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KHPHII (10KTOPJIHUK JUCCePTALUACH AHHOTALUACH)

Juccepranus MaB3yCHHHHT J0,13ap0Juru Ba 3apypartu. JXKaxoH Mmukécuaa
TypAW TapTUOAArd CHUHTYJSP WHTETpayiap Ba MHTErpaj TEHTJaMalapHU COHJIU
eUdIl y4YyH KBajparyp Qopmylanap KypHIl, SpPUM aHAIUTHK yCyJUlap HWILIad
YUKWAII Ba YyJApHU TaAKUK OTUII 10a3apd XucoOjJaHuO, a’poJMHAMMKA,
TUAPOJMHAMUKA, OJJIEKTPOH ONTHKA, TYJIKAH TapKaJuIIM Ba CYIOKJIHUKIAP
MexXaHUKacu Kabu coxajlapiard macajiajapHu e4MIlJia KeHT KyJulaHuiaau. by
coxajapJiard KaTop >kapaéHJIapHMHI MaTeMaTHUK MOJeJIapu KIJIACCUK OYyiMaraH
MyaiisiH CHHTYJSIp HWHTErpajylap Ba THUICPCUHTYJSIp UWHTErpauiap Owiian
udonananuO, yIapHUHT aHAIMTUK €UUMHUHH TOMUIN Mypakkad xucooOmananu. [y
cababmu, derapanaHraH €K dYerapajaHMarad coxajapa peryyisip Ba CHHTYISIP
WHTETPAJUTAPHA COHJIM XHMCOOJNAll Y4yH caMmapajid Ba IOKOPH aHUKJIWUKIArd
KBapaTyp GopMyraiapHu KypHUIl Xamjaa Typiu TapTUOIarud CUHTYISApP WHTETPal
TEHTJIAMAJIADHU  TaKpUOWW €UWIl YCYJJIAapUHW WNUIAd YWKHUII ~ XHCoOJanl
MaTeMaTUKACUHUHT MyXUM Bazudanapuaad Oupu 0yaud KoJIMOK/a.

Xo03upru KyHJa OyHENA aKyCTHKa, CYIOKJIHUKIAD MEXaHHMKAacH, JIACTHUKIIHK,
a’poJMHaMUKa, TUAPOAMHAMHMKA Ba CHHHUII MEXaHMKacH KaOu coxanapra
3aMOHABHI TEXHOJOTUSJIAPHU KOPUH ITHUII, XYCYCaH, UIMUN-TEXHUK UMKOHUSTIIAP
CypbaTUHU OUIUPHIL, CUHTYJSP MHTErpajjiap Ba THIEPCUHTYIIApP HUHTETpaliapHU
XxucoOaliila UHTEPIOJISILIMOH TUIIard FOKOPHU aHUKJIUKKA 3ra OYiaran KBaapaTyp
dbopmynanapHu Kypuln oyiinda Kymiad uiMui TaaKUKOTIap oaud Oopuimokaa. by
Oopaja CHUHTYJSAp Ba TUIEPCUHTYISIP MHTETpAILIAPHU TaKpuOWUW XHpcoOmaml yudyH
camapalid KBaJparyp GpopMyianap Kypuiil, CWUIUK GyHKIusiap ¢ha3ocu Ba Ba3HIU
['une0epT azonapuaa kBagpaTyp GOPMYITAHHHT XaTOJIUTHUHHA Oaxojail MyXuM poJl
Vinaiiau. [y cab6abmv, HOYM3WKIM Ba Kacp TapTUONMM WHTETrpo-muddepeHmman
TEHTJIAMAJIAPHU CUUIITHUHT STHTY AJITOPUTMITAPUHU UIIIa0 YUKHUII, 1Ty OuiaH Oupra
HOYM3UKJN HHTETpo-TuddepeHnnan TeHriaMaiap €YMMUHUHT MaBXYJIUTH Ba
SATOHAIUTUHU TEKITUPHII XaMmaa TypFyH XUCOOJaIl aJropuTMIIAPUHU SpaTHII Ba
YIApHUHT SKWHJIANTYBUHU TabMHUHIAINI MaKCaJJId WIMUH TaAKUKOTJIap/aH
XUCOOIaHaIN.

Mamnakatumusaa ¢yHaamenTan GaHJapHUHT WIMHANA Ba aMalluid TagOuKUra
ara OYNraH 3JIacTUKIMK Ha3apUsACH, KBAaHT MEXaHUKACH, adPOJUHAMUKA, JIEKTPOH
OITHKA, TYJIKUH TapKAJIUIIN Ba CYIOKJIUKIIAP MEXaHUKACH MacajaJlapUHUHT COHJIU-
AHAIMTHUK €YUII YCYJUIAPUHU HILIa0 YMKUII KaOu noy3ap0 WyHaIuIUIapra Karra
BTHOOP KapaTUIMOKIA. XYCyCaH, KBa3WUU3UKIHN THUMEPOOIUK CUCTEMallap YUyH
aJIeKBaT XUCcOOIaIl MOJICJUIApUHN KypHIIl OYiirda MyXuM HaTKajlapra SpUIIHIIIH.
«DyHKIMOHAT aHanu3, anredpa, quddepennran TeHriamanap, MaTeMaTiuk Gu3nkKa,
MaTEeMaTHUK MOJICJUTAII TUPHIIL, XUCOOJIAITl MATEMATHKACH Ba TUCKPET MaTEMaTHKA »
YCTYyBOp WyHanmuuuiap OVinuya XalKapo CTaHAapTiap Aapakacujaru WIMHM
w3nanuIUIap onu6 Gopum Y3P ®A B.M.PomaHoBcKmii HoMmmaru MaremaThka
MHCTUTYTH (aONMATHMHUHI acocuil Basubanapuaan Oupu xucobmanamu'. Kapop
WKPOCHHU TabMUHJIAINIIA HOYM3UKIN WHTETpaj TEHrjamanap CUCTEMAacu Ba KYII

1 V36ekucTon Pecniyonmkacu I[Mpesunentuanar 2020 iiwn 7 maiinarn “MaTtemMaTika COXacHIard TablIUM CH()ATHHH
OIIUPUII Ba WIMHH - TAAKUKOTIAPHN PUBOMXIAHTHPHII Yopa-Tanoupiapu tyrpucuaa’’ru [1K-4708-con kapopu.
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VIIUOBIM HHTErpajl TEHrJaMaJapHU €YMII QJITOPUTMIIAPUHU WIUIA0 YHUKUII Ba
CUMMHHUHT STOHAJIMTUHUA UCOOTIANl Xamzia TypFyH XHCOOJaIll ajropuTMIIapUHU
ApaTULI MyXUM axamusTra ara.

V36ekucron Pecny6mukacu Ilpesupentunmnr 2017 iiun 7 despangarn
[IK-4947-con «VY36ekucToH Pecrny6nuKacHHu $Hajga PUBOXIAHTHPHII Oyiimda
xapakatiap crparterusicu Tyrpucusiantu, 2017 vun 17 despanmaru 11K-2789-con
«®annap axkagemusicun (aoNMATH, UIMUNA-TAAKUKOT WUUIAPUHUA TAIIKWJ STHIL,
OOLIKAapUIl Ba MOJIMSUIAIUTUPUILHUA SHAJa TAaKOMWUIAIITUPUII YOpa-Taa0upiapu
tyrpucuaarru, 2017 iun 20 anpenparu 11K-2909-con «Onuii TabiuM TU3UMUHU
sSHa/Ja PUBOXKIAHTUPHIN 4YOpa dYopa-taadupnapu Tyrpucuiantu, 2018 wun 27
anpengaru [1K-3682-con «MIHHOBaIMOH FOsIap, TEXHOJIOTHSIAP Ba JOHKUXaapHU
aManueTra >KOpUil KUIKII TU3UMUHU STHa/Ia TAKOMUJUIAIITUPUIL YOpa-Tai0upiiapu
tyrpucunarru, 2020 wun 7 maigarn I1K-4708-con «MartemaTuka coxacuaaru
TaBJIUM CH(pATUHU OIIUPHUII Ba UIMUN-TAAKUKOTIAPHU PUBOMNIAHTHPHUII HOpa-
TagOUpIapy TYFPUCUIANTH Kapopiiapu Xamjia Ma3Kyp (Gaoausarra TeTUILIA OOIIKa
HOpPMaTHUB-XYKYKUH XyXoKaTiapAa Oenruinanrad BazugaiapHu amalira OMIMpHUIIIa
yimly auccepranus TaAKUKOTH MyalsiH Japakala Xu3MaT KUiau.

TagkuKOTHUHT pecny0/uka (GaH Ba TeXHOJOTUSJIAPU PHUBONJIAHHUIIMN-
HHMHI YCTYBOp HyHaJIMILIapura OOFJMKJIUIU. Ma3kyp TaAKUKOT peciyOsnka
dbaH Ba TeXHOJOTUsIIAp PUBOMUIAHTUPHUIIHUHT [V. «MaTemarnka, MexaHUWKa Ba
uH(pOpMaTHKa» YCTYBOP MYHAIUIIM ToUpacKuia Oaxapuiras.

JluccepTanusi MaB3ycH OViin4a Xopu:KHi MIMHII-TaIKHKOT/1ap AapXu’.

Basunau cuHryNsp MHTETrpaJIApHUHT COHJIM €UYMMHMHM XHMCOOdaml Ba TypJid
TUIJAr¥ MHTErpaj TEHTJIaMaJapHUHT TaKpUOWM €4MMHUHU TOMHII, TYPFYHJIUTUHU
TEKIIUPUII Ba IKUHJIAIIUIIMHA TabMUHIIAI OVinYa WIMHUNA W3JIaHUILIap TyHEHUHT
€TaKYu WIMUKA MapKas3jiapu Ba OJIMM YKyB OpTiapua xymianas; Poccus ®annap
Axanemusicuaunr C.JI.Co6oneB Homumarn Matematuka unctutyty, I.M.Mapuyk
HOMUaru xucoOnam Maremarukacu WHCTUTYTH, [IeH3a maBiaT yHHUBEPCUTETH
(Poccust), CepOust dannap Ba caHbaT akaJIeMUSICHHUHI MaTemMaThka WHCTUTYTHU
(Cepbust), V3bexucron @anmap akagemusicu, B.J.PomaHOBCKMiI HOMHmaru
MaremMaTuKa HMHCTHTYTH, Mmup3o VYiayréek Homupard Y30eKHCTOH MMt
yauBepcutetr (Y306ekucton), Kopes (paH Ba TEXHOJOTHS MHCTHTYTHHHHT Mus
dbannapu  unctutytd (OKanybuii Kopesi), MepuneHs yHUBEPCUTETUHUHT
Marematuka wuHctutyTd, (Bammnrron, AKII), ['apBapn yHHBEpCUTETHUHHHT
Marematuka kadeapacu (KemOpux, AKII), ®Oykyn yHUBEPCUTETHHHHT
Marematuka kadenpacu (Snonwus), Tokuo yHUBEpCHTETHHUHT Maremaruka Ba
uHpopmaTuka Mapkaszu (SAnonus), poH ¢aH Ba TEXHOJOTUS YHUBEPCUTETH,
Odynnamenrtan ¢anigap TaIKUKOTH HHCTUTYTH (DpoH), Manaizus TEeXHOJOTHUs
yHuBepcuretH, [lyrpa Mamnaiizust yHUBEpCUTETUHHHTI MaremMaTuK TaaKUKOTIap
WHCTUTYTH, Manass yHHBEpPCUTCTHHHUHT MaremaTuka ¢aniapu HWHCTUTYTU

2 Jlucceprauus MaB3ycH 6yiinua XOopikui uiMuii Tagkukoraap: Journal of Approximation Theory, Applied Mathe-
matics and Computation, Applied Mathematics Letters, Applied Numerical Mathematics, Journal of Computational
and Applied Mathematics, Numerical Algorithms, Journal of Integral Equations and Applications, SIAM Journal on
Numerical Analysis (SINUM), BIT Numerical Mathematics, CuOupckuii >xypHas BBIYACIUTEIbHOW MaTeMaTHKH,
KypHan BEIYACTUTETHHON MATEMATHKN U MATEMAaTHYECKON QU3MKH, MaHOAIap acoCuaa UILTad YHKHIITaH.
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(Manaiizusi), XuHAUCTOH (aH WHCTUTYTHMHHHT (Pu3uMKa-mMaremaTtvka (anmapu
Oynumu, Anurapx MYCIuUM YHUBepcuTeTd (XHHAMCTOH) Ba OomKaiapaa ojau0
OOpUIMOKIA.

Komm Ttummpmarm cuHTynsp WHTETpayulap Ba AjamMap THIHIArU
TUIIEPCUHTYJIAp UHTETpAIIAPHU TaKpUOHii XucoOIamHuHT 3P PEKTUB yCyUIapu Ba
VIAPHUHT XaTOJMIUHU Oaxojam Oyiinua Oup Katop MyXUM WIMHUN HaTUxKajgap
OJIMHTaH: CUHTYJISIP MHTErpasl TEHIVIAMIIAPHU €YUII YUYH JUCKPET YIOPMAIH METO/]
unuiad YukKwiraH Ba Oy MeToJ OWIaH IOKOPW YJIUOBIM CHUHTYJAp HHTErpal
TEHIJIAMJIADHUHT eyuMu onuHran (MockBa naBinaT yHuBepcuteTd, Poccus);
yMyMJamirad xaBo mi€nkacu (airfoil) TeHrmamMacuH#M €4uIl y4yH T€3KOp aJrOpUTM
(xBazpaTyp ¢dopmyia) KypuiraH Ba ONTUMAaJl SKUHJIAIIMII TapTUOW aHWKJIAHTaH
(UemHu3 texHuka yHuBepcutTeTd, ['epmanusi); bepHinTeliH mnoaumHOMIIapH acoc
KWIMO ONraH XoJiJja MHTEerpaj TEHIJIaMaJapHUHT apuM cuH(Iapu (MKKUHYA
Typaaru OpeAroabM CHUHTYJSIP UHTErpaj TeHriaamanap, xapakrepuctuk ['CUTnap
Ba ukkuH4YM Typaaru ['CUTnap)HuHr TakpuOuil COHJIM €YuMIIapu TOMWJITaH
(XMHAMCTOH CTaTUCTUKA UHCTUTYTH, XUHIUCTOH); Oup ymuosnmu ['CUTnap, spum-
I'CUT Ba Oupunum Typaard kyn ymdoBiaun ['CUTnapHu euyuin ydyH CIUIaiiH-
KOJUTOKAIUsl ycynu Takiau¢ KuiauHran Ba y acocianrad (Ilensa masnar
yHUBepcuTeTH, Poccus); oupunun typaaru ['CUnmapuu ewyumn  yuyH
Moaudukanusuianrad romoronusa cwpkutuml yeynu (I'CY) taknud KuimHras,
takyu atriran ycyin cranaapt ['CY Ounan TakkociaHral Ba MOAU(UKAIUSIIaHTaH
['CYHUHT Te3 SKMHJIAIIUIIN XaM/1a aHUK €UUMIIapHU OCpUILIN KYpCcaTUiIraH, TaKiaud
KWIMHTaH ycyJ TeOpanuil Ba (aos HazopaT Macaiacura Kyutanwirad (Islamic
Azad University, DpoH); HUHTerpaj TeHrJamajaap Y4YyH AMCKPET MpPOEKIIUsIall
ycyjulapu unuiad YMKWITaH Ba Kym Typaard (peryiisip, CHHIYJsSIp Ba
TUTEPCUHTYJISAP) TEHTJIaMallapra KyJnad XatoiaukiaapHu 6axonam popmacu unuiad
yukwirad (loupa Yuusepcureru, AKI); Koy Tunugaru CUHTyIIsip HHTETpasuiap
y4yH omnTuman kBaapatyp ¢opmyna kKypuirad, CoOoneB (azocuma XaTOIUK
6axonab, Takaud STHIraH METONHMHI SKMHJIAIIMII uc60T KumuHraH (Y3PDA,
MarteMaTuka HHCTUTYTH).

Jlynéna CUHTYJSIp Ba TUIEPCUHTYJISIP MHTETPAJUIAPHU TaKpHOWUN XucoOarmt
YUyH caMapajiu KBajapaTyp GopMmynanap KypHll, CUJUIMK (QyHKIusiap ¢gpa3ocu Ba
Ba3Hiau ['minbbept (azonapuma kBaapaTyp (OpMyJIaHUHT XaTOJUTMHU OaxoJiail
Oyiinya KaTtop YCTYyBOp WYHamumuiapAa WIMHHA TaAKUKOT WILIApU  OJIUO
OOpWJIMOK/A, KyMJaJaH, CUHTYJSp Ba TUIIEPCUHTYJISIp, MHTErpajd Ba HUHTETPO-
muddepeHnan TeHriaManap, HOUYM3UKIM MHTErpajg TEHIJlaMajap CUCTeMacu Ba
Kyl YIIYOBIAM MHTErpaj TEHrjamanap XamJa HOYM3HMKIM Ba Kacp TapTHOIU
WHTErpaj TeHrjJaMajapHU TaKpUOWUW eYHIIHUHT 3(P(GEKTUB YCYJUIAPUHU SPATHIIL,
Typiu GyHKIHOHAN (pa3oyapia yJIapHUHT SKUHJIAMIUIIMHA TabMHUHJIAII, €YUM
MaBXy/JINTH  Ba  STOHAJMTUHU  TEKIIUPHUIN, SHTH TypFyH  XucoOuarl
AITOPUTMIIAPUHU UIILIA0 YUKUIII Ba YIAPHUHT SKUHIAMIAITAHN TahMUHIIAILL.

MyaMMOHMHI  YPraHWITaHJMK Jaapaxacu. Hazapuii Ba amanui
MaTeMaTHKaJa SHI MyXHUM MaTeMaTUK BOCUTalapAaH Oupu OMPHHYM Ba MKKUHYU
TapTUOJIM CUHTYIIAp omneparopiap MaB3ycuanp. 20-acp ypranapuna (1950 immmap)
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Kot tunmparu 6om kuitmaTiu uaterpaap Ba (1970 iinmiap) Anamap Tunuaarua
CHUnap ssan ['CUnapau connm 6axomnarira ajoxuaa 3tudop 6epunan. Chnapuu Ba
['CUnapun TakpubOuii sSKMHIAIITHpUII Oyiinya amgabuérinapia Kymiad MyXum
HaTWKamapra oHSpulwiad. XycycaH, Ba3Hiau Komm Tunuaaru CUHTYIISP
WHTETpA/UIADHA Ba TUNEPCUHTYJSAP MHTErpajUilapHU TaKpuOMi XucoOnaml ydyH
kBagpatyp dopmynanap (K®P), ontuman Kdnap, crnaiin dyHkiusaap épaaMmua
kypuiaran K®dnap Ba Moaudukanusuianradn CuUMICOH Koujandapu OusiaH
SKUHJAIITAPUIIT Ba Typiau cuHpaapga Oaxonam wunuiapu WM.M.Jlonrmas,
C.3.CreBapr, P.Ilueccenc, 1.b.Xynrep, A.®@.Ilarer, J.9mmmort, J.I'.Canukunase,
M.M.Yapna, II.Kymap, T.P.Pamakpumnan, H.W.Moakumuauc, I'.Moneraro,
I1.C.IHeokapuc, C.JI.Co6one, U.B.botikos, A.N.boiikoBa, A.H.Tynna, C.Jlarauno,
[T1.Jlam6eptu, D.Cantn, C.Amapu, K.Juercenm, T.XaceraBa, T.Topuwn,
M.N.Ucpounos, X.M.Illanumeros, A.P.Xaéros, 3.K.OmkysartoB, C.A.baxpoMoB,
HAM.AxmenoB, X.P.Kyrr, I'Monerato, 3.Jlyt3, IIL.A.Maptun, O.K.Pusso,
N.K.JIudpanos, A.C.Henames, JI.H.IlontaBckum, @.Kum, C.ﬁ.XyH, J.1na,
Camko, M.I1.Yan, B.®.Menr, 3.3xanr, W.II.Yaw, I X.Ilaynuno, A.Cuau Ba
Oomkanap, kabu uiamuit Mmakosanapaa 6aradcenn éputunradn. Macon Ba XaHICKOMO
MoHorpadusacuaa, YeOblmeB KYNXaaJapuHUHT Oapya TypJapUHUHT OaTadcui
XOoccaJlapy Ba YJIAPHUHT KOJIJIUK XaJlJlapu OepUIIraH.

CUTnap, aitnukca ['CUTnap xo3upaa 4YH3MKIXW OYiamMaraH MaTeMaTHK
MOJICJUITAPHUHT KEHT Joupaiapuja, XyCycaH, MaTeMaTWK (PU3UKaHUHT apajarl
yerapaBuid MyaMMoJIapy, HW30TPOINUK DJIACTHK, CYIOKJIUKIAp MEXaHHUKACH,
AIIACTUKIIMK Ba CHHUIII MEeXaHUKacuaa yupaiau. CYHrTH Oup Heua YH HHJUMKIapaa
amabuétnapna CUTnap Ba 'CUTnapHu COHIM €UHIN YCYJUIAPUHUHT KEHT JOUPACH
unuiad yukwiran. XycycaH, oup kanda mosorpadusuiap: H.M.Mycxenumisuiu,
®.J].'axoB, @®.Opmoren Ba 6., C.M. benonepkosckuii Ba W.K. Jludanos,
M.A.T'onGepr, b.H.Mannan Ba A.YakpaGapTu TOMOHHJIaH YOI ATUJITaH Oyiuo, Oy
coxajmapia kymia® Makojajgap XaM Hamp S3TWiraH, kymianaH, b.H.Mannan,
C.bxarrauaps, I'.X.bepa, A.Yakpabaptu, I1.A.Maptun, ®@.)K.Pu3zzo, I'.Mosneraro,
C.Mowngain, b.H.Mannan, P.HoBum, N.K.JIudanos, N.5.Ilononckumn,
O.I'.Jlapononoc, JI.H.IlonraBckuu, A.C.Henamen, I'.M.Baunukko, M.X.Canex,
C.M.Amep, M.A.Abnoy, A.A.Hacep, P.I1.CpuBacras, 1.B.boiikoB, A.l.bolikoga,
B.A. Poyaues, 3.K.OmkyBatoB, 3.C.Bennen, X.Yaii, 3.3anr, C.banepxkea, 3.UeHn,
N.®.30y, X.Penr, X.3anT, Ba GOIIKAIAp IIyJIap KyMAaIacHIaHIHD.

MabayMKu, 9u3uKIN OYMarad xoaucanap ¢paH OJaMUHUHT KYNTHHA WIMAN
coxanapuna yupaiian. XycycaH (¢u3HWKa, MyXaHAWCIUK Ba (aH coxajapujiaru
Kymiad myammonap uu3ukian oynmaran MJ[Tnap Ounan mopemamTupuiagg Ba
HouM3ukiii WMJITHUHr aHaIWTUK €4YMMHM KamJaH-KaM XoJaTjapaa TOIMWIAIH.
Onunran ym3ukian O6ynmaran MJITnapau kynruHa coHiM ycyiuiap OWIaH €4uin
MyMKUH Ba Oy HyHanumiga kymiad WIMUM Makojajdap 4Oom HJTHWJITaH Ba YOIl
dTWIIMOKAA. By coxanma xaBinon ypran onumiap: A.Baspa3, C.A606acOannui,
K.Manexkuexan, U.ITonnyonuit, C.2K.JInao, XK.X.Xe, 9.babonauan, A.C. baraiinex,
M.C.M. Hoopanu, 3.Astu, XK.buazap, K. An-Kxanen, A.Apynaunasram, M. Jlexras,
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®.Iakepu, C.M.DOn-Caen, M.P.AGnen-A3zus, A.I'onbabaii, M. )XKaBuan, XK.Cabepu-
Hamxad, 3.b.XKadapu, 3.K.Omxkysaros, III.H.Xycen, M.ADn-Tawun, C.Kymap Ba
Oormkanap.

Juccepranus MaB3yCHHHMHI JUCCEPTALMS 0a:KaPWIAETIaH OJIM TABJIUM
MyacCcaCaCHHUHT WIMMA-TAIKHUKOT UILJIApU OujIaH O0FJIMKIMru. J(uccepramus
TAAKUKOTH Y30eKHCTOH MUILIHid YHUBEPCUTETU WIIMUU-TAAKUKOT HIJIApU
pexacura myBopuk OT-D4-28 «'unepOoauk cuctemanap yuayH ajekBaT Xucooanl
MOJICJUIAPUHM  KYpUID» MaB3yCHAArd WIMHH-TaIKUKOT JIOMMXacu Joupacuia
Oa)kapuJIraH.

TagKNKOTHHHI MAKCAJAW Ba3HIIM CUHTYJSIP Ba TUIIEP-CUHTYJISIp UHTETpal-
JapHU XUcOOJaml ydyH aBTOMATHK KBaJpaTyp CXEMAacHMHM KypHUII Ba
XaTOJUKIAPUHU 0axojall IIYHUHIIEK CHUHTYJSp Ba THIEP-CUHTYJIApP HUHTErpall
TEHTJIAMAJIAPHUHT TaKPUOUI €YMMIIAPUHN TOMUII METOIUHU HIIIA0 YMKHUII Xam/1a
HOYM3UKJIIN HHTETpO-audPepeHinan TeHriamanap yayH TOMOTONUK TaX 1A KUJIHIIL
YCYJIMHUHT SHTM WIUIAaHMACHHM SIPATHUIIl Ba HOYM3HMKIM HHTErpajl TEHIJIamanap
CHUCTeMacHd Xamja KyI YIYOBIM HHTETrpal TEHIVIAMAHU TaKpUOMM eduil ydyH
HptoroH-KaHnTopoBUY yCyJIMHU PUBOXKIIAHTUPHUIILIAH HOOPAT.

TagkukoTHUHT Bazudanapu Kyiuaarunapaal uoopar:

y3rapyBuaH Ba Ky3rajMac OpajiMKjap OYyilmya Ba3HIU CHUHTYJSIp Ba THUIEp-
CUHTYJISIp MHTETPAUIAPHUHT TaKpUOUN XHMCOOJall y4yH aBTOMAaTHK KBaapaTyp
CXEMAaCHHHM KypHIII Ba TYpJIu CUH(]IIap/ia aBTOMATHK KBaJpaTyp CXEMAaHUHT KOJIJIUK
XaJMHU OaxoJja;

Komm tvnmparu Ba3HIM CHUHTYJSIp MHTErpAJLIap yY4yH IHUCKPET YIOpMaJd
METOJAHHU MOIU(UKAIUS KUITUII Ba TYPJIM CUH(IIapJa YHUHT OaXOCUHU OJIUIII;

OMpUHYM Ba HKKUHYM TypJard CHUHTYJSpP Ba THUIEPCUHTYJAP HWHTErpaj
TEHTJIAMAJIapHU €YUl YYyH 4dekin YeOwleB Kymxajiap KaTOPUHUHT TEHTJIaMa
€UMMUra SIKUHJIAIIyBJIapUHU acociall Xamaa siApOoJu MHTerpamiap yuyH laycc-
Jlexxannap kBaapaTyp GopMyJacCHHU KypHIIl Ba YHUHT KOJJIUK XaJuHU OaxoJalir;

TOMOTOIHK TaXJIWJ KWJIUII YCYJIUHUHT STHTH WILJTAHMACUHU SIpaTUII Ba YHU
HOYM3UKJIN OONUTAHFUY KHAMATIN UHTETPO-nuddepeHIan TeHrIaMalapHu XaM/ia
apajaml duerapaBUi ImapTiapra sra Kacp TapTHOMM uHTerpo-auddepeHmran
TEeHrJIaMajlapHd TaKpuOWM e4uIl Y4YyH KYJJlall Ba YHHUHT SIKUHJIAIIAIIAHU
TabMUHJIAIIL,

TakoMwutalTupuwirad  HeroToH-KaHTOpUMBHY  yCYyNIMHUHU  2X2  YU3UKIU
OyIMara MHTErpajl TeHrjamanap cucTeMacura Ba YM3ukiIu OyiMara Ky YiI4oBiIu
WHTErpaj TeHrJaMaHu TaKkpuOWil euyuinra TaTOWK STUII, 1Ty OWIaH OuUpra yHHHT
Ba3Hu ['miibOepT (pazocua KOIIUK XaauHu O0axosarl.

TagKNKOTHUHI O0BEKTH CHHIYJSIp Ba THUIIEPCUHTYJSIp WHTErpaiiap Ba
WHTErpajd TEHIJIaMallap, HOYM3UKIW HHTEerpo-auddepeHnnan TeHriamanap,
WHTETpaj TeHrjaMaljlap CUCTEMAcH Ba FOKOPHU YITYOBJIM MHTETpall TEHIJIaMallapJaH
nbopar.

TagKUKOTHHHI NpeaAMeTH oleparopiap, KBaapatyp dopmylanap,
WHTEPTOJSAINOH KyTXaaiap Ba GyHKIusap gazocuaaH noopar.



TagKUKOTHUHI ycyJuiapu: TaakuKOT uWIIMIa, OIeparopiap Has3apusc,
TOMOTOMHSl HA3apusCH, KBaapartyp QopMynanap Ha3apusICH, HHTEPIOJISINOH
Kynxamiap Hazapusacd, QyHKOusuap (a3ocu HazapuscH, AUCKPET apryMEHTIN
byHKIMsIIap Ba Kacp TapTHOIHN XocuUanap HazapuscuaaH GoiiaTaHuiraH.

TagKNKOTHUHT MIMUI SHTUJIMIY Kyiujgarmiapiad uoopar:

y3rapyBuaH Ba Ky3faJIMac OpAIMKJIapAa Ba3HJIU CUHTYJIAP BAa TUIIEP-CUHTYJISAP
MHTETpaJUIap Y4YyH aBTOMAaTHK KBaJpaTyp CXE€Macu KypWiraH Ba Ky3FaiMmac
OpajJMKIa Ba3HJU CHUHTYJSIp MHTErpajiiap y4yH MoJIU(UKaAUUAIAHTaH JUCKPET
yiupMalid ycyJ uluiad YMKuiIras;

Baswyu ['mnbOept Ba cwuuk (QyHkiusiap ¢dasojapuaa derapajiaHraH Ba
yerapajlaHMaral €4uM XoJaTJIapu Y4YyH AaBTOMATHUK KBaJApaTyp CXEMAaCHHUHT
SKUHJIAIIYBU UCOOTIaHTaH Ba MOIU(DUKAIMSATIAHTaH JUCKPET YHUPMAIIU YCYTHUHT
skuHIanryBuaniauru ['€npnep Ba cuuuuk GyHKIusIap cuapuaa ncOOTIaHTaH;

OMpPUHYYN TypJard CUHTYJISIp Ba TUIIEPCUHTYJISIP UHTETpaJl TEHTJIaMamap y4yH
yeku YeOrliieB Kymxaaiapu KATOPUHUHT aHUK €4UMTa SKUHJIAITYBU KYpCcaTUIral
Ba 2-TypJaru CHUHTYJSIp MHTErpaj TEHIJIamanap Y4YyH dYerapaja 4ekiau Oyirax
eunumiIap XOoJaTh yuyH 4ekid YeOblleB Kynxaajiapu KaTOPUHUHT aHUK €4UMra
AKAHJIAITYBU KypCaTUJITaH.

YEKJIAW €YMM XOJIATWJA, THUIIEPCUHTYJSIP HHTETpaj TEHIJlamajaap Yy4yH
CUYMMHUHI MAaBXYJUIUTH, SITOHAIWTK Ba Xocwiacu [émpaep cunbuma Oyinrax
TaKpuOUl EYMMHUHT MEbEPUI SKUHIIAITYBU UCOOTIIAHTaH;

TOMOTOMNUSHU TaXJIWJI KUJIUII YCYJIMHUHT SIHTW TypJard MIUIaHMacH unuiad
YUKWJITaH Ba Y YM3UKJIW OYiMaran OOUUIAHFWY IIAPTIA UHTETrpo-nuddepeniman
TEHIJIaMaJIapHU Ba Kacp TapTUOIM yerapaBuil Macajaidu MHTErpo-auddepeHiman
TEHIJIaMaJlapHU €YUl YUYYH KYJUJIAaHWUJITaH;

YM3UKJIM  OyIMaraH uWHTErpo-auddepeHuan TeHrIaMalapHd Ba  Kacp
TapTUOIN HHTETpOo-TudPepeHIran TeHriIaMalapHid €YUMHHUHT MaBXYIJIUTH Ba
ATOHAJIUTH WCOOTJIAHTaH XamJa TOMOTOMUSHU TaxJIWJI KWIHII YCyJId SIHTU
UIUTAaHMACUHUHT SIKUHJIAIINAIINA UCOOTIAHTaH;

2X2 HOYM3HUKJIW HHTErpajg TEHIJamanap CHUCTEMAcCH YYyH TaKOMHUJLIAIII-
tupunrad Hproron-KanTopoBuu ycynu wuimiad0 4YMKWITAaH Ba SIHTM Ma)XKOpPaHT
GyHKIUAIAp TONWITaH XaMJla CUMMHUHT MaBXY/JIUTH, siroOHanurd Ba HbioTOH-
KaHTopoBUY yCYJIMHUHT SIKMHJIAIIUIIN UCOOTIAHTaH;

y3namrupuiarad HeroToH ycynu €paaMuia HOYU3UKIU KYIT YIYOBIM UHTETPAl
TEHIJIaMallap €4YHIraH Xamaa Ba3uiau [ une0ept pazocuga, CUUMHUHT MaBXYUIUTH
Ba ATOHAJIUTY XaMJ1a TaKJIU(] 3TUITaH METOJHUHT SIKWHJIAIIMIINA UCOOTIAHTaH.

TaagKNKOTHUHT aMaJIMii HATHXKAJIAPU KyHuaaruiapaad noopar:

BAa3HJIM PETYJsip SOpPOJIM HHTErpajjiap, CHUHIYJSp Ba THUIEP-CUHTYJISP
WHTErpaUTApPHU FOKOPHU aHUKJIMK/Ia TAKPUOUIA XMCOOIaIll yayH KypHUJITaH aBTOMAaTHK
KBaJIpaTyp CXEMacCH KUCMIIAp EPUIIMIINIA CTPECC UHTEHCUBIIMTY OMUINHU FOKOPH
aHUKIWKIa xucoOmnamiia QoigaiaHuIl MYMKHH Xamja CHHTYJISIp Ba THIIEp-
CUHTYJISIp WHTErpajl TEHIJIaMaJapHU TaKpUOWM €4YWII ydyH 4YeKJIH COHJIard
YeObI11eB KATOPUHUHT SIKWHJIANTYBUHN TaMHUHJIAIT KYTJIa0 MOJICIUTH MacajlalapHu
€YMIIIA MyXUM pOJI YWHAIIN MYMKHH;
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HOYM3UKJIN UHTETPO-Aud hepeHiira TeHriiaManap Ba Kacp TapTUOIN HHTETPO-
muddepeHnnan TEHrIaMadapHU TaKpUOWN €UYUIl YYyH TOMOTONHSHU TaxJIHII
KWIWII YCYJIMHUHT SHTH WIUTAHMACH KYTIa0 HOYM3WKJIM MyaMMaJlapHHU €YU
ACKOTUIIIM MYMKHH XaM/Jla HOUM3UKJIM MHTErpasl TEHIJIaManap CUCTEMAcH Ba KYII
YIT9OBIM MHTETPAJ TCHIIaMaiap YIyH Uiuiad dukwirad y3namrupuiran HeroToH-
KanropoBuu ycynu kyminad amMmanuil axamusiTra sra Oyjiran MyamMmoJiap/ia Ba Wiau3
TONMUIMAJIApU HazapusICcuIa KYJUTaHUIUIITN MyMKHH.

TaagKuKOT HATHKAJAPUHUHT HINOHYWIMJIMIHM XHUCOOJall MaTeMaTHKAacH,
MaTeMaTuK TaxJ i, PyHKIIMOHA TaXJIuJj, ITYHUHTIEK, MATEMATUK XUCOOJIAIIHUHT
KAaThUWIUTH EpAaMuaa acociaHaad. bapua Xyjocalap Ba COHJIM HaTWXKajlap
JTACTypui XucoOall TOMOHUIAH TaCIUKJIaHTaH.

TagkKUKOT HATWKAJAPMHUHI WJIMHMA Ba  aMajJMil  axXaMUSATH.
Juccepranusiga OMMHTaH HATWKATAPHUHT WIMHN aXaMUSATH aMaliuéTa CUHTYIISIP
Ba THIEP-CUHTYJSAp WHTETpajUiap, CUHTYISAp Ba THUIEP-CHHTYJSIP HUHTErpall
TEHTJIaMaJlapHU TaKpUOWW XMCOOJall y4yH camapaiu KBajaparyp (hopmylacuHU
KYypHIII aITOPUTMH UILIA0 YMKUITAHIUTH OUJIaH N30XJIaHAH.

JluccepranusiHUHT aMallii  axaMUsATH camapaid KBajpaTyp ¢opmya,
TOMOTOTIMSHU TaxJIWJ KWIKII ycyau Ba HeioroH-KaHTOpOBHY yCyIWHHUHT
AIACTUKIIUK Ha3apusiCh, KBAaHT MEXaHWKAaCH, a’dpoJMHAMHUKa, JJICKTPOH OMNTHKA,
TYJIKUH TapKaJIMILIK MacajalapyuHy €4ullia KYJUIAaHWINIIY OWJIaH N30XJIaHA/IH.

TagKuKOT HATHKAJAPUHHUHT KOPUHA KUIMHMIIM. TagKUKOT HaTWXKaJapu
KyHUHIaru NyHATUIIIAPIa aMATUETTA )KOPUN STUIITAH:

arpu EpUKJIAp MYyaMMOCH y4yH (POpMYJIHpPOBKA KWJIMHTAH TUIEP-CUHTYJIAP
WHTETpas TeHrJaMasap Oyinda onunran HaTwkanap (Journal of Eng. Math., Vol.
126(1), 4, 24 pages, 2021; Gongcheng Lixue/Engin. Mech., 37(6), pp. 34-41, 2020;
Journal of Computational and Applied Mathematics, 343, pp. 520-538, 2018)
XOPWKUU WIIMUHM KypHauiapAa CyB TYJIKUHUHUHI TapKAIMIIH, IUIMTAJIapHUHT
UXTUEPUN HYKTacHJa HOpMall TE3MUKIAPHUHT M(oJamapuHu OJNMIIIA XaM/ia dTpU
EpUK WYUJATH CTPECC MHTCHCUBJINITH OMIJIMHUA TONHWINAA KyJUtaHwiraH. Mnmuit
HATWKATAPHUHT KYJUTAHWIAIIY EPUKHIHT YerapaciH 0axoail HMKOHUHU OepraH.

l-Typiaru CUHTYJap WHTETPAN TCHIIaMalapHU TaKpUOWUN €YUl YIyH TakIud
KWinHrad YeOwuiieB SKUHJIAIITUPUIL METOAM OyiHWYa OJMHTaH HaTWXKaiap
(Superconductor Science and Technology, 34(6), paper ID: 065006, 2021; Studies
in Systems, Decision and Control, Vol. 340, pp. 63-101, 2021; Journal of
Mathematical Analysis and Application, 482(1), ID: 123530, 2020) xopuxuii
WIMHUH KypHajuIapJa IOKOpU XapopaTiu yTa YTKkazyBuaH JTUHAMOJIAp MOJEINIa Ba
dazona YebumeB kymxampiapu EpaamMuja BakT OyiiMua WHTErpajUiall y4yH
YU3UKJIAITUPUI yCyluJaH (organaHnd, MHTETPAIHUHT AaHUK COHJIM YCYJWHU
ONIUIIIA XaMJa Takiau@ ATWITaH pakaMiu ycyid €paMuja TPaHCIOPT OKUMHU Ba
KPUTUK OKUM 3UYJIUTH OWJIaH OOFJIIMK MyaMMOJIapHU euuiaa Kyutanuirad. Mnmuii
HATWKATAPHUHT KYJUITAHWIUIITN OKUMJIAPHUHT 3UYJIUTHHH 0axoJialll Ba YerapacuHu
aHUKJIAIl IMKOHUHU OepraH.

l-Typiaru rumnep-cUHTyJIap WHTETpaj TCHIJaMajJapHu TaKpUOW €UHIll YIyH
takind KuwiuHrad Ianépkun-YeOumeB Meroau OyinMya OJIMHIAH HaTHXKajgap
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(Bulletin of the Iranian Mathematical Society, 46(3), pp. 799-814, 2020; Journal of
Low-Frequency Noise Vibration and Active Control, 38(2), pp. 706-727, 2019;
Journal of Computational and Applied Mathematics, Vol. 343, pp. 619-634, 2018)
XOPIKMA WIMHHA OKypHa/slapaa Typiau TUIJArd THICPCUHTYISIP HWHTErpall
TEHTJIaMaJapHU IOKOPH aHUKJWKJA €UYMIIAA XaMAa CYB TYJKMHUHUHT TapKaJUIIN
OwiaH OOFJIMK MacajlajJapHM euulaa KyJulaHwirad. WnMui HaTWkKagapHUHT
KYJUTAHWJINIIY CYB TYJTKUHUHUHT TAPKATUIIA MacaJaCHHH €4rIll UMKOHUHH OepraH.

TaagKuKOT HATH/KAJAPUHUHI amnpolaunusicu: Maskyp aucceprauus
TaIKUKOT Hartwxkamapu 30 Ta xankapo WIMUK-aMaJIMi aH)XyMmaHiapaa Ba 3 Ta
V36exncron Pecry6imka HiIMHil-aManyii aHKyMaHIapH/ia Mabpy3a KUIHHIaH.

TaaKuKOT HATHKAJTAPUHUHT YBJOH KWIMHWIIN: [[uccepranus MaB3ycu
Oyiinya >xkamu 57 Ta WIMHH WII YOI OTWITaH, IIyJapjaH, V36ekucron
PecnyOnukacu Onuit  ATrectanusi KOMHUCCHACHUHHMHI JHUCCEepTalUsuiapra JOUp
WIMHMIA HaTHKaJIJapUHU YOIl ATHIL yYyH TaBCHUs STWITaH WIMUN Hamipiapaa 37 ta
MaKoJIa YOIl ATHJITaH.

JluccepTallMIHMHT Xa:KMH Ba Ty3uwjamim: [luccepranus KUpUII KUCMH,

TypTTa 600, Xynoca Ba ¢oinaranuiaran agaduérinap pyiMxaTuaaH TAIIKWI TONTaH.
Huccepranusning acocuit kucmu 197 6etnan ndopar.

JJUCCEPTALIUSIHUHI ACOCUM HATHKAJIAPU

Kupum xucmuna, auccepranys MaB3yCHHUHT J0J3apOiHWrd Ba 3apyparu
acocllaHTaH,  TAaJKUKOTHUHT  pecrmyOnmka  ¢aH  Ba  TEXHOJOTHSIIAPU
PUBOXJIAHUIIMHUHTI YCTUBOP WyHaJIMUUIapura MOCIMIM KypcaTwiraH. byHnan
TalKapy, JUCCEepTalMsl MaB3ycH OVyiWYa XOPWXKUH WIMHH TaaKUKOTIAPHUHT
HaTWXKaJlapy MIapXyd, MyaMMOHHHT YpraHWITaHJIUK Japa)acy, UITHUHT MaKcaJl Ba
Bazudanapu, TAAKUKOT OObEKTH Ba MPEIMETH, TAIAKUKOTHUHT WIMHUHN SHTUJIUTH Ba
TaJOMKUI HaTWKaJlapy, OJIMHTaH HaTH KaJapHUHT Ha3apui Ba aMaJIMi aXxaMUATH,
TQJKUKOT HATHXKAJAPUHUHT S>KOPUM KWIMHMILIM, HAIIp OSTWITaH WIUIap Ba
JUCCEPTALMS TY3WINILIN XaKUJard MablyMoTiap OepuiiraH.

1-bOb (acocmit HaTtm:kanap): BasHnu 0OKOpM TapTUOAM  CHUHTYJISIP
WHTETpajIap y4yH aBTOMAaTUK KyaJpaTyp CX€Ma Ba YHUHT KOJIIUK XaJJIapu.

Ymby 6061a, Ko Ba Anamap TUnuaard Ba3HJIW CHHTYJAp WHTErpaUIapHU
IOKOpY aHUKJMK/Aa TaKpUOUHM euuil yuyyH MeToj (ABTOMAaTHUK KBaJpaTyp CXema)
TakJIu(] KUJTUHTaH Ba YHUHT KOJJIMK XAJJApUHUHT TypJid cUH(pAa OaxXoJaHMILIU
kypcatwirad. J[uccepranusauar 1-600m ydTa KaTTa KUCMJIaH HOOopar.

o l-kmemu (1.3.1-1.3.6) Amromatuk kBaaparyp cxema (AKC) €pmamuaa
Kommum tunuparn BasHium cuHryssip unrerpauiap(CU)Hu  SKUHIAIITHPUIL Ba
YJIAPHUHT XaTONHMKIApUHUA Oaxojamira GaruiiaHraH.

o 2-xkucmu (1.4.1-1.4.5) sca, acocan, Anamap TUNUJArd Ba3HJIU CHHTYJISP
uHTerpauiap (pHU runep-cunryisp unrerpamiap (I'CHUnap))un AKC épnamuna
XyucoO0Iall Ba KOJUK XaJIapuHu Oaxosialira TaauTyKJIuaup.
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o 3-kucmu (1.5.1-1.5.4) Moauduxanusnanrad IUCKPET YIOPMaIH METOJT
épnamuaa Komm tunuaaru Ba3HiIu CUHTYJISAP UHTErpAJJIAPHU SIKMHIIAII-TUPHUII Ba
yJIapHUHT XaTOJIUKIIApUHU OaxoJiallira KapaTuira.

Ouyu Bazuiu CUnap Ba 'CUnapuu ymymuii xonaa kypu6 unkainuk (1.1-1.2):

K (7 __h®
HP(hy,z,¢) =02 [F—sr—dt, r=1{0,1234}, p={12} (LD

oy epna ¢ € (—1,1) — cunrymsip Hykra, h(t) 6epwaran [—1,1] opanukia etapinya
cwiMK GyHKIWMs, Y, Z napamerepiap —1 <y < z < 1 Ba w,.(t) Ba3H QyHKuuUsICH
Oynu0 Kyhumarnya aHuKIaHaIH.

1—-t%, r=1,
1, r =2,
1-—-t, r=3,
1+t r =4,

Ar
wo(t) =1, wy(t) = 72, A.(t) =

(1.2)

Yuioy (1.1) na, p =1 0¥yuca, Hﬁl) (h,y,z,¢) ¢byuxmus Komm tunmmaru
CUHTYJISIp MHTerpan ned aramagu, Ba p = 2 aa Hﬁz)(h, y,2,¢) pyakuus Amamap
TUMKIATU CUHTYJISIp UHTerpa e arananu. Arap p > 2 Oyica, y Xojay HHTerpal
CyNep-CUHTYJISIp HHTerpajuiap 1e0 aTaiaiu.

1-600, 1.3-1.4 maparpaduiapauHr acocuii Makcaau, Xap oup p = 1,2 Bar =
0,1,2,3,4 xuitmatnapu y4yH [y, z] y3rapyBuu Ba [—1,1] ¥3rapmac opanukmiap yuyH
aBromaTuk kBaaparyp cxemanu (AKC) Kypuil Ba YHHUHT XaTOJOTMHU TYypJu
cuHbIapaa 6axonammup.

1.5 maparpa¢ 3ca Koumn tununaru CUnapuu y3rapmac opanukjia TaKpuOuii
Xucobyam yuyyH MOIU(UKALMSJIAHTaH JUCKPET YIOpMalld METOJHU Kypull Ba
YHUHT XaTOJIMTUHU Oaxosamra OaFuIuIaHTaH.

1.3.1 mnaparpadpa kKyhuaarn kypuHuigard Kol TUnugard Ba3HIA
CUHTYJISIp MHTETpAIIAPHU Kapaiinuk

wy(c) rz h(t)
Cr(h' Yz C) = T fy w,-(t)(t—c

sdt, T =1{01234} (1.3)

Jlactaab YeOblleB NOMMHOMIAPUHUHT 4 XUITMHA
( T;j(t) = cos(jB), r =1,

__sin((j+1)6) B
Uj(t) - osine) T 2,
P, ;(t) = 5 _ cos((j+1/2)8) (1.4)
Vi(t) = “eos@n T
_sin((j+1/2)6)
ij(t) T sin(0/2)

Ba YCKJIU COHIOAru YeOrnIlen KaTOpUHH aHI/IKJ'Ia6 OJIaMJINK
SN,O (t) = Ill,:O ’ak,OTk (t) ) SN,T (t) = Ilgzo ’ak,P‘r',j (t)r r = 11213r4' (1 5)

OyHJa, ITPUX HMFUHANAATA 1-Xaa HKKUTa OYIMHTaHUHA OUJITUpaIn
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Vmby naparpadma (1.3) cuHryIsp HHTErpauIap y4yH y3rapyBuaH opaiuk [y, z] na
xap oup r = 0,1,2,3,4 aunr kuiimatuga AKC kypunran. XycycaH:
0 - xoanar: r = 0 ga CUnap (1.3) yuyn AKC Kyiuaaru KypyuHHUIITa dra;

QN,O(f} Y, Z, C) = %[%ZIIXZO Bk,O[Tk(Z) - Tk(y)] + h(c)lng ’ (16)

oy epna Ty (t) (1.4) Ounan anukianran 6yiuob, By o KodhdunuenTiap Kyinnarnda
aHMKJIAaHA/IU:

BO,O == %, Bk,() == w, k == {1, ...,N}, bN,O == bN+1,0 == 0 (17)

Ba by o y4yH Y4 AMAroHaaIM anreOpavk TEHIIamanaap CUCTEMAacura sra 0yiaMus:
bk—l,O - ZCbk,O + bk+1‘0 == Zakjo, k == 1,2, ...,N, bN,O == bN+1,0 == O (18)
(1.8) Tenrnmamanu e4nd by o(c) tonunanu, (1.7) man By o(c) xosddunmentiap

torwirad (1.3) HuHr Takpubuii eunmuapunau (1.6) opkanu xucobmanmMus.
1-xomar: r =1 na (1 .3) CH yuyn kypwiran AKC kyihinnaruda 0ynanu:

b . ) z
Qv1(hy,z,c) = {[ ~>arcsint|} — Y-l %\/1 — tzUk_l(t)|y]
h(c) tVi—cz—cvi-tz|?
+\/1—c2 Vi1-c24+V1-t2 y} (1.9)

2 - xoaar: r = 2 yuyH AKC Kylingarnya oJIMHaIu

b . 1 [bre b z
Qnz = S -{%arcsmtlf, + N1 [ o1 k“’z] mUk(tﬂy

mV1l-c? k+1 k+1

—7 .. . z — tVi—cZ-cvi-¢e2|”
+h(c) [[\/1 t? —c arcsmt]yx/l c?In N cu AW y]}.(l.lO)

3 - xouat: r = 3 yuyH Ou3 Kyiuaaru kypununiaaru AKC ra sra 6ynamus:

Qns(h,c,y,7) =2 /1+ {bOSarcsmtly r=o P 1(bk3 +bk+13)V1—t2Uk(t)|

+h(c)[arcsmt|y /1”1 % ]} (1.11)

4 - xoaar: r = 4 yuyn AKC kyitnaaru hopmaaa Kypuiras:

1 ,1 z
Qna(h,c,y,2) = 1J_rc {b04arcsmt|y hars P 1(bk4 bk+1,4)V1 _tZUk(t)|y

— zZ
+ h(c) [—arcsmtly /ul % ]}, (1.12)
y

Oy epna HOMabiIyM by = by ,-(c) xo3pdunuenTIap Kyiunarnda aHUKIaHaIH:

by—1,(c) = 2¢by(c) + bpy1,(c) = 2ay,, k=12..,N,
byr(C) = bysir(c) =0, 7=1234 (1.13)

OyHZa Ay, ;- JJap MHTEPIOJIALMS WapTIapyuaan (okgananran Xonaa TONUIaIq.

1.3.2 maparpada xy3ranmac [—1,1] opanukiga Kyidugari KypHUHAIILIATH
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_wr(© (1 h(®) _ _
Cr(hc) == S, OIS dt, r =0,1,2,3,4, c € (—1,1), (1.14)

oy epma w,.(t) (1.2) opkanu anukiaanrad, Basuan CHnap yayn AKC Kypuiras.
0 - xoaat: (r = 0) yuyn AKC kylingaru KypuHuUIIga KypuiraH:

N+1

QN,o(h;C) :% bo,o(C) Zk 1] bzko(C)

+ h(c)In 1: . (1.15)

(2k)2 1

(1.15) nan xenu6 uuxaguku [-1,1] na AKCau xucoOmnai sxapaéHu MUFUHIUHUHT
spMUra Kuckapaau Ba 0y xucoOmaml BaKTUHU Texalira épaam Oepaau.
1-4 xonat: bynnait xomnapaa AKC kyiuaaru KypuHUIga Kypuirad

_we© 1 R W@ (1 Swe®
Glho) == oo ™ T 1 s e @ = Qur(ho)

(V1 — c? 21121:1 ak,1Uk—1(C); r=1,
1
_ﬁzllgzo ak,sz+1(C); r =2,

(1.16)
= < 1
Tic = =0 i3 Wie(©), r=3,
1tc
1o =0 AiaVi (0), r=4.

1.3.3 maparpagaa Ttaknud >TUiNTaH YCYJIHUHT ad3aJUTMKIApUHH Kypca-
TYBYM KYTJIa0 COHJIM HATUXajap OJMHTaH.

1.3.4 maparpadgaa Komu TtUnugard Ba3HJIM CUHTYJIAp MHTErpamiap y4yH
kypuwirad AKC wuar xonmuk xamuaum v = {0,1} xomatimapu ydyH OaxojaHTaH.
Yexnun  UYeObllieB  KaTopu  AKUHJIAIIMIL  XAaTOJIUTMHM — KYpCaTHIl  Y4YyH
GYHKIUSITApHUHT KyWuaard CuHGIapuHN KHPUTaAMU3.

e H%*([a,b],K) myunait pyukmusiap cuaduky, [a, b] opanukma I'éxpaep

HapTUHU, @ UHAEKCH Ba K nmouMuiicu OuiiaH KaHOATIaHTUPaIH.

o C™%[a,b] ={f(t): f™ € H*([a, b, Ap)}.
o Lyw={f®): [Jw®IfF@®IPdt < oo},

e Xatolikni baholashda quyidagi normalarni ishlatamiz. ®apa3 kunaitnuk
ey r(t) = h(t) — Sy (t), y Xon1a HOpManap Kyluaarnya aHUKJIaHa I

1
L,, HOpMA: ||eN,r||p = [ffw(t) |€N,r(t)|pdt] /p,
YeOpIIIeB HOpMa: ||eN'r||C = MaX¢e[q p] |h(t) - SN,r(t)|.
YOy naparpadaa kypuirad AKC ydyH Kyinnara TeopeMangapHy UCOOTIATUK.
Teopema 1.1 @apasz xunatiiux, h € Ly, [—1,1] 6a Sy (t) (1.5) ouran bepurean
Oyub  yuby a)N+1(t) = 2(t? = 1)Uy_1(t) @yukyusanune nonnapuoa AvHU
ti = COS( ) j =01, ,N anuxnanean 6yacun. ¥ xonoa (1.6) bunan anuxnanean
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Qno(h, ¥,z c) keaopamyp Kouoa, (1.3) opxaru anuxnanzan Co(h,y, z, ¢) cuneynap
unmezpanaa Lg v, Hopmaoa axuniawaou

”RN,O(h' C)”q = ||Co(h,y, 2,¢) = Qno(hy, 2, C)”q 17—>c(>)o
6yepﬂal<q<p£ Ba p >po > 1.
0

Teopema 1.2. ®apa3 xunaimuk, h € C[—1,1] 6éa Sy (t) (1.5) bunan bepunean
6ynub, ywby oy, (t) = (1 —t)U,_1(t) pyuxyusanune noanapuoa awuxianeaw
oyacun. Y yonoa (1.9) bunan anuxnanean Qy 1(h,y, z, c) xeadpamyp xouoa, (1.3)
ounan anuxnanean C1(h,y, z,c) ea Ly, Hopmaoa axunnawaou.

IRy 1(h, c)uq = IC;(h,y,2z,¢) —Qn1(h Yy, 2, c)uq = Onsoo)
6yepna1<q<p£Ba p>p, > 1
0

Teopem 1.3. @apas xunaiiwx, f(t) € CN*Y*[-1,1], 6a Sy,(t) (1.15) 6uran
bepuncan  6yaub, yuoy wyiq(t) = (1 —t2)U,_1(t) ¢ynxyuanune wnonnapuoa
anukaanean o6yacun. ¥ xonoa (1.16) 6unan anuknanrad AKC (r = 1) yuyn xamoaux
yeeapacu Kyuuoacu KypuHumoa oyiaou:
84 3.529 ]In(N+1

”RN»l(f’ C)”c s 2N‘11N! [1 + aln(N+1) 1$/+1 )'
[lynnait kunmb, Ouz y3rapyBuad [y,z] Ba ky3ranmmac [-1,1] opanmmkna Komu
tunuaaruy Baswiu CHUnap (1.14) yuyn AKC HM Kypauk Ba Takiud KWIMHTAH
YCYJHUHT Typiu QyHKIusap cua(iapuaa sKMHIAITUIIIMHA HCOOTIIaTNK.

1.4.1-1.4.2 maparpaduiapaa ymymud TyLIyHYajdap KUPUTWITAHIAH CYHT
KyHUJary Ba3HIIU TUIIEP-CUHTYJIISIP HHTETpasuiap

HP (h,y, z,¢) =222 [} (g((? —dt, T=01234, (1.17)
yuyd AKC y3rapysuan opanuk [y, z] na, xap 6up r = 0,1,2,3,4 HuHT KuiiMaTraa
Kypwirad. XyCycCaH:
0 - xoaar, r = 0. bynnaii xonma, AKC kylunaru makijga Kypuiras:

Hivo(h3,2,6) = 2| Eheg 2 Bio (T (@I + K (Oln [ |

h(c) z—y
% Grot-o T Ruo(e)

Oy epna By o(c) (1.5) opkanu anuknaHa u.

1-4 xoaaraap: xap oup r = {1,2,3,4} xkuiimruga (1.9)-(1.12) Tenrnamanapau ¢ ra
HucOaran nuddepenunaiad, AKC kyiuaaru maxiga Kypuiras:
r=1naa

HN,l (hr Y, Z, C) =

_ZN 1bk1(C) l—l—tzUk 1(t)| ]+ h(c) l

Vi-c2 d
i3

bo,1(c)
— {[ arcsint|3

tVl—c2—cvV1-t2
V1i—c2+V1-t2

)
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r=2naa

1 d bO z(C) .
Hy,(h,vy,zc) = —- {— arcsint|?
w2(hy2,0) = e 17 v

-1 [Pr-1,2(c) brs12(0)] z
+ 1’21211[ k:-21 B ;1+21 1_t2Uk(t)|y

+h(c) [m —C- arcsint]Z ++1 = c2In tViceZ—cvi—tz|?
Y Vi—cZ+V1-t2 y

r=3,4 na (1.11) Ba (1.12) napum moc pasumna auddepennuamnad AKC
KypuiraH, Oy epaa by -(¢) xosbdunuentiap (1.13) opkanyu aHUKIaHAIK.

1.4.3 maparpadnaa xysranmac [—1, 1] opanuxaa Bazuwiu ['CUnap (1.13) Ba
(1.14) au moc pasumiaa nuddepennnaiad AKC kypuirah.

Jdceaarma: ['CUmap yuyn AKCHu Kypum kyaa oanuid, JyekuH [-1,1]
opaMKHUHT 4derapacuaaru ['CUaunr kuitmat CUapHUHT KUWMaTUIaH KECKUH
bapk KuIaau.

1.4.4 naparpapaa kypunran AKC nap yuyn Oup KaHua COHJIM HaTHKaJap
kentupuiaran cyur, 1.4.5 maparpagaa ['CHimapHuHr dyerapanaHraH Ba 4yerapa-
JaHMarad €4MMH YIyH XaToJHUKIap 6axosiaHrad. ByHUHT y9yH XaTONMHK QYHKITUSCH
Kepak 0ynanu. @apas KuIaniuk,

Eny(h) = Hp(h,x) — Hy(h,x), = {1234}
OyncuH. Acocuil HaTHXanap KylWuJard TeopeMa KeJITUPHUIITaH.
Teopema 1.4. ®apa3 kunaimk, 0 < a < 1 yuyn h(t) € CNt19[-1,1] sa

Yebviuwes nonunomnapunune Kupkuiearw xamopu Sy,(t), v ={1,2} 6yncun.
Vxonoa AKC (1.17) xamonueu xyuueuua o6ynaou.

2.12MIn(N) 3.12 )
r =
22N —2)1 " elnv)l’
|En-(R)|, < 3.38M [ +0.63L . 4.19 _,
2N-2(N — 2)! N NN 4+1) e
121 3.35

oynoa Ly =1+ —~ Twer M = max{My, M,} 6ynoa My, M, nap yseapmacnap.
1.5.1-1.5.2 maparpadaa Komu tunuaaru Bazuiu CHmap ydyH JIUCKpeT
YIOpMaJId YCYJAUHUHT siHTU Mojudukanusicu (MAYM) umnad yukuinrad. byHunr
YUyH KyWUJard Ba3HIU CUHTYJISIP HHTETpAJUIApHU KYpHO YUKUIITaH.
_wy(x) (1 f(Dadt
Il(fl x) - T f—l Wl(t)(t—X),

Li(f,%) = Li(f,x) + Qi(f,x), i={234}

Oy epna
—1)¢ 1 f(t)dt .
Q(f,0) =S wio [ 525, i =23}

Qa(f 1) = —2wy() [1, TE22, g(x,6) = (x + DF (D),
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1- /1 1
Ba Wy (x) = V1 —x2, w,y(x) = ﬁ, wz(x) = ;—i, wi(X) = =

Ymby naparpadaa, MJIYM Ba 4u3uKIM UHTEPIIOIAIMOH CIUIAMH OWpiamTupuo,
ukkuta sHru K®map kypwiran. bupunun rypyx K®map Q;(f,x) map yuyH Ba
ukkuHun rypyX K®map I;(f,x) map yuyn. Bynwmnr yuyH ¢apas Kumaiiuk,
ty=—1+kh,h=2/(N+1)Ba E ={ty,k=1,...,N} nap [—1,1] opanmukHUHT
KaHOHUK Oymuuuimu Oysicun, y xomma x =tj+¢,j=1,...,N—1 na I,(f,x)
byukius yauyn K®nap Kkyiugaru KypuHUIga Kypuiaras:

L(fx) = Iy (F,x) = (S5 + 2o jas )ALV Dot + 215, AP (0 f (%)
+ASP QO F(—1) + AGL (O (D), (1.18)

6y epma o(t) =f(O) —2[(1—DF(-D)+ AL+ (1), AL va B xoodpu-
nuentinap (1.19) marm CHUnapam OGaxonam opkaiu xucoOmananu. buHoOapuH,
x=tj+¢j=1,...N —1 na CHhnap (1.20) yuyn K®nap Kyiinaarunia

(%) = I, (f,0) = (T2 + N=j+3)<A“)(x><p(tk) + 2 ayx, tk>ckf<tk)>
(4860 + 2wy a e ~16 ) £-1) + (A8, 00 + T w0 ay G D ) )
3 (A(”( )+ 2w, (0a(x 1,)C,) f(1), 1= {234), (1.19)

Oy epma a,(x,t) = az(x, t) =1, a4(x,t) = —(x +t), Ba C} xodpPunmenTIap
Q;(f, x) HE XHCOOIAIT YN OpKAJIA TOTIUIIA]IH.

1.5.3 maparpadna MoaupuKaUMsUIAHTaH AUCKPET allupMalii yCYJHUHT
XaTOJINTU KyWHJIary TeopeMaiap/a HCOOTIaHTaH.

Teopema 1.5. ®apas kunaiuk, f(t) € C([—1,1]), sa E [—1,1] oparuxnune
KaHOHUK xucmaap myniamu oyicun, y xonoa (1.17) ea (1.18) nune xamocu

L% In(N + 1), f(t) € H*([-1,1],4),
{Lzh In(N +1), f(t)€Ct(-11]),

0y epoa Ly, L, y3eapmac connap.

Teopema 1.6. @apa3 kunaimuk, f(t) € C([—1,1]) sa E [—1,1] opanuxnune
KanoHuk Kucmaap myniamu oyacun, y xonoa (1.17) ea (1.18) K®@napnune xamocu
Kyuuoazuua:

|70l

d;A,

L h*In(N+ 1)+ 2

“w;(x)h%, when f(t) € H*([-1,1],4), i ={2,3,4},

RY(f,x < .
2

2 (x)h, when f(t) € C1([-1,1]), i ={2,3,4},

oyepnad, =d; =1,d, =3, A, = A3, My, = M3, va L4, L, noumuiinup.
1.5.4 nmaparpagpaa momudpukauusnanran JYMuuHTr adzammruiau Kypca-
TYBYM KYTUTa0 COHJIM HATWIKANAp OJMHTaH.
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2-BOBb (acocuii HaTHKaNap): bUpUHYY Ba UKKMHYM TYp CUHTYJISIP Ba THAIIEP-
CUHTYJISIp MHTETpaJl TEHIJIaMamJIap y4yH TaKpuOuil MeToyiap.

Ymby 6001a, p-TapTHOIU CUHTYJSIP MHTETpal TEHIJIAMAJIAPHUHT YMYyMUU
tapuduaan cyHr, Oupunun Typ Komm Ba Ajgamap TUOMAaru CHUHryJiap WHTErpal
TEHIJIAMAJIapHU IOKOPH aHMKJIMKIA eddil Y4yyH TakpuOuit meton (YeOwbies
anmpoKIUMAaIUs METOJIN) TAKJIN( KWJIMHTaH Ba YHUHT KOJIJUK XaJIJTAPUHUHT TypJiv
cuH(paa OaxomaHumM KypcaTuirad. uccepranussHunar 2-000u acocaH ydrta KaTTa
KHCMJIaH U0opar.

e 1-kucmu (2.1-2.3) p-taptubnu cunrynsap unrerpan tearnamanap (CUTnap)
HUHT ymMmymuil Tapcudunan cyar, (2.4.1-2.4.2) 1-typ CUTnapauHT TaKpUOMiA
€YMMHHM TOIMHUII, TAXJIWJI 3TUII Ba COHJIM HAaTHXKayapra OaruIIaHTaH.

o 2-kucMu (2.4.3-2.4.6) oca, acocan, Axamap THUIHUJArd THUIIEP-CUHTYJISP
unrerpan tearaamanap (I'CUTnap)HUHT TaKpuOUi €4UMUHM TOTIUII, TaX T
ATHIIL, XaTOJUTUHU 0axoJialll Ba COHJIM HAaTHWXanapra OarvuIuIaHraH.

e 3-kuemu (2.5.1-2.5.2) acocan 2-typ CUTnapau TtakpuOuil eqmii, TaxJIwi
JTUIL Ba COHJIM HATHKajapra OaruIllJIaHTaH.
2.1-2.3 naparpagaa p-taptubnu OupuHun Typ CHUTnapHuHr ymymwii

TaBcu(u, Kymumuanap Ba ssHru Kypuwiran Kdnap xakuaa mamymotiap Oepuiras.
2.4 maparpadnaa sca Kyinaaru p-taptubnau 1-typ ymymuit CUTnap xypud
YUKWJITaH Ba YMyMUN KYPUHUIIIATH €YUMIIapU TaBCU( KUIMHTaH

0(0) |72

Oy epna x cunrynsap Hykra, K(x,t),L,(x,t) Ba f(x) Xakukuii KHMaTIIA Y3JIyKCH3
byukusaap 6yauo, ¢ (t) aHuKIaHUIIN Kepak OyiaraH QyHKIUIIUP.
dapa3 kunamus, (2.1) rearmamanaru K (x, t) sapo D=[-1,1]X[-1,1] coxanuHr
JMaroHajauaa 10UMUi OYIcHH. Y X0Ji1a, SApOHU KyHu1aru KYpUHHUIIIA OJaMu3:
K(x,x) =cy # 0. (2.2)
(2.2) maptam xuco6ra onu0, (2.1) TeHrIaMaHu KyWuaaru KypuHuIaa €3aMms:
St L R d kL LG e(0de = f(),  23)
K(x,t)—K(x,x)

K(x,t)

L+ L )|dt=f(x), p={12},-1<x<1, 1)

6y epma —1 < x < 1vaQi(x,t) =

t—x
Acocwuii makcan p = {1,2} xuiimarinapu yuyH (2.3) TeHIJIaMaHUHT TYPT XU
€YMMUHHU TONUIIWD. ByHUHT y4yH €UUMHM KyHUJlard KYpUHHUILA KUAUPAMU3.

o(x) =wr(¥ulx), r={1,23,4}, (2.4)
oy epma w;(x),i = {1,2,3,4} (1.2) opkanu anukianrad. (2.4) vu (2.3) ra Kyinm
OpKaJIM KyWHJIarH OTIepaTop KYPHUHUIIIArH TCHIJIAMAaH! OJIaMU3.

Hy,u+Cpu+Lu=f p={12}, r={1234]} (2.5)
Oy epna f € Ly,, u € Ly,,Ba Ly, (L1,) pasonapu 2.4.4 - naparpadia anukianras
Ba orepaTopiiap Kylnaarnia aHuKIaHau:
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u=c—°f Wr(t) u(t)dt,

1 (t—x
— nfl Wr(t)Q1(x t) u(t)dt, 2.7)

—x)P~1

= ;f_l Wr(t)Ll(x, tu(t)dt.
Hlynpait kuimb, kenrycu maparpaduiapaa p = {1,2} HUHT KuiiMaTH y4yH 7 =
{1,2,3,4} aunr xap Oup xonaruaa (2.6) TeHrIaMaHUHT TAKPUOUH EYMMHUHN TOTIAMU3.
2.4.1 naparpadnaa OUpUHYM Typ CHUHIYJSIp HHTErpajl TEHrJIaMaJlapHUHT
TaKpuOuil eyumMu Tonwirad. byHunr yuyn p = 1 6yncun, y xonaa (2.6)-(2.7) HuHr
oTepaTop KYpUHUIIIATH TEHTJIaMacH Kyiuaarnda Oyianm:

Ciout+Llyu=f, r={1234}, f €Ly, uc€ELy, (2.8)
Oy epna
1 wy(t 1 01
Cou=2]" = Dueyde, Lyw == 1 w(OL(x, Hu(t)dt

K(x,t)—K(x,
L) = Qi) = Ly (x,0), Q4 (x, ¢) = KEO-KED

(2.8) TeHrnmamMaHUHT TAKPUOUI €UNMMUHU TOMUII YIyH HOMabiIyM QyHKIus U(t) HU
KyWHMIAaru KypUHUIIA SKAHJIAIITHPAMU3:

(2.9)

u(t) = un, (0) = Lizo bjr P (1), r=1{123,4}, (2.10)
Oy epna P;.(t) Kyﬁw:[arnqa aHUKJIaHATH.
Uj(t) = cos(j0), r=1,
sin((j+1)6
P () Vo= §1r11<+91) Lor=2,
() =9 _sin((i+1/2)60)
! VV](t) T sin(6/2) =3
Vi(t) = cos((+1/2)6) r=4.

cos(6/2)
(2.10) renrnamanu (2.8) ra Kyicak, Kyiuaaru TeHrjiaMa xocui Oyiaau.

b [ s G P O+ L, w0, (0]

1 we(t
L e G e+ 1 w (0L t) dt| = F (). 2.11)
Ymby 6enrunamnau KUpUTHO:
Uj-1(0), 7 =1, 0, 7r=1,
T 1(x), r =2, — =2
1 wy(t) j+1 1 1 wy(t) X, T ,
]T( ) f 1 (t—x P]r(t)dt VV]'(X), r = 3’ h‘r(x) - f 1 (t—x) dt = 1’ r = 3’
-Vi(x), r=4 1, r=4

KyHUIaru TeHIJIaMaH! OJIAMU3:
Y7ot birlco Gir () + 95, (] + bo[cohr(¥) + 5, ()] = f(x),  (2.12)
Oynnar = {1,2,3,4} Ba Y .(x) Kyiimnarn4a 0ynanm

;) == [1, we(OL(x, )P}, (0) dt.
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Homabiym b; ;. napuu Tomum y4yH (2.12) tenrnamana v = {1,2,3,4} nunr xap 6up
KMIMaTH y4yH aHUK cXema Kypuirad Ba sapo L(x,t) Hu €iuim cxemacu OuliaH
Oupra KOJUIOKAlMs YCylM KYJUIaHWITraH. bj,(C) KuAMaTiapuHu TONMIITaHUIaH
keiiuH yHu (2.10) ra kyitn6 (2.4) TeHrIaMaHuHT SPUM aHATUTHK €UUMH OJIMHTaH.
2.4.2 naparpadna takiu@ 3TUATaH METOAHUHT a(3aUTUTHHA KYpCaTUII yUyH
KYTUTa0 COHJIM HATWIKaNap UIiad YMKUIraH.
2.4.3 naparpadgaa Oupunun Typ ['CUT ydyH TakpubOuii eunm TaBcudpuU

Oatadcun EputunraH. p = 2 Oynrannma (2.6)-(2.7) omeparop TeHIJIaMacuIaH
KyWHMIAard KypUHUIIIATA TEHIJIaMa OJIMHIaH:

Hyou+ Cpu+Liu=f, r={1234}, (2.13)
Oy epna
1 wy(t
Horu =2 [ 205 u(od,
Copu = LED 1 2D 4y (1)at, (2.14)

Liu= % L2 w (DL (e, Dub)dt,

oyama Q,(x, t) sapocu (2.9) opkanu anukTaHaay Ba L*(x, t) Kyiugarnga 6yiaam:

L (x,t) = Qu(x,t) + Ly(x, £), O (x, t) = LED-GED) (2.15)

t—x

(2.13) TenrnmamaHuHT TaKpuOMii eunMuHN Tormum yuyH (2.11) vu (2.13) ra kyiiub
KyHuJarv TeHriamMa XoCusl KUJIMHTaH.

c Wr(t) Q (xx) 1 Wr(t)
] 1 ]r[of_l (t—x P ~(t)dt + 1 f 0 ]r(t)dt

+_f WT(X)L*(x t)P; (t)dt] + bOr fll (‘fi(t))z dt

+Ql(xx)f1 Wr<t> de + L f w, (X)L*(x, t) dt] f(x) (2.16)

1 (t—x

(2.16) Tenriamana runep-CUHIYJISAp, CUHTYJISAP MHTErpajiap Ba by, Kododduuuent
OJIAMJIaTY Ba3HJIM MHTETpAJIAPHU aHUK XUCOOJIall Kyiuaaruiapra onuo Kejajau:

"y by o5 Grr () + Q1 (6, 210G, () + 95, ()
+boy [Co e () + Qu (6, 1) () + P, ()| = £ (), (2.17)

Oy epma L*(x, t) (2.17) opkanu anuk1anamu Ba ;. (x) Kyinnaruya 6ymauu:

Wi, () =~ [ w(OL (x, P}, (O)dt, 7= {1,234},

(2.17) tenrnama r = {1,2,3,4} nuHr Xap Oup KuiiMaTH y4yH SIpOHU ENHII CXeMacu
Onnan OmpraaMkaa HOMabiayM bj, mapaMeTplapHU TONHMII YYyH KOJUIOKALMS
yCynuaan Gpongananunay Ba bj . Kuiimataapuau Tonu0, yuu (2.11) ra kynuo, (2.4)
TeHrnamaaad (2.15) TeHrimaMaHuHr pUM aHATUTHUK TaKpUOWI €YUMU TOTTMIITaH.
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2.4.4-2.4.5 naparpaduapaa €YMMHUHI MaBXYyJJIUTH Ba TaBCUSl STUITaH
YCYJHUHT MEBEP SKUHIANIYBH YerapajaHraH €4uM XoJlaTh Y4yH Oaradcui
éputmirad. Kuckaua 6aénu Kyiuaarnya

(Hyp + Cor + Ly )u=f, 7={12}, f €Ly, u€ELy, (2.18)

Oy epna H, ,u, C; u, Lyu oneparopiuap (2.14) opkann aHMKJIaHa 1.
Jactnal ukku Typaaru gpa3zosapHu KUPUTUITAH:
¢ 1-¢pazo, Basnmu I'mianOepr Qaszocu suu Ly,(—1,1) Xakukuil Kuimativ p
Ba3Hra HucOaTaH KBaJpaTu OWiiaH HHTETpAJUIaHyBYH QyHKIMsIap (azocu.
® 2-¢aso oca Lp, I'manbepr dasocununr (L1, S Ly,) kucm dasocu 6ynuo,
Gapya u € L,, nap y4yH KyiAujaru TEHIJIUK YPUHIIUHD:
2 _ 2 2
llullt = Zk=o (k + 1)U, ¢y 1)* < 0.
Arap WYKM KymaiTMma aHukiaHca, Oy KucMm ¢asocunu ['unbept ¢azocura aitnan-
TUPUII MyMKUH. byHUHT y4yH, arap u € Lq, 0yica,

u =Y (k+ 1Dy, ¢k,1>¢k,1: - ||u||%= Y=o (k+ 1)2(% ¢k,1)2 (2.19)

dapa3 kwnamk € koMIuieke cornap $azocu 6yincun. €1 TymiamM € HUHT IUCKPET
KUYMK TYTUIaMU Jierinianu arapaa €4 tymiam € 1a TMMUT HyKTajapra sra Oyiamaca.

Ymby maparpada Kyiiugaru acocuii Jiemmaiap Ba Teopemanap UCOOTIaHTaH:

- _ 1
Jemma 2.1. Hy 1 Ly, = Ly, onepamoprune nopmacu || H;i ll= o
0

Jlemma 2.2. C; 1: Ly , = Ly, 6a Hz_,%cz,f Ly, —» Ly, onepamopnap suuoup.
Jlemma 2.3. A = 1, €1 2a meauwinu smac avhu ynune 1ol pazacuoa
emmauou.

N(I + AH31(Cy41 + LY)) = {0}

Jemma 2.4. @Papas xunatiaux, f(x) € C"[-1,1] sa K(x,t) € C"*?[-1,1],
L(x,t)* € C"[-1,1], r =1 sadponap D =[-1,1] X [-1,1] coxaoa anuxranean
oyncun, y xonoa Hy ;u € C"[—1,1] 6ynaou.

Teopema 2.5. ®@apaz xunaiiux u € Ly, 6a A =1 guitmam €y tymnamra
Teruuuin OyaMacun y xonoa H, 1 + Cp 4 + L meckapunanysuu 6ynubd, acocuii
menenama (2.18), r = 1 0a seona euumea 32a o6ynaou.

Teopema 2.6. Dapasz xuraiiux, f(x) € C"[—1,1] 6a D =[-1,1] X [-1,1]
coxaoa saoporap K(x,t) € CT™2%, L(x,t) €C", r=1 6yrcun, y xonoa
Kyuuoazuua 6axo ypuHiu:

r+1

1
e = wll, < lale ———w, (),

0y epoa w,(8) yzaykcuzniuxk mooyau ea yzeapmac € (2.20) meHeCU3IUKHU
KAHOAMIAAHMUPAoU.
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2.4.4 naparpadaa takiu@ KWIMHIaH YCYJHUHI aQ3aJUIMIMHU KypcaTyBud
KYT1a0 COHJIM HATH>KAJap OJMHTaH.

2.5 maparpagpna 2-typ @PpearonbM TUINUJATA CUHTYJSIp HHTErpai
TEHIJIaMaJlap Macajacu KapajiraH Ba Takjiu( STWIraH METOAHUHI aHUKJIMTUHU
udoaa 3TyBUYM JIeMMaliap UCOOTIaHTaH.

Jlemma 2.7. Uxmuépuii i, j, k = {0,1, .... } nap yuyn gytiuoaeu menenux ypuriu

1 1
J V1—=t2U;(O)T;(t)T, (t)dt = Z [hi(i,j, k) + hy(i,j, k)+hs(i,j, k) + hy(i,], k)],
-1

oy epoa h,.(i,j, k), v = {1,2,3,4} uuxu (i, j, k) napea 60znux 6ynean yzeapmacaap.
Jlemma 2.8. Hxmuépuii i, j, k = {0,1, .... } rap yuyn gytiuoaecu menenux ypuriu

1 1
j T ()T 1 (OT; (D) dt = 2 [hs(i,j, k) + he(i, j, k)+h, (i, j, k) + hg(i, ], k)],
1

oy epoa h,.(i,j, k), v = {5,6,7,8} uuxu (i, j, k) napea 60znux 6ynean yzeapmacaap.

3-bOb (acocmii Hatmkanaap): Houmsukiu wuHTErpo-nuddepenmnman
TEHIJIaMajiap Y4yH FOMOTOIHUS TaXJIWJ KWIHII YCYJIM Ba YHUHT STHTH UIIUIAHMACH.

Ymoy 0600ma, um3ukim OyiamaraH OONIIaHFUY KUMUMATIM  HHTErPO-
mud¢epennnan tenrnamanap (MATnap) Ba apanmam verapaBuili macana Oyiras,
YU3UKCU3, KYT Xa1H, kacp TapTtudau M Tnapau Takpubuii euuin yayH roMOTOIHUS
taxymi Kuaui yeynu (I'TY) Ba yHUHT SIHTM WIIUTAHMAcH KYJUUIAaHWITAH 11y OuiaH
Oupra EYMMHUHT STOHAJIIMTA Ba TaKIU( OSTUITAH METOJAHUHT SKUHJIAIIUIIN
ucbotimanrad. JluccepranusHunr 3-6001 HKKUTA KHCMJIaH HOOpar.

o l-kmemu (3.1.1-3.1.3) vuymsuxnum Oynamaran OouUIaHFUY — KHIMATIU
NI TnapHuHT TakpuOWM €UMMHUHM TOIMIN, TaxXJWUJd OTHIN, XaTOJIUTHHU
OaxoJrai Ba COHJIM HaTWKajgapra OaruiIaHTaH.

e 2-gucmu (3.2.1-3.2.6) apanam yerapaBuil Macayia OyiaraH, YM3UKCH3, KYII
xamm, kacp taptubnu MJITnapHuHr TakpuOuii €4MMUHU TOIMII, TaXJIWJ
ATHIIL, XaTOJUTUHU 0axoJialll Ba COHJIM HATHXKaap OJUIIra OaFuIIIaHTaH.
3.1.1 maparpadgaa Hounsukiau M/ Tnap ydyH Mamxyp roMOTONHS TaxX 1M

ki yeynu (I'TY) puBoxnantupwirad Ba I'TY HuHr sHru unuianmacu (AU-
['TY) rtaknud KuiauHran Ba Oonutanruy mapTiu Houmsukiau M/ Tnapra
kymianuarad  xamaa  ['TY, womudukanusnanran ['TY (MITY), sHru
moaudukanusuianrad I'TY (MI'TVY), I'TY aunr ymymnamrupuin ycynu (q-I'TY)
KaOu SIpUM aHAIUTHK yCyJulap OMJIaH CONMUILITUPUIITaH.
Ky#innaru nounsukiu U/ Tnapau kypub yukailnuk.

3.1.1-macana. p-mapmubau uuzukiu Oyimacan Boavmeppa-Ppedzonbm
H][Tnap xytiuoacuua bepunean O6VICuH.

u® () + 3021 a;(0uP(©) = £(8)
+1, fat K, (¢, 5)Fy (u(s))ds + 4, f(f K, (t, s)F,(u(s))ds, (3.1)

6ownanzuy wapmaap: u(a) = a,, k=0,...,p—1,p €N, (p = 2), (3.2)
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Oy epma t € =[a,b], K;,K;:2x02 —R,f:) >R Ba aq;:2 — R mabaym
byukusnap, A4, A, —napamerpnap Ba Fy, F,: C({2, R) — R-yu3ukcu3 QyHKIUsIAp
IIYHUHTICK U(t) aHUKJIAHUIITN Kepak OYJraH HOMabiayM QYHKITUSIUD.

I'TYuunr acocuit rosicu. UM3HMKCU3 TEHIJIamMa ONEPaTOp KYPUHHUIIUIA
Kyhuaarnda oepuiarad OYicuH:

N[u(t)] = 0. (3.3)

['TYuunr acocuncu Jlaé (1992 iunga) HoamHYM TapTHOIM 1edopmanus
TEHIJIaMaCUHU KyHWujaaruya Kypra.

(1 = @)£[¢(t; q) —uo(t)] = qhH(t)[N[$(t; q)]],
Oy epma £ - umsmkim omepartop, q € [0,1]-uuku mapametrp, h # 0— KOHTpOI
napamerp, H(t)— xymumua dyskiusa, ug(t) Oonutanrua Qyskius Ba ¢(t; q)
TONWIMILK 3apyp Oynran Homanym ¢yHKuus Ba m!-rapTtuduam nedopmanus
TEHIVIAMAaCUHU KyWUJaru KypUHUIIAA TOITaH:

E[tm (t) — Xmtm-1(8)] = AH ()R (U1 (1)), (3.4)
Oy epna
o __ 1 om™lN[EGIll
R (Un-1(8)) = o~ gmt o (3.5)

Ba X, KylHJarnda Tonuiaagn

_ (0, m<1,
Xm_{l,m>1.

(3.4)-(3.6) opkanu aHuKJIaHTaH uTeparuod euuM cranaapt I'TY neb atanaau. g Hu
coxTa y3rapyBuu cudaruna onuod, ¢ (t; q) byukuusau Teinop karopura Eitamus.

b6 Q) = up(t) + X2y ()™, (3.7)
épaamun napametp h TYFpu Tannanran Oyica, (3.7) maru katop ¢ = 1 na skuHia-
uryBuM Oynamu, nemax, (3.3) tearnamanusr u(t) eunmu Kyngarnda oymaau.

u(®) = uo(t) + Y21 um(t). (3.8)
by epna u,, (t) (3.4)-(3.6) nepopmarus TeHTIIamManapu OpKaJd aHUKJIAHATH.
AU-I'TY uu Kypum yuyH, 6us (3.3) Hu Kylugaru KypuHALAA KaTa E3uaran

(3.6)

Nu(®)] = f(©), 3.9)
Ba f(t) GyHKUMSAHU N Ta XaJra axpaTwirad 1e0 XxucobJaHraH, S’bHH:

f(t) = xo(t) + x,(O)+... +x,(2), (3.10)
Ba g(t,q) uu (qh) mapaMeTpiIapHUHT Aapakacu OYiH4Ya KypHJIraH

gt q) = x0(t) + x1(t) + x2(O) (@) +... +x, (D) ()" 3.11)

Huxost (3.8)-(3.9) Tenrnamanapaunr AU-I'TY wu Kyilingaruua Kypuiras.
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E[uo(t)] = x0(2), (3.12)
E[um(t) = XmUm-1(0)] = RH ()R (U1 (1)), (3.13)

Oy epna x,, (3.8) opkaiu aHWKJIaHAIU Ba

- 1 ™ N[p(t:q)]-9(t:q)
B (- (1) = o = Sn o (3.14)
. ”

AN-I'TY na 6us kyhingaru ad3amiukiapra araMmus;

e aiipuM xosutapaa oepuirad f (t) ynkuusra kapad x,(t) au Tannam Ba (3.12)
TEHTJaMaHu e4yuImHUHT l-utepammsicu (3.9) wuar u(t) = uy(t) anmk
euyuMuHM Oepumn MyMkuH. By Xxomma (3.13) Oyiimya oJMHraH KEWHHTH
uTeparnysiap TYIMK HOJI eanMHu Oepamu u;(t) = 0,i = 1,2, ...;

e arap (3.12) TeHrnama aHMK €YMMHMHHM Oepmaca, y 4erapaBuil IIapTIapHU
KaHOATJIAHTUPYBYHM OonutanFud GyHKIUS U, (t) cudartuga Xxu3Mart KIiaau.

3.1.2 naparpadaa Houusukiau Bonbreppa-Openronsm U Tnap (3.1)-(3.2)
yuyH crangapa I'TY Ba SU-I'TYHuHr cxemacm KypwiraH Ba KapaJIa€Traf
MacajJaHUHT €YMUHU TOTHII YUYH JeTaIapy KYypCcaTUiraH.

3.1.3 maparpadaa (3.1)-(3.2) TeHriiama €YUMHUHHUHT SITOHAIMUTMHU Ba baHax
dazocunga AU-I'TY sxunnamumuban ucootnanrad. (3.1)-(3.2) TeHriiamMmaHuUHT
ATOHAJIUK €YUMHHM UCOOTIIAII yUyH OU3 KyHUJaru runoTe3ajapHi KUPUTIUK:

e (H1): dapa3z kmmaiiiuk C(J,R),] = [a,b] y3nykcu3 (QyHKIMUSHUHT KiIacch
0ymu6, a;(t) Ba f(t) ysmykcus 6ynu0, ] — R ra akCIaHTHPCHH.
e (H2): Xap xaumaii uy,u, € C(J,R) yuyn L;,L, >0 Ba v; > 0 xyinnaru

TEHTCU3JUKIIAPHU KAaHOATIAHTHPYBYH JIUIIIUIL Y3rapMach MaBxKy/I:

|Fy (uq(8)) — Fy(ua ()] < Lylug — uy,
|F2_(u1(t)) - F (uz(t))| < Ly|ug — uy|,
|D7(uq (t)) — D7 (ua ()| < vjlug —uzl,j = {0,1,...,p — 1}.

6y epaa D/ xocuna oneparopu.
o (H3): D ={(t,s) ERXR:a <s <t < b}coxana y3nykcus Ba Mycoar O0yiran
Gynxuusnap K{, K; € C(D,R™) maBxyn 6yau0 Kyiinaarnya aHUKIaHCHH.

t
K{ = sup f |K1(t,s)ds| < o0, K, = sup f |K; (t,s)ds| < co.
t€[a,b]

Hactnab Kyiuaaru jemmMma ucOOTIaHIu:

Jemma 3.1. Dapas xunaiinux, @(t) € C(J,RY) 6yncun, y xonoa u(t) €
C(J,R™) (3.1)-(3.2) macananapuuur euumu Oynuwiy yuyn Kyuuoazu meH2iamaHu
KAHOAMIAAHMUPUULU 3aPYP 64 emapiuoyp.

u(t) =<P(t) Z, 1 oo 1),f (t = s)P~(a;(s)D/u(s))ds
f (t — s)P~ 1[f K, (s, 7)F,(u(r))dr]ds
f (t—s)P 1” K, (s, 7)F,(u(r))dr|ds,

(p 1)'

(p 1)'
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Ooynnat € | = [a, b] Ba ¢(t) Kyiinnarinda aHUKJIaHTaH.
_ 1 ot _
0() = T2y o (t—F + = [, (t = )P f(s)ds.

Jlemma 3.1.3 Ba banax KuckapuIl MpUHIIAIHA aCOCHIa, YIIIOY TeopeMa UCOOTIaH Iu:
Teopema 3.2. (fleonanux meopemacu). Gapaz xunavauxk (HI)-(H3)
2unome3anap ypuuau 0yicun Ba arap

‘a'p | MKiL, | KL
5*=(Y p 111+122)(b—a)p<1,
p! p! p!
* *
0y epoa y* = max yj ea a’ = max la; ()|, menecusnux 6ascapunca, y xonoa
<jsp-—-1 1<j<p-1

u(x) € C(J) ¢pynxyus (3.1)-(3.2) Hu kanoamaanmupyeuu seona eyum Oy1aou.

Teopema 3.3. (Axumnawuw meopemacu): @Papaz xunaiiuk, (3.8) opxaiu
AHUKIAH2AH — Yon =0 U () kamop u(t) ¢yukyusiea axuniawcun, Bau,, € C(2, R)
umepamug @yuxkyusarap AU-I'TYnune (3.12)-(3.14) wxopu-mapmubau oegop-
mayus menenamacu ounan awmuxnamcun. Y xonoa (3.8) ounan anuxnanean u(t)
@ynxyusa kamopu (3.1)-(3.2) Hune anux euumu 6y1a0u.

3.1.4 naparpadaa taknud s>twiran ycya(AU-I'TY)uunr ad3anaiuruau Kyp-
caTHIl y4yH OMp KaH4a COHJIM HATHKajJap CONMIINTUPMA cUdaThIa TaKIuM dTHIIJIH.

3.2 (3.2.1-3.2.4) naparpaduiapaa Yu3HKCU3 apajamnl Kyl Xaajau Kacp TapTUo-
mu Bonereppa-®penronsm W Tnap yuyH sHru unutanmany ['TYHUHr KyjuiaHu-
oy Ba cxemacu Oaradeun €éputmiaraH. Kuckaua OaéHm KyWuparmda. Yoy
YM3UKCU3 apayail Ky xaamu kacp taptuonu U/ Tnapan kapaimuk

(Cfo + 3P ,-CDfi') u(®) = p() + A [, [ K(x, s)F(u(s))dxds, (3.15)

6onutanrny mapta u (0) =y, k=0,...,p—1, (3.16)
Ba yerapasuii maptaapu u(0) =ay, k=0,...,p —2, u(T) = B, (3.17)

oy epma teN=[0,T,K:2X02 —R, p:2 —> R wMabnym QyHKIHsLIAP,
F:C(£,R) — R uu3ukcu3 QyHKIUA, & j»A, B ysrapmacmap, p—1<f, <p Ba

p € N TeHIrJaMaHUUHT TapTUOM Ba CDfJ{ - Bj Kacp tapTu6Osn KamyTo xocuiacuaup.

AU-I'TY éEpnamupa uumszukcus, apanam Bonbsreppa-®Openronsm WM/ Tmap
(3.15)-(3.17) °Hu eunin y9yH KyWH1ard YM3UKIM OYIMaraH ornepaTtopHyd KUPUTAMU3.

Nip(t @) = (°DJ? + 3221 &D0) p(t: ) — [ [ K(x,)F(¢(s; ))dsdx.  (3.18)
cyarpa AU-I'TYnunr cxemacunu (3.18) €épnamuna Kypauk.

3.2 (3.2.5-3.2.6) maparpadna xkacp TaptubnIM uUHTETpO-nUdPepeHman
TEHIrJIaMaJlapHUHT siroHa e4uMu Ba ['TY HUHT SKUHIAITYBU UCOOTIaHIN.

Teopema 3.4: Dapas kuraiaux, Yon—oUm(t) xamop u(t) ¢ynxkyusea
AKUHIAUICUH, OVHOA U, € C(£2, R) umepamus ¢yuxyusnap I'TY nunne (3.6)-(3.8)
anukaancun. Y xonoa (3.8) ounan anuxnanean u(t) ¢pyuxyusacu (3.15)-(3.16) nune
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AHUK edumu Oy1aou.
Kuckaptupuin yayH Kydujaara y3rapMac KOHCTAaHTaHU KUPUTAMU3:

Bp—Bj+tp-1
_ @1 p=2 akT ( j-1 & P )}
= B — .

Teopema 3.5. @apa3 xunatinux, F: R = R 6ynub, 6apua (xq,x,) € R? nap
yvuyn | F(x1) — F(xy) IS L |l x; — x5 |l 6yacun. ¥V xonoa (3.15)—~3.16)
MYAMMOHUHE SI20HA eYUMU MABHCYO azap A @yﬁudaeu

p 1 |€]|T pFj 2 1
—— L|[K

IIAPTHU KaHOATJIAHTUPCa, Oy epaa ||K|| = sup, ., ] |K(t,s)].

3.3 maparpadaa coHiu MUCOIUIAPp KEATUPUIUO Takau( STUIraH METOAHU
Oormrka ycyap OuiaH COTUIITHPUIAN Ba ad3ajUTUTUA KYPCATUIIIH.

4-bOb (acocmit HaTmkamnap): YUusukcu3 BonbTeppa TuUnumaru MHTErpal
TEHIJIaMajlap CUCTEMAacHu Ba KYI YI4amilM MHTErpall TeHriaaMaiap yuyH HproToH-
Kantoposuu ycynu.

Ymby 006ma, uuM3ukcu3 2 X 2 HHTErpajl TEHrjamanap CHCTeMacu Y4yH
Heroton-Kantoposuu ycynmu (HKY) kynnanwniran my Ounan Oupra €4MMHHUHT
MaBXy[JIUTH Ba STOHAJIWTU XaMJa TaKIU( STWITaH METOJHUHT SKUHJIAIIUIIN
ucOoTnanrad. byHaaH Tamkapu 4YWM3MKCH3 Kyl yiayamiid Bonbreppa uHTErpal
TeHrnaManap ydyH yanamrupuirad Heroton yeymu (YHY) nmima6 umkunras Ba
C€UMMHUHI MAaBXYyJJUTH Ba SITOHAINTH XaMmJa Takiaud >STUIraH METOIHHHT
SKUHJAmUImM ucbotnanrad. JluccepranusHuHr 4-000M acocaH MKKUTa KarTTa
KHCMJIaH nbopar.

e 1-kucmu (4.1.1-4.1.6), un3ukcu3 2 X 2 uHTErpall TEHIJIamanap CHUCTEMacu
(MHTC) yuyn HKY, auru maxopant ¢pynkuusicu Ba HKYHuUHr xaTonuruau
Oaxosalll Ba COHJIM HaTW)Kajapra OaruIllIaHTaH.

o 2-kucmu  (4.2.1-4.2.5), um3ukcuz kyn Yymuamum BonbTeppa wuHTErpan
tenrnamanap (BUTnap)un y3namrupmiran Heioton yeymn (YHY) 6uman
ecunm Ba YHVYHHMHr XaTONMIMHM 0axoNall Ba COHIM HATHXXalapra
OarvIUTaHTaH.

4.1 (4.1.1) maparpagaa yn3ukcu3 2 X 2 UHTErpaji TeHrjiamaaap CUCTeMacu
yuyH HKY xymnanunran Ba sHTM MaXOpaHT (DYHKIUSCM KUPUTWITaH. ByHUHT
KHCKaua 0aéHu Kyiugaruda, HounM3ukiu 2 X 2 UTCunu Kapaitimk:

a(®)x(®) = [, HEDF(x(@)dT = g (o),
b(t)x(t) + fyt(t) K(t,T)F (x(1))dt = f(t),

Oy epna 0 <t, <t <T, y(t) <t 6ymub, H(t,7),K(t,T) € Cp¢, T)x[t,,] AAPOIAD,
Ba a(t),b(t), f(£),g(t) € Ci,,r7 GyHxkumsamap Oepwiran MocC OpalUKIapuia

4.1)

y3nykeus Gpynkuusuiapaup Ba x(t) € Cpg, 11, ¥(t) € C [1t0’T] TONWIHILHN Kepak Oyara
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HOMabaIyM QyHKIUIapaup Ba HUXO0AT F (x(t)) Typnu THnmMaard 4u3ukcus udoma.

Ymby naparpadaa (4.1) tenrnamanuar eunmuan HKY €pmammna, I"aycc-
Jlexanap K®nap Ba HbIOTOHHUHT OJIIMHTa UHTEPIIOJSIMOH (popMyiacu €paamMuia
TOMAMK. ByHUHT y4yH onepaTopiapHyd KUPUTAMHU3.

Py (x(), y () = a(®)x(®) = [, HE, DF (x(1))dt — g(8),
P,(x(0), (8) = b(Dx(®) + [, K(&, DF (x(D))dz — f (D),
cynrpa (4.1) Hu onepaTop KYypHHHIIIA KyHugaruda ¢3amMmms.
P(X) = (P,(X),P,(X)) = (0,0), X = (x(1),y(®)),
HKYHuHr 6ommianFuy uTepanuscuHu
P'(X)(X — Xo) + P(Xy) =0,
(4.2) ra xymnao, Kyfmz(arHHH 0JIaMU3
T =1 0 K& DF (o(@)Ax(m)dr = o (0),
Ay(t) = % [ [} o KEDF (xo()bx(2)dr (4.3)
+ f;o(t) K(t,T)F(xo(r))dt + b(t)xo(t) — f(t)] ,
Oynna Ax(t) = x1(t) — xo(t) Ba Ay(t) = y1(£) — yo(t) xamma
c(t) =a(t) +b()G(E) # 0, d(t) = H(t,yo(t))F (xo(yo(1))) # 0

K, (t,7) = H(t,7) — G(OK(L, 7), G(£) = % (4.4)

Yo (O = =5 | [ Ks G F (0 (30(0)) ) dr — c()x0(8) + 8(6) + F(G(®)]

Jactia6 (4.3) uu Ax Ba Ay, ra uucbaran equ6 (x4 (t), y;(t)) uu Tonamus. HproToH-
KantopoBuuHMHT Kylugara gopMacuHu

P'(Xo)(Xm — Xm—-1) + P(X;n—1) =0,
(4.2) ra xynnad ym6yra sra OyiIamu3

Axm(t) (t) fy ®) K; (t,T)F’ (XO(T))Axm(T)dT = Ym- 1(t)
Ay () = 7 —| [} & KEDF (0(0) Aty (2)dr
+[ o KEOF (s (0)dr + b(O)xm(6) = ()], 4.5)

OyHnma AxXm = Xm — X1 Ba 4y =y —y _,. Konran napamerepnap (4.4) HuHr

(4.2)

Ax(t) —

YMYMHI XO0JIM/1a aHUKJIAHA/IH.
(4.5) nan Takpuobuit eaum (X, (t), Y, (t)) KeTMa-KSTIUTHHA OJTMHA/IH.

4.1.2 naparpadna I'aycc-Jlexxanap xkBaaparyp ¢opmynacu (Kdcu) smponu
UHTETpaJjIap yu4yH PUBOKIAHTHPWIIN Ba XaTOJIUK 0aXxOCH OJNMHIW. ByHMHT y4uyH
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y3rapyBun [y(t),t] opanmukuu KumcMm  opamukiapra  [y(t;), t;],i = 1,2,...,n
T;to,i =0,1,..,n Ba Taycc-Jlexanap

axparunau, OyHma t; =ty + ih,h =

K®iacu kyingarnya puBOKIJIaHTUPHIIIN.

ti ti—y(ti) ]
Loy K@ Dx(@de = =222 500 W(t)x () + Rur (K), (4.6)
Wit = K(totwy, 1f =05 + 52050, j =12,

Oy epna r]l: * t; Ba[y(t;), t;] € [to, T] Bal xuucm opanuk [y(t;), t;] HuHT OynuIUIapn
COHMHM OMIIZMpanu, W; Ba S; 5Ca MOC paBHMIINA MHTErpan BasHHU Ba Jlexanap
KYTIXaUIapUHUHT WIAH3IapuHu Ounaupaan. PuBoxmantupuinrad [aycc-Jlexxanap
K®nacu yuyn Kyiugaru reopema ucOOTIaH IH.

Teopema 4.1. Dapaz xunaiiiux, K(t,t) ea x(t) ¢ynuxyusnap ywoby
C@n+D[t,, T] cunuoa meeuwnu 6yncun, y xonda (4.6) pusoscianmupuncan
Taycc-Jlecenope K@nacu xamonueu Kytiuoacu Kypuruwea s2a 6yiaou.

(T_t0)2n+3 [ 123(n+1) ]2 T(2n+2)

|Rn+1(Kx)| S (2n+3) (n+1).(n+2)---(2n+2) 1-2---(2n+2)'

0y epoa napamempnap Kytuuoasuia aHuKIaHaou.
T@ = X(O)ng) + b1X(1)Mt(q_1) 4o bq—1X(q_1)Mt(1) + X(Q)Mt(o)
bynoa b; = #ii)!, i=1,..,q9 — 1 6unom xosppuyuenmaapu.
4.1.3-4.1.4 naparpadaa kBaaparyp KOWJAHUHI TypFyHJUTrH Ba HBIOTOH-
Kantoposuu ycynu (HKY)uunr nuckpernzanuscu 6atadcun 6aéuuaan cyur 4.1.5
naparpagaa sSHTd MaxopaHT (QYHKIUSCH KypUIOu Ba 1y (QYHKIUS acocuia
HeroToH-KaHTOpOBMY  yCYNUHUHT SKUHJIANIYBUHUA KypcaTyBuM Oup HeuTa
TeopemManap ucoboriaanau. byHuHr yuyH O6usra Kyiunaru GyHKOusuiap cuHdiapu
Kepak Oyaju.
® Cit,e1x[to,1] - [t0r T]1 X [to, T] pazona anuknanran 6apua ysmnykcus S(t, 7)
GyHKUMAIAp TYIIIaMH,
o C={X:X=(@(®),y®):x(),y(t) € Ceom):
o Ciyr = () € Ch miy(®) < t}.
XaKUKuil KHAMATIN SHTH MaXOPAHT (PYHKIMSIHA KyWuarnya KApUTrad XoJiaa
P(t) = (¢t —t)* — (C+m)(t — to) +{m, (4.7)
Oy epma ¢, >0 xakukuili KMiMaTian Kod(pduUIMeHTIap, KyWnaaru napaMeTpuK
TEHIJIAMaHU KapanMus:

X =5X), (4.8)
t =a¢(t). (4.9)
bomutaurua X, = (xo(t), yo(t)) oyukmusan 0, = (Il X — X, IS r) chepanan
OJIraH X0Jj11a, OyH/Ia mapaMeTep 1 KyWnaard TeHTCH3ITUKHA KaHOATIIAHTHPCHUH:
min{é + ty,n + to} < r < max{é + ty,n + ty},
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KaHTopoBnd Ba AKWJIOB MaKOpaHT (YHKIUS TabpU(UHU KUPUTTAH Ba YHHHT
épaamuia Kyiuaara TeopemMaiap HcOOTIaH/IH.

Teopema 4.2. Dapasz xunatinux, (4.3) oaeu yuzuxcuz onepamop P(X) =0
yuby 2 = {X € C([to, TD: Il X — X, II< R} ouux mynnamoa anuxianean 6yacum 8a
énux mynaam 2y ={X € C([to, TD: Il X — Xy IS 7} 0a uxxkunuu mapmubau
V3nyKcu3  xocunaea sea oOyacun, Ba 1 ywoy T =ty+r<ty+R Hu
Kanoamaaumupcun. bymoan mawkapu gapaz Kunamuz Kyuuoacu wapmiap
baxcapuicum:

{n " 2
I ToP(Xy) II< Top B2 I TP (X) I< oy KQUOHKH | X —XolISt—ty <,

y xonoa (4.7) oaeu Y(t) pyuxyus, (4.3) opxaru anuxianean uusuxcus P(X)
onepamop yuyH bowkapysuu hyukyus 6yaiaou.
Taknu¢ sTriAran ycyJi yuyH KyHugaru acocuii TeopeMa ucOOTIaHIu:

Teopema 4.3. @Dapas xunainux f(t), g(t) € Crryrp, Xo(t) € C1[to, T]
vanykeus Qynkyus, H(t, 1), K(t,t) € C [1to.T]><[to,T] V3IIYKCU3 0poaap 6a boulianeuy
umepayus Xy = (xo(t),yo(t)) €Ny Oyacun. Aeap kytiuoacu wapmiap
basxcapuica:

1. o = [P' (X))~ masoncyo ea Il Iy 1< soMeMT=H3) kanoamaanmupca,
2. 14X I ;Tnn oyHnoa ¢ 8a n (4.7) opkanu bepunean,

" 2 " .
3. 1P (X)) I< 77 oynoa 1 P (X) <,

4. (4.3) menenama t € [ty,t'], t' =ty + r oparuxoa seona undusea sea

oyncun 6a min{{ + to,n + to} <r <max{{ +ty,n+ty},6as(t) <t .
YV xonoa (4.1) cucmema seona euum X* = (x*,y*) € 2y, sea Oyraou ea
agunnawuunap Xy, (t) = (X, (), ym(t)) (4.4) xemma-kemaueu masaxncyo eéa X*
euumea AKUHIauaou. AKuniauuwnap oapaxcacu Kyuuoazuia:

1x—xn < (Z)"¢,

¢+n
0y epoa { + ty (4.3) HuHe MuHUMAL HOIUOUD, AbHU { < 1.
4.2 naparpa¢a UKKUHYH Typ, YU3UKCH3 KyI yadamin BoabTeppa uHTerpai

terriaamanap (KY-BUTnap)un ysnamrupuiran HeloToH ycynu OwmiiaH eqmiid.
ByHuHr ycyH kyiugaru ynzukiu 0ynmaran KY-BUTnapau kapaiimus:

u(t) — f;’f“) ffj“) f;’:“) K(t,%)G (u(x)dxpdxy_q -+ dx,
=f(0), t=(t,tz ", tn), X = (1, %2, Xp), (4.10)
Oy epma, u(t) € Oy = Cpr (q,p,) HOMabayMm Qynkoums, G(u(t)) sca 4n3HKCH3
yanykens Qynkums, f(t) € 2y Ba K(t,x) € 2y X 025, 2, = Cp [, q, Ocpuaran
CWUTUK QyHKIwsap, Ba b;(t), i = 1,2,---,n Gepwiran y3inykcus QyHKIusmapup.

KY-BUTnap (4.10) uu eummpa YHY kymmam yuys (4.10) macanmanu
OIepaTop TEHITIaMAaCu KypUHUIIA E3aMU3.
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Qu(®) =0, t=(t;,tz,,ty), (4.11)
OyHz1a

Q) = u(®) = F(®) = [, [V K (606 X)) dxydity_ -+ dx; (4.12)

Cynrpa TakpuOuii €4MMHUHT KeTMa-KeTIUTUHU U, (t), (r = 2,3,+-+) HU KyhHuaaru
TEHIJIaMaJlaH OJIaMU3.

Q' (uo () Au, (V) + Q(ur—1 (1) = 0, (4.13)
(4.12) nan

b b by,
Buty(8) — 2O 1220 12O [ (6,55 ug) A, (0]t - dty = By (8) (4.14)

oy epmat = (t1,t,, -+, tn), X = (X1,X2,"**,X,) Ba
Au,(t) = u, (t) —u,—1(t), r=23,, ¥Yo(t,x;uy) = K(t, x)G' (uy(x))
cDr—l(t) = f(t) - um—l(x)
b b b
+ fall(t) fa;(t) fan ® [K(t,x)G(uy_1 (X)) ]|dxndxy_q -+ dxy

(4.13) vHu Au,(t) ra HucbOaran eumd, U, (t) TakpuOWil anmmpokcUMalMa KeTMma-
KETJIUTUHU oJlaMu3. YOy MOXKapaHT (PyHKIHSIaH

Z(t) =n(t—to)? — (L +nB)(t —to) + 5,
OyHza n Ba g MaHduii OyIMarad XxaKukuii consnap, goigananubd, Kyiuaaru reopema
UCOOTIaHIH.
Teopema 4.4. Dapaz xunaiiiux (4.11) opkaru aumuxnanean onepamop

menenama Q(u(t)) =0 ywoy 0, = {u € O [aypy: Il U —Up IS R} coxaoa
anukaianean Oyaub, 0y = {u €0 [ap Tu—U =T = R} 0a UKKUHYU
mapmuobau Y3nyKcus xocuiaea 32a oyicun. Aeap Kyuuoaeu wapmuap oasxcapuica:
1. Yusuxnu KY-BUTnap (4.14) 6ow sopoea I' (t, x) sea 6y1u6,
| I' I< RyRseRsks [Tiz1 (bi—a) KaHoamianmupca

( 12
2. 18t < 7 107 <,

V xyonoa, (4.9) énux cpepa 0, oa sieona u*(t) euumea sea 6ynaou ea
annpokcumayus kemma-kemaueu U, (t),r =0

Au,(t;) — ffil(tj) fb"(tj Wo (t, X; ug ) Au, (X)doxpdx,_q -+ dxy = D4 (t),

an
oynoa j=1,2,---,m; 6a u.(t) =u_1(t) +4Au,(t), anux u*(t) euumea
AKUHAQUIAO0U 84 AKUHAAWUWL 0apadicacu Kyuuoazuua o0ynaou.

I ||<( - )(1) — 12
B C TPy B v A
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XVYJIOCA

Yy auccepranus y3rapyB4yu Ba y3rapMac opajvKjiap/ia Ba3HJIN CUHTYJap
Ba FUIIEPCUHTYJIap UHETPAUIApHU TaKpuOui Xucoobmamn yuyH 3¢ PeKkTuB KyaapaTyp
dbopmyiia Kypuill Ba yHU Typiid cuHdiapaa 6axoJaii, 1y Owiad Oupra CHHTYJISIp Ba
TUNIEPCUHTYJISIp MHTErpajl TEHIJapJiapHU TaKpUOWM €uuill Y4yH camapajiu COHJIU
YCYJUIApUHU HWIIJIA0 YHMKWIL, YU3UKIM OYiaMaraH HUHTErpo-auddepeHman
TEHIVIAMAJIADHU TaKpUOHWI €4YuIl Y4YyH SpUM aHAJUTUK METOMJIADHUHT SIHTU
WIUIAaHMACUHU UIUIa0 YUKUIN, YU3UKIM OYyJIMaraH WHTErpajg TeHIrjiamanap
CHUCTEMAacH XaMmjia IOKOpU YIYOBIM HMHTErpall TEHrIaMaMJIApHU TaKpHOWN €duIl
yauyH HbpIOTOH MeTOAMHHHT MaaudUKAIUSCHHU WIUIA0 YUKUII Ba YHU amaiia
KYJuIamiad noopar.

OJMHraH acocuil HaTHKAJIap KyiuJaarujaad uoopar:

1. VarapyBuan Ba Ky3ranmMac OpalMKIapia BasHIM CHHTYISp Ba THIeEp-
CUHTYJISIp MHTETpajylap Y4yH aBTOMATHK KBaJpaTyp CXeMacu KypwWJIIu Ba
Ky3faJiMac  OpajuKJa  Ba3HJIM  CHUHLYJISp  HMHTErpajyiap  y4yH
MOAU(pUKANMSIIAHTAH JUCKPET YHUPMAIH YCYJIH UILIa0 YUKHUIIIH;

2. Bazumu Tunsbepr, [€npmep Ba cwumk ¢yHkuusanap (azonapuga
yerapajlaHraH Ba 4YerapajaHMaraH €4uM XoJaTjiapy Y4yH KBaJaparyp
dbopmyaNapuHUHT SIKUHJIAIIYBU HCOOTIaHau Ba Oapua (4 xonar) y4yH
MIAYMuunr skuananryBuninra ['€npaep cunduga TaMuHIaHIN,

3. bupuHYM TypAaru CHUHTYJSIp Ba TUIEP-CUHTYJISIP UHTErpal TEHIJIamanap
y4yH dekiau YeOuieB Kymxaiapu KATOPUHUHT aHUK €4UMTa SIKUHJIAIlyBU
(4 Ta xonaT yuyH) kypcatuwiau Ba 2- typaaru CUTnap yuyH uerapana 4yekiau
OynraH edyumIiap TaxXJuia KWJIWH]IN,

4. Yeknu eyuM XOJaTUIa, TUIEP-CUHIYJSP HWHTErpan TEHIJamajaap Yy4yH
CUMMHUHT MaBXYyIJIUTH, ITOHAJIUTH Ba Ba3Hiau ['€npaep cundpuaa Takpuobuit
CUMMHUHT MEbEPUN STKUHIIALTYBU UCOOTIAHAMN;

5. Tomotonusuu Taxjawn Kuauml ycyiau (I'TY)uunr saaru ummanmacu (SAU-
'AY) nmnad 4uKwiIM Ba YHM YM3HKIM OyaMmaraH OONUTaHFAY IIApTIU
N 1Tnapuu Ba xacp TaptuOnu yerapaBuii Macananu U/ Tnapuu eunm yayH
KYJUTAaHWIJIY;

6. Ymsuxmm 6ynmaran M/ Tnapuu Ba kacp taptubnan WA Tnapan eunMuHuHT
MaB)KYJIJIUTH Ba siHOHanuru ucootinanau xamaa AN-I'AYning skunnammmm
TaMUHJIaHY;

7. 2X2 HOUM3UKJIM WHTErpaj TEHIJIaMajap CUCTEMAcH y4yH Y3JalllTUPHITaH
Heroton-Kantoposuu ycynu (HKY) unuia® uumkwnnum Ba SIHTM Ma)KOpaHT
byHKIUAIAp TONWIAM XamJa EYUMHHUHT MaBXYJINTH, SITOHAJIWTH Ba
HKYHUHT IKMHIAIIXIIN UCOOTIaHIH;

8. §’3J1au1THpHJ1raH HproToH ycynu Epmamuaa HOUMBHMKIM Kyl YIYOBIH
uHTerpo-auddepeHiman TeHraaMagap euyuial Xamaa BasHiu [uiasdept
daszocuna, EYUMHUHT MaBXYJIMTH Ba SITOHAJIUTH XaMJla TakiIud STHITaH
METOJIHHUHT SKUHJIAMIUIIN UCOOTIaHIH.
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INTRODUCTION (annotation of doctoral dissertation)

Relevance and demand of the theme of the dissertation. On the worldwide,
the research devoted to the construction of effective quadrature formulas and the
development of semi-analytical methods for the numerical solution of singular
integrals and integral equations of various orders are relevant and important as well
as are widely used in solving problems in areas of aerodynamics, hydrodynamics,
electron optics, wave propagation, and fluid mechanics. Mathematical models of a
series of processes in these areas are described by certain non-classical singular
integrals and hypersingular integrals, and it is difficult to find their analytical
solution. Constructing effective and highly accurate quadrature formulas for the
numerical evaluation of singular and hypersingular integrals in bounded or
unbounded regions and the development of methods for the approximate solution of
singular integral equations of various oder is one of the main problems of
computational mathematics.

Currently in the world, many scientific research works are being conducted in
the area of acoustics, fluid mechanics, elasticity, aerodynamics, hydrodynamics and
fracture mechanics to introduce of modern technologies and increase the pace of
scientific and technical opportunities. In this regard, the construction of effective
quadrature formulas for the approximate evaluation of singular and hypersingular
integrals and estimation of its error terms in the space of smooth functions and
weighted Hilbert spaces play an important role. Moreover, many problems in
mathematical physics such as the theory of elasticity, fluid dynamics, physics of
solids, mathematical biology, quantum mechanics, mathematical economics and
mechanics of continuous media are reduced to the integro-differential equations of
the first or the second kind. Therefore, the development of new algorithms for
solving nonlinear and fractional integro-differential equations, establishing the
existence and uniqueness of the solution, as well as creating stable computational
algorithms and providing the convergence are considered the targeted scientific
research.

In our country, great attention is paid to fundamental, applied and innovative
sciences, in particular to areas with practical applications, such as computing and
discrete mathematics. Research in such priority areas are designated as the main
tasks and areas of scientific research at the level of international standards in the
priority areas of the theory of differential and integral equations, functional analysis,
algebra, mathematical physics, applied mathematics, mathematical modeling,
computational and discrete mathematics is one of the main tasks of the Institute of
Mathematics named after V. I. Romanovsky of the Academy of Sciences of the
Republic of Uzbekistan. It is important to develop algorithms for solving systems of
nonlinear integral equations and multidimensional integral equations, and to prove
the uniqueness of the solution, as well as to create stable calculation algorithms in
order to ensure the implementation of the decision.

In this dissertation, many results were obtained on the construction of effective
quadrature formulas and their error estimations for the approximate evaluation of
weighted singular (hypersingular) integrals and integral equations, as well as the
development of approximate analytical methods for the solution of nonlinear
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integro-differential equations, system of integral equations, and multi-dimensional
integral equations which are of practical importance. This corresponds to the
development of current trends in our country, which have scientific and practical
applications of fundamental sciences such as engineering, fluid dynamics, solid-state
physics, plasma physics, mathematical biology, aerodynamics, quantum mechanics,
mathematical economics, and elasticity theory.

This dissertation work, to a certain degree, serves the implementation of the
tasks specified in the Decree of the President of the Republic of Uzbekistan dated
February 7, 2017, PQ-4947 "On the strategy of action for further development of the
Republic of Uzbekistan", PQ-2789 dated February 17, 2017 "On measures to further
improve the activities, organization, management, and financing of research
activities of the Academy of Sciences", PQ-2909, dated April 20, 2017 "On
measures for further development of the higher education system ", [1K-3682, dated
April 27, 2018 "On measures to further improve the system of practical
implementation of innovative ideas, technologies and projects", PQ-4387 dated July
09, 2019. "On measures of state support for the further development of mathematical
education and science, as well as the radical improvement of the activities of the
Institute of Mathematics named after V.I. Romanovsky of the Academy of Sciences
of the Republic of Uzbekistan", PQ-4708 dated May 7, 2020 "On measures to
improve the quality of education and research in the field of mathematics" as well
as in the implementation of the tasks set out in other normative and legal documents
related to this activity.

Connection of the research to priority areas of development of science and
technology of the republic: This study was carried out in accordance with the
priority direction of the development of science and technology in the Republic of
Uzbekistan IV-"Mathematics, Mechanics, and Informatics".

Review of international scientific research on the topic of dissertation’:

Scientific research on obtaining interpolation quadrature and cubature formulas
and its error estimations in different classes for weighted singular (hypersingular)
integrals and developing approximate method for singular (hyper-singular) integral
equations as well as integro-differential equations are carried out in large scientific
centers and higher educational institutions of the world, in particular: at the Institute
of Mathematics named after S.L. Sobolev of Russian Academic of Science (RAS),
Russia. Institute of Computational Mathematics named after V.L. G.I.Marchuk of
RAS (Russia), Department of higher and applied mathematics, Penza State
University (Russia), Institute of Serbian Academy of Sciences and Arts (Serbia),
Institute of Mathematics named after V.I.LRomanovsky of Academy of Science of
Uzbekistan, Faculty of applied mathematics and intellectual technology, National
University of Uzbekistan named after Mirzo Ulugbek (Uzbekistan), Mathematical
school of mathematics, Korea Institute for Advanced Study (South Korea), Brain
Science Institute, Korean Institute of Science and Technology (South Korea),

1 Review of foreign research on the topic of the dissertation: Journal of Approximation Theory, Applied Mathematics
and Computation, Applied Mathematics Letters, Applied Numerical Mathematics, Journal of Computational and
Applied Mathematics, Numerical Algorithms, Journal of Integral Equations and Applications, SIAM Journal on
Numerical Analysis (SINUM), BIT Numerical Mathematics, Siberian Journal of Computational Mathematics.
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Institute of mathematics, University of Meryland (Washington, USA), Department
of Mathematics, Harvard University (Cambridge, USA), Department of
Mathematics, Fukui University (Japan), Mathematics and informatics center,
University of Tokyo (Japan), School of mathematics, Iran University of Science and
Technology (Iran), Institute for Research in Fundamental Sciences (Iran),
Department of Mathematical Sciences Universiti Teknologi Malaysia (Malaysia),
Institute for mathematical research, Universiti Putra Malaysia (Malaysia), Institute
of mathematical sciences, University of Malaya (Malaysia), Department of
Mathematics, Indian Institute of Science (India), Department of Math, Aligarh
Muslim University and so on.

A number of non-traditional scientific results have been obtained on the
development of effective quadrature methods for approximating Cauchy-type
singular integrals (singular integral equations) and Hadamard-type singular integrals
(hypersingular integral equations) and their error estimation. In particular, developed
a discrete vortex method and obtained the solution of singular integral equations
from one dimentional to high-dimensional (Moskow State University, Russia):
constructed a fast algorithm (quadrature formula) for solving the generalized airfoil
equation and determined the optimal order of approximation (Technical University
of Chemnitz, Germany); for the classes of integral equations (Fredholm singular
integral equations of the second kind, characteristic and the second kind of hyper-
singular integral equations) obtained the approximate solution based on Bernstein
polynomials (Indian Statistical Institute, India); spline-collocation method were
proposed and substantiated for solving one-dimensional hyper-singular integral
equations and first-kind multidimensional hyper-singular integral equations (Penza
State University, Russia); proposed and applied a modified homotopy perturbation
method to solve hyper-singular integral equations of the first kind and compared
with the standard homotopy perturbation method and finally the modified homotopy
perturbation method was applied to the vibration and active control problem (Islamic
Azad University, Iran); developed a discrete projection method and its error
estimations for many types of (regular, singular, and hypersingular) equations
(Circle University, USA); proposed an optimal quadrature formula for Cauchy-type
singular integrals and estimated its error terms in Sobolev space and proved the
convergence of the proposed method (Institute of Mathematics of Academy of
Science of Uzbekistan); developed hybrid homotopy perturbation method to find
approximate solution of the first and second kind singular (hypersingular) integral
equations and proved convergence of the method (National university of Uzbekistan,
Uzbekistan).

At the global level, scientific research works are being carried out in a number
of priority directions of computational mathematics for instance on the construction
of effective quadrature formulas for the approximate evaluation of singular and
hypersingular integrals and its error of estimation in the space of smooth functions
and weighted Hilbert spaces, including to find effective methods of approximate
solution for singular and hypersingular integral equations, integro-differential
equations, fractional integro-differential equations, system of nonlinear integral
equations and multidimensional integral equations. In addition, to provide
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convergence of the method in various functional spaces, to establish the existence
and uniqueness of the solution, as well as to develop new stable computational
algorithms to ensure the convergence.

The degree of scrutiny of the problem. One of the most valuable
mathematical tools is the subject of singular integral operators of order one and two
in both pure and applied mathematics. Special attention has been paid to the
numerical evaluation of Cauchy principal value integrals in the middle of the 20-th
century (1950 year) and Hadamard type singular integral (1970 year). There are a
lot of significant results have been achieved in the literature on approximating
singular (hypersingular) integrals. In particular, Gaussian quadrature formula,
interpolation type of quadrature formula, optimal quadrature formula, spline
approximation, and modified Simpson's rules for approximation and evaluation of
weighted Cauchy-type singular integrals and hyper-singular integrals are well
described in the scientific articles: .M. Longman, C.E. Stewart, R. Piessens,
D.B.Hunter, D.F.Paget, D.Elliott, D.G.Sanikidze, M.M. Chavla, S. Kumar, T. R.
Ramakrishnan, N. 1. loakimidis, G. Monegato, P.S. Tseokaris, S.L. Sobolev, 1.V.
Boykov, A.l. Boykova, A.N. Tunda, C. Dagnino, P. Lamberti, E. Santi, S. Amari,
K. Dietselm, T. Hasegawa, T.Torii, M.l. Israeclov, H.M. Shadimetov, A.R.
Khayotov, Z.K. Eshkuvatov, S.A.Bakhromov, D.M.Akhmedov, H.R.Kutt,
G.Monegato, E.Lutz, P.A.Martin, F.J.Rizzo, I.K.Lifanov, A.S.Nenashev, L.N.
Poltavskii, F.Kim, C.Y.Hui, D.Shia, Samko, Y.Sh.Chan, B.F.Feng, Z.Zhang,
Y.Sh.Chan, G.H.Paulino, A.Sidi and others. In the Mason and Handscomb
monograph, detailed properties of all types of Chebyshev polynomials and their
residual terms are given.

Singular and hypersingular integral equations are found in a wide range of
nonlinear mathematical models, particularly mixed boundary value problems in
mathematical physics, isotropic elastic, fluid mechanics, elasticity, and fracture
mechanics. A number of quadrature methods have been developed to calculate
kernel integrals. In the last few decades, a wide range of numerical solutions for
singular and gipersingular integral equations have been developed in the literature.
In particular, several monographs: N.I.Musxelishvili, F.D.Gakhov, F.Erdogen et
al., S.M. Belotserkovskiy va I.K. Lifanov, M.A.Golberg, B.N.Mandal va
A.Chakrabarti, many articles in this field have also been published, including
B.N.Mandal, S.Bhattacharya, G.H.Bera, A.Chakrabarti, P.A .Martin, F.J.Rizzo,
G.Monegato, S.Mondal, B.N.Mandal, R.Novin, I[.K.Lifanov, I.E.Polonskii,
L.N.Poltavskii, = G.M.Vainikko, = A.S.Nenashev, @ M.H.Saleh, S.M.Amer,
R.P.Srivastav, Z.Fenggang, Boykov I.V., A.l.LBoykova, V.A. Roudnev,
Z K Eshkuvatov, E.S.Ventsel, H.Chay, Zh.Zhang, S.Banerjea, Zh.Chen, Y.F.Zhou,
H.Feng, X.Zhang, and others are among them.

It is known that non-linear phenomena occur in many scientific fields of
science. In particular, many problems in physics, engineering, and science are
modeled by nonlinear integro-differential equations, and the analytical solution of
nonlinear IDTs is rarely found. The resulting nonlinear integro-differential equations
can be solved by many numerical methods, and many scientific papers have been
published and are being developed in this direction. Leading scientists in this field:
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A.Wazwaz, S. Abbasbandi, K. Maleknejad, I.Podlubniy, S.J.Liao, J.H. He,
E.Babolian, A.S.Batayneh, M.S.M.Noorani, Z.Ayati, J. Biazar, K. Al-Khaled, A.
Avudainayagam, M. Dehgan, F.Shakeri, S.M.El-Saed, M.R.Abdel-Aziz,
A.Golbabay, M.Javidi, J.Saberi-Nadjaf, Z. B.Jafari, Sh.N.Husen, M.AEIl-Tawil, S.
Kumar and others.

Connection of the topic of the dissertation to the research work of the
higher education institution where the dissertation is performed. The research
of the dissertation was carried out within the research project of the research plan of
the National University of Uzbekistan, OT-F4-28 scientific research project on the
topic "Construction of adequate computational models for hyperbolic systems".

The objective of the thesis. The purpose of the research is to construct
effective quadrature formulas for the evaluation of weighted singular and hyper-
singular integrals and their error estimations, as well as to find approximate solutions
of singular and hyper-singular integral equations, and to create a new development
of the homotopy analysis method for nonlinear integro-differential equations, and
develop the Newton-Kantorovich method for the approximate solution of the system
of nonlinear I1Es and multidimensional IEs.

Tasks of research. To achieve these goals the following tasks are formulated:

to construct automatic quadrature scheme for the approximating weighted
singular and hypersingular integrals on the variable and fixed intervals as well as
estimate the residual terms of automatic quadrature scheme in different classes of
functions;

to develop discrete vortex method for approximate evaluation of weighted
Cauchy type singular integrals and estimates the error terms in in different classes
of functions;

to develop Chebyshev polynomial approximations for solving singular and
hyper-singular integral equations of the first and second kind as well as develop
Gauss-Legendre QFs for the kernel integration and estimate its residual terms;

to establish new development of homotopy analysis method (named ND-HAM)
and implement it to the non-linear integro-differential equations with initial value
problems and for non-linear fractional integro-differential equations with mixed
boundary conditions and provide the convergence of ND-HAM as well as proof
unique solution of the problems;

to develop Newton-Kantorivich method and implement it to solve the 2x2
system of non-linear integral equations and multi-dimensional integral equations and
obtain its residual in the Hilbert space as well as establish existence and uniqueness
solutions.

The research object. Singular and hypersingular integrals and integral
equations, nonlinear integro-differential equations and fractional order integro-
differential equations, system of nonlinear integral equations and multi-dimensional
integral equations.

Research subject consists of operators, quadrature formulas, interpolation
polynomials, and functional spaces.

Research methods. In the dissertation, operator theory, homotopy theory, the
theory of quadrature formulas and interpolation polynomials, function space theory
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and functions with discrete arguments, the theory of fractional derivatives were used.

The scientific novelty of the research are as follows:

constructed automatic quadrature scheme for the weighted singular and
hypersingular integrals on the variable and fixed intervals and developed discrete
vortex method for the weighted singular integrals on the fixed interval,

proved convergence of automatic quadrature scheme in the cases of bounded
and unbounded solutions in the weighted Hilbert spaces and provided convergence
of modified discrete vortex method in Holder and differentiable class spaces for all
the cases;

constructed the truncated series of Chebyshev polynomial approximations to
the exact solution for singular and hypersingular integral equations of the first kind
and for second kind singular integral equations the bounded solution is investigated;

proved the existence and solvability of the hypersingular integral equations in
the case of bounded solution and obtained norm convergence of the approximate
solution in the differentiable Holder class;

developed a new homotopy analysis method and applied it to solve nonlinear
integro-differential equations with initial value problems and fractional-order of
integro-differential equations with boundary-value problems;

proved the convergence of new homotopy analysis method to the exact solution
and established existence and uniqueness solutions of the nonlinear integro-
differential equations and fractional integro-differential equations.

developed Newton-Kantorovich method for 2x2 nonlinear system of integral
equations and proved the existence and uniqueness of the solutions and obtained the
convergence of the proposed method in the weighed Hilbert space.

developed Newton method for nonlinear multi-dimensional integral equations
and proved the existence and uniqueness of the solutions and obtained the
convergence of the proposed method in the weighed Hilbert space.

Practical results of the research are:

Constructed AQS for weighted singular integrals and hyper-singular integrals
can be used for high-accuracy calculation of stress intensity factor in cracks as wel
as established convergence of a truncated Chebyshev series for the approximate
solution of singular and hyper-singular integral equations can play a useful role in
solving many modeling problems.

New developed of HAM for approximating nonlinear integro-differential
equations and fractional-order of integro-differential equations can be implemented
for many other nonlinear problems which has practical importance and developed
NKM for system of IEs and multi-dimensional IEs can be applied in many problems
of practical importance and in the theory of root findings.

The reliability of the research results is substantiated using methods of
computational mathematics, mathematical analysis, functional analysis, theory of
functions of a discrete argument, as well as the rigor of mathematical computations.
All conclusions and experiments are certified by computer programming.

The scientific and practical significance of the research results. The
scientific significance of the obtained results consists in the fact that an algorithm
for constructing effective quadrature formula to evaluate SIs and HSIs as well as
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SIEs and HSIEs approximately which is important in practical application.

The practical significance of the thesis is determined by the wide range of
applicability of effective quadrature formulas (AQS), the HAM and NKM.

Implementation of the research results. The results obtained in the
dissertation were used in the reference papers and research projects viz:

Results obtained on "Hyper-singular integral equations formulated for the
problem of curved cracks" were used in international scientific articles (Journal of
Eng. Math., Vol. 126(1), 4, 24 pages, 2021; Gongcheng Lixue/Engin. Mech., 37(6),
pp- 34- 41, 2020; Journal of Computational and Applied Mathematics, 343, pp. 520-
538, 2018) for the water wave propagation, obtaining expressions of normal
velocities at arbitrary point of plates, and finding the stress intensity factor on the
curved cracks. In addition, it helped to estimate the boundary of the cracks.

The results obtained by Chebyshev approximation method for the approximate
solution of the singular integral equations of the first kind were used in international
scientific articles (Superconductor Science and Technology, 34(6), paper ID:
065006, 2021; Studies in Systems, Decision and Control, Vol. 340, pp. 63-101,
2021; Journal of Mathematical Analysis and Application, 482(1), ID: 123530,
2020), for the modelling of high-temperature superconducting dynamos as well as
for linearization method in integration over time in space, and in obtaining an exact
solution of the integral equations, at the end the proposed numerical method were
applied for finding transport flow and critical flow density problems.

The results obtained by Galerkin-Chebyshev method for the approximate
solution of hyper-singular integral equations of the first kind were used in
international scientific articles (Bulletin of the Iranian Mathematical Society, 46(3),
pp. 799-814, 2020; Journal of Low-Frequency Noise Vibration and Active Control,
38(2), pp. 706 -727, 2019; Journal of Computational and Applied Mathematics, Vol.
343, pp. 619-634, 2018) to solve hypersingular integral equations of the first kind
with high accuracy and problems related to water wave propagation. In addition it
helped to get estimation of error of the proposed method

Approbation of the research results. The main results of the research have
been presented at more than 30 international scientific conferences and 3 local
scientific conference

Publications of the research results. On the topic of the dissertation 57
research papers have been published in the scientific journals. All of them are
included in the list of journals proposed by the Higher Attestation Commission of
the Republic of Uzbekistan for defending the DSc thesis, among them 37 have
published in oversees journals.

Structure and volume of the dissertation. The dissertation consists of an
introduction, four chapters, a conclusion, a list of used literature, and appendices.
The main volume of the dissertation is 197 pages

MAIN RESULTS OF THE DISSERTATION

In the introductory part of the dissertation, the relevance and necessity were
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based, as well as the relevance of the research to the priorities and directions of the
science and technology of the republic were also shown. Moreover, the review of
the results of foreign research, the level of study, goals, and objectives of the work,
the object and subject of research, scientific novelty and applied results of the
research, and the theoretical and practical significance of the obtained results, the
introduction of research results, published works and dissertation structure were
given.
Chapter 1 (Main Results): Automatic Quadrature Scheme and Error Estimations
For Weighted Higher Order Singular Integrals
In this chapter, a method (Automatic quadrature scheme) was proposed for
the approximate solution of weighted singular integrals of Cauchy and
Hadamard type, and the evaluation of its residual terms in different classes
were shown. Chapter 1 of the dissertation consists of three major parts.

e Part1(1.3.1-1.3.6) is devoted to the approximation of Cauchy-type weighted
singular integrals (SI) using an automatic quadrature scheme (AQS) and their
error estimation.

e Part 2 (1.4.1-1.4.5) mainly concerns the calculation of Hadamard-type
weighted hyper-singular integrals (HSIs) using AQS and the estimation of
error terms.

e Part 3 (1.5.1-1.5.4) focuses on the approximation of Cauchy-type weighted
singular integrals and their error estimation using the modified discrete vortex
method (MMDYV).

Let us consider general weighted SIs and HSIs of the form (1.1-1.2 section)

HQ) (z___h(®)
HP(hy,z,¢) = "2 [ —s—dt, r={01234}, p={12} (L)

where ¢ € (—1,1) is a singular point and h(t) is a given smooth enough function on
the interval [—1,1] and y, z are the parameters with —1 < y < z < 1 and w,.(t) are
the weights defined by

1—-t%, r=1,

At 1, =2,
wo® =1, w =% LO=47_, "7, (1.2)

1+t r =4,
when p = 1, the function Hfl) (h,y,z,c) is called SIs in the sense of Cauchy, and

p = 2, the function HZ(Z) (h,y,z,c) is named hypersingular integrals (or Hadamard
type singular integrals). If p > 2 then it is called super-singular integrals which are
aimed to be considered as future problems.

The main aim of paragraph 1.3-1.4 in Chapter 1, is to construct automatic
quadrature scheme (AQS) for each value of p = {1,2} and r = {0,1,2,3,4}, on the
variable [y, z] and fixed intervals [—1,1].

Paragraph 1.5 devotes the development of the discrete vortex method for
weighted Sls on the fixed interval.

In paragraph 1.3.1, AQS is constructed for Cauchy type weighted singular
integrals on the variable interval [y, z]. Let us consider Cauchy type weighted SIs of
the form
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. h
Cr(hy,7,0) =222 [T —dt, 7 ={0,1,234} (1.3)

where all the parameters and functions are defined as in Eq. (1.1). Particularly,
Case 0: The AQS for SIs (1.5) at r = 0 has the form

Qno(f3,2,0) = 2|3 Zhoo BiolTi(@) = Te@] + h(@In =, (1.4)
where coefficients By o are defined by

BOO_% Bko—bk%kbk-‘-loy k:{ly "'!N}I bN,0=bN+1,0:09 (15)

and for finding by, o, we arrived at three diagonal systems of an algebraic equation
bk—l,O - 2Cbk’0 + bk+1,0 == zak’o, k == 1,2, ...,N, (1 6)
bno = bn+1,0 = 0. '

Once solve Eq. (1.6) and found by o then we can compute the coefficients B o(c)

through the Eq. (1.5), and approximate solutions of (1.3) is computed by (1.4).
Case 1: Constructed AQS for SIs (1.5) at r = 1 is of the form

V1—c? ||b b 2
Qna1(hy,z,¢) = : ;’1 arcsint|% — %\/ 1- tZUk_l(t)|y
k=1
e ;. |tvi—cz-cvi—z|”
\/1 czl Vi-c2+V1-t2 y}' (1.7)

Case 2: For r = 2, AQS were obtained as follows

N-1

1 b by b z

Qn2(hy,z,c) = [ ;‘2 arcsint|} + Z [ fel2 k+1'2]\/1 — tZUk(t)|y
k=1

7'[\/1—(:2 k+1 k+1

- — z
+h(c) [[\/1 —t?2—c- arcsint]i + V1 —c?ln % ]} (1.8)
y

Case 3: For r = 3, we have obtained AQS in the following form

1 1-c¢
Qnz(hcy z) = /1 s {b03arcsmt|y Z k_-l-l(bk3 + byy13) V11— tZUk(t)|

+ h(c) [arcsmtly /ﬂl e ot ]} (1.9)
y

Vi—ci-t2
Case 4: r = 4, AQS is constructed by the following form

1 [1+¢c
Qna(h,c,y,2z) = el {bMarcsmtly Z K+ 1 (bk4 byi4 4)\/ 1- tZUk(t)|

+ h(c) [—arcsmtly /1 “In % ]} (1.10)

where unknown coefficients by . = by (c) are defined by
bx—1,r(c) — 2¢by () + byy1,(c) = 2a4,, k =12,...,N,
byy(c) = byt1,(c) =0, r={1234},

where ay, . are defined by using the interpolation conditions.
In the subsection 1.3.2, we consider the Cauchy type integral of the form

_wr(© (1 __h(@® _
Crlho) ===, s oast T €101234} c€ (=11 (1.12)

where w,.(t) are defined by (1.2). We have constructed AQS in two cases:

(1.11)

43



Case 0 (r = 0): We have obtained AQS in the form

N+1

QN,O(hrC)_ boo(C) ZL 1] bzko(c)(zk)z

From (1.13), it follows that on [—1,1] the process of calculation of AQS is reduced
by half of the summation and it helps us to economize the computational time.
Case 1-4: In this cases, we have obtained the AQS in the form of

_we(0) (1 h(E) w0 (1 Sny(®)
Crhc) = =2 I wr(txt—c)dt'v ™ /5 wr(t)(t—c)dt

1-c
+ h(c)ln T

. (1.13)

(V1—c2¥hoq ag1Up-1(c), T =1,

1 N _
mzk=0 ak,ZTk+1(C): r=2, (1.14)

1-c
EZI;LO axgsW(c), r=3,

Vo aaVi(e), T =4

u
= QN,T (h» C)-

In the section 1.3.3, there are many examples to show the validity and
efficiency of the proposed method.
In section 1.3.4, we present two types of error terms of AQS for the cases
r = {0,1}. To show the error term of truncated Chebyshev series approximation,
let us introduce the following classess of functions
e H%([a,b],K) is a class function, that satisfies the Holder condition on the
interval [a, b] with the index a and constant K.
o C"1=1,1]1 = {h(t):A"*1(t) € C([—1,1])}, where C[—1,1] is a class of
continuous function
o C™%a,b] ={ft): f™ € H*([a, b], A)}.

* Lyw= {f(t) fy p(MIf(@®)|Pdt < oo}

e Let truncated Chebyshev polynomials of the 1-kind be given by
Sno() = Sya(t) = XR=o akoTi (D), (1.15)
where coefficients ay, o are found by interpolation conditions
Theoretical results of the Section 1.1-1.2 are summurised in the following theorems.
Theorem 1.1. Let h € L, ,, [—1,1] and Sy (t) be interpolating polynomials (1.9)
at the zeros of wyq1(t) = 2(t* — DUy_4(t) which are t; = cos ( ) j=

0,1, N. Then the constructed quadrature rule Qy o(h,y,z,c) defined by (1.13)
converges to original singular integral Cy(h,y, z, c) defined by (1.14) in the sense
of Lqw, norm

| R0 (h, C)”q = ||Co(h,y,2,¢) = Quo(h, Y, 2, C)”q N—>_>90.
where 1 < q <p%andp >py > 1.
Theorem 1.2. Let h € C[—1,1] and Sy 1(t) be an interpolating polynomial at the
zeros of wyy1(t) = (1 — t*)Up_1(t). Then the quadrature rule Qy1(h,y,z,c)
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defined by (1.16) converges to Cy(h,y,zc) in the sense of Lq ,, norm
1Ry, (R, C)”q =|Ici(hy,z,0) = Q1 (hy, 2, c)||q 2.0,
where 1 < q <p£andp >np, > 1.
0

Theorem 1.3. Let f(t) € CN*Y%[—-1,1] and t,,k =0,...,N be the roots of
Wy +1(t). Then the error bound for an AQS (1.16) is of the form

Ry1(f.0) < 84, [ 4 3.529 ]ln(N +1)

NIV ES = oN-1)) aln(N+ DI N+1

Thus, we have constructed AQS for Cauchy type weighted SIs (1.5) on the variable
interval [y, z] and on the fixed interval [—1,1] as well as proved convergence of the
proposed method in different classes of functions.

In section 1.4.1-1.4.2, constructed the AQS for weighted hypersingular
integrals (HSIs) of the form

. h(t
HT(Z)(h' Y,2,¢) = W:EC) f; Wr(t)((t)—C)z dt, r=1{01234}, (1.16)

on the variable intervals [y, z] in the following form
Case 0, r = 0. In this case, we have constructed AQS in the following form

1 d ’ -C
Hy(h,y,z,¢c) = ~ [ZI,X:O EBR,O(C)Tk (®15 + h'(c)In % ]
h(c) z—y

-5 + Ry o(c) + Ry(h, ©),
where By, o(c) are defined by (1.5).
Cases 1-4: Let r = {1,2,3,4}. Differentiating Egs. (1.9)-(1.12) with respect to c, and
taking into account that the coefficients by ; (¢) is a function of ¢, we arrived at
Forr =1,

(1.17)

Hy,(hy,z,c) = \/?dic{[bmz(c) arcsint|
-5t T o+ R )
Forr = 2,
Hy,(hy,z,c) = %\/—7%2_1
eyt + 3 P2 -] v

+h(c) [[\/1 —t2—c- arcsint]z + V1 —c2ln 1-cPocVit? Z]}

y Vi—cZ+V1-t2 1)
In the case r = {3,4}, Egs. (1.9) and (1.10) are differentiated respectively to
construct AQS, where the coefficients by .(c) are defined by (1.11).

In section 1.4.3, AQS were constructed for HSIs by differentiating (1.13) -
(1.14) on the fixed interval [—1, 1].

Notes: Derivation of AQS for HSIs is very simple but in terms of changing
values of the solution at the boundary of [—1,1] is quite different than the singular
integrals.

In section 1.4.4, once provided many examples for AQS then in section 1.4.5
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the error estimation of AQS for the approximate solution of HSIs in the bounded and
unbounded cases are presented. Let ey .(t) = h(t) — Sy (t), r = {1,2,3,4}, with
maximum norm and

Ey,(h) = H.(h,x) — Hy,(h,x), r=1{12,3,4}
Main results are given in the following theorems and lemmas
Theorem 1.4. Let h(t) € CN*1%[—1,1] for 0 < a < 1 and the truncated series of
Chebyshev polynomials Sy (t), v = {1,2} be defined by (1.3). Then the AQS
defined by (1.17) has an error bound given by

(2:12MIn(N) 3.12
N—2 1t ) r=1,
N c™ 3.38M [ N O.63L N 4.19 _,
2N-2(N — 2)] N WTNyal 7T
121  3.35
where L1y =1+ — toa and M = max{M,, M,} where M;, M, are constants

In section 1.5.1-1. 5 2, developed discrete vortex method (MDV) for weighted
Cauchy type Sls on fixed interval.

_wi(x) 1 fadt
L(f,20) == f-lwlct)(t—x)’

L(f,x) = L(f,x) +Q:i(f,x), i={234}

where

A0 = w0 [, 18% i = 2,3y,

1 g(xt)dt

Qu(f,2) = —2wa(0) 1, L2255, g t) = (x + OF (©),
and wy (x) = VI — x2, w, (%) =\/%, w3 (x) =\/%, wy(x) = =

In this section, we have constructed two groups of new QFs by combining the
modified discrete vortex method and linear spline interpolation. First group of QFs
are for Q;(f, x), and the second group QFs are for I;(f,x). Lett, = =1+ kh, h=
2/(N+1)and E = {t;,k = 1,..., N} be a canonic partition of the interval [—1,1].
Then new QFs for I; (f,x) atx = t; + ¢,j = 1,..., N — 1 are construted to be
L(f,%) = Iy, (f, %) = (T4 + Zh- ,+3)A<”<x><p<tk) + 30 AP Of (x,)
+A () f (~1)+AT], (O F (D), (1.17)
where (t) = f(£) =2 [(1 = )f(=1) + (1 + £)f(1)] and the coefficients A}’

and B,E ) are computed by evaluating Sls in (1.27) exactly. Consequently, the QFs
(Eshkuvatov etal. [241]) for SIs (1.28) atx = t; + €,j = 1,... N — 1 are of the form

L(f,x0) = Iy, (f, %) = (2"‘2 + k=je3) ( AP et + L w (a(x, tk>ckf(tk>>

+ (AP @ + 2w @a G, ~16) £-1) (A8, ) + S w ()ay(x, 1DCyar ) FO)
+3 (A&”( )+ w, (0ai(x,1,)G, ) £(6), 1= {234}, (1.18)
where a,(x,t) = as(x,t) =1, a,(x,t) = —(x +t), and C, are calculated by
evaluating Q;(f, x).
In section 1.5.3, error estimation of modified MDV were given in the following

theorems
Theorem 1.5. Let f(t) € C([—1,1]), and E be a set of canonic partition of the
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interval [—1,1]. Then the error of the QFs (1.29) and (1.30) are
1) Lih® In(N + 1), when f(t) € H*([-1,1],4),
Ry (f,x) S{ 107
L,hIn(N + 1), when f(t) € C ([-1,1]),
where L, L, are defined as in Theorem 1.5.1.
Theorem 1.6. Let f(t) € C([—1,1]) and E be a set of canonic partition of the
interval [—=1,1]. Then the error of the QFs defined by (1.29) and (1.30) are

d;A;
Lih® In(N + 1) + ZLalwi(x)h“, when f(t) € H*([-1,1],4), i ={2,3,4},

@ =
v (f,x = LyhIn(N + 1) + d‘ZM Lw;()h, when f(t) € C([-1,1]), i = {2,3,4},
whered, =d; =1,d, = 3,4, = A; = A, M, = M3 = M, and L, L, are consts

In section 1.5.4, the advantages of modified MDV were shown over standard
discrete vortex method
Chapter 2 (Main Results): Approximate Solution of Singular and Hypersingular
Integral Equations of the First and Second Kind.

In this chapter, after the general treatment of p-order singular integral
equations, an approximate method (Chebyshev approximation method) is proposed
for solving the first type Cauchy and Adamard type singular integral equations
with has a high accuracy, and the evaluation of its residual terms in different
classes were shown. Chapter 2 of the dissertation consists of three major parts.

e Part1(2.1-2.3) devotes to a general description of p-order SIEs of the first kind,
(2.4.1-2.4.2) deals with finding an approximate solution, analysis of the
solution, and numerical experiments of SIEs of the first kind.

e Part 2 (2.4.3-2.4.6) is mainly dedicated to finding the approximate solution of
hyper-singular integral equations (HSIEs) of the first kind, its analysis, error
estimations and numerical experiments.

e Part 3 (2.5.1-2.5.2) is mainly devoted to approximate solution of SIEs of the
second kind, analysis of the solution, and numerical experiments.

Section 2.1-2.3, provide a general description of p-order SIEs of the first kind,
preliminaries and construction on new QFs for kernel integration.

In section 2.4, general SIEs of the first kind of order p of the form is
investigated

K(x,t)

e[S+ Leon]de = F@), p={123,}-1<x <1, Q2D

where x is the singular point, K(x,t),L;(x,t) and f(x) are given real valued
continues functions and ¢ (t) is to be determined.
Let kernel K(x,t) in Eq. (2.1) be constant on the diagonal of the region
D = [-1,1] X [—1,1]. Hence, we can assume that
K(x,x) =co # 0. (2.2)
Taking into account Eq. (2.2), we can write Eq. (2.1) in the form
Ot O qp 41t GO0 g 2 L DedE = f(x),  (23)

1(t-x)P m’—1 (t—x)P~1
K(x,t)—K(x,x)

where -1 <x <1land Q,(x,t) === —

Main aim is to find four type of solutions of Eq. (2.3) for the values of p = {1,2}.
Hence, we search solution in the form
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p(x) =w.(ulx), r=1{1234}, (2.4)
where w;(x),i = {1,2,3,4} are defined by (1.2). Substituting (2.4) into (2.3) yields

Co ! Wr(t) Wr(t)Ql(x t)

), (t—x)P wledde + j (t —x)p~1 u(odr

+%f_11 w, (X)L, (x, u®)dt = f(x), p ={1,2}, r ={1,2,3,4}. (2.5)
Operator equations of (2.5) is
Hy,u+C,u+Lu=f p={12}, r={1234]}, (2.6)
where f € sz, u € Ly, the spaces L,, and L, , are defined in Section 2.4. and
1wyt
Hpru =2 ZS uat,
— T[fl Wr(t)Q1(x t) u(t)dt, (2.7)

—xpT
Lru = nf—1 Wr(t)Ll(x, Hu(t)dt.

Thus, we will find approximate solution of Eq. (2.6) in each cases of r = {1,2,3,4}
for two values of p = {1,2}.

In section 2.4.1, approximate solution of SIEs of the first kind were found.
Let p = 1, then operator form of the Eq. (2.6) becomes

CioutLlyu=f, r={1234}, f €Ly, uct€ly, (2.8)
where

=20 gr(” (O)dt, Ly == [ w.()L(x, tu(t)dt
K(x,t)—K(x,x)

L(X, t) = Ql (X, t) - Ll(xJ t)' Ql (x' t) - t—x (29)
To find an approximate solution of Eq. (2.8), the unknown function u(t) is
approximated by

u(t) = uy, (t) = ;-l=0 bj,rP]-’fr(t), r ={1,2,3,4}, (2.10)
where P;.(t) are defined by

(Uj(t) = cos(jO), r=1,
_ sin((+1)8) _

T
WOER _sin((j+1/2)0)

! W) = sin(6/2) r=3,
_cos((j+1/2)6) _

V = cos(8/2) =4

Substltutmg Eq. (2.10) into (2. 8) yields
bj,r ICo.f (tr( )) P (t)dt + 1[ wr (X)L (x, t)Pffr(t)dtl

1 wr(®)
L e e =L we (L) dt| = f(0), @2.11)
Introducing notations
(Ui_1(x), r=1, 0, r=1
1 wp(t) Ty (%), T =2, 11 wie(D) x, r=2,
Cir() =)oyt Pt = %Wj](x). r=3 M=z -1m‘“—{1, r=3,
-V, r=4 L r=4

leads to
T=1 bj,r[co G/ (x) + l/J]*r(x)] + bo,r[cohr(x) + l/JSr(x)] =f(x), (2.12)
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where r = {1,2,3,4}, and
* 1,1 *
Yir(x) = ;f_l wy(x)L(x, )P (t) dt.

The collocation method together with the kernel expansion scheme are used to
determine the unknown parameters b;, in (2.12) for each value of r = {1,2,3,4}.
Once we found the values of b; , then substitute it into the Eq. (2.11) and from (2.4),
semi-analytical approximate solution of Eq. (2.8) are obtained.

In section 2.4.2, many numerical results are presented to show the advantage
of the proposed method.

In section 2.4.3, a detail description of the approximate solution for the first
kind of HSIEs was presented. Let p = 2, then from the operator equation (2.6)-(2.7)
it follows that

Hy,u+C,u+Liu=f, r={1234} (2.13)
where
C Wr(t)
Zru = ;Of 1 (t (t)dt
Copu = 2ZD [ “;1(;) u(t)dt, (2.14)

Liu= % f_ll w, (£)L* (x, ) u(t)dt.
where Q4 (x, t) is defined by (2.10) and
L6, £) = Qu(x, 1) + Ly (x, 1), Q5 (x, £) = LEZGED (2.15)

To find approximate solution of Eq. (2.13) substitute Eq. (2.10) into (2.13) to yield
1wy 1wy
" bj, [C [ (t) Pr,(t)dt + L& X)f ud (t) P;,(t)dt

L, om0 1, 25
A 0 L r < fe ele

Exact calculation of hypersmgular, smgular integrals and weighted integrals in front
of by, coefficients leads to

ny by oo G () + Q4 (6, 1061, () + ], (1))

+boy [Co=-hy (X) + Q1 (6, )he () + P, (0)| = F () (2.17)
where L*(x, t) is determined by (2.15) and

Y, (0 =2 1w OL (0, O} (Ddt, T = {1,234},

Eq. (2.17) were solved for each value of r = {1,2,3,4} by collocation method
together with kernel expansion scheme to determine the unknown parameters b; ...
Once we find the values of b; , then substitute it into the Eq. (2.10) and from the Eq.
(2.4), semi-analytical approximate solution of Eq. (2.13) were obtained.

Sections 2.4.4-2.4.5, discuss in detail the existence of the solution and the norm
convergence of the proposed method for the bounded solution case. A brief
description is as follows

(Hyr + Cop+Ly)u=f, 1= f€Ly, uE€ELy, (2.18)
where H, (u, C; 1u, Lyu are defined by (2.19).

First of all, we introduce two types of spaces.
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o The first one is weighted Hilbert space i.e. L,,(—1,1) denote the space of real-
valued square integrable functions with respect to the weight p.
e Second space for the bounded case is a subspace of the Hilbert space denoted
by Ly, < L, which is consisting of all u € L, such that
lullf = Z@Zo (k + 1)*(w, ¢y1)? < oo. (2.19)
This subspace can be made into Hilbert space if we define an inner product and
hence if u € Ly, then
u=Yp-o (k+ (W, dr1)Pr1, — llulli= k=0 (k + D*(u, ¢k,1)2 (2.20)
Let C be the space of complex numbers. A set €y is called a discrete subset of C if

C4 has no limit points in C. In this section, we have proved the following results:
1

ol
Lemma 2.2. The operators C31: Ly, = Ly, and Hz_,%Cz,f Ly, » Ly, are dence.
Let C; be a discrete subset of C (i.e. a set C; has no limit points in C)
Lemma 2.3. 1 = 1 does not belong to C4 i.e. it does not lie the null space of

NI + AH;H(Coy + L1) = {0}
Lemma 2.4. Let f(x) € C"[—1,1] and K(x,t) € C"*?, and L(x,t)* € C",r = 1
defined on the region D = [—1,1] X [—1,1], then H, ;u € C"[-1,1].
Theorem 2.5. Let u € Ly, and A = 1 value not belong to C4, then the operator
H, 1 + Cy 1 + LY is invertible, and the main equation (2.18) for the case v = 1 has
a unique solution.
Theorem 2.6. Let f (x) € C"[—1,1] and K(x,t) € C"™%, L(x,t) €C", r > 1on
the region D = [—1,1] X [=1,1]. Then

r+1 1
W (3)

where w,.(6) is the modulus of continuity and c satisfies the inequality (2.37).

In section 2.4.4, a large number of numerical results were obtained, to show
the advantage of the proposed method.

In section 2.5, the Fredholm IDEs of the 2™ kind were considered and proved
two lemmas to show the accuracy of the proposed method.
Lemma 2.7. For any value of i j, = {0,1, .... } the following inequalities hold

J V1=t2U;(OT; ()T, (t)dt = - [hl(l J k) + hy(i,j, k)+hs(i,j, k) + he (i, j, k)],

where h,.(i,j, k), r = {1,2,3,4} are constants.
Lemma 2.8. For any value of i, j, k = {0,1, .... } the following inequalities hold

1
1
| Te@Tea@T(0de = 7 s,k + hoCif,)+hr (oK) + R K],
—1
where h,.(i,j, k), r = {5,6,7,8} are constants.

Lemma 2.1. The norm of operator Hy1: L1, = Ly, is || Hy7 |l=

ullu — un”p < lalc

Chapter 3 (Main Results): Homotopy Analysis Method and New Development of
HAM foLr Non-Linear Integro-Differential Equations
In this chapter, the homotopy analysis method (HAM) and its new development
were used for the approximate solution of nonlinear initial-value integro-differential
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equations (IDEs) and nonlinear, fractional-order IDEs with mixed boundary value
problems. In addition, the uniqueness of the solution and the the convergence of the
proposed method were proven. Chapter 3 of the dissertation consists of two main
parts.

e Part 1 (3.1.1-3.1.3) is devoted to finding an approximate solution of nonlinear
initial value problems of integro-differential equations (IDEs), analysis of
solution, error estimation and numerical experiments.

e Part 2 (3.2.1-3.2.6) deals with finding the approximate solution of mixed
boundary value problems of nonlinear fractional-order IDEs, analysis of the
solution, error estimation, and obtaining numerical results.

In this Chapter, famous homotopy analysis method (HAM) is developed and
named ND-HAM and applied to initial value problem of non-linear IDEs and
compared with other methods such as HAM, modified HAM (MHAM), new
modified HAM (mHAM), general development of HAM (q-HAM).

Let us consider the following nonlinear IDEs with initial conditions.
Problem 3.1. Let non-linear Volterra-Fredholm integro-differential equations
(VF-IDEs) of order p be given by

u®(6) + 3121 ¢;(OuP () = £(0)

b
+21 [ Ky (6, )Fy (u(s))ds + 4, [, Ko (t,$)F, (u(s))ds, (3.1)
with initial conditions
u@)=a,, k=0,....,p—1,p€EN,(p =2), (3.2)

where t€Q=[ab] and K, K;:OAxQ—>Rf:Q—R and q;:Q— R,
j =1,--p —1are known functions, 1;, 1, are parameters and Fy, F,: C({, R) — R
are non-linear functions as well as u(t) is an unknown function to be determined.
Basic idea of the HAM is as follows. Let non-linear equation be given by

N[u(t)] = 0. (3.3)
Liao has constructed the zero-order deformation equation in the form

(1 = E[P(t; q) —uo(t)] = qhH O [N[$(t; @)]],

pD(t;0) =ulP (), i =0,1,2,..
where £ is the linear and N is nonlinear operator, g € [0,1] is the embedding
parameter, i # 0 is an auxiliary parameter, H(t) is auxilary function, uy(t) is an
initial guess and ¢(t; q) is an unknown function to be determined and m!th-order
deformation equation has the form

E[t (t) — XmUm—1()] = RH ()R (U1 (1)), (3.4)
where
= _ 1 3™ N[pt:I
Rin(Um—1(D) = (m—-1)! aqm-1 4=0 (3.5)
and

0, m<1,
tn =1 m 1 (.6
The iteration defined by (3.4)-(3.6) is called standard HAM. Using the parameter q
as a dummy variable, the function ¢ (t; q) can be expanded in the Taylor series

b(t; q) = up(t) + XnZs up(t)q™. (3.7)
Assuming that the auxiliary parameter f is properly selected so that the series (3.4)
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is convergent when g = 1, hence the solution u(t) of Eq, (3.3) is

u(t) = up(t) + T2y tm(0):

where u,, (t) is determined from the deformation equation (3.6)-(3.8).

To derive the ND-HAM, we rewrite Eq. (3.3) in the form
N[u(®)] = f(¢),
and assume that the function f(t) is split into n terms, namely
f(t) =x0(t) + x1(t)+... +x,(t)
and construct g(t, q) into powers of the parameters (qh)
g(t; q) = xo(t) + x1(t) + x2 () (qR)+... +x, () ()" .
For ND-HAM we rewrite Eq. (3.8)-(3.9), in the form
E[uo(t)] = xo(2), _
E[um (t) — XmUm-1(O)] = RH ()R (Upm-1 (1)),
where y,, is defined by (3.10) and
- 1 9™ N[¢t]-g(t:9)]
In ND-HAM, we have the following advantages:

q=0

(3.8)

(3.9)
(3.10)
(3.11)

(3.12)
(3.13)

(3.14)

e In some cases, suitable choice of x,(t) depending on given function f (t) and
solving Eq. (3.12), can give exact solution u(t) = uy(t) of the Eq. (3.9) from
the first iteration. In this case, the next iterations obtained by Eq. (3.13) gives

exactly zero solution u;(t) = 0,i = 1,2, ...

e IfEq.(3.12) does not give exact solution, then it will serve as a choice of initial

guess Uy (t) satisfying initial or boundary conditions.

In section 3.1.2, the standard HAM and ND-HAM were constructed for
nonlinear Volterra-Fredholm IDEs (3.1)-(3.2) and detailed solution of the

considered problem was shown.

In the section 3.1.3, we have proven uniqueness solution of the Eq. (3.1)-(3.2)
and the convergence of ND-HAM in Banach space. To prove the uniqueness

solutions of Eq. (3.1)-(3.2), we introduced the following hypotheses:

e (H1): Let C(J,R),] = [a, b] be the class of continuous function and functions
a;(t),j ={1,2,...,p — 1} and f(t) mapping ] — R are continuous functions.

e (H2): There exist Lipschitz constants constants Ly,L, > 0 and y; > 0,j =
{0,1,...,p — 1} such that for any u,, u, € C(J, R) the following inequality

holds
|Fy (uq () — Fr(uqe (0)] < Lyluy — uy,
|F2(uq(t)) — Fo(ua(0)| < La|uy — uy,

1D/ (uy(£)) — DY (uz ()] < ¥jlug — ul,j = {0,1,...,p — 1}

where D/ is a derivative operator.

e (H3): There exist two functions K5, K; € C(D, R") the set of all positive

function continuous on D = {(t,s) ER X R:a < s < t < b} such that

K{ = sup j |Ki(t,s)ds| < oo, K, = supf |K;(t,s)ds| < co.

t€[a,b] tela,b

We first have proved the following lemma.

Lemma 3.1. Let o(t) € C(J,R") then u(t) € C(J,R") is a solution of the problem

(3.1)-(3.2) iff u is satisfying
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u(t) = (f) Z] 1 o 1),f (t — $)P~(a;(s)D/u(s))ds
f (t — s)P~ 1[f K, (s, 7)F,(u(r))dr]ds

+ oo 1>' L5 (¢ = )P [7 Ky (s, 1) Fy (u(r))dr]ds,
fort € ] = [a, b] and
1t _
P(t) = T025 S (t— ) + I [ (¢ = P (s)ds,
Based on the results of Lemma 3.1 and Banach contraction principle, we are able to

prove the following theorems

Theorem 3.2: Assume that the hypothesises (H1)-(H3) hold. If
8* — (Y ;l' p + Al’;TLl + /11K2L2) (b _ a)p < 1

where y* = max y; and a”  nax |a;(t)|, then there exists a unique solution
1<jsp-1'7 1<jsp-1 J

u(x) € €(J) to (3.1)-(3.2).
Theorem 3.3. (Convergence theorem): Suppose that the series Y pn—o Uy (t) defined
by (3.8) converges to a function u(t), where the functions u,, € C(12,R) are
governed by the high-order deformation equation (3.12)- (3.14) of ND-HAM. Then,
u(t) defined by (3.8) is the exact solution of the problem (3.1)—(3.2).

In section 3.1.4, a number of comparative results were presented to show the
advantage of the proposed method (ND-HAM).

In section 3.2(3.2.1-3.2.4), the mixed nonlinear Volterra-Fredholm integro-
differential equations (VF-IDEs) of multi-term fractional orders are detailed
presented Short discription is the following consider IDE of the form

(epl7 + 3220 D) ) u(t) = o(®) + [} [ K(x,$)F(u(s))dxds, (3.15)
with imtlal conditions

(p 1)'

u®0)=a,, k=0,...,p—1, (3.16)
and boundary conditions
u®0)=a, k=0,...,p—2, u(T) =B, (3.17)

where teQ=[0,T,K:QXQ —>R,¢:Q— R are known functions,
F:C(Q,R) — Ris a nonlinear function, §;, A and B are constants, 8, is an order of

Eq. 3.35)withp—1<B, <p, p=12,--, withp € N(p = 2) and Cfo is the
Caputo fractional derivative of order f;.

To solve mixed non-linear VF-IDEs (3.15)—(3.16) using the HAM and the ND-
HAM, we introduce the following non-linear operator

Nip(t ] = (D)L + 3020 6°D)) ¢(t:) = [ [ K(x, $)F($(s; q))dsdhx. (3.18)
Next, with the help of Eq. (3.18) we were able to construct ND-HAM scheme to
solve the initial value problems (3.15) - (3.16).

In section 3.2 (3.2.5-3.2.6) the unique solution of fractional order integro-
differential equations and the convergence of HAM were proved.
Theorem 3.4. (Convergence theorem) Suppose that the series Y. p_o Um(t)
converges to a function u(t), where the functions u,, € C(2, R) are governed by
the high-order deformation equation (3.8) of HAM. Then, u(t) is the exact solution
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of problem (3.15)—(3.16).
For the sake of brevity, let us define the following constant:

_ (p-1)! p—2 axTk -1 Sz]0(k7~l>’1a—l>’j+p—1

oot { = Ziewo T~ Zje (Z D(Bp—Fj+k) )}
Theorem 3.5. Let F: R = R such that || F(x1) — F(x3) IS L Il x; — x5 |l for some
L > 0 and for all (xl,xz) € R?. Then, (3 15) (3.16) has a unique solution if

p-1 |§|rPPF L
= 212 G WL G5 <
with ||K|| = sup |K(t,s)I.
t,s€0,T]
In section 3.3, the proposed method was compared with other methods and its

advantage was shown by presenting several examples.

Chapter 4 (Main Results): Newton-Kantorovich Method For the System of
Nonlinear Integral Equations From One Dimensional to Higher Dimensional

In this chapter, the Newton-Kantorovich method (NKU) was applied to the
system of nonlinear 2x2 integral equations, and the existence and uniqueness of the
solution together with the convergence of the proposed method were proved.
Chapter 4 of the dissertation consists of two main parts.

e Part 1 (4.1.1-4.1.6) deals with the Newton-Kantorovich method (NKM) for
nonlinear 2x2 systems of integral equations (syslEs), the new majorant
function and the error estimation of NKM and numerical experiments.

o Part 2 (4.2.1-4.2.5) devoted with the approximate solution of nonlinear multi-
dimensional Volterra integral equations (VIEs) by the modified Newton
method (MNM) and its error estimations and numerical experiments.

In paragraph 4.1 (4.1.1), NKM was used for the system of nonlinear 2x2
integral equations and a new majorant function was introduced. Here's a quick
summary of this topic. The aim of this section is to investigate the general 2 X 2
system of NIEs of the form

a(®)x(t) = [ HEDF x(@)dt = g(©),

t

bO)x(0) + [, K& DF (x(D)dT = f(8),
where 0<t, <t<T, y(t) <t, kernels H(t,1),K(t, 7)€ Ct,r)x[t,7]> and
functions a(t), b(t), f(¢t), g(t) € Cj¢,r are given continuous functions and x(t) €

4.1)

Creo 1 Y () € G [1t0,T] are unknown functions, finally F(x(t)) is a nonlinear terms.

In this section, we have solved Eq. (4.1) by using NKM together with Gauss-
Legendre QFs and Newton’s forward interpolation formula. To do this end let us
introduce operators

PL(x(0), y(®) = a(®)x(®) = [, HEDF&(@)dz — g (o),
P,(x(1), (1)) = b(Ox(D) + [, K(&, DF (x(D)d — f (D),

then rewrite (4.1) in the operator form

P(X) = (P,(X),P,(X)) = (0,0), X = (x(¢t),y(t)).
Applying the initial iteration of the NKM
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P'(Xo)(X — Xo) + P(Xp) =0,
to (4.2), we get

Ax() = s [ o Ka (G DF (o(D)Ax(DdT = o (0), 1
By(0) = 75| [y, ) KEDF (xo(1)dx () |

+I0 o KEDF@o@)dr +bO)xo(0) - £(8)],)
where Ax(t) = x,(t) — xo(t) and Ay(t) = y,(t) — yo(t).
By solving (4.3) in terms of Ax and Ay, we obtain (x;(t),y,(t)). Applying the
modified Newton method of the form
P'(Xo) (X — Xm—1) + P(Xpm—1) =0,
to (4.2), we obtain

Axm(t) (t) fy (t) K (t, T)F' (xo (T))Axm(T)dT = Y- 1(t)
Ay, (t) = % [fyo(t) K (¢, T)F' (xo(x))Axpy (T)d7

o K& DF(t_y (D)) dr + b(0)x,(6) — o(1) (4.4)
where Ax,,, = X, — X;—1 and Ay, = Vi, — Vim—1. Since (4.4) is a system of linear
Volterra type integral equations (sysLVIEs), it can easily be solved in terms of Ax,,
and Ay,,. Once solved (4.4) with respect to Ax,,, and Ay,,, we obtain a sequence of
approximate solutions (x,, (t), ym (t)).

In section 4.1.2, developed the Gauss-Legendre QFs and its estimation were
obtained. Gauss-Legendre QFs to the kernel integral on the variable interval

[y(t), ti],i=12,...,nwitht; =ty +ih,h = % were developed as follows

(4.3)

ti—y(t; ;
[t Kt Dx(mdr = 2L Wi(t)x(e)) + Ruga (KX), (4.5)
Vl/j(ti) = K(ti’Tj'i)Wj’ T} = : _éy(ti) Sj + ti +2y(ti) y ] = 1'2' e l'

where T; * t; with [y(t;), t;] € [to, T] and [ refers to the number of sub partitions
of the interval [y(t;),t;] and w; and s; are the weights of integral and roots of
Legendre polynomials. The following theorem is proven.

Theorem 4.1.3 Let kernel K (t, ) and x(t) be in the class of C?"*2)[t,, T] then
the error term of developed Gauss-Legendre QF (4.5) has the form

(T—t)?™*3 1-2:3-+(n+1) 2 r@n+2)
Rnsq (K)| < (2n+3) (n+1)-(n+2)---(2n+2)] 1-2-(2n+2)’
where

T@ = X(O)Mt(q) + le(l)Mt(q_l) 4ot bq—1X(q_1)Mt(1) + X(q)Mt(O)
with b; = e !l)', i =1,..,q — 1 binomial coefficients.

In section 4.1.3-4.1.4, after showing the stability of the QFs and detailed
description of the Newton-Kantorovich method (NKU) in section 4.1.5, a new
majorant function was constructed. Based on majorant function the convergence of
the NKM were proved with regard to the successive approximations. Let us
introduce the following classes of functions.

(¢, the set of all continuous functions f(t) defined on the interval [t,, T],
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f\

[to.t]x[to, 7] the set of all continuous functions S(t, 7) defined on the region
[_ T] X [t,,T),
o C={X:X = (x(t), y(1): x(6), ¥(¢) € Cpry}.
® C[to, ={y(®) € C[tO,T]'y(t) <t}
Introducing the new majorant real-valued function

() = (t—te)* — ([ +m(t—to) +n, (4.7)
where {,n > 0 are real coefficients and considering the following equations
X=S8SX), t =¢(). (4.8)

Taking initial guess X, = (xo(t), yo(t)) in Qy = (Il X — X, II< r), where radius r
satifying the inequality

min{é + ty,n + to} < r < max{é + ty,n + ty},
the following majorant function definition is formulated.
Theorem 4.1. Let the nonlinear operator P(X) = 0 be defined in an open set ) =
{XeC([ty, TD: Il X — X, II< R} and has continuous second derivative in a closed
set Do ={X €C([ty, TD: 1 X = Xo IS 1} such that T =ty +r <ty + R. Assume
the following conditions are satisfied

{n

[LWP(X < -—

o | 0 ( 0) I< 4.4_2779
o || FOP”(X) 1< m, when || X — X lISt—ty, <,

then Y(t) in (4.7) is a majorant function for the nonlinear operator P(X).
Main theorem for the proposed method is as follows:
Theorem 4.2. Let the functions f(t), g(t) € Cpe 11, Xo(t) € C'[to, T, and the
kernels H(t,7),K(t,7) € C[ltO,T]x[tO,T] and (xy(t), yo(t)) € 0. If

1.T, =[P’ (X )] 1 exists and satisfies || T |< sqMeM(T—Hs)

2.1 AX ||< ( and n are given in (4.13)

3. FOP”(X) ||s E’ with | P”(X) II< 14,

4. Equation (4.3) has aroott € [to,t'], t =ty + r where

min{{ + to,n + to} <r <max{{ + ty,n + ty}, with ¢p(t") < t'.
Then the system (4.1) has a unique solution X* = (x*,y*) € ), and the sequence
Xm(t) = (Xt (8), Y (t)), m = 0 of successive approximations (4.4) converges to
the solution X*. The rate of convergence is given by

20 \"
* < |[——
| X" = Xy < (C+n) g,

when ¢ + t, is the minimum zero of (4.7),1.e { <.

In section 4.2, the second kind, nonlinear multi-dimensional Volterra integral
equations (VIEs) were solved by Newton's method. For this point, we consider the
following non-linear multi-dimensional VIEs:

bi(t) Db2(t) bn(t)
u(t) —f J f Kt x)G(u(x))dx,dx,_1 - dx;
a az

an

=fO), t=(ty, b2, tn), X = (X1, X2, Xp), (4.9)
where, u(t) € Qy = Cpyp_ [q;p; 1 unknown function, G(u(t)) is nonlinear
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continuous function, f(t) € Q; and K(t,x) € Q; X Q,, Q, = Cre, [ci,a;) @re given
smooth functions, and b;(t), i = 1,2,---,n are real valued continuous functions.

In solving (4.9), the modified Newton method (MNM) were applied to linearize
nonlinear multi-dimensional VIEs (4.9) into linear multi-dimensional VIEs. Then
the developed Gauss-Legendre QFs was used to find the approximate solution. To
do this end let us use the operator equation for the problem (4.9)

Q(u(t)) =0, t= (tlr YRR tn), (410)
where

by (t by (t
Q(®) = u®) — f(©) = [;" - [ K(t )G X)) dxndryy - dr;  (411)
Next, approximate solution of the (4.10) is obtained from the equation

Q' (uo () Au, (V) + Q(ur—1 () = 0(4.12)
From the (4.12), we have

Bty (1) = [ 122 12O 1, (36 10) Bty (0l - ey = By (8) (4.13)
where t = (t1,¢t,, -+, t,), X = (xq,%y,+,x,) and
Au,(t) = u () —up—(t), r=23,,
cDr—l(t) = f(t) - um—l(x)
+ f;’f“) f;’;“) e [P OTR (6,06 (w1 X)) |dxndxp_s - dx;  (4.14)

Qn

Solving Eq.(4.14) w.r.t. Au,.(t), we obtain a sequence of approx. solution u,.(t).
To proof the convergence analysis of modified Neton method we assume that

If (Ol < Ry, uo(O] = R;, [K(t,X)] < Rs,

1G(uo(D)| < Ry, |G (uo(D)| < Rs, |G (Up(D)] < Re.
Next, we use the following majorant function

Z(t) =n(t—t)> = (L +np)(t —to) + B,
where 1 and £ are nonnegative real number.
Theorem 4.3. Let the operator equation Q(u) =0 in (4.10) is defined in
O = {u € (e, [apb: 1 U —Up NI R} and has a continuous second derivative in
Ny = {u €0 faplu—ug IS 7T < R}. If the following conditions hold:

3. Linear MD-VIEs in Eq. (4.14) has a resolvent kernel I (t, x) with
| T 1< RyRseRsRsIliza (bimad)

¢
4. 16t <

5. 1Q"M®] = n1.
Then Eq. (4.13) has a unique solution u*(t) in the closed ball )y and the sequence
u,(t),r = 0 of successive approximation

bi(t;) ba(t)) bn(t;
A, (t;) — f f f W (t, X o ) Aty (X) d X dy_y - dx; = p_y (L),
aj az an

where j = 1,2,---,m; and u,(t) = u,_1(t) + Au,.(t), converges to the solution
u*(t). The rate of convergence is given by

| ||<( 2 )(1) — 12
T ) T
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CONCLUSION

This dissertation aims is to construct an effective quadrature formula for the
approximate calculation of weighted singular and hypersingular integrals in variable
and constant intervals and to evaluate it in different classes, at the same time to
develop effective numerical methods for the approximate solution of singular and
hypersingular integral equations, for the approximate solution of nonlinear integro-
differential equations, a new development of semi-analytical methods were
proposed, as well as for the 2x2 system of nonlinear integral equations modified
Newton method are presented and a modification of Newton's method for the
approximate solution of high-dimensional integral equations is proposed which has
practical importance.

The main results obtained are as follows:

1.Constructed automatic quadrature scheme (AQS) for the weighted singular and
hypersingular integrals on the variable and fixed intervals and developed
discrete vortex method (modified MDV) for the weighted singular integrals on
the fixed interval;

2.Proved convergence of AQS in the cases of bounded and unbounded solutions
in the weighted Hilbert and smooth function spaces and provided convergence
of modified MDYV in Holder and differentiable class spaces for all the cases;

3.Constructed the truncated series of Chebyshev polynomial approximations to
the exact solution (for 4 cases) for SIEs and HSIEs of the first kind and for
second kind SIEs the bounded solution is investigated;

4.Proved the existence and solvability of the HSIEs in the case of bounded
solution and obtained norm convergence of the approximate solution in the
differentiable Holder class;

5.Developed a new homotopy analysis method (ND-HAM) and applied it to
solve nonlinear IDEs with initial value problems and fractional-order of IDEs
with boundary-value problems;

6.Proved the convergence of ND-HAM to the exact solution and established
existence and uniqueness solutions of the nonlinear IDEs and fracIDEs;

7.Developed NKM for 2x2 nonlinear system of integral equations and proved the
existence and uniqueness of the solutions and obtained the convergence of the
proposed method in the weighed Hilbert space.

8.Developed Newton method for nonlinear multi-dimensional IEs and proved the
existence and uniqueness of the solutions and obtained the convergence of the
proposed method in the weighed Hilbert space.
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BBE/IEHUE (anHOTAaLMS JOKTOPCKO JUCCEPTALUHI)

Heasio uccaenoBanus: [locrpoenue 3¢ PpexKTUBHBIX KBaIpaTypHBIX GOpMYII,
Ha3bIBAEMBIX AaBTOMATHYECKOM  KBAApaTypHOM CXEMOW I  BBIYHUCIICHUSA
B3BCILICHHBIX CHUHTYJSIPHBIX M THUIEPCUHTYJSIPHBIX HMHTErPAJIIOB, OLEHKA HX
NOTPEIIHOCTH B  Ppa3/IMYHBIX Kiaccax (QyHKUMHA, a TakKe HaxoXJEHue
NPUOJIMKEHHBIX PEIICHUM CHCTEM CHUHTYJISIPHBIX HMHTETPAIbHBIX YPaBHEHUU U
CUCTEM THUIEPCUHTYJIIPHBIX WHTETPajHbIX ypaBHeHuiW. Jlaiee co3naHne HOBOU
pa3pabOTKM METOoJla TOMOTOIMYECKOTO0 aHalv3a s HEJIMHEHMHBIX HHTErpo-
muddepeHnanbHbIX  ypaBHeHHMH. Takke paspaborka wmetona Hprotona-
Kantoposnua (MHK) nns npubnukeHHOTO pelIeHHs CHUCTeMbl HETMHEHHBIX
WHTETPaJIbHBIX YPABHEHUM U MHOTOMEPHOI'O MHTErpajbHOIO ypaBHeHusd. Hay4yHas
HOBH3HA UCCIICIOBAHNS COCTOUT B CIIEAYIOIIEM:

O0bekT uccaenoBanmusi: CHHIYJSIDHBIE U TUIEPCUHTYJISIPHBIE UHTErPAJIbI U
MHTETpalIbHOE YpaBHEHHUE, HETUHEITHOE MHTETpo-auddepeHnaIbHoe ypaBHEHHE,
CUCTEMA HEJMHENHBIX UHTETPAJIBHBIX YPABHEHUM U MHOTOMEpPHBIE MHTETPAJIbHbBIC
YpaBHEHHS.

Hay4ynasi HOBH3Ha MCCJIEIOBAHNUS COCTOUT B CJIEeAYHOIIEM:

MIOCTPOEHA aBTOMATUYECKasl KBaIpaTypHas CXeMa Ha OCHOBE KOHEYHOTO psijia
YeObliieBa Jis1 B3BCIICHHBIX CHUHTYJISIPHBIX U THIEPCUHTYJSPHBIX HUHTETPAIOB B
NMEepeMEHHBIX W  (UKCHUPOBAHHBIX  HWHTEpBajaxXx, TaKke  pa3paboTaH
MOau(MUIIMPOBaHHBI  MeTOJ AUCKpeTHbIx Buxped (MJIB) B3BemeHHBIX
CUHTYJISIPHBIX UHTETPAJIOB Ha (PUKCUPOBAHHOM HMHTEPBAJIC;

nokazana cxogumoctb (AKC u M/IB) kBagparypHbIx GopMys A Ciiy4yaeB
OTPAaHUYCHHBIX M HEOTPAHUUYCHHBIX PEIICHUN B NpocTpaHCcTBax [ unbdepra,
[Nonbaepa u rmagkux GyHKIIHM;

MOKa3aHa CXOJUMOCTh psiJla KOHEUHBIX MOJMHOMOB UYeOblleBa K TOYHOMY
pemieHuo (i 4 ciydaeB) AJis CUCTEM CUHTYJISIPHBIX MHTEIPaJIbHBIX YpaBHEHUN U
TUNIEPCUHTYJISIPHBIX UHTETPAIHBIX YPABHEHUM ITEPBOr0 TUIIA;

B Clly4ya€ KOHEUHOIr'0 PEIICHUS JOKa3aHO CYIIECTBOBAHUE U €IUHCTBEHHOCTH
peleHus 711 UCTEM TUIIEPCUHTYJISIPHBIX UHTETPAIHBIX YPAaBHEHUI 1 HOPMATHBHAS
CXOIUMOCTh MPUOIIKEHHOTO perieHus B kinacce ['€nbrepa;

pa3padOTaHO M NPUMEHEHO HOBOE PAa3BUTHE METOJAa TOMOTOIHYECKOIrO
aHaNMM3a IS pPeleHusi HHTerpo-audGepeHnanbHbIX ypaBHEHUN ¢ HETMHEHHBIMU
HAYQJIBHBIMA YCIIOBUSMH UM KpPaeBbIX 3a7ad4 HWHTErpo-auddhepeHITnaTIbHbIX
ypaBHEHUH C IPOOHBIM MOPAJIKOM, U JOKa3aHA €ro CXOJAUMOCTb;

JUISL CUCTEMbl HEJIMHEHHBIX WHTErPAIbHBIX YpPaBHEHUH 2X2 pa3BUT METO]
Heiorona-KontapoBuua, HailiecHbl HOBBIE MaXXOPAaHTHbIE (DYHKIMH, TaK¥XKe
JI0Ka3aHO CYIIIECTBOBAHHE, €IMHCTBEHHOCTh U CXOAUMOCTb PELICHNUS;

HEJIMHEWHbIE ~ MHOTOMEpHBbIE  MHTErpo-auddepeHuaibHble  ypaBHEHUS
pelanuch ¢ noMomibo Meroga HeioToHa, a B BeCOBOM npocTpaHcTBe | unpbepra
JIOKa3aHbl CYIIECTBOBAHWE U EIMHCTBEHHOCTb PEUIEHUS U  CXOJIUMOCTb
IIPEII0KEHHOTO METO/IA.
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