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Abstract:

The two-dimensional coupled thermodynamic boundary problem for isotropic bodies is formulated. The explicit and
implicit two-dimensional finite difference equations are constructed. The received explicit and implicit schemes are
solved using the elimination method and recurrence formulas, respectively. The comparison of the obtained numerical
results by the two methods shows a good coincidence.
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1. Introduction

Investigation the deformation process of elastic and plastic bodies, taking into account the temperature fields
plays an important role in many applications of science and engineering problems associated with the heating of various
structures and their elements under the influence of thermomechanical loads.

The aforementioned thermomechanical deformation process of solids may be described by the coupled and uncoupled
thermoelastic or thermoplastic boundary value problems.

In recent years, researchers paid special attention to the adequate mathematical modeling of the coupled
thermomechanical deformation processes of isotropic and anisotropic materials for related tasks. The coupled
thermodynamic problem, firstly was considered by Biot [1] in 1956.

Further, these studies were continued in the works of Lord-Shulman (1967) [2], Muller (1972) [3], Green-Laws (1972) [4],
Youssef (2006) [5], Aboudi (1985) [6] and others.

In general, the thermodynamic linear coupled boundary value problem for elastic bodies consists of the motion equations
in conjunction with the heat equation.

Coupled thermoelastic boundary problem, generally consisting of three hyperbolic and a parabolic heat equation
depending on the three components of the displacement vector and temperature is a complex and may be solved
analytically only in some one-dimensional particular cases or for specially selected shapes of solids and coordinate
systems. This paper deals with the numerical solution of two-dimensional dynamical coupled problems of thermoelasticity
for isotropic bodies.

Using epy finite difference methods are constructed explicit and implicit schemes. For the numerical solution of the finite
difference equations the elimination method and recurrence formulas, in the case of explicit schemes, are applied.
Comparison, of the obtained using two methods numerical results and graphs provides the reliability and validity of the
received results.

Problem. The coupled thermodynamic thermoelastic boundary value problem consists of the motion equations problem
for isotropic materials [7]

Gij, +X = (@)
Duhamel- Neuman thermoelasticity constitutive relations
o; =A04, + ug, —aBA+2u)(T _T0)5ij )

Cauchy relations
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heat equation for isotropic materials
with corresponding initial
ui|t=t0 ~ i, Ui|t=to =Vi, T|t:t0 =To (5)
and boundary conditions
™ 0
0 — ..N - — Q.

where, C_ —heat at a constant deformation, o —thermal expansion coefficient, A, —the heat flow coefficient, O —stress
tensor, &; —strain tensor, U; —displacement, T —temperature, X, —volume force, A, u— Lame constants, 6—spherical

part of strain tensor, p — density of the body, 5ij — kronecker symbol.

We consider equations egs. (1 - 6) in two-dimensional case.
Substituting eq. (3) into eq. (2) and obtained in eq. (1) we have the equation of motion for displacement

o'u o'u o'V oT ou

A+2 +(A -(B1+2 =
(A~ “)a uéy H(Aen )8x5‘y (B4+2u)a x o @
o’v o’V o’u oT oV
A+2 A —(31+2 - =
(A+ ”)ay2+”ax2+( +”)axay (BA+2p)a 5 P ®)
and 2D heat equations
82T o°T oT ou o
—)— ——a N+2)T (—+——) =
ﬂo( ay) (3A+2p) (axat ayat) ©)
Wlthlnltlal
ou ov
Oy = G =y vl =g T =y T 00t =T,

and boundary conditions in 2D case

u(x,y,t), _, =, , u(x,y,tXHl =0y, u(x, y,t]y:0 =u) , u(x, y,t){y , =
(8l W), = vyt = VX ), <
Tyt o =T T yat) L, =T, Toyt) =T, (1) T(x, v, =T:)

2. Finite Difference Equations
Considering in the area t>0 , 0<x<l , 0<y<l, two sets of parallel lines

x=ih (i:ao, y=jh, (j:071), t=kr (k=012...) and replacing the derivatives in eqgs.(7)-(9) by difference
guotients, we obtain [8]

P P P K P K P
(A n 2‘Ll) ui+1,j - 2.] + ui—l,j n (l n ‘Ll) it Vicjen Vil +Vi—1‘j—1 n
hy ahh,
us,, —2u, +u;, T, -T., ust-2u, +uf
hj 2h, 7’ (10)
P P P P P P P
(A n 2‘Ll) Vi,j+1 - 2v;,j +vi,j—1 n (l n ‘Ll) ui+1,j+1 - ui—l,j+l T Y + ui—l,j—l n
h ahh,
I+lj - 2V +V lej+l _-I-ij 1 Vik,;l - 2Vik,j -i_vik‘j_l
2 - = 2
h, 2h, T

and heat equation
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k+1 k+1 k-1 k-1 (11)
T k ui:l-,j - ui—ZJ - ul+lj ul—;,j VI L VI -1 VI jH VI‘]T—l _ 0
s i + -
4ht 4hr
Solving the discreet (10) and (11) aboutu";1 , I"J“ ,TI"J+1 respectively, we get [9]
Uik}rl— (l+2 ) |+1] 2U2 +u|11+,uu|]+1 2U +u|]1+
, ,D h h2
' (12)
k k k k k k
n (l n ,U) Vi+1,j+1 _Vi—l,j+1 _Vi+1,j—1 +Vi—1,j—1 T|+1 j Ti—l,j " ZU-k- _ U-k71
4hh, 2h, b
-2V +uf Vil — 2V Y
Vlk]rl (/’L+2 ) Ij+l 2 Ijl+)u i+1, j 2 i-1,j
’ Jol h, h,
k k k k k k
(A ) Uiy jn —Uinjua = Ui ja t Uiy T| Il P Lok (13)
4hh, 2h, bt
k k k k
Tk+1:i /I(-I-H-lj_Tu +-I-Ilj TIJ+1_2T +TIJ1)
ij 0 2 2
C, h h’
k uil:l' - uik—zl - u|+l + ul -1, vl +1 vl -1 - VI +1 + VI -1 k
_7/'|'I ‘ 3 J i i + J J 3 J +TI ) (14)
! 4hr 4ht !
As can be seen, eq. (12,13) and eq. (14) allow to find the function values u(x, y,t), v(x,y,t), T(X y,t) atthe
j+1
layer t : using the given values of these functions at the two previous layers. The values of u(x, y,t) and v(x,y,t)on

two primary layers k = 0 and k =1 we can find from the initial conditions

UOJ :§01(Xi1yj)r Vio,j :Coz(xi’yj) TS =
Rewriting eq. (13) for k—O

2
U.l (l+2 ) I+1] 2U2 +u|1] I]+1 2U2 +uljl+
' ,D h; h,
0 0 0 0 0 (15)
+(A+ ) Vi ju “Vicyjer ~ Vi Vi 7/T'+1 i Ti— 20+ 20y
4hh, 2h b !
I .. ou . .
and the initial condition —| =, in the following form
t=0
uil' k _uijl',k
: 2h, : ZV/l(XiayjaZk)
or
uil,j,k = 2h1W1(Xi!yj!Zk)+uiT},k (16)
eliminating Ufj,k from the egs. (15,16) we take
1( 72 2u +u 2u +u
1 |+1 i-1, | +1 i,j-1
ui’jz2 (A +2p) 2 = Lt ’ > I
P hy h;
(17)

0 0 0 0 0
Viju “Viaja Vi TViaa =T
+(A+u)

4h,h, 2h,

In the same way from the eq. (13) we can find the values of the function v(x, y,t)

TO

i+1,

]+ 2u i+ 211//1]
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2 2v +u v; 2v +v

ilyj 1[ [(/’L 2 ) |]+1 2 IJ_1+,U i+1, 2 |1]+
h2 hl

(18)

4hh, 2h,

Replacing mixed derivatives in eq. (11) with another finite difference we can get relation for values of T (x, y,t) on the first
layer

of (To, -2T 4TS, T —2T°+T°,
Til_:_ 2{0 i+1,j i i-1,j + i,j _
¢ h’ hj

1

1 0 0
_ 7/-I-I[)J [ui+l,j - ul 112; uH—lJ ul—l,j + vl NENS vl Jéh VI L Vl‘j—l j +-I-|0J (19)
. P b .
1 2

0 0 0 0 0 0
Uipja —Uigjn — Ui ja Ui Tiju—Tija 0 42
+(A+ W) -y +2v; + 21y,

In the above, the explicit schemes have been used. Now consider the implicit schemes for the numerical solution of the
coupled thermoelasticity problem. In this case, the eqs (7-9) take the following form

k+1 k+1 k+1
I+1]_2u +u|1] Ij+1 2U +U
(A+2u)
h12 ‘Ll h2
2
k k k k
+(ﬂ, n ,u) Vi+1,j+1 _vi—l,j+1 _Vi+1,j—1 +Vi

i-1,j-1

ahh, (20)
-TS, ut-aul +ul
—p-

2h, r2

T|+1
—(3A+2u) o, 2

k k k k+1
Voo =2V U Vo
i,j+1 i,]j i,j-1 i+1,]
(A+2p) 2 +u
2

k k k k

ui+1,j+1 - ui—l,j+1 - ui+1,j—1 + ui—l,j—l _

ahh, (21)

k+1

k+1
—2vi’j +Vi | N

hlZ

+(A+p)

k k

(31 +24) T; j+1_Ti j-1 k+l_2V +V
- + (04 : : =
TS P Tz

2Tk +TX

k+1 k+1 k+1 k
T 2T T yIN

AO( i+1, ] hlz ij+H hzz
k+1 k

-, . T3+ 2w, * (22)

&

k+1 k+1 k-1 k-1 k+1 k+1 k-1 k-1
*[ui+l,j _ui—l,j _ui+1,j +ui—1,j Vi,j+1 _Vi,j—l _Vi,j+1 +Vi,j1J -0

4hr aht

The difference eq. (20) can be written as follows

k+1 k+1 k+1
a,u,+1j+bu +cu,11—fi (23)

- 2u +u
s I, | +1
fi =p T2 J —(,Ll J h2 +

p 20h+2p) _A+2u VE =V VLV
_2 1

i+1,j+1 i-1,j+1 i+1, j-1

4hlhz
k

T
—(3l+2ﬂ)a1— |+1] hl | 1])
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T TR ST )
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The finite difference eq. (21) may also be reduced to the following form
k+1

k+1 k+1 __
Vi, +b|VI j TGVig; = 1Ii (24)
2
where & :ﬁZ, bi :_ﬁz__,“’ C :ﬁ’
hy * h hl
2v +v VAR 2v +vI o
fi=p— (A +2p) g LT
T h3
U,kl, LU U 1+u,kl, )
+(2/+lu) i+l j+ i-1, j+ i+1, j- i-1j-1
4hh,
Tk Tk
-(B1+2 L LY oy
( Mo oh, )
and the discreet heat eq. (22) takes following form
k+1 k+1 k+1
AT +bT " +eT/ S = f, 5
where
0 b = 21 —Cg c :ﬁ
i T2 2 ' i 2 1
h h; T h;
U-k+1- _U-k+1 U Uk_l-
f =To(3z+2u)aT( ;mlr““ iy

i j+l i,j-1 i, j+l ij-1 _

4h,t

—C B_/lo T|k1+1 2T|kj +Ti,kj—1
‘ot h?
The values of the unknown functions u(x, y,t), v(X,y,t) and T(X,y,t) on the first two layers, can be find using
the initial conditions and the formulas (17)-(19). The values of the unknowns in the subsequent layers may be find solving
the egs. (23-25) by the elimination method with account the given initial and boundary conditions.

+

VSR Y SRy S YL j

3. Numerical Tests
As an example, is solved the coupled thermoelasticity problem (1-6) using the recurrence formulas and
elimination method under the below constants, initial and boundary conditions:

2,=0.06,1=0.78, u=05, =005, C, =34 T,=15 h =0.1,h, =0.1,7 =0.01,
p=0861¢,=0,=1

u(x,y,t)_, =0, v(x,y,t)_, =0, T(x y.t)|_, =To+Tesin(zx(@)sin(zy(j)). u(x,y,t)| =0, v(x,y,t) =0

T (X, y,t)‘r =T,
where I'- boundary of the body.
The following Figures 1-8 show the distribution of the displacement componentsu(X, y,t),v(x,Yy,t) and
temperature T (X, Y,t)along the different coordinate axes. Notice, that every unknown value is found using the
elimination method (green line) and recurrence formulas (red line)
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Figure 1: Distribution of the Displacement U(X, Y,t)
Along The X-Y-Axis at t = 0.1 (Recurrence Formula)

Figure 2: Distribution of the Displacement u(X, y,t)
Along the X-Y-Axis at t = 0.1 (Elimination Method)

Figure 3: Distribution of the Displacement V(X, Y, t)
Along The X-Y-Axis at t = 0.1(Recurrence Formula)

Figure 4: Distribution of the Displacement V(X, Y, t)
Along The X-Y-Axis at t = 0.1 (Elimination Method)
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Figure 5: Distribution of the Displacement T (X, Y, 1)
Along The X-Y-Axis at t = 0.1(Recurrence Formula)

Figure 6: Distribution of the Displacement T (X, Y, 1)
Along The X-Y-Axis at t = 0.1 (Elimination Method)

\ 0 0.1 0.2 0.3 0.4

y
0 0 0 0 0 0
0.1 0| -00114 | -00113 -0.0083 -0.0044
0.2 0| -00202 | -0.0201 -0.0148 -0.0078
0.3 0| -00277 | -0.0276 -0.0204 -0.0107
0.4 0| -00325 | -0.0324 -0.0239 -0.0126
05 0| -00342 | -0.0341 -0.0251 -0.0132

Table 1: The Values of the Displacement Component U(X, Y, t) on the

Time Layer K = 10 Found by Elimination Method

X 0 0.1 0.2 0.3 0.4

y

0 0 0 0 0 0
01 0 -0.0107 -0.0110 -0.0082 -0.0044
0.2 0 -0.0190 -0.0198 -0.0148 -0.0078
0.3 0 -0.0262 -0.0272 -0.0203 -0.0107
0.4 0 -0.0308 -0.0320 -0.0239 -0.0126
0.5 0 -0.0324 -0.0337 -0.0252 -0.0133

Found by Recurrence Formulas

Table 2: The Values of the Displacement Component u(X, Y, t) on the Time Layer K = 10
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X 0 0.1 0.2 0.3 0.4

y

0 0 0 0 0 0
01 0 -0.0114 | -0.0202 | -0.0277 | -0.0325
0.2 0 -0.0113 | -0.0201 | -0.0276 | -0.0325
0.3 0 -0.0083 | -0.0148 | -0.0204 | -0.0239
04 0 -0.0043 | -0.0078 | -0.0107 | -0.0126
0.5 0 0 0 0 0

Table 3: The Values of the Displacement Component V(X, Y,t) On The
Time Layer K = 9 Found By Elimination Method

X 0 0.1 0.2 0.3 0.4
0 0 0 0 0 0
01 0 -0.0114 -0.0203 -0.0279 -0.0327
0.2 0 -0.0113 -0.0204 -0.0279 -0.0328
0.3 0 -0.0084 -0.0150 -0.0206 -0.0242
04 0 -0.0044 -0.0079 -0.0109 -0.0128
0.5 0 0 0 0 0

Table 4: The Values of the Displacement Component V(X, Y,t) on the Time
Layer K = 9 Found By Recurrence Formulas

X 0 0.1 0.2 0.3 0.4

y

0 15 15 15 15 15
01 15 16.4575 17.6921 18.6966 19.3473
0.2 15 17.6921 19.9623 21.7972 22.9824
0.3 15 18.6966 21.7972 24.3000 259154
04 15 19.3473 22.9824 259154 27.8080
0.5 15 19.5720 23.3908 26.4717 28.4596

Table 5: Temperature Values T (X, Y, t) on the Time Layer K = 10 Found by
Elimination Method

X 0 0.1 0.2 0.3 0.4
0 15 15 15 15 15
01 15 16.4187 17.6320 18.6103 19.2426
0.2 15 17.7020 20.0221 21.8895 23.0962
0.3 15 18.7630 21.9928 24.5929 26.2731
04 15 19.4593 23.2857 26.3666 28.3574
0.5 15 19.7195 23.7684 27.0287 290.1354

Table 6: Temperature Values T (X, Y,t) on the Time
Layer K = 10 Found by Recurrence Formulas

Comparison of the numerical values of displacement components and temperature obtained by the elimination
method (Table N«a») and recurrence formulas (Table N«b») humbers shows a good coincidence.

4. Conclusion

For two-dimensional coupled thermodynamic boundary value problem, the explicit and implicit finite difference
equations are constructed. The received explicit and implicit schemes are solved using the recurrence formulas and
elimination methods, respectively. The comparison of the obtained numerical results by the two methods shows a good
coincidence. The above-mentioned methods may be easily applied for numerical solving of the three-dimensional
thermodynamic coupled problems for elastic and plastic bodies.
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