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KHWPUII (pancada noxkropu (PhD) nuccepranmsicu aHHOTAIUSICH)

Juccepranus MaB3yCHHUHT 10/13ap0Jjuru Ba 3apypartu. JKaxoH MUkEcuaa
onmO OopuiaérraH Kymiad WIMHi-aMaTuid TaJAKUKOTIap akcapusar XoJulapaa
JUCKpPET Xamja Yy3JIyKCH3 BaKTIM JAMHAMHUK CUCTEMAaJlapHU TAJAKUK KUJIUII KaOu
Macananapra kentupwianu. LlyHuHTAEK, MaTeMaTUK MOJETHUHT JIHUHAMHKACH
JIMCKPET Ba y3JYKCU3 BAKTJIM XOJaTjap YUyH Xap JIOUM Xam OHUp XHJI XapakTepra
ATa HMACIIMIY JIOTUCTUK (PYHKIMS MHUCONMAA SKKOJ Kypcatuirad. UIyHUHT yuyH
y3IyKCU3 BaKTIW CHUCTEMalap OWaH TMapajuiesl paBUIAa JUCKPET BaKTIN
cHCTeMajiap XaM TaJKuK STuiaagu. JIMCKpeT BaKTIu OYIaKiad CHUJUIMK JUHAMHK
cuctemManap kymiad mMyxuMm (UMK >KapaéHiapaa, XyCycaH, KaJWUTIU DJEKTP
CXeMaJlapu, TapKuOWil KUCMIIapu Oup-Oupura TabCUp KWJIYBYM MEXAHHUK
KypuwiIMaliap, WIIKAJIaHUII, CHUPIAHWAII €KW CHUKWIHII Macajajapuaa Xamjia
MOJIMSIBUH coxXajaru Oarmopatiam Macajaiapuaa MyxuM axamusartra ora. Iy
oouc, Oynakiu CHIUUK GQYHKIUSJIAPHUHT JTUHAMHUKACUHU TAJKUK JTUII JUHAMUK
cUCTeMalap Ha3zapusACHIIard MyXMM Ba Joii3ap0 Bazudanapgan Oupu OYiud
KOJIMOK/IA.

XO03Upru KyHJia >kaxoHJa JTUHAMUK CHCTeMallap Ha3apusCH KYIuiad amaivi
MacajajlapHyd XapaKTepUHU TYUIYHHMII, TaXJIHJI KAJIUII Xamjaa ONTHUMall €UUMHUHU
TONUIJIa acocuid BocHTa cudatuga KYJUIAaHWIMOKIA. XO03HWpJa CHUJUTHK
byHKUMSIIap OpKajdM aHUKJIAHTAH CHUCTEeMaJapHU TaJKUK KWW —SXIIH
PUBOXKJIAHTaH METOJUIap Ba TEOMETPUK EHAAIIyBIap MaBXyd. AMMO yImoOy
HazapusIard HaTwkajgap OwilaH Moc XaéThid CHUCTEMaJapHH H30XJjala
3UIIUATIAAp XaM 0op. by kabu 3uaausTIapHu Xajd KWIHIIIA CHCTEMaHW CHJIIUK
Oynmarad (QyHKIUsIap OpPKaIM XOCHJI KWJIMHTaH MaTeMaTHK Mojeiuiap EpaaMuaa
udomanam MyMKUHIUTH Kypcatuingu. by Oopaga: Ky3raamac Ba JaBpuid
HyKTaJapHU TYyia TaBcuIam, TpaeKTOPUSUIAPHUHT Oapya JUMUT HyKTalap
TYIUIAMUHM aHUKJIAII, CHUCTEMaHUHT XAOTHKIMTMHU HWCOOTIAIl Ba YJIApHUHT
MaTeMaTUK OWOJIOTHSAru MOMYJIAIMs >KapaéHiapura TaTOMKU MaKCaJIu WIMHAN
TaJKUKOTIIApAaH XUCOOIaHaH.

Mamnakatumusga CYHITH Wmapaa ¢yHaaMeHTan (GaHIapHUHT WIMHNA Ba
amManuil TatOWMKWra sra OYyiraH TeoJorusi, OWOJOTWs, MaTeMaThKa Ba (QU3MKa
dannapura >bpTHOOp KywanTupwigu. JKymiagaH, MeEXaHUKa, JJIEKTPOHHUKA,
OoIIKapyB Ha3apuscH Ba OHMOJOTMK CHCTEMaylapjia KeHI' TaTOMKura 3ra OyiraH
Oynakmu CWUMK ~(QYHKOVSUTADHUHT  JUHAMUK ~ CHCTEMalapd  Ha3apUSICHHH
PUBOXKIIAHTUPUIITa ajoXHja axaMuar Oepwinu. Yi3wiumra i3ra Oyiarax
aKCIAHTUPHIILIIAD JUHAMUKACH Oyinda CaJIMOKJIM HaTWXajlapra SpHUIIAIIH.
«DyHKIMOHAT aHAU3, MaTeMaTHK (U3MKa Ba CTATHCTHK (pu3uka» ¢aHIapUHUHT
yCTyBOp HVHanmuuuiapu Oyiuya Xajakapo CcTaHAapTIap Aapaxkacuaa WIMUN
TQIKUKOTIAp OJuM0 Oopumn MaTemMaTuka (aHWHWHT acocwii Basudamapu Ba
aonuar MyHamuouiapu >tu6 Oenrmmangu'. Kapop WKpOCHMHM TabMMHIAIIIA
WIMHI  HaTWKajmapiaH WiM-GaHHUHT TypIOIl coxajlapuaa (ongamaHuIl
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Makcaaua OYIaKkiv CUIUIMK JUHAMHUK CUCTEMaJlap HAa3apUsCUHU PUBOXKIAHTUPHUIIT
MyXHM axXaMUATra 3ra.

V36ekncron Pecriy6mukacu ITpesunentunmar 2017 #wn 7 ¢eBpangarn
«Y306exkucToH PecryOIuKacHHM SHAja PHBOMIIAHTHPHIN OYiHYa XapakaTiap
crpaterusicu tyrpucuaantu I1d-4947-con dapmonu, 2019 #un 9 wuronmaru
«Maremarnka TabBIMMH Ba (aHJIAPUHU SHAJAA PUBOKJIAHTUPHUILHU JABJAT
TOMOHHJIAH KyIIab-KyBBaTJIall, IyHHHTIEK, ¥Y30ekucTon PecryOmukacu ®annap
AxanemuscuHuHr B.M.PomaHoBCKkMiI HOMHMAaru MaremaTuka HWHCTUTYTH
daonmusaTHHN TyOAaH TAaKOMWJUIAIITUPUIN yopa-Tagoupnapu tyrpucuaantu I1K-
4387-con Kapopu Ba 2020 wun 7 wmamgaru IIK-4708-con «MaremaTuka
coxacuJaru  TabiuM  CcU(ATUHM  OIIMPUII  Ba  WIMHNA-TaJKUKOTIAPHU
PUBOXJIAHTUpHUIN 4Yopa-tanoupiapu Tyrpucuaanru I[1K-4708-conmu  Kapopu
Xxamaa MasKyp GaonusTra TEruiuIM OoIlKa HOPMATUB—XYKYKHH XysoKaTiaapaa
OenrmnanraH BasudarapHu aMalra OIMPHINIA YOy IUCcepTarus TaTIKHKOTH
MyailsiH Aapa)kaja Xu3maT KUJIaau.

TaakuKOTHUHT pecnmy0JMKa (paH Ba TEXHOJIOTHSVIAP PUBOKJIAHUIIUHUHT
YCTYBOP HyHaJuILIapura 0OFIMKJINIH. Ma3kyp TaAKUKOT pecnyOiauka ¢aH Ba
TEXHOJIOTHsUIap  puBoxiaHummHUHr [V,  «Marematuka, MeXxaHuKa Ba
uH(pOpMaTHKa» YCTYBOP WYHAIUIIM JOUpacHia OaxapuiraH.

MyaMMOHMHI YpPraHwiranjJuk aapaxacu. CyHrru iwuiapaa ¢usuka €xku
Ouonoruagard MaTeMaTUK MOJEIUIAPHU YPraHWIll JHUCKPET BaKTIU JTUHAMUK
CUCTEMAJapHU TAJKHK KWIHIITa OYIraH KU3UKUIIHU KECKUH OpTTUpAu. by
coxamaru nactinabku uiamui Hatwxamap M. bepuappo, C. banepmxu, JIx.A.
ﬁopK, B. Aspytun, C. Xoran, K.X. Xommec, E.O. Hycce Ba A. CuMoHOBHII Ba
OolIKa oJUMJIAp TOMOHHUJAH JPUIIWITaH OYiaud, couuan HMKTUCOAUETHUHT
y3IyKCU3 OVIakiaM CHIIMK MOJEIMHUHT JUHAMUK CHCTeMacu OoIlKapyB
napaMeTpiapra OOFJIMK DJKaHJIWTMHU HcOoTiamuiap. Mojen conna Oynuiura
Kapamaid, ymly Mojesl JMHAMHMKACH y4 XWJ TypJaru Xapakrepra 3ra 3KaHJIWTU
UCOOTIIaHTaH, S’IbHU CUCTEMa/la TYpFyH OpOUTasiap, KBa3u-AaBpHil aTTpakTopiap Ba
XaOTHK aTTpakTopijap MaBxyumrua kypcarwirad. C. banepmxu, M.C. Kapruk, I
IOan Ba JIx.A. Mopkiap TOMOHHIAH GHp YI4OBIN OYIakiy CHILTHK (QYHKIMSIAP
yuyH OMdypkanusiigap Ha3apusICH pUBOXKIAHTHpUITAH. ByHaal xoccanu AMHAMUK
CUCTEMaHU TaJKUK OTUII HJIEKTPOH cXeMajlapHu yumly ¢GyHKuMsuiap Ounad
udoganam MyMKUHJIUTUHUA KypcarraH. Cuctema (QyHKOMSICH coana Oymummra
KapaMaii, rmapaMeTpJIapHUHT Y3rapHillid HaTHKacuia TypFyH opOuTanap, TypFyH
Oynmaran opOuTanap, UKKH JIaBpUi aTTpakToOpiiap Ba XaOTUK OpOHTaap XOCHII
OymuuIury 6a€H ATHIITaH.

[1. )Kaun Ba C. banepmkunap y3uiaumn HyKTacu atpoduaa OVIaKian Yu3uKIN
aNMpPOKCUMAIUSHUHT TapaMeTpiapura OOFIHK OWp VIYOBIM Y3WIHINTA 3ra
GyHKUMSUTapHUHT  OudypKauusylapyHud  TacHU(Ialrad. Yjap  mapaMmerp
KMMUMAaTIIapUHUHT Xap Oup y3rapuil Opajiufu y4yH, XaoC Ba Typiu XWJ AaBpHM
opOuTaNap MaBXyIJUTH Xamaa TYPFYHJIUTH MAPTIAPUHU KEATUPUO YMKAPUILTaH.
AWTUII >XKOM3KH, ynap ToMoHuAaH Yypranunran ¢ynkuus C. banepmxu, M.C.
Kapruk, I'. 10an Ba JIx.A. Mopknap mmmparn (yHKIMSHHHT yMyMIIAIIMAacH
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Oynran QyHKIUS KYPUHUIINTA KEITUPHUIITaH.

Bospreppa Tunmuaaru kBaapartuk croxactuk oneparopiuap P.H. I'annxomxaes
unuiapuaa JIanmyHoB (QyHKUMACH Ba TypHHUpJAp Ha3apHsUIApUHU KYJUlall OpKaju
puBOXIaHTUpWiITaH. KelimHuanmk KBaJgpaTUK CTOXACTUK oOIepaTopiiap YuyH I[-
BonbpTeppa THnmmarn KBaapaTUK CTOXAaCTUK orepaTtopiap cuHpu Y.A. Po3ukos,
A. 3ana, V.V. )Kamuiosnap TOMOHUIAH; YEKCH3 YIYOBIM KBAaJPAaTHUK CTOXACTHK
oneparopiap @. MyxamenoB, X.AkuH, O. XakuMOBJIap TOMOHHUJIaH, KBaHT
KBaJpaTuK croxactuk omneparopiap H.H. T'anuxomxkae, ®. Myxamenosnap
TOMOHUJAH Yypranwirad. JlekuH, kymiad WIMUNA M3JaHUILIApra Kapamaii,
KBaJpaTUK CTOXACTHK OIEparopiap OpKadud XOCWI KWIMNHTAaH JUHAMHK
cUcTeMaiap yuyH JUMHUT HyKTajap TYIUIAMUHU TYJa TaBcCUpUHU OepuIl Xaiuraya
OouMK Mmacana Oynmu0 KoiaMoKna. byHpaH Tamkapu, y3widilra jsra OyiraH
KBaJIpaTUK CTOXaCTUK ONEpaTopiiapHU YypraHumga Xam Kymiuad wMacanaiap
OUYHMKJIUTUYA KOJIMOK/IA.

JAuccepranyus TAAKHKOTHHUHT JUCCePTANUS 0aKapPWITaH OJIMI TabJIUM
MYacCaCACHHUHT WIMHMH-TAAKUKOT HILJIAPH peKaiapu OWiaH O0FJIMKJINTH.
Huccepraums  tagkukotu — B.M.PomaHoBckuit ~ HOMuumarm  Maremaruka
uactutyTuHuHr  OT-F4-82 + OT-F4-87  «Omnepatopin Ba HOAcCOLIMAaTUB
anreOpanap Jsokan guddepeHunamanapy Ba aBToMopdUIMIApHU, YUBHKIH
OynMmaran AMHaAMHUK cucTeManapjaa dasaid YTUIl Ba TapTHOCU3INK» + « EBKina Ba
nceBno-EBkiua  (azonapugaru Srpu  UM3MKIAp Ba YJApHUHT MeEXaHUKaJa
kymnanmmmy  (2017-2020  iiunmap) Ba  EDA-Drex-2018-78  «AMeHaben
OynMaran rpadiapaa JUHAMHK Ba TepMOAMHAMUK cuctemanap» (2018-2019
Hunnap) MaB3ycuiaru WIMHAM TaIKUKOT JIOMUXaiapu Joupacuia OaxapuiraH.

TaagKuKOTHUHT MaKcaau OUp mapameTpsid OyTyH KUCM (DYHKITUSITIAP OWJIACH
xamga OWp Ba MKKU YIYOBIM CHUMIUIEKCIApAAa AHUKJIAHTAH Y3WIMINra 3ra
KBaJpaTUK  CTOXAaCTUK  OMNEpPaTOPJIAPHUHI  JUCKPET  BaKTJIM  JUHAMHK
cucTeManapuja HUXTUEPUN OONUIAHFUY HYKTa YYyH TPACKTOPUSHUHT JHUMHUT
HyKTajapu TYTUIAMUHH TyJa TaBcuanaan nuoopar.

TaagkuKoTHUHT Basudasapu:

Oup mapameTpau OyTyH KUCM (PYHKIUSI OpKAJId XOCWJI KWJIMHTAH JUCKPET
BAKTJIM JUHAMUK CUCTEMAHUHT JIMIMUT HyKTaJapUHU TOMUIII;

OyTyH KUCM (DyHKIMsUTapJiaH XOCHJI OVJIraH ONepaTOPHUHT JUCKPET BaKTIU
JTUHAMUK CUCTEMAaCHHH TaBCU AL,

Oup YIYOBIM CHUMILIEKC/Ia aHUKJIAHTaH Y3WIMILITa 3ra KBAJIPaTUK CTOXACTHK
ONEPATOPHUHT JUHAMHUKACH XaOTUKJIUTUHU KYpPCaTHIII,

JAaBpUi HyKTajap Mapxyz OVJIMILIM y4yH napameTpiapra mapriap TOMUII.

TagkukoTHUHT 00beKTH. byTyH KucM (QyHKUMsS Xamaa OUp Ba HMKKHU
VIIUOBIM CHUMIUICKCIApJa AaHUKJIAHTaH Y3WIMILra 53ra KBaJpPaTUK CTOXACTHK
omneparopiaap.

TaaKMKOTHUHT MpeaAMeTH. XaKUKHUA Yy3rapyBUnMian (PyHKIUSTIAp HA3apUACH,
JUCKPET BAaKTJIM JIMHAMUK CHUCTEMaJlap Ha3apusiCH, CTOXACTUK KapacHiap
Hazapuscu, Oudypranusiap Ha3apuscH.

TaakukoTHUHT ycyanapu. J{uccepranusga GyHKIIMOHAT aHAIN3, CTOXaCTUK
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’Kapa€Hinap Ba JHMCKpPET BaKTJIM JWHAMUK CHUCTEMalap Ha3apusCH yCyJUlapu
KYJUITAaHWJITaH.

TagKNKOTHUHT MJIMHUI SHTWIKMTH Kyiugaruinapiad uoopar:

napamMeTp KuiiMatura OOFIMK Xoiaa OyTyH KuCM (YHKIUsSIa WUXTHEpUN
OOIIJTAaHFUY HYKTa Y4YyH TPACKTOpHsS Ky3FaliMac HyKTara €KM HKKH JaBpUi
TPaeKTOpHUsTa €K1 YEKCU3IMKKA UHTHJIMIIHA UCOOTIIAHTaH;

OyTyH KucM (pyHKIMsUTapaH X0CHI OVIITaH UKKH YITYOBIIN OTEPATOp TUCKPET
BaKTJIM JVMHAMUKACH YYyH HXTUEPUM OONUIAaHFUY HYKTa TPACKTOPUSICUHUHT
XapaKTepu TaBCU(IIAHTaH;

Oup VIYOBIM CHUMIUIEKC/Ia aHUKJIAHTaH Y3WIUIINTa 3Tra KBAaJPaTUK CTOXACTHUK
OMEPATOPHUHT JUCKPET BAKTJIM JIMHAMHUKACU TapaMeTpJIapHUHT HOJAAH (apKiu
KUiiMaTiiapua XaOTUKIUTY UCOOTIaHTaH;

WKKH{ YIIYOBIIM CUMIUIEKC/IA aHUKJIAHTaH Y3WIHILTa 3ra KBaAPAaTHUK CTOXACTHK
orepaTop AWHAMHUKACH YUYyH IMapaMeTPHUHT OepwiraH KuiMaTiapuia JAMUT
HyKTajap TyIiaMu OUTTa HyKTa €KM YEeKCH3 TYIIaM Oy UCOOTIaHTaH.

TagKUKOTHUHT aMaJIMii HATHXKACH MATEMATUK OMOJIOTHSArd MOMYJISIIHS
YKapaéHJIApUHUHT MAaTeMaTUK MOEJUIapyu OVIakid CWUIMK (DYHKIUsIIAp OpKalu
udoaanamHd Takau(d STWITAHIUTH Ba YOy QyHKOusiIap €paamMuaa XOCHI
OyJraH AMHAMHUK CHUCTEMaja TPACKTOPHS JIMMUT HYKTaJIapu TYTUIAMUHU aHUKJIAII
yCyJUlapuHU 0aéH KUIMHTAHIUTHAaH HOOopar.

TaagkuKOT HATHWKAJAPUHUHI HMIHOHYIMJIMIMA  (QYHKIIMOHA  aHaJu3,
CTOXACTHK Xapa€Hjap Ba AHCKPET BaKTJIM JOMHAMUK CHCTEMAajap Ha3apusiCH
ycyJutapuiad GoialaHuiITaHl XaMJla MaTeMaTHK MyJioXa3ajJapHUHT KaThUWIUTU
OWJIaH acOCJIaHA/IH.

TagKUKOT HATHKAJAPUHMHI WIMHMHA Ba aMajJMil axaMHusTH. TaJaKuKOT
HATHKATAPUHUHT WIMUANA aXaMUSTH OYJIaKiIu CHIUTUK (QYHKIMUIap TMHAMUKACHIA
TPACKTOpUS JIMMUT HYKTAJap TYIJIAMUHUHT TaBCU(PUAAH HOUYM3HUKIN JUCKPET
JMHAMHUK  CHUCTeMalap Hazapusicuaa (QoijanaHuil MYyMKUHJIUTH — OuJiaH
M30XJIAHAIH.

TagKUKOTHUHT aMaliuii axaMHsITH OYJIakiu CWUIMK aKCIaHTUPUIILIAP
épmamuga XOocwsl OYyiraH IUHAMHUK CHCTEMaja TPAeKTOpHUS JIUMHUT HYyKTajapu
TYIJIAaMAHM ~ @QHUKJAIl ~ OPKajdd  MaTeMaTWK  OWOJOTHSJAard MOy
»apa€Hiapura TaTOMK 3TUIL OWJIaH OenruiaaHaau.

TagKUKOT HATHXKAJAPUHUHI KOPUU KWIMHHIOU. JIUCKpeT BakTiIu
OYnakiu CWIUTMK IMHAMUK CUCTeMaap Oyiinya OJIMHTaH HaTHXaJlap acoCHia:

Oup VIYOBIU CHUILIEKC/A aHUKJIAHTAH Y3WJIWINTA 3ra KBaJpaTUK CTOXACTUK
OTIEPATOPHUHT JUCKPET BAKTJIM JIMHAMHUKACU TapaMeTpJIapHUHT HOJAAH (apKiu
kuitmatnapuga xaotukiaurugadn OT-d-4-03 pakamiu «Y3IyKcu3 Xxamjaa JUCKPET
BAKTJIM aHUK JUHAMHK CHUCTEMaJIap, KUCMHUI MHTErpall oreparopiap CIeKTpiiapu»
Map3ycuaard  (QyHaamMeHTand ~WIMHA  JIOWMXaJa  CTOXacTUK  omepaTtopiap
TPACKTOPHUSIIAPUHUHT JTUMUT HyKTajapu TYIUIAMUHA TaBcuamaa
doitnananunran (Kapmwm gasnar ynuBepcuteTuHUHr 2021 iun 12 uronmaru Ne
04/1900-connu  MabiymMoTHOMacu). WMiMuii  HaTWXKAHUHT  KYJUJTAHWIWIIA
Bonbreppa Xamaa HOBOJbTEppa THUOHAArM KBaJgpaTUK Ba KyOMK CTOXaCTHK
orepaTopJIapHUHT JIMMUT HyKTaJlapuHU TaBcU(JIalll UMKOHUHU OepraH;



VKKH{ YITYOBIIM CUMIUIEKC/IA aHUKJIAHTaH Y3WIHILTa 3ra KBaAPaTHUK CTOXAaCTHK
omepaTop JAWHAMHUKACH YUYyH MMapaMETPHUHT OepwiraH KuiMaTiapuia JAMUT
HyKTanap TYIJIaMy OUTTa HyKTa KM 4eKcH3 TYIaaM Oymumumurugad EDA-Artex-
2018-182 pakamumm «bproccensTop Typiau LUKIUK KHUMEBUM peakUsIIApHUA
MaTeMaTUK MOJCJIMHYU JUHAMHUK CUCTEMaJlap Ha3apusiCu METO/J1apy OWiaH TaJaKUK
ATUIDY MAaB3yCUJArd  aMaJIMi JIOMMXaga KUMEBUW PEAKIHS MOJICIUIAPUHUHT
JTUHAMUKacHHM TaBcuduamma  doiimamanmiran  (Y36ekucton PecryGmukacy
®dannap axagemusiciHuHr 2021 #iun 23 wuwronmarun Ne  2/1255-1835-connu
MabiiyMOTHOMacH). WMiMuil HaTWKaHUHT KYJUIAHWIWIIM KAMEBUN peakiusiiap
MOJEJIApUTa MOC TMHAMUK CHCTEMAJapHUHI Ky3fajaMmac HyKTajapu Ba JaBPUHU
aHUKJIAII XaM/Jla TPACKTOPUsIIApHU cU(aTUi TaxXJIUiI KUIUII KIMKOHUHH OepraH.

TagkukKoT  HATWKAJAPDUMHMHI  anpodamusick.  Maskyp  TagKUKOT
HaTWXanapu 3 Ta Xalkapo Ba 3 Ta pecyOiiMKa WIMUN-aMaluil aHKyMaHlIapuja
MyXOKaMaJlaH YTKa3WJITaH.

TagKukKoT HATHKAJAPUHUHT JBJOH KHJIMHranaumru. Jluccepramms
MaB3ycH Oyiinda sxamu 11 Ta MMMl MII 4Ol STWIraH, NIyJIAapAaH, Y36eKHCTOH
PecnyOnmukacu  Onuii  arrectaiuss  KOMHUCCUACHUHUHT  dancada  mokTopu
JYccepTalMsUIap aCOCUM WIMHUN HaTWXKaJdapyUHU YOI HSTHUIN TaBCHUS STHJITaH
WIMHUI Hampiapga S5 Ta Makoya, KymiaJaH, 2 Tach XOpPWXKHM Ba 3 Tacu
pecnyOnuKa )KypHaJuIapy/ia Hallp STUJITaH.

J{uccepTauUMSHUHT TY3WIHIIH Ba Xa)kMH. [luccepranusi KUpUII KUCMH,
yura 000, XyJioca Ba QoimanaHuiIran agaduétTiap pyuxaTuaaH TAIIKWI TOMTaH.
JuccepTalsTHUHT XaXMU 94 OSTHU TaIlIKWII STraH.

JIMCCEPTALIMSIHUHI ACOCUM MA3ZMYHU

Kupum kKucmuaa numccepranus MaB3yCHHUHT J0J3apOJIMTH Ba 3apypUATH
acocllaHraH,  TaJKUKOTHUHI  pecnyOoinuka  ¢gaH  Ba  TEXHOJOTHUsJIApH
PUBOXJIAHUIIMHUHT  YCTYBOp  WYHaJUMUUIAPUIa  MOCIHWIH  KypCaTWITaH,
MyaMMOHHUHI YpraHWITaHJIUK Japakacu KeJTUPWIraH, TaJKUKOT MaKcaJu,
Bazudanapu, OOBEKTHM Ba MpPEeIMETH TaBCU(]IAHTaH, TAAKUKOTHUHT WIMUN
SHTWJIMTA Ba aMalluid HaTwkaidapu Oa€H KWJIMHTaH, OJMHIAaH HaTHWXKaJapHUHT
Ha3zapuil Ba aMalnii axaMUsSITH 0O4YnO OepUiTraH, TAAKUKOT HATHXKAJTIAPUHUHT SKOPHI
KWJIMHUIIY, Hamlp OJTWIraH UIUIap Ba JAUCCepTalMs TYy3WIUIIM —Oyiinda
MabJIyMOTJIap KEJITUPHUIITaH.

HucceprauussHuHr «BYyTYyH KHMCM (QYHKOHMSIZAH XOCHJI OYJIraH AMHAMHUK
cucreMajiap» 1e06 HOMJIaHTaH OupuHYM 000Mma, JUCcepTals MaB3yCHHH Tyia
éputuIl Yy4yyH 3apyp Oydaran acocuil Tabpuduap Ba MyXUM TyUIyHYajuap

kentupunrad. [lyHuHTAEK, Lﬂ,xJ OyTyH KuUCM (PYHKIUSIAH XOCWJI OYiaraH
JUHAMUK CHCTeMallap XaKuJaru HaTuxanap 0aéH KUJIMHTaH.

Uxtuépuit f Ba g QyHKIMsUap y4yH, f Ba ¢ HHUHT KOMITO3HIIUSCHHU
fog(x)=f(g(x)) xabu, f GYHKIUSHUHT ¥3-y3Ura n MapTa KOMIIO3MIIUICH 3Ca

S"(x)= fo---o f(x) xabu Genrunanagu. bepunran x, (x, € X ) yuyH,

n—times



X =f0x), X, =) =f(x), =)=/ GN=/(x),... (1)

{xo, S, (X))o [ ”(xo),...} HyKTajnap  KeTMa-KeTJIUId X,  HyKTaHUHT

TPAeKTOpHsICH EKH OpOHUTAcH Jernianau. JJUCKpeT BakTiu AMHAMUK CHCTEMaap
HA3apHACHHUHT acOCHi MacanajapuiaH Oupu UXTHUEPUNA x OOLUIaHFUY HYKTa

yUyH { f" (x)}neN KeTMa-KeTJIMKHUHT Oapya JTUMUT HyKTaJapyuHU TaBCUQIAIIIaH
nubopar.

Arap x Hykta f(X)=X TeHIIIaMaHH KaHOATIAHTUpCA, y XOJiJga x HyKra f
(GYHKIUSHAHT ~ Ky3FajaMmac HyKracu Jeimmaau. Arap x Hykra f'(x)=x
TCHIVIAMAHW KaHOATIAHTHPCA, Y XOiAa x Hykra f GOYHKIUSHHUHT 7 JaBpiId
JaBpHii HyKTacu aedwnaad. f'(X)=Xx TeHINIaMa y4yH SHI KHYHUK MycOar n

COHMIa x HyKTaHUHT TyO naBpu aeviriiagu. TyO naBpu n OYiraH HyKTa n -JaBpUi
HyKTa neiwianu. bapua n-maBpuil Hykranmap tymuiamu Per (f) opkamu xampaa

Oapua Ky3ranmac Hykramap tymiamua Fix(f) opkamm Oenrmmananu. bepuiran x
Hykraouuar {f"(x)},_, OpPOMUTACHHHMHI JIMMHT HyKTagapu Tymiamu (X, f) Exu
@(x) xabu OenruaaHam.
l1-tappud. peR wyxma f:R—o>R @yukyus yuyn n-oaepuii myxkma ea
p nykmaoa " (x) @yuxyus oupgpepenyuannanyeuu 6yacun.
e Acap ‘( f ”)'( p)‘ <1 6ynca, y xonoa p mopmyeuu,
o Aeap ‘( f )'( p)‘ >1 6ynca, y xonoa p umapysuu 0aspuii HyKma Oetuiaou.
2-tappup. f:A—>A 6a g:B—>B ¢yukyusnap oyncun. Aeap [ ea g
Gyurkyusnap yuyn wynoau h:A— B 2omeomoppuzm monunub, ho f=goh

men2uk 6axcapuica, y xonoa f ea g Qyukyusnap mononio2ux Kyuma Oetunaou.

Jluckper BakTIu JUHAMUK CHCTEMajap Ha3apusCUIaH MabJIyMKH, TOTIOJIOTHK
KymMa GyHKIUSIIAP SKBUBAICHT (DYHKIUSUIAPIUD.
x € R COHHMHT OyTyH KUCMH KyWH1arunya aHuKIaHaIu:

|_xJ=max{meZ:me}.

buprHun 600HUHT UKKUHYY TTaparpaduaa ymoy

f) = £,(x)=LAx], (2)
kypununigary iR —>R  ¢yHkumsgan  xocwn OynraH IUHAMHK —CHUCTEMa

Kapairas, Oy epaa A € R mapamerp.
dapa3 kwnaiuk, A <0 6yincun. 4 =0 tpusuan xox Ba w(0)={0}. 1 <0

OYJICHH.
1-teopema. Acap A <0 6ynca, y xonoa [ @yukyus opxaiu X0Cun KUiIUH2aH

OUHAMUK cUCmeMa Y4yH KyUuoasuiap YpPuHiu:
1. Aeap —1< A <0 6ynca, y xonoa Vx € R gytiuoacu iumum ypuuiu
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lim/" (x) =0,

n—>0

avhu, o(x)=1{0}.
2. Aeap A =-1 b6ynca, y xonoa xap oup Hoaroau ¢apxiu 6YmyH COH YuyH UKKU
oaspuii  opbuma maexcyo, svuu uxmuépuii xeZ\{0} yuwyn [(x)=x.

Lynuneoex, xap 6up x € R yuyn f°(x) = f(x) ypunnu, avuu,

_ {x, f(x)}, aeap xeZ bynca
@(x)= {f(x), (%)}, acap x e R\Z 6ynca.

1
3. Aeap A <-1 6ynca, y xonoa Vx € (1,0} yuyn f(x)=0 6ynaou sa

{0}, aeap xe€ (1,0} oynca,
@(x) =1 A

{—00,400}, acap x € R\ (%,0}6)7}1061.

Oumau 0<A<1 xonuu kapaitmuk. Xap oup A€(0,1) yuyn mynnait meN

m m o
HaTypajl COH MaBXYIKH, <A< —— 6ynaam.
m m+1
m—1 <q<_ ™
m m+1

2-teopema. Aumatinuxk m € N yuyn oyncun. ¥ xonoa

0, acap x€[0,+0),

k k+1
1 " = ka ) s
!}E}f (%) azap xe[}L 7 j

—m, azcap XE(—OO —ﬂj
D 5 /1 5

oy epoa ke{-1,-2,...,—m}.
Ky#ingarun A >1 X0 y4yH Kylujara TeopemMa YpuHiu.

+1
3-teopema. Aumaiiiuk m € N namypan con yyym < OVICUH.
m m—
YV xonoa
[k k+1j
k, acap xe|—,— |,
A A

limf"(x) =< -, aeap x e (—x,0),

n—0

m
+00, aeap xe[;ﬁooj,
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oy epoa ke{0,1,...,m—1}.
bupunun OO0OHMHr yuyumHUM maparpaduga KyWugaruda HKKA —YIYOBIIH
oreparop épaaMuaard IMHAMHUK CUCTEMa XaKuark HaTikKanap 0aéH KUJIMHTaH:

_ x' =LAyl _ ,
A(z) {y"l_lxi ,Z (x,y)eR

Oy epma A € R mapamertp.

(3) omepaTopHUHT JHWHAMHUK CHUCTEMacd YYyH TIapaMeTpHUHT Oapua
KUiMaTiiapua HaTHWXKajap oJMHraH. Xycycad, A >1 Xo1 yuyH KyHujgara teopema
VPHHIIH.

m+1 m

4-treopema. bupop meN yyn ——<A< — oyacun. Y xonoa
m m—
KYUUOA2ULap YPUHIu:
1) Aeap

k k+1 k k+1 .
Ze{(xmyo)l zgxo<T:yO<O}U{(xosyo)| Zsyo<77xo<0} 6yJZCCl,y

xonoa
C()(Z) - {(k,—OO)’(—OO,k)},
0y epoa k {0,1,2,...,m —1} )

2) Aeap z € {(xo,yo) | X%, <0,y, 2 %} U {(xo,yo) | ¥, <0,x, 2 %} oynca, y
xonoa
C()(Z) - {(+OO> —OO), (_009 +OO)}

k k+1 p p+1| .
3) Aeap ze{(xo,yo) | zﬁxo <T, ngo <T} oynca, y xon0a

o(z) = {(k, p).(p.k)},
oy epoa k,p € {0,1,2,...,m —1} .

4) Aeap
k k+1 m k k+1 m| ..
Ze{(xmyo)'zgxo <Tayo 2;} U {(xoayo) | zsyo <Taxo ZE} 5y]ZCCl,y
xonoa

w(z)= {(k, +00), (400, k)},
Oy epoa k € {0,1,2,...,m —1} )
5) Aeap z € {(XO,yO)IxO <0,y, < O} oyuca, y xonoa (z) ={(—0,—0)}.

6) Aeap z € {(xo,yo)bc0 > %,yo > %} oynca, y xonoa a(z)= {(+oo,+oo)}.
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JuccepraiussHUHT «BUTTa Y3WIMII HYKTAJIH Xa0THK JHHAMHK CHCTEMA)
ned HOMIJTAHTaH MKKUHYU 000M1a, NIKKUTA TypAaH TAIIKWJI TONTAaH IMOMYJISIIASHAHT
MaTeMaTHUK MO OepuIIraH.

(m—1)-YauoBmn cummexc
{x (X,,%,5..,x YeR" i €{1,2,...,m} yuyn xiZOeaixizl}
i=1

kabu anukinaHaau. e =(1,0,...,0), e =(0,1,0,...,0), ..., e, =(0,0,...,0,1)
HyKTajap CUMIUICKCHUHT yuJIapH JTCHUIIaIH.

intS'”l—{x (x5, 5 xm)eS'”’1|xi>O,ie{l,Z,...,m}}

m—1

) -1 . -1 V)
TYIJIaM CHUMIUIEKCHHHT uud Ba OS" =S8" \intS"" T1ymiam sca CHMILICKCHUHT

yerapacu AcHuIaiu.
Kyiinnaru

(V(X))k = ZPH XX, k e{ ,m}

i,j=1
kypuanmgary Y :S" — 8" akcIaHTHpUII KBAZPATHK CTOXACTHK OIEPAaTOp
(KCO) neimnanu, Oy epma, b, xoebduimeHTnap Kyiuaard mapriapHu

KaHOATJIAHTUPAIH
P.20, P, =P, ZP =1, i,je{l,2,...,m} 3)

Ba HacJJaH Haclra YTyl koedpuimeHTapu aeunaiu.

Arap V' KCO yuyn k £ {i,j} 6ynranna B, =0 6ynca, y xonma V' oneparop

Bonbereppa tunnnaru KCO nevinnanm.
Kyiiunaru V., :S' — S' onepatopuu Kapaitnuk

Jx'=x(1+ay)
< W'=yd-ax),
oy epna a €[—-1,1].
Uxtuépuit OGommanrmy Hykta z=(x,y)eS' yuyn z"=",y")=V"(2)
TpaeKTopuUsl KyHujaaru KypuHuuiga oynamu

X = (1 + ay("))
y<n+1> _ y('”(l _ ax(”)).

™ Ba y" xerma-keTamknap a # 01a MOHOTOH Oymamm (

Kypunu6 typubauku, x
a=0 na TMHaAMHK cucTeMa TpuBHUai Oynaau, 11y 60uc ymody XOJHU Kapamaimus).
x" Ba y" KeTMa-KeTJIMKJIAp IOKOPUIAH uYerapajaHraH OYIraHd ydyH JMMHTIa
ara Ba JIMMUT HyKTaJap V/ onepaTOpHMHI Ky3FaaMac HyKTajJapu Oyiaaau, SbHU
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limz

n—»0

(n — (091), arap a<0
(1,0), arap a>0.

FOKopumars TUMUT OMOJIOTHK MabHOCH IIyHIAH HOOPATKH, KeTaXKaKaa Xap JOHM
TYpJIAPUHT OUPU aCHIITOTHK HYKOIMO KETaIH.

Kenaxakaa Xap UKKH TYPHHU cakJiab KOJTHIIT YUYH,
V.,:z=(x,y)eS' =7 =(x,))eS" >BomONMOH omepaTOpHU  Kyiuparuda
aHUKJIaNMU3:

V(). if x<

2
V=1 : @)
I/b(Z)a lf X>§
Oy epna a,b €[—1,1] napamerpnap Ba z= (y,x) esS'.
Kaiin stumr sosumkn, (3) myHocabarna Oepwiaran P, KodGduimeHTIap
x € S"”' ra GoFIMK dMac d7u, JekuH (4) oneparopaa
P .=1-P =P  =1-P, =1

11,1 11,2 22,2 221

Ba KouraH Koedurmentiap z = (x,y) € S' ra Goruk:

I+a 1
T, arap xSE
Plz,l(Z):l_Pn,z(Z): 1—b 1 (5)
—, arap x> —.
2 2

WNxkuaunn OOOHWMHr WKkuHYM maparpadpuma x+y=1 okanmurugan (4)
oTepaTopHU OMTTa HyKTajia y3Wiumira sra 6ymaran oup ymaosmu f,, :[0,1]—[0,1]

byHkuusra kentupud, ymoly QyHKIuUsSgaH XOCWI OYyiraH JAMHAMHUK CHUCTEMa
YpraHuJiras:

x(1+a —ax), OSxS%
Jos (D)= (6)

x(1-5b+ bx), %<x£1,

Oy epma a,b mnapameTpmap cUMMeTpHK Oymranm yuyH a,be[0,1] me6 dapas
KWJIAMU3.

Tomonoruk Kymmanmuk TymryHdacu €paamunaa (6) GyHKIMS y4yH AUHAMUK
cuctemanu a,b€[0,1] mapamerpmap yuyn a€[0,1], a<b TymIamMmaru
KUMMaTiapuaa ypraHuil eTapiiu.

a <b ma MymMKuH OyraH KyiHuaara XoJlapHU KapaiiMus:

1)a=b=0;2)a=0,b>0;3) ab>0.

1-u30X. Aeap a=b=0 6yuca, y xonoa ¢pynkyus f,,(x)=x, 0<x<1 aiinui
@ynxyus 6ynaou. by xonam xuzux smac.
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a=0, b>0 xonma quHAMUK cucTema Tyia ypranwiradH. ab >0 Xon yuyH

f(A)= A Hu KaHOATIAHTHPYBYH A = (% — 2,% + %} WHBAPUAHT TYIIJIaM MaBXY/I.

[ynunraex, ymoOy XoJ y4yH AMHAMUK CHUCTeMaHU A WHBApUaHT TYIiaM/ia
yprauui erapauaup. YyHku, arap OOlUIaHFUY HYKTaHH WHBAPUAHT TYTUIAMHUHT
TalIKapUCHUIAH OJICAK, YEKJIUTA KaJaMJaH CYHT TPAeKTOPUSHUHT Oapya HyKTajdapu
A na Kouiamnaaun.

2-m30X. Paswanku, Kyzeaimac Hykmanap mynaiamu  ab>0  yuym
Fix(f)={0,1} oan ubopam. ILlynunzoex, | f'(0)|=1+a>1, |f'(1)|=1+b>1.
AvHu, xap ukku Kyseaimac Hykmanap umapysuu. LIy bouc, xap ukku myp
Kenaxcaxkoa cakianud Konaou.

JlaBpui1 HyKTajap TUIIA YYyH KyWHJard TeopeMa YpUHIIH.

5-teopema. Acap [ oOaspuii mykmanapea sea 6yica, y xonoa 6y 0aspuil
HyKmanap umapysdu 6y1aou.

x, =/f(x,) JHOHCKpeT BaKIIM [IWHAMMK CHCTEMa Ba X, HYyKTaJaH

OoluTaHyBUM OpOUTa YUyH JIAnyHO8 9KkchoHenmacyu Kyiunarunia TabpudiaHaam:

) 1 n—1
AMx,) = hmzzln | f(x)]. (7)

n—o i=0
JISIyHOB SKCIIOHEHTACH TYPIIM XMII OpOUTaIapHH (apKiIaliza MyXUM aXaMHSTra
Ira.

1-Tacauk. xoe[O,l]\{%} oyacun. 'V xonoa (6) yukyus yuyn Jlanynos

9KCNOHeHmacu HoManuil 6yaaou.
1-racoukka kypa A >0 Oynaau, y Xonaa

e A1=0 myHnocabar TpaekTopusi OeTapad Ky3raimMac HyKTara WHTHJIUIIMHA
KypcaTtaau.

e A>0 naH AMHAMUK CHCTEMa XAOTUKJIUIU KENuO YWKaau, SbHH, SKUH
HYKTaJlap TPaeKTOpHUsIIapH, KaHUAJIUK SIKWUH OYVIMIIUAAaH KaThbUil Ha3ap, Xap
KaHmai wuxTtuépuil Macodara y30KJIamMIIKA MyMKUH. Oxup-okuOar
TpaeKTopHs TyIulamjaaru Oapua HyKrajapra Oopamu. By HykTanmap TypryH
OYIMaraH HyKTayap JeHuiIau.

[lyHuHrAeK, napaMeTpiaapHUHT 0ab3u MyHocabaTiapu yuyH (6) GyHKUHSHUHT
Oudypkauss  auarpaMmanapud  yu3wirad.  budypkanus — nuarpammacu
TPACKTOPUSIHUHT AaCUMIOTOTUK HWHTWIYBYM HYyKTaJlapu (Ky3FaaMac HyKrajap,
JNaBpuil opOuTanap €KM XaoTUK aTTpakTopyiap)HU HQPOAATOBYM CHUCTEMaaaru
napamMeTpHUHr QyHkuscuaup. Onataa TypFyH HyKTajlap y3i1yKCU3 YM3HMK OWJIaH
Ba rapuu, TypryH OYyJIMaraH HyKrajap TyHmHO KOJUIIUIa Kapamai, yiaap HyKTajau
yu3uKIap OuniaH TacBupijiaHanu. Ilaparpad cyHruma 6ab3u OMOJIOTHK IIapXJjap
OepwuiraH.

JucceprauusiHuHr «bUp Ba HKKH YJI40BJM CHUMILUIEKCIAPAa AaHUKJIAHTAH
Y3WIMIITa 3ra KBaJPaTHK CTOXACTHK  ONEPATOPJAPHUHI  JIMHAMMK
cucremMacw» ae0 HOMJAHTaH Y4YMHYHM OoOuga, Oup VIUOBIM CHUMILIEKCIA
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AHUKJIAHTaH HOBOJIBTEppPA THUNUAATH Y3WIHIIra O3ra KBaJpaTHUK CTOXACTHUK
ONEepaTop Ba MKKU YIJYOBIM CHUMIUIEKCIA aHMUKJIaHraH Bosbereppa tunmuparu
Y3WIHIITAa 3ra KBaApaTUK CTOXAaCTUK ONEpaTop JWHAMHUK CHCTEMalapy
YPTraHWIraH.

W :S'—S'BaW,:S'— S'onepatopiapHu Kyiugaruua aHuKIaiMus:
:{x'zazx2 +2xy+y° - :{x':x(1+by)
Y =(-a)x’ b =p-by
6y epraa €[0,1], be[-L1].
W, z=(x,y)eS' -z =(x',)")€S" oneparopnn kapaiimx:

(=) W,(z), arap x<1/2
s \5)= W,(z), arap x>1/2.

a

x+y=1 <¢pnamuma, W,, omeparophu ga’b(x):[O,l]—>[O,l] byHKIHATa

KCIITUpAMU3
(a—1)x*+1, x<1/2

: (8)
x(1+b—bx), x>1/2

g(x) = ga,b (x) = {

6y epma a €[0,1], be[-11].

ae [O,l] , be [—1,1] napamMeTpiiapHuUHr Oapua KuilmMaTiapu yuyH (8)
(GyHKUMSIIaH XOCHIT OYITaH TMHAMHUK CUCTEMA TYJia YpraHWIraH.
0<a<l1 Ba —-1<b <0 xon yuyH, Kydugaru TeopemMa ypuHIIu.

6-teopema. (8) ¢yuxkyusaoan xocun OyIeaH OUHAMUK CUCMeEMA VYVH
KYUUOazuiap ypuHiu:

a) & ¢ynxyus seona x =1 Kyzearmac Hykmaea sea.

b) Aeap a=1 6ynca, y xonoa x¥ 6ownanzuu nyxma yuyn x" mpaexmopus
KYUuoazu TuMumea UHmMuiaou:

limx™ =1.

n—»0

c) Aeap 0<a <1 6ynca, y xonda g uxkku oaspuii Hykmaiapaa 32a SMac.

2b-b’ +2\/b4+2\/b2 +16* = b

bZ

d) Aeap 0<a < oynca, y xonoa g yu oaspuiti

HyKmanapaa 32d.
YyuHur OOOHMHI WKKMHYM Ba YYMHYM naparpadiaapuga MKKU YIHOBIH
CUMIUIEKCJa aHUKJAHTaH y3wiMilra sra BonbTeppa onepaTOpUHUHT JTHHAMMK
CUCTEMACH YpraHWIraH.
KCO nu xyiunaruya tabpudaaimMus:
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I/I(X)a min{x,y,z}Zx Ba X#y E€KHn X:(%,%,%)
V(X)El/ll,b,c(x): I/Z(X)ﬂ min{xayaz}:y Ba in (9)

V.(x), min{x,y,z}=z Ba x#z

oy epna x=(x,y,z) € S?, a,b,c €[0,1] Ba

x'=x(1+ay+bz) xX'=x(1-by—cz) x'=x(1—az+cy)
V=9V =y(l-ax+cz),V,=3y' =y(1+az+bx), V,=1y = y(1-bz —cx)
z'=z(1-bx—cy) z'=z(l—ay+cx) z'=z(1+ax+by).

Arap a=b=0 Ba c¢>0 Oyinca, y Xoiga KyHugars HKKATA JeMMa
TpackTopusHuHr (¥ oneparopmaH xocun kunumaran) @(x”) muMuMT HyKTanapu
TYTUTAMUHY TaBcUpIaNIN.

1-nemma. V  onepamop (9) opkxanu 6epunrcan KCO o6yncun. YV xonoa
uxmuéputi X €S yuyn o(x) < 88 ypunnu 6ynaou.

2-nemmMa. (9) onepamop dasputi opbumanapea s2a dmac.

Jlemma 1 Ba JlemMma 2 napjaH Kyiuara TEOpEMaHu Xyja0ca KUIaMU3.

7-teopema. Aeap a=b=0 sa ¢ >0 6yuca, y xonoa o(x) mynram é bumma
HYKMAOAaH, éKU YeKCU3 myniamoar ubopam oynaou.

Arap b=c=0, a >0 06ynca, y xonna Kyduaara TeopemMa YpuHIHa.

8-teopema. V' onepamop (9) opxanu 6epunean KCO 6yncun. ¥ xonoa

Per, (V) = {J}

ed
Per, (V) = {x,,x,,x}
0y epoa
X =( 2 , 2 ’ 2 )
—a+3+m a+3+m a+3+m
X =( 2 , 2 , 2 )
a+3+m a+3+m —a+3+m
X = 2 2 2

( , , )-
a+3+Na’-2a+9 —a+3+vJa’-2a+9 a+3++a’-2a+9
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XYJO0CA

Juccepranus wuimy OyTyH KUCM (QYHKIUS Xamia OWp Ba WKKH YITYOBIH
CUMIUICKCIAp/ia  aHUKJIAHTaH  Y3WIMINra  3ra  KBaApaTHK  CTOXAaCTHK
OIIePATOPJAPHUHT JHUCKPET BAaKTIM JHWHAMUK CHCTEMAaJIApUHHU TaJKUK KUJIHIITa
OaruIIIaHTaH.

TaaKUKOTHUHT aCOCHI HaTWKajJapH KyWuaaruiapad noopar:

1.

Bytyn kucm ¢yHKmusgaH Xocwsi OYyiraH JAWHAMUK CHCTEMa Y4yH
Ky3FaiMac HyKTajap TYIJIaMd TOMNMJITaH Ba Oapya TpPaeKTOPHUSIAPHUHT
JUMHT HyKTaJdapu TYTUIAMH TYJia TaBCU(IaHTaH.

butra y3unuin Hykrara sra QyHKIUSAAH XOCHI OYITraH IMHAMUK CHCTEMa
XaOTUKIMIY JISTyHOB 3KCIIOHEHTAacH €pAamMuaa HCOOTIIAHTaH.

. JIuMHUT HyKTanap TYIJIaMUHU TaBCU(IOBYH OMdypKalus Juarpammanapu

TaCBUPJIAHTaH.
bup ymyoBmu cumiuiekciaa anukiaHran yswiumra sra KCO muHaMuk
CUCTEMACHUHUHT JIUIMUT HyKTaJapy TYTIJIaMU TOIUJITaH.

Wkky YI4oBNIM CHUMIUIEKCAA aHMKJIAHTAaH y3uiumra sra BonbTeppa
tumuaary KCO yuyn a=b=0, ¢>0 Oyarasga JIUMUAT HyKTajap
TYIUIAaMH CUMILIEKC dyerapacuaa €tumu ucoornanrat. lllynunraex, a >0,
b=c=0 (moc paBumpga, a=c=0, b>0) Xomrap yuyyH Xap JIOUM
UTapYyBUU y4 JJaBpUi HYKTajdap MaBKyUIUTH UCOOTIIAHTaH.
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INTRODUCTION

Actuality and demand of the theme of the thesis. In the world, a lot of
scientific and practical researches are reduced to the studies of discrete-time and
continuous dynamical systems. It is also clear from the example of the logistic map
that the dynamics of a mathematical model is not always the same for discrete and
continuous time cases. Therefore, the discrete-time dynamical systems are also
examined in parallel with the continuous case. Discrete-time dynamical systems
generated by piecewise-smooth functions play important role in helping to
understand the behavior of many important physical phenomena such as electrical
circuits that have switches, mechanical devices in which components impact with
each other, problems with friction, sliding, or squealing, and financial forecasting.
Hence, the study of the dynamical systems associated with piecewise-smooth
functions remains one of essential and actual tasks in the theory of dynamical
systems.

Nowadays in the world, theory of dynamical systems has been proven to be a
powerful tool for analyzing and understanding the behavior of a wide range of
problems. There is now a well-developed qualitative or geometric approach to
dynamical systems that usually relies on the evolution of a system as determined
by the smooth function. But there are also contradictions in the interpretation of
real-life systems consistent with the results of this theory. In solving such
contradictions, it has been shown that the system can be expressed using
mathematical models generated by non-smooth functions. In this regard, the main
problems are: a complete classification of fixed and periodic points, the
determination of the set of all limit points of the trajectories, proof of the chaoticity
of the system and their application to population processes in mathematical
biology.

In recent years, our country has paid more attention to geology, biology,
mathematics and physics, which have a scientific and practical application of
fundamental sciences. In particular, special attention was paid to the development
of the theory of dynamical systems of piecewise-smooth functions, which are
widely used in mechanics, electronics, control theory and biological systems.
Significant results were obtained on the dynamical systems generated by
discontinuous function. Investigations on the international level in such important
areas as the functional analysis and dynamical systems theory has been considered
the main task of fundamental research!. Currently, the development of
investigations on the theory of piecewise-smooth dynamical systems plays an
important role in the implementation of this decree.

The subject and object of research of this dissertation are in line with tasks
identified in the Decrees and Resolutions of the President of the Republic of
Uzbekistan of February 7, 2017, PF-4947 , «On the strategy of action for the

! Decree of Cabinet of Ministers of the Republic of Uzbekistan at the 2017 year 18 May « On measures on the
organization of activities of the first created scientific research institutions of the Academy of Sciences of the

Republic of Uzbekistan» Ne 292 dated May 17, 2017. )



further development of the Republic of Uzbekistany, PQ-4387 dated July 9, 2019
«On state support for the further development of mathematics education and
science, as well as measures to radically improve the activities of the Institute of
Mathematics named after V.I. Romanovskiy of the Academy of Sciences of the
Republic of Uzbekistan», PQ-4708 of May 7, 2020 «On measures to improve the
quality of education and research in the field of mathematics» as well as in other
regulations related to basic sciences.

Connection of research to priority directions of development of science
and technologies of the Republic. This study was performed in accordance with
the priority areas of science and technology of the Republic of Uzbekistan IV,
«Mathematics, Mechanics and Computer Science».

The degree of scrutiny of the problem. Efforts to understand mathematical
models in physical or biological systems have aroused interest in studying the
methods of discrete-time dynamical systems. Preliminary scientific results in this
field achieved by M. Bernardo, S. Banerjee, J. A. Yorke, V. Avrutin, S. Hogan, K.
H. Hommes, H.E. Nusse, and A. Simonovits and others, they proved that the
dynamical system of the continuous piecewise-smooth model of the social
economy depends on control parameters. Although the model is quite simple, they
have found three different types of behavior in the dynamics of the system due to
the following different types of attractors: stable cycles, quasi-periodic attractors,
and chaotic attractors. In the work of S. Banerjee, M.S. Karthik, G. Yuan, and J.A.
Yorke, published in 2000, the bifurcation theory of one-dimensional piecewise-
smooth maps is developed and the border collision bifurcations defined. The
motivation to study the dynamics is that some switching circuits can be represented
by these maps. Although the function of the system is simple, while changing in
parameters there are stable orbits, unstable orbits, two periodic attractors, and
chaotic orbits.

P. Jain, S. Banerjee present a classification of border-collision bifurcations in
one-dimensional discontinuous maps depending on the parameters of the piecewise
linear approximation in the neighborhood of the point of discontinuity. For each
range of parameter values, they derived the condition of existence and stability of
various periodic orbits and of chaos. It should be noted that the function studied by
them is a generalization of the function in the work of S. Banerjee, M.S. Karthik,
G. Yuan, and J.A. Yorke, and by adding one more parameter, the function is
reduced to the form of a function with one discontinuity point.

In the works of R.N. Ganikhodjaev the theory of Volterra quadratic stochastic
operators was developed using theories of the Lyapunov function and tournaments.
Later for quadratic stochastic operators, the class of /-Volterra quadratic stochastic
operators was studied by U.A. Rozikov, A. Zada, U.U. Jamilov; infinite-
dimensional quadratic stochastic operators was studied by F. Mukhamedov, X.
Akin, O. Khakimov; quantum quadratic stochastic operators were introduced by
N.N. Ganikhodjaev, F. Mukhamedov. However, despite of numerous works, it
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remains an open problem to give a full description of the set of limit points for
dynamical systems generated by quadratic stochastic operators. In addition, there
are many open problems in the study of discontinuous quadratic stochastic
operators.

The connection of the theme of the thesis with the research plans of the

higher education institute, where the research on the thesis is carried out. The
dissertation research is done in accordance with the planned theme of scientific
research OT-F4-82 + OT-F4-87 «Local derivations and automorphisms of operator
and nonassociative algebras, phase transitions and chaos in nonlinear dynamical
systems» + «The theory of global invariants of curves and surfaces in Euclidean
and pseudo-Euclidean spaces and its applications in mechanics» (2017-2020) and
scientific research «YoOT-Ftex- 2018-78, Dynamical and thermodynamical
systems on non-amenable graphs» (2018-2019) at the Institute of Mathematics
after named V.I. Romanovskiy.

The aim of the research work is to describe a set of limit points of the
trajectory for an arbitrary initial point in discrete-time dynamical systems of the
floor function and discontinuous quadratic stochastic operators on one- and two-
dimensional simplexes.

Research problems:

to find fixed points for the floor functions;

to describe all sets of limit points of the dynamics generated by the floor
functions;

to show that the dynamics of a quadratic stochastic operator on the one-
dimensional simplex is chaotic;

to find conditions on parameters for existence of periodic points.

The research object. The floor function, discontinuous quadratic stochastic
operators on one- and two-dimensional simplexes.

The research subject. Theory of functions of real variables, theory of
discrete-time dynamical systems, theory of stochastic processes, theory of
bifurcations.

Research methods. In the research the methods of functional analysis,
stochastic processes and theory of discrete dynamical systems are used.

Scientific novelty of the research work consists of the following:

depending on the parameter value it is proved that the trajectory for an
arbitrary initial point in the floor function converges to either a fixed point or two
periodic trajectory or infinity;

the nature of trajectories of a two-dimensional operator generated by the floor
function 1s described;

the discrete-time dynamics of a discontinuous quadratic stochastic operator on
the one-dimensional simplex is proved to be chaotic for non-zero values of the
parameters;

23



for dynamics of a discontinuous quadratic stochastic operator on a two-
dimensional simplex, it has been proved that at given values of the parameters the
set of limit points is either a single point or an infinite set.

Practical results of the research are that mathematical models of population
processes in mathematical biology are proposed to be expressed by piecewise-
smooth functions and methods for determining the set of trajectory limit points in a
dynamical system generated by these functions are described.

The reliability of the results of the study. The results have been obtained by
using the methods of functional analysis, theory of discrete time dynamical
systems and stochastic processes. The obtained results are mathematically strongly
proved.

Scientific and practical significance of the research results. The scientific
significance of the research results is explained by the fact that the description of
the set of trajectory limit points in the dynamical systems of piecewise-smooth
functions can be used in the theory of nonlinear discrete-time dynamical systems.

The practical significance of the research is determined by applications to
population processes in mathematical biology by determining the set of limit
points of trajectory in a dynamical system generated by piecewise-smooth maps.

Implementation of the research results. Results related to piecewise-
smooth dynamical systems with discrete-time were used in the following research
projects:

the results on the chaoticity of the discrete-time dynamics of a discontinuous
quadratic stochastic operator on the one-dimensional simplex for non-zero values
of parameters have been used for describing the sets of limit points of trajectories
of stochastic operators in the research project No. OT-®-4-03 (Reference No.
04/1900 of Karshi State University dated June 12, 2021). The application of the
scientific result allowed to classify the limit points of quadratic and cubic
stochastic operators of Volterra and non-Volterra;

the results that the set of limit points at given values of the parameters for the
dynamics of a discontinuous quadratic stochastic operator on the two-dimensional
simplex is a single point or an infinite set have been used for describing the
dynamics of chemical reaction models in the research project No. EDA-ATtex-
2018-182 (Reference No. 2/1255-1835 of the Academy of Sciences of the Republic
of Uzbekistan dated June 23, 2021). The use of scientific results has ensured
determining fixed points and period of dynamical systems in accordance with the
models of chemical reactions, as well as qualitative analysis of trajectories.

Approbation of the research results. The main results of the research have

been discussed at 3 international and 3 national scientific conferences.
Publications of the research results. On the topic of the dissertation 11

research papers have been published in the scientific journals, 5 of them are

included in the list of journals proposed by the Higher Attestation Commission of

the Republic of Uzbekistan for defending the PhD thesis, in addition 2 of
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them were published in international journals and 3 papers published in national
mathematical journals.

The structure and volume of the thesis. The dissertation consists of an
introduction, three chapters, conclusion and bibliography. The general volume of
the thesis is 94 pages.

THE MAIN CONTENT OF THE THESIS

The the introduction of the thesis includes the motivation of the research,
the relevance of the research to the priorities of science and technology, the review
of foreign research on the topic, the degree of scrutiny of the problem, the aim,
research problems, object and subject of research, scientific novelty and practical
results, theoretical and practical significance of the results obtained, the statement
of research results, published works and information on the structure of the thesis.

In the first chapter of the thesis, titled «On dynamical systems generated by
the floor function» we give main definitions and important notions necessary to
cover the dissertation and research the subject. Also we have studied the dynamical

systems generated by the floor function L/ixJ :

Let X be non empty subset of real numbers. If f is a map from X to
itself we will express that as f: X —> X, x— f(x). Sometimes we will also
express the map as a difference equation x , = f (x) If the function f* depends
on a parameter A we write f, (x) and say that f is a one-parameter family of
maps.

For arbitrary maps f and g, the composition of f and g will be denoted as
fog(x)=f(g(x)). The n-fold composition of f with itself will be denoted as

f"(x)=fo---0 f(x).Foragiven x, (x,€X),

n—times

X =10x), %, =f(x)=1(x), x=f(x)=f(f(x)=1(),.. 1)
a sequence {xo, S, (X))o f ”(xo),...} are called the trajectory of the point x, .

One of the main problems of the dynamical systems is to describe all limit
points of the sequence { f ”(x)} for any initial points x.

The point x is a fixed point for f* if f(x)=x. The point x is a periodic point
of period n if f"(x)=x. The least positive n for which f"(x)=x is called the
prime period of x. We denote the set of period points of period » by Per (f), and
the set of fixed points by Fix(f). The set of all iterates of a periodic point form a
periodic orbit. For a given function f:R—>R the w-limit set of xR, denoted
by a(x, f) or w(x), is the set of cluster points of the forward orbit {f"(x)},_, of
the iterated function f.

Definition 1. Let p be a periodic point of prime period n and we assume that
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f"(x) is differentiable at p.
]f‘(f”)'(p)‘ <1, then p is attracting;
]f‘(f)'(p)‘ >1, then p is repelling.
Definition 2. Let f:A—> A and g:B— B be two maps. f and g are said

to be topologically conjugate if there exists a homeomorphism h: A— B such that,
ho f=goh. The homeomorphism h is called a topological conjugacy.

From the theory of discrete-time dynamical systems topologically conjugate
functions are considered equivalent functions.
The floor function of x € R 1s defined by

LxJ=max{meZ:me}.

We consider the dynamical system associated with the function f:R—>R
defined by

fx) = f,(x)=LAax], 2)

where 4 €R is a parameter.
Let A <0. The case 4 =0 is trivial @(0)={0}. Consider the case 4 <0.

Theorem 1. If A <0 then the dynamical system generated by [ has the
following properties.

1. If -1<A <0 then VxR we have
lim/"(x) =0,

n—>0

ie, o(x)={0}.

2. If A=~1 then each non-zero integer has period two, i.e. f>(x)=x for any
x€Z\{0}. Moreover f°(x)= f(x), for each xR, i.e.,

{{xof(x)}, if xel
oty = 0T O0 T
(), [ (0}, if xeR\Z.

3. If A <-1 then Vxe(l/l,O] we have f(x)=0, and

_[{0}, if xe(1/4,0]
a)(X){{_oo,Jroo}, if xeR\(l//I,O].

Let 0<A<I. Note that for each A€(0,1) there exists meN such that

m—1<l< m
m m+1
-1
Theorem 2. Let -~ < 1 < for some meN. Then
m m+1
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0, forall xe[0,+0),

lim/"(x) =1k, forall xe E%)

n—>0

-m, forall xe (_OO’_%)

where k € {-1,-2,...,—m}.
For the case 4 >1 we have the following theorem.

Theorem 3. Ifm—ﬂs/l <

m m—1

for some meN, then

k, forall xe[k,@j,
A A

limf"(x)=<—o, forall xe(-x,0),

n—0

m
+o0, forall xe Z,+oo ,

where ke€{0,1,....,m—1}.
In the second paragraph of the first chapter we have investigated two-
dimensional dynamical system generated by (2). The operator is defined by:

_ x' =LAyl _ ,
A(z) {y"l_lxl ,Z (x,y)eR

where 4 €R is a parameter.
The dynamical system of this operator is also studied for all parameter values.
For A>1 the following theorem holds.

m+1£/1< m

m m—1

k k+1 k k+1
.[fze{(xo,yo)|zﬁxo<T,yo<O}U{(x0,yo)|13yo<T,x0<0}

Theorem 4. Let for some m e N. Then the following hold:

then
C()(Z) = {(k,—OO), (—OO,k)}’
where k € {0,1,2,...,m —1} )

oIf z e{(xo,yo) | x, <0,y, 2%} U {(xo,yo) | v, <0,x, 2%} then
w(z)= {(+oo, —0), (—o0, +oo)} )

A A
a(z) ={(k, p),(p,k)},

°Ifze{(x0,y0) | §£x0<@ ESxO<pT+1}, then
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where k,p e{O,l,Z,...,m—l}.
-Ifze{(xo,yo)|gﬁxo <%,yo Zg}U{(xo,yo) | %Syo <%,x0 2%}
then
w(z)= {(k, +00), (400, k)} ,
where ke{0,1,2,...,m—1}.
o If ze{(x,,3,)1x,<0,y, <O}, then

(z) ={(—0,—0)}.
Vo 2 %} then

w(z)= {(+oo, +oo)}.

In the second chapter of the thesis, titled «On a chaotic dynamical system
associated with one discontinuity point» we give the mathematical model of
population which consists of two species.

The (m — 1) -dimensional simplex is defined by

.[fze{(xo,yo)|x02%

S ={x=(x,%,,...,x,)ER":x. >0 for ie{l,2,...,m} and ixi=l}.
i1

Vertexes of the simplex are e =(1,0,...,0), e =(0,1,0,...,0), ..,
e, =(0,0,...,0,1). We denote the interior of the simplex by

intS"! ={X=(x1,xz,...,xm)eSm_1 :x, >0 for all ie{l,2,...,m}}

and the boundary of the simplex by 05" =S"" \intS"".
QSO is a mapping V' : 8" — $"™ defined by

(V(X))k = Zm:P. xx, ke{l,2,...,m}.

ki
i,j=1

Here, P, are hereditary coefficients and satisfy

m

P,>0, P, =P, YP, =1, ije{l,2,...m. 3)

ij.k ij.k Jik?2
k=1

Recall that a QSO V' is called Volterra if one has P,, =0 when & & {i, j}.

For a parameter a €[—1,1] define the operator V,: S' — S' as

Vv _{x'=x(1+ay)
" |v'=y(1-ax)

For an initial point z=(x, y) € S' the trajectory z" = (x", ") =V"(z) is given by

x(n+1) - x(n)(l + ay(n))
y(n+1) — y(n)(l _ax(n)).
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(n)

From this system it is clear that the sequences x and y" are monotone for any

a#0 (the case a=0 gives a trivial dynamical system, therefore we will not
consider it). Since both sequences are bounded they have a limit, the limit points
are fixed points of V. Therefore we get the following

R (0,1), lf a<(
lim= {(1,0), if a>0.

n—>0

The last limit means that if a >0 (resp. a <0) then the specie 2 (resp. 1) will
extinct and the specie 1 (resp. 2) will dominate (grow).

To ensure that both species will have equal domination we define an
evolution operator, V,, :z=(x,y)eS' —»2z' =(x,))eS' by
V(z), if x<0.5

V.(z), if x>0.5 @

Va,b(Z) - {

where a,b €[—-1,1] are parameters and z= (y,x).
We note that the probabilities P, mentioned in (3) are independent on
x € §"", but for operator (4) we have
P, ,=1-B,=P,,=1-P, =1

11,1 22,2 221

and the remaining coefficients depend on the points z = (x, y) of the simplex S':

lza’ if x<0.5

Rz,l(z)zl_Plz,z(Z): 1—b (5)
—, if x>0.5.
5 if

Then we have studied the dynamical system of the operator (4) by reducing to one-
dimensional function f,, :[0,1]—[0,1] with one discontinuity point:

x(1+a—ax), 0<x<0.5

f“’b(x)z{x(l—b+bx), 05<x<l, (©)

where by the symmetry of parameters we can assume that a,b €[0,1].

By using the notion topological conjugacy we proved that it is sufficient to
study the dynamical system generated by (6) for the parameters a,b €[0,1] with
the condition a €[0,1], a<bh.

Consider the following cases: 1) a=b=0;2) a=0,b>0;3) a>0,b>0.

Remark 1. If a=b=0 then the function has the form f,,(x)=x, 0<x<I1,
This case is not interesting.

In the case a=0, b>0we have completely investigated the dynamical

systems. For the case a >0, >0 we found an invariant set 4 =(l—é l+ﬁ}

4’2 4
which f(4)=A holds. Moreover, we have given the result what about it is
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sufficient to study the dynamical systems in the invariant set. Because if we take
an initial point outer of the invariant set, after several steps all points in the
trajectory lies on the 4.

Remark 2. Obviously, the set of fixed points is Fix(f)=1{0,1} for ab>0.

Besides we have | f'(0)|=1+a>1,| f'(1)|=1+b>1. Thus both fixed points are

repeller. Therefore both species will always survive.
For the type of periodic points we have the theorem.
Theorem 5. If f has a periodic point then the point is a repelling.

For discrete time dynamical system x,, = f(x,), for an orbit starting with x,
the Lyapunov exponent can be defined as follows:

n—1
25)=tim= S In | £/, )
The Lyapunov exponent " A", is useful for distinguishing among the various types
of orbits.

Proposition 1. Let x,€[0,1]\{0.5}. Then the Lyapunov exponent is non
negative for (6).

By Proposition 1 we have A4 >0, in the case

¢ 1 =0 it indicates that the trajectory converges to an indifferent fixed point.

e 1 >0 it follows that the dynamical system is chaotic, i.e., nearby points, no
matter how close, will diverge to any arbitrary separation. All neighborhoods in the
phase space will eventually be visited. These points are said to be unstable.

Moreover, we have sketched bifurcation diagrams of the function (6) for some
parameter values. A bifurcation diagram’ shows the values visited or approached
asymptotically (fixed points, periodic orbits, or chaotic attractors) of a system as a
function of a bifurcation parameter in the system. It is usual to represent stable
values with a solid line and unstable values with a dotted line, although often the
unstable points are omitted. Then we give some biological interpretations.

In the third chapter of the thesis, titled «On the dynamical systems of
discontinuous quadratic stochastic operators on one- and two-dimensional
simplexes» we study the dynamical systems of a discontinuous non-Volterra
quadratic stochastic operator on one-dimensional simplex and a discontinuous
Volterra quadratic stochastic operator on two-dimensional simplex.

Let us consider the operators W, :S' —S' and W, : S' —> S'
_ x' =ax’ +2xy+y° _ x'=x(1+by)

y=(-ay’ T =p=byy
where a €[0,1], be[-11].

Define an evolution operator, W, ,:z=(x,y)€S 'S =(,))eS by

a

! https://en.wikipedia.org/wiki/Bifurcation _ diagram
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W(z), if x<1/2
Wa,b(z)={ (2)

Vb(z), if x>1/2

Using x+y=1, W, , operator can be reduced to g, (x) : [O,l] - [O,l] defined by

(a—1)x*+1, x<1/2
= = ) 8
2()=2.(x) {x(1+b—bx), x>1/2 ®)
where ae[O,l], be[—l,l].

For the cases a e [O,l], be [—1,1] we have completely studied the dynamical
system generated by (8). In the case 0<a <1, -1<bh <0, we have the following.

Theorem 6. For the dynamical system generated by function (8) the
followings hold:
a) g has unique fixed point x =1.

b) if a=1, then for any initial point x\” the trajectory x\” has the following
limit

limx™ =1.

Hn—>0

c)if 0<a<l, then g does not have a periodic point of period two.

2 4 , 2 2 2
d)if 0<a< 2b=b +2\/b 222 b+l b , then g has periodic points of
period three.

In the second section of the third chapter the dynamical systems of a
discontinuous three-dimensional Volterra operator is investigated.
Define a QSO as the following:

Vi(x), min{x,y,z}=x and x#y or x=(1/3,1/3,1/3)
V(x)=41V,(x), min{x,y,z}=y and y#z 9)
V.(x), min{x,y,z} =z and x+#z
where x = (x,y,z) e S?, a,b,c €[0,1] and

x'=x(1+ay+bz) xX'=x(1-by—cz) x'=x(1—az+cy)
V=3y'=y(l-ax+cz),V,=3y' =y(1+az+bx), V,=1y = y(1-bz —cx)
z'=z(1-bx—cy) z'=z(l—ay+cx) z'=z(1+ ax+by).

If a=b=0 and c >0 then the following two lemmas give information about
o(x) of the trajectory (under the operator V).

Lemma 1. Let V' be QSO given by (9). Then for any x eS* it holds
w(x”) < 0S?.

Lemma 2. The operator (9) does not have periodic cycle.
We can conclude the following theorem from Lemma 1 and Lemma 2.

Theorem 7. If a=b=0 and c >0 then the set @(x") either consists a single
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point, or is an infinite set.
If b=c=0, a >0, then we have the following theorem.
Theorem 8. Let V' be QSO given by (9). Then

and

where

Per,(V) = {J}

Per,(V) = {x,,x},x }

. 2 2 2
n _(—a+3+\/a2—2a+9’a+3+\/a2—2a+9’a+3+\/a2—2a+9)
X =( 2 , 2 ’ 2 )
a+3+a’—-2a+9 a+3++a’-2a+9 —a+3++a’—-2a+9
. 2 2 2
X3_(a+3+\/a2—2a+9,—a+3+\/a2—2a+9,a+3+\/a2—2a+9)‘
CONCLUSION

The thesis is devoted to investigation of the dynamical systems generated by
the floor function and discontinuous QSOs.
Basic results of the research are as follows:

1.

(98]

For the dynamical systems associated with the floor function, the set of
fixed points was found and the set of limit points of all trajectories was
described.

It is proved that the dynamical system generated by the function with one
discontinuity point is chaotic by using the Lyapunov exponent.

It is sketched the bifurcation diagrams which described limit sets.

The set of limit points of the dynamical system discontinuous QSO on the
one-dimensional simplex is found.

For the discontinuous Volterra QSO on two-dimensional simplex it is
proved that the set of limit points is a subset of the boundary of the
simplex for a=b=0 and c¢#0. Also for the values of the parameters
a#0,b=c=0(resp. a=c=0, b#0) it is proved that there are always
three repelling periodic points.
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TPACKTOPUU [JIs1 TPOU3BOJBHONM HAa4YaJbHOM TOYKM B JUHAMHYECKHX CHUCTEMax C
JUCKPETHBIM BpeMeHeM (QYHKIMU LEJOM YacTH M Pa3pbIBHBIX KBAJAPATUYHBIX
CTOXACTHYECKUX ONEPATOPOB HA OJHOMEPHBIX U IBYMEPHBIX CUMILICKCAX.
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CTOXACTHUYECKHE ONEPATOPbl HA OMHOMEPHBIX U IBYMEPHBIX CUMILICKCAX.
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byHKITMEH 11eJI0l YacTu;

JI0OKa3aHa XaO0TUYHOCTh JMCKPETHOM TMHAMUKH Pa3pbIBHOTO KBAJIPaTUYHOTO
CTOXAaCTHYECKOIO OIlepaTopa Ha OJHOMEPHOM CHMIUIEKCE IMpPU HEHYJIEBBIX
3HAYEHUSAX TapaMeTPOB;

JUISl TUHAMUKH Pa3pbIBHOTO KBAIPATUYHOIO CTOXAaCTHYECKOTO OlepaTtopa Ha
JBYMEPHOM CHUMILIEKCE JOKAa3aHO, YTO MpPHU 33JaHHBIX 3HAYEHUSX IMapaMETPOB
MHOKECTBO TMPEJEIbHBIX TOYEK SIBIACTCA JMOO €IMHCTBEHHOM TOYKOH, JOO
OECKOHEUHBIM MHOKECTBOM.
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CrpykTypa m 0o0beM amccepranmu. /luccepranus COCTOMT U3 BBEACHUS,
TpEX TJaB, 3aKIIOYEHHUS U CIHCKA HCIOJIb30BaHHON JnuTepatypel. OO0beM
JUCCEPTALMK COCTaBIsIeT 94 cTpaHuL.
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