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KHWPHUII (noKTOpINK THCCEPTAIUASICH AHHOTAIUASICH)

Juccepranus MaB3yCHHUHI J0J3ap0Jjuru Ba 3apyparu. JKaxoH Mukécunaa
om0 OopwiaétraH Kymiad WIMHW-aMaTuid TaJAKUKOTIAp aKCcapusaT XoJuiapaa
CTaTUCTUK (PU3MKa Ba CTAaTUCTUK MEXaHUKAa MOJEIUIAPUHMU TAaJKUK KWIHMII KaOu
Macasajapra keiatupuinaau. CTaTUCTHK (U3MKa/la MaKpOCKONHMK CHUCTEMAaJlapHUHT
(yHIaMEHTall KOHYHUSTIAPUHM Ba TAKCUMOT (PYHKIMSUIADUHHM HXTUMOJLIAp
Hazapusicura acCocllaHuO TONMII XaMJa CHUCTeMa XOJIATUHU XapaKTepJIOBYM
TEPMOJAVHAMUK KaTTAJMKIAPHU Ba yJap opacujaru MyHocadaTJapHU TOMHII MyXUM
axamuarra odra. TepMoAMHAMHUK MYBO3aHAaT XoJlaTHaa OYJiraH UXTUEPHUI
CUCTEeMAaHUHT TaKCUMOT (DYHKIMSICH KYPHUHHILIN OUPUHYM MapTa aMEepUKAIUK OJIUM
['u60c ToMoHuAaH aHukiaHrad. [lawkapanu cucreManapia CHUH KUiIMaTiapu
yekcu3 OynraH Mozeimiap ydyH ['mO0c yimyoBMHM Kypull (u3MKa, CTaTUCTHK
MEXaHuKa, KuUME, Ouonoruss Ba HMHPOPMALMOH TEXHOJOTHsUIapAaru 0ab3u
MyaMMOJIapHU XaJ 3TUIIJIa MyXUM Bazudanapaad Oupu 0ynubd KoJIMoKaa.

XO03Upru KyHJa >KaxOHJa CHUH KUUMaTIapyu TYIUlaMd 4YeKcu3 OyiraH
nawxapajid cucreManap ydyH ['mOOc yimyoBnapu TYIUIAaMMHHM aHHUKJIAIl MYXHM
axamuar kacO otMokaa. CouH KaWMaTiapu TYIJlaMd — d4eKkcu3  Oyirad
CUCTEMAJIAPHHUHT XOCCAJIAPUHU KIIACCHK YCYJUIap OPKaIM YPraHWII UMKOHUSTHHUAHT
nyxiurun Oouc, Konm napaxTuna aHUKIaHraH CIMH KUKWMAaTIapu 4yekcu3 Oyirad
Monemiap yuyH ['mO0C ymdoBmapuHM TONMII Macajacu XaMMEpPUITEHH HHTErpail
TEHTJIaMaJIApUHUHT MycOaT eYuMIIApUHU TONMINTa Kentupuwiaau. by Gopana: cniuH
KUMMAaTIIapu CaHOKIM OYiraH XamMHJITOHMaHTa MOC KEJIyBYM acOCHM XOjaTiiapHU
TOMMIL, XapOpPaTHUHT (a3za aJIMalIUIIMHU TabMHUHJIOBYM KPUTUK KUHMATIApUHU
aHUKJAll, CHOAH KUMMaTiiapy CaHOKJIM Ba CAHOKCU3 OyiraH mMaHkapaiu
cucremaniapga ['m60c YI4OBIApUHM aHMKJIAII Ba YJAPHUHT SITOHA AMACIUTHHU
ucOOTIAN MaKCa I MIMHANA TaJKUKOTIApAaH XUcOOIaHaIu.

Mamnakarumusaa pyHaaMenTan (paHIapHUHUT UIMUN Ba aMalliid TATOMKUTA 3ra
OynraH CTaTUCTUK MEXaHWKa Ba (PU3MKAHUHT A0J3ap0 WYHaMUILUIapura 3bTHOOp
Kyuautupwigy. KymnagaH, OXuprd Hwiapaa CIUH KUMMaTiIapyu 4Yekiau OyiraH
HNaHXapajid CUCTEMAJIapAa aHUKJIAHTaH KJIACCUK MOJEIUIAp yYyH JaBpUi Ba JaBpUil
OynmMaraH, XaKuKuii Ba p-aJIuK TPaHCISIIIUOH-UHBapraHT [ u60¢ YI4oBIapuHu KypHlll
Xamza YII4oBJIap Ha3apUsICH OpKAJIU aMalvii MyaMMOJIapHM Xajl 3THII Oopacuia
CAJIMOKJIM HaTwXajapra 3puinian. «OyHKIHOHAN aHallu3, MaTeMaTUK (pu3HKa Ba
CTaTUCTUK (u3nKa» (aHJAPUHUHT YCTUBOp WYHAIUIUIApH OYinda Xamkapo
CTaHJapTIap Japakacujia WIMHA TAAKAKOTIAp 0O OOpHIN MaTeMaThKa (paHUHUHT
acocuii Basu(anap Ba haonuar HyHamunuiapu >tu6 Oenrunanau’. Kapop mwkpocunn
TabMUHJIAIIJA WIMUN  HaTWXKalapAaH WIM-(QaHHUHT TypIOIl coxalapujia
doiimananuimn Makcaauaa MaHXapajld cHCTeMalapAa CHOUH KUMMaTiiapu YeKCHu3
Oynran Mozenap yuyH ['mO0C yinuoBnapu Ha3apUsICHUHH PUBOXKIAHTUPHUII MYXHM
axamusTra sra.

1 V36ekucron PecriyGnukacu Basupnap maxkamacu 2017 iimn 18 maiinaru «Y36exucTon Pecny6iukacu
dannap akaaeMHUACHHHUHT SHTHIAH TAIIKWI STUITaH WIMHHA TaAKUKOT Myaccacaiapy (aoausTHHU TallKui
STHUII TYFPUCUAANTH 292-COHITU KapOopH.
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V36ekucron Pecry6iukacu Ilpesugenturunr 2017 fmn 7 ¢espangary
«Y36eKUCTOH PecriyOnmmkacuuau  sHaja pUBOXKJIAHTHPHIN OYindya Xapakatiiap
cTparerusicu Tyrpucugarru 11P-4947 dapmonn, 2019 imn 9 wurongaru
«MaremaTuka TabIUMU Ba (paHJIApUHH SHAJAa PUBOXKIAHTUPUIIHHU J1aBlaT
TOMOHHMJAH KyJIab-KyBBaTlalll, IIyHUHTAEK, Y36ekucTon Pecry6mukacu damnap
akanemusicuHuHr  B.M.PomaHOBCckmii  HOMummarm  MaremaTtWka — MHCTUTYTH
daonusaTuHN  TyOJaH TaKOMWUIALITHPHUIN — Yopa-TaaOupiapu  TYFPUCHIANTH
ITK-4387 Kapopmiapu Ba 2020 itun 7 mainarn «MaTemaTuka coXacujard TabIuM
cu(daTUHU OMIMPHUII Ba WIMHN-TAAKUKOTIAPHU PUBOXKIAHTUPHUII YOpa-Tai0upiiapu
tyrpucuaantu [1K-4708-connu Kapopu xamma ma3kyp ¢daoiausrra TErHILIA OOIIKa
HOPMATUB-XyKYKHI XYXoKaTiapja OelruiaHrad BazudaliapHu amanira OIIMpHUIa
yimly auccepranus TaAKUKOTH MyaiisiH Japakaja Xu3MaT Kujau.

TaagKMKOTHUHI pecny0MKa (aH Ba TEXHOJOTHSVIADH PHBOKIAHHUIIH
YCTYBOpP HyHAJIMULIApPUra OOFJIMKJIMIA. Ma3skyp TagkukoT pecnyOiuka ¢gaH Ba
TEXHOJIOTUSJIAp PUBOXKIAHUIIMHUHT [V. «MaTtemaTnka, MexaHuka Ba UH(HOpMaTHKa»
YCTYBOp HYHaAJIHILN Aoupacuia Oakapuiras.

Jluccepranusi MaB3ycH 0ViiM4a XoOpuKHi HIMHAA-TAIKHKOTIAP MIAPXHZ,

[Tamxkapanmu cucremanapaa ['ub06c yiadoBnapu Hazapusicu OyinyYa WIMHUI
M3JIaHUIIAp €TaK4YM XOPHKUN JTaBJIaTIapHUHT UMUK MapKas3iapy Ba OJUH TabJIUM
Myaccacanapu, xxymiaaas, Muaunana yausepcutetu (AKII), bepnun Beliepmrpacc
WIMMI TEKIIUPUII HHCTUTYTH, bepiIMH TEXHUKA YHUBEPCUTETH, BOHH yHUBEPCUTETH
Ba boxym Pyp ynusepcureru (I'epmanust), Hazapuit ¢pusuka xankapo mapkasu Ba Jla
Canmenca Pum ynuBepcutern (Mramms), Mapcens yHuBepcutetd Ba I[lapmx
yauBepcuteTH (Opanmus), Kemopumx yausepcutetu Ba Jluac yausepcutetu (byrok
bpuranus), MensOypn ynuBepcutretu (ABTpanus), Can-Ilaymy yHuBepcuTeTn
(bpasunus), Manaiizus xankapo wucioMm yHuBepcutetd (Manaizus), L[3sHCH
negaroruka yupepcuretu Ba IlexkuH memaroruka yHuBepcutTeTuaa (XuToid) omaud
OOpUIMOK/Ia.

Oxupru Wwinapna nasmxapanu cucremanapaa ['mb0c ym4oBiapuHU TONMUII
Oyin4a ONMHTaH HATMXKAJIAPHU TAIKUK KWIWILITA OuJl 00 OOpuiraH TaAKUKOTIIap
HaTIWXKacuaa KaTop Joy3apd Macananap edwirad. JKymnagaH KyWuaard WIMUN
HaTwkanap oyiHra": ['mb0c ViadoBiapu saroHa OYiamalguraH CaHOKCHU3 CIUH
kuiimMatiin - mozemap Kypwiran (bepiuu  BeliepmTpace WIMHMI  TEKIIMPUIIT
WHCTUTYTH, bepnuH TexHuka yHUBepcUTeTH ), UXTUEpU TapTuOiau Kanu napaxtuaa
deppomarnut I[loTTc MoOmenu yuyyH TpaHCIUMOH-UHBapuaHT ['nOOC YiyoBnapu
tymuk TtacHuduanran (boxym Pyp yHuBepcurTeTH), y4 XOonaTiM KATTHK JHCK
Mozesutapu yuyH ['u00c ymuoBmapuHUHr MaBxyanuru ucoomnanran (KemOpumx
YHUBEPCUTETH, JIUJIC yHUBEPCUTETH ), KATTUK IUCK Moaeimapu xamaa SOS monenu
yuyH ['mO0Oc ynuoBnmapuHMHTr siroHa dmaciuru — ucOornmanran  (Mapcenb
yHuBepcuteTH, [lapmwk ynuBepcutetn), Konu mapaxtuna y3apo pakoOaTiairyByu

2 Jluccepranmsi MaB3ycu Oyiinua Xopwkuii Tagkukoriap mapxu: Mathematical Physics, Analysis and
Geometry https://www.springer.com/journal/11040/, The Annals of Probability http://www.imstat.org/aop/,
Positivity https://www.springer.com/journal/11117, Journal of Siberian Federal University: Mathematics and
Physics http://journal.sfu-kras.ru/en/series/mathematics_physics Ba Oomka manOamap acocuia HILIA0
YUKUWJITaH.
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TabcUpra ora V3MHr Mojenmu ydYyH [apamMarHeTuk, (QeppoMarHeTwk Ba
aHTH(eppoMarHeTuk Qaszanap arMarmunuiapy tomuirad (MenOypoH YHUBEPCUTETH),
N3unar momenu yuyH (K,)—TpaHcisnuoH-MHBapuaHT Oyiran I'mO6c yidoBmapu

tonwirad (Manaii3us xaJlkapo UCJIOM YHUBEPCUTETH), ATIKUH-Teep Moaenu yayH
¢daza anmamunuIapyu MaBxyaaura ucoornanrad (L[3sHcu neparorvka yHBEpCUTETH,
[lexuH neparoruka yHUBEPCUTETH).

Hynéna OyryHru KyHAa CTAaTHCTUK MEXaHWKa Ba (DU3MKAHMHT TaHXapalu
cucteMaiap/ia aHMKJIaHTaH Mojeiulapu yuyH ['mOOC ViIuoBiIapyHM aHUKJIAII Ba
yJIapHU TaTOMK 3TULI OYitnda OMp KaTop U3JaHUILIAP, KYyMIIaJlaH, CIIMH KUiiMaTiapu
COHU CaHOKJIM OyiraHn wmojemnap ydyyH [HOOC YIHOBIAPUHUHT MAaBXKYJIUK
[IAPTIApUHU TOMMIL; CIHUH KUHUMATIapy CaHOKJIMW OynraH XaMUJITOHHAHTa MOC
KEJIYBUM aCOCUH X0JaTjiap Ba Ky4CU3 aCOCUH X0JIaTIapHU TOMUII; XapOpaTHUHT (pa3a
aIMAlIMIIMHA ~ TAabMHUHJIOBYM KPUTHK KUWMATIIApUHU  aHUKJIAIL, HWHTErpal
TeHrjaamanapaaH ¢oiganaHu0d CHOUH KUMaTiapu CaHOKCH3 OYJraH MaHkapaiu
cucteManapa ['mo6c¢ yryoBnapuHy aHUKJIA KaOKW yCTYBOP WYHAIUIILIAPAA UIMUIA-
TaIKUKOT HUILIapH OJU0 OOPHUIMOKIA.

MyaMMOHHMHI YpraHwirawiuk jaapaxkacu. Cratuctuk Qu3ukana TalKud
cucteMaiap  OujlaH  HMCCHUKJIMK  MyBO3aHaThja  OyiraH  CHCTEMaHHUHT
MUKpOXOJaTiapJaru dHeprus KuiMmariaapu [ mOOCHUHT KaHOHHK TaKCUMOTU OuiiaH
taBcuduianaau. Amepukanuk osum J[x.Y.I'ub6¢ ToMmoHNIaH MyBO3aHAT XOJATUHUHT
TaKCUMOT (PYHKIIMACUHU aHUKJIAIIIa TEPMOJMHAMUK MyBO3aHATAaru EnuK cucrema
MUKpPOXOJaTiapyu TEHT dXTUMOJUIapra sra 3Kanaurua ucoomianrad. P.JI.JloOpyiiuH,
O.Jlendopn Ba JI.Prosmiap TomMoHuaaH AUMUT ['MOOC YIYOBIAPUHUHT yMYMHIA
XapaKTEPUCTUKACU KeNTUPUITaH. JIuMUT [ 'MOOC YITHOBMHUHT MaBKYJIUTY XaKH1arud
teopema P.JI.JloOpyinH Tomonnan ucbotnanran. [lanxapanu cucremanapaa gasza
anMammnuIapHUHr acocuid Hazapusicu 3ca C.A.Iluporos Ba S.I'.Cunail nmnapuaa
éputiiirad. Hemuc onumu X.I'eoprununr unuiapuga ['m60c ymyosmapu Ba (asa
aNMalluIIap opacuaaru OOFIMKINKIap 6atadcun 0a€H STUITAH.

CnuH KuWMaTiIapu 4Yekiau OynaraH xosuiapiaa Konaum nmapaxTujga aHUKIaHTaH
mMojemap yuyH ['mOOC Ym4oBmapuHU TaAKWK KWiHIl yayH MapkoB Tacoauduii
MaljoHIapura OOFIMK OYynaraH peKyppeHT TeHrIaMmanapiaH (ongamaHuiay.
K.Ilpecron, ®.Crnutnep, [1.M.bnexep, XK.Pyus, B.3arpe6nos Ba J[.Moddenapuunr
unutapuaa Komm mapaxtuna M3uHT Mojenu yayH TpaHCHISIHOH-UHBapuaHT [ mb6c
VIIYOBJIapU BAa aCOCUM XOJIATIIAPHUHI CTPYKTypanapu ypranwirad. M3uHr monenu
yuyH KoHTHHyymTa ['u00c VymuoBnmapu wmaBxkymaurn IIL.M.bnexep Ba
H.FanuxomxkaeBinap TomoHugaH ucOorinanrad. M.Dannec, b.Hautepraene Ba
P.Bepuepiap Tomonunan Koamm gapaxtuna VBS mMopenmHUHT acocuil XOJaTiiapu
tonunrad. Komm nmapaxtuna anukianrad lIlorrc, Anpepcon, Z(M) Ba Ooika
MojeJUIap yuyyH acocuit xomnatiap, [m66c ymuosnapu @.Xamacan, A.Kneiin,
K.Munnep, X.Mopaan, H.Fanuxomxaes, SJI.POZ%I/IKOB, M.Paxmaryiuiaes, P. XakumoB
Ba ®.MyxamenoBnapuHuHr uuuiapuaa ypranwirad. llynunraek, H.Fanuxomxkaes,
V.Po3ukoB Ba ®.MyxammenosnapauHr unutapuaa Kanu gapaxtuaa erapinda KEHr
cuHpaarn XaMUJITOHHWAHJIAD y4yH Typiu [HMOOC YIYOBIAPUHUHT MAaBXKYIJIUTH
KOHTYp ycyiap (ITuporos-Cunaii Hazapusicu) €paamuaa KypcaTuiras.



CnuH KuiMaTiIap TYIUIaMd KOHTHHYYM OYJIraH KyIIHHA TabCcupiu AizeHOepr
Mozenu M.JIakiiManan TOMOHUAaH ypranwirad. CoiuH KUiiMaT/Iapy CaHOKJIM OYJIraH
[Torrc monmenmn H.FanmuxomkaeBHMHT wunuiapuaa ypranwirad. Komm mapaxtuaa
aHUKJIAaHTaH CaHOKJIM CIIMH Kuimatra sra ITorrc Moxenn y4uyH I'mGOc yrdoBinapu
H.Fannxomkaes Ba V. Po3ukoBmapuHUHT HIUIApUAAQ YPraHWJITaH. V.Po3uKoB,
1O.Omiko6mioB Ba @.XaliJapOBHUHT UILIAPUIA KOHTUHYYM CIIMH KUAMATIIH, KYIITHH
TABCUPIN MOJAEIUIAp Y4YyH AaBpuil ['mOOC YIYOBIApUMHUHT MaBXYAJIUTH Xamja
KaMuja UKKUTa qaBpuid [ mo60¢ yimyoBaapura ara 0yjarad KOHTHHYYM CITMH KHAMATIIH,
KYILIHU TabCUPIU MOJAEIUIAP KypUJITaH.

Juccepranus TAAKMKOTHHHMHI JUCCepPTAlMSA 0a)KapWJIraH OJMH TabJIUM
MyaccacacH Ba MIMHN-TAAKUKOT MHCTUTYTMHHHI MJIMHA-TAAKUKOT UILJIAPH
pexanapu OMJIaH OOFJIUKJINIH.

Huccepramuss Tankukotu byxopo pgaBmat yHuBepcuTeTHHHHr @-4-07
«CTraTucTuk pu3rKa MOACIUIAPUHUHT YA3UKIIM OYJIMaraH UHTETpaJl TeHI1aManapy Ba
ynapHUHT Tatoukiaapm» (2012-2016), ®-4-02 «MatemaTuk (pU3NKAHUHT XOJaTIap
TYIIIaMH YeKcu3 Oynran Mojeiniapu Tepmoaunaamukacu» (2017-2020), MaTtemartuka
MHCTUTYTHHUHT E®-4-3+E®-4-4 «Canoxknu rpaduapia CHOMH CHCTEMATapHUHT
AXTUMOJUIMK YiuoBiiapu Ba Jlu anreOpasiapHUHT TacBUpiapu EpJaMuaa XOCHI
kuuHyBun JleOnun anreopanapu» (2016-2017) Ba OT-D4-82 «Omnepartopiap Ba
HOAcCOIMaTUB anredpanapjaa Jyokan auddepeHnuamianm Ba aBToMopdumiIap,
HOYM3UKIM JUHAMHUK cucTeManapiaa (aza ammammnuiap Ba xaoc» (2017-2020)
MaB3yCHJIard WIMHM TaJIKUKOT JIOMUXaJlapy Joupacuaa OakapuiraH.

TagKMKOTHUHI MAKCAAU CIIMH KUMMATIapHu TYIUIAMU YEKCH3 (CAaHOKJHU EKHU
CaHOKCH3) Oynran Mojemwiap y4yyH ['uOOC Vra4oBmapuHM VpraHuin Ba CHHH
KUMMAaTIIapu CaHOKCH3 Oynran mozewiap yuyyH [mO0OC YI4OBIapuHUHT SITOHA
smacauru ((aza aaMamuin)HU TAbMUHIOBYM XAPOPATHUHT KPUTUK KUMMATIIapUHU
aHUKJaI1adH uoopar.

TankukoTHUHT Basudaiapu:

COMH KHUIMaTIapu KOHTUHYYyM Oynaran XaMWITOHUaHjap YuyyH ['n00c
YA4OBJIAPWHHU TOIIHILL;

Oepwiiran XaMWJITOHHAH NTapaMeTpiapura KyHuirad MabiyMm maptiapaa ['uooc
VI4OBIapU ArOHA SMACIUTUHUA UCOOTIAIT,

MabayM ['u066c ymuoBnapu €pnamuaa ssHru 'u66c Yr4oBIapUHUHT KOHTUHYYM
TYIUIAMUHU KypHUL;

CIHMH KuiMaTiapu caHokiu Oynrad [lortc Mozenu ydyH acocwii XosaTiapHU
KypHulI;

TaakukKoTHUHT 00bekTH: Koiau mapaxtu, maHxapaaid Mojesiap, acoCHit
xoJatiap, ['mo6¢ ymyoBu, XammepTeiiH HHTErpall OepaTOPH.

TaakukoTHuHT mpeameru: ['pynmanap Ba rpadnap Hazapuscu, aiaredpa Ba
COHJIap Hazapuscu, [uOOC VynyoBmapu HazapusCH, HOYM3UKIM HMHTETpal
TEHIJIaMajiap Ha3apusCH.

TaagkuKOTHUHT ycy/uiapu: TagkukoT umuaa GyHKIMOHA aHalu3, Tpynnaiap
Ha3apusICH, YIIHOBJIAp HA3apUsICH Ba HOYM3HUKIM MHTErpasl TEHrjJaMallap Ha3apusicu
ycyJutapuian (oigariaHuiraH.



TagKMKOTHUHT WIMMIA SIHTWJINTH KyHugaruiapaad uoopar:

Nxtnépuii taptudan Komm mapaxtuma XY Mojen ydyH XapopaTHUHT ¢asa
AIMAIIMIIMHA TAbMUHJIOBYM KPUTUK KUMMAT aHUKJIAHTaH;

KaMHuJIa WKKATA AaBpuil ['mOOC ymdyoBmapura sra OyiraH KOHTHHYYM CITUH
KUHAMAaTJIHU, KYIIIHA TabCUPJIN MOJICIUIap KypWIraH,

MabiayM ['n06c ymuoBnapu Epaamuaa saru [ MOOC YITd0BIApUHUHT KOHTHHYYM
TYIUIaMJIapU KypPHIITaH;

CIIMH KMIMaTaapu caHOKIu O0ynran [1oTTc Mosienu yuyH Ky4ucu3 JIaBpUi aCOCHIA
X0JIaTJIap TOMWITaH;

TaagKUKOTHUHI aMaJINil HATHKAJIAPH

Konu pgapaxtuaa anukiaaHrad mojesuiap yuyH ['u00c ymdoBiapu TymjiaMuaaH
naHxapaid cucTemManapja ¢asa ajlMalluiuiapd MaBXYyMJIMTHHU  TEKIIUPUIIIA
KYJUIQHWJITaH;

Konu papaxtuna cnuH KuiiMaTiapu TYIUIaMu 4eKcu3 OViIraH Mojienap yuyH
aHUKJIaHTaH TPaHCISIUOH-UHBapuaHT ['mOOC YmdyoBmapu TYIIaMUHM TaBcuIIall
yCyJUlapu/iaH, HaHXkapaiu CHUCTeMalap XOJAaTUHU XapaKTEpJIOBYH TEPMOIUHAMUK
KaTTaIMKIap Ba yJap opacujard acocuid  MyHocaOaTjiapHU  TOMUIIA
dolianaHuIraH.

TagKuKOT HATHKAJAPUHUHT HIIOHYJIMIMTU. OyHKUIMOHAN aHanu3, ['nooc
VIYOBNIApM HA3apUACH, HOYM3MKIM OIEpaTropiap Ha3apusacH YCyJUIapuJaH Ba
Ky3FaaMac HyKTaJlap XakKujard TeopeManapaan ¢oigananunrad. OnuHra
HaTWXKaJIap MaTEMATUK KUXATAAH TYFpU UCOOTIIAHTaH.

TaagKUKOT HATHKAJAPUHMHI WIMHMH Ba aMajMil axamMMsiTH. TaJKAKOT
HATWKAUTAPUHUHT WIMUK axamusaTd Kanu mapaxTuga CruH KHUAMaTiapd YEKCHU3
OYnraH CTATUCTUK MEXAHMKAHWHT Typiu MoJeiuiapu yuyH ['mO0c ymuoBiapu Ba
acoCcui XOJIaTJIapHU TOMNHUII OpPKajld TEPMOAMHAMHUK XOCCAJIAPHHU YpraHuja
KYJUTAHUJTUIITYM MyMKUHJIUTH OWJIaH U30XJIaHA TN,

TagKUKOT HATHKATAPUHUHT aMaiuil axaMusiTH (PU3UK cUcTeMasap XOJAaTHHUHT
VY3rapuiiy TaAKUK KWIMHTAHJIUTH XaMmJa XapopaTHUHr (¢aza aaMalldulliHUA
Ta@bMHUHJIOBYM KPUTUK KUUMATIIApY aHUKJIAHTaHIUTH OWJIaH U30XJIaHAIH.

TagKMKOT HATWKAJTAPUHUHI KOpUM KuaumHuimM. CruH KukdMaTiapu
TYIJIaMU 4eKCU3 OYyJraH maHkapaiau cuctemanap yuyH ['mb0c ymuoBnapu Oyiinua
OJIMHTaH HAaTWXajap acoCcuaa:

CnuH KudMatiapu TYIUIAaMA CaHOKCH3 OynraH wMoxemnap yuyH ['u60c
V4JoBIIapuiaH EOT-®TEX-2018-154 pakaMJii TpaHT JIOMUXacuaa CTaTHUCTUK
MEXaHWKAHUHT alpuM KJIACCUK MOJACIIAPUHUHT yMyMJIAIIMacu OYiraH mojesuiap
y4yH TpaHCIALMOH-UHBapuaHT [uOOC ynuoBmapum TymuiaMuHu TacHU(IamIa
doitnananniran  (V36exncton Pecny6immkacn Onmii Ba ypra Maxcyc TabIuM
BasupauruauHr 2019 #un 2 Hosopaaru Ne 89-03-4233-coHn MablyMOTHOMACH).
Nnmuil HaTHXKaHUHT KYJUTAHWIAIIN HOYU3UKIIM UHTETPAT OIIepaTopiap Ha3apuscuaa
ydypaiuran aipuM HOYM3UKJIM HHTETpaj oIepaTopiiap CHEKTPJIApUHU TaXJIWi
KWINIII UIMKOHUHU OepraH;

CnuH KuiiMatiap TYIIaMu CAaHOKJIM OYITraH MOJE/UIApHUHT aCOCHM XOJaTiapu
Ba ['n66c¢ ymuoBnapugan FRGS-14-116-0357 pakamiu XOpHKUN TpaHT JoMuXacuaa

naHxapajiyd cucTeMaliapa CIUH KUWMaTiapu 4eKkcu3 OYJraH MoJeulapHUHT (asza
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anMamunuiapuay - tonumaa  govpananwiran  (Manaizus  Xankapo  Mcmom
yHuBepcuTeTuHUHr 2019 #wmn 16 aBryctaarm mabiayMoTHoMacH). Mnmwii
HATWKAHUHT KYJUTAHWIUIHA (PU3MKa Ba OMOJIOTHsI A TaH)Xapajdud CUCTEMaJapHUHT
TEPMOJIMHAMUK XOCCaJapUHY YPTaHUIIl UMKOHUHH O€pTraH;

[Mamxkapanu cucreManapja CIOHH KUHMAaTIapu CAHOKIM Ba CAHOKCH3 OYnraH
Moje/ulap ydyH Tomwiran ['mOOC Yym4yoBnmapu TYMIaMHUAaH XOPWXKUN HWIMHIMA
KypHaiutapaaru Makodanapaa (Positivity, 2016; Stochastic Processes and their
Applications, 2017; Theoretical and Mathematical Physics, 2017; YkpauHckuii
MaTeMaTudyeckuid )KypHai, 2020) KOHTUHYYM CIIMH KUUMATIN MOJeIIapHUHT [ n60¢
yndoBiapuHu TaBcudamaa dhongananuiarad. Mnmuit HaTHKaHUHT KYJTAHATUIITN
Kapana€TraH (QU3MK CHUCTEMaJapHUHT TEPMOJAMHAMUKACUHM TaXJIWI KUJIHUII
UMKOHUHU Oepras.

TagKuKOT HATHKAJTAPUHMHT anpodanusicu. Maskyp TaIKUKOT HaTWKallapu
6 Ta XxaiKapo Ba 9 Ta pecnyOiiMKa WIMHUH-aMaInil aHmXKyMaHJIapuaa MyXoKamaaaH
YTKa3WITaH.

TagKuKOT HATHKAJAPUHMHI JbJOH KWIMHTAHJIMIUA. TagKUKOT MaB3yCH
6yitraa xamu 29 Ta MWIMHMI UII YOII STHIITAH, ITyJIapaaH, Y30ekucTon PeciyGnuikacu
Onuit ATTectanusi KOMUCCUSICUHUHT (paH JOKTOPH JUCCEpTAIUSIapU aCOCUI MIMHUI
HaTIWKAJIApUHA YOI ATUII TaBCHUS JTWITaH WIMHN Hampaapaa 14 Ta makoia,
xymtanad, 10 Tacu xoprokuii Ba 4 Tacu pecimyOirKa KypHauTapyaa Hallp dTHITaH.

JuccepTanMsiHUHT TY3WJIHINM Ba XaxMmu. J(uccepranus kupuii, TYpT 000,
XyJloca Ba (QoimanaHuiaran aaabuérinap pyHUxaTUAaH TalIKWI — TOITaH.
JluccepralstHUHT XakMU 155 GeTHM TalIKuI 3TraH.
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JTUCCEPTALIMSIHUHT ACOCHUI1 MASMYHH

Kupum xucmuga auccepranuisi MaB3yCHMHUHT J0J3apOJiIMTH Ba 3apypaTu
acocJjaHraH, TaIKUKOTHUHT  pecnyOiuka dban  Ba  TEXHOJIOTHSUIAPU
PUBOXJIAHUIIIMHUHT YCTYBOP MyHalIuWILIapyura Mociuru Kypcaruirad. LIlyHuHr ek,
Oy KuCMJIa JUCCepTalps MaB3ycHu OyWHYa XOPMXKUN WIMHM-TaJIKUKOTIAp IMapXH,
MYaMMOHHHT YPraHWITAHJIUK Japa)xacu KEJITHUPWITaH, TAAKUKOTHUHI MakKCalu,
Bazu(anapu, 0ObEKTH Ba IPEAMETH TaBCU(IaHTaH, TAAKUKOTHUHT WIMHK STHTUJIUTH
Ba aMalluii HaTwkanapu Oa€H KWUJIMHTAaH, OJMHTAaH HaTWKAJApHUHT Ha3zapuil Ba
amManuil axaMusaTi ouub OepuiiraH, TaJKUKOT HATHXKAJAPUHUHT KOPUN KUITUHUILIY,
Halp OTWITaH WIDIAp Ba JUCCEpTAlMs TY3WIMIIM OViuya MabiIymoTiaap
KEJITUPUJITAH.

HMucceprauustHunr «Ilanxkapaga anukiaanrad I'm60c ya4oBiaapu Ba YHHHT
TaTOMKJIapu» 1e0 HOMJIaHYBUYM OMpUHYM O00MIa acOCU HATHKAJIAPHU OJIMIIAA
3apyp OYJraH MyXxuMm TyllIyHYajaap, CIIMH KUMaTiIap TYIJIaMU CAaHOKJIM Ba CAaHOKCH3
OyJsran Mojeap yuyH aHuKJIaHraH ['u00c yimuoBnapu xaMm/ia yJIapHUHT TaTOUKJIapy
Oarapcun 6a€H »twirad. llynunraek, uxtuépuit Taprubnu Komm napaxtunpa XY
MOJIETIH YUyH XapOpaTHUHT (ha3a aIMAaIlIUIINHA TAbMUHJIOBYN KPUTUK KHUHMaTIapH
aHWKJIaHTaH.

Xap Oup yunaas k + 1 ta Kuppa YMKyBYH IUKIHK OyIMarad yekcus rpagra k-
taptu6im Ko napaxtu ne6 atamagu say 3¢ = (V, L), k > 1 xabu 6enrunanagu. by

epma V — yumap tymiamu, L 3ca kuppangap tymmamu. Arap X Ba Yy yunap [ € L
KUPpPaHUHI  y4Jiap Oynca  9Hr  SKUH  KYIIHWJIAp JNEUHUIIAIA Ba
[ =<x,y> kabu Oenrunanagu. Komu napaxtuga x,y €V yumap opacuaaru
d(x,y) macoda ymody dhopmysia opKaau aHUKIaHa Il

d(x,y) = min{d|3x = xy, X1, ..., Xg_1,Xg =V EV, < Xg, X1 >, 0o, < Xg_1,Xg >}

DuKCHUpIIaHTaH x%ev Y4yH Kyhujaruda Oejruianuiap KupuTaMus:
W, = {x eV | d(x, xo): n}, V, = {x eV | d(x, xo)s n},
L, ={l=<x,y>elL|x,yeV,}

Ba S(x)={yeW,,,:d(x,y) =1}, x € W, Tymaam OugaH X HHHT TYFpHU
aBJIOJJIapy TYIUIAMHU JNCHIIAIN.

G, OwiaH WKKMHYK TapTHOIM k + 1 Ta UUKIMK TPyNMaJapHUHT SPKHUH
KYTIaiTMAaCHHA Ba Qq,Qy,...,Ak41 Jap OWiaH ymlOy TpYIITaHWHT SCOBYHMJIAPUHU
OenTuIaliIvK.

H.Fanuxomxaes Ba SJ/.POBI/IKOBHI/IHF WIMHUN UIJIapuaa 3X. Konn JIAPAXTUHUHT
ywiapu Tymiamu V' xampma G, TpyNmaHUHT AJIEMEHTIIapU ypTacuaa y3apo oup
KUMMAaTIIM MOCJIMK YpHATUITaH Ba Oy TpyNIaHUHT X0ccallapy YpraHuIraH.

Avitaiimuk,® C R tymiam Oepwiran 6yncud. Kanu napaxtununr V — yunapu
TYIJIaMUHUHT Oupop Oym OynmaraH A KUCM TYIUIaMUJa aHUKJIAHTaH g4: A — @
akcmantupuimra A Tymimamgarn cnuH - KuiiMatiaapu @ tymiampad  OynraH
kongueypayua aeivnanu. Oparna Oepwiral COUH KUMaTiIap TYIJIAaMU MabllyM
Oynranu y4yH myH4aku, A Tyminamaaru koHdurypaimusa nevunnanud. A tymiamaa
aHMKJIaHTaH 6apya KOH(uUrypauusiaap Tymiamuau ), = ®4 Ounan Genrmnaiivus.
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yuunraex, o opkanu V tymiamaaru (XEV +— o(X)EP) konburypanusau Ba y3
HapbaTua V TYIamMaa aHMKIaHraH O0apdya KoHQUrypamusiap Tymiamuau (Q: = dV
Owan Genrunanmus.

® = [0,2m) yuyH () Tynmamaa Kyiugara XaMIITOHHAHHA KapaiMus3:

H(o)=-J > cos(a(x)-o(y))-h> cos(a(x)) (1)

<X,y>eL xeV

oy epma/ € R\ {0}.
HMxtuépuii n=1,2,... Harypalm coH ydyH, (), Tymiamaa Kyhduaaruda
n

annkmanras 4" SXTHMOIIIHK YIIYOBUHU KapanMu3:

1(,) :znlexp[—m(an)g;ha(x),x} @

Oy epna f = % Ba T > 0 tremmepartypa.
Arap uxtuépuii n >1 Ba o €8  ydyH ymOy
1

n—

[ 1o, V@), [d(@)) = 1" (o,,) (3)
y

n

TEHINIMK ypuHmM Oyica, y xomma 4" 5XTHMOJUIMK YIYOBJIApH KETMA-KETJIUTH
mysournawean neiiunanu. by epna 4, (d(w,)) = [ JA(dX) xamma A JleGer yruoBwu.
n XeW,

Teopema 1. (2) xypunuwoacu 1™ (c,),n=1,2,... sxmumortux yauoenapu
Kemma-kemma Kemaueu Mysopurnawean Oyauwu yuyn uxmuépuii X €V \{x"}
ONUHSAHOA XaAM KYUUOA2U MeH2IUK YPUHIU OVIuuU 3apyp 64 emapJi.

2

exp(J,Bcos(t —u)— hﬂcos(u))f (u,y)du
ft,x)= ] % (4)
=@ exp(IBcos(u) —hBcos(u))f (u, y)du

By epoa, f(t,x)=exp(h,—h,,),t€[0,27) 6a du=A(du) Jlebee yruosu.

Teopema 2. Aumaiiiuxk memnepamypa yuyH KYUuoacu meH2CU3IUK VPUHIU
OYICUH:

5 2k(J[+Ih]) (5)
0 1+ 1+ 4k?
2k

V xonoa (1) mooen sicona I'ub6c ynuosuea sea 6yraou.

HMucceprauustHuar  «Cnun  kuiimataapu  [0,1] Ttymiammaan Oyaran
Mojae/iap yuyH I'n66c yaruosaapu» ned HOMIaHYBYM MKKUHYHM OOOMIa KaMuja
uKKuTa naBpuii [ mO0C yaaoBnapura sra OyiaraH KOHTUHYYM CIIUH KUHMATIIH, KYTITHU
TabCUPJIA MOJCIIAP KypHUJITaH.

T
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UkkuHun GoOHMHr OupuHuM mnaparpadupa uxtuépuit Taptubmm ¥ Kamu
JapaxTuja aHWKJIaHTaH MOJIeNl YYyH TpaHCIAIUOH-WHBapuaHT [mO0Oc ymdoBmapu
SATOHA YMACJIUTUHU aHUKJIOBYM KPUTHK KHMATIIap TOIUJITaH.

@ = [0,1] yuyH £y TYIIIaMaa Kydugarn XaMmmITOHHaHHN KapaniMu3:

H(©)=-3 2. & oot (6)
(x,y)eL
6y epma J € R\ {0} Ba &:(u,v)€[0,1]*> > ¢&,, € R uyerapanauran, JleGer
MabHOCH 1A YTIOBIH (HYHKIIHS.
Vixtuépuii k e N yuyn C*[0,1] = {f €C[0,1]: f (X) >0} cundna H, wnurerpan
omnepaTop ymoy KYypuHHUIIIA OYIJICHH:

(ka)(t):}K(t,u)fk(u)du, keN. (7
0

H, omepatopra k-tapTuban XamMmepIITeiiH HHTErpaji oNepaTopu JAeruianu.

Tabkumaam sxousku, arap K>2 06¥ymnca, y xomama k-taprubiu Xammepiiureitn
MHTErpajl ONepaTopyu HOYU3UKIINA onepaTop Oyiaau.

¥ .Po3ukos, }0.2mko6mnos Ba ®.XaiiapoBIapHIHT HILIAPHAAH MAbIyMKH,
(6) Mozen yuyH TpaHCISLIMOH-UHBApUAHT [ 'nOOC yuoBnap TymiuaMu XaMMepITenH
UHTErpaj ONepaTOPUHUHT Ky3FaliMac HyKTajgapu opkanu udonananaau. Avau, Komu
Japaxtuja aHukiaHrad (6) momen yuyH [ubOc ymuoBnmapu ymi0y HWHTErpant
TEHTJIAMAHUHT 4YUMIIapy OpKaiu udoanaHaim:

}K(t,u)f(u,y)du
ft,x)= JT 2 : (8)

yes ) [K(0,u) f (u, y)du
0

oy epma, K(t,u)=exp(JB&,). f(t,x)>0, xeV,t€[01] nomabnym ¢dyukuus Ba
du=A(du) Jle6er ymuoBu.

Aviraiinuk, K>2 6yiacun. Arap (6) moxenmaru & (ofy) byHKIUS KyHugaru

KypuHHUIaa 0yica
£, =5,(0.5)= % I [1+ o 2n+\!/4(t —%j(u —%n tuefo,d (9

Oy epma 0<6<1, y xonga k-taptubau XamMMEpIITEHH OMEPATOPUHUHT SIIPOCH

Kyhugaruda 0ymaau:
K(t,u)=1+ 92n+</4(t—%)(u —%j (10)

Kylingarnya 6enruianuiapHd KUpUTaMU3:
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K| k, arap k xydr, K| k, arapk Tok
= Ba =
even |k —1, arap k Tok odd 'k —1, arap K xydr.

Vi:(x,y) € R? > (Cy,C,) € R? onepaTop Kyiingarnia aHUKJIaHCHH:

K NE
Z ( jzn—“q_.zznﬂxk—l (6y)
=02, Kl _,. 1 )2n+1+1
Y92 K) 2ns1 o | (12)
> [0 st
=13,k I )2n+2+1

Tacnuxk 3. bepuncan @eC[01] @yurxyus k-mapmubnu Xammepwmerin
uUHmMezpan ONnepamopuHuHe Ky3eaimac HYKmacu Oyauwu YyyH YHUHe Kyuuoaeu
KYpUHUwoa oyiumu 3apyp 6a emapJiu:

P(D) = C, -+ C0mni 4t~ %),

6y epoa (Cy, Cy) € R? ocypmaux (11) xyppunuwoazu V\ » onepamopnune Kyseaimac

HYKMAanapu.

Teopema 4. Hxmuépuii n € Z, 6a K=2 yuyn 6, =% ypunau o6yaca, y
n+

xon0a (8) moden yuyn Kytiuoazu macoukiap ypuHi.:
(i) 00 <6, yonoa mpanciayuon-uneapuanm I'uboc ynuosu s2oua,
(i) 6. <0 <1 xon0a mpancaayuon-unsapuarnm I uboc yruosiapu yuma.
WNkxuHyn OOOHMHT WMKKWHYM Maparpaduaa WKKWHYU Ba YYUHYU TapTUOIU
Konmu pmapaxtuja aHWKIaHTaH MojeN ydyH (aza aJMaluinniapyd KypCcaTHITaH.
Xycycan, k=3 Ban=16yaranma Vs : (x,y) € R* - (x',y") € R? oneparop ymoy
KYpHUHUIITA dra OYiaau:

X'= x+§9—2 2
3[
9 , 6933 (12
@(
Y= y7f

5
Tacauk 5. a) Aeap 0<0 < 9 oynca, y xonoa 3-mapmubau Xammepuimiien
onepamopu s120Ha Mycoam Ky3eaimac HyKmaed 32a,
5
0) Aeap 9 <0<1 6ynca, y xonoa 3-mapmubiu Xammepwmiien onepamopu paxam

yuma mycoam Ky3eaimac Hykmaza 22d.
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Arap 0<6 Sg Oyica, 5-tracaukka Kypa Hs ormeparop siroHa gp(t): o) =1

5
Ky3FalMac HyKrara sra Oymamu. Arap 9 < 0 <1 6¥aca, y Xxonaa xonaa Oy omepaTop

Kyhuara MycOar Ky3rajMac HyKrajapra ara 0yiaau:

o () =1, coz(t)=><1++y1+93,/4(t—%) ¢z(t)=xl++y1‘93,/4(t—%)-

Teopema 6. Yuunuu mapmubau Koau oapaxmuoa anuxnianean (6) mooen yuym
Kyuuoazu macouxiap YypuHiu.

3) . .
a) aeap 0£t9£§ MEH2CU3TUK VPUHIU OyrIca, y Xon0a MpPaHCAAYUOH-
uneapuanm I'ub66c¢ ynuosu seoua,
5 . .
0) aeap §<9<1 MEH2CU3TUK YPUHAU Oyaca, y X010a MpPAHCAAYUOH-

uneapuanm I'u66c ynuosrapu yuma.

WkxkuHyn OOOHMHr yuuHUM mnaparpaduga uxtuépuii Taptubmu Komu
JapaxTh/la aHUKJIaHTaH MOJEN yuyH (asza aJMaluiriapyd KypcaTtwiradH. SbHH,
k>2, n=1 yuyn V. ;: (x,y) € R* > (x',¥') € R* oneparop ymly KypuHHILIIra 3ra
Oynanu:

K> 2 xydt taptudmm Kamun k >3 tok taptubam Kanun
JapaxTiapuaa JapaxTiapuia
otz a) e N0
x=3 > x=3 >
Vk (X, y) — |:0,2 ----- k Vk (X, y) — |:1,3 ..... k
k - _
y=3 X (I jx' (2eyf B (1) y=3 3 mx' 2y ) ' 1 0)
1=1,3,.,k-1 1=0,2,..k-1\l

S5 _. .
Tacauk 7. a) Aeap 0<0< x oynca, y xonoa k-mapmubau Xammepuwimeuin
UHmMe2pan onepamopu s2oHa Mycoam Ky3eaimac HyKkmaea 32d;
5 . .
0) Aeap x <0<l o6ynca, y xonoa k-mapmubnu Xammepwmevn unmezpan

onepamopu gaxam yuma mycobam Ky3eaimac HyKmaaa 22q.

Arap OS@S% Oynca, 7-tacoukka kypa Hy omepaTtop siroHa Ky3raimac

@(t)= @ (t) =1 Bykrara sra 6ymagm. Arap % <@ <1 6¥ynca, y xonma Oy onepartop

Kydugara MmycOat Ky3raamac HyKTajgapra 3ra 0yiaau:

1 1
o (1) =1, 9o (t)=Xo + Y3 4(t _Ej’ 92 (t)=Xo — Y003 4@ —Ej :

15



Teopema 8. k-mapmubiu Koau oapaxmuoa anuxianean (6) mooen yuyH
KYUuoazunap YypuHiu:

5
a) azcap 0<0< x MeHeCU3IUK oaxcapuica, y X0104 MpPaHCIAYUOH-
unsapuanm ['uboc ynuosu seouna;

0) aeap 3%<(9<1 meHeCusIuK oaxcapuica, y Xoa0a MmMpaHCIAYUOH-

unsapuanm I 'ubo¢c ynuoenapu yuma.
WNxxkuHun OO0OHMHT TYypTuHuM naparpaduga 2-taptubnu Konum mapaxtuna
aHWKJIaHraH Mojen yuyH ¢asza anMmammnuiapu kypcatwirad. dwsau, K=2, n>1

oyarannaV, ,: (x,¥) € R* - (x',y") € R? oneparop ymby KypuHuLIra ora 6yiaim:

x=x2 + 2N angggeye

2n+3
y'=2. 2n+19-x
2n+3
2n+3 .
Tacaux 9. a) Aeap 0<OL<——— Oyaca, y xonda 2-mapmubau
2(2n+1)
Xammepuimerin unmezspan onepamopu 120Ha Mycoam Ky32aimac HyKkmaza 32d;
2n+3
0) Aeap m <0<l 6ynca, y xonoa 2-mapmubiu Xammepuwimeun unmezpa
+
onepamopu gaxam yuma mycoam Ky3eaimac HyKkmaaa 22q.
2n+3
Arap 0< 0 <———— Vpunnum 6yica, y xonaa 9-tacnukka kypa H, omneparop
2(2n+1)
. . 2n+3 .
STOHA Ky3Fajamac gp(t) = ¢ (t) =1 nykTara sra 6ymaau. Arap m <60<1 6¥ynca,

y Xonaa Oy ornepaTop Kyinaara Mycoat Ky3raaMmac HyKTajnapra sra Oynanu: ¢, (t) =1

Ba
o )= 2N*+3 1+\/2(2”+1)'9_(2”+3)-2n+12(t—1j |
2(2n+1)-6 2n+1 2

o) 2N*3 1_\/2(2n+1).9—(2n+3)_2n+§/2(t_;n
8 2(2n+1)-6 2n+1 2

Teopema 10. Yuunyu mapmubau Ksnu oapaxmuda anuxnanear (6) mooen yuyH
KYUuoasuiap ypuHiu:
2n+3

a) acap 0<0<———— menecusnux badxcapuica, y xo10a mMpaHCIAYUOH-

2(2n +1)

uneapuanm I'ub6¢ ynuosu s2oua,;
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2n+3

b) acap ——— <O0<1 ypunnu 6ynca, y xo10a mpancisiyuon-uHeapuanm

2(2n+1)

Tubbc ynuosnapu yuma.

HucceptauussHuHr «CHUH KHAMATJIAPA CAHOKCHU3 TYIUIAaMHMAAH OyJraH
MoJieJIap YYYH TPaHCJASHUOH-MHBApPUAHT Oyamaran I'm060c yiadoBaapu» ned
HOMJIAaHYBYH YYWHYM OoOuja Mabiaym ['m0G0c ymyomnapu €paamumaa sHru ['no6c
YIIHOBJIAPUHUHT KOHTUHYYM TYIUIaMJIApU KypPHJITaH.

Yyunuu 600HUHT OMpUHYM Naparpaduaa 3apypuil Tabpudaap Oepuirad xama
mabsiym I'n66c ymuosaapugan ART (H.Akin, U.Rozikov, S.Temir) koHCTpyKIHsICH
épnamuia sHru ['M00C YIYOBIAPUHUHT KOHTUHYYM TYTUIaMIIapH XOCUJ KUJIHMHTaH.

W3uar momemn yuyH Ko  tapteOmm Koamm mapaxtupmarm Mabiaym ['m6oc
VigoBmapuaan Qoiganannd k>ko  taptmbiam Koam gapaxtmnma stHrm ['u60c
YIMOBNAPUHM KypUII KOHCTPYKUusAcH nactinab, X.AxkuH, VY.Po3ukoB Ba
C.TeMupiapHUHT WIMHI HIILIapUaa OEpUIIraH.

Uxtnépuit taptubnu Komu papaxtupa (6) mozen yuyH Oapua ['ubOc
YymaoBnapu Tymamuan G, (H) Omman GenrunaitmMus.

Teopma 11. Hxmuépuu K,k €{2,3,...}, K>k, connap 6epuncan 6yncun. Aeap
‘GKO(H)‘ZZ oynuob, K(t,u) yuyn

}(K(t, u)-K(@O,u)du=0, Vvte[0]], (13)
0

ypunnu 6ynca, y xonoa uxmuéputi p1€ G (H) yuyn v = V(,u) e G, (H) lub6c ynuosu

MaBIHCYO.
Mucoa. Aiitaiinuk, K =2 Ba (6) mogennaru &, GyHKIMs ymoOy KypUHHUIIIA

OYJICHH:
1 1 1
éu:ﬂ—\]ln(l+9i/4(t—§)(u—§)), t,u E[O,l]

VY xonaa XammepiTeiiH HHTErpall ONIEPaTOPUHUHT SAPOCH Kyhuaaruia Oyimaau:

1 1
K(t,u) =1+¢9.i/4(t —Ej(u _Ej’ t,u[0,1].

JlvccepTalusiHUHT MKKAHYA 000uma Oepwiran monaena yuyH (13) TeHrmk
Vpunim Oynranmaa kamuaa yuta ['m60c YaoBiapu MaBKyIJIMTH KYpCaTUIITaH.

Yuyunun OOOHMHT WMKKMHUM Tmaparpadpuma wmabiym [ubOOC YrmuoBmapuman

doitmanann6, brnexep-FanuxomxkaeB (Bleher-Ganikhodjaev) koncTpykuuscu
€pnamuna ssHru ['MO0C YIYOBIAPUHUHT KOHTUHYYM TYTUIAMUA XOCHJT KHJIMHTaH.

S3* Konu mapaxtasu SS Ba S'l‘ KaOW MKKHUTA JlapaxTra axpartud onamus. bus

Sg SIPUM JIapaxTHY Kapaiitvus Ba V ° GHIIaH YHUHT yuIapy TYIUTAMUHI OeIrHnaiMus3.
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Ymby kypuHumiga h(t,x):ln f(t,X) Oenrunam KUpUTUO (8) TEHIJIMKHU
Kyhugarnda nudoaanaimms:

1
[K(t,u)e"Ydu
h(t,x)= > In? (14)
yeS (%) jK(O,u)eh(”'y)du
0

Y xonma (14) ra xypa (8) ¢opmyna OunaH aHUKJTAHTAH Yy3IYKCU3 (YHKIIHS
KyWAUJard YU3UKCHU3 HHTETPAN OTIepaTop opKaiu udoaaraHaIu:

1
[K(t,u)e"du

Af (t)=In2
[K(0,u)e"du

, (15)

oy epaa K(t,u)>0.
12-ITAPT. ®apa3 KuIaiauk [0,1]2 tymmamaa K(t,u) >0 ysnykcus 6ymu0,
myHIal @ = oy € [O,l) MaBxKyJl OVJIICUHKH, KyHUJaru TeHICU3IIMK Oa)KapHJICHH:

Af(t)- Ag(t)<a|f(t)-g(t), Vf,geC[0]], vte[0]]

13-ITAPT. ®apas kunaiinuk, (14) TeHrmaMaHUuHT HKKATA h(t, X) = h(t) S C[O,l]
Ba h(t, X)E 77('[) € C[0,1] rpancnsumoH-MHBApUAHT €YUMIIAPU MaBKY [ OYJICUH.

HN3o0x. Arap 12-IIIAPT OGaxapuinca, y xonga 13-IHIAPT daxkar %Sa<1

OynrangaruHa Oakapuiaim.
bus h(t) Ba 7(t) mam ¢oimananu6 (15) OmepaTOPHUHI SHIM CAHOKCU3TA

CUYMMIIAPUHH TOTIAMU3.

Aiitaitmik, 7 ={x° =X, < X <...} gekcus ityn 6yncun (ymoby X <Yy Genrumam
Ouman y ra X opkaau OopyBunm UymHH wudomanaiimmuz). By #ynra wmoc
h* ={h" :x eV®, t[01]} cormap TymnaMuEYN aHUKIAHMUS:

h(t), if x<x,, xeW,,
h =<n(t), if X, <x, xeW,, (16)
hy, I X=X,

n=1,2,.... 0y epma X <X, (Moc paBuImaa X, < X) MabHOCH X HYKTa 7 HYJIHUHT Yarl

(Moc paBuIIa YHT) TOMOHHUAA TYPTaHIUTHHY aHTJIATaIH.
Teopema 14. Aeap 12-1IIIAPT ea 13-1lIAPTnap ypuwuau 6Oynca, y xonoa

uxmuéputi wexcus v uyn yuyn (14) éa (16) nu kanoamnanmupysuu seona N ={h"}

COHILAP MYNAAMU MABIHCYO OYIAOU.
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Teopema 15. Aeap 12-IIIAPT ea 13-1lIAPTnap ypuwuau 6Oynca, y xonoa
uxmuéputi v € [0,1] yuyn wynoau v, mpanciayuon-unsapuanm 6yaimazan Iuboc
yauosu maeoicyo. lllynuneoex, v + | yuyn v, # v; ypuriu.

YuyuHur OOOHMHT yuuHUM maparpaduma wmabiym [u0O0c YrnyoBmapuaaH
¢orinanannb, 3axapu (Zachary) koHcTpykuuscu Oyimda sHrm  ['m0OC
VIYOBIAPUHUHT KOHTUHYYM TYTIJIaMJIapy KypHJITaH.

16-IITAPT. ®apa3 xunaitnuk, 6epuaran K(t,u) >0 yuyn (15) kypunumigaru
orepaTop TeCKapuiIaHyBUYU OVIICHH.

(14) nan kyiingarura sra 6ynamu3

h™"(t) <h(t,x) <h™(t), VxeV, (17)
Oy epna
min K (t,u) max K(t,u)
h™ () =kin S Xy =kin S
max K(0,u) min K(O,u)
uef0,1] uef0,1]

buz 13-LIAPT Ba 16-1lIAPTnap acocuna (14) ¢yHKIMOHAN TeHTIaMaHH
KAHOATJIAHTYPyBYM KOHTUHYYMTA TYpJIH h{’gx (yHKIMSIIApHU Kypa ojamu3, 0y epaa

f(t) KyHugarnya aHuKJIaHa Iy
h™"(t) < £(t)<h™(t), Vte[0A]. (18)

Teopema 17. Aumaiinux, 13-1IIAPT 6a 16-1IIAPThap ypuniu 6yacun. ¥ xonoa
(17) wapmnu kanoamaanmupysyu uxmuépuii & yuym w® Tubbe ynuosu masicyo.
Llynuneoex, acap &#mn o0ynca, ynapea moc 1'uboc ynuoenapu xam mypiu, sbHU

IR
Yyunun 600HUHT TYpTUHYM maparpaduaa Konu napaxtuna cniviH KuiiMaTiiapu

canoku Oyiran SOS (Solid on Solid) moxgenu yayn rpagueHt ['nd0c ymdoBnapu
TOTIVJITaH.

@ = Z 6ynran SOS MojenHu KapaiMus.

SOS MoaenuHUHT XaMUJITOHUAHU YIIOY KYPUHUIIIA aHUKJIaHA U

Hie) == > lo(X)-o(y)l, (19)
(x.y)eL

Oy epna ] € R y3rapmac coH.

K.Kyncke, A.Jluneii, ®.XeHHUHTI Ba §7.P03HKOBnapHHHr umuaa Oy
MOJICIHUHT AaBpHil TpaaueHT ['n60c ymuoBmapu TabpudiaHTaH Ba yJIapHU KypHII
Macajaacu KyWuaard 4eKCu3Ta HOMabIyMJId HOUM3HUKIIN TeHIJIaMallap CUCTEMACHHU

CUHIITIa KCIITUPHUIITaH:
k

() o + Zgli—jlzj
_ vl i€z,
STV 1300z, | )

jeZO
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oy epna z; = exp(h;), i € Z.
U, >0yuyH U, = Uok\/z oynca, y xouaa (20) TEHITIMKHY KyHuaaru

w = C(XH0ul; +uf + 375 607ufy;), i€l (21)

KYpUHHUIIA KaiiTa €310 onamMus.
Tacauk 18. Yoy u=(u.,i€Z), u,=1 sexmop (21) nune euumu 6ynuwiu

yuyn U, (= '§/Z ) sexmop

gk = Ui Uiy — 74,

| ez, (22)
u,+u —7

MEH2TUKHU KAHOAMAAHMUPUWY 3apyp 6a emapiu, 6y epoa T=6"+6.

Ymby TacaukaaH KyHuaaru TeHIJIMKKA ora 0yiamus
0-0"

1+l +r,=———.
u,+u —r7

(23)

(22) Tenrmamanmap cucTeMacd KyWHIard HKKUTa Yy3apo OOFIMK OYamaraH
PEKYPPEHT TEHIJIaMallapra a>kpajiajiu:

Uy = (U +u — Ul +au —u,, (24)

U, = (U +U, _T)u:( +7U; — Uy, (25)

Oy epna i>1, u, =1 Ba U, U,- Oupop OoNLTAHFUY KHAMATIIap.
Hlynunraexk, arap (25) TeHrmaMaHuHr eduMu U, Oyiica, y Xxonaa U_, conu (24)

TCHIJIaMaHUHT eunMu Oynaau. Jlemak, dakat (25) TeHrIaMaHu Kapai eTapiiu.
(22) TeHrIIaMaHWHT AaBpUi eUMMITAPUHU Kapaiuk. SIpHu, (22) TeHTIaMaHuHT
eurMIIapy KyHuJaru KypuHuiga OyicHH:
1, aeap n=2m,
u,=<a, aeap n=4m-1, meZ, (26)

b, aeap n=4m+1,

Oy epma a Ba b Oupop mycOar commap. YOy xonga (25) TeHrimama KyWumard
TEHIJIaMajiap CHCTEMacHura TeHT Kywin OYiaau:

(@a+b-7)b“+b-2=0 27)
(a+b-7r)a“+m-2=0.

(27) TeHrmamanmap CHUCTEMAaCHHUHI MycOaT CYUMIIAPUHH TOIHMII OPKAIU
KyHuaaru TeopemMa ucOOTIaH/Iu.
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Teopema 19. Aiimaiinux, K>2 6a a=b oyacun. ¥ xonoa wynoaii . >0 conu
monunaouxu, K-peaynap dapaxmoa anuxnanean T =2C0Sh(S) napamempnu SOS-

mooenu (19) yuyn xytiuoacu mynocabamuap ypuniu 6yaaou.:
1. Aeap t <t menecuznux ypunau o6yiaca, y xonoa (26) Kypunuwoaeu euumea

Moc Kenysuu sieona 3-0asputl epaouenm [ uboc ynuosu magicyo,
2. Aeap t =1, menenux ypunau oyica, y xon0a (26) kypunuwioazu equmaa moc

Kenysuu 3-0aspuil auHan ukkuma epaouenm I uboc ynuosiapu masicyo,
3. Aeap t> 1, menecusaux ypunau oyica, y xoaoa avunawn yuma epaouenm I uooc

VAU0BIAPU MABIKCYO.

Teopema 20. Aumainuk, K>2 ea a#b 6yacun. Y xonoa k-pezynsp
oapaxmoa anuknanzan T =2C0Sh(B) napamempnru SOS-moderu yuyn xyiuuoazu
MYHOcabamnap YpuHiu:

1. Bepunean mycéam b conu yuyn Z'S% basicapunca, y xonoa (26)

Kypurumoazu edumea moc Keaysuu spaouenm 1 uboc yauoeu masxicyo amac,

2. Bepunean mycéam b conu yuyn T>%6a9fcapwzcaa, y xonoa (26)

KYPpUHUMOAz2u edumea Moc Keaysuu s2oHa spaouenm 1'uboc ynuoeu masicyo.

JluccepTanusHuHEr  «Y3apo Tabcupam IloTTe Mojeam YYyH acocHii
xoJ1aTjap» Ae6 HOMJIaHYBYHM TYPTUHYHM O00UIa CIIMH KUIIMATIapy CAaHOKJIM OYynraH
ITorTc MOAENM yUyH KyUCH3 JAaBPHUM aCOCHUM XOJIaTiap TOIUJITaH.

Typtunun OOOHMHT OupuHUM Tnaparpaduga 3apypuid TylIyHYauap Ba
naHXapajiyi cucTeMalap/ia aHUKJIaHTaH MoJIeJulap YUYH TOIWJITaH aCOCHUM XOoJaTiap
XaKuia MabIyMOTJIap OepuiraH.

TypTunun 606HUHT MKKUHYM Tlaparpaduna Ksnu napaxtuma y3apo TabCupiu,
CIUH KuiiMaTiapu caHokym Oynran Ilorrc momenu yuyH (pyHKIIMOHAN TEHIJama
TOTIVJITaH.

V3apo tabeupin IoTTe MoaemHIHT XaMHITOHUAHH KyHUIarnia aHHKIaHA I

H(0)=31 D, Sotxio(y) *92 D, Soxo(y), (28)

(X, ¥), X,YeV:
X, yeVv d(x,y)=2

Oy epra J1,/2 € R.

ANTalNNK, h:x — h, = (ho,x; h1 x» ) € R® XAKUKAMN KANMAaTIA
byHkuusap ketma-ketaurn Ba v ={v(i)>0,ie®} OUpPOp HXTUMOJUIUK YITYOBH
Oy JICUH.

Nxmu€pun n=1,2,... HaTypaJl COH YyuyH, (), Ja aHHUKJIAHraH "
n

AXTUMOJUIMK YITYOBUHM KyHuJarnda aHuKJIanMus:

:U(n)(an ) = Zr:l eXp(_ IBH (Gn ) + Z ha(x),x J HV(G(X))’ (29)

XeW, XeV,
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oy epna f = 1/T Ba T — temneparypa.

Teopema 21. (29) kypunuwoazu (o), N=1.2,... oxmumornux ynuosnapu
kemma-kemaueu myeopuxnawean 6y yuyn uxmuéputi X eV \{x’} oaunzanoa
xam Kyuuoacu

=R h,B3) i=123..,. (30)

MeH2NUK YPUuHau oyauwu 3apyp éa emapau. by epoa,

h :(hu —hy, +1In %)) hy, —hy, +1n %j

1+ Y exp|BI(5, +8q)+ I, B8, + s, +h. |
p.q=0
F.(hy,h;, 3,3) = In — 2190 |

1+ ZOeXp{ﬂJ (5ip + dq)+ 3156, + h;,y T h;z}
p.q=
p+g=0

TyptuHun OOOHUHT yuuWHUM Tnaparpaduaa uxTUEpuil TapTHOau Komu
napaxtuaa y3apo tabcupiim [1oTTc Moaenu ydyH acocuil XoaaT/iapy TOIMHIITaH.
®dapa3 kunaimuk M tymnam Kanm napaxtugaru 6apya OUpIMK mapiap ouaacu
oyncun. bepwiran o € (ly koHdurypauussHUHr b € M 1mapgaru KUCMH o,
yeeapananean KoHgueypayus ned atananu. b € M mapaa o, KOHQUTyparusTHUHT

OHCPIusACH KYfIHHaFan AHUKJIAHAIU.

1
U(oy)=U(oy,J) :531 > Op(xo(y) T I2 Zb Os(x)o(y) (31)
<X,y>, X,yeb:
X,yeb d(x,y)=2

6y epna/ = (J1,/;) € R%

Jlemma 22. Uxmuépuii k = 2 namypan con 6a J,J, € R connap bepuncan
oyncun. Kyuuoazsunap ypuHiu.

1) o, ueeapananean xongueypayus yuyn o,(c,)=i (6y epoa ¢, mykma b
wapnune mapkasu), |{x:o, (X) =1}=m, {x:o(X)=2}=n, |{x:0(X)=3}=I,

ypunnu 6yaca, y xonoa U (o) xytiuoazu kypunuwoa 6yiaou:

U (o) EUi,k(m,n,I,r,Jl,Jz) = %(51im+§2in+53il +05i1)d, + (32)

+(C2+C2+C2+CH)J,

oy epoam,n,,r €Z,, m+n+l+r=k+1.
2) Uxmuépuii oy, ueeapanianean KoHpueypayus yuyH Kyuuoacu ypuHiu:

U(op) € {Uj(mn, L, ], J))mnl,r €Z, m+n+1+r=k+1}.
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Yy 6enrunanuiapHi KHPUTAMU3.
F“) = F(”(a )={jeN, o, (c)=io0 (a_) =p} p=1,2,3,4;

QY ={o, :04(c,) =i,| EY |=m|EV |=n, | EV =13
Crg:,)n,l = U ”(Q(I)nl),

mesSy
oy epna 7z = (7(1), #(2), 7(3), z(4)) € S, Ba
7( Q) ={7ot o€ Q) 3 (70)(X) = (0 (X))

Teopema 23. Uxmuépuu Crﬂ,)n], cungh) ea oy € C,ﬂ,)m yeeapanamean
KoHueypayus yuyHn Oaepu 4 oOaw xamma OyimMazan WYyHOAU O0aspuil @
konghuzypayus masxcyoku b' e M sa ¢, = oy, yuyn ¢, € Cm o1 Oynaou.

Tabpud 24. Acap o xongueypayus yuyn uxmuépuii b € M wap onuneanoa
xam

U(op) = min{U;, (m,n,1,J1,J,):i =123, mnl€EZL,,
0O<m+n+l<k+1, Ji.]> € R}
YpuHu 6ynca, 6y kougueypayus XamuimoHUaHHUHe acoCuti Xoaamu 0euuiaou.

Ky#innaruda 6enrunant KupuTaMmus:

A, mnh)={J,J,):U, (mnlJ,J)<U. (m,n'l'J,J),

uxtuépui m',n’,l' € Z,}, i=1,2734.
GS(H) opkanu 6apya acocuii xoaTaap TYIUIAMUHU OeIruIaimMus.
Teopema 25. (i) Aeap J; = ], = 0 6yuca, y xonoa GS(H) = Q.
(i) Aeap (J1,J2) € Ay (m,n, 1) 6ynca, y xonoa GS(H) :{ﬂ(O'r(T:’)n’I)ZEES‘l}
6ynaou. By epoa oV, eQ, avnu beM,0<m+n+l<k+1,i=1,23,4 yuynu

m,n,|
1
(Gm n,l b € En)n | 6yﬂaau
TypTunyn 600HUHT TYpTUHYM Naparpaduna yaunuu Taptudau Kanu napaxtuaa
CIIMH KUWMATIIapyu CaHOKJIM OVira" y3apo pakoOariamryBuu IloTTc mMopenu yuyH

aCOCHUM XOJI1aTiIap TONWIITaH.

Adraitiuk G mHpexen  r=1  Gynran  kuem  rpymma  GyncuH.
Gk / G; = { Hl, H2,..., Hr} (haxTOp rpymnmaHyd KapanMus.

Tabpud 26. Aeap uxmuéputr xeH. yuyn o(X)=o0, ypunu 6yrca, o(X)
xongpuzypayusiea G, -0aspuii konguzypayus detinaou. G, -0aepuii Kongueypayus

9Ca MPAHCIAYUOH-UHBAPUAHM OCUUNAOU.
Tabpud 27. Acap uxmuépuii XeH; 6a X, e H; (X, nygkma X nygkmaoan

nacmoa mypean Hykmanu ugpoodanauou) yuyn o(X) =oy 6yaca, o (X) xongueypayus

G, -kyucu3z oaepuii deiiuraou.
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Vupnun taptubmu Koam mapaxTuja coMH KuiMaTiap TYIUIAMU CaHOKIIH
o6ynran [loTTc Moaenuuu KapaitMus.
Vxtuépnii o, yayn U (o) €{U,,U,,...,U,,} ymOy kypunumia ndonananaim:

U,=2J, +6J,, u2:231+332, U,=J,+23,, U4:%Jl+3J2,
U, =6, UG:%Jl, U, =33, U,=J,
1
U9=J1+J2, U10:§J1+J2, U11:2\]2a U12:0-

by Oenrunamutapmgan ¢oiimanannb, XaMUJITOHHMAHHWHT aCOCHH XOJATHHU
Kyiunarnya tabpudian MyMKHH.
Tavpud 28. Hxmuépuii beM yuyn U(¢,)=min{U,U,,...U,} 6yca, ¢

KoHuypayus XamuimoHuanHu1e acocutl Xouamu Oetuaiaou.

Kypum wmymkunku, arap o,€C,,i=12,..,12 06¥ynca, y xonma
Ci ={op :U(op) =Uj}BaU;(J) =U(op, ) ypurmm 6ynammy.

Nxtuépwmii 1 =1,2,...,12 yuyH ymoy

A :{J e R? :Ui :min{Ul(J),UZ(J),...,Ulz(J)}}

TYIuiamra sra Oyiamus.
Kyiinnarnua OeNruIanIapHu KHPUTAMU3 B=ANA, Bj=ANA,

B=ANA, B =ANA, Bi=ANA, A=A\(BUB) A=A\(BUB),
A=A\BUB)  A=A\B,UB)  A=A\(BUB) =
A, = A, \ (B3 UB,). GS(H) 6apua acocnit xonatmap, GS,(H) aca napwmit acocuit
X0JIaTJIap TYTUIAMH.

Teopema 29. Mxmuépuu Cj, 1=1,2,..,12 cung 6a oy €Ci uecaparanean
Koughueypayus yuyw,  wyHoaiu @ o0aeputi KoHgueypayus masxcyoxu (Kamu
oapaxmuoa), uxmuépuii ' e M 6a @y = o yuyn @y € Cy ypunnu 6ynaou.

Teopema 30. A. Azap J =(0,0) 6ynca, y xonoa GS(H) =Q.

B.1. deap J € '&1 oynca, y xonoa GS,(H) = {¢(i) ] eCD}.

2. Aeap J € 'E‘z 6yaca, y xonoa GS,(H) = {gogm) Imed, | = m}.
3. Aeap J € A 6ica, y xo10a GS,(H)= {gpé'm) l,med, | = m}.
4. Aeap J € Ay6ynca, y xonda GS,(H) :{(oé'm”@ I,mn,ped, |#p-m= n}.
5. Aeap J € Ay6iuca, y xoroa GS,(H)= {(pg(,lm) l,me®, | ;tm}.

6. Aeap J € ,3«12 oyaca, y xonoa GS,(H)= {Q{ZZ | eCD}.

C. 1. Aeap J € B\(0,0) 63ca, y yonoa GS,(H) = {¢(i),¢gm) i,I,med, | = m}.
2. Aeap J € B4\ (0,0) 6ynca, y yonoa GS,(H) = {¢(i), (M- il med, |« m}.
3. Aeap J € B \(0,0) 6yca, y yonda GS,(H) = {(pgm),gpé'm) L,Imed, | = m}.
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4. Aeap J € B, \(0,0) 6y1c, y xonoa

GSp(H):{¢élmnD,¢élm) Imn,ped, l=m=n= p}.

5. Aeap J € B4\ (0,0) 6ynca, y xonoa

GSp(H):{(pé'm”Q,gpl('z) Imn,ped, l#m=n= p}.

6. Aeap JelPy 6yrca, y xonoa ywby oaspuii  KOHQu2ypayusnap

p{m | gddmm s, dmn) - me) ol daspuii acocuii xonamnap éa ES™ kyucuz daspuii

KoHghueypayus sca  Kyucuz oOasputi acocuul xonam  Oyraou, 0y epoa
I,mn,ped, | zm=n=p.
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XYJO0CA

Jluccepranysi UIIM CIUH KUWMAaTIapu TYIUIAMH YEeKCU3 OYiraH mMaHXapaiu
cuctemMaiap yayH [ mO0c¢ yrqoBmapuHy TaaKUK dTHUIITA OaFUITUIaHTaH.

TaaKMKOTHUHT acOCU HaTWXalapy Kyhuaarmiapaad noopar:

1. Uxtuépuii Taptbau Konum gapaxtuma XY Mojen ydyH XapopaTHUHT (asza
aJIMalIMIIHY TAbMUHIIOBYM KPUTUK KUMMATH AaHUKJIAHTaH;

2. Uxtuépuit taptubau Konm napaxTuja aHWKJIAHTaH CIIMH KUHAMAaTiapu
TYIUIaMH CaHOKCHU3 OYiran Oup MoOeN y4yH IIyHJal KPUTHK XapopaT TOMUITaHKH
YHJIaH MacT xapopariapia aHUK yuTa TpaHCIAUUOH-UHBapuaHT ['uO0c ymyoBiapu
6opnuru ucbornanrad. Mkkuaum Ba yunnun taptuOiau Konu mapaxtuma 6y moxaen
YUYH TPaHCISUOH-UHBAapHAHT ['mOOC Ya4oBIapura Moc KeIyBYM €UYUMIIAPHUHT
KYPUHMIIH TOIHJITAH.

3. Kamupaa ukkuta naBpuii I'm66c ymdyoBnapura sra OyjiraH KOHTUHYYM CIHMH
KUIMATIIH, KYIIHU TabCUPIU MOJEIIap CUH(DH KypUIITaH.

4. CnuH KuiMaTiapu caHoKcu3 Tyruiam Oynran moxaemnap yuyH ART (Akin,
Rozikov, Temir), bnexep-Fanuxomxkae, 3axapu (Zachary) KoHCTpyKuUsIIapu
Oyiinua ssuru ['n66C YI40BIapUHUHT KOHTUHYYM TYTIIaMJIapy KypHUJTaH.

5. Konu mapaxtuaa canoxu criuH kuitmatin SOS (Solid on Solid) Mogenu yuyH
rpaauent ['u60c yIyoBnapy TOMMITaH.

6. Konm napaxtupma pakoOaTiallyBud y3apo TabCHUPIM, CIUH KUWMATIapH
caHoknu Oynran Ilorrc Momenu yuyH ['ubG6c YmyoBnapuHu uQOIATOBUH
dbyHKIMOHAN TeHramanap cucremacu tomwirad. lllynunrnex, Oy monen ydyH
Kyucu3 acocuit xosatiap (KoHbUrypamusiap) Kypuira.
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INTRODUCTION (abstract of DSc thesis)

Actuality and demand of the theme of dissertation. In the world, many
scientific and applied research are reduced to the study of models of statistical physics
and statistical mechanics. In statistical physics, it is important to find the fundamental
laws and distribution functions of macroscopic systems based on the probability
theory, to find the thermodynamic quantities that characterize the state of the system
and the relationships between them. The appearance of the distribution function of an
arbitrary system in a state of thermodynamic equilibrium was first determined by the
American scientist Gibbs. For the models which have infinitely many spin values in
lattice systems the constructing the Gibbs measures remains one of the important tasks
of physics, statistical mechanics, chemistry, biology, and information technology.

Nowadays in the world, it is important to define the set of all Gibbs measures
for lattice systems in which the set of spin values is infinite. The non-uniqueness of
the Gibbs measures related to a phase transition in the physical systems. Since the
properties of systems with an infinite set of spin values cannot be studied by classical
methods, to study Gibbs measures for such systems on Cayley trees one reduces the
problem to finding positive solutions of Hammerstein integral equations. In this
regard, the main problems are: to drive the basic integral equation corresponding to
a Hamiltonian with infinite set of spin values, to determine the critical values of
temperature that allow phase transitions and to determine the set of Gibbs measures.

In our country, much attention has been paid to develop important directions of
statistical mechanics and physics which have applications to the applied and
fundamental sciences. In particular, significant results have been achieved in
constructing periodic and non-periodic, real and p-adic Gibbs measures for classical
models defined in lattice systems with a finite set of spin values, and in solving
practical problems through measure theory. Investigations on the international level
in such important areas as the functional analysis, mathematical physics, theory of
probability and theory of dynamical systems considered as the main task of
fundamental research®. In order to ensure the implementation of the decision, it is
important to develop Gibbs measure theory for the models with infinitely many spin
values in lattice systems in order to use scientific results in related fields of sciences.

! Decree of Cabinet of Ministers of the Republic of Uzbekistan at the 2017 year 18 May « On measures on
the organization of activities of the first created scientific research institutions of the Academy of Sciences
of the Republic of Uzbekistan» Ne 292 dated May 17, 2017.
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The subject and object of research of this dissertation are in line with tasks
identified in the Decrees and Resolutions of the President of the Republic of
Uzbekistan of February 7, 2017, PF-4947 , ““On the strategy of action for the further
development of the Republic of Uzbekistan”, PQ-4387 dated July 9, 2019 “On state
support for the further development of mathematics education and science, as well as
measures to radically improve the activities of the Institute of Mathematics named
after V.I. Romanovsky of the Academy of Sciences of the Republic of Uzbekistan”,
PQ-4708 of May 7, 2020 “On measures to improve the quality of education and
research in the field of mathematics™ as well as in other regulations related to basic
sciences.

Connection of research to priority directions of development of science and
technologies of the Republic. This study was performed in accordance with the
priority areas of science and technology of Republic of Uzbekistan IV, “Mathematics,
Mechanics and Computer Science”.

Review of foreign research on the topic of the dissertation.? Research on the

theory of Gibbs measures of lattice systems has led research centers and universities
in leading foreign countries, including Indiana University (USA), Weierstrass
Research Institute in Berlin, Technical University of Berlin, University of Bonn and
Bochum Ruhr University (Germany), International Center for Theoretical Physics
and La Sapienza University of Rome (ltaly), University of Marseille and University
of Paris (France), University of Cambridge and University of Leeds (UK), University
of Melbourne (Australia), University of Sdo Paulo (Brazil), International Islamic
University of Malaysia (Malaysia), Jiangxi Pedagogical University and Peking
Pedagogical University (China).

The results of the scientific research of finding Gibbs measures of lattice
systems has solved a number of current problems, including the following scientific
results: Numerous models with non-unique Gibbs measures have been constructed
(Berlin Weierstrass Research Institute, Berlin Technical University (Germany)), fully
classified translational-invariant Gibbs measures for the ferromagnetic Potts model
on the Cayley tree of arbitrary order (University of Bochum Ruhr (Germany)), it is
proved the existence of Gibbs measures for several HC models (University of
Cambridge, University of Leeds (UK)), it is proved that the Gibbs measures are not
unique for the SOS model (University of Marseille and University of Paris-Est
(France)), paramagnetic, ferromagnetic and antiferromagnetic phase transitions were
found for the competing Ising model in on a Cayley tree (University of Melbourne

2 Mathematical Physics, Analysis and Geometry https://www.springer.com/journal/11040/, The Annals of
Probability http://www.imstat.org/aop/, Positivity https://www.springer.com/journal/11117, Journal of
Siberian Federal University: Mathematics and Physics http://journal.sfu-
kras.ru/en/series/mathematics_physics and others.
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(Australia)), Translation-invariant Gibbs measures are found for the Ising model
(International Islamic University of Malaysia (Malaysia)), and phase transitions were
proven for the Ashkin-Teller model (Jiangxi Pedagogical University, Beijing
Pedagogical University (China)).

Today there are a number of studies on the definition and application of Gibbs
measures for models of statistical mechanics and physics defined in grid systems,
including: finding the conditions for the existence of Gibbs measures for models with
a countable spin values; research is being conducted in priority areas such as finding
ground states and weakly periodic ground states corresponding to a Hamiltonian with
a finite set of spin values, determining critical values of temperature that allow phase
transations, determining Gibbs measures in lattice systems with an infinite set of spin
values using integral equations.

The degree of scrutiny of the problem. In statistical physics, the energy
values in the microstates of a system in thermal contact with external systems are
characterized by the Gibbs canonical distribution. In determining the distribution
function of the equilibrium state, the American scientist Dj.U.Gibbs proved that the
closed states of a thermodynamic equilibrium state have equal probabilities. General
characterization of limiting Gibbs measures was given by R.L. Dobrushin, O. Lanford
and D. Ruelle. By R.L. Dobrushin the existence conditions of the limit Gibbs measure
were found. The basic theory of phase transitions in lattice systems was described in
the works of S.A. Pirogov and Y.G. Sinay. In the work of H.Georgii, the relationships
between Gibbs measures and phase transitions are described in detail.

Recurrent equations related to Markov random fields are used to investigate
Gibbs measures for models defined on the Cayley tree when the set of spin values is
finite. In the work of K. Preston, F. Spitzer, P. M. Blexer, J. Ruiz, V. Zagrebnov, and
D. loffe, translational-invariant Gibbs measures and groud states for the Ising model
on the Cayley tree were studied. The existence of a continuum set of Gibbs measures
for Ising model was proved by P.M.Blexer and N.N.Ganikhodjaev. By M. Fannes,
B. Nachtergaele, and R. Werner the ground states of the VBS model on the Cayley
tree were found. Gibbs measures for Potts, Anderson, Z(M) and other models on the
Cayley tree were studied by F.Halasan, A.Klein, J.Miller, H.Moraal, N.Ganihodjaev,
U.Rozikov, M.Rakhmatullaev and R.Khakimov and F. Mukhamedov. Also, in the
works of N.Ganikhodjaev, U.Rozikov and F. Mukhamedov, the sets of many Gibbs
measures for Hamiltonians of a sufficiently wide class were found by using contour
methods (Pirogov-Sinai theory).

The continuous set of spin values was studied by M. Lakshmanan, as a
interaction neighboring Heisenberg model. The Potts model with countable set of spin
values on lattice is studied in the works of N. Ganikhodjaev and U.Rozikov. In the
works of U.Rozikov, Yu.Eshkobilov and F.Haydarov models with continuous spin
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values are constructed, the existence of periodic Gibbs measures for these models is
proved.

Connection of the theme of the dissertation with the research works of
higher education and research institute, where the dissertation is carried out.
The dissertation work is done in accordance with the planned theme of scientific
research Bukhara State University F-4-07 “Nonlinear integral equations of models of
statistical physics and their applications” (2012-2016), F-4-02 “Thermodynamics of
models of mathematical physics with infinite set of spins” (2017-2020) Institute of
Mathematics YoF-4-3 + YoF-4-4 “Leibniz algebras, probability measures of spin
systems and Lie algebras on graphs” (2016-2017) and OT-F4-82 — “Local
differentiation in operator and non-associative algebras and automorphisms, phase
transitions and chaos in nonlinear dynamical systems” (2017-2020).

The aim of research work was to study the Gibbs measures for models with
infinite (countable or uncountable) set of spin values and to determine the critical
values of the temperature that provide the non-uniqueness (phase transations) of
Gibbs measures for models with infinite set of spin values.

Research problems:

finding the Gibbs measures for Hamiltonians whose spin values are continuum;

prove that the Gibbs measures are not unique under certain conditions to the
given Hamiltonian parameters;

using known Gibbs measures construct a continuum set of new Gibbs measures;

construct ground states for the Potts model with infinite set of spin values;

The research object: Cayley tree, lattice models, ground states, Gibbs
maesures, Hammerstein integral operator.

The research subject: Theory of groups and graphs, Algebra and number
theory, Gibbs measures theory, Theory of nonlinear integral equations.

Research methods: The research used the methods of functional analysis, group
theory, measures theory and nonlinear integral equations theory.

The scientific novelty of the research is as follows:

The critical values of temperature that provide the phase transitions for the XY
model on Cayley tree were determined;

Constructed several models of competing interactions with a continuum set of
spin values which have at least two periodic Gibbs measures;

constructed continuum sets of new Gibbs measures using known Gibbs
measures;

weakly periodic ground states were found for the Potts model with countable
sets of spin values.

Practical results of the research The Gibbs measures for the models on Cayley
tree can be used to investigate the existence of phase transitions on lattice systems;

The methods of describing a set of translational-invariant Gibbs measures
defined for models whose set of spin values is infinite have been used to obtain
thermodynamic quantities characterizing the state of lattice systems and the basic
relationships between them.
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The reliability of the results of the study. Our results have been obtained by
using the methods of functional analysis, Gibbs measure theory, methods of nonlinear
operator theory, and theorems on fixed points. The obtained results are
mathematically strongly proved.

Scientific and practical significance of research results. The scientific
importance of the results of the research work is explained by the fact that various
models of statistical mechanics with infinite set of spin values on the Cayley tree can
be used in the study of thermodynamic properties by finding Gibbs measures and
ground states.

The practical significance of the results of the studying are explained by the fact
that changes in the state of physical systems have been studied and the critical values
of temperature that provide phase transitions have been identified.

Implementation of the research results. In according to obtained results on
Gibbs measures for lattice systems with infinite set of spin values:

Gibbs measures for models with uncountable set of spin values were used to
investigate a set of translational-invariant Gibbs measures for models with
generalization of some classical models of statistical mechanics in the research project
YOT-FTEX-2018-154 (Ne 89-03-4233 Reference Ministry of the higher and
secondary special education of the republic of Uzbekistan on 02.11.2019). The
application of the scientific results made it possible to analyze the spectra of some
nonlinear integral operators encountered in the theory of nonlinear integral operators;

The ground states and the Gibbs measures for the models with countable spin
values were used to find phase transitions for models with uncountable spin values on
lattice systems in the foreign research project FRGS-14-116-0357 (August 16, 2019
reference from the International Islamic University of Malaysia). The application of
the scientific results made it possible to study the thermodynamic properties of lattice
systems in physics and biology;

The set of Gibbs measures for models with countable and uncountable spin
values in lattice systems are used to describe the Gibbs measures of models with
continuum spin value in papers of foreign scientific journals (Positivity, 2016;
Stochastic Processes and their Applications, 2017; Theoretical and Mathematical
Physics, 2017; Ukraine Mathematical Journal, 2020). The application of the scientific
results made it possible to analysis considering thermodynamics of physics systems.

Approbation of the research results. The main results of the research have
been discussed in 9 international and 5 national scientific conferences.

Publications of the research results. On the topic of the dissertation 29 research
papers have been published in the scientific journals, 14 of them are included in the
list of journals proposed by the Higher Attestation Commission of the Republic of
Uzbekistan for defending the DSc thesis, in addition 10 of them were published in
international journals of mathematics and physics and one paper published in national
mathematical journal.

The structure and volume of the dissertation. The dissertation consists of an
introduction, three chapters, conclusion and bibliography. The volume of the thesis is
155 pages.
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THE MAIN CONTENT OF THE DISSERTATION

In the introduction besides the motivation of research theme and
correspondence to the priority research areas of science and technology of the
Republic, we present a review of international research on the theme of the
dissertation and the degree of scrutiny of the problem, formulate our goals and
objectives, identify the object and subject of study, and state scientific novelty and
practical results of the research. Moreover, we reduce the theoretical and practical
importance of the obtained results, and give information on the implementation of the
research results, the published works and the structure of dissertation.

In the first chapter of the thesis, titled “Gibbs measures on trees and their
applications” we gave main definitions of Cayley tree, Gibbs measure and known
Gibbs measures of models with uncountable/countable spin values. Moreover, we
gave some information about applications of Cayley tree in chemistry and physics.
As well as we obtain the uniqueness condition for Gibbs measure of the XY model
on Cayley tree. An infinite system of functional equations is obtained that guarantees
that the consistency for the Gibbs measures on finite sets. In addition, a sufficient
condition for the uniqueness of the Gibbs measure for this model is found.

The Cayley tree 3¢ of order k >1 is an infinite tree, i.e., a graph without cycles,
with exactly k+1 edges issuing from each vertex. We suppose that 3* = (V, L), where

V is the set of vertices of I, L is the set of its edges. Two vertices x and y are called
nearest neighbors if there exists an edge [ € L connecting them. We will use the
notation [ =< x,y >. A collection of nearest neighbor pairs < x,x; >, < x5, x3 >
, e, < Xg-1,y > is called a path from x to y. The distance d(x, y) on the Cayley tree
Is number of edges of the shortest path from x to y.

For a fixed x° eV, called the root, we set
W, = {x eV | d(x, xo): n}, V, = {x eV | d(x, xo)s n},
L, ={l=<x,y>elL|x,yeV,}
and denote
S(x) ={y € Wpyq:d(x,y) = 1}, x € Wy,
The set of direct successors of x.

From works of N.Ganikhodjaev and U.Rozikov it is known that there exists a
one-to-one correspondence between the set V of vertices of the Cayley tree of order
k >1 and the group G, of free products of k+1 cyclic groups of order two with the
generators aq,as,...,dy.q-

Let ® c R be a nonempty set. A mapping ag,: A = & defined on nonempty
subset A of the sets of all vertices of Cayley tree, is called configuration on A. Usually,
® is called a set of spin values. We denote (), := ®4, i.e. Q, is the set of all
configurations on A. By the same way we can define a configuration ¢ onV and we
denote Q := ®V

For @ = [0,2m) we consider XY model over Q.. The (formal) Hamiltonian of
XY-model is
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H(@)=-J 3 cos(o(x)~a(y))~hY cos(o(x)). (1)

<x,y>elL xeV

where ] € R\ {0}.
Given n=1,2,... we consider the probability distribution #™ on Q, defined
by

u(c,) =2, exp[—ﬂH (c,)+ ;hg(x),xj, 2)

where 8 =% and T > 0 istemperature.

The sequence of probability distributions ™ are compatible if for any n>1
and o, €Q,

| 10, V@), [d(@)) = 1 (o,,). (3)
QWn

Here 4, (d(®,)) = [JA(dx), A is the Lebesgue measure.
n xeW,

Theorem 1. A sequence probability distributions 2™ (c,),n=1,2,... given by
(2) are compatible iff for any x eV \{x°} the following equation holds:

Texp(J,Bcos(t —u) —hgcos(u))f (u, y)du
ft,x)= ] % @
yeS (x) j exp(JBcos(u) —hBcos(u))f (u, y)du

Here f(t,x) =exp(h,—h,,).t€[0,27) and du = A(du) is the Lebesgue measure.
Theorem 2. Let for the temperature the following inequality holds:

S 2k(J+[h])
" 1++/1+ 4k?
2k

Then the model (1) has a unique Gibbs measure.

In the second chapter, titled “Gibbs measures for a model with the set [0,1] of
spin values” several model with competing interactions and a continuum spin values
are constructed, which have at least two periodic Gibbs measures.

In the first section of Chapter 2, we study the phase-transition behavior of
nearest-neighbor model on Cayley trees with arbitrary degree k> 2.

For @ = [0,1] we consider the following Hamiltonian on Q:

H=H,4(0)=-J Z‘fa(x)a(y) ©.5), (6)

<X,y>eL

T

®)
|

where J € R\ {0} and ¢: (u,v) € [0,1]* - &, , € R is a given bounded, measurable
function.
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For every k € N we consider an integral operator Hy acting in the cone
C*[0,1] as follows

1
(He fXt)=[K(tu) f*u)du, keN. (7)
0

The operator Hy is called Hammerstein’s integral operator of order k. We
notice that if k > 2 then H, is a nonlinear operator.

From works of U.Rozikov, Yu.Eshkabilov and F.Haydarov it is known that the
set of translational invariant Gibbs measures of the model (6) is described by the fixed
points of the Hammerstein’s operator such that

jK(t,u)f(u,y)du

fex)=]] 2 | i
yes(x)J'K(o,u)f (u,y)du

where K(t,u) :exp(J,&ftu), and du :A(du) Lebesgue measure.
Let k >2 and we suppose that function & (ofy) in the model (6) is

£, =5,(0.5)= % In [1+ 0 2n+\!/4(t —%)(u —%n tuelol] (9)

where 0< 6 <1. Then for the kernel K(t,u) of the Hammerstein’s operator H, we

have
1 1
K(t,u)=1+ (92n+\!/4(t —Ej(u _Ej . (10)

Here we use the notation
k, if kis even k, if kis odd
| k |even =

and |k |,4q=

k-1, if k is odd K oo {k—l, if k is even.

We defined the operator V: (x,y) € R? - (C,C,) € R? by

K 2n+1 ol i
. 22n+1 Xk_I I

> jZn +1+1 @)

i=0,2,... [Kleven

Vin (%, y) = (11)

i-1

k = .
i=1,3,... |Klogg

I /2n+2+1

Proposition 3. A function ¢ € C[0]] is a fixed point of Hammerstein’s integral
operator equation of order k iff ¢(t) has the following form
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PO =C, +Com4a(t )

where (C;,C,) € R? is afixed point of the operator V, , given by (11).

Theorem4.Let ne€ Z,and k>2.1f 9 :M, then for the model (8) the

© k(@2n+1)
following statements hold:
(i) there exists a unique translation-invariant splitting Gibbs measure if 0<6<46.;
(if) there exist exactly three translation-invariant splitting Gibbs measures if
0. <0<1.

In the second section of Chapter 2, we consider a phase transition for the model
at k=2 and k=3.
For k =3 and n=1 the operator V5 ;: (x,y) € R? - (x',y") € R? has the form

x4 8 —‘9_2 Xy’
_ 2 ’
¥ o 5 62 5 (12)
0
=Ky == y°
V= Y+ gy

Proposition 5. a) If 0<6 < g then Hammerstein operator of order three has
a unique nontrivial positive fixed point;
b) If g< 0 <1, then there are exactly three positive fixed points of the Hammerstein

operator of order three.
Consequently, by Proposition 5 the operator Hs has a unique positive fixed

point p(t)=g(t)=1if 0<O< g . In the case g < 6 <1 the functions

o0 =1, wz(t>=xf+yfe3,/4(t—%j, ¢2(t)=xf+yfe3,/4(t—%j,

are positive fixed points of the Hammerstein’s operator Hs.
Theorem 6. For the model (6) defined on Cayley tree of order three the
following statements hold:

a) If Os@sg, then there exists a unique translational-invariant Gibbs
measure;
b) If g<9<1, then there exist exactly three translational-invariant Gibbs

measures.
In the third section of Chapter 2, we consider the model with a bifurcation

analysis for any k>2, case n=1 and we show that for 0< 03% the model has a
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unique translation-invariant Gibbs measure, and for §<0<1 there is a phase

transition, in particular there are three translation-invariant Gibbs measures.
Let k > 2 and n=1. The function Vi can be written in the following way. First
foreven k > 2:

Foreven k>2 Forodd k >3
BN T B W T
Vi (%, y) = 1=0,2,...,k Vi (%, y) = 1=13,....k
-2 3 [}z e -3 3 [ Wk a0

Proposition 7. a) If 0< 8 < 3% , then the Hammerstein operator of order k has

a unique (nontrivial) positive fixed point;

b) If 3% < @ <1, then the Hammerstein operator of order k has exactly three

positive fixed points.
Consequently, by Proposition 7, the operator Hy has a unique positive fixed

point (pl(t)zl if0<6< 3% In the case 3% < @ <1 the operator Hy has the following

fixed points:

a(t)=1, P2(t)=xo + yoem, 2o(t)= %o - Wﬁ/@-

Theorem 8. Let k > 2. For the model (6) defined on Cayley tree of order k the
following statements hold:

a) If 03«93%, then there exists a unique translation-invariant Gibbs
measure;
b) If % < @ <1, then there exist three translation-invariant Gibbs measures.

In the forth section of Chapter 2, it was proved the existence a phase transition
for the model defined on Cayley tree of order k > 2.
Let k=2 and n=1. We defined the operator v, ,: (x,y) € R? - (x',y") € R? by

x=x2+ 2N+ angggeye
2n+3

2n+10-x-y

|:2‘
y 2n+3
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2n+3

Proposition 9.1) If 0<A < , then the Hammerstein operator of order

2(2n+1)
two has a unique (nontrivial) positive fixed point;
i) If 2n+3 <@ <1, then the Hammerstein operator of order two has exactly three

2(2n+1)
positive fixed points.

Consequently, by Proposition 9 the operator Hi has the unique positive fixed

point ¢ (t)=1if 0<O< 2N+3_ 11 the case 3 <6<l the operator Hy has
2(2n+1) 2(2n+1)

the following fixed points: ¢;(t)=1 and

o (1) = 20+ 1+J2Qn+b-9—&n+$.mﬂ2@_})}

22n+1)-6 2n +1 2
0. (1) - 2n+3 '1_J2Qn+n.g_gn+$'%“2@_})'
2(2n+1)-6 2n+1 2

Theorem 10. Let k = 2. Then for the model (6) defined on Cayley tree of order
k the following statements hold:

)1 0<p<_2N+3
2(2n +1

2n+3
2(2n+1)

, then there exists the unique translation-invariant Gibbs

measure,
i) If

<@<1, then there are three translation-invariant Gibbs

measures.

In the third chapter, titled “Nontranslation invariant Gibbs measures for
models with uncountable set of spin values” we consider models with nearest-
neighbour interactions and with set [0,1] of spin values, on a Cayley tree of order
k>1.

In the first section of Chapter 3, we give main definitions and ART construction.

By H.Akin, U.A.Rozikov and S.Temir for the Ising model (with the set {-1,1}
of spin values) the authors constructed a class of new Gibbs measures by extending
the known Gibbs measures defined on a Cayley tree of order ko to a Cayley tree of
higher order k>ko. Their construction is called the ART—construction.

For a given H(o) of the model (6), denote by G, (H) the set of all Gibbs

measures on the Cayley tree of order k >2. By [M| we denote the cardinality of a set
M.
Theorem 11. Let k,,k €{2,3,...} be numbers such that k > k,. If ‘GkO(H)‘ >2

and K(t,u) satisfies the following equality
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}(K(t, u)—K(,u)du=0, vte[0]], (13)

then for each 1 € G, (H) there exists a measure v =v(u)eG, (H).
Example 1. Let k =2. Suppose that the function &,,, in the model (6) is

1 14 1 1
St :Eln(l"‘ﬁ'i/‘l(t —E)(U _E)} t,u<[01].

Then, for the kernel K(t,u) of Hammerstein’s operator we have

14 1 1
K(t,U) :1+E5\/4(t —EJ(U —Ej, t,u E[O,l]

In the second chapter of dissertation it was shown that this model has at least
two Gibbs measures and the condition (6) is satisfied.

In the second paragraph of chapter 3, we give the Bleher-Ganikhodjaev
construction.

If an arbitrary edge < x°,x' >=1 L is deleted from the Cayley tree 3*, it splits
into two components—two semi-infinite (half) trees 3§ and 3. Consider the half tree

S5, and denote by V° the set of its vertices. Namely, the root x° has k nearest

neighbors.
Denoting h(t,x)=In f(t,x) we write Eq. (8) as

1
[K(,u)e"Ydu
h(t,x)= > In2 (14)
yeSi (x) JK(O,u)eh(“’y)du
0

On the set C[0,1] of continuous functions we define the following nonlinear
operator

1
[K(t,u)e"du

Af (t)=1In : (15)

K (0,u)e"™“du

ot—r|o

where K(t,u)>0.
Condition 12. Assume that K(t,u)>0 is continuous on [01f, i.e.
K(,) eC*[01]%, and there is & =ay €[0,1) such that

Af(t)- Ag(t)<a|f(t)-g(t), Vf,geC[0]], vte[0]]

Condition 13. Assume that there are at least two translation invariant solutions:
h(t,x)=h(t)eC[0,1] and hit,x)=7(t)eC[0]] to equation (14).
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Remark 1. If Condition 12 is satisfied then to satisfying Condition 13 it is

necessary that % <a<l.

We use h(t) and 7(t) to construct an uncountable set of new solutions to (15).

Consider an infinite path 7 ={x°=x, < x, <...} (the notation x <y meaning
that path from the root to y go through x). Associate to this path a collection
h* ={h" :xeV° t [0} given by

h(t), if x<x,, xeW,,
h =<n(t), if X, <x, xeW,, (16)
h, I X=X,

n=1,2,.... where x <X, (resp. X, <x) means that x is on the left (resp. right)

from the path 7.
Theorem 14. If Conditions 12 and 13 are satisfied, then for any infinite path

 there exists a unique set of numbers h* ={h’, } satisfying equations (14) and (16).
Theorem 15. If Condition 12 and 13 are satisfied then for any r €[0,1] there
exists a nontranslation invariant Gibbs measure v, . Moreover, v, =v, if r #1.

In the third section of Chapter 3, we give the Zachary construction.
Condition 16. Assume K(t,u) >0 such that the operator A, (15), is invertible.

From (15) we get that

h™"(t) <h(t,x) <h™(t), VxeV, (17)
where
min K (t,u) max K(t,u)
hmin (t) —kiln uel0,1] , hmax (t) —kiln uel0,1] .
max K(0,u) min K(O,u)
uef0,1] uef0,1]

Under Conditions 13 and 16 we constructed a continuum of distinct functions

h¢. , which satisfy the functional equation (11), where f(t) Is such that

h™"(t) < £(t)<h™(t), Vte[0A]. (18)

Theorem 17. If Conditions 13 and 16 are satisfied, then for any & satisfying
(18) there exists a Gibbs measure u° . Moreover, u° = i if £#7.

In the forth section of Chapter 3, we considered the SOS (solid-on-solid) model
on the Cayley tree of order k> 2.

We consider SOS model where the spin values set is ® = Z.

The (formal) Hamiltonian of the SOS model is :

Hie)=-J > lo(X)-a(y)], (19)

(x,y)eL
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where | € R is constant.

In the work of K. Kulske, A. LeNey, F. Henning and U.A. Rozikov, the
definition gradient Gibbs measures (GGM) is given and construction of periodic such
measures is reduced to the solution of the following system of nonlinear equations
with infinitely many unknowns:

o+ > 0"z “

_ V(l) i€z,
AT00| 1+ >0z | (20)

where z; = exp(h;), i € Z.
Put u, = U,X/z, for some u, >0. Then (20) can be written as

u = C(XIN00ul; +uf +X7567ufy;), i€l (21)
Proposition 18. A vector u=(u., i € Z), with u, =1, is a solution to (21) if and
only if for u, (=%/z,) the following holds

uik — U, +U,;, — 74 ’ i e Z, (22)
u,+u —7
where 7=0"+0.
By this proposition we have
1
1+1,+1, =i. (23)
u,+u —r7
Equations of system (21) for i=—1 and i=1 are satisfied independently on

values of u, and u, and the equation (22) can be separated to the following
independent recurrent equations

Uy = (U, +u—ou +au —u s, (24)

Ui+1=(U71+U1—T)U!(+ZUi —Uiy, (25)

where i =1, u, =1 and u_,, u, are some initial numbers.
So, if u; is asolution to (25) then u_, will be a solution for (24). Hence we can

consider only equation (25).
Let's consider the periodic solutions of (22) i.e., we describe solutions of (22)
which have the form

1, if n=2m,
u,=<a, if n=4m-1, meZ, (26)
b, if n=4m+1,
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where a and b some positive numbers. In this case (27) is equivalent to the following
system of equations

(@a+b-7)b*+b-2=0

27
(a+b-7)a“+m-2=0. (27)

We described positive solutions of (28) and proved the following
Theorem 19. Let k>2 and a=Db. For the SOS-model (20) on the k-regular
tree, with parameter 7 =2cosh(f) there is number z, >0 such that the following

assertions hold:
1. If 7 <z_ then there is a unique GGM corresponding to nontrivial period-3

height-periodic boundary laws of the type (26);
2. At 7 =z, there are exactly two GGMs corresponding to a nontrivial period-

3 heightperiodic boundary law of the type (26);
3. For 7z > z_ there are exactly three such (resp. one) Gradient GMs.

Theorem 20. Let k > 2 and a=#b. For the SOS-model on the k-regular tree,
with parameter 7 =2cosh(f) the following assertions hold:

1. For any positive fixed b, if 7 g% then there is no any GGM corresponding

to nontrivial period-3 height-periodic boundary laws of the type (26);

2. For any positive fixed b, if 7> % then there is a unique GGM corresponding

to nontrivial period-3 height-periodic boundary laws of the type (26).

In the fourth chapter, titled “Ground states for the Potts model with
competing interactions” we derived an infinite system of functional equations for
the Potts model with competing interactions of radius r = 2 and countable spin values
{0,1, ... } and nonzero field, on a Cayley tree.

In the first section of Chapter 4, we give definitions and known facts about
ground states.

In the secound section of Chapter 4, we consider functional equation for Potts
models with countable set of spin values, i.e. ® = Z.

The (formal) Hamiltonian of the Potts model is:

H(o)=J Z O (xyo(y) + 91 Z O (x)o(y)? (28)

<X,y> >X,y<
where /,J; € R are constants.
Let hix +— hy = (hgx hyy ) € R® be a real sequence-valued function of

x €V \{x°}. Fix a probability measure v on Z, such that v(i) > 0 forall i € Z,.
Given n=1,2,..., consider the probability distribution z, on Q, defined by

ﬂ<ﬂ><an>=zn1exp[—m<an>+ zhdx),x]nv(a(x» 29

XeW, XeV,
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Theorem 21. The sequence of probability distributions #™(c,), n=1,2,...,

given by (29) for a Cayley tree order two are compatible iff for any x eV \{x°} the
following equation holds:

h, =F(h,h.83) i=123..,. (30)
Here

h :(hu —hy, +1In %)) hy, —hy, +1n %j

1+ ioexp{ﬁ\] (5ip +ﬁq)+ 3B, + h;yy + h;z}
p.q=
F(hy.h,3,3) = In —P420
1+ Y expl{BI(5,, +8q)+ J, 85, + 15, +1. |

p,q=0
p+q=0

In the third section of Chapter 4, we construct periodic ground states for the
model.

We suppose that M is the set of unit balls with vertices in v . The restriction
of a configuration o onaball beM is called a bounded configuration o, . We define

the energy of the configuration o, on the ball b as

1
U(oy)=U(oy,J) = > J 2 Osxo(y) T 92 Zb Os(x)o(y) (31)
<X,y>, X, yeb:
X,yeb d(x,y)=2

where | = (J1,/,) € R?,
Lemma 22. Let k > 2 be a natural number and /;,/, € R. Then the following
statements hold.

1) Let o, be a configuration with o,(c,) =i, (where c, is the center of the ball
b), and [{Xx:0,(X) =1}=m, |[{X:co(X)=2}=n,
{x:0(x)=3}=I, |[{x:0(X)=4}=r.

Then U (o) has the following form

U(o,) =U;  (mn,lr,J;,3,) :%(5lim+52in+53il +05i1)J, + (32)
+(C2+C2+CF+CHJ,
wherem,n,[,r€eZ,, m+n+1l+r=k+ 1.
2) For any configuration o}, we have

U(op) €U y(mn,Lr,J1,J.)mnl,r €EZ,, m+n+1l+r=k+ 1}
Denote
F;') = F;')(Gb) ={leN o (c)=1, ab(aj) =p}, p=1,2,3,4;
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Q01 =05 10,(6,) =L RV [=m| B = n| EV |= 13
Let S, be the group of permutations on {1,2,3,4}.
cthi= U=@Y. ), where for z=(z(1),7(2),7(3),7(4)eS, we put

ﬂeS4
2(Q0 ) ={ro: o Q) |} with (zo)(X) = 7(o(X)).

Theorem 23. For any class C{), and for any bounded configuration

@
m,
o, € C® | there exists a periodic configuration ¢ with period non exceeding 4 such

m,n,l

that ¢, eC®  forany b’'e M and ¢, = o,.

m,n,|

Definition 24. A configuration o is called a ground state of the relative
Hamiltonian H if for any b € M the following holds:
U(op) = min{U;x(m,n,1,J1,J,):i =123, mnl€EZ,,
O0<m+n+i1<k+1, J1,J2 € R}

Denote
A, mn)={J,3,):U, (mnlJ,J)<U. (mn'l'J,J),

forallm',n',l' eZ,}, i=1.234.

Let GS(H) be the set of all ground states of the relative Hamiltonian.

Theorem 25. (i) If J; = J, = 0 then GS(H) = Q.

(i) If (uJ2) €Ay(mmnl) then GS(H)={x(c\)):7<S,}, where
ol eQsuchthat (68} ), eQ®  foranybeM, 0<m+n+i<k+1, i=
1,2,3,4.

In the fourth section of Chapter 4, we consider Potts model, with competing

interactions and countable spin values (® = Z) on a Cayley tree of order three. We
study periodic ground states for this model.

Let G: be a subgroup of index r>1. Consider the set of right cosets
Gk/G;:{Hl,Hz,...,Hr},where G, is a subgroup.

Definition 26. A configuration o(x) is said to be G, -periodic if o(x) = o, for
all xeH.. A G, -periodic configuration is a said to be translation-invariant. The
period of a periodic configuration is the index of the corresponding subgroup.

Definition 27. A configuration o(x) is said to be G, -weakly periodic if
o(x)=o; forall xeH; and x, eH,.

We consider the case k=3 with countable spin values. It is easy to see that
U(oy,)e{U.U,,...U,} forany o, where

U, =2J,+6J,, U2=%J1+3J2, U, =J,+2J,,
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U4=%J1+3\]2, U5=6J2; UGZ%JP
U, =33, U,=J,, U,=J,+J,,
Um:%J1+J2, U, =23, U, =0.

Using these notations we can give the following definition of ground state of
Hamiltonian.
Definition 28. A configuration ¢ is called a ground state of the relative

Hamiltonian H if U (¢, ) =min{U,,U,,..,U,,} forany be M .
We set Ci ={op :U(op) =U;} and Ui(J)=U(op,J) if
o,€C,1=1,2,..12
Forany i=12,...,12 we put
A ={J €R?:U, = min{U,(3),U,().....U,(3)}}.
We set B=ANA,B,=ANA, B=ANA, B, =A NA,
B,=ANA, A=A\(BUB,), A=A\(BUB), A=A\(BUB)

A=A\ (B, UB,), Ay=A\(B,UB,), and A, = A, \(B; UB,). Let GS(H) be the
set of all ground states, and let GS(H) be the set of all periodic ground states.

Theorem 29. a) For any class C;, i1=1,2,..12, and any bounded
configuration oy, € C;, there exists a periodic configuration ¢ (on the Cayley tree)
such that ¢y €C; forany b’e M and ¢, = o} .

Theorem 30. A. If J=(0,0), then GS(H) =Q.

B.1.1f J e A, then GS,(H)={p® i e},
2.1f J € Ay, then GS,(H) ={p{™ : I, me®, 1 =m|.
3.1f J e Ay, then GS, (H) |
4.1f J  A;, then GS, (H)
5.1f J e Ay, then GS, (H) = {™ : 1, me ®, | zm|.

6. 1f J e Ay, then GS,(H) = {l,: 1 e D},

C. 1.1f 3 €B\(0,0), then GS,(H) = {p®, o™ :i,l,med, | =m}.

2.1f J B, \(0,0), then GS,(H) ={p®, ™ :i,1,me d, | =m|.

3.1f 3B, \(0,0), then GS, (H) =™, ™ :i,l,me d, 1 = m}.

4.1f J €B,\(0,0), then GSp(H):{goé'm"Q,(pé'm) Imn,ped, l=m=n= p}.
5.1f J €B,\(0,0), then GS,(H) = o™, @ : 1,m,n, ped, I =m=n=p|.

{(pé'm):l,meq),l;tm
{

P i l,mn, ped, | = p;tm;tn}.
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(Imn) (Imn)

6. If J € A, then periodic configuration {™, 1™ /(M) " {mP) "l - are periodic

ground states, and weakly periodic configuration £!™ is weakly periodic ground
states, where I,m,n,pe®, | #m=n=p.
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CONCLUSION

The dissertation work is devoted to the study of Gibbs measures for lattice
systems with an infinite set of spin values.

The main results of the research are as follows:

1. The critical value of temperature that provide the phase transitions for the
XY model on the Cayley tree of arbitrary order is determined;

2. For a model with a continuum set of spin values on the Cayley tree of
arbitrary order a critical temperature is found, such that for temperatures lower from
this critical value there are exactly three translation invariant Gibbs measures. In case
of Cayley trees of order two and three the explicit solutions corresponding to the
translation invariant Gibbs measures are found.

3. Several models with a continuum set of spin values and with nearest-
neighbor interactions are constructed, which have at least two periodic Gibbs
measures;

4. Using ART (Akin, Rozikov, Temir), Blexer-Ganikhodjaev, Zachary
constructions continuum sets of new Gibbs measures are constructed.

5. For the SOS (Solid on Solid) model with a countable set of spin values
gradient Gibbs measures are found;

6. For the Potts model with competing interactions and a countable set of spin
values on Cayley tree a system of functional equations is dirived solutions of which
corresponds to Gibbs measures. Weakly periodic ground states (configurations) of
this model are constructed.
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pe3yJbTaTtoB 1o MepaM ['uO0ca s peleTryaTblX CUCTEM C OECKOHEUHBIM
MHOECTBOM 3HAYEHUI CIIMHA!

Mepsi ['100ca nsist Mmosienet ¢ HeCUeTHBIM MHOXKECTBOM 3HAYEHUH CTIMHA ObLITN
WCIIOJIb30BaHbl B MCCJICIOBAHUAX IPOEKTA EOT-®TEX-2018-154 mis omucaHus
MHO>KECTBA TPAHCJIAIIMOHHO-MHBapUaHTHBIX Mep [ 160ca 1151 Mojerneid, SBIsIFOIX S
0000IIIEHNEM HEKOTOPBIX KJIACCUYECKUX MOJIeTIeH CTaTUCTHYECKOM MEXaHUKH
(MunuctepcTBo BpICIIEro W CcpeiHero creruanbHoro oopazoBanus PecnyOnuku
V36ekucran, cipaBka Ne 89-03-4233 ot 2 Hos0pst 2019 rona). [Ipumenenune 3tux
Hay4YHBIX PE3yJIbTAaTOB JA€T BO3MOXXHOCTh aHAJIU3UPOBATH CIEKTPOB HEKOTOPBIX
HEJIMHEWHBIX UHTErPAJIbHBIX ONEPATOPOB, BCTPEUAIOIIMXCS B TEOPUM HETUHEUHBIX
HMHTETPaJIbHBIX ONEPaTOPOB,;

OcHoBHBIE COCTOSIHUSI U Mephl [ 1O0ca 1J1st MOfIeNeil CO CYETHBIM MHOKECTBOM
3HaYeHUM chnuHa OBUIM KMCIOJIb30BaHBl B HMCCJIEAOBAHUSX 3apyOEKHOTO MPOEKTa
FRGS-14-116-0357 nmns ompeneneHus (a30BBIX MEPEXOJOB I MOACICH C
0ECKOHECUHBIM YHCJIOM 3HAYCHUH CIIMHA B pelieTdaThix cuctemMax (MexkIyHapoJHbIiH
Wcnamckuii yauBepcuTeT Manaiisuu, cipaBka ot 16 aBrycra 2019 roga, Manaiizusi).
[Ipumenenne ATUX  HAy4YHBIX  pPE3YyJbTATOB  CIMOCOOCTBOBAJIO  HU3YUYCHHUIO
TEPMOJIMHAMHYECKNX CBOMCTB PEIIETUATHIX CUCTEM B (PU3UKE M OMOJIOTHH,

Haitnernoe muoxkecTtBo Mep ['mb0Oca s Mozeneid Co CYETHBIM M HECUSTHBIM
MHOKECTBOM 3HAY€HUW CIUHA B PEIIETYATHIX CHCTEMaX OBbLIO HMCIOJB30BaHO B
CTaThsAX 3apyOCIKHBIX HAYUHBIX KypHaoB (Positivity, 2016; Stochastic Processes and
their Applications, 2017; Theoretical and Mathematical Physics, 2017; Ykpaunckuii
maTeMatuyeckuid xypHai, 2020) ana onucanus mep ['nbdca mMomeneit KOHTUHYYM
MHOECTBOM 3HAUCHUM CcriMHA KukMaTiu. [IpumMeHnenne 3Tux HaydHbIX pe3yIbTaTOB
JaeT BO3MOYKHOCTb aHAJTU3UPOBATH TEPMOJUHAMHUKY PACCMATPUBAEMbBIX (PU3MUECKUX
CHUCTEM.

Crpykrypa u 00beM auccepranmnu. Jluccepranys COCTOUT U3 BBEACHUS, TPEX
IJIaB, 3aKJIOYEHUS W CIHCKA WCIOJIb30BaHHOUW JuTepaTyphl. OOBeM mauccepTanuu

cocTaBiiseT 155 cTpaHUIIbI.
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