)= F(X* ' Yo _5)<0 ;
a(y, +&)= F(x* Yo + g)> 0
oynagu. YHma  bonpuano-KommHMHT  Teopemacura — Kypa — IIyHaau
y e [y0 —-&,Y + 5] HYKTa TOMHJIAIUKH,
oly’)=Flx.y*)=0
oynasnu.
AliHM manTaa, g(y) byHKIMS [yo —&,¥Y9 + g] Ja YcyBuu (KaThbuM YCyBYM)
Oynrannuru cababiu Yy 11y OpaliuKKa OWTTaJaH OPTUK HyKTaja HoJra
allJTaHMaMIHn.
[lynmait KHJINO, UXTUEPUI Xe (XO -0, %X, +0 ) Y4YH ATOHA
ye(y,—€, Yo + &) Tonunamuxm,
F(x,y)=0
oynaau. by aca U &((Xo’ Yo )) na F (X, y) =0 TeHrnamMa y HU X HHUHT OIIKOpPMAac
byHkuusacu cudaTuia aHUKJIAITHA OWIITAPAIN:
y=p(x) : F(x,0(x)=0.
ANTalinuK, X =X, OYJICHH. YHJa TEOpEMaHUHT 3) IapTura Kypa
F (%, Yo)=0
Oynmagy. buHOOapuH, aHMKIAHTaH OWIKOpMAac (YHKLMSHUHT X, HYKTaJaru
KAMMAaTH go(xo): Yo OYymau.
Mogmomukn, VX e(X, —35,%, +J) yayH @(X) ra Kypa yHra Moc Kemaaurad
ye (yo —&, Yo+ 5) Oynap skaH, yHAa
(X=X |<8 = |y=Yo|=|o(x)-0(x)|<s
oynanu. Jlemak, omkopMac GyHKIMS X, HYKTaJa y3IyKCHU3.
OwkopMac GyHKIHSHUHT VX" € (X, — 5, X, + &) HyKTa[a y3JIyKCH3 OYIHIInHHA
Kypcatil Oy (QYHKUUSHUHT X, HyKTaJa Y3JIyKCU3 OYJIMIIMHUA KypCaTHII
kabuaup.  Jlemak, MaBXy[IMTH  KypcaTWiraH omkopmac  (pyHKIus
(X0 —0,Xy + 5) na y3iaykcu3 oynaau. »>
3% Omkopmac GpyHKUuIHEHT xocuuanapu. Omkopmac QyHKIMSIHUHT
XOCHWJIACUHU aHUKJIaWIUTaH TEOPEMaHU KEITUPaAMU3.
2-teopema. @apa3 kunainuk, F (X, y) byHKUIMS (XO, yo) HYKTaHHUHT
oupop arpodu U, (X5, Y,)) ma (h>0, k>0) Gepunran 6y1ub, Kyiiumaru
IapTiaapHu OaXKapCuH:
1) Upe((%o, Yo)) 12 ysmyxems;
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2) U, ((%0,Y,)) na ysmykems F,(x,y), Fy' (x,y) xycycuii xocunanapra
Jra Ba F;/(XO, Yo)#0;
3) F(XO’yO): 0.
YV xomma  (X,,Y,) mykramuur  mysmait Uy ((X,Y,))  atpodm
(0<5<h,0<e<k) tommnamuxu, F(X,y)=0 TeHrnama Yy HH X HHUHT
omkopmac Y = @(X) dyHxuuscu cubaruia anuknaim Ba 6y y = ¢(X) bynkius
(X0 —0,Xy+0 ) na y3nyken3 auddepeHiman-ianyBau 0yamo,

. Fx()
7= ()
oymasu.

«4TeopemMaHUHI [apTUra Kkypa F; (X, y) byHKIUS Uhk((xo, Yo )) na
y3IyKCH3 Ba Fy' (XO, yo);t 0 . Aitraitnuk, Fy' (XO, yo)> 0 O6yncun. Y3mykcus
dbyukims xoccacura kypa (X,,Y,) Hykranusr mynmai Uy ((Xy,Y,)) atpodu
(0<s<h, 0<e&<k) romunanuku, ¥(xy)eUg (%, Y,)) na F}; (x,y)>0 6ynam.
bynnan sca xap Oup TaiiuH Xe(xo -0, X +5) na F(X, y) byHKuusg Y

y3rapyBUYMHUHT QYHKIUAN cudaTtuaa YCyBUM OYIUIIM KenuO Yukaau. Y Xonaa
1-teopemara kypa F(X,y)=0 Ttenrnama (X, —3, X, +J) Aa Y HH X HHHT

omIKopMac Yy = (p(x) dbyukiusicu cudaruaa aHUKIAua Ba Y = (o(x) OIIKOpMac
byHKIIUS X € (X0 -0, X +0 ) na y3iykcus 6yiamo, gp(xo): Yo OYymau.
Aitraitmuk, Xe(Xy — 35, X, +0) , X+Axe (X, — 3, X, +J) 6yncun. Papmankwu,
F(x,y)=0, F(x+Ax, y+Ay)=0
o0yuo0,
AF (x,y)=F(x+Ax, y+Ay)-F(x,y)=0 (4)
oymasu.
TeopemanuHr  mwapTUIaH F (X, y) GYHKIUSTHUHT (X, y) HYKTaJa
muddepennrananyBun Oyiaumm kenud dnkaau. bunodapus,
AF (%, y)=F (X, Y)AX+ F (X, Y)AY + o - AX+ B+ Ay (5)
o6ymmob, AX >0, Ay >0 na a -0, f— 0 6ynagu.
(4) Ba (5) myHOCabaTIapaH TOMAMU3:
Ay Fxy)ta
A F(xy)+B '
Keitunru Tenrnukaa AX — 0 na numutra yTcak, yHiaa

(v - Fxy)
o (x)=y Fxy)

XOCHJT OYIaiu.
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Uy ((%,Y,)) ma F(xy), F;, (X,y) xycycuit xocunamap y3myKcH3 Ba
F; (X, y) # 0 Oynummaan omkopMac PyHKIIUSHUHT XOCUIIACH
- F(x.y)
A
F,(xy)

HUHT (Xo -0, %Xy + 5) Jia y3JyKCHU3 OYIUId Kenub dyukaau. »

4-mmcot. Yoy
F(x,y)=e” +ysinx—x®+7=0
TEHIJamMa (2,0) HYKTaHUHT aTpoduia Yy HU X HUHT OuIKOpMac (YHKIHSICH

cudaTtuaa aHukamuy Ba 0y omkopmac (GyHKITUSI-HUHT XOCUIACH TOTTUIICHH.
<« PaBmankwu,

F(x,y)=e +ysinx—x>+7
dynkims R? na aHMKIaHraH Ba y3IyKcH3. BuHOGapuH, y (2,0) HYKTaHUHT
atpoduna ysiykeus, F(X,y) GyHKIMSHUHT Xycycuit XOocHmanapu Kyiiumaruua

oynanu:
wzg(ey +ysinx—x° +7): ycosx —3x*
M:g(ey +ysinx—x3 +7):ey +sinx.
oy oy

JleMax, F(X, y) QYHKIMSHUHT XycycHil xocunanapu R’ 1a, )ymuagaH (2,0)
HYKTaHUHT aTpopuaa y3IyKCus.
CyHr
oF (20) = (ey +5sin X)x=2,y=0 =1+sin2=0.
Ba Huxosr,
F(2,0)= (ey +ysinx—x° + 7)X=2’y=0 =0
oynaau. YHaa 2- Teopemara Kypa
F(x,y)=e’ +ysinx—x>+7=0
TEHIJaMa (2,0) HYKTaHUHT aTpoduia Yy HU X HUHT omKopMmac (YyHKIMSICH
cudaTha aHUKJIaiaM Ba Oy olkopmac (p(x) GYHKIUSHUHT XOCUIIacu

- F (X, cosx — 3x2
(p(x):— x( y)__y

F,(x ) e¥ +sin x

oynamau. »
1-3cmarma. Omkopmac (YHKIUSHUHT XOCHJIACHHH KyHUaa-TUda Xam
xucoOmaca Oyanu:

F(x,y)=0
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HA (Y y3rapyBuM X HHUHT (QYHKIUSACH DJKaHMHU XucoOra omo)
muddepeniraniad Tomamus:

Fo(x y)+Fy(xy)-y =0.

Keitnaru TeHTIMKIad 3ca

oYUy Kenub YuKaau.
AWTaNNNK, F(X, y) Gynknmsa U g, ((XO, Yo )) 7a y3ITyKCU3 UKKHHYU TapTUOIN

Fe(xy) . Fyxy) . Falxy)

XyCyCHuil XocHiiajapra 3ra OyJICHH.
Masbnymku,

bynu nuddepennuamiad ronamus:
eyl - Fyoey) = (Fy(x.y), - e y)

(Fy(xy)f

Arap

(Fo(x, v)),
(F,(xy),

DKAHWHU XHucoOra oJjicak. YHIA

(Fy. (¢ y)+ Fa (6 Y)Y JFi (6 y) = (F L (x,y) + Fy (% y)- ¥ ) Fy ()

Fo(%y)+Fy(xy)-y,

Fo (X, y)+ F;

(6)

2(X’ y) y

(F, (xy)f

Fr(x,Y)- F(,y) = F L (6 y)- Fy () + [F 2 (6, y)- Bk, y) = By (3, y)- Fy (6 y)y

(F,(xy)f

6ynamm. By ndomanarn Y HuHT ypHUTa

Fe(x,y)
F,(x,y
HU KyWuO, omkopMac (QYHKUMSHUHT MKKWUHYMA TapTHOJIM XOCHJIACU YYYH
Kyhujaru MyHocabatra (popmyJsiara) KeJaMus:
' ' " 2 " 2 "
. 2RFRy R FL—F -Fy2
y = 2 :
Fy

N—"
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2-3cnatma. Omkopmac (PyHKUMSHUHT FOKOPH TapTUOIM XOCHUJIATIapUHU
Kyluiarnya xam xpcobsaca 0ymaau.
FOxopuna
F(x,y)=0
Hu nddepenimaniao,
F(xy)+F(xy)y =0
OymummHYN TonTaH 3auK. byHu stHa Oup maprta quddepeniuan-nad Tonamus:
Fey)+ oy y ] =Lyl + v (F oy, + Fy(y)- v =0
Arap (6) myHcabatnapaan ¢oiganancak, KCHUHIH TCHIJIMK YOy
Fo (6 Y)+ 2Ry (6 Y)Y +F(xy)-y" +Fy(xy)-y =0
TEHTJIMKKA KeTaau. YHJaH 3ca
Fa(xy)+2F (x.y)-y +F.(xy)-y
F,(x.y)

2

y:

oYUy Kenub YuKaau.
S-Muco. Yoy

F(x,y)=xe¥ +ye* —2=0
TeHIJIaMa OWJIaH aHWKJaHAIUraH OMIKOPMAC QYHKIIUSTHUHT UKKAHYN TapTUOIIH

XOCHJIACH TOTTHJICHH.
< Jluddepennuaniab Tonamms:

(F(xy)), =be* +ye* -2}, =0,

e’ +ye* +(xe¥ +e* ).y =0 (7)
. e’ +ye”

y =—X—yy : (8)
e* +xe

Ouau (7) Hu siHa Oup Mapta aAudPepeHuamianmus:
ey +yef+ye*+eY-y +xe’y -y +xe¥ -y +ye*+ye*=0.
KeinHru TeHrIMKnad

28’y +2e*y +xe’- y* +ye*

xe’ +e”
Oymumm kenu6 ynkaau. by Tenrnukaan Y HUHT YpHETa (8) ma udoaanaHra”

KHUMaTUHU KYWWO, omkopMac (PYHKIIUSHUH HMKKUHYM TapTHOIM XOCHIJIACH
Tonuiaagu. »

Mamkiap

1. Yoy
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y>+y—x=0
TeHrNaMa OWiaH aHMKIaHTaH Y =¢@(X) omkopmac (YHKIMAHUHT Tpaduru

SICAJICHH.
2. Ymiby

X' =y (x#y)

y
TeHIJIaMa OuJIaH aHUKIaHaauraH Y = @(X) omkopmac GpyHKUMSHUHT Y’ Ba Y
XOCUJIajgapy TOMUJICHH.

14-amanmii MaLIFyJIOT
Omkopmac GyHKUUSTIAPHUHT XOCHJIAJApUHH TOIUII.

OumikopmMac KypHHHIIIA OepHJraH y =y(x) GYHKIHMSIHHHT
IKCTPEMYMIIAPH TONMHJICHH.

12.13 Y2 —2y-sinx=00<x<2r_ 1214 (y=x) +x+6=0
12.15 (Y= X°J =x*.x*+y* 20, 12.16 X +Y* +xy =27,
OmkopmMac KypuHMIIAa Oepmiran 2= 2(xy) QYHKUHMSIHHHT

IKCTPEMYMJIAPH TOMMJICHH.

12.17 2X*+2y*+2° +8yz-2+8=0 12.18 x* +y* +z°* :2(x2 +y? +22)_

12.19 5% +5y* +52* —2xy —2x2 —2yz-72=0 1290 Z° +xz—xy’ -x* =0

12 91 52° +4zy+y? -2y +3x* —6x+4=0

15-maB3y: CoOHJIM KAaTOPJAp TYIIYHYACH, YHUHT SIKUHJIAIIMIIMA Ba
Y30KJIAIIMIIH.
15-manpy3a:

PEXA:
1°. Conuin KaTOp TYLIYyHYACH.
2°. SIKMHJIAINYBYM KATOPJIAPHUHT X0CCAJIAPH.
3% Karopuunr skunaamysunaurd. Komu reopemacu.

Tassnu ubopanap: CoHnu KATOp TYIIYHYACH, KUCMUW WHUFUHIIA, T€OMETPHUK
KaTop,
SKUHJIAITYBYH KAaTOP
1°. Consin kaTop Tymynuacu.®apas Kunaiiux,
{a,}: a,,a8,,8;,....2,,...

XaKUKAW COHJIAp KeTMa-KeTIUTH Oepuiran OyiacuH. Yiap épaamuaa ymoy
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a,+a,+a;+...+a, +... (1)
udonanu xocua kuinamus. (1) udoma connm Katop, KUCKaya KaTop JAeHuiaan Ba

y > a, kabu Genruianam:
n=0
0]
dYa,=a;+a,+ag+..+a, +...
n=1
byuna a;,a,,4;,...,8,,... COHJIap KAaTOPHUHT XaAJapH, a, 3ca KATOPHUHT
ymymuit xaau (€xkd N-Xaaum) aedusiaim.
Kyitnpgaru
S,=q,+a,+...+a, (n=123,..))
Hurusauy (1) KaTOpHUHT N-KUCMUNA WMFUHIUCH TEUUIaIN.
Hemak, (1) katop Oepwiaranma xap JouM Oy KaTOPHUHT  KUCMHI
HuFuHIUIapUAaH Hoopat yioy {Sn }:
S, .S, 55,8
KETMa-KEeTJIMKHU XOCHJT KAJTUIIT MyMKHH.
Macanas,

niee

1 1 1
—t—F o —+...
1.2 2-3 n(n+1)
KaTOPHUHT N —KUCMUW MUFUHIUCH

1 1 1 1
S, = + + +t—=
1.2 2-3 3-4 n(n+1)

1 1 1, 1 1 1 1
:(1_5)+(E_§)+(§_Z)+”.+(H_m):

1 _n
n+1 n+1
Oynu0, ynapaaHn Ty3uiaraH {Sn} KETMa-KETJIUK
1 2 3 n
234" " n+1

oynau.
1-tabpud. Arap n—>oo  na {Sn} ketMa-keumik S ra (SeR)

akuHnaiica, (1) kKarop SKUHIANIYBYM JAeWiIaav, S YHUHT WUFUH-IAUCU
JeUUnIaau:

o0
limS,=S,S=>a,.
N—>% n=1
Arap {Sn} KETMa-KeTJIMK YEKJIM JUMHUTra sra 0ynMaca (JIMMUT MaBXyad

oynmmaca €ku uyekcus 6yica), (1) KaTop y30KIanryBIu IeHnIau.
1-mucoua. YOy
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Z 1 1 1
Z + +.t +
n(n 1) T1.2 2-3 n(n+1)

KaTop y4yH S, :1—i 0ynuo,
1+n

lim S, = lim (1——) 1

n—o0 n—oo n+

oynanu. Jlemak, Oepuirad KaTop sSIKUHJIAUTyBYX Ba YHUHT WMFUH-AUCH | ra TeHr:

& 1
2=

2-mucoa. Kyinngaru

dNn=1+2+3+..4+n+...

n=1
KaTop y30KJIalllyBUu OYnaau, YyHKH

S, =1+2+3+...4n= n(n-+1)

yayH
lim S, =+ .

N—o0

3-mMucoJ1. Yoy

D™ =1-14+1-1+.+ (=)™ +
m=1
KaTop y4yH

0, arap n-—xydr coH
Sn:1—l+l—l+nﬁ(—DM4:{ P yb

1, arap N—ToK COH
OyauO y N — oo Ja JIMMHTTa 3Ta SMac.

Jlemak, Gepuiiran KaTop y30KJIallyBYH.

4-mucoa. Yoy

iaq’”:a+aq+aq2+...+aq”*1+... (acR ,qeR)

n=1
KATOp SIKWHJIAITYBUYMIINKKA TEKITUPHUIICHH.
<« Opatna, Oy reoMeTpUK KaTop J1e0 IOpUTUIIAIH.
bepuiran Katop y4yH

n

S,=a+aq+aq” +..+aq"" = (q=1)

lim S, =——

n—oo q -1
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oynanu. Jlemak, Oy X0Ji1a TeOMETPUK KaTOp SIKUHJIAIIYBYHM Ba YHUHT HMFUHAUCH

a
—— Ta TeHT .
1-q
Arap g >1 Gyica,
limS, =00,

nN—o0
g=1 6ynca,
lim S, =limna=o

nN—o0 n—o0
o6ymu6, Oy xoymapaa Geprirad KaTop y30KJIaluTyBuu OVIraiu.
g < -1 6ynranga sca {Sn} KeTMa-KeTJIMK JIMMUTIa 3ra sMmac. Jlemak, Oy xoinma
XaM KaTop Y30KJaIryB4Iu OYIasu.

ynaait Kuanb, reOMETpUK KaTop \q\ <1 6ynranna SKWHJIA-ITYBYH, q\ >1
Oynranja y3oKJauryB4yu Oynanu. P>
2°. SIKMHJIANIYBYM KATOPJAPHHUHT X0Ccanapu. ARTaiiuk, 6upop
dYa,=a,+a, +..+a, +... (1)
n=1
KaTop Oepwiiran OYJcHH.
Yoy
zan = a'm+1 + am+2 +.. (2)
n=m+1
Karop (OyHaa M —TaliuHiIaHran Hatypa coH) (1) KAaTOpHUHT KOJAUFY ISHUTIaIN.
1-xocca. Arap (1) karop sikuniamryBuu OVica, (2) karop Xam

AKUHJIAIIYBYM OYJIaay Ba akCUMHYA; (2) KATOPHUHI SKUHJIA-IIyBYM OYJIMIIUAAH
(1) KaTOPHUHT AKUHIANTYBYMWINTY KEJIUO YHKATH.
<« (1) KaTOPHUHT KUCMUI UUFUHIUCU
S,=a,+a, +...+a,
(2) KaTOpHUHT KUCMUI HUFUHIACH

(m) _
M =a,3 +a,,, +-.F a5

nap y4qyH

S :Sm+M|£m)1 (3)

m-+n
oynau.

Aliraiinuk, (1) karop skurnamysuu 6yicuH. Yaga K — oo na Spn YCKIIH
auMuTra ara 6yinumo, (3) mynocabarra kypa kK — oo na M &m) XaM YeKJIM JIUMUTTa
ara Oymanu. Jlemak, (2) Katop sSIKWHJIAITYBYH.

Avitaiinuk, (2) Karop sSKuHIamryBud OyincuH. YHAa K —oo ga M ém)
YeKJIM JUMHTIa ora 6ynann. SlHa (3) myHocabartra kypa K —> o0 ma S, xam

YeKJIM TUMUTTA ora Oynanu. Jlemak, (1) karop skuHnanryBuu. P
2-xocca. Arap
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Ya,=a;+a, +..+a, +...
n=1
KaTop SKUHJIANIYBYM OYIr0, yHUHT HUFUHIUCU S Ta TeHr OyIica, y Xoiaa

Y c-a,=C-a+C-a+..+C-a, +...

n=1
KaTOp XaM SIKMHJIAIYyBYM Ba YHUHT WUFUHIUCHU C-S ra TeHr Oynagu, OyHaa
¢ # 0 O6ynran y3rapmac COH.

3-xocca. Arap
o0
dYa,=a, +a, +..+a, +...,
n=1

ibn =b +b, +...4+b, +...

n=1
KaTopJjap AKuHJIallyBuX 6S7JII/16, YJIapHUHT ﬁI/IFI/IHI[I/ICI/I MOC paBHUIIAA Sl Ba 82 ra
TCHI' 6S'IJICEI, Yy X0J1aa

i(an +b)=(a, +b)+(a, +b,)+...+(a, +b,) +...

n=1
KaTOp XaM SIKUHJIAIYBYM Ba YHHHT WUFUHAUCH S; + S, Ta TeHT Oyiau.

2) Ba 3)- XOocCCaJapHUHT HCOOTH COHJIM KaTropjiap Ba YJIApHUHT
SIKUHJIAITYBYMJIUTH TabpUUIaH 0EBOCUTA KETUO YMKAIH.
4-xocca. Arap

dYa,=a;+a, +..+a, +...
n=1

KaTop SKUHJIANTYBYM OYiica, N — oo 1a a,, HoJITa MHTHUJIa .
lima,=0.

N—o0

0
<« Ajiraiiiik, ) a, Karop sSKWHIANIyBYH OYIMO, yHHHT HUFUHAKCH S ra
n=1

TeHr OYyicuH: Tabpudra OuHOaH
limS, =lim(a, +a, +...+a,)=S.
nN—0

N—o0
Papuranku,
a, = Sn - Sn—l
oynanu. KeMuHTM TEHTJIMKIaH TONaMU3:

lima, =1lm(S,-S,;,)=S-S=0.»
n—o0

n—o0
Jcaarma. KaropHMHr yMyMud Xaau d, HHHT N —>00 Ja HOIra
VMHTWIAIINAAH YHUHT SIKUHJIAIIYBYH OYJIUIIHN Xap JOUM KelnO YuKaBepManu.
MacanaHn, ymoy

1 1
+o+—=+..

© 1 1
D N B - R
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y 1 .
KaTOPHUHI YMyMMH Xaau @, = —— Oynu0, y N — 0o Ja HOIra HHTWIaAn. AMMO

n
Oy KaTop Y30KJIallyBYH , YyHKU

S Jn

:1+1+1+...+1>n1=
T2 BT T
KETMA-KETJIUK N —> 00 J1a + 00 ra HHTWIaIu:

lim S, = 0.

nN—oo
KOxopuna xentupuiran 4)- xocca KaTop SIKUHJIANIYBYMA OYIUIIMHUHT
3apypuii mapTUHU udoaanany.
5-xocca. ANTalIuK,

da,=a, +a, +...+a, +... (1)
n=1

KaTop Oepwiran OYicuH. by KaTOpHUHT XaJJIapuHU Typyxjiad Kyiujgaru
(g +a, +..+a, ) +(@n . Tay +tay )+ 4)

KaTOpHH XOCUJI KUJIaMU3, 6YHIIa
n<n,<..

0ymu6, {n, } KeTMa-KeTIMK HATypal COHIap KeTMa-KeTiurd {n} HUHT KUCMUIA

KETMa-KETJIUTH.

Arap (1) xarop ssKMHJIaLTyBYM OYJIUO, YHUHT UHFUHAUCH S ra TeHr OyIca,
y XoJija (4) kaTop XxaM SIKUHJIAITyBYM Ba UUFUHIUCH S OYynaau.

<« (1) xarop sKuHIANTYBUM OYnMO, MuruHmaucu S ra TeHr OVicuH. Y
XoJiaa

n—»o ma S,=a+a,+..+a, >3

oymau.

Alitaiinuk, (4) KaTOpHUHI KUCMUN WUFUHAWIApUAAH MOOpaT KeTma-
KETJIMK {Snk} oyncun (x =1,2,3,...). PaBmanku, 0y KeTMa-KeTIUK {Sn} KeTMa-

KETIMKHUHT KUCMHUI KeTMa-KeTIuru 6yiaau. MabiayMm Teopemara Kypa
k—>o na Snk —S

oynaau. [lemak, (4) kKaTop SIKMHJIALTYBYM Ba YHUHT HUFUHAUCH S Ta TEeHT. P>
3% Karopuunr skunaamysunaurd. Komu reopemacu.
®dapa3 KWIANIKK,

o0

Ya,=a;+a, +..+a, +...

n=1
Katop Oepuiran 0yiacuH. MabiiymMku, Oy KATOPHUHT SIKUHJIALITYB-UYUIIUTH YIIOY

S,=a,+a,+...+4a, (n=123,...)
KETMa-KETJIMKHUHT N —> 00 J1a YeKJIW JIUMHUTTa dra OYummaan noopar.
9—Ma1>py3azla COHJIap KETMA-KCTJIMIHMHUHI YCKIIM JIMMHUTITa 3ra 65’7JII/IH_II/I

XaKuaa Komm TE€OpPEMACHU, SBHU {Sn } KETMa-KCTJIIMKHUHI N —> 00 na 4YCKJIIU

JUMUTTA 3ra OYIHIIN YIyH
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Ve>0 ,3n,eN ,vn>n,, vmeN ma |[S

TEHICU3JMKHUHT O)KapUITUIIH 3apyp Ba €TapJid SKaHU KEJITU-PUIITAH H/IH.

-S,|<¢

n+m

By TylolyH4a Ba TaCOAUKIAH Zan KaTop SAKUHJIAITYBYUJIUTMHA
n=1

udoaanaiiiurad Kyinaaru reopeMa Keiauo YuKaIu.

Teopema (Kouu Teopemacu). Y @, Karop sKHHJIALIYBYH OYIIHIINA YIyH
n=1

V& >0 coH onmHranga xam myanait N, € N tomum6, Vn>n, sa m=123,...
Oynranma
‘Sn+m _Sn‘:‘anﬂ Tan t....t an+m‘<g 5)

TEHTCU3TUKHUHT OaKapUITUIIH 3apyp Ba €Tapiiu.

Dcmatma. Arap ) a, Katop yuyH (5) mapT GaxapuiamMaca, ssbHA
n=1

dgy >0 ,vkeN, In>k, dImeN
‘an+1 + an+2 +ot an+m‘ 2 ‘90 (6)

6yica, y Xoi1a Y. a, Karop y30KJIallyB4H Oynaim.
n=1
S5-muco. Yoy
zsinn  sinl sin2 sinn
D= L T
-1 2 2 2 2
KATOP SIKWHJIAITYBUYMITUKKA TEKITUPHUIICHH.
<« by karop yuyH Kouu Teopemacuaaru (5) mapTHUHT Oa’KapUIUIITUHA
TEKIIUPaAMU3

sin(n+1) sin(n+2) N +sin(n+m) <

2n+1 2n+2 2n+m
1
PPN S S M
= An+l n+2 @ 7" n+m — T AN
2™ 2 2 12
2

Arap Ve >0 conra kypa Ny =[-l0g,e]+1 ne6 omunca, y xoina
vn>n, Ba m=123,... nap yuyH

sin(n+1) 5|n(n+2)+m+3|n(n+m) <e
2n+l 2n+2 2n+m

oynanu. Jlemak, Oepuiran Katop ssKUHJIaIIyBuu. P>
6-Mucos1. YOy

21:1+l+1+...+1+... (7)
n=1N 2 3 n
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KaTop AKHMHJIAITYBUNJIMKKA TCKINUPUIICHH.

« g, :% Ba uxtuépuii k e N yayn n=K, m=Kk 6yaranga

1 1 |
—+—+...+
n+l n+2 ‘ +1 k+2
1 1 1
2k 2k 2

oynasu.

(6) maptra xypa (7) Katop y30KJjanryB4du oynaau. »

Onatna, (7) kaTop rapMOHUK KaTop Jeuunanu. Jlemak, rapMOHUK KaTop
Y30KJIaIIyBYH KaTop.

MamkJyap

1. Ymby

- in—l

> (x = +1)

2n
n=11— X
KaTOPHUHT SIKAHJIAITYBUMIMTYA UCOOTIIAHCHH, HUFUHINCH TOTMIICHH.

2. Arap

> a, (@, >0, n=123,...)

n=1

KaTop AKHHJIAllyB4Yn 6§/nca, Yy XoJiaa
>a
n=1

KATOPHUHT XaM SKWUHJIAITYBYH OYJIMIIN UCOOTIIAHCHH.

15-AMAJIMUA MAILFYJOT
1-mucon. Yoy

i 1 1 1
> + +.t +
nzln(n 1) 1-2 2-3 n(n+1)

KaTop Y4yH S, :1—L 0yuo,
1+n

lim S, = lim (1——) 1

n— n—oo n+

oynaau. Jlemak, Oepuirad KaTop sSIKUHJIAUTYBUM Ba YHUHT WUFUH-AUCH | ra TeHT:

* 1
nzzlln(n —1) =L

2-mucou. Kyiinnaru
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dNn=1+2+3+..+n+...
n=1

KAaTOp y30KJIAIllyBUX OYnaau, YyHKH
n(n+1)
2

S, =1+2+3+...4+n=

yayH
lim S, =+ .

n—o0

3-mMucoJ. Yoy

SED™ =141+ ()M
m=1
KaTop y4yH
0, arap Nn—xydr coH

sn:1—1+1—1+...+(—1)“+1={
1, arap N—ToK COH
Oymmb y N — oo 1a ITMMUTra 3ra 3Mac.

Jlemak, Oepriiral Katop y30KJIallyBYH.

4-mucou1. Yoy
>aq"'=a+aq+ag®+..+aq" " +... (aeR,qeR)
-1

KATOP SIKWHJIAITYBUYMITUKKA TEKITUPHUIICHH.
<« Oparna, 6y reoMeTpuK KaTop €0 IOpUTHIIaIN.

bepuiran katop yuyH
n

—aq
1-q

Sn:a+aq+aq2+...+aq”‘1=a (q=1)

o0ynuo, q\ <1 6ynrannma

oynaau. [lemak, Oy XoJa reOMETPUK KaTOp SKUHJIAIIYBYM Ba YHUHT HUFUHIUCH

ra TCHT .
1-q
Arap g >1 6yica,
limS, =,

nN—o0
g =1 6yca,
lim S, =limna=co

n—o0 n—o0
o6ymu6, Oy xoymapaa Gepriirad KaTop y30KJIalTyBuu OYIaiu.
g < -1 6ynranga sca {Sn} KeTMa-KeTJIMK JIMMUTIa 3ra sMmac. Jlemak, Oy xonma
XaM KaTop y30KJalTyBuu Oyiaau.
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q>1

[lyHnnait Kuaub, reoMeTpUK KaTop \q\ <1 6ynaranga sIKMHIa-I1yBYH,

Oynranma y3oKjanryBuu Oymagu. P>

16 - maB3y: SIKHHJALIYBYN KATOPJIAPHUHI X0CCAJIAPH.
16-mabpy3a
1. SIkuHIANTyBYN KAaTOpPJapHUHT Xoccaaapu (1-2-3 xoccanapm)
2. 4-5 xoccanap

Tasiny udopasap: KATOPHUHT KUCMUW UMFUHIWUCH, KATOPHUHT KOJJIUFU

1°. SIKunIamyBYHM KATOPJIAPHUHT X0ccaaapu. ARTalinuk, Gupop

Ya,=a;+a, +..+a, +... (1)
n=1
KaTop Oepwuiran OYyJICHH.
Yoy
Zan = am+1 + am+2 +.. (2)
n=m-+1
Katop (OyHAa M —TaluHIaHTaH HATypaJi COH) (1) KAaTOPHUHT KOJAUFU TEUIITa/IN.
1-xocca. Arap (1) xarop skuHmamyB4u Oyica, (2) Karop XaMm

SKUHJIANTYBYN OYNaay Ba akCMHYA; (2) KaTOPHUHT SKUHJIA-ITYBYU OYIUIIHIAH
(1) KaTOPHUHT AKUHIANTYBYWINTY KEJINO YHKATIH.
<« (1) KaTOpHUHT KUCMUM UUFUHAUCU
S,=a,+a,+...+a,

(2) KaTOpHUHT KUCMHIA HUFUHIUCH
(m) _
M =a,,+a,,,+...+a

m+k

nap yayH

S,n =S, +M{™, (3)

m+n

oynanu.
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Avitaitnuk, (1) karop skuHmamyBun Oyicud. Yuaga K — oo ma S - dexin

m-+n
auMuTra ara 0yimo, (3) myHocabarra kypa K — o qa M ém) XaM YeKJIU JTAMHUTTa
ara 6ynmamau. Jlemak, (2) Katop sSIKMHJIAITyBYH.

Avitainuk, (2) Karop sKWHIAnryB4u OYyicuH. YH7ma K —oo ma M ém)
YeKIIM JUMUTra sra 0ymamu. Slna (3) myHocabarra kypa K —oo ma S .. Xam

YeKJIM TUMUTTA 3ra 0ynanu. Jlemak, (1) karop sskunnanryBuu. P>
2-xocca. Arap

o0
da,=a,+a, +...+a, +...

n=1

KAaTop SIKWHJIANIYBYM OYIMO, YHUHT HUFUHIUCH S Ta TEHT OyJca, y XoJaa

o0
Y c-a,=C-a+C-a+..+C-a, +...
n=1

KaTop XaM SKWHJIAIIyBYM Ba YHWHT WUFMHIUCU C-S ra TeHr Oynaaw, OyHa
¢ # 0 O6ynran y3rapmac COH.
3-xocca. Arap

o0
dYa,=a;+a, +...+a, +...,
n=1

ibn =b +b, +...4+b, +...

n=1
KaTopJiap SIKWHJIAlTyB4YH OYIn0, ylnapHUHT HUFUHAXCU MOC paBuIjga S, Ba S, ra
TeHr OyIica, y Xonaa

S (a, +b,) = (@, +b) + (8, +by) 4.t (8, +b,)+...
n=1

KaTOp XaM SIKUHJIAIYBYM Ba YHHHT WHFUHANUCU S; + S, Ta TeHT Oyiau.

2) Ba 3)- XoccaJlapHMHT HCOOTHM COHJM KaTtopjap Ba YJapHUHT
AKUHJIAITYBYMINTH TabpupuaaH OeBocUTa KEIUO YMKAIH.
4-xocca. Arap

dYa,=a;+a, +...+a, +...
n=1

KaTop SKMHJIAIIyBYM Oyiica, N —> oo na a, HOJIra MHTWIAIN:
lima,=0.

N—o0

[o0)
<« Ajiraiinik, ) a, Karop sSKWHIANIyBYH 0YIMO, yHHHT HUFHHANCH S ra
n=1

TeHr OyicuH: Tabpudra OuHOAH
limS, =lim(a, +a, +...+a,) =S.
n—o0

n—o0

PaBnianku,



oynanu. KeuHru TEHTIIUKIaH TOIaMu3:

lima, =1lm(S,-S,,)=S-S=0.»
n—oo

nN—oo
Jcaatma. KatopHuHr ymMymud Xaam &, HHHT N—>o0 Ja HOJTa
MHTWIMIIUIAH YHUHT SKWHJIAIYBYM OVIIMIIM Xap JOUM KEJIUO YMKaBEpMaiIH.
MacanaHn, ymoy

il—1+1+1+ +i+
avn N2 V3 Un
1
KATOPHHUHI YMYMUH XaIu &, = —— 0ymmob, y N — oo ja HOJra MHTHIAAH. AMMO
n
Oy KaTop y30KJallyB4H , YyHKH

S Jn

:1+1+1+...+12n1=
A N
KETMa-KETIUK N —> 00 J1a +00 ra HHTUJIagu:

lim S, =,

nN—o0
KOxopuna xentupunran 4)- xocca KaTop SKUHJIANIYBYM OYITUITMHUHT
3apypuil mapTUHU Udoaananu.
5-xocca. ANTalIuK,

Ya,=a;+a, +...+a, +... (1)
n=1
KaTop Oepwiran OVicuH. By KaTOpHUHT XaJIapuHM Typyxjad Kyhuaaru
(g +a, +..+a, ) +(@n g T+ tay ) +... 4)

KaTOPHU XOCWJI KHJIaMu3, OyHaa
n,<n,<...

oymuo, {n, } KeTMa-KeTJIMK HaTypaJ COHJIap KeTMa-KeTJIUrd {N} HUHT KUCMUH
KETMa-KeTJIMTH.

Arap (1) xarop ssKMHIaTyBYH OYI11O, YHUHT WMFUHIUCK S ra TeHr OyIca,
y XoJ7a (4) KaTop XaM SIKUHJIAITyBYM Ba UUFUHIUCH S OYiIaau.

<« (1) xarop sSKUHIANTYBUM OYnuO, WUTHMHAMCH S ra TEHr OVicuH. Y
X0J1/1a

n—>o nma S, ,=a +a,+..+a, >S

oynau.

Alitaiinuk, (4) KaTOpHUHI KUCMUW WUFUHIWIApUIAH MOOpaT KeTma-

KETIIUK {Snk} oyncun (k =1,2,3,...). PaBmianku, 0y KeTMa-KeTIHMK {Sn} KeTMa-

KETJIMKHUHT KUCMUN KeTMa-KeTIuru 0yiaaau. Mabiym Teopemara Kypa
k >0 nma Snk —S

oynangu. [lemak, (4) KaTop SKWHJIANTYBYN Ba YHUHT WHUFUHANCH S Ta TEHT. P>

1°. Karopuunr skunaamysunanru. Komm teopemacu.
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@Papa3 Kunaniuk,

o0
da,=a +a,+..+a,+..

n=1
KaTop Oepwiran O0yiacuH. MabiyMKy, 0y KATOPHUHT SKMHJIAITYB-UUJIUTH YIIOY
S,=a,+a,+...+a, (n=123,..)

KETMa-KEeTJIIMKHUHT N — 00 Jla YEKJIM JIMMUTTA 3ra OyIuiluiadn uoopar.
9-Mabpy3ama COHJIAp KeTMa-KEeTJAUTMHUHT YEKJIM JIMMHTTA 3ra OYIuim
xakuga Komm teopemacu, sibHH {Sn} KETMA-KETIIMKHUHT N —>00 1a YeKIH

JVIMHTTA 3Ta OYIIHIIN YIyH
Ve>0 ,3nyeN ,vn>n,, vmeN na |[S,,,—S,|<é&

TCHI'CU3JINKHUHI 6a)KapI/IHI/IIHI/I 3apyp Ba CTAPJIM SKaHU KCITHU-PUJII'AH SOU.

By TyllyH4a Ba TaCAUKIAH Zan KaTop SAKUHJIAIIyBUMJINTMHH
n=1

ndonanaguran Kyinaaru reopeMa Keaubd Ynkaau.
Teopema (Komu Teopemacn). Zan KATOp SIKUHJIAIIYBYH OYIIUIIN YIyH
n=1
V& >0 con onuHranga xam mysaai n, € N tonmmnmb, Vn>n, sa m=123,...
oynranaa
S

TEHTCU3JTUKHUHT OaKapUITUIIH 3apyp Ba €Tapiiu.

_Sn‘:‘an+1+an+2+""+an+m‘<g (5)

n+m

Jcmarma. Arap ) a, Karop ydyH (5) mapt Gaxapuimaca, sbHA
n=1

dgy >0 ,VkeN, In=k, dmeN
8,1 +8pyp oot 8nm| = & (6)

6yica, y xoima Y. a, KaTop y30KIalryBur OYyiiaiu.
n=1
S-mmco. Yoy
zsinn sinl sin2 sinn
d——= e
n=1 2 2 2 2
KATOp SIKWHJIAITYBUYMIIUKKA TEKITUPHUIICHH.
<« by karop yuyH Komu Teopemacuaru (5) mapTHUHT OaKapUIUIIAHA
TEKIIUPaMU3 :

sin(n+1) N sin(n+2) - sin(n+m) <
2n+1 2n+2 2n+m

1 1 _om 1

- 2n+1 + 2n+2 oot 2n+m -
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Arap Ve >0 conra kypa n, =[-log, e]+1 ne6 onmuca, y xomnna
vn>n, Ba m=123,... nap yuyH

sin(n+1) N sin(n+2) - sin(n+m) e
2n+1 2n+2 2n+m

oynanu. Jlemak, Oepuirad Katop SsKUHIaIIyBuu. P
6-mucos1. Yoy
21:1+1+1+...+1+... (7)
o N 2 3 n

KaTOp AKHHJIAITYBYUINKKA TCKIMUPHUIICHH.

< g, :% Ba uxtuépuit Ke N yayn n=k, m=Kk Oyiranaa

1 1 |
—+—+...+
n+l n+2 \ +1 k+2
1 1 1
+_>_‘ :_:80
2k 2k 2

oynmaau.

(6) maptra xypa (7) Katop y30KJaanryB4yu oynaau. »

Onatna, (7) KaTop TapMOHMK KaTop Jaeumiianu. Jlemak, rapMOHUK KAaTop
y30KJIaIIyBUX KaTop.

MamkJyap

3. Ymoby

© X2n—1

> (x = +1)

2n
n=11— X
KATOPHUHT SKUHJIAITYBYMIUTYA UCOOTIIAHCUH, HHFUHANCH TOTUJICUH.

4. Arap

> a, (a,>0, n=123,...)

KAaTop SIKWHJIAITYBUYHM OYiica, y xoJiaa
o0
5 a2
n=1

KAaTOPHUHT XaM SIKWHJIAIIyBYH OYIUIIN UCOOTIAHCHH.
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16-amajanii MalIFyJaoT

SAKUHJIAITYBYY KATOPJAPHUHT X0CCAJIAPH

1°. Consnm KaTop TymyHuacd. KaTOpHMHI SIKMHJIAIIYBYMJINTH Ba
Y30KJIANIYBYMJIMTH. YOy

o0
a+a,+..+a,+..= 2. a, (1)
n=1

udpona Karop (COHIM Katop) neilwiagu, OyHna a,,a,,... XaKMKUM COHJap
KaTop XaJJiapH, a, 3ca KATOPHUHT yMyMuid xaam (N - xaan) Teiuiaim.
Kyitnnaru

n
S,=a,+a,+..4a,=).a
k=1
iurnaan (1) KaTOpHMHT KHCMHUH WurdHIucH ( N -KUCMHUA  HHFUHINACH)
JNEUNIIaau.
l-tabpud. Azap
imS,

n—o0
MagIHCyo Oyaubd, y uekau con S 2a (S € R) mene oyaca, (1) kamop aKu n
auwyeuu, S COHICAYHUHZ UUZUHOUCU Oeuunaou.
o0

limS, =S=) a,.
Nn—o0 n ;g; n

Arap n—o ga {Sn} KETMa-KETJIMKHUHT JIMMUTH YEKCHU3 €KW MABXKY/I
O0ynmMaca, (1) Karop y30KJaalIyBYH JCHUIIA N,

2°. SIKMHJIaIyBYHM KATOPHUHI aCOCHIl X0occajiapu. ANUTaIIINK,

[ee] o0
Zan Ba an KaTopJIap SII(I/IHJ'IaIHyB‘-II/I 657.]11/16, y.]'IapHI/IHF fIPIFHHI[I/ICI/I MOC
n=1 n=1

paBumga S, Ba S, OYJICHH:

ian =S,, ibn =S,

n=1 n=1

VY xonma

1) ann SAKWHJIAITyBYHU Ba ann =C-S, O0ynaau, Oynna C = const,

n=1 n=1
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2) i(an + bn) SKWHJIAITyBYX Ba i(an + bn)= S, xS, 6ynamu.
n=1 n=1
3) Kyitngaru
lima, =0

N—>o0
MyHOocabar YpuHiu Oynamu. By mapt kaTop SKUHJIAIIUIIMHUHT 3apypuii
apTUHU udoananam.
l-mucoa. Yumoy
4 4 4

+ + +..+ +
1.3 3.5 5.7 (2n-1)2n+1)
KamOpHUHZ AKUHIAWLYSUUIUSU AHUKIAHCUH, HUZUHOUCU MONUTICUH.
<4 by KaTOpHUHT YMYMUN XaIMHU Kylujgarnya
4 2 2
(2n-1)2n+1) 2n-1 2n+1
€310, YHUHT KUCMUN WHFUHIMCUHYU TOITAMH3:

-4 + 4 + 4 +...+ 4 =
" 1.3 3.5 5.7 7 (2n-1)}2n+1)
_, 2,22 2 2 2 _,_ 2

- + =2-
3 3 5 5 2n-1 2n+1 2n+1

PaBmnianku,
limS, =lim[ 2— 2 =2
N—>00 N—>00 2n+1

Jlemak, Oepuiirad KaTop SIKMHJIAIIyBYM, YHUHT WHFUHAUCH 2 Ta TEHT. P>
2—-MHuCO0a. Yuoy

1 1 1 n-1
1—E+Z—§+ (—1) 2n—1+

Kamop AKUHIQULYEUUIUKKA MEeKWIUPUICUH.
<4PaBuanku, 0y KATOPHUHT KUCMHM f/iI/IFI/IH)II/ICI/I

s =1-1 1—1+ (—1)nl

Oynaau. YHu Kyhnugaruda €3u6 onamus:

SRR UG\ ST _(‘9”_1-2
o
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Hartmwxkana
n-1
limS, =lim 2_2( 1 _2
Nn—»o nso|l 3 3 2 3

O0ynmu0, yHIaH OepuiraH KaTOPHUHT SKUHJIALTYBYM, HUFUHIUCH S = 3 Oyumm

Kenub ynkagu.
3—MmucoJa. Yuoy
i 1
=x/Inn
Kamop AKUHIAUY8UUIUKKA MEKWUPUTICUH.
<4by KaTOpHUHT YMYMHI Xaau

1
a. =
" Ulnn

Oynagu. N — oo N1a @, HUHT JUMUTHHU TOIIAMU3:

= IimLz Iimizl

Inlnn

lima, = lim
nowo | now YInn n—o llnlnn n—>o
en e "
Karop sKuHIamuImuHUHT 3apypuil maptu O6axkapuiamaiau. bunoOapuH,
KaTop y30KJairyB4u Oyiaam. P

4d—mucoda. Yuoy
Y aq"=a+aq+aq’+..+aq"" +...
n=0

Kamop AKUHIAUWLYSYUTUKKA MEeKWMUPUTICUH.
4 Opatna Oy KaTOpHU reoMeTPHK KaTop Aciininaau. KatTopHUHT KucMuid

ﬁHFHHHHCHHH TOIIaMM3.
n

ag"-a_ a  aqg
q-1 1-q 1-q

S, =a+aq+aq’ +..+aq"" = (q=#1)

PaBmanku,

-

ﬁ ,arap [g|<1 6yuca,

IimSn=Iim(i— it J:Hoo , arap (>1 06yJca,
n—o n—oo —q ]__q .
MaB:Kyja 3Mac, arap (<-106yJca,

Ba =1 na limS, = Oynanm.

n—o
Jlemak, TreOMETpPUK KaTop \q\<l OynraHma SKWUHJIAIIYBYH, ‘q‘Zl
Oynranma y30KJantyBuu Oymaau. »
Kyiingaru KaTopJapHMHI SIKAHJIAIIYBYMJIMIUA KYPCAaTWICHH Ba

YJIAPHUHT HUFUHAWIAPH TONUICHH:
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2492(l 1)+(%+%)+...+(i+i)+...
2 3 2° 3 2" 3"

2494 Z “n(n+ 1)(n +2)

1
24%6. Z “(2n+1)2n +3)2n +5)

< 2-n
= n(n+1)n+3)

2498.

0 3 _
25003 In > i
n"+

3a

SN+ 5'”@

2502. Zsm

n=1

2504, Zsmzi CcOS 2?;

200 Z(2n 1)

2493, Z n(n +1)

249 Z n(n+ 1)(n +2)n+3)

1
e 1n(n+2)(n+3)

2499.§;In(1— n(%m]

= 1
2501.
ng;‘ n?-1

2497.

1

2503 e n'(n + 2)

2505. ) arctg F
- n

Kyiingaru Karopjap y4yH KaTop SAKUHJIAIIYBYUJIMTMHUHT 3apypuid

HAPTH 0aKAPUIMACTUTY KYPCATUIICHH:

2507.2&‘/0,02
n=1

=( 3n° =2
25009.
nz;‘(% +4)

25113 (7 + 2)in "+
n=1

8
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2514.%"

2508. Z(n A 1)
210 Z Inz(n +1)

- 1
2512. nZ=;(n +arctg >

el

nn




n>+5

2515.2(n2 + 9)arcsin
n=1
Conumrupuin (TaKKoc/JIam) ajoMatiaapuiaan goiigananud Kyiugaru

o0
Zan KaTopJap sKnH/Jialmra TEKIMHPUJICHH:
n=1

=2
sin“ 3n arctgn
2516.a,. = 2517.a, =
" nvn " n?+1
coS 2 Inn+sinn
2518 an — 4n 2519 an - m
¥2n® -1
arcsin_1 arctg(n? +2n)
2520.a, = ——N+1 25218, =——1
n./ Ini n+ 15
2
2522.8, =" 2523.a, =(3n+n*f~" - Inn
e
17-maB3y: MycOar xaaum KaTopjap Ba YJAPHUHT SIKUHJIAIIWIIL
ajjoMatJjapu
17-mabpy3a:
PEXA:
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1°. MycOaT xaa/14 KaTopJiap Ba YJIAPHHHT SIKHHJIANIYBYHJIUIH.

2°. Mye0aT Xaa/1u KaTopJapaa TaKKOCJIAIl TeopeMaiapu.

Tasinu n6opanap: Mycobat xaauu KaTopiap, KHCMUN HUFUHIUIAD,
MOHOTOH KeTMa-KETIUKHUHT JUMHUTHU

1°. MycOaT xaa/1u KaTopJiap Ba YJIAPHHHT SIKHHJIANIYBYH/IUIH.

®dapa3 KWIANIKK,

Ya,=a;+a, +..+a, +... (1)
n=1
KaTop Oepuuiran OYyJICHH.
Arap Oy karopaa a,>0 (VneN) 6ynca, (1) mycOar xamau Karop
IeUnIaau.
Mycb6ar xaum KaTopiap/a, yJIapHUHT KUICMUN HUFUHIU-TIApUIaH uoopar
{Sn } KETMa-KEeTJIMK YCYyBYM KeTMa-KETIUK Oynaau. XaKuKaTaH Xam,
Spy=a,+a,+...+a,+a,,, =S, +a,4, =S, .
1-Treopema. MycOat xau

n+l

%
dYa,=a;+a,+..+a, +...
n=1
KATOPHUHT AKUHJIAIIYBYU OYIUIIN YUyH
{S,}={a,+a,+..+a,} (n=123,...)
KEeTMa-KEeTJIMKHUHT IOKOPHU/IaH YerapajaHrad OYIully 3apyp Ba €Tapiiu.
<« 3apypauru. (1) Katop sKuHTANyBuYH GyacHH. YEaa N — oo na {S, |
KEeTMa-KeTJIMK YeKJIU JIUMUTra sra Oynanu. SIKMHiamyBYd KeTMa-KETIUKHUHT
xoccacura Kypa {Sn} yerapajaHraH, >KyMiaJaH IOKOPUIAH  4erapajJaHraH
Oynanu.
Erapianiauru. {Sn} KeTMa-KeTJIMK IOKOPUJAH YerapajiaHraH OYJICHH.
YHIa MOHOTOH KE€TMa-KETJIMKHUHI JIMMUATH XaKWJIard Teopemara Kypa {Sn}

KeTMa-KeTJIMK N —>c0 Ja 4YeKknm JimMutra sra Oymamu. Jlemak, (1) katop
SAKUHJIAIIyBYU. P>

Jdcaarma. Arap

Ya,=a,+a, +..+a, +...
n=1
MycOaT Xaaiau Katopjaa, YHUHT KUCMUW WMFUHIUIApUIaH uoopar {Sn} KeTMa-

KETJIMK IOKOPUAH yerapajanMarat 0yJica, y XoJa KaTop y30KJIallyBuu Oyaaau.

20.Myc6aT XaUTH KATOPJIapAa TAKKOCJIAll TeopeMaJIapu.
HNxkura
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Ya,=a;+a, +..+a, +...
n=1

ibn =b +b, +...4+b, +...
n=1

MycOaT XaJJId KaTopJiap Oepriiran OViCcuH.

2-teopema. ®apa3 Kiwiailiik »_ a, Ba » b, Katopmap yuyH Vne N na
nl hl

a, <b, (2)
TEHICU3JIUK OaKapuJICHH.
VY xoinpga:
1) > b, karop sikunmamryBum Gyica, » @, KaTop XaM SKHHJIA-IIYBYH

n=1 n=1
Oymanu,

2) > a, Karop y3oKmamyB4d Oyica, » b, Katop XaMm y30KJa-IIyBYHd
n=1 n=1

Oynau.

0 0
| Zan Ba an KaTOpJapHHUHI'T KUCMHHU HUFHHIWIApWU MOC paBUIIAA
n=1 n=1

S,=q,+a, +...+a,,
S' =b +b, +...4+b,
oyncun. Y xonaa (2) myHocabatra Kypa
S, <S; (3)
oymasu.
o0
Aftraitnnk, Y b, Katop sKuHIamyBuu OyncuH. YHma l-reopemara OnHOaH
n=1
{S'n} KeTMa-KeTJIUK FOKOPHUIaH YerapajaHraH Oymamu. AWHu mnaiitma, (3)
MyHOca0aTHU 3bTHOOpra 0Jno, {Sn} KETMa-KeTIIMKHUHT XaM IOKOpHUJIaH

o0
yerapanaHrad OymummHA Tomamu3. SHa l-Teopemara Kypa Y. a, Karop

n=1
SKUHJIALTYBYHM OYiaau.

Afiraiinnk, Y a, Karop y3okiauryBun OyincuH. YHaa (3) myHo-cabar Ba
n=1

o0
acCJiIaTMaaaH OﬁI[aHaHH6 b KAaTOPHUHT Y30KJIAIllyB-UHU OVIJIMIIINHYU TOITAMU3.
s n
n=1

>
17-amanuii MAIIFYJIOT
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Myc6ar xaJiid KaTOPJIAPHUHT SSKUHJIAIIUII ajJoMaTiiapy (TaKKoCcall
anoMatnapu. MHTerpan anomaru)
dapaz KuIaniuk, ymoy

Da,=a,+a,+...+a, +... (5)
n=1
MycOaT Kartop Oepuiaran OViICHMH. by KaTOPHUHT SKUHJIAIIYBYH OYIWIIN
aJIOMaTJIapUHU KEJITUPAMHU3:
1°. Komm anomaru. Aecap (5) xamopoa NeN nunz éupop N,

Kuiimamuoan 00wnad, Keuunzu dapya N =N, yuyH
Na < g<l1

oyaca, (5) kamop aKunaiawyeuu,
na, =1
oynca, (5) kamop y3oKaawyeéuu oyraou.
by anomaTHu Kyiuarnda Xxam auTHIl MyMKHUH:

Arap
limy/a, =q

n—a
oymb, <1 Oyaca, (5) karop saxkuHJaamyBuu, (>1 Oyiaca, (5) karop
y30KJIaUIyB4YH OViaau.

2°. TanamGep amomaru. Azap (5) kamopda neN nunz 6upop N,
Kuiimamuoan 00wnad, Keuunzu dapya N =N, yuyH

ﬂ<d<1
a

n
oynca, (5) kamop aKunaiawyeuu,
E >1
an
oynca, (5) kamop y3oKaawyeuu o0yraou.
by anomaTtHu Kyrhugarnya xaM auTUIl MyMKHH:
Arap
. a
lim—"L =d
n—o0 an
oym6, d<1 o6ymnca, (5) xarop saxkunmamyBuu, d>1 6ynaca, (5) karop
Y30KJALIyBYH OYIaau.

3 °. Paa6e anomatu. Azap (5) kamopda NeN nunz 6Gupop N,
Kuiimamuoan 0ownad, Keuunzu dapya N =N, yuyn

n(l—ﬂjz r>1
an
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oynca, (5) kamop AKuHa1awyeuu,

n(l— h) <1
an

oynca, (5) kamop y3o0Kaawyeuu o0yraou.
by asiomaTHH Kyluarnda Xxam auTHIl MyMKHUH:
Arap

. a
limn| 1— "+ | = R
n—o ( a, ) P (pe )
oymu6, p>1 6ynca, (5) xatop sxkuniaamyBuu, p<1l O6ymca, (5) karop
Y30KJIaUIyB4YH OViaau.

4°. KomMHMHT MHTerpaj; ajiomatu. Azap f(x) dynkyus [1,+ oo) oa
V3/IYKCU3, KAMaioeuu éa

a,=3f(n)

n=1 n=1

oynuo, ywoy
F(x)= [ ()t
1

dynkuyus f(x) HUHZ Downaneuy hynkuuacu oynca, y Xo10a

lim F(x)= lim if(t)dt

X—>+00 X—>+00

JUMUmM MABIHCYO 8a YeKau oynzanoa (5) kamop AKuH1auwyeuu, Oy
JUMUM YeKCU3 KU Maedcy) Oyamazanoa () kKamop y30KJ1auiyeuu
oynaou.

5°. Taycc anomaTu. Azap (5) Kamop yuyn

& _a B 6
) —k+n+n qgn\<c,s>o)

n+1
oynca, y xonoa

1) A>1 éyneanoa (5) kamop sAaKuunrawyeuu,

2) A<l 6ynzanoa (5) Kamop y3oKnawyeéuu,

3) A=1 u>1éyreanoa (5) kamop saKuunrawyeuu,

4) A=1, u<1 oyreanoa (5) kamop y30K1auwyeuu
oynaou.
8—MucoJa. Yuoy
© nn2 .on
= (n+ 1)”2
Kamop AKUHIAUY8UUIUKKA MEKUWUPUTICUH.
<dbepuiiran KAaTOpHUHT YMyMUHN Xau
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2

n" .2"
a =——
T (n+1)”
oynanu. by katopra Koin anomatiau Kyijiad TonaMus:
n2 n E n n
|nmﬁ_|lm(”—22J —lim "2 |im2(L) _2
n—o n—oo (1+ n) n—oo (1 + n) n—0o 1+n e

2 o
Papmranku, —<1 . [lemak, Oepunran karop Komm amomarwra kypa
€

SIKWHJIAIyBYW OYmaau. P>

O-—Mucoa. Yuoy
5

= n
L

n=1

Kamop AKUHIQULY8UUIUKKA MEKWMUPUTICUH.
<dbepuiran Katop yuyH

n° (h+1)
g T g
0ynuo,

1+ (2)
n+1
3

(n+1)° .2”+3”=(1+1)5 3“[1+(§)HJ _l(1+£)5

= on+l n+1 5 n+1\
a, 2™ +3 n ) ( ne N 30U n
\ 3

oynanu. Duau Oy HUCOATHUHT JTUMUTUHU TOTIAMU3!

1+(2)n
. 2
lim 0t = |im1(1+1) R VA D
n 2 3
1+ -
5

Hemak, Oepunran katop [amambep amomaTtura kypa SKWHJIANITYBUU
oynanu. »
10-mucou. Ymﬁy

1 1
nZ;n— 1+ —+3—a+ * ot (o> 0)

Kamop AKUHRJIQULY6/IUKKA MEeKWUPUICUH.

<4 AliTaiinuk,
f6)=—c (@>0)

oyncun. by QyHkums [1, + oo) J1a y3IIyKCH3, f(X) > 0, kamaroB4YM Ba

noo g n—wo 3
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oynanu. PaBmanku,

F(x)=;ff(t)dt _ f‘_t e e G

l1-a\Xx

X —> +00 J1a 0y GYHKIUSHUHT TUMUATH

1
, 1
lim F(x)= lim L( 3_1—1)= a_1 P 7
w’

X¢—+00 x>+0] — o\ X
arap a <1

oymuo, oo =1 6ynrannga

lim F(x)= lim j%: lim Inx =00
1

X€—+© X—>+ X—>+00

oynaau. Yuna KommHUHT HHTETpall ajJloMaTura Kypa
> *)
n=1 n
Karop o> 1 Oynranna skunnanyBun, o<1 Oynranaa y3okjaanryBuu Oyiaaau. P>
Ooamoa, (*) kamop ymymaauwiean 2apmoHuK Kamop, o.=1 oynean xonoa
(*) kamop 2apmonuk Kamop 0eb puMuIAOU.

18-maB3y: UxTuépuii xaajm KaTopjaap Ba yjaap SKUHIAITUITHHUHT
JleiiOnun, J{upuxie Ba AGesa ajomatiapu.
18-mabpy3a
PEXKA:

1. JleiiOHui aiomMaTu.
2. lupuxie-Adenb ajjomMaTH.

Tasinu ubopasap: umopanapu HaBoaT OWIaH y3rapud KeraJauran Katrop,
Jupuxiie-Abenb atoMatu

10, Jleiionun anomaru. Yoy
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(D", =¢ ¢ +C—Cp +.t (D" e, +.. (D)
n=1

KaTOpHU Kapaiimus, 6ynna ¢, >0  (n=123,...).
Opnatna, OyHaai KaTop XaaJapuHUHT HIIOpajapy HaBOAT OusiaH y3rapuo
KeNaJuran KaTop Aevniiaiu.
PaBmanku, (1) katop uxTuEpuii Xaajau KATOPHUHT OUTTA XOJIHUIUP.
Macanas, ymoy

> 1
) = R T () L gl R
gl( ) n 2 3 4 D n

KaToOp Xa/UIApMHUHT HIIOpajlapd HaBOaT OujaH Y3rapubd Kenaau-raH KaTop
Oynau.
1-teopema (JleiiOHUI ajiomMaTH). Arap XaJJIJAPHHHUHT HIIOpa-JTapu
HaBOaT Ouinan y3rapub kenanurat (1) katopna:
1) ¢, <C,, (n=123,...)

2) limc, =0

n—oo
oyica, y xonaa (1) karop sskuHianryBuu Oyiaau.
« (1) xaropuuHr gactiabku 2m ta (M e N) xagumaH nOopaT KHUCMHI
UAFUHINCH
Som =€ —Cy +C3 —C4 +...+Cyp g —Copy
HU OJIAMJINK. YHIA Syp,q) YIYH

Somity = Sam +(Comis — Comyz)

0ymuo, Cyy., < Cypyy OYITaHIMIU cababnu (0yHAa C,n,q —Comyp > 0 OYIamm)
So(min) > Sam (m=123,...)

oynamu. Jlemak, {SZm} KETMa-KEeTJIMK YCYBYH.

OHAau S, UAFUHIWHU KyWujaruya €3aMus3:

2m
Som =€ —(C; =€) —(C4 —C5) —...— (Com_2 —Com-1) —Com-
by TeHrnmukHMHT VHTr TOMOHHIAru udoaaga KaTHAITaH KaBC WYUAArd
allupMaJiap-HUHT, IIYHUHTIEK C,, HUHT MycOaTr OYyJIMIIMHU 3bTHOOpra osno,

Som <€y

OymumHN Tonamus. [lemax, {SZm } KETMa-KETJIUK FOKOPUIAH YerapajaHraH.

MOHOTOH KeTMa-KeTIMKHUHT JUMUTH XaKUJIard TeopemMara Kypa

r!]iLnOO S, =S (S —ueknu coH) (2)

MaB:Ky/I.

Ouan (1) xaropumuar mactiaabku 2m-—1 ta (Me N) conmaru xaaumaH
nbopar ymoy

Som1=C —Co+C3—C4+...+Cypy

KUCMUM UMFUHJIMCUHU OJIAaMIMK. PaBimanku,
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Sam-1 = Som + Con-
Teopemanmar n—ow npa c,—0 OyaMmM MmApTH Xamzaa (2)

MyHocabaTaaH ¢hoiganaHuo TomamMus:
limS,, ,=1lm(S,,+¢c,,)=S.
m-—oo m-—oo

[ynnaii kummob, Oepunran (1) KaTOpHUHT KUCMUN HUFUHIAU-JIapUaaH
nOOpaT KeTMa-KeTJIMK YEKII JTMMHUTTA 3Tra dKaHu Kypcatuiaan. Jlemak, (1) katop
SKUHJIAIyBYU. P>

Macanas,

(3)

KaTop  Xalapu  KCJITHPWITaH  TCOPEMaHMHT  Oapya  IIapTIapWHHA
KaHoaTyaHTupaau. Teopemara kypa (3) karop skunnamyBuu OVmaau ((3)
KaTOPHUHT SIKMHJIAITYBU Ba HUFUHIUCH IN 2 Ta TEHT OYJIMIM KYpcaTHIITaH d/I1).

1. 20.2-Teopema (JAupuxie-Adeanb aIoMaTH).

2 < coskX COSX CO0S2x coskx

> = + + .t
= K 1 2

TEKIITUPHIIL.

Tasiny ubopanap: yekcu3 KUUMK MUKIOP, KATOPHUHT KUCMUI
HUFUHIIIAPH KETMA-KCTIUTH.

+ ... KaTOp AKHHJIAITIYBYUJINKKA

2-Teopema (JIupuxe-Adesan ajioMmaTH). AWTalINK,

iakbk =ab, +a,b, +...+a,b, +... (6)
k=1

KaTop Oepwiiran OyicuH. Arap:
1) {bk} KETMa-KETJIMK KaMarOBYH Ba y YEKCU3 KHUYUK MHUKIOD,

0
2)  >a,  KATODHMHT  KMCMHMH  WWFMHIWIApH  KETMA-KETJIMIHU
k=

yerapajaHras 0yiica, (6) KaTop sSIKWHJIANTyBUX OY1aau.

o)
<« Arap > a, KaTOpPHUHT KUCMUHN UUFUHINCUHU
k=1

S, =q,+a, +...+4,
JIeCaK, YH/Ia TEOPEMAaHUHT IIapTura kypa, myHgaid M >0 coH Tonunaaukw,
O6apua N N yuyH

‘Sn‘ <M (7)
oynau.
[laptra xypa {bk} KETMa-KeTJINK KaMalOBYM Ba y YEKCH3 KUYUK MHUKIOP.

Vuna Ve >0 ra xypa mynnait Ny € N tonmunaguku, VN> N, na
£
0<b, <— 8
" <o ®
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oynau.

DHIN
n+m
> ab,
k=n
HuruHaura AGens alHUSITUHYU KyJIaiMu3:
n+m n+m-1
Zakbk = ZSK (bk _bk+1) + Sn+mbn+m - Sn—lbn :
k=n k=n
Harmxkana
n+m n+m
zakbk Z|S (bk bk+l)| +|Sn+m n+m| +|Sn lb |_
k=n
n+m-1
= Z|Sk| (bk _bk+1) + |Sn+m|bn+m + |Sn—1| : bn
k=n
oymau.

(7) Tenrcuznukaan doigananub Tomamms:

n+m n+m-1
< M|: Z(bk _bk+l)+bn+mj|+ M 'bn
k=n

Z a bk
k=n

Arap

n+m-1

Z(bk _bk+1)+bn+m :(bn _bn+1)+(bn+1 _bn+2 )+ +(bn+m—1 _bn+m )+bn+m :bn

k=n
OYIUIIMHY 3bTUOOpra OJICaK, yH/A
n+m

D b,

k=n

<2M b,

o6ynmuo, (8) MmyHnocabarra kypa

n+m

dabl<e
k=n

n+m

Oynamqu. bynnan  Komm — teopemacura  kypa > a.b,  KaTOpHUHT

SKUHJIANTYBYMIUTH KeuO duKaau. p>
Mucoa. YOy
2 coskx cosx cos2x coskx
> = + +.t +
= K 1 2 k
KaTop SIKAHJIAITYBUYMIMKKA TCKIIMPWICHH, OyHma X — TaliMHJIAHTaH XaKHKHU
COH.
<« Arap X =2z 6ynca, Oepuirad Katop
icoskx iCOSZE k il
ka K ka K
TapMOHHUK KaTop OY1n0, y y30KIaryBuu 6ynaz[1/1.
Alraitnuk, X = 27 0yicuH. bepunran katopaa
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1
a, =Coskx , b, =—
k
oenrunanuiapHu 6axxapamus.

1
PaBmanku, {bk}:{E KETMA-KETJIMK KaMalOBYM Ba YEKCHU3 KHUYHK

1
MUKJIOp OVmanu (k — oo Aa E —0).

o0 o0
Onma > a, = > coskx KATOPHUHT KUCMUA HUFUHINCH Sn HH TOIIAMU3:
k=1 k=1

d 1 &, .. X
S, =Y coskx=———>"2sin—coskx =
kL Zsin)z(":1

: 1 X
sin(n+ =)x—sin -
2 2

1 & . 1 . 1
= —Z{sm(k + E)X —sin(k —E)x} =

. X . X

25"’]*'(:1 2sin =

2

Kelinaru mynocabatnan, 27z ra kappainu Oyimarad X jap ydayH
1

Sol<—
Sin —
2

6ymmmm kenu® umkamn. Jlemak, {S,} KeTMa-KeTIMK derapamaHrad. YHza
Oepuiirad KaTop 2-Teopemara Kypa ssKHHJIalyBuu Oyiaau. P

MamkJyap
1. Ymby
In2:1—£+1—l+...= 1+1+1+1+... -2 1+l+... =
2 3 4 2 3 4 2 4

- 1+l+l+1+... — 1+E+E+E+... =0
2 3 4 2 3 4

MyHOcabataa 2N XaTOJUK TOMUJICHH.
2. Ymoy
V4

COS—— -
nz:l\/ﬁ In(n +1)(1+ Hj

KaTop AKHMHJIAIIYBUYNJIMKKA TCKINUPUIICHH.

18-amaamii MaIIFyJaoT
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Komm Ba J[lanamOep asomatiaapuaan ¢oigananud

KATOpJIap AKHMHJIAININTA TeKITUPUICHH:

) n2
2508y
o)
n+ =
n

2530. Z i n)

nZ
25323 3“*1(12)
n=1

n+3 —\n+
3
2534.% ™ o (Jn+2)"
= (307 + 20+ 1) 2935. Z{(\/ﬁ ; 3J
n3
2536.3" 3" (” i 1) 2537.Z(cos§) ,a>0
n=1 n n=1 n
253830 ae, 250 2539&23‘))2’
n=1 n=1 H
(n+1) = (2n+2)!
2540. Z Gn a3 2541.n2=; oo
660000 L CD IS
2542. Z (h+1) arcsin 2543.; N aretg o

Kyiuaaru

Myc6ar xa[yiu KaTOpJIapHUHT SsKMHJIamum anomatiapu (Paabe, ['aycc

ajoMaTiapH).

Paabe Ba I'aycc asomartiapuaan ¢goiaananud Kydugara KaropJjaap

SAKUHJIAIIMINTA TEKIINPHJICHH:

- Z[l 3-5..(2n- 1)}

& 2-4-6..(2n)

2553 e

' nn+p
n=
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(2n—1)1

2546. Z @)

In2-1n3...In(n +1)

a>0

2547. Zln(2+a) |n(3+a) |n(n+1+a)

il

a>0

218 Z“(a+\/_Xa+\/_) la+vn+1)

255,520+ D-p40-3)

nq

o o

a(@+1)..{q+n-1)

T (p>0, q>0)

[e 0}
Kyuungaru (Zan) KaTopJiap AKMHJIAIINIITA TeKINUPUIICHH:
n=1

2551. !
“~nIn’n

= Jn+2—-J/n=2

o
n=2 n

2553.

0

25553
n

n=1

2557.3 n%.e™"

n=1

2559.in”“ -1

n=1

1

1
2561.a = I 1+ =
3n ( Jn+1

1 1
2563.a, =tg——arctg—
n n

)

1
= n(In n)P(Ininn)’

2552.

2554, Z i (nl)
2556. Z .

nn)
o L
2558.Z(n”2+1 —1J
n=1

. T
-SIN—

2560.a, =
n

5+

2562.a, = e ") 1

2564.a, =

(n')2
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_(2n+2) 1

2 a,. = 2566.a, = —————
26-a, n"(n!y’ % 2/In(n + 1)

| (n+)r o= 2
2567.a = ") 2568.a, = | 0%
n® X

nmw

dx

1
Un 3/x 2570.a, = -
2569.a, = ! T dx Imdx
0

n+2 kil
_ Ax n i -5
2571.an = Ie dx 25723;1 =IXSIn 2X
n 0 1+X

dx

9573 5. = 1424...+n!
" (2n)

MYCTAKWJ BAXKAPUJIAAUT'AH TOIHIIUPUKJIAP

NxTtuépuii xaamm Katopiap Ba yiap SKUHJIAWUIMUHUHT Jlelonun, Jupuxie Ba
Aben anomaTiapura Joup MHCOJLIap.
AWTanmmk,

da,=a,+a,+..+a,+... (6)

n=1
KaTop Oepwiran OYiambO, YHUHT Xap OUp Xaau UXTUEPUNA XaKUKHI COH OYJICHH.
Onatna OyHaai KaTop UXTHEPUH XaAJM KaTOP AcHuIaau.
1°. NxTuépuid xaaiu KATOPHUHT SAKUHIAIIWIIH,
l-teopema (Komu Teopemacu). Uxmuépuii xaoau (6)
KAMOPHUHZ AKUHIAUWLY8YU OYIUMIU YYYH
Ve>0,3dn,eN,Vn>n, m=1,2,3,...

S
MEH2CUIUKHUHZ DaNCapuIuiu 3apyp 6a emapiu.
2—Teopema. Acap

_Sn‘z‘an+l +a,.,+ "'+an+m‘< €

n+m

Dla =lay]+[a+ ...+ [ag]+ ... (7)

n=1
Kamop AKuHaauiyeuu oynca, y xonoa (6) kamop xam AKUHIAUIye4U Oynaou.
2°. KaTopHHHT a6COJIIOT Ba INAPTIN AKHHJIAIITYBYMINTH.

l-tabpud. Aeap (7) kamop akunrawysuu oynca, (6) kamop a o
conmwm
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AKUHJAQWY68UuUu Oelunaou.
2-Tabpubd. Azap (6) kamop akunrauysuu 6ynuo, (1) kamop
y3oxnauiyeuu oynca, (6) kamop wapmau aKuHIAWY 84U Oelunaou.
3°. MxTuépmii Xaq1u KaTopIAPHUHT IKMHIAIININ 2710MaTJIapH.
1) JleiioHu1 ajomaTu. Yoy

C,—C,+C,—C,+.+(-1)'C,+... (8
KaTOpHU Kapailuk, Oynna C, >0 (n =1,2,3, )
Opatma Oy (8) xarop XamaIapuHUHT HIOpajapu HaBOaT OwiaH Yy3rapuO
KeJaJurad KaTop JeHuIau.
3—-teopema (Jeiiouun): Azap (8) kamopoa:
@) C,.,<C, (h=1,2,3,.)
6) nN—>wooa C, >0

oynca, y xonoa (8) kamop aKuHaiauysuu 0yiaou.
2) Adeab anomaru. Yoy

> ab,=ab, +ab, +..+ab, +... (9)
n=1

KaTOPHU Kapaniuk.
4—1teopema (AGean). Azap (9) kamopoa:

oo
a) D.a, Kamop aKunrauysuu,
n=1
6) {b,}- uezapananzan, monomon xemma-kemnux 6ynca,

Yy X010a Zanbn Kamop AKUHIauLyeuu 0ynaou.

n=1
3) upuxje ajomaru. by amomar Kyluaard TeopeMa OpKalu
udoaananaau.
5-teopema (Aupuxune). Azap (9) kamopoa:
a) {an} Kemma-KemjauKk MOHOMOH,
0) N—>w oa a, >0,

¢) 3C>0, Vn=>1: <C

2.b
k=1

oynca, y xonoa

Kamop AKuHIauLyeuu 0yiaou.
11 —-mucoua. Kowu meopemacuoan poiioananuod, yuioy
= Sinx
; n(n+1)
KAmMOPHUHZ AKUHIAULYGYUU OV KYPCAMUICUH.
<«4Papmanku, Oy KaTop yuyyH
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Wrosinkx | wn 1 1 1 1
S -S |= —| < = -
‘ n+m n‘ =Zm+1k(k+l) k;,_lk(k'*'l) n4+1 n+m<n+1
oynanu. Jlemax,
1
‘an+1 +an+2 + "'+an+m < n+1
Ba
lim——=0
noonN+1

bynman »5sca Oepwiran KaTOPHUHT SKUHJIAIIYBUM OYIUIIM KeIuO
qyuKaan. P>
12-mucoua. Yoy

isinnx

n=1 n
KamopHunz uxmuépuit X € R oa akunnawiysuu oyauuwiu KypcamusicuH.
dArap X=kn, Ke Z 6ynca, yuaa KaTOpHUHT SKUHJIAIIYBYU OYIUIIN
paBIIIaH.
Attraiinuk, X # kn, k € Z 6yncun. bepunran katopaa
1
—=a
n
nenniica, yaaa oepuiral KaTop

sinnx=b, (n>1)

n?

Z anbn
n=1

KYpUHHILArd Karopra kemaau. by karop yuyH Jlupuxiie TeOpeMacHHHUHT
HapTIAPUHUHT OaXapWIMIIMHU KypcaTaMu3. XaKUKaTAaH XaM,

OyiraHIMruAad, YHUHI MOHOTOHJMIU Xamaa N—oo na a, — 0 OynummHu

TOIAMU3.
OHJIM yYWHYY MIAPTHUHT OKapUIHIIIMHA KYpCaTaMu3:

n n
Zsink%:LZZsini-sinb{:—cosi—cos(n+l)x5—
k=l 2lsin X[ k=1 2 2sin®
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2.y
k=1

HNemak, [upuxne anomarura Kypa OepwiraH Karop SKWHJIAIIYBYU
oynanu. »
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I'JIOCCAPU

(V36exua pycua MHIJIH34A)

Mathematical analysis is the branch of mathematics dealing with limits and
related theories, such as differentiation, integration, measure, infinite series, and
analytic functions. These theories are usually studied in the context of real and
complex numbers and functions.

MareMaTH4ecKHii aHAJM3 - J3TO OoTpaciib MAaTCMATUKH, ITOCBALICHHAA
OTPaHUYEHUSIM M CMEXHBIM TEOpPUSM, TaKUM Kak JIu(QpepeHIIMpoBaHHE,
MHTErpalus, Mepa, 0ECKOHEUHBIE PSAAbl U AHATUTUYECKHUE (DYHKIIMHU. DTH TEOPUHU
OOBIYHO M3YYalOTCA B KOHTEKCTE PEAJIbHBIX U KOMIUIEKCHBIX YHCEN U (YHKLIHM.

AHAJIN3 - aHAIIU3; aHAIUTHYCCKUM - analysis

MUKIOP aHAJIM3M - KOJTMYECTBCHHbBIA aHAIN3

cudar aHAIM3U - KAYSCTBECHHBIN aHaJIN3 -

aHaJIM3 METOM - aHATUTHYEeCKUi MeToa — metod analysis
aHAJIU3 KMJIMOK - IPOM3BOJIUTH aHAIN3, aHAIIM3UPOBATH —
MaTeMaTHK - MaTeMaTuk - mathematiks

MaTeMaTUYeCKU aHaJau3 — mathemics analysis
MaTeMaTuKara oujl, MaTeMaTHK; MaTeMaTHKa..
MaTreMaTH4yecKas 3aJa4ya - MaTeMaTUK Macaa;

10 MaTteMaTu4ieckuii pakyabrer - MaTemMaThKa (PaKyJIbTETH;
11.aHuK, paBlaH, YTKUP;

12.MmaTeMaTHYeCKUI YM - YTKUP aKJI.

13.BBINOJHUTH 33724y BazudaHu OakapMOK; MaKcaJra SPUIIMOK;
14.Tpyanasi 3aaa4a - KUIUH U1, OFUP Macala;
15.mocTaBuTh 3a1a4y - Bazuda (Makcam) KWiubd KyHMOK;
16.pemnTsh 32124y - MacajgaHd €UMOK (XaJl KHIMOK).

17. Macaaa - Bonpoc, mpobiiema; 3ajaya,

18. acocwuii MacaJia - OCHOBHOH BOIIPOC; OCHOBHA 3aj1aya,
19. myxum MacaJia - BaXHBIH BOTIPOC;

20.macaua xaJa! - Bonpoc pemnien!;

21.MacajiaHu XaJl KWIMOK - PeliaTh, pa3pemniaTh BOMPOC;
22.MacajlaHu KYHAAJaHT KYHMOK - CTaBUTh BOIIPOC PEOpOM;
23. 3a/1ava 3aJa4HUK - - Macajajap TymiaMmu
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24.MacajlaHU XaJ KHJIMOK — €4MOK - periaTh 3a7ady;
o0cyxkeHue; 1e0aThl; Criop

25.3a1ayHMK N0 apudmMeTHKe-apumMeTHKaIaH Macagagap TYIJIaMH.

26.Anuk Hucoar - The main mortgage, pledge dsystvitelny — OcHoBHo#
3aJ10T, JICUCTBUTEIBHBIN 3aJ10T

27.AHHOTAIUsI - COMMentation - KOMMEHTUPOBAHKE; AaHHOTAIHSI

28.Apajam - Adjacent - PacniosioskeHHBIN PSAIOM, CMEXKHBIN

29.AprymeHT - Argument — ApryMeHT
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