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KHWPUII (1OKTOPJIHMK THCCEPTANMSICH AHHOTAIHUSICH)

Juccepranms MaB3yCMHMHI J0J3ap0aurn Ba 3apypatu. Oxupru
Huiuiapaaru TaiKMKOTIapJaH MabiyM OVIMOKIAaKH, KiIacCUK (GyHKIIMOHAN (azoap
0ab3uM 3aMOHaBUM Macananap, >KyMmiaJlaH, XyCyCHHl XOCHJIaJd YW3UKCHU3
TEHIJIAMAJIADHUHT €UMJYBYAHIIUTH, TYpau (QU3MK JKapaHJIapHU MaTeMaTHK
MOJIEJUTAIITUPUIL, CYIOKJIUKIIAp MEXaHUKACH Ba YM3UKCHU3 AJIACTUKIIUK Hazapuscuia
Tabuui paBuIa Maig0 OYIyBYM Macajiajapra €4uM TOIHUIIAA caMapaid OOBEKT
xucoOnanmaian. TabKuiam KepakKu, >KaMJIaHyBYAHIMK TapTHOW Yy3rapmac
oynran marepuamuiapuu Jleber Ba CoboseB ¢azonapu €paamuaa MOAEUIAIITAPHUII
camapa Oepca-ma, 6ab3u OMp KMHCIW OYyIMaraH marepuamiap ydayH Oy ¢azomap
épmamuga MoOJACIUIAIITUPUIN camMapa Oepmaiau. JKamilaHyBUAaHIMK TapTUOU
MaTepUATHUHT  aHW3OTPOIUIMTUHU  yoYaml WMKOHUHU — OCpUIM  3apypJiuru
y3rapyBuaH TapTHOIU GyHKUMsIIAP (A30CUHU YpraHUIIra TypTKU OyiIaau.

bap3u  3amoHaBui = Macanamap, OKyMJaJaH,  DJJIEKTPOPEOJIOTMK  Ba
TEPMOPEOJIOTUK CYIOKIMKIAPHU MOJICJUTAIITUPUI, TACBUPHM KalWTa HILIAall Ba
HOCTaHAApT VYeumra oisra  auddepeHnuan TEHIVIaMallapHU TaJIKUK —ATHIIIA
HOCTaHAapT GyHKUMOHAN (a3zonap (Macanal, y3rapyBuaH kypcaTkuuiau JleOer Ba
Co6oneB da3zomapu, karra JleGer ¢aszocu Ba OomIkamap) KEHT KYJUIAHUIMOKIA.
MatemaTuk HyKTau HazapaaH OyHnmai ¢yHKIHOHaAN (a3ojlapHU YpraHull SHTU Ba
Mypakkab MacanajapHd KelATHpuO 4YMKapMoKaa. bByHM acocaH TapMOHHK
aHANMM3Jaru OMNEPATOPJIAPHUHT YerapaJlaHraHIuru OujaH OOFJIMK Macanaiapaa
ydpaTHIl MyMKUHKH, OyHAall Macanajapra aBBaJJaH MablyM yCYJUIapHHU KyJ1al
oynmatinu. Illy Oomc HOcTaHmapT QyHKIMOHAN (pa3olapHU TAAKWUK KWIHII Ba
rapMOHMK aHAJM3HUHT IOKOPHUIATH MacalajlapiHH €UUIIIHUHT ONTUMAIT yCYJUIapUHH
TOMNUII J0J13ap0 Macanaiap/ian Oyiaubd KOJIMOKIA.

Kaxon wmukécuna onubO Oopunaérran ¢QyHAAMEHTAI TaIKUKOTIAPHUHT
akcapusiTd (yHKIMOHAN aHaiu3, TapMOHUK aHalu3, MaTeMaTUK (u3uKa,
HXTUMOJUIAP HA3aPUSICU Ba JUHAMUK CHUCTEMajap Ha3apusCU MacalajlapuHu TaIKUK
STUIra Kapatwirad. by coxamapia ky3iaHraH Makcajra SpUILIUII yYyH SHTH
dbyHKuMOHAN  (Qa3oiapHA TONHUIN Ba YJapHU PUBOXJIAHTHPHUIL, OJUHTaH
HaTWXKaJIapHU (DaHHUHT TYPJIOII CoXalapyuaa KyJalm MyXHM aXaMusT Kach dTaju.

V36ekucron Pecry6nukacu Ilpesunentununr 2017 imn 20 anpengaru
«Onuii TabJIUM TU3UMHUHM SHAJa PUBOKIAHTUPHII YOPA-TAAOUPIAPH TYFPUCHIANTH
[TK-2909 connu Kapopu Ba 2018 #iun 5 utonnaru «Onuii TabIuM Myaccacaiapuia
TabJIMM CU(ATUHU OIIMPHII Ba YJIApHU MaMJIakaTAa OMIHPUIAETraH KEHT KaMpOBIH
ucioxotriaapaa (aos MIITUPOKWHUA TabMHUHJIAII OyiiMya KyIIMMYa 4yopa-Tag0oupiiap
tyrpucuna»ru [1K-3775 connu Kapopu xamaa mMaskyp ¢aonusitra TErHium OOIIKa
HOPMATHUB-XYKYKHI XyXOKaTiaapaa OelrujaHrad BazuQalapHud amalra OUIMpHILIA
yily auccepTanus TAAKUKOTH MyalsiH Japakala Xu3Mat KUjiau.

1

! V36exucron Pecny6mmkacu Basupmap Maxkamacurmar 2017 #imn 18 maitnaru  «Y36eKucTon

PecriyOnmukacn ®annap akaJeMHSCHHUHT SIHTHAAH TAIIKWI JTWITaH WIMHI-TaJKUKOT MyaccacalapH
(haoNUATHHY TAlIKWII 3TUII TYFprcHaa»Tu 292-coH Kapopu
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TagKUKOTHUHT pecny0auka dan Ba TEeXHOJIOTUSAJIAPH
PHMBOKJIAHUIIMHUHT YCTYBOP HYyHAJIMILIAPUTa OOFIHMKIAMIUA. Ma3Kyp TaJIKUKOT
pecniyonuka ¢daH Ba TexHoJOTHsIap puBoxiIaHumuHUHT [V, «Maremaruka,
MeXaHHMKa Ba HH(POpPMATUKa» YCTYBOp HYHAIUIIN goupacuaa Oa)kapuiiraH.

Juccepranus MaB3ycH OYiHNYa XOPHAKHI WIMHA-TaAAKUKOT/IAp IIAPXH.

Hocranmapt ¢yHkumonan ¢aszonap Ba yJIapHUHT TapMOHUK aHalIW3ra
TaTOMKJIApX MaB3yCHM JOUpacUIaru WIMUNA U3JAHULUIAP €TaKud XOPUKUHN
JaBJIaTIApHUHT WJIMUNA Mapkasjlapyd Ba OJHMH TabiIUM MyaccacajapH, *KyMJlaJaH,
Anabama ynuBepcutetu (AKII), Typky ynuBepcutrern (dunnanmus), Tokuo
Mertpononutan yHuBepcuteTu (SAnonus), Aselipo yHuBepcutetu (Ilopryranus),
Anraps ynuBepcutetu (Ilopryranusi), Heanmon ynuBepcutetn (HUtanus), ['pysus
@annap akagemusicu (I'pysust), [Tontudux KcaBuep ynusepcureru (KomymOus),
XKanyouit ¢enepan ynusepcuter (Poccus), bupmamran Apad Amwupiukiapu
ynuBepcutetd (BAA), Xupocuma yHuBepcureru (Snonus) Ba ApKTHKa
yHuBepcutetuaa (Hopserus) oaubd dopunmMoka.

Hocranmapt ¢yskuuonan ¢azomnap OyilMya wiIMHA W3TaHULUIAP KYTU1a0
TaJKUKOTYUIap TOMOHUAAH 0110 Oopunaérran Oyica-aa, OXUpPry 5 Wuiiia OJIMHraH
HaTWXKajlap OWIaH TaHUIWTUPUO VYTUIIHM >K0M3 Tomauk. Kyrapum xoccacu Ba
dypbe kKodPIULIIMEHTIApUHN XUCOOTa OJITaH XoJaa Xap Oup y3rapyBuucu OViinua
uHTerpauianyBun Tpubep-JIuzopkun Ba 2-mukposiokan becos dazonapuaa atom Ba
MoJieKynanap Eénumnamacuau ypranuin (ABedipo yHuBepcutTeTH, I[lopryramus),
Mycuenak-Opauu  ¢azonapyuiard HOpPMaUIAITUPYBYM ONEpaTop Ba XapIu-
JlutTnByn makcuman GYHKUUSJIADUHUHT dYerapajaHTaHIWK [IapTIapUHU TOIHUII
Xam/ia SKCPOTOJISIMS Ba MHTEPIIOSIIMS KaOu 0ab3U KYUHUPHIL YCYJUTAPUHU SPATUILL
(Typky yHuBepcuteTd, OUHIAHINA), OMPIIKK IIap Ba IOKOPH SAPUM TCKUCIUKIapa
AQHUKJIAHTaH AaHAJIUTUK (QYHKUUSJIAPHUHT HOCTaHAapT banax (a3onmapuHu TaaKuK
ki (Anraps ynuBepcutetH, llopryranus, KanyOuii Qenepan yHUBEpCUTET,
Poccus), karra Ba kuuuk Jleber xamua Jlopenn ¢azonapuau taakuk dtuil (Heamon
yHuBepcutetd, Wramus), Llreitn tunuparm wuHTEpnonauusuin kKarra Moppu
¢dazocunu ypranuu (I'py3us @annap akagemuscu, ['py3us) Ba Oomkanap.

MyaMMOHHMHT YPraHmIraHIuK Aapakacu. Y3rapysuan KypcaTkuuan JleGer
dazocu 1931 #mnma Opnaud TOMOHUJAH KUpUTWUATAH OVica-ga, gactiad Oy
dazonapra »»THOOP YHUANIMK Karta Oynmanu. @akar 1950 iwinmapaaru Momyssip
dazonapHuHr Xycycuil Xonu cudaruga kapanran X.HakaHOHMHT HUIIMHUTHHA Oy
dazonapra 3pTHOOP XKuXaruaaH caHa® yTuml MymkuH. by dyHKumonan dazonap
1970 #wmmnapnarn W.IllapanyIMHOBHUHT 3HT SIXIIM SIKAHJIAILIWIL Macajlajlapura
TatOuKK cudarnga naiino 6ymmu. Yrram acpuunr 80-immrapuaa sca B.OKukos
BapuaIMoH Xuco0 Macanajapura y3rapyBuaH kypcarkuwiu Jleber dazomapuau
Kymiaay. 1991 wwmnma O.KoBaumk Ba fl.PakocHMK y3rapyBuaH KypCaTKH4IU
(dazonap Hazapusicura OarMIJIaHIaH MakoJia 4ol 3TTUpAU. By MakomanaH cyHr
y3rapyB4aH KypcaTkuwin ¢a3zonapra KU3UKUII KEeCKMH OpTHO Ketau Ba Oy
dazonapaa TaAKUKOT oJuO OOpYyBUM MYyTaxacCHUCJIAp COHU Ce3WIapiid Japaxaja
omau. AHa mryHnaaii onumiiap karopuna A.Anmeiina, K.Kanone, [.Kpy3-YpuOe,
JL.lenunr, .2.9amynac, A.Duopenma, D.Dyramypa, M.['amxubdekos,

1. Xapprosiexro, I1.Xacrté, M.Xaba3mu, B.Koxumamsunu, T.Konanuanm,
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M.Kockenosi, O.Kopauuk, J[x.Jlanr, B.JlarBama, A.Jlepuep, x.M.Maptemi,
®.Mamenos, A .Mecxu, 0. Musyra, A HekBunja, K.J>x.Hoiire6ayap,
B.ITaaramBunu, M.Ilepe, K.Ilepec, X.Padeiipo, S.Pakocuuk, M.Pyxuuxa,
H.Camro, C.Camxo, [O.CaBano, W.lllapanynuuos,  D.lllapropoxackuii,
T.Illumomypa, b.BakynoB, B.)KukoB Ba OomkanapHu caHa0 YTUII MyMKHH.
Varapysuan kypcarkuumu Co6one Ba JleGer (asonapu HazapusacH TYFPUCHIA
J.B.Kpy3-Ypube Ba A.DOpopeHIaTapHUHT MOHOTrpadusiapuaa, UIyHUHTICK,
JI.[lenunr, I1.Xact€, I1.Xappronexto Ba M.PyxuukanapHuHT MOHOTrpadusiiapuia
O0aragcuii MabIyMOT OJUII MYMKHH. MKKMHYM MOHOTpapUsHUHT KaTrTa KUCMH
OyHmait  ¢aszomapHUHr Kacp TapTubaum auddepeHuan TEHTJIaManap Ba
THAPOJMHAMHUKAra  TaTOMKJIapura OaruIUTaHTaH. B.Kokunamsuiu Ba
B.[TaaramBunuauHr ~ MoHOTpaduscuia  OFUPIMK  KYHWIraH  Y3rapyBYaH
kypcatkuwin Jleber ¢aszomapugaru uderapacu CWUIMK OyiamaraH coxajap Y4uyH
yerapaBui MacaJlaJlapHU €YUl YpraHUJITraH.

TaaKuKOTYMIIApHUHT YFTUOOPUHU TOPTraH siHa Oup QyHKIMOHAN (ha3oiapaaH
oupu 1992 iimnpma T.MBanu Ba K.COopmonenap TtomMoHuAaH SkoOMaHHUHT
MHTErpaUIaHyBUMIIUTY XOCCACHM YPraHuIl HaTH)KacuJa KUpUTWIrad karra Jleder
dazocuaup. by ¢azo Typim uuszukcus guddepeHnyan  TeHriIaMaJapHUHT
pEryJIApJUK, MaBXKyUIMK Ba STOHAIMK Macajajapuia SHI caMapaid 3KaHIIUTU
oinunnamau. by dazonapnaru omeparopiiap HazapusCcH OXUPTH Huapaa Kym
Vpranunmoknaku, I'. Anatpuenno, K. Kanone, H. Hanenus, I'. JIu ®dparrto, A.
O®popenna, JI. I'peko, b. I'ynra, T. WBauen, II. [Ixaitn, I'.E. Kapamxos, B.
Kokunamsunu, A. Mecxu, X. Padeiipo, JIx. M. Pakorocon, C. Camxko, K.
Coopmone, C. VYwmapxamxueB Ba Oomkantap Oy Ha3apUSHUHT PHUBOXHUTA V3
XUCCaJapuHU KYIUO KeIMOK/IA.

Juccepranmus TAAKMKOTHHHUHI JUcCepTAlUA 0a’KapPWITaH OJIM TAbJIUM
MYacCaACACHHHUHT WJIMHMA-TAIKHKOT HILJIAPH pPesKajapu OMIaH OOFJIMKINIH.

Jluccepramys TaaKUKOTH Y30ekuctoH PecryGmukacu PaHmap akageMHsACH
Marematuka uWHCTUTYTUHUHT  OT-OT-82 «OmepaTtopmap Ba HOAcCOIMATHB
anreOpanapaa Jjokan auddepeHnraiam  Ba aBToMopduU3MIap, HOYUZUKIU
JMHAMUK cucTemanapaa ¢aza anMammunuiap Ba xaoc» (2017-2020) Ba bupnamran
Apab Awmwmpnuxinapu yHuepcuteTuHuHr (G00002994 «Hocrtanmapt beprman
tunuaara  ¢aszomap» (2019-2020) maB3ycugarun WIMHA TaAKAKOT JIOMHMXalapu
noupacujia Obakapuira.

TaaKMKOTHUHI MAaKCAAW SHTH HOCTaHAAPT (QPYHKIMOHAN (ha3oJapHH
KUPUTHUII Ba yJiap/a TapMOHUK aHAJIU3 OTepaTOpIapUHU TaIKUK KHJIUIIAaH HOOparT.

TaakuKoTHUHT Baszudasapu:

373rapquaH Kypcatkuwin beprman ¢azonapunu (SufKBCD) AHUKJIAII Ba YHUHT
0ab3U CTPYKTYypaJId XOCCAIAPUHU YpraHulll;

VKBb®parn 6as3u OIepaTopiapHH KOMIIAKTIMKKA Ba 4YerapaJaHTaHIHKKA
TEKIIUPHIIL;

VKb®na onuHran 0ab3d HATWKATAPHM OMPIMK IIap Ba IOKOPH SPUM
TEKUCIUKJIAH XOCWJI KWJIMHTaH y3rapyBuaH kypcaTkuuiu Moppu dazonapunaru
aHAIUTUK QyHKUMsIIapra KyJiiai;



EBxknua Qaszonmapu, mryHuUHTAEK, YI4oB OepuiiraH KBa3MMETpHUK (a3oiapaaru
Kabu ymymiiamrad katra Moppu (a3onapuHy aHUKJIAI XamJa 4YerepajaHraHInK
MeTaTeopeMaliapuHu ucOOTIal,

§’3rapquaH KypcaTknuwin Bunep Ba Pucc MabHONMapuaaru 4€KiIv BapualusId
(dazonapHM aHUKJIAI Ba YJIAPHUHT XOCCATapUHU YPraHull;

V3rapyBuan kypcaTknuwin Prucc MabHOCHIATH YEKIM BapHarmsmy dasonapa
rio6ain Jlunmui-Hemuiku oneparopiapuiu TaBcuial;

bab3n ¢ynkumonan ¢azonapaa  “XyHyK’  SIpOJIM  ONEpaTOpJapHUHT
yerapajaHraHjiaruHu ucOoTIIalll.

TagKNKOTHUHT 00BEKTH: 3'73rapquaH kypcarknwm beprman ¢azonapu,
y3rapyBuaH KYpCaTKU4IA YE€KJIM Bapuanusuiv ¢aszonap, ymMmyMiamran karra Moppu
¢azonapu, beprman npoekuusicu, MakcuMman oneparop, Pucc norenuuan oneparopu
Ba KannepoH-3urmynz oneparopu.

TagKuKOTHUHI TpeAMeTH: ViyoBIM  (QyHKuMsmap  (Ga3ocw, UYEKIU
Bapuanusiin  QyHKIusuiap ($asocu, aHamuTHK (yHKOusIap (a3ocu, TapMOHHK
AQHAJIM3HUHT KJIACCUK ONEPATOpIIapH.

TanKuKOTHUHT ycyJuiapu: TagkuKoT Uinaa (GyHKIIMOHAN aHAIU3, TAPMOHUK
aHaJIM3, KOMIUIEKC aHAJIU3 Ba XaKUKUH aHaIU3 ycysulapuaH GoiiaaaHuira.

TaaKUKOTHUHT WIMMI SHTWINTH Kyiuaaruiapiad noopar:

DKCTpamnoJiAlMs TeXHUKacugaH ¢oigananud, Vy3rapyBuaH KYpCaTKUUIU
beprman  Qazomapuga  beprman  NPOEKUMACHUHMHT  YerapaJaHTaHJIUTHHU
UCOOTJIaHTaH,

y3rapyBuaH kypcatkuunu beprman ¢azomapuna 6ab3u  onepaTopIapHUHT
(beprman mpoekuusicu, bepesun anMamtupuniapy Ba TE€mMip onepaTtopu)
YyerapajaHTaHiIuTy HCOOTIaHTaH;

Kannepon-3urMyHa Tummaarn oneparopyiap KOMMYTAaTOpPH, LIYHHHIJIEK,
OMpKMHCAM XOJJard yMymJjamradl karra Moppu (dasocuma mnoTeHuuan
orepaTopiiap KOMMYTaTOPH YerapajiaHraHInrd UCOOTIIaHTaH;

y3rapyBuaH KypcaTkuwin Prucc MabHOCHMIAru 4YekjiM Bapuauusiiv ¢azonapia
Pucc tacBupu xakuaarv ieMMa ucOOTIIaHTaH,

y3rapyBuaH KypcaTkuwin Prcc MabHOCHMIAru 4Yekjiu Bapuauusiiv ¢azonapia
BeKTOp YymyoBnap yuyH boxuep-Jleber ¢azocuparu yuszuin QyHKIHOHAIIIAP
TaCBUPJIAHTAH.

TaagKMKOTHUHI aMaJIuil HATHKAJIAPH

Kuputunran  sarm metomnap  beprmanm  daszomapu  HazapusICUHU
PUBOMIIAHTUPHUINTA XU3MAT KWIaad. YMymiamrad katrrta Moppu Qa3onapuHu
TQAKUK KWINIIAA KUPUTWITAaH MeTomyiapaad Oy daszonapaard  SIUITMITHK
TEHTJIAMAJIADHUHT EeYUMJIApUHU Oaxosamijia KyJjulam MYMKUH. XyHYK SIpOJU
ONEpaTOPJAPHUHI 4YerapajaHraHjurd OopacHujia OJIMHIaH HaTHKajap KIAaCCHUK
omeparopjap Y4YyH OJIMHTAH HaTWXKalapHU XYHYK SAPOJM ONEpaTOpPJIAPHUHT
AIpOCUra EHTWIPOK IIapTiiap KyWWiIraH omneparopiapra KeaTUpHO YpraHuiil
UMKOHUHU Oepai.

TaagkMKOT HATHKAJAPUHUHI HINOHYIMJIMIH. DyHKIMOHAN  aHauus,
rapMOHUK aHalM3 Ba (QYHKUUAJIAP Ha3apusIcu MeTojyiapuaaH (oiganaHuiral

XaMJa OJIMHTaH HaTHW>XaJiap KaT’bI/Iﬁ MAaTCMATUK MyJoxa3ajiapra aCoCJIaHI'aH.
8



TagKUKOT HATHKAJTAPUHUHI WIMHHA Ba aMajaMd axamHMsTH. TaIKuKOT
HAaTW)KaJapUHUHT  WIMHKM axaMHSITH OJIMHTAH HATWXajlap Ba METOJIapaH
oreparopjiap Ha3zapusACH XaMmJla HOCTaHAapT (QYHKUMOHAN (a3ojdapHU TaJKUK
sTUILia (HOoNJATaHUIIT MYMKUHIIUTY OWJIaH W30XJIaHa/IH.

[IIlyHUHTAEK, OJIMHTaH HATWXKAJAPHUHT aMaJIMi aXaMuATH HOCTaHAApT
byHKIIMOHAN (pa30JapHUHT OEBOCHTA TATOMKIApU KYTUTHUTH OUJIaH M30XJIaHAIH.

TaagKuKOT HATUKAJAPUHMHT KOpU KUWinHUIIM. Hoctanmapt ¢hyHKImoHal
¢dazomnap Ba ornepaTopiap Hazapusicu OViinda OJMHTaH UMUK HaTHXKalap acocuaa;

OMpIUK IIapJa KUPUTUTUITAH y3rapyBuaH kypcatkuuiu beprman dazocugaru
Kannepon-3urMyHa ONEPAaTOPUHUHT  YETAPAIAHTAHIWTUIAAH XOPWKUM  WIMHUHA
xypHamiapaa (Complex Var. Elliptic Equ. 61, No. 8, 1090-1106 (2016), J. Math.
Sci., New York 226, No. 4, 344-354 (2017), J. Funct. Spaces 2018, Article ID
8751849, 8 p. (2018)) Jleber dazonapuaaru beprman MpPOEKTUB ONEPATOPHHUHT
yerapajaHranjuruiy  ucOornampaa  Qgoipananwirad. WnMuid — HaTWXKaHUHT
KYJUIaHWJIMIIM apajlall HOpMaJii y3rapyBuaH KypcaTkuuiau beprman ¢aszonmapunu
KUPUTHUILL, IOKOPU sPUM TEKUCIUKIArd Yy3rapyBuyaH KypcaTkuuid beprman
dazonapuHU TAAKWK ATHUII Ba Y3rapyB4YaH KypcaTKWyra KyWuiran 0ab3u maprtiap
acocuza ¢ha3oHUHT JIUMIuIl XapaKTEPUCTUKACUHU TOMUII UMKOHUHU O€epray;

y3rapyBuaH KypcaTkuwin beprman ¢aszocuga “ocoH JaBOM OTTHpHUIN’
TYITYHYaCHHUHT KUPUTWINIIHIAH XOpKUi miMuil xypHautapaa (Czech. Math. J.
70, No. 1, 187-204 (2020), Int. J. Math. Math. Sci. 2018, Article ID 1417989, 11 p.
(2018), Mediterr. J. Math. 17, No. 1, Paper No. 9, 13 p. (2020)) beprman npoekTus
ONEPATOPIAPUHUHT YErapaJIaHTaHJINTUHHA JKCTpAIosaluus ycyuiapu éEpaamuaa
kypcarumga Qoipananunrad. MnMuii HaTWKAHUHT KYJUIAHWIWIIN y3rapyBYaH
kypcatknwin Qok (azonapuHUHT 0ab3u CTPYKTYpPaBHM XOCCaJapwHH, Y3rapyByaH
kypcatknuwin beprman ¢azonapunaru uerapajgaHraH oOInepaTOpJapHUHT Oab3u
CUHOUHUHT  KOMIAKTIWTHMHU  XaMJa y3rapyB4aH KypcaTkuuiu  beprman
(dazonapuary KOMIIO3UIMS ONEPATOPIIAPUHUHT KOMITAKTIIUTH Ba Y3JIIYKCU3JIUTHHU
TEKIITUPUII UMKOHUHH Oepras;

y3rapyBuaH KypcaTkuwin beprman ¢azonapumaru 6ab3u onepaTopIapuHUHT
yerapajlaHTaHIUTHIaH XOpwKui wiMnid xypHamiapaa (Adv. Oper. Theory, 4, No.
4, 738-749(2019), Math. Notes 106, No. 2, 229-234 (2019), Complex Analysis and
Operator Theory 13, 275-289 (2019)) koMIUIEKC TEKHCIHMKAArd Yy3rapyBYaH
kypcatkuwin Jleber ¢azomapunaru 0ab3u YU3UKIM OmNEpaTopiap YUyH MOIYJIIU
TEHICU3JIMKIApHU XOCWJ Kuiuiga doigananuwirad. WnMuil HaTvKaJlapHUHT
KYJUTaHUJIMIIY 0ab3u YM3UKIIN OrlepaTopiap Y4yH MO TEHTCU3IUKIIAp YPUHIH
Oyica, KYpCaTKMUYHHUHT y3rapMac OYJIUIIMHM HUCOOTIAIl Xamja OUpJIUK IIapJaru
QHATMUTUK  (DYHKIUSUTAPHUHT  Y3rapyB4aH KypcaTkuwin Xapau ¢azojJapuHu
KUPUTHUII Ba TAJAKUK STUIIT UMKOHUHU Oepras.

TagKNKOT HATHKAJAPUHMHT anpodanusicu. Ma3kyp TaIKUKOT HaTUXKalapu
9 Ta xankapo WwiMH-aMalluii aHKyMaHJIapya MyXOKaMa/laH YTKa3uIraH.

TagKuKOT HATHKAJAPUHMHI JbJOH KWIMHTAHJIUTUA. TagkUKOT MaB3ycH
Oyiinua >kamu 15 Ta wWiIMHUN Makja d4YON OTWITaH, MIyJapiaH, V36exucton
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PecnyOnukacu Omuii Arrecranuss ~ KOMMCCUSCHUHUHT dan  gokTopH
JIUCCEPTAlUSIIAPU ACOCUN WIMUK HATHKAIAPUHU YOI 3THUILI TABCUS ITUJITaH WIMHUN
Hampiapaa 14 Tta (Scopus Oaszacuma) makoja Ba 1 Ta Hydy3au Hampuéraa 4o
ATWITaH KUTOOHUHT 000U cudaTuaa HalIp STUITaH.

JuccepranMsHUHT TY3WIHIIK Ba Xa:kMmu. Jlucceprauus kupuil, Oemra 600,
XyJioca, HallIp ATWJITAH UIUIAp Ba (oianaHuiIran afabuériap pymxaruaan TalIkui
tonraH. J{ucceprarusauar xaxxmMu 210 OeTHH TalIKuiI ATTraH.

JTUCCEPTALIUSIHUHT ACOCUN MA3MYHH

Kupum kucmmuaa auccepranys MaB3yCHHUHT J0J3apOJIMTd Ba 3apyparu
aCOCJIaHTaH, TaAKUKOTHUHT  pecrmyOinKa ban Ba  TEXHOJIOTHUSIApU
PUBOXKJIAHUIIUHUHT YCTYBOP MyHaJIWILIapura Mociuru kypcatwirad. LIlyHuHr ek,
Oy KHCMIa JuccepTals MaB3ycHu Oyinda XOpWXKUN WIMHA-TaIKUKOTIIAp IIApXH,
MyaMMOHMHI YPraHWITAHJIMK Japaxacl KEJITHUPWITaH, TaAKUKOTHHHI MAaKCaJH,
BazuQanapu, 00bEKTH Ba NPEIMETH TaBCU(IIAHTaH, TAAKUKOTHUHT WJIMHIA SHTUJIUTH
Ba aMaJiuii HaTwxajgapu Oa€H KWJIMHIAaH, OJUHIaH HATW)KAJIAPHUHI Hazapui Ba
amManuil axaMuaTu ounl OepuiiraH, TAAKUKOT HATHKATAPUHUHT KOPUN KUITUHUIIIH,
Hallp OJTWIraH MILIAp Ba JUCCepTalMs TY3WIMIIM Oyinya MablyMOTiap
KEJITUPUJITaH.

JlvccepTanusHUHT «Y3rapyBuan kypcarknuian Jleber daszoaapm xakuaa
AacTJadKkM TymIyHYajJap» Howmid OupuHYM OoOuja y3rapyBuaH KYpCcaTKUWIU
JIe6er dazomapu LP) () xakuaa KucKa MabIyMOT/Iap GepHIIraH.

«Y3rapyBuan kypcatkmuau Beprman ¢aszocm» 1e6 HOMIIAHTaH HKKHHUM
06001a Yy3rapyBuaH KypcaTkuuwin beprman (a3ocw aHWKJIAHTaH Ba YHUHT aCOCHM
xoccanapuHu ucoOotnanrad. Knaccuk beprman ¢azonapyHUHT aHUKIAHUIIWIATH
yCyJulap Y3rapyB4aH XoJija YTMACiIWTH aloxXuja TabKUIJalml >Kou3 OyiraH
xKuxariaapaad oupuaup. by MyaMMoaH KyTHIIUII YUYH XaKUKAA TapMOHUK aHAJIM3,
y3rapyBuaH KypcaTKuwid a3ojap Ba KOMIUIEKC (YHKUMsUIAp MeTOAJIapuiaH
dorinananamus. Jlactnab, V3rapyBuaH Kkypcatkuwin beprman (dazonapuHu
Tabpu(aiiMU3 Ba KYpCaTKUYHUHI Oab3W wapTiapuia yinapHuHr banax daszocu
oynmumuHN Kypcaramu3. Da3oJapHUHT AHU3OTPOIUIMTM MYaMMOCHHHU 3Ca OCOH
KCHraUTUpUIIl TYIIYHYACUHU KUPUTUO Xan 3TamMu3 Ba y3rapyByaH KYpCaTKUUIU
beprman (azonapugaru anmpokcuMalys MacalajlapuHu €4uIl YYyH YHMHT 0ab3u
XoccajJapyuHu ucOOoTIaiMu3. beprMan npoekuusICUHU ypraHaMu3 Ba SKCTPAIOJISILIHS
HazapusicugaH Qoiiananu® Oy MPOEKIUSHUHT y3rapyBuaH Kypcatkuwin beprman
dasocl ydyH XaM derepaiaHraH OYJIMIIMHM HCOOTIaiiMu3. Y3rapyBdaH
kypcarkuwin  beprman  ¢aszocuga KapimecoH  yiI4OBMHM  aHHMKIAMH3  Ba
taBcuuaiimu3. CYHr Oy CTpyKTypala KYMaroBYM SJIPOHUHT HOPMACUHU
Oaxomaiimu3. Kapnecon ymyoBu TymiyHuacugaH —GoiimanaHu®  y3rapyByaH
KYpCaTKU4JIN beprman dazonapuaaru Ténnuu OIEPATOPUHUHT
yerapajaHTraHjJuruHu  TaBcuduaiimu3 Ba Oy opkanu TEmmMi onepaTOpUHUHT
KOMITIAKTJIUTU WYKoayBuM KapiecoH yia4oBM TylmyHYacu OWiiaH TaBCU(IaHUILIMHH
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Kypcaramu3. beprmaH mnpoekuusAcMHUHI 3axaprora Ba [OpoBuu TacBupuaan
doiinanann®  y3rapyBuaH KypcaTkuuid beprman  ¢aszomapuna  beprman
MPOCKIUSICHHUHT (sSiHAa Oup MapTa) yerapajaHTaHJIUTUHU KypcaTuin Omian (0y ycym
OpKaJii OW3 DJKCTpamoJiAlMs METOAMHM Kymiad Oynmakiguran Opinuy  Ba
yMyMJIallTad y3rapyBuaH KYpcaTKu4In Moppu dazonapuHUHT
yerapajaHraHIuruHu KcOOTIall MMKOHUHM Oepaan) 000HHU SKyHJIaiMU3.

APO(D)  ysrapyBuan kypcaTkuunn beprman dasomapm  Kyimparmua
KAPUTUTIAAH

APO(D) = {f aHanuTHk QyHKIUS Ba 0p(y(f) < o0},
Oy epna 0p)(f):= f]D| f(2)|PPdA(z). KypcaTkndHUHET 6ab3y IMapTiapuua Oy
dazonap banax ¢azocu 6ynumuau ucobornanmus. lynunarnex, y,(f)(z) := f(2)
Oaxonam GyHKIUSACH YUyH 0aXOHU KyWHaaruia ojgamus:
1-teopema. Aumatinux p € P(D) 6epuncan 6yacun. Y xonoa xap d6up a € D

VUYH Y, Oaxonaw ¢ymkyuscu weeapanawean. bynoan mawkapu Kytuoaeu
MEH2CUSTUKIAAD YPUHIU

2o Sl Ve IS =
(1 —la]?/? (1 —lap)=/P

p € P9(D) 6ynranna APO(D) Qasomard KYNXaIAPHUHT 3HUITMTHHH
y3rapyBuan  kypcatkuuwiu  beprman  ¢azomapumarn  QyHKOUSUIAp  yUyH
anmpoKcUMaIusi TeopeMacuian horgarannd ncOOTIA MyMKHAH. ATIITPOKCUMAITUS

o 1+r
TEOpEMacu OCOH KEHralHIil fr:?]D) — C TymyH4YacWra acocjaHTaHKH, Oy

TyIIyHYa KyHUJarnya aHuKIaHaau
f(2): = j £ W), (z — w)dAw),
D

Oy epaa pD p xkynalTyBUMIIM KOMILUIEKC OUPIUK LIap Ba 1), 3Ca TallyBYUCHU > D

oynran C® ¢yukius. z = f,.(z) GyHkuus Kyingarn axoinnd xoccamapra ara: (@)

12i D Tynnamaa ananutuk, (0) r — 17 6ynranna f,.(z) — f(2) ypumnm,

(c)zeD Ba 1/2<r <1 yuyH f,(z) S Mf(z) ypunmm, Oy epna M makcuman
onmeparop, (d) z€D Ba 1/2<r <1, yaya f.(2) € APO(D) xamma r —
17 6yaranma ll f — f |l PLIOTO Il Oaxapuiau.

P beprmaH NpOEKTOPUHUHI YerapajaHraHJIUTUHU ypranamus. P Kyhnagaruya
AHUKJIAHAIM:

_ fw)

Opnatna P: LP (D) — AP(ID) omepaTOpHUHT yYerapajaHraHInrd 0ab3d MYyXHM
ONEPETOPJAPHUHT  YerapaJlaHTaHJIUTHHH  KypcaTumiga Kyn —keayBum  Lyp
JIEeMMacura acociaaHu0 mcOoTiaaHaau. BU3HMHT Xoygarn MacaJaHHHI TaOuaTuaaH
kemnb® unkuO, bekomm Ba bBoHaMWHMHT KiacCMK HaTWXkacku Ba  PyOGuo ne
dpaHCHAaHUHT SKCTPANOJIAIUSA XaKuJard TeopemacuiaH (oimgaJaHuIl METOINHU
W10 YNKIUK.
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2-teopema. Aimaiiuk p € P9(D) 6Gepurcan 6yncun. LPO(D) paszonu
APO(D) pasoza axcranmupysuu P Bepeman npoexyuscu 4e2apananean.
By TeopeManan Kyiugaru HaTu>ka Keamo YuKaau.
3-Teopema. Aiimaiiuk p € P°9(D) 6epurean 6yncun. YV xonoa APO (D
P p P . X
Gazoea Kywma ¢hazo Ap’(')(]D)) ounan anukiaHuwu mMymxur, 6y epoa 1/p(-) +

1/p'(") = 1. Xap 6up ¢ € (APO)(D))* pynxyuonan | ¢ I=Il g "AP'<'>(1D>) wapmuu

Kxanoamaanmupyeuu 6upop g € AP O (D) yuyn Kyiiudazu seona maceupea s2a
$(f) = f f (D@D AAR).
D

Bepunran a > —1 yuyn a-bepesun anmamrrupumunu xap oup f € L'(D) na
KyuuJarnya aHuKJIanMu3
— |z|?)**2(1 = |w|?)

a ’
Byf(2):=(a+1) j@ T f(w)dAw).

Su’3rapquaH KypcaTknwin  ¢aszonapaa a-bepeswH  amMamTHPUIIAHAHT
YyerapaJlaHraHJIMTUHYA YpraHaMus.

4-teopema. Aiumaiinux p € P9(D) 6epurcan Gyncun. YV xonoa LPO (D)
gaszocudazu a-bepesun armawmupuwiu ve2apaiaHean.

[ynunraex, KyWugarda sapo Y4YyH IOKOpU UerapaHu xam OepHUIIMMH3
MYMKHUH

I B 1
a(2) —m.

5-teopema. Aimaiinux p € P9(D) 6yncun. YV xonoa wymoaii C >0
y3eapmac con maeacyoku, xap oup a € D yuyn

a,z €D.

C
(1= a2/

I e3P o iy <

MEH2CUSIUK VPUHIIU.

Kyiiugaru Hatiwka Y, (QYHKIMOHAIHMHI HOPMACH YYyH aBBal OJIMHIaH
OaxoJalIapHy AXIIHIAIITa XU3MaT KHaJIIH.

6-Teopema. Aiumaiiiuk p € P9(D) Gepurcan 6yncun. YV xonda xap 6up
z € D yuyn gyuuoaeu ypuniu

v 1= g mene

By natmxa APO (D) kymmMa ¢azonan Ba xap 6up f € A(D) yuyn k,, a €D
byHKIHOHATHUHT f(Z) = fD f W)k,(w)dA(w) xoccacunan ¢oigananud, yHUHT
HOpMacwHM Oaxomam uMKOHWUHHU Oepamu. lllynmait kw0, ||y, [I=Il k, Il AP'O(D)

SKBMBAJIEHTIMKHUHT Oa)KapUJIMIIU Keaub ynkaau. By Hatwka Kyiugard reopemana
V3 aKCMHU TOIIT'aH.

7-Teopema. Aiimaiinuk p € P°9(D) 6epunean 6yncun. Y xonda xap bup z €
D yuyn
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1
{ kz ||Ap(~)(]])))x (1 _ |Z|2)2(1—1/p(2))

YpuHu.

VY3rapyBuan kypcarkuwim JleGer (¢azomapu  ydyH MOCHAIITUPUITAH
Kapnecon ymuosunn kuputamus. Arap APC) (D) y3rapysuan kypcarknuan beprman
dazocu LPO(D,u) dasona yamykeus érca, spiu AP (D) & LPO(D, u) y xomna
mycbar u bopen ymuoBura ¥ysrapyBuan kypcatkuuwin beprman daszocu yuyH
Kapnecon yn4oBu nerninanm.

8-teopema. Aumatitux D wapoa wexnu, mycoam pu bopen ynwosu 6a p €
P'%9(D) Gepuncan 6yncun. V xonoa p ynuos APO (D) ¢azoda Kaprecon ynuosu
oynuwu yyyn wynoau C > 0 eéa 0 <r < 1 yzeapmac connapu monunub, xap oup
a € D yuyn u(D,(a)) < C|D,(a)| ypurru 6yruwu 3apyp éa emapau, 6y epoa D,.(a)
ncesoo-2unepoouK wap.

Arap APO) (D) y3rapysuan xypcatkuaiu beprman dazocu LPO) (D, p) dazona
KOMMakT €rca, y Xojjga MycOar u bopen VadoBura y3rapyBuaH KypcaTKUYIU
beprman ¢azocu yuyH iykosnyBun KapriecoH yinuoBu Aeinnaiu.

9-teopema. Aumaiiiux D wapoa uexniu, mycoam p bopen ynuoeu éa p €
P'%9(D) 6epurcan 6yncun. ¥ xonoa p yuuwos APO (D) ¢aszoda Kaprecon ynuosu

oyauwu yuyn wynoau xap oup 0 < r < 1 con oauneanoa xam|a| = 1~ oOyreanoa
#(Dr(a))
|Dr(a)

Bepunran ¢ € L1(D) ¢yskimus ydyH Kynxamwiap TyIUiamuia T, Témmui

— 0 ypumunu oyauwu 3apyp éa emapiiu.

ONEPATOPUHHU KyWHJarndya aHUuKJIAnMu3
Tof @) = | £ Wk (@p(n)dAW).
D

Kapnecon ymuoBu €paamuna TEmnuu OnepaTOPMHUHI YETrapalaHTAHIUTUHU
TaBCU(DIIOBYN KYWHIaru MyXyUM TeopeMa UcOOTIaHIH.

10-teopema. Aiimaiiuk p € P'°9(D) 6a ¢ € L' (D) 6epurcan 6yncun. Myc6am
U yruos du = @dA menenuxnu Kanoamianmupcut. Y xonoa xyuuoasu macouxiap
meHe Ky4Jiu:

1. T, onepamop APO(D) 0a yecapananzan;

2. B onepamop D wapoa uecapananean,

3. ujnuos APO (D) yuyn Kapnecon ynuououp.

Oxopumarn  teopemamgaru  MeTon  opkKam  TE€mumm  onmepaTopuHUHT
KOMIAaKTJIUTMHU iyKoayBun Kapnecon ymuoBu €épaamuna TaBcudian MyMKHH.

11-teopema. Aiimaiiuk p € P'°9(D) 6a ¢ € L' (D) 6epurcan 6yncun. Myc6am
U ynuos du = @dA menenuxnu Kanoamianmupcut. Y xonoa Kyuuoasu macouxiap
meHe Ky4Ju:

1. T, onepamop APO(D) 0a komnaxm.

2. |z| = 17 6yneanoa Bo(z) = 0 ypuniu.

3. ujnuos APO(D) 0a Kapnecon ynuosu.
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[llynnarnek, beprman mnpoexkumscu  tacBUpMHHMHT  KanaepoH-3UrMyHnI
CUHTYNAp omepatopu €paamunaru udomacu Ba KamnepoH-3urMyHI CHHTYISP
OMEPATOPUHUHI YerapajaHranauruaan Qonganannd beprmaH NpOEKIUSCUHUHT
yerapajiaHraHJIuruHu UcOOTIaiMu3:

Pf(z) = Kif(2) + K>f (2),

Oy epna K; Kyluaara uHTErpai orneparop

Ki(z,w) = (XD(%)(Z) +)(D(0 1)\0(0 1)( z)x (0 1)(W)> kv (2),

2(=5)

D(0,2)\D(0,1) | —z |

(2
g =Qf(C)W,

Yoy 606HM 0ab3u M30XJap Ba OYJIMMIIard HaTHXKajgap OJIMHTAH HIIapra
UKTHOOC OminaH skyHiaiimu3. Harmwkanap [5, 6], [7] Ba [8] unmapna ¥3 udomacuau
TOIITaH.

«Moppu THNHAAru HocTaHAapT ¢azojap» 1e0 HOMIIAHTaH y4YUMHUHU 000

(6ab3an ymymiamrad karra Moppu daszomapu ned xam atamyBuu) karta Moppu
dazomapura kupwuinra OarunuiaHrad OYynuO, (a3zoHM aHUKIANIIArd Xap HKKU
napaMeTp KaTTANTAMITUPUIN SKapaéHUHUHT TPeAMETH XucoOnaHaau. Moppu
dazomapugaru  06ab3d  ONEpaTOpPJAPHUHI  YErapajaHTaHJIUTH  XaKuJaru
TCOPEMAJIAPHUHT  SIHTM  KUpUTWIraH  (Qasomapmarm  MykoOwnm — OynraH
meTtareopemanap ucOornanau. LyHUHTOEK, YI490B aHUKIAHTaH KBa3UMETPUK
dazonapna  Xapau-JlutTnByn — Makcuman — oneparopu, KanaepoH-3urmyHa
omeparopu Ba Pucc Tummaaru moTEHIMANT OMEPATOPJIAPHUHT YerapajlaHTaHIUTH
UCOOTIAaHIH.

Ba

Kf(z) = )(D(o,l)\D(o,1/2)(Z) g(Q)dA(S),

{ € D,.

Bepunran 1 < p < o0 Ba 0 < A < 1 yuyn LPA(Q) ymuosnn GpyHKUMATApHUHET

Moppu ¢azocu Kyiugarnia aHuKJIaHaIu
1

1 P
b= 2 (i, VPO <

0< <d
Oy epma d = diam 2 Ba Q(x,r): =02 N B(x,r). bepuiran 6 >0, a =20, 1 <p <

o, Ba 0 < A < 1 yuyH Kyiugaru QpyHKIIMOHATHU KapaiMu3:
0

A e
¢ga (fl S) = Sup0<s<sgp € " f ”LP—S./l—aS(_Q),
Oy epma 0 <s <min{p —1,4/a} (6uyna xynaitnuk yuyH « = 0 Oynranga xap
KaHgait A conna A/a : = oo 1e6 onamus).

Afitaiiiuk 1 <p < 00,60 >0, a =>0,Ba 0 < 1 <1 6yncuH. Lp) )(.(2) Ounan

YEeKJIM HopMara 3ra YIrdoBiu QyHKIusiap GpazocuHu OenrmiaiMms;

14



A
A ;
I f "Lp),/l)(ﬂ): = (bga (f) Smax)> Smax = Min {p -1, a}
Lp) A (2) bazonun kamma Moppu ¢azocu ned aTaimMus.
bepwiran p, 0, A, a, f mapameTpnap y4yH s = qbg (f, s) xamaiimaiiiurad QyHKIIHS.

o < s Oynranna fpg (f,s) Hu <Dg (f,0) opkayiu KaHjai 0axoJIAHUIIIMHU KyWH1aru

JemMmaja 6epaMus.
13-nemma. Avimaiinux 2 ueecapananean ouux myniam oyacun. 0 < 0 < s <

min {p 1, } VUYH KyUuoacsu meHecusauK yYpuriu
0 0
p.A D=5~ D=0 HP*
Py (f,s) < CsP=Sa P=9®y" (f,0),
oy epoa C conu ncouuea, p,A,0,a napamempnapea sa O ouamempea 60&muK
oynub,, f, s, ea o 1apea 6021uK smac.
by nemMmanan Kyiugaru HaTHKa KeIub duKaau.

14-nemma. 0 < ¢ < min{p — 1,%} VUYH KYtuoazu meHeCusiuKk oaxcapuiaou

&Py (f,0)
I f ||Lp))1)m)_ CT'
opP—o
oy epoa C conu nconuea, p,A,0,a napamempnapea sa d ouamempea 6Goznux
oynuo,, f ea o n1apea boznuk smac.

Kyliugarm nemma KeHr TaTOMK OSTHIYBYM MYXHM HaTWXalapAaH Oupu
XHCOOIaHaIH.
15-nemma. Aumaviaux U  onepamop (wusuxau Oynuwu  wapm smacl)

Lp_g"l_“g(.(l) Moppu ¢azocuoa ueecapananean oOyicun, avhu 0 <o < min{p —

y)
1, ;} con 6a emapauya kuuuk € € (0, 0) connap yuyn

| Uf ”Lp gA— a.S(_Q)< Cp gl—ae ” f ”Lp gA— ae(ﬂ)
MeHeCU3UK ypuHau. Aeap SUP,, <0Cp_£,,1_a£ < 00 oOadxcapuirca, y xonoa U

onepamop Lg)él) (£2) xamma Moppu ¢azocuoa xam wecapananean, sIvHuU
| Uf "LZ?(f)(-Q)S Clf "L’Z?;?(ﬂ)

ea
Co
C= — 9 sup C p—g—ae
O_p—a 0e<o
oy epoa Cy conu n,p, A, 0, a éa d connapuea 6oanuk, rexun o 2a bo2auk smac.
IOxopunmarn HaTwka Ba kiaaccuk Moppu (asocumarn derapaiaHTaHIUK
XaKHJIard MabJIyM HaTHKaJlapra acoCIaHuO KyHuIard TeopeMaHu €31 MyMKHH.

16-teopema. Avmaviiuxk 1 <p <o, 8 >0, a >0 6a 0 <A< 1 bepunecan
oyncun. Y xonoa Xapou-Jlummaeyo maxcuman onepamopu Lp) )(.(2) kamma Moppu
gazocuoa ueeapananean 6y1a0uU.
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17-teopema. Aumatinux 1 <p <00, 8 >0 6a 0 <A <1 bepunean 6yncun.

P).A)
Y xonoa cmanoapm soponu T Kandepon-3uemyno onepamopu Ly,

(2) xamma
Moppu ¢gpazocuoa weeapananearn o6ynaou.

bupxxunciunuk tunu 0yinya xaMm katta Moppu dha3zocuHu KupuTamus. byHuHTr
yuyH Oab3u Tabpudaapuu 6epubd ytumm kepak. X : = (X, d, u) myHgaii g tTyna yiauos
Oepunrad TOMOJOTUK (ha30 OYJICHMHKU, TAITyBYMCH KOMITAKT OYIraH y3ITyKCHU3
ynxuuanap ¢asocu L'(X,u) dazona 3uu Ba d dca kBasumerpuka, sbHH X X X
naru HomaHOUi XakuKui KuimMaTian d GyHKIUSKY, KyHHIara Xxoccajiapra ara.

1. dx,y) =0 x=y;

2. xap Oup x,y,z€ X yuyn myHmaid C, > 0 ¥y3rapmac COH MaBXKyJKH,

d(x,y) < C[d(x,z) + d(z,y)] ypunnu;
3. xap Oup x,y € X yuyn mynmaii C; > 0 con mabxyaku, d(x,y) < Cs -
d(y, x), ypuHim.

X nuwHr B(Xx,7) d-mapmapuHu y3uaa CakJIOBUM KHCM TYIUIAMJIAPUHUHT O-
anrebpacuaa p ymyoB Oepwiaran OyncuH. Xap KaHAal miap 4eKiId YadoBra sra zieo
onamus, SpHU UB(x,7) < 00 Ba xap Oup x € X HuHr uxtHépuit V atpodu yuyH
myHgai v > 0 con tonunaauku, B(x,r) € V ypunnu. Arap x Ba r napra OOFJIHUK
Oynmaran «,8,¢ > 0 comnap Tomuaud, uB(x,r) = cr® Oaxapwica, U YIYOBHH
Kkyiiu a-Angpope peeynap, arap uB(x,1) < crf Gaxapuica, 6y yauosnu 10Kopu f-
Angopc pecynap Oetiunaou. Arap a = [ Oynca, u ymuoBra a-Angopc pecyrap
nenuunnagn.

Arap u YaY0OB MKKHMJIAHTAHJIMK IIAPTHHU KaHoariantupca, (X,d, ) ywiukka
oupxxuHcM TUnAaru gaso aerunaau Ba kuckaua bT® kabu €3unanu.

1<p<o B2 0<A<1 yayn LPA(X,u) Moppu ¢asocu YmuoBiH

bynkuusanap gaszocu cudaruaa Kydiugarnia KUpUTUIaIN
1

1 P
I f ||Lp./1(X’#):= ?CLEI)[? (mL(xr)|f(Y)|pdﬂ(3’)> < .

o<r<dy
bab3an, rokopumaru Moppu ¢pa3zoCHHUHT MOIU(DUKAITUACUHNA XaM KapaimMus,
seHn LPA(X, 1) daso Kyiumariya aHuKIaHaIu

1
I f lepae i = SUP (mjg

0<r<dy ter)
buz xap moum y Y1aoBHU F0KOpH Y -Andopc peryispu aed onaMus.

BT® cudaruna xarra Moppu ¢dasocu KupuTuiATaHHIaH KevnH EBximmn
dazomapuna Oynranu kabu penayknus Jemmanapu bTdD yuyH Xam YpuHIH
SKaHIMTUHU Kypcaramus. [0,€] ma OepwiraH XakUKAH KHHAMATId HOMaHQHHA ¢
¢ysakus yayH myanaid C = 0 con Tomunud, 6apua x < y xuiimatiapaa @(x) <
Co(y) Vypummm Oynca, Oy ¢yHKUuATa Oespau ycysuu nevnnann. Kyhugarn
(YHKIIMOHATHHA KapaMu3

1

If(y)lpdu(y)>p <w.
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1
A =
OLL(f.5) 1= Sup @(&)P=E I f Il p-ca-awo (x,p-

0<e<s
18-rawpud. Avumaiiiux 1 <p <o, 0 <A< 1 counap bepuncan 6yiudb @
mycoam ueeapananean Gyukyus im0 (t) = 0 wapmnu xanoamaanmupcun.
Illynuneoex, A Xxaxuxuii Kuuimamiu Kamaumatouean HOMAau@uu QyHKyus yuyH
lim,_0+A(x) =0 ypunnu 6yncun. LZ)’Q)(X, W) Ounan yauoeiu GYHKYUALAPHUHE

wynoau hazocunu dereunauMusKu, yiap Kyuuoazu Yekiu Hopmaza 22d
A ;
I f ”Lp(p),ﬁ)(X): = ¢£,A(f» Smax),  Smax = Min{p — 1, a}
0y epoa a = sup{x > 0: A(x) < 1}.

bepunran p,0,A, a,f mapamerpmap ydyH S - ng 0’} (f,s) xamaWMaWguTIH

byukusa. o < s 6yaranaa CDg 0’} (f,s) Hu Cbg i (f, o) opkanu KaHait 6axoIaHUIITUHA

KyWluaaru aeMmaaa Oepamus.
19-nemma. 0 < 0 < s < Spax VUVH KyUuudazy meHeCuziuK ypuHiu

1
OPA(f,5) < Cp(a) PoBYA(S, 0),
0y epoa C conu y conuea, p,A, @,A napamempnrapea éa dy ouamempea 060&1UK,
neku f, s, 6a onapea 602nuK smac.
20-nemma. 0 < 0 < Spax, YuyH Tawvpugh 18 oOaeu mopma yuyu Kyuuoazu
MEH2CUZIUK YPUHIIU
Ppralf,0)
I f ||Lp),/1)(X)S C T
0.4 —
p(a)P=7
oy epoa C conuy,p, A, ¢, A 6a dy napea 6oenuxk, rexun f 6a o napea 6oenux smac.
YerapanmaHraHauK XaKuJard KyHuaard HaTuKa OJTUHIH.
21-nemma. Aumauiaux U onepamop (Kucman wusukiu 6ynuwu wapm smac)
Moppu ¢asocuoa ueecapananecan 6yncun, sviu 0 < 0 < Sypax COH 6a emapauya
kuuuk € € (0, 0] connap yuyn

Huf "Lq-sﬂ-Az(S(X)S Cp—ea-a1(e)q-ea—-4sce) | [ ||Lp—s,A—A1(s)(X)
MEH2CUIUK YPUHTIU.

Aeap
sup Cp—e,/l—Al(s),q—s,A—Az(s) < ©
oe<o
6a
1
g)a-¢
0<€<Okp(g)5:3

bascicapunca, y xonda 6y onepamop xamma Moppu gazocuoa xam ueeapanauean,
ABLHU

NUf oy ~<CIfllon,.
Fhigneo= 1 lpbe
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C= T sup Cp—s,)L—Al(e),q—s,)L—Az(e)r
6y epoa Cy conu y,p, A, ¢, A 6a dy connapuea 6oanux, 1exun o 6a [ ea 6o2auk smac.

21-nemmanuHr HaTmkacu cudaruaa Kamgepon-3urmyHj omneparopu Ba
Xapau-JIuTTiBy 1 MakcuMaln ONepaTOPUHUHT YerapajaHraHIMTMHA UCOOTIaiMuU3.
22-teopema. Aumatiiuxk 1 < p < 0 ga 0 < A < 1 bepunean 6yacun. ¥ xonoa

Lp) A)(X 1) oawu Lp) )(X 1) ea axcrawmupysuu Xapou-Jlummngyo maxcuman

onepamopu yez2apanamean OVIUWU YYYH emapiuyad KUduk O COHU MONUIuo,
1

1
sup, .. <Jl/)(€); /@ (£)P—¢ < 00 baxcapunuwi 3apyp 6a emapiu.
23-Teopema. Aumaiiiuk 1 < p < 0 ga 0 < A < 1 bepunecan 6yacun. ¥V xonoa
Lp) A (X,u) xamma Moppu ¢azocuoaeu T Kanoepon-3uemyno onepamopurHume

yecapananean 6yaaou.

Karra Moppu dhazocuHuHT MOANDUKAIMSICHHN Kyiuaaruia aHuKJIanMu3
1

I f Il .= Sup (P(S)p ENf l p-sa-ace
Loa KW gcecs £ X.0)

Oy epaa Smax = min{p —1,a} Ba a =sup{x > 0: A(x) < A}. Arap 8 wmycbar coH
yayH @(¢) : = €9 6ynca, | f ”LD)A)(X 0= A f ”Lp)A)(X )z[e6 0JIaMu3.

24-tabpud. Kuuux § yuyn (0, 8] xyuuoaeu ¢ynkyusnapnu anuxiaimus:
FCx) = yx—q)A -1+ 4,(x))
' YA -2+ 4;(x) —a(x—q)
TN yp—x)A -1+ A;(x))
$x):i=q——— ————
YA —=21+A4,(x) —alp —x)
a(x —q) AGx) = 1-42+4,()
y(1 -2+ 4,(x)’ YA =24+A4:m) - (@ —-ma
() =)D, D) =)D, P(e) = p(e™), W(e) = d(e?),
6y epoa 64 > 0.
OHmu  Pucc moTeHNMan OMEpaTOPUHUHT  YerapajaHTaH/IUTH — XaKuJard
HATWKaHU KEATUPHUO YyTamus.
25-teopema. Aumatiiuk 1 < p <0, 0<a<(1-1)y)/p,0<1<1,1/p—
1/q =a/((1 = A)y) bepuncan oOyacun. Illynuneoex, 6; >0 e6a 6, = 60, [1 +
aq
(1-dy
UHmMepPB8aNIapOa AHUKIAHSAH HOMAHQUL Y3IyKcu3 @yHKyusiap Oyauob, xyuuodazu
xoccanapea 32a OVICUH:
1. Bupop § > 0 con yuyn A, € C1((0,6));
2. Iimx_,0+A2(x) = 0

3. 0<B:= lim %2 (x) < LA

x—0+ dx aq?

Ax)=1-

] bepunean. A, ea A, pynxyusiap moc pasuwoa (0,p — 1] ea (0,q — 1]
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4, Al(n)=A2((ﬁ_f(n)), 6y epoa ¢t 6upop §>0 con yuyn (0,8]

unmepesanoazu ¢ QYyHKYUIHUHS MecKapucu.

V xonoa 1% Pucc nomenwyuan onepamopu (ng:ﬁ)l X, u - ng:ﬁ)z X, ,u))-
Yye2apaiaHeaH.
26-matmka. Aimaiuk 1 <p <, 0<a<1,0<1<1 —ap,%—%z%

oepunean oyncun. lllynuneoex, 61 >0 6a 6, > 0;(1 + %) oepunecan.Aeap o <
(1 — 1)?/(aq?) wapmuu xanoamaianmupysuu a Homaunguii con yuyn A,(x) = ax
6a A{(x) = ap~1(x) 6ynca, y xonoa 1% onepamop (ngﬁ)l X,pn - ngﬁ)z (X, ,u))—

uecapaiarneaH.

27-Teopema. Aumatiiuxk 1<p <o, 0<a<1 0<A<1-—ap, %—éz

1% bepunean oyacun. Ilynuneoex 61 > 0 6a 6, > 6;(1 + %) bepunean. A1 6a A,

¢ynxyusnap moc pasuwoa (0,p — 1] ea (0,q — 1] unmepsanrnapoacu nomanguii
V3IyKcu3 gyuxyusnap 6yaub, Kyuuoazu xoccaiapaa 3ea 0yicuH.

1. Bupop § > 0 yuyn A, € C1((0,8));

2. Iimx_>0+A1(x) = 0;

3. By:i=lime o, 22 () 2 0;

4. Bupop & > 0 yuyn (0,8] unmepsanoa A,(x) = A1(P~1(x)) ypumniu.

p).A) a),4)
V xonoa 1% Pucc nomenwyuan onepamopu ([,91’ Al(X 1) — Loy, Az(X , ,u))-
yeeapaniamHeaH.
Vnuoe époamuda anuknanean Pucc munudacu nomenyuan onepamop neravja

KyHHUIary OrepaTopHy TyITyHaMH3

)
510 | it vy

du(y)

oyepral < a <1.
bynpnait oneparopnap y4yH KyWuaard HaTU»xa OJIMHIU.
28-teopema. Aumatiuk 1 <p <o, 0<a<(1-A)/p, 0<A<1, 1/p—

1/q = a/(1 — X)) bepunecan oyncun. Illynuneoex, 6, >0 6a 6, = 0, (1 + %)

bepunean. Ay e6a A, ¢ynxyusnap moc pasuwoa (0,p—1] ea (0,q — 1]
unmepsaiiapoacu HoManguil y3nykcus yukyusiap o6yauo, xyuuoazu xoccaiapea
92a OYICUH:
1. Bupop § > 0 yuyn A, € C*((0,8));
lim, 0442 (x) = 0;

2
3. 0<B:i= lim L4,0x) <42
4

x—0+ dx aq? _
A1) = Ax(d7 (), 6y epoa ¢ Gupop §>0 con yuyn (0,8]

unmepesanoazu ¢ QyHKYUsIHUHZ MeCKapucu.
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V xonoa I* Pucc nomenyuan onepamopu (Lg)l’fq)l X,pn) — LZ)Z’,AA)Z (X, /,t))—
ye2apanaHeaH.

[yaunraex, OW3 TMOETHIMANT ONEpaTOpJapHU OHWPKUHCIM  OyiIMaraH
dazonapaa xam ypranamus. (X,d, y) myHmai y Tyna yadoB OepuiraH TOIMOJOTHK
(dazo OYJICHMHKH, TallyBUYMCH KOMIIAKT OYyiraH y3jiykcu3 QyHkuusap dasocu
LY(X,u) ¢asoma 3uu Ba d KBasUMETpMKa 5ca CTaHAApT IUAPTIAPHU
KaHoatnaHTupcuH. bus xap noum dy = diam(X) < o ne6 omamuz. HlyHuHTOEK, U
YJI90B MKKWJIAHTAHIIMK IAPTUHU KaHOATIIAHTHpMaiau 1e6 xucoomaimus!

Kylnparu onepatopHu KapanMus

Kef) ) = [ LD

ey O

oyepral < a < 1.

[ynunraex, Ouszra X pga KyWuparuda MOAUGUKALMSUIAHTAH MaKCUMAll
omepaTop Kepak o0ynaau

_ 1
(1)) = Wi | | FOOD,

o0y epma Ny = C:;(1 + 2C5) xamna C; Ba Cp y3rapmacnap d KBa3UMETPUKAHUHT
aHUKJIaHUIIUAATH coHnapaup. bupop b y3rapmac connu onxamus. B = B(x,r) map
yuyH bB opkanu B (x, br) mapuu €3amus.

Bu3HUHT TaAKWMKOTIApUMH3a caMapaiun OyiaraH MoAudUKalMsIaHTaH
Moppu ¢azonapuHu aHUKIANMU3.

29-tappud. Aiumaviuxk 1<p<oo ea 0<A<1 bepurean O6yacun.
Hlynunedex, mycéam yseapmac a conu 6epunean. LPA(X, 1), Gunan nopma

Kytiuoaeuia aHukaanean moouguxayusianean Moppu gazocunu beneunaimus
1

— 1 Pd P
I f iy, = SUp (M(aB)A L (mlf(y)l u(y)> :

XEX,0<1r
LI;?L"/;{q)l (X, W)y, bazonn LZ)Z’:?Z (X,)n,z  Pasora  akcmamtupyBum K,

ONEPATOPHUHI YerapaJlaHraHJIMTUHU YpraHamui. by epaa Lg),'j )(X, Wa dazo

Kyluiaru Hopma OuiaH aHUKJIaHAIu

1
Il = sup su [— p—¢ ] .
f Lg'A XH)a 0<ssg—1x,7p .UB(X,CU”) B(x,r)lf(y)l 'u(y)

30-teopema. Aumatiiuxk 1 <p <o, 0<a<(1-1)/p, 0<A<1, 1/p—
1/q = a/(1 — A) 6epunean 6yncun. [llynuneoex, 8, >0 6a 0, = 0,(1 + aq/(1 —
1)) bepunecan. Ay sa A, Gyuxyusrap moc pasuwoa (0,p —1] ea (0,q — 1]
unmepsaiapoacu HOMan@uil y3aykcuz Qyukyusiap oyaub, Kyuuoacu xoccaniaped
92a OYACUH:
1. Bupop § > 0 yuyu A, € C1((0,6]);
2. lim,_o:A5(x) = 0;
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(1 /1)

3. 0K B—llm—AZ()<

x—-0+ _
4. A () = Ay(P f(r))), oy epda ¢t oupop 5>0 con yuwn (0,6]
unmepsanoazu ¢ QYHKYUsHUHS MeCKAPUCU.

V  xyonoa K% nomenyuan onepamop (Lp) )(X W, —>Lq) )(X /,t)NOa)
yeeapananeaH.
31-nemma. Usa A onepamoprap (Kucman quzukiu OYIuUMU WAPmM MAC)
Moppu ¢azocuoa 0 < 0 < Spax VuyH uxmuépuu emapauua xkuuux € € (0,0] con
ONIUH2AHOA XaM Kyuuoacu MyHocabamuu KaHoamiaumupCcuH
" Uf "Lq—s,/l—Az(e)(X)S Cp—e,/l—Al(s),q—e,/l—Az(e) " Af "Lp—g,/'l—Al(S)(X).
Aeap

Sup Cp—g,/l—Al(S),q—e,/l—Az(S) < 0
0<e<o

6a
1
g)a-¢
0<e<o QD(E)E

YpuHau o6yiaca, y xonoa kamma Moppu ¢azocuda ytiuoacu mynocabamuap ypuHiu
NUfN.pr, < CIAf Il pa
f LZ)’ 1,0 f LZ)_ 2, ()
Co
C=——7" SUp Cpgi-a,(e)q-e1-A,(e)
w(a)p p—g 0<e<o
0y epoa Cy conuy,p, A, @, A 6a dy napea boenux, nexun o 6a fea boenux smac.
D(X) 6wnan 6apua yerapananrad QyHKIUsIIAP TYTUIAMUHU OEITHIIaMuU3.
32-Teopema. Avmaiiiuxk 1 <p <00, 8 >0 6a 0 <A< 1 bepuncan o6yacun.

Llynuneoex, T Kanoepon-3uemyno onepamopu éa b € BMO(X) b6epunean. ¥ xon0a

[b, T| xommymamop onepamopu Lgl’f(),) (X, ) N D(X) mynramoa yecapanranean.

33-teopema. % nomenyuan onepamop éa M maxcuman onepamop Oepunean
oyncun. lynunencex, 1 <p <o, 0<a<(1-21)/p, 0<A<1, 1/p—1/q =
a/(1—=21), 6,>0 6a 0, =0;[1+aq/(1—A)]connap bepunean. A; 6a A,
¢ynxyusnap moc pasuwoa (0,p — 1] ea (0,q — 1] unmepsanrapoacu Homarngpuii
V3IyKcu3 Qyuxkyusnap 6yaub, Kyuuoazu xoccaiapaa 32a 0yicuH.

1. Bupop & > 0 yuyn A, € C((0,8]);

2. Iimx_>0+A2(X) = 0
3. 0<Bi= lim —A,(x) <5 2k
x—0+ dx aq? _
4 Al(n)—Az(cp f(r))), 6y epoa ¢! 6upop 6§ >0 con yuyn (0,8]

unmepeanoau ¢ QyHKYusHuH2 MecKapuci.
Azap b € BMO(X) 6ynca, y xonoa Lg)1’j4)1(-) (X, u) ¢azooan LZ)Z"/BZ(,) (X, 1) ¢asoca

M[b, I*] akcranmupuw veeapananearn 6y1aou.
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34-Tteopema. Dapaz Kunatiiux, Teopema 33 Hune Oapua wapmiapu
A A
badxcapuncun. 'Y xonoa Lg)l, A)l(,)(X, U ¢aszooan LZ)Z’ A)z(')(X’ W) asoca [b,1,]
aKcIaHmupuw Ye2apaianean Oyiaou.

Mff,)l?,v/l(X) OFUPJIMK KyWmiaran karra Moppu (dasocuHn Kyhujgarmda

aHUKJTaMH3!
p).6.4
Mw1 Wy (X) - {f I f ||M£)19‘A712(X)< OO}:
Oy epna
1
P
g™ 2 (¢ oo |

w2(B) = [w, () du(x), p(X) <o, 1<p <o, 0<A<1/p, 6 >0, w; Baw,
nap 3ca X ngaru OofupiMK (YHKUMsUIApW, SBbHU JAESIpid Xamma epaa MmycOaT Ba
MHTErpajulanyBun (yHKUMsuIap. DHAUM Katta Moppu ¢azonapuHUHr OOwKa Oup
TypuHH Kentupamu3. by Xxonma ofupnuk (QyHKOusiapujgadH OUpU  HOpPMaHU
aHUKJaN1a Kynaitysun Bazudacunu Oaxapanu. bynnaii gazo Kyiugaru Hopmara

HucOaTaH aHWKJIaHAIA
1

p—-¢
N fIl. »er,..:= Su Su—sef )wq (x)|P~¢éd x)
Arap w1 = w, :=w 0yica, y xonna M, p).6 Wy (X ) (Moc paBumma M, )GA(X ))

¢dazonu Mfl’,)'e’)l (X) (mMoc paBumIa MMZ:)’G' (X)) xabu OenrmaimMus.

f:X —» R ynuoBnn ¢yHKuusuiap cuHGUAA aHUKJIAHTAaH KUCMaH YH3UKIH T
oreparop KyHuaaru MapTHU KaHOATIAHTUPAAH 1ed XucoOnaimMus: myHaan mycoat
Co y3rapMac COHM MaBKyJIKH, KOMOAKT TamyBuwiaum Oapua f € L1(X) Ba x ¢

supp f yuyn o)
Y
TR S0 | poiossdu()

TEHTCU3NIUK Oaxapwnamu. by xomma 6wz T omeparop S(X) mapTHu
KaHOATJIAHTUPAAU ACUMMU3.

35-teopema. Aumaiinuk 1 <p <o, >0, 0<A<1/p, weA,(X)
oepunean oyacun. Aeap T onepamop S(X) wapmnu eéa 1 <r <p yuyn B,.(X)
wapmHu KaHoamiaumupca, y Xoa0da

I Tf "Mﬂ)'“(X)— Cllf IIMp)m( Xy f € D(X)

MeH2CU3NUK YPUHIU OY1a0u.

0 < a <1 6yncun. Arap kacp TaIuiM T, KUCMaH YU3HKJIM ONEPATOp yUyH
myHaaii myc6atr C coHM TOmWImO, KOMOAkT TamyBumnu Oapua f € L'(X) Ba
uxTHEpuil X € supp f Iap onuHTaHAa XaM

MJ@NSCL

f®
u(B(x,d(x,y))~@

dp(y).
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TEHI'CH3JIMK YPUHIIK OYJica, y Xoiaa Oy oneparop S, (X) mapTHu KaHOATIAHTHPAIU
neuniIaan.
36-Ttabpud. 0 < a<1s6al<r<1l/a bepurcan 6yiub, s = # OVIICUH.

Aeap T, kucman wusuxiu onepamop yuyH [ ea 6oerukmac mycoam C coHu magarcyo
oynub, xap bup w € A, +i,(X ) ozupnuk yuyH

I To(Fw®) lig,00< € Il f gy, f € DCX),
Tenecuznux  baowcapunca, 'y xonoa 0y onepamop By, (X) wapmnu
Kanoamaaumupaou oetunaou. lllynuneoex, 1 <r <s < oo connapu yuyn T,
Kucman wusukau onepamop xap oup w € A, ((X) osupaux onuneanda xam Ly, (X)
gazooan  Lj,s(X) azoea uecapananean axcianmupuwi 6yica, y xonda 6y

onepamop fa,r's (X) wapmnu kanoamaanmupaou oeuunraou.

37-teopema. Aumaiiuxk 0<a <1, 1<p<1l/a sa 60 >0 bepurcan
p
1-ap
baxcapysuu 6apua (r,s) ocyipmaukiap yuyu T, kucman yusuxiu onepamop Sy (X)
6a Bgyrs(X) wapmnapnu xanoamaawmupcun. Aeap 0<A<1/q s6a wE

. 1 1
OyICUH. q = 0eb onamu3. lllynuneoex, r < p, s < q 6a ~— = @ wapmuaphu

Ai1q/p(X) Oynca, y xonoa wynoai ¢ >0 yseapmac con maedsxcyoku, bapua f €

,0,1
MEPPA(X) yuyn

I T, (fw®) "M‘?V).qG/p./l(X)S cl f ||M£),6,A(X), f € DX)

MEeH2CUZIUK YPUHAU OVIAOU.

38-teopema. Aumaiiux 0<a<1l, 1<p<1l/a sa 60 >0 bepurcan
p
1-ap
oacxcapysuu 6apua (r,s) ocypmaukiap yuyu T, kucman yusuxiu onepamop Sy (X)
6a Bgyrs(X) wapmnapnu  xanoamaanmupcun. Aeap 0<A<1/q e6a wE

A11q/p(X) 6yaca, y xonoa wynoau ¢ > 0 yseapmac con maesxicyoxu, oapua f €
D(X) yuyn

. 1 1
oyncun. q = 0e6 onamu3. lllynuneoex, r < p, s < q 6a ~ 5 = a wapmuapnu

<
| To f "M")"’,?/”"l(x)— cl f ||Mp),9é,1(X)
w,w w,w

MEeH2CUZIUK YPUHAU OVIa0U.

Yuunun 600HM xam 0600 OYiinya Oab3u U30XJap Ba HATHXKaiap YOIl STUITaH
MaoKoJiaap pyHXaTuHu KeATHpHUI OnilaH skyHinaimu3. Hatwkanap [9,10,11,12,13]
uiapaa ¥3 udoJacHu TOTIraH.

«Y3rapyByaH KYpcaTKH4WIH YeK/JIH BApHANMSAIN QYHKIUsIap da3onap»

ne0d HOMJIaHTaH TYPTUHYU 000 y3rapyBuaH KYpCaTKUWIA 0ab3u YEKIIU BapUAIUSIN
dbynkuusiap daszonapuan ypranuimra, Bunep Ba Pucc MmavHOCHmaru azomapHUHT
CTPYKTYpaBUi XOCCaJapuWHU TAJAKUK KWIMIITa OaruiuiaHrad. Pucc mabHOCHIAru
yeksau  Bapuauusuin - ¢dazonapaa  Oepunran  rioban  Jlummmin-Hemunku
onepaTopJapuHUHT TaBCU(UHM, IIYHUHTACK, Pucc TacBUpM Xakujarud JeMMaHU
ucobormaiimu3. bobum B banax ¢dasocuna Pamon-Hukomum Tteopemacuuu
WIUIaTMAC/IaH BEKTOP YIYOB yUyH Y3rapyBuaH KypcaTkuwin Pucc mabHOCHIaru
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uekaM  Bapuamusun  yHKumsmap  dasocuman  doiinamarué  LPO)([a, b], B)
y3rapyBuaH kypcatkuunu boxuep-Jleber ¢dazocumaru 4n3ukim GyHKIMOHAUIAPHU
TaBcU(IIal OUIaH SKYHJIaHMU3.

Kowus pynkmus n1e6 p, < o0 MAPTHH KaHOATIAHTHPYBYH p:[a,b] = [1, )
dyskmusHN TynryHamu3. dapa3 kunaiimk p oxow3 QyHKOuS Ba [a,b] xecmama

Q"}p(')

oupop Ijgp =f{a =1ty <:-<t,=>b} OYynaknam Oepunran O6ycuH. [@b]

(GYHKIIMOHATHY KyHu1arnda aHuKIaiMu3
n

B = sup D1t = F(ti)IPE) =260 (f)
Map =5
Oy epna H["a'b] [a, b] xecmamaru Oymaxami. f;ﬁf"l))] (hyHKIIMOHAT KaBapHK TICEBJIO-
MOJTYJISIp SKaHJIMTHIaH HOPMaHU KyWH1arnda aHUKIam MyMKHH.
39-tabpud. p scous pyuxkyus oyacun. p(+)-uexnu eapuayusiiu Qyukyusiap
Gazocunu Kyuuoasuia aHUKIAUMU3

BVPO([a,b]) = {f:[a,b] > RIf(@) =0 A I f lgyrogap< +oo}

I £ Ngyperam= inffa> 01825 (£) <1},
by nopma Jlrokcembype nopmacu oetiunaou.

BVPO([a,b]) p(-)-uexnn Bapuamusim dazonuHr banax daso 6yauIIMHM,
cenapaben SMaciIuruHu, ¢, (azora mzomopd kucm dazocu O6opiurunu Ba q(x) =
p(x) yayn BVPO[a,b] © BV ([a, b]) SKaHIATHHA HCOOTIARMHE3.

40-teopema. BVPU([a,b]) ¢pazodaeu xap xamdai  Kemma-Kemaux
Vseapyeuan eapuayusoa mekuc ueeapananean 6ynaou ea f € BVPO([a, b])
@yuKyusea xap oup HyKmaoa AKUHAAULYEYU KUCMUL KeMMAa-KemauKKa 32d.

f:la,b] > R ¢yskmusauar p(-)-y3aykcuziuxk mooyiu 1ed Kyhuaaru
(GYHKIUSIHY TyITyHaMH3

5 O(F) = sup ) 1f(t) = Fti-)lPi-2)
§ j=1

Oy epma I3 [a,b] xecmamaru y3ywiauru 6 JaH olIMaiguran Oymakmami. Arap
f € BVPO([a,b]) ¢yHkuus HYKOMyBUM IIAPTHH, SHHH Iim(g_,oa)g(')(f) =0
KaHoatnantupca, f ¢ynkuusara p(-)-abcorom yznyxcuz nevwnanu. bapua p(-)-
abcomom yanykeus gynkyusnap basocuan CPO ([a, b]) xabu Genrumnaiivus. Arap
p xou3 QyHkumsa 6yuaca, y xomma CPO([a,b]) daszo Kyiimpmark xoccaiapra sar
Oynuiy ucOOTIaHTaH:

. BVp(')([a, b]) dbazonunr énuk KucM aszocu;

*  Cemnape0ben ¢azo.

Pucc mabHOCHIaru y3rapyByaH KYpCaTKUWIM YaKJIM BapHalUsuiM (a3oJapHH
AHUKJIAIIra Tan€pMHU3.
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41-tabpud. [a, b] xecmaoa Mg py = {a =ty < ty < - < t, = b} Oynaxraw
8a p aocouz  Qyuxkyus  bepuneanw  OYICUH. O-[IZLS))]’ %2[961("1))]: Rl@P] 5 R,
DYHKYUOHANINAPHU KYUUOAUYA AHUKIAUMU3S

n
— (xi-1)
p() . oy O @) — fi-DIP ol pC) )
Olab) f'n[“’b])_z (6~ o1 Blan () = 3P oy (f M)
l:1 A l_l H[a,b]

6y epoa I, ) [a, b] unmepsandaeu wynoaii 6yraxnawxu, Oy 6yraxiauwea Xap oup i

yuyn t; < x; < ti4q WApmMHU KAHOAMIAAHMUPY YU YEKIU X, ..., Xp_q1 KEMMA-KEMIUK
xam xupaou. Pucc mavnocuoaeu uexnu p(-) sapuayusiu @ynxyusiap @azocuru

RBV?C)([a, b)) : = {f € RI*PI; Q}ﬁl("l)j](f ) < o0} kabu beneunaimus.

Arap p dyukuus p(-)-xous pynkuus 6yica, Q}ﬁz] HUHT KaBapHK ICEBIO-

monyssp odkammurupas RBVPO([a,b]) : = RBVPO([a,b])/C daxtop dazona
HOpMa aHUKJIAall MYMKHHJIATH KenmuO uywukaau. byHma C  Oapya y3rapmac
byukusaap Gpazocu.

I f Nggypoqaep= inf {/1 >0 | Q}fcf"g] (g) < 1}.

RBV40)([a,b]) Bamax ¢asocu skammura wucboTmavam Ba p(x) < q(x) yuyH
RBVI0)([a,b]) © RBVPO)([a,b])  ypuwmamuru  kypcatwnmy.  LIyHuHTIEK,
Lip([a, b]) € RBVPO)([a,b]) € AC([a, b]) xam ypurnu. Byuman tamxapu ||| - |||
:=lIllo + Illggy»(» HOpMara HucOaTan (RBVIO)([a,b]), ||| - |||) Banax anre6pacu
oynaau.

Pucc nHopmacuuu (yHkius xocuinacuHuHr LP(-)-Hopmacu OwiaH OOFIOBYM
Pucc Tunuaaru reopemanu ucooTiaaiimMus.

42-teopema. p € P'9([a, b]) Gepuncan 6yncun. Aeap f € AC([a, b)) 6a f' €
LPO)([a, b)) 6¥nca, y xonoa f € RBVPO([a, b]). Ilynunedex, Kyiudazu ypuniu

Il f ”RBVP(')([a,b])S" f’ "LP(')([a,b])'

43-teopema. f € RBVPCO)([a, b]) 6a p € C[a, b] 6epurcan 6yncun. ¥ xonoa

f' € LPO([a, b)) sa

b
HGES NGNS
a

I 20 (app SN F rpreo (e
Ypuuau 6ynaou.

Cymneprio3uiusi omepatopyd 1e6 xaM HOMIIAHYBYM HeMHIKM ormepaTopuHH
kuputamu3. f:I X R - R ¢ysknus mynnaiiku, [ garum 6apua t jap yuyH & &
f(t, &) y3nykcus ¢byuknus 6ynammu. bapua t € [ Ba @:1 - R yuyn (Ff<p)(t) =
f(t,o(t)) xabu anuknanran Fy omepatopra f acocmu Hemuuku oneparopu
Jernnanu.

UYexnu Bapuanusiu QyHKiussiapHuar Pucc dazonmapuaa Tabcup KUTYBYH
Hewmurku onepaTopiapuH TaBCHU(IOBYH TeOpeMaHu UCOOTIaiMu3.
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A4-teopema. Aiimaiinux p € P'°([a, b]), q € P([a,b]) sa q(x) < p(x)
bepunean 6YICUH. RBVap(')([a, b)) ¢azonu RBVaq(')([a, b)) ¢azoea axcranmupysuu
Fr  Hemuyxu onepamopu enoban Jlunwuy Oynuwu  yuyn wynoau ¢,h €

RBVaq(') ([a, b]) pynxyusnap monunuo,
ft,y) =g@)y +h(t), te€l[ab], y€eR

VPpUuHIU OYIUWU 3apYP 84 emapii.

Kyiinnga Yexnu Bapuanusiin (yHkuusuiapuuar Pucc dazonapuaa tabcup
KunyBur  rioban  Jlummumn-Hemuiiku — omeparopiapuHUHT — acocu  y3rapmac
OYIUIIMHUHT €TapJiy mapTiapu Oepuiaim.

45-teopema. Aiimaiix p € P°([a, b)), q € P([a,b]) 6a uxmuépuii t €
[a,b] yuyn 1 < p, < q(t) 6yacun. Azap RBVap(')([a, b)) ¢asonu RBVaq(')([a, b))
¢azoza axcranmupysuu Fy Hemuyxu onepamopu 2noban Jlunwuy oynca, y xonoa
xap oup t€[a,b] sa x €ER yuwn f yukyus f(t,x) = f(t,0) wapmnu
KaHOamMAaHMupaou.

Ymby 606num B banax ¢dazocura Oomika mapmiap KyWMmaraHn XoJjaa
Lp(’)([a, b],B) ¥srapyBuan kypcarkuuwin boxuep-Jleber daszocura Kyiima
(ba30HUHT YMyMUW TaBCU(PUHU KEATUPHIL OWIIAH AKYHIIAWUMHU3.

Onmu 6u3 G: B, ) = BY Bekrop yn4oB Ounan unuiaiimus. bynpa Big p
[a, b] xecmanaru bopen o-anrebpacu. ®apa3 kunaitnmuk, Q = {Q} [a, b] xecmanuHT
UXTUEPUN Y3apo KeCHIIMaWuauraH Oy3uiaMaraH WHTEPBAUIAPUHUHT OYIakjaniu
o6yncun. p € Pla,b] yuyn G uunr [a,b] kecmanmaru p(-)-Pucc Bapuanusicuau
KyHuarnya aHuKJ1anMu3

pQ

PO (r pey — I1G(Q) lp:

Blap (6, B) = sup z opet
Q%0

Ba Pucc wmawHOCHMparm wuwekim p(+) Bapuanmsiii  QyHKuusuiap  ¢$hasocuHU

RBV?O)([a,b],B*) : = {G: iBfa(:g](G, B*) < oo} xabu Oenrunaitmus.
46-teopema. p,q € B([a, b]) xywma xypcamxuuiu ¢yukyusnap ea p_ > 1
6yncun. Y yonoa RBVIO([a,b],B*) ¢azodan (LPY([a,b],B))* asoea

AKCIaHmupyeuu

b
G4, () = | 4G, f € 170((a,b],B)

onepamop Yu3UKIU U30MopPuzm 8a
Il €5 "(Lp(~)([a’b]’B))*:" G |IRBVq(')([a,b],B*)'

Typtunun 600HUM Xxam 000 OVitmua Oab3u M30XJAp Ba HATIDKaIap YoM
STWITAH MaoKoJlajap pYHUXaTHHW KEITUPHUIN OwiaH sKkyHiaimu3. Hatmkamap
[1,2,3,4] nuapna ¥3 udogacuHu TONTaH.

«XyHYK SIIPOJIM omeparopjap» 1e0 HOMIaHyBYM OemuH4Yu 000 Oab3u
HOCTaHAapT (GyHKUMOHAN (¢azojapJard XyHYK SJIpoJid  ONEpaTOPIApHUHT
yerapajlaHraHJIMTMHA ~ ypraHuiura OafululaHrad. byHnailh — MacalianapHUHT
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MypakkaOIuru IIYHJIaKH, KJIACCUK dazomapaa OIrepaTopJapHUHT
yerapajaHraHjuruHu YpraHui Oypull METoJaura acocjiaHraH O0ynu0, Oy MeToj
HocTaHmapt  ¢dazomapma  yrmadau. Iy  Oouc  OyHmait  ¢azomapaaru
OTIEpaTOPJIAPHUHT YeTapajaHTaHJIUTHHU TEKIIMPUII YYyH SHTA METOJ HIIad
uypkum - Tana®  KWiaHagW.  YsrapyBuaH Kkypcarkuwin  JleGer  dasomapuma
AKCTpANONSALMS METOAM Il Oepca-fna, Ooiika HOCTaHAapT ¢aszojiapia, MacalaH,
Moppu (dazonapuna camapacus O0ynu0d konaau.  busHuHr Takiaud KuiaaétraH
MeTOoauMHU3 xap Oup HykTaza Oaxomamra acociaHrad Oynmb, xarto a(x)
y3rapyBuaH KypcaTkuuiau (azonapia XaMm Kacp MakchMall olepaTopiap Ba
NOTEHIMAI ONEPaTOpiapHU YpraHUII UMKOHUHU Oepaau. Mnutad 4uKuirad MeTos
¢a3oHM MaclTaOJAIITUPUIL XOCCACUTa aCOCIAHTaH yMYMHI CXEeMaHH OepuIlH
Ounan camapanuaup. by cxema XyHyK SOpoJM MakcHMaj ONEpaTOpHU Xap Oup
HyKTaa OaxoJail OwiaH Oupraivkia IyHaal macmradiun Kiaccuk (azonapiaru
OIepaTOpJIApHUHI  YerapajlaHraHauruaad  (Qoigananuo M, omnepaTOpHUHT
YyerapajaHTaHJIUTUHU KeATHPUO YMKAPHUIIHUA OCOHIAmTHpanu. by cxemanu Kymnabd
Mycuenak-Opnud dazocu, y3rapyByaH KypcaTKUWiIn ymymiamrad Moppu ¢azocw,
ymymitamirad Opnua-Moppu azocu, kymmmua ymyminamran Moppu ¢asocu Ba
y3rapyBuaH KypcaTkuuwin KoHTUHYal ['epir pazonapugaru XxyHyK sSiApOIH MaKCUMal
OIlepaTOpJIApHUHT YerapajaHraHJMruHu ucOotnaiimMu3. By HaTmkamap Xarrto
y3rapmac KypCcaTKM4IA X0J1 YUyH XaM SHTWIUKIUD.
OHJIM XYHYK SJIpOJIM MaKCHUMaJl ONepaTOpHU KeNTUpHO yTamus
1
Mof =t [ om)f G- yldy,
r>00 Jyl<r

Oy epna w Oupxuncau 0-TapTnOIM, p-KamnanyBun QyHKuusa. M, , Kacp Makcuman
OmepaTop Kyuuaarniya aHuKJIaHaIu

1
Mapaf () = SUp—— j | oIIf G — )Idy.
ly|<r

r>oT

XyHYK MakCcuMaJl ONepaTOPHU KyHU1arnda aHuKJIanuMu3

M&f(x) = f5(x) = SUp—fl | loIf (x = y) = feem|dy

r>0
Oy epna fp ypra Kuitmat OynmO, fp:= 5] fB f (y)dy xabu anuknaHagu. XyHYK

ApOJIM  MaKCUMaJ ollepaTropra VyXmam XyHYK SIpOJIM « Kacp TapThOIu
OTIepaTOPHU AHUKJIAMMU3

a(x) L ( _y)
E0re0 = | S 0y,

47-nemma. f € Lloc R™), s > 1 6epunean 6yncun. Aeap w € L5(S™1) 0-
mapmuoau OUPHCUHCIU qbyHKuwz 6)7cha Y xon0a Kyuuoazu meHecusﬂuK VPUHIU

Mofoo) < 2 (M(If1) (x))

w s (§

ns
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48-nemma. Aiimaiiux f € LPO(2), 0 < a <n, 1 < p_ < p, < o0 bepunean
oyncun. lllynuneoek, xap oup nykmaoa 1/q(x) = 1/p(x) — a/n kabu anuxnanean
q Qyuxyus bepuncan Oyicuu. Y xonoa xap oup Hykmaoa Kyuuoacu meHeCUusiux

VpUuHIU
,a

p() n n =
Myof (x) = [lelnr_L_a <|f(.)|q(-)n—a(x)>] (f |f(y)|p(y)dy> _
0
49-nemma. w € L1(S™™Y) 6uporcuncau 0-oapaxcanu gpynxyus yuym

1
f50O1 < My, f (x) + —MfC) o lipasn-r
MEH2CUZIUK YPUHIIU.
50-nemma. f € Lf;c(]R"), 1<s<oo,w€LlS(S"Y) bupxcunciu 0-

mapmubau Gyukyus ea oespiu xamma epoa mycoam o(x) @yuxyus bepuneaw
oyacun. Y xonoa a(x) > 0 6ynean 6apua x € R™ nykmanapoa
a(x) 1 a(x
Ly, (fxpaer) ()| < 7l @ llpsgn-1y 7 s
a(x)s

1
r

) '
(Ia(x)(lfls XB(x,r))(x))s 4

MEH2CUBNIUK YPUHTIU.
Sl-matmka. o € LS(S"1),1<s<oo, inf_ a(x)>0 ea f € L (R")
bepunean 6yacun. Y xonoa Kytiuoasu meHeCcusiuKk oajxcapuiaou
1
|16 (X8 ()] S @ Ngs(nosy @ (MAFIT) ()
52-nemma. w € L5(S" 1),1<s <o ga a € L°(Q) bepuncan 6yncun. Y

xonoa Kyuuoazu ypuHiu
“) OB (B0 (1 v
|Ia) (fXR"\B(x,r))(x)| Slhw sy r s s (I (f 15 XrmBr))®

0y epoa [ Kyuudasuua aHUKIAH2AH UXMUEPUL (DYHKYUSL

: a(x)
e 79757170

6a C =C(a,s,p).
53-nemma. 2 vezcapananean ouux mynaam, p € P9(Q),

supp(x)a(x) <mn,

X€EN
. -1 . %
inf_ _,a(x) >0, w €L3(S"), f € LPO() 6a 1< s < o Gepunean Gyncun. Y
Xo010a Kyuuoazu meHeCu3iuK YpuHiu

n
|IS(X)(fXQ\B(x,r))(x)| =Clw ”LS(§n_1) r PeI || f "Lp(‘)(m'

54-nemma. 2 vezapananean ouux myniam, o € LS(S™1), p € P19(Q), 1 <
s <oo,inf _ a(x) >0 sa sup, . ,[A(x) + a(x)p(x)] < n 6yacun. ¥ xonda

_n-A(x)
SN

a(x)—-

a
|15 (P anaer) @] S @ ysgnsy 7
ypunnu, 6y epoa pyyacy(f) < 1.
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IOxopuaaru TeHrcuznukIapaaH y3rapyBuan kypcatkuwin Jleber dazonapuaa
yerapajaHraniuk Oyilnua Kyiuaara HaTHKaHU OJIaMu3.

55-teopema. w Oupacunciu 0-0apasxcamu gynkyus, w € LS(S*1), s>
()4, 6a %E B bepurcan 6yncun. Y xonda M, onepamop LPO(Q) ¢azoda

yeeapaniaHeaH.
S6-teopema. Aumaiiuk @ Oupxcuncau  0-oapasxcanu  @yukyus, w €

L%(S"—l), s> [((1—%)q)] : MEEB(.Q) bepuncan 6yncun. Y xonoa
+

S

M, qonepamop (Lp(’) ) - L0 (.Q))— yeeapaianHeaH.

57-teopema w Hupcunciu 0-oapaxcanu ynxkyus, w € LS(S*1), s = (p')5,
8a 3 € B(R) 6bepuncan 6yncun. 'V xonda M7, onepamop LPO(Q) pazoda
yeeapaniaHeaH.

58-teopema. 2 uecapanawean ouyux myniam, w € LS(S"1), 1< s < oo,
inf__,a(x)>0,sup, _a(x)p(x) <n,s=(p')s, 6ap€ P'%9(0) 6yncun. ¥ xonda
Ig(x) XYHYK S0pOU KAcp onepamop (Lp(') () - L0 (.Q))-qeeapaﬂaﬂeaﬂ, 0y epoa

1 _ 1 ak)

ax) p(x) n’

59-nartmka. 2 wecapanamean owux myniam, o € LS(S"71), 1< s < oo,
inf__,a(x)>0,sup, _a(x)p(x) <n,s=(p')s, 6ap€ P'9(0) 6yncun. ¥ xonoa

My o(x) XYHVK A0pomu Kkacp onepamop (Lp(')(.(l) - Lq(')(ﬂ))-qeeapaﬂaHeaH, Oy
epa 1 _ 1 a(x).

q(x)  p) n

Iy xabu HaTmkamap y3rapyBuaH KypcaTkuuiau Moppu ¢azomapuga xam
OJIMHTaH.

60-Teopema. 2 myniam R™ oa ueeapananean ouux, 0 < A(x) <A, <n,s =
(P);, w €LS(S™Y), 1<s <o, ga p € PN) 6yncun. V xonoa M, xymyx
A0ponu maxcuman onepamop LPOAO (Q) ¢pasooda vecapananean.

61-teopema. () uecapananean ouux myniam, @ oupxcuncau 0-oapadsicanu

gyuxyus, w € Ln-a(S"1), s> [((1 — %)q) ] 8a (1_3#” € P9(Q) 6Gycun.y
+

xonoa M, 4 XyHyK A0poau KACp MAKCUMa onepamop (Lp(')'a(')(ﬂ) — L10A0) (.Q))-

yezapananz2am, 06y epoa 1 _ 1 ™
P OV PO ) T oo A

62-Teopema. w 6upocuncau 0-Oapasxcaru ¢gynkyua , o € L5(S*1),s >
(@), 6a p € P9(Q) 6epuncan 6yncun. V xonda MY, onepamop LPOA0)(()
pazoda ueeapananean.

63-Teopema. 2 uecapananzan ouux mynaam, o € LS(S"71), 1 <s < oo,

inf__ a(x)>0, sup__,[A(x)+a(@)p(x)]<n, s=@®)s, 6a pe€PIN)
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Ig(x) XYHYK 0pOaU KACp Onepamop (Lp(')'l(')(.(z) -

YA 1 1 a(x)
L10) ()(Q))-ueaapaﬂaHeaHﬁy epoa pro ey ey
Suru metoauu 6omka QyHKIHOHAN (ha3ongapra XaM KyJIIaluMA3 MyMKHH.
64-tabpud. X ¢azo |l f |y Hopma anuxnanean mopmananean gazo OVICUH.
X;, s>0 ¢asonu f° € X wmapm o6unan xocun wununean. X, ¢pazooa racp
mapmuoau  Kyuuoazu Hopma AHUKIAuMu3

1
I f k=0 1fF1° %
65-Teopema. w € LS(S"1), 1 < s < o 6a X ¢pazo R"0azu ¢pyuxyusniapnune

banax namowcapacu 6yncun.Aeap maxcuman onepamop X1 ¢azooa uecapanamean
!
N

bepunean 6yncun. Y xonoa

oynca, y xonoa M, onepamop X ¢pazooa uecapanamean 6ynaou 6a Kyuuoazu

MeH2CU3IUK YPUHIU

| w "LS(Sn_l) | M ”$
1 X1

ns s

65-treopemanan (oitmanaHu®, OXHPru YH HWLIMKAA KEHr YpraHuiaéTran
Kyhugarn GyHKIUOHAN ¢asoiapia XyHYK SAPOJIM MaKCHMall OIMepaTOPHUHT
YyerapajaHTaHIUTUHA aUTHIII MyMKHH:

* Mycuenak-Opnuu ¢azonapu,

« V3rapyBuaH KypcaTknuin ymymiamrad Moppu pazonapu;

* VYmywmamran Opnaunyu-Moppu dazonapu,

* y3rapyBuaH kypcarkuuwin ['epir pazonapu;

» karra JleGer ¢azonapu.

Cana® ¥yrunran Qazomapgan ¢dakar Mycuenak-Opaud  Ba  y3rapyBuaH
KypcaTkuwin ymymiamrad Moppu ¢aszonapu ydyH OJMHTAaH HaTKaJapHU Oepull
ounan kudosiiaHaMu3.

Mycuenak-Opinuu dazocu

LPCIR™) = {f: 1l f l ec)< o}
I f I ocH=Inf{A > 0: fRnCP (x, |f;—x)l)dx < 1} HOpma OunaH aHUWKJIaHAIW, OyHIa

I My, lIx<

xap oup r = 0 yuyn @(-,r) ym4oBnu GyHkuus Ba myHuHraek, @: R™" X R, - R,
FOHr dpyHKIIISICHIND.

1

66-teopema. w € LS(S™1) 6a t » ®(x,t5) xasapux (ynkyus Gepuneanu
oyncun. @ (x,t) Kyuuoazu wapmiapuu KAaHOAMJIAHMUPCUH
(Ao (D))
Hlynoaii f > 0 conu masoicyoxu, xap oup x € R™ yuyn ®@(x,B) <1 6a ®(x,0) =
1 ypunnu.
(41(P))
LIynoaii B € (0,1) conu masxcyoxu, xap 6up t € [o, (P5)"1(1/|B|)] yuynu

@ (Bt) < P (1)

@ (x,t) 6a Df(t) : =sup

ypunau, 6y epoa @g(t) :=inf P (x,t).

XEB XEB
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(A2(P))
Hlynoaii B > 0 conusa h € LY(R™) N L®(R™) pyukyus maexicyoku, xap o6up t €
[0,0] ywyn @(x,Bt) < @(y,t) + h(x) + h(y) ypuriu.
V xon0a M, onepamop L*C)(R™) ¢azoda uecapananzan.

OHau ymymiamrad Moppu  ($asocuma  XyHYK SIIPOJIM  OTIEPATOPHHUHT
YyerapaJaHraHIuTHHN UcOoTaaiMu3. Q Tyrmamaard 6apya YidoBIIM (QYHKIIUsIIAP
KyHu1aru

I f lpereeo @)= xe%tfmm I f p0 e < @

HopMmara HucOatan banax ¢aszocu sam. By ¢aszonm y3rapyBuaH KypcaTKU4Iu
ymymitamrad Moppu da3zocu neb atananu, 0y epaa 2(x,r) : = B(x,r) N 1.
67-teopema. 2 € R" uecapananean ouux myniam éa (p_) < s < oo yuyyn
(ACHD)

w € L5(S™1) Gepunean 6yncun.Azap ¢ (x,7) ¢ynkyus inf__ === >0 6a
) rm
diam(2) s’ s’
f o) dt _ . eur)T
s'n ¢ s’
r tp() rp()

wapmaapHu Kanoamaaumupca, (bynoa C > 0 conu x ea r ea 6oz2nukmac) y xonoa
M,, xynyx soponu maxcuman onepamop LPOCC) () aszooa ueeapananean.

bemmmaun 6006HM xam 6006 O6Yitnda 0ab3u M30XJIap Ba HATHKajIap YOIl STUIITAH
MaoKoJanap pYyHXaTHHUH KEATHpUIN OwuiaaH skyHiaiimu3. Hatwkamap [14,15]
unuiapaa y3 udoTacuHu TONTaH..

XVYJI0CA

1. V3rapyBuan kypcaTkuuin beprMad (asomapy aHMKJIAHTaH Ba  OyHzaif
dazonapaa kKynxamaiap TYIIaMy 314 SKaHJIUTH UCOOTIaHTaH.

2. V3rapyBuan kypcarknwin beprmad (asonapuia SKCTPANONALHS yCyIHIaH
doitmanann6, beprman MpPOEKIUACHHUHT YeTapajaHTaHIUTHHU UCOOTIAIl yUyH
OCOH KEHTaWuIII TYITyHYaCH KUPUTHITAH.

3. V3rapysuan kypcarkuwin beprMan ¢asonapuaa KypcaTkuwid (GYHKIHUS JIOT-
['€nmep mapTuHM KaHoaTiHaHTHpraHga beprman mnpoexkuuscu, bepesun
anMalITupuiy Ba TEmIMI onepaTOpMHUHT YerapajaHraHJIuTd UCOOTIIaHTaH.

4. Ymymnamran karra Moppu ¢azonapuna BMO (yHkuusnum noteHuuman
ornepatop KoMmyTtaTtopu Ba KamgepoH-3urMyHJ TUOMAArd KOMMYTaTOp
ONEpPAaTOPUHUHT YeTrapalaHTaHJIUTH KYpCaTUiraH.

5. bupxuncnu tungaru karra Moppu ¢aszonapuna KMCMaH YM3UKIM Ba KUCMaH
YU3UKJIA OTIEpATOpJIap KOMMYTAaTOPUHUHT YeTapalaHTaHIUTU UCOOTIIaHTaH.

6. VY3rapysuan kypcarkuuiu Pucc yexmu Bapuammsuii Gyrkimsuiap daszocuna Puce
TAaCBUPH XaKUJaru TeopemMa UcOOTIaHTaH.

7. VsrapyBuan  kypcatkmuwin  boxmep-Jleber  Qasomapumard  4M3HKIA
dbyHKIMOHAIIAp BEKTOP VIIUOBIAp Yy4YyH Y3rapyB4aH KypcaTkudaiu Pucc
MabHOCHIATH YEKIW Bapuanusiun (QyHkusuiap (a3zocu HyKTaW HazapuliaH
TaBCU(IJIaHTaH.
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8. XyHyk saponu 6ab3u ONepaTopiJapHUHT YerapajaHTaHINTUHU TEKIIUPHUII YIyH
SIHTH METOJ UIIUTa0 YUKUIITaH.

Huccepranusi Wiy Hazapuil xapakrepra sra OYnuO, yHaa Takiaud STUITaH
METOJJIap Ba OJIMHTAaH HaTWXalapJaH HOCTaHAApT (QyHKIHMOHAN (a3onapHU Ba
ylapaard ONepTOpJapHUA TAAKWK dTumga QolmamaHul MyMKUH. Macaias,
y3rapyBuaH KYPCATKUWIM HOCTAHIAPT AaHAIWTUK (yHKIusiap ¢asocu, KarTa
dazonap, y3rapyBuaH KYpCAaTKHWIM YEKIM Bapualusuid (QyHKIHOHAN Qa3onap,
MakcuMman omneparop, Kangepon-3urmynz oneparopu, Pucc motenuuan oneparopu
nryJap ’KyMJacuiaH XHUCOOTaHa/IH.
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INTRODUCTION (abstract of DSc thesis)

Actuality and demand of the theme of the dissertation. In the last decades
it was observed that classical function spaces are no longer the appropriate ambient
space when we attempt to solve some contemporary problems arising naturally in
non-linear elasticity theory, fluid mechanics, mathematical modeling of various
physical phenomena, and solvability problems of non-linear partial differential
equations, to name a few. As an example, we would like to recall that many
materials can be modeled efficiently using the Lebesgue and Sobolev spaces, where
the order of summability p is constant. For some non-homogeneous materials, these
function spaces are not ideal, since the order of summability must measure the
anisotropy of the material, thus we should consider function spaces with variable
order or summability.

The application of non-standard function spaces (for instance, variable
exponent Lebesgue spaces, variable exponent Sobolev spaces, and grand Lebesgue
spaces, to name a few) to some contemporary problems is being developed
intensively, for instance in the modeling of electrorheological fluids as well as
thermorheological fluids, in the study of image processing, and differential
equations with non-standard growth. From a purely mathematical point of view, the
study of these non-standard function spaces is creating new and challenging
problems, especially in questions related to the boundedness of operators from
harmonic analysis, since in many instances the known approaches are not applicable
to the problem at hand. Consequently, the study of non-standard function spaces and
the development of appropriate tools from harmonic analysis is a very active area of
research, which attests to the actuality of this dissertation.

Investigations on the international level in such important areas as functional
analysis, harmonic analysis, mathematical physics, theory of probability and theory
of dynamical systems considered as the main task of fundamental research®. In order
to ensure the implementation of the decision, it is important to develop new function
spaces in order to use scientific results in related fields of sciences.

This dissertation is in line and serves, up to a certain degree, with the tasks
described in the Decrees of the President of the Republic of Uzbekistan DP-2909
dated April 20, 2017 «On measures for further development of the system of higher
education» and DP-3775 dated June 5, 2018 «On additional measures to improve
the quality of education in the higher educational institutions and ensure their active
participation in the wide-scale reforms implemented in the country», in addition to
other normative legal act on this subject.

! Decree of Cabinet of Ministers of the Republic of Uzbekistan « On measures on the organization of
activities of the first created scientific research institutions of the Academy of Sciences of the Republic of
Uzbekistany» Ne 292 dated May 17, 2017.
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Connection of research to priority directions of development of science
and technologies of the Republic. The research on this thesis was carried out in
conformity with the priority direction of development of science and technology in
the Republic of Uzbekistan IV. «Mathematics, mechanics and informatics».

Review of foreign research on the topic of the dissertation. Research on
the topic of non-standard function spaces and application to harmonic analysis is
being developed in many institutions and research centers, including the University
of Alabama (USA), University of Turku (Finland), Tokyo Metropolitan University
(Japan), University of Aveiro (Portugal), University of Algarve (Portugal),
University of Naples (Italy), Georgian Academy of Sciences (Georgia), Pontificia
Universidad Javeriana (Colombia), Southern Federal University (Russia), United
Arab Emirates University (UAE), Hiroshima University (Japan), and Artic
University (Norway).

The topic of non-standard function spaces is being intensively studied by
many researchers, we sample a small number of results obtained in the last 5 years:
study atomic and molecular decompositions in 2-microlocal Besov and Triebel-
Lizorkin spaces with variable integrability, including the lifting property,
embeddings and Fourier multipliers (University of Aveiro, Portugal); finding
appropriate conditions for the boundedness of the Hardy-Littlewood maximal
function and averaging operators in the framework of Musielak-Orlicz spaces and
develop some transfer techniques (extrapolation and interpolation) in this
framework (University of Turku, Finland); study of non-standard Banach spaces of
analytic functions, both in the unit disk and in the upper half-plane (University of
Algarve, Portugal and Southern Federal University, Russia); study of grand and
small Lebesgue and Lorentz spaces, including embeddings and interpolation
(University of Naples, Italy); study of grand Morrey spaces, including Stein type
interpolation (Georgian Academy of Sciences, Georgia).

The degree of scrutiny of the problem. The variable exponent Lebesgue
spaces were introduced by W. Orlicz in 1931 but these spaces did not attract
Immediate attention, except in the work of H. Nakano in the 1950s as a particular
case of modular spaces. In the 1970s these function spaces appeared in the works of
I. Sharapudinov with application to the problem of best approximation, and in the
’80s V. Zhikov applied variable exponent Lebesgue spaces to problems in the
calculus of variations. In 1991 O. Kovacik and J. Rdkosnik published the influential
paper in the theory of variable exponent spaces. After this paper, these spaces
attracted the attention of many researchers, e.g. A. Almeida, C. Capone, D. Cruz-
Uribe, L. Diening, D. E. Edmunds, A. Fiorenza, F. Futamura, M. Hajibayov, P.
Harjulehto, P. Hastd, M. Khabazi®, V. Kokilashvili, T. Kopaliani, M. Koskenoja, O.
Kovacik, J. Lang, V. Latvala, A. Lerner, J.M. Martell, F. Mamedov, A. Meskhi, Y.
Mizuta, A. Nekvinda, C.J. Neugebauer, V. Paatashvilit, M. Pere, C. Perez, H.

Rafeiro, J. Rakosnik, M. Ruzi¢ka, N. Samko, S. Samko, Y. Sawano, I
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Sharapudinov, E. Shargorodsky, T. Shimomura, B. Vakulov, V. ZhikovT, the list is
far from complete. The theory of variable exponent and Sobolev Lebesgue spaces
can be found clearly in the monograph of D.V. Cruz-Uribe and A. Fiorenza and also
in the monograph of L. Diening, P. Hésto, P. Harjulehto, and M. Razicka, where a
considerable portion of the latter is devoted to applications to PDEs and fluid
dynamics. In the book of V. Kokilashvili and V. Paatashvili, the study of boundary
value problems is solved in domains with non-smooth boundaries in the framework
of weighted variable exponent Lebesgue spaces.

Another non-standard function space that caught the attention of researchers is
the so-called grand Lebesgue space, which was introduced by T. Ilwaniec and C.
Sbordone in 1992 dealing with the problem of the integrability properties of the
Jacobian. These spaces turned out to be appropriate for treating the existence and
uniqueness, as well as the regularity problems for various non-linear differential
equations. The theory of operators in these spaces have been intensively studied
during the last years, we can mention the following researchers: G. Anatriello, C.
Capone, N. Danelia, G. Di Fratto A. Fiorenza, L. Greco B. Gupta, T. Iwaniec, P.
Jain, G. E. Karadzhov, V. Kokilashvili A. Meskhi, H. Rafeiro, J. M. Rakotoson, S.
Samko, C. Sbordone, and S. Umarkhadzhiev, among many others.

Connection of the theme of the dissertation with the research works of
higher education, where the dissertation is carried out. The dissertation research
is carried out in the Institute of Mathematics of the Academy of Sciences of the
Republic of Uzbekistan OT-F4-82 — “Local differentiation in operator and non-
associative algebras and automorphisms, phase transitions and chaos in nonlinear
dynamical systems” (2017-2020) and in UAEU (G00002994) “Nonstandard
Bergman type spaces” (2019-2020) within the framework of fundamental projects.

The aim of the research work was to introduce new non-standard function
spaces, prove the boundedness of several well-known operators of harmonic
analysis, and develop new tools to overcome the difficulties arising in these new
environments.

Research tasks:

Define variable exponent Bergman spaces (VEBS) and investigate some of its
structural properties;

Study the boundedness and compactness of some operators in VEBS;

Extended some of the results obtained in VEBS to the framework of analytic
functions belonging to the variable exponent Morrey spaces over the unit disc and
the upper half-plane;

Introduce generalized grand Morrey spaces (both in the Euclidean case and in
the quasimetric measure space case) and prove a boundedness metatheorem;

Define bounded variation spaces with variable parameter, in the Wiener and in
the Riesz sense, and study their basic properties;

Characterize global Lipschitz Nemytskii operators in the Riesz-bounded
variation space with variable exponent; and
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Prove the boundedness of some operators with rough kernel in few non-
standard function spaces.

The research object: variable exponent Bergman spaces, variable exponent
bounded variation spaces, generalized grand Morrey spaces, Bergman projection,
maximal operator, Riesz potential operator, and Calderdén-Zygmund operators.

The research subject: spaces of measurable functions, spaces of bounded
variation functions, spaces of analytic functions, and classical operators of harmonic
analysis.

Research methods: we relied on methods from functional analysis, harmonic
analysis, complex analysis, and real analysis.

The scientific novelty of the research is as follows:

Introduction of the notion of mollified dilation in the framework of variable
exponent Bergman spaces (VEBS) which allows us to prove the boundedness of the
Bergman projection in VEBS through the usage of extrapolation technique;

Proof of the boundedness of several operators (e.g. Bergman projection,
Berezin transform, and Toeplitz operator) in VEBS;

Proof that the commutator of Calderon—Zygmund type operators, as well as the
commutator of a potential operator with a BMO function, are bounded in a
generalized grand Morrey space even in the setting of spaces of homogeneous type;

Proof of a Riesz representation lemma in variable exponent bounded variation
spaces in the Riesz sense;

Description of the linear functionals on variable exponent Bochner-Lebesgue
spaces in terms of the variable exponent Riesz bounded variation spaces for vector
measures.

Practical results of the research. New methods were developed in the theory
of Bergman spaces. The methods used in the study of generalized grand Morrey
spaces, allows us to obtain interior estimates for solutions of elliptic equations in the
framework of generalized grand Morrey spaces. The result, concerning the
boundedness of operators with rough kernel, allows us to, essentially, transfer the
results of the classical operators to the case of operators with rough kernel under
mild conditions on the kernel.

The reliability of the results of the study. Our results have been obtained by
using the methods of functional analysis, harmonic analysis, and the theory of
functions in conjunction with formal mathematical arguments.

The scientific and practical significance of research results. The scientific
value of the research stems from the fact that the results and techniques obtained in
the dissertation can be used for further investigation on non-standard function
spaces and operator theory in such framework.

The significance of the results, apart from their interesting mathematical
structure, lies in the fact that non-standard function spaces appear in applications.

Implementation of the research results. In according to obtained results on
non-standard function spaces and operator theory:

introduction of the variable exponent Bergman space (VEBS) in the disc is

used to Calderon—Zygmund operators for proving the boundedness of the Bergman
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projection in Lebesgue spaces on the unit disc in foreign scientific journals
(Complex Var. Elliptic Equ. 61, No. 8, 1090-1106 (2016), J. Math. Sci., New York
226, No. 4, 344-354 (2017), J. Funct. Spaces 2018, Article 1D 8751849, 8 p.
(2018)). The application of the scientific results made it possible to introduce and
study the mixed-norm VEBS as well as the study of VEBS on the upper-half-plane,
and to obtain a Lipschitz type characterizations of VEBS under appropriate
conditions on the variable exponent;

introduction of the notion of mollified dilation in the framework of VEBS
which allows us to prove the boundedness of the Bergman projection through the
usage of extrapolation technique in the papers of foreign scientific journals (Czech.
Math. J. 70, No. 1, 187-204 (2020), Int. J. Math. Math. Sci. 2018, Article ID
1417989, 11 p. (2018), Mediterr. J. Math. 17, No. 1, Paper No. 9, 13 p. (2020)). The
application of the scientific results made it possible to introduce and study some
structural properties of variable exponent Fock spaces, the study the compactness of
some classes of bounded operators on the Bergman space with variable exponent
and to investigate the continuity and compactness of composition operators on
variable exponent Bergman space;

proof of the boundedness of several operators in VEBS is used to consider the
modular inequalities for some linear operators on Lebesgue spaces with variable
exponent on the complex plane in the papers of foreign scientific journals (Adv.
Oper. Theory, 4, No. 4, 738-749(2019), Math. Notes 106, No. 2, 229-234 (2019),
Complex Analysis and Operator Theory 13, 275-289 (2019)). The application of the
scientific results made it possible to introduce and study to variable exponent Hardy
space of analytic functions on the unit disk, to show that if modular inequality of
some linear operators are valid then the variable exponent must be constant.

Approbation of the research results. The results that constitute this
dissertation were discussed at 8 international conferences, viz. in the University of
Aveiro (Portugal, 2019), Instituto Superior Técnico (Portugal, 2019), American
University of Sharjah (UAE, 2019), Southern Federal University (Russia, 2018),
Holon Institute of Technology (Israel, 2017), University of Macau (China, 2015),
ISAAC 9th Congress (Poland, 2013), and University of Rijeka (Croatia, 2012).

Publications of the research results. The results of this dissertation are
published in 15 scientific papers, included in the list of scientific publications
proposed by the Higher Attestation Commission of the Republic of Uzbekistan for
the defense of the doctoral dissertations, 14 of them published in international
scientific journals and the remaining publication as a book chapter in a leading
publisher.

The structure and volume of the dissertation. The thesis consists of an
introduction, five chapters, a conclusion, a list of published works, and a
bibliography. Each chapter ends with a section devoted to notes and bibliographic
references. The thesis is 210 pages long.

39



THE MAIN CONTENT OF THE DISSERTATION

In the «Introduction», the relevance of the topic of the thesis is justified.

The first chapter, entitled «Preliminaries on variable exponent Lebesgue
spaces», gives a concise introduction to the so-called variable exponent Lebesgue
spaces LP()(2), for the convenience of the reader and to make the exposition more
self-contained.

In the second chapter, termed «Variable exponent Bergman spaces», we
define variable exponent Bergman spaces and show some fundamental properties.
This turned out to be a very interesting topic since the classical approach to
Bergman spaces fails in the variable framework. To circumvent this problem, we
rely on techniques from real harmonic analysis, variable exponent spaces, and
complex function theory. We start by defining variable exponent Bergman spaces
and to show that, under suitable conditions on the exponent, they are Banach spaces.
To overcome the anisotropy of the space, we introduce the concept of mollified
dilation and show some of its properties to deal with the problem of approximation
in the variable exponent Bergman spaces. We study the Bergman projection and
prove that it remains bounded in the case of variable exponent Bergman spaces
using extrapolation theory. We also address the problem of duality in this setting.
We define and characterize Carleson measures in the setting of variable exponent
Bergman spaces and we further estimate the norm of the reproducing kernels in this
framework. Using the notion of Carleson measure, we characterize the boundedness
of the Toeplitz operator in the variable exponent Bergman spaces, whereas the
compactness of the Toeplitz operator in the aforementioned space is characterized
by the notion of vanishing Carleson measures. Using the Zaharjuta and Judovi¢
representation of the Bergman projection, we end this chapter obtaining the
boundedness of the Bergman projection (once more) in variable exponent Bergman
spaces (this approach allows us to show boundedness for Orlicz spaces and
generalized variable exponent Morrey spaces, spaces where the extrapolation
technique is not applicable).

We introduce the notion of variable exponent Bergman spaces A?) (D) as
APO(D) = {f is an analytic function and g, (f) < 0},
where g, (f) : = [, | f(2)|P@dA(z) and we show that, under suitable conditions
on the exponent, they are Banach spaces. We also obtain an estimate for the
evaluation functional y,(f)(z) : = f(z) in the following way:
Theorem 1. Let p € P(ID). Then for every a € D the evaluation functional y,
Is bounded. Moreover,

7 Slve IS =
(1—la])?/P (1—la])?/P
The density of polynomials in AP0 (D) is proved, under the condition p €
P'°9(D). This density is obtained via an approximation theorem for functions in
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variable exponent Bergman spaces. The approximation theorem relies on the newly
introduced notion of mollified dilation £, %ID) — C, which is introduced as

fi(2) = fo (rw)ny (2 — w)dAW),

where pID stands for the complex unit disk rescaled by a factor of p and 7, is an
appropriate C* function supported on the set %ﬁ. The function z » f,.(z), enjoys
the following nice properties: (a) it is analytic in ?]D), (b) fr(z) > f(z)asr - 17,
(c)forzeDand 1/2 <r <1 we have f,.(z) S Mf(z) where M is the maximal
operator, and (d) for zeD and 1/2<r <1, f.(z) € APO(D) and | f. —
f ||Ap(~)(]])))_) asr - 17,

We also study the boundedness of the Bergman projection P, where P is given by:

_ fw)

The usual proof of the boundedness P: LP (D) — AP (D) relies on Schur’s lemma to
show the boundedness of some auxiliary operators. Due to the nature of our
problem, we devised the use of Rubio de Francia extrapolation theorem together
with a classical result due to Bekollé and Bonami. We have:

Theorem 2. Let p € P'°9(D). Then the Bergman projection P is bounded
from LPO) (D) onto AP (D).
As a consequence of Theorem 2, we obtain:

Theorem 3. Let p € P°9(D). Then the dual space of APO(D) can be
identified with 4P O(D), where 1/p(-)+ 1/p'(-) = 1. Each functional ¢ €
(APO)(D))* has a unique representation

o(f) = ij DI AR)

for some g € AP O(D) with | ¢ lI=ll g Il v -
Given a > —1 we consider the a-Berezin transform defined for f € L1(ID) as:
(1= 1221 = [w|»)*
B,f(z):=(a+1) fD 1= zree f(w)dA(w).
We studied the boundedness of the a-Berezin transform in variable exponent
spaces, namely:
Theorem 4. Let p € P'°9(D). Then the a-Berezin transform is bounded on

the space LPO) (D).
We also obtained an upper bound for the kernel
1
ka(Z)—(l_—dZ)Z, a,zeD

Theorem 5. Let p € P'°9(DD). Then there exists a constant ¢ > 0 such that
for every a € D,
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C
(1 — |a]|?)2/p(@)
The next result gives an estimate for the norm of the functional y,, improving the
one previously obtained.
Theorem 6. Let p € P'°9(ID). Then, for every z € D, we have

I k™ Mapo 3y <

v 1= T ey

The previous result allows us to get an estimate for the norm of the functions k,,
a € D by using the duality of A?®)(ID) and the fact that the functions k,, a € D,
satisfy the reproducing property f(z) = [ f W)k, (w)dA(w) for every f e
AY(D). Thus, we following equivalence is valid || v, II=Il k, ||Ap,(.)(D). This result is
presented in the following theorem.

Theorem 7. Let p € P'°9(ID). Then for every z € D we have that
1

Vz laromy= g 1 py2a-1m@y

A notion of Carleson measures adapted to the variable exponent Lebesgue spaces is
introduced, namely, we say that a positive Borel measure u is a Carleson measure
for the variable exponent Bergman space APO)(D) if APO)(D) is continuously
embedded in LPO(D, p), i.e. APO(D) & LPO(D, ). We characterized the Carleson
measures in AP0 (D), namely:

Theorem 8. Let u be a finite, positive Borel measure on D and p € P'°9(D).
Then u is a Carleson measure for AP (D) if and only if there exist constants C > 0
and 0 <r < 1 such that for every a € D, u(D,(a)) < C|D,(a)|, where D,.(a) is
the pseudo-hyperbolic disk.
We say that a positive Borel measure u is a vanishing Carleson measure for the
variable exponent Bergman space APO)(D) if the space APO)(D) is compactly
embedded in LPO) (D, ).

Theorem 9. Let u be a finite, positive Borel measure on D and p € P'°9(D).

Then p is a vanishing Carleson measure for AP()(D) if and only if for every 0 <

<1, u(Dr(a))
’ D, (@)
Recall that, given a function ¢ € L'(ID), we define the Toeplitz operator T, on the

set of polynomials as

—0as|al->1".

T,f(2) = ij Wk (D)WY AAW).

The following characterization of the boundedness of Toeplitz operators in terms of
Carleson measures was obtained.

Theorem 10. Let p € P'°9(D) and ¢ € L'(ID). Denote by u a positive measure
such that du = @dA. Then the following are equivalent:

5. T, is bounded on AP0)(DD);

6. Be isbounded on D;
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7. uis a Carleson measure for A?C) (D).
Using similar tools, we can link the notion of compactness of a Toeplitz operator,
with Berezin transforms and vanishing Carleson measures, namely:

Theorem 11. Let p € P'%9(D) and ¢ € L'(ID). Denote by u a positive measure
such that du = @dA. Then the following are equivalent:

8. T, iscompacton AP0 (D).

9. Bp(z)—>0as|z|—->1".

10. u is a vanishing Carleson measure in AP (D).
We also prove the boundedness of the Bergman projection via boundedness of
Calderon-Zygmund singular operators and the representation of the Bergman
projection in terms of the Calderon-Zygmund singular operator T

Pf(z) = K,f(2) + K»f (2),

where K, is the integral operator with bounded kernel

Ki(z,w) = <)(D(%) (z) + XD(O,l)\D(O’l) (Z)XD(%) (W)> ky, (2),

2

and
{—z
_ 2(=5)
K> (2) = Xpo,1)\n(0,1/2)(2) 1 — 2|2 g(§)dA(S),
D(0,2)\D(0,1)
and
(2
g = Qf(()W, ¢ € D,.

We finish the chapter providing some notes and bibliographic references related to
chapter 2. The results obtained in Chapter 2 appeared in Chacon and Rafeiro [5, 6],
Chacén, Rafeiro, and Vallejo [7], and Karapetyants, Rafeiro, and Samko [8].
Chapter three, named «Non-standard Morrey type spaces», is devoted to the
introduction of grand grand Morrey spaces, sometimes denoted simply as
generalized grand Morrey spaces, where both parameters defining the space are
subject to an aggrandization procedure. A type of metatheorem is proved, which
allows us to transfer the boundedness results of some operators from Morrey spaces
into the newly introduced spaces. Similar results are obtained in the framework of
quasimetric measure spaces, where we obtain the boundedness of Hardy-Littlewood
maximal operator, Calderon-Zygmund operators, as well as the Riesz type potential
operator.
For1 <p < ooand 0 < 1 < 1, the Morrey space LP*(2) is introduced as the set of

all measurable functions such that
1

. p
I £ 1l pacoy: = Sup (—f 'f(y)lpdy> =
LPA(Q) XEQ |B(x; r)l)l Q(x,r)

o<r<d

43



where d = diam 2 and 2(x,r): =02 N B(x,r). For 8 > 0, a>0 1 <p < oo, and

0 < A < 1, we consider the functional c;bgi(f ) :=8up,_, &P Il f Il p-ca- ae 0y
where 0 < s < min{p — 1, 1/a} (we make a convention that the quotient 1/a when
a = 0isalways A/a:= oo evenif 1 = 0).

letl<p<o0,08>0,a=>0,and0 <A< 1. By L’;?'Of)(ﬂ) we denote the space of
measurable functions having the finite norm

pil i A
I f ”Lp)"l)(ﬂ): = @y (f Smax)» Smax = mln{p - LE}'
The space Lp) A) (2) is entitled grand grand Morrey space.
For fixed p, 0,4, «, f we have that s = qbgo’}(f s) is a non-decreasing function, but
it is possible to estimate cbga(f s) via cbg (f, o) with ¢ < s as follows.

Lemma 13. Let 12 be a bounded open set. For 0 < ¢ < s < min {p — 1%} we

have that
pA O sl P
Py (f,5) < CsP=sa P=9qy" (f,0),
where C depends on n, the parameters p, 4, 8, «, and the diameter d, but does not
depend on f, s, and o.
From Lemma 13 we immediately have

Lemma 14. For 0 < ¢ < min{p — 1,%}, we have

oP? (f, 0)
Aa ’
I f "L’S?f(n)g C——F—

gP=o

where C depends on n,p, 4, 6, a, and d, but does not depend on f and o.
The next result, which is a transfer theorem, although simple in form, has very wide
applications.

Lemma 15. Let U be an operator (not necessarily linear!) bounded in the
usual Morrey spaces LP~54=%¢():

” Uf "Lp—s,l—aS(_Q)S Cp_g,,l_ag " f "Lp—s,l—ascﬂ)
for all sufficiently small ¢ € (0,0), where 0 < ¢ <min {p -1, %} If we
additionally have sup,_,__Cp_¢21-qe < o, then the operator U is also bounded in
the grand grand Morrey space Lp) A) 2):
I Uf IImem) Cllf ”Lp)l)(g)
with
Co
C= —g Sup Cp—er—aer
O_pTo_ 0e<o

where C, may depend on n,p, 4, 8, « and d, but does not depend on o.
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Relying on the previous result and previously known boundedness results in the
classical Morrey spaces we obtain:
Theorem 16. Let 1 <p < 0,0 > 0,a = 0,and 0 < A < 1. Then the Hardy-

Littlewood maximal operator is bounded in grand grand Morrey spaces L’g?;f) ).

Theorem 17. Let 1<p <o, 8§ >0, and 0 < A < 1. Then the Calderdn-

Zygmund operator T with the standard kernel is bounded in grand grand Morrey

spaces L’;?;f) ).

We also introduce grand grand Morrey spaces in the framework of spaces of
homogeneous type, we need to recall some definitions. Let X :=(X,d,u) be a
topological space with a complete measure u such that the space of compactly
supported continuous functions is dense in L* (X, u) and d is a quasimetric, i.e. it is a
non-negative real-valued function d on X x X which satisfies the conditions:

11. d(x,y) = 0ifand only if x = y;

12. there exists a constant C; > 0 such that d(x,y) < C;[d(x,z) + d(z,y)], for

all x,y,z € X, and
13. there exists a constant C; > 0 such that d(x,y) < C, - d(y,x), forall x,y €
X.

Let u be a positive measure on the g-algebra of subsets of X which contains the d-
balls B(x,r). Everywhere in the sequel we assume that all the balls have a finite
measure, that is, uB(x,r) <o for all x€ X and r >0 and that for every
neighborhood V of x € X, there exists r > 0 such that B(x,r) c V. We say that the
measure u is lower a-Ahlfors regular, if uB(x,r) = cr® and upper [-Ahlfors
regular (or, it satisfies the growth condition of degree B), if uB(x,r) < crf, where
a,5,c > 0 does not depend on x and r. When a = 8, the measure p is simply
called a-Ahlfors regular.
The triplet (X,d, u), with u satisfying the doubling condition, is said a space of
homogeneous type, abbreviated by SHT.
For 1 <p <o and 0 < A < 1, the usual Morrey space LP*(X, u) is introduced as

the set of all measurable functions such that
1

1 P
= - Pq .
” f ”LP,A(X’#) ?clél}e <,UB(X, T')A L(x‘r)lf(Y)l :u(.V)> < ®
X

o<r<d
Sometimes we will need a modification of the previous Morrey space, namely, we
define LPA(X, ) as

|

1 p
Hf Wpage,n: = SUp (W f | f (y)lpdu(y)> < .
0<rzay N UB@D)
X

We will assume that the measure u is upper y-Ahlfors regular.

After introducing grand grand Morrey spaces in the framework of SHT in a slightly

more general way as was done in the Euclidean case, we show that the same

reduction lemma is valid in the setting of SHT. A real-valued non-negative function
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¢ defined in [0, #] is called almost increasing if exists C > 0 such that ¢(x) <

Co(y) for all x < y. We introduce the following functional
1

A P—e
@ (f,8) 1= sup @(e)P=2 Il f Il p-sa-ae)x

0<e<s
Definition 18. Let 1 < p <00, 0 < A < 1, ¢ be a positive bounded function

with lim;_,¢,¢(t) = 0 and A be a non-decreasing real-valued non-negative function
with lim,_,,,A(x) = 0. By L’Z,),ﬁ) (X, u) we denote the space of measurable functions
having the finite norm

A -
I f "Lp(p)ﬁ)(X): = (pg,,q (f Smax),  Smax = Min{p — 1,a}
where a = sup{x > 0: A(x) < 1}.
For fixed p, A, ¢, A, f we have that s — qbg,'j(f, s) is a non-decreasing function, but

it is possible to estimate cbgj(f, s) via db(ﬁ,’:ﬁ(f, o) with o < s as follows.
Lemma 19. For 0 < 0 < s < sy We have that

1
BELf,5) < Co(0) PoBLA(f, ),
where C depends on y, the parameters p, 4, ¢, A, and the diameter dy, but does not
depend on f,s, and o.
Lemma 20. For 0 < 0 < S,y the norm defined in Definition 18 has the
following dominant
CDM ,0
1 o< ¢Zeal?)
' @(o)P=°
where C depends ony,p, A, @, A and dy, but does not depend on f and o.
The following boundedness result was obtained.

Lemma 21. Let U be an operator (not necessarily sublinear) bounded in the
Morrey spaces
I Uf ||Lq—s./1—Az(e)(X)S Cp—s,A—Al(g),q—g,A—Az(g) I f "Lp—s./l—Al(e)(X)
for all sufficiently small € € (0, 0], where 0 < 0 < Spax- If

sup Cp—s,A—Al(e),q—s,A—Az(e) <®
0<e<o

and
1
q—&
sup VO

0<e<o o
p(e)r-e
then it is also bounded in the grand grand Morrey space
| Uf 0.0 (X)S Clf "Lp),/I)(X)

< oo,

P.Az @,A1
with
Co
C= — Sup Cp—s,/'l—Al(e),q—s,A—Az(e):
(p(O‘)p__G 0<e<o
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where C, may depend on y, p, A, ¢, A and dy, but does not depend on ¢ and f.
As an application of the Theorem 21, we obtain boundedness result for the Hardy-
Littlewood maximal operator as well as the boundedness for the Calderon-Zygmund
operator.

Theorem 22. Let 1 <p < oo and 0 <A< 1. Then the Hardy-Littlewood

maximal operator is bounded from Lp) A)(X w) to Lp) )(X w) if exists small ¢ such

1 1
that sup,_._ ¥ (e)7-¢/p(e)r—2 < 0.
Theorem 23. Let 1 <p < o0, and 0 < A < 1. Then the Calderon-Zygmund
operator T bounded in grand grand Morrey spaces Lp) )(X Ww.

We define the modified grand grand Morrey space as
1

Il f "Lg?;f)(x,u): = sup @(e)PE|f | p-ea- —A®) (x,11)

0<e<Smax
where sm = min{p — 1,a} with a = sup{x > 0: A(x) < A}. If @(e) : = €%, when

6 is a positive number, we denote || f ||£p)1)(X#) A f ”LP)’D(X 0’

Definition 24. On an interval (0,6], § is small, we define the following
functions:
y(x =) - A+ A4;(x))
Y1 —2+A;(x) —alx—q)
Fn Y —x)A -1+ A4,(x))
b(x):=q——— ———
YA =21+ 4,(x)) —alp —x)
a(x — q) 3 1-2+A;(n)
, o Ax) =
y(1 =21+ 4,()) YA =2A+A4,m) - @®-ma
() =)D, D) =)D, P(e) = Pp(e™), W(e) = d(e?),
for 6, > 0.
We now state the boundedness result for the Riesz potential operator, namely:
Theorem 25. Let 1 <p <00, 0<a<((1-A)y)/p,0<A<1,1/p—1/q =
a/((1 — A)y). Suppose that 6, > 0 and that 6, > 6,[1 + aq/((1 — A)y)]. Let A,
and A, Dbe continuous non-negative functions on (0,p —1] and (0,q — 1]
respectively satisfying the conditions:

14. A, € C((0, 8]) for some positive § > 0;
15. Iimx_>0+A2(x) = 0

$(x):=

Alx)=1-

16. 0 < B:= lim % ()<(1 2k
x—0+ dx _
17. A1(n) = A,(¢71(m)), where ¢~1 is the inverse of ¢ on (0, 5] for some § >

0.
Then the Riesz potential operator % is (Lp) A X, 1 - Lq) )(X u)) bounded.

Corollary 26. Let 1<p <o, 0<a < ((1—- A)y)/p, 0<A<1, 1/p-—
1/q = a/((1 — 1)y). Suppose that 8; > 0 and that 6, > 6,(1 + aq/(1 — 1)). Let
A, (x) = ax, where a is a non-negative constant satisfying the condition a < (1 —
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D?/(aq?). Let Ay(x) = ag (). Then 1% is (L7 (X,u) - LD7) (X, 1m))-
bounded.

It is also possible to prove a similar result of Theorem 25, but now requiring
conditions on the function A,, namely
1 a

Theorem 27. Let 1<p<o, 0<a<1, 0<A<1-—ap, %—3=§.

Suppose that 8, > 0 and that 8, > 6;(1 + %). Let A; and A, be continuous non-
negative functions on (0,p —1] and (0,q — 1] respectively satisfying the
conditions:

18. A, € C*((0,8]) for some positive § > 0;

19. lim, 0, A4:(x) = 0;

20. By :=limy o4 =2 (x) 2 0;

21. A,(x) = A;(¢~1(x)) on (0, 5] for some & > 0.
Then the Riesz potential operator I is (Lp) A x,w) - Lq) )(X y)) bounded.
By a Riesz type potential operator defined via measure, we mean an operator of the
type

f)

pu(x, d(x, y))t=«

19f () : = jX du()

where 0 < a < 1.
We obtain the following result for such operator.

Theorem 28. Let 1<p <o, 0<a<(1-A1)/p, 0<A<1, 1/p—1/q =
a/(1 — ). Suppose that 8; > 0 and that 8, > 6,(1 + aq/(1 — 1)). Let A; and A,
be continuous non-negative functions on (0,p — 1] and (0,q — 1] respectively
satisfying the conditions:

22. A, € C1((0,8]) for some positive § > 0;

23. Iim,HOJ,AZ(x) = 0;

24. 0 < B:= lim = A,00 < ”
25. A;(n) = A2 (qb 1(77)), Where qb is the inverse of ¢ on (0, §] for some § >
0.

Then the Riesz potential operator I is (L’;)l"’l) X, m) — LY (X, u)) bounded.

We also deal with potential operators in the framework of nonhomogeneous spaces.
Namely, let (X, d, u) be a topological space with a complete measure u such that the
space of compactly supported functions are dense in L1 (X, 1) and d is a quasimetric
satisfying the standard conditions. We will also assume that dy = diam(X) < oo. In
what follows we do NOT assume that u is doubling!

Let

f)

(Kef)(x) = A ye

du(y),

where0 < a < 1.
48



We need the following modified maximal operator on X

Mf)(x) = iggm B(x’r)l f)ldu(y),

where N, = C;(1 + 2C,) and the constants C; and C; are from the definition of

quasimetric d. Let b be a constant. We will use the symbol bB for a ball B(x, br),

where B = B(x,1).

We now define a modified Morrey space, which will be useful for our purposes.
Definition 29. Let 1 < p < oo and let 0 < A < 1. Suppose that a is a positive

constant. We denote by LP*(X, i), the modified Morrey space defined by the norm
1

— 1 p P
I f lpacxy,= SuUp <#(a3)l fB W)If(y)l du(y)> :

XEX,0<r

Let us study the boundedness of the operator K, from the space Lp) A (X, ), to
Lq) A (X, W), Where the space L’éi’j) (X, u), is defined by the norm

1
[ gf pey ]p
I f Il o = sup sup|———
P b= S S pe e B(xr)lf WIP~*du(y)

The following results was obtained.

Theorem 30. Let 1<p <o, 0<a<(1—-A1)/p, 0<A<1, 1/p—1/q =
a/(1 — A). Suppose that 6, > 0 and that 6, = 6,(1 + aq/(1 — 1)). Let A; and A,
be continuous non-negative functions on (0,p —1] and (0,q — 1] respectively
satisfying the conditions:

26. A, € C1((0,8]) for some positive § > 0;

27. Iimx_,0+A2(x) = 0;

28. 0 < B:= lim < A,(x) <= ”2
x—0+ dx _
29. A1(77) = A,(d~ (), where ¢> 1 is the inverse of ¢ on (0, §] for some § >
0.

Then the potential operator K< is (Lp) A (x, W, = Lq) » geank a) bounded.

We can also show an extended version of the reduction Iemma, namely:
Lemma 31. Let U and A be operators (not necessarily sublinear) satisfying
the following relation in Morrey spaces
| Uf "Lq &A- Az(e)(x)< C —gA—A1(€),q—€A-A5(€) I Af "LP—&A—A1(€)(X)
for all sufficiently small € € (0, ], where 0 < 0 < Spay. If

sup Cp—e,/l—Al(s),q—s,A—Az(s) < ©
0e<o

and

1
q-c
sup () — < o0,

0<e<o —
p(e)P~¢
then the relation is also valid in the generalized grand Morrey space
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with
Co
C= 7~ Sup Cp—s,/'l—Al(s),q—s,/l—Az(e)'
(p(o_)p_—o. oe<o

where C, may depend on y,p, 4, ¢, A and dy, but does not depend on ¢ and f.
In what follows by D(X) we denote the set of all bounded functions. The following
boundedness results were obtained.

Theorem 32. Let 1<p<o, >0, and 0 <A< 1. Suppose T is a

Calderdn-Zygmund operator and b € BMO(X). Then the commutator operator
[b, T is bounded in LE1) (X, ) n D(X).

Theorem 33. Let /¢ be a potential operator and let M be the maximal operator.
Assumethat 1 <p <o, 0<a<(1—-A4)/p,0<A<1,1/p—1/q =a/(1—=21).
Suppose that 8, >0 and that 8, > 6;[1+ aq/(1—A)]. Let A; and A, be
continuous non-negative functions on (0,p —1] and (0,q — 1] respectively
satisfying the conditions:

30. 4, € C1((0, &]) for some positive § > 0;
31 |imx_,0+A2(x) = O;

g d (1-2)?
32. 0K B: = xliront dxAz(x) < s )
33. A;(n) = A,(¢71(n)), where ¢~ is the inverse of ¢ on (0, §] for some § >
0.
If b e BMO(X), then the operator M|[b,I*] is bounded from the space

p),A) A)
LelfAl(') (X; M) to LGZ'AZ(') (X, Au)

Theorem 34. Let the conditions of Theorem 33 be fulfilled. Then the

. ) q).1)
commutator [b, I, ] is bounded from L91,A1(-)(X' u) to L92.A2(') X, n.

We define the weighted grand Morrey space Mff,)l',&’:(x) as follows:
0.2
MESACO = {F:0 f o < o,

w1,W2

where

1
B 1
If Nypoa = SUp sup

poa \SUp sup <89LIf(x)lp_gwl(x)du(x)>p_$,
w2(B) = [, wy (X)du(x), u(X) < 0,1 <p <,0<1<1/p,6>0,andw; and

w, are weight functions on X, i.e. almost everywhere positive and integrable

functions on X. Now we define another type of grand Morrey space Il f Il ».6.1 x)"
w1,Wo

In this case, one of the weight function plays the role of a multiplier in the definition

of a norm. This space is defined with respect to the norm:
1

<e9 ]B |f(x>w1(x)|p-fdu(x))p_s.

1
I f 1,04 = Sup su
f MV€1.W2 ) 0<£<5—1BCE’( (WZ (B))A
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If w, =w,:=w, then we denote MP°*0x) (MP%2(x), respectively) by

W1,W» W1,W»
MPP2 ) (PP (x), respectively).
We will assume that a sublinear operator T, defined on a class of measurable
functions f: X — R satisfies the condition: there is a positive constant ¢, such that
for all f € L1(X) with compact support and x & supp f,
lf ()l
TR €0 | porio s du()
In this case, we say that T satisfies condition S(X).
Theorem 35. Let 1<p<oo, >0, 0<A<1/p, weA,(X). If the
sublinear operator T satisfies condition S(X) and condition B,.(X) for 1 <r < p,
then the inequality

ITf ||M£),9.A(X)S Clf ||M£),9,A(X), f e DX)

holds.
Let 0 < a@ < 1. We say that a sublinear operator T, of fractional type satisfies the
condition S, (X) if there is a positive constant C such that for all functions f €
L*(X) with compact supports and all x & supp f,
f)
T <€ | oo duy)

Like in the diagonal case, we will also suppose that the sublinear operator T, is
bounded between appropriate weighted Lebesgue spaces.

Definition 36. Let 0 <a <1l and 1 <r <1/a. We set s = 1_#0” We say

that a sublinear operator T, satisfies the condition B, ((X) if there exists a
positive constant C independent of f* such that for every weight w € A,/ (X) the
inequality

I T (FW®) Nz, 0= €Il f gy f € DCX),
Is fulfilled. Further, we say that a sublinear operator T, satisfy the condition
Bors(X), 1 <7 <s < oo, if it is bounded from L} (X) to LS s(X) for every weight
w E A, (X).
Theorem 37. Let 0 <a <1,1<p < 1/a,and 6 > 0. We set g = 1_’;@. Let
sublinear operator T, satisfy the conditions S, (X) and B, , s(X) for all (r,s) with

the condition r < p, s < q and %— % = a. Suppose that 0 < 1 < 1/q and that w €

A1 4q/p/(X). Then there is a constant ¢ > 0 such that for all f € Mv’f,)’e"l(X),
| T,(fw®) "MCIV).q@/p./l(X)S cl f ||M£),6,A(X), f € D(X).
Theorem 38. Let 0 <a <1, 1<p<1/a, and 6 > 0. We set g = 1_pap.

Suppose that 0 < A < 1/q and that w € 4, ,(X). Let sublinear operator T, satisfy
the conditions S, (X) and B, . ;(X) for all pairs (r, s) with the condition r < p, s <
q and % — % = «a. Then there is a positive constant ¢ such that for all f € D(X),
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We finish the chapter by providing some notes and bibliographic references
related to chapter 4. The results are taken from Kokilashvili, Meskhi, and Rafeiro
[9,10,11,12] and Rafeiro [13].

The fourth chapter, entitled «Bounded variation spaces with variable
exponent», is devoted to the study of some bounded variation spaces with variable
exponent and study some structural properties, the spaces are introduced in the
Wiener and in the Riesz sense. We characterize global Lipschitz Nemytskii
operators in the Riesz bounded variation space with variable exponent and obtain a
Riesz representation lemma. We end the chapter characterizing the linear
functionals on variable exponent Bochner—Lebesgue spaces LPC)([a, b], B) in terms
of the variable exponent Riesz bounded variation spaces for vector measures,
without imposing the Radon—-Nikodym property on the Banach space B.

By an admissible function we mean a function p: [a, b] = [1, c0) with p, < oo. Let
p be an admissible function and T, ) = {a = t, < --- < 't,, = b} be a partition of

the interval [a, b]. We define the functional %2[7(1(,2] by

n
0100 = sup D 1) = F ) P¥5-2) =:ban) ()
l[ab] =1
where [T, ) is a tagged partition of the interval [a, b], i.e. a partition of the interval
[a, b] together with a finite sequence of numbers x,,...,x,_; Subject to the
conditions that for each i, t; < x; < t;, . Since ii)}ﬁf"l),] IS a convex pseudo-modular,

we can introduce a norm, namely:

Definition 39. Let p be an admissible function. We define the space of
functions of p(:)-bounded variation, or the space of functions of variable bounded
variation by

BVPO([a,b]) = {f:[a,B] > RIF@ =0 A I f lgyperqp< +}
where

I f Nayrooasy= inf{2 > 0 1570 (g) <1}
Is the Luxemburg norm.
We prove that the p(-)-bounded variation space BV?()([a, b]) is a Banach space, is
non-separable, has a subspace isomorphic to ¢, and satisfy the embedding
BV?Oa,b] » BV ([a,b]) for functions q(x) = p(x). We also prove a Helly
principle of choice type result in BV?®)([a, b]) in the following form.

Theorem 40. Every sequence in BVPO([a,b]), uniformly bounded in
variable variation, has a subsequence convergent pointwise to a function f € B
VPO ([a, b]).

By the modulus of p(-)-continuity of the function f: [a, b] = R we mean
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n
WF () =sup ) | F(8) = f(tin) [P
5 3
where I} is a tagged partition of [a, b] with mesh, at most, 8. If f € BVPO([a, b])
and it satisfies the vanishing condition Iima_,(,wg(')(f) = 0, we say that f is an
absolutely p(-)-continuous function. The space of absolutely p(-)-continuous
functions will be denoted by C?)([a, b]). If p is an admissible function then it is
proved that C?C)([a, b]) enjoys the following two properties:
 isaclosed subspace of the space BV?)([a, b)),
e isaseparable space.
We now introduce variable exponent bounded variation spaces in the Riesz sense.
Definition 41. Let ITj, ) = {a =ty <t; <-- <t, = b} be a partition of

[a, b] and p an admissible function. We define the functionals ap(b)],iBfa(g : RI%P]
R, by

n
: If (t) = f(timg) PO ) (f,11°
U Moon) = 0, g =yt Ban ) = S0P o/ o)
i=1

(t; — ti_q)Pi-0)71 ]

where I1j,  is a tagged partition of the interval [a, b], i.e. a partltlon of the interval

[a,b] together with a finite sequence of numbers x,...,x,_; Subject to the
conditions that for each i, t; < x; < t;,;. We now introduce the space of bounded

p(+) variation in Riesz sense as RBV?()([a, b]) : = {f € RI*PI; %p(l),](f) < oo}
When p is a p(-)-admissible function the ‘Bp() Is a convex pseudo-modular, which

allows us to introduce a norm on the quotient space RBVPO)([a,b])
: = RBVP0)([a, b])/C, where C is the space of all constant functions, viz.

_ o (f
I f lrgyvoasy=inf{A > 01970 (7) < 1}
It is proved that RBVIC)([a, b]) is a Banach space, for p(x) < q(x) satisfy the

embedding RBV4C)([a, b]) & RBVPO([a, b)), and Lip([a, b]) €
RBVPO([a,b]) € AC([a, b]). Moreover, (RBVIO)([a,b]), ||| - ||]) it is a Banach
algebra where ||| - [|] : = lIlleo + -l 55y p0)-

We prove a Riesz type theorem, which connects the Riesz norm with the LP (-)-norm
of the derivative of the function.

Theorem 42. Let p € P'°([a, b]). If f € AC([a, b]) and f' € LPO)([a, b])
then f € RBVPO)([a, b]). Furthermore we have

I f ”RBVp(')([a,b])S" f’ "Lp(')([a,b])'

In the next theorem, the hypothesis on the function p is relaxed.

Theorem 43. Let f € RBVPO([a,b]) and p € C[a,b]. Then f'E€
LPO([a, b)),

b
B0 = [ I ©Pr,
a
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and || f IIch)([a,b])SII f "RBVp(')([a,b])'
We now introduce the Nemytskii operator, also known as the superposition
operator. Let f:1 X R - R be a function, such that & — f(t,&) is a continuous
function for all ¢ in I. The operator Fy, defined by (Fre)(t) = f(t, @(t)), forall t €
I and @:1 — R, is called the Nemytskii operator based on f.
We characterize the Nemytskii operator whenever it acts between variable Riesz
bounded variation spaces, namely:

Theorem 44. Let p € P'°9([a, b]), q € P([a,b]), and q(x) < p(x). The

Nemytskii operator F; maps RBVP([a, b]) into RBV2([a,b]) and is globally

Lipschitz if and only if there are functions g, h € RBVaQ(')([a, b]) such that
fty) =gy +h®), telab]l, yeR
The next result shows that a globally Lipschitz Nemytskii operator acting between
Riesz bounded variation spaces is constant when the exponent of the target space is
essentially bigger than the exponent from the domain space, namely:
Theorem 45. Let p € P'°([a, b]), q € P([a, b]), and 1 < p, < q(¢) for all
t € [a,b]. If the Nemytskii operator F maps RBV'([a, b]) into RBV([a, b])
and is globally Lipschitz, then the function f satisfies the condition f(t,x) = f(t, 0)
fort € [a,b] and x € R.
We end the chapter providing a general characterization of the dual space of the
variable exponent Bochner-Lebesgue spaces LPO)([a,b],B) without further
assumptions on the Banach space B.
We deal from now on with vector measures G: B, ) = B*, where By, ;) is the
Borel o-algebra restricted to the interval [a, b]. Let @ = {Q} be a finite partition of
[a, b] by any kind of disjoint non-degenerate intervals, and consider p € P|[a, b].
We define the p(-)-Riesz variation of G on [a, b] by
G(Q) IB?
Bi17,(G,B") = sup z %
o & 10l
and the space of vector measures of bounded p(-) variation in the Riesz sense is
introduced as RBVP)([a, b], B*) : = {G: %fa(,'g](G, B*) < o},
Theorem 46. Let p,q € B([a, b]) be conjugate exponent functions with p_ >
1. Then, the mapping G — £, from RBV 10 ([a, b], B*) to (LPO)([a, b], B))* defined
by

b
t() = | a6, f € 1POa,b],B)

Is a linear isomorphism, and
I 'FG "(Lp(~)([a’b]’B))*:” G "RBV‘T(')([a,b],B*)'
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We finish the chapter by providing some notes and bibliographic references
related to chapter 4. The results obtained in Chapter 4 appeared in Castillo, Rafeiro,
and Merentes [4], and Castillo, Guzman, and Rafeiro [1, 2, 3].

The fifth chapter, entitled «Operators with rough kernel», is devoted to the
study of the boundedness of operators with rough kernel in the framework of some
non-standard function spaces. The difficulty of such a study stem from the fact that
the classical approach for the boundedness of such operators is based upon the
rotation method which is not well suited for the case of non-standard function
spaces, thus another approach must be devised. Extrapolation technique can be used
in this regard for variable exponent Lebesgue spaces, but it is not robust enough for
other function spaces, e.g. Morrey spaces. Our approach is based upon some
pointwise estimates which allows us to consider potential and fractional maximal
operators even of variable order a(x). The developed approach allow us to suggest
a general scheme based on the rescaling properties of the spaces. This scheme,
together with the pointwise estimate for the maximal operator with rough kernel,
allows us to derive the boundedness of the operator M, from the boundedness of the
classical maximal operator on the same scale of spaces. Applying this general
scheme, we obtain the boundedness of maximal operator with rough kernel in some
non-standard function spaces, viz. Musielak—Orlicz spaces, generalized variable
exponent Morrey spaces, generalized Orlicz—Morrey spaces, complementary
generalized Morrey spaces, and variable exponent continual Herz spaces. These
results are new even for the constant exponent case.

Let us recall that the maximal operator with rough kernel is defined as
1
Mof =t [ lom)fG-ylay,
r>0 1" Jyy|<r

where w is homogeneous of degree 0 and is a p-summable function. The fractional
maximal operator M, , is defined as

1
Maaf 00 =500 | 10Nl G =iy
yl|<r

r>0
We introduced the rough sharp maximal operator as

1
MEf(x) = K(X)=Sup—nfll | wW)IIf(x = ¥) = foeenldy
y|<r

r>0

-1
- - |B| - - -

the maximal operator with rough kernel, we can define the fractional operator with

rough kernel and with variable order «,

a(x) L w(x - Y)
E0rC0 = | S 0y,

where f5 is the integral average, namely f5 : fo (y)dy. In a similar fashion to

We obtained the following pointwise estimates.
Lemma 47. Let f € Lf(',C(IR{"), w is a homogeneous function of degree 0, and
w € L5(S" 1) with s > 1. Then
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1
My f() <A 2 (MFTH @)
ns

Lemma 48. Let f € LPO(D), 0<a<n, 1<p_<p,<oo, and g be
defined pointwise by 1/q(x) =1/p(x) —a/n. Then we have the following

pointwise estimate
a

p() n 1__
Myof (x) = [lelﬁ (If(')lq(')”‘“(X)>] (f If(Y)Ip(y)dY>

Lemma 49. Let w be a homogeneous function of degree 0 and w € L*(S™1).
Then

1
5Ol < M f (x) +=Mf() @ lagsn-ny.

Lemma 50. Let f € Lloc R™), 1 < s < o, w be a homogeneous function of
degree 0, w € L5(S™ 1), and a(x) > 0 almost everywhere Then

1
IO (Fpem) @] € —— 1@ s 75 (FOAFI 2o ()

a(x)s
at all points x € R™ such that a(x) > 0.
Corollary 51. Let w € L°(S""),1<s<oo, inf  a(x)>0, and f€

i;c(Rn). Then

1
|16 (X8 ()| ST @ Nps(snsy @ (MAFIT())7
Lemma 52. Let w € LS(S™71),1 < s < oo, and a € L*(2). Then

ax) B i’
15 ) @] S @ sy 175 57 (XU g pen))
where B is an arbitrary function chosen so as
inf |B(x) — (—) >0

XEN
and C = C(a, s, B).
Lemma 53. Let 2 be a bounded open set, p € P'%9(2),

supp(x)a(x) <n,

X€EN

nf__,a(x) >0, w € L5(S™™1), f € LPO(R),and 1 < s < 0. Then

n
|13(’“)(fx9\3<x,r))(x)| S C Il w llgsesn-1y r*Om | flpo gy
Lemma 54. Let 2 be a bounded open set, w € LS(S™™ 1), p € P9(), 1 <
s <oo,inf _ a(x) > 0,andsup,_,[A(x) + a(x)p(x)] < n. Then

o1

XEN

|18 (F Xanp ) O] ST @0 lysgneny 7

when Pp(),A0) (f) <1
Using the aforementioned inequalities, we obtain the following boundedness results
in the framework of variable exponent Lebesgue spaces.
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Theorem 55. Let w be a homogeneous function of degree 0, w € L5(S™™1),
s=(p"), and 3 € B(2). Then the operator M, is bounded in the space LPC) ().

Theorem 56. Let w be a homogeneous function of degree 0, w € L%(Sn—l),
s2|(a-5q) ]+, C=2/24 € (). Then the operator M, is (LPO(Q) -

190 (2))- bounded.
Theorem 57. Let w be a homogeneous function of degree 0, w € L5(S™™ 1),
s> (p"),, and 5 € B(2). Then the operator M/ is bounded in the space LPO) ().

Theorem 58. Let 2 be a bounded open set, w € L5(S™™1), 1 < s < oo,
inf__ a(x) >0, sup, _,a(x)p(x) <n, s= (), and p e P(2). Then the
fractional operator with rough kernel 15%) is (LPO(Q) - L90(0))-bounded,

1 _a(x)
ax)  px) n
Corollary 59. Let 2 be a bounded open set, w € LS(S"™1), 1 <s < oo,

inf__,a(x) >0, sup,_,a(x)p(x) <n, s=(p);, and p€ P'°9(02). Then the
fractional operator with rough kernel M,, ;¢ is (LP©)(2) - L1 (02))-bounded,

1 1 _a(x)
where q(x) px) n

Similar results were obtained in the framework of variable exponent Morrey spaces.
Theorem 60. Let 2 be an open bounded set in R™*, 0 < A(x) <1, <n,s >
(P4, w € LS(S™), 1< s <o, and p € P'°9(R). Then the maximal operator
with rough kernel M,, is bounded in the space LP()A0) ().
Theorem 61. Let 2 be a bounded open set, w be a homogeneous function of

degree 0, w € Lia(S™™1), s > [((1=%)q) | . and L=/ ¢ ploo(@). Then the
n + S

where

fractional maximal operator with rough kernel M,, is (LPOAO(@Q) -

LIOA0 (0))-bounded, where =1 _ e
( )) q(x) pkx) n-Ax)

Theorem 62. Let w be a homogeneous function of degree 0, w €
L5(S™1),s = (p"),, and p € P'°9(). Then the operator M/, is bounded in the
space LPOAC) (D).

Theorem 63. Let 2 be a bounded open set, w € L5(S™™ 1), 1 <s < oo,
inf__,a(x) > 0,sup,,[A(x) + a(X)p(x)] <n,s = (p)4,andp € P'°9(2). Then
the fractional operator with rough kernel I5%) is (LPOAO(Q) —» L9020 ((2))-

1 1 a(x)
q@  p()  n-A()
We can extend the previously developed techniques to other function spaces in a
unified way.

Definition 64. Let X be a normed space with the norm || f lly. Define the
space X, s > 0 by the condition f* € X. We can introduce in X, a functional by

bounded, where
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1
I f k=01 1° %
We obtained the following boundedness result.
Theorem 65. Let w € LS(S™ 1), 1 <s < o, and X be a Banach lattice of
functions in R™. If the maximal operator is bounded in the space Xl,, then the

N

operator M, is bounded in the space X and

I llssn-1y 1

S
| M, lIx< 1 M, -
ns s

From Theorem 65 we obtain the boundedness of maximal operator with rough
kernel in the following spaces, popular in the theory of function spaces during last
decades:
Musielak-Orlicz spaces;
generalized variable exponent Morrey spaces;
generalized Orlicz-Morrey spaces;
generalized complementary Morrey spaces;
variable exponent Herz spaces; and
e grand variable Lebesgue spaces.
We will just mention in detail the case of Musielak-Orlicz space and generalized
variable exponent Morrey spaces.
The Musielak-Orlicz space

LPCIR™) = {f: 1l f l oc)< o}
is defined by the norm || f Il o¢.»= inf{A > 0: fRn D (x, |f;—x)l)dx < 1}and @(,r) is
a measurable function for every r > 0 and also @:R" X R, —» R, is a Young

function in R.
We obtained the following boundedness result.

1
Theorem 66. Let w € LS(S™™1) and t » @(x,ts") be convex. Then M, is
bounded in the space L) (R™) if & (x, t) satisfy the conditions

(Ao(P))
There exists > 0 such that @(x, f) < 1 and @(x,0) > 1 for every x € R".
(41(P))
There exists 8 € (0,1) such that

Pg (Bt) < Pp(t)
for every t € [o,(®5) 1(1/|B|)], where @z(t):= inf _,®(x,t) and dF (t)
= SUP, 5P (X, D).
(42(P))
There exist >0 and h € L}(R™) n L®(R™) such that, for every t € [0,q],
@ (x,Bt) < @(y,t) + h(x) + h(y).
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The result on the boundedness of maximal operator with rough kernel in generalized
variable exponent Morrey space (Q2) [defined as the space of all f measurable
functions for which

I f llpoec) @)= s ) I f e )< @

where Q(x,r) : = B(x,r) N 2] is as follows.
Theorem 67. Let 2 € R™ be an open bounded set and w € L5(S™ 1) for

(p-)" <s < oo. If the function ¢ (x,r) satisfies inf, _, _, ‘Dzi’:)
rpx

> 0 as well as the

condition

)

diam(Q) s’ s’

f <p(x,,t) dat < C<p(x,r’)

sn ns
T tP(x) ro®)
where C > 0 does not depend on x and r, then the maximal operator with rough

kernel M,, is bounded in the space LPO-#C) ().

We finish the chapter providing some notes and bibliographic references
related to Chapter 5. The content of Chapter 5 is taken from Rafeiro and Samko [14,

15].

CONCLUSION

1. The notion of variable exponent Bergman spaces is defined and it is proved that
polynomials are dense in the aforementioned function spaces.

2. The notion of mollified dilation is introduced which is used to prove the
boundedness of the Bergman projection in variable exponent Bergman spaces
through the usage of extrapolation technique.

3. It is proved that several operators, e.g. Bergman projection, Berezin transform,
and Toeplitz operator, are bounded in variable exponent Bergman spaces under
the log-Hdolder condition on the exponent function.

4. It is proved that the commutator of Calderon—Zygmund type operators, as well as
the commutator of a potential operator with a BMO function, are bounded in a
generalized grand Morrey space even in the setting of spaces of homogeneous
type.

5. Boundedness is proved for sublinear operators and commutators of sublinear
operators in grand Morrey spaces in the framework of spaces of homogeneous
type.

6. A Riesz representation results are obtained in variable exponent bounded
variation spaces in the Riesz sense.

7. A description of the linear functionals on variable exponent Bochner-Lebesgue
spaces in terms of the variable exponent Riesz bounded variation spaces for
vector measures is obtained.

8. A new method to obtain the boundedness of some operators with rough kernel is
developed.

59



The dissertation is theoretical. The results and methods presented in the dissertation
can be used in further investigations in the realm of non-standard function spaces
and operator theory in these spaces, e.g. variable exponent non-standard analytic
function spaces, grandified spaces, variable exponent bounded variation, maximal
operator, Calderon-Zygmund operators, and Riesz potential, among other topics.
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BBEJIEHUE (anHOTAIIMSI JOKTOPCKOM AMCCEPTAIMHN)

Heabo wucciaenoBaHMs SBIAETCS W3YyYECHHME IIPOCTpaHCTBA beprmana ¢
IIEPEMEHHBIM  [IOKA3aTeJIeM, NPOCTPAHCTBA C OrPAHUYEHHOM Bapuauuend
NEepeMEHHBIM TOKa3aTesieM, O0O0OIIeHHbIe OoJbline MpocTpaHcTBa Moppw,
npoekuus beprmMana, MakCUMasbHBIM ONEpaTop, NOTEHUMAIBHBIN oneparop Pucca,
oneparops! KanpaepoHa-3urmyHsaa.

O0BbeKT HccIeJ0BaHUsA: IPOCTPAHCTBA U3MEPUMBIX (DYHKIMH, IPOCTPAHCTBA
(GyHKIMI OrpaHUYEHHON BapualUH, MPOCTPAHCTBA AHAWIUTUYECKUX (YHKUUN U
KJIACCUYECKUE OIIEpaTOPbl FAPMOHUYECKOI0 aHAJIU3A.

Hay4yHast HOBH3HA MCCJIEOBAHUSA COCTOUT B CIEAYIOLIEM:

BBEJCHO MOHATUE CMATYEHHOM IWJIATallMM B paMKax IPOCTPAHCTB beprmana ¢

nepeMenHbiM  mokasatenem  (IIBIIII),  koropoe  MO3BONSLIO  JOKa3aTh
orpaHndyeHHOCTh mnpoeknuu beprmana B IIBIIII ¢ nDomMombr0 TEXHUKH
DKCTPANOJISLINY;

JI0Ka3aHbl OTPAaHMYEHHOCTH HECKOJBKHUX OINEepaTopoB (HApUMEp, MPOCKIUU
beprmana, npeo6pazoBanust bepesuna u oneparopa Ternuna) B I[1BIIIT;

JI0Ka3aHbl OTpaHMYEHHOCTH KomMMmyTartopa Tuna Kampaepona — 3urmysnua,
KOMMYTaTOp MOTEHIMaIbHOTO omeparopa ¢ (ynkinuer BMO B 00600meHHOM
IpOCTpaHCcTBE 060IbIIOr0 Moppu;

JIOKa3aHbl JIEMMBI O TMpeJACTaBiIeHUH Pucca B mMpoCTpaHCTBaX OrpaHHUYCHHOMN
BapHUallNK C IEPEMEHHBIM ITOKa3aTelieM B cMbIcie Pucca;

OMHCaHbl JUHEHHBbIE (YHKIUOHANBI B TmpocTpancTBe boxnepa-Jlebera c
MEPEMEHHBIM TOKa3aTelieM B TEPMHUHAX IPOCTPAHCTB OTPAHUUYEHHOW BapUaIUU
Pucca c nepeMeHHbIM MTOKa3aTeNeM JIJIsi BEKTOPHBIX Mep.

BHenpenne pe3yabTaroB mucciaegoBaHusi. Ha OCHOBaHMM TOJyYEHHBIX
pEe3yJIbTaTOB MO HECTaHJAAPTHBIX (PYHKIMOHAIBHBIX MPOCTPAHCTB U TEOPUU
OIEepaTOPOB:

BBEJICHHOE IMPOCTPAHCTBO NMEPEMEHHOW 3KCIOHEHTHI MpocTpaHcBa beprmana
(VEBS) B kpyre wucnosib3yercs omeparopamu KampaepoHa — 3urmyHga jis
JI0Ka3aTeNIbCTBA OTPAaHMYEHHOCTHU MpoeKunu beprmana B npoctpancTax Jlebera Ha
CIMHUYHBIA KPYyr B 3apyOekHbIX HayuyHbIX xypHaimax (Complex Var. Elliptic Equ.
61, No. 8, 1090-1106 (2016), J. Math. Sci., New York 226, No. 4, 344-354 (2017),
J. Funct. Spaces 2018, Article ID 8751849, 8 p. (2018)). Ilpumenenue 3THUX
HAy4YHBIX PE3yJbTATOB TMO3BOJWIO BBeCTH M u3yunTh VEBS co cmemannoi
HOpMOM, a Takke wu3yuntb VEBS Ha BepxHell mnomymnocKkocTH W TOIYYHUThH
xapaktepuctuku VEBS tuma Jlunmmwmna mpu cOOTBETCTBYIOIIMX YCIOBHSIX Ha
NEPEMEHHYIO IKCIIOHEHTY;

BBEJICHUE TOHATUS CMSITYEHHOW Awnataiuu B pamkax VEBS, uto mo3Bomser
JI0Ka3aTh  OrPAaHUYEHHOCTh MPOEKIMM beprMana ¢ TNOMONIBIO  TEXHHUKHU
OKCTPATOJISIMHA B CTaThIX 3apyOeKHBIX HaydHbIX kypHaioB (Czech. Math. J. 70,
No. 1, 187 -204 (2020), Int. J. Math. Math. Sci.2018, ID ctateu 1417989, 11 ctp.
(2018), Mediterr. J. Math.17, No. 1, Paper No. 9, 13 p. (2020)). [IpumeneHwue
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HAyYHBIX PE3YyJIbTATOB MO3BOJIMJIO BBECTH M H3YYUTh HEKOTOPBIE CTPYKTYpHBIE
cBoricTBa npoctpancTB Doka ¢ NepeMEHHON IKCIIOHEHTOM, U3yUYUTh KOMIIAKTHOCTh
HEKOTOPBIX KJIACCOB OIPAaHWYEHHBIX OIEpaTOpOB B NIPOCTpaHCTBe beprmana c
NEPEMEHHOM HIKCIIOHEHTOM, a TaK)Ke UCCIEA0BATh HEMPEPHIBHOCTh U KOMITAKTHOCTD
KOMIIO3UIIMH OIIEpaTOPOB B MPOCTPAHCTBE beprmMana ¢ nepeMeHHON SKCIIOHEHTO;
J0Ka3aTeNIbCTBO OTPAaHUYCHHOCTH HECKONbKHX omepatopoB B VEBS

UCIIOJIB3YETCSl JJII PACCMOTPEHMS] MOMYJSIPHBIX HEPABEHCTB ISl HEKOTOPBIX
JMHEHHBIX OMEepaToOpoB B MpocTpaHcTBax JleGera ¢ mepeMeHHON SKCMOHEHTOW Ha
KOMILJIEKCHOW TUTOCKOCTH B CTaThsIX 3apyOeHbIX HaydHBIX )ypHaioB (Adv. Oper.
Theory, 4, No. 4, 738-749 (2019), Math. Notes 106, No. 2, 229-234 (2019),
Complex Analysis and Operator Theory 13, 275-289 (2019)). IlpumeneHue
HAyYHBbIX PpPE3YyJbTaTOB IO3BOJMJIO BBECTU M HM3YUYHUTh MPOCTPAHCTBO Xapau C
NEPEeMEHHOM PKCTIOHEHTON aHATUTHYECKUX (PYHKIUN HA €AMHHUYHOM KPyTe, YTOOBI
[I0Ka3aTh, YTO €CJIM CIPAaBEUIMBO MOJYJIbHOE HEPABEHCTBO HEKOTOPBIX JIMHEWHBIX
OMEepaToOpoOB, TO MEPEMEHHBIN MTOKA3aTeNb CTENEHU JOJIKEH ObITh TOCTOSHHBIM.

Crpykrypa n 00beM auccepTanum. J(uccepranus COCTOUT U3 BBEICHHUS, IITh
IJIaB, 3aKJIOYEHUS U CIHMCKA MCIOJIb30BaHHOM JuTepaTypbl. OObeM auccepTaluu
coctasisietr 210 cTpaHUITBI.
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