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Coefficient determination problem in the system of
integro-differential equation for visco-elastic porous medium
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Abstract. We consider a system of hyperbolic integro-differential equations
for visco-elastic porous medium. In this paper we look for a Lame coefficient,
for this we will pass a new variable then will use the method of separation
of the singularities and have got the new initial-boundary problem. We apply
the principle of contraction mappings to this system in the space of continuous
functions with a ordinary norm. The theorem of local solvability of the classical
solution to the problem is proved and the stability estimate of a solution to the
inverse problem is obtained.

Keywords: integro-differential equation, inverse problem, Dirac’s delta
function, hyperbolic equation, Lame coefficient, Riccati equation, implicit function
theorem, Gronuoll-Bellman lemma

MSC (2010): 35L20; 35R30; 35Q99

1 Problem Formulation

We consider a system of integro-differential hyperbolic equations in the domain
R3 = {(z,t): z€R, ¢t >0}

U 9 L (OU OV
s— = —X(2,t) — — -, 1.1
b = 520 et (G~ ) (L.1)
ov
Fr Xpt (U — V). (1.2)
with the initial and boundary conditions
ou
Ulk<o=—-| =0, Vh<o=0, 2(+0,t)=4d'(t), (1.3)
ot lt<o

here, U(z,t) and V(z,t) are the velocities of elastic porous body with a constant
partial density ps, and of the fluid with a constant partial density p;, x is coefficient
of intercomponent friction (assumed to be constant and positive everywhere in this
paper), and §’(t) is the derivative of the Dirac delta function. The tension 3(z,t)
is related to U(z,t) by the formula

t

Y(z,t) = u(z)aa% + u(z)/k(t — T)%—Z(Z,T)dﬂ (1.4)

0
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where k£ : R — R is a given function, characterizing viscosity of the medium and
in C?[0, 00) satisfying k(t) = 0 for any ¢ < 0, u(2) is the Lame coefficient.

The problem of determining U and V from (1.1)-(1.4) with given
Ps, P, X, p(2), and k(¢) is called the direct problem for porous medium.

The following inverse problem can be formulated for (1.1)-(1.4): to find u(z) €
C?[0,00) in (1.1) through (1.4) if for the solution of the direct problem, we know
that

vl =), (1.5)

where f(t) is a given function.

In other words, the task is to find u(z) by known coefficients ps, p1, x and
function k(t). Indeed, if one finds u(z), then will find the functions U and V as a
solution to (1.1)-(1.2) and (1.3) as well. This is why the inverse problem is often
formulated as the problem of finding the functions p(z), U(z,t) and V (z,1).

This work is continuation of the article [6]. Equations (1.1), (1.2), and (1.4)
describe the propagation of elastic SH (transverse) waves in a porous medium with
memory for the one-dimensional case (in terms of spatial variables). We note that
the direct and inverse dynamical problems for these equations for k(t) = 0 were
studied in [4], [I0]. We also note that in the absence of porosity p; = 0,V (z,t) = 0,
inverse problem (1.1)—(1.5) becomes completely analogous to the problem studied
in [§]. The main feature, appropriate to [9]-[7] and to the present work, is the use
of a source localized on the boundary of the considered space domain; this source
initiates the physical process of wave transmission.

Now, let us return to the main problem. We introduce a new variable x
according to the equality

z

R o) e B2 xel
v=7(e): /Ct(é)’ (2): pl T o

Let 77! () denote the function inverse to 7(z) and set:

v(x,t) = U(Tﬁl(x),t), Iz, t) := V(Tﬁl(x),t), o(x) ==/ psp(z).

Next, we are interested in the classical solution of the initial-boundary value
problem (1.1)-(1.5), i.e., v € C**(D7), ¥ € C®Y(Dr), Dy = {(z,t) : 0 < z <
t < T — x}, where C*™(Dr) is the space of k times continuously differentiable
functions with respect to x, and m times continuously differentiable functions with
respect to t.

Equalities (1.1) — (1.5) with respect to the new functions v(z,t), ¥(z,t) and
the variable z is rewritten in the form

P (4 T 2 e+ [ et ] -\ (0 -9), 0
0
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%zxpl(v—ﬁ),m>0,t>0 (1.7)
with the initial and boundary conditions
v . .
’U|t§0 = E 1<0 = 0, 79|t§0 = 0, (18)
o} / 1o}
() v ’
[a(:c)% + / k(t — T)O'(l’)%(l‘, T)dT} . 5 (1), (1.9)
0
’U‘zz_‘_o = f(t), t > 0. (110)

Now we transform integro-differential equation (1.6) such that, first, there are no
derivatives of the function v with respect to z in the integrand and, second, the
coefficients of v, and v; in terms outside the integral are equal to zero. These
requirements can be satisfied by introducing a new function W by the formula

t

[v(m7 t) +/k(t - T)’U(.CL‘,T)dT] exp ()\_Tk(o)t) Vo(z) = Wz, t). (1.11)

0

It is easy to verify by direct calculation that the function v is then expressed in
terms of W as

t

e~ o (A o (42 s ]
where t
() = —k(t) ~ [ klt = 7)r(r)dr. (112)

0
With the new functions W (z,t) and r(¢), we rewrite Eqgs. (1.6)-(1.10) in the form

a@g/ = %IK +H(IL')W*/h(th)W(ZC,T)de/q(th)W(.’L',T)de
—/g(t—T)W(x,r)dr—w(a:,t)ﬂ, (1.13)
0
Iz, t) = Xpi tex (T — exp((k(0) — N 1/2)W (x, T
(@)= 2 | e (o ) [ exp((k(0) = N)7/2)W (2, 7)+
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T

+/r(7- — s)exp((k(0) — N\)s/2)W (x, s)ds] dr, (1.14)
W|t§0 =0, W|z:+0 = fo(t) + /k’o(t — 7')f()(7')d7’7 (1.15)
ow o 7(0) o (0)
rra e o (t) — T(S(t) + TW(O,)&)7 (1.16)
where
R T LI R ELCNET L

fo(t) = exp (A7) 1), ko(r) = exp (AT e,

h(t) := r”(t) exp ()\%r(o)t), q(t) := —Xexp (A%T(O)t)r/(t),

g(t) := —X-xpiexp (/\JFTT(O)?S)T(& w(z,t) == X xpiv/o(z) exp (AJFTT(O)t)_

In (1.16), we used the equality k(0) = —r(0) , which follows from (1.12).

Hyperbolic equation theory implies that the function W (z,t) as the solution
of direct problem (1.13)-(1.16) has the property W =0, ¢ < z, > 0 and in the
neighborhood of the characteristic ¢ = = has the structure:

W(z,t) = a(z)é(t —z) + 0(t — z)p(x, t), (1.18)

where p(x,t) is the regular function.
For solvability of the inverse problem in accordance with (1.18) the function
f(t) must have the form

f(t) = =6(t) + 0(t) foo(t), (1.19)

where foo(t) is the given regular function.

We set ((z) := p(z,z + 0). Substituting function (1.18) in (1.13)-(1.16)
and using the method of separation of the singularities [2], we obtain 2a/(z) =
0, a(0) = -1, —a”(z) + 26'(z) — H(z)a(z) = 0, B(0) = o'(0) + "L 4 <0
Solving these ordinary differential equations, we obtain

ale) = -1, 6x) =6(0) - § [ H(©)de. (1.20)
0
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It follows from the above that the function p(z,t) in the domain D := {(z,t) : t >
x > 0} satisfies the equations

% = % + H(z)p(z,t) +n(t —x) f/n(tf 7)p(x, 7)dT —w(z, t)d(x,t), (1.21)

T

t
Iz, t) = do(z,t) + gg(m)/eX”(Tft)e(km)*A)T/Qp(m,T)dTJr

T

—&—gg(ac)//7"(7'—s)ex’”(Tft)ca(k(())7>‘)§'/2])(az7 s)dsdr, (1.22)
= B(x), (1.23)

t=x+40
ol = Fo® = ko®) + [ ke = 1) Fo(r)dr = (), (1.24)

z=+40 )
% o U,éo) o(t), (1.25)

where n(t) = h(t) + g(¢) + a(t),
(@) = —%e*’““’% ", ga(w) = % Fo(t) = exp((A + 1(0))t/2) fo 2),

Bo(a,t) i= g1 (@) 1 i (@) [ r(r = 0) O
0
We impose the continuity condition for the functions p(z, ¢

)
From relations (1.21)-(1.25), we can easily express r(0) and
known data:

(z,t) at z =t =0.
(0 )1n terms of the

13\%’

r(0) = A+ 0/(0) = 2/o(0), ' (0) = ~f3(0) + (Jo(0) + 3r(0)r(0),  (1.26)

To obtain the last equality for 7'(0), we used the relation k¥'(0) = —r (0) +72(0),
which follows from (1.12). Further, we assume that instead of r(0) and r’'(0), their

values are substituted in H (z).

Proposition 1.1. Definition of H(z) is equivalent the definition of ().
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Proof. From the relation of (1.17), we can rewrite the following form:

o (z) — 20(zx)0 (x)
402(x) '

H(z) = Ho + (1.27)

where Ho = k'(0) — 2k%(0) + 2 Ak(0) — 32A* + Axpi. Hence, pu(z) is in the class
C?[0, 00).
The last equality is equivalent to the following Cauchy problem for Riccati

equation
(st
(z) =

where Hi (z) := 4(Ho — H(x) (2)/p(x), yo := 4f0(0) — 2k(0). Generally
speaking, the Riccati equatlon does not mtegrable the quadrature, but we can show
the existence and of uniqueness solution in a small neighborhood of a point (0, yo)
of (1.28) by the implicit function theorem [I6] or the existence and uniqueness
theorem of Cauchy [14].

Let, solution is represented by 7(z) and here §(0) = yo, ¥ € C(0, o).

Then, from differential equation,

we get
() = - exp / 7()de)

here y(z) is related to H(z) by integral form.

The inverse preposition was defined by (1.27), i.e., if p(x) is given, than H(z)
will defined one-to-one.

So, define H(x) is equivalent to define u(z).

2 Reducing the inverse problem to an
equivalent system of integral equation
Let Dr = {(z,t) : 0<x <t<T—uz}.

Lemma 2.1. Let T > 0 be sufficiently small number and the following conditions
hold:

1) the function f(t) has the form (1.19);

i) foo(t) € CH0,T);
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Then, problem (1.21)-(1.25) for (z,t) € Dr is equivalent to the following

problem of finding functions p(x,t), H(x) and d(x,t) from the system of integral
equations

z t+x—§ z t+x—§&
st =met) -y [ [ e@aenidsy [ [ @ nare-
0 t—xz+& 0 t—xz+¢
1 x t+x—& T
5[ [ [t oenadra (21
0 t—z+€ &

t

Iz, t) = Jo(z,t) + xp1 / eXPL T (RO =N7/20 00 Y dr 4

x

+sz// Xm0 (RO=Ns/2 0y (2.2)

T

H(m):—29'(2&:)—0/(0)9(2:&)—1—2/ (20— 2¢ d§+2{/ (22— €)9(€, 22 — €)dE—

0

x x 2¢—¢&
- 1@ + Hez - 9lple. 20— e +2 [ [ n(za ¢~ (e atde), (23
0 0 ¢

here W(t) - 9(z,t) = w(x,t) - I(x,t).
Proof. Using by formula d’Alembert, we obtain the following solution

t+x z t+x—§

mle.t) = (ot + )+ ot —0) + T2 [ oyar+ 5 [ [t - garde
t—x 0 t—z+&
for this problem ) )
0
o =
_ 9po _o'(0)
Po o=t 0 - Q(t)7 oz e=t0 - 2 Q(t)7 (25)

Exactly the same way, rewrite the (1.20) equation and (1.23), (1.24) conditions
and using by d’Alembert formula, we will get the integral equation (2.1). Moreover
(2.2) is obtains in simplest way by using w(t) - 9(z,t) = w(z,t) - ¥(z, t).
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Differentiating the condition (1.23) by = and letting ¢t = x, after that using
the equality (1.20) instead of 3(z), we obtain

0 2e)+ T o(za) + [(nee —26)te — [ (e - 9(e, 20 - e+
x zr 2x—§ 1
+ [+ HEe-lpe 2092 [ [ (20-¢-a)p(e a)dads =~ (@)
0 0 ¢

and here we came to equation (2.3).
We state the equivalence of system of integral equations (2.1)-(2.3) to the
problem (1.21)-(1.25) in the ordinary way [6]. The lemma is proved.

3 Main results and their proofs

Consider in the domain D7 equalities (2.1), (2.2) and (2.3) which determine the
system of nonliner integral second-order equations with respect to the functions
p, ¥ and H. This system of equations is of a small parameter, which is expressed
through the measure of the integration domain in them. Due to the presence of
this small parameter, one can apply to the system, in a sufficiently small domain,
the principle of contracted mapping. Indeed, write the system of equations as an
operator equation

p = Ay, (3.1)
where ¢ is the vector function of two variables z, ¢ with the components 1, @2,
and ¢s3, in which case

Y= [@1(13715),@2(137'5),@3(13)] = [p(x,t),ﬁ(m,tLH(m)]

and the operator A is determined in the set of functions ¢ € C[Dr] and, in line
with equalities (2.1), (2.2) and (2.3), has the form A = (A1, Az, A3):

z t+r—§ z t+z—¢
Arp = oo — / . /+ Bl T / . /+ Ot rirder
z t+z—§ 7T
+/ / /n(Tfl)am(&,l)dldef}, (3.2)
0 t—z+€ &

t
Asp = oo + xpi [/ XPLTD ROV N7/ (0 gy

T
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t T
+ //T(T — s)expl<Tft)e(k<0)7k)s/2<p1(w, s)dsdr], (3.3)
0 =z

T

Avp = pa+2{ [ @(20-)pa(6, 20-€)de [ [a(O)+oa(20 )l (€, 20 -€)de+
0

0

xr 2x—§

+2/ / n(2w — € — l)(,ol(&l)dldf}. (3.4)
0 ¢
Denote

T)= t
Ill(T) = max. max |ek(z, )]

wo(x,t) = [@o1, Po2, o3| =
= oot 0,Fo(w.0), <20 (20) = o' (O)ol22) + 2 [ m(2e —200a6],  (3.5)
0
and consider in the space C(Dr,), 0 < To < T the set B(po, ||¢o||) of functions
(z,t), which can obey the inequality

I = @oll(To) < lleoll(T))

It can be demonstrated that at sufficiently small 7y the operator A realizes
contracted mapping of the set B(po, ||¢ol|) onto itself. Indeed, for ¢ € B(po, ||voll)
the inequality

llll(To) < 2[loll(T)

is valid. On the other hand, by way of estimating the integrals in (3.2)-(3.4) one
gets

wo ®o 4
A1 — o]l = @B |41 — @o1| < llpo| T? 5+ I 5 Iy 3mT] = mlleoll
|A2p—poall = max |Azp—gual < Ilgoll [2e/*O AT/ (X 1) (14r0) ] = 7alloll
| Aso—pos|l = Jonax | Azo—pos| < [lollll¢oll[2@0T+8lo | T+2m0T?] := vsl|¢oll

here wy := w(t = t = t)|.
where @o := max ()], mo max. In(®)], ro max. Ir(t)]

The operator A self-maps a ball to the same ball, i.e., Ap € B(po, ||¢ol|), if
for all T the following inequality holds:

= i < 1
7= e <
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Now let @' and ¢? be two arbitrary elements in Ap € B(yo, ||¢ol|). In this
case, using the obvious inequalities

o0l — 0P ] < 1ol — o@D+ 10210 — 0P| < 4llgolllle™ — P

after some easy estimations, we find that for (z,t) € Dr,
1 2 Y 1 2
A" = Apl < 5 -l =7l

hold. Therefore, the operator A is contracting on B(po, ||¢ol]|). By the Banach
fixed-point theorem, Eq. (3.1) is then solvable and has a unique solution in
B(po, |l¢ol|) for sufficiently small 7" > 0.

The following theorem is valid.

Theorem 3.1. Assume that the function f(t) is represented in the form

f(t) = =6(t) + 0(t) foo(t),

where foo(t) € C[0,T], and O(t) is the Heaviside function. Furthermore, let
k(t) € C2[0,T]. Then there exists an unique solution of inverse problem (1.1)-
(1.5), in the class p(z) € C?[0,77(To/2)] at sufficiently small Ty > 0, where
To € (0,77), T = min{T,yo} and yo is given bellow.

Denote
U(z) = max |[p(§,7)|, V(z) = max 5 , T,
() = max [F(E ), Viz) = max (36 7)
Q(I) = max(|f](w)|,|ﬁ(2m—T/2)|)7 HU”k = ( H%a)é |Lau(.’L‘7t)|, 1=0,1,2,3
x,t)eEDT
la|<k
olel

La = W, o = (061,062)7 |Oé| = a1 + Q2.

Consider one further theorem characterizing the estimation of conventional
stability of the inverse problem solution. Such an estimate can be obtain if we set
a certain class of data M (K, T') for the functions po, Jo and a class Q(M,T) for
the function H(z). Assume that pp and Yo belong to the class M(K,T) if they

obey the inequalities
Ipollcz2(pry < K, [Pollc2s(pyy < K
having universal for the whole class positive constant K. Analogously, H(z) €

Q(M,T) if
1Hlc2(0,7~1 (1 /2] < M.
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Theorem 3.2. Let HV (z), H® (z) be two solutions to the inverse problem (1.1)-
(1.5) with the data o™ (t) and o'? (t), respectively. Also, HY H® e Q(M,T)
and oV, 0 € M(K,T). Then, the estimate

|H® — H(2)Hc2[o,rl(T*/2)] <Ol ~ Q(2>Hc2[o,T1, (3.6)

is walid; the constant C depending here only on the choice of classes
M(K,T), Q(K,T).

Proof. Let p*, p® denote the solutions to (1.1)-(1.5) corresponding to the
functions HM (z), H® (x). If the difference between two functions, whose only
difference in notation is the over bar, is denoted by the same latter with a tilde
(~), for instance, p = p) —p®@), H=HY - H® and etc., then equations (2.1),
(2.2) and (2.3) give the following system of equalities

x t+x—§
P t) = Pole,t) — 3 / / B0 (€, 7) + @2 (1) (€, 7)) drde+
0 t—z+&
1 x t+x—§
ty [ ] EE@ € + HO©te nldrde-
0 t—z+€
1 z t+x—& T
5[ [ [ opOen - @ - vpe Dlarara
0 t—z+§ £

t
Iz, t) = Jo(z,t) + xpu / eXPL =D o (RO)=NT/2500 2y dr 4

x

t T
+xp //exp’(T_t)e(k(O)_k)s/Q[?(7‘ — s)p(l)(x7 s) + 7“(2)(7' — 8)p(z, s)|dsdr, (3.7)

x

H(z) = 72@4(21’)70’(0)~(2x)+2/ 7(2x —2¢) d£+2{ /[w (2z—¢&) 19( )(g —&)+

+5 ) (22 — €)D(€, 2 — €))de — / p (€, 20 — €) + HO(©)F(€, 20 — )]dé—

T

—~ / [H(2x — &)p™V (&, 22 — &) + H® (22 — ©)p(€, 22 — €)]dE+

0
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x 2x—&
w2 [ [ e - €~ 0pV €D + 40 (20 - € - D€ D)dtdg .

0 ¢

Consider this system with respect to the functions p(z,t), 9(z,t) and H. Note

that the functions po, 5(2), Do, H(z) and H® (z) included in in can be estimated
on the basis of a priori information on the problem data. Indeed, there is the
obvious estimate

[Pll2 < Cullell2, (3.8)

and -
8oz < Calxpr exp(k(0) — AIT/4)] = CoK.

By the same way, we get the following estimates:
—(2
0l < K, [0 0 < Cuks. (3.9)

Here the constants C;, i = 1,2, 3,4, are only T—dependent.
Then, from relations (3.7) making use of inequality (3.9), and one gets

o la 2 ] 1 1 /
U(@) < [[pollot; T* K [Sllo+ ST Ko+ T* KV (2)+ 1 T° KQ(a) + 5 KT° / U(g)de,
0

V(z) < ||§||0+||'77||2TK€‘k(0)_MT/2[emT—1}+(KT+1)€‘k(0)_MT/2[€5mT—1}U(CU)
- 1 N 1 [

Q@) < 170 + STKIl + TEV() + (TM + AT2K)0G) + 2 [ Qo)
0

To demonstrate that these inequalities result is estimate (3.6) let

W (z) = max (U(m), V(z), Q(w)).
Then one has

U(z) < Coo + %KTQ/W(f)d&
0

Q(z) < Co1 + (T3M + iT“K + 2)K/W(£)d§,
0

here Coo, Co1—are related to the given constants.
Hence,

W(z) < Wo + A / W (€)d, (3.10)
0
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where,

Wo = max{Coo, Co1}, A = max {%KT2, (TSM n %T‘*K + 2)}(}

By Gronuoll-Bellman lemma the inequality (3.10) implies W (z) < Woe ®.

Now taking into account the inequality (3.8) we obtain the estimate (3.6).
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