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Abstract. We consider a system of hyperbolic integro-di�erential equations
for visco-elastic porous medium. In this paper we look for a Lame coe�cient,
for this we will pass a new variable then will use the method of separation
of the singularities and have got the new initial-boundary problem. We apply
the principle of contraction mappings to this system in the space of continuous
functions with a ordinary norm. The theorem of local solvability of the classical
solution to the problem is proved and the stability estimate of a solution to the
inverse problem is obtained.
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1 Problem Formulation

We consider a system of integro-di�erential hyperbolic equations in the domain
R2

+ := {(z, t) : z ∈ R, t > 0}

ρs
∂2U

∂t2
=

∂

∂z
Σ(z, t)− χρ2

l

“∂U
∂t

− ∂V

∂t

”
, (1.1)

∂V

∂t
= χρl

“
U − V

”
. (1.2)

with the initial and boundary conditions

U |t≤0 =
∂U

∂t

˛̨̨
t≤0

≡ 0, V |t≤0 ≡ 0, Σ(+0, t) = δ′(t), (1.3)

here, U(z, t) and V (z, t) are the velocities of elastic porous body with a constant
partial density ρs, and of the �uid with a constant partial density ρl, χ is coe�cient
of intercomponent friction (assumed to be constant and positive everywhere in this
paper), and δ′(t) is the derivative of the Dirac delta function. The tension Σ(z, t)
is related to U(z, t) by the formula

Σ(z, t) = µ(z)
∂U

∂z
+ µ(z)

tZ
0

k(t− τ)
∂U

∂z
(z, τ)dτ, (1.4)
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where k : R → R is a given function, characterizing viscosity of the medium and
in C2[0,∞) satisfying k(t) = 0 for any t < 0, µ(z) is the Lame coe�cient.

The problem of determining U and V from (1.1)-(1.4) with given
ρs, ρl, χ, µ(z), and k(t) is called the direct problem for porous medium.

The following inverse problem can be formulated for (1.1)-(1.4): to �nd µ(z) ∈
C2[0,∞) in (1.1) through (1.4) if for the solution of the direct problem, we know
that

U
˛̨̨
z=0

= f(t), (1.5)

where f(t) is a given function.
In other words, the task is to �nd µ(z) by known coe�cients ρs, ρl, χ and

function k(t). Indeed, if one �nds µ(z), then will �nd the functions U and V as a
solution to (1.1)-(1.2) and (1.3) as well. This is why the inverse problem is often
formulated as the problem of �nding the functions µ(z), U(z, t) and V (z, t).

This work is continuation of the article [6]. Equations (1.1), (1.2), and (1.4)
describe the propagation of elastic SH (transverse) waves in a porous medium with
memory for the one-dimensional case (in terms of spatial variables). We note that
the direct and inverse dynamical problems for these equations for k(t) ≡ 0 were
studied in [4], [10]. We also note that in the absence of porosity ρl = 0, V (z, t) = 0,
inverse problem (1.1)−(1.5) becomes completely analogous to the problem studied
in [8]. The main feature, appropriate to [9]-[7] and to the present work, is the use
of a source localized on the boundary of the considered space domain; this source
initiates the physical process of wave transmission.

Now, let us return to the main problem. We introduce a new variable x
according to the equality

x = τ(z) :=

zZ
0

dξ

ct(ξ)
, ct(z) :=

s
µ(z)

ρs
, λ :=

χρ2
l

ρs
.

Let τ−1(x) denote the function inverse to τ(z) and set:

υ(x, t) := U(τ−1(x), t), ϑ(x, t) := V (τ−1(x), t), σ(x) :=
p
ρsµ(x).

Next, we are interested in the classical solution of the initial-boundary value
problem (1.1)-(1.5), i.e., υ ∈ C2,2(DT ), ϑ ∈ C0,1(DT ), DT = {(x, t) : 0 ≤ x ≤
t ≤ T − x}, where Ck,m(DT ) is the space of k times continuously di�erentiable
functions with respect to x, andm times continuously di�erentiable functions with
respect to t.

Equalities (1.1) − (1.5) with respect to the new functions υ(x, t), ϑ(x, t) and
the variable x is rewritten in the form

∂2υ

∂t2
=
“ ∂2

∂x2
+
σ
′
(x)

σ(x)

∂

∂x

”h
υ(x, t) +

tZ
0

k(t− τ)υ(x, τ)dτ
i
− λ

∂

∂t

“
υ − ϑ

”
, (1.6)
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∂ϑ

∂t
= χρl

`
υ − ϑ

´
, x > 0, t > 0 (1.7)

with the initial and boundary conditions

υ|t≤0 =
∂υ

∂t

˛̨̨
t≤0

≡ 0, ϑ|t≤0 ≡ 0, (1.8)

ˆ
σ(x)

∂υ

∂x
+

tZ
0

k(t− τ)σ(x)
∂υ

∂x
(x, τ)dτ

˜
x=+0

= δ
′
(t), (1.9)

υ|x=+0 = f(t), t > 0. (1.10)

Now we transform integro-di�erential equation (1.6) such that, �rst, there are no
derivatives of the function υ with respect to x in the integrand and, second, the
coe�cients of υx and υt in terms outside the integral are equal to zero. These
requirements can be satis�ed by introducing a new function W by the formula

h
υ(x, t) +

tZ
0

k(t− τ)υ(x, τ)dτ
i
exp

“λ− k(0)

2
t
”p

σ(x) = W (x, t). (1.11)

It is easy to verify by direct calculation that the function υ is then expressed in
terms of W as

υ(x, t) =
h
exp

“k(0)− λ

2
t
”
W (x, t)+

tZ
0

r(t−τ) exp
“k(0)− λ

2
τ
”
W (x, τ)dτ

i 1p
σ(x)

,

where

r(t) = −k(t)−
tZ

0

k(t− τ)r(τ)dτ. (1.12)

With the new functions W (x, t) and r(t), we rewrite Eqs. (1.6)-(1.10) in the form

∂2W

∂t2
=
∂2W

∂x2
+H(x)W −

tZ
0

h(t− τ)W (x, τ)dτ −
tZ

0

q(t− τ)W (x, τ)dτ−

−
tZ

0

g(t− τ)W (x, τ)dτ − ω(x, t)ϑ, (1.13)

ϑ(x, t) =
χρlp
σ(x)

Z t

0

exp
`
χρl(τ − t)

´h
exp((k(0)− λ)τ/2)W (x, τ)+
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+

τZ
0

r(τ − s) exp((k(0)− λ)s/2)W (x, s)ds
i
dτ, (1.14)

W |t≤0 ≡ 0, W |x=+0 = f0(t) +

tZ
0

k0(t− τ)f0(τ)dτ, (1.15)

∂W

∂x

˛̨̨
x=+0

= δ
′
(t)− r(0)

2
δ(t) +

σ
′
(0)

2
W (0, t), (1.16)

where

H(x) := k
′
(0)− 3

4

`
k(0)

´2
+
λk(0)

2
− 3

4
λ2− 1

2

σ
′′
(x)

σ(x)
+

1

4

“σ′(x)
σ(x)

”2

+λ ·χρl, (1.17)

f0(t) := exp
“λ+ r(0)

2
t
”
f(t), k0(t) := exp

“λ+ r(0)

2
t
”
k(t),

h(t) := r
′′
(t) exp

“λ+ r(0)

2
t
”
, q(t) := −λ exp

“λ+ r(0)

2
t
”
r
′
(t),

g(t) := −λ ·χρl exp
“λ+ r(0)

2
t
”
r(t), ω(x, t) := λ ·χρl

p
σ(x) exp

“λ+ r(0)

2
t
”
.

In (1.16), we used the equality k(0) = −r(0) , which follows from (1.12).
Hyperbolic equation theory implies that the function W (x, t) as the solution

of direct problem (1.13)-(1.16) has the property W ≡ 0, t < x, x > 0 and in the
neighborhood of the characteristic t = x has the structure:

W (x, t) = α(x)δ(t− x) + θ(t− x)p(x, t), (1.18)

where p(x, t) is the regular function.
For solvability of the inverse problem in accordance with (1.18) the function

f(t) must have the form

f(t) = −δ(t) + θ(t)f00(t), (1.19)

where f00(t) is the given regular function.
We set β(x) := p(x, x + 0). Substituting function (1.18) in (1.13)-(1.16)

and using the method of separation of the singularities [2], we obtain 2α′(x) =

0, α(0) = −1, −α
′′
(x) + 2β′(x) − H(x)α(x) = 0, β(0) = α′(0) + r(0)

2
+ σ′(0)

2
.

Solving these ordinary di�erential equations, we obtain

α(x) = −1, β(x) = β(0)− 1

2

xZ
0

H(ξ)dξ. (1.20)
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It follows from the above that the function p(x, t) in the domain D := {(x, t) : t >
x > 0} satis�es the equations

∂2p

∂t2
=
∂2p

∂x2
+H(x)p(x, t)+ η(t−x)−

tZ
x

η(t− τ)p(x, τ)dτ −ω(x, t)ϑ(x, t), (1.21)

ϑ(x, t) = ϑ0(x, t) + g2(x)

tZ
x

eχρl(τ−t)e(k(0)−λ)τ/2p(x, τ)dτ+

+g2(x)

tZ
0

τZ
x

r(τ − s)eχρl(τ−t)e(k(0)−λ)s/2p(x, s)dsdτ, (1.22)

p
˛̨̨
t=x+0

= β(x), (1.23)

p
˛̨̨
x=+0

= f̃0(t)− k0(t) +

tZ
0

k0(t− τ)f̃0(τ)dτ =: %(t), (1.24)

∂p

∂x

˛̨̨
x=+0

=
σ′(0)

2
%(t), (1.25)

where η(t) := h(t) + g(t) + q(t),

g1(x) = − χρlp
σ(x)

e
k(0)−λ

2 x, g2(x) =
χρlp
σ(x)

, f̃0(t) := exp((λ+ r(0))t/2)f0(t),

ϑ0(x, t) := g1(x)e
χρl(x−t) + g1(x)

tZ
0

r(τ − x)eχρl(τ−t)dτ.

We impose the continuity condition for the functions p(x, t) ∂p
∂x

(x, t) at x = t = 0.
From relations (1.21)-(1.25), we can easily express r(0) and r′(0) in terms of the
known data:

r(0) = λ+ σ′(0)− 2f̃0(0), r
′
(0) = −f̃ ′0(0) +

`
f̃0(0) +

1

2
r(0)

´
r(0), (1.26)

To obtain the last equality for r′(0), we used the relation k′(0) = −r′(0) + r2(0),
which follows from (1.12). Further, we assume that instead of r(0) and r′(0), their
values are substituted in H(x).

Proposition 1.1. De�nition of H(x) is equivalent the de�nition of µ(x).
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Proof. From the relation of (1.17), we can rewrite the following form:

H(x) = H0 +
σ′2(x)− 2σ(x)σ

′′
(x)

4σ2(x)
, (1.27)

where H0 = k′(0) − 3
4
k2(0) + 1

2
λk(0) − 3

4
λ2 + λχρl. Hence, µ(x) is in the class

C2[0,∞).
The last equality is equivalent to the following Cauchy problem for Riccati

equation 
y′ = − 1

4
y2 +H1(x)

y(0) = y0,
, (1.28)

where H1(x) := 4(H0−H(x)), y(x) = µ′(x)/µ(x), y0 := 4f̃0(0)−2k(0). Generally
speaking, the Riccati equation does not integrable the quadrature, but we can show
the existence and of uniqueness solution in a small neighborhood of a point (0, y0)
of (1.28) by the implicit function theorem [16] or the existence and uniqueness
theorem of Cauchy [14].

Let, solution is represented by ey(x) and here ey(0) = y0, ey ∈ C2(0, y0).
Then, from di�erential equation,

µ′(x)

µ(x)
= ey(x)

we get

µ(x) =
1

ρs
exp

“ xZ
0

ey(ξ)dξ”
here ey(x) is related to H(x) by integral form.

The inverse preposition was de�ned by (1.27), i.e., if µ(x) is given, than H(x)
will de�ned one-to-one.

So, de�ne H(x) is equivalent to de�ne µ(x).

2 Reducing the inverse problem to an

equivalent system of integral equation

Let DT = {(x, t) : 0 ≤ x ≤ t ≤ T − x}.

Lemma 2.1. Let T > 0 be su�ciently small number and the following conditions
hold:
i) the function f(t) has the form (1.19);
ii) f00(t) ∈ C1[0, T ];
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Then, problem (1.21)-(1.25) for (x, t) ∈ DT is equivalent to the following
problem of �nding functions p(x, t), H(x) and ϑ(x, t) from the system of integral
equations

p(x, t) = p0(x, t)−
1

2

xZ
0

t+x−ξZ
t−x+ξ

ω(τ)ϑ(ξ, τ)dτdξ +
1

2

xZ
0

t+x−ξZ
t−x+ξ

H(ξ)p(ξ, τ)dτdξ−

−1

2

xZ
0

t+x−ξZ
t−x+ξ

τZ
ξ

η(τ − l)p(ξ, l)dldτdξ, (2.1)

ϑ(x, t) = ϑ0(x, t) + χρl

tZ
x

eχρl(τ−t)e(k(0)−λ)τ/2p(x, τ)dτ+

+χρl

tZ
0

τZ
x

r(τ − s)eχρl(τ−t)e(k(0)−λ)s/2p(x, s)dsdτ, (2.2)

H(x) = −2%′(2x)−σ′(0)%(2x)+2

xZ
0

η(2x−2ξ)dξ+2
n xZ

0

ω(2x−ξ)ϑ(ξ, 2x−ξ)dξ−

−
xZ

0

[H(ξ) +H(2x− ξ)]p(ξ, 2x− ξ)dξ + 2

xZ
0

2x−ξZ
ξ

η(2x− ξ − l)p(ξ, l)dldξ
o
, (2.3)

here ω(t) · ϑ(x, t) = ω(x, t) · ϑ(x, t).

Proof. Using by formula d'Alembert, we obtain the following solution

p0(x, t) =
1

2

`
%(t+ x) + %(t− x)

´
+
σ′(0)

4

t+xZ
t−x

%(τ)dτ +
1

2

xZ
0

t+x−ξZ
t−x+ξ

η(τ − ξ)dτdξ,

for this problem “ ∂2

∂t2
− ∂2

∂x2

”
p0 = η(t− x), (2.4)

p0

˛̨̨
x=+0

= %(t),
∂p0

∂x

˛̨̨
x=+0

=
σ′(0)

2
%(t), (2.5)

Exactly the same way, rewrite the (1.20) equation and (1.23), (1.24) conditions
and using by d'Alembert formula, we will get the integral equation (2.1). Moreover
(2.2) is obtains in simplest way by using ω(t) · ϑ(x, t) = ω(x, t) · ϑ(x, t).
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Di�erentiating the condition (1.23) by x and letting t = x, after that using
the equality (1.20) instead of β(x), we obtain

%′(2x) +
σ′(0)

2
%(2x) +

xZ
0

η(2x− 2ξ)dξ −
xZ

0

ω(2x− ξ)ϑ(ξ, 2x− ξ)dξ+

+

xZ
0

[H(ξ)+H(2x−ξ)]p(ξ, 2x−ξ)dξ−2

xZ
0

2x−ξZ
ξ

η(2x−ξ−α)p(ξ, α)dαdξ = −1

2
H(x)

and here we came to equation (2.3).
We state the equivalence of system of integral equations (2.1)-(2.3) to the

problem (1.21)-(1.25) in the ordinary way [6]. The lemma is proved.

3 Main results and their proofs

Consider in the domain DT equalities (2.1), (2.2) and (2.3) which determine the
system of nonliner integral second-order equations with respect to the functions
p, ϑ and H. This system of equations is of a small parameter, which is expressed
through the measure of the integration domain in them. Due to the presence of
this small parameter, one can apply to the system, in a su�ciently small domain,
the principle of contracted mapping. Indeed, write the system of equations as an
operator equation

ϕ = Aϕ, (3.1)

where ϕ is the vector function of two variables x, t with the components ϕ1, ϕ2,
and ϕ3, in which case

ϕ = [ϕ1(x, t), ϕ2(x, t), ϕ3(x)] = [p(x, t), ϑ(x, t), H(x)]

and the operator A is determined in the set of functions ϕ ∈ C[DT ] and, in line
with equalities (2.1), (2.2) and (2.3), has the form A = (A1, A2, A3):

A1ϕ = ϕ01 −
1

2

n xZ
0

t+x−ξZ
t−x+ξ

ω(τ)ϕ2(ξ, τ)dτdξ −
xZ

0

t+x−ξZ
t−x+ξ

ϕ3(ξ)ϕ1(ξ, τ)dτdξ+

+

xZ
0

t+x−ξZ
t−x+ξ

τZ
ξ

η(τ − l)ϕ1(ξ, l)dldτdξ
o
, (3.2)

A2ϕ = ϕ02 + χρl[

tZ
x

eχρl(τ−t)e(k(0)−λ)τ/2ϕ1(x, τ)dτ+
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+

tZ
0

τZ
x

r(τ − s)eχρl(τ−t)e(k(0)−λ)s/2ϕ1(x, s)dsdτ ], (3.3)

A3ϕ = ϕ03+2
n xZ

0

ω(2x−ξ)ϕ2(ξ, 2x−ξ)dξ−
xZ

0

[ϕ3(ξ)+ϕ3(2x−ξ)]ϕ1(ξ, 2x−ξ)dξ+

+2

xZ
0

2x−ξZ
ξ

η(2x− ξ − l)ϕ1(ξ, l)dldξ
o
. (3.4)

Denote
‖ϕ‖(T ) = max

1≤k≤3
max

(x,t)∈DT

|ϕk(x, t)|

ϕ0(x, t) = [ϕ01, ϕ02, ϕ03] :=

=
h
p0(x, t), ϑ0(x, t),−2%′(2x)− σ′(0)%(2x) + 2

xZ
0

η(2x− 2ξ)dξ
i
, (3.5)

and consider in the space C(DT0), 0 < T0 ≤ T the set B(ϕ0, ‖ϕ0‖) of functions
ϕ(x, t), which can obey the inequality

‖ϕ− ϕ0‖(T0) ≤ ‖ϕ0‖(T )

It can be demonstrated that at su�ciently small T0 the operator A realizes
contracted mapping of the set B(ϕ0, ‖ϕ0‖) onto itself. Indeed, for ϕ ∈ B(ϕ0, ‖ϕ0‖)
the inequality

‖ϕ‖(T0) ≤ 2‖ϕ0‖(T )

is valid. On the other hand, by way of estimating the integrals in (3.2)-(3.4) one
gets

‖A1ϕ− ϕ01‖ = max
(x,t)∈DT

|A1ϕ− ϕ01| ≤ ‖ϕ0‖T 2ˆω0

4
+
‖ϕ0‖

2
+

4

3
η0T

˜
:= γ1‖ϕ0‖,

‖A2ϕ−ϕ02‖ = max
(x,t)∈DT

|A2ϕ−ϕ02| ≤ ‖ϕ0‖
h
2e|k(0)−λ|T/2`eχρlT−1

´
(1+r0)

i
:= γ2‖ϕ0‖,

‖A3ϕ−ϕ03‖ = max
x∈[0,T/2]

|A3ϕ−ϕ03| ≤ ‖ϕ0‖‖ϕ0‖[2ω0T+8‖ϕ0‖T+2η0T
2] := γ3‖ϕ0‖

where ω0 := max
t∈[0,T ]

|ω(t)|, η0 := max
t∈[0,T ]

|η(t)|, r0 := max
t∈[0,T ]

|r(t)|.

The operator A self-maps a ball to the same ball, i.e., Aϕ ∈ B(ϕ0, ‖ϕ0‖), if
for all T the following inequality holds:

γ := max
1≤k≤3

γi < 1
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Now let ϕ1 and ϕ2 be two arbitrary elements in Aϕ ∈ B(ϕ0, ‖ϕ0‖). In this
case, using the obvious inequalities

|ϕ(1)
k ϕ(1)

s −ϕ(2)
k ϕ(2)

s | ≤ |ϕ(1)
k −ϕ(2)

k ||ϕ(1)
s |+ |ϕ(2)

k ||ϕ(1)
s −ϕ(2)

s | ≤ 4‖ϕ0‖‖ϕ(1)−ϕ(2)‖

after some easy estimations, we �nd that for (x, t) ∈ DT ,

‖Aϕ1 −Aϕ2‖ ≤ γ

2
· ‖ϕ1 − ϕ2‖

hold. Therefore, the operator A is contracting on B(ϕ0, ‖ϕ0‖). By the Banach
�xed-point theorem, Eq. (3.1) is then solvable and has a unique solution in
B(ϕ0, ‖ϕ0‖) for su�ciently small T > 0.

The following theorem is valid.

Theorem 3.1. Assume that the function f(t) is represented in the form

f(t) = −δ(t) + θ(t)f00(t),

where f00(t) ∈ C[0, T ], and θ(t) is the Heaviside function. Furthermore, let
k(t) ∈ C2[0, T ]. Then there exists an unique solution of inverse problem (1.1)-
(1.5), in the class µ(z) ∈ C2[0, τ−1(T0/2)] at su�ciently small T0 > 0, where
T0 ∈ (0, T ∗), T ∗ = min{T, y0} and y0 is given bellow.

Denote

U(x) = max
(ξ,τ)∈DT

|ep(ξ, τ)|, V(x) = max
(ξ,τ)∈DT

|eϑ(ξ, τ)|,

Q(x) = max(| eH(x)|, | eH(2x−T/2)|), ‖u‖k =
X
|α|≤k

max
(x,t)∈DT

|Lαu(x, t)|, i = 0, 1, 2, 3

Lα =
∂|α|

∂xα1∂tα2
, α = (α1, α2), |α| = α1 + α2.

Consider one further theorem characterizing the estimation of conventional
stability of the inverse problem solution. Such an estimate can be obtain if we set
a certain class of data M(K,T ) for the functions p0, ϑ0 and a class Q(M,T ) for
the function H(x). Assume that p0 and ϑ0 belong to the class M(K,T ) if they
obey the inequalities

‖p0‖C2,2(DT ) ≤ K, ‖ϑ0‖C2,3(DT ) ≤ K

having universal for the whole class positive constant K. Analogously, H(x) ∈
Q(M,T ) if

‖H‖C2[0,τ−1(T0/2)] ≤M.
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Theorem 3.2. Let H(1)(x), H(2)(x) be two solutions to the inverse problem (1.1)-
(1.5) with the data %(1)(t) and %(2)(t), respectively. Also, H(1), H(2) ∈ Q(M,T )
and %(1), %(2) ∈M(K,T ). Then, the estimate

‖H(1) −H(2)‖C2[0,τ−1(T∗/2)] ≤ C‖%(1) − %(2)‖C2[0,T ], (3.6)

is valid; the constant C depending here only on the choice of classes
M(K,T ), Q(K,T ).

Proof. Let p(1), p(2) denote the solutions to (1.1)-(1.5) corresponding to the
functions H(1)(x), H(2)(x). If the di�erence between two functions, whose only
di�erence in notation is the over bar, is denoted by the same latter with a tilde
(∼), for instance, ep = p(1) − p(2), eH = H(1) −H(2) and etc., then equations (2.1),
(2.2) and (2.3) give the following system of equalities

ep(x, t) = ep0(x, t)−
1

2

xZ
0

t+x−ξZ
t−x+ξ

[eω(τ)ϑ
(1)

(ξ, τ) + ω(2)(τ)eϑ(ξ, τ)]dτdξ+

+
1

2

xZ
0

t+x−ξZ
t−x+ξ

[ eH(ξ)p(1)(ξ, τ) +H(2)(ξ)ep(ξ, τ)]dτdξ−
−1

2

xZ
0

t+x−ξZ
t−x+ξ

τZ
ξ

[eη(τ − l)p(1)(ξ, l) + η(2)(τ − l)ep(ξ, l)]dldτdξ,
eϑ(x, t) = eϑ0(x, t) + χρl

tZ
x

eχρl(τ−t)e(k(0)−λ)τ/2ep(x, τ)dτ+
+χρl

tZ
0

τZ
x

eχρl(τ−t)e(k(0)−λ)s/2[er(τ − s)p(1)(x, s) + r(2)(τ − s)ep(x, s)]dsdτ, (3.7)

eH(x) = −2e%′(2x)−σ′(0)e%(2x)+2

xZ
0

eη(2x−2ξ)dξ+2
n xZ

0

[eω(2x−ξ)ϑ(1)
(ξ, 2x−ξ)+

+ω(2)(2x− ξ)eϑ(ξ, 2x− ξ)]dξ −
xZ

0

[ eH(ξ)p(1)(ξ, 2x− ξ) +H(2)(ξ)ep(ξ, 2x− ξ)]dξ−

−
xZ

0

[ eH(2x− ξ)p(1)(ξ, 2x− ξ) +H(2)(2x− ξ)ep(ξ, 2x− ξ)]dξ+



Coe�cient determination problem ... 113

+2

xZ
0

2x−ξZ
ξ

[eη(2x− ξ − l)p(1)(ξ, l) + +η(2)(2x− ξ − l)ep(ξ, l)]dldξo.
Consider this system with respect to the functions ep(x, t), eϑ(x, t) and eH. Note

that the functions ep0, ϑ
(2)
, eϑ0, H(x) and H(2)(x) included in in can be estimated

on the basis of a priori information on the problem data. Indeed, there is the
obvious estimate

‖ep‖2 ≤ C1‖e%‖2, (3.8)

and
‖eϑ0‖2 ≤ C2[χρl exp(|k(0)− λ|T/4)] := C2K.

By the same way, we get the following estimates:

‖p(2)‖0 ≤ C3K, ‖ϑ(2)‖0 ≤ C4K. (3.9)

Here the constants Ci, i = 1, 2, 3, 4, are only T−dependent.
Then, from relations (3.7) making use of inequality (3.9), and one gets

U(x) ≤ ‖ep0‖0+
1

4
T 2K‖eω‖0+2

3
T 3K‖eη0‖+1

4
T 2KV(x)+

1

4
T 2KQ(x)+

1

2
KT 2

xZ
0

U(ξ)dξ,

V(x) ≤ ‖eϑ‖0+‖er‖2TKe|k(0)−λ|T/2[eξρlT −1]+(KT+1)e|k(0)−λ|T/2[eξρlT −1]U(x)

Q(x) ≤ ‖ep′0‖0 +
1

2
T 2K‖eη‖0 + TKV(x) + (2TM +

1

2
T 2K)U(x) + 2K

xZ
0

Q(ξ)dξ,

To demonstrate that these inequalities result is estimate (3.6) let

W(x) = max
“
U(x), V(x), Q(x)

”
.

Then one has

U(x) ≤ C00 +
1

2
KT 2

xZ
0

W(ξ)dξ,

Q(x) ≤ C01 +
“
T 3M +

1

4
T 4K + 2

”
K

xZ
0

W(ξ)dξ,

here C00, C01−are related to the given constants.
Hence,

W(x) ≤W0 + λ

xZ
0

W (ξ)dξ, (3.10)
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where,

W0 = max{C00, C01}, λ = max
n1

2
KT 2,

“
T 3M +

1

4
T 4K + 2

”
K
o

By Gronuoll-Bellman lemma the inequality (3.10) implies W(x) ≤ W0e
λx.

Now taking into account the inequality (3.8) we obtain the estimate (3.6). �
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