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KHUPHUII (1oKTOPIHK THCCEPTAIUSIICH AHHOTAIIASICH)

Jluccepranyus MaB3yCHHUHT 10J3ap0juru Ba 3apypartu. JKaxoH MUKEcHaa
o6 OopuiaéTran Kymuiad WIMUN-aMaduil TaaKUKOTIAp, akcapusaT XoJulapaa
MHUKPOJIYHENA Keda€TraH JKapaCHJIapHUHI WIMHMH MOJEIUIAPUHU  Kapau.Iu.
Mukpoayné xoaucanapunuHr Hazapusicu M.Ilnank, A.OitHmreiin, B.I'eiizenOepr,
O.lIpénunrep, B.I[laymm, II./lupak Ba Oomika oiaumiap TOMOHHUIAH sSpaTUIITaH
KBaHT MeXaHHKacuaup. KBaHT MEXaHMKAaCMHUHI Xap KaHJal CUCTEMacuia 3HT
MyXUM (DU3UK MUKJIOpJapaaH oupu Oy sHeprusaup. JHeprus (raMuiIbTOHUAH EKU
[pénuurep) omepaTOPUHUHT CIEKTPal XOCCAJIAPUHU TaXJWi1 KHIMII KBaHT
MEXaHMKaCUHMHI acOCHM MacananapuiaH Oupuaup. by 0opana namxapanaru Oup
Ba kyn 3appauvanu Illpénunrep omepatopu SKCHEpUMEHTA Ky3aTUILJIAPHUHT
Hazapuii acocu cuaruga xusmar Kunaau. Ly cababnm KaTTHK xKucMmiiap GU3HUKacH,
KBaHT MEXaHUKACH Ba CTATUCTUK (U3HMKAJA yUpalurad naHmxapagara Oup Ba Ky
3appavanu cuctemanapra Moc Illpénuurep omeparopiiapu CHEKTPIAPUHUHT XOC
KHIIMaTJIapu, JUCKPET CHEKTPH, Ba MYXHM CIEKTpUra OUJl TaJAKUKOTIApHU
PUBOXKIIAHTUPUII MyXUM Basudanapad 6upu 0Yinnbd KOIMOKIA.

Kaxon mnMm-panuaa nanxapanard Oup Ba KyI KBaHT 3appadalid cUCTeMara
MOC 3HEprus ONeparopiiapd MYyXUM CIEKTPUHHMHI YPHU, JUCKPET CIEKTPU Ba
yJIapHUHT COHU OUp 3appayaHUHT TalIKU MaiiJIoH OWJIaH Ba KT 3appadalii CUCTEMa
¥3apo TabCUP SHEPTUSCUHUHT Y3rapuIilnra HucOaTaH y3rapyByaH OYJIraH/Iuri y4yH
yimly oneparopiap CIeKTpUra o1l MyaMMOJIapHU XaJl 3TUIL MaTeMaTHK (u3HuKaaa
MyXUM axamuar kacO »TMmokna. JKymiagan, OMp Ba MKKHM 3appadalid JAUCKPET
[pénuurep ornepaTopIapyUHUHT SKKAJTaHTaH XOC KUWMAaTJIapUHHUHT, Kyin OYycara
pe3oHaHCH Ba Oycara XOC KHAMAaTUHUHT MaBXYUIMTUHU WCOOTIAIN, UKKU Ba KYTI
3appadyasm auckper IlpénuHrep omeparoOpMHUHI MYyXHM CIEKTPHUJAH MacTaa
€TyBUM XOC KHIMaTH MAaBXYUIMTUHUHT €Tapiid IMIAPTUHU TOMHUII Ba MYXUM
CHEKTPUHUHT TY3WIMIIM Ba YPHUHU AaHUKJIATa OWJ  TaJKUKOTIAPHU
PUBOXKIIAHTUPUII aMajui-Ha3apui >KUXATAAH MYXUM WIMHA TaJKUKOTIapAaH
XHUCOOJIaHaIH.

Mamnakatumusaa pyHaameHTan GaHIapHUHT WIMHANA Ba aMaliiii TaTOMKKa 3ra
Oynran gona3ap6 MyHamuuiapra ybTHOOP Ky4alTUPUILIN, XyCycaH, KyOuK MmaHxapa
Oyiliad xapakaTyiaHaJuTraH Oup Ba Ky 3appadaiap cuctemMacd OusiaH OOFJIMK
muckper Ulpénuurep oneparopiapy Ba  TaMUJBTOHJIAPUHUHT  CHEKTpal
HA3apUACUHHA PUBOXIAHTHPHUINTA AJIOXHAa YBTHOOp OepriMokaa. “Anrebpa Ba
YHUHT TaTOuKIapu, auddepeHiiman TeHrIaManap Ba yHUHT TaTOUKJIapu, YU3UKCHU3
TU3UMJIAP, JWHAMHK THU3UMJIAD Ba YJIAPHUHT TaTOMKJIAPWHH MAaTEMaTHK
MOJICJUTAIIITHPHII, CTOXACTHK TaXJIHJI, THOOMI-OMOJIOTMK HH(pOpMaTHKA, XUCOOIaII
MaTeMaTHKacul”  (aHIapMHMHT yCTYBOp HYHaIMIIAPH OyiiMua XauKapo
CTaHJapTiap Japakacuja WIMHNA TaAKUKOTJIap oJaub Oopull MaTemaThka
(dbaHuHUHT acocuil Bazudanapu Ba GaoauaT MyHamuuuiapu 3Tud Oenrunanau. by

1 ¥36exucron Pecrybmmkacu Ipesunentunnnr 2019 i 9 mionmarn [1K-4387-con “MareMaTnka TabIuMH Ba
(aHmapuHN fHANA PUBOXKIAHTUPHIIHE JaBJaT TOMOHMIAH KyUIaG-KyBBAaT/ialll, MIYHHHIACK, Y30EKHCTOH
Pecniyommukacn ®annap AxagemusiciHuHr B.J.PomaHoBCckuii HOMumarn MaTemaTHKa HWHCTUTYTH (PaOTUSTHHH
TyOJ]aH TAKOMWJLIAIITHPHIN 4OPA-TaIOUPIIapU TYFPUCHIIA” TH KApOPH.



KAapop WKPOCHHU TabMUHJIANIAA KBAHT MEXaHUKACH, KBAHT MailJIOHJIap HAa3apUsICH,
KATTUK SKACMJap (u3uKacu, XKymjaaaH, TUCKpeT Ba y3nykcu3 UIpénuurep
orneparopJiapH, Opunpuxc MO/IeJITTAPUHHAHT CHeKTpanl Ha3apUsCHHH
PUBOMIIAHTHPUII MYXUM axaMusTra 3ra.

V36exucron Pecny6mukacn Ilpesunentunmar 2017 iun 7 despanarn
[1P-4947-con «V30ekucToH Pecry6iInMKacHHU sSHAJA PHBOAJIAHTHPHIN Oyiirda
XapakaTiap crpareruscu Tyrpucuna» Papmonu, 2019 i 9 mronnaru [1K-4387-
coH «MaremaTka TabIMMH Ba (aHIApUHU SIHA/la PUBOXJIAHTHUPUIIHU JaBIAT
TOMOHH/IAH KyIJUIab-KyBBaTJIalll, IIYHUHIACK, Y30ekucToH Pecry6nukacu dannap
AxanemuacuHuHr  B.M.PomaHoBCckuii HoMuaaru MaremaTuka HMHCTUTYTH
daonuaTuan TyOJaH TAKOMWUIAIITUPUIL Yopa-Taadupiapu tyrpucuaa» Ba 2020
vun 7 wmaiinarn I1K-4708-con «Marematuka coxacujard TabiuM CcU(paTHHU
OIUPUII Ba  WIMHH-TAJAKUKOTIAPHU  PUBOXKIAHTHPHUIN  Yopa-Taadupiapu
TYFpUCUIA»TU Kapopiiapyu XamJa Maskyp (aoiusTra Teruuuid OOIKa HOpMaTUB-
XYKYKHM XyxoKatiapaa Oedrwianrad BasudalapHd amaira Ooluvpuiiga ymoy
JUCCEPTALMS TAIKUKOTH MYaiisiH 1apaxkaJa Xu3Mar KUIa/u.

TagkMKOTHUHT pecny0auKka (GaH Ba TEXHOJOTHSJIAPH PHUBOKJIAHUIIN
YCTYBOP HyHaJuILIapura 0OFIMKJIMIH. Ma3kyp TaAKUKOT pecnyOnuka ¢aH Ba
TeXHoJorusiap  puBoxianummHuar 1V,  «MaremaTtuka, MexaHuKa  Ba
MH(}OpMaATUKa» YCTYBOP MYHAIUIIN Toupacuaa Oa)kapuiraH.

Jluccepranusi MaB3ycH 0ViiM4a XOPHKA MIMHA-TAAKHKOT/IAP INAPXHZ,
[Tamxkapanaru Ulpénunrep oneparopiapu Hazapuscu Oyiinya WIMHN U3JIaHUALILIAP
€TaKyd XOPWXKHM JaBlaTJIapHUHT WIMUKA MapKas3japy Ba OJUMU TabJIUM
Myaccacanapu, skymiagad, Ilykyba yuuBepcutetd, Kromry yHUBepcUTETH
(SImonwmst), Cankr-IlerepOypr namar yHuBepcuteTd (Poccus), Xamkapo atom
suepruscu areHTiuru (IAEA, Asctpus), Ilbep Ba Mapus Kropu nHomumaru
yauBepcutet (Opanims), Xankapo uiamuii TagkukoTiaap mapkasu (SISSA, Uranwus),
Hazapuii pusuka uncturytu (Lropux, [lBelinapust), PeHbu MaTremMaTuka UHCTUTYTU
(Benrpus), Muccypu yausepcuretu (AKIL)aa keHr kampoBin 0110 OOpUIMOKIA.

[Tawxapagarn Hlpénunrep onepatopiapu Hazapusick Oyinya OJIMHIaH
HaTWXKaJTapHU TaxXJWil KWIHIIra ouj oau0d OOpuiiraH TaJKUKOTJIAp HATHXKacHUIa
Katop Ao0a3ap0 Mmacananap euwirad. JKymmanaH, KyWMuaarda WiIMUN HaTuxkaiap
OJIMHTaH: UXTUEPUN YIuaMiu MaHXkapajard TallyBYUCH KOMIAKT OYiraH
noTeHam auckpet Llpénunrep onepaTopiIapuHUHT CIIEKTPHU Ba S-MaTpUIIACH
yMyMIIamra Xxoc GyHKuusuiap €paMua TaCBUPU Xamaa 0apyda SHEPTUSIIAPHUHT
S-matpunanapu  €paammaa moTeHmMan — omepatopu  Kypwiran — (IlykyOa
yuuBepcutetu, Cankrt-IlerepOypr naBnat ynuBepcutetu). llly Ouman Oupra usu
gyerepajaHTraH TMOTEHIMAUIap CUH(GU y4yH CHEKTpald CHDKUTHUII OnepaTopu Ba
JUCKPET CIEKTPH CHWIDKUTHUIN OTNEpaTOpPJIAPUHUHT MOMEHTH OWIaH OaxXOJIaHHIIN

2 Jluccepraums MaB3ycu OyiiMda XOPWXKHMH TaakuKoTiaap mapxu: Annales Henri Poincaré

https://link.springer.com/article/10.1007/s00023-011-0141-0, International Nuclear Information System
https://inis.iaea.org/search/search.aspx?orig_g=RN:51056693, Reviews in Mathematical Physics
https://doi.org/10.1142/S0129055X20500154,  Applications in Rigorous Quantum Field Theory
https://doi.org/10.1515/9783110403541-004, Mathematical Physics, Analysis and Geometry
https://www.springer.com/journal/11040/ Ba 6omika ManOanap acocuia UILTa0 YUKMUITaH,
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kapanran (Cankrt-lIleTepOypr mAaBiaT YHHUBEPCHUTETH); H30TPOINUK TapMOHHUK
Ty30FMJArd yd4 3appadyajii CUCTEMa MAacaJlaCM YHHUTAp Yerapajga Kapajarasiaa,
OO030HJM 3appayajiap Y4YyH HMKKM XOJaT TONWIraH: OWPUHYUCH TY30KJIaru
3appavyaHMHI 4acTOTacura, 3appajap maccacura Ba IlmaHk goumwuiicura OOFIHMK
yHHUBEpcal Xoyat, uKkuHuncu EdumoB TOMOHHMIaH Kamid 3Twirad yd 3appadaiu
OOFNIaHTaH XoJlaTra yXImiaml yd4 3appadajid mapamerpra OOFIuK OYIraH XOJaTIup.
Taxpuba €pnamuaa 6030H aTomiapu y4uyH €T OYiraH yHUBEpcal XOJaTIapHUHT
y30K BaKT comup OynuiM kKypcatwiran (XajlKapo aTOM SHEPTHSICH arcHTIHUIH
(IAEA), ABctpus). N 3appadain Xo1a, Ta3HUHT TJ100a]1 XaKMUHH TaBCHU(IOBYH
VIOILITaH SPKUHIIUK Japa’kacu, TUIep paauyc tonwirad Ba N 3appadanu pe3oHaHC
TymryHyacu ymymiamrupuirad (Ileep Ba Mapus Kropu HoMugaru yHUBEpCUTET).
UerapanaHnran AMcnepcUoH (QYHKIUSIAp YYyH TOPTULIMIN KUMMaTH MycOar
OynraH/ia KK 3appadaii ClIMH-0030H raMIWIbTOHUAHU CIIEKTPU Ba YHUHT MYXUM
CHEKTPUHUHT TOPTUIIUII KUWMaTUTa OOFMUKIUTH Oatadcui KypcaTWITaH xamja
TOPTUIIMIN KUIMATH KaTTa OYiraHaa MyXuM CIEKTPHUHT MKKH 3appadyaid Ba y4
3appavaiy MIOXJIAPHUHT opacuaa OYIuMK naigo Oynumum ucootnanran (Hazapuii
¢usuka nacTuTyTH, LlBelinapus). Ckansp KBaHT MaliJJOHH 14 YU3UKJIU TOPTHUILLYBYU
WKKH XO0JIaTJIM KBaHT CUCTEMAaCHHH M(OJATOBYM CIMH-0030H MOJIENIN XOCcaaapy Ba
YHIa MOC TaMWIbTOHMAHHHMHI — CHEKTpal xoccamapu Kapairan (Kromy
yHUBepcuTeTH (Anonus), PeHbr MareMaTuka HHCTUTYTH, (BeHrpus)).

Hyné wukécuaa OYryHTM KyHJa KaTTUK S>KUCMIIAp (U3HMKACH, KBAaHT
MEXaHUKaCH, KaTTUK >KHCMJIap Ba KBAHT rpadiapu MoJeiuiapyu YIyH JUCKPET Oup,
ukkd, y4 Ba N 3appavanu ramuibTOHMaHnap, ynapra wmoc Llpémunrep
OTIEPATOPJAPUHUHT CIIEKTPAJl XOCCAJIAPUHU TAaTOWMK HJTUIl OYyiimda Oup Katop
u3naHunuiap oiaubd OopwiMokaa. JKymmnagaH, yJIapHUHT XOC KuHMatiapu,
OOFJIaHraH XOJaT/Iapu, MyXUM CIIEKTPH, CIIEKTPal CUJKUTHUII OTIEPATOPH, TYIKUH
OMEepaTopy, COYWJIMII MaTpHUIACH, CHEKTpajd EWuiaMacu Ba CIHH-0030H
raMUIbTOHUAHUHHUHT CIIEKTPAJ X0CCaIapH, XyCyCcaH 0030HIap COHUHUHT KaMalHIII
TapTUOM, KabOM yCTyBOp HYHaIMIUIapAa WIMUNA TaaKUKOT MIUIApH  OJIUO
OOpUIMOKIA.

MyaMMOHMHI YPraHWIraHJIMK JAapaxkacu. bup 3appadanu auckper
[pénunrep omepatopiapu komMOMHaTOpuK Jlamymacuannap Ba KBaHT rpaduapu
coxacuJa KaTTa bTHOOpPHU Kajnd »TraH. Mucon ydyH 0ab3u CYHITH HaTHXKallap
yuyH ®@.Uynr, A.I'puropssH, I'.bepkonanko, I1.9kcuep, O.Iloct, E.KopoTsieB Ba
H.CalypoBanapHuHT Hiiapuia ¥3 akcuHu Tonrad. Xycycat, quckpet Llpéaunrep
oriepaTopiapy MOTEHIMAUIApH AeNbTa GyHKIUsIIap Oynranaa Oy onepaTopiap Xoc
kuiimaTiapunuar y3rapumu C.AnsoeBepuo, K.bemccapn Ba X.Illynwsc-banzec,
X. Xasgmm, . Xupommma, [I.Papua na Bura, C.JlakaeB Ba M.bo3opoBiaapHUHT
uIUiapuaa Kuckaya MyxokaMa KUJIMHTaH.

by HatwxkamapHUHr WMKKU 3appadanu ysinykcu3 [lpénunrep omeparopnapu
yuyH aHosoruHu Hproton Ttabkuanad yrran Ba X.Tamypa nsca b.Caiimon
TOMOHU/JIaH OJIMHTAaH HaTwxanap épaamuna ucootrnaran. C.Jlakae, ®.Xupommma
Ba [[.®apua na Bura HyKTanu noreHuuawuiap yuyyH naHkapa yadamu Oellra TeHr
¢ku Oenad KarTa OyiraHjaa Kyiu derapaaa 0ycara Xoc KUMMaTH MaBXYJIUTHHH,



JEeKUH MaHxapa VyimyaMu OeliaH KHYUK XOJIIa 3Ca MaBXyJl SMAacIUTHMHU
KYpCaTHILIH.

Kyn 3appadann y3mykcu3 raMUIBTOHMAH Ba IMAHXKApaJaru Kyl 3appadaiv
IUCKpPET TaMUJIbTOHHMAH YpTacunaru (yHaameHntan (apkiapaad OupH IIyKH,
WKKUHYKCH Oypajuiira HucOaTaH HHBapHaHT (TypryH) aMac (A.Morwiaep, ['.I'pad
Ba Jl.lllenkep, C.JlakaeB, JI.fldaeBmapuuHr wmmmapuaa Kaa dTwiarad (Exku
KYpcaTWITaH), SbHH Ky 3appadalid CHUCTeMara MOC JUCKPET TaMIJIbTOHUAH
y3aykcu3 (azonaru kabu OMpH Macca XapakaTd MapKa3ura Ba UKKMHYUCH WYKU
SPKUHJIMK DHEPrUsicura TeTUIUIM OYITraH MKKUTa KucMra Oynuamaiinu. Hatmwkana
y3nykcu3 (azonaru xonatgaH ¢Gapkiv Yiapok, TYFpU HMHTerpain Eimimara moc
KEJIaIuTaH KaTJIaM FaMWJIbTOHHUAHIIAP, s’bHU AucKpeT LpénuHrep omneparopiapu
napamMeTpUK paBUlIJa KBa3UUMIyJbcra OOFIMK OYianu, OyHIa KBa3HMHMITYJIBC
naHXapaHuHr QyHIaMEHTal coXacuaa y3rapaiu.

C.Ans6eBepuo, C.Jlakaes, XK.Payx, [l.fdaeBnapHunr ummaa y4 yauamiid
XaKUKU# (hazonaru UKKY 3appavyan y3nykcus Llpénunrep onepaTopnapu xonaTuaa
KPUTUK TOTEHLHAJ TabCUPHU HATHXKACHA Y3JIYKCHU3 CHEKTpAaH Kyhuaa maH(ui
KUHMAaTiIy OOFJIaHTaH XOJIATHUHT Maiio OYJIMIIM KapajraH.

Kyn 3appavamn y3mykeu3 IlpénuHrep omnepaTopiaapuHUHT  CHEKTPAI
HazapusCHIard aXound HaTwxkanapaaH Ovpu Oy MyXUM CHEKTPHUHT TY3WJIMILN
(Xynnukep—Ban Bunrep—Kucima (XBXK) teopemacu) kymnad wumuiapia KEHT
ucootmanran (macaman B.Duc, Jl.dagneeB, M.Kmayc Ba b.Caiimon, P.Pug Ba
b.Caiimon, X.301aaeKiIapHUHT HWIUIApH Ba yJapjard XaBoJjiajiapra Kapasr).
Ocnatub yTamusku, kyn 3appadanu ysnykcus llpénunrep omeparopniapu ydyH
MYXHUM CHEKTPH COHJIAp YKUIAru sipuM YKaaH uoopat, OyHIa WHTEPBATHUHT Yarl
gyerapacu HomycOaT coH OYnu0, HMKKH KJIacTepiid KUCM TaMHJIbTOHUAHJIAp
CIEKTPUHUHT dHT Ky¥n yerapacura teHr. [llynnai kunu6, Ky 3appadaiu y3IyKcHu3
[ péaunrep onepatopJapuHUHT MyXUM CHEKTpUAa OVIUIMKIAp MaBXKYy[ 3Mac.

C.Jlakaes, XK.Aonymnaes, C.CamaroB, C.AnbOeBepruoOIapHUHT MLIUTAPUIA YU
VauaMmiid TaHXkapajaa 3appadaliap XapakaTMHM Oup TYTyHIaH SKUH KYIIHH
TyTryHJapra Ky4uuHU U(oaaoBud “AUCHEPCUOH PYHKIUS JIapra 3ra Ba HyKTaJlu
MOTEHIMaIap OWIaH ¥3apo TabCUPJIAUTYBUM yUTa KBaHT 3appadajap cUCTeMacura
MOC TaMWIbTOHUAHJAP YYYH MYXUM CHEKTPHUHT >KOWJAIIWIIM Ba TYy3WIMIIN
KapaJiraH.

Anabuérnapaa nmaHxapajgard Kyn 3appavainu cucreManapra moc Llpénunrep
ONEPaTOPJIAPUHUHT MYXHUM CIIEKTpJIApH XAKHJAard MabIyMOTIIap YHYA KYI 3Mac:
AHAMTHK JUCTIEPCHOH (PyHKIMsIap €paamMua aHUKIAHTaH Y4 3appadaii CUCTeMa
raMuIbTOHMAaHUHUAT MyxuM crektpu C.AnpbOeepuo, C.JlakaeB, M.MyMUHOB;
nuckper JlamnmacmaH Ba HYKTajdW MOTEHIMAUIapra 3ra OYiaraH TYpT 3appadaiiv
cucrema yuyH XBJK teopemacu M.MyMHHOBHMHI HIIapuaa KypcaTUiraH Ba
naHxapaja Kym 3appadalid ornepaTopJapHUHT CIIEKTpal Xxoccajaapura OOFIIUK 0ab3u
HATWKaJap OXUPIH UKKU WIJIAPHUHT XaBOJIAJIAPUIA KEITUPUJITAH.

XBX teopeMacMHUHT aMaluii KYJUTaHMalapuaad Oupu y KYI 3appadaiv
OOfJaHraH XoJiaTjap YYyH BapHalMoOH ycyJulapAaH caMapalvpok (oiganaHuiira
UMKOH Oepanu. XydpT-xydTn Ounan Kucka TabCUpIallyBYM MOTEHLIMAIIapra 3ra
oynran y3nykcu3 Ilpénuurep omnepatopiapu OofJilaHraH XOJATIAPUHUHT
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YeKJIMJIMIHra OarvIuIaHraH Kyaa Ky agabuétinap masxkyn (M.Kinayc Ba b.CaiiMmoH,
XK. leuyreprmapHUHT UILIAPH Ba yJapJard Xapojaiapra kapasr). lllyara kapamai,
Edumos s dextrnan Oomka yekcu3Ta OOFIaHTaH X0oJaTiap MaBXyAJIUTH XaKuaa
kyn Hapca MabiayM 3Mac (A.Cobones, X.Tamypa Ba J[.SIpaeBnapHuHr Unuiapura
Kapanr). Kym 3appavanm OofiaHran XoJjaTiap MaBXYUIUTUHUHT —E€Tapiid
mapmiapuan  macanad, K.YHagman Ba A.Maptun, [.bomre, JK.Ilepecnapuunr
UIUIapuaaH TOMUII MYMKHH.

Juccepranus TAAKMKOTHHUHI JHcCepTAlUA 0a’KapWIraH OJIMA TabJIUM
Myaccacacd Ba WIMHH-TAAKMKOT MHCTUTYTHHUHT WJIMHMUA-TAAKHMKOT HILIAPH
pe:xxanapu OmiiaH OorymMKauru. /Juccepranuss boHH yHUBEpCUTETUHUHT aMaJldid
MaTeMaTHKa HHCTHTYTH Ba (amiapapo Komiuiekc tu3umiiap mapkasu (IZKS,
I'epmanus) DFG 436 USB 113/4 Ba DFG 436 USB 113/6 noitrxacu; Manai3ustHUHT
[Tyrpa ynuBepcutetn 9190883 pakammm yauBepcuter Tankukoriapu (RUGS
nactypu) Joinxacu; Camapkann nasiat yHuBepcuTeTHHHHT OT-D4-66 pakamim
joiinxacu; Snonus QanuHu KymiaO-kyeBBaTiam Qouau 15K13445 pakamiu
JoMMXacu Joupacua Oaxapuira.

TaagKMKOTHUHT MaKcaau KyOuK naHxapaaaru Oup, ukku, yd Ba N 3appavanu
[pénuurep onepaTopiaapu Xo0¢ KUAMaTIapyU MaBXKy IJTUTUHUHT €Tapiiv IapTUHU Ba
MYXHUM CIIEKTPUHUHT YpHUHU aHUKJIAIlIaH nuoopar.

TaakukoTHUHr Basudanapu: nawxapanaru Oup 3appayanu Llpénuurep
OTEpAaTOPUHUHT KyWH OYycaracu Xoc KMMMAaTH Ba KyiWu Oycaracu pe30HaHCHU Ba
cynep Oycara pe30HaHCH Maiiao OYVIUIIMHN KYPCaTHIII,

CHUCTEeMa TYyJa KBa3UUMITYJIbCUHUHT KMMMaTH HOJITA TEHT OYJIraH XO0J1a UKKH
3appavanu Ipéaunrep onepatopu Oycara Xxoc KuiiMatu €k Oycara XoC KUAMaTu
Ba Kyhu OYycara pe3oHaHcWra J3ra OViradma, KBa3MMMIYJIbCMHHUHT HOJMAc
KUMaTiapu y4yyH HWKKH 3appavyanu [lpéaunrep omepaTopu MyXuM CHEKTpHU
TyOHJIaH NacTa AUCKPET CIEKTP MABXKYJIMTMHUHT €TapJid IapTUHU TOMHUL,

yu 3appavanu auckper LlpénuHrep omeparopu MyXuM CIEKTPUHHHI YEKIH
COHJIard KecMallap/IaH TallKWUJI ATUIIMHA aHUKJIAILl;

NOTEHIMAJIap Ba JUCHEPCHOH MYHOCA0ATIAPHUHI KEHI CUH(HU y4dyH
namxapanaru N 3appauvanu IlIpénunrep oneparopu yuyn XBXK (XyHuukep—Ban
Buntep—XuciauH) TeopeMacCUHUHT aHAJIOTUHUA UCOOTIIALL;

NOTEHIMAJJIap Ba AUCIEPCHOH MYHOCA0ATIApHUHI KEHI CUH(DHU ydyH
nawxkapagaru N 3appauvanu Ipéauurep omepaTopu MyXHUM CIEKTpUAAH MacTia
€TyBYM XOC KUMMATH MaBXYJIMTUHUHT €Tapiiv apTIapUHU TOTIHIIL.

TaakukoTHUHT o0bexkTH: KyOuk mamkapamgaru Oup, HWKKH, y4 Ba N
3appauanu lIpénunrep onepatopiaapu.

TagkukoTHUHr mpeaMeru. Orneparopiap HazapusiCH, CIEKTpal Ha3apus,
byHKIMSIIap Ha3apuscH, MaTpHUIlaiap Ha3apusacH, TEHIJIaMallap Ha3apuscCH,
KY3FaJIAILIAp HAa3apysICH, aCUMIITOTUKAIAp HA3apUSCH.

TaagKMKOTHHUHT ycy/uiapu. TagkKUKOT MIIKAA KOMIUIEKC aHaIU3, PyHKIMOHA
aHaJIW3, YA3UKIU OlepaTopiiap Ha3apusCH, aHAIUTUK (PYHKUUSTIAP, PE30JIbBEHTA
yuyH @annieeB—HbIOTOH HHTErpal TeHriamacu, Xxoc pyHkiusiiap yuyH Baitnroepr-
BaH BuHTtep TteHrmamacu, bupman-llIBuHTEp NpuUHLMINM, BapUALMOH YcCyJuiap,
®penroabM JeTEPMUHAHTUHUHT aHATMTUK TABOMU yCyJulapuian (hoiganaHuiras.
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TagKUKOTHUHT MJIMUI SHTWJIMTY KyHuaaruiapaad uoopar:

6up 3appavanu lpénunrep oneparopu yuyH Kyiu Oycara Xoc KUMMaTh, Kyiu
Oycara pe30HAHCH Ba cyrep Oycara pe30HAHCHHHHT Mai10 OVIHIIN KYpCaTUITaH;

KBAa3WHUMITYJIbCHUHT HOJIMAC KAUMMATIapyu Y4yH MKKU 3appadanu [pénunrep
OTIEpaTOPH MYXUM CIIEKTPU TYyOWJIaH MacTAa JUCKPET CHEKTP MaBXKYIJIUTHHUHT
€TapJiv MapTiIapy TONHWITaH;

yu 3appadaimu guckper LlpéauHrep onepaTOpMHUHT MyXHM CHEKTPH YEKIIU
COHJIaru KecMaJiap/iaH u0opat SKaHJIUTU UCOOTIIaHTaH;

namwkapagaru N 3appauvanu guckper Ilpénunrep omepatopu yuyH XBX

TEOPEMACUHUHT aHAJIOTH JuarpaMMmanap ycysu épaaMmuaa HCOOTIaHTaH;

namxapagara N 3appavann IIpénuarep onepaTopHHUHAT MYXUM CIIEKTPHIAH
MacTAa XOC KUMMAaTH MaBXyJIMTUHUHT €TapJIv MIAPTIAPU TOIWIITAH.

TaagKMKOTHUHT aMaJuili HaTHXKajgapu Oup Ba kyn 3appadanu Llpémunrep
omepaTropjapuHUHT  Xxamja  napamerpra  Oormmk — @puupuxc  Mojend
OTepaTOPJAPUHUHT CIIEKTPaJl XOccajapu yCTUIa U3IaHuIa GponjanaHuiray;

kyn 3appadanu guckper Ilpémuurep omnepatopiapu ydyH OoOfjIaHTaH
XOJIATJIAPHUHT MaBXYyIJIUTH OujiaH OOFJIMK CIIEKTpasl Xoccajgapu Oyiinya oJIMHraH
HATWKaJaH HEUTpoHsapra O0oil nedopMalnusiiaHTaH JIAaHTAaHOUJ SIAPOJIAPUHUHT
Ky3FajiraH XoJjaTjapyd [IWHAMHUKACUHU CUMYJSIIMS KUWIWIIAA SAPO XapakaTh Ba
3JIEKTPOH XOJaTiap ypracuaa Kywid TOPTUIIYBUAA TabCUPJIALLYB SHEPTHUS
CaTXJIApUHUHT KUMMaTIapyUHU Ba TMOTEHIMA] DYHEPrys CaTXMHU XucoOJalijaa
AKCIIEPUMEHTAJ Ky3aTUIIl UMKOHUHU OepraH.

TagKuKOT  HATWKAJTAPUHUHI  HMINOHYWIMJMIHU. Tagkukor  vmmaa
pe3osibBeHTa yuyH @DanneeB—HbIOTOH HHTErpan TeHrjamacu, Xoc (QYHKIUsIap
yuyH BaitnrOepr-san Buntep Ttenrnamacu, bupman-llIBunrep mnpuHIumm,
BapuauuoH ycyi, OpenroaM AeTEpPMUHAHTUHUHI AHAJIUTUK JTaBOMH YCYJIMIaH
doiianaHuITaHINTH XaM/la KaThbU MaTeMaTHK MyJioXa3ajJapHH KyJjlall OpKaju,
MaTeMaTuK ucOoTIaniap OuiaaH acocaaHTaH.

TaagKUKOT HATHIKAJAPUHMHI WJIMHI Ba aMaJvMl axamMMATH. TaJIKUKOT
HATWKATAPUHUHT WIMHANA aXaMHUSTH MIyHAaH UOOpATKH, OJMHTAaH HaTHXamap ¥3-
y3ura KyliMa OrepaTtopiiap CHEKTpal Ha3apusich, KBAHT MAaWAOHJIAp Ha3apHUsCH,
XycycaH, Oup, MKKH, Y4 Ba KYI 3appayajd CUCTEMa TaMUJIbTOHUAHJIAPUHUHT
CIIEKTpaJI Ha3apUSCUHUHT KEHWHTY PUBOXKUA KYJJTAHWIUIITN MyMKUHIUTH OUJIaH
M30XJIaHAIH.

TankukKOT  HATWXKAJAPUHUHT  AMAJIMM  axXaMuATH  OJMHIAH  WIMUH
HaTWKaJIApHUHT  KaTTUK OKACMiIap (U3MKAcM Ba KBaHT MeEXaHUKacuja
AKCIEPUMEHTANl TaAKUKOTIAp YTKa3WIl Ba KYyJUlalllra Ha3zapuil acoc cudaruia
XU3MAT KWINIINA OMIaH OeNruIaHa .

TaakuKoT HATHKAJTAPUHMHT JKopUii KuJanaumu. [Tamkapamgaru 6up Ba Ky
3appavanu guckper Lpénuarep onepaTrOpuHUHI MyXUM Ba AUCKPET CHEKTPJIApU
Oyiinua OJIMHTaH HaTIKaJlap acoCUIa:

Oup 3appadanu Ba UKKH 3appadanu guckper péauarep omepaTopiapruHUHT
CHEeKTpaj Xoccajapu Oyiinya OJIMHIaH HATHXKA/laH €TaKyu XOPMKHUHN KypHaiapaa
(Rend. Mat. Appl. 39 (7), 161 — 180 (2018); Journal of Physics A: Mathematical and
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https://iopscience.iop.org/journal/1751-8121

Theoretical, 46 (20), 205304 (2013); Technology audit and production reserves, 4
(54), 46-49 (2020); Journal of Physics A: Mathematical and Theoretical, 40, 10109
(2007); Journal of Physics A: Mathematical and General, 39 (26), 8377 (2006);
Phys. Rev. Lett. 107, 030504 (2011), Complex Analysis and Operator Theory, 2,
637-668 (2008); Complex Analysis and Operator Theory, 4, 1-38 (2010)) 6ab3u
WKKH Ba y4 3appayaiv raMWIbTOHUAHHU, IIOTEHIIMAJ ONIEPATOPH AesibTa GyHKIUSIaH
noopatr kyn 3appadanu Ilpénuarep omepaTopiapuHUHT Xamjia IapameTepra
0ok Ppuipuxc MOJEN OINepaTOpPIaApUHUHT CHEKTpajd XOCCAJTapuHH YCTUIA
u3NaHuIAa GoiIaTaHuIraH;

naHxkapajaru yd 3appauanu guckpet llpéaunrep oneparopiaapuHUHT MyXuM
CIIEKTPH Ba XOC KHMIIMaTiIapu COHU YUYYyH OJIMHTaH HaTHXKalap/laH €TaKud XOPHKHUI
xypHaapaa (Reviews in Mathematical Physics, 32 (06), 2050015 (2020); Journal
of Physics A: Mathematical and Theoretical, 40 (49), 14819 (2007); Europhysics
Letters Association EPL (Europhysics Letters), 86 (6), 6006 (2009); Russian
Mathematics (lzvestiya VUZ. Matematika), 54 (2), 16-27 (2010); Journal of
Mathematical Physics 49, 093502 (2008)) Ba xopmwkuii kurodaapaa (Applications
in Rigorous Quantum Field Theory, 2 tom, De Gruyter 2020) Ba xopwxwuii PhD
muccepranus  (Thesis/Dissertation, Humboldt-Universitaet, Berlin (Germany).
Report Number INIS-DE-1118, Jun 18, 2010; Thesis/Dissertation, Universite Pierre
et Marie Curie — Paris 6 (France). Report Number FRNC-TH-10838)
doitnananunub, ymap y4 3appadanud guckper Ba y3nykcusz pémunarep
OMEPaTOPJIAPUHUHT MYXHUM CHEKTPUHUHT YPHH, XOC KUHUMATiIapu COHUHUHT
YEKIWINTA €KU YEKCU3JIMTUHU, CIUH-0030H TaMUJIbTOHHAHIAUPUHT MYXUM
CIEKTPUHU TAIIKUJI 3TraH KecMajlap COHUHU aHUKJIalll UMKOHWHU OepraH;

kyn 3appadasin auckper I[Ipéaunrep omneparopiapu ydyH OO¥fJIaHTaH
XOJIATJAPHUHT MaBXKyJIMTH OWjiaH OOFJIMK CHEKTpal xoccajapu Oyiuda OJIMHIaH
Hatmwxkagad FRGS19-039-0647 pakammu  XOpWKWUW — TpaHT  JIOMMXacHIa
HeHUTpoHJapra Ooil nedopmarusiaHral JaHTAaHOWU] SAPOJAPUHHUHT Ky3FalraH
XOJIaTilapyu JMHAMUKACUHU CUMYJISIIMS KWIMIIAA SIpO XapakaTH Ba 3JIEKTPOH
XoJlaTiap Ypracuja Kywid TabCUPJAITYBUHH TaxJIMJI KWIUIIIa (oianaHuiIrad
(2020 #imn S-mapt, Manaitsus xaiakapo ucioMm yHuBepcutetiHuHr 001-KOE-21
pakamiIM MabJiyMOTHOMAacH). Mnmuil HaTWKaHUHT KYJJIAHUIIA TabCUPJIAIILYB
DHEPTHUA CaTXJIApUHU, KHHMATIApUHA Ba TIOTCHIIMAJ DHEPTHUS CATXUHU XHCcoOIamaa
AKCTIEPUMEHTAJ Ky3aTUIIl UMKOHUHU OepraH;

Ooup 3appauvanu nuckper LlpéauHrep omepaTopu ydyH XOC KUIMaTJIapuHU
V3TapuIIWIIHA TaxJIujil KWJIWII HaTWKacuJa OJIMHTaH HaTwkainap Manansus
MYXHUTHUTa MOC KeJlaJurad Oup HedTa MOJIUSBUI MyaMMOJIapHU OamopaT KUJIUIIIA
MaTeMaTHK BOCUTAJIApHU Tax U ATHUIITA MY hKaJlJIaHTaH
LRGS/TD/2011/UKM/ICT/03/02 pakamau xopuxuii rpant joruxacuga (2021 iun
S5-mMapt, Manaiizus Mwiuii yHUBEPCUTETUHUHI MabJIyMOTHOMAcH) KapayiraH
MaTeMaTUK MOJENb-IUCKpET Kacp JlamnacumaHHMHT XOC KUWMATIIApU COHHM YYyH
0ax0 OJUIIT HMKOHUHU OepraH;
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https://iopscience.iop.org/journal/1751-8121
https://iopscience.iop.org/volume/1751-8121/46
https://iopscience.iop.org/issue/1751-8121/46/20
https://iopscience.iop.org/journal/0305-4470
https://iopscience.iop.org/volume/0305-4470/39
https://iopscience.iop.org/issue/0305-4470/39/26
https://link.springer.com/journal/11785
https://link.springer.com/journal/11785
https://www.worldscientific.com/worldscinet/rmp
https://www.worldscientific.com/toc/rmp/32/06
https://iopscience.iop.org/journal/1751-8121
https://iopscience.iop.org/journal/1751-8121
https://iopscience.iop.org/volume/1751-8121/40
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https://iopscience.iop.org/journal/0295-5075
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https://doi.org/10.3103%2FS1066369X10020039
https://doi.org/10.3103%2FS1066369X10020039
https://www.degruyter.com/document/doi/10.1515/9783110403541/html
https://inis.iaea.org/search/search.aspx?orig_q=reportnumber:%22FRNC-TH--10838%22

aucceprauusigary Oup 3appadanu Ulpénunrep omeparopiiapra JOUp XOC
KAAMaTIApHUHT y3rapummra gqoup Hartmwxkanap FRGS/1/2018/STG06/USIM/02/1
pakamiid XOpW KUW TpaHT noimxacuna Qoiimananwiran (2021 wwmn 10-depadn,
Mamnaiizust Mcmom Tabumii (anmapu yHUBEPCUTETHHHHT MabJIyMOTHOMACH)
KYJUTAaHWIWIIY TlapameTepra OOFIWK YM3UKIN y3-y3ura Kymma auddepermman
ONEPAaTOPHUHI HSHI KUYMK XOC KUHAMaTH MaBXyIJUI'M Ba YHra MOC XOC
(GYHKIUSHUHT OMp KappaTwIUTHHU UCOOTIIAIIra MMKOH OepraH.

TagKuKOT HATHKAJTAPUHMHT anpodanusicu. Ma3kyp TaIKUKOT HaTWKallapu
16 Ta xankapo UIMHUK-aMaauil aHXXyMaHJIapJa MyXoKaMaJiaH YTKa3uiraH.

TagKNKOT HATHKAJIAPUHUHT IbJIOH KWIMHTAHJIMIY. J[1ccepTanus MaB3ycu
6yiinua skaMu 32 Ta WIMMH MII 9OI STHIraH, IIyJapiaH, Y36eKHCTOH
Pecniy6mukacu Onuit aTTecTaTiusl KOMUCCUSICUHUHT TOKTOPJIMK JUCCEPTALMSIIaApU
acoCUi WIMHI HaTWKaJTapyHU YOIl 3TUIL TABCUS STUJITAH WIMHUN Hampiapaa 27 ta
MaKoJia, )KymiaaaH, 18 Tacu Xopuxkuid ckommyc 0azacu pyixatura Kupral Ba 9 tacu
pecnyOnuKa XypHaJUIapy/ia Halp 3TUJITaH.

JInccepTalMsiIHUHT TY3WJIMIIM Ba Xaxkmu. Jluccepraius kupuii, TypT 000,
xyjnoca Ba (olganaHunaraH anabuériap pyHWxaTWAaH TalIKWI — TOMTaH.
HuccepranmmstHuAT Xaxmu 153 (TUTyn, MyHaapmwka Ba agaObuETIap pydxaTH HII
X KMHUTa KUpMaiin) caxyu(paHu TalIKWJ 3TTaH.
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JTUCCEPTALIMSIHUHT ACOCHUI1 MAZSMYHH

Kupum xucmuaa amccepranys MaB3yCHHUHT JOJ3apOJMTd Ba 3apypartu
acoCllaHTaH,  TaJAKUKOTHUHT  pecryoimka  ¢aH  Ba  TEXHOJIOTHSIIAPU
PUBOXJIAHUILIMHUHT YCTYBOP WyHaNIUIUIapUra Mociauru kypcarwirad. [IlyHuHriexk,
Oy KuCMJIa THCCEPTAIUs MaB3yCH OVHHMYa XOPYIKUN MIMUKU-TaJIKUKOTIAp IHapXH,
MYaMMOHHHT YPraHWITAHJIMK JTapaKacu KENTUPWITaH, TAaJIKUKOTHUHI MaKCalu,
Basudanapu, OOBEKTH Ba TpPEeIMETH TaBCU(IIAHTaH, TAAKUKOTHUHT WIMHAN
SHTWJINTU Ba aMalluid HaTwkajgapu OaéH KWIMHTaH, OJMHTAH HaTHXKaJapHUHT
Ha3zapui Ba aMaluil axaMHUsITH 04nu0 OepuiiraH, TaAKUKOT HATHKATAPUHUHT KOPUN
KWIMHUIIY, Halmp JTWIraH WIUap Ba JUCCepTalus TYy3WIMIIM Oyiinua
MabJIyMOTJIAp KEITHUPUIITAH.

JlucceprandstHuHT “Vayamum dra  TeHr NMaHKapajgaru jJaejabTa
noreHuuanaun O6up 3appadanu lpéagunrep omeparopuHuHr Oycaracu” 11e0

HOMJTAHYBYH GupHHYH 600maa Ymaamu d ra Tenr Z° mamkapaga d +1 Ta gensra
noreHunammm H,, (Z,, UE R) oup 3appavanu quckpet Llpénunrep oneparopuHuHT

XOC KWUWMATUHUHT Y3TApUIIMHM Tajnkuk Kwiamus. [lamkapa ymuamm d > 2
oynranga oup 3appauyanu [lpénuurep onepatopuHUHT Kyiin OYcara XOc KHiiMaTu
Ba Kylu OYycara pe3oHaHcu Ba d =1 yuyH »3ca cynep Oycara pe3oHaHCHHM Maiifo
OYIUIIM KYpCaTUIITaH.

Ksasunvmynec TacBupaa, H,, omepatop L>(T?)- T = (-z,7]° marm L2-

byHKUMsIIap TuIR0epT (Pazocuaa TabCUp KUIaIu:

H e H,-V,
oyuna H, ¢yukmmsara kymaitupumn onepatopu:

(Hof)(P)=E(P)f(p), fel*(T")

oynaa E(p) dyHkums Kyhinaaru GopmMysia OMIaH aHUKJIaHTaH
d
E(p)=> (1-cosp;), p=(Py,....ps) €T,
j=1
V' sca mHTerpan oneparop:

Kl
(VE)(p) = (27) 2 [ w(p-s)f(s)ds, fel’(T?).

By epna uHTerpai onepaTopHUHT siapocu V(-) KyHWuaarnya aHWIKJIaHTaH

_d d
v(p) = (27) 2[y+/12003pi} LueR, p=(p,...,py)eTC.

i=1
[otenmuman omepatop V HUHT paHTH YK/ OYITaHINTH cabaGily, YHHHT MyXHM
criekTpu Oge(H ;) Kyiinnarn xoccara ora:

1-tacauk. o (H,,) =0, (H,,)=0(H) =[0,2d] menenux ypunnu.
1-tabpud. (bycara xoc kuitmatu Ba O0ycara pe3oHancu) @apasz gunavaux f

H,, T =0 menenamanune ewunu 6yncun.
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a) Aeap f e L2(T) mynocabam 6axcapunca, ynoa 0 conu H Ju ONEPAMOPHUNZ
Kyliu 6ycaza xoc Kuimamu 0etuiaou.
b) deap f e lX(TH\LA(T?) 6aocapunca, ynoa 0 conu H ju Onepamopmue
Kyuu 6ycaza pe3oHaucu 0euunaou.
c) Aeap f el® (TY)\ LY(T?) (0<¢<1) 6amncapunca, ynoa 0 conu sz
onepamopHuHe Kyiu 6ycaza cynep-pe3oHancu 0etiuiaou.
1-606HUHT acocuii HATHXKAAPUHK OaéH KMIUII yuyH, acumnroracu (4, 4, )

KyMHIaTy TUIIEPOOIaH KMPUTAMHU3
9, ={(A, 1) e R? | H,(A, £) = 0} (1- Ba 2- umsmanapra kapanr), GyHna

— (A-2,)(u—d)—d arap d=>3
Holdt) {(/1_1)(ﬂ—d)—d arap d=1,2"

by epna
COS
L=d, A =[, /jd Plap, d23 va 4, =1 d=12.
T E(p) T E(p)
o | meo
\ e i
| i G
= o Gy Lr~ |
I | b | T
\ : ~T : Gy
G 1 A 1
’ \ | Go } A
AL A A=A
l-umsma. d >3 yuynG; coxanap 2-umsma. 0 =1,2yayun G  coxanap

2 .
§), runepbomanmar [, Ba I', moxmapu R® TekucnamkHM KyWnmaru ydra OYMK
TyIlamra axparaiu

G, ={(h 1) e R Hy(A, 1) >0, A< A}, G ={(, 1) e R H,(4, 1) <0},
G, ={(A,0) €R% Hy(4,1) >0, 2> 1.}

Ky#nnaru TeHrmKkiIapHn KUpUTaMU3

_ 2
A = l, a= 1 - J. (c0sq, —C0sd,)"dq arap d>2.
a (27)" ; E(a)
/15=l, S= ld dg arapd >3, Ba s=1 arapd=1,2.
s (27)" ;. E(Q)

Okopunarn xabu (A,x) — TexkucnukHU €, HWKKHTa SIPUM TEKHCIHKra Ba €,
yJIapHHUHT yerapacura (Moc Xoiga S, MKKHTa SpUM TEKHCIMKKA Ba S, yIapHHHT
yerapacura) 0yiamu3
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¢ ={(hu) eRHA<AY, & ={(L ) eREA=2Y, €, ={(A, 1) eREA> A}
(Moc xomma
6 ={(Lu)eR5A<A}, &, ={(Lu)eR5A= A}, 6, ={(Au) eR%A> A})
Hlynu tapkuanad yramuszkn, S_c €_ Ba ¢, — &, MyHocabatiaap YpuHIU Ba
ous §, runepbona Ba yHuHr moxiapu I, Ba I', €paamMuaa KyHHIarun O4YUK

TYIIJIaMJIaPHU aHUKJIAMMU3
D,=G,, D=Gn&, D,=G,n6, D,,=6,nN(6, ),
Dyr2 =G, M (6+ NC), D,y =G NE,, Dy, =G,NC,.
FOkopuaaru TymiaMIIapHUHT Yerapacu 8 Ta KeCUIIMalIurad Yu3uKJIaH:
B,=I',, B=I''n&, B,,=I' n(6,nC), B,=I nNnC,
51:600(31, Sz :60F\G2, Cd+1:€0mG1’ Cd+2 :Q:omGz’
XamJa KyWuaard MKKuTa HyKTalaH Tallku Tonaan (3-4u3mara KapaHr)
A=T''NnG,, B=I nNg,.

r, r,
Ds| Dyyo | Do,
\Dz Dyio | Dag 1 s
B‘I B, S e
53 C I+
\ N
é--B, D = Biijr—
D, R S —_— 1
—5, 5 . \\ S Cow
D D, D5,
Dy Dy Dag 0 \ A e
I [ /\.s A( I ! AS /\(
d=2 d>3

3-umsma. 'unep6ona. d > 2xomnapna
[Tanxapanunr yinuamu d > 2 OynraHia acocuil TeopemMaHu 0a€H KUIaMu3.
1-reopema. d>2 6yacun.

a) Aeap (A,u) € D, 6ynca, y xyonoa H,, onepamopnune (—0,0) unmepeanoa k
ma xoc Kutmamu mMaeaicyo, JeKur Kytiu oycaza xoc Kutimamu ea Kyuu oycaza
pesonancu wyx (L-orcadsanea kapane).

b) Mxmuépuii (A, 1) € R? yuyn 0 conu H Ju Onepamop yuyr Kytiu 6ycasa cynep-
Ppe30Hancu OYImMaiou.

C) @apas gunaiinux (A, ) scygpmaux B, S, , C, sa A, B oyacun. ¥V xonoa
2-2/ca08andazu HamudACaiap myepu.

L-ocaosan. (A, p1) ocydpaux D, 0a ea d =2 6yneanda H,, nune cnexmpu.
DO Dl D2 Dd +1 Dd +2 DZd D2d +1

?j;”g) 0 1 2 | d+1 | d+2 | 2d | 2d+1
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2-oicaosan. d 22 6yneanoa (A, u)xcygpaux D, nume xuppacuoa H,, nune

CneKmpu.
B, 4u3MK  |S, YH3HK C, wmBuK | A gykra B Hykra
(—0,0) narn k k k 1 d+1
XO0C KMMMaT
bycaza d=2 |- [|d=2 ]2 Jd=2 |- |d=2 |- [d=2 |2
pesonancu  |d =3,4|1 d>3 | - d=34|1 d=34[1
d>5 |- d>5 |- d>5 |-
bycaza xodd=2 |- |d=2 |_ d>2 [d-1|d=2 |- d=2 |1
gutivamu  |d =34/ |d>3 |d d=34/d [d=34[d-1
d>5 d>5 |[d+1 [d>5 |d

Aumn 0 =1 6yaranma acocuit Teopemanu 6aéH Kuamus.
2-Teopema. d =16yucun.

a) Azap (A, u) e D, 6yaca, y xonoa H suonepamoprune (—0,0) unmepsanda k
ma xoc KUUMamu mMasxcyo, 1eKkut Kyuu 6ycaza xoc Kuumamu 8a Kyuu oycaza
pesonancu uyk (3-orcadsanea Kapane).

b) Adeap (A,u) €S, 6ynca, y xonoa H 4 HUHZ Kyuu 06ycaza cynep-pesonancu
Masxcyo.

C) Aeap (A,u)eB,US, 6yica, y xonda 4-xcadseanda KermMupuieaw
HAMuUXcaniap myzpu.

d) Xycycan H s Onepamop yuyH Kyuu 0ycaza xoc Kunmamu ea Kyuu Oycasa
PE30HAHCU MABIHCYO dMAC.

3-ocaosan. (A, p) scygprux D, oa 6a d =1 6yneanoa H,, nune cnexmpu.

D, D, D, D,
(—0,0) maru xoc Kuitmar 0 1 2 3
4-sicadean. d =1 6yneanoa (A, ) scygpaux D, numne Kuppacuoa H,, nune
cnexkmpu.
B, 4M3HK S, 4HU3HK

(—00,0) marm xoc KuiMar k k

bycaza pezonancu - -

bycaza xoc Kuumamu - —

OnuHran HaTWXKajgap/ad KYpuHUO TYpUOAUKH, TAMHIIAHTaH A YYyH A HUHT
Kuitmatu y3raprasga H 4u HUHT CHICKTPH y3rapaau. bynu 1-,2- 3-un3manapaan xam

KypUIl MyMKUH. Yu3manapjaard 4Yu3uKiap rumnepOona Ba BEpTUKAT TYFpU
yusukiaapaan uoopar. Iy cababmu runepOOJaHUHT BEPTUKAI ACHMIITOTACH
BEPTUKAJI YU3UKJIAp OMJIaH KECUILIMANIH.
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L,
D3
Dl DQ
—
DD S
|
I =1

4-yy3ma. I'unepbona. d =1 xonna
Kypum mymkunku, d =1,2 6ynranma
{1, ) eR*; ueR} va {(1,d)eR* 1R}
un3uk H, (A, ) =0 runepOoslaHuHT acumnToranapu Oynanu. KKuHYM TOMOHAAH
sca d >3 xonma
{(A,, 1) eR?* e Ry U{(1,d) e R*; 1 e R}
H, (A, 1) =0 runepOoJaHUHT acUMITOTANIapy OyIaau.
Ky#innaru HaT>kaHu XaBoJia KUJIaMu3.
Harmka 1. ®apas kunaitmuk d =1,2 yuyn A=16a d >3 yuyn A= A_ 6yncun.
a) Aeap d =1 6ynca, y xonoa xap o6up uyuyn H s ONEPAMOpHUNZ Kyuu cynep-
oycaza peconancu éa (—0,0) unmepeanda sicona xoc KUUMamu Magxicyo.
b) Aeap d>2 6ynca, y xonoa xap 6up uyuyn H,, onepamopnune (—,0)
UHMePBanda s1i20Ha X0C KUUMAMU MAagiC)o.
Hucceprauussunar “llanxkapagary MKKU 3appavyaji raMuJIbTOHUAH YYYH

o0ycara 3pexTH”’ HOMIM MKKMHYM O000MIa KBA3HMUMITYJILCHUHI HOJI KMIIMaTH]Ia
h(0) ukku 3appauvanu ramuwibToHHaH (yd4 Ba TYpT yauaMild MaHXapaaa) KyHu

Oycara pe3oHaHcHra Ba (y4 Ba yHJIaH KaTTa yIdamiid aHkapaaa) Kyiu Oycara Xoc
KuiiMaruTa Spumranaa K € T kBasuuMITyT5CHUHT HONAH GapKau KHAMATIapyTa,
0-keT’ moc h(k) wkkm 3appauany TaMHUIGTOHHAHHHHT MYyXHM CIIEKTpAaH

KyHuIa Xoc KHMMATH MaBXKyIUTUTHHU €Tapiid IMapTHHU BapHAIOH yCyJl OWIaH
UCOOTJIAaHTaH.

Nkkn 3appavamu Ipémuarep omneparopu, h(k) (keT?) kyiimnarnua
aHMKJIAaHAIU
h(k) =h°(k) +v,
OyHz1a
(h°(K) F)(p) = &(p) T (),

d
(F)(p)=(@27) 2 [(p—a)f(a)dg, fel*(T)
7d
Ba UKKU 3appayaiu OUCNepCuoH MyHocabam
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&) =&(p)+e(k-p),  peT,

k e T KBa3MMMITY/IbCTa HAPAMETPUK GOFIHK,

[Mamxapa ymuamu d = 3,4 Gyiran xoyaa MKKK 3appadaliid SHEPIHs OIEPaTOPU
h(0) xyiiu 6ycaza pezonancuea (éupmyan camx) sra OYIUIIUHA TabMHHJIAI YIYH
g(p), &,(p) Oup 3appadaii AMCIIEPCUOH MyHOcCA0aTIap Ba MHTErpall OlepaTop
sapocu V(P) GyHKIMsIIAP CHIUTMKINKIMTHHA TAbMHUHIIAI YIyH Kyiuaaru Gapassu
KaOyJ KHJIaMu3.

1-papa3. @apas kurainux &, (p) (a=12) pynkyus T 0a (0aspuii) yznykcus
XAKUKUll KUuMamiu 6a wapmiu mau@uil anukianean 6a seouna (aunumaean)
MUHUMYM2A 224 84

£ —-& (0
Ipi—0 | Pl

6yncun. Bynea xjpwumua xum6, V(p) ¢yuxyus T oa ysnykcus ea xytiudacu

MeH2IUKHU KAHOAMAAHMUPCUH

v(p) =v(-p), peT".
2-tabpud. Aeap &:T° — C komnnexc kutimamau dyuxyus £(p) = &(~p) 6a

Zg(pi - pj)zizj <0
i j=1

menecusiuknu — bapua NE N, uxmuépuu Py Pyy- Py € T 6a bapua

z=(z2,2,,...,2,)eC" (Zinzlzi = 0) VUYH KaHoamaaumupca, 0y yrKyusea wapmiu

MaH@uil aHUKIaHean QYHKYUs 0euunaou.

1-cpapasra acocar h°(k), k € T? onepaTopHHHT V -Ky3FaTyB4u omepaTopu
['unpOept-llIMuar omepatopu Oynaau Ba MyXUM CIEKTPHUHT TYPFUHJIMTH
xakunaru Beiin teopemacura xypa h(k) omepatopumnr myxum cnkerpu h°(K)

OMepaTop CHEKTpUra TEHT, Ba XaKUKUM YKIaru Kyiuaaru kecMa OuiaH ycTMa-ycT
TyIIaau
Tess (N(K)) = [Erin (K, G (K],
OyHaa
Ein (K) = znTlrQ (@), & (K) = max &, (q).

geT
MyXHM CIeKTpAaH Taumkapugars xap oup A<E,. (0) yayn, T¢(d >3) na
AHUKJIAHTaH Y3JyKCU3 MaBpuil QyHKIUSIIAPHUHT C(Td) banax ¢a3ocuaa (bupman-
[IIBuHTEp) ApOCH

4
G(p,0;4) = (27) *v(p-a)(&@-4) " p.aeT’.
naH uobopat 6ynran G(A) uHTErpas ornepaTOpHH aHUKJIAHMU3.

bycara xomucacunn A=¢E . (0) Oynranna Anpbeepuo, KocTtpekun Ba

[IpagepHuHT UUIapUaaru Myjoxasajaapaad keauo unkuo, 1-papa3z 6axapuiranaa
Kyiumara Oemn XoJiaTHu Kapad YnKaMus:
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| xon: -1 conn G(&,,,(0)) oneparop yuyH XOC KUiIMaT OYIMacuH, SbHU
0=dimKer(h(0) — A1) =dimKer(G(1) + I).

Il xon: -1 conu G(&,, (0)) onmeparop ydyH oAauii XOC KUIMAT Ba yHTa MOC i/

X0C (DyHKIMS KyHugard mapTH KaHOATJIAaHTUPCUH
l//() P L2 (Td ),
& () = &nin(0)
0=dimKer(h(0)—Al) Ba dimKer(G(A)+1)=1.

(0)) omeparop yyyH XOC KUKWMaTr Ba yHIra MOC

SI'bHH,

Il xon: -1 comn G(&,
uxTuépuil i xoc GyHKIM KyWuaaru mMapTHU KaHOATJIAHTUPCUH

v () c 2 (Td ),
& () = Ein (0)

1<dimKer(h(0) — Al) =dimKer(G(A) + I).
IV xo0n: -1 conn G(&,

in

IBHU,

(0)) omeparop y4yH XOC KMMMAT Ba YHIa MOC KamMuza

in
6I/ITTa (// X0C CI)yHKHI/ISI KYﬁHﬂaFH HlapTHI/I K&HO&TJ’IaHTI/IpCI/IH

W() 2 rrmd
s0-6.0 ")

2 <dimKer(G(4)+ 1) >dimKer(h(0) — A1) +1.

V xon: -1 conn G(& ;. (0)) oneparop y4dyH XOC KMHMAarT Ba

dimKer(h(0) — Al) + 2 <dimKer(G(1) + ).

FOxopunaru cundnammgan doigananud, d =3 Ba d =4 ynuamnapaa Oycara
pe3oHancu Tabpudura kenamusz (d >5 ymuammapaa I, IV Ba V xomtap coaup
OynMaian).

3-tabpud. @apasz xunatinux d =3,4 o6yacun. |, IV 6a V' xyonnapoan 6upu
cooup oynca, h(0) onepamop 6ycaza pezonancuea spuwiaou 0ebd atumuiaou.

SIBHH,

1-a3caarma. [lanoicapaoaeu b6ycasa pe3oHancu myuyHuacu y3uyKkcus gazooau
mavpupnune myepudan-myzpu ananocu xucooaanaou. Ilaunsxcapa yrwamu d =1 6a
d =2 6yneanda 6ycaza pesonancu mywynuacunu xam Kupumuus Mymxun. Bupok,
Kuyux  ynuamaapoa bupman-llleuncep saopocunune CcuHeyIApaUSU — OUSHUHE
EHOAULY BUMU3HU MYPUOA-MYEPU KYLIAU2A UMKOH OepMaiiou.

bynnan keiiun 6u3 d >3 1e6 ¢apas Kuiamus.

bupuHun HaTMKa KypcaTaauky, KBa3UUMIIYJIbCHUHI Y3rapulld TabCUPUIA
h(k) =HuHr guckper chnektpu OYycara OpKadM MyXHM CIICKTPHHHT WYHTa
CypWIManau.

3-Tteopema. [lamoscapa yauamu d >3 xamoa 1-¢papaz Oascapuncun.
Kywumuacuza oucnepcuon mynocabamnap &;(p), J=1,2, uxku mapma ysnyrcus

ougpeppenyuannanyeuy  Gynkyuarap 6yncun. Xap oup keT® yuyn h(K)
onepamopHune Kyliu 4e2apacuu Kyuuoacsuia aHukiaumus

19



m(k) =inf o(h(k)), keT".

Aeap h(0) onepamopnune xyiiu weecapacu m(0) < & . (0) xoc xutimam 6y1ca, yHoa

Kyuuoazu MyHocabam ypuHiu
E.(0)-m@O) <& (k)-m(k), keT?, k=0, d=3.
BU3HMHT WMKKWHYM HATWKaMU3 WKKAHYM OOOHMHI acoCHil HaTH)Kacu
xucoOann6, y Tyina ramuiabrorrad h(k) (K # 0) auur Mmyxum criexrpuaan Kyiuaa

JUCKPET CHEKTPHU Oy OYIMACIUIMHN €Tapiid INAPTUHU TAMUHIIAKIH.
4-teopema. [lamocapa ynuamu d >3 xamoa 1-papaz bascapuncun.
Kywumuacuea ducnepcuon mynocabamiap & (p), j=1,2, uxxu mapma ysnyxcus

ougheppenyuanianysuu gynuxyusaap oyiacun. Aeap onepamop h(0) 6ycasa xoc
Kutivamu éxu 6ycaza pesoumancuea spuuica, y xoaoa bapua K € T¢ \{0}rap yuyn
h(k) ecamuromonuannune ouckpem cnekmpu Myxum CHeKmMpHUHZ KyUu yYe2apacu,

E.i. (K) 0an wanoa 6yw myniam 6yamaiiou.

HMuccepranustauar — “Ilanmaxkapagarn yu  3appavanu  Hpéaunrep
ONEePATOPMHMHI MYXUM CIIEKTPUHUHT TY3HJIHIIK 1€0 aTamyB4Yl yUuHYM 000u1a
y4 yoyamuid maHkapajga yd 3appayaid cucTeMa Kapajaau, OyHAa 3appadaiap
“Oucnepcuon makcumomu” HUHT TAITyBYUCH KOMMAKT OYIMIIM MIApT dMAC XaMmja
yaap KypT-xyptu Owmiian ¥3apo TabCcHUpJANIyBYM MOTEHUUAIIAp EpaamMuaa
Oepuiras.

Wmnynsenu Tacsupaa, H(K), K eT® yu 3appayanu auckper Ilpénunrep

oreparopnapu L*((T%)?) Tuns6epr daszocuna kyitnmaru dopmyia 6uiasn Gepuianm
H(K)=H,(K) -V, -V, -V;,
6ynna H,(K) Ba V, oneparopnap (k,,k,) e (T°)* koopimuatanap cucremacuna
L*((T*)?) dasona Kyiinzaruya Tabcup STau:
(Ho(K) )k, K,) = E (KiK. k) Tk, k), F e lP((T7)7),

Ba

v, F)k, k) = @7) 2 [, (k, =Ky F (K, Kp)dky, e ().

By epnma (k,,k,)e(T°) ({a,ﬂ, 7/} = {1, 2,3}) koopauHatanap K, +k, +k, = K
TEHTJIMK OWJIaH OOFJIaHTaH, KYMauTUpul PyHKIUACH

E.,(Kik,.k,) =¢,(k,)+¢&,(k,) +e, (K-k,—k,),
finFuaan Epnamuna anuknanany, oyuaa £, (p) Ba v, (p) (o =12,3) dpyakuusnap
T® 1a aHMKIaHTaH XAKUKAH KAAMATIH y3IyKen3 GyHKIISUIAp XaMaa

v, (p)=Vv,(-p), peT:

Acocmii Hatikanun 0aén kwmmmmmu3  Makcamuna ¢, (p) (a=12,3)

JUCTIEPCHOH MyHOcabaT Ba MHTerpan omnepaTopHuHr siapocu V (p) (a=12,3)
GyHKIMsIap yuyH Kyiuaara ¢apasHu KaOys KHiaMus.
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2-apas. Papaz xuraiix £,(p) (a=12,3) oucnepcuon gynxyus T° oa

AHUKNIAH2AH XaKUKUU KUtuMamiu uxkku mapma oupgepenyuainanysuu 0yauo,
KOOpOuHama 60wuoa 120Ha AuHUMA2AH MUHUMYM2d I3PULUCUH XaMOa

—¢ (0
Ipl—>0 d

oyncun. Kywumua pasuwoa v ,(p) (a =1,2,3) ¢yuxyua T 0a ysaykcus éa myc6am
onepamopHu AHUKIACUH.
Tapkumnab yramuskw, arap E,(K;p,q) dymxmms  (k,,k;) Hykrana

MHUHMMyMIa OpHILNCA, YHAA YHUHI MHUHHMYM KHMMaTura Eﬂy(K; p,q)

({a,ﬂ, 7/} = {1, 2,3}) bynxums (K, K —k, —k,) Hykrama spumam. [y cababm,
xap 6up K €T® yuyn E,;(K;p,0) bysxuusnapauar musnvymu o, f=1,2,3 ra

OOFJIMK dMaC.
Kytingaru OenruianuiapHd KUPUTAMHK3.

Epin (K)=minE,, (K, p,0), B (K) = maxE,, (K, p.q).

p,geT p.qeT
VY4 3appayany CHUCTEMaHMHI UKKHU 3appadaid KUCM cucTtemanapura moc h (k)

(k eT? a=1, 2,3) ukkn  3appadanu  Llpémumrep omepatopmapu L, (T°)
ruis0epT (asocuaa KyMuaard TEHIIIMK OMIaH aHUKJIAaHAIN
n, (k) = o (k)—,.
By epna h’(k) Ba v, oneparopnap L*(T°) ¢asona anuxmanamm:
() )(P)=E“(p)f(p), felX(T),
OyHza
EX(p)=g,(p)+&,(k—p), {a.p.73={L23}, peT,

Ba
(v, F)(p)=(27) 2 [v,(p—a) f(a)da, feLl’(T?).

Busuunr acocuii Hatmwkamuz H(K), KeT® yu sappauanu Llpémunrep
OINIEPATOPUHUHT MYXUM CIIEKTPU YEKIIM COHJArd KeCMaJapHHUHT OWpIIalliMacuaaH
TALIKK TONUIIMHY KypcaTuiian nbopat. bynaa ksasuummyise K € T° HUHT 6ab3n
kuimatiaapuga  h (k) (k eT? a=1, 2,3) OIIEPAaTOPHUHI YEKCHU3 COHOArhn Xoc
KUMaTaapra puIIMII SXTUMONIH OYyiica XxaMm Oy HaTka YpuHiau 6ynanau. busHuar
ucborummna KeT® HuAr 6Gapya KuiiMaTiapuga h,(k),k e T a=1,2,3
orepaTopiiap YeKJIM COHIArM XOC Kuimariapra sra Oynumm acocuid BasudaHu
Oaxxapau.

5-teopema. 2-¢apaz ypurau 6yacun. V xonoa wynoai 6 >0 con masoicyo
oynub, xap oup « =1,2,3 6a bapua k €U ;(0) nap yuyn h, (k) onepamop y3unumne
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myxum cnekmpu o (h, (K)) oan mawkapuoa uexnu conoazu xoc Kuumamea 32a

oynaou.
6-teopema. 2-¢hapaz ypuwau Oyacun. Y xonoa yu szappawamu H(K)

onepamopHunz myxum cnexkmpu, o, (H(K)) yuyn

G (H(K) =y U {0y (, (K = P) + &, (PYFULE iy (K), Epey (K]

menenux punnu, bynoa o, (h, (k) mynaam h,(K), k € T onepamopnune ouckpem
CHeKmpu.

7-Teopema. 2-¢hapaz ypuwau Oyacun. Y xonoa yu szappawamu H(K)
onepamopuune myxum cnexmpu, o.(H(K)) uexmu condacu recmanraprune

oupraumMacuoarn mawiKui monaou.

Huccepramusauar “Iamxkapagarm N 3appavyanm mMyamMmo GoFjIaHraH
XOJIATJIAPHUHT MAaBXKYNJIMIH® HOMIM TYPTUHUYM OoOupa xypr-KypTtu Owiiaxn
KACKAa TabCUpJAMIyBUM (MYTJaKO TOPTUIIYBYM EKM MYTJIAKO HTapUITYBYH
OYyamaran) norenipamiapra ora d Ymgamum 7° namkapana kyuu6 ropysun N ta
3appadanap cucreMacura Moc N 3appadamu  IlIpémunrep omeparopu H(K)
(K eT?) um kapaiimus. Bu3 noreHnuamiapHudr Ba (KOMIIAKT TallyBYMra ora

OymuIm rapT OyIMaran) IMCIEPCUOH MyHOca0aTIapHUHT KeHT cuHbu yayH XBXK
TCOPEMACHHHUHT aHAJOTWHU JAMarpaMManap ycyiau Epaamuaa HucOOTIaiMus.
baradcun aitaguran Oyncak, o6mz H(K) wune myxum cnexmpu bapua uxxu

Kiacmepiau OnepamopiapHuHe — CHeKmpIapuHuHe  OupIauiMacuoan  mauKu
moneanu 6a Kynu OUNaH CAHOKIU COHOA2U KeCMANAPHUHE Oupraumacudan ubopam
IKAHJIUSUHU KYPCAMAMU3.

®usukara oux amabuérnmapma, KeT® mnapamerep N -3appauanu
keasuumnynve 6a yura moc omeparop, H(K), KeT?, N -sappauanu ouckpem
LIpéounzep onepamopu (kamnam onepamop) 0eb amanaou.

Xap 6up K €T yuyw, 6us (THN? comeomopgh

Fe ={0= (- q) e(T)": o++0 =K}

KYNXWUITAKHA aHUKJIANMU3.

Xap Gup K eT? xmitvar yays H(K) karmam omeparop L*(FY) rumsGepr
dazocuma

H(K)=H,(K)-V,

TEHIVIMK OmiaH Tabcup 3Tagu, Oynaa H,(K) dyHkuuara KynaiTupHil orneparopu

Ho(K)F(P) = (g (p) -+ ——e (D) F(P), B,
r'f'l1 m

N
Ba

V= >V

1<i<j<N

oca

22



Vy ()= 27) 2 [V () F(Pyyeos By =t P+ Py,

XyCYCHI HHTErpaJUIi HHTErPall ONepaTopIapHUHT HUFUHINCH/IAH TAIIKUI TOITaH.
By epma ¢,() (a=1...,N) ¢ysxmus @ (a=1,...,N) 3appauanunr aucrnepcron

mynocabaru Ba V;(-) (1<i< J<N) aca T naru y3nykcus GpyHKIus 6100,
V;(p)=V;(-p), peT*
TEHITIMKHY KaHOATIaHTHPAJIY.

Sxmm  Hartwka omum  ydyH T ga  aHMKIaHrad  (DaBpuii) CHIIHMK
(GyHKITUIAPHUHT

If], = sup D F@I+1417] fE+)- O

o o d o
HopMara HucOataH €nurd Oynran 1 Ja aHUKJIAHTaH TEIJIEp Y3IIyKCH3
dyuxuustmapauar B(1), 0< 1 <1 banax ¢a30cHHN KUPUTAMU3.

Ky#innaru Texuuk gapasHuHu KaOyJl KUIaMH3.
3-papa3. Qapaz xuravnux ¢,(p) (a=L...,N) oucnepcuon mynocabam

B(u) O0<wu<1) PFBanax ¢pasocuoa émcun. lynunzoex V() (L<i< j<N)

dynxyusnap T 0a ysnyxcus 6yncun.
Tavkumrad yramuszku, H(K) ra yHuTap SKBHBaJICHT Xap KaHJail omepaTop
N -sappauanu ouckpem Ilpéouncep onepamopu Oe6 amanadu. YIapHUHT

KYJUTaHUIIIMTa Kapab xap Xup TacBupiiapuaaH ¢oinanaHnaMus.
4-tappud. {1,...,N} myniamnu recuwmaiiouean C,,C,,...,.C, Kucm

myniamaapaa adxcpamuwioan xocun oyrean C ={C,C,,...,.C,}oura xracmep
éuunma 0eb amanaou. Xap oup C, myniam kracmep 0ed amanaou.

bepmwiran C ={C,C,,...,C,} wiacrep énwima yuyH: |C,| Owian C,
TYIJIAMHUAHT 3JIeMeHTIapu coHuHH; 1j€C myHocabar OupoHTa 1<Kk </ y4yH
I, jeC, YpUHIMIMIMHU aHTHataid; IryHra yxmam ij¢C wmyHocabaT | Ba |

3appavanap 6omKa-60mmKa Knactepiapra Teruinmaiiruay (sehm ie C, Ba J€C 5

6yHnac = ) Ba #C opkanu C xmactep &imiMacuaru SIeMeHTIap COHUHM, ThHHU

#C = ( HY aHTIaTaau.
[y Ounan Oupra KyiuaaruH1 aHUKJIaiMuU3

V=V, 1°9:=)V, =V -V©,

ijeC ijeC
S-tabpud. Onepamop
HY(K)=H(K)+1¢, KeT
C knacmep éiiunmaza moc “xnacmep onepamop” 0e6 nomianaou.
dapa3 kunaimk C,, 1<k <l kinacrep C={C,,...,C} knacrep &iimnmana
ércud Ba n_=|C_| OyncuH. AiTaiinuk C_ ={a1,...,anK}g{l,..., N}. Xap Oup

keT! yayn 6u3
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F:={9=(q,,--0q, )e(T)*: q, +...+q, =k}

TYTIaMHEK aHuKIaliMms. Tabkumnab yramusky, F < Tyam (T%)"™™ ra romeomopd
Oymau.
C, Kiacrtepiars 3appadaiap cucremacura moc auckper Ilpénunrep
omeparopu h°x (K): L*(F*) — L*(IF,*) Kyiingarnya aHuKIaHaqm
h® (k) = by (k) —v°™,
OyHIa
(X)) = Y e, (pIT(P) PeEX

Qi eC PR

VCK - Z Vaia

ai,ajeCK, ai<aj

\Y o — XYCYCHUH HHTCI'PAJIJIM HHTCT'PAJl OIICpaTOopjaap

i

Ba

d
(Voe, IR = @7) 2 [V, O F (P Py —tieens Py + i, el
79 *

C knacrep éitmnmara moc H(K) = H(K)+1°, K eT? knacrep oneparopu
Y4YyH KyHUJaru TaCOuK YPUHIIN.

8-reopema. H(K) onepamonune cnexmpu axam myxum cnexmpoan
ubopam xamoa

a(H (K) = o (H(K)= | a(h®(k,...k)).

Kokl
k1+...+k|=K

c={C,....C} éimmmma D={D,D,,...,D, }EéNIMaHHTI TaKOMHUJUIAILITaHU
neitunany, arap D; kmactep C; knmactepmapHuHr OMpramMacy/iaH TaIIKHII TOTTaH
oyca.

9-reopema. @apas kunaiiuk C éiiunma D nune maxomuninaweanu éa C % D
oyncun. Y xonoa o(H®(K)) c o, (H°(K)). Xyeycan, xap 6up C, #C>2 yuyn
(HC (K)) < 0 (H(K)) jpunau

XBX teopemMacHHUHT THUCKEPET aHOJIOTH OOOHMHT acOCH HaTWKajJapHaH
Oupu xucoOIaHaIH.

10-teopema. Xap 6up K eT® yuyn H(K) onepamoprunz myxum cnexmpu

y3apo kKecuwmatiouean kKecmanaprune (Kynu Oulan camoxau) Oupiaumacuoan

MAWKUI ~ monaou; aHuKpou, MyXum cnekmp Oapua UKKU Kiacmepiu
onepamopiapHute CNeKmpaapu OUpLaummMacuoan ubopam.

o(H(K)= |J a(H"(K)),

DeE,#D=2
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Ooynoa = xnacmep éuunmanapuoar uoopam. bynoan mawxapu, oy (H(K)) nune

KYUYKIAULy8 HyKmanapu 0y KeCMaiapHune ye2apa HyKmanapu 6yaiaou.

IlyrunT ek, 4-6061a, TopTyuTyBun noTeHmmaiapra sra N Ta 3appauanap
CUCTEMAaCH yUyH KaMmujia OuTTa OOFJIaHTaH XOJjaT MaBxXKyJ] OYJIWIIM ydyyH eTapiiu
mapTiapHu kenrtupamus. Kyilmaarn HaTWKajlapHU UTApUILYBYMA NOTEHUMAJIapra
Ara CUCTEMara XxaM OCOHJIMKYA YTKAa3WJIUIIN MyMKHUH.

bynnait 6yén 3appadanap dakar y3apo TopTHIIaAu A0, STbHU MOTEHTHAI
oreparopJiap Vij >0 (1<i< j<N) mycbar 0yscun 1ebd dapas Kunamus. busHuHr

MaKCaJuMH13, MyXUM CIEKTPHUHT KyWH derapacu
2:=3(K)=info (H(K)) (KeT?)

ess

naH Kyiuma kammga O6mrra N -3appasanm GornaHram — XonaT GOPIHTMHM
kypcatumaup. Tabkumiad yramusku 8-teopema Ba 10-teopemara acociaHuo,

myHaai knacrep €imnma D =(D,,D,) tomumuO, X = mig inf o(h®(k)) ypunmm
keT

oynamau, OyHaa
h°(k) =h2(K) ®172(K —k)+ 1 (k) ®h2(K —k),  keT¢.
VYmymuiinukka 3apap kenrupmacaad D, ={1,...,n} Ba D, ={n+1,...,N} ne6

omamu3. Kyimmarn wMyxXuM HaTmwka OOFJIaHTaH XoJaTjiap MAaBXKYJIUTHHU
HCOOTIIAIIAA ACOCHI BOCUTA XMCOOIaHA IH.
11-reopema. Dapaps xuraiinuk z,(k,) ea z,(K—K,) zap, moc xonoa

th(kO) 6a h™ (K—k,) napnune saxxanamean xoc xuumamiap 6yacun. Y xonoa
kecuuima, oy (H(K)) M (=00, 2(K)) 6yw 6yamaiiou.
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XVYJIO0CA

Huccepraums KyOuk mnanxapajgaru Oup, WKkH, yd Ba N  3appadanu

[pénuarep oOmepaTOJIApUHUHT  CIICKTpPaJl  XOCCAJlapUHU  TAJKUK  OTHINTra
OaFMIITaHTaH.

26

1.

NnMuii n3maHUIIHUAT aCOCUM HAaTHXKaJIapy KyHuaaruiapiad uoopar:

bup 3appauyanu lllpéaunrep omeparopu yuyH Kyim Oycara Xoc KUWMaTH,
Kyiin Oycara pe30HaHCH Ba cyrep Oycara pe30HAHCHMHHMHT a0 OYiuim
AQHUKJIAHTaH.

KBa3uMMIyabCHUHT HOJITa TEHr OyiamaraH KAWMATiIapu Y4YyH HWKKH
3appavanmu Ipénunrep omepaTOpMHUHT MYyXHM CIHEKTPHU TyOHWJaH MacTia
JUCKPET CHEKTPU HYKTACH MAaBXKyJINTUHUHT €TAPJIM LIAPTH TOINJITaH.

V4 3appavanu nuckper Ulpéaunrep onepatopu MyxXuM CIIEKTPUHUHT YEKIIN
COHJard KecMajlapJilaH MOO0paT HKaHJIUTU aHUKJIAHTaH.

[Tamxapamaru N 3appavanu  Ipéaunrep omnepatopu yuyH XBXK
TEOPEMaCHUHHUHT aHAJIOT'Y UCOOTIIaHTaH.

[Tamxkapamaru N 3appadasin  [lIpéauHrep  ONEpaTOPUHUHI  MYXUM
CIIEKTPHJAH TacTAa ETyBYM XOC KHMMMATIapu MAaBKyIJIMTMHUHT €Tapiu
apTd TOMHJITaH.
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INTRODUCTION (abstract of DSc thesis)

Actuality and demand of the theme of dissertation. Many scientific and
practical studies conducted around the world are mostly devoted to scientific models
of the processes occurring in the microworld. The theory microworld processes,
called quantum mechanics, was developed by M.Planck, A.Einstein, W.Heisenberg,
E.Schrodinger, W.Pauli, P.Dirac and other scientists. One of the most important
physical quantities in any system of quantum mechanics is energy. The analysis of
the spectral properties of the energy operator (Hamiltonian or Schrodinger operator)
Is one of the main problems of quantum mechanics. In this regard, the single- and
multi-particle Schrodinger operators on the lattice serve as the theoretical basis for
experimental observations. Therefore, the development of research on eigenvalues,
discrete spectrum, and essential spectrum of Schrédinger operators corresponding to
one- and multi-particle systems on the lattice remain to be important in solid state
physics, quantum mechanics, and statistical physics.

The location and structure of essential spectra of energy operators
corresponding to one- and (quantum) multi-particle systems on a lattice, their
discrete spectra and the number of the points in the discrete spectrum depended on
an external field of one-particle and pair interaction energy of many particles are
important in the advanced mathematical physics. Also, to prove the existence of
discrete eigenvalues, threshold resonances and threshold eigenvalues of one- and
two-particle discrete Schrodinger operators, and to define the structure and location
of the essential spectrum of many-particle discrete Schrodinger operators are very
demanding, and the development of this research is one of the most important
scientific researches in practice and theory.

In our country, much attention has been paid to develop important directions of
applied and fundamental sciences, particularly, special attention is paid to the
development of the spectral theory of the discrete Schrodinger operators and
Hamiltonians associated with systems of several particles moving on lattices.

Conducting research have been identified as the main tasks and areas of activity
of mathematical science at the level of international standards in the priority areas
of "Algebra and its applications, differential equations and their applications, linear
systems, dynamic systems and mathematical modeling of their applications,
stochastic analysis, medical-biological informatics, computational mathematics"? .

To ensure the implementation of the decision, it is important to develop
quantum mechanics, theory of quantum field, solid state physics, particularly,
spectral theory of discrete and continuous Schrédinger operators and Fridrixs
models.

The subject and object of our dissertation are in line with tasks identified in the
Decrees and Resolutions of the President of the Republic of Uzbekistan of February
7, 2017, PF-4947, “On the strategy of action for the further development of the
Republic of Uzbekistan”, PQ-4387 dated July 9, 2019 “On state support for the

3 Decree of Cabinet of Ministers of the Republic of Uzbekistan at the 2017 year 18 May « On measures on
the organization of activities of the first created scientific research institutions of the Academy of Sciences
of the Republic of Uzbekistan» Ne 292 dated May 17, 2017.
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further development of mathematics education and science, as well as measures to
radically improve the activities of the Institute of Mathematics named after V.I.
Romanovsky of the Academy of Sciences of the Republic of Uzbekistan™, PQ-4708
of May 7, 2020 “On measures to improve the quality of education and research in
the field of mathematics™ as well as in other regulations related to this activity.

Connection of research to priority directions of development of science and
technologies of the Republic. This study was performed in accordance with the
priority areas of science and technology of the Republic of Uzbekistan, 1V,
“Mathematics, Mechanics and Computer Science”.

Review of foreign research on the topic of the dissertation.* The theory of
lattice Schrodinger operators has been intensively studied in leading research centers
and institutions of the world, including Tsukuba University, Kyushu University
(Japan), St. Petersburg State University (Russia), International Atomic Energy
Agency (IAEA, Austria), Universite Pierre et Marie Curie (France), International
School for Advanced Studies (SISSA, Iltaly), Institute for Theoretical Physics
(Zurich, Switzerland), Alfréd Rényi Institute of Mathematics (Hungary), University
of Missouri (USA), etc.

In particular, the following scientific results were obtained: the spectrum of the
discrete Schrodinger operators with compactly supported potentials on the
arbitrarily dimension lattice and spectral representations and representing S-matrices
by the generalized eigenfunctions have been considered (Tsukuba University, St.
Petersburg State University). It was shown that the potential is uniquely
reconstructed from the S-matrix of all energies. The spectral shift function for the
trace class potentials, and estimate the discrete spectrum in terms of the moments
of the shift function and the potential have been studied St. Petersburg State
University;

The 3-body problem at the unitary limit in an isotropic harmonic trap was
considered for bosonic particles, and it was found two types of eigenstates: universal
states which only depend on the oscillation frequency of a particle in the trap, the
particles' mass and Planck's constant; and the states which also depend on a three-
body parameter, similarly to the three-body bound states in free space discovered by
Efimov (International Atomic Energy Agency (IAEA), Austria). In the N-body case,
a collective degree of freedom describing the global size of the gas and hyper-radius
was found and the concept of N-body resonances was generalized (Universite Pierre
et Marie Curie). The spectrum of the spin-boson Hamiltonian with two bosons for
arbitrary positive coupling in the case when the dispersion relation is a bounded
function was considered and explicit description of the essential spectrum was
derived which consists of the so-called two- and three-particle branches that can be
separated by a gap if the coupling is sufficiently large (Institute for Theoretical

4 Review of foreign research on the topic of the dissertation: Annales Henri Poincaré
https://link.springer.com/article/10.1007/s00023-011-0141-0, International Nuclear Information System
https://inis.iaea.org/search/search.aspx?orig_q=RN:51056693, Reviews in Mathematical Physics
https://doi.org/10.1142/50129055X20500154,  Applications in Rigorous Quantum Field Theory
https://doi.org/10.1515/9783110403541-004, Mathematical Physics, Analysis and Geometry
https://www.springer.com/journal/11040/ and others.
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Physics, Zurich). The spin-boson model corresponding to a two-state quantum
system linearly coupled at a scalar quantum field and spectral properties of
associated Hamiltonian were studied. Using this probability measure, ground state
expectations are represented for Hamiltonian operators of interest (Kyushu
University, Japan, Alfréd Rényi Institute of Mathematics, Hungary).

Nowadays, a lot of works are devoted to study application areas of spectral
properties of discrete one-, two-, three- and N-particle Hamiltonians, corresponding
Schrodinger operators for solid state physics, quantum mechanics, solid state and
quantum graph models. In particular, their eigenvalues, coupling states, essential
spectrum, also shift operators, wave operators, scattering matrix, spectral
asymptotic, the spin-boson Hamiltonian, the order of decreasing number of bosons
are being widely investigated.

The degree of scrutiny of the problem. In the present thesis we consider
discrete Schrodinger operators of one, two, three and N particles, defined over the
cubic lattice, and we shall be interested in the discrete and essential spectrum of such
operators and some possible characterizations.

The single-particle discrete Schrodinger operators have attracted considerable
attention for both combinatorial Laplacians and quantum graphs; for some recent
summaries refer to the works of F. Chung, A.Grigor’yan, G.Berkolaiko, P.Exner
O.Post, E.Korotyaev&N.Saburova and the references therein. Particularly,
eigenvalue behavior of discrete Schrodinger operators are discussed by S.Albeverio,
J. Bellissard, H.Schulz-Baldes, H.Hayashi, and are briefly discussed in the works of
F.Hiroshima, P.Faria da Veiga, S.Lakaev, 1.Bozorov when potentials are delta
functions with a single point mass.

A continuous version, two-particle Schrédinger operator, is mentioned by
R.Newton and proved by H.Tamura using a result of B.Simon. In the case of a zero
range potential, F.Hiroshima showed that a threshold eigenvalue appears for the
dimension of larger than five, and does not otherwise.

One of the fundamental differences between the multi-particle continuous
Hamiltonian and the discrete Hamiltonians is that the latter is not rotationally
invariant (see the works of A. Mogilner, G.Graf&D.Schenker, S.Lakaev, D.Yafaev),
I.e. the discrete Hamiltonian of a multi-particle system does not separate into two
parts, one relating to the center-of-mass motion and the other one to the internal
degrees of freedom. The kinematics of system of quantum quasi-particles on lattices,
even in the two-particle sector, is rather exotic. For instance, due to the fact that the
discrete analogue of the Laplacian or its generalizations are not rotationally
invariant. In particular, such a handy characteristics of inertia as mass is not
available. Unlike to the continuous case, the corresponding fiber Hamiltonians
associated with the direct decomposition depend parametrically on the internal
binding of the quasi-momentum, which ranges over a cell of the dual lattice. As a
consequence, due to the loss of the spherical symmetry of the problem, the spectra
of the family of fiber operators turn out to be rather sensitive to the variation of the
quasi-momentum.

In the case of two-particle continuous Schrodinger operators in the three
dimensinal space, one observes the emission of negative bound states from the
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continuous spectrum at so-called critical potential strength (see, e.g., S. Albeverio,
S.Lakaev, J.Rauch, D.Yafaev) which leads to the appearance of negative bound
states for Schrodinger operators under infinitesimally small negative perturbations.

One of the remarkable results in the spectral theory of multi-particle continuous
Schrodinger operators is the description of the essential spectrum (the Hunziker, van
Winter and Zhislin (HVZ)-theorem), which has been extensively studied in many
works (see, e.g., V.Enss, L.Faddeev, M.Klaus&B.Simon, R.Reed&B.Simon,
H.Zoladek and references therein). We recall that for the multi-particle continuous
Schrédinger operators, the essential spectrum coincides with the semi-axis, where
the lowest value of the spectrum of the two-cluster subhamiltonians is a non-positive
number. Thus, there are no gaps in the essential spectrum of the multi-particle
continuous Schrodinger operators.

The location and structure of the essential spectrum has been investigated by
S.Albeverio, S.Lakaev, J.Abdullaev, S.Samatov for the Hamiltonians of systems of
three quantum particles moving on the three-dimensional lattice Z* with "dispersion
functions" describing the transport of a particle from a site to nearest neighboring
sites and interacting via zero-range attractive pair potentials. Particularly, in [4], it
Is shown that the essential spectrum of the three-particle discrete Schrodinger
operator consists of no more than four bounded closed intervals.

Few results are available in the literature on the essential spectra of the discrete
Schrodinger operators associated to the many-body systems on the lattice: the
essential spectrum of the three-body problem on the three dimensional space with
analytic dispersion functions was described in S.Albeverio, S.Lakaev, M.Muminov;
the four-body HVZ theorem with the discrete Laplacian and zero-range potentials
was shown in M.Muminov et. al. and the references therein.

One of the practical applications of the HVZ theorem is that it allows to use the
variational techniques more efficiently to study N-particle bound states. There are
considerably many literature devoted to the finiteness of bound states of the
Schrédinger operators with short-range pair potentials (see e.g. M.Klaus&B.Simon,
J.Schechter and references therein). Nevertheless, apart from the Efimov effect
(A.Sobolev, H.Tamura and D.Yafaev and references therein), not much seems
known on the existence of bound states: some sufficient conditions to have an N -
particle bound state can be found, for example, by K.Chadan&A.Martin, D.Bolle,
J.Perez.

Connection of the theme of the dissertation with the research works of
higher education and research institute, where the dissertation is carried out.
The dissertation is done in accordance with the planned theme of scientific research;
in the Institute of Applied Mathematics and of the Interdisciplinary Center for
Complex Systems (1ZKS) of the University of Bonn (Germany) supported by the
grant of DFG 436 USB 113/4 and DFG 436 USB 113/6 project; Samarkand State
University supported by the grand of Fundamental Science Foundation of
Uzbekistan; University Putra Malaysia under research university grant scheme
(RUGS) project with a code 9190883; Samarkand State university supported by
Grant OT-F4—66 of Fundamental Science Foundation of Uzbekistan; under research
Japan Challenging Exploratory Research grant number 15K13445.
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The aim of research work was to find the sufficient condition of existence of
eigenvalues and the location and structure of an essential spectrum of one-, two-,
three- and N-particle discrete Schrodinger operators defined over the cubic lattice.

Research problems: showing the emergence of the lower threshold
eigenvalue and lower threshold resonance, as well as the lower super-threshold
resonance of one-particle Schrodinger operator;

finding sufficient conditions for the existence of the discrete spectrum below
the bottom of the essential spectrum of the two-particle Schrédinger operator for all
non-zero values of the quasi-momentum, provided that the two-particle Schrodinger
operator corresponding to zero value of the quasi-momentum has either a threshold
resonance or a threshold eigenvalue;

establishing the fact that the essential spectrum of the three-particle discrete
Schrodinger operator consisting of a finitely many bounded closed intervals;

proving the analogue of the HVZ (Hunziker, van Winter and Zhislin) theorem
for N-particle discrete Schrodinger operators using the diagrammatic method for a
large class of potentials and dispersion relations that are not necessarily of compact
support;

providing sufficient conditions to have at least one N-particle eigenvalue below
the essential spectrum of a large class of N-particle discrete Schrodinger operators.

The research object: One-particle, two-particle, three-particle and N-particle
discrete Schrodinger operators.

The research subject: Operator theory, Spectral theory, Function theory,
Matrix theory, Theory of equations, Perturbation theory, Asymptotic theory, and
Quantum Mechanics.

Research methods: The research used the methods of complex analysis,
functional analysis, and theory of the linear operators, the methods of analytical
functions, Faddeev-Newton integral equations for resolvents, and Vaingberg-van
Winter equation for eigenfunctions, Birman-Schwinger principle, variational
principle and analytical continuity of the Fredholm determinant.

The scientific novelty of the research is as follows:

the appearance of the lower threshold eigenvalue, lower threshold resonance
and super-threshold resonance is shown for the one-particle Schrodinger operator;

a sufficient condition for the existence of the discrete spectrum below the
bottom of the essential spectrum of the two-particle Schrodinger operator for all non-
zero values of the quasi-momentum is found,;

it was shown that the essential spectrum of the three-particle discrete
Schrodinger operator consists of a finitely many bounded closed intervals;

the analogue of the HVZ theorem for N-particle discrete Schrodinger operators
is proven using the diagrammatic method;

the sufficient conditions to have at least one N-particle eigenvalue below the
essential spectrum of a large class of N-particle discrete Schrodinger operators are
provided.

Practical results of the research used in the study of spectral properties of
one- and multi-particle Schrodinger operators as well as parameter-dependent
Friedrichs model operators;
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Spectral properties of many-particle discrete Schrodinger operators related to
the existence of the eigenstates served as a theoretical basis for experimental
observations carried out in the calculation of energy levels, values and potential
energy surface of the dynamics of excited states of neutronrich well deformed
lanthanide nuclei constitutes.

The reliability of the results of the study. The results have been obtained by
using the methods of Faddeev-Newton integral equations for resolvents, and
Vaingberg-van Winter equation for eigenfunctions, Birman-Schwinger principle,
Variational Principle and analytical continuity of the Fredholm determinant, strict
mathematical proofs and the application of rigorous mathematical considerations .

Scientific and practical significance of research results. The scientific
significance of the research results is explained by the fact that the obtained results
can be applied in the further development of spectral theory of self-adjoint operators,
guantum field theory, in particular, spectral theory of one-, two-, three- and multi-
particle system Hamiltonians.

The practical importance of the research results is determined by the fact that
the obtained scientific results are relevant to solid state physics and quantum
mechanics.

Implementation of the research results. Results on the essential and discrete
spectrum of the one- and multi-particle discrete Schrodinger operators on the cubic
lattice are applicable to different fields of science. Some of them are stated below.

The results obtained on the spectral properties associated with one-particle and
two-particle discrete Schrodinger operators are used in the leading foreign journals
(Rend. Mat. Appl. 39 (7), 161 — 180 (2018); Journal of Physics A: Mathematical and
Theoretical, 46 (20), 205304 (2013); Technology audit and production reserves, 4
(54), 46-49 (2020); Journal of Physics A: Mathematical and Theoretical, 40, 10109
(2007); Journal of Physics A: Mathematical and General, 39 (26), 8377 (2006);
Phys. Rev. Lett. 107, 030504 (2011), Complex Analysis and Operator Theory, 2,
637—668 (2008); Complex Analysis and Operator Theory, 4, 1-38 (2010)) in the
investigation of the spectral properties of some two- and three-particle Hamiltonians,
multi-particle Schrodinger operators whose potential operator consists of a delta
function, as well as parameter-dependent Friedrichs model operators;

In the leading foreign journals (Reviews in Mathematical Physics, 32 (06),
2050015 (2020); Journal of Physics A: Mathematical and Theoretical, 40 (49),
14819 (2007); Europhysics Letters Association EPL (Europhysics L etters), 86 (6),
6006 (2009); Russian Mathematics (lzvestiya VUZ. Matematika), 54 (2), 1627
(2010); Journal of Mathematical Physics 49, 093502 (2008)) and foreign books
(Applications in Rigorous Quantum Field Theory, 2 tom, De Gruyter 2020) and
foreign PhD dissertation (Thesis/Dissertation, Humboldt-Universitaet, Berlin
(Germany). Report Number INIS-DE-1118, Jun 18, 2010; Thesis/Dissertation,
Universite Pierre et Marie Curie — Paris 6 (France). Report Number FRNC-TH-
10838) the results obtained for the essential spectrum and number of eigenvalues of
the three-particle discrete Schrodinger operators allow to define the location and
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structure of the essential spectrum and the finiteness or infinity of the number of
eigenvalues of three-particle discrete and continuous Schrodinger operators; spin-
boson to determine the number of cuts that make up a significant spectrum of
gamiltonianlairing; to define number of intervals that make up the essential spectrum
of the spin-boson Hamiltonian;

The theorem proved for spectral properties related to the presence of bound
states for multi-particle discrete Schrodinger operators were used in the foreign grant
project FRGS19-039-0647 to analyze the dynamics of excited states of neutron-rich
well deformed lanthanide nuclei ) (March 5, 2020 reference from the International
Islamic University of Malaysia) approved by Ministry of Higher Education of
Malaysia (MOHE). The application of the abovementioned results served as a
theoretical basis for experimental observations carried out in the calculation of
energy levels, values and potential energy surface of the dynamics of excited states
of neutronrich well deformed lanthanide nuclei constitutes.

The results obtained from the analysis of the change in the specific values for
the one-particle discrete Schrodinger operator were employed in the foreign grant
project LRGS/TD /2011 /UKM /ICT /03/02 on mathematical tools in predicting
several financial problems to fit Malaysian environment (March 5, 2021 reference
from the National University of Malaysia). The results allowed to obtain an
estimatation for the number eigenvalues of discrete fraction Laplacian;

The statements related to the behaviour of eigenvalues of one-particle discrete
Schrodinger operators were used in the foreign grant project FRGS / 1/2018 /
STGO06 / USIM /02/1 about effective hybrid method for Cauchy type singular double
integrals (February 10, 2021, Reference of the Universiti Sains Islam Malaysia,
Malaysia) approved by Ministry of Higher Education of Malaysia. For a parameter-
dependent linear self-aligning differential operator, the mentioned results allowed to
define smallest eigenvalue and to show that and the corresponding eigenfunction is
a non-degenerate.

Approbation of the research results. The main results of the research have
been discussed in 16 international scientific conferences.

Publications of the research results. On the topic of the dissertation 32
research papers have been published in the scientific journals, all of them are
included in the list of journals proposed by the Higher Attestation Commission of
the Republic of Uzbekistan for defending the DSc thesis, in addition 18 of them were
published in international journals of mathematics and physics indexed in Scopus
and Web of Science, and 9 papers published in national mathematical journals.

The structure and volume of the dissertation. The dissertation consists of
introduction, three main chapters, conclusion and bibliography. The volume of the
thesis is 153 pages (it does not include the title, content and references).

35



THE MAIN CONTENT OF THE DISSERTATION

In the introduction besides the motivation of research theme and
correspondence to the priority research areas of science and technology of the
Republic, we present a review of international research on the theme of the
dissertation and the degree of scrutiny of the problem, formulate our goals and
objectives, identify the object and subject of study, and state scientific novelty and
practical results of the research. Moreover, we reduce the theoretical and practical
Importance of the obtained results, and give information on the implementation of
the research results, the published works and the structure of dissertation.

In the first chapter of the thesis, titled “Threshold of discrete one-particle
Schrodinger operators with delta potentials on d -dimensional lattice”, we have

investigated eigenvalue behaviors of one-particle Schrodinger operator H, ,

A, ueR defined on d -dimensional lattice with d +1 delta potentials. It can be
shown that lower threshold eigenvalue and lower threshold resonance appear for
d >2, and lower super-threshold resonance appears for d =1.

The operator H, , in the momentum representation, acts in the Hilbert space L2(T%)

of L*-functions on the set T® = (-, z]°:
H,, =H,-V,
where H, is defined as the multiplication operator:

(Hof)XP)=E(p)f(p), fel(T)
with the function E(p) is given by

E(p)=2 (1=cosp;), p=(py--,Ps) €T,

V' is an integral operator of convolution type
_d
(VE)(p)=(27) 2| W(p—3)f(s)ds, fel’(T).
Here the kernel function v(-) is defined by

v(p) = (272')_2 (;Hﬂ,icos pij, A uek.

i=1

Since the potental operator V is a finite, the essential spectrum o, (H,,) satisfies

SS

Proposition 1. It follows that o, (H,,) = o,.(H,,) = o(H,) =[0,2d].

Definition 1. (Threshold eigenvalue and threshold resonance) Let f be a
solutionof H,,f =0.

a) If f el?(T"),we say that 0 is a lower threshold eigenvalue of H,.-
b) If feL'(T’)\L*(T"), we say that 0 is a lower threshold resonance of H,,.
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¢) If fels(T%)\LYT?) forany 0<&<1, we say that 0 is a lower super-
threshold resonance of H,,

In order to statte the main results in Chapter 1,we define rectangular hyperbola:
={(A, 1) € R? | H, (A, ) = 0} (see Figures 1 and 2),
where

(u—d)—d if d>3
Hy (4, 1) = (2-4.) : ’
(A-D)(u-d)—d if d=12
with the asymptote (A, z,).
Here
w=d, A =[, /jdcos Pigp, d>3 and 4 =1 d=12
T E(p) ™ E(p)
I l K i
e i
1 i Go
pepe| o I |
I | p=pa | S
\ 3 —r | G
Go \ A G | A
A L /\. i/\ = /\x
Figure 1: Region of G for d>3 Figure 2: Region of G for d=12

The branches T", and T, of the hyperbola $, split R® into three open sets

G, ={(A 1) eR* Hy(A 1) >0, A< A}, G, ={(4, 1) e R? H, (A, 1) <O},
G, ={(4, ) eR* H,(A, 1) >0, A> 4, }.

Set
2
=1 - j(cosql €0SQ,) 49 ¢ 4> 2,
a 2m)" . E(9)
A=t g1 [ 99 it 453 and s=1 if d=12.

© s (27)" 55 E(Q)
We divide (A, 1) -plane into two half planes €, and the boundary €, (resp. into
two half planes &, and the boundary G,,).
¢ ={(A ) eR%A<AY, € ={(A ) eR%A= A}, € ={(A 1) eR}A> 2}

(resp.
S ={(A, u)eR?* A< A} 6, ={(1,u) e R?% A= A} 6, ={(4, ) eR%*A> A})
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Note that &_ < €_and €, = &, , and we define open sets surrounded by hyperbola
$, and boundary I', and I', by:
D,=G,, D,=Gn&, D,=G,n6&, D,,=GnN(6G, NC),
D,,=G,n(6,nC), Dy,=Gn€, D,,=G,nNnC,.
The boundaries of these sets define disjoint 8 curves:
B,=I', B=I''n&, B,,=T,n(G,nC), B,=InNC,
Slzgomel’ 82:60062’ Cd+1:¢ome'1' Cd+2:€0ﬁG2,
and two one point sets given by
A=T . NG, B=I, NnC,(see Figure 3).

I, r,
Dy| Day2 | D
\D‘z Diio | Daayr 2| Hd+2 2d+1
B, Bi. S Cron
Sy Clan |
- \\A
——
'\"B B Byjp—
el D,
Dl By —
T8 54 Clsa \\ 51 Chuti
Dy D1 Doy Dy \ Dy |Daa
I { /\5 /\( ]_1; )\., ,\(
d=2 d>3

Figure 3: Hyperbola for 0 >2
We are now in the position to state the main theorem for d > 2.

Theorem 1. Let d >2.
a) Let (4, 1) eD,. Then H_, has k eigenvalues in (—oo,0), but has neither a

threshold eigenvalue nor a threshold resonance (see Table 1).
Table 1: Spectrumof H, for (4, ) on Dy for d>2.
DO Dl D2 Dd+1 Dd+2 D2d D2d+1
Evin (=000 0 1 2 d+1 | d+2 | 2d 2d +1
b) 0 is not a super-threshold resonance of H,, forany (4,u) e R?.
c) Let (4,u) bein B,, S,, C, and A,B. Then the results described in Table

2 are true.
Table 2: Spectrum of H,  for (A, ) on the edges of D, for d>2.

Curve B, |Curve S,  [Curve C, Point A |Point B
E.v. (—o,0) k k k 1 d+1
Thres0  [d=2 |- [d=2|2 [d>2|- |d=2 |- |d=2 |2

d=34/1 |d>3 |- d=34/1 |d=3/4|1
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d>5 |- d>5 |- |d>5 |-

Thevo |d=2 |- |d=2[- |d>2|d-1]d=2 |- |[d=2 |1
d=34/- [d>3 |d d=34/d [d=3/4

d>5 |1 d>5 |d+1 d-1

d>5 |d

Now we formulate next result for d =1.

Theorem 2. Let d =1,
a) Let (4,4) eD,. Then H,, has k eigenvalues in (0,0), and O is neither a

threshold resonance nor a threshold eigenvalue (see Table 3).
Table 3: Spectrum of H, for (4, ) on D, for d =1.

DO Dl D2 D3
E.v.in (—0,0) 0 1 2 3
b) Let (4,4)€S,. Then H_, has a super-threshold resonance.

c) Let (4,u)e B, US,. Then the next result in Table 4 is true.
d) Inparticular H,, has neither a threshold resonance nor a threshold

eigenvalue.
Table 4: Spectrum of H, for (4, 1) on the edges of D, for d=1.
B, Curve S,
E.v.in (—o0,0) k k
Th.res.0 — _
Th.e.v.0 - _

In general the spectrum of H, is changed according to varying g with a fixed A.

This can be also seen from Figures 1, 2 and 4. Curves on these figures consist of
only hyperbolas and vertical lines. Then an asymptote has no intersection of these
lines.

r,
Ds
Dl DQ
—p
DO S
|
I =1

Figure 4: Hyperbola for d =1
It can be seen that
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{1, ) eR*; ue R}y U{(1,d) e R*; 1 e R}
is the asymptote of hyperbola H, (4, ) for d =1,2. On the other hand

{4, 1) eR* ue Ry U{(4,d) e R*; 1 e R}
is the asymptote of hyperbola H,(4,4) for d >3. Then we can have the corollary
below.

Corollary 1. Let A=1for d=1,2 and A=A, for d >3,
a) Let d=1. Then H,, has a super-threshold resonance 0 and only one
eigenvalue in (—,0) for any s.
b) Let d>2.Then H,, has only one eigenvalue in (—o0,0) for any .

In the second chapter, titled “The threshold effects for the two-particle
Hamiltonians on lattices” we give the (variational) proof of existence of the
discrete spectrum below the bottom of the essential spectrum of the two-particle
Schrodinger operator h(k) for all non-zero values of the quasi-momentum

0=k e T, provided that the Hamiltonian h(0) has either a threshold resonance (in
dimenstions three and four) or a threshold eigenvalue (in all dimensions d >3) .

The two-particle Schrodinger operator h(k) (k € T*) has the form
h(k) = h°(k) +v,
where
(h°(K) F)(p) =& (P) T (p),

(f)(p)=(7) 2 [v(p-a)f(a)da, fel*(T%)

and the two-particle dispersion relations
&P =&(p)+&k-p),  peT,
parametrically depend on the quasi-momentum K, k e T .

In order to introduce the concept of a threshold resonance ( virtual level) for
the (lattice) energy operator h(0) in dimensions three and four (d =3,4) we assume

the following technical hypotheses that guarantee some smoothness of the one-
particle dispersion relation &(p), &,(p) and the kernel function v(p).

Hypothesis 1. Assume that the dispersion relation ¢,(p) («¢=12) is a
continuous (periodic) real-valued functions and conditionally negative definite on
T* with a unique (non-degenerate) minimum at the origin such that

jiming £ &0 5 o
Ipl->0 | p|
Assume, in addition, that v(p) is a continuous function on T¢ such that

v(p)=v(-p), peT".

40



Recall that a complex-valued bounded function &:T¢ —C is called
conditionally negative definite if £(p) = ¢(-p) and
Zg(pi - P;)zZ; <0
ij=1
for any neN, for all p,p,,..p,eT® and all z=(z,2,,...,2,)eC" satisfying
" 2,=0.
Under Hypothesis 1 the perturbation V of the operator h°(k), keT?, is a

Hilbert-Schmidt operator and, therefore, in accordance with the Weyl Theorem the
essential spectrum of the operator h(k) fills in the following interval on the real

axis:
O-ess (h(k)) = [gmin (k)’ gmax (k)],

where
Emin(K)=mINE (@), &y (k) = max &, ().
qeT geT
For A<&_ (0), on the Banach space C(T%), d >3, of continuous (periodic)

functions on T we shall consider the integral operator G(4) with the (Birman-
Schwinger) kernel function

d
G(p,a;4) =(27) 2v(p-a)(&(@)-A) ", paeT’.

In order to discuss the threshold phenomena, that is, the case A =¢&;,(0),
following Albeverio S. (2004) (see also Kostrykin V. and and Schrader R. (1998)
for a related discussion), under Hypothesis 1 we distinguish five mutually disjoint
cases:

Case I: —1 is not an eigenvalue of G(& .. (0)), that is,

0=dimKer(h(0) — A1) =dimKer(G(1) + I).

Case Il: —1 is a simple eigenvalue of G(& . (0)) and the associated

eigenfunction i satisfies the condition

W() 2 rrmd
G0-cn@ )

that is,
0=dimKer(h(0)— A1) and dimKer(G(A)+1)=1.
Case IlII: —1 is an eigenvalue of G(&,..(0)) and any of the associated
eigenfunctions i satisfies the condition
l/l() c L2 (Td),
& () = &Ein (0)
that is,

1<dimKer(h(0) — A1) =dimKer(G(1) +1).
Case IV: —1 is a multiple eigenvalue of G(& .. (0)) and at least one (up to a
normalization) of the associated eigenfunctions i satisfies the condition
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‘//() 2 rrmd
G0-cn@ )

2 <dimKer(G(A)+ 1) >dimKer(h(0) — A1) +1.
Case V: —1 is a multiple eigenvalue of G(& ;. (0)) and
dimKer(h(0) — A1) + 2 <dimKer(G(4) + I).
Given the classification above, we arrive at the following definition of a

threshold resonance in dimensions d =3 or d =4 (in dimensions d >5 Cases II, IV
and V do not occur).

that is,

Definition 2. Let d =3,4. In Cases Il, IV and V, the operator h(0) is said to
have a threshold resonance (at the threshold).

Remark 1. Our definition of a threshold resonance is equivalent to the direct
analogue of that in the continuous case. One can also introduce the concept of a

threshold resonance in demensions d =1 and d =2. However, due to additional
thershold singuliarities of the Birman-Schwinger kernel in the momentum
representation our approach is not directly applicable in low dimensions (d =1,2).

From now and later on we will assume that d > 3.
Our first non-perturbative result shows that under Hypothesis 1 the discrete
spectrum of the fiber operators h(k) under the variation of the quasi-momentum can

not be absorbed by the threshold.

Theorem 3. Let d >3. Assume Hypothesis 1. Assume, in addition, that the
dispersion relations ¢;(p), j=1,2, are twice differentiable functions. Denote by

m(k), k e T?, the lower bound of the operator h(k),
m(k) =inf o(h(k)), keT’.
Assume, in addition, that the lower edge m(0)=¢& . (0) of the spectrum of the
operator h(0) is an eigenvalue. Then
E. . (0)-m0)<&,  (k)-m(kk), keT' k=0, d=3.
Our second non-perturbative result, the main result of the Chapter, provides
sufficient conditions for the discrete spectrum of the whole family of fiber

Hamiltonians h(k) with K #0 to be non-empty.

Theorem 4. Let d >3. Assume Hypothesis 1. Assume, in addition, that the
dispersion relations £;(p), j=1,2, are twice differentiable functions. Suppose that

the operator h(0) has either a threshold eigenvalue or a threshold resonance. Then,
for all k e T \{0} the discrete spectrum of the fiber Hamiltonian h(k) below the
bottom & . (k) of its essential spectrum is a non-empty set.

min
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In the third chapter, titled “On the structure of the essential spectrum for
three-particle Schrodinger operators on a lattice” we consider a system of three

quantum particles on the three-dimensional lattice Z* with arbitrary “dispersion
functions” having not necessarily compact support and interacting via short-range
pair potentials.

We show that the three-particle discrete Schrodinger operator H (K), K e T®
acts on the Hilbert space L?((T%)%) as
H(K) = Hy(K) -V, -V, -V,
where the operators H,(K) and V, in the coordinates (k,,k,) e (T®)* are defined
on the Hilbert space L*((T%)?%):
(Ho(K) F)(k,.k,) = E (KiK. k,) f(k,.k,), T el?((T%?),
and

V, 1)K, k) = (27) 2 [v, (k, — k) T (K, Kp)dky, e L2(T%)?).

Here
Eaﬁ(K;ka,kﬁ) =¢,(k,) +gﬁ(kﬁ) +gy(K -k, —kﬁ,) ,

with a real-valued continuous functions &,(p) (a=12,3) functions on T* and

v(p) is a continuous function on T2.
In order to formulate the main result, we assume the following technical hypotheses
that guarantee some smoothness of the dispersion relation ¢, (p) («=12,3) and

the bounded function v_(p) (¢ =12,3) such that
v, (p)=Vv,(-p), peT’

Hypothesis 2. Assume that the dispersion relation ¢, (p) («=12,3) is a
continuous (periodic) real-valued twice differentiable function on T with a unique
(non-degenerate) minimum at the origin such that

g -¢ (0
jiming £<(P) =60 5
o0 | pl

Assume, in addition, that v (p) (¢ =12,3) is a continuous function on T*
and defines a positive operator.

We remark that if the function E_,(K;p,q) has a minimum at the point

(k,.k,) then the function E, (K;p,q) has the same minimum at the point

(k;, K —k, —k,). Therefore for each K e T® the minimum and maximum taken over
(p,q) of the function E__(K; p,q) are independent of «, #=1,2,3.
aff

We set:
Epin (K)=minE,,(K,p,0), B (K) = maxE,, (K, p,q).

p.qeT p,qeT
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The two particle discrete Schrodinger operator h, (k), k € T°, & =1,2,3 associated
with the two-particle subsystem of the three-particle system acts on the Hilbert
space L,(T°) as
h, (k) =h, (k) -v,,.
Here the operators h?(k) and v, are defined on the Hilbert space L*(T®)
(he (k) F)(p) = E{”(p) f(p), fel’(T%,

where

EX(p)=¢,(p)+5,(k—p), {a.f.7}={L23}, peT’,
and

(v, F)(p)=(@7) ? [v,(p—q) f(a)dg, fel’(T%).

Our main result is that the essential spectrum of the three-particle discrete
Schrédinger operator H(K), K e T® consists of only finitely many bounded closed

intervals, although in fact the two-particle operators h_(k),k € T%, & =1,2,3 might

possess infinitely many eigenvalues for some k € T>. In our proof the crucial fact is
that the operators h_(k),a =1,2,3 have finitely many eigenvalues below the bottom

of the continuous spectrum for some k e T*.

Theorem 5. Assume Hypothesis 2 is fulfilled. Then for any & =1,2,3 and for
all keU;(0), ¢>0 sufficiently small, the operator h_(k) has a finite number of
eigenvalues outside of the essential spectrum o (h, (k)).

Theorem 6. Assume Hypothesis 2 is fulfilled. For the essential spectrum
o..(H(K)) of H(K) the following equality
O (H(K)) =, Ve loa (N (K=p)) + &, (P} B, (K), B (K)]
holds, where o, (h,(k)) is the discrete spectrum of the operator h_(k),k € T°.

Theorem 7. Assume Hypothesis 2 is fulfilled. The essential spectrum
o..(H(K)) of H(K) consists of a union of a finite number of bounded closed

intervals (segments).

In the fourth chapter, titled “Existence of bound states of N -body problem
in a lattice” we first consider the discrete Schrodinger operator H(K), K eT?,
associated with the Hamiltonian of a system of N -particles moving on d -

dimensional lattice Z° and interacting via short-range pair potentials (not
necessarily purely attractive or purely repulsive). We prove the analogue of the HVZ
theorem using the diagrammatic method for a large class of potentials and dispersion
relations that are not necessarily of compact support. More precisely, we show that
the essential spectrum of H(K) is the union of spectra of all two-cluster operators

and it consists of an at most countable union of disjoint closed segments; only
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accumulation points (if any) of eigenvalues of H(K) outside the essential spectrum
are the edges of those segments.

We provide sufficient conditions to have at least one N -particle bound state
for the system of attractive particles. Our results can be easily extended to a repulsive
system.

In the physical literature, the parameter K €T? is called the N -particle
quasi-momentum and the corresponding operators H(K), K eT¢, are called the
N -particle discrete Schrédinger operator (the fiber operators).

For K e T%, we define
Fe={9= (.)€ (T)": g +--+0q, =K}
which is homeomorphic to (T*)".
Forany K e T, the fiber operator H(K) acts in L*(F}') as follows:
H(K) =H,(K)-V,

where
1 1
Ho(K) T (p) = (—&(p)+-+—&y(P)) f(P), peF,
ml rnN
and
V= >V
1<i< j<N
with

v, f)(p) = (2r) 2 jvij(t)f(pl,..., P —t,..., p; +t,..., py)dt,

Here the dispersion relation ¢,() (a¢=1...,N) and v, () 1<i< j<N) are real-
valued continuous functions on T¢ and
v; (P) =\m’ peT.

To get finer results, we need an auxiliary scale of the Banach spaces B(u),
0< <1, of Holder continuous functions on T® obtained by the closure of the space
of smooth (periodic) functions f on T° with respect to the norm

I F1,= sup[l T+ 1] T(t+0) = T(D)]].

t,0eT
We assume the following technical hypotheses

Hypothesis 3. Assume that the dispersion relation &,(p) (a=1,...,N)
belongs to the Banach space B(x) (O<u<1).

Assume, in addition, that v, (-) (L<i< j<N) is a continuous function on T .

In what follows any operator, unitarily equivalent to H (K), will be called the

N -particle discrete Schrédinger operator. \We use its various representations
according to the convenience in the applications.
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Definition 3. A partition C of the set {1,..., N} into nonintersecting subsets
C.,C,,...,.C, is called a cluster decomposition. Each C, is called a cluster.

Given a cluster decomposition C ={C,,C,,...,C,}; we write |C, | to denote
the number of elements in C, ; the symbol ij e C means i, j € C, for some 1<k </;
analogously, the symbol ij ¢ C denotes the situation in which particles i and j are
in different clusters (i.e. i€C, and jeC, with o # ) and #C denotes the number

of elements in C, i.e. #C =/; besides, set VC:=>V,, 1°:=>V, =V -V°.

ijeC ijeC
Definition 4. The operator
HE(K)=H(K)+1°, KeT"
is called the “cluster operator” corresponding to cluster decomposition C.
Let C., 1<k <l be a cluster in a decomposition C ={C,,...,C;} and n_=|C_]|.
Suppose C, ={a,...,a, }={1,...,N}. For k e T¢ set

I, ={a=(0,,-- 0, ) e (T) : Gy +o--+0, =Kk

K

Recall that F~ is homeomorphic to (T¢)™™. The discrete Schrodinger operator
ho (k) : L2(F*) — L2(F/~) associated with the Hamiltonian of the system of
particles corresponding to the cluster C, defined as

h® (k) = hy* (k) - v,

where
1 n
(=) )P = > =2, (P)F(P). PeR
aieCK o
and
C
VE = Z v,
ai,ajeCK, ai<aj ")
with

_d
(V“iaj f)(p)=(2x) 2 Ivaiaj (t)f (pal,..., P, —t,..., paj +t,..., Pa, )dt.
d K

For the cluster operator H(K)=H(K)+1%, KeT? corresponding to
cluster decomposition C.

Theorem 8. The operator H°(K) has only the essential spectrum, i.e.
o(H (K))=oess(H®(K)) = U a(h®(k,....k)).

Kk €19,
k1+..‘+kI =K

Given cluster decompositions {C,,...,C.}and D ={D,,D,,...,D,}, wesay C
to be a refinement of D, if each D, is a union of some C, ’s.
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Theorem 9. Let C be a refinement of D, C=#D. Then
o(H®(K)) c o ess(HP(K)). In particular o(H®(K)) <o ess(H(K)) for any
cluster decomposition C, #C >2.

The main result of this section is the following analogue of HVZ theorem.

Theorem 10. For any K €T? the essential spectrum of H (K) is an at most

countable union of disjoint closed segments; more precisely, it consists of the union
of the spectra of all two-cluster operators:

ou(HKY= | o(H(K))

where = is the set of all cluster decompositions. Moreover, o,.(H(K)) can

accumulate only at the edges of the constituent segments.
In this section we always suppose that particles are purely attractive, i.e. the
potential operators staisfy V; >0, 1<i< j<N. Ouraim is to provide some sufficient

conditions to have at least one N -particle bound state below the lowest edge of the
essential spectrum 2:= X(K) =inf o ess(H(K)), K e T°. Recall that by Theorems
8 and 10 there exists a cluster decomposition D=(D,,D,) such that

= = mininf o(h®(k)), where
keT

h°(k) =h2 (k) @172(K —=K) + 121 (K) ®h2(K —k), keT"
Without loss of generality assume that D, ={1,...,n} and D, ={n+1,...,N}.

The following abstract result is an essential tool in the proof of the existence of
bound states.

Theorem 11. Assume that z,(k,) and z,(K —k,) are isolated eigenvalues
of h™(k,) and h®2(K —k,). Then o (H(K)) N (-0, Z(K)) is nonempty.
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CONCLUSION

The dissertation work is devoted to the study of spectral properties of one-

particle, two-particle, three-particle and N -particle discrete Schrddinger operators
defined over the cubic lattice.

The main results of the research are as follows:

The exact number of isolated eigenvalues is found for a single-particle
Schrodinger operator defined on 0 -dimensional lattice with d +1 delta potentials;

The appearance of the lower threshold eigenvalue, lower threshold resonance
and super-threshold resonance is shown for the single-particle Schrodinger
operator;

A sufficient condition for the existence of the discrete spectrum below the
bottom of the essential spectrum of the two-particle Schrédinger operator for all non-
zero values of the quasi-momentum is found,;

It was found that the essential spectrum of the three-particle discrete
Schrodinger operator consisting of a finitely many bounded closed intervals;

The analogue of the HVZ theorem for N -particle discrete Schrodinger

operators is proved;
The sufficient conditions to have at least one N -particle eigenvalue below the

essential spectrum of a large class of N -particle discrete Schrodinger operators are
rovided.
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