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KIRISH (falsafa doktori (PhD) dissertatsiyasi annotatsiyasi)

Dissertatsiya mavzusining dolzarbligi va zarurati. Jahon miqyosida olib
borilayotgan ko‘plab ilmiy hamda amaliy tadqiqotlar aksariyat hollarda kvant
mexanikasining noarximed modellarini tadqiq qilishni taqozo etadi. p-Adik
integrallash nazariyasi noarximed analizning juda muhim qismlaridandir.
Integrallash uchun esa tagsimotning xossalari muhim hisoblanadi. Bir necha yuz
yillar davomida matematika va nazariy fizika haqiqiy (va undan so‘ng kompleks)
sonlar asosida shakllanib kelgan. Ko‘pgina o‘lchov sistemalarida Arximed
aksiomasining bajarilishi muhim shart hisoblanadi. Dunyoni p-adik arifmetika va
ultrametrik geometriya yordamida tavsiflashni taklif qilish tabiiydir. Tagsimotning
davriylik xossasi davriy jarayonlarni tadqiq qilish imkonini beradi. Davriy p-adik
tagsimotlar kvant mexanikasining noarximed modellari uchun faza almashishlar
nazariyasidagi tadqiqotlarning muhim ob’yektidir.

Hozirgi vaqtda p-adik qiymatli ehtimollik o‘lchovlari katta qiziqish uyg‘otib
kelmoqda. Bunday o‘lchovlarning ommalashuviga noarximed qiymatli (xususan,
p-adik giymatli) to‘lqin funksiyalari ishtirok etgan kvant modellarining rivojlanishi
turtki bo‘ldi. Noarximed ehtimollik modellarining o‘zi ham alohida qiziqish
uyg‘otadi. Xususan, ular “yaxshi, yaxshi, ..., halokat” kabi keskin o‘zgarishli
holatlar tavsifi uchun p-adik Bernulli sxemalarida qo‘llaniladi. Bundan tashqari,
ushbu o‘lchovlar biologik populyatsiya yo‘q bo‘lib ketganda, rivojlanish dinamikasi
standart (Kolmogorov) ehtimollik nazariyasi nuqtai nazaridan “juda yaxshi” bo‘lgan
p-adik stoxastik modellarida qo‘llaniladi. Ushbu mavzuning dolzarbligi yuqoridagi
misollardan, noarximed normalangan fazolarda o‘lchovlarning keng tatbiqidan kelib
chigadi.

Mamlakatimizda so‘nggi yillarda fundamental fanlarning ilmiy va amaliy
tatbiglarga ega bo‘lgan dolzarb yo‘nalishlariga qiziqish ortib bormoqda. Statistik
mexanikaning noarximed muqobillari va noarximed ehtimollik nazariyasi bo‘yicha
qator tadqiqotlar olib borilmoqda. Buning natijasida, ultrametrik fazolardagi
tadqgiqotlarda salmoqli natijalarga ega bo‘lish muhim vazifalardan biri bo‘lib qoladi.
Xususan, ultrametrik statistik fizika va mexanika masalalarini o‘rganishning asosiy
ob’ekti sanalgan ultrametrik o‘lchovlar nazariyasining rivojlanishiga alohida e’tibor
qaratildi. Matematika fanining ustuvor yo‘nalishlari, ya’ni funksional analiz va
matematik fizika kabi muhim yo‘nalishlar bo‘yicha xalqaro standartlar darajasida
ilmiy tadqiqotlar olib borish Fanlar akademiyasi V.I.LRomanovskiy nomidagi
Matematika instituti faoliyatining asosiy vazifasi va yo‘nalishi etib belgilangan'.

O‘zbekiston Respublikasi Prezidentining 2017-yil 7-fevraldagi “O‘zbekiston
Respublikasini yanada rivojlantirish bo‘yicha harakatlar strategiyasi to‘g‘risida”gi
Ne PF-4947 Farmoni, 2019-yil 9-iyuldagi “Matematika ta’limi va fanlarini yanada
rivojlantirishni davlat tomonidan qo‘llab-quvvatlash, shuningdek, O°‘zbekiston
Respublikasi Fanlar akademiyasining V.I.Romanovskiy nomidagi Matematika

' O‘zbekiston Respublikasi Prezidentining 2019-yil 9-iyuldagi “Matematika ta’limi va fanlarini yanada rivojlantirishni
davlat tomonidan qo‘llab-quvvatlash shuningdek, Oc‘zbekiston Respublikasi Fanlar akademiyasining
V.I.Romanovskiy nomidagi Matematika instituti faoliyatini tubdan takomillashtirish chora-tadbirlari to‘g‘risida”gi Ne
PQ-4387-son garori
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instituti  faoliyatini tubdan takomillashtirish chora-tadbirlari to‘g‘risida”gi
Ne PQ-4387-sonli Qarori va 2020-yil 7-maydagi “Matematika sohasidagi ta’lim
sifatini oshirish va ilmiy-tadqiqotlarni rivojlantirish chora-tadbirlari to‘g‘risida”gi
No PQ-4708-sonli Qarori hamda mazkur faoliyatga tegishli boshqa normativ-
huquqiy hujjatlarda belgilangan vazifalarni amalga oshirishda ushbu dissertatsiya
tadqiqoti muayyan darajada xizmat qiladi.

Tadqiqotning respublika fan va texnologiyalari rivojlanishi ustuvor
yo‘nalishlariga bog‘ligligi. Dissertatsiya respublika fan va texnologiyalar
rivojlanishining IV. “Matematika, mexanika va informatika” ustuvor yo‘nalishi
doirasida bajarilgan.

Muammoning o‘rganilganlik darajasi. p-Adik sonlar tushunchasini birinchi
marta nemis matematigi Genzel (1897) kiritgan. Bunday sonlar ratsional sonlarni
p-adik (noarximed yoki ultrametrik) norma bo‘yicha to‘ldirish natijasida hosil
qilinadi. Hozirgi kunga kelib dunyoda, xususan, Sh.Ayupov, S.Albeverio,
U.Roziqov, N.G‘anixo‘jaev, F.Muxammedov, A.Xrennikov, J.Ruiz, D.Gandolfo,
B.Omirov, O.Hakimov va boshqa matematiklarning bir qancha ishlarida noarximed
maydonlar uchun matematik tahlilning qator yo‘nalishlari keng o‘rganilib
kelinmoqda.

1970-yillarda qiymatlari noarximed maydonlarda bo‘lgan o‘lchovlar va
integrallash nazariyasi asoslari va umumiy tavsiflari A.S. van Rooy, A.P.Monna va
V.Shixovlarning ishlarida keltirilgan. V.Shixovning ishida agar p-adik o‘lchov
sigma additiv bo‘lsa, u holda bunday o‘lchov diskret o‘lchov bo‘lishi ya’ni faqat
sanoqli to‘plamdagina nolga teng bo‘lmasligi keltirilgan. Shu sababli bunday p-adik
atomik o‘lchovlar bilan mukammal integrallash nazariyasini yaratib bo‘lmaydi.
p-Adik o‘lchovning sigma additivligi o‘rniga chegaralanganlik shartini olinganda,
noarximed integrallash nazariyasi van Rooy va V.Shixovlar tomonidan yaxshi
rivojlantirilgan. A.Xrennikov tomonidan p-adik butun sonlar to‘plamida
translyatsion-invariat o‘lchov mavjud emasligi isbotlangan. Bu esa translyatsion-
invariant o‘lchovlardan umumiyroq bo‘lgan p-adik davriy o‘lchovlarni tadqiq
qilishga turtki bo‘ldi. 1984-yilda V.Vladimirov va I.Volovich tomonidan Arximed
aksiomasi bajarilmaydigan (Plank masofalari deb ataluvchi) juda kichik masofalarda
fazoni tavsiflash uchun p-adik sonlardan foydalanish mumkinligi taklif gilingan.
1987-yilda 1.Volovich tor tebranish nazariyasida p-adik fazolardan foydalanishni
taklif qildi. I. Volovichning “Klassik va kvant gravitatsiyasi” jurnalidagi maqolasi p-
adik tor tebranishlariga bag‘ishlangan butun bir nashrlar to‘lqinini vujudga kelishiga
sabab bo‘ldi. Noarximed modellarni statistik fizika va noarximed ehtimollar
nazariyasida turli xil tatbiqlariga doir ko‘plab maqolalar va bir gator kitoblar nashr
etildi. Bu o‘rinda V.Vladimirov, P.Freynd, I.Arefeva, B.Dragovich, E.Vitten,
P .Frampton, G.Parizi, E.Marinari, M.Olson va boshqalarning natijalarini ko ‘rsatish
mumkin.

Haqiqiy qiymatli o‘lchovlar nazariyasida o‘lchovni davom ettirish haqidagi
Kolmogorov teoremasi muhim rol o‘ynaydi. Noarximed ehtimollik taqsimotlari
uchun bu teoremaning muqobili N.G‘anixo‘jaev, F.Muxamedov va
O‘.Roziqovlarning ishida isbotlangan. Bu natija p-adik tagsimotlar va tasodifiy
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jarayonlarning keng sinfini qurish va p-adik nazariyaga nisbatan statistik usullarni
ishlab chiqish imkonini beradi. Ushbu natijalar Bete panjarasidagi bir gancha p-adik
modellarni o‘rganilishiga asos bo‘lib xizmat qildi. Xususan, eng yaqin qo‘shnilari
o‘zaro ta’sirga ega bo‘lgan turli modellar uchun davriy p-adik Gibbs o‘lchovlarining
bir nechta ko‘rinishlari qurilgan. Bu o‘rinda D.Gandolfo, J.Ruiz, L.Liao, U.Roziqov,
N.G‘anixo‘jaev, F.Muxamedov, O.Hakimov, M.Saburov va boshqgalarning
natijalarini ko‘rsatish mumkin.

Dissertatsiya tadqiqotining dissertatsiya bajarilgan ilmiy-tadqiqoqt
muassasasining ilmiy-tadqiqot ishlari rejalari bilan bog‘ligligi.

Dissertatsiya tadqiqoti Matematika instituti ilmiy-tadqiqot ishlari rejasidagi F4-
FA-F013 “Noassotsiativ va operatorlar algebralari, dinamik sistemalar, hamda
ularning statistik fizika va populyatsion biologiyaga tatbiqlari” (2012-2016-yillar),
YoF-4-3+YoF-4-4 “Sanoqli graflarda spin sistemalarning ehtimollik o‘Ichovlari va
Li algebralarining tasvirlari bilan assotsirlangan Leybnits algebralari” (2016-2017-
yillar) fundamental loyihalari doirasida amalga oshirilgan.

Tadqiqotning maqsadi giymatlari p-adik sonlar maydonida bo‘lgan p-adik
davriy tagsimotlarning yangi sinflarini qurish va topilgan tagsimotlar uchun
chegaralanganlik shartlarini aniqlashdan iborat.

Tadqiqotning vazifalari:

haqiqiy sonlar maydonida haqiqiy davriy o‘lchovlarning namunasini qurish
(bunda Arximed aksiomasi bajariladi);

Arximed aksiomasi bajarilmaydigan (noarximed) maydonlarda p-adik davriy
o‘lchovlarning namunasini qurish;

p-adik Dirak o‘lchovlarining davriylik shartini tadqiq etish;

p-adik Bernuli tagsimotlarining davriylik shartini tadqiq etish;

p-adik tagsimotlar va p-adik Gibbs o‘lchovlarining chegaralanganlik shartlarini
aniqlash;

Tadqiqotning ob’yekti. p-Adik va haqiqiy o‘lchovlar, davriy o‘lchovlar,
Bernulli tagsimotlari, Dirak o‘lchovlari, p-adik Izing modellari.

Tadqiqotning predmeti. p-adik Dirak o‘lchovining davriyligi, Bernulli
tagsimotlarining davriyligi, p-adik taqsimotlarning chegaralanganlik shartlari,
panjaralardagi p-adik Gibbs o‘lchovlarining chegaralanganlik shartlari.

Tadqiqotning wusullari: Dissertatsiyada (p-adik) o‘lchovlar nazariyasi,
gruppalar nazariyasi, bo‘laklash nazariyasi metodlari, noarximed analiz, (p-adik)
sonlar nazariyasi hamda ehtimollik nazariyasi metodlaridan foydalanilgan. Bundan
tashqari statistik mexanika usullari rivojlantirilgan.

Tadqiqotning ilmiy yangiligi quyidagilardan iborat:

noarximed va Arximed maydonlarida davriy o‘lchov tushunchasi kiritilib, [0;1)
to‘plamda haqiqiy davriy o‘lchov qurilgan hamda uning har qanday bo‘laklashlari
uchun haqiqiy davriy o‘lchov mavjudligining zaruriy sharti isbotlangan;

p-adik butun sonlar to‘plamining ba’zi bo‘laklashlari uchun p-adik davriy
tagsimotlarning umumiy ko‘rinishi topilgan hamda p-adik butun sonlar to‘plamining
har ganday bo‘laklashlari uchun p-adik davriy tagsimotlar mavjud bo‘lishining
zaruriy sharti isbotlangan;



p-adik butun sonlar to‘plamining ko*pi bilan sanoqli bo‘laklashlariga nisbatan
Bernulli taqsimotlari davriy bo‘lmasligi hamda topilgan p-adik tagsimotlarning
chegaralanganligi isbotlangan;

p-adik butun sonlar to‘plamida aniglangan ma’lum p-adik tagsimotlardan
foydalanib, yangi tagsimot qurish usullari bayon qilingan.

Tadqiqotning amaliy natijalari. Haqiqiy va p-adik tagsimotlarning
davriyligini tekshirish usullari statistik fizikaning bir nechta modellari uchun p-adik
Gibbs o‘lchovlari to‘plamini tavsiflashda qo‘llanilgan.

p-adik butun sonlar to‘plamining ba’zi bo‘laklashlariga nisbatan davriy
tagsimotlarning chegaralanganligidan Keli daraxtida berilgan yaqin qo‘shnilari
bo‘yicha ta’sirga ega fizik modellar uchun Gibbs o‘lchovlarini qurishda
foydalanilgan.

Tadgiqot natijalarining ishonchliligi. Noarximed funksional analiz, sonlar
nazariyasi, p-adik ehtimollik o‘lchovlar nazariyasi usullaridan foydalangan holda
matematik mulohazalarning gat’iyligi bilan asoslangan.

Tadgqiqot natijalarining ilmiy va amaliy ahamiyati. Tadqiqot natijalarining
ilmiy ahamiyati haqiqiy va p-adik tagsimotlarning davriyligini tekshirish usullari
statistik fizikaning ba’zi modellari uchun p-adik Gibbs o‘lchovlari to‘plamini
tavsiflashda qo‘llanilganligi bilan izohlanadi.

Tadqiqot natijalarining amaliy ahamiyati p-adik davriy tagsimotlarning
chegaralanganligi yaqin qo‘shnilari bo‘yicha ta’sirga ega modellar uchun Gibbs
o‘Ichovlarini qurish imkonini berganligi bilan izohlanadi.

Tadqiqot natijalarining joriy qilinishi. Noarximed normalangan
maydonlarda davriy o‘lchovlar qurish bo‘yicha olingan natijalar asosida:

Arximed maydonlarida qurilgan haqiqiy davriy tagsimotlar va noarximed p-
adik butun sonlar to‘plamining ko*p1 bilan sanoqli bo‘laklashlariga nisbatan Bernulli
tagsimotlari  davriy bo‘lmasligi hamda topilgan p-adik tagsimotlarning
chegaralanganligidan GO0003247 ragamli ‘“Panjarali modellar renormalizatsion
gruppasiga mos xaotik va qorishma p-adik dinamik sistemalar” mavzusidagi xorijiy
grant loyihasida Keli daraxtidagi eng yaqin qo‘shnilari bo‘yicha ta’sirlashuvchi turli
modellar uchun p-adik Gibbs o‘Ichovlarini topishda foydalanilgan (Birlashgan Arab
Amirliklari universitetining 2022-yil 1-iyundagi ma’lumotnomasi, BAA). Ilmiy
natijaning qo‘llanishi umumlashgan Gibbs o‘Ichovlarini qurish imkonini bergan;

p-adik butun sonlar to‘plamining bo‘laklashlari uchun p-adik davriy
tagsimotlarning umumiy ko‘rinishi va p-adik butun sonlar to‘plamining har ganday
bo‘laklashlari uchun p-adik davriy tagsimotlar mavjudligidan FRGS 17-027-0593
raqamli “Xaos faza almashishini keltirib chiqgaradi: p-adik Gibbs o‘lchovlarining
yangi sinfini topishda p-adik dinamik sistema usuli” mavzusidagi xorijiy grant
loyihasida statistik fizikaning bir nechta modellariga mos p-adik davriy Gibbs
o‘lchovlari to‘plamini tavsiflashda foydalanilgan (Malayziya Xalgaro Islom
universitetining 2022-yil 3-iyundagi ma’lumotnomasi, Malayziya). [Imiy natijaning
go‘llanishi noarximed fizik sistemalar uchun faza almashishini tavsiflovchi
parametrlarni topish imkonini bergan.



Tadgqiqot natijalarining aprobatsiyasi. Dissertatsiyaning asosiy natijalari 2
ta xalqaro va 3 ta respublika miqyosidagi ilmiy anjumanlarda muhokamadan
o‘tkazilgan.

Tadgqiqot natijalarining e’lon qilinganligi. Tadqiqot mavzusi bo‘yicha jami
12 ta ilmiy ish chop etilgan bo‘lib, ulardan, O‘zbekiston Respublikasi Oliy
Attestatsiya Komissiyasining falsafa doktori dissertatsiyalari (PhD) asosiy ilmiy
natijalarini chop etish tavsiya etilgan ilmiy nashrlarda 7 ta maqola, jumladan, 3 tasi
xorijiy va 4 tasi respublika jurnallarida nashr etilgan.

Dissertatsiyaning tuzilishi va hajmi. Dissertatsiya kirish qismi, uchta bob,
xulosa va foydalanilgan adabiyotlar ro‘yxatidan tashkil topgan. Dissertatsiyaning
hajmi 85 betni tashkil etgan.

DISSERTATSIYANING ASOSIY MAZMUNI

Kirish gismida dissertatsiya mavzusining dolzarbligi va zarurati asoslangan,
tadqiqotning O‘zbekiston Respublikasi fan va texnologiyalar rivojlanishining
ustuvor yo‘nalishlariga muvofiqligi ko‘rsatilgan, ushbu dissertatsiya mavzusi
bo‘yicha xorijiy ilmiy tadqiqotlar sharhi berilgan, muammoning o‘rganilganlik
darajasi ko‘rsatilgan, tadqiqot maqgsadi va vazifalari keltirilgan, tadqiqot ob’yekti va
predmeti tavsiflangan, tadqiqotning ilmiy yangiligi va amaliy natijalari bayon
qilingan, olingan natijalarning nazariy va amaliy ahamiyati ochib berilgan, tadqiqot
natijalarining amaliyotga joriy qilinishi, nashr etilgan ishlar va dissertatsiya tuzilishi
haqida ma’lumotlar keltirilgan.

Dissertatsiyaning “p-Adik o‘lchovlar va ularning davriyligi” deb
nomlanuvchi birinchi bobida dissertatsiyada olingan natijalarni yoritishda
foydalaniladigan ba’zi ma’lum faktlar, asosiy tushunchalar va ta’riflar keltirilgan.

Biror p tub son berilgan bo‘lsin. Har ganday x # 0 ratsional sonni

m

T
x=p —
P

ko‘rinishida tasvirlash mumkin. Bunda m — musbat butun son, r,n € Z. n vam
o‘zaro tub sonlar esa p bilan ham o‘zaro tub: EKUB(m,n) = 1,
EKUB(p,n) = 1,EKUB (p,m) = 1. Ushbu x sonining p-adik normasi
quyidagicha aniqlanadi

-r

p agar x * 0,
xlp = {O a =
gar x=0.

Bu norma [x + y|, < max{|x|,, |y|p}— kuchli uchburchak tengsizligini

qanoatlantirgani uchun noarximed normasi bo‘ladi.
Quyidagi tasdiglar bu tengsizlikdan bevosita kelib chigadi:

1) agar |x|, # |y|, bo‘lsa, u holda |x + y|, = max{ |x|,, |V|,};

2) agar |x|, = |y|, bo‘lsa, u holda |x + y|, < [x|,.



Ostrovskiy teoremasiga ko‘ra ratsional sonlar maydonida trivial bo‘lmagan
quyidagi (noekvivalent) normalarnigina kiritish mumkin: birinchidan, har bir p tub
son uchun |- |, normani, ikkinchidan, odatdagi absolyut giymat | -|. Ta’kidlab
o‘tamizki, ratsional sonlar maydoni p-adik normaga nisbatan to‘la emas. Ratsional
sonlar maydonini p-adik norma bo‘yicha to‘ldirganda p-adik sonlar maydoni — Q,,
hosil bo‘ladi. Har qanday p-adik x# 0 sonni yagona usulda

x = p"D(xo + x1p + X,p% + )
kanonik ko‘rinishida tasvirlash mumkin bunda y (x) € Z va x; lar butun sonlar x, >
0, 0<x;<p-—1 shartlarni qanoatlantiradi. Bu holda |x|, = p~Y&),
L, = {x €,:|x|p < 1} to‘plamning elementlari p-adik butun sonlar deb ataladi.
Shunday qilib, har qanday p-adik sonni gator ko‘rinishida

X = py(x) Z xnpn,
n=0

kabi tasvirlash mumkin bunda x,-butun sonlar, 0 <x, <p—1,y(x) € Z.
Ta’kidlab o‘tamizki, bunday tasvirlash har bir x wuchun yagonadir. Agar
¥ (x) = 0 bo‘lsa, u holda x soni p-adik butun son bo‘ladi.

Q, metrik fazoda ochiq to‘plamlar bazisi sifatida quyidagi to‘plamlar
sistemasini olish mumkin:

a+p"Z, ={x € Qylx—al, < pin},bundaa € Qy,van € Z.

a € Qp, n € Z lar uchun a + p"Z, to‘plamlar intervallar deyiladi va a + (p™) kabi
belgilanadi. Aytib o‘tish kerakki, Q,, ning ochiq qism to‘plami faqat va fagat chekli
sondagi intervallar birlashmasidan iborat bo‘lsagina kompakt bo‘ladi. Bunday qism
to‘plamlar kompakt-ochiq deb ataladi.

1-ta’rif. X to ‘plamning kompakt-ochiq qism to ‘plamlariga p-adik sonlarni mos
qo ‘yuvchi additiv u akslantirishga p-adik tagsimot deyiladi. Chegaralangan p-adik
tagsimotga o ‘Ichov deyiladli.

u akslantirishning chegaralanganligi sup{ lu()lp:V X } < oo ni anglatadi.

Aytaylik Z,, to‘plam uchun biror § = {K Wiel } — bo‘laklash bo‘lsin ya’ni

Z, = UK@,KU) NKY =9,i +]j.
i€l

2-ta’rif. Z, to'plamdagi p tagsimot har qanday a€ KD uchun
u(a+ (p") = Agn) (Vn € N, Agn) € Qp) munosabatni  ganoatlantirsa, bu
tagsimotga &-davriy tagsimot deyiladi. Ya’'ni tayin n uchun pu(a+ (p™))
tagsimotning giymati fagat a ning qaysi sinfga mansubligiga bog ‘liq.

Endi Q, da biror kompakt-ochiq X qism-fazo berilgan bo‘lsin. Quyidagi
teorema ma’lum:

1-teorema. X dagi intervallar to ‘plamini Q, maydonga akslantiruvchi har

qanday p akslantirish uchun ixtiyoriy a + (p™) < X da
10



p—1

pla+ @m) = Z u(a + bp™ + (p™*h)
b=0

tenglik o ‘rinli bo ‘lsa, ushbu akslantirishni X dagi p-adik taqsimotgacha yagona
ravishda davom etirish mumkin.

Birinchi bobda Z, ning ba’zi bo‘laklashlari uchun p-adik taqsimotlarning
umumiy ko‘rinishi berilgan. Birinchi bobning asosiy natijasi quyidagi
teoremalardan 1borat:

2-teorema. 1) Har qanday pZ,-davriy p-adik tagsimot quyidagi ko ‘rinishga
ega:

AW

ula+®M) =—;

n—-1’
p

bundaa € KO,n e Nva ¥ € Q,, i =0,1,...,p— 1;

2) Har ganday pZZp - davriy p- adik tagsimot quyidagi ko rinishga ega:

@)
/11'

ua+ () = {7 agarn =2
-1 ,(2
anzlo/ngr)rnp,agar n=1;

bundaa € KO,n e Nva2® € Q,, i =0,1,...,p> — 1.

3-teorema. Har qanday L, -davriy p- adik tagsimot quyidagi ko ‘rinishga ega:

prll—k—l’ agar n >k,
p—1
200 —
L z A}kﬂ), agar n =k,
j=0
ka‘nlgk), agar n <k;

bunda a € LD, ne Nva A"V eqQ,, i=01,...,p— 1.

Dissertatsiyaning “p-Adik taqsimotlar va o‘lchovlarning davriyligi” deb
nomlanuvchi ikkinchi bobi p-adik davriy tagsimotlar va p-adik davriy o‘lchovlarni
o‘rganishga bag‘ishlangan.

Ikkinchi bobning birinchi paragrafida Dirak o‘lchovlarining K-davriyligi
tadqiq etiladi. Berilgan a € Z, uchun A # 0 bo‘lganda p, Dirak oflchovi
quyidagicha aniqlanadi:
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(A, agara €U,
Ha(U) = {o, aks holda.

Z, to‘plamning bo‘laklashi sifatida quyidagini qaraymiz:
K={K®K®}, KO={xx|,=1}, K@ ={x:|x|, <1}.
a nuqtaning KM yoki K@® to‘plamga tegishli bo‘lishiga qarab ikkita hol

mavjud. Bundan kelib chiqib, quyidagi lemmalarning isboti keltirilgan:
1-lemma. Agar a € KM bo Isa, u holda

1) n=22 yoki n=1,p#2 da |a—al, > pin shartni qanoatlantiruvchi

a € KO mavjud;

2Q)yn=1p=2dala—al,> % shartni ganoatlantiruvchi a € K mavjud

emas.

2-lemma. Agar a € K® bo Isa, u holda

Hn=2dala—al, > pin shartni ganoatlantiruvchi a € K@ mavjud;

2yn=1dala—al, > %Shartni ganoatlantiruvchi a € K@) mavjud emas.

Va nihoyat, isbotlangan lemmalardan va taqsimotning xossasidan foydalanib,
quyidagi teorema isbotlangan:

4-teorema. Z, to ‘plamning K = {K®, KDY bo laklashi berilgan bo Isin,
bunda KM = {x: x|, = 1} va K® = {x: x|, < 1}. U holda K-davriy Dirak
o ‘Ichov mavjud emas.

Z, ning umumiyroq bo‘laklashlari uchun p-adik davriy tagsimotlar tadqiq
qilingan.

Ikkinchi bobning ikkinchi va uchinchi paragraflarida Bernulli tagsimotlari
o‘rganilgan. Bir nechta Bernulli ko‘phadlarini keltirish mumkin:

By(x) =1,

B, (x) = x —
1) =x-3,

1
B,(x) = x? —x+g,

3 1

B =x3—=x%+-x,..
3(x) =x 5% +2x

Biror nomanfiy k butun soni uchun ug ; akslantirishni a + (p™) intervallarda
a
ugr(a+ @) = p"*k-Vp, (p_n>

formula yordamida aniqlaymiz. ug ; akslantirish k-Bernulli tagsimoti deb ataladi.
12



Quyidagi teoremaning isboti keltirilgan:

S-teorema. g funksiyani Z, dagi tagsimotgacha davom ettirish mumkin.

Dastlabki bir nechta B, (x) ko‘phadlar uchun quyidagi tagsimotlarni hosil
qilish mumkin:

a 1
ugo(a+ (™M) = p"© VB, (,Tn) =p1l=g
_ a a a 1
upa(a+ @™) = p"VB, (,Tn) =B =g

n n(2-1) a n a a 1
pg(a+ (@) =p B, o =p (=5 —=t2)
Up o ni Xaar tagsimoti, ug ; ni Mazur tagsimoti deb atalishini eslatib o‘tamiz.
Shundan so‘ng, Bernulli tagsimotlarini Z, to‘plamning ¢ = {K Dien
bo‘laklashi ya’ni i # j da

Z, = U KO gkO gD =g
i€l
uchun &-davriyligini tadqiq qilish magsadida quyidagi teorema isbotlangan:
6-teorema. u(a + (p™)) akslantirish quyidagi ko ‘rinishda bo ‘Isin

ula + ®") = fu(a@.

X € Zy, larda aniglangan f, (x) akslantirish uchun har qanday ¢ € Q) da (i)}

to ‘plamning quvvati ko ‘pi bilan sanoqli bo‘lsa, u holda p akslantirishni &-davriy
qiladigan sanoqli yoki chekli & bo ‘laklash mavjud emas.

up r Bernulli tagsimotlari -davriy bo‘lishi uchun
ple-Dp (;%) _ Al(n),a 0
bo‘lishi kerak. Biroq,

a
()=
tenglamaning a yechimlari soni chekli. Shuning uchun, ixtiyoriy i da K® ning
elemetlari ko‘pi bilan sanoqli bo‘ladi. Demak, g, Bernulli tagsimotlari ¢-davriy
bo‘ladigan chekli yoki sanoqli £ bo‘laklash mavjud emas.

Ko‘rish mumkinki, 2-teoremadagi va 3-teoremadagi barcha tagsimotlar chekli
bo‘laklashlardan hosil gilinadi. Shuning uchun pZ,-davriy, pZZp—davriy va Ly-
davriy tagsimotlar orasida Bernulli tavsimotlari mavjud emas.

Z, to‘plamni shunday ¢ = {K OF € I} bo‘laklashini topish mumkinki, ug
Bernulli tagsimotlari & davriy bo‘ladi. K® lar sifatida quyidagi to‘plamlarni olamiz:
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ya’'ni

Ushbu

prl-Dp. (;%) _ /1%6)

tenglamalardan bunaqa tagsimotlarning ko‘rinishini ham aniqlash mumkin:
/1%6) — pn(k—l) . c.

Dissertatsiyaning “Panjaralardagi p-adik tagsimotlar” deb nomlanuvchi
uchinchi bobida Z% panjarada p-adik Gibbs tagsimoti va Bete panjarasida (Keli
daraxtida) p-adik tagsimot tushunchalari kiritiladi

x = (Xq,---,%4),%; € Z,i =1,...,d nuqtalar to‘plamini ya’ni d-o‘lchamli 74
butun sonli panjarani qaraylik. Bunda metrika

p1(x5x") = max|x'; — x|

ko‘rinishida yoki unga yaqinlashish bo‘yicha ekvivalent bo‘lgan

d
pa(x'sx) = ) [y = 2]
i=1

kabi kiritiladi.
Agar x,y € Z% nugqtalar uchun p,(x;y) = 1 o‘rinli bo‘lsa, u holda x va y
nuqtalar go ‘shni nuqtalar deb ataladi va < x,y > kabi belgilanadi.

® = {-1,+1} spin qiymatlar to‘plami bo‘lsin. Biror natural n soni uchun
M, ={x=(x1,...,x4),%;, =2 0,i=1,...,d: p;(x,x°) < n})

to‘plam markazi x° da bo‘lgan fundamental kvadrat deb ataladi. Z% ning M,
kvadratga tegishli bo‘lmagan va M,, ning ba’zi nuqtalariga qo‘shni bo‘lgan barcha
nuqtalarini M,, kvadratning konturi deb ataladi va dM,, kabi belgilanadi. Z* da
aniqlangan x € Z% — o(x) € ® funksiya o konfiguratsiya deb ataladi. ¢ ning har
qanday V c Z% qism to‘plamdagi cheklovini (V) deb belglaymiz, ya’ni o(V) =
{o(x),x € V}. M,, dagi barcha konfiguratsiyalar to‘plamini (,, bilan, Z® dagi barcha
konfiguratsiyalar to‘plamini () bilan belgilaymiz. Izing modeli uchun p-adik
gamiltonian

H(o) = =] Y<xy> 0(x)a(y), kabi aniqlanadi bunda [/, < %.

Izing modeli uchun M,, kvadratdagi H,,(c|c") shartli p-adik gamiltonian
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Ha(oloe)=~JS_ oo ~JX_ 0 (x)0’ (),
T X, yEMy, T xeEM,,yEOM,,

ko‘rinishga ega bunda |J|, < %.

a € Q,var >0 uchunB(a,r) = {x € Qy: |x —al, < r} belgilash kiritamiz.
p-Adik logarifm yaqinlashish sohasi x € B(1,1) bo‘lgan

log, (x) = log, (1 + (x — 1)) = Z (=1)"1(x — 1)™n,

qator bilan beriladi.
p-Adik eksponenta yaqinlashish sohasi x € B(0,p~Y®~1D) bo‘lgan
exp,(x) = Z x"nl,
n=0
qator bilan beriladi.
M,, kvadratda o va Z*\M,, da ¢’ konfiguratsiya uchun shartli Gibbs tagsimoti

Epr(—Hn(0'|0"))
Zo'eﬂn epr(_Hn(O-loJ))

pn(olo’) =

kabi aniqlanishini eslatib o‘tamiz.
Quyidagi konfiguratsiyalarni garaymiz:
ot ={o(x)=1},0” ={o(x) = —1}.
M,, kvadratda Q dagi biror tayin ¢ konfiguratsiya uchun ikkita c* va o~

chegaraviy shartlarda mos ravishda ikkita p-adik Gibbs shartli tagsimotlarini
aniqlaymiz

expp (=Hn(9))

B (@) = n(o(My)|o*(2\My) = —2— =+
bunda "
Hi@=-] )  o@em-g > o
<OV yeM, <XV eM,,yedM,

va zE = Z exp, (—Hy (0)).

oEQ,

3-lemma. Agarp # 2, |J|, < % bolsa, u holda |H (0)|, < %.

4-lemma. Agar p # 2 bolsa, u holda z;; = z, va |z, |, = |z |, = 1.
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7-teorema. Agar p # 2 va limuk (o) limitlar mavjud bo‘lib, u* ga teng
n—-0oo

bo‘lsa, u holda u* — p-adik tagsimotlar turlicha bo ‘ladi. Bundan tashqari, har
ganday v € N uchun |u* (o) — u=(0)l, = |/l - ™" tenglikni qanoatlantiruvchi o
konfiguratsiya mavjud bo ‘ladi.

Ushbu tagsimotlarning chegaralanganligi ham tekshirilgan.
8-teorema. Izing modeli uchun Gibbs tagsimotlari chegaralangan bo ‘lishi
uchun p # 2 bo ‘lishi zarur va yetarli.

Uchinichi bobning uchinchi paragrafi Keli daraxtida haqiqiy Gibbs
o‘lchovlarining ba’zi metodlaridan foydalanib, p-adik butun sonlar to‘plamida bir
nechta p-adik tagsimotlar va o‘lchovlar qurishga bag‘ishlangan. Keli yarimdaraxti
uchun odatdagi leksikografik tartib < kiritilgan.

m={x%=xy<x <--}yo‘lga

t=t(m) = Z inp", tEL,
n=0
p-adik sonni mos qo‘yamiz.

Ushbu moslik o‘zaro bir gqiymatli bo‘ladi. Bunda tashqari < qisman tartibdan

Z, da qisman tartib kiritish uchun ham foydalanish mumkin: ya’ni, agar t,,t, € Z,

sonlarga mos keluvchi my, m, yo‘llar uchun m; < m, o‘rinli bo‘lsa, u holda t; < ¢,
deymiz.

0\ 1] 2/ 0\ 1|2/ 0\1 2/ 0 \ 1 2/ 0\ 1|2/ 0\1

[t
=
=

., "
e o

1-chizma. Uchinchi tartibli Keli yarimdaraxti. Qalin chiziq bilan belgilangan  yo‘l 121...
ketma-ketlik bilan ifodalanadi. Bu yo‘ldan chapda (mos ravishda o‘ngda) u tagsimot p; bilan (mos
ravishda p, bilan) ustma-ust tushadi.

Quyidagi teorema isbotlangan:
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9-teorema. iyi,i, ... ketma-ketlik bilan ifodalangan ™ = {x° = xy < x; < -}
yo 'l berilgan bo ‘Isin. Agar L, dagi puy, [, tagsimotlar uchun py # py bo‘lib, barcha
n<m(a,m)+1 larda pi(a+ (p")) = up(a + (p™)) o rinli bo‘lsa, u holda I,
dagi intervallarda quyidagicha aniglangan u tagsimot mavjud:

(m(a+ @), agar m,<mm,NmT=0
yoki na,NmT#@, n<m,
ula+@®M) =2yoki mo,Nm#0, n=m+1amn1 < imsi
U(a+ "), agar w<myum,NmT =0
\yoki m,Nm#0, n=2m+1,an41 > ims1s

bunda m = m(a, ) va m, yo'l a € Zy nugtani tasvirlaydi (1-chizmaga qarang).

Quyidagi teoremada berilgan tagsimotlardan foydalanib, yangi tagsimot qurish
mumkinligi keltirilgan.

10-teorema. k € N va Z,, da {v,:t € W} tagsimotlar oilasi berilgan bo ‘Isin.
Agar shunday t,s € W (t # s) topilib, biror ¢ + (p™) (ng = k) interval uchun
ve(c+ (p™)) # vg(c + (p™) o rinli bolsa, u holda 1, da har bir t € Wy uchun
v, dan fargli p® = u®v,, t € Wy, tagsimot mavjud.

Quyidagi teoremada 9 va 10-teoremalarda qurilgan p-adik tagsimotlarning
chegaralanganlik shartini keltirib o‘tamiz.

11-teorema. Quyidagi tasdiglar o rinli.

1. 9-teoremada keltirilgan u tagsimot chegaralangan bo ‘lishi uchun, p, va i,
tagsimotlar chegaralangan bo ‘lishi zarur va yetarli.

2. 10-teoremada keltirilgan u™® tagsimot chegaralangan bo ‘lishi uchun, har
qganday t € Wy van = k da vi.(a + (p™)) chegaralangan bo ‘lishi zarur va yetarli.
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XULOSA

Dissertatsiya noarximed maydonlarida davriy tagsimotlarni qurishga,
tagsimotlarning chegaralanganligini o‘rganishga bag‘ishlangan bo‘lib, quyidagi
natijalarga erishilgan:

davriy p-adik va davriy haqiqiy tagsimotlar tushunchalari kiritilgan bo‘lib,
butun p-adik sonlar to‘plamining ayrim bo‘laklashlari uchun davriy p-adik
tagsimotlarning umumiy ko‘rinishi topilgan;

[0;1) to‘plamning aniq bir bo‘laklashi uchun davriy haqiqiy o‘lchovlarning
umumiy ko ‘rinishi topilgan. Davriy haqiqiy o‘lchovlar mavjud bo‘lmaydigan [0;1)
to‘plamning bo‘laklashlariga misollar keltirilgan;

Dirak o‘Ichovining K-davriyligi tushunchasi kiritilgan bo‘lib, K-davriy Dirak
o‘lchovlari mavjud emasligi isbotlangan. p-Adik butun sonlar to‘plamining
umumiyroq bo‘laklashlari uchun davriy p-adik tagsimotlarning umumiy ko‘rinishi
topilgan;

butun p-adik sonlar to‘plamining ixtiyoriy bo‘laklashlari uchun davriy p-adik
tagsimotlar mavjudligining zaruriy sharti topilgan bo‘lib, topilgan p-adik davriy
tagsimotlar orasida p-adik Bernulli tagsimotlari yo‘qligi isbotlangan;

p-adik sonlar to‘plamining shunday bo‘laklashi topilganki, bu bo‘laklashga
nisbatan Bernulli tagsimotlari davriy bo‘ladi va bunday davriy p-adik Bernulli
tagsimotlarining umumiy ko ‘rinishi keltirilgan;

Bete panjarasidagi haqiqiy qiymatli Gibbs o‘lchovlari nazariyasining ba’zi
usullaridan foydalanib, bir nechta p-adik tagsimotlarni qurish usulini p-adik hol
uchun taklif gilingan va p-adik tagsimotlarning chegaralanganligi tadqiq etilgan.
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BBEJAEHUE (anHoTamusi nuccepranuu Jokropa ¢pusiaocodpuu (PhD))

AKTYyaJlbHOCTb M BOCTPe0OBAHHOCTH TeMbl AucCcepTauuu. MHorue
Hay4YHbIC U IPAKTUYECKUE UCCIICIOBAHNS, IPOBOIUMBIE BO BCEM MUPE, OUCHB YaCTO
CBOJATCS K MCCIICIOBAHUIO HEAPXHUMEIOBBIX MOJEIEH KBAHTOBOW MEXAHUKHU.
Teopuss p-aAM4YECKOr0 HHTETPUPOBAHHUS — OJHA W3 BAXHEWIINX YacTeu
HEApXUMEN0BA aHaNu3a. [{Ji1 HHTErpupOBaHKs BayKHbI CBOMCTBA pacrpeaeneHus. B
TE€UEHHE HECKOJIbKUX CTOJIETUI MaTeMaTUKa U TeopeTrudeckasi pu3nka pa3BUBaIUCH
Ha OCHOBE JCHCTBUTENBHBIX (a 3aT€M M KOMIUIEKCHBIX) uucen. Baxuelmum
NONMYIIEHHEM BO MHOTMX CHCTEMAaX W3MEPEHHs SBIAETCS aKCuoMa Apxumena.
BrnionHe ecTeCTBEHHO NPEIOKUTh OIMHMCAHWE MHUPAa B TEPMUHAX p-aqAYECKOU
apupMeTUKH U yJIbTpamMeTpuueckod reomeTpun. CBOWCTBO MEPUOJUYHOCTH
pacnpeneneHus MOo3BOISET M3ydaTh HNepuoguyeckue mpoueccsl. [lepuoanueckue
p-audecKue pacipeesieHus sIBISIOTCS OCHOBHBIM OOBEKTOM B Teopuu (ha3oBbIX
MEPEXOJ0B JIJII HEAPXUMEIOBBIX MOJIEJIEN KBAHTOBOM MEXaHUKH.

B Hacrosiiiee Bpemsi HauOOJIBIIUM MHTEPEC MPEACTABISIOT BEPOSTHOCTHBIE
MEpbl CO 3HAYCHUSIMU B TIOJIE p-agudeckux uncesl. O00O0IeHus] TaKuX Mep ObLTH
MOTUBHPOBAHBI PA3BUTUEM KBAaHTOBBIX MOJIENIEH C HEapXUMEJAOBO3HAYHBIMU (U, B
YaCTHOCTH, CO 3HAYEHUSIMU B TMOJIE p-aIMUE€CKUX YMCEI) BOJIHOBBIMU (PYHKIIUSIMHU.
HeapxumenoBble BEpOATHOCTHBIE MOJEIW NPEACTABISIIOT W CaMOCTOSITEIbHBIN
MHTEpeC. B 4acTHOCTH, OHHM MCIOJIB30BAHBI B p-aJUYECKON cxeme bepHymm miis
OMMCaHUs KATaKJIM3MOB, CUTyallMd THIA: «XOpOIIO, XOpPOUIO, ..., KaracTpoday.
Kpome Toro, st Mepsl MPUMEHAIOTCS B p-aJUUECKUX CTOXACTUYECKUX MOJEIISIX
BBIMUpAHUSI OMOJIOTUYECKOUN MOMYJSIUU, TUHAMUKA Pa3BUTUS KOTOPOU SIBIISIETCS
«BIOJIHE OJArOMOJy4HOW», C TOYKH 3PEHUS CTaHJIApTHON (KOJIMOTOPOBCKOM)
TEOPUU BEPOSITHOCTEH. AKTYyaJbHOCTb JAaHHOM TEMATHUKH CJIEAYET W3 OTHUX
MIPUMEPOB, OOJIBIIOTO MPUIIOKEHUSI MEpP HaJl HEapXUMEIOBO HOPMHUPOBAHHBIMU
MPOCTPAHCTBAMM.

B nHameil ctpaHe B mociegHuWE TOAbl YCWIWICA HHTEPEC K aKTyaJbHBIM
HaIpaBICHUSIM (PYHIAMEHTATBHBIX HAyK, MUMEIONIUX HAy4YHOE W MPaKTUYECKOe
NpuMeHeHne. Benercs psa HMCCIENOBaHUMKA [0 HEAPXHUMEIOBBIM  aHAJIOTaM
CTaTUCTUYECKON MEXAHUKH M HEApXMMEIAOBOU TEOpHUH BEPOSTHOCTEN. Bemencraue
3TOrO0  AaKTyaJbHbIM CTAaHOBUTCS IOJYYEHHWE 3HAYMMBIX pPE3YyJIbTATOB B
UCCIIEIOBAaHUM  YJIbTPaMETPUUYECKUX MpOCTpaHCTBaX. B dactHOcTH, 0C000€
BHUMaHuE ObLIO VYAEJIEHO pPa3BUTHUIO TEOPUU YJIbTPaAaMETPUUYECKUX Mep,
SBIIIONICHCS OCHOBHBIM OOBEKTOM HM3yYeHHS 3a7a4  YJIbTPAMETPUUYECKOU
CTaTHUCTHYECKOW (PU3MKU U MexaHWKW. [IpoBefeHME HAy4YHBIX HCCIEIOBAaHUN Ha
YPOBHE MEXAYHApPOJHBIX CTaHAAPTOB IO IPUOPUTETHBIM  HANPaBICHUSAM
MaTeMaTUYEeCKUX HayK, a HMMEHHO MO TaKUM Ba)XHbIM HAMpPABICHUSM, Kak
GYHKIIMOHAIBHBIA aHAMM3 M MaTeMaTudeckas (uU3HKa, paccMaTpUBAETCS B

Ka4eCTBE OCHOBHOM 3a1au¥ (pyHIAMEHTAIbHBIX HCCIIEI0BAHMUM !,

! Mocranosnenue Tpesunenta PecniyGmuku Y36exuctan, ot 09.07.2019 1. Ne TIT1-4387 «O Mepax rocy1apcTBEHHOM
MOICPKKA  JTalbHEHUINETO Pa3BUTHUS MAaTeMAaTHYeCKOro oOpa3oBaHHWsT W HayKW, a Takke KOPCHHOTO
COBepLIEHCTBOBaHUs JesTenbHOcTd MHctutyta Martemaruku umenu B.WM. PomanoBckoro AxaaemMuu Hayk
PecniyOnuku Y306ekucrany»
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HccnenoBannss NaHHOW HAUCCEPTAllMM B ONPEAECIECHHOW CTENEHH CIIyKaT
OCYILIECTBJIICHUIO 3a7ad, o00o3HaueHHbIX B VYkaze I[lpesunenta PecmyOnuku
V30ekucran Ne VII1-4947 «O crparerun A€MCTBUI MO AabHEHWIIEMY Pa3BUTHIO
PecnyOnuku VY30exkuctan» ot 7 ¢eBpans 2017 roma, Ne IMI1-4387 «O mepax
FOCyIapCTBEHHOM  MOJJEPKKU  JAIBHEWIIETO Pa3BUTUS  MAaTeMaTUYECKOrO
o0pa3oBaHUs W HAyKH, a TaKKE KOPEHHOTO COBEPIICHCTBOBAHUS AESTEIHLHOCTHU
Nucturyra Marematuku umenu B.M.PomanoBckoro Akanemuun Hayk PecryOnuku
V36ekuctan» ot 9 utona 2019 roga u Ne III1-4708 «O Mepax Mo MOBBIIMICHUIO
KaduecTBa OOpa3oBaHUsT W PAa3BUTUI0 HAyYHBIX MCCIEIOBAaHUN B 001acTH
MareMatukm» oT 7 masg 2020 rozna, a TakKe B IpyruX HOPMaTUBHO-IIPABOBBIX aKTaX,
Kacarolmuxcsa pyHaaMeHTaIbHON HayKH.

CooTBeTcTBHE HCC/IEI0BAHUS MPUOPUTETHHIM HANPABJICHUAM Pa3BUTHUA
HAYKH M TeXHOJIOTHil pecny0JuKH. J[aHHOE WCCIENOBAaHHUE BBINOJIHEHO B
COOTBETCTBHUM C NMPUOPUTETHBIM HAIPABICHUEM PAa3BUTHA HAYKU U TEXHOJIOTUW B
Pecnyonuke Y30ekucran V. «MaTematnka, MexaHuka U UHGOpPMaTHKA.

CreneHb HM3ydyeHHOCTH mpodJembl. [loHsTHE p-aauyeckux dYucen ObLIO
BIIEpBbIE BBEJAEHO HeMelUKMM MaTemaTtukoMm ['enzenem (1897). Takue uymucna
MOSIBJSIFOTCS  IPU  TONOJHEHUM  PALMOHAJIBHBIX YHMCEI IO  p-aJU4eCKOU
(HeapXUMeI0BOU WM yJIbTPAMETPUUYECKON) HOpME. B HacTosIiee BpeMs B MUpe, B
yacTHOCTH, B paborax III.ArormoBa, C.Anbesepuo, ¥Y.Po3ukoBa, H.I'annxomxkacesa,
®.MyxammenoBa, A.Xpennukona, XK.Pyu3za, JI.I'annonedo, O.XakumoBa u apyrux
IIMPOKO  M3Yy4YaeTcs psii HAOpaBJIICHUM  MaTeMaTUYECKOTO  aHaJu3a Ha
HEAPXUMEIOBBIX CTPYKTypax.

OcHOBBI W 00IIHE XapaKTEPUCTUKH TEOPUHM MEp M HWHTETPUPOBAHUS CO
3HAUCHUSAMH B HEapXMMEIOBBIX MOJSX JaHbl B pabotax A.C.M. Ban Pooiia,
A.MonHa u B.IlluxoBa B 1970-x rogax. B paborax B.I1IluxoBa 0110 10Ka3aHO, YTO
eCIM p-aAndecKkass Mepa SBISETCS CUTMa-aJJuTHBHOHN, TO Takas Mepa Oyner
JACKPETHOW MEpOW, T.€. HE PABHOW HYIIO TOJBKO Ha CYETHOM MHOECTBE.
CrnenoBarenbHO, coepKaTelnbHas TEOPHS HMHTETPUPOBAHUA HE MOXKET OBITh
CO3/1aHa C TAKUMU p-aJUYECKUMU aTOMHUUYECKUMH MepaMH. XOPOILO pa3BUTa TEOPUS
HEApXUMEJIOBOTO  MHTErPUPOBaHUS, KOrJa BMECTO  CHUI'Ma-aJJIMTUBHOCTHU
paccMaTpuBaIOTCS YCJIOBHUS OrpaHWdYeHHOCTH. B paborax A.XpeHHHKOBa OBLIO
JI0Ka3aHO OTCYTCTBHUE TPAHCISIHIUOHHO-UHBAPUAHTHBIX MEp INPU  YCJIOBUU
OTPAaHUYEHHOCTH B MHOXECTBE LEJBbIX p-aAudeckux uucelsl. [loatoMy BO3HHKIA
3alaya 0 HAXOXKICHUU TMEPUOJIUYECKUX p-aJMuYeCcKuX Mep, Oosiee OOIMX, 4eM
TpaHCISIIMOHHO-UHBapuaHnTHeie. B 1984 1. B.Bnagumupor u W.BonoBuu
MIPEATIONOKUIH, YTO p-aIAYECKUE YUCIIA MOTYT OBITh MCTIONIb30BAHBI ISl ONTUCAHUS
IpPOCTpaHCTBA Ha (PAHTACTMUECKH MaJbIX PACCTOSHHUAX, TaK Ha3bIBAEMBIX
IJJAHKOBCKUX PACCTOSHUSAX, B KOTOPBIX akcuoMa Apxumesa Hapymaercs. B 1987 r.
N.BonoBuY NpeioKuiI UCIONIb30BATh p-aANnYECKOE IPOCTPAHCTBO B TEOPUU CTPYH.
Pa6ota .Bonosuua B s)xypHaie «Kiaccuueckast 1 KBaHTOBas TpaBUTAIIMS BhI3Bajia
eIyl BOJIHY MyOJMKanuid 1o p-aaudeckuMm crpyHaMm. OnyOIuKoBaHbI
MHOTOUYMCIIEHHBIE CTaTbl M  Psii  KHUT [0 Pa3jiW4YHbIM  IPWIOKEHUIM
HEapXUMEJOBbIX MOJEJICH CTaTHCTUYECKOW (M3UKH U HEapXMMEIOBOW TEOpUHU
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BEPOSATHOCTEN. 3/1€Ch MOXKHO yKa3aTh Ha pe3yJsibTaTtsl B.Bnagumuposa, I1.dpelinna,
N.Apednesa, b./Iparosuua, 3.Burrena, I1.dpamnrona, I'.Ilapusu, 3.Mapunapu,
M.Oncona u apyrux.

Teopema KoaMoropoBa o MpoaoKeHUA MEPBI UTPAET BAXKHYIO POJIb B TEOPUU
NeHCcTBUTENIbHO3HAUHbIX ~ Mep [ub0ca. HeapxumenoB  aHamor  TeopeMbl
Konmoroposa 60wt gokazan B pabore H.['anuxomxkaeBa, ®d.MyxamenoBa u
V.Po3ukoBa. OTOT pe3ynpTar IMO3BOJAET KOHCTPYHPOBATh IIMPOKHM KJacc
p-alUuECKUX PaCOpPEACICHNN, CIIy4YallHbIX NPOLECCOB M JAeT BO3MOYKHOCTH
pa3BUBATh CTATUCTHUYECKHE METOJAbl NPUMEHUTEIBHO K p-aJIMYECKON TEOpHH.
brnaropapst 3toii pabore OBUIO M3yYEHO HECKOJIBKO p-aJIMUYECKUX MOJeNied Ha
pemrerke bere. B yacTHOCTH, OCTPOEHO HECKOJBKO BAPUAHTOB MEPUOAUYECKUX
p-anuueckux wmep ['mb0Oca s pa3audHBIX MOJENe ¢ B3aMMOACHCTBUAMU
Ommkalmux cocedei. 37ech MOXHO yKa3aTh Ha pesynbTaTbl [.I'anmonsdo,
JK.Pyusza, JI.Ounao, ¥Y.Po3ukoBa, H. ['anuxomxaesa, ®. Myxamenona, O.XakuMoBa,
M. CabypoBa u Ipyrux.

CBsi3b TeMBbI [JUCCEPTALMM € HAYYHO-UCCIAEA0BATEIbCKON PpadoTo
HAYYHOI'0 MCCJIEI0BATEIbCKOI0 YUPEKACHUS, I/1e BHINOJIHAIACH IUCCePTALMS.
HccnienoBanre BBIOJIHEHO B COOTBETCTBHUM C IUIAHOM Hay4YHBIX UCCaea0BaHuN D4-
OA-D013 «HeacconmaTtuBHbie U onepaTopHbie anreOpbl, TMHAMUYECKUE CUCTEMBI
U UX TPUIOKEHUS B CTATUCTUYECKOW (PU3UKE W TOMYJALHNOHHOW OHOIOTHUN
Wucturyra marematuku  (Tamkent, 2012-2016 rr.), E®-4-3+ED-4-4
«BepoAaTHOCTHBIE MEpBhl CIIMHOBBIX CHCTEM Ha CUYETHBIX Tpadax u anreOpbl
JleiiOHuIta, accolMUpOBaHHbIE ¢ TpeacTtaBieHusmu anrebp Jlm» WacTHTyTa
marematuku (Tamkent, 2016-2017 rr.).

eabro uccaeq0BaHUA SBISIETCS ITOCTPOEHHUE HOBBIX KJIACCOB p-aAUUYECKUX
NEPUOANYECKUX PACIPEICIICHUN CO 3HAYEHUSIMHU B MOJIE p-aJUYECKUX YUCENl U
HaXOXJICHUE YCIOBUM OTPAaHUYCHHOCTH U HAWJIECHHBIX PACIIPEICICHUM.

3agauu ucciea0BaHus, peIIacMbie B IAaHHOUN paboTe, CIeayoIIne:

IIOCTPOUTh MPUMEP BEUIECTBEHHOW NEPUOAUYECKOM MEpbl Ha I0JE
BEILECTBEHHBIX Uncel (151 KOTOPBIX aKCHOMa ApPXUMEA BBITIOIHIETCS);

MOCTPOUTH NPUMEPHI p-aJUUECKUX EPUOIUUECKUX MEp HA (HEaApXUMEIOBBIX )
HOJISIX, I KOTOPBIX aKcuoMa ApXumea HapylaeTcs;

UCCIIEJ0BATh YCJIOBUS IEPUOAUYHOCTH p-ainueckux mep Jdupaka;

UCCIIEOBAaTh  YCIOBHUS TMEPUOJUYHOCTH  p-aJUUYECKUX paclpeaesieHui
bepnynnu;

YCTAHOBUTHb YCJIOBUS OIPAHMYEHHOCTH p-alUYECKUX pacClpeleseHuld u
Pp-aTuIeCKuX THOOCOBCKUX MED.

O0beKT wuHCCIeNOBAHMA — p-aJUYECKUE U BEIICCTBEHHBICHIE MEPHI,
MEpUOJIUYECKAE MEpBI, pacnpenencHus bepHymim, Mmepsl Jupaka, p-aguueckue
moxaenu M3uHra.

IIpeamer ucciiefoBaHUs — TEPUOAUYHOCTH p-aIU4YECKOM Mepbl Jlupaxa,
MEPUOJUYHOCTh  pacmpeneneHuss  bepHyiun,  yCcIoBHS ~ OTPaHHUYEHHOCTH
p-alUuECKUX  PACIPENCIICHUN,  YCIOBHUS ~ OTPAHUYEHHOCTH  p-aJUYECKHX
rH00COBCKUX paclpeaeiCHUN Ha perIeTKax.
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MeTtoabl ucciaenoBanus. B paboTe UCHONB3yIOTCS METO/bI, OCHOBAHHbBIE Ha
Teopuu (p-aANuecKux) Mep, TEOpPUU TpyMNN, METOAbl TEOpUU pa3OUEHUI,
HEapXUMEJIOB aHallu3, Teopus (p-aJuyeCKUX) YUCENl U TEOpPHUs BEPOSTHOCTEH.
Kpome Toro, pa3BuBaroTCs METO/Ibl CTATUCTHYECKON MEXaHUKHU.

Hay4ynasi HOBU3HA McCJIeI0BAHUS 3aKIIIOYAETCS B CJICIYIONIEM:

BBEJCHbl  TOHSATHUA  MEPUOJAMYECKUX MEp Hajad  apXUMEJOBbIMH U
HEapXUMEJOBBIMU MOJSIMU, MOCTPOEHA MEpPUOAMYECKasi BEIISCTBEHHAash Mepa Ha
MHOxecTBe [0;1) u s mpou3BOJBHBIX pa3doueHuid MHOxecTBa [0;1) mokazaHo
HEO00XO0JIMMOE YCIOBUE CYIIECTBOBAHUS NIEPUOANUECKON BEIIECTBEHHON MEPHI;

HalJleH o0mMi BHUJ NEPUOJAHYECKUX p-alUdEeCKUX MEpP [JIs HEKOTOPBIX
pa3OneHuil MHOXKECTBa IUEJIbIX p-aJIUYeCKUX 4YHhCell, a TaKXke JI0Ka3aHo
HEOOXOJMMOE  YCJIOBHE  CYIIECTBOBAHUS  MEPUOAUYECKUX  p-aJUYECKHUX
pacrpeneneHuid sl MPOU3BOJIbHBIX PAa30MEHUI MHOXKECTBA LEIbIX p-aJUuYECKHUX
qucen;

JI0OKa3aHa HE MEPUOJMYHOCTh pachpeicieHuil bepHyin OTHOCUTEIBHO HE
Oojiee CcUETHOr0 pa30UMEHHMs] MHOXECTBAa LENbIX p-aJIMYeCKUX YUCET U
OTPAaHUYEHHOCTb HAMIEHHBIX p-aJUUECKUX paCIpe/IeTICHUI;

OMMCAHbl METOJbl IOCTPOCHUSI HOBBIX PACHPEACIICHUI, HCIOIB3Yys YXKe
U3BECTHBIX p-aIMUYECKUX paclpe/ieNieHnil, 3aJaHHble Ha MHOXECTBE UEJbIX
P-aJu4EeCKUX YUCEI.

IIpakTHyeckue pe3yJbTaTbhl HCCIACJOBAHMS COCTOUT B CIEIYIOIIEM:
Metoabl TpOBEPKU NEPUOJUYHOCTH BEIIECTBEHHBIX U p-aIMUECKUX pacipeaeieHu
UCTIONIB3YIOTCSl TPWU  ONMHMCAHMM MHOXECTBA p-aaudeckux wmep [ub6ca s
Pa3ITUYHBIX MOJIETIEH CTATUCTUYECKON (PU3UKH.

OrpaHu4eHHOCTh Pp-auyecKux MIEPUOANYECKUX pacrpeneneHuit
OTHOCHUTEJIbHO HEKOTOPBIX pa30OMEeHUN MOXKECTBa IENbIX p-aJUYeCKUX YHCel
MPUMEHSIIOTCA TIpU nocTpoeHue mep ['nb0ca Ha nepessix Konu mng duzmyeckux
MOJIEJIEN ¢ B3aUMOAEHCTBUIMHU OJIMKANIIINX COCENEH.

JlocTOBEPHOCTH Pe3yJIbTATOB HCCJAeI0BAHUA 000CHOBAHA UCIIOJIH30BAHUEM
METOJI0OB HEAPXUMENOBOr0 (YHKIIMOHAIBLHOIO aHalau3a, TEOPUU YHCEeIl, TEOpUHU
p-audeCcKUX BEpPOATHOCTHBIX MeEp, a TakKe CTPOTOCThI0 MAaTeMaTUYECKHUX
pacCyKJIeHUHN.

Hayynass U mnpakTuyeckasi 3HAYUMOCTH Pe3yJbTATOB HCCIEI0BAHUSA.
Hayuynoe 3HaueHue pe3ynbTaTOB MCCIEIOBAHMS 3aKIIOYAETCS B TOM, YTO METOJbI
MPOBEPKU TEPUOAMYHOCTH BEIIECTBEHHBIX U p-aJUYECKUX paclpeaeiecHui
UCIONB3YIOTCS. TPU ONKMCAaHUU MHOXKECTBA p-aaudyeckux Mep [ubbca s
HEKOTOPBIX MOJIeNIel CTaTUCTUYECKON (PU3UKHU.

[IpakTryeckasi 3HAYMMOCTh IUCCEPTALIMU COCTOUT B TOM, UTO OTPAHUYEHHOCTh
Pp-aIU4YEeCKHUX MEePUOANYECKUX paclpeeICHUN MO3BOJIIET CTPOUTh Mep ['nb0ca st
MOJIEJIEN C B3aUMOAEHCTBUAMU OIMDKANIINX COCENNEH.

Buenpenue pe3yabratoB ucciaenoBanusi. [lodydeHHble pe3ylbTaThl IO
MIOCTPOCHHE MEPUOAUYECKUX MEp HaJ HEapXUMEIOBO HOPMHUPOBAHHBIMU MOJISIMU
BHEJIPEHBI B MPAKTUKY MO CJIEAYIOIINM HAMIPABICHUSIM:
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BEIIIECTBEHHBIE TIEPUOJIMUECKUE MEphl TOCTPOCHHBIE HAJ apXUMEIOBHIM
MOJISIMA U TEPUOJUYHOCTh pacnpeaeneHuil bepHylium oTHOocUTENbHO HE Oolee
CYETHOTO pa3OUEHUS] HEAPXUMEIOBO MHOXKECTBA IEIBIX p-aAU4YeCKHX YHhCel, a
TaKk)k€ OrpaHWYEHHOCTh HAWJAEHHBIX p-aJUYECKUX paclpeieieHuil  ObuH
UCIIOJIb30BaHbl B HCCIIEIOBATEIbCKOM MPOEKTE «XaOTHYECKUE W CMEIaHHbIC
p-audyecKue AUHAMUYECKUE CUCTEMbI, COOTBETCTBYIOIIHUE PEIIETUYATHIM MOJIEIISM
peHopMupoBaHHbIX  rpynm»  G0003247 (OAD, cmnpaBka YHHBEpcUTETa
OO0benuuéHHbix ApaOckux OmuparoB oT | wutons 2022 roma) 4toObl HAWTH
p-agudyeckux mep ['mb6ca Ha gepeBbsix Komm st pasnuuHblx Mojened ¢
B3aUMOJICUCTBUSIMU ~ Ombkallmx — coceneid. [IpumeHeHne ATUX  HAyYHBIX
PE3YyJABTATOB MO3BOJIMIIO MOCTPOUTH 0000IIEHHBIE THOOCOBCKHUE MEPHI;

oOIIMii BUJ MEPUOJUYECKUX p-aIMUYECKUX MEpP sl pa3OMeHuil MHO>KeCTBa
LENbIX p-aINdYeCKUX 4YHUCEN M CYIIECTBOBAHMS p-aJUYECKUX NEPUOIHYECKUX
pacrpeneneHuid ObUIM MCIOJIb30BaHBI B HCCIEIOBATEIBLCKOM MIPOEKTE «Xaoc
BBI3BIBACT (PA30BBIM MEpPEXOA: METOJ p-aAU4YeCKUX THUHAMUYECKHX CHUCTEM s
HOBOTO KJacca p-aauueckux Mep ['n66ca» FRGS 17-027-0593 (Manaiizus, cipaBka
MexyHapoIHOrO UCIaMCKOro yHuBepcuteta Manaiizuu, ot 3 utons 2022 roxaa)
JUISl ONTUCAHUSI MHOXKECTBA p-aquyeckux mep ['mb0ca, CBA3aHHBIX C HECKOJIbKUMU
MOJCIIIMH CTaTuCcTUYecKor (u3uku. [IpuMeHeHne >TUX HAyYHBIX PE3yJIbTaTOB
J1aJ10 BO3MOKHOCTb HAXOKJECHUSI MapaMeTpa XapaKTEPU3YIOIIEro CylIeCTBOBaHUE
¢dazoBoro nepexoza s HeapXUMEIOBBIX (PHU3NIECKUX CHUCTEM.

AnpoGanus  pe3yabTaroB ucciaegoBaHus. OCHOBHOe  cojep)KaHue
auccepTauuud o0CyX)Ialoch Ha 2 MEXAYHAPOJHBIX U 3 peciyOIuKaHCKUX Hay4HO-
MPAKTUYECKUX KOH(PEPESHITUIX.

Iyéaukauus pe3yabTaToB HccjaenoBanusi. I[lo Teme auccepranuu
onyOnuKoBaHO 12 Hay4yHBIX padOT, U3 HUX 7 BXOJST B IEPEUCHb HAYUYHBIX U3/IaHUH,
pEKOMEHJOBaHHBIX  Bricimieil  arrectanmoHHOM — komuccueil  PecnyOnmku
VY30ekucTan s 3allUThl AUCCEPTAlMi Ha CTEMEHb JOoKTopa ¢uinocodpuu, B TOM
quciie 3 U3 HUX OMyOJMKOBaHbI B 3apyO0EKHBIX KypHallaX U 4 B peCIyOIMKaHCKUX
Hay4HbIX U3IaHUSX.

CrpykTrypa u 00beM quccepTanmnu. J[uccepranus COCTOUT U3 BBEICHUS, TPEX
IJIaB, 3aKJIOUEHHS] U CIMCKA MCIIOIb30BaHHOUN nuTepaTypbl. OO0beM auccepTauuu
COCTaBJISIET 85 CTpaHHUII.

OCHOBHOE COJAEP XAHME JMCCEPTALIUHN

Bo BBegennu 1aHo 000CHOBaHUE AKTyaTbHOCTH M BOCTPEOOBAHHOCTH TEMBbI
JUCCepTallud,  OTMEYEHO  COOTBETCTBHUE  HCCIEIOBAaHHUS  MPUOPUTETHHIM
HalpaBJICHUsIM pa3BUTHUS HaykKu U TexHojoruil PecnyOmmku VY30ekucTaH,
MpUBEACHBI 0030p 3apyOEKHBIX HAYUHBIX MCCIEAOBAHMM M0 TEME JMCCEpTalUU U
CTeTNIeHb M3YYEHHOCTU MPOOIeMbl, CHOPMYIUPOBAHBI LEIN U 337a4U, BBISIBICHBI
O0BEKT M MPEIMET HCCIIeIOBAHUS, U3JI0KEHBI HayYyHasi HOBU3HA U MPAKTUYECKHE
pE3yIbTaThl UCCIEA0BAHUS, PACKPHITA TEOPETHYECKAS U TPAKTUUECKAs 3HAYMMOCTh
MOJIYYEHHBIX pPE3yJbTaTOB, JaHbl CBEICHHS O BHEAPEHUU PE3YJIHTATOB
UCCJIeI0BaHNs, 00 OMyOJMKOBAaHHBIX paboTax M O CTPYKTYpe AUCCEPTAIUH.
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B nepBoii rnaBe guccepTanuu IMoji Ha3BaHUEM «P-AAMYECKHEe Mepbl U UX
NEePUOAUYHOCTbY» TPUBEICHBI HEKOTOPhIE W3BECTHBIC (PAKThl, HEOOXOIUMBIE
MpeABapUTEIbHbIE CBEJACHUS U OCHOBHBIE OMNpEACICHUs, KOTOphle OyayT
MCII0JIb30BaHbI MPU U3JI0KEHUH PE3yJIbTaTOB JUCCEPTAIUU.

[Ipu QukcupoBaHHOM UHCIIE P KaXKI0€ pallMOHATIbBHOE YUCIO0 X # 0 MOXHO
MPEJCTABUTH B BUJIE

— T m

X=p ;
raer,n € Z, m — IIOJOXKXUTCIBHOC LICJIIOC YHUCIO, a N U M CyTb 4uCjia, B3BAMUMHO
npocteie ¢ p:(p,n) = 1,(p,m) = 1,(m,n) = 1. danee, p-aguuyeckas Hopma

qucia X 1acTcCs BbIPAXKCHUCM

_Ip ecii x #0
|xlp = _
0 eciu x = 0.

-r

I[aHHaSI HOpMa — YyAOBJICTBOPACT CUJIBHOMY HCPABCHCTBY TPCYI'OJIbHUKA, YTO
IMIOKAa3bIBACT HCAPXUMCIJOBOCTh HOPMHEI:

X + ylp = max{|x|y, [y]p}-

U3 9TOT0O HCPaBCHCTBA HCTIOCPCACTBCHHO BBITCKAIOT cileayromue
YTBCPIKACHUA:

1) cCJid |x|p * |y|p9 TO |x + ylp = maX{ |X|p, |y|p}’

2) ecan [xly, = [y, 10 x % ¥, < I,

CormacHo TeopeMe OCTpPOBCKOIO Ha TMOJE PAUOHAIBHBIX YHUCEI MOXKHO
BBECTH TOJIbKO CJICAYIONIMEC HETPUBUAIbHBIC (HEIKBUBAJICHTHBIC) HOPMBI: BO-
TIEPBBIX, P-aAUYECKYI0 HOPMY | * |, IUIS KaXJI0ro HpOCTOro 4MCia p, BO-BTOPBIX,
OOBIYHYIO0 a0COIOTHYIO BEIMUYUHY | - |. 3aMeTuM, 9TO Mmojie paruoOHAIBHBIX YHCET
HE SIBJIICTCS TOJIHBIM OTHOCHTEIBHO p-aJndeckoi HOpMbI. [lomoiHeHwWe Mo
palMOHANBHBIX YHCET IO P-aJHYECKON HOpME MPHUBOIUT K TIOTIO P-aTuYeCKHX
uncen Q. Jlroboe p-agmueckoe uncino x # 0 MOXKHO €IMHCTBEHHBIM 00pa3oM
NpeACTaBUTh B KaHOHMYeckoM Bume x = p'™)(xy + xp +x,p% +--+), rue
Y(x) € Z n uenble ynucna X; yaOBIETBOPAIOT ycnoBusaM xo > 0,0 <x; <p—1.B
TOM ciydJae
x|, = p~ Y™ DnemeHTH MHOMKECTBa Ly, = {x €p:|x|, < 1} Ha3bBaOTCA
P-aouyecKuMU YeablmMu YUCIAMU.

Takum 00pa3zoM, J1000€ p-aaAMIECKOE YHUCIO MOXKET OBITh 3allMCaHO B BHUIEC
pana x = pY@ YO x.p" rTme x,-uensie umcma, 0<x, <p-—1,y(x) €Z.
3aMeTuM, YTO TaKoe MpejacTaBieHue ogHo3HauHo. Ecmu y(x) = 0, To uymcno x
SIBJIICTCS TICJIBIM P-aIMICCKUM YHCIIOM.

B kadecTBe 0a3uca OTKPHITHIX MHOXECTB METPHYECKOTO MPOCTpaHcTBA Q)
MOJKHO B35Th CUCTEMY MHOXKECTB
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1
a+anp={xe(@p:|x—a|pSp—n},rz:eaE(@p,HnEZ.

MHuoxecTtBa a +anp, rne a € Qp, n € Z, Ha3bIBAOTCA UHMEPSALAMU W
obo3nauarorcs a + (p™). Hago 3amMeTuth, YTO OTKPHITOE MOAMHOMKECTBO B Q,
KOMITAaKTHO TOTJIa U TOJIBKO TOT/Ia, KOTJ[a OHO €CTh O0BEAMHEHUE KOHEYHOTO YHCTIa
WHTEPBAIOB. Takue MOMHOKECTBA, HA3BIBAIOTCS KOMNAKMHO-OMKDbIMbIMU.

Onpenenenue 1. Aooumusnoe omobpadicenue [ MHONCECMBA KOMNAKMHO-
OmKpbIMblX noomHodsicecms 6 X co snauenuamu ¢ Qp, nasvieaemcsa p-aouueckum
pacnpedenenuem Ha X. Eciu omobpasicenue [ 6yoem u 02paHudeHHvIM, Mo OHO
Ha3v18aemcsi Mepolu.

OrpaHnYeHHOCTh OTOOPAKEHUS 1 O3HAYACT

sup{ lu)|,:V € X} < oo

[Tycts & = {K Diel } —HEKOTOPOE Pa3sOUEHHE MHOKECTBA Zj, T.€.

Z,=Uic KO, KONKD =@upui#j.
Omnpenenenue 2. Pacnpedenenue | na L, nazviéaem §-nepuooudecKum, ecau

ula+ ")) = Agn) m € N), o mobeix a € KO, 20e /lgn) € Qp, m.e. 3nauenue
pacnpeoenenus u(a + (p™)) npu puxcuposannom n 3asucum moabko om Kiacca
NPUHAONEHCHOCTU d.

Ilycth Temeps X — KOMIAKTHO-OTKPBITOE MOANPOCTPAHCTBO B Q,,. M3BecTHa
clemyonias

Teopema 1. Kaowcooe omobpadxcenue u MHOJNCECBA UHMEPBALOS,
codepocawuxcs 6 X, 6 none Q, 0ns komopozo

p-1

pla+ (@M) = Z u(a +bp™ + (p™MH))
b=0

npu mobom a+ (p™) € X, oonosmauno npooondxicaemcs 00 P-A0UHECKO20
pacnpeodenenus Ha X.

Jlsi HEKOTOPBIX pa3OMEHMI MHOXKECTBA Zy, JaH OOIMHA BHJI NEPHOAUYECKHX
p-anudeckux Mep. OCHOBHBIM PE3yIhTATOM TEPBOM TJIABBI SBIISCTCS CIICTYIONTHE
TEOPEMBI:

Teopema 2. 1) moboe pZy-nepuoduueckoe p-aduueckoe pacnpeoenenue
umeem 8uo

@
n _ l
I’l(a + (p )) - pn—l’

20e a € K(i),n € N u sce /151) € Qp — 3adannvie yucaa, i = 0,1,...,p — 1;

2) moboe pZZp - nepuoouyeckoe p-aouieckoe pacnpeoeienue umeem euo
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2

l

] 2 2'
pla+ @y =4 PEEES
-1

anzoﬂng)Tnp,an n=1;

20ea € KD neN uaece /152) € Q, 3aoannvie uucna, i = 0,1, .op?—1.

Teopema 3. Jlwboe L;-nepuoouueckoe p-aouueckoe pacnpeoeierue umeem

6U0

—Th—1’ npu n > k,

p

p—1

A =
L z A}kﬂ), npu n =k,

j=0

ka‘nlgk), npu n <k,
20e a € L(i), n € N u sce Agkﬂ) € Qp — 3aoannvie yucna, i = 0,1,...,p — 1.

Bropas raaBa JTUCCepPTalHH «IlepuoaAMYHOCTH P-aAnyeCcKHX

pacnpeaejieHMid M Mep» IMOCBAIICHA U3YYECHHID NEPUOIUYECKUX P-aIHUYECKHUX
pacnpeneneHuid i NEPUOANYECKUX P-ATUIECKUX MEP.

B nepBom mnaparpadge BTOpPO#l riaBbl ucciaenoBaHa Mepa [lupaka Ha
K-niepruoIu4HOCTb.

IIpn A #0 wmepa Jlupaka [, COCPENOTOYEHHAs B TOYKE « € Zp

(a dhuxcupoBaHO), ONpeaeseTCs CIeAYIOIMNM 00pa3oMm:

te(U) = {
B kauecTBe pa3OueHnst MHOXKECTBA Zjy BO3BMEM CIEYOIIEE

K={K®K®LKD ={x:|x], = 1}, K® = {x: |x], < 1}.

Adecina € U,
0 B IpOTUBHOM CJIy4ae.

B 3aBHCHMOCTH OT IIPHHAIUISKHOCTH Toukn a MHOxectBy K mm K
uMeeM JiBa ciyyas. Mcxonast U3 3TOro, mMpUBOJUTCS J10KA3aTENbCTBO CIEIYIOIIUX
JIBYX JIEMM:

Jemma 1. Eciu a € KD, mo

1) npu n=22 ww npu n=1p+2 cywecmgeyem  a € KM,

1
yooenemesopsioujee ycrosuio |a — al, > i

2) npu n = 1,p = 2 ne cywecmeyem a € K yoosnemsopsiowezo ycnosuro
1
a—al,>-
o —al, >3
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Jlemma 2. Eciu a € K(Z), mo

1) npun = 2 cywecmsyem a € K@, yoosremsopsiowee ycrosuio
|0.’ - alp > p_n;

2) npun = 1 ne cywyecmsyem a € K@ yoosremsopsiowezo ycnosuio

la —al, > —.
PTp

I HakoHel, W3 JOKA3aHHBIX JeMM, HPUMEHSs CBOICTBA pacIpeiciIeHus,
JI0Ka3bIBaeTCS

Teopema 4. [na pasbuenus K = {K® K@} 20e KM = {x:|x|, =1} u
K@ = {x:|x|, < 1}, mnoocecmsa ZL,, ne cywecmeyem K-nepuoduuecxas mepa
Jupaka.

Jlanee OynyT uccieqoBaHbl IEPUOIUUECKUE P-aIUUECKUE pacIpeAeIeHUs s
Oosiee 00LIMX pa3OMEHNI MHOKECTBA Z,).
Bo BTOpOM 1 TpeTheM nmaparpadgax BTOPOil I1aBbl U3YUYEHbBI pACIIPEACTICHHS
bepuynnu. MoxkHO HanucaTh HECKOJIBKO MEPBBIX MHOTOWIEHOB bepHyuiu:
3 1

1 1
By(x) = 1,B;(x) = x — E’BZ(x) =x?—x +g,Bg(x) =x3 - Exz + 5%

dukcupyeM HEKOTOpOE IIE0€ HEOTPHIATEIbHOE 4YWCIO0 k W ompemenum
0TOOpaXXeHHUE [ip ;, HA MHOXKECTBE HHTEPBaIoB a + (p") dpopmymnoit

a
.UB,k(a + (Pn)) = pnk-Vp, (p_n>

OrobpaskeHue [ig j HasbIBaeTCA K-M pacnpedenenuem bepuynnu.

JlaHO MOKa3aTENbCTBO CIEAYIOLIEN TEOPEMBIL:

Teopema 5. Qyuxyus pg j npodonscaemes 0o pacnpedenenus Ha Ly.

JIJIst HECKOTBKUX TIEPBBIX MHOTOUICHOB By (X) MOXXHO TOTYYHTH CJIEIYIONTHE
pacipeneneHus:

a 1
ugola+ @) =p"° VB, <p_n> =p"-l= o
peala+ @) =p"0VB, (22) = 1By = o~
B,1 1 pn 1 pn pn 2;
a
umala+ ) = p 0By () = ”(———+ o)

HamomuuMm, 4TO lp, Ha3bIBAeTCsA pacnpeleneHuemM Xaapa, (g, Ha3bIBAE€TCS
pacnpenenenuem Masypa.
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Jlanee, aToObI MCCaeNOBaTh pacnpeaeneHns bepHymn Ha &-TIepUOANIHOCTD
s pas6uenns & = {K®,i € I} muoxecTsa Ly, T.€.IPUA L # j,

Z, = U KO gkO gD =g
i€l
JO0Ka3aHa

Teopema 6. [Iycmo pacnpedenenue p(a + (p™)) umeem suo

wla+ M) = (@,
2oe fn(x),x € L, — makoe omobpascenue, umo npu ecex ¢ € Q, mHodxcecmeo

{f:71(c)} asnsemes ne 6onee wem cuemmwvim. To2oa He cyuecmayem KOHEUHO20 Ul
cuemnozo pasouenust €, OMHOCUMENLHO KOMOPO2o L a61siemcs &- nepuooudeckoll.
Jns &-neprHoIuuHOCTH pacnpeaeneHus bepHynnn (g j OMKHO BBITONHATHCS
a
n(k—-1) e
p By, < poy
p
-n(k-1) 7 ()
4

) = Agn),eCJm a€K®,

a
Ho ypaBHenue By (p_n) =p UMeeT He 0oJiee YeM KOHEUHOE MHOKECTBO

pemienuid a. Iloatomy npu d000M [ yuciao 3nemMeHTOB K @ nomkHO 6BITH
KOHeuYHbIM. ClienoBaTenbHO, I pacnpeneiieHuss bepHyum He CylecTByeT
KOHEYHOTO WJIM CYETHOTO pa30ueHus ¢, OTHOCUTEIHHO KOTOPOTO pacipeneiieHue
Up k ABIAETCS -IIEPHOTUYECKOIL.

MOXHO YBUAETH, YTO BCE PACHPEACIIECHUS] U3 TEOPEM 2 W 3 MOJYy4YEHBI U3
KOHEYHBIX pa3oueHwui. IToatomy cpenu pZp-NIepUOANIECKHUX,
pZZp—nepHoz{quCKHx n Lj-iepuouuecKknx pacnpeiaeieHuii HE CYIIECTBYET
pacnpenenenus bepuynnu.

MoxHo HaiTH Takoe pasouenne & = {K® i€ I} MHOxecTBa Z,, 4TO
pacnpenenenne bepHynnu g j Oyner -nepuonndeckum. B xauectse K @ BospMem
CJIEYIOIINE MHOKECTBA

K© = Un{a € Zp: By (;in) = C},C € Qp,T.C.Zp = Ucer K(C);

Kak 0oJjiee yeMm cueTHoe pasouenue. M3 ypaBHeHus
a
n(k—-1 _ 1)
p ( )Bk <_n> - /1n
p
MOYKHO HAUTHU U ABHBIA BUJ TAKUX PACIPECICHUM:

/1%6) — pn(k—l) . c.

B Tpertbell rmaBe puccepranuui, Ha3BaHHOW «p-AJHYeCKHe pacrpeaeseHus
HA pelieTKax», BBOASITCS MOHITUSL P-aJuYeCKUX THOOCOBCKUX paclpeeieHuid Ha
pemretke Z% u Ha pemmerke Bere (zepeBo Kamn).
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PaccMoTpuM COBOKYITHOCTD TOUeK X = (X1q,...,X4),X; € Z,i =1,...,d.T.e.d-
MEPHYIO IeIOUHCIIEeHHYIO pemeTKy Z% ¢ MeTpukoii

I, roo_ I
pr(xx7) = max |x;; — x7]

WA C DKBUBAJIIEHTHOU K HEMY MO CXOAMMOCTHA METPUKOU

d
pa(sx) = D [y = "]
i=1

Ecmu 11a x, y € Z4 emonasiercs p,(x;y) = 1 To X M y Ha3BIBAIOTCS COCEOHBIMU
mouyKkamu PeueTkd U o0o3HavdaeTcs < X,y >.

[Tycte @ = {—1,+1} — MHOXECTBO CNIMHOBBIX 3HadeHHH. |11 HEKOTOpOTO
HATYpaJIbHOTO YHUCIIO 11 MHOXKECTBO

M, ={x=(x1,....,%3),%;, =2 0,i=1,...,d: p1(x,x9) < n}

Ha3bIBaeTcs (DYHAAMEHTANBHEIM KBajgpaToM. Toukn m3 Z%, He mpHHAIIeXaIIHe
KBaapaty M,, W cocegHUE HEKOTOpPOW TOo4uke u3 M,, Ha3bIBAIOTCA KOHMYPOM
keaopama M, wu obGo3HauaroTcsi OM,. Kongueypayueti o, OnpencIeHHONW Ha
MHOKecTBe Z¢ HaseBaeTca (ymEKmmS X € A — o(x) € ®. OrpanmueHne ¢ Ha
moboe moamuOkecTBO V € Z% o6ozmaumm o (V), T.e. o(V) = {o(x),x € V}.
MuoxecTtBO Bcex KoHpurypauuii Ha M, o00603HauuM {),, MHOXECTBO BCEX
koHdurypanuii Ha Z¢ o6o03HaunMM (). ONpeNenuM P-aouyveckuii 2aMunbmoHuaH
moaenu V3uHra 11t KOHPUTYpaIum o Kak

H@ =] Y o@ob)melly <
<x,y> g p

Venosuwii eamunomonuan H,(0|o') mns momenu Msunra Ha kxBaapare M,
AMEET CIEAYIOIUN BU

Hy(olo) = =] 3_ JOLOEINY ()0’ ),

x> x’y>xEMn,yeaMn

X,YEM,
1
rae ||, < m

s a € Q, ur > 0 0003HaUMM
B(a,r) = {x € Qy: |x —al, < r}.

p-aouyueckuti 102apugm ONpeaensieTcs KaK psl

log, (x) = log,(1+ (x = 1) = ) (~D™'(x =1,
n=1
KOTOpPBIN cxomutes s x € B(1,1);
p-aouueckasi SKCNOHeHma OTpeNesieTCs KakK
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(e @)

exp,(x) = Z x"nl,
n=0
KoTOpas cxomuTes 4 x € B(0,p~ Y/ ®P=1),
Hamomuum, d4ro p-aguueckoe ycrnosHoe pacnpeodenenue lubbca nas

KodHurypamuu o Ha xBaapate M, u o' Ha Z*\M,,, ¢ ramunsTonnanom H,(c|o")
OIpeIEesSeTCs KaK

pn(ola’) = expp(THn(ol0D)
Yoeq, €xpy(—Hp(olo"))
PaccMoTpuM crieyrolye KOHpUrypamun
ot ={o(x)=1},0” ={o(x) = —1}.

Ha kBagpate M, npu QukcupoBaHHOi KoHuUryparuu o u3 () Opu ABYX
IPaHMYHBIX YCIOBUSX 01 M 0, COOTBETCTBEHHO, OIPENEIMM [BA P-aJAUYECKUE
ruOOCOBCKUX YCIOBHBIX paclpeieiieHus T.¢.

expp(—Hﬁ(a)) e =

Zn

ui (o) = p(o(My)|o®(ZN\My)) = -+,

rac

Hi@=-] )  o@em-g > o

<x,y> <x,y>

X,YEM, XEM,,,yeEOM,

’ z5= ) exp,(~Hi(0)).

oEQ,

1 1
JlemMma 3. Eciup # 2, <-,mo |H(o < -

14 /1 > |H (o)l >
Jdemma 4. Ecnup # 2, mo zy = zp ulzp |, = |z, 1, = 1.

Teopema 7. Ilycmv p # 2 [lpeononosxcum, umo cywecmeyom npeoenvl
lim uf (o) = ut, mozoa p-aouueckue mepwvr pu* paswuunv. Kpome mozo, ons
n—-0oo

mobozo r € N  wmoocho  Haumu  Kouwgueypayuu O makue,  4mo
|M+(0) - ‘Ll_(O')lp = |]|p p

Teopema 8. p-aduuecxoe pacnpedenenue Iubbca ona moodenu Hzunea
ABNAEMCA 02PAHUYEHHBIM M020a U MOJILKO mo2od, Ko20a p # 2.

Tperunii maparpag TpeTheld TJIABBI MOCBAILIEH IMOCTPOCHHIO HECKOJIBKUX
p-aIudeCcKuX pacIpepesiecHnid 1 Mep Ha MHOXKECTBE P-aIMYECKUX IICNBIX UYHCET,
MPUMEHSIST HEKOTOpPhIE METOABl TCOPUHU BEIICCTBEHHO3HAUHBIX Mep [ 'mbOOca Ha
nepeBo Konu. BBegeH o0ObIUHBINA JIeKCHKOTpaUUECKOro MOPSIOK < A
nonyzaepesa Kamu. Conocrasum s mytu w = {x° = xy < x; < ---} p-aaudeckoe
YHCIIO
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©o
— — [ n
t—t(n)—z inp", t €Ly
n=0
DTO COOTBETCTBHUE SBISETCS B3aMMHO OJJHO3HAYHBIM. bosee Toro, yacTuynyto

YHOPSIIOUYEHHOCTh < HA MHOXECTBE MyTEel MOXKHO MCIOJI30BATh IJII TOTO, YTOOBI
BBECTH YaCTHYHYIO YHOPSATOYCHHOCTh HA Z,: a UMEHHO, JUIA 4YuCel ty,t, € Z,

OyneM TOBOPHTbH, 4TO t; < t,, €CIIM U TOIBKO €CIM OHU COOTBETCTBYIOT IyTSIM
1, T, TaKUM, UYTO T < Tr,. JlOKa3aHO ciexyroias TeopeMa:

Teopema 9. [lycmv mw={x"=x,<x; <} — beckoneunvui nymo,
npeocmasientblll Nocied08amelbHoOCmvio lglqly ... , U Uy, Uy — 3A0aHHbBIE
pacnpeoenenus na L, maxue, umo [ly # [y,

mi(a+ (") = pa(a+ (™)), npu scexn < m(a,m) + 1;
mozoa na Ly cywecmsyem pacnpeoenenue U, onpedeieHnoe Credyioumum 00pazom
HA UHMEPBANax:

(p(a+ (@), e my<mm,NT=0
WU maNmT+@, n<m,
pula+®W)=<mwm 7, w0, n=m+1am1 < imss
u(a+ (")), ecmu m<mym,NT=0
\wiun, NTt*9, n=>2m+1,a,41> ime1

20e m = m(a, ) u 1, ecmv nymo, npedcmasiawull mouxky a € L, (cm. puc. 1).

0\ 1|2/ 0\ 12/ 0\1 2/ 0 \ 1] 2/ o\ 1| 2/ 0\ 1

o
=
=

;r: Ifj

oy Py

Puc. 1. IlomynepeBo Kamu Tperbero mopsinka. BeineneHHbIN )KMpHOM JUHHEW MyTh T
MpeAcTaBisieTcs: mociieqoBaTenbHOCThIO 121... . CneBa (COOTBETCTBEHHO CIIPaBa) OT ATOT0 MyTH
pacrnpeeneHue (L COBNAAAET € [y (COOTBETCTBEHHO C [ ).

B crnepyromeil TeopeMe YTBEPKIAETCS, YTO MOXHO IOCTPOUTH HOBOE
pacnpezesieHue, UCIONb3ys 3alaHHbIe PacIpECIICHUs.
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Teopema 10. Ilycmv k — namypanvnoe uucno. Ilpednonosicum, umo 0ns
kagxcooeo t € Wy, na Zy 3adano pacnpeoenenue Ve u Cywecmeyem unmepea
c + (p™), ny = k, maxou, umo v¢(c + (p™)) # vs(c + (p™)) ons, no xkpaiineu
Mmepe, oonotl napwt t # s, t,s € Wy. Toeoa na L, cywecmsyem pacnpeoenenue
p® = u®ry,, t € Wy], komopoe omauuno om v, npu xasxcoom t € Wj,.

B crnenyromieit TeopeMe MBI IPUBOJIUM YCJIOBHSI, TIPU KOTOPBIX P-aTUYECKUE
pacripeiesieHus1, yoMsHyTbie B Teopemax 9 u 10, Oy1yT orpaHUYEHHBIMHU.

Teopema 11. Cnpasgeonuswi crnedyrowue ymeepicoeHusl.

1. Pacnpeoenenue U, ynomanymoe 6 meopeme 9, oepanuyeHro, eciu u moibko
ecau [y U [y 02PaHUueHbl.

2. Pacnpeodenenue p%, ynomsnymoe 6 meopeme 10, oepanuueno, ecmu u
moavko eciu Vi(a + (p™)) oepanuueno npu mobwvix t € Wy, un = k.

3AKIIOYEHHUE

JlucceprannoHHast pabota MOCBSIIICHA MTOCTPOEHHUIO MIPUMEPOB
MEPUOJIUYECKAX PACIpPEICICHUA Ha HEApXUMEAOBBIX IOJIAX, HCCICIOBAHUIO
OTPAaHUYEHHOCTHU pacIpeeieHUui, U ObUIH MOTYyYEHbI CIETYIONNE PE3YIbTaThI:

BBEJCHO TIOHATUS [EPUOJUYECKUX p-aJUYECKUX U  IEePUOJUYECKUX

BEILLECTBEHHBIX MEP M JJI1 HEKOTOPBIX Pa30MEHU MHOKECTBA LENBIX p-aIHYECKUX
yuces HalieH O0IIMil BUJ IEPUOANYECKUX p-aIMUEeCKUX pacpeIelICHHH;

JUIs OTHOTO KOHKPETHOro pazoueHusi MHoxkecTBa [0;1) Halimen oOmwmii Bu
NEPUOJINYECKUX BEIIECTBEHHBIX Mep. [IpuBeieHbl mpuMepsl pa30MeHnil MHOXKECTBA
[0;1), HAa KOTOPBIX HE CYIIECTBYIOT IEPUOIMUECKHIE BEIIECTBEHHBIE MEPHI;

BBEJICHO MOHATHE K-TIEpUOAMYHOCTH Mepbl Jlupaka ©  JTOKa3aHOo
HecyliecTBoBaHue K-nepuonnueckux wmep [upaka. Haiinen oOummii Buz
MEPUOANYECKUX p-aJUYEeCKUX pachnpenesieHnit st Oojiee oOmuX pa3z0oueHuit
MHOECTBA LIEJIbIX p-aIuYECKUX YNCEIT;

HalJIeH0O  HEeOoOXOAMMOE  YCJIOBHE  CYLIECTBOBAaHUE  MNEPUOIUYECKUX
P-alMueCKUX paclpe/iesIeHu i MPOU3BOJIbHBIX Pa30MEHUN MHOMKECTBA LIEJIbIX
p-aJU4YeCKNX YHCEl M JIOKa3aHO, 4YTO CPEeAu HAWJAEHHBIX p-aJIHYECKUX
pacrpeneneHnuil He CYIECTBYET p-aAudueCKUX pacrpeaencHuii bepayu;

OpenyokeHa pa30ueHue, KOTOPBhIi OTHOCHUTEIBHO 3TOTO  pa30ueHus
pacnpenenenuss bepHymam OyayT mepUOIMYECKMMU M JlaH OOLMH BHUJ TaKHX
NEPUOIMYECKUX p-aIMUYECKUX pacupeaesieHuil bepHym;

NPEAJIOKEHA METOJ TIOCTPOEHHUSI HECKOJBKO p-aIMYECKUX PACIPENEIICHUI C
NPUMEHEHHEM JUISI  p-aJU4YeCKOro Cliydas HEKOTOpPhIX METOJOB TEOpHUU
BEUIECTBEHHO3HAYHBIX Mep [ubbca Ha pemerke bere u ucciaenoBaHo
OTPAaHUYEHHOCTb p-aJUYECKUX PACIIPEAECICHUN.
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INTRODUCTION (abstract of PhD thesis)

The aim of research work is to the construction of p-adic periodic
distributions with values on the field of p-adic numbers and to find the boundedness
conditions for the obtained distributions.

The object of the research work is Non-Archimedean and Archimedean
measures, periodic measures, Bernoulli distributions, Dirac measures, p-adic Ising
models.

Scientific novelty of the research work is as follows:

the concepts of periodic measures over Archimedean and non-archimedean
fields are introduced, a periodic real measure on the set [0;1) is constructed and for
its arbitrary partition a necessary condition for the existence of a periodic real
measure is proved;

the general form of periodic p-adic measures is found for some partitions of the
set of p-adic integers and for arbitrary partitions of the set of p-adic integers, a
necessary condition for the existence of periodic p-adic distributions is proved;

the non-periodicity of Bernoulli distributions with respect to at most countable
partitions of the set of p-adic integers is proved and the boundedness of the found
p-adic distributions are proved;

methods for constructing new distributions using already known p-adic
distributions given on the set of p-adic integers are described.

Implementation of the research results. The results obtained on the
construction of periodic measures over non-archimedean normalized fields have
been put into practice in the following areas:

real periodic measures built over Archimedean fields and the periodicity of
Bernoulli distributions with respect to a at most countable partition of a non-
archimedean set of p-adic integers, as well as the boundedness of the found p-adic
distributions were used in the research project “Chaotic and mixing p-adic
dynamical systems associated with renormalized groups of lattice models” No.
G0003247 (UAE, filed by the University of the United Arab Emirates on June 1,
2022) to find p-adic Gibbs measures on Cayley trees for various models with
interactions of nearest neighbors. The application of these scientific results has made
it possible to construct generalized Gibbs measures;

the general form of periodic p-adic measures for partitions of the set of p-adic
integers and the existence of p-adic periodic distributions were used in the research
project “The chaos implies the phase transition: p-adic dynamical system approaches
to the quest for a new class of p-adic Gibbs measures” FRGS 17-027-0593
(Malaysia, reference from the International Islamic University of Malaysia, June 3,
2022) to describe the set of p-adic Gibbs measures associated with several models
of statistical physics. The application of these scientific results has made it possible
to find a parameter characterizing the presence of a phase transition for non-
archimedean physical systems.
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Approbation of the research results. The results of this study were discussed
in 5 scientific and practical conferences, including 2 international and 3 republican
ones.

Publications of the research results. Publication of research results. 12
scientific papers have been published on the topic of the dissertation, of which 7 are
included in the list of scientific publications recommended by the Higher Attestation
Commission of the Republic of Uzbekistan for defending dissertations for the degree
of Doctor of Philosophy, including 3 of them published in foreign journals and 4 in
republican scientific publications.

The structure and volume of the thesis. The thesis consists of the
introduction, three chapters, conclusion and bibliography. The volume of the thesis
1s 85 pages.
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