Numerical methods for solving the two-dimensional
boundary value problem of the elasticity theory

Djumayozov U.Z.
Programming engineering
Samarkand branch of Tashkent
University of Information Technologies
named after Muhammad al-Khwarizmi
Samarkand, Uzbekistan
djumayozov@bk.ru

Abstract--Using  the theory of elasticity and
thermoelasticity of the space of deformations, coupled
boundary-value problems are formulated. The theory of
elasticity and thermoelasticity of the deformation space,
unlike the existing one, allows us to formulate conjugate
boundary-value problems for increments of displacement
and temperature. Explicit and implicit finite-difference
equations are constructed for the two - dimensional case of
boundary value problems. The numerical solution of explicit
finite-difference equations reduces to the use of recurrence
formulas, while the implicit scheme reduces to the use of the
elimination method.
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I. INTRODUCTION

In the world in many areas of science and technology,
scientific and practical research often comes down to
solving related or unrelated problems of elasticity. Elastic
processes and their mathematical models are the subject of
applied mathematics, computational  mathematics,
mathematical modeling and object-oriented programming.
In many cases, finite-difference methods are used to solve
the problems of elasticity and determining reliability of
structural elements numerically. Therefore, the study of the
process of heat distribution taking into account stress,
strain and temperature, as well as electromagnetic and
piezoelectric properties, with the aim of constructing
algorithms for numerical solution and creating a set of
applied programs is one of the most important tasks.

World experience shows that, in the numerical solution
of coupled and wunrelated problems of elasticity,
calculations using finite-difference methods, explicit and
implicit difference schemes, are relevant problems of
applied mathematics. In this case, finite-difference
methods, as a means of calculating heat propagation
causing the appearance of stresses, strains, and other fields
in the body, acquire special significance.

In this regard, the urgent is the task of constructing
numerical models of elastic problems for isotropic and
anisotropic bodies, as well as the task of creating the
appropriate complex of programs, focused on a wide range
of users, having a convenient interface.

In recent years, the theory of elasticity has found wide
application in solving engineering problems. There are
many cases where the elementary methods of resistance of
materials are unsuitable in order to provide satisfactory
information on the distribution of stresses in engineering
structures; then you have to resort to more advanced
methods of elasticity theory. The elementary theory is
insufficient to form an idea of local stresses near the zones
of application of loads, taking into account various factors,
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such as temperature and electromagnetic fields of
deformation.

In recent vyears, significant successes have been
achieved in solving such practically important problems. In
cases where it is difficult to obtain an exact solution,
approximate methods have been developed. Therefore, to
solve these problems, numerical methods are used. To
discretize these problems of boundary value problems, the
finite difference method [3], the finite element method [2],
the variation difference method [7], and the boundary
element method [1] are usually used by many other
methods.

Il. NUMERICAL METHOD FOR SOLVING
PROBLEMS OF THE THEORY OF ELASTICITY

A numerical method for solving problems of the theory
of elasticity is used to numerically solve the boundary
value problem of thermoelasticity. Mathematical and
numerical models of the two-dimensional boundary value
elasticity problem for an isotropic rectangle with boundary
conditions of the first and second types are considered.
Finite-difference schemes have been constructed which, in
combination with the iterative method, allow finding the
desired nodal values of displacements [1].

Consider the elasticity problem for an isotropic
material. It consists of equilibrium equations:
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Hooke's law for isotropic materials
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where is Ojj -the stress tensor, Eij --is the strain tensor,
u, - are the displacement components, X, - -are the
volume forces, A,u - are the Lame elastic
constants, @ = &;, + &,, + £33 -the spherical part of the
strain tensor, o; - is the Kronecker symbol, n; -is the

external normal to the surface, 2., , S,S,,S, -are the

components of the external load wvector [1].
We write equations (1)-(3) for the two-dimensional
case: then the equilibrium equation.
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borders Ii=(x=0/:0<x,<1) and

I',=(x,=0,1,:0<x <) accordingly take the form [5,
9]
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Fig 1. Rectangular area.
Substituting (7) into (6) and obtained in (5), we have

the equations of equilibrium with respect to
displacements:
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Bearing the following notation

u=u, u=u, u=v, X=X, X=Yy equations
(9) can be written in the following form

Equations (10), for simplicity, we consider in a
rectangular region Q:{ngsll,OS ysl}
with the following boundary conditions:
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u(x, y)|., :sinﬁ—y . v(x,y)|. =0,
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u(x,y)|., = —sinﬁ—y . V(Y[ =0.
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To construct a finite-difference scheme for the two-
dimensional boundary value problem of the theory of
elasticity (10-11), the lengths of the sides of the

rectangular region | dividing into N, can find that
where k=1.2... Then the nodal points have the form



Further, replacing the derivatives in equations (10)
with the corresponding difference relations, we can find
the following finite-difference equations [3, 13]
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The boundary conditions (11) with respect to the nodal
points have the form i.e.
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Where i =1,N_,j =0, N, .

Note that the approximation order of the finite-
difference scheme is O(h? [6]. According to [8, 10],
difference equation (12) can be considered as a linear,
symmetric, and positive definite operator. Then, by the
Lax-Milgram theorem, the convergence of the difference
scheme [4] is ensured.

The scheme of difference equations (12) is solvable

with respect to displacements u, and v, i.e.
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Vs ™V Ve TV

*u,.-u,. U, +u

Further, based on relations (14), we organize the
following iterative process by index k =0,1,2,...
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taking into account boundary conditions (13)
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At a zero approximation i.e. for k=0 nodal values of

(0) (0)

the sought quantities, U™~ -at the boundary of a

rectangular region, Q they are known from the boundary
conditions (16). In internal nodes, the values of
displacements in the zeroth approximation (k=0) are
considered trivial[13, 11].

Further, continuing the iterative process, one can find
the desired u ,v, displacement values with a given

ij?

accuracy € . The convergence of the iterative method is
achieved according to the generalized theorem on the
convergence of iterative methods [2].

Note that the following functions
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u:cos—sin—y, v:sml—cosl—y a7
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satisfy the boundary conditions (11).

Substituting (17) into equations (10), we can verify that
for the following values of volume forces
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functions U,V satisfy the equations (10).

Thus, the functions, u,Vv (17) are an exact solution to

the boundary-value problem (10-11) for bulk forces (18).
The iterative process (15-16) continues until the

following condition is satisfied,

Hu —(k+l)

successive approximations of the difference of the
displacement vector in space L2 [18, 19].

uﬁ(k)H < &,where |||| the quadratic norm of

The problem was solved with the following parameter
values #=05 4=08 | =1=1 N =N =10

TABLE I. Function Values u(x,y) at & =0.01.

x=0 x=0.1 x=0.2 x=0.3 x=0.4
y=0 0 0 0 0 0

y=0.1 0.30902 0.27424 0.22276 0.15742 0.08149
y=0.2 0.58779 0.53354 0.43485 0.30553 0.15732
y=0.3 0.80902 0.74704 0.61436 0.43307 0.22294
y=0.4 0.95106 0.88750 0.73525 0.52011 0.26821
y=0.5 1 0.93653 0.77780 0.55107 0.28434
y=0.6 0.95106 0.88750 0.73525 0.52011 0.26821
y=0.7 0.80902 0.74704 0.61436 0.43307 0.22294
y=0.8 0.58779 0.53354 0.43485 0.30553 0.15732

y=0.9 0.30902 0.27424 0.22276 0.15742 0.08149
y=1 0 0 0 0 0
x=0.5 x=0.6 x=0.7 x=0.8 x=0.9 x=1
0 0 0 0 0 0
0 -0.08149 | -0.15742 | -0.22276 | -0.27424 | -0.30902
0 -0.15732 | -0.30553 | -0.43485 | -0.53354 | -0.58779
0 -0.22294 | -0.43307 | -0.61436 | -0.74704 | -0.80902
0 -0.26821 | -0.52011 | -0.73525 | -0.88750 | -0.95106
0 -0.28434 | -0.55107 | -0.77780 | -0.93653 -1
0 -0.26821 | -0.52011 | -0.73525 | -0.88750 | -0.95106
0 -0.22294 | -0.43307 | -0.61436 | -0.74704 | -0.80902
0 -0.15732 | -0.30553 | -0.43485 | -0.53354 | -0.58779
0 -0.08149 | -0.15742 | -0.22276 | -0.27424 | -0.30902
0 0 0 0 0 0
TABLE II. Function Values u(x,y) at &=0.001.
x=0 x=0.1 x=0.2 x=0.3 x=0.4
y=0 |0 0 0 0 0

0.1 | 0.30902 0.29397 0.24997 0.18162 0.09551
0.2 | 0.58779 0.55939 0.47549 0.34514 0.18132
0.3 | 0.80902 0.77069 0.65545 0.47574 0.24989
0.4 | 0.95106 0.90681 0.77172 0.56032 0.29433
0.5 1 0.95380 0.81195 0.58961 0.30974
0.6
0.7
0.8
0.9

0.95106 0.90681 0.77172 0.56032 0.29433
0.80902 0.77069 0.65545 0.47574 0.24989
0.58779 0.55939 0.47549 0.34514 0.18132
0.30902 0.29397 0.24997 0.18162 0.09551

[ y=1 Jo [0 [0 [0 [0
x=0.5 x=0.6 x=0.7 x=0.8 x=0.9 x=1
0 0 0 0 0 0
0 -0.09551 | -0.18162 | -0.24997 | -0.29397 | -0.30902
0 -0.18132 | -0.34514 | -0.47549 | -0.55939 | -0.58779
0 -0.24989 | -0.47574 | -0.65545 | -0.77069 | -0.80902
0 -0.29433 | -0.56032 | -0.77172 | -0.90681 | -0.95106
0 -0.30974 | -0.58961 | -0.81195 | -0.95380 | -1
0 -0.29433 | -0.56032 | -0.77172 | -0.90681 | -0.95106
0 -0.24989 | -0.47574 | -0.65545 | -0.77069 | -0.80902
0 -0.18132 | -0.34514 | -0.47549 | -0.55939 | -0.58779
0 -0.09551 | -0.18162 | -0.24997 | -0.29397 | -0.30902
0 0 0 0 0 0
TABLE IIl. Exact Solution Values u(x,y).
x=0 x=0.1 x=0.2 x=0.3 x=0.4
y=0 0 0 0 0 0
y=0.1 0.30902 0.29389 0.25000 0.18164 | 0.09549
y=0.2 0.58779 0.55902 0.47553 0.34549 | 0.18164
y=0.3 0.80902 0.76942 0.65451 0.47553 | 0.25000
y=0.4 0.95106 0.90451 0.76942 0.55902 | 0.29389
y=0.5 1 0.95106 0.80902 0.58779 | 0.30902
y=0.6 0.95106 0.90451 0.76942 0.55902 | 0.29389
y=0.7 0.80902 0.76942 0.65451 0.47553 | 0.25000
y=0.8 0.58779 0.55902 0.47553 0.34549 | 0.18164
y=0.9 0.30902 0.29389 0.25000 0.18164 | 0.09549
y=1 0 0 0 0 0
x=0.5 x=0.6 x=0.7 x=0.8 x=0.9 x=1
0 0 0 0 0 0
0 -0.09549 | -0.18164 | -0.25000 | -0.29389 | -0.30902
0 -0.18164 | -0.34549 | -0.47553 | -0.55902 | -0.58779
0 -0.25000 | -0.47553 | -0.65451 | -0.76942 | -0.80902
0 -0.29389 | -0.55902 | -0.76942 | -0.90451 | -0.95106
0 -0.30902 | -0.58779 | -0.80902 | -0.95106 -1
0 -0.29389 | -0.55902 | -0.76942 | -0.90451 | -0.95106
0 -0.25000 | -0.47553 | -0.65451 | -0.76942 | -0.80902
0 -0.18164 | -0.34549 | -0.47553 | -0.55902 | -0.58779
0 -0.09549 | -0.18164 | -0.25000 | -0.29389 | -0.30902
0 0 0 0 0 0

Fig 2. The graph of the distribution of the values of the function u(x,y)
along the OX axis at.

Fig 3. The graph of the distribution of the values of the function u(x,y)
along the OX axis at.




Fig 4. The graph of the distribution of the values of the function u(x,y)
along the OX axis according to the exact solution.

Comparison of the numerical results of the boundary
value problem (10-11) with the exact solution (17) is
shown in Fig. 3. and Fig. 4. It can be seen from the graphs
that the displacement components are close enough, which
ensures the reliability of the results and the validity of the
proposed numerical solution method[14, 16].

CONCLUSIONS

A new numerical approach to solving the first static
boundary value problem of the theory of elasticity is
proposed. The boundary conditions are specified with
respect to displacements. The finite-difference equations
solved with respect to the sought quantities in
combination with the iterative method give results that
coincide with the exact solution and the solutions obtained
by other methods[11]. Based on the iterative method
under consideration, a number of boundary value
problems of the theory of elasticity are solved under
various boundary conditions.

REFERENCES

[1] A.A.Khaldjigitov, U.Z.Djumayozov, A.A.Alisherov. “A simple
iterative method for finite difference equations of applied
problems” // International Conference on Recent Advances in
Applied Mathematics 2020 4-6 February 2020 \ Kuala Lumpur,
MALAYSIA.

[2] Adambaev U.E, Kalandarov A.A., Kalandarov A. Numerical
solution of the coupled problem of thermoelasticity for anisotropic
bodies // Bulletin of NUUz, - Tashkent, 2017.- Ne2 / 1. -FROM.
48-53 p.

[31 A.A.Khaldjigitov, U.Z.Djumayozov, Ibodulloev Sh.R. Effective
finite-difference method for elastoplastic boundary value problems
/I Uzbekistan-Malaysia international online conference on
"Computational Models and Technologies".

[4] B. Pobedrya, “Numerical methods in the theory of elasticity and
plasticity,” —M .: Publishing house of Moscow State University,
1981.

[5] ©O. Zenkevich, “Method of finite elements in technology,” —-M .:
World, 1976.

[6] D. Kolarov, A. Baltov, N. Boncheva, “Mechanics of plastic
media,” —M .: World, 1979, p. 302.

[71 Khaldjigitov A.A., Qalandarov A., Nik M.A.Asri Long.,
Eshquvatov Z. Numerical solution of 1D and 2D thermoelastic
coupled problems. International journal of modern physics. Vol. 9,
pp. 503-510, (2012).

[8] K. Brebbia, J. Teles, A. Vroubel, “Methods of boundary
elements,” -M .: World, 1987, p. 524.

[9] Khaldjigitov A.A., Khudazarov R.S., Sagdullaeva D.A. Theories of
plasticity and thermoplasticity of anisotropic bodies. — T.: «Fan va
texnologiyax, 2015, 320 p.

[10] K. Vasizu, “Variational methods in the theory of elasticity and
plasticity,” —M .: World, 1987, p. 542.

[11] Khaldjigitov A.A., Kalandarov A.A. A new approach to the
numerical solution of problems of the theory of elasticity.
Republican conference on the topic «Actual problems of
mathematical modeling, algorithmization and programming» -
Tashkent, September 17-18, 2018 - S. 546-550.

[12] U. Adambaev, A. Kalandarov, M. Babazhanov, “An iterative
method of Liebman type for the numerical solution of two-
dimensional problems of the theory of elasticity,” // Bulletin of
NUUz, - Tashkent, 2013.- Ne2, pp. 23-25.

[13] N. Bezukhov, O. Luzhin. “Application of methods of the theory of
elasticity and plasticity to the solution of engineering problems,” —
M.: "High school", 1974, p. 200.

[14] 1. Belukhina, “Difference schemes for solving a plane dynamic
problem of elasticity theory with mixed boundary conditions,”
ZhVM and MF, 1969, v.9, no. 2, pp. 362-372.

[15] P. Borodin, M. Galanin, “Dynamic coupled problem of
thermoelasticity in various spatial approximations,” Math
modeling. Volume 10 number 3, 1998, pp. 61-82.

[16] Temnikov A.V., Igonin V.1., Kudinov V.A. Approximate methods
for solving heat conduction problems. Kuibyshev. Ed. Kuibyshev
Auviation Institute, 1982, 89 p.

[17] Rekach V.G. Guide to solving problems of the applied theory of
elasticity. -M., 1973, 384 p.

[18] Lekhnitski S.G. Theory of elasticity of an anisotropic body. - M .:
«Science», 1977, 416 p.

[19] Dresvyannikov V. I. Numerical scheme for calculating coupled
thermo-mechanical and electromagnetic fields in elastoplastic
bodies // Applied problems of strength and ductility. - 1980. - Vol.
16. - S. 40-49 p.



