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Kirish

Bozor iqgtisodiyoti ilm-fan va texnikaning amalda tezroq va ko proq
go llanishini tagozo etadi. Bu masalani matematika sohasida hal etish o'ta muhim
va dolzarbdir. Chunki matematika fani barcha fanlar uchun mustahkam poydevor va
asosdir. Talabalar matematikadan nazariy va amaliy bilimlarini mustahkamlashi,
ularning matematik fikrlashi uchun ko prog mustagil masalalarni yechishi va ularni
amaliyotdagi ahamiyatini tushunishi ularni bilim samaradorligini yugori bolishiga
olib keladi.

Tavsiya etilayotgan uslubiy qo’llanma “Oliy matematika” fanining “Karrali,
egri chizigli va sirt integrallari” qismi bo’yicha bajarilgan bo’lib, oliy o’quv yurti
talabalari auditoriyasi uchun mo’ljallangan.

Uslubiy qo’llanmada “Karrali, egri chizigli va sirt integrallari” mavzulariga
oid qisgacha nazariy qismining bayoni berilib, unga doir masalalar yechib
ko’rsatilgan va mustaqil yechish uchun masalalar berilgan.

Uslubiy qo’llanmadan 200000 - «[jtimoiy soha, iqtisod va xuquqgy,
310000«Muhandislik va muhandislik ishi»  yo’nalishi bo’yicha bakalavriat
talabalari foydalanishi mumkin.



Karrali integrallar

Oxy tekislikda L chiziqg bilan chegaralangan D yopiqg sohani garaymiz.

D sohada uzluksiz funksiya z= f(x,y) berilgan bo’lsin. D sohani ihtiyoriy
chiziglar bilan n ta bo’lakka bo’lamiz: AS,,As,, ..., AS

Ularni yuzachalar deb ataymiz. Yangi simvollar kiritmaslik magsadida
As,,As,,...,As, orgqali bularning nomlarinigina emas, yuzalarni ham belgilaymiz. As
yuzalarning har birida P nugta olamiz (bu nugta yuzaning ichida yoki chegarasida
yotishining farqi yo’q), bunda n ta nuqta hosil bo’ladi: B,PR,,...,P, .

Funksiyaning tanlangan nuqtalardagi giymatlarini  f(R), f (P,)...., f (P,) bilan
belgilaymiz va f(P)As ko’rinishdagi ko’paytmalarning yig’indisini tuzamiz:

yA

1-rasm

V, = £ (R)As, + f (R)As, +...f (R)as, = 3 £ (R)as, (1)

bu yig’indi D sohada f(x,y) funksiya uchun integral yig’indi deb ataladi.

Agar D sohada f >0 bo’lsa, u holda har bir f(P)As, qo’shiluvchini, geometrik
jihatdan asosi As,ga, balandligi esa f(P)gat eng bo’lgan silindrning hajmi deb
garash mumkin.

V, yig’indi, ko’rsatilgan elementar silindrchalarning hajmlarining yig’indisi,

ya’ni qandaydir “pog’onali” jismning hajmi bo’ladi.
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Berilgan D soha uchun f(x,y) funksiya yordami bilan tuzilgan integral
yig’indilarning D sohani As,bo’laklarga turli usullar bilan bo’lishdan hosil gilingan
ihtiyoriy

\VARR VAR Vo,.. (2)

ketma-ketlikni garaymiz. n, —» »da As, yuzalarning maksimal diametri nolga
intiladi deb faraz etamiz.

1-teorema. Agar f(x,y)funksiya yopiq D sohada uzluksiz va n, — = da As,
yuzaning maksimal diametri nolga intilsa, (1) integral yig indilardan hosil bo’lgan
(2) ketma-ketlikning limiti mavjud bo’ladi. Bu limit (2) shakldagi har ganday ketma-
ketlik uchun bir xildir, ya’ni u D sohani As, yuzaga bo’lish usuliga va bu As, yuza
ichida P nugtani tanlab olish usuliga bog’lig emas.

Bu limitni f(x,y) funksiyaning D soha bo’yicha olingan ikki o’lchovli
integrali deyiladi va quyidagicha belgilanadi:

[[ f(P)ds yoki [[ f(x, y)dxdy

D D

ya’'ni:

diamho; f(P)As, = ij f (x, y)dxdy

Bu yerda D soha integrallash sohasi deyiladi.

Agar f(x,y)>0bo’lsa, f(x,y)funksiyaning D soha bo’yiha olingan ikki

o’lchovli integrali z=f(x,y) sirt z=0 tekislik va yasovchisi Oz o’qqa parallel,

yo’naltiruvchisi esa D sohaning chegarasidan iborat bo’lgan silindrik sirt bilan
chegaralangan jismning hajmiga tengdir.




Ikki karrali integrallarning xossalari
”kf(x,y)da =k[[ f(xy)do.

2. [[lfy)+ex o =[] f(x y)do+[[e(x y)do.

3. Agar o integrallash sohasida f(x,y) va ¢(x,y)funksiyalar f(x,y)=>e(x,y)
tengsizlikni ganoatlantirsa,u holda

”f(x, y)daZ”gp(x, y)do

4. O’rta giymat hagidagi teorema. Aytaylik ¢ chegaralangan yopig sohada
f(x,y) funksiya uzluksiz bo’lsa, u holda shu sohada Shunday P,(x,,y,) nugta

mavjudki, bu nugtada ”f(x, y)do = f(x,,Y,)o 0’rinli bo’ladi.

Additivlik xossasi. Agar integrallash sohasini o,,0,,.,0, kabi bir necha
sohalarga  bo’lish  mumkin  bo’lsa,  quyidagini  yozish = mumkin
[[fouyydo =[]t ydo+[[fy)do+..+[[fxy)do.

Dekart koordinatalar sistemasida ikki karrali integrallarni hisoblash
f(x,y) uzluksiz funksiyadan [{(xy)do ikki karrali integralni hisoblash talab

etilgan bo’Isin.

Aytaylik o integrallash sohasi y=¢,(x) va y=¢,(x) egri chiziglar va shu bilan
birga x=a, x=b to’g’ri chiziqlar bilan chegaralangan bo’lsin, bundan tashqgari a va b
oraliqdagi barcha x lar uchun ¢,(x)>¢,(x) shart bajarilsin.

(x; 0) nugtadan Oy o0’qqa parallel to’g’ri chiziq o’tkazamiz. Bu to’g’I chiziq
egri chiziglarni mos ravishda c, va c, nuqtalarda kesib o’tadi.

yA
y= (ﬂz(x)

Ao \Cy 2

Yoied| a0
A1 Ci / —] B

Ykir

<y

0 a X b

2-rasm

b 20
JJfydo=[ax [txydy, (3)

a  o(x)



. wa(y)
yoki ”f(x y)do = jdy [ £ yyx 4)

c wi(y)

Misol 1. y=0, x=2, y:E uchburchak bilan chegaralangan sohada

[[0 +y*)do ikki karrali integral hisoblansin(3-rasm).

3-rasm

Yechish. Yuqoridagi (3) formula bo’yicha hisoblasak, u holda 'y, =¢(x)=0
y Y =#(X) =§ , a=0, b=2.

X

”(x2 +y?)do =idxj(x2 +y?)dy.

X\3
7 x99 s
2 3 24

X
2 _ 2
o=X

(x*+y?)dy=(x*y+

O | x q

13 5, _13¢ ), _13

Demak , H(x +y?)do = j 244 =

Shu kabi [[(x* +y*)do uchun (4) ni qo’llasak ham ushbu natijaga kelamiz. Bu

holda x,, = (y) =2y, X, =#(y) =2, ¢=0, d=1bo’lib, ”(x2 +y*)do = Idyj(x2 +y*)dx ga
0

bo’lami oz 2 X 2 14 4
€ga bo famiz. (< +y*)dx =+ ™), ( +2y%)- ( Cry -8 ST Y
2y

8 14 8 2y® 7y*|, 13
val|(xX*+y)do=|E+2y* ——y)dy=(cy+—2- -2 )[i=""
ji( y*)do !(3 Y =Yy =Gy -




Misol 2. o integrallash sohasi x=0, y=X, y=2-x* chiziglar bilan
chegaralangan. Quyidagi integral hisoblansin [[xydos (4-rasm).

yA
B
2 y=2 3
1 A
1 e x
0 1 x;
4-rasm
Yechish. Ikki karrali integralni hioblash uchun (3) formulani qo’llaymiz. Bu
yerda Yar =A() =X,  Yaq=6,()=2-x*, a=0, b=1. Shuning uchun

xy’do = 1 dtzxyzdy.
o 0 X

2-x2 3

° xy*l, e x(2-x2)* x*
J‘Xyzdy:%z _ ( )

X 3 3

Demak , nyzdo-:_l[{x(zgxzﬁ _)g}dxz
12-x)
6 4

Agar ushbu [[xy’dointegralni (4) formula bilan yechmoqchi bo’lsak, o

4
L Xy 1, 2 167

_ 11 2)\3 2 11 4 _ _ —
_—g!(Z—X)d(Z—x)—é'gxdx—— 150" 24724 15 120’

sohani ikkita o, va o,sohalarga ajratish kerak. Natijada integral quyidagi
ko’rinishga keladi: ”xyzda = ”xyzda+ j Ixyzda .

1 y
Har bir soha uchun integralni hisoblasak: ”xyzdozjdijyzdx, bu yerda
oy 0 0

x=¢(y)=0, x=¢(y)=y, c=0, d=1.
Demak:

y 2.2 4
J-xyzdx:xy L
0 2 2

0

_ 1

1 y4
So’ng, ”xyzda:_[?dy 0
o 0



2 ooy
Huddi shu kabi quyidagini hisoblaymiz [ [xy*=[dy [xy’dx, bu yerda x=0,
o, 1 0

X=4,2-y,c=1, d=2.

2 3
2—
I xy?d ﬁ (2-y)y* _yr Y
. 2 2
2 3 3 4
20 froz Yogo Y ¥y 11
Demak, J.ny dO'—‘!(y _7)dy_?_?l 2—
1 11 67
va nihoyat, | [xy*dc
y ”y 10 24 120

Mustaqil hisoblang:

Misol javobi
ﬂ(x2+2y)jxdy, bu yerda D — (0<x<1, 0<y<2) to’g’ri| 1,
1. D —_.
to’rtburchak. 3
2. ” (ffi; , bu vyerda D —(3<x<4 1<z<2) to'g’ri 25
24"
to’rtburchak .
3. | [[xydxdy, bu yerda D —uchlari O (0;0), A (0;1), B (1;0) bo’lgan | ,
D R
uchburchak. 24
4. | [[2ydxdy, buyerdaD y=+/x parabolava y=0, x+y=2to’g’ri :
D —.
chiziglar bilan chegaralangan. 6
> ” y’z2dydz, bu yerda D y=2, z=yto’g’ri chiziq va -1 5
D y —
giperbola bilan chegaralangan.
6. Ij(x+y)jxdy, bu yerda D y=2x, y=0 va y=4-2x to’g’ri 31
D —
chiziglar bilan chegaralangan. 3
7. | [[(x*+y)xdy, buyerdaD y=x*, y=0 va x=2 chiziglarbilan | ,q
> i
chegaralangan. >
8. | [[xy’dxdy, buyerdaD y=2x, y=-x u x=2 chiziglar bilan
D 19,2
chegaralangan.
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9. HdXdy buyerda D x=2, x=x, y=0 va y=cosx chiziglar
sinx 2 In2

bilan chegaralangan.

10. ”xze‘xdxdy, bu yerda D x=2, x=3, y=0va y=e" chiziglar |
D -
bilan chegaralangan. 3

11. ﬂdxdy, buyerdaD y=2, y=4, y=Inx va x=0 chiziglar bilan
D et _g?
chegaralangan.

12. ”ycosxy dxdy, buyerdaD y=r, y=3r, ng u x =1 chiziglar
D 0
bilan chegaralangan.

13. ﬁ(ny + 22 jdxdy, bu yerda D x=1, y=x?, y=-Jx .
chiziglar bilan chegaralangan.

Karrali integrallarda integrallash tartibini o’°zgartirish
Misol 3. Integrallash tartibini 0’zgartiring
1 2y
[dy [f(y.2)dz.
0 y

Yechish.

D soha yOz tekisligida y=0 va y=1 to’g’ri chiziglar orasida joylashgan,
uning chegaralari z=y, yugorisi: z=4/2—-y*. D sohani Oz 0’qga proyeksiyalaylik.
Natijada [o,ﬁ}oraliqqa ega bo’lamiz. Dsohaning chap chegarasi y=0to’g’ri

ﬂ:

IN]
<v

chiziq,

11



chap chegarasi [01]oraliqda - y=2z tog’ri chizig, b\/EJ oraligda - y=+2-22
aylana yoyi. Shuning uchun D sohani ikki qismga ajratamiz (D, va D,), integralning
0’zi ham ikkita integral yig’indisidan iborat bo’ladi:

\2-y?

1 1z V2 222
[dy [ f(y.2)dz=]dz[ f(y,2)dy+ [dz
0 y 0 0 1

[ (v, 2)dy.

Mustagqil hisoblang (integrallash chegarasini o’zgartiring):

Misol javobi
1 x2 1 3y
1 j dx j f(x, y)dy. j dy j f(x, y)dx.
0 X3 0o Jy
2 2x 2 y 4 2
2 [ax[ f (x, 2)dz [dy[ £ (x, yydx+ [ay] £ (x, y)dx
0 X 0 % 2 %
3 jdny(y, 2)dz. Jl‘dzj f(y, Z)dY+jd2jf(y, z)dy.
0 oy % ,n% 1 Inz
1 2-y 1 X 2 2-X
4 jdy j f(x, y)dx. [ox] £0x yydy+ [dx [ £(x, y)dy.
0 y 0 0 1 0
4 Jx 1 4 2 4
5 [dx [ dy. [dy[ £ dx+[dy[ fdx
1 0 0 1 1 y2
3 Aax? 0 24 1 a(y2p
6 jdxj fdy+jdx jfdy. jdy f dx.
-2 0 -3 0 0 _Ja-y?

Yassi soha yuzasini hisoblash
xOy tekislikda joylashgan D sohaning S yuzasi

S= J' j dxdy. 4)

formula yordamida hisoblanadi

12



Misol 4.

y=2 to’g’ri chiziq va y=x*-1parabola bilan chegaralangan D yassi
sohaning yuzasi hisoblansin

Yechish.

D sohani Ox va Oy o’qlarga proyeksiyalash mumkin; Oy o’qqa
proyeksiyalaylik. D soha Oy 0’qqa nisbatan simmetrik, shuning uchun D sohaning
o’ng tomonda turgan yuzini hisoblab, ikkiga ko’paytirish mumkin . D sohaning
o'ng tomonini Oy o’qga [-12] kesmaga proyeksiyalasak, quyidagilarga ega
bo’lamiz. Chap tomondan x=0to’g’ri chiziq bilan, 0’ng tomondan y=x*-1, yoki

y+1 chiziq bilan chegaralangan. Natijada:

g 2 Jy+ 2 32
E:jdyj dx=[x .’ iy = j1/y+ dy_—(y+1)2 —2\@,

va S=4+/3.
. S V3 2 V3
Yok *=JdXIdV=I(

XZ

y izfl)dx = f(Z —x° +1)dx =

—3[ f =23=>

0

3

N
=_[3 NG dx 3x| -=
0

— S =4+/3 (kv. birlik)

y4

\ L[
7,7/ -

‘Qlﬂﬁ X

6-rasm

Mustaqil hisoblang:
Quyidagi chiziglar bilan chegaralangan yassi figura yuzini hisoblang:

Ne Misol javobi
(kv.birlik.)
1 y=0, x=1to’gri chiziglar va y=x°. 1
| 4
2. x=0, z=0, x=2 to’gri chiziglar va z=e". o2 _1

13



y=0, z=1, z=3 to’gri chiziglar va =1
3. Y| In3
giperbola.

4 2’ =x+2 parabola va x=2 to’gri chiziq . 102.
' 3
5 y =sinx, y:O,X:%,x:zr. 1+Q

2
6. y=1tgx, y=ctgx, x=0, XZ%’ y=0. In2

Jism hajmini hisoblash.
Asosi xOy tekislikda D sohadan iborat bo’lgan vertical silindrik jism
yugoridan z= f(x, y) sirt bilan chegaralangan bo’lsa, uning hajmi
V :szxdy. (5)
D

integral yordamida hisoblanadi.

Murakkabroq formaga ega bo’lgan jismlarning hajmini hisoblash uchun bu
jismlarni bir necha vertikal silindrik jismlarning yig’indisi sifatida hisoblash
mumkin.

Misol 5. Quyidagi sirtlar bilan chegaralangan jism hajmini hisoblang y = x?,
y=1, x+y+z=4, z=0.

Yechish. Berilgan jism (7-rasm) yuqoridan z=4-x-y tekislik bilan,
quyidan xOy tekislik bilan chegaralangan, yon tomondan y=x*parabola va y=1
to’g’ri chiziq bilan chegaralangan vertikal silindrdan iborat.

Z A

Q
\
\

7-rasm
(5) formulaga asosan bu jism hajmi

14



Jy

V= ”zdxdy:jdy j(4—x—y)dx=

0AB 0 -y
L 2 Yy 1
68
=I{(4—y)x—x7} dy=2[(4-y)ydy="1c
0 x=—[y 0

ga teng.

Boshgacha tartibda integrallasak
1 1 68

% __Ildsz(4—x—y)dy_..._E :

X

Mustagqil hisoblang:

Quyidagi sirtlar bilan chegaralangan jism hajmini hisoblang:

Ne | Misol javobi
(kub.birlik.)
xX*+y*=4, z=0, z=3. 127
X+y+z=2, z=1, x=0, y=0. 2
3
3. | z=0, z=6, y*=x, x=9 216

Uch karrali integral

Fazoda S yopiq sirt bilan chegaralangan biror V soha berilgan bo’Isin. V soha
va uning chegarasida biror f(x,y,z) uzluksiz funksiya aniqlangan bo’lsin, bunda

X,y,Z soha nugqtasining to’g’ri burchakli koordinatalari. Aniqlik uchun f(x,y,z)>0

bo’lgan holda biz funksiyani gandaydir bir moddaning V sohaga taqgsimlanish
zichligi deb hisoblashimiz mumkin. Av, simvol bilan sohaning o’zigina emas, balki

uning hajmini ham belgilab, V sohani ihtiyoriy ravishda Av, sohalarga bo’lamiz.
Har bir Av, sohada ihtiyoriy P, nugtani tanlab olamiz va f funksiyaning bu nuqtadagi
giymatini f (P)bilan belgilaymiz. Integral yig’indini

2 f (R,

ko’rinishda tuzamiz va bunda Av,ning eng kata diametrini nolga intiladigan
gilib, Av; sohalarning sonini cheksiz orttirib boramiz. Agar  f(x,y,z) funksiya

15



uzluksiz bo’lsa, > f(P)Av, shakldagi integral yig’indining limiti mavjud bo’ladi,
bunda integral yig’indining limiti ikki o’lchovli integralni ta’riflagandagi ma’noda
P nugtani tanlab olish usuliga ham

tushuniladi. V sohani bo’lish usuliga ham,

bog’liq bo’lmagan bu limit J.” P)dv simvol bilan belgilanadi va uch o’lchovli

integral deb ataladi. Shunday qilib, ta’rifga ko’ra:

dlarlnlArerOZf )V, _mf(P)dv

yoki
Hj f(P)dv= _m f (x,y,z)dxdydz

Agar V soha yugoridan z=w,(x, y) sirt, quyidan —z=y(X, y) sirt bilan,
yonidan — Oz o’qiga parallel bo’lgan silindrik sirtdan iborat (8-rasm),

t z=4h(x.y)

— z = y4q(x,¥)

o) SR A — ————
T

y=@ix) \
5 ./

/ Y =@(x)

K

(8-rasm)
vi(X,Y) <y, (X.y) shart uchun v(x,y)e D uch karrali intagral:

w2 (X.Y)
”_[ f(x,y,z)dxdydz —”dxdy j f(x,y,z2)dz
wi(xy) ) (7)
(7) dagi
w2 (X.Y)
f(x,y,2z)dz
y1(X.Y)

ichki integral z bo’yichay, (x,y) dan y,(x,y) gacha oraligda hisoblanadi.

16



?2(X) w2 (X,Y)

mf(x’y’z)dXdydhidX [ dy [ f(xy.2)dz
v a g0 ) (8)

#(x) dan  ¢,(x) gacha bo'lgan funksiyalar wxe[a,b] kesmada va
v, (X, Y), w,(x,y) , lar ¥(x,y) e Dda uzluksiz.

Uch karrali integralni dekart koordinatalar sistemasida hisoblash giyinchilik
tug’dirganda yangi o’zgaruvchilarga o’tish yaxshi samara beradi. Xususiy holda
quyidagi almashtirishdan foydalanish mumkin x=rcose, y=rsing, z=z, bu
yerda (0<r<+w, 0<@p<2r, —w<z<4m), (I, ¢, ) koordinatlar silindrik
koordinatlar deyiladi (9-rasm).

£
1 A ('r: {;:',z:'

Bu holda integralning ko’rinishi:

[[]f (x.y, 2)dxdydz=[[[  (rcose,rsing, z)rdrdedz
% V' 9)
Agar V x=a, x=Db, y=c, y=d, z=p, z=q tekisliklar bilan chegaralangan bo’lsa:

b d (¢

”jf (X, y,z)dxdydz:jdxjdyj f(x,y,2)dz,

\ a c¢c p

AgarV soha a <o <p, (@) <r<n(p), z(r,p)<z<z,(r, o),
tengsizliklar bilan chegaralangan bo’lsa, integral:

B n(p) z,(re)

Id(p j rdr If(I’COS(p,I’Sin(D,Z)dZ.

a n(p) z(re)

ko’rinishga keladi

6-misol. Integralni hisoblang

_[ ”8yzz e dxdydz;
Vv

17



V:x=2, x=0, y= -1, y=0, z=2, z=0.
Yechish: integrallash sohasini chizmada ko’rsataylik (10-rasm).

7y

/.

Shartga ko’ra: 0<x<2, —-1<y<0, 0<z<2.
demak:

0 2 2
J= 8j yzdy_[ zdzje‘xyzdx =
-1 0 0

0 2 2
= 8J. yzdyj zdz - (— i).f e Vd (—xyz) =
-1 0 yz 0

x=2
X= -

0 2

= —8j ydyjd z-e7"
-1 0

= —8]1 ydyjz.(e‘2yZ —1)dz =
-1 0

0 1 2 2 0 1
=8 ydy[—z—y-jeZyzd(—Zyz)—jdzj—Sj y[—z—y-e‘zﬂ —zj

0 0 -1

7=2

7=0
| 1 21 1
:8 —e_4y 2——d :8 _e_4y 2 - =
_Ily(zy + 2y)y [(2 +2y 2jdy
:8(—Ee‘4y+y2—1yj :(—e‘4y+8y2—4Y)‘ =e*-13.
8 27 )|,

javob: e* —~13~41,583.
7-misol. Integralni hisoblang

I J I (5x + 3—sz dxdydz;

V: y=x, y=0, x=1, z=x?+15y?, z=0.

0
0
-1

18



Yechish: y=x, y=0, x=1 lar fazoda tekisliklarni ifodalaydi: y=0 —xOz
tekislik ; x=1 —yOz tekislikka parallel tekislik; y=x — Oz 0’q orqali o’tuvchi
tekislik. xOy tekisligida quyidagi sohani belgilaydi (11-rasm).

il

(11-rasm)
z=x2+15y? elliptik paraboloid z=0 tekisligi bilan O (0,0,0) umumiy nugtaga
ega. V jismning xOy tekisligiga proyeksiyasi D sohadan | borat (11-rasm).
0<x<],

Bu sohada {0 SysXx

¥(x,y)eDuchun z 0<z<x*+15y" tengsizlikni qanoatlantiradi,

bundan:
jj x +j5y [5X+—Zjdz _J‘de‘dy[5XZ+Sfizj
3
( (x* +15y?) 4(x +15y°) jdy:

x%+15y?

0

dx

2 4

5x%y + 25xy° +%x“y+%x2y3 +%5y5j

5x® + 75xy* +2x4+45x2y2+@y4]dy=

X

dx —
0

i |
“Jof
o
|

1
[5X +25x* +3x Oys, 135x5jdx:.|'(30x“+42x5)dx:
4 2 4 0

1 7
=6|1+— [=13.
0 6

Y

1
|

Javob: 13.

5x* + 7x5)dx = G(X5 +%x6j

19



»x/ 12-rasm

8-misol. Integralni hisoblang

IH(+/ - /)'

Yechish : V soha x=0, y=0, z=0 va g%%zl tekisliklar bilan

chegaralangan. g + % + é =1 tekislik Ox, Oy, Oz o’glarda mos ravishda a=8, b=3,

c¢=5 kesmalar ajratadi. 13-rasm (uchburchakli piramida).

20



D soha V ni xOy tekisligiga proyeksiyalashdan hosil bo’ladi. Soha Ox, Oy

o’qlar bilan g + % =1to’g’ri chiziqlar bilan chegaralangan.

§+X:1

8 3 tenglamadan y=3(1—5)yozish mumkin

% + ;’ + Z_ 1=z=5(1- g — g) Natijada integral chegaralariga ega bo’ldik:
5

0< yss(l—f), oszss(l—f—l)
0<x<8, 8 8 3)

Shunday qilib:
o ) )

J:jdx j dy !

0 0

(1+y+y+%)6:
o 1) )
o'l | s Yo slr Yo

0

s %) "
:ldx O (1+/ / /) //

s A% 5 s ) :
:Idx I 1+8+§+1_§%) dy——2£dx ! dy:_zldx.y‘z(l%):

=—6(8-4)=-24.

o] (1 e -—8(x— 4|

9-misol. Integralni hisoblang
ﬂj(x2 + y?)dxdydz;
Vv
V 1 x=0, y=0, z=2 tekisliklar va birinchi oktantada joylashgan 2Z = X*+y?

paraboloid.
Yechish: jism quyidagi ko’rinishga ega (14-rasm).

21



14-rasm

I><

Jismni xOy tekislikka proyeksiyalasak, D soha aylananing to’rtdan biri.
Hagigatdan,
{22 =x*+y?,

z=2. sistemaga ko’ra

X +y° =4
Integralni yechish uchun silindrik koordinatlarga o’tamiz D sohada ¥ qutb
burchagi

T
0<p<—
=5

oraligda o’zgaradi.

Qutb koordinatiga o’tsak: x* + y2 =4 =r’=4=r=2.

r2
D sohada 0<r<2. 0’z navbatida paraboloid: r* =2z yoki 2 .Vda

2
r—£z£2
2

Formulaga ko’ra:

T

J = [[ridrdpdz = J£2d¢.2[r3dr i dz =
\ 0 0 r2/2
7l2 7l2 2

jd¢fr3dr-z|f2/2= Jd¢Jr3(2—;)dr:
0 0 0

0

22



2 2 4 2
1 1 /4 16, 4r

= | do|@r-=r)dr=¢[ - (——=1%)| ==-8-2)=—

| dof@r -3 =g" G -5 =5 6-3) ;
_ A% 4187,
javob: 3
10-misol. Integralni hisoblang
J.H (x* + y* + z)*dxdydz

\Y

V: x*+y?=1aylanmasilindr va z=0,z=1 tekisliklar bilan chegaralangan
(15-rasm).

15-rasm

Yechish: x? + y? = r? desak, dxdy = rdrdebo’lib:
y
J :M(rz +2)°rdrd pdz
\%

D soha x2 + y? =1 aylana r2 =1, r =1 demak 0<¢ <27 U holda:

T T z=1
J =2J.d(pjrdrj(rz+z)3dz:2jd(pj'rdr@ —
0 0 0 0 0

z=0
127r 1
2 4 8 .

Z!dgo_([r((r +1)* —r®)dr =

1% . 1 1 1. 1 20,1 1
== [do(=(r2+1D°] ——=)==¢/" (—=(32-1)-=) =
4! Pl D7, ~ 1) =70k g @2-D -39

1 3T

2 0230y =>".
2027 G0 =

23



_ sz ~4,71

javob: 2 .

Uch karrali integrallarning tadbiqlari
V sohani egallagan v jism hajmi:

v= ”j dxdydz (10)

Integral yordamida hisoblanadi
U= Jﬂ dxdydz zichlikka ega bo’lgan jism massasi
\

m = Iﬂy(x, y,z)dxdydz. (11)

Formula bilan hisoblanadi.
Kerak bo’lganda (10) va (11) formulalarda silindrik koordinatlarga o’tish
mumkin. U holda (10) formula:

v= j j j rdrdepdz (12)
\Y
ko’rinishga keladi.
11-misol. Quyidagi sirtlar bilan chegaralangan jism hajmini toping
2x+3y—-6=0,z=Yy*x=0,y=0,z=0.

Yechish: jism koordinata tekisliklari, 2X+3Y —6=0 tekislik Z =Y
parabolic silindr bilan chegaralangan(16-rasm).

I +3y—6=0

f 16-rasm

X, Y, Z lar quyidagi oraligda o’zgaradi:
OSysz,OSXs%®—3W,OSZSy?

Bundan:
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2 f( Y e 7(2 y) 5(2 y) E(ny)

v= Idy I dxjdz_jdy I dx - z| Iyzdy I dx = jyzdy X =

0

2
37,2 3 2 .3 32 5 Y 3,16 16
=2 2—y)dy==[@y? -yHdy=2(Ey* -1 )| =2(=-H)="=
2{y( y)dy 2!(y Iy =Gy - =5GP
Javob. 2 kub birlik.
12-misol. Quyidagi sirtlar bilan chegaralangan jism hajmini toping
X=4y*+2,Xx=6,2=xX+4y* +y+1, 2=x"+4y° + y +4.
Yechish: jism yugoridn va quyidan mos ravishda elliptik paraboloidlar bilan

: 1.15
chegaralangan: uchi (0;—§;E) 2=X+4y’ +y+1=7=X" +4(y+_) +%
va uchi (0; _L Q)
8 16
63 .
Z=X"+4y’ +y+4=1=X" +4(y+—) +E ;

Yon tomondan x =4y’ + 2 parabolic silindr va yOz ga parallel x=6 tekislik
(17-rasm).

ZI.
74
P |
|
: : |
1 Ii_,-r*:J
| f,;—"l ¥
o) -
2v 1,8 X
R
Y
(17-rasm)

Jismni xOy tekislikka proyeksiyalasak, x =4y’ + 2 parabola va x=6 to’g’ri

chizig bilan chegaralangan. Kesishish nugtasi: 4y’ +2=6=y =1 y=41
Shunday gilib, jism hajmi:

X2+4y?+y+4
X244yl iy +4 1 6

_dedydz—jdyj dx [ dz=[ay [ oxz

2
-1 4y*2 xP+4yPiynl -1 4yte2 x2+4y2+y+1
25



6

1 6 1 6 1
:jdy _[ (x2+4y2+y+4—x2—4y2—y—1)dx:3jdy j dx:BIdy-x =
14yt L4yt -1 ay*+2
e v 1,1
=12j(1—y )dy:12(y—?) :12(1—§+1—§):16.
) =

javob: 16.

Egri chizigli va sirt integrallari

Oxy tekislikda ikki o’zgaruvchili uzluksiz L = AB  egri chiziq berilgan
bo’lsin. Egri chizigni ixtiyoriy n bo’llaka bo’lamiz. A = My, M;,M,,...M,, = B

hosil bo’lgan M;_, M; gismida ihtiyoriy M;(x;,v;) nugta ni tanlab,
quyidagi yig’indini hosil gilamiz.

n
Sn= ) fCy) Al
i=1

Al; = M;_1M; — M;_{M; yoy uzunligi. Olingan yig’indi L egri chiziqda
berilgan egri chizigda berilgan f(x,y) funksiya uchun I- tur integral yg’indi
deyiladi.

D orqali M;_1M; yoylarning eng uzunini belgilaylik

d= ml_ax Al;

Agar d = 0 S,, integral yig’indining limiti mavjud bo’lsa, u holda uni . I- tur egri
chizigli integral deyiladi va u quyidagicha belgilanadi.

[ raepa

Yoki

| rema
AB

Agar f(x,y) funksiya uzluksiz bo’lsa

| raepa
L

mavjud.
I- tur integral uchun quyidagi tasdiq o’rinli
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[ reemar= [ reya
AB BA

ya’ni, chiziqli integral yo’nalishga bog’liq emas.

I- tur egri chizigli integrallarni hisoblash usullari.

Bu kabi integrallarni hisoblash aniq integralni hisoblashga keltiriladi.
1.Agar L y =1y(x) x € [a;b]uzluksiz funksiya orqali berilgan bo’lsa,

b
[ reeyat= | reyeonT+ e
L a

dl = /1 + (y'(x))%dx yoy uzunligining differentsiali deyiladi.

2. Agar L parametrik tenglama orqali berilsa, x = x(t), y = y(t),z =
z(t) t € [a;b]

f(x,y,z) — L egri chiziq ustidagi funksiya.

b
j fx,y,z)dl = f f (x(t).y(t),z(t))\/ (x'(t))? + (y’(t))2 + (z’(t))2 dt
L a

3.AgarL. r=r(p), ¢ € [a B] qutb koordinatlar sistemasi orgali
berilgan bo’lsa.

B
jf(x,y)dl = f f(rcosp,rsing)r? + (r')?de
L a

Egri chiziqli integralning tadbig’i.
1.Agar integral ostidagi funksiya birga teng bo’lsa,

Jdl
L

integral L egri chizigning uzunligiga teng.

S=fdl
L

2. Oxy tekislikda Z=f(x,y)=0 funksiya L egri chiziqda berilgan bo’lsin. OZ ga
parallel, L yo’naltiruvchi silindrik sirtni yasash mumkin. U L va Z=f(x,y) soha
bilan chegaralangan Bunday silindrik sirt yuzasi quyidagi formula orgali topiladi:

Szjf(x,y)dl
L

3. Agar L=AB — p = p(x,u) zichlikka ega egri chiziq bo’lsa, uning
massasi

27



m=[ ey

AB
(1 tur egri chiziq integralining fizik ma’nosi )
1-misol. Egri chizigli integralni hisoblang.

X
—dl
u

L

L —(2;2) va (8;4) nugtalar orasidagi y* =2xparabola yoyi.
Yechish : u=v2x,

8 8 8
21 Vit2 1
fxdz=ji 1+—dx=fudx=—f\/1+2xdx
2X 2 2x 2
L 2 2 2

1 s 1
73 (1+202| =2(17V17 - 5V5)

2
2-misol. Egri chizigli integralni hisoblash.
j(xz + y3)dl
L

L- A(1;,0) , B (0;1) , 0(0;0) nugtadan o’tuvchi A
Yechish :

<

v

28



f(xz + y3)dl = f(x2 +y3)dl+ + j(x2 +y3)dl + j(xz + y3)dl
L AB BO 04

1. (AB). AB to’g’ri chiziq y = 1 — x tenglama bilan berilgan dl =
1+ (y)2dx =+2dx 0 < x <1 ekanligini inobatga olsak

1 o
f<x2+y3>dl=j[x2+(1—x>3mdx=ﬁ<’§__“‘4x> )
AB o .

1 1\ 7V2

=V2(3+3)=13

2.BO): x=0, 0<ye€el, dl=dy.

1

1
f(x2+y3)dl=fy3dy=z
BO 0
3.(0A): y=0, 0<x<1, dl=dx
1

1
j(x2+y3)dl=jx2dx=§
04 0
va nihoyat

j(x2+ 3)dl=i§+l+1=7\/§+7=7(\/§+1)
Y 12 7273 12 12

L
3- misol. Egri chizigli integralni hisoblang

f x?+y2dl
L
buyerda L -x? + y? = ax (a> 0) aylana.
Yechish:
Qutb koordinatalar sistemasiga o’tamiz.
x =rcosp, y=rsing. Uholda x? + y? = r?
r? = ar cose yani,r = acos
dl = /12 + (r1)2de = \/a? cos?p + a%sin2¢p dp = a do
pe[-=;7 ]
Demak,

29



a cose dg = 2a?

S vy

J\/x2+y2dl=a
L

2
4-misol. 3 o’zgaruvchili I- tur egri chizigli integralni hisoblang.

j(5z —2xZ +y2)dl

L
BuyerdaL:x =tcost, y=tsint, z=t,
0 < t < mr parametrik funksiyalar orgali berilgan egri chiziq yoyi
Yechish:
t o’zgaruvchiga o’tib olamiz.

5z — 2,/x2 + y2 = 5t — 2,/t2(cos? t + sin% t) = 3t

dini t orqali ifodalaymiz.
dl =/ (x)2 + (y)? + (z)%2 dt = \/(cost — t sin)? + (sint + t cos)? + 1 dl
= \/(cos? t — 2t sint cost + t2sin?t) + (sin? t + 2t sint cost + t2cos? t) + 1 dt
= J(cos? t + sin?t) + t2(sin? t + cos? t) + 1 = /2 + t2 dt

Shunday qilib,
j (5z — 24/x? + y?)dl
t A A

3 3|7
=f3t 2+t2dt=f§\/2+t2 d2+t?) =2 +t?):2
0
0

0

_ [T - 22

Egri chizigli integrallarni hisoblang 5-14
5.

j Goy)dl, L—lxl + Iyl =a
L
kvadrat konturi.

6.

f dl _
] JxZryr 4
L — 0A,0(0; 0), A(1;2) kesma

7.
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f dl

x+y
L

L — AB kesma, A(2;4), B(1;3)

8.
j dl
x=Yy
L
L — MN kesma, M(0;—-2), N(4;0)

j y2dl,

L
L—x=a(t—sint), y=a(l—cost) 0 <t < 2xsikloida
yoyi.
10.

f(x2 + y2 + z%)dl.

L
L —x =acost,y =asint, z = bt zanjir chizig’i. 0 < t < 2m
11.

J@+wa

L — 1% = a?cos2¢ lemniskataning o’ng yaprog’i
12.

j(xz + y2)dl,

L
L—x*+y%* =a? aylana

13

f xy dl,
L

2 2
L— ;2—+ + Z_z =1,x >0, y =0 ellipsning chorak gismi
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14,

jWL

L
L — x? = 2py parabola bilan kesilgan y* = 2px parabola yoyi.

2
15. x? + y? = R? tsilindirning quyidan Oxy, yuqgoridan f(x,y) = R + %

tekisliklar bilan chegaralangan qismi yon yog’1 yuzasi hisoblansin.
Yechish :

=Jm+§ml

Silindir sirti f(x,y) =R + x?f sirtlar 0Oxz va Oyz koordinata tekisliklariga
nisbatan simmetrik, shuning uchun y > o, x > 0 integralni 4 dan biri uchun
hisoblab, 4ga ko’paytirish kifoya.

Quyidagilarga egamiz:

=+R2 = x2, g X

Y = T reaz
g Ty = |1 x2 dy = R dx
= + (y)dx = +R2—x2 X = RZ _ 52
Demak
R R
x>\ Rdx R? + x?
5=4j R+— | —=—==
R)VRT =22 \/—Rz—xz
x = R sing dx=Rcosgod<p OSQDS7
VR? —x2 =R cosg
s L3
2

R? + (R sin @)?
5=4f (Rsing)

Rooso R cosp dop = ALJ(R2 + R2sin*@)de =

0

3
2
1 — coS2
4R? J q)) do = 3mR?
0

16.5+2% =1
Ellipsni 1- chorakdagi gismi massasi hisoblansin, bu yerda har bir nugtadagi
zichligi k koeffitsent bilan ordinataga proporsional.
Yechish:
p,y) =ky
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m= f kydl
L

x>0, y=0 [ —chorak uchun

x =acost, y = bsint fokuslar orasidagi masofa ¢ = va? — b?
ekstsentrisiteti =¢

dl =/ (x)? + (y)2dt = y/a? sin? t + b2cos?t dt =
= \/az(l — cos?t) + b?%cos?td = \/a2 — (a? — b?)cos?t dt =

a? — b2
a? <1 i coszt) = a\/1 — &2cos?t dt

m massani hisoblaymiz

T

2
m = kab f sinty/1 — &2cos?t dt =
0

— _kab
4

1—(§cost)2d (&cost)

1
f\/l—uz du=§(U\/1—u2+arcsinu)

formuladan foydalansak, u=¢ Cos t

O 0 [ N

kab 1 _ z
m = T - E(fCos t 1 —&2cos?t + arc sin(écost)]
0
kab
= —2;‘;(—5\/1 — &2 — arc siné]
__Va?-b?, 2 _b R
¢ = - 1 —§&2= - ekanini hisobga olsak
_ ka®b b 2 Va2 — b2
m—ﬁ? ac — +arcsmT
17-misol.

x =a(t—sint) -y =a(l—cost),0 <t < 2m bir jinsli sikloida yoyi
massasini va og’irlik markazi koordinatalarini toping.

ish: _ My _ My
Yechish: x. = =, Y=
m=jdl, My=jxdl, Mx=jydl
L L L

x', y'vadl ni topamiz.
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x' =a(l—cost), y =asint
dl =\ a%(1 — 2 cost + cos?t) + a?sin?t dt =
= a\/1 — 2cost + (cos?t + sin?t) dt = a/2(1 — cost)

t t
=a ’2-251’7125: Zasinz

Demak,
27
t t 2T
m = f dl = ZaJ sin— dt = —4a cos — = 8a
2 AR
L 0

A

y

P> | P

O ma 2ma x=

Rasmdan ko’rinib turibdiki, tsikloida x = ma to’g’ri chiziqqa nisbatan

simmetrik, shuning uchun x; = ma
Demak: M, ni hisoblamasa ham bo’ladi. x; = %

M, = 8ma®. (Buni 0’zingiz hisoblashinigiz mumkin.) M, ni hisoblaylik.
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21
t
My = f ydl = f a(1— Cost) - Zasinzdt

L 0
2T

= Zazj Zsinzf-asinzdt
2 2

o

2T
t
=4 Zj in3—=dt
a* | sin®z
0
21 -
= —8a2J (1 — Cos? E)d (Cosﬁ) = —8a? (cos£—1c053 E)
B 2 2) 2 3 2/1,
0
32
_ 24 5
3¢

Nihoyat, m = 8a, M, = %az, M, =8ma*, x.=ma, Yy = ga
18-misol.

x=a(t—sint), y=a(l—cost), 0<t<m
sikloida yoyining og’irlik markazini toping.

19-misol.

x?+vy?% x>0, y=0 aylana chorak gismining koordinata o’qlari va
koordinata boshiga nisbatan inersiya momentlarini toping.

Yoy zichligi tagsimoti doimiy va k ga teng.

Yechish:

Berilgan egri chiziq (chorak aylana) I-chorakda y = x ga nisbatan simmetrik
demak, J, va ], birxil

]x=]y=.[y2dl=jx2dl
L L
Aylaning tenglamasini parametrik ko’rinishini yozsak, x = acost, y =

asint, 0<t< g, dl = adt quyidagiga, ega bo’lamiz.

Vs T
2 2 3
, 5 , a3 a3 sin2t\|2 ma3
x“dl = a’ | Cos“tdt = — (1+CosZt)dt=—(t+ ) = —
2 2 2 0 4
L 0 0

3 3
Shunday qilib, I, = I, = =~:Ip = L + I, = —;

20- misol.
35



x = 5cost,y = 4 sint  tenglama bilan berilgan ellipsning chorak gismi (I
chorakdagi gismi) massasini toping. Zichligi p = y deb oling.

Ellips konturining massasini toping.

Uning chizigli zichligi har bir M (x y) nugtada |u| ga teng.

22.x =acost,y=asint,z=>bt l-vint chizig’ining Oz 0’qqga nisbatan
Inersiya momentini toping.

L yo’naltiruvchi ma’lum bo’lganda, quyidan Oxu, yuqoridan z = f(x,y)
tekisliklar bilan chegaralangan silindrik sohaning yuzalari hisoblansin. 23-26

23. f(x,y) =V2x —4x?% , y? = 2x

24, f(x,y)=% , x>+ y?=R?

5. floy)=2-Vx , ¥y =5~ 1)

26.f(cy)=x , y=;x* (xe[0:4])

I-tur egri chizigli integraldan foydalanib, berilgan yoy uzunliklarini
hisoblang. 27-30.

27.ay*=x3, 0<x <5a

X X

28.y=§(eﬁ+e_5), 0<x<4

29. y=1-Incosx, 0<x<

NE

30.ch = asin3§;

I-tur egri chizigli integraldan foydalanib, egri chizigqlarning og’irlik
markazini toping. 31-34

31. y? = ax3 — x*

32.Vx+fy=va , (0<x<a)

X X

3.y = %(e5+e_a) (—a<x<a)
2 2

2
4. x3+ys=a3z , y=0.
Mustaqil yechish uchun misollar.
| —tur egri chizigli integrallarni hisoblash.
35.
j x?+y? dl
L

L—x=a(Cost+tSint), y=a(Sint—tCost), 0<t<2m
36



36.

j‘ dl
x% +y? + z2
L

L—x=aCost, y=aSint, z=bt, 0<t<2m
37.

f (x + z)dl,

L
L—x=t, — ,z=1t3, 0<t<1
38.0(0;0;0) va A (a; 0;a) nugta lar bilan chegaralangan x=aetCos t ,
y=ae'sint, z = ae' chiziq uzunligini toping.

39.7r =a (1+ Cose) kardioida bilan chegaralangan figuraning og’irlik
markazi koordinatalarini toping.

40.r = ae?, @, = 7, @, =m oraliqdagi logarifmik spiral
yoyining og’irlik markazi koordinatalarini toping.
41. Hisoblang.
j lx + y| dl.
L
L-uchlari A (0; 0) B (1;0) C(0;1) nuqtalarda bo’lgan

uchburchak konturi.

42. Integralni hisoblang.

f\/2y2+zz dl,
L

L_{x2+y2 + z? = a2

xX=Yy

43. y=x? parabolik tsilindrning, z=0, z=2x, x=0, x=1 tekisliklar
bilan chegaralangan gismi yon sirtini toping.

44. p(x,y) = e *y zichlikkaegabo’lganx = In(1+t%) , y=
2arctgt (t=0 dant=1gacha) egri chizigning massasini toping.

aylana.
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45. p (x,y) = xy zichlikka ega bo’lgan, 2—2 + Zl—j =1 ellipsning x >
0, y=<0

gismi massasini toping.

Hisoblang. 46.48

46.

[ @-ya
L

L: x?+y?=ax
47.

f X4/ x?% — y? dl

L
buyerda L- (x>+y?)?2=a? (x>y?) x = 0(Lemniskata yarmi)

48.

j arctg % dl

L

L —r = 2¢ Arximed spiralining radiusi R ga teng markazi koordinata
boshida bo’lgan aylana bilan chegaralangan qismi.

Avytaylik, L=AB-silliq egri chiziq, P(x,y) L egri chizigning nuqgta
larida aniglangan gandaydir funksiya. L ni nta ixtiyoriy qismlarga bo’lamiz:
A=M, M;, M,,.....,M, =B.hosil bo’lgan yoylarda (M,_; M,
yoylarda) ixtiyoriy M; (x; ,y;) nugta ni tanlaymiz va quyidagi ko’paytmani

hosil gilamiz
P (x;,y;) - Ax; ularni qo’shib quyidagi yig’indiga yega bo’lamiz.

n
Sn,x = zp(x_ui) Ax;
i=0

Bu yig’indi X koordinata bo’yicha P (x,y) uchun Il — tur egri chizigli integral
deyiladi va quyidagicha belgilanadi:

j P(x,y)dx
L
38



SHu kabi u koordinata bo’yicha II — tur egri chizigli integralni ifodalash
mumekin.

!Qmww

Q(x,y) — uzluksiz funksiya.
Egri chizigli integralning yig’indisi to’la II — tur egri chizigli integral
deyiladi va quyidagicha ifodalaniladi:

| Py + ey

L
Il — tur egri chiziqli integral shuningdek koordinatalar bo’yicha egri chiziqli

integral deb ham nomlanadi.
Xususan,

j P(x,y)dx +Q(x,y)dy = — f P(x,y)dx + Q(x,y)dy
BA AB
yabni egri chiziqli integral yo’nalishi o’zgarganda ishora almashadi.

Il — tur egri chizigli integrallar
I — tur egri chizigli integralni hisoblash.

Aytaylik L — y = y(x), x € [a; b] uzluksiz differentsiallanuvchi funksiya

orqgali berilgan bo’lsin; u holda
b

| PayIdx + 0Gyddy = [ (PG () + 0w vy (0)dx
L a
Agar L —x = x(t), y = y(t), te[a, b] parametrik funksiyalar orgali

berilgan bo’lsa,

b
f P(x,y)dx + Q(x,y)dy = f [P(x(©),y(®))x'(©) + Q(x (1), y(©))y' (t)] dt

Bu tenglikni fazoviy holat uchun ham tadbiq gilish mumkin.(P, Q, R
funksiyalar (X, y, z) argument uchun gisqartirib yozildi)

b
f Pdx + Qdy + Rdz = J(P,x’(t) +Qy'(t) + R-Z'(t))dt
L a
Bu yerda L egri chiziq x = x(t),y = y(t), z = z(t) parametrik formulalar

bilan berilgan.
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Il — tur egri chizigli integralni tadbiglari.

f Pdx + Qdy

L
Integralni I = Pj+ Qj va ds = idx + jdy vektorlar ko’paytmasi
sifatida tassavur gilish mumkin.

dex + Qdy = jF(x,y)ds

L L

des

L

U holda

Integral F = Pj + Qj o’zgaruvchi kuchning M= M (X,y) nugtaning
L=AB egri chiziq bo’ylab A nuqtadan dan B nuqtaga o’tganda bajargan ishni
ifodalaydi.
Agar A =B bo’lib L yopiq egri chiziq bo’lsa, integral

jg Pdx + Qdy

ko’rinishda belgilanadi.

Aytaylik Oxu tekislikda bir xil tarqalgan (ya’ni teshiklari bo’lmagan) D soha
mavjud b-sin, u L= dp  egri chizig bilan chegaralangan (dp —
D sohasining chegarasi) , shu bilan birga P(x,y) va Q(x,y) D sohada va
uning chegarasida xususiy hosilalari bilan uzluksiz funksiyalar.

Teoremal. AvaB lar -D sohaning ixtiyoriy nuqtasi bo’lsin, AmB va AnB
—shu 2 nugtani birlashtiruvchi gandaydir sillig egri chiziglar. U holda quyidagi

shartlar teng kuchli:
1.92-9% (Grin sharti)
“ox 9y
2.

Jde+Qdy= dex+Qdy

AmB AnB
(ya’ni egri chiziqli integral integrallash yo’liga bog’liq emas).
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j Pdx + Qdy =0
AnBmA
(ixtiyoriy yopiq yo’l bo’yicha olingan integral nolga teng)
4. Pdx + Qdy = dU (Pdx + Qdy qandaydir U = U(x, y) funksiyaning
to’la diferentsialini ifodalaydi)

oD

Yugori keltirilgan teorema shartlaridan ixtiyoriy 1 tasi bajarilsa, integralni
Nyuton-Leybnits formulasi orgali hisoblash mumkin (D sohasidagi (Xo,Uo) va
(x1,u1) nuqtalarni birlashtiruvchi egri chiziq bo’yicha integral)

(*1,1)

pdx + Qdy = U, MIGE3 = U ey, y1) — U(xo, Y0)
(%0,Y0)

buyerda U(x,y) PUx+ Qdy uchun boshlang’ich funksiya.

Boshga tomondan U(x,y) boshlang’ich funksiya egri chiziqli integral
yordamida hisolanishi mumkin.

(*1.y1)
Ulx,y) = f Pdx + Qdy
(X0,Y0)

SHu shartlar bo’yicha yopiq kontur bo’yicha olingan egri chiziqli integralni

ikki karrali integralni hisoblashga o’tkazadigan Grin formulasi o’rinlidir.

ngd +Qd —UaQ P, dxd
oD D

Auvtish joizki, S=S(D) D sohaning yuzasi Il tur egri chizigli integral
bo’yicha hisoblanishi mumkin.

1
S = 2 % xdy — ydx
aD
Bu Grin formulasidan kelib chigadi

b_ Ll o1
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49. P(x,y) =8x+4y+2, Q(x,y) =8y +2 funksiyalar va
A(3:6) , B(3:0), ((0:6) nugtalar berilgan.

f (8x + 4y + 2)dx + (8y + 2)dy
L

Egri chiziglilar byicha hisoblansin.

1) L- OA kesma

2) L- OBA siniq chiziq

3) L- OCA siniq chiziq

4) L- Oy o’qqa nisbatan simetrik va O va A nuqtalardan o’tuvchi parabola
5) Grin shartlari bajarilishini tekshiring.

Yechish: Integrallash yo’li quyidagi chizmada ko’rsatilgan:

A

v

0 B

1) OA kesma y=2x , xe [0;3] orqali ifodalanadi; U holda dy=2dx va

J Pdx + Qdy

0A

3
=f[8x+4-2x+2)dx+(8-2x+2)-2dx]
0

3
= j(48x + 6)dx = 24x? + 6x|3 = 234
0

2) Alohida OB va BA bo’yicha integralni olib qo’shamiz
a) OB uchun y=0, 0ex < 3, ya’ni dy=0 bundan

3
j(8x + 4y + 2)dx + (8y + 2)dy = f(sx +2)dx = (4x2 + 2x)|(5; = 42
OB 0

b) BAuchun x=3, 0<y <6, dx=0

6
j(8x + 4y + 2)dx + (8y + 2)dy = f(8y + 2)dy = (4y® + 2y)|8 =156
BA 0
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Nihoyat
f (8x + 4y + 2)dx + (8y + 2)dy = 42 + 156 = 198
OBA
3) Bu integralni yugoridagi kabi hisoblaymiz.
a) OC: x=0:(ya’nidx=0), 0 <y <6
j (8x + 4y + 2)dx + (8y + 2)dy = f(8y +2)dy = 156
oc
b) CA:0<x <3, y=6, dy=0, demak,
J(8x 4y + 2)dx + 8y + 2)dy = f(sx +26)dx = 114
Nihoyat
J (8x + 4y + 2)dx + (8y + 2)dy = 114 + 156 = 270

ocA
4)y = a x* ga A(3:6) nugtalarni qo’yib parobola tenglamasini topamiz

2x2 4
Y= bunda 0 <x <3 va dyzgxdx

j (8x + 4y + 2)dx + (8y + 2)dy
0A
8x? 16x? 4
<8x +T+ 2>dx + ( 3 + 2>§xdx]

32
<—x + —x +—x+2)dx

\wo\w

9 3
0
(16 PR )|3—222
9 x 35 T 0T
op _ 0 . ___i . 5 - . .
5.5— ay(8x+4y+2) = 4; o = ax(8y+2) =0 ya’ni Grin sharti
bajarilmayapti.
50-misol.

P(x,y)=y+3, Q(x,y)=8x+7y+6 vaA(9;4) B(9;,00 C(0;4)
nuqtalar berilgan. Egri chizigli integral hisoblansin.

f(y + 3)dx + (8x + 7y + 6)dy

bu yerda:
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1) L - OA kesma

2) L — OBA siniq chiziq

3) L - OCA siniq chiziq

4) L— 0y o’qqa nisbatan simmetrik porabolaning O (0;0) A (9;4)
nuqta larni birlashtiruvchi gismi.

5. Grin shartini tekshiring.

51.Misol:

j (4y + 4)dx + 3x + 3y + 4)dy
L

00©;0) , A(26), B(2,0), C(0;6) xarxilyo’llar orqali:
1) L=0A

2) L=0OCA

3) L=OBA

4) L- yz%x2 parabolaning OA yoyi

52- misol.

j (2xy)dx — x2dy
L

000, A1, B(20), C(6;1) xarxil yo’llar bo’yicha egri chiziqli
integral hisoblansin.

1) L- OA kesma

2) L- O va A nugta dan o’tuvchi Oy o0’qqa simetrik parabola

3) L- Oxga simmetrik va OA nugqta lardan o’tuvchi parabola

4) L- OBA siniq chiziq

5) L- OCA sinig chiziq.

53- misol.

Integralni hisoblang.

J y2dx + x%dy
L

2 2
L- % + Z]—Z = 1 Elipsning soat strelkasi yo’nalishidan yuqori qismi.

Yechish:
Elipsning parametrik tenglamalaridan foydalanamiz. x = a cos t,
y= bsint, te[0;m]yani:dx = —asintdtdy =bcostdt

Integralga qo’ysak. (t-r dan 0 ga qadar o’zgaradi).
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0
jyzdx+x2dy= f(—szinZt-aSint+azCoszt-bCost)dt
L T

0 0
= jabZSinztSintdt—fazb Cos?t - Cost dt
T T

0 0
= —ab? f(l — Cos?*t)d(Cost) — a’b J(l — sin®t)dSint
Vs i

(e smd\|T 4
—a“b| Sint — =§ab
T s

3

" Cos3t
= —ab“| Cost —

54-misol
Hisoblang.
x2dy — y?dx
f 5 5
L x3+ys3

L- A (R;0) dan B (O;R) ga o’tuvchi X=R Cos® y=R Sin® paremetrik
tenglamalar bilan berilgan egri chiziq yoyi.

55-misol.

Hisoblang.

j xydx
L

L- -y = Sinx (0;0) dan (7; 0) nuqta ga o’tuvchi sinusonda yoyi.

56-misol.
j xdy

L
L- E + % =1 t/chizigning A (a; 0) va V (0; v) kesmasi.

57-misol.

f (2 — y2)dx + (2 + y2)dy
L

2 2
% + Z—z = 1 ellipsning (soat strelkasiga teskari) musbat yo’nalishi bo’yicha

integralni hisoblang.
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58-misol.

f yzdx + xzdy + xydz
L
t- 0 dan 2w gacha x = acos t,y = asint, z = bt vint chizig’i yoyi
bo’yicha hisoblang.
Yechish:
Avval o’zgaruvchilar differentsialini topamiz. dx = —asint, dy =
acos tdt, dz = bdt. Integral ostidagi ifodani t orqali belgilaymiz.

f yzdx + xzdy + xydz
L

2T

= f (—a®btSin’*t + a’b tCos?*t + ba?Sin t Cos t)dt
0

2T
5 Sin 2t
= a“b (tCosZt+ > )dt
0
in2 17 2
o _Sin t‘zn__f . _costzn _
=a“b|t 1o "3 sin2tdt 2 0 =0
0
59-misol.
Hisoblang.
f xdy — ydx
L
L- x = 2v/5cos3t, y = 445 sindt te[0; 2]

Tenglamalar bilan berilgan.
60. L- (0;0), A(2;8) nugtalarni birlashtiruvchi y = ax? parabola yoyi
bo’yicha integralni hisoblang.
j(x2 — 2xy? + 3)dx + (y? — 2x%y + 3)dy.
L
61. Hisoblang.

f ydx + zdy + xdz
L
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L-x = acost,y = asint,z = bt,0 <t < 2m parametrning kamayish
yo’nalishida

62.
(10,10)

(x +y)dy + (x — y)dy
(0,0)

Integral integirallash yo’nalishiga bog’liq emasligini ko’rsating.
o0 _op _ 4
dx ay
Sharti o’rinli bo’ldi. OB kesma y=x, x€&[0;10] dy=dx

(10.10) 10

f (x+y)dx+(x—y)dy=f(x+x)dx=x2|100 =100
(0.0) 0

Yechish: Aytaylik =x+y,a=x—vy,

63. Hisoblang.

(11)
f (3x% = 3y)dx + (3y? — 3x)dy

(0,0)

64. Hisoblang.
(2,0)
f (3x2 + 6xy?)dx — (6x%y + 4y3)dy
11
65. Hisoblang.
(2.3)
(x3 —3xy? +2) — Bx%y — y®)dy
(0,0)
66. Hisoblang.

f(x + 1dx + xyzdy + y?zdz
L

L-C(2;3;-1) va D(3,-2,0) nu  nugqtalarni tutashtiruvchi to’g’ri chiziq kesmasi.
Yechish: Bu kesma uchun to’g’ri chiziq tenglamasini tuzamiz.
x—2 y—3 2+1
1~ -5 1

x=24+ty=3-5z=—-1+ttE[0:1]

dx = dt,dy = =5dt,dz = dt
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Javob:

1
f[(3 + t)dt — 5(2 +t)(3 = 5t)(—1 + t)dt + (3 — 5t)? (—1 + t)dt]
0

1
= f(24 — 25t —45t% +50t3)dt =9
0

67.Hisoblang.

f xydx — ydy
L

L-C(4;0), D(0;2) nugtyalarni tutashtiruvchi egri chizig.
CD- To’g’ri chiziq kesmasi

CD- Ox ga nisbatan simmetrik parabola

CD- OY 0’qqa nisbatan simmetrik parabola

CD- markazi koordinata boshida bo’lgan ellips yoyi.
To’la diferensialdan iborat integralni hisoblang (68-71).
68.

(23)

f xdy + ydx
(_1'2)
69.
(3.4
f xdx + ydy
(01)
70.
€%y
f (x +y)(dx + dy)
(0,0)
71.
2D
ydx — xdy
2
(1,2)
y#0
12,

(3x%y + %)dx + (x3 - %)dy
Ifoda to’la differensialliginia tekshiring va U(x,y) funksiyani toping.
Yeshish: P=3x2y+§ , Q=x3-2

y?
0P_ny 2 1 90_ny2_ 1
% 3X S o 3X 7 y+#0
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Tenglik sharti bajarilmogda ( 3—5 = 3—2 ) Demak yugoridagi ifoda gandaydir

U(x,y) funksiyadan olingan to’la differensial va uni egri chiziqli integral sifatida
topamiz.
(xy) .
X
2 _ 3 _
J. (3x°y + y)dx + (x yz) dy
(%0,50)
Bu yerda (Xo,Yo) —Oxy tekislikdagi 0x o’qda yotmaydigan tayin nuqta
Masalan (Xo,Y0)=(0,1) L=ABC sifatida rasmda ko’rsatilgan yo’Ini tanlaymiz. U
holda gisgacha quyidagicha yozishimiz mumkin.

yA
C(x,y)
1 | B(x,1)
0 ' x>

(xy)

ven= | == ]+]
(x0,Y0) ABC AB  BC

1) (A,B): y=1ya’ni dy =0

(1)

I(sz —y+ %)dx + (x3 — iz)dy = J (Bx?+ Ddx =x3+x
AB Y (0,1)

2) (BC) : x-tayin nuqgta, dx=0
(xy)

1 X X X
f(3x2y +)dx + (x* — —)dy = f (x* ——)dy = (x3y + —)

y y y (x,1)
BC (x,1) '

(xy) x
=x3y+——x3—x

3) Demak u (x.y) = x* +x +x*y +5—x% —x =x%y +2
Tekshirsak dU=d(x3+§): (3x2y+§)dx+( x3+%)dy

49



Integral ostidagi funksiyaning boshlang’ich funksiyasini topish orqali egri
chizigli integralni hisoblash (73-76)

73.
(3,0)
(x* + 4xy3)dx + (6x%y? — 5y*)dy
(_2'_1)
74.
(1,0)
j xdy — ydx
— )2
ol (x =)
Y+ x
75.
(€BY)
f (x + 2y)dx + ydy
i (x +y)?
1,1
, (X+y)# 0
76.

(12,5)

x y
(3L (\/W+y)dx+ <\/m+x>dy
Fazodagi egri chiziglar konturidan olingan egri chizigli integrallarni
hisoblang. (77-78)
7.

f(y —z)dx + (z — x)dy + (x — y)dz
L

, bu yerda L — x = acost,y = asint,z = bt,0 < t < 2r vint chizig’i o’rami.
78.

f ydx + zdy + xdz,
L
L — x = Rcosacost, y = Rcosasint, z = Rsina(a — cost) tenglama bilan berilgan

aylana

to’la differensialdan olingan egri chizigli integral hisoblansin(oldindan
boshlang’ichini topib hisoblang ).

79.

(6,4,8)
J xdx + ydy — zdz
(1,0,-3)

80.
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(a,b,c)

yzdx + xzdy + xydz

(1,1,1)

81.

f(3'4'5) xdx + ydy + zdz
(

000) +/ X%+ y2+2z2
82. Grin formulasi yordamida egri chiziqli integralni ikki karraliga o’tkazib
hisoblang.

§ Wx2+y?2 )dx + y[xy + In(x +/x? + y?)]dy

L
L-ABCD to’g’ri burchakli to’rt burchak, bu yerda A(1,1) , B(7,1), C(7,4),
D(1,4)

y A
4| P ¢
1| A B
T 7 >

Yechish: P=,/x2 + y2, Q: yIXy+In(x+{/x2 + y2)]

_ Yy x2+yZ+1,
N U =Y ==Y
a_P _y 9Q oP _ y y

-~ _ = —_ = 2
ay  JxZ+y2' o9x dy yo JxZ+y?  [xZ+y2 y
Demak Grin formulasi yordamida egri chizigli integral y? bo’yicha ABCD
to’g’ri burchakli to’rtburchak orqali olingan ikki karrali integralga teng.

frax+aay= || GE-Toaxay= [ yraxdy - fdxfy w=x] %t

ABCD ABCD

=79 14y
3

83.Grin formulasi yordamida hisoblang.

f 2(x% +y?¥)dx + (x + y)?dy
L
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Bu yerda L-AABCD konturi A(1,1), B(2,2), C(1,3) olingan natijani egri
chizigli integralni hisoblash yordamida tekshirish.

To’la differensiallar bo’yicha funksiyani topping (84-88).

84. du=x%dx+y?dy

85. du=u(x?-y?)(xdx-ydy)

86. du (x+2y) =dx + ydy

87. du = \/xxTyzdx -~ %d
o~ yHdy
Grin formuIaS| ylrdamlda egrl chizigli integralni hisoblang.(89-92)
89.
jg xdy + ydx
x% +y?

L :(x-1)? +(y-1)>=1 aylana bo’yicha soat strelkasiga teskari yo’nalish.
90.

%(xy+y+x)dx+(yx—y+x)dy

2

91.

X2 y2 .
, L- = +;=1ellips

%(xy +x+y)dx + (xy + x — y)dy
, L-x?+y?=ax aylana
92.
jg(x“ + 4xy3)dx + (6x%y? — 5y")dy

, L — A(—a;V2b) va B(a,+2b) nugtalarni tutashtiruvchi x—-y——l giperbola yugori

qismli yoyi va AB kesmani tutashtiruvchi to’g’ri ChlZlq qismi.
93. Egri chiziqli integral yordamida ellips yuzasini hisoblang.

Yechish: = + = =1 ellipsni parametric ko’rinishda yozamiz: x = acost, y =
bsint,0 <t < 27'[.
2T
1 1 o 1
S = Ejg xdy — ydx = ff (acost bcost + bsint asint)dt = £l f abdt = mab
aD
0 0

Quyidagi chiziglar bilan chegeralangan fugura yuzalarini hisoblang (94-98)
94. Astroida x = acos3t,y = asin3t

95. Kardioida x = a(2cost — cos2t),y = a(2sint — sin2t)

96. Dekart yaprog’i tuguni x3 + y3 — 3axy = 0 (a > 0)

97. Tugun (x+y)*=x%y

98. Bernulli lemniskatasi (x? + y?)? = a?(x? — y?)
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99. C(a,0) dan B(-a,0) nugtaga %+Z—z
Ellips orqali o’tishda F = yi — xj kuchli maydonda material nugtaning
bajargan ishini hisoblang.
Yechish: F = Pi + aj kuchli maydonda M nuqtaning CB chiziq bo’yicha
bajargan A ishi
dex + Qdy
CB

ga teng. CB ellips yoyini quyidagicha yozamiz x = acost,y = bsint,t € [0; 7] dx =
—asintdt,dy = bcostdt Va

T
T
A= f ydx — xdy = f(—absinzt — abcos?t)dt = —abf dt = mab
CcB 0
0

100. F = —yi + (3y — 8x)j kuch berilgan. Material nugtaning A(9,4), B(-9,4),
C(-9,-4), D(9,-4) uchli to’g’ri to’rtburchak konturi bo’yicha harakatlangandagi A
ishini hisoblang.

101. F = —yi + (3y — 8x)j kuchning Z—i+f—2=l ellips bo’yicha
harakatlangandagi A ishini hisoblang.

102. F = 4yi + (4y — 3x)j kuchning uchlari A (2,-6), B(2,6), C(-2,6), D(-2,-6)
bo’lgan to’g’ri to’rtburchak bo’yicha bajargan ishni toping.

103. F = 4yi + (4y — 3x)j kuchning ’;—2 + z—z = 1 ellips bo’yicha bajargan ishni
toping.

Sirt integrali
I-tur sirt integrallarining ta’rifi va ularni hisoblash.

Aytaylik f(x,y,z) funksiya qandaydir S silliq sirtga berilgan bo’lsin. S sohani
S.,....Sy qismlarga ajratamiz, gism yuzlari mos ravishda Ao, .... Ao, va diametrlari
di....,dn. Har bir S; gismda M;(x; y;, z;) nuqtani tanlab quyidagi yig’indini hosil
gilamiz.

Zn: f(x,Y.2)Ac
i=1
Bu yig’indi f(x,y,z) funksiya uchun I-tur integral yig’indi deyiladi. Agar d—
0 (d-max,d;) integral yig’indi mavjud bo’lsa (y S ni qismlarga ajratish usuliga va
M nuqta tanlanishiga bog’liq bo’lmaydi) u holda bu yig’indi I-tur sirt integrali deb
ataladi va quyidagicha ifodalanadi.
f f(x,y,z)do

S
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Agar f(x,y,z) uzluksiz bo’lsa
fff(x.y.z)da
N
integral mavjud.

I-tur sirt integrllari I tur egri chizigli integral kabi aniglanadi. Ularning
xossalari ham o’xshashdir.

Agar S sirt D sohaning oxy tekislikga z = z(x, y) funksiya orgali berilsa, shu
bilan birga z(x,y) funksiya z,=z;(X,y) va z,=z,(X,y) hosilalari bilan uzluksiz
bo’lsa, sirt integrali quyidagi ikki karrali integralni hisoblashga keltiriladi.

Usf(x,y, z)do = JDf(X,y,z(xy))\/l + (z')?% + (z'y)2 dxdy

Agar S parametrik ko’rinishda x = x(u,v),y = y(u.v), z = z(u, v) orgali berilsa
xyz — o Sohaning Ouv tekislikda uzluksiz differensiallanuvchi bo’lsa, u holda

jJ f(x,y,z)do = ffa[x(u, v),y(u,v)z(u, v)]VEH — F? duv

oyt = () + () + (2", 1= () +(2)' +(2)
_dx dx dyﬂ dz dz

o o T waw

I-tur integralining tadbiglari

Avytaylik S-p=p(x,y, z) zichlikka ega bo’lgan material sirt. U holda sirt
integrali yordamida quyidagilarni hisoblash mumkin:

Bu sirtning tekisliklariga nisbatan statistik momentlarini

My, = ff zpdo
S

M,, = ff xpdo
S

M, = ff ypdo
S

Sirtning og’irlik markazi koordinatalarini topish.
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Bu yerda

=[] oo

Koordinata o’qlari va koordinata boshiga nisbatan inersiya momentini
topish.

o= [[ 07 + 20,
Jy = D (2 + 22)pdo,
Jo = [[ @+ y2po,

S
o= [[ 2 +y7 + 220,
S

II- tur sirt integralini aniglanishi va hisoblash.

S sirtning yuzasini quyidagi formula yordamida hisoblash mumkin;

ff do = Syuza
S

Agar p(x,y,z) —S sirtning sirt zichligi bo’Isa, u holda m massa

m = f p(x,y,7)do
S

Aytaylik S-silliq orientirlangan sirt bo’lsin, unda R(x,y,z) sirtda berilgan
uzluksiz funksiya, har bir M nuqgta 7(M) musbat yo’naltirilgan normal (7(M)-
uzluksiz vektor funksiya) S* sifatida S sirtning 7 normalning birligi va Oz 0’qning
orasidagi burchak o’tkir bo’Igan qismi tanlanadi. Endi S sirtni S; ..... S,, diametrlari
di.....d,, gismlarga ajratamiz. Ap,....Ap, orgali S;.... S, gismlarning Oxy
tekisliklarga o’tkazilgan proyeksiyalarini belgilaymiz (d-max d;) har bir S gismdan
M; (Xi Vi, zi) nuqtani tanlab quyidagi yig’indini tuzamiz:

n
Z R(x;, yi,z,)Ap;
=1

Bu yig’indi R(x,y,z) funksiya uchun II tur integral yig’indi deyiladi. d—0
integral yig’indi limiti II tur sirt integrali deyiladi va
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ﬂ R(x,y,z)dxdy
st

orgali ifodalanadi.
Shu kabi 11 tur sirt integrallari aniglanadi:

Sf j P(x,y,z)dydz
va
f f Q(x,y,z)dxdz

3 ta ko’rsatilgan sirt integrallarining yig’indisi to’la Il tur sirt integrali
deyiladi:

ff Pdydz + Qdxdz + Rdxdy
st

Agar S sirt z = z(x,y), (x, y)eD COxy ko’rinishiga ega bo’lsa, u holda II tur
sirt integral ikki karrali integralni hisoblashga keltiriladi.

ﬂ R(x,y,z)dxdy = ﬂR(x,y,z(x,y))dxdy
st D
Agar S sirtning garama-garshi S tomoni tanlansa
ffR(x,y,z)dxdy = —ff R(x,y,z(x,y))dxdy
S~ D
Shu kabi qgolgan sirt integrali hisoblanadi.
f f P(x,y,z)dydz
S+
va

! J Q(x,y,z)dxdz

I va Il tur sirt integrallarining alogasi.
Agar «,B,y-n normalning bilish bilan Ox, Oy, Oz o’qlarning musbat
yo’nalishi orasidagi burchak bo’lsa , ularning aloqasi quyidagicha aniglanadi:

ff Pdydz + Qdxdz + Rdxdy = ff (Pcosa + Qcosp + Rcosy)do
5% 5%

n={CoSaq, cosp, cosy} ekanligidan I-tur sirt integralni vector ko’rinishida

yozish mumkin:
[f Fndo

F={P,Q,R}- S ga orientlangan vektor maydon.
F vektor maydon sifatida S sirtda oqib o’tayotgan suyuqlik tezligi maydoni
sifatida ko’rilsa, integral
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[ i

S sirtda musbat yo’nalishda 1 birlik vaqt mobaynida oqib o’tayotgan suyuqlik
miqgdori sifatida tushuntirish mumkin. Shuning uchun bu integral S sirtdagi F vector
maydonning ogimi deyiladi.

104. I-tur sirt integrali hisoblansin:

[

Bu yerda o-x + v + z = 1 tekislikning 1 oktontadagi gismi.

v+x=1

Yechish: ¢ sirtni quyidagicha ifodalaymiz: z=1-x-y, (x,y)eD,
bu yerda D-x=0, y=0 va x+y=1 chiziglar bilan chegaralangan A.

Shu bilan birga da=J1 + (z2)? + (zy)? dxdy=v3dxdy.Bu integral ikki

karrali integralga keltiriladi:

ff@i—iﬁ:ﬂfixﬁ ff flx(z yy ﬁf:d" (= y)2|1_x)

\/_11|1\/§

"2 Ui Y

I-tur sirt integralini hisoblang (105-106)

105.
ﬂ do
(1+x+2)>
, bu yerda o - x+y+z=1 tekislikning x= 0,y = 0,z = 0 gismi.
106.

4
ff(z+2x+§y)da,a—6x+4y+32= 11

tekislikning I oktantadagi gismi.
107. I-tur sirt integralini hisoblang.

57



o-X?+y?+72=R? sfera.

Yechish: o sirtning koordinata tekisliklariga nisbatan simmetrik ekanini
e’tiborga olsak, x> o,y = 0,z = 0 uchun hisoblab, natijani 8 ga ko’paytiramiz.

Sferik koordinatalaridan  foydalanib, sferaning parametrik tenglamasini
y0zamiz. x = Rsingcosé,

y= Rsingsind, z= Rcose u=6,v = ¢ desak

E_(ax)2+<6y)2+<6z>2_ Rsinosing)? + (Rsi 0 + 0 = R2sin? oG
~ \ou ou ou = (— Rsingsint)* + (Rsingcos0) = R?sin%¢p

(%Y, (Y, (7Y , . o

= <%) (%) <%> = (Rcos@cos0)* + (—Rcosgsinf)~ + (—Rsing)
= R?

_Ox0x 0dydy 0z0z

~ouov " uov ' guav
=0

= (— Rsingsin@)( RcospcosO) + (RsingcosO) (—Rcospsind)

VEG — F? = R?sing
Integral soha x*+y?<R? aylana chorak gismi ( uni B orgali ifodalaymiz)
parametrik formada quyidagi ko’rinishga ega.
Vs s
R?sin? pcos?0 + R?sin? gpsin®*0 < R?,0 < ¢ < 5,0 <6< 5
Integral ostidagi funksiyani parametric ifodalaymiz f(x,y)= x?+y?
x2+y2+7%=R? sferada f(x,y)= R?-22=R?+R?c0s?p=R?(1- c0os%p).
Berilgan integral quyidagiga teng.

VA
2
201 _ 2 2 i — _Qqp2 _ 2
8fR (1 — cos“@)R*sin“pdOdyp = —8R d(pf(l cos® @)dcosg

o — iy

B 0
3 T
_apa® _cos g _:§4
= —8R 2<C05(p 3 )S 2R
108.
Jf e
S
dS integrani hisoblang.
S—z—z + i—z— j—z = 0 konusning yon sirti (0< z < b)

109.ay=x2+y? paraboloidning | oktantadagi y=2a tekislik bilan
chegaralangan gismi yuzasini hisoblang.

Yechish: 1-usul yuzani y= % funksiya sifatida xva z o’zgaruvchilar

orgali hisoblaymiz.
Demak, yuzani hisoblash quyidagi formulaga keladi.
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v

= [T+ 057 + 057 axes

D
D- sirtning Oxz tekislikdagi proyeksiyasi ay=x?+z? parabolaning y=2a
tekislik bilan ay=x?+z2 radiusi av2 ga teng aylana orqali kesishadi. Demak, D-
x% + 7% < 2a? (x> 0,z = o) aylana chorak gismi integral ostidagi funksiyani
aniglaymiz y, = 2 ; y,=%

1+<yx>2+(yz) —1+;
Shunday qilib

472 _ a?+4(x?+z?%)
a?

1
=Eﬂ\/a2 +4(x% + 2?2 dxdz
D

Qutb koordinatalarga o’tib, quyidagiga ega bo’lamiz :

7 av2
fd(pf Va2 + 4r? rdr—— 2 ﬁ(a + 4r2)°2 a\/Z 127Ta3
0

2-usul Paraboloid sirtini z=,/ay — x2 sifatida ko’ramiz. U holda yuza

= .U\/l + (2)? + (z,)?  dxdy
Dy

D;- sirtning Oxy tekislikdagi poeksiyasi D; soha Oy o’qi, x=,/ay, y=2a
chiziglar bilan chegaralangan integral ostidagi funksiyani
1+ (z,)? + (Zy)2

X

7 = — — VA —_——
x Jay—-x2'’ Y2 ay—x?’

4ay+a
4(ay—x2)
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o

ay—x
Vay
1 x
== \/4ay+a2dyf f\/4ay+a2dy arcsin——
Zf Tav— 22 /
0 o Vay—X ayO
2a
1 7 (a? + 4ay) /2 13
==-= —ma
2 2 6 12
0

110. 4z = x% + y? paraboloidning y?=z silind va z=3 tekislik bilan
chegeralangan gismini yuzini toping.
111. 11 tur sirt integralni hisoblang.

f f zdxdy + ydxdz + xdydz

Bu yerda o —x+y+z+1 tekislikning koordinata tekisliklari bilan chegaralangan
gismi.Yechish:o ni koordinata tekisliklariga proyeksiyalab hisoblaymiz.

t

z

v

.f f zdxdy ni
g

hisoblaymiz z ni x va y orgali ifodalab ikki karrali integralni A A0B orqali
hisoblaymiz.
z=1-x-y,0<x<1, 0<y<1l-x
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1

- 1
{fzdxdyz f (1—x—3’)dxdy=fdx0f (1_x_y)dy=0fdx[(1—x)y—

2
Y
5]

1—x
0

j 1—x)2 (1—x)3|
0
0

Qolgan

f f ydxdz va j ] xdydz

g g

integral ham shu natijaga keladi. Demak izlangan integral 3 %:% ga teng.

I1-tur sirt integrallarini hisoblang. (112-116)
112.

f.f yzdydz + xzdxdz + xydxdy, o —x+y+z=a,

X=0, y=0, z=0 tekislik bilan chegaralangan tetraedrning tashqgic tomoni.

113.
xZ y2 Z2
‘U‘zdxdy,S—;+b—2+C—2= 1
S
ellipsoidning tashqgi tomoni.
114.
ﬂ x%dydz + y?*dxdz + z? dxdy,
o —X*+y?+z2=a2 yarim sfera sirtining tashgi tomoni.
115.
ff x3dydz + y3dxdz + z3dxdy
o —X*+y*+7?=a  sferaning tashqi gismi.
116.
ff(x —y)dxdy + (z — x)dxdz + (y — z)dydz,
o —X?+y?=7? (0< z < h)sirtning tashgi tomoni.
117. Z—z + z—z + j—z = 1 ellipsoid sirtidagi F(x,y,z) = xi + yj + zk vector

maydonning I oktantada normali yo’nalishidagi oqimi topilsin.
Yechish: Izlanayotgan ogim quyidagiga teng.

Jf Fndo = ﬂ (xcosa + ycosf + zcosy)do

Oxirgi integral 11 tur sirt integralini hisoblashga keltiriladi.

f j xdydz + j j ydxdz + j ] zdxdy

Dy D, D3
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D1, D,, D3 — ellipsoidning mos koordinata tekisliklariga tushurilgan
proyeksiyasi.
Masalan:
ff zdxdy
D3
ni ko’raylik.
z ni x va y orqali ifodalaymiz D3 —ellipsning ichki gismi choragi.

X Y <1,X20,y20
ﬂzdxdy
Ds

a? bz —
ellipsoid hajmining sakkizdan biriga teng % %nabc, Qolgan soha integrallari uchun
ham bu natija o’rinli bo’lib I-tur integral, ya’ni vector maydon oqimi
"> ga teng.
118. F = x2i — y?j + z%k vektorning x?+y?+z2=3R? va Oxy tekislik va
x?+y?+72=R2 giperbolaiod bilan chegaralangan gismi jism sirtiga o’tgan oqimi
topilsin.

1 4
3=+ —mabc =
8 3

Yechish: Quyidagicha

X

yozamiz ;

ff Fndo = f (x2cosa — y?cosp + z?*cosy) do

o o
= ff x%cosado — ﬂ yzcosﬁda+ff z? cosydo
o g o

Oxz va Oyz tekisliklarga o sirt 2 marta proyeksiyalanadi (ikki tomondan ),
shu bilan birga o bu tekislarga nisbatan simmetrik. Shuning uchun mos integral 0

ga teng.
ff x2cosydo = ff y?cosfdo =0

Endi
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f f z%cosydo

ni hisoblaymiz.

o sirt 3 gismdan iborat.

z = /3R? — x2 — y2 sfera segmentining cosy > 0 holati. Oxy ga bu
segmentning proyeksiyasi x? + y? < 2R? doira x?+y?+z?=3R? sfera segmenti x?+y?-
z2=R? giperboloid bilan quyidagi chiziglar orgali kesishadi.

{xz ty? 4zt =3R% {xz +y?% = 2R?

x? +y?—z? =R? z=R

V2R radusli aylana

Paraboloid segmenti Oxy ga R? < x? + y% < 2y%,z = x? + y? — R? xalgaga
proyeksiyalanadi.

Nihoyat, 3 gism- bu x2? + y2 < R? doira, bu yerda z=0 shuning uchun

ﬂ Fndo = Jf z? cosydo

(o o
= (3R? — x%2 — y?) dxdy — U (x? + y2 — R?) dxdy
x2+y2<2R? R2<x2+4y2<2R?
7mR*
)

119. F = (x%i + y%j + z2k) vektorning %\/m < z < H tashqgi normali
yo’nalishi bo’yicha jism sirtidan o’tgan oqimni toping.

120. F = 2xi — yj vektorning x?+y?=R? , x> 0,y > 0 0 < z < H silindr sirtidan
tashqi normal yo’nalishi bo’yicha o’tgan oqimni toping.

121. x?+y?+7z?=R? | z> 0 yarim sferaning zichligi p = \/x2 + y2 ga teng
bo’lsa, uning massasini toping.

Yechish.

m= U,/x2 + y?do
o

’ ’ R
Bu yerda z = \/R? — x2 — y? ,\/1+(Zx)2+(zy)2=m

Demak,

m= R
x2+y2<R?

Qutb koordinatalariga o’tsak,




122.0<x <1,0 <y < 1,0 < z < 1 kubning massasini aniglang. Bunda
sirtdagi har bir M(x,y,z) nugtaga p(x, y, z) = xyz zichlik mos keladi.

123.0<x<1,0<y<1,0<z<1 kubning massasini toping. Bunda sirtdagi
koopdinata M(x,y,z) nugtaga p(x, y, z) = xyz zichlik mos keladi.

124. az=x?*+y? (0 < z < a) bir jinsli paraboloidning og’irlik markazi
koopdinatalari aniglansin.

125. z=,/x2 + y2 (0 < z < h) Oz 0’qqa nisbatan konus yonsirt uning inersiya
momentini toping.

126. [f_do ni hisoblang.

o — z=x2+y? paraboloidning (x?+y?)= x2-y?

Silindr bilan kesilgan gismi.

NAZORAT ISHI.
Variant 1
1.Hisoblang.
2
f Y_al
X
L
Bu yerda L- y?=2x paraboloning (1,v2) va (2,2) nugtalar orasidagi gismi.
2.Hisoblang.

f(4y + 4)dx + (3x + 3y + 4)dy
L

L- x=0, y=0, 2x+3y=6 uchburchak kontri, natijani Grin formulasi yordamida
tekshiring.
3.Hisoblang.
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(4,9

f (3x% — 3y? L /l) dx + (—6xy + ! )dy
2N x3 2,/xy

11
4. I-tur sirt integralini hisoblang.

jf x%dS
5

2 2 - - - .
BuyerdaS- = +3- =%, 0 <z < hkosinusning yon sirti.

5.11-tur sirt integralini hisoblang.

ff y?dxdz
o

o- X*+y*+7°=R? y>0
yarim sferaning ichki tomoni.

Variant 2
1.Hisoblang.

j (x +y)dL
L
L- uchlari A(1,-1), B(-3,-1), C(-3,2) nuqtalarda bo’lgan ABC uchburchak

konturi.

gismi.

2.1-tur egri chizigli integralni hisoblang.
J(x + Ddx + xyzdy + y?*zdz

L
Bu yerda L- M(2,-1,3) bilan N(7,4,11) nugtani tutashtiruvchi kesmasi.
3.Hisoblang.

(2,2)
f(6 3y +3)d +< 3 +x>d
x—3y+-)dx+|(-3x+—
y y2)
6By
4.11-tur sirt integralini hisoblang.

[foras

S-4(x*+y?)=z> 0<z<2 kosinusni yon sirti.
5.11-tur sirt integralini hisoblang.

U z3dxdy
g

o- Xx+y+z=10 tekislikning tashqi gismi x >0,y >0,z > 0 |-oktantadagi
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Variant 3
1.Hisoblang.

j(x2 + y? — z)dl
L

L- x = acost,y = asint,z = bt,0 < t < & zanjir chizig’ining yoyi.

2. 11-tur egri chizigli integral yordamida x=8cos3t, y=8sint, 0 < t < 2 egri
chiziglar bilan chegaralangan fugura yuzini toping.

3.Hisoblang.

(33)

1 X
f (Bxy/x% + 3y? + ;)dx + (9yw/x2 + 3y?% — F) dy

€5
4.1-tur sirt integralini hisoblang.
ﬂ z3dS
S
S-  x?+y?+z?=R? 2z >0 yechim sfera yuqori gismi.
5.11-tur sirt integralini hisoblang.
JIz* dxdy
o— x*+y*+z?=R?,z>o0,
Yarim sfera sirtining ichki gismi.
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