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Kirish 

Noma‟lum funksiya‚ uning turli hosilalari va erkli o„zgaruvchilar qatnashgan 

tenglama differensial tenglama deyiladi. Agar noma‟lum funksiya ko„p argumentli 

bo„lsa va tenglamaga funksiyaning shu argumentlar bo„yicha xususiy hosilalari 

qatnashsa, bunday tenglama xususiy hosilali differensial tenglama deyiladi. Masalan:  

0









x

z
y

y

z
x  

bunda noma‟lum funksiya‚ ikkita erkli o„zgaruvchilarga bog„liq‚ ya‟ni ),( yxzz  .  

Agar noma‟lum funksiya )( xyy   bitta erkli o„zgaruvchining funksiyasi bo„lsa 

va tenglamaga odatdagi hosilalar qatnashsa‚ bunday tenglama oddiy differensial 

tenglama deyiladi‚ u quyidagicha belgilanadi: 

0)...,,,,(
)(


n

yyyx . 

Bu kitobda biz faqat oddiy differensial tenglamalarni qaraymiz. Differensial 

tenglama tartibi unda qatnashayotgan hosilaning yuqori tartibi bilan aniqlanadi. 

Yuqoridagi tenglama n - tartibli oddiy differensial tenglama.  

Ta‟rif. Differensial tenglamaning yechimi deb, biror I oraliqda aniklangan n 

marta differensiallanuvchi va barcha Ix   uchun berilgan differensial tenglamani 

qanoatlantiradigan, ya‟ni )( xy   tenglamaga,
 

)(
)()(

xy
kk

  (k=1,2,…,n) larni 

qo„yganda, uni ayniyatga aylantiradigan )( xy   funksiyaga aytiladi. )( xy   silliq 

chiziq bunda )( x  differensial tenglamaning yechimi integral chiziq (integral egri 

chiziq) deyiladi. 

Misol. Ushbu 02
22

 cxyx  ),(   integralda aniqlangan funksiya, 

quyidagi 02
22

 yxyyx  differensial tenglama yechimi ekanini ko„rsatamiz. 

Yechish: haqiqatdan dastlabki tenglikni differensiallab, hosil qilamiz: 

0222  cyyx  , 
y

xc
y


 . 

Endi hosilaning topilgan ifodasini berilgan differensial tenglamaga qo„ysak, 

unda quyidagicha bo„ladi: 

0)2(22
22222

 cxyxxcxyx . 

Demak, 02
22

 cxyx  funksiya berilgan differensial tenglama yechimi ekan. 

 

1. Eng sodda differensial tenglamalar 

 

1. Ushbu  

 )( xf
dx

dy
                                                  (1.1) 

tenglamani qaraymiz. 

Aytaylik ),()( baCxf   bo„lsin. Ravshanki (1.1) tenglamaning umumiy yechimi 

  CxFCdxxfy )()(  

bo„ladi, bunda S – ixtiyoriy o„zgarmas son, F(x) esa f(x) funksiyaning biror 

boshlang„ich funksiyasi: ya‟ni )()( xfxF  . 
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Agar (1.1) differensial tenglamani 
)),(()(

000
baxyxy   

boshlang„ich shartda qaraydigan bo„lsak, unda 
,)(

00
CxFy   

ya‟ni, 
)(

00
xFyC   

bo„lib, 

  

x

x

dxxfyxFxFyxFyxFy

0

)()()()()(
00000

 

bo„ladi. 

Shunday qilib, (1.1) differensial tenglamaning boshlang„ich shartni 

qanoatlantiruvchi yechimi 

 

x

x

dxxfyy

0

)(
0

                                               (1.2) 

bo„lar ekan. (1.2) ko„rinishdagi yechimni Koshi formasidagi umumiy yechim 

deyiladi. 

2. Endi 

),()()( dccyfyfy                                          (1.3) 

differensial tenglamani qaraymiz. 

Aytaylik ),()( dcCyf  va ),(0)( dcyf   intervalda. Unda (1.3) tenglikdan 

)( yf

dy
dx   

kelib chiqadi. Keyingi tenglikning har ikki tomonini integrallab 

 

y

y
yf

dy
xxC

yf

dy
x

0

)(
     ёки   ,

)(
0

 

bunda ),(
0

dcy   umumiy integralni (umumiy yechimni oshkormas ko„rinishda) hosil 

qilamiz. 

3. Ushbu 

0)()(  dyyNdxxM                                             (1.4) 

bunda dx oldidagi funksiya faqat x ga, dy oldidagi funksiya esa faqat y ga bog„liq, 

ko„rinishdagi differensial tenglama o„zgaruvchilari ajralgan differensial tenglama 

deyiladi. 

Agar M (x) va N (y) koeffisientlarni biror intervalda uzluksiz funksiyalar deb 

faraz etsak, unda (1.4) ni quyidagicha yozish mumkin  

0)()(

00
















 

y

y

x

x

dyyNdxxMd  

bunda x0 va y0 – tayinlangan sonlar, M (x) va N(y) funksiyalarning aniqlanish va 

uzluksiz intervallaridan olingan 0)()(
0

2

0

2
 yNxM . 

Demak  

CdyyNdxxM

y

y

x

x

 
00

)()(                                          (1.5) 
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bunda C – ixtiyoriy o„zgarmas. Keyingi tenglik (1.4) differensial tenglamaning 

umumiy integrali. Ravshanki (1.5) ni quyidagi 

CdyyNdxxM   )()(  

ko„rinishda ham yozish mumkin. 

Ushbu  

0)()()()(
11

 dyynxmdxynxm                                     (1.6) 

ko„rinishdagi differensial tenglama o„zgaruvchilari ajraladigan differensial tenglama 

deyiladi. Bunda m(x), n(y), m1(x) va n1(y) - biror (a,b) da aniqlangan va uzluksiz 

funksiyalar, undan tashqari shu intervalda )()(,0)()(
11

ynxmxmyn   ga bo„lib olsak, 

0
)(

)(

)(

)(
1

1

 dy
yn

yn
dx

xm

xm
 

(1.4) tipdagi differensial tenglamani hosil qilamiz. 

Aytaylik, n(y)=0 yoki m1(x)=0 bo„lsin. Agar bu tenglamalar y=yk va x=xk 

k=1,2, … yechimga ega bo„lsa, bular (1.6) differensial tenglamaning ham yechimlari 

bo„ladilar. Bu yechimlar – maxsus yechimlar bo„lishi mumkin. 

 

1 – Misol. Ushbu differensial tenglamaning 

     3
4 x

dx

dy
  

y(0)=1 boshlang„ich shartni qanoatlantiruvchi yechimi topilsin.  

Yechish. Bu tenglikning har ikki tomonini integrallab topamiz: 

y = x
4
+C . 

Bu berilgan tenglamaning umumiy yechimi, bunda S ixtiyoriy o„zgarmas. 

Boshlang„ich shartga binoan x=0 da y=1. Shunga ko„ra 

     1=0+S S =1 

shunday qilib, y = x
4
+1 masala yechimi. 

 

2 – Misol. Ushbu 

yy 5  

differensial tenglamaning y(0)=25 boshlang„ich shartni qanoatlantiruvchi yechimi 

topilsin. 

Yechish. Berilgan tenglamani dx ga ko„paytirib y  ga bo„lamiz: 

dx
y

dy


5
 

hosil bo„ladi. Bu tenglikning har ikki tomonnini integrallab 

)(
5

2

5

1
2

1

cxyCxdyy 


 

2
)(

4

25
cxy   

berilgan differensial tenglamaning umumiy yechimini topamiz, bunda S ixtiyoriy 

o„zgarmas. 

Boshlang„ich shartga binoan x=0 da u=25. Shunga ko„ra 
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2)0(
4

25
25

2
 CC  

bo„ladi. Demak, berilgan differensial tenglamaning boshlang„ich shartni 

qanoatlantiruvchi yechimi 

2
)2(

4

25
 xy  

 

3 – Misol. Ushbu 

011
22

 dyxdxy  

tenglamani yeching. 

Yechish. O„zgaruvchilarni ajratamiz, bo„ladi 

0

11
22







 y

dy

x

dx
 

integrallab differensial tenglamaning umumiy integrallarini topamiz: 

arcsinx + arcsin y =S. 

Endi ixchamlash uchun tenglamaning ikkala tomonidan sinusni olamiz, 

bo„ladi. 

cxyyx

xyyxcyx

sinarcsinsin1arcsinsin1

arcsincosarcsinsinarcsincosarcsinsinsin)arcsinsin(arcsin

22




 

Shunday qilib umumiy integral bo„ladi: 

1

22
11 cxyyx  , bunda 1sin

1
 cc , yechim 1,1  yx  kvadratda 

aniqlangan. Bundan tashqari berilgan tenglama 1,1  yx  yechimga ham ega. 

Bu yechimlarni umumiy integraldan hosil qilish iloji yo„k. 

4 – Misol. Ushbu tenglamani yeching. 

xdx

dy 1
 . 

Yechish. 
x

xf
1

)(   funksiya x=0 dan boshqa barcha nuqtalarda uzluksiz. Agar 

x0 desak, berilgan differensial tenglamaning yechimlari 

Cxy  ln  

bo„ladi. 

Endi x
dy

dx
  differensial tenglamani qarasak, x=0 bu differensial tenglamaning 

yechimi bo„ladi. 

Shunday qilib yuqoridagi differensial tenglamaning yechimlari Cxy  ln  va 

x=0 bo„ladi. 

5 – Misol. Shunday egri chiziqlar topilsinki, ular quyidagi xossaga ega bo„lsin: 

bu egri chiziqning ixtiyoriy M(x, y) nuqtasida normal osti bo„lgan kesma a ga teng 

bo„lsin. 

Yechish. Chizmadan NB normal osti bo„lgan kesma, 
0

90NBM  
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yyNB
y

NB

tg

NB
ctgNBtgNBy 





 )90(

0  

 

Boshqa tomondan masala shartiga ko„ra NB=a. Bu ikki tenglamalardan 
ayy   

o„zgaruvchilari ajralgan differensial tenglama hosil bo„ladi. 

Integrallab izlanayotgan egri chiziqlar oilasining tenglamasini topamiz, 

y
2
=2ax+c 

bunda S ixtiyoriy o„zgarmas. 

6 – Misol. Berilgan (0; 1) nuqtadan o„tuvchi shunday egri chiziq tenglamasini 

tuzingki, bu egri chiziq yoyi bilan chegaralangan egri chiziqli trapesiya yuzi shu yoy 

uzunligiga teng bo„lsin. 

Yechish. Masala shartiga ko„ra 

dxyydx

x x

  

0 0

2'
1 , 

bunda chap tomonga egri chiziqli trapesiya yuzasi, o„ngda esa yoy uzunligi 

ifodalangan. Tenglamaning ikkala tomonini differensiallab topamiz. 

)1(,11
22

 yyyyy  

Bu differensial tenglamada o„zgaruvchilarni ajratib integrallaymiz. 

  



cxyycdx

y

dy
1ln,

1

2

2

 

egri chiziqlar oilasini topamiz. Masala shartiga muvofiq x=0 da y=1, demak s=0. 

Shunday qilib x
eyy


 1
2  oxirgi tenglikdan 

x
e

yy




 1

1

2

 

yoki 
x

eyy


 1
2  

x
eyy


 1
2  va x

eyy


 1
2  tengliklarni qo„shib topamiz 

xx
eey





2 . 

Demak, 

2

xx
ee

y




 ,  

zanjirli chiziq bu masala yechimi. 

 

2. Bir jinsli va unga keltiriladigan differensial tenglamalar 

 
Eng avval bir jinsli funksiyaga ta‟rif beramiz. 

Ta‟rif. Agar f(x,y) funksiyada x va y o„zgaruvchilarni mos ravishda tx va ty ga 

almashtirganda (bu yerda 0 tR) 

 ),(),( yxfttytxf
n

  (n–o„zgarmas son)                             (2.1) 

shart bajarilsa, f(x,y) funksiya n o„lchovli bir jinsli funksiya deyiladi. 
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Masalan, y
yxxyxf 

2
),( funksiya ikki o„lchovli bir jinsli funksiya bo„ladi, 

chunki 

),(),(
22222222

yxftyxxtytxttxtytxf  , 

22

22

5

3
),(

yx

yx
yxf




  esa nol o„lchovli bir jinsli funksiya, chunki 

),(
)(

)3(
),(

222

222

yxf
yxt

yxt
tytxf 




  

ya‟ni  

 ),(),( yxftytxf                                                 (2.2) 

ayniyat o„rinli bo„ladi. 

Nol o„lchovli bir jinsli funksiyani )(
x

y
  ko„rinishda yozish mumkin. Haqiqatan 

ham t parametrni ixtiyoriy tanlab olish mumkin bo„lgani uchun t=1/x deb olamiz, u 

holda bo„ladi: 

f (x, y)=f(tx, ty)=f(1, y/ x) (y/x). 

 Ta‟rif. Agar birinchi tartibli ),( yxgy   diffrensial tenglamaning o„ng tomoni 

x va y ga nisbatan nol o„lchovli bir jinsli funksiya bo„lsa, bunday tenglama bir jinsli 

tenglama deyiladi. 

Shunday qilib, bir jinsli tenglamani quyidagi ko„rinishda yozish mumkin: 

 









x

y
y                                                      (2.3) 

Bir jinsli (2.3) tenglamani y/x=u(x) o„rniga qo„yish yordamida o„zgaruvchilari 

ajraladigan tenglamaga keltirish mumkin, u holda y=u(x)x bu yerda u=u(x)–yangi 

noma‟lum funksiya. Keyingi tenglikni differensiallab, uxuy  ni hosil qilamiz, y  

va y  ning qiymatlarini (2.3) tenglamaga qo„yib, quyidagi o„zgaruvchilari ajraladigan 

tenglamani topamiz: 

dxuuxduuuxu ))(()(   . 

O„zgaruvchilarni ajaratamiz: 

)0)((
)(




uu
x

dx

uu

du



. 

Integrallab topamiz 

  


C
x

dx

uu

du

)(
. 

Integrallashdan keyin u o„rniga y/x nisbatni qo„yib, (2.3) tenglamaning 

umumiy integralini hosil qilamiz. 

Aytaylik (u)–u=0 bo„lsin. Agar u=u0 bu tenglamaning ildizi bo„lsa, unda bir 

jinsli tenglamaning yechimi y=u0x bo„ladi. 

Izoh. Ushbu  

 M(x,y) dx +N (x,y) dy = 0                                         (2.4)  

tenglamada M(x,y), N(x,y) lar bir xil o„lchovli bir jinsli funksiyalar bo„lganda bir 

jinsli differensial tenglama bo„ladi. 
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1 – Misol. (x
2
+y

2
)dy+2xy dx=0 f1(x, y)=x

2
+y

2
 va f2(x, y)=2xy differensial 

tenglama bir jinslidir, chunki x
2
+y

2 
va 2xy funksiyalar ikki o„lchovli bir jinslidir: 

Haqiqatan f1(tx, ty) = (tx)
2
+(ty)

2
=t

2
(x

2
+y

2
)=t

2
 f1(x, y) 

   f2(tx,ty)= 2(tx) (ty)=t
2
2xy = t

2
 f2(x, y). 

Endi differensial tenglamani yechamiz, ya‟ni u=u(x) funksiya kiritib y=ux , 

dy=u dx+x du. Unda  

(x
2 
+ x

2
 u

2
) (u dx+x du) + 2x

2 
u dx = 0 

yoki ixchamlab, 

(1+u
2
)dx+2ux dx=0 

o„zgaruvchilarni ajratib, 

0
1

2

2



 du

u

u

x

dx
 

hosil kilamiz. 

Integrallab, lnx+ln(l+u
2
)=lnc yoki x(l+u

2
)=C ni topamiz. u=y/x almashtirishni 

hisobga olsak, berilgan tenglamaning umumiy integralini hosil qilamiz:  

x
2
+y

2
=Sx. 

2 – Misol. Ushbu 

x

yxy
y

22


  yoki )0(1

2









 x

x

y

x

y
y  

bir jinsli tenglamani yeching. 

Yechish. O„ng tomoni nol o„lchovli bir jinsli funksiyadan iborat, uxy /  

almashtirish bajaramiz, u holda yuxuyuxy ,,   va y   ning ifodalarini 

differensial tenglamaga qo„yamiz: 
22

1,1 uxuuuuxu   

o„zgaruvchilari ajraladigan tenglama hosil bo„ladi. 

Oxirgi tenglikni dx  ga ko„paytirib 01
2
 ux  ga bo„lamiz, o„zgaruvchilar 

ajraladi. 

Integrallab, topamiz: Cxu lnlnarcsin  . Bu yerdan )sin(ln Cxxy  .  

3 – Misol. Ushbu 
x

y
yyx lncos  differensial tenglamani yeching. 

Yechish. Berilgan tenglamani x ga bo„lamiz, bo„ladi  











x

y

x

y

x

y
y lncos . 

Demak, qaralayotgan tenglama bir jinsli differensial tenglama, quyidagi y=z x, 

z=z (x) almashtirishni bajaramiz. Unda zxzy   bo„lib, berilgan differensial 

tenglama, ushbu 
zzzzx lncos  

yoki 

)1ln(cos  zz
dx

dz
x  

ko„rinishda bo„ladi. Bu o„zgaruvchilari ajraladigan tenglama. Unda o„zgaruvchilarni 

ajratsak bo„ladi 
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?)1ln(cos,
)1ln(cos




 z
zz

dz

x

dx
 

Integrallaymiz 





1lncos

ln
lnln

z

zd
cx  

yoki 

  



2

ln)ln(
sin21cos

ln

2

2

u
ctgcxzu

du

u

du
cx

u
 

yoki 

    









x

y
ctgcx

z
ctgcx ln

2

1
ln

2

ln
ln  

berilgan differensial tenglamaning umumiy yechimi, bunda c ixtiyoriy o„zgarmas. 

Endi cos ln z=1 tenglikni ko„ramiz, bundan  

   ,...2,1,0,,...,2,1,0,
22

 kxeykez
kk   

yechim hosil bo„ladi. 

4–Misol: 0













 xdydxyxe x

y

 simmetrik ko„rinishdagi differensial tenglama 

integrallansin. 

Yechish. Misolda yxeyxM x

y

),(  va xyxN ),(  funksiyalar birinchi tartibli 

bir jinsli funksiyalar. Haqiqatan, 

),()()(),( yxtMyxettyetxtytxM x

y

tx

ty















 ),(),( yxtNtxtytxN  . 

Demak, berilgan tenglama bir jinsli differensial tenglama va uni yechish uchun 

z
x

y
  almashtirish kiritamiz. Unda y=xz, dy=xdz+zdx ni tenglamaga qo„ysak, bo„ladi 

(x e
z 
– x z) dx+ x (xdz+ zdx) =0 

yoki x 0 ga qisqartirib ixchamlasak, bo„ladi 

x dz + e
z 
dx =0. 

O„zgaruvchilari ajraladigan differensial tenglama hosil bo„ladi, x e
z 0 deb, 

topamiz 

x

dx
dze

z


 . 

Integrallaymiz, bo„ladi 

cxe
z

lnln 
 yoki cxzcxe

z
lnlnln 

  yoki cx
x

y
lnln , 

bundan y=–x ln lncx – differensial tenglamaning umumiy yechimini topamiz, bunda 

S – ixtiyoriy o„zgarmas. 

Quyidagi tenglamani qaraymiz: 

 
111

cybxa

cbyax

dx

dy




                                          (2.3)  

Bunda 
111

,,,,, cbacba  lar haqiqiy sonlar. 
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Agar s=s1=0 bo„lsa (2.3) tenglama bir jinsli tenglama bo„ladi. Aytaylik, 

0
1
 cc , unda ikki hol bo„lishi mumkin. 

1) Determinant  0
dc

ba
. 

,
1

 xx  
1

yy  deb yangi x1 va u1 o„zgaruvchilarni kiritamiz,   va   lar 

hozircha noma‟lum o„zgarmaslar. Unda quyidagini hosil qilamiz 

 
1111111

11

1

1

cbaybxa

cbabyax

dx

dy









                                   (2.4) 

quyidagi tengliklar bajarilsa, 









0

0

111
cba

cba




                                               (2.5) 

ya‟ni  ,  lar (2.5) algebraik sistemaning yechimi bo„lsa bir jinsli tenglamani hosil 

qilamiz: 

1111

11

1

1

ybxa

byax

dx

dy




 . 

2) Determinant 0

11


ba

ba
 bo„lsa, (2.5) algebraik sistema yechimga ega 

bo„lmaydi, bunday holda k
b

b

a

a


11 , ya‟ni a1=ak, b1= b k bo„ladi, (2.3) differensial 

tenglamani 
1

)( cbyaxk

cbyax

dx

dy




  ko„rinishda yozish mumkin. z = ax+ by almashtirsak, 

bu tenglamani o„zgaruvchilari ajraladigan tenglamaga keltiriladi.  

Izoh: (2.3) tenglamani integrallashda qo„llanilgan usul  

    



















111
cybxa

cbyax
f

dx

dy
,  

bu yerda f – ixtiyoriy uzluksiz funksiya tenglamani integrallashda ham qo„llaniladi. 

 

5 – Misol. Ushbu 
1

3






yx

yx
y  tenglamaning umumiy integralini toping. 

Yechish. Determinant: 02
11

11



 

 

Quyidagi almashtirishni bajaramiz: 













1

1

yy

xx
 

U holda quyidagiga ega bo„lamiz: 

1

3

11

11

1

1










yx

yx

dx

dy
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Endi 








01

03




 sistemani yechib, =2, =1 ekanini topamiz. natijada bir 

jinsli 
11

11

1

1

yx

yx

dx

dy




  tenglamaga ega bo„lamiz, uni u

x

y


1

1  o„rniga qo„yish yordamida 

yechamiz: demak, 

u

u
uxuuxuyuxy









1

1
,,

11111
. 

Soddalashtirishlardan so„ng o„zgaruvchilari ajraladigan tenglamani hosil 

qilamiz: 

  

u

u

dx

du
x






1

1
2

1

1
yoki 

1

1

2
1

1

x

dx
du

u

u





 

 

Tenglamani integrallab, topamiz: 

Cxuu lnln)1ln(
2

1

1

2
 yoki arctgu

euCx 
2

1
1 . 

1

1

x

y
u  ni o„rniga qo„ysak, quyidagiga ega bo„lamiz: 

1

1

2

1

2

1

x

y
arctg

eyxС  . 

Nihoyat, x1 =x – 2, y1 = y – 1 almashtirishlarni bajarib, x va u o„zgaruvchilarga 

o„tamiz: 

2

1

22
)1()2( 



 x

y
arctg

eyxС  

 

6 – Misol. Ushbu 
524

12






yx

yx
y  tenglamaning umumiy integralini toping. 

Yechish. Determinant: 0
24

12
  demak, tenglamani













1

1

yy

xx
 o„rniga qo„yish 

yordamida yechish mumkin emas. Bu tenglamani 2x+y=z o„rniga qo„yish yordamida 

o„zgaruvchilari ajraladigan tenglamaga keltiramiz, u holda 2 zy  desak, tenglama 

52

1
2






z

z
z  yoki 

52

95






z

z
z  ko„rinishga keladi. Uni yechib topamiz: 

Cxzz  95ln
25

7

5

2
 

Endi z=2x+y almashtirish bajarib x va y o„zgaruvchilariga o„tamiz: 

9510ln7510  yxccy  

Ba‟zi tenglamalarni m
zy   almashtirish orqali, bir jinsli differensial 

tenglamaga keltirish mumkin. Bunda m – sonini shunday tanlab olish kerakki, 

differensial tenglamaning barcha a‟zolari bir xil o„lchovli (tartibli) bo„lsin, agar  
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x - 1 o„lchovli, y - m o„lchovli, 
dx

dy
 - m – 1 o„lchovli constc   - 0 o„lchovli deb 

hisoblasak, o„lchovlar, darajalar kursatkichlardek ko„paytirilganda qo„shiladi, 

bo„lishda esa ayiriladi. 

Masalan, ushbu tenglamada 3
57 xxyyy   birinchi had o„lchovi m+(m–1), 

ikkinchi had ulchovi 1+m, uchinchi 3. 

Bu sonlarni tenglashtirib, hosil qilamiz. 

m + (m – 1) = 1 + m = 3. 

Bundan m=2. Demak, y=z
2
 almashtirish berilgan differensial tenglamani bir 

jinsliga aylantiradi. Hosil bo„lgan bir jinsli tenglama 323
572 xxzzz   odatdagidek 

yechiladi. 
3

57 xxyyy   , zzyzy  2,
2  

322
572 xxzzzz   

 

7 –Misol. Ushbu 02)4(
446

 ydyxdxyx  tenglamani yeching. 

Yechish. dzmzdyzy
mm 1

,


  almashtirish kiritamiz, bunda m hozircha 

noma‟lum son. Endi y va dy ifodalarini berilgan tenglamaga qo„ysak, bo„ladi 

02)4(
1446




dzmzzxdxzx
mmm . 

Bu tenglama bir jinsli differensial tenglama bo„lishi uchun unga qatnashgan 

funksiyalarning o„lchovi teng bo„lishi kerak, ya‟ni 

mmmmm 23461446   

Bundan 
2

3
m  kelib chiqadi. Aytaylik 2

3

zy  , unda berilgan differensial 

tenglama ushbu ko„rinishda bo„ladi 

0
2

3
2)4( 2

1

2

3

466
 dzzzxdxzx  

yoki 

03)4(
2466

 dzzxdxzx  

Endi xduudxdzxuz  ,  deymiz, unda 6
x - ga qisqartirib hosil qilamiz: 

0)(3)4(
26

 duxudxudxu  

yoki  

03)34(
263

 duxudxuu . 

Bu tenglamada o„zgaruvchilarni ajratamiz: 

43

3

36

2




uu

duu

x

dx
. 

Integralaymiz, o„ng tomondagi integralda duudttu
23

3,   deb, unda 

  

























1

5
ln

5

1

4

1

1

1

5

1

)4)(1(43
lnln

2
t

t
dt

tttt

dt

tt

dt
xc  

yoki 

   35
,

1

4
ut

t

t
cx 




  - ni xisobga olsak 

     4)1(
335
 uucx  
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lekin 
x

z
u  , 3

2

33335
,4)( yzxzxzcx   edi, 

demak, 32325
4)( xyxycx  berilgan tenglamaning umumiy integrali. 

Ushbu )( cbyaxfy   ko„rinishdagi tenglamalar cbyaxz   

almashtirish orqali o„zgaruvchilari ajraladigan differensial tenglamaga keltiriladi. 

 

8-Misol. Ushbu 1)2(  yyx differensial tenglamaning 0x  da 1y  

boshlang„ich shartni qanoatlantiruvchi yechimini toping. 

Yechish. Yangi cxzz  )(  funksiya kiritamiz, yxz 2  deb, unda 

 1
2

1
 zy . Endi y va y' ifodalarini berilgan differensial tenglamaga qo„yamiz, 

bo„ladi: 

221)1(
2

1
 zzzzzzzz . 

O„zgaruvchilari ajraladigan tenglama hosil bo„ldi. dx ga ko„paytirib 

02 z  ga bo„lsak, o„zgaruvchilari ajralgan tenglamani topamiz: 

dxdz
z

z


 2
. 

Integrallaymiz 

 



xczzxcdz

z

z
ln2ln2ln

2

22
 

yoki oldingi funksiya y ga qaytsak: 

 xcyxyx ln222ln22  ixchamlasak, bo„ladi 
c

yx
y

22
ln


  yoki 

y
ecyx  22  tenglamaning umumiy integrali x=0 da y=–1 boshlang„ich shartdan 

1
0


 ес  ya‟ni c=0 ni topamiz. 

Shunday qilib boshlang„ich shartni qanoatlantiruvchi yechim:   

      022  yx . 

 

9-Misol. Urinma osti urinish nuqtasining abssissasi va ordinatasining 

yig„indisiga teng bo„lgan egri chiziqlarni toping. 

Yechish. Masala shartidan ushbu differensial tenglamani tuzamiz: 

dyyxydxyx
y

y
)( 


. 

Bu tenglamada zyx   almashtirishni bajarish qulaydir. U holda 

zdyydzdx   va tenglama 
y

dy
dzdyydzdyzyzdyydzy  ;)1()(  ko„rinishga 

keladi. Integrallaymiz z
ceycyz  ,lnln  egri chiziqlar oilasidan iborat yoki 

y

x

ecy  . 

 

10-Misol. )( xfy  egri chiziq (1,1) nuqtadan o„tadi. Koordinatalar boshidan bu 

egri chiziqning ixtiyoriy nuqtasida o„tkazilgan urinmagacha bo„lgan masofa urinish 

nuqtasining abssissasiga teng. Ko„rsatilgan egri chiziq tenglamasini toping. 
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Yechish. ),( yxM  egri chiziqning ixtiyoriy nuqtasi bo„lsin, bu nuqtadan 

o„tuvchi urinma tenglamasini yozamiz: 

)( xXyyY  , 

bunda ),( YX  urinma nuqtalarining o„zgaruvchi koordinatalari, yoki 

0
'

1
 yxyY

y
X  

urinmaning umumiy tenglamasi. Endi, nuqtadan to„g„ri chiziqgacha bo„lgan masofani 

topish formulasidan foydalanib topamiz, (0; 0) nuqtadan urinmagacha bo„lgan 

masofa, bo„ladi 

2
)(1 y

yxy
d




 , 

bu masofa masala shartiga ko„ra x ga teng. Demak izlanayotgan egri chiziqning 

differensial tenglamasi bo„ladi: 

x

y

dx

dy
xy







2
)(1

 

yoki 

,2

2

22

2

22




















dx

dy
xx

dx

dy
x

dx

dy
xyy  

ya‟ni  

22
2 xy

dx

dy
xy   

bir jinsli differensial tenglama hosil bo„ldi. Almashtirish kiritamiz xuy  , unda 

2
, x

dx

du
xu

dx

dy
  qisqartirib hosil qilamiz: 

012
2

 u
dx

du
xu . 

O„zgaruvchilarni ajratib topamiz: 

,0
1

2

2


 x

dx
du

u

u
 

.)1(lnln)1ln(
22

cxucxu   

Lekin 
x

y
u   edi, cxxy 

22 . Masala shartiga muvofiq egri chiziq (1; 1) nuqtadan 

utadi: 1+1=s, s=2. Shunday qilib, izlanayotgan egri chiziq tenglamasi  

      xxy 2
22
  

yoki 

      1)1(
22
 yx , 

bu markazi (1; 0) nuqtada radiusi 1 ga teng bo„lgan aylana. 



17 

 

 

3. Birinchi tartibli chiziqli va unga keltiriladigan tenglamalar 

 

Birinchi tartibli chiziqli tenglama deb noma‟lum funksiya y  va uning 

hosilasiga y 
 
nisbatan chiziqli bo„lgan tenglamaga aytiladi. 

Uning ko„rinishi  

 ),()( xqyxp
dx

dy
                                                  (3.1) 

bu yerda   q(x) ),( xp lar x ning (a,b) dagi qiymatlari uchun uzluksiz funksiyalardir, 

xususiy holda bulardan bittasi o„zgarmas son bo„lishi mumkin. 

Agar 0)( xq  bo„lsa, bu holda tenglama quyidagi 

 0)(  yxp
dx

dy
                                                   (3.2) 

ko„rinishda bo„ladi va u (3.1) differensial tenglamaga mos chiziqli bir jinsli tenglama 

deyiladi. Bu o„zgaruvchilari ajraladigan tenglama, uning umumiy yechimi: 

 


 dxxp

ecy
)(

                                                   (3.3) 

 

Teorema. Birinchi tartibli chiziqli differensial tenglamaning umumiy yechimi: 

 








))((
)()(

dxexqcey
dxxpdxxp

                                       (3.4) 

formula orqali ifodalanadi, bunda s – ixtiyoriy o„zgarmas son. 
Bu teoremaning isbot etish uchun bir nechta usullardan foydalanish mumkin, masalan: 

a) o„zgarmasni variasiya usuli bilan, bunda (3.1) tenglamaning yechimini  

 


 dxxP

excy
)(

)(                                                  (3.5) 

ko„rinishda izlaydilar, bunda c(x) – yangi noma‟lum differensiallanuvchi funksiya. 

 

1 – Misol: Lagranj - o„zgarmasni variasiyalash usuli bilan ushbu 
 xxxyy cossinsin   

chiziqli differensial tenglamaning umumiy yechimini toping. 

Yechish. Avvalo bu tenglamaga mos bir jinsli tenglamani yechamiz: 

 
xdx

y

dy
xy

dy

dy

xyy

sinsin

0sin





 

integrallaymiz: 

 x
eCycxy

cos
lncosln


  

bu bir jinsli tenglamaning umumiy yechimi, bunda S – ixtiyoriy o„zgarmas. 

Endi bu tenglikda S=S(x) deb berilgan differensial tenglamaning yechimini 

quyidagi ko„rinishda izlaymiz: 

 xxx
exxCexCyexCy

coscoscos
sin)()()(


  

Endi berilgan tenglamaga u va y   ifodalarni qo„yamiz: 

xxexxCexxCexC
xxx

cossinsin)(sin)()(
coscoscos


  

yoki  
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xx
xexxCxxexC

coscos
cossin)(cossin)( 

 . 

Keyingi tenglikdan topamiz: 

1

cos
cossin)( CdxexxxC

x
   

O„ng tomondagi integralda t=cosx deb oson topish 

CexexC
xx


coscos
cos)( . 

Demak, berilgan chiziqli differensial tenglamaning umumiy yechimi 

)cos()(
coscoscoscos

CexeeexCy
xxxx


  

yoki  

1cos
cos




xCey
x  

bo„ladi, bunda S - ixtiyoriy o„zgarmas. 

 

2-Misol. Ushbu xxy
x

y cos
1



 
chiziqli tenglamani integrallang. 

Yechish. Oldin mos bir jinsli tenglamaning umumiy yechimini topamiz: 

0
x

y

dx

dy
 dan 

x

dx

y

dy
  , 

integrallaymiz 

xCy  0C       ,lnlnln  Cxy , 

bunda C – ixtiyoriy o„zgarmas. 

Endi )( xCC   deb, berilgan tenglamaning yechimini xxCy  )(  ko„rinishda 

izlaymiz, ya‟ni variasiya usulini qo„llaymiz: 

)()( xCxxCy  . 

u va y   ifodalarni berilgan tenglamaga qo„yib, berilgan differensial tenglamaning 

umumiy yechimini  
 xCxy sin   

ko„rinishda topamiz, bunda C – ixtiyoriy o„zgarmas. 

 

3 – Misol. Ushbu 2
x

x

y

dx

dy


 
chiziqli tenglamaning boshlang„ich shartni 

2

1
)1( y  qanoatlantiruvchi yechimini toping.  

Yechish. Oldin mos bir jinsli 0
x

y

dx

dy
 tenglamaning umumiy yechimini 

topamiz. 

Ravshanki, 
x

dx

y

dy
  , bundan u =Cx, C – ixtiyoriy o„zgarmas. 

Endi berilgan tenglamaning yechimini  

 xxCy  )(                                                 (*) 

ko„rinishda izlaymiz, C(x) – noma‟lum funksiya. 

Endi u va y  ifodalarini berilgan tenglamaga qo„yamiz: 
2

)()()( xxCxCxxC   

yoki 
xxC  )(  
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bundan integrallab topamiz 

C
x

xC 
2

)(

2

, 

buni (*) tenglamaga qo„yib, berilgan tenglamaning umumiy yechimini  

3

2

1
xCxy  , 

bunda S – ixtiyoriy o„zgarmas, ko„rinishda topamiz. 

2-chi o„rniga qo„yish usuli 

b) (3.1) differensial tenglamaning yechimini quyidagi ko„rinishda izlaymiz 

 vuy                                                    (3.6) 

bunda )(    ),( xvvxuu   noma‟lum funksiyalar bo„lib, birini aytaylik v  ni ixtiyoriy 

tanlab olish mumkin. 

Almashtirishni bajarsak, ya‟ni vuy  , vuvuy   larni (3.1) tenglamaga 

qo„ysak 
)()( xqvuxpvuvu   

tenglamani hosil qilamiz. Bundan 

)())(( xquvxpvvu  . 

Yuqorida aytib o„tdik )( xv  funksiyani ixtiyoriy tanlab olish mumkin deb, uni 

0)(  vxpv  shartdan topib olamiz 

 


 dxxp

ev
)(

                                                      (3.7) 

Ikkinchi noma‟lum funksiya )( xu  ushbu )(
)(

xqeu
dxxp







 tenglamani 

integrallash orqali hosil bo„ladi: 

  


 Cdxexqxu
dxxp )(

)()( ,                                          (3.8) 

endi, )( xu  va funksiyalar uchun topilgan (3.7) va (3.8) ifodalarni ko„paytirsak (3.4) 

formulani hosil qilamiz. 

 

4-Misol. x
eyy 23   tenglamani yeching. 

Yechish. Yechimni )()( xvxuy   ko„rinishda izlaymiz, bunda )(   ),( xvvxuu   

hozircha noma‟lum funksiyalar, vuvuyy   ва    larni tenglamaga qo„yib, topamiz: 

x

x

ev
dx

dv
uvu

euvvuvu

23

23













 

 )( xv  noma‟lum funksiyani shunday tanlab olamizki qavsdagi ifoda nolga teng 

bo„lsin: 

dx
v

dv
v

dx

dv
303   

integrallaymiz 

  1c   ,   ,ln3ln
3


x

ecvcxv  desak, 

bo„ladi x
exv

3
)(  . 

 )( xu  noma‟lum funksiyani xx
e

dx

du
e 2

3
  tenglamadan topamiz, bo„ladi 
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dxedu
x


 2
2 . 

Integrallasak, cexu
x


 2
)( . 

Endi, )( xu  va )( xv  funksiyalarning ifodalarini ko„paytirib, berilgan differensial 

tenglamaning umumiy yechimini hosil qilamiz 
xx

eecy 
3 , 

bunda c – ixtiyoriy o„zgarmas. 

 

Ba‟zi differensial tenglamalar chiziqli bo„ladi, agar noma‟lum funksiya u va 

argument x ning rollarini almashtirsa. 

 

5-Misol. 
3

8 yx

y

dx

dy


  tenglamani yeching. 

Yechish. Bu tenglamada u – noma‟lum funksiya bo„lib, x argument. Ravshanki 

bu tenglama u ga nisbatan chiziqli emas. 

Agar x va u larning rollarini almashtirsak, ushbu  

)()()(   ,
8 2

ybxyayxyx
ydy

dx
  

chiziqli tenglamaga kelamiz. Buning umumiy yechimini, qo„yidagi 













dyeybeecyx
dyyadyyadyya )()()(

)()(  

formula orqali topish mumkin, tenglamamizda 2
)(   ,

8
)( yyb

y
ya  . 

Natijada, bo„ladi: 

 













 dyyyyycdyeyeecdyeyeecyX
yyy

dy
y

dy
y

dy
y 8288ln82ln8ln8

8

2

88

)(  

Demak, tenglamaning umumiy yechimi 

38588

5

1
       ёки    

5

1
ycyXyycyX 

 , bunda s – ixtiyoriy o„zgarmas. 

Ushbu  

 m
yxbyxay )()(                                                     (3.9) 

differensial tenglama (bunda m – haqiqiy son, 1  ,0  mm ) Bernulli tenglamasi 

deyiladi. 

Bu tenglamani chiziqli differensial tenglamaga keltirish oson buning uchun 

(3.9) ning ikkala tomonini 0
m

y  bo„lamiz, bo„ladi 

)()(
1

xbyxayy
mm


 , 

endi )( xzz   yangi funksiya kiritamiz zy
m


1  deb, unda yymz
m




)1(  va 

yuqoridagi differensial tenglama quyidagi ko„rinishga keltiriladi 
)()1()()1( xbmzxamz   

ya‟ni chiziqli differensial tenglamagani hosil qildik. 

Izoh. Bernulli tenglamasining yechimini to„g„ridan-to„g„ri )()( xvxuy   

almashtirish yordamida ham topish mumkin. Buni misolda ko„rsatamiz. 

6- Misol. Ushbu xyyyx ln
2

  Bernulli tenglamasini yeching. 
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Yechish. Bu tenglamani yechish uchun ))(  ),((   , xvvxuuvuy   

almashtirishni bajaramiz, vuvuy   bo„ladi 

,ln
22

xvuuvuvxvux   

yoki 

xvuvvxuvux ln)(
22

  

0 vvx  bo„lishini talab qilamiz.  

Unda 1  ,lnlnln  ccxv
x

dx

v

dv
 deb 

x
v

1
  ni topamiz. 

Ikkinchi noma‟lum )( xuu   funksiyani xvuvux ln
22

  tenglamadan topamiz 

x
v

1
  ni hisobga olsak, bo„ladi 

dx
x

x

u

du

x

x
u

dx

du
X

22

2 lnln
  

integrallab hosil qilamiz 

  vuy
cxx

x
ucxx

xu



     ,

1ln
1ln

11
 

ekanligini hisobga olsak, bo„ladi 

cxx
y




1ln

1
 

bu berilgan differensial tenglamaning umumiy yechimi bo„ladi. 

Ravshanki, bizning tenglamamiz bundan tashqari y = 0 yechimga ega, bu 

yechim  c  da umumiy yechimdan hosil bo„ladi. 

 

7-Misol. Shunday egri chiziqlar topilsinki, uning ixtiyoriy nuqtasidan 

o„tkazilgan urinma, shu nuqtadagi radius-vektor va absissa o„qining kesmasi bilan 

hosil bo„lgan uchburchak yuzi o„zgarmas a
2
 ga teng bo„lsin. 

Yechish. Egri chiziqda ixtiyoriy M(x,y) nuqta olamiz. 

Uchburchak yuzi: 

YMNXON

MNOAS





   ,

2

1

 

O„rinma osti  

;
y

y
AN


  chizmadan ko„rinadiki  

y

y
XOAANONOA


     ёки      

Masala shartiga ko„ra 

      
2

   
2

1

2

2

2

axy

y
ya

y

y
xy



















  

yoki 

 
2

2
21

y

a
x

ydy

dx
  (*) 

x-ga nisbatan chiziqli differensial tenglamani hosil qildik. 



22 

 

Bu tenglamani o„zgarmasni variasiya metodi bilan yechamiz, shu uchun oldin 

unga mos bo„lgan chiziqli bir jinsli tenglamani yechamiz: 

ycx
y

x

dy

dx
     , c – ixtiyoriy o„zgarmas. 

Ushbu yycx  )( , bunda c(y) hozircha noma‟lum, (*) ko„rinishda differensial 

tenglama yechimini izlaymiz: 

)()( ycyyc
dy

dx
  

    
2

)()()(
2

2

y

a
ycycyyc  soddalashtiramiz, 

bo„ladi: 
3

2
2

)(
y

a
yc   , integrallaymiz: c

y

a
yc 

2

2

)( . 

Endi c(y) ifodasini yycx  )(  ga qo„yib, berilgan tenglamaning umumiy 

integralini topamiz: 

 22

2

2

      ёки      cyaxyyc
y

a
x 














 ,  

bunda c – ixtiyoriy o„zgarmas. 

 

8-Misol. Shunday egri chiziqlar topilsinki, uning ixtiyoriy nuqtasidan 

o„tkazilgan urinmaning urinma osti uzunligi urinish nuqtasining o„rta arifmetigiga 

teng bo„lsin. 

Yechish. Egri chiziq tenglamasi y=f(x) bo„lsin, uning grafigida ixtiyoriy nuqta 

M(x,u) bo„lsin. 

Urinma osti: 
y

y
AN


  . Masala shartiga ko„ra 

2

yx
AN


 . 

Shunday qilib oxirgi ikkita tenglamalardan, ushbu 

yx

y

dx

dyyx

y

y









2
        ёки       

2
 

bir jinsli differensial tenglamani topamiz, yoki  

2

1

2

1
 x

ydy

dx
  

x – ga nisbatan chiziqli differensial tenglamani topamiz. 

Differensial tenglamani yechib, egri chiziq tenglamasini hosil qilamiz 

(tenglamani yechish kitobxonga topshiriladi). 

 

Rikkati tenglamasi 

 

Ushbu  

 )()()(
2

xfyxqyxp
dx

dy
  (3.10) 

ko„rinishdagi tenglama Rikkati tenglamasi deyiladi, bu yerda p(x), q(x), f(x) lar 

xє(a,b) dagi qiymatlarida uzluksiz funksiyalar bo„lib, 0)()(  xfxp . Bu shartlarga 

ko„ra (3.10) tenglama yagona u=u(x) yechimga ega bo„lib, x=x0, u(x0)=u0 
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qiymatlarni qabul qiladi, x0є(a,b). Rikkati tenglamasi maxsus yechimga ega emas. 

Umumiy holda elementar funksiyalar orqali tenglamani kvadraturada integrallab 

bo„lmaydi. Shu sababga ko„ra Rikkati tenglamasining xossalari, umumiy 

yechimining ko„rinishi, integrallash masalalari xususiy yechimlar berilgandagina 

bajariladi. 

Agar u=u1(x) Rikkati tenglamaning xususiy yechimi bo„lsa, bu tenglamani 

chiziqli tenglamaga keltirish mumkin. Buning uchun  

 u=z+y1(x) (3.11) 

almashtirishdan foydalanamiz, bu yerda u1(x) Rikkati tenglamasining xususiy 

yechimi.  

Misollar yechishda ba‟zi hollarda Rikkati tenglamasi uchun xususiy yechimni 

biror ko„rinishda izlash va uni topish mumkin bo„ladi. 

 

1-Misol. Ushbu 
2

2222 41
  4

x
yy

x
yyxxy

dx

dy
x 

 
tenglama Rikkati 

tenglamasi bo„lib, uning xususiy yechimini 
x

a
y   ko„rinishda izlash maqsadga 

muvofiqdir. Bundan: 
2

x

a
y 

 
 

unda 

4
2

2

2

2

2











x

a
x

x

a
x

x

a
x                                        (**) 

yoki 

24      ,4
22

 aaaaa  

Oson tekshirishki (**) ga o„rniga ±2 qo„yib 

x
y

x
y

2
    ва     

2

21
  

funksiya berilgan tenglamani qanoatlantiradi. Agar 
x

y
2

  ni olsak va 
x

zy
2

  

almashtirishni bajaramiz 

4
7

4
422 2

2

2

2

2


















 z

xx
xxz

x
x

x
zx . 

Ixchamlab Bernulli tenglamasini topamiz: 

25
zz

x
z  . 

Bu tenglamani yechishni kitobxonga qoldiramiz. Javob: 
xxc

z



5

1
4

4
.  

Undan keyin 
x

zy
2

  dan 
xxcx

y
24

5



  - Rikkati tenglamasining  

umumiy yechimini hosil qilamiz. Bunda s – ixtiyoriy o„zgarmas. 

 

2-Misol. Ushbu   0121
22

 xyyyx  tenglmani yeching. 

Yechish. Tenglamani 

1

1

1

2

1

1

22

2

2










x
y

x

x
y

x
y  
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shaklda yozamiz, demak bu Rikkati tenglamasi. Xususiy yechimi u=ax+b 

ko„rinishda izlaymiz, a,b lar noma‟lum sonlar, ay   Endi u va y   ifodalarini 

berilgan tenglamaga qo„yib hosil qilamiz: 

  012221
22222

 bxaxbabxxaax  

yoki 

  0b ,1    ,012      01)1(212
2222

 aaaababxxaa . 

Demak u1=x Rikkati tenglamasining xususiy yechimi. Dastlabki differensial 

tenglamaga u=z+x almashtirish kiritamiz 1 zy  ifodalarini tenglamaga qo„yib 

topamiz. 

  

 
1

      1

     0122211

22

22

2222






x

dx

z

dz
zzx

zxxxzxzzx

 

integrallaymiz: 

  2
1

1
ln    ln

2

1

1

1
ln

2

11












x

x
cyxc

x

x

z
. 

 

3-Misol. 22
52 xyxy  Rikkati tenglamasining xususiy yechimini topib 

Bernulli tenglamasiga keltiring va yeching. 

Yechish. Bu tenglamaning xususiy yechimini  

u=ax+b, 

bunda a, b hozircha noma‟lum sonlar, ko„rinishda izlash maqsadga muvofiqdir, 

bundan ay  . 

u, y   ifodalarini berilgan differensial tenglama qo„yamiz: 
2222222

5222    52        xbabxxabxaxaxb)(axb)х(ах а   

x
2
; x; x

0
 –larning chap va o„ng tomondagi koeffisiyentlarini tenglashtirib hosil 

qilamiz: 

 
2    ;1

5

022

12

2

2

















ba

ba

abb

aa

 

 a=1, b=2 ni olsak, xususiy yechim u1=x+2 bo„ladi. 

Endi Rikkati tenglamasida  

y=z+x+2 

bunda z є c   yangi noma‟lum funksiya, almashtirish bajaramiz. Bunda  

1 zy . 

Unda  

z  +1-2x(z+x+2)+(z+x+2)
2
=5-x

2 

 

z  +1-2xz-2x
2
-4x+z

2
+x

2
+4+2zx+4z+4x=5-x

2
 

yoki ixchamlab, 2
4 zzz   hosil qilamiz: 

Bernulli tenglamasi hosil bo„ldi. 

Yechimini: z=uv , u,vє c   ko„rinishda izlaymiz, bunda vuvuz   
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22
4 vuuvvuvu    22

)4( vuvvuvu   

04  vv    cx-4lnvdx   4
v

dv

4c
  

xx
eVCeV

44
     десак    1c    , 


  

284
ueue

xx


  dan u ni topamiz. 

O„zgaruvchilarni ajratib topamiz: 

44

11 44

2

C
e

u
dxe

u

du xx


  

  ;
4

4
ce

u
x






 )(

1

4

1

4

14

4

4

1

4

cc
ce

e

ec

e
u

x

x

x

x







  

 

1

4

4



x

ce
vuz  

Javob: 2y      ,
1

4
2

14



 x

ce
xy

x
. 

 

4. To„liq differensialli tenglama. Integrallovchi ko‟paytuvchi 

 

Agar  

 0),(),(  dyyxNdxyxM  (4.1) 

tenglamaning chap tomoni birorta u(x,u) funksiyaning to„liq differensialli, ya‟ni 
),(),(),( yxdudyyxNdxyxM   

bo„lsa, (4.1) tenglama to„liq differensialli tenglama deyiladi. Bu holda uni 

quydagicha yozish mumkin: 0),( yxdu . 

Shuning uchun uning umumiy integrali u(x,y)=c bo„ladi, bu yerda s - ixtiyoriy 

o„zgarmas. 

1-Misol. Ushbu tenglama integrallansin. 
0)4()2(  dyxydxyx  

Yechish. Bu tenglamani quyidagicha yozamiz. 
0)(42  xdxydxydyxdy  

ravshanki tenglamaning chap tomoni xyyxyxu 
22

2),(  funksiyaning to„liq 

differensiali. Shuning uchun tenglamani  

0)2(
22

 xyyxd  

ko„rinishda yozish mumkin, bundan  

cxyyx 
22

2  

umumiy integralni topamiz, s - ixtiyoriy o„zgarmas. 

 

2-Misol. 0)1(  xdydxxyy  tenglamani yeching. 

Yechish. Bu tenglamani quyidagicha yozib olamiz: 

0
2

 dxxyxdyydx  

Tenglamaning ikkala tomonini 0
2
y  bo„lib olsak, chap tomoni to„la 

differensial bo„ladi 
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0
2




xdx
y

xdyydx
, c

x

y

xx

y

x
d 
















2
   0

2

22

 

Demak, tenglamaning umumiy integrali cyyxx 
2

2  bo„ladi. 

 

3-Misol. 0)1(  xdydxxyy  tenglamaning u(1)=1 boshlang„ich shartni 

qanoatlantiruvchi yechimi topilsin. 

Yechish. Tenglamani quyidagicha yozib olamiz: 

.0
2

 dxxyxdyydx  

Endi buning ikkala tomonini 0
2
y  bo„lib olamiz 

0
2




xdx
y

xdyydx
 0

2
      

2

















x

y

x
d  

to„la differensial tenglama hosil bo„ldi. 

Bundan: cyyxxc
x

y

x


2

2

2        ,
2

 umumiy integralni yozib olamiz, bunda c 

- ixtiyoriy o„zgarmas. 

Endi x=1 da u=1 deb olsak, c=3 bo„ladi va izlanayotgan xususiy yechim hosil 

bo„ladi 
yyxx 32

2
 . 

Teorema. Ushbu  
0),(),(  dyyxNdxyxM  

differensial tenglamaning (bu yerda M(x,u) va N(x,u) funksiyalar biror D sohada x va 

u bo„yicha uzluksiz hosilalarga ega) to„liq differensialli tenglama bo„lishi uchun 

 
x

N

y

M









                                                      (4.2) 

shart bajarilishi zarur va yetarlidir. 

(4.1) tenglikning umumiy integralini 

   

x

x

y

y

cdyyxNdxyxM

0 0

),(),(
0

                                             (4.3) 

yoki 

   

x

x

y

y

cdyyxNdxyxM

0 0

),(),(
0

                                             (4.4) 

ko„rinishda bo„ladi, bunda   Dyx 
00

, .  

 

4-Misol. Ushbu     03632
222

 dyyxyxdxyxy  tenglama integrallansin. 

Yechish. Bu yerda  

 
22

2

36),(

32),(

yxyxyxN

yxyyxM




 

 

 
yx

x

N

y

M
62 









. 

(4.2) shart bajariladi. 
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Berilgan tenglama to„liq differensialli tenglama ekan, ya‟ni 

    .3632
222

dy
x

N
dx

y

M
dyyxyxdxyxy









  

Bundan,  

222
36    ,32 yxyx

y

u
yxy

x

u










 

oxirgi ikki tengliklardan birinchi tenglikni u ni o„zgarmas deb, x bo„yicha 

integrallaymiz 

  )(3)()32(),(
222

yxyyxydxyxyyxu  , 

bunda cy )(  funksiya u ning hozircha noma‟lum funksiyasi. Bu munosabatni y 

bo„yicha differensiallab va  

22
36 yxyx

y

u





 

ekanini e‟tiborga olib,  
222

36)(6 yxyxyxyx    

bo„lishini topamiz. Demak, 

1

32
)(    ,3)( cyyyy   , 

bunda c1- ixtiyoriy o„zgarmas. 

Shunday qilib, dastlabki tenglamaning umumiy integrali  

Cyxyyx 
322

3 . 

Ushbu  

 0),(),(  dyyxNdxyxM                                        (4.1) 

tenglamaning chap tomoni biror funksiyaning to„la differensialli bo„lmasin. Ba‟zan 

holda shunday 0),( yx  funksiya tanlab olish mumkin bo„ladiki, tenglamaning 

barcha hadlarini ),( yx  ga ko„paytirishda tenglamani chap tomoni biror funksiyaning 

to„la differensialli bo„lib qoladi. 

Shu usul bilan hosil qilingan tenglamaning umumiy integrali dastlabki 

tenglamaning umumiy yechimi bilan bir xil bo„ladi: ),( yx  funksiya (4.1) 

tenglamaning integrallovchi ko„paytuvchisi deyiladi. Har qanday U(x,y)=C umumiy 

integralga ega bo„lgan (5.1) differensial tenglama uchun integrallovchi ko„paytuvchi 

mavjud, biroq bu uni topish oson degan so„z emas. 

 

Teorema. Ushbu  

 )(






















y
M

x
N

x

N

y

M

                                             (4.5) 

shartning bajarilishi (4.1) differensial tenglamaning ),( yx   funksiyaga bog„liq 

bo„lgan )(   integrallovchi ko„paytuvchisining mavjudligi uchun yetarli va 

zaruriy shart, shu bilan birga 

 





d

e
)(

                                                       (4.6) 

bo„ladi. 
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Ba‟zi xususiy hollarda, jumladan, integrallovchi ko„paytuvchini faqat x ga, u 

ga, xu ga, x+u ga, x
2
+u ga, x

2
+u

2
 ga va h.k. bog„liq deb qarab (4.1) tenglamani 

integrallash mumkin. 

Masalan, a) )( x  , ya‟ni x  bo„lsin, unda 0   ,1 
yx

  va (4.5) ifoda 

soddalashib, quyidagi ko„rinishga keladi: 

 









N

x

N

y

M

                                              (4.7) 

Demak,  

 


dxx

ex
)(

)(


                                                (4.8) 

 

shunday qilib, agar 
N

x

N

y

M










 ifoda faqat x ning funksiyasi bo„lsa, u holda x ga 

bog„liq bo„lgan integrallovchi ko„paytuvchi )( x  mavjud bo„ladi va u (4.8) formula 

bilan aniqlanadi. 

 

5- Misol. Birinchi tartibli chiziqli tenglama uchun faqat x ning funksiyasidan 

iborat integrallovchi ko„paytuvchi mavjudligini isbotlaymiz. 

Yechish. Haqiqatan,  

)()( xqyxp
dx

dy
  

birinchi tartibli chiziqli differensial tenglamani simvolik ravishda quyidagicha 

yozamiz: 

  0)()(  dydxxqyxP . 

Oddiy hisoblashdan  

)( xp
N

x

N

y

M











 

kelib chiqadi. Demak, faqat x ga bog„liq )( x  mavjud va uning qiymati (4.7) dan 

topiladi: 




dxxp

ex
)(

)(  

b) )( y  , ya‟ni y  bo„lsin, unda 0   ,0 
yx

  va (4.5) ifoda  

 )( y
M

x

N

y

M













                                          (4.9) 

ko„rinishni oladi va (4.6) dan topamiz: 

 


dyy

ey
)(

)(


                                            (4.10) 

 

6 - Misol. 0)()2(
22

 dyyxydxyxy  tenglama integrallansin. 

 

Yechish. yxyN(x,y)yxyyxM 
22

   ,2),(  
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x

N

y

M

x

N
xy

y

M



















     ,1      ,14  

(4.9) ni topamiz 

yxyy

xy

xyy

xy

M

x

N

y

M

y
2

)12(

)12(2

)12(

114
)( 






















 . 

Demak, berilgan tenglama faqat u ga bog„liq bo„lgan integrallovchi 

ko„paytuvchiga ega ekan. Bu misol uchun 

2

22

2

)( 1

y
yeee

iny
dy

y
dyy













  

2

1

y
  

Berilgan tenglamani 
2

1

y
  ga ko„paytirsak,  

0
1

1
1

2
2






























 dy

yy

x
dx

y
x  

to„liq differensialli tenglama hosil bo„ladi. 

U holda     













 ydx

y
xyxu 

1
2,  yoki    y

y

x
xyxu 

2
, , 

bu yerdan )(
2

y
y

x

y

u
 




 

Ikkinchi tomondan ),( yxN
y

u





, ya‟ni 

yy

x

y

u 1
1

2





. 

U holda  

y
y

yy

x
y

y

x 1
1)(

1
1)(

22
   yoki 

1
ln)( Cyyy  . 

Demak, Cyy
y

x
x  ln

2  tenglamaning umumiy integrali ekan, bunda S - 

ixtiyoriy o„zgarmas. 

s) )( yx   , ya‟ni yx   bo„lsin, unda xy
yx
     ,  va (4.5) ifoda ushbu 

ko„rinishni oladi: 

 )( yx
MxNy

x

N

y

M













                                        (4.11) 

Demak,  

 


 )()(

)(
yxdyx

eyx


                                            (4.12) 

 

7-Misol.     0
2332

 dyxyxdxyyx  tenglamani )( yx    ko„rinishdagi 

ko„paytuvchiga ega ekanligini ko„rsating. 

Yechish.   ,,   ,),(
2332

xyxyxNyyxyxM   

 xyyxyx
x

N
yx

y

M

yx










   ,    ,    ,13       ,13

2222  



30 

 

  



11 


























yx

y
M

x
N

x

N

y

M

    

Demak, berilgan tenglama uchun )(  , yx   ko„rinishdagi 

integrallovchi ko„paytuvchi mavjud ekan u 

xy
eee

dd 11ln

1

)(




















 

Dastlabki tenglamani 
xy

1
  ko„paytiramiz, bo„ladi: 

0
11 22
























 dy

y
yxdx

x
xy . 

y
yxyxN

x
xyyxM

1
),(    ,

1
),(

22
  

ravshanki xy
x

N

y

M
2









, ya‟ni to„liq differensialli tenglamani hosil qildik. Bu 

tenglamani x0=1, u0=1 olib (4.3) formuladan foydalanib umumiy integralini topamiz 

   
























x y

constcc
y

x
yxcdy

y
ydx

x
xy

1 1

222
    ,ln

11
. 

d) )(
2

yx   , ya‟ni 2
yx   bo„lsin, unda y

yx
2   ,1    va (4.5) ifoda 

quyidagi ko„rinishda bo„ladi: 

 )(
21

2
yx

MyN

x

N

y

M













                                    (4.12) 

 

 


 )()(
22

yxdyx

e


                                          (4.13) 

8-Misol.     0623
32

 dyxyydxxy  tenglamani )(
2

yx    ko„rinishdagi 

integrallovchi ko„paytuvchiga ega ekanligini ko„rsating. 

Yechish. Berilgan 
232

yx   62   ,3),(  xyyNxyyxM ,  

u holda  

y
x

y
x

N
y

y

M
2

y
   ,1   ,6  ,6 


















 
 

bo„lib, (4.12) quyidagi ko„rinishni oladi: 

 



33

44

12

2)3(1)62(

66
)(

2323

















yxxyy

y

yxyxyy

yy
 

Demak, berilgan tenglama 
2

yx

3-
  ),(


   ko„rinishdagi integrallovchi 

ko„paytuvchiga ega ekan. 

(4.6) formulaga asosan 

 
32

323ln3
3)(

)(

1
)(

yx
yxeee

d

d


















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Dastlabki tenglamani 
32

)(

1

yx 
  ko„paytirib, hosil qilamiz: 

 0
)(

)3(2

)(

3

32

2

32

2










dy

yx

xyy
dx

yx

xy
.                                    (*) 

Bundan,  

dy
yx

xyy
yx

yx

xy
yxM

32

2

32

2

)(

)3(2
),N(      ,

)(

3
),(









 . 

Oson ko„rsatishki 
x

N

y

M









, ya‟ni ,

)(

1
),(

32
yx

yx


  tenglamaning 

integrallovchi ko„paytuvchisi ekan. Demak, (*) tenglama to„liq differen-sialli 

tenglama, uning umumiy integralini (4.3) yoki (4.4) formula orqali topish mumkin. 

1. Izoh. ),(),(),( yxdudyyxNdxyxM    dan 

0
1

),(),(  dudyyxNdxyxM


 

kelib chiqadi. (4.1) tenglamaning yechimi 0),( yxdu  va 0
),(

1


yx
, 

tenglamalardan topiladi, ya‟ni 
 ),(       ва      ),( yxcyxu   

yechimni beradi. Ayrim hollarda bu yechimlar maxsus yechim bo„lishi mumkin. 

9-Misol. 02  dydxy  agar bu tenglama uchun )( y   mavjud bo„lsa,  

tenglamani yeching. 

Yechish. Bunda 
x

N
yM











y

M
    -1,N    ,2  chunki 0   ,

1











x

N

yy

M
. 

 y
yy

y

M

x

N

y

M

















2

1

2

1

 

Haqiqatan, )( y   mavjud ekan, uni topamiz 

 

y

ee
y

dy

dyy 12











 . 

Dastlabki tenglamani 
y

1
  ko„paytiramiz, unda 0

'

2 

y

dy
dx  hosil qilamiz. 

cyx   umumiy integralni 

y

1
  dan y=0 maxsus yechim kelib chiqadi. 

2. Izoh. Integrallovchi ko„paytuvchi usuli yordamida o„zgaruvchilarga 

ajraladigan, bir jinsli, birinchi tartibli chiziqli differensial tenglamalarni integrallash 

mumkin. 

 

10-Misol. 0 dyxydx  tenglamani yeching. 

Yechish. Bu o„zgaruvchilari ajraladigan differensial tenglama. 

M=xu, N=1, 
x

N










y

M
. 
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Ravshanki 
y

1
  ga tenglamani ikkala tomonini ko„paytirsa to„liq differensialli 

tenglama hosil bo„ladi: 

0   ,0
1












x

N

y

M
dy

y
xdx . 

(boshqa tomondan bu o„zgaruvchilari ajralgan tenglama) 

2

2
2

lnln
2

x

ecycy
x 

  

dastlabki tenglamaning umumiy yechimi, bunda c - ixtiyoriy o„zgarmas. 


y

1
  dan y=0 xususiy yechim kelib chiqadi, chunki u 2

2
x

ecy


  dan c=0 

da hosil bo„ladi. 

 

 

Mustaqil ish topshiriqlari 8-ta vazifadan iborat: 

1) O‟zgaruvchilari ajraladigan tenglamalar. 

2) Bir jinsli va unga keltiriladigan differentsial tenglamalar. 

3) Chiziqli differentsial tenglamalarni yeching. 

4) Koshi shartlari berilgan differentsial teglamaning ko‟rsatilgan boshlang‟ich  

shartini qanoatlantiruvchi yechimini toping 

5) Egri chiziqlar oilasining differensial tenglamasini tuzing va turini aniqlang.  

6) Bernulli tenglamasini quyidagi usullar bilan yeching. 

a) Chiziqli tenglamaga keltirib; 

b) O‟zgarmasni variasiya usuli bilan. 

7) Quyidagi tenglamalar to‟liq difrentsiali tenglamalar ekanligini tekshiring va 

integrallang. 

8) Qulay almashtirish yoki integrallovchi  ko‟paytuvchi yordamida quyidagi 

differentsial tenglamalarni integrallang. 

 

5. Namunaviy misollar va topshiriqlar 

 

1) O‟zgaruvchilari ajraladigan teglamalar. 

Berilgan differentsial tenglamaning umumiy yechimini toping.                    
0)()(

22
 dyyxydxxxy  

Yechish: Tenglamani quyidagicha yozib olamiz. 
dxyxdyxy )1()1(

22
  

Bu tenglama o`zgaruvchilari ajraladigan tenglamadir. 

O`zgaruvchilarini ajratamiz. Buning uchun tenglamani ikkala tomonini 

)1)(1(
22

yx   ifodaga bo`lamiz. 

dx
yx

yx
dy

yx

xy

)1)(1(

)1(

)1)(1(

)1(

22

2

22

2









 yoki 
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 dx
x

x
dy

y

y

22
11 




 

Tenglamani ikkala tomonini integrallaymiz: 

Cxy ln
2

1
1ln

2

1
1ln

2

1 22
  ёки 

 11
22
 xCy      

 11
22

 xCy  

U holda berilgan tenglamani umumiy yechimi: 

11
2

 xCy . 

2) Bir jinsli va unga keltiriladigan differential tenglamalar. 

Differentsial tenglamaning umumiy yechimini toping. 

dx

dy
yx

dx

dy
xy   

Yechish: Bu tenglamadan 
dx

dy
 ni topamiz: 

xy
dx

dy
xy  )(   yoki 

 
xy

xy

dx

dy




  

Bu tenglama birinchi tartibli bir jinsli tenglamadir. Tenglamani uxy   

almashtirish yordamida yechamiz. 
dx

du
xu

dx

dy
 . Bularni yuqoridagi tenglamaga 

qo`yamiz. 

1

1

)1(

)1(
















u

u

ux

ux

xux

xux
u

dx

du
x   

yoki  

1

1






u

u
u

dx

du
x   

   
1

1

1

1
2











u

uuu
u

u

u

dx

du
x     

 
1

1
2






u

u

dx

du
x   

o`zgaruvchilarni ajratamiz. 

x

dx
du

u

u






1

1

2
 ikkala tomonini integrallaymiz. 

 



 x

dx
du

u
du

u

u

1

1

1
22

  

bundan  

cxarctguu lnln1ln
2

1 2
  

bundan  

1

ln
2




ux

c
arctgu  
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Endi 
x

y
u   ni qo`ysak tenglamani umumiy yechimini topamiz: 

22

ln

yx

c

x

y
arctg



 . 

 

 

3) Chiziqli differentsial tenglamani yeching               

3
8 yx

y

dx

dy


  tenglamani yeching. 

 Yechish. Bu tenglamada u – noma‟lum funksiya bo‟lib, x argument. Ravshanki 

bu tenglama u ga nisbatan chiziqli emas. 

 Agar x va u larning rollarini almashtirsak, ushbu  

)()()(   ,
8 2

ybxyayxyx
ydy

dx
  

chiziqli tenglamaga kelamiz. Buning umumiy yechimini, quyidagi 

                     











dyeybeecyx
dyyadyyadyya )()()(

)()(    

formula orqali topish mumkin, tenglamamizda 2
)(   ,

8
)( yyb

y
ya  . 

 Natijada, bo‟ladi: 

 













 dyyyyycdyeyeecdyeyeecyX
yyy

dy
y

dy
y

dy
y 8288ln82ln8ln8

8

2

88

)(  

 Demak, tenglamaning umumiy yechimi 

 38588

5

1
       ёки    

5

1
ycyXyycyX 

 , bunda s – ixtiyoriy o‟zgarmas. 

4) Koshi shartlari berilgan differentsial teglamaning ko‟rsatilgan 

boshlang‟ich  shartini qanoatlantiruvchi yechimini toping. 

xydxxdyydxdxedy
x


  differentsial tenglamani 5ln)0( y  boshlang`ich shartni 

qanoatlantiruvchi xususiy yechimini toping. 

Yechish: Berilgan tenglamada shakl almashtiramiz: 
dxyexydyx

x
)()1( 

  

x

e
y

x

eyx

x

yexy

dx

dy
xxx
















11

)1(

1
   

x

e
y

dx

dy
x






1
 

Bu tenglama birinchi tartibli chiziqli tenglamadir. Tenglamani yechish uchun 

)()( xvxuy   almashtirish olamiz. U holda 
dx

du
v

dx

dv
u

dx

dy
  ekanidan foydalansak, 

tenglamani ko`rinishi: 

x

e
uv

dx

du
v

dx

dv
u

x






1
 yoki  

 
x

e
uv

dx

du
v

dx

dv
u

x






1
       (*) 

)( xv  funktsiyaning qiymatini 0 v
dx

dv
   tenglamadan topamiz: 
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v
dx

dv
                

   dx
v

dv
    

integrallaymiz. 

  dx
v

dv
      xv ln              x

ev


  

topilgan qiymatni  (*) tenglamaga qo`yamiz 

x

e
e

dx

du
x

x








1
        yoki   

  
xdx

du




1

1
 

 

buni integrallamiz 

dx
x

du 



1

1
,           

           Cxu ln1ln  ,     

       
x

C
u




1
ln , 

uvy   ekanidan foydalansak tenglamani umumiy yechimi 

x

C
euvy

x






1
ln  

 5ln)0( y  boshlang`ich shartdan foydalansak 

Ce ln5ln
0


 ,          

     5lnln C ,  

   5C , 

U holda tenglamani xususiy yechimi  

x
ey

x






1

5
ln  

bo`ladi. 

5) Egri chiziqlar oilasining differensial tenglamasini tuzing  

Berilgan egri chiziqlar oilasining differensial tenglamasini tuzing. 222
)( cyсx    

                                    02),,(
222
 сyxcxcyxF                     (1)                                

ga ega bo‟lib, bundan  

                          
'222

0'222

yyxc

yycx




                    (2)    

(1)  va (2) dan 
                            0)'22(

22
 yyyxxx  

yoki                        0'2
22
 yxyyx  

6) Bernulli tenglamasini yeching. 

a) (Chiziqli tenglamaga keltirib)      

   1-Misol. nxyyxy 
2

'   Tenglamani yeching. 
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Yechish: Tenglamaning ikkala tomonini x-ga bo‟lamiz:  

xx

dx
d

xx

nx
dx

x

nx

x

dx
dunxu

cdx
x

nx
xcdx

x

nx
cdx

x

nx
z

x

nx
z

x
z

x

nx
z

x
z

yyzyz

x

nx
y

x
yy

x

nx
y

x

y
y

xnxnx

dx

x

dx

1

1

(

1
'

1
'

''

1
''

2

2

2

21

122














































































 

nxcx
ynxcxy

nxcxc
x

nx
x



























1

1
,1

1
1

1  

b) (Ozgarmaslarni variatsiyalash usuli bilan) 

2-Misol 
2

2
x

y y y e    tenglamaning umumiy yechimini toping  

Yechimi. Tenglamaning ikkala tomonini  ga bo‟lamiz. 

1 1

2

2

2

1 1

2
, 0 , 2 , ,

1 , 2 , 2 ;

2 0 , 2 , 2 , ln 2 ln , 0 ,

x n

x x

y
e y n z y y

y y

y
z y y z z e z z e

y

d z d z
z z z d x z x C C

d x z

 




     


           

       

 

     

       

     

 

2 2 2 2

2 2 2

2 2

2 2 2

2

2

0 , ; , 2 ,

2 2 , ,

1
, , ,

1
, 0 .

x x x x

x x x x x

x x x x x

x x

z C C R z C x e z C x e C x e

C x e C x e C x e e C x e

C x e C z C e e C e e
y

y y
C e e



  



      

     

     

 


 

Oxirgi 0y   yechimni tenglamaning har ikkala qismini 
2

y  ga bo‟linganda 

yo‟qotilgan, shuni qo‟shib qo‟ydik. 

7) Quyidagi tenglamalar to‟liq difrentsiali tenglamalar ekanligini tekshiring 

va integrallang. 

      03632
222

 dyyxyxdxyxy tenglama integrallansin. 
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Yechish. Bu yerda  

22

2

36),(

32),(

yxyxyxN

yxyyxM




 

yx
x

N

y

M
62 









. 

Demak, 
x

N

y

M









 shart bajariladi. Berilgan tenglama to‟liq differensialli tenglama 

ekan, ya‟ni 

    .3632
222

dy
x

N
dx

y

M
dyyxyxdxyxy









  

Bundan,  

222
36    ,32 yxyx

y

u
yxy

x

u










 

oxirgi ikki tengliklardan birinchi tenglikni u ni o‟zgarmas deb, x bo‟yicha 

integrallaymiz 

  )(3)()32(),(
222

yxyyxydxyxyyxu  , 

bunda cy )(  funksiya u ning hozircha noma‟lum funksiyasi. Bu munosabatni u 

bo‟yicha differensiallab va   

22
36 yxyx

y

u





 

ekanini e‟tiborga olib,  
222

36)(6 yxyxyxyx    

bo‟lishini topamiz. Demak, 

1

32
)(    ,3)( cyyyy   , 

bunda s1- ixtiyoriy o‟zgarmas. 

Shunday qilib, dastlabki tenglamaning umumiy integrali  

Cyxyyx 
322

3 . 

8) Qulay almashtirish yoki integrallovchi  ko‟paytuvchi yordamida quyidagi 

differentsial tenglamalarni integrallang. 

0)()2(
22

 dyyxydxyxy  tenglama integrallansin. 

Yechish.  yxyN(x,y)yxyyxM 
22

   ,2),(  

     
x

N

y

M

x

N
xy

y

M



















     ,1      ,14  

Integrallovchi ko‟paytuvchini topamiz 

yxyy

xy

xyy

xy

M

x

N

y

M

y
2

)12(

)12(2

)12(

114
)( 






















 . 

Demak, berilgan tenglama faqat  ga bog‟liq bo‟lgan integrallovchi 

ko‟paytuvchiga ega ekan. Bu misol uchun 

2

22

2

)( 1

y
yeee

iny
dy

y
dyy













  
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2

1

y
  

Berilgan tenglamani 
2

1

y
  ga ko‟paytirsak,  

0
1

1
1

2
2






























 dy

yy

x
dx

y
x  

to‟liq differensialli tenglama hosil bo‟ladi. 

U holda         













 ydx

y
xyxu 

1
2,  

yoki       y
y

x
xyxu 

2
, , 

bu yerdan  )(
2

y
y

x

y

u
 




 

Ikkinchi tomondan ),( yxN
y

u





, ya‟ni 

yy

x

y

u 1
1

2





. 

U holda  

y
y

yy

x
y

y

x 1
1)(

1
1)(

22
   

yoki        

1
ln)( Cyyy  . 

Demak, Cyy
y

x
x  ln

2  tenglamaning umumiy integrali ekan, bunda  - 

ixtiyoriy o‟zgarmas. 

 

 

MUSTAQIL YECHISH UCHUN MASHQLAR  

1-Variant 

1. 0
33

 dxydyx . 

2. (3x 2 +2xy-y )
2 dx+(x 0)32

22
 dyyxy . 

3. x
eyy


 2

' . 

4. 
2

22
' x

xexyy


 ,         0)0( y . 

5. ycyx cos . 

6. yy  .yx   

7. . 

8. 02)2(
22

 ydydxxyx  
 

2-Variant 

1. 0cossin
22

 xctgydyydxtgx . 

2. xdx+(x+y)dy=0. 
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3. y
2

22
' x

xexy  . 

4. 
3

' 23

x
y

x
y  ,        1)1( y . 

5. ycyx sin
2
 . 

6. 
x

dx
= .2

1
dyx

y













  

7. . 

8. 0)ln( 2  dyxydx
x

y .    

 

3-Variant 

1. 0)()(
22

 dyyxydxxxy . 

2. (x 
2 y 2

) dx-2xydy=0. 

3. .2
2

' x
exyy


  

4. 12
'

 xyy ,              0)0( y . 

5. y
y

c
x 5

3
 . 

6. ).2(2
'22

yxyyyx   

7. . 

8. 0)(
2

 xdydxyx . 

 

4-Variant 

1. 0)()(
22

 dyyyxdxxxy . 

2. (x 0)()3
3323

 dyxydxyx . 

3. .cos2
3'

xxyxy   

4. xyxy  2
' .             0)0( y . 

5. ycyx ln
3
 . 

6. .)2(
.2'

yxyy   

7. . 

8. 
011 



















 dy

y

x
dx

y

x

.

 

 

5-Variant 

1. 3
yy

dx

dy
x  . 

2. 0)(
22

 dyexdxyxye
y

x

y

x

. 
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3. .ln3ln
23'

xxyxxy   

4. yxxy
2

1'
 ,                  0)0( y . 

5. )cos( ycyx  . 

6. .0
32'2

'

 yxyxy  

7. . 

8. 0cos)sin1(  xdydxxy . 

 

6-Variant 

1.  
3

yy
dx

dy
x  . 

2. (x+y-1)dy+(2x+2y-3)dy=0. 

3. .2)2(
'2

yyyx   

4. yxxy 
'

,                                    0)0( y . 

5. 
y

ctgyx
sin

1
 . 

6. .0
32'2

'

 yxyxy  

7. . 

8. 0)(
12332
 yxyxyyx . 

 

7-Variant 

1. ay
dx

dy
tgx  . 

2. 
x

y

y

x
y  .  

3. .
ln2

'

xyyy

y
y


  

4. yxyx 
'2 ,                   0)1( y . 

5. ycex
y


2

. 

6. yyyx  ))(1(
2' . 

7. (x+y)dx+(x+ )dy=0.   

8. 0)43()1( 2  dyxydxy . 

 

8-Variant 

1. )cos( yx
dx

dy
 . 
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2. 2xydx+(y 0)
22

 dyx . 

3. 02

2
















 dxdyxye

y

. 

4. x
eyy


 2

'  ,           xagary ,0 . 

5. 
x

y
ycx

cos
cos  . 

6. .)(
2

dxxydyxy   

7. (1+ )dx+( )dy=0, 

8. 0cos)sin1(  xdydxxy .  

 

9-Variant 

1. xy
dx

dy
)1(

2
 . 

2. 
dx

dy
=

x

y
+

x

y
1 . 

3. y exx
xeey 2.

'
 . 

4. 1
1

sin
1

cos
'2


x

y
x

yx ,                xagary ,1  

5. yycx lnln
2

 . 

6. yxxy
2'

2 =4y. 

7. . 

8. 0)2()2(
3223

 dyxyxdxyyx . 

 

10-Variant 

1. xy
dx

dy
sin . 

2. 0)(2
22

 dyyxxydx . 

3. 1)1()12(
'2

 xyxyxx . 

4. 
2

2

' sin
cossin

x

x
xyxy  ,           xagary ,0  

5. 1
2

2

 yecx
y . 

6. 02
35'


x

eyxyxy . 

7. . 

8. 0)()(
2

 dxxyxdyyx . 

 

11-Variant 
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1. 0sincos  dyxxdxy . 

2. )ln(ln
'

xyyxy  . 

3. .sincos
'

xxxyxy   

4. 
x

yxy
2

12
'

 ,                         . 

5. 
y

cctgyx
cos

1
 . 

6. 
1

2
2

'






x

yx

y

x
y . 

7. . 

8. 0)1()21(  dxyydyxy . 

 

12-Variant 

1. 2'
1 yxy  . 

2. 02)3(
'22

 xyyxy . 

3. .)(2
2

dxydyyx   

4. xyxy 22
'

 ,                     

5. ycex
y

sin . 

6. .)1(
3'

yxyyxx   

7. . 

8. 0)()1(
22

 dyxyxdxyx . 

 

13-Variant 

1. y
ey 

'
1 . 

2. 0)36()32(
222

 dyyxyxdxyxy . 

3. 153
'

 yxy . 

4. 1cossin
'

 xyxy                      . 

5. .cos
2'

xctgxyyy   

6. . 

7. 0)2(
2

 dydxxyx . 

8. . 

 

14-Variant 

1. yx
y


 3

' . 

2. 0)32()2(
22

 dyxyxdxxyy . 

3. .1ln33
'

 xyxy  
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4. xxyxy 2sinsincos
'

 ,        0y  agar 
2


x  

5. tgy
y

c
x  . 

6. 3'
yxyy  . 

7. . 

8. 0)(
22

 ydydxxyx . 

 

15-Variant 

1. dyxdxyx )1(12
22

 . 

2. 22'
yxyxy  . 

3. (1-2xy)y ).1(
'

 yy  

4. xxyxy 2sincos
'

 ,                   . 

5. yxyyx 2cos2
'

 . 

6. . 

7. )(0)1(1
22

ydyyyxdxyy   . 

 

16-Variant 

1. 0)1()21(
2

 dyyxdxyy . 

2. 0)(
22

 ydydxyxx . 

3. ).cos(22sin
'

xyxy   

4. xxyy coscos
'

 ,                          

5. 
5

1




yce
x

y
. 

6. 01ln2

'




xxy
y

yx
. 

7. . 

8. )(0)(
2

xxdydxyx   . 

 

17-Variant 

1. 0)1()1(
22

 dyyxdxyy . 

2. 0)()3(
3323

 dyxydxyxx . 

3. x
'

y

y
=

y

2 . 

4. xxyy cossin
'

 ,          

5. yycx lnln
2

 . 
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6. yxxyxy  )1)((
2' . 

7. . 

8. zyydyxdxyx  sin;02sin)sin(
22 . 

 

18-Variant 

1. 0)()(
22

 dyyxyydxxxy . 

2. 22'22
32 yxxyyyx  . 

3. xxyy 84
2'
 . 

4. xxyytgxy cossin
2'

 ,               

5. )sin( xcyx  . 

6. dxxydyxy )(
2
 . 

7. . 

8. 
0)

1
( 

y

dy
dx

x
y

. 

 

19-Variant 

1. 0)1()1(
2

 dyyxdxy . 

2. 234
'

 yxyy . 

3. ydyydxdyyx ln4)2(  . 

4. xxyxy
2'

cos2sincos  .            

5. )2(
442

ceyx 
 . 

6. 
1

2
2

'






x

yx

y

x
y . 

7. . 

8. )(,0)sincossin()sincos( xdxyyyyxdyyyyx   . 

 

20-Variant 

1. 
x

y



1

1' . 

2. 0cos)cos(  dx
x

y
xdx

x

y
yx . 

3. 12)1(
'

 xyyx . 

4. yxyxy
2'

2  .                 

5. 1)(
2


xy

ceex . 

6. ytgxxyy  cos
4' . 

7. . 
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8. )(,0)62()3( 232 yxdyxyydxxy   . 

 

Uy ishlari, auditoriyaga oddiy differensial tenglamalar bo„yicha joriy 

nazoratlar o„tkazish uchun toshiriqlar variantlari: 

 

I. O„zgaruvchilari ajraladigan differensial tenglamalarni yeching. 

1. 0
33

 dxydyx   

2. 0cossin
22

 xctgydyydxtgx  

3. 0)()(
22

 dyyxydxxxy  

4. 0)()(
22

 dyyyxdxxxy  

5. 
3

yy
dx

dy
x 

 

6. 
2

yy
dx

dy
x 

 

7. 
ay

dx

dy
tgx 

 

8. 
 )12(01)cos(  zsoszyx

dx

dy

 

9. 
xy

dx

dy
)1(

2


 

10. 
xy

dx

dy
sin

 

11. 
1

2
0sincos 











ydyxdxy

 

12. 
2

1' yxy   

13. 
y

ey  '1  

14. 
yx

y


 3'  

15. dyxdxyx )1(12
22

  

16. 0)1()21(
2

 dyyxdxyy  

17. 0)1()1(
22

 dyyxdxyy  

18. 0)()(
22

 dyyxyydxxxy  

19. 0)1()1(
2

 dyyxdxy  

20. x
y




1

1
'

 
 

II. Bir jinsli va unga keltiriladigan differensial tenglamalar. 

1. (3x 2 +2xy-y )
2 dx+(x 0)32

22
 dyyxy  

2. xdx+(x+y)dy=0 

3. (x 
2 y 2

) dx-2xydy=0 

4. (x 0)()3
3323

 dyxydxyx  

5. 0)(
22

 dyexdxyxye
y

x

y

x

 

6. (x+y-1)dy+(2x+2y-3)dy=0 
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7. 
x

y

y

x
y '  

8. 2xydx+(y 0)
22

 dyx  

9. 
dx

dy
=

x

y
+

x

y
1  

10. 0)(2
22

 dyyxxydx  

11. )ln(ln' xyyxy   

12. 02')3(
22

 xyyxy  

13. 0)36()32(
222

 dyyxyxdxyxy  

14. 0)32()2(
22

 dyxyxdxxyy  

15. 22
' yxyxy   

16. 0)(
22

 ydydxyxx  

17. 0)()3(
3323

 dyxydxyxx  

18. 2222
3'2 yxxyyyx   

19. 234'  yxyy  

20. 0cos)cos(  dx
x

y
xdx

x

y
yx  

III. Chiziqli differenssial tenglamani quydagi usullar bilan yeching. 

a)  O„zgarmasni variasiya usuli. 

b) Bernulli almashtirish orqali. 

c) Umumiy yechim formulasidan foydalanib. 

d) Integrallovchi ko„paytuvchi orqali. 

1. x
eyy


 2'  

2. 
2

22'
x

xexyy   

3. .2'
2

x
exyy


  

4. .cos2'
3

xxyxy   

5. .ln3ln'
23

xxyxxy   

6. .2')2(
2

yyyx   

7. .
ln2

'
xyyy

y
y


  

8. 02

2


















 dxdyxye

y

 

9. exx
xeyey 2'   

10. 1)1(')12(
2

 xyxyxx  

11. .sincos' xxxyxy   

12. .)(2
2

dxydyyx   

13. 153'  yxy  

14. .1ln33'  xyxy  

15. ).1(')21(  yyyxy  

16. ).cos(22sin' xyxy   
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17. 
yy

y
x

2

'
  

18. xxyy 84'
2
  

19. ydyydxdyyx ln4)2(   

20. 12')1(  xyyx  
 

IV. Berilgan differensial teglamaning ko„rsatilgan boshlang„ich shartini 

qanotlantiruvchi yechimini toping. Chiziqli tenglamaning umumiy yechim 

formulasidan foydalaning.  

1. 
2

22'
x

xexyy


    0)0( y  

2. 
3

23
'

x
y

x
y        1)1( y  

3. 12'  xyy         0)0( y  

4. xyxy 2'         0)0( y  

5. yxxy
2

1
'        0)0( y  

6. yxxy '          0)0( y  

7. yxyx  '
2        0)1( y  

8. x
eyy


 2'       0y  

agar
 x  

9. 1
1

sin
1

cos'
2


x

y
x

yx      1y
agar 

x  

10. 
2

2
sin

cossin'
x

x
xyxy 

   
   0y  agar x  

11. 
x

yxy
2

1'2        1y  agar x  

12. xyxy 2'2         y  chegaralangan agar 0x  

13. 1cossin'  xyxy        y  chegaralangan agar 0x  

14.  xxyxy 2sinsincos'        0y  agar 
2


x  

15. xxyxy 2sincos'         0)0( y  

16. xxyy coscos'           1)0( y  

17. xxyy cossin'          y  chegaralangan agar x  

18. xxyytgxy cossin'
2

          
3

4

3








 
y  

19. xxyxy
2

cos2sincos'            0)0( y  

20. yxyxy
2

2'          0)0( y  

 

V. Egri chiziqlar oilasining differensial tenglamasini tuzing va turini aniqlang.  

1. ycyx cos                                   1.
x

x
xcy

sin
sin   

2. ycyx sin
2
                                  2.

x
tgxcy

cos

1
  
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3. y
y

c
x 5

3
                                      3. 3

2

xecy
x

  

4. ycyx ln
3
                                   4. )sin( xcxy   

5. )cos( ycyx                                  5. xxcy lnln
2

  

6. 
y

ctgyx
sin

1
                                  6. cxxy

24
ln  

7. ycex
y


2

                                      7. yy
ecex


  

8. 
x

y
ycx

cos
cos                               8. 2

1ln2 cyyyx   

9. yycx lnln
2

                                 9. x
ecxxy


 )(

3  

10. 1
2

2

 yecx
y                               10. )2(

42
cexy

x


  

11. 
y

cctgyx
cos

1
                                11. 1)(

2


xx
ecey  

12. ycex
y

sin                                   12. )1( 
 x

cexy  

13. ycyx 
3                                       13. )1(2)1(

22
 xxcy  

14. tgy
y

c
x                                        14. 1

2
2

 xcey
x  

15. x
ecxxy )(

3
                                  15. yycx sin)cos(   

16. 
5

1




yce
x

y
                                16.

2

1




xce
y

x
 

17. yycx lnln
2

                               17. 3
ycyx   

18. )sin( xcyx                                  18. )1(
2

 xycy  

19. )2(
442

ceyx 
                              19. )ln2(

2
ycyx   

20. 1)(
2


xy

ceex                                 20. xcxyy  )1(  

 

VI. Bernulli tenglamasini quyidagi usullar bilan yeching. 

a) Chiziqli tenglamaga keltirib; 

b) O„zgarmasni variatsiya usuli bilan 

1. '.' xyyy   

2. 
x

dx
= .2

1
dyx

y













  

3. ).'2(2
22

yxyyyx   

4. .)2'(
.2

yxyy   

5. .2')1(
22

xyxyyx   

6. .0'
322
 yxyxy  

7. yyyx  )')(1(
2  

8. .)(
2

dxxydyxy   

9. yyxxy 42'
2

  

10. 02'
35


x

eyxyxy  

11. 
1

'2
2





x

yx

y

x
y  
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12. .')1(
3

yxyyxx   

13. .cos'
2

xctgxyyy   

14. 3
' yxyy   

15. yxyyx 2cos2'   

16. 01ln2
'

 xxy
y

xy
 

17. yxxyxy  )1)('(
2  

18. dxxydyxy )(
2
  

19. 
1

'2
2





x

yx

y

x
y  

20. ytgxxyy  cos'
4  

 

VII. Quyidagi tenglamalar to„liq differensial tenglamalar ekanligini tekshiring 

va integrallang. 

1.   

2.   

3.   

4.   

5.   

6.   

7.   

8.   

9.   

10.   

11.   

12.   

13.  

14.   

15.  

16.  

17.  

18.  
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19.  

20.  

 

VIII. Qulay almashtirish yoki integrallovchi ko„paytuvchi yordamida quyidagi 

differensial tenglamalarni integrallang. 
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Test topshiriqlari 

Birinchi tartibli differensial tenglamalar mavzulari bo‟yicha testlar 

1. xdxdye
yx


 3  

A) )(3
3 xxy

exeCe


 , B) 
2

ln
x

Ctgy  , C) Cxxy 
2

cosln , D) tgxtgyC  . 

2. yyxy lnsin   
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2
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1 x
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Test javoblari 

 

Birinchi tartibli differensial tenglamalar 

1 A 7 A 13 C 19 D 25 C 31 B 

2 D 8 A 14 A 20 D 26 C 32 B 

3 D 9 C 15 B 21 D 27 D 33 D 

4 B 10 B 16 D 22 A 28 B 34 D 

5 A 11 B 17 D 23 C 29 D 35 C 

6 C 12 B 18 D 24 D 30 C 36 A 
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Sinov savollari 

1. Differensial tenglamaning xususiy va umumiy yechimlari deb nimaga aytiladi? 

2. Koshi masalasi qanday qo‟yiladi? 

3. O‟zgaruvchilari ajraladigan differensial tenglama ta‟rifi. 

4. Umumiy integral deb nimaga aytiladi? 

5. Qanday funksiya bir jinsli funksiya deyiladi? 

6. Bir jinsli differensial tenglama deb nimaga aytiladi? 

7. Bir jinsli differensial tenglama qanday integrallanadi? 

8. Qanday tenglamaga umumlashgan bir jinsli differensial tenglama deyiladi? 

9. Qanday tenglamaga chiziqli differensial tenglama deyiladi? 

10. Chiziqli differensial tenglamalarni qanday usullarda yechish mumkin? 

11. Bernulli tenglamasini ko‟rinishi qanday? 

12. Rikkati tenglamasining ko‟rinishi qanday? 

13. To‟liq differensialli tenglama deb qanday tenglamaga aytiladi? 

14. Integrallovchi ko‟paytuvchi deb qanday funksiyaga aytiladi? 
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