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KHWPUII (pancada noxkropu (PhD) nuccepranmsici aHHOTAIUSICH)

Jluccepranus MaB3yCHHUHT 10J3ap0uru Ba 3apyparu. JKaxoH MUKécuaa
o6 OopwmiaérraH KYymad WIMHH-aMaIMid TagKUKOTIAp aKcapwsT XoJuiapa
anreOpavk Macajajapra KenTupuwiaau. MaremaTuka Ba (PU3MKAHUHT adpuM
MacananapuHuHr Jlu anrebGpanmapu Ty3wIuIl CTpyKTypacura Oofmanumu N-JIu
anreoOpanapu, Jlu cynepanredpanapu, Manies Ba Jleitonun anredpanapu kabu JIu
anreOpalapuHUHT yMyMIIaIIMajapu Taigo Oymmmura cabad Oymmu. JleiOHuil
anredpanapy Ha3pUsCH 3aMOHABHI anreOpaHuHT KaJall CyphaTAa PUBOKIaHAETTaH
coxamapungaHn Oupu xucoOnanuO, Jlu anreOpanapumaru KyIiad HaTwKalap
JleitOHMI anredpanapura TaKUK dTUI MyXUM axamusTra sra. JleBu treopemacura
KYpa, XapakTepUCTUKACH HOJITa TEHr OyiaraH MalaoHAa aHWUKJIAHTaH UXTUEPUM
yekau ymyamu JleiOnun anreOpacu edmilyBYaH pajukan Xamja spuMm cojjaa Jlu
KHCM anreOpacHHUHT SIpUM TYFpU MuFuHaucura éimnanu. by sca yeknm yiadamim
JleliOHuil anreOpanapuHu TaBcUdall MacalaCMHM YEKJIW YIY4amiii €YHIyBYaH
JleliOHu1l anrebpanapuHu yprauuiin Macaiacura oiau6 kenau. LIlyHuHr yayH dexkiu
Yymuamiu eunsyByad Jlu Ba JlelOHuUI anreOpaslapuHUHT TacHU(IIAI Ba YJIApHUHT
KOTOMOJIOTHK TpyHraiap Ha3apHscl OMIIaH OOFIMK MyaMMOJIAPHU XaJ 3TUIL MyXUM
Bazudanapan oupu 0yi1ud KOIMOKAA.

Xo03HUpru KyHJa >KaxoH MUKECHJIa YeKcu3 yiadyamiin JlelOHul anredpanapHu
F€OMETpHUsA, TOMOJOrMsg Ba MaTeMaTHMK (U3UKAHUHT TYpJIH coXajlapAaru
TaOMKIAPUHUA aHUKJIAIT MyXUM axaMHsT kacO aTMok1a. Yekcus ymuamiu Jleitouuin
anreOpanapy  yuyH JleBu EMlmiMac MaBXKyJ OSMaclMrd XamJa OHIelb
TEOPEMACUHUHT YPUHJIM SMAcC]Urd, 4eKcu3 Yymdamum JlelOuun anreOpanapuHu
ypranuin Mypakkab mMacaja SKaHJIWTHHU Ba yJIapHHU KYIIMMYa 4YeKJIOBIAp OWIaH
Yypranuin KepakiuruHu aHriataau. byHmai dexioBnapaan Oupu Kydu mapkasuid
KaTOPHUHT Oapya xajjiapu KeCUIIIMacHU Yerapanamniaup. MacanaH, 6epuiiras mnpo-
HUJIBIOTEHT aireOpaJlapuHUHT e4uTyBYaHra SIKUH JIeHOHuI KeHranTMmanapu
tacHudu. By Oopana: HUIPAAUKATHUHT XOCUJ KUJIYBYM 3JIEMEHTIApH COHU KO-
ynuaMra TEHr OyJaraH 4Yekiau Vyiauamiaud evywiyBuaH JlelOnun anreOpanapu
TacHU(am Ba OyHJal anreOpaJlapHUHT TYJIUKIWTH Ba KATTUKJIMTMHUA MCOOTIIAl,
HUJIpaJIMKaJl OpKaiu edyniyBUaH JIenOHu anredpanapuHu Kypyil METOAHU YEKCU3
Yidamiy XoJiaT Y4yH TaJ0MK 3TUII MaKCaJI UMUK TaAKUKOIapIaH OMpUIup.

Mamiakatumuszaa pyHaaMmenTan ¢haHjapHUHAT WIMHN Ba amMaiuil TaTOMKUTa
sra OynraH aMmaiuii MaTeMaTuka, WH(OpMaTHKA, paKaMId HMKTUCOMAUETHUHT
noiBap0 yHanunuiapra 3pTHO0p KydaWtupwind. JKyminanan, OXUpra vumiapaa
YeKJIM Ba Yekcu3 ymyamuin JIeiOHuI anreOpanapiuHu TacHUQIIAN OPKaId aMaJIHid
MyaMMOJIApHHU XaJl ATUII Oopacuaa CaIMOKIN HaTHXKalapra dpUIIWIAN. «Anredpa
Ba (QyHKIMOHAI aHaIN3» (PaHIAPUHUHT YCTYBOp WyHAIUIUIApU Oyinmda Xaikapo
CTaHAapTiap Japaxkacuja WIMHH TaJKUKOTIap oOJM0 Oopuill MaTeMaTHhka
¢anuauar acocuit Basudacu Ba Gdaonuar WyHamminu >tu6 Oenrunanan’. Kapop

! V36ekucron Pecnybmukacu Basupnap Maxkamacunauar 2017 #imn 18 wmaiigaru  “V36ekucTon

P ecny6m/n<acn (I)aHJ'Iap AKQJCMUACUHUHT SHTHWJAaH TallKWJI STHIITaH HHMHﬁ-Ta,Z[KHKOT Myaccacajlapu

(haoNMATHHH TATKWI 3T TYFpUCHIA TH 292-COH KapopH
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WKPOCMHU  TabMUHJANLA WIMUNA  HaTWXanapJaH WiIM-GaHHUHT  TYypIOIll
coxanapunaa QoimamaHUIl MaKcaauaa YeKJIM Ba YEKCHU3 YI4aMiIM e4rTyBYaH
JleitOaMIT anrebpanapy Ha3apUsICUHU PUBOKIAHTUPHII MyXHM aXaMHUSTTa dTa.

V36ekncron Pecniybnnkacu Ipesunentuauar 2017 it 7 depangarn  11D-
4947-con «Y36ekucToH Pecry6IMKAacHHM SHaja PUBONIAHTHPUII —Oyiinda
xapakatiap ctparerusicu Tyrpucuaantu @apmonu, 2019 itun 9 uronnaru [1K-4387-
coH «MaremaTnka TabJIMMH Ba (haHIApUHU SHAA PUBOXIIAHTHPHIIHU J1aBJIAT
TOMOHHIAH KyIUIab-KyBBaTIIAlll, IyHHHIEK, Y30ekucTon Pecry6nukacu danap
AxanemusacuHuHr  B.M.PomaHoBCckuii HoMuaaru MaremaTuka HMHCTUTYTH
daonmusTHY TyOJaH TAKOMIIIIAIITUPHUII Yopa-Tagoupiaapu Tyrpucuaantu sa 2020
vun 7 maiinarun  I1K-4708-con «Matematnka coxacuaard TabiuM cu(aTHHU
OLIMPHUII Ba  WIMHH-TAAKUKOTIAPHA  PUBOXIAHTUPUII  4YOpa-TaaOupiiapu
TYFpUCUIA»TU  Kapopiiapy XamJa Ma3Kyp (aosdarra Teruiuid 0omka HOpMaTUB—
XYKYKUI XyxoKariapja OenrujgaHrad Basu(anapHd aMalira OLIMpHUIa yumoy
JTYccepTalus TAAKUKOTH MyalsiH Japaxaja Xu3MaT KWIau.

TagkuKOTHUHT pecnyOuKka (paH Ba TEXHOJOTHSJIAPU PHUBOKJIAHUIIH
YCTYBOP HyHaJuIIapura 0OFIMKJIAMIH. Ma3Kyp TaaKUKOT peciyOiimka ¢aH Ba
TEXHOJIOTHsUIap  puBOkiaHummHUHr V. «Marematnka, MexaHuMKa Ba
nH(popMaTHKa» YCTYBOp UYHAIUIIN JOoUpacuaa OaxkapuiraH.

MyaMMOHMHI ypraHu/ratjamuk gapaxacu. Oynnamenran JIeBu Teopemacu
Oepunran yeknu ymyamin JIu anreOpaniapunu TacHUIIaI MacaaacuHu OUp KaTop
coranamtupu6d, eumtyBuan JIu anreOpanapunu TacHuam macaiacura ojuo
kenau. A. ManueB Ba ['M. My6Gapak3siHOBIap TOMOHHUAAH YEKIW YI4amiiv
eursyB4aH Jlu anreOpanapuHy yIapHUHT HUIpaJuKauiapuaad QoiiranaHuo
KypHUIIl METOAM KypcaTwiad Ba Oy meTon Eépaamuia HWIpagukanu Guiarndopm,
kBaszu-punmudopm, [eitzendepr, AGen Ba OolllKa HWIBIIOTEHT aiureOpanapiaH
nbopat Oynran euwnyBuaH Jlu anreOpanapunHuHr tacHuduapu onuHaud. byHnai
anreOpanapHuHr akcapustu JI. CHoOn Ba 1. BUHTEpHUT3 TOMOHMIAH YOIl TUJITaH
MoHorpadpusga xamianau. JK.M. Kacac, M. Jlagpa, b.A. OmupoB Ba M.A.
KapumxkanoBnap TOMOHMJAH  HWIpAIUKalap oOpKaidu  edwiyB4YaH Jlu
anreOpajapyuHu KypUIITHUHT YIIOy METOIMHM eurtyBUaH JlelOHuIl anredpanaputu
Kypulllla KYJUIAaHWIMIIA HaTWwkacuaa dca Huiapaaukanu Aoen, ['eiizenoepr,
bumudpopm, Hyna-¢punudopm, Tadbumii rpagyupianrad $unudopm, TadUUi
rpagyupianrad KBasu-QuimdopM, HyI-GuandopMIapHUHT TYFPU WUFUHIUCU Ba
Oomrka anreOpanap 6ynran eunnyBuaH JlenOHuUI anredpanapiuHu TacHU(IaHTaH.

Hactnab vexnu ymuammu ¢umudopm Jln anredpanapu M. Bepub Tomonnian
ypranuirad 0ynm6 kednHyanuk Oy anreOpajapHUHT YEKCU3 YIId4aMiIu aHAJIOTH A.
OuanoBCKUWHUHT unuiapuaa yupaian. Owmdopm JleiOuui anredpaapuHUHT
yekcu3 ymaamin aHanoru b. OmupoB Tomonnaan “ronka”  JlenOuur anreOpanapu
HOMU OunaH Tankuk HSTwian. FO. XakummkanoB Ba K. XakumpkaHoBaiap
unuiapuaa 4dekcus ymuamiu Jlu anreOpalapyHUHT TOTEHIIMAT HUJIBIIOTEHT Ba
MOTEHIIUAJI €YMTYBYaH J1e0 aTaayBYM MKKU CUH(DUHU TaHUIITUPTaH Oyiica, g1actiabd
MPO-HWIBIIOTEHT Ba Mpo-eumsyBuaH Jlu anreOpanapu n1e0 HOMJIAHYBUM YEKCH3
Vnaamnu anredpanap cuHduan [[.B. MUTTMOHIIMKOBHUHT HUIIUTapUaa yUpaTamMus.
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J.B. MIWITMOHIIIMKOB MablyM XyCYCHUSITra Kypa MpO-HUJIBIIOTEHT ajreOpaiapHu
TacHUGUHU Oepau.

Xo3upru Baktaa yekin yiryamin Jlu Ba JleitOHuI anreOpalapiHUHT TY3HIUII
CTPYKTypacu Ba YJapHHUHT TacBupiapu, auddepeHnmamianviap $asocu, xamaa
KoroMosioruk rpynnaitapu TaBcuduapuau III.A. Armos, b.A. Omupon, K.K.
Kynaiitbeprenos, NU.C.PaxumoB, A.X. Xynoitoepaues, XK. K. Anames, XK.M. Kacac,
M. Jlagpa, JI. Komauo, A. [llaGanckas Ba GolIKamapHUHT HILIapUia YpraHuirad
oyica, yekcus yimuamiu Jlu Ba JIeMOHUI] areOpalapuHUHT TY3UJIUII CTPYKTYypacu
Ba yIIApHUHT TacBupiapu, auddepeHnuamianviap ¢a3ocu Xamjaa MapKaszui
keHratmanapu II.A. Aronos, b.A. Omupos, A. ®uanoscku, 0. XakuMIKaHOB,
K. XakummxanoBa, [[.B. MuwumonmukoB, B. Kac, A. IllaneB, E. 3enmaHoOB,
T.K. Kyp6an6aeB Ba OoIIKaJapHUHT UIILIapHIa KapairaH.

Juccepranyus TAAKMKOTHHHUHI JMCCepPTANUA 0a’KapWITraH OJIM TabJIUM
MyacCcacCaCHHMHI WIMHI-TAAKUKOT UILJIAPU pexajapu OuJIaH OOFIMKJIUTH.
Jlucceprarus TamkKUKOTH Mup3o Viyr6ek HoMupard Y36exucToH Muiumid
yauBepcuteTHHUHT OT-®4-31 “HokxommyTtatuB Moayiuiap, JIeitorui anredbpanapu
Ba CUMIUIEKCIAa  ToJMHOMHMan  Kackammap”  (2017-2020  #unnap) Ba
B.1.PomaHoBckuii HoMugaru MaremaTtuka UHCTUTY THHUHT “BEDA-Drex-2018-79,
JleliOnuir anreOpanapuHuHr TacBupsapu” (2018-2019 iwinap) maB3ycuaaru
WIMUN TaIKUKOT JIOMMXaiapy Joupacuaa OakapuiiraH.

TagKNKOTHHHT MAaKCAJAH KOMIUIEKC MailJIOH/1a AHUKJIAHTaH [TPO-HUJIBIOTEHT
ujeanra sra OYyiraH 4YekJId Ba YEKCHU3 ViIUuaMiid €4YujIyBUaHra siKMH JlelOHuIl
anredpanapy TACHU(UHU OJUIIIAH HOOpaT.

TaakukoTHUHT Bazudaaapu Kyiugaruiapaad noopar:

OepunraH HUJIpaaUKaira sra OViraH 4eKiau YidyaMmid MaKCHUMall €4HIIyBYaH
JleitOHMI anrebpanapruHu TaCHHU(IIAILL

HUJIpaAUKaId MakCUMall y3yHiaukaaru ¢uidopm Ba KBazu-bunudopm
Ooynran eursyBYaH JleiiOHMI] anreOpaJlapyHUHT  WKKUHYM ~ KOTOMOJIOTHK
rpynnajlapyuHy TacHudIIan;

0ab3u mpo-HUIbNOTEHT JIu Ba JIeliOHuL anreOpanapuHUHT Oapya e4ynTyBYaHTa
SKAH KEHralTMaJlapyHM TacHU@Iall Ba MakCHMall €UWJIyBYaHra SIKUH
KeHTralTMaJapuHu Kylr TapTUOIM KOTOMOJIOTHMK TpyNajapyuHu TPUBHAILTUTUHU
KYPCAaTHILL

TagkuKoTHUHT 00beKTH. bepwiran makcuman OpO-HUIBIIOTEHT HICAILIN
YEeKJIM Ba YEKCHU3 YIUuaMii edrTyBYaHTa sskuH JlerOonuir anrebpanapu.

TagkukoTHUHr npeameru. Humbnorent Jlu Ba JleliOuui anreOpanap
Hazapusacu, euniyB4yad Jlu Ba JleliOHuil anrebpanapu Ha3apusCH, KOTOMOJIOTHK
rpymnmajiap Ha3apuscCu.

TaakukoTHUHT  ycyJuiapu. Jluccepramusizma accouuatuB — OyiMaraH
anredpalapHUHT CTPYKTYpPaBHIl HazapusCH ycyJulapH, nuddepeHnunannanuiap Ba
KOTOMOJIOTHK yCyJilap, NIYHMHTJIEK HWHBapUaHTIAp Ha3apusCu yCyJUlapuaH
dbolnananuaraH.

TaagKUKOTHUHT MJIMUI SHTWJIMTY KyHuaaruiapian uoopar:

HUWIpaJUKaIA MakcuMall y3yHiukaard ¢uiaudopM Ba KBazu-QuiIrpopm
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oynran eunnyBuaH JleroHuI anredpanapu TacHudIIaHraH;

HWIPAJAUKAIA MaKCUMall Y3YHJIUKAArd KBazu-¢puinndopm OYiaran eymiryBYaH
Jle#tOHu1 anreOpacCUHUHT KATTUKIUTH UCOOTIAHTaH;

oup Yymaamm uaean oyiinda GpakTop aaredpacu MO HUIBIIOTCHT paJrKaira
sra JIu anrebpacu 6ynran eunnyBuaH JleiOHu1 anredpanapu TacHU(IIaHTaH XamIa
OMpUHYN Ba WKKUHYM TapTHOIM KOTOMOJIOTHK TPYNIATaApUHUHT TPUBHAILIUTH
MCcOOTJIaHTaH;

Mozen puaudopm JlerOHUI anreOpacHHUHT YEKCU3 YI4aMJIi aHAJIOTHHUHT
eUMJlyBYaHTa SKMH Oapya KeHraTtManapu TacHU(IAHTaH Ba YJIApPHUHT KyWH
TapTUOJIM KOTOMOJIOTUK TPYIINaJapUHUHT TPUBUAJUIUTY UCOOTIIAHTaH.

TagKUKOTHHHT aMajiuii HaTHXKACH KyHH TapTHONIM  KOTOMOJIOTHK
rpynnajapHUHT TPUBUAUIUTUHU HUCOOTIANIAArd SIHTU METOJUIApHU  TaKJIU]
STWITAHJIUTH Ba 4YEKCH3 Yioyamud edwiyBuaHra skuH Jlu Ba JlelOHuI
anreOpanapuHu TacHU(IAI YCYJUTAPUHUHT 0a€H KUJIMHTAaHIUTUAaH noopar.

TagKuKOT HATHKAJAPUHUHI MINOHWIWIMIM HaTWXalap acCOIMaTHB
Oynmaras anredpaiapAaru MabJiyM METOJUIAp XaM/la MaTEMaTHK MYJI0Xa3aJIapHUHT
KaThUNINTUTA aCOCTIaHTaHJINTH, OJIMHTaH HaTWXayap anreopank
KYIXWUTMKJIAPUHUHT MablIyM HaTIbKajapy Ba TAIKWK ATHIN yCyJIapuaaH KaTbUi
doitnananranauru OunaH U30XJIaHAIM.

TaaKuKOT HATHKAJAPUHUHT MJIMHUI Ba aMaJIMi aXaMUATH.

TaaKUKOT HaTWXKAJTAPUHUHT UMUK aXaMHsTH UIIJIa OJMHTaH HaTWKajaap/laH
V36exucron PecryGmukacH onMii YKyB IOPTIApH MArMCTPAHTIAPH Ba TasHY
JIOKTOPAHTIAPH YUYH Maxcyc Kypciap/a KyJulal MyMKHHIUTHA Ba YEKCU3 YIT4aMIId
JIn Ba JleiOuun anreOpanapu Hazapuscuaa ¢oigagaHull MyMKUHIUTH OWJIaH
M30XJIaHA]IH.

TaaKUKOT HATWXKATAPUHUHT aMajuil axaMmHsaTH YJIapHU aireOpajapHUHT
nuddepenumannanuiap ¢a3zocu Ba aBTomMmoppumiiap rpynmnagapy Ha3apusCH SHTU
XoccajlapuHu ucOoTalra Taa0uK 3THILI MyMKUHIIUTY OUJIaH W30XJIaHa/IH.

TagKuKOT HATHKAJAPUHMHI JKOPMHM KUJIMHUIIM. bepwiran mnpo-
HUJIBIIOTEHT alre0palapHUHT eunilyBUaHra sikuH JIeiOHul keHraitManapu Oyitnya
OJIMHTaH HaTHXKaJlap acoCuia:

oup ymuamiiu uaean oyiinua gaktop anreOpacu MoJeNl HUJIBIIOTEHT paguKalra
sra Jlu anrebpacu Oynran euwstyByaH JIeOHuUI anreOpanapuHUHT OMPUHYM Ba
WKKUHYU TapTHUOJIM KOTOMOJIOTHK TpynnanapuHuHr tpuBnammuruaan OT-d4-31
pakamin «HoxkommyTtaTtuB mopaynnap, JlelOnuir anrebpanapu Ba CHUMILUIEKCIA
MOJIMHOMHUAJ KacKajuiap» MaB3ycuaard (yHIaMeHTan JoWnxajga e4YuiIyBuaH
JleitOamIy anreOpalapyHUHT KUYMK TapTHOIM KOTOMOJIOTMK TpyNHajiapyuHu
TacHuama doinananmiras (Mupso Yiayr6exk Homuaara Y36ekucTon Mumiuit
YuuBepcutetununr 2021 iinn 24-utonnaru 04/11-2377-coHny MabIyMOTHOMACH).
Nimuii HaTMKAHUHT KYJUIAHWJIAIIY HUWIPAAUKAIIHU XOCWJI KWJIYBUYH JJIEMEHTIIAP
COHM HUJPAJUKAIHUHT KO-yIyamMura TeHr OynraH edwsyBYaH JIeHOHUIY
anredpanapuHu KaTTUKJIUTUHU UCOOTIIaIl UMKOHUHU Oepras;

HUJIpaJUKaId MaKCUMall y3yHJIMKAAru kBazu-punudopm OViran eduiayBYaH
JleliOHuIl anreOpaCUHUHT TYJIUKIWTH Ba KAaTTUKJIUTHIAH EDA-Drex-2018-79
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pakamin «JIeOHuL anreOpanapuHUHT TacBUpW» MaB3ycuaaru (yHIaMeHTal
Jovinxana eunnyBuaH JleiOHuil anreOpamapuHU KOTOMOJIOTHK TpyHIajlapuHU
TaBcudIamaa doiinananmiran(Y36eKUcToH PecnyOnukacu ®dannap
Axanemusicuaunr 2021 inn 23 uronaaru 2/1255-1831-connu MabiyMOTHOMACH ).
WNnmuii HATHKaHUHT KYJUTAHWIUIIA HAJPAJIUKAId MaKCUMal y3yHIUKIArd KBa3u-
bumudopm JIu anredpacu 6yarad edrryBuaH JIeOHuUI anredbpatapuHUHT OUPUHIH
Ba MKKUHYM TapTHUOIM KOTOMOJIOTMK TPYyHHAIAPUHU TPUBHAIUIUTMHH KCOOTIIAII
UMKOHUHM Oepras.

TaakuKOT HATHKATAPUHUHT anpodanmsacu. Ma3Kyp TaIKUKOT HaTHXXKaJIapu
2 Ta xankapo Ba 4 Ta pecnyOiMKa WIMHMH-aMaiauil aHXXyMaHJIapAa MyXoKaMaaaH
YTKa3WJIraH.

TaakuKOT HATHKAJAPUHUHT JBbJOH KWJIMHIAHIAMIU. [luccepranus
MaB3ycH Oyiuua sxamu 12 Ta WIMMEl MID 4OI 3TWITaH, IIyJapiaH, Y30eKHCTOH
PecnyOonukacu Onuii aTTecTanusi KOMUCCHSICUHUHT JTOKTOPJIMK AUCCEPTALMSIIAPU
acoOCUM WIMHMHI HATWKaJapUHU YOIl TUII TaBCHUS ITWITAH WIMHUK Hampiapaa S ta
WIMHUNA MaKoJa, )KyMJiaJaH, 2 TaCu XOpUKUM Ba 3 Tacu pecnyOnKa )KypHaJlapuaa
HaIIp STUITaH.

JluccepTanMsIHMHT TY3WINIIN Ba Xa:KMHU. /{uccepTaiust KUpHIL KUCM, ydTa
000, xynoca Ba (olpganaHwiran axabu€rnap pyiixatugaH — uOopar.
JuccepTallusTHUHT XaKMU 85 O€THH TaIlIKWJI TTaH.

JJUCCEPTALIMSIHUHI ACOCUHM MA3MYHHU

Kupum kucmpaa amccepranys MaB3yCHHUHT J0JI3apOJMIU Ba 3apypartu
acocjiaHraH Oynu0 TaIKUKOTHUHI pecnyOiuka ¢aH Ba TEXHOJOTHUsIIAPU
PUBOXKJIAHUILIMHUHT YCTYBOP WYHAIMIIITIAPUTa MOCIUTH KYpcaTWiIrad, MyaMMOHUHT
YpraHuiaranivK Japakacu KeJITUPUITaH, TAAKUKOT MaKcaau, Bazudanapu, 00bEKTH
Ba MpeaMeTd TaBcU(pIaHTaH, TAAKUKOTHUHI WJIMHA SHTWIMITK Ba aMaluil
HaTHWXKanapyu Oa€H KWIMHTAH, OJIMHTAH HATIKAJApHUHT Ha3apuil Ba amMaiui
axamMusaTH 04u0 OepwiraH, TaJKUKOT HATHXKAIAPUHUHT KOPUW KUJIMHHIIN, HAIIP
STWITAH WIUIAp XaMmJa JuccepTanus Ty3WIUIM Oyinda MabIyMOTJIap
KEJITUPUIITaH.

Hucceprauusinuar  “Huapagukaman ¢uandopm Ba KBasu-puiaudopm
oyaran edyusnyByal Jleitonun anredpanapu’ ned HomianyBun OupuHun 600ua,
JIn anrebpanapu Ba JleitOauI anrebpanapu Ha3apusJIapUIaH 3apyp TylIyHYanIap Ba
épramMun HaTwxkanap kentupwirad. Hunpamukanmu wmakcuman dumudopm Jlu
anreOpacu Oynran euwityBuaH Jlu anreOpacu Ba HUJIpaAUKAIA MaKCHUMAa
y3yHJIuKaaru kBazu-punudopm Jleidouur anredpacu O0Viaran eunayByaH JIeOHUIT
anrebpanapu TacHudaanrad. byHnaan tamkapu, Oy anredpanapHUHT Kyill TapTHOIN
KOTOMOJIOTHK IpyNajapy TaAKUK STUITaH.

K Gupop maiioH GYIcuH.

1-tabpud. K maiinon ycruna anuknanrad L anreOpaHuHT uxTuépuii X, Y, Z
3JIEMEHTJIApU YUYH KyHuaaru aitHusTiap 6axapuica,

[X,X]=0 — aHTHKOMMYTaTHBINK AHUATH,



[X[y,z]]1+1[Yy.[z, X]] +[z,[X, Y]] =0 — SIko06wu aiinustHu,
y xonna L anreOpacura Jlu areebpacu neviwnanu, 0y epaa [-,—] — L anre6Gpana
AHUKJIAHTaH KYTIaUuTUPUII aMaJld.

2-tabpu@. K Maiiion yctuaa anukianrad L anreOpaHuHr uxtuépuii X, Y, Z

aJIeMEHTIIapH YUyH Kyhuaaru JIenOuui ailHuATH Oaxkapuiica,

[[x. yl.zZ]=[[x.z], y]+[x.[y.z]]
L amrebpa Jleubnuy aneebpacu nevmnanu, 0y epma [—,—] —L anreOpana
AQHVKJIAHTaH KyNaWTUPHUILI aMaJIu.

L JIeiOHuI anreOpacHHUHT UXTUEPHIA X, Y JIeMeHTIapu yayH [X, Y] =-{Y, X]
mapT Oaxapuica, y xojaa JleiOnur aiHusaT SlkoOu aitHuATH OMIaH yCcTMa-yCT
Tymuo Kosiagu Oy 3ca JlelOnur anrebpacu Jlu anreOGpacHHUHT HOKOMMYTATHB
aHAJIOTY DKAHJIUTUHU aHTJIATa]lH.

Acocuii tappu¢ Ba TymyHdanapHu JleitOHui anreOpanapu y4yyH TakKIUM
3TU0, ynapHu Jlu anredpanapu yuyH Xam (0omikaua KypcaTuiamaras oyica) YpuHiu
oynumuaan QouganaHaMus.

Adtraitnuk, L-JleiOnun anre6pacu OyncunH. L -JleiiOHun anredbpacu ydyH
KYUu MapKka3ui Ba X0CUIasuul KamopIapHu MOC paBUIAA KyHH1arnda aHUKJIaliMu3:

'=L, L'=[L%L], k>1 Ba =L, =[], s>1.
3-tabpud. L -Jleitoann anrebpacu O6yncun. [lyngait ne N (Moc paBurmiia,
m e N) con maxy 6ymu6, L =0 (moc pasumga, L™ = 0) ypurmm 6yica, y xona
L nunvnomenm (Moc paBuiiaa, evunysuar) JleiOuuil aredpacu aeriunagu.

L JleitOuuiy aireOpaHuHT MaKCUMaJl HIJIBIOTEHT (MOC PaBUIIJIA, €YMITYBYAH )
uneanura L anredpaHuHT Hurpaouxkaiu (MOC paBULIAA, paduKkaiu) IeUnIIau.

4-tabpud. L anreOpana ammiranrad d:L — L gwusukmm anmvamrupum L
NreOpaHUHT UXTUEPUNA X, Y dIEMEHTIapU YUyH yIIOy

d([x, yD) =[d(x), y]+[x,d(y)]

nuddepeHnramuian KouAacuHU KaHOaTIaHTUpca, y Xonma, d:L— L gusukim
alMaIITUPUIITA Oughghepenyuaniaw NeNnIIaIn.

JleitOuun aiiHuATH €praMuja YHIIAaH KYNaWTupuil omeparopu R, HH
muddepeHnuanIam AKAHIUTHHU  KYpUIIUMU3 MyMKUH. byHpmaih Typaaru
nudepeHnmanianuap uuxku ougpepenyuanrawmnap ned atananu. Muku 6yamaran
muddepennanianiara aca mawku ouggepenyuaniawnap JeHuIaIu.

5-tabpud. Arap L JleiOnuiy anreopacu yuyn Center(L)=0 Ba 0Oapua

nuddepennpannanuiapu nuku 6yinca, L JleiOnui anredbpacu myaux AeHuaagu.
by epna Center(L)={xeL|[x,y]=[Y,x]=0, Gapua yeL}.
L 6upop munenortent JleiGuun anrebpacn 6ymcun. Mxtuépmit X e L\L?
aneMeHT yuyH R, omeparopHuHr JKopJaH KaTakjapu YIdaMJapUHUHT KaMalHII

TapTuOugaru kerMma-ketnurunu C(x) opkanu Oenruwnainuk. byHpaih kerma-
KETJIUKIIAp TYTJIAMU/A JICKCUKOTpaPUK TApTHOHHU KapalsivK, SbHHU,

C) = (M My-.1,) <C(Y) = (M, m,,..,m,)
ypurau Oymamu daxar Ba daxar myHmaii i €N wmapkyn 6ymu6, Oapua | <i
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Oynranma N; =M, Ba N, <m;.

6-rappud. C(L)=maxC(x) xerma-keminkka L JlelOHuI anreOpacuHUHT
xeL\L?

Xapakmepucmux Kemma-Kemauey NeHuIaim.
XapakTepucTuk Kerma-kerauru (n,n,,...,n,1) Oyaran Ba HomgaH (dapkiau

Kyluaaru kynaitmanap OpKaid aHUKJIAHTaH MOJENl HWIbNOTEHT JIu anrebpacu n
HU KapauJIvK:
[e.e]l=e., 2<i<n
[enl+...+nj+i’e1] = enl+...+nj+l+i’ 2 S I S n; 1S J S k _1'

j+1

17

7-tabppud. Antaitnuk, L - n ymuamnu Jleitbnun anreGpacu 6yicun. Arap
2<i<n yuyn dimL =n-i mapr ypunmu 6ynca, y xonga L Jleiibuun anrebpacu
Gunugopm nernnanu.

8-tabpud. Anitaiinuk, L - n ymuamnu JleiOuun anrebpacu OyicuH. Arap
L"? {0} Ba L"" ={0} maprnap ypunmu 6y1ca, y xomna L Jleitbuur anrebpacu
Keazu-gurugopm neiunaiu.

L JletiGuur anre6pacu Ba N >0 yuyH ymly OeNTHIalIHN OJIaiIHK.

CL'(L,L)=Hom(L®L).

d":CL"(L,L) » CL"™(L,L) 4u3uKIM aKCIAHTHPHII KyHHIArNda aHUKIAHCHH:
n+l
i

(d n¢)(xl’ t Xn+1) = [X1’¢(X2” ° Xn+1)] + _Z(_l)l[(o(xli RTRSTERRY Xn+1)l Xi] +

> D0 K [ K Koo Ky X,),

Ki<j<n+l
6y epma, ¢CL'(L,L), x eL Ba X - Genrm ymby Karopaa X,HH TyUIUO

1 —
KoMWIIMHK aHriatagd. 0" - umsukiam akcnantapum yayHn d" od" =0 xocca
YpuHIM OYAMIIMAAaH KyiHMaaruda aHuKIaHrad N-TapTHOIM KOTOMOJIOTHK TIpyIIna
TYFPHY aHMKJIAHTaHWHU OJIAMH3

HL"(L,L):=ZL"(L,L)/BL"(L,L),
6y epma ZL"(L,L):=Kerd™ Ba BL'(L,L):=Imd" ¢dasonapHunr >remeHTIapn
MOC paBuIIIia N-KOUKIUTap Ba N-Koderapanap Aeiuiaim.

Arap Oy epaa @ Lx L — L Ouuusukiv akcIiaHTHPHII aHTUCUMMETpPHK OYIica,
y xoijga y Jlu 2-KOUMKI 3l€MEHTH Jevnnanu Ba JIu 2-KOroMOJOTHK TpYIIaHU
Kyitnnarmaa anmitaiivms H? (L, L) == Z*(L, L) / B*(L, L).

9-rabpud. Arap L Jleii6uni anre6pacu yaysn HL?(L,L) =0 ypurnm 6y1ca, y
xosna L JleitOHun anredbpacu KOTOMOJOTUK KATTHK JeHUIIa N,

L gexknu conmard HoimaH dapkiau V. ¢asoiapaaH Talikuia TonraH /Z-
rpaayupianrad Jleitouun anreOpacu OyncuH, sbHu L=V, 0ynub, uxtuépuii
i,jeZ yayn [V,,V,]cV

L munbnorent JleiOnun anreGpacu 6yncun. Arap L=V, @V, ©.. OV, na

i ypuHIH.

Oapua i (ki<1<k;) map yuyn Vi# 0 6¥7ca, y xonna L JleiOuwuir anredpacu Gosnukiu
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2paoyuposKaza 3ea Nenuiaim.

10-tabpud. [(®L)=I(V, ®V, ,---®V, , )=t+1 comura epadyuposka
yayuaueu nevmnanu. Arap (L) =dim(L) Vpurmm 6yica, y xonma rpaayupoBKa
MAKCuman y3yHauKoa neunnaau

L anreGpaHWHT y3yHIUTH KylHIaruya aHUKTaHa I

I(L) =max{l(®L): L=V, ®V, ,, - ®V, , -602muxmu epadyupoera}.

Arap L wMakcuman y3yHIWKIArm rapaydpoBkara d3ra Oyica, sSbHU
I(L)=dim(L), y xomna L JletiOHui anredpacu MakCHMall Y3YHIMKIA JCHUITa TN

Kyitnnaru teopemana JI.M. Kamado Ba Oomkaiap TOMOHMJIaH KYpcaTHJITaH
MakcuMal y3yHiaukaaru Jlu Oyiamaran kBasu-¢uaudopm JlelOuui anredpanapu
TacHU(U OepuiraH.

1-Teopema. Makcuman y3yHJIUKAArd UXTHEpHM N-Yodamiam (N>6) KBas3u-
bumudopm JIu 6ynmaran JlelOuu anredpacu Kyiuaaru y3apo uzomopd 6ynamaran
anrebpanapaan oupura u3oMophaup:

M e - [el’ el] =€ [en—l’ el] =€,, [ei ) el] =€ 2
. [en—l’en—l]:5e ’ [eilen_l]:5ei+3, 56{0,1}, 23| <

24 . [ei’el]:eiﬂv 23i£n—3’
| [el’en—l] :len, A EC,

3a . {[el’el] =6, [e;.€;] =y,

[e.e]l=e., [e,e]l=-e, 3<i<n-1
s {[ei,el] =e,, 1<i<n-3

[el’ en—l] = en’

Oy epna {el,ez,...,en} anre6panaru 6asuc; M 3 anreGpana arap n> 6 6yica, a=0 Ba
arap n=6 oynca, ac{0,1}.

bepunran Hunpagukainra sra 4yekid ymdamum edwinyBuaH Jlu Ba JleOnwmil
anreOpanapuHu TaxJIUJ KWIHII JTaBOMHUJIA YIIOY CTPYKTYpaHH YEKCH3 YII4amiiH
X0JIaT YUyH YTKa3uIll MyMKHHMU JIETaH CaBOJ TyFuiIaiu. by caBosira skaBoO TOMHIII
y4yH 0u3 nactiad ymdy METOAHM MaKCUMall MPO-HWIBIIOTEHT Ueaira sra Oyiaran

eurtyBYaHra sikuH JIu Ba JleiiOHun anreOpanapuHu Kypull YUyH KyJuiad KYypAauK.
L dyexcu3 yimuamiau caHOKJ M O6a3ucra sra 0yiran JleiOuui anredpacu OYJICHH.

11-rabpud. Arap ﬂ L' =0 (moc paBumIza, ﬂ " = 0) ypurim 6y1ca, y xonna,
i=1 i=1
L Jle#Ouury anreOpacu Hunvnomenmea sikun (MOC PaBHUIIIA, €YUTY8UAHSA SKUH)
JIenuniIaau.
Kylingarn mpo-HWIBIIOTEHT Ba MPO-€UMIIyBYaH anreOpanap Tabpudiaapu
J.B.MUIIMOHIIIMKOBHUHT UIIIAPUIAH OJIMHTAH.

12-tabpud. Arap uxtuépuii i >1 yuyH, ﬂ L' =0 (moc paBumiza, ﬂ L' =0)
i=1 i=1
va dimL/L <o (Mmoc pasumma, dimL/ LM <o) ypurmm 6¥mca, y xomma, L
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JletiOHu anredbpacu npo-nunvnomenm (MOC paBUILIA, HPO-SHUTYBYAH) NECHNTIAIN.
Anttaiimuk, m, wmozen ¢ummdopm Jlu anredpacMHUHr 4YeKCHU3 Yiayamiu

anajgorn OyncuH. Kyimmaru teopemaga K. K. AOGmaypacynoB Ba Oomikamap
TOMOHUJAH m, ajJreOpaHUHI MakCuUMal e4MiyBYaHra sKMH JIu keHraiTmacu

Oepuiras.
2-Teopema. Aiftaiiink, R Oy Makcumal Npo-HWIBIIOTEHT UAEaI m, Ba KO-

Yymuamu 2 Oynrad euuiyB4aHra sakuH JIu anreOpacu OVicuH. Y xonjga nryHjan
{x,v,e,6e,,..} Oasuc maBxyaku, Oy Oasucma R aireOpaHMHr KynaWTHUPUII

KaJBaJIM KyHujaarnya KypuHHIIIA Oyaam
[e.e]l=e., 122, [e,, x]=¢,

[e, x]=(i1-1)e + Zt:ﬂkeknz’ 1>2,
[y.e]=-¢, iZZ—’

oy epna B =(Bs Bur-- ) € C"* BateN.

Texmmpud Kypumi MyMKUHKH, Oy owuna y3apo wuzomopd Oyimaran
ednTyBUaHTa AKUH JIu anreOpanapuaan TalKuI TONTaH.

1.2 maparpadpaa Kyiuaarda KYMaWTUPHII SKaJBaldl OPKAIM aHUKIAHTaH M
bumudopm JIu anredGpacuHUHT 6apya MaBKy/] €4MIIyBYaH KEHTalTManapu TacHUpu
Xamja Kyiu TapTu0Jid KOrOMOJIOTUK TpyNnaiapu TacCHU(IaHTaH:

([e,.6]1=6,, 2<i<n-],
"|[e,.e]=e,, 3<i<n-2
3-Tteopema. Hunpanukanu m Ba ko-yimuamu 1 Oynran xap KaHjaai equiTyBUaH
JIn anrebpacu Kyiuaaru anredpara uzomopd Oymanu:
[e,,e]l=e,, 2<i<n-1,
M:[e,,e]=e,, 3<i<n-2,
[e,x]=ie, 1<i<n.
by epna, {e,e,,...,6,,X} 6y M anrebpanunr 6asucu.
4-teopema. dimH*(M,M) =1.

3,
1.3 maparpadpaa wuapagumkamd M ™Y - Makcuman y3yHIMKIArd KBasu-

bumudopwm JleitOuun anredpacu O0ynran eunnyBuad JleiOnui anredpacu TacHUDU
OJIMHTAaH XaMJla YJApHUHT KyWH TapTHOJHM KOTOMOJIOTHK TpYIaTapy TaxJIHI
KHAJTUHTaH.

5-teopema. Aditaiimuk, L 6y mHmnpamumkamm M®° Ba xo-ymuamm 2 6ynran
eumyBuad JleiOnui anrebpacu OyncuH. Y xonma L anreOpaHuHr uryHjai
{e,.e,,....6,,X, Yy} Oasucu mapxyzaku, Oy Oasuciaa L anreOpaHuHr KynaiTupuin

KaJBaJM Kyiuaarnda 6yiaaau
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([e.6]=¢,, [e.e]=61, [e.e]=6.,, 3<i<n-1,
L. [e,.x]=¢, [x.e]=—¢, [e, x]=2e,,

[e.x]=(1-3)e, [xe]=—(i—-3)g, 4<i<n,

[e.y]=¢, [v.e]=¢e, 3<i<n

6-Teopema. L eunmnyBuan Jleitbunn anrebpacu myiux anredpa Oymamu.

7-Tteopema. L eunnyBuan JleiiOHMIl anreOpacMHUHT WKKUHYM TapTHOIH
KOTOMOJIOTHK T'PYIAcH TPUBUAIIUD.

JucceprauussHuHTr “bab3d KOrOMOJIOTMK KATTHK e4yuWiyB4YaH JledOHUI
ajqredpanapu” €0 HOMJIAHYBYM UKKUHYM 000M1a, HUIPAJUKATHUHT 3JI€MEHTIAP
KBaJIpaTiapuiaH Xocusl Oynran Oup ymdamum uaean OyVimda ¢aktop anredOpacu
MoJiesT HIIIBIOoTeHT JIu anrebpacu (n,) Oynaauran Makcumalt edniayBYaH JleiOHuIT
anreOpanapu  TacHugu Oepwirad. Ymly TacHU(]IaHTaH oujara TErHIILTN
eursyByaH JleiOHuI anreOpajapuHUHT OWUPUHYM Ba MKKUHYM TapTUOIH
KOTOMOJIOTHK TPYNHAIapUHUHT TPUBHAJUIUTH UCOOTIIAaHTaH.

Kyitunaru L(ex,, ) (1<i<Kk) zunenorent JleitOnu anrebpanapyu ouacuu
KapaJimkK:

[e.,e]l=e., 2<i<n, e, e]l=—€,, 3<i<n,

[en +...+nj+i’el] = enl+...+nj+1+i’ 2<i< nj+1’ 1< J <k-1,
€€, n ] =€ n i 3<i<n,, 1<j<k-1,
[e.&]=h, [e;.6,]=anh, [e,6,]=—¢€+ BN,
[en1+ an+21 Cn +n-+2] o 40, 1<i<k-1,

[el’en1+ +n+2]_ M+ +n+3+ﬂi+1h’ 1<i<k-1,

Oyepma n >n,>...n =1,

Ky#iiunaru  teopemanma L(e,f), 1<i<k anreOpaHuHr MaKcHUMHAI
eurtyBYaH JleOHuIl anredpacu KeITUPUIITaH.

8-teopema. Hunpagukamu L(e,, ), 1<i<k Ba xo-ymuamu (K +1) O¥ynran
eumtyBuaH JleiOnuIl aniredpacu Kyiinaaru anreopara usomopd o0yiaau:

[e,,e]1=h, [h,x,]=2h,

[e.,e]=—]e,e]l=¢e.,, 2<i<n,

[e”1+ AN 1]_ [ 19 n+ +nJ+|]_enl+.,.+nj+1+i’ Zgisnjﬂ’
R: [elix1]:_[x1’el]:e1’

e, x1=-1x,e]1=(—-2)e, 3<i<n +1,
[en1+...+nj+i J Xl] = _[X er11+ AN, +|] ( 2)en W+ AN 2<i< nj+l’
[e.,x,]=-[x,,e]=¢, 2<i<n +1,
[enl+...+nj+i ! Xj+2] = _[Xj+2’enl+...+nj+i] = en1+...+nj+i’ 2< I < nj+1’
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Oy epna 1< j<k-1.

O-teopema. R eunnyBuan JlelOHuIl anredpacu TYIUKIUP.

by Teopema R-anreOpanuHr 1-TapTMOAM  KOTOMOJOTHK  TpyHmacu
TPUBUAJUIMTMHU KypcaTaau. DHIM R anreOpaHuHr 2-TapTUONIM KOTOMOJIOTHK
TPyNIacHHU TaXJIUI KIJIAWIHK.

10-reopema. HL?(R,R) = 0.

HuccepranusHusar ""TIpo-HUIBNOTEHT Waeara sra O0V/ral e4wsyBYaHra
sikuH JIu Ba JleiiOHu ajredopanapu tacuudgu' 1e6 HOMIaHYBYHM yuuuu 600ua,
MaKCUMaJl MPO-HIJIBIOTEHT uaeanu moaen guaudopm Jlu anreOpaciHUHT YeKCU3
ymuamnn ananorn M, :{[e.,e]=-{e,e]=e,,, i>2 Oynran Oapua eunmmyByaHra
skuH JIu anreOpanapy Ba MakCHMall MPO-HWIBIIOTEHT Heanu Moaen Gpuiaudopm
JleliOHu1 anreOpacuHUHT yekcu3s ymdyamiu ananoru F:{[e,e]=e , i>2 Oyaran
Oapua euwnyBuaHra sikuH JleiiOHuIl anreOpanapu TacHudu kenTupwiradH. by
TacHU(IaHTaH anredpanapAaH MakCUMall KO-yidamra 3rajJapuHAHT OMPHUHYM Ba
UKKIHYY TApTUOJIM KOTOMOJIOTHK TpYyIINaiapy TPUBHAIUIUTH HcOOTIanTan. bynman
TaIIKapy, MaKCUMaJ MPO-HUJIBIIOTEHT Haeanu BUTT anredpacuHuHT MycOaT KUCMU

m, :[e,e,]=(i-j)e,;, i,j=1 6§nran npo-eunnysyan Jlu anreGpanapy AroHaIUrU
xamaa y Butt anredpacuuunr HoMaHbuii kucmu W, 9KaHIUTH HCOOTIIaHTaH.

Ymby 606aa MakcuMan npo-HuiibnoTeHT uaeanu N Ba N ra TynaupyBuu KucMm
da3o yauamu K Oynran xap KaHmail euwinyB4aHra sSKuH JleHOHuMII anreOpacuHU
R(N,k) xabu 6enrunanras.

11-teopema. Alitaitnuk, R(m,,1) 6y Makcumaln npo-HUIBIOTEHT WA M,

Oynran eumnyBuaHra skuH Jlu anreOpanapu owsnacu OYicuH. Y XoJja, IIyHaau
{x,e,,e,,...} 6a3uc ronunaauku, Oy 6azucaa R(m,,1) HUHT KYARTUPUII >KaTaBaIIN

KyHuJard KypuHuiga oyiaau:

[e.,e]l=e,,, 122,

R (m,.1 B):1[e,x]=¢e,

[ X1 =((-2) + £)8 + Y Al 122,

B, #1, ﬂ:(ﬂ2’ﬂ3’---’ﬁt)ect—1, teN.

[e.,e]l=e,, 122,
R,(my, 1 B):q[e, x]=¢ +ae,,

[o, X1= (-, + Y e 122,

p=By...f)eC? aeC, teN.
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[e..e]=¢e 1>2,

i+1?

Ro(mo, 1, B): [e,x]=¢ +thﬂkei+kz, 122,

p= (ﬁaaﬂm'-wﬂt) € (Ct_z, teN.
Kyitunaru xocca R (m,,1/5), R,(m,1 /) Ba R,(m,1 F) anredpanap

OMJIACHJIa TYJIUK ajaredpa MaBKy,l SMACIUTHHH KypcaTau.
1-Tacauk.
J d(e)=e, i>2 akcmantupum R,(m,,1, F)omnagarn uxtuépuii anredpa

y4yH Tarmky auddepeHnmamian oyaaam.
d(e)=e,,

A0 =3 fe.

y4yH Tamku auddepennumaian 0ynaam,
J d(e)=e,,, 122 ymOy akcmantupumi R,(m,,1, f)ounanarn uxTuépuii

akcnantupumr R,(m,,1, f) owmnmamarm uxtuépuii anrebpa

anreOpa ydyH Tamku auddepeniuanian 0yiaam.
R(m,,2, ) Oy Makcuman INpO-HWIBIOTEHT HACANIM m,O0yIraH MaKkcHMall

e4MTyBYaHTra SIKUH JIu anreOpanapu owsiacu.
12-teopema. R(m,,2, f) ounanaru xap KaHaai aareopa TYIUKIHD.
Oumn  R(m,,2,) owmmagarm anreOpagapHUHI  HMKKHHYM  TapTHOIM

KOTOMOJIOTHK TPYNIaJapyuHU TaXJIUI KUIAWITUK.
13-teopema. R(m,,2,5) ounagary xap KaHaail ajreOpaHUHI HMKKHHYU

TapTUOJIM KOTOMOJIOTHK TpYIIaiapy TPUBHAI OYJIaIu.
Kylingaru teopema MakcHMMaa NPO-HHUJBIIOTEHT MJ€and m, OyiaraH mpo-

eUMJIyBYaH ayire0pa ArOHAJIMTMHU TabKUJIANN.
14-Treopema. Alitaiinuk, P Oy MakcHMall IpO-HUIBIIOTEHT Uealu m, Oynran

po-euniiyBUaH ajrebpa OyincuH. Y xonma P anreOpa m3oMopdu3M aHUKIHTHIA
AroHa Ba Kyhuaaru aiareopara uzomod 0ymanu

W, :{le& 1=~ Dey;, 1§20,
2-tacauk. W, Tynuk JIu anre6pacu 6ynanu.
3.3 maparpad1a Makcumai Ipo-HWIBIOTEHT Hujieanu F OyiraH eunayBYaHTa
saxuH JleiOauI anredpaiapu TacHU(PUHYU ONUIIT JaBOMUAA F HUHT KO-Ymyamu 2 1aH

KaTTa dMaCIUIU KypCaTHUIITaH.
R(F1)=F®Q - cunmnyBuanra skwH JIeHOHUWI] anreOpacHMHHA TaXJIHI

Kujaimmk, Oy epaa dimQ =1.

15-Tteopema. R(F,1) - eumnmyBuanra skuH JlelOHmI anreOpacuma mryHmai
Oasuc {x,e,e,,...} mamxynaku, Oy OasuCna R(F,l) anreOpaHuHT KymadTHPUII
KaJBaJIM KyHuaara KypuHuIaa 0ynaau:
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[e.,e]l=e.,, i1>2,

Rl(F ’Lﬂ) . [91’ X] = _[X’el] =€,
e, =(-2+ B)e+ > Ao, 122

6y epna B= (B, B 3)eC™, teN.
[e.e]=€

1> 2,

[e,, xX]=¢e, [x,e,]=—€ +e,,

R,(F.LA):1[e, x]=(i—-1e + Zt:ﬂkek+i_2, 1>2,

i+1?

UM=Z&$w

6y epna B = (B, By, 5)eC?, teN.

[e..e]=¢€ 1>2,

i+1?

t
&, x]=¢&+ ZﬂkekJri—Z’ 122,
=

6y epna = (B, By, 5)eC?, teN.
Kyitnnaru xocca R, (F,1, S) Ba R,(F,1, f) ounanaru uxtuépuit anreOGpanuHr

R,(F.,1,5):

Tamky auddepeHmaianiapy MaBKy ITMTHHA TabKUIJIAIH.
2-xocca.

) {d(ei) =e, 122, 6y R(F,,, ) ownamarn uxTuépuii ajireOpaHUHT TAIIKH

muddepenunamiamu oynany.

o {d(g)=e.,, 122, 6y R,(F,1,3) ounanaru uxtuépuii anreGpaHuHr TAIIKK
nuddepennmamiamu 6ynaau.

Kylingarn teopema MakcuMmasa MpO-HUIBIIOTEHT ujeanun F Ba ko-yauamu
MaKcUMaJ OyIMaraH e4uIyBUaHTa SKHH TYJIUK anreOpaJapHUHT KaTTa OUp OWiacu
MaBXY/JIMTHHU KYpcaTaIu.

16-Teopema. R,(F,1, ) ounagaru xap Kanmaii anredpa TYIUKIUP.

17-reopema. R(F,2) cumnyBuanra skuu JleiOHuIl anreOpacuaa MIyHaw
{x,y,e,e,,..} 6a3uc maBxynku, Oy 6asucma R(F,2) anreOpaHuHr KymalTupuun
YKaJBaJM KyHuaard KypuHUIaa 0ynaau.

[ei’el] =€ i>2,

[e,, x]=—-x,e]=¢e,
[&, x]=(-2)e; + Zt:ﬂkekn—z’ i>2,

e, yl=e, i>2,

R(F,2,/0):
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6y epaa B=(f,,5;...3)eC™, teN.
R(F,2,4) owunmamarm xap KaHmai aiareOpaHUHT OWUPUHYM Ba HWKKUHYHU

TapTUOJIM KOTOMOJIOTHK TPYIIaiapy TPUBHAI OYIau.
18-Teopema. R(F,2, f) omnanaru xap KaHnai anreOpa TYIHK OViamy.

19-teopema. HL*(R(F,2, 8),R(F,2,5)) =0.
XYJOCA

Ymly auccepTaiys YeKiIu Xam/1a YeKCU3 yIyaMild eurilyBuaHra sskuH Jlu Ba
JleitOHu1 anrebpanapuHul YpraHuiira OaruiiaHaam.

TaAKUKOTHUHT aCOCHU HaTWXKajJapu KyluaaruiapjaH uoopar:

1. Hunpanukanu 6epwiran pummdopm Jlu anredbpacu Oynran eunayBdan Jlu
anreOpanapu TacHuGIaHTaH Xamja ymiOy edrIyBYaH aireOpajapHUHT KyWu
TapTUOJIM KOTOMOJIOTHK TPpYIIaiapy TaXJIuil KUJIUHTaH;

2. Hunmpanukanu makcumal y3yHIMKAaru 0abi3u kBasu-puiaudopm JlenOHuiy
anredpacura uzomopd O6ynran edyrnyBuyaH JlelOHuUI anreOpasapuHUHT TYIUKIUTH
Ba KATTUKJIMTHU UCOOTIIaHTaH;

3. bup ymuamnu wuaean Oyiimua Qakrtop anredpac MOAET HHIJIBIOTECHT
pamukaiira sra Jlu anreOpacu Oynran euwntyBuaH JleliOuui anreGpanapu
TacHU(JIAHTaH;

4. bup ynuamimm wupean Oyiimua ¢akTop anreOpacd MOJEN HUIBIOTEHT
pagukaira sra Jlu anreOpacu Oynran euwityBuaH JleWOHuI anreOpasapyUHUHT
TYIUKJIUTY UCOOTIaHTaH,

5. bup Vymuamnu wuaean Oyiinua Qakrtop anredpacd MOJAENT HHJIBIOTEHT
paaukanra sra Jlu anreOpacu Oynran euwnyB4yaH JleHOHUI[ anreOpamapyHUHT
WKKUHYY TapTUOJIM KOTOMOJIOTHK TpyNaiapy TPUBUAIUIUTH UCOOTIaHTaH,;

6. Monen dunudopm JleiOHuUI anreOpacHHUHT YEKCU3 YIT4aMITi aHAIOTHHUHT
eUMITyBYaHTA SIKUH Oapua KeHranTtMaaapu TaCHU(JIaHTaH;

7. EunntyBuanra sxun JleiOnun anredpanapaad udopart karra Oup owianaru
Xap KaHJal aireOpaHuHT TYJIUKIUTH UCOOTIIaHTaH;

8. EumnryBuanra sxun JleiOnuir anredpanapaad nbopar karra OUp OowiIagaru
Xap KaHAail anreOpaHWHT WKKWHYMA TapTHOIM KOTOMOJIOTHK —TpYyIIIajapH
TPUBUAJUTATH UCOOTIAHTaH.
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INTRODUCTION (abstract of PhD thesis)

Actuality and demand of the theme of dissertation. A great amount of
scientific and applied research in the world is focused to the theory of algebraic
systems. The connection of the structure theory of Lie algebras with some problems
in mathematics and physics has led to the emergence of various generalizations of
Lie algebras, such as n-Lie algebras, Lie superalgebras, Malcev and Leibniz
algebras. The theory of Leibniz algebras is one of the intensively developing areas
of modern algebra and extending of results of Lie algebras to the Leibniz algebras is
topical issue. Levi’s theorem for the case of Leibniz algebras asserts that any finite-
dimensional Leibniz algebra over a field of characteristic zero is decomposed into a
semidirect sum of its solvable radical and a semi-simple Lie subalgebra. Thus, the
description of finite-dimensional Leibniz algebras turns to the study of solvable
Leibniz algebras. Therefore, the study of the structural theory of finite-dimensional
solvable Lie algebras and solving the problems related to their cohomological theory
are remain as an important issue.

Nowadays in the world, finding out the new applications in geometry, topology
and mathematical physics of infinite-dimensional Leibniz algebras are important.
Since, an analogue of the Levi’s decomposition does not exist for the infinite-
dimensional Leibniz algebras and an analogue of Engel’s theorem for infinite
dimensional cases is also not true, studying of infinite-dimensional Leibniz algebras
is a complex problem and it implies studying them with additional restrictions. One
of them is description of infinite dimensional Leibniz algebras by taking limitation
for the intersection of the terms of lower central (derived) series. For instance,
descriptions of residually solvable Leibniz algebras with given pro-nilpotent Leibniz
algebras. In this regard, description of solvable Leibniz algebras with a nilradical of
codimension equals to the number of generators of the nilradical, proving
completeness and rigidity of these kind of algebras and determining, in the infinite-
dimensional case, analogues of the concepts of the method for constructing finite-
dimensional solvable Leibniz algebras are crucial research.

In our country, intensified attention has been paid to applied mathematics,
computer science, digital economy, which have scientific and practical application
of fundamental sciences. In particular, significant results have been achieved in
solving practical problems by description of finite and infinite-dimensional Leibniz
algebras. According to the main task and direction of activity of mathematics are
conducting research? at the level of international standards on the priority areas
"Algebra and Functional Analysis". To ensure the implementation of the task, it is
important to develop the theory of finite and infinite-dimensional Leibniz algebras
for the application of scientific results in the relevant field of science.

The subject and object of research of this dissertation are in line with tasks
identified in the Decrees of the President of the Republic of Uzbekistan UP-4947 of

2 Decree of Cabinet of Ministers of the Republic of Uzbekistan at the 2017 year 18 May « On measures on
the organization of activities of the first created scientific research institutions of the Academy of Sciences
of the Republic of Uzbekistan» Ne 292 dated May 17, 2017.
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February 7, 2017 “On the strategy of action for the further development Of the
Republic of Uzbekistan”, UP-2789 dated February 17,2017 “On measures to further
improvement of the activities of the Academy of Sciences, organization,
management and financing of research activities”, PP-3682 from April 27,2018 “On
measures to further improve the system of practical implementation of innovative
ideas, technologies and projects” and PP-4387 from July 9, 2019 “On measures to
further development of mathematical education and science, and also root
improvement of the activity of the Uzbekistan Academy of Sciences
V.I.LRomanovsky Institute of Mathematics”, as well as in other regulations related to
basic science.

Connection of research to priority directions of development of science and
technologies of the Republic. This study was performed in accordance with the
priority areas of science and technology of Republic of Uzbekistan 1V,
“Mathematics, Mechanics and Computer Science”.

The degree of scrutiny of the problem. The fundamental Levi’s theorem
simplifies the task of identifying a given Lie algebra and turns to description of
solvable Lie algebras. A. Malcev and C.M. Mubarakzjanov showed a method for
constructing solvable Lie algebras from their nilradicals. Then by using the method
descriptions of finite-dimensional solvable Lie algebras with filiform, quasi-
filiform, Heisenberg, Abelian and other nilradicals were obtained. Most of them
collected in the monograph published by L. Snobl and P. Winternitz. The method of
the reconstruction of solvable Lie algebras from their nilradicals was extended to the
Leibniz algebras by J.M. Casas, M. Ladra, B.A. Omirov, and I.A. Karimjanov. Then
finite-dimensional solvable Leibniz algebras with Abelian, Heisenberg, filiform and
null-filiform, naturally graded filiform, naturally graded quasi-filiform and the direct
sum of null-filiform nilradicals were described by using this method.

In the finite-dimensional case, filiform Lie algebras were introduced by
Vergne. Infinite-dimensional analogs of filiform Lie algebras were considered by A.
Fialowski, while the infinite-dimensional analogs of filiform Leibniz algebras were
introduced by B. Omirov under the name thin Leibniz algebra. Yu. Khakimdjanov
and K. Khakimdjanova introduced two classes of infinite-dimensional Lie Algebras
called potentially nilpotent and potentially solvable, while infinite-dimensional Lie
algebras called pro-nilpotent and pro-solvable were studied in D.V. Millionschikov
papers. D.V. Millionschikov classified some pro-nilpotent Lie algebras with some
special conditions.

At present time, the structure theories of finite-dimensional Lie and Leibniz
algebras, their representations, derivation spaces, as well as the descriptions of
cogomological groups are described in the papers of Sh.A. Ayupov, B.A. Omirov,
K.K. Kudaybergenov, I.S.Rakhimov, A.Kh. Khudoyberdiyev, J.Q. Adashev, J.M.
Casas, M. Ladra, L. Camacho, A. Shabanskaya and others. While the descriptions
of infinite-dimensional Lie and Leibniz algebras were described in the papers of
Sh.A. Ayupov, B.A. Omirov, A. Fialowski, Yu. Khakimdjanov, K. Khakimdjanova,
D.V. Millionschikov.

Connection of the theme of the dissertation with the research works of
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higher education, where the dissertation is carried out. The dissertation work is
carried out in accordance with the given topic of scientific research OT-F4-31 “Non-
commutative modules, Leibniz algebras and polynomial cascades on simplexes” at
the National University of Uzbekistan named after Mirzo Ulugbek (2017-2020) and
“EDA-DTex-2018-79, Representation of Leibniz Algebras” in V.I. Romanovskiy
Institute of Mathematics (2018-2019);

The aim of research work is to obtain description of finite and infinite-
dimensional residually solvable Leibniz algebras with pro-nilpotent ideals over the
complex field.

Research problems:

description of maximal solvable finite-dimensional Leibniz algebras with given
nilradical,

investigation of the second cohomology groups for solvable Leibniz algebras
with filiform and quasi-filiform nilradicals of maximum length;

description of all residually solvable Leibniz extensions of some pro-nilpotent
Lie and Leibniz algebras and proving triviality of conomology groups of low degrees
for the maximal residually solvable extensions;

The research object. Finite and infinite-dimensional residually solvable
Leibniz algebras with given maximal pro-nilpotent ideals.

The research subject. The theory of nilpotent Lie and Leibniz algebras, the
theory of solvable Lie and Leibniz algebras, the theory of cohomology groups

Research methods. In the dissertation the methods of the theory of non-
associative algebras, derivations and cohomological methods, as well as the methods
of invariant theory are applied.

Scientific novelty of the research work consists of the following:

solvable Leibniz algebras with filiform and quasi-filiform nilradicals of
maximum length are described,;

the rigidity of solvable Leibniz algebras with quasi-filiform nilradical of
maximum length is proved,

solvable Leibniz algebras whose quotient algebra by a one-dimensional ideal is
a Lie algebra with model nilpotent radical are described and the triviality of the first
and the second cohomology groups of some solvable Leibniz algebras is established.

all residually solvable extensions of infinite-dimensional analogue of model
filiform Leibniz algebra are described and the triviality of their cohomology groups
of low degrees is proved.

Practical results of the research consist of proposing new methods for
proving the triviality of cohomology groups of low degrees and methods for
classifying infinite-dimensional residually solvable Lie and Leibniz algebras.

The reliability of the results of the study. The results have been obtained by
using the methods of non-associative algebras, as well as the rigor of mathematical
reasoning, the results obtained are explained by the strict use of known results and
research methods of algebraic varieties.

Scientific and practical significance of the research results. The scientific
significance of the results is explained by the fact that the results obtained in the
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work can be applied for teaching special courses for undergraduate and basic
doctoral students of higher education institutions of the Republic of Uzbekistan and
used in the theory of infinite-dimensional Lie and Leibniz algebras.

The practical significance of the results of the research is explained by the fact
that they can be applied to prove new properties of the theory of derivations of
algebra and groups of automorphisms.

Implementation of the research results. The obtained results of residually
solvable Leibniz extensions of given pro-nilpotent algebras were used in the
implementation of the tasks of the projects:

results on the descriptions of solvable Leibniz algebras whose quotient algebra
by one-dimensional ideal is a Lie algebra with model nilpotent radical and the
trivialities of the first and the second cohomology groups of solvable Leibniz
algebras were used to describe of cohomology groups of low degrees for solvable
Leibniz algebras in the project "Non-commutative modules, Leibniz algebras and
polynomial cascades on simplexes”, No. OT-F4-31 (reference from National
University of Uzbekistan named after Mirzo Ulugbek dated June 24, 2021, Ne 04/11-
2377). The scientific results allowed to solve the problems of rigidity of some
solvable Leibniz algebras whose the number of generator elements of the nilradical
equal to the codimension of the nilradical;

results on the completeness and rigidity of solvable Leibniz algebras with
quasi-filiform nilradical were used to describe of the cohomology groups for
solvable Leibniz algebras in the project “Representation of Leibniz Algebras”, No.
EDA-Drex-2018-79(reference from the Academy of Sciences of the Republic of
Uzbekistan dated June 23, 2021, Ne 2/1255-1831). These results allowed to prove
the trivialities of the first and the second cohomology groups of solvable Lie algebra
with quasi-filiform nilradical of maximum length;

Approbation of the research results. The main results of the research have
been discussed at 2 international and 4 national scientific conferences.

Publications of the research results. On the topic of the dissertation, 12
research papers have been published, 5 of them are included in the list of journals
proposed by the Higher Attestation Commission of the Republic of Uzbekistan for
defending the PhD thesis, in addition two of them were published in international
journals of mathematics and physics, three papers were published in national
mathematical journal.

The structure and volume of the dissertation. The dissertation consists of an
introduction, three chapters, conclusions and bibliography. The total volume of the
thesis is 85 pages.

MAIN CONTENT OF THE DISSERTATION

In introduction the motivation of research theme and correspondence to the
priority research areas of science and technology of the Republic are given, we
present degree of scrutiny of the problem, formulate our goals and objectives,
identify the object and subject of study, and state scientific novelty and practical
results of the research. Moreover, we give the theoretical and practical importance
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of the obtained results, and also give information on the implementation of the
research results, the published works and the structure of dissertation.

In the first chapter of the thesis, titled "Solvable Leibniz algebras with a
filiform and a quasi-filiform nilradical", we present the necessary concepts and
auxiliary results from the theories of Lie and Leibniz algebras. Solvable Lie algebras
with a filiform nilradical and solvable Leibniz algebras with a quasi-filiform
nilradical of maximal length are described. Furthermore, cohomology groups of low
degrees for these algebras are considered.

Let K be a field.

Definition 1. An algebra L over a field K is called a Lie algebra, if it satisfies
the following identities:

[x, yI=-1y.x],
[ [y, zl1+[y.[z, x]1+[z,[x, y]] =0
forany x,y,z e L, where [-,—] isamultiplication in L. The second identity is called

Jacobi identity.
Definition 2. An algebra L over a field K is called a Leibniz algebra if for
any x,y,zeL, the Leibniz identity

[[x,y]. zZ1=[[x z], y1+[x,[y.z]]
holds, where [—,—] is a multiplication in L.
We can check that if the identity [x,y]=-[y,x] holds in L, then the Leibniz

identity coincides with the Jacobi identity. Therefore, a Leibniz algebra is a
“noncommutative” analogue of a Lie algebra.

We shall present definitions and concepts for Leibniz algebras, which are also
(unless otherwise indicated) true for Lie algebras.

For a Leibniz algebra L we define the lower central and the derived series
respectively, as follows:

'=L, L'=[L%L], k=1 and tM=L, LEY=[L 1], s>1.

Definition 3. A Leibniz algebra L is called nilpotent (respectively, solvable),
if there exists ne L (respectively, me L) such that L" =0 (respectively, L™ =0).

The maximal nilpotent (respectively, solvable) ideal of a Leibniz algebra L is
called the nilradical (respectively, the radical) of the algebra L.

Definition 4. A linear map d:L — L of an algebra (L,[—,—]) is said to be a
derivation if for all x,y € L, the following derivation rule holds

d([x, yI) =[d (x), yI+[x,d(y)].

The Leibniz identity implies that the operator of right multiplication Ry is a
derivation called inner derivation. Derivations which are not inner are called outer
derivations.

Definition 5. A Leibniz algebra L is called complete if Center(L)=0 and all

derivations of L are inner.
Where Center(L)={xeL|[x,y]=[Yy,x]=0, forall yelL}.

Let L be a nilpotent Leibniz algebra. For the operator R, denote by C(x) the

non-ascending sequence of its Jordan blocks’ dimensions with an arbitrary element
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x e L\ L*. Consider the lexicographical order on the set of such sequences, i.e.
C(x)=(n,n,,...,n)<C(y)=(m,m,,...,m,) if and only if only if there exists i e N
such that n, =m; forany j<i and n; <m;.

Definition 6. The sequence C(L)=maxC(x) is called the characteristic
xeL\L?

sequence of the Leibniz algebra L.
For characteristic sequence (n,,n,,...,n,,1) we consider the model nilpotent Lie
algebra n_ given by its non-zero brackets:
[e.e]l=e., 2<i<n,
[e,. .el=€, . u 2<i<n 1<j<k-1.
Definition 7. A Leibniz algebra L is said to be filiform if dimL =n-i for
2<i<n and n=dimL.
Definition 8. A Leibniz algebra L is called quasi-filiform if L' ={0} and
L"* ={0}, where n=dim(L).
For a Leibniz algebra L and n>0 we denote CL"(L,L):=Hom(L®L).
Let d":CL"(L,L) - CL"™(L,L) be an K-linear map defined by

n+1

(d"0) (X %) 1= DX (%o X 1) + Z(—l)i[CD(Xl, s Xy X ) %]

D D 000 X [ X T X Xy X)),

Ki<j<n+l

where ¢ € CL"(L,L) and x e L. The property d™*-d" =0 leads to the differencial
d= Zd‘ satisfy the property d -d =0. Therefore, the n-th cohomology group is

i>0
well defined by
HL"(L,L):= ZL"(L, L)/ BL"(L, L),
where the elements ZL"(L,L):= Kerd™ and BL"(L,L):=Imd" are called n-

cocycles and n-coboundaries, respectively.
In case of bilinear map ¢:LxL — L is an antisymmetric, then we have Lie

2-cocycles Z°(L,L) and Lie 2-cohomology H*(L,L):= Z*(L,L)/B?(L,L).

Definition 9. A Leibniz algebra L is called cohomologically rigid if
HL*(L,L)=0.

A Leibniz algebra L is Z-graded if L&®,_,V,, where [V ;,V,]cV,,; for any
I, j € Z with a finite number of non-null spaces V..

Let L be a nilpotent Leibniz algebra. We will say that L admits a connected
gradation L=V, ®---®V, ifV, #0 forany i (1<i<t).

Definition 10. The number I(®L) =1(V, ®V, ,---®V, ,)=t+1 is called the
length of the gradation. A gradation is called of maximum length if (®L) =dim(L).

We define the length of an algebra L by
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I(L) =max{l(®L): L=V, ®V, ,®---®V, ,, is a connected gradation}.
A Leibniz algebra L is called to be of maximum length if L admits a maximum

length gradation.

Here, we give the classification of quasi-filiform non-Lie Leibniz algebras of
maximum length obtained in the works of L.M. Camacho and others.

Theorem 1. An arbitrary n-dimensional (n>6) quasi-filiform non-Lie
Leibniz algebra with maximum length is isomorphic to one of the following pairwise

non-isomorphic algebras:

Ml,a.{[el’el]ﬂm [e,.el=6, [e.el=6,  2<i<n-3
|[e,.e,]=05¢,, [e.6,.]=0e,, oe{01}, 2<i<n-5,
Mzz_{[eﬂel]:em, 2<i<n-3,

[e,e]=1e, A€eC,
M 3 - {[el’el] =6,, [e;,e,]= e,

[e.el=¢e,, [e.e]l=-6, 3<i<n-1
s {[ei,el]=em, 3<i<n-1

I CHEWELS

where {e,,e,,...,&,} is a basis of the algebras. If n>6, then =0 and if n=6, then
a €{0,1}.

During analyzing of finite-dimensional solvable Lie and Leibniz algebras with
given nilradical we can take a question such that the structure of finite-dimensional
solvable Lie and Leibniz algebras can be appropriate for an infinite-dimensional
case. In order to answer this question, firstly, we apply the method for constructing
finite-dimensional solvable Lie and Leibniz algebras to constructing of residually
solvable Lie and Leibniz algebras by using their maximal pro-nilpotent ideals.

Let L be an infinite-dimensional Leibniz algebra with countable basis.

Definition 11. A Leibniz algebra L is called residually nilpotent (respectively,

solvable) if (L' =0 (respectively, [|L" =0).
i=1 i=1
The folowing definitions of pro-solvable and pro-nilpotent Lie algebras
borrowed from D.V. Millionshchikov’s papers. We immitate these definitions for
Leibniz algebras.
Definition 12. An algebra L is called pro-nilpotent (respectively, pro-

solvable), if (|L'=0 (respectively, (|l =0) and dim(L/L') <o (respectively,
i=1 i=1
dim(L/ L") <o) for any i >1.

Let m, be the infinite-dimensional analogue of model filiform Lie algebra. It
is proved that the codimension of the maximal pro-nilpotent Lie algebra m, is not
greater than 2. The following theorem shows the maximal residually solvable Lie
algebra with maximal pro-nilpotent ideal m, and it is obtained by K.K. Abdurasulov
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and others.
Theorem 2. Let R be a family of residually solvable Lie algebras whose
maximal pro-nilpotent ideal is m, and the codimension equal to 2. Then it admits a

basis {x,y,e,,e,,..} such that the multiplication table of R in this basis has the
following form

[e..e]=¢ i>2, [e,.X]=¢,

i+1?

[, x]=(i—1)e + Zt:ﬁkeknz’ 1>2,

[y.el=-¢, 122
where 8= (8, B,,....3) e C'? for some teN.

In Section 1.2, all solvable Lie extensions of the algebra m with the following
multiplication table

|le,.e]=¢6.,, 2<i<n-1,
"|le,.e]=e.,, 3<i<n-2
(where {e,e,,...,e.} is a basis of the algebra m) are described. Moreover,

cohomology groups of low degrees for the obtained solvable Lie algebra are
considered.

Theorem 3. An arbitrary solvable Lie algebra with nilradical m and the
codimension of m equal to 1 is isomorphic to the algebra:

[e,e]l=e., 2<i<n-1]
M:[e,,e]=e,, 3<i<n-2,
[e,x]=ie, 1<i<n.
where f{e ,e,,...,e,,x} is a basis of the algebra M .
Theorem 4. The following statement is true for the solvable Lie algebra M
dimH*(M,M) =1.
The quasi-filiform Leibniz algebras M*?, 6 €{0,1}, M**, 1eC, M*" and

M* are considered as a nilradical of some solvable Leibniz algebras by the papers
of B.Omirov, J.Adashev, K.Abdurasulov and A.Sattarov.
In Section 1.3, maximal solvable Leibniz extension of the quasi-filiform

nilpotent Leibniz algebra M*“ (n>6) are described and low cohomology groups
for the obtained Leibniz algebra M*“ (n > 6) are established.

Theorem 5. Let L be a solvable Leibniz algebra whose nilradical is M*° and
the codimension of M*° equal to 2. Then there exists a basis {e.e,,...,e,, X, y} of the
algebra L such that the multiplication table of L in this basis has the following form:
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[e.e]=¢,, [e.e]=¢.., [e.e]=6., 3<i<n-1
L] [e.x]=¢, [x,e,]=-€, [e, x]=2e,,

[e.x]=(i—-3)e, [xg]=—(i-3)e, 4<i<n,

[e.y]=¢, [v.e]=¢6, 3<i<n.

Theorem 6. The solvable Leibniz algebra L is complete.

Theorem 7. The second cohomology group for the algebra L with colefficient
in itself is trivial.

In the second chapter of the thesis, titled "Some cohomologically rigid
solvable Leibniz algebras"”, solvable Leibniz algebras with nilradicals whose the
ideal generated by square of elements is one-dimensional and the quotient algebra
by this ideal is a model Lie algebra are described.

Moreover, for particular cases, triviality of the first and the second cohomology
groups of some algebras in the described family are proved.

We consider the family of nilpotent Leibniz algebras L(e;, ) with 1<i<Kk:

[e|lel] e|+11 2 S I S nl,
[e,e]=—e., 3<i<n,
[en1+---+nj+i’ 1]:en+ AN L 2<| <nj+1; 1< J Sk—l,

[el’en1+ 4N, W= enl+..+n]-+1+i’ 3<I<nj 4 1 j<k-l
[el’el]: h,

[e;.€,]=ash,

[e,,e,]=—¢€,+ A,

(€ ins2:€nsan 2] = i, <k-

+,B,+1h 1<i<k -

(€80 in2] = =80 nes
where n,>n, >...n >1.

Let R be solvable Leibniz algebra with nilradical L(e;,3), 1<i<k. It is
proved that the codimension of the nilradical is not greater than (k +1). We present
the maximal solvable Leibniz extensions of the algebra L(e;,f.), 1<i<Kk, i.e,
Codim(L(e;, £)) =k +1.

Theorem 8. Solvable Leibniz algebra with nilradical L(e;, /), 1<i<k and
(k +1) -dimensional complementary subspace is isomorphic to the algebra:

29



[el’el]: h,

[h,x.]=2h,

[e.e]=—e.e]=¢., 2<is<n,

[en1+...+nj+i el=-e, en1+...+nj+i] = Cot 44 2<i< N1
R:q[e, x]1=-[x.e]=(—-2)e, 3<i<n +1,

(€ anin X =X 80, il = (=2, e 2<i<ng,,
[e, x]=-[x.&]=¢,

[e, x,]=-Ix,.&]=¢, 2<i<n +1,
[eﬂ1+---+n;+i ’ Xj+2] = _[Xj+2’en1+...+nj+i] = € i 2<i< N1
where 1< j <k —1.

Theorem 9. The solvable Leibniz algebra R is complete.
Theorem 10. The solvable Leibniz algebra R is a cohomologically rigid
algebra, i.e.,

HL?(L,L)=0.

In the third chapter of the thesis, titled "*Descriptions of residually solvable
Lie and Leibniz algebras with pro-nilpotent ideal*, we describe all residually
solvable Lie algebras whose maximal pro-nilpotent ideals are either the infinite-
dimensional analogue of model filiform Lie algebra
m, :{[e,e]=—]e.,e]l=e,, i=2 or the infinite-dimensional analogue of model
filiform Leibniz algebra F:{[e,e]=e , i>2. Furthermore, it is proved that the
second cohomology groups of the extensions with maximal complementary
subspace are trivial. Moreover, it is proved that pro-solvable extensions of the
positive part of Witt algebra m, :[e,e,]=(i— j)e,,, i,j=1 is unique and it is

isomorphic to the non-negative part of the Witt algebra W_, .

Furthermore, throughout the chapter infinite-dimensional Lie and Leibniz
algebras with countable basis are considered, and any element of these algebras can
be represented by linear combinations of finite number of basis elements (Hamel
basis). In addition, any residually solvable Leibniz algebra whose maximal by
inclusion pro-nilpotent ideal is N and the dimension of a complementary subspace
to N is k is denoted by R(N,k).

Theorem 11. Let R(m,,1) be a family of residually solvable Lie algebras
whose maximal pro-nilpotent ideal is m,. Then it admits a basis {x,e,,e,,...} such
that the multiplication table of R(m,,1) on this basis is given by one of the following
forms:

[e..e]=¢ 1>2, [e,x]=¢e,

i+1?

Ri(mo, 1 5): [e, x]=((1—2) + B,)e +Zt:ﬂkei+k—2’ 122,
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B, %1, B=(B, Bs.... 3) e C™ for some te N.

[e.e]l=e,, 122, [e,, x] =€, + e,

i+1?

&““&ﬂy[%ﬂ=ﬁ—3a+iﬂﬁwd”zz

B=(B,pB,.... 3) e C? for some teN.

[e.e]=e.,, i>2,

Ry(mo, L) [e,x]=¢e + Zt:ﬂkei+k—2’ 122,

B=(B,B,.... 3) € C™ for some te N,

The following proposition shows that there does not exist a residually solvable
complete Lie algebra among the families R (m,,1, 3), R,(m,,1, ) and R,(m,,1, 3).
Proposition 1. The algebras R (m,,1,3), R,(m,,1 43) and R,(m,,1 A3) have
outer derivations given by
a) d(e)=e, i>2isanouterderivation of any algebra of the family R (m,,1, 3);

d (el) =€,

t-1
d(x) = kZ:ﬁmei’
=2
c) d(e)=e,,, i>2 is an outer derivation of any algebra of the family
R;(m,,1, ).
R(m,,2, 5) is maximal residually solvable Lie algebra with maximal pro-
nilpotent ideal m, .
Theorem 12. Any algebra of the family R(m,,2, ) is complete.
Let now treat the second cohomology group for the algebras of the family
R(m,,2,5).
Theorem 13. The second cohomology group for any algebra of the family
R(m,,2, §) with coefficient in itself is trivial.

The following theorem asserts that pro-solvable Lie algebra with maximal pro-
nilpotent ideal m, is unique.

Theorem 14. Let R be a pro-solvable Lie algebra whose maximal pro-nilpotent
ideal is m,. Then R is unique up to isomorphisms and it is isomorphic to the

following algebra:

is an outer derivation of any algebra of the family R, (m,,1, 5);

b)

W, :{[e.e,1=(i- j)e.; i.j=0.
Proposition 2. W, is complete.

Let consider the infinite dimensional analogue of model filiform Leibniz
algebra F. It is proved that the codimension of F is not greater than 2.
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Let consider R(F,1) =F ©Q, where dimQ =1.
Theorem 15. The algebra R(F,1) admits a basis {x,e,,e,,...} such that the table
of multiplications of R(F,1) on this basis has one of the following forms:

[ei ’el] =€ i>2,
R(F.15): [e. xI=-x.&]=¢e,
[e., x]=(1—2+5,)e + iﬂkekH—Z’ 1>2.

where B=(8,,B;,....5) € C"™ for some teN.
[e.,e]=¢e 1>2,
e, x]=¢, [xel=-¢ +e,,

Ry(F.LA)lexI=(-De + Y A 122

i+1?

[X, X] = iﬂkﬂek'

where 8= (8, B,,....3) € C' for some teN.
[e..e]=¢€ 1>2,

i+1?

t
[e, X]=¢ + Zﬂkeknfz’ 122,
k=3

where 8= (8, B,,....3) € C' for some teN.
The following proposition shows that any algebras of the families R,(F,1, 5)
and R,(F,1, B) have outer derivations.
Proposition 3. The derivations
o {d(e)=e, 122,
and
o {d(g)=e., 122
are outer derivations of the algebras of the families R (F,1, #) and R,(F,1 /)

respectively.

The following theorem shows that there exists a huge family of complete
residually solvable Leibniz algebras with non-maximal codimension of pro-
nilpotent ideal F.

Theorem 16. An arbitrary Leibniz algebra of the family R,(F,1,5) is
complete.

Theorem 17. The algebra R(F,2) admits a basis {x, y,e,,e,,..} such that the

table of multiplication of R(F,2) on this basis has the following forms

R,(F.,1,5):
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[e.,e]l=6.,, 1>2,

[e1’ X] = _[X1 el] =€,
[, x]=(—2)e + Zt:ﬂkekn-z’ 122,

[ei’y]:eiy |22,
where B =(8,,5.....3) € C' for some t e N.

It is proved that the first and the second cohomology groups for any algebra on
R(F,2, ) are trivial.

Theorem 18. An arbitrary Leibniz algebra of the family R(F,2,5) is

complete.
Theorem 19. The second cohomology group for any algebra of the family
R(F,2, 8) with coefficients in itself is trivial, i.e.,

H*(R(F.2,B).R(F,2, ) =0.

R(F,2,0):
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CONCLUSION

The thesis is devoted to the study of finite-dimensional and infinite-

dimensional residually solvable Lie and Leibniz algebras.

1.

2.

The main results of the research are as follows:

We describe solvable Lie algebras with a filiform nilradical and conomology
groups of low degrees for these solvable Lie algebras are established,;

We prove that maximal solvable Leibniz algebras with a quasi-filiform
nilradical of maximum length is complete and rigid;

We describe solvable Leibniz algebras whose quotient algebra by a one-
dimensional ideal is a Lie algebra with model nilpotent radical;

We prove that solvable Leibniz algebra whose quotient algebra by a one-
dimensional ideal is a Lie algebra with model nilpotent radical is complete;
We prove that the second cohomology group for solvable Leibniz algebra
whose quotient algebra by a one-dimensional ideal is a Lie algebra with model
nilpotent radical is trivial;

We describe all residually solvable extensions of infinite-dimensional analogue
of model filiform Leibniz algebra;

We prove that any algebra on a huge family of residually solvable Leibniz
algebras is complete;

We prove that the second cohomology groups of any algebra on a huge family
of residually solvable Leibniz algebras is trivial.

34



HAYYHBIA COBET DSc.02/30.12.2019.FM.86.01
O MPUCYKJAEHWIO YUEHBIX CTENIEHEHN ITPH
NHCTUTYTE MATEMATHUKHU UMEHHU B.M.POMAHOBCKOI'O

HAIIMOHAJIbHBIA YHUBEPCUTET Y3BEKUCTAHA

COJIMKAHOBA T'YJIXAE OMBEK KA3H

JEVMBHULEBBI OCTATOYHO PA3ZPEIIUMBIE PACILIMPEHUS
3AJJAHHBIX ITPO-HUJIBIIOTEHTHbLIX AJIT'EBP

01.01.06 —Aareopa

ABTOPE®EPAT JUCCEPTALIUU JOKTOPA ®UJITOCOPUH (PhD)
1O ®U3NKO-MATEMATHYECKHUM HAYKAM

TAIIKEHT-2021



Tema aucceprauuu aokropa ¢uiaocopun (PhD) mo ¢usuko-MmaremMaTnyeckuM HayKaMm
3aperucTpupoBaHa B Boicuieii arrecTanmonHoi komuccuu npu Kabunere MunuctpoB Pecnmyouku

V3oexkucran 3a Ne B2021.2.PhD/FM350.

JHuccepraius BoinosnHeHa B HaimonansHoM Y HuBepeuteTe Y30ekucrana uMenn Mup3o Yiyroeka.

ABTOpedepar auccepTalMd Ha TpeX s3bIKaX (y30CKCKHMM, aHTIMHCKUMA, pyCcCKUi(pe3toMme))
pasMerieH Ha BeO-cTpanuiie 1o azapecy http:/kengash.mathinst.uz u wa Wuadopmarmonno-
oOpazoBarenpHOM mopTate «ZiyoNet» mo agpecy http:/www.ziyonet.uz.

Hayunblii pykoBoauTe/ib:

Omupos baxpom A6gazoBu4

TIOKTOp (PpI3MKO-MaTeMaTHIECKUX HayK, mpodeccop

OduumanbHbie ONMOHEHTHI:

SmmaTtoB Papxoa XacaHOBHY

JlokTOp QHU3HKO-MaTeMaTHIECKUX HaYK,
CTapIlUHid Hay4YHbIH COTPYIHUK

PuxcuboeB Uxpom Mup3apycramoBu4
KaHAUOAT GU3UKO-MAaTEeMaTHIECKUX HayK

Benymas opranusanus:

3ammra quccepTauud COCTOUTCS « »

AHIMKAHCKUH IOCyJapCTBEHHBIN YHUBEPCUTET

2021 roxa B Ha 3aceganuu HayuHoro

cosera DSc.02/30.12.2019.FM.86.01 mpu UncturyTe Matemaruku nmenu B.M. Pomanosckoro. (Axapec:
100174, r. Tamkent, AaMasapckuii paiion, yir. Yuusepcurerckas, 46.Teim.: (+99871) 207-91-40, e-mail:

uzbmath@umail.uz, Website: www.mathinst.uz)

C nuccepranmeld MOXXKHO O3HaKOMHUTBCS B UWH(popMmammoHHO-pecypcHOM meHTpe WHcTuryTa
Maremaruku umern B.J. PomanoBckoro (3apeructpupoBana 3a No ). (Ampec: 100174, r. TamkeHT,
AJmaszapckuii paiioH, yi1. Yausepcurerckas, 46. Temn.: (+99871) 207-91-40).

ABTOpedepar auccepTanuu pa3ociaH «

2021 rona.

(mpoTokoun paccbutku Ne oT « »

2021 rona).

Y.A.Po3ukoB

IIpencenarens HayuHoro cosera 1o
NPUCYXKIECHUIO YUEHBIX

creneHei, a1.¢.-M.H., mpodeccop

K.K.Agames

VYuenslii cekperaps HayuHnoro
COBETa IO MPUCYKJIECHUIO YUEHBIX
CTeTeHeM, K.§.-M.H., CTapIImi
Hay4YHBIN COTPYIHHK

A.P.XaéroB
3aMecTHuTeNb TpeICeaaTeNsl HAyYHOr0 CeMUHapa
npu HaydHOM COBeTe 110 IPUCYKICHHUIO YUEHBIX

cTeneHew, 1.¢.-M.H.,ipodeccop


mailto:uzbmath@umail.uz
http://www.mathinst.uz/
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Heabio uccienoBaHusl SIBISETCS M3yYEHUE KAaK KOHEUHOMEPHBIX, TaK W
OCCKOHEUYHOMEPHBIX OCTaTOYHO pa3pemuMblx anreop JleiOnuma ¢ mpo-
HUJIBIIOTEHTHBIMU HJI€aJIaMU HaJ KOMILJIEKCHBIM TOJIEM.

O0bekT wucciaenoBanusi: KoHeynple M OECKOHEYHOMEPHBIE OCTATOYHO
paspemmmbie  anreOpbl  JleWOHMIIAa ¢ 3aJaHHBIM ~ MaKCHUMAJBHBIM  IIPO-
HUJIBIIOTEHTHBIM HJI€AJIOM.

HayuyHasi HOBU3HA HcCJIeI0BAHMS 3aKJIIOYAETCS B CIIETYIONIEM:

ONMMCaHbl paspenumeie anredpsl Jleitbuuia ¢ 3ananHbM GuiMGopMHBIM U
KBa3u-QpuInOpPMHBIM HUIIbpAAUKaIaMyd MAaKCUMaJIbHON JJIUHBI;

JTI0OKa3aHa KeCTKOCTh MAaKCUMAJIbHBIX pa3peinmMbix anredp Jleitouuia ¢
KBa3u-QpuInOpMHBIM HUIIbPAIUKAIOM MaKCUMAJIbHOM JJTUHBI,

ONMMCaHbl pazpemmrMbie anredpsl JleiOHua, (gaxrop-anredOpsl KOTOPHIX IO
OJIHOMEPHOMY HJeany SBISAOTCA anredpor JIu ¢ MOAEIbHBIM HUJIBIIOTEHTHBIM
paguKaJIOM, a TakXKe JOKa3aHa TPHUBUAJIBHOCTH IIEPBOM W BTOPOU TIPYIII
KOTOMOJIOTUH HEKOTOPBIX pa3pelnmMbix anreop JlelOunuia;

MOJIyYEHO OMKCAaHUE OCTaTOYHO pa3pelrMbIxX pacumpeHui
OECKOHEUHOMEpPHOI'0 aHajora MojenbHou duindopmHoil anredpsl JlelOHuia u
JI0Ka3aHa TPUBUATILHOCTh BTOPBIX TPYIIN KOTOMOJIOTUH JIJI HEKOTOPBIX OCTATOYHO
pa3pemnmMbix anredp JlelOnuma.

BHenpenne pe3yJbTaToB Mccaeq0BaHus. Pe3ynbTaThl ObUTH UCIIOIB30BaHbI
B CIICIYIOIINX HAYYHBIX UCCIEIOBAHUSIX:

pe3yJibTaTbl O TPUBUAIBHOCTH TIEPBOM M BTOPOM TPYII KOTOMOJIOTHUIA
paspemumbix anredp JleiOnuma, Qakxrop-anredpa KOTOPHIX MO OJHOMEPHOMY
ujeany spisercs anreopo Jlu ¢ MOAEIbHBIM HUJIBIIOTEHTHBIM PATUKAIOM OBLITH
WCITIOJIb30BAHBI MPHU MOJYYSHUH OMUCAHUS TPYII KOTOMOJIOTHI HU3KHUX MOPSIKOB
paspemumMbix anreop JleitOuuia B npoekte « HekoMMyTaTUBHBIE MOYJTU. ANTreOphI
Jle#iOHMIIa W KacKaabl TOJMHOMOB Ha cuMiniekcax», Ne OT-F4-31 (cmpaBka
HammonansHOTO yHUBEpCcUTETa Y30€eKknucTaHa uMeHH Mup3o Yinyroeka ot 24 utoHs
2021 r, Ne 04/11-2377). Hay4uHbie pe3ynbTaThl MO3BOJIMIN PEIIUTH MPOOJIEMBI
KOTOMOJIOTHYECKOM IKECTKOCTH HEKOTOPBIX paspemumMbix anredp Jleibnuna,
KOpPa3MEpPHOCTh HWIbPAJHUKada KOTOPHIX paBHa KOJMYECTBY OOpa3yIoIIUX
AJIEMEHTOB HUJIbpAIUKaa.

pE3ynbTaThl O MOJTHOTE U )KECTKOCTH pa3pelIuMbIx anreop Jleionuna c kBa3u-
bunnudopMHBIMA HWIbPAIUKAIAMUA HCTIOIB30BATIUCH [IJISI OMHCAHUS HEKOTOPBIX
paspemumbix anreOp JleitOnuma B npoekre «lIpeactaBnenue anredp JlenOuuay,
Ne EDA-Drex-2018-79 (cnpaBka Akanemuu Hayk Pecniy6muku Y36ekucran ot 23
utonst 2021 r, Ne 2 /1255-1831). Dt pe3yabTaThl MO3BOJIMIM OMKMCAThH MEPBYIO U
BTOPYIO TPYIIIBI KOTOMOJIOTUN pa3pemumMbix anredp JIu ¢ kBazu-punndopMHbIMU
HUJIbpaJuKaJIaMyd MaKCUMAJIbHOU JITTUHBI.

Crpykrypa u 00beM guccepranuu. Jluccepraius COCTOUT U3 BBEACHUS, TPEX
IJ1aB, 3aKyroueHus u oudnuorpadguu. O0beM auccepTauu 85 CTpaHUIIB.
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