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Abstract

In this article, we consider the deviations of periodic functions

f(x, X9, ..., %) from a sum of Marcinkiewicz type and from
Abelian means in space L([f) (1< p< ), depending on the best

approximations of functions by trigonometric polynomials.

I ntroduction

The norm of afunction f in L(F'f) (1< p £ ), isdefined by

I Fllp = 1f 00 X0 %)

1
T T p E
= I_n...j_n| f(x, Xo, ... X)) [P ... <00, 1< p<oo
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and when p = oo, by
I/l = 17 Ces 22, i) [y = sups S Cxts 22, s ) [ < o0

Let f(x1, X3, ..., X ) € Lgc) and

o0
Z Z CV],V2,...,Vkel(V1X1+.“+Vka) (1)
=—00

o0
V|=—00  Vj=—
be its Fourier series. The coefficients are determined by

1
()

I_nn...J._nnf(tl, ty, ..., tk)ei(v1x1+---+vkxk)dtl .dty. (2)

CV1,V2,...,Vk

The partial sum of the series (1) is

n 05
k i(vixp+--+vix
Sy = Snl,nz,...,nk(x): Z Z Cvl,vz,...,vke( H k) 3)

vVi=—n Vi =—hf

or
k
S}(l ) = Snl’nz,..-,nk(x)
1 ¢7 I k
- _kJ._n"‘J._nf(xl s X tk)HDnm(tm)dtl Ledt, ()
g m=1
. 2n+1
sin t
where D, (t) = —2t is the Dirichlet kernel.
ZSiHE

We denote the Fejer mean of the series (1) by

n g
(k) b
Cn _Gnl,nz,...,nk(x)_ (nl+1) (”k+1) Z Z SV1,V2,...,Vk

vi=—n1 Vi =—h|

)
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and Abelian middle of the series (1) by

f(l", x) = f(l"l, cees Py X5 vees xk)

o0

= > D ey,
Vl =—00 Vk =—00
where 0 <7 <1,i=12,..., k. (6)
Series (1) is called summable by the method (C(k); D=(C;1,1,..., 1),

i.e., the Fejer method to a function f(xy, x5, ..., x;), if
.k
lim o, (x) = f(x) = f(x, x5 .0y %),
n—»o0

where (7 — o) means (1 — 0, 1y —> o, ..., nj —> ©).

The series (1) is called summable by the Abel method to a function
f(xq, x5, .ouy xz) if

lim f(r,x) = f(x) = f(x, X3, ..0s Xp),

where (r —> 1) means (4 > 1,7, > 1,..., 5 = 1).
The following statements are known [1, p. 463]:

(1) Let the problem be any function ¢(u), u > 0, positive, increasing,

and of order o(u Inu) for u — 0.

Then there exists a periodic and integrable function f(x, x5, ..., X;)
>0 such that @(f) is integrable, and the series (1) cannot be summed

anywhere by any of the methods (C; 1, 1, ..., 1) and Abel.

() If | f(xp, x5 ooy x) |In"| f(xq, X2, ..., ;)| is integrable (in
particular, if f(x], x5, ..., x;) € Lgc), 1 < p < oo, then we can sum the series

(1) by the method (C; 1, 1, ..., 1) for almost all points (x{, x5, ..., X} ).
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Saks [2] showed that there is a non-negative 2m - periodic function in
each of the variables f(x;, x5, ..., x;) € Lgk ), for which almost everywhere

on Q=[-mm..., -, ]

. k .
lim cg)zhmcnl,...,cnk = o0, @)
n—

Note that Saks in [2] proved (7) when k& = 2, but this is true for any
k >3 (see [1, pp. 463-464]). Such reasoning holds for (6), i.e., f(r, x) is
unlimited at » — 1 (see [1, p. 464]).

In connection with this (i.e., by relation (7)), Marcinkiewicz first

considered the sum (see [3]):

| n
Sn,n,..., n(x): ZSV,V,...,V(xl’x23"'3xk);
=0

n+1
v

and proved that

(D) If f(x;, x5, ..., x;) is a continuous and 27 - periodic function in

each of the variables x, (v =1, 2, ..., k), then
cSn,n,...,n(x) - f(xlv X5 eees xk);
uniformly.

(2) If a 2n - periodic function f(x], x5, ..., X;) € Lint L, ie., the

function f(xq, xp, ..., x5 )In| f(x{, x2,..., x; )| is integrable, then
limcn’n,m’n(x) = f(x1, X9, .ons Xp)
almost everywhere on Q = [-m, w; ..., -7, 7).

Note that these statements were proved by Marcinkiewicz for £ = 2, but
also hold for & > 3.
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Main Result

In this paper, we consider deviations of periodic functions

f(x, xp, ..., x) from the Marcinkiewicz sum o, , ,(x) and the
following sums in the space Lgc) (1< p <o)

2n

On ()= D Sl v )
v=n+l

(like Valle-Poussin);

o(r, x) = o(r; x1, X9, ...y Xi)
a0
=(1- r)ZrVSV’V,W,V(xl, X9, s X)) (0 <7 < 1)
v=0

(like Abel).

Note that Abelian mean o(r, x) is a harmonic function in each pair of
variables (r,, x,)(v =1, 2, ..., k), i.e., satisfies the Laplace equation, and

the sum o, ,  ,(x) is a trigonometric polynomial of order » in each
variable x,, (v =1, 2, ..., k).

The theorem proved below is a generalization of our work in [6].

Theorem 1. If f(x{, x5, ..., X;) € Lg‘), 1< p < oo, then
Rl(f)p = "f(xb X5 vees xk)_ Gn,Zn(x)”p = ClEn,n,...,n(f)pa 3

where Cy is a constant, independent of f, p, n, Ennn(f)p is the
best approximation of function f(xi, X5, ..., X;) for each variable by

trigonometric polynomials of order < n in the space Lg{), ie.,

Enl,nz,...,nk (f)p = lnf" f(xlv X5 eens xk) - Tnl,nz,...,nk (X1, X5 eens xk)”p'
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Theorem 2. If f(x, x5, ..., X;) € Lgc), 1< p < oo, then

n+1

R2(f)p||f(xl’x2v-”’xk) cSn <n+lz v, V, (9)

where C, is a constant independent of f, p, n.
Theorem 3. If f(x{, x5, ..., X;) € Lg‘), 1< p < oo, then

Ry(f) ) £ (1o x2s oy g ) = o 2y, 2o, o ;)

<GU-1Y By (), (0<r<l), (10)

where Cj is a constant independent of f, p, n.

Zhizhivshvili [4] (for & = 2, that is, for the function of two variables)

obtained the following estimates for 1 < p < oo:

(), Sc(p){ R F } (an
P

where ¢(p) is a constant independent of p, and

oV(1:8), = sup | f(x+hy) =S )y, (0<o<l),

0<n<d

0)(2)(f; S)Lp = sup || f(x, y+h)—f(x, )’)”L

0<n<d
are partial moduli of continuity of the function f(x, y).
For the case of a continuous functions f(x, y), Taberski [5] (for

k =2, that is, for the function of two variables) established that if

f(x, y) € A, thenat p = o0:
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(I1-r)|In(d-r), 1<a,B<2,
Ry(f), < C{(1-rP, 1<a<2,0<p<l,
1-r)y, y =min(a, B), 0 <a<1,0<B <2,

where the constant C does not depend on fand r; A (o, B) class of function

f(x, y) for which

Q(fis,t)=sup |[f(x+u, y+v)+ f(x+u, y—u)+ fx—u, y+v)

|u|<s
|v|<t
- f =y =) =41,
< 4(s* +1%).

Note that for cases when o(f; S)Lp < 8%, 0 d(f; S)Lp < C8*

(0 < a < 1) from the result of Zhizhivshvili [4], it follows that
Inn\*
Ry(f), < C(Tj (p=1p=m),
where from Theorem 2 for the case under consideration, we obtain (see (8),
(9)) that
<
na

Other than that, which holds (see, e.g., [7, p. 288)), is

AN W . Inn (z)( hl_n)
n+1kZ_;)Ek’k(f)LpSC{m (f, njL + ® f, n Lp .

P

(1< p<w), E,,(f), SC-w(k)(f; %j , k=12

Ry(f), <
p

Thus, inequality (9) is in order more accurate than inequality (11) obtained
by Zhizhivshvili in [4]. The estimate (9) is indicated in [4] for 1< p < 0.

We also note that Theorem 3 for the class A (o, B) with 1 < a, B <2
gives a more accurate order of magnitude estimate for R3(f) » (p = o) than

the estimate obtained by Taberski in [5].
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Indeed, since (see, e.g., [7, p. 126 and p. 288]),

a3, 08, o

p p

for the class A (o, B), from inequality (10), we obtain

(1-r), o=1L1<B<2umB=11<a<2,
Ry(f), <Cy(l-r)', y=min(a,B)0<a<lLO0<P<2
(1-r), 1l<oa,B=<2,

where

@ (f:8)y, = sup | S h )+ e =) =2/ (e D),

O (f:8), = sup | fx )+ fx y =)= 2f(x )]

0<n<d P
are type moduli of smoothness of the second order (see [7, pp. 115-126]).

To prove Theorem 1, we need the following lemma. Theorems 2 and 3

are proved based on Theorem 1.

k
Lemma. [f Dy (u) = % + Y cosvu, then

v=1

2n
1
P Z Dy (x1) Dy (x2) -+ Dy (xy.) |deylicy -+ dx. < C,

m=n+1

J'O"...IO“

where C is a constant independent of n (n > k).

Proof. Due to the complexity of the calculation, we prove the lemma for

the case k = 2. For k& > 3, the method of proof is similar.

Using elementary formulas and elementary transformations, it is easy to
obtain that
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Ko(x, ) = Y D(x) Dy ()

k=0
_ 1 sin(n +1)(x —y) _sin(z +1)(x + y) (12)
X Y . X—y X+ Yy '
16 sin > sin > sin 3 sin 3
We divide the square [0, 7; 0, «t] into the following parts:
Dy ={0Sx,y£2—n},
n
D, ={2n—n<xSTc,x——<ny},
21 i
== < <=
D3 {n<x_n,0<y_n},
2n i
Dy={"<y< —Z<x<
4 {n <y T,y n <X y}a
Ds ={27n<yﬁn,0<x<—},
2n e i
Dg={"<x<m—<y<x——
5 {n<x Tc,n<y x n}’
21 o b
D, =" <y<m,=<x<y--—
7 { " <y T, P <X y n}
Then
- 2n
J J D" Dy(x) D(y) | dxdy
0J0
k=n+1
7 2n 7
=S | D oD vy = 3 (13)
‘ D; €
i=1 k=n+1 i=1

To prove the lemma, it suffices to estimate J; (i =1, 2, 3, 4, 5, 6).
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Note that

2n
Z Dy (x) Dy (y)

< |K2n(xa y)' +|Kn(xa y)|
k=n+1

< }: 5 ):—y + x1+y (14)
SSIDESIH— sin 7 ‘ sin 7 ‘

when 0 < x+y<21-9,6>0,0<x, y<x

On account of the fact that

|Dy(u)| <K, O<uc<m, (15)
we get
2n 2m| 2n 2n 2m 2n
Jp = IO” IO" Z Dy (x) Dy (y) |dxdy < JO" JO” Z kdxdy < 16m°n.
k=n+1 k=n+1
(16)

In what follows, we need the following identity:

1 2
sinf n+ = |u
1 J n Z": 1 n ( 2)
— Dy (u)du = I ——— | du=1(17)
nn+1)J_ g ~ wn+1)J_x 5 sin &
2
Applying the Abel transform and using (15) and (17), we obtain
T X
Jy = IZﬂ:de T
)T
m

n

T X

< J.zn dxj T
jmiad X——
n

n

2n
D Dy(x)Di(y)

k=n+1

dxdy

dy

k=n+1

2n k
> D) - DY Dil)
i=0
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JZTE dxj
+ I% clxjj_E

ZI%de Z | cos ky |n(k +1) (k+1)ZD(x)dy

nk n+l

Dzn(y>ZD (x)|av

Dy1(»)Y Di(x) |dy
i=0

2n

J.Zn de | DZn(y)l Qr+1)- (2 n 1) ZD (x)dy

I X 1 L
# [onds| " o Dyt [nln +1)- o) 2 D
n n 1=

it & 2 n2(n +1)? 2
< 7kZH(iH D+2n°2n +1) + o= < 3nPn. (18)
=n

Applying the Abel transform and using (15), (17), we obtain

n T 2n
J3 = _[02 dyJ.%n k;m Dy (x) Dy (y) |dx
T x| 2n k
<[ravfax| D D) - DY D) |ds
n | k=n+1 i=0
E - 2n E n n
[ ray j% DZn(ygDi(x) det [ dyj%n Dnﬂ(y);a-(x) dx
Indyjzn | cos ky |m(k + 1) (k+1)ZD(x)dx
n k=n+1

r T 1 2n
n I, .
+ IO dyJ‘E| Dy, (»)|m(2n +1) 2Cn <) Z(;Dl(x)dx
n 1=
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+J.0;dy_[;_n|Dn+1(y)|n(n+1)-m§Di(x)dx

2n
T 2 2 W 2
< . —_ e <
sme- E k+D)+2n°2n+1)+ n(n+1) n_137c n. (19)

k=n+1

By virtue of (14),

2n
> Dp(x)Dy(y)

m -z
J6:I2ndxjn " dxdy
n " k=n+l
<L _dx o dy
" 2" n 2
I
T X——
RN SN dy _ 0, 0 0)
gJZ%  xl=m .y . x+y 6 6
n SIn— 7  sSIn=Sin————
n 2
Since sintzgt,0<tsﬂ,
T 2
3 om x-=X
J(1)<n_J d_xj n dy
A )
n n
n3 T ] o . n -
= 2n—2[—ln—+1n(x——)+ln(x——]—ln_}dx
8 o X n n n n
3em — 3 cn-1
:Jéz) :T[—J.z 1nnx ndx:n_‘[ ln—tﬂdt
4 =2 T 4 ) \? , N
n pE—
(n) (t+1)
n © Int
S—n‘[ ZdtSC‘n. (21)
401 (1+1)
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Now, consider Jéz). We have

J(z) _ lJ‘;f dx x—% dy
° 8 TTtsin£ 2 sinlsinx+y
2 " 2 2

T
1™ dx (X d ) )
v Y i) (22)

LA xJr .y . x+y

2 2nsin= "5 sin=sin
S 2 2

. . 2 o
Since sint > Ex for 0 <t < 2>

3 T T Y
55 dx J‘x—; dy

o
o< 2 2n_
J1= 8 J2n xJ®  y(y+x)
n n
3 m T T 3 m,W 3 T 3
T (5t dx (X d T 5t 5 X—— —=
< 22n_I n__ay Z_J‘z 2n, 2 J' PI)
<35 rE 2y_xy 16 ) 2n xa’xE y “dy
n n n
3 3 3 3 2 2
T (T -5 T o 1 N i
<= 2 2dy = —| —— < n. (2
16 )2n S ]ny 16( JEWTJ TR

For the second term in (22), we have

I

2 on _r
. i dx ¥ dy
< o n_ 4
J2 = 8I£+£x o X4y 24
) W ysin=—-=

Since, if =~ < x <1, — < y < x—— (n>3), we have
2 n n
ttx-~ 2m-Z
m_xty _mAy < TR
2 2 2 2 2 2n
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By virtue of (25), from (24), we obtain

AN %jx—%L
A I 2 K Tty
2 2n n n ysmT

2 _r
om J‘“ dx ¥, dy
TR |

8 PRSI % ysin(n—n;y)

2 n 3 T
N de‘x—; dy < (" de‘x—; dy
TRl e T iy TR )T o (k=)

8 St X z ysinnzy 8 35 ¥ u y(n—y)

3 T
R 11,

gnJl, T xJr \y mn-y 7

n

2 T

i dx xXn—m
= - [1 —ln(n—x+—j+ln(n——ﬂ

8 JI 1 x T

2n
(xn —m) 1—l
Ll d
8 E.Q.ix T
2 2n T—Xx+—
i 1
<ﬁln(n_1)§(1 Zj T dx
-8 T T x
— 2
n
=X m(n-12m2<Z ‘1‘n2 = (26)
From (22), (23) and (26), it follows that
2 2
JO w2 o 27)

6 T 16v2 4
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Now, it follows from (13), (16), (18), (19), (20), (21) and (27) that

,
> Ji<on,
i=l1

dxdy < C.

7
1 L
;ZJFJOJO
i=1

The lemma is proved.

2n
=S D@Dy
k=n+1

Proof of Theorem 1

We prove the theorem for case & = 2. For k£ > 3, the method of the

proof is similar to that for the case when &k = 2.

Let T, m,n(x, y) be a trigonometric polynomial that implements the best

approximation of a function f(x, y) of order m by x, order n by y.

Then, we have

2n
f(x, y)—% D> Serlfix y)

k=n+1
1 2n
= > UGy =S/ )]
k=n+1
_ 1 i {f(x )—LJ‘“ J‘n f(x+s, y+1t)Dy(s)D (t)dsdt}
" k=n+1 Y n2 e T Y k k )
Since

1 ¢m ¢*
Ton(e )= =5 [ 7 Ty a5+ 0)Dy(s)Dy(0)ds,
g
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. 1 ¢n
by virtue of %J‘—n Dy (u)du =1, we find

U5 im0 [P v e

k=n+1

= Tyt ne1(x + 5, ¥ + O] D (5) Dy (¢)dsdt — T,y 41 i (, )’)}

2n n T
01 I R VRO B ARey)
ln —Te —T

k=n+

— Gt s, y+0) = Ty yar (5, 9)] Dy (s) Dy (¢)dsdlt

2n T T
3 e Tt

k=n+1T
Gt y+ ) =Ty +s, y+ )+ flx =5, y+1)]
Tyt nni(x+ 5, y+0)+ f(x +5,y—1)
Tyt pn(x+ s,y =)+ f(x =5,y —1)

= Tyt ne1(x =5, ¥ = )} Dy (s) Dy (¢)dsdt

1 - 1 2n
== [ [ onetmniln v s 02 D D) De(0)dsat, @8)
2 J0do n
k=n+1
where

Qi1 ne1(x vy 5, 8) = 4f(x, ¥) = Tpip p1 (%, ¥)]
-[fx+s,y+1)- Tn+l,n+l(x +8, y+t)
+ fx =5, y+1) =Ty pra(x =5, y+1)
+ fx +s, y—t)—Tn+1’n+1(x+ s,y —1t)

+f(x=s,y-1)- Tn+l,n+l(x -5, y=1)]
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Applying the generalized Minkowski inequality, we obtain (see (28)):

2n
1
Ri(f)p = | % y) =~ D Skl xy)
k=n+1 L
p
2n
1 p7p7m| 1
<= [ [ 15 2 PO lonar . s, 0l dsr. 29)
n k=n+1
But
” (Pn+1,n+1(xa V> S, t) "Lp < 8En+1,n+1(f)Lp- (30)

From (29), (30) and by virtue of the lemma, we obtain
Rty < 5 C8Eninnn(Nep < CErn(Frp.
This proves the theorem.
Proof of Theorem 2

The proof is carried out for case £ = 2. For k& > 3, the method of proof
1s similar.

Let 2 < n < 2% Then

Ro(f), = | o)== D Sk )
k=0

L

P
B nilz[f(x’y)_sk,k(f;%y)
k=0 Lp
1 m 2v+1_1
e Z Z [f(x’y)_Sk,k(fQxay)]+f(x,y)
v=0 g=2V

= So,0(f % )+ D [ ») = S (S % )]

m
k=2 Lp
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m 2v+1 1

< Zz LS ) - Salfi x )

v=0 k=2" L,
n4_1"f(x ¥)=S0,0(fs % ¥,
DU ) =Sk x| (31)
k=2™ L,
By virtue of Theorem 1,

2v+1 1

Z [ )= Sealfsm M| <CEy (), (D)

k=2" L,

and

DU ) =SS5 x, )]

<Cn=2")Epn yu(f),-  (33)
k=2"

Lp

From (31), (32) and (33), we obtain

C m
Pa(p < g 22 Epy v (1,
v=0 ’

Cn-2
n}i-lEO’O(f)Lp + (Z+1 ) 2m Zm(f)Lp

—n+1Z Ex k(N + 557 Boo(),

C e C ~
< n+1kZ_;Ek’k(f)LP < n +1];)Ek,k(f)Lp‘

The theorem is thus proved.
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Proof of Theorem 3

It is enough to prove for & = 2. For k£ > 3, the method of the proof is

similar to that for the case when k = 2.

Using the Abel transform, we have (see, e.g., [8, p. 15]):

£ )= (=)D S i(fs % »)

k=0

) k
= [0 9) = (=)D S il(fs x, )

k=0 v=0

0

k
= S )= =P 1) Y8 ()
v=0

+
k=0

= f(x, ») = =P Y F ke + Dog(fs x, »)

k=0

= (1= D e+ DI (x, ) = 0k (f5 x, »)]
k=0

Hence

Rs(f), =1 /G y)=o(f5 s x 0,

= H fley)-Q1- r)zi”ksk,k(f; X, )

k=0

Lp

<(1- r)zzrk(k + D f(x, ¥) = or(f; x, y)"Lp'
=0
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By Theorem 2, we obtain

o]

R3(f l_r Z k+1)_z vv(f

ZC(I_’")ZiEv,v(f)Lpirk:C i vvf)L
k=0 k=0

k=v

The theorem is thus proved.

Other questions of approximation of functions of one variable in spaces

L, (=903 ©)(0 < p < o) and H ,(~; o) were considered by us in [9, 10].
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