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KIRISH (falsafa doktori (PhD) dissertatsiyasi annotatsiyasi)

Dissertatsiya mavzusining dolzarbligi va zarurati. Jahon miqyosida olib
borilayotgan ko‘plab ilmiy-amaliy tadqiqotlar natijasida tasvirlani tahlil qilish,
kommunikatsiya tizimlari uchun signallarni modulyatsiya va demodulyatsiya qilish,
sanoatda va tibbiyotda kompyuter tomografiyasi masalalarining yechimlari kuchli
tebranuvchi funksiyalarning ma’lum integrallarini hisoblashga olib kelinadi. Kuchli
tebranuvchi integrallarni taqribiy hisoblash uchun sonli integrallashning standart
metodlari katta miqdordagi hisoblash ishlarini talab qiladi va ularni amaliyotda
to‘g‘ridan-to‘g‘ri qo‘llash samarali natija bermaydi. Shuning uchun, bunday
integrallarni  taqribiy  hisoblashning samarali usullarini  ishlab  chiqish,
funksiyalarning turli sinflarida eksponensial vaznli integrallarni taqribiy
hisoblashning yangi metodlarini yaratish, hamda ularning xatoliklarini baholash
hisoblash matematikasining muhim vazifalaridan biri bo‘lib hisoblanadi.

Hozirgi kunda dunyoda kuchli tebranuvchi integrallarni taqribiy hisoblashda
optimal kvadratur formulalar qurish muhim ahamiyat kasb etmogda. Xususan, Furye
koeffisiyentlari va integrallarini sonli integrallashda davriy funksiyalar fazolarida
optimal kvadratur formulalar qurish, ularning xatoliklarini baholash keng tatbiq
etilmoqda. Hisoblash matematikasining eng muhim muammolaridan biri bu — kuchli
tebranuvchi  integrallarni  taqribiy  hisoblash  uchun differensiallanuvchi
funksiyalarning turli fazolarida samarali kvadratur formulalar qurishdan iborat. Shu
munosabat bilan kuchli tebranuvchi integrallarni taqribiy hisoblash, shuningdek,
differensiallanuvchi davriy funksiyalar fazosida ularning xatoliklarini baholash
uchun asimptotik optimal va optimal kvadratur formulalar qurish magsadli ilmiy
tadqiqotlardan biri hisoblanadi.

Mamlakatimizda fundamental fanlarning ilmiy va amaliy tatbiqiga ega
bo‘lgan tasvirlar tahlili, elektrodinamika, suyuqliklar mexanikasi va matematik
fizika, geolegiya, geofizika masalalarini sonli-analitik yechish va kompyuter
tomografiyasi tasvirlarini samarali qayta tiklash kabi muhim yo‘nalishlarga katta
e’tibor qaratilmoqda. Xususan, hisoblash matematikasining sonli integrallash
nazariyasiga katta e’tibor qaratilgan bo‘lib, aynigsa, bir va ko‘p o‘zgaruvchili,
davriy va davriy bo‘lmagan funksiyalarning Banax va Gilbert fazolarida regulyar va
singulyar vaznli integrallarni taqribiy hisoblash uchun panjarali optimal kvadratur
va kubatur formulalar qurish bo‘yicha muhim natijjalarga erishildi. “Funksional
analiz, matematik fizika, dinamik sistemalar nazariyasi, differensial tenglamalar,
amaliy va hisoblash matematikasi” kabi fanlarining ustuvor yo‘nalishlari bo‘yicha
xalgaro standartlar darajasida ilmiy izlanishlar olib borish O‘ZR FA
V.I.Romanovskiy nomidagi Matematika instituti faoliyatining asosiy vazifalaridan
biri hisoblanadi ' . Qaror ijrosini ta’minlash magsadida kuchli tebranuvchi
integrallarni taqribiy hisoblash uchun optimal kvadratur formulalar qurish va
differensiallanuvchi davriy funksiyalarning turli Gilbert fazolarida ularning
xatoliklarini baholash muhim ahamiyatga ega.

1 O‘zbekiston Respublikasi Vazirlar Mahkamasining 2017-yil 18-maydagi “O‘zbekiston Respublikasi Fanlar
akademiyasining yangi tashkil etilayotgan ilmiy-tadqiqot muassasalari faoliyatini tashkil etish chora-tadbirlari
to‘g‘risida”gi 292-son garori va tuzilmaviy masalalar
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O‘zbekiston Respublikasi Prezidentining 2017-yil 7-fevral
PF-4947-sonli «O‘zbekiston Respublikasini yanada rivojlantirish bo‘yicha
harakatlar strategiyasi to‘g‘risida»gi, 2022-yil 28-yanvar PF-60 sonli «2022-2026
yillarga mo‘ljallangan Yangi O‘zbekistonning taraqqiyot strategiyasi to‘g‘risida»gi
farmonlari, 2017-yil 17-fevral PQ-2789-sonli «Fanlar akademiyasi faoliyati, ilmiy-
tadqiqot ishlarini tashkil etish, boshqarish va moliyalashtirishni yanada
takomillashtirish chora-tadbirlari to‘g‘risidangi, 2017-yil 20-aprel PQ-2909-sonli
«Oliy ta’lim tizimini yanada rivojlantirish chora-tadbirlari to‘g‘risida»gi, 2018-yil
27-aprel PQ-3682-sonli «Innovatsion g‘oyalar, texnologiyalar va loyihalarni
amaliyotga joriy qilish tizimini yanada takomillashtirish chora-tadbirlari
to‘g‘risidangi, 2020-yil 7-may PQ-4708-sonli «Matematika sohasidagi ta’lim
sifatini oshirish va ilmiy-tadqiqotlarni rivojlantirish chora-tadbirlari to‘g‘risida»gi
qarorlari, hamda mazkur faoliyatga tegishli boshga normativ-huquqiy hujjatlarda
belgilangan vazifalarni amalga oshirishda ushbu dissertatsiya tadqiqoti muayyan
darajada xizmat qiladi.

Tadqiqotning respublika fan va texnologiyalari rivojlanishining ustuvor
yo‘nalishlariga bog‘ligligi. Mazkur tadqiqot respublika fan va texnologiyalar
rivojlanishining IV «Matematika, mexanika va informatika» ustuvor yo‘nalishi
doirasida bajarilgan.

Muammoning o‘rganilganlik darajasi. Ma’lumki, fan va texnikaning
ko‘plab muammolari kuchli tebranuvchi funksiyalarning ma’lum integrallarini,
xususan, Furye koeffisiyentlari va integrallarini hisoblashga olib kelinadi. Kuchli
tebranuvchi integrallarni taqribiy hisoblash uchun bir gancha maxsus usullar ishlab
chiqilgan. Jumladan, Faylon usuli, asimptotik yoyish usuli, Levinning kollokatsiya
usuli, eng tez tushish va optimal kvadratur va kubatur formulalar usullarini misol
qilib aytish mumkin. Dastlab, integrallash oralig‘ida mos funksiyani parabola
yoylari bilan bo‘lakli yaqinlashtirishga asoslangan Faylon usuli taqdim etilgan.
Keyinchalik turli tipdagi kuchli tebranuvchi funksiyalarga ega integrallarni taqribiy
hisoblash uchun Faylon tipidagi, Klenshou-Kurtis-Faylon tipidagi, Levin tipidagi,
takomillashgan Klenshou-Kurtis, umumlashgan kvadratur formulalar va Gauss-
Lagerr kvadratur formulalar usullari ishlab chiqildi. Bu usullar bilan, oxirgi yillarda,
L. Zhang, A. Asheim, V.Dominguez, E.A.Flinn, J. Gao, J.M. Melenk,
K.N. Melnik va R.V.N. Melnik, H. Mo va Sh. Xiang, L.F. Shampine, G. He va
Y.J. Cho, H. Kang, M.I. Isroilov, B. Eshdavlatov va S.A. Baxromov kabi olimlar
ko‘plab tadqiqotlarni amalga oshirishgan. D. Huybrechs, Sh. Olver, A. Iserles,
S.P. Norsett, S.-1.S. Zaman, S.I.U. Nasib, S. Olver, H. Wang kabi olimlar asimptotik
yoyish usuli bo‘yicha ilmiy tadqiqotlar olib borishgan.

Ma’lum Banax fazolarida berilgan funksiyalar aniq integrallarini taqribiy
hisoblash uchun optimal kvadratur va kubatur formulalar qurishda Sobolev, splayn
funksiyalar va ¢ - funksiya usullari mavjud. Dastlab, L,(€2) fazoda chiziqli

differensial operatorning diskret analogi tushunchasidan foydalanib, optimal
kvadratur va kubatur formulalar qurish nazariyasi bilan S.L. Sobolev shug‘ullangan.
Akademik S.L. Sobolev tomonidan taklif gilingan optimal kvadratur va kubatur

formulalar qurish algoritmni amalga oshirish bilan L,(QQ), K,(P,), K;m) va
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Wz('"’o) fazolarida Z.J. Jamalov, F.Ya. Zagirova, X.M. Shadimetov, A.R. Hayotov,

G.V. Milovanovi¢, F. Lanzara, F.A. Nuraliev, D.M. Axmedov, S.S. Azamov va
A K. Bolatevlar shug‘ullanishgan. 1999-yilda X.M. Shadimetovning ishida, davriy
funksiyalarning Sobolev fazosida vaznli integrallar uchun panjarali kubatur
formulalar qurilgan. Ushbu ishdan, xususan, vazn funksiyasi exp(iox) bo‘lganda

Furye koeffisiyentlarini taqribiy hisoblash uchun qurilgan 1. BabuSkaning optimal
kvadratur formulasi kelib chigadi. 2015-yilda E.Novak, M. Ulrih va

H.Vajniakovskiylar Sobolevning standart H°® davriy va davriy bo‘lmagan
funksiyalar fazosida bir o‘zgaruvchili tebranuvchi integrallarning taqribiy
hisoblashlarini o‘rganishgan.

Ta’kidlash joizki, so‘ngi yillarda, L” va W,"""  Gilbert fazolarida
X.M. Shadimetov, G.V. Milovanovi¢, A.R. Hayotov, N.D. Boltaev, C.-O. Lee,
S. Jeon, S.S. Babaev va B.I. Bozarovlar kuchli tebranuvchi integrallarni taqribiy
hisoblash uchun optimal kvadratur formulalar qurish va ularni amaliyotga tatbiq
qilish bo‘yicha ilmiy izlanishlar olib borishgan. Buning natijasida, sanoat va tibbiyot
sohalarida kompyuter tomografiyasi tasvirlarini, laboratoriya sharoitida yuqori
aniqlikda qayta tiklashga erishishgan.

Dissertatsiya mavzusining dissertatsiya bajarilayotgan oliy ta’lim
muassasasining ilmiy-tadqiqot ishlari bilan bog‘liqligi. Dissertatsiya tadqiqoti
O‘zbekiston Respublikasi Fanlar Akademiyasi V.I. Romanovskiy nomidagi
Matematika instituti Hisoblash matematikasi laboratoriyasining “Gilbert fazolarida
optimal kvadratur, interpolyatsion, ayirmali formulalar qurish va ularni integral
tenglamalarni yechishga tatbiglari” mavzusidagi kalendar reja doirasida bajarilgan.

Tadqiqotning maqsadi differensiallanuvchi davriy funksiyalarning

W’(zm’mil)(O,l] Gilbert fazosida Furye koeffisiyentlarini taqribiy hisoblash uchun

optimal kvadratur fomulalar qurish va ularning xatoliklarini aniq yuqori chegarasini
topish, hamda differensiallanuvchi funksiyalarning W, (a,b) kompleks

qiymatli Gilbert fazosida Furye integrallarini taqribiy hisoblash uchun effektiv
kvadratur formulalar olishdan iborat.

Tadqiqotning vazifalari:

differensiallanuvchi davriy funksiyalarning W(z’n’Wl)(O,l] kompleks qiymatli

Gilbert fazosida Furye koeffisiyentlarini sonli hisoblash uchun kvadratur
fomulalarning ekstremal funksiyasini topish;

differensiallanuvchi davriy funksiyalarning W(z’n’Wl)(O,l] kompleks qiymatli

Gilbert fazosida Furye koeffisiyentlarini sonli hisoblash uchun kvadratur fomula
xatolik funksionali normasining analitik ko ‘rinishini topish;

differensiallanuvchi davriy funksiyalarning W(z’n’Wl)(O,l] kompleks qiymatli

Gilbert fazosida Furye koeffisiyentlarini sonli hisoblash uchun kvadratur
fomulalarning xatolik funksionali normasiga eng kichik giymat beruvchi optimal
koeffisiyentlarini topish;



(m,m—1)

differensiallanuvchi davriy funksiyalarning W (O,l] kompleks qiymatli

Gilbert fazosida Furye koeffisiyentlarini sonli hisoblash uchun optimal kvadratur
fomulalarning xatolik funksionali normasini hisoblash;

w,"" D (a,b) kompleks qiymatli funksiyalarning Gilbert fazosida Furye

integrallarini taqribiy hisoblash uchun effektiv kvadratur formulalarning
koeffisiyentlarini topish.
Tadqiqotning obyekti differensiallanuvchi davriy funksiyalarning Gilbert
fazosi, optimal va effektiv kvadratur formulalar, kuchli tebranuvchi integrallar.
Tadqiqotning predmeti ekstremal funksiyalar, differensiallanuvchi davriy

funksiyalarning W’(zm’m_l) Gilbert fazosi, Furye koeffitsientlarini va integrallarini
taqribiy hisoblash uchun eksponensial vaznli optimal va effektiv kvadratur
formulalardan iborat.

Tadqiqotning usullari. Ilmiy tadqiqot ishida hisoblash matematikasi,
funksional analiz, umumlashgan funksiyalar nazariyasi, differensiallanuvchi
tenglamalar nazariyasi, diskret argumentli funksiyalar nazariyasi usullaridan
foydalanilgan.

Tadqiqotning ilmiy yangiligi quyidagilardan iborat:

differensiallanuvchi davriy funksiyalarning W(z’n’Wl)(O,l] kompleks qiymatli

Gilbert fazosida Furye koeffisiyentlarini sonli hisoblash uchun kvadratur
fomulalarning ekstremal funksiyalari topilgan;

differensiallanuvchi davriy funksiyalarning W(z’n’Wl)(O,l] kompleks qiymatli

Gilbert fazosida Furye koeffisiyentlarini sonli hisoblash uchun kvadratur fomula
xatolik funksionali normasining analitik ko ‘rinishi topilgan;

differensiallanuvchi davriy funksiyalarning W(z’n’Wl)(O,l] kompleks qiymatli

Gilbert fazosida Furye koeffisiyentlarini sonli hisoblash uchun optimal kvadratur
fomulalarning koeffisiyentlari topilgan;

differensiallanuvchi davriy funksiyalarning W(z’n’Wl)(O,l] kompleks qiymatli

Gilbert fazosida Furye koeffisiyentlarini sonli hisoblash uchun optimal kvadratur
fomulalarning xatolik funksionalining normasi hisoblangan va m=1 va m=2
uchun sonli natijalari berilgan;

Wz(’"’"’_')(a,b) kompleks qiymatli Gilbert fazosida Furye integrallarini

taqribiy hisoblash uchun effektiv kvadratur formulalarning koeffisiyentlari topilgan.
Tadqiqotning amaliy natijasi quyidagilardan iborat:
qurilgan optimal kvadratur formulalar yordamida Furye koeffisiyentlari
taqribiy hisoblangan;
olingan effektiv kvadratur formulalar yordamida Furye integrallari sonli
hisoblangan. Olingan natijalar signal modulyatsiya va demodulyatsi qilishda,
tasvirlarni gqayta ishlashda va boshqa amaliy fanlarida qo‘llanilishi mumkin.
Tadqiqot natijalarining ishonchliligi kvadratur formulalar nazariyasi,
hisoblash matematikasi, funksional analiz va diskret argumentli funksiyalar
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nazariyasi usullari qo‘llanilganligi, matematik mulohazalarning qat’iyligi,
shuningdek, olingan sonli natijalar bilan asoslangan.

Tadqiqot natijalarining ilmiy va amaliy ahamiyati. Tadqiqot natijalarining
ilmiy ahamiyati Gilbert fazolarida kuchli tebranuvchi integrallarni taqribiy hisoblash
uchun optimal va effektiv kvadratur formulalarni qurish algoritmi, hamda qurilgan
formulalarning yaqinlashish tezligi yuqoriligi bilan izohlanadi.

Tadqiqot natijalarining amaliy ahamiyati qurilgan optimal va effektiv
kvadratur formulalar kompyuter tomografiyasi va tasvirlar tahlili masalalarini kuchli
tebranuvchi integrallar yordamida taqribiy yechishda qo‘llaniladi.

Tadqiqot natijalarining joriy qilinishi. Davriy funksiyalarning Gilbert
fazosida kuchli tebranuvchi integrallarni taqribiy hisoblash uchun optimal kvadratur

formulalarni qurish bo‘yicha olingan ilmiy natijalar asosida:
(1,0)

Davriy funksiyalarning #3" (0,1] va W5 (0,1] Gilbert fazolarida kuchli

tebranuvchi integrallarni taqribiy hisoblash uchun qurilgan optimal kvadratur
formulalardan PZ-20170930257 raqamli “Mabhalliy bug‘doy donlaridan navli un
tortish texnologiyasida gidrometrik ishlov berish jarayonini takomilllashtirish”
(Toshkent kimyo-texnologiya institutining 2023-yil 14-apreldagi 1/04-1177- sonli
ma’lumotnomasi) nomli amaliy loyihada gidrotermik ishlov berish jarayonida
bug‘doy donlarining o‘lchamlarini (bo‘yi, eni va uzunligi) o‘lchashning aniqligini
oshirishda foydalanilgan. Buning natijasida, gidrotermik qurilmalarida sodir
bo‘luvchi namlik tarqalishini ifodalovchi matematik modellar yechimlarini ushbu
formulalar yordamida sonli hisoblash, ularning geometrik o‘lchamlari optimal
qiymatlarini yanada aniqlik bilan topish imkonini bergan.

W’(z}’z)(O,l] kompleks qiymatli Gilbert fazosida qurilgan optimal kvadratur

formuladan OT-F4-02 — “Matematik fizikaning holatlar to‘plami cheksiz bo‘lgan
modellari termodinamikasi” (Buxoro davlat universitetining 2023-yil 25-apreldagi
04/752-sonli ma‘lumotnomasi) nomli fundamental loyihada matematik fizika
tenglamalari uchun qo‘yilgan aralash masalalardagi integrallarni taqribiy
hisoblashda qo‘llanilgan. Buning natijasida, qo‘yilgan aralash masalalarning sonli
yechimini yuqori aniqlikda topish imkonini bergan.

Tadqiqot natijalarining aprobatsiyasi. Mazkur tadqiqotning asosiy
natijalari 11 ta ilmiy-amaliy anjumanlarda, jumladan 7 ta xalqaro va 4 ta respublika
ilmiy-amaliy anjumanlarida muhokamadan o‘tkazilgan.

Tadqiqot natijalarining e’lon qilinishi.

Dissertatsiya mavzusi bo‘yicha jami 19 ta ilmiy ish chop etilgan, shulardan,
O‘zbekiston  Respublikasi  Oliy  Attestatsiya komissiyasining  doktorlik
dissertatsiyalari asosiy ilmiy natijalarini chop etish tavsiya etilgan ilmiy nashrlarda
6 ta maqola, jumladan, 2 tasi xorijiy va 4 tasi respublika jurnallarida nashr etilgan,
hamda elektron hisoblash mashinalari uchun dasturni rasmiy ro‘yxatdan o‘tkazish
to‘g‘risidagi bitta guvohnoma olingan.

Dissertatsiyaning hajmi va tuzilishi. Dissertatsiya kirish qismi, uchta bob,
xulosa va foydalanilgan adabiyotlar ro‘yxatidan tashkil topgan. Dissertatsiyaning
umumiy hajmi 92 betni tashkil etgan.



DISSERTATSIYANING ASOSIY MAZMUNI

Kirish gismida dissertatsiya mavzusining dolzarbligi va zarurati asoslangan,
tadqiqotning respublika fan va texnologiyalari rivojlanishining ustuvor
yo‘nalishlariga mosligi ko‘rsatilgan, muammoning o‘rganilganlik darajasi, mavzu
bo‘yicha dunyo miqyosidagi ilmiy-tadqiqotlar sharhi keltirilgan, tadqiqot maqsadi,
vazifalari, obyekti va predmeti tavsiflangan, tadqiqotning ilmiy yangiligi va amaliy
natijalari bayon qilingan, olingan natijalarning nazariy va amaliy ahamiyati ochib
berilgan, tadqiqot natijalarining joriy qilinishi, nashr etilgan ishlar va dissertatsiya
tuzilishi bo‘yicha ma’lumotlar keltirilgan.

Dissertatsiyaning “Gilbert fazolarida sonli integrallash formulalari” deb
nomlangan birinchi bobi asosan kirish xarakteriga ega bo‘lib, unda dissertatsiyada
qo‘llaniladigan asosiy tushuncha va ta’riflar keltirilgan. Shuningdek, ushbu ilmiy
tadqiqot mavzusi doirasida tadqiq etilgan ilmiy izlanishlar va olingan natijalar bayon
qilingan.

Bu bobning birinchi paragrafida Gilbert fazolari haqida bayon qilingan va bu
fazolarga misollar keltirilgan. Jumaladan, biz ish olib boradigan """ (0,1) Gilbert

fazosi va undagi skalyar ko‘paytma va norma tushunchalari keltirilgan.
Quyidagi fazoni qaraymiz
W D(0,1) = {:[0,1]—C | """ abs. uzl. va o™ € L,(0,1)}
bu kompleks qiymatli funksiyalarning Gilbert fazosi bo‘lib, elementlari m —1 chi
tartibli hosilasi va m chi tartibli umumlashgan hosilalari yig‘indisining absolyut
qiymati kvadrati bilan integrallanuvchi funksiyalardir. Ushbu fazoda ikkita ¢ va v

funksiyalarning skalyar ko‘paytmasi quyidagicha aniglangan
1 m m— —(m —(m—
<§0,V/>W2(m,m_1) =[,(@™ () + " (@™ (x) + 7" (x))dx, (D)

bu yerda 1/7 bu v funksiyaning kompleks qo‘shma funksiyasi. (1)-skalyar
ko‘paytma bilan birgalikda W,"""(0,1) fazo Gilbert fazosini tashkil etadi. (1)-
skalyar ko‘paytmaga mos biror ¢ €W, """(0,1) funksiyaning normasi quyidagi
kiritiladi

1/2

[l = (@20 )ymmy 2)
bunda ﬂgo””(x) + go(""”(x)‘zdx <.
0

Ushbu """ ™(0,1) fazoning har bir elementi bu — biri ikkinchisidan e™ va
(m—2) darajaligacha bo‘lgan ko‘phadlarning chiziqli kombinatsiyasi bilan farq
qiluvchi funksiyalar sinfidir, ya'ni W.""(0,1) fazo faktor fazodir.

Birinchi bobning ikkinchi paragrafida ushbu ilmiy ishda muhim bo‘lgan
Bernulli sonlari va ko‘phadlari va ularning xossalari, hamda davriy Bernulli
ko‘phadlari keltirilgan.

Quyidagi tenglikda
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z > B
eZ—IZ,,Z::') nr; z ‘Z‘<2”’

B - Bernulli soni bo‘lib, uning B, elementidan boshqa qolgan barcha toq

nomerdagi sonlari nolga teng, ya’ni
B,.,=0, k=12,...
va dastlabki bir nechta hadlari quyidagicha
1 1 1 1 1 5
B,=1, B=——, B=—, Bj=——, B.=—, By=——, B ,=—.
27 et Tt 307 427 307 Y 66
Bernulli ko‘phadlari quyidagi formula orqgali aniqlanadi
.y B"—(x)zn, ‘z‘<27r.
e —1 = n!
Davriy Bernulli ko‘phadlari

@n(x) =B (x), 0<x<l,

va
B (x+1)=B (x), xel
ga teng.
Birinchi bobning uchinchi paragrafida davriy funksiyalar va ularning
xossalari keltirib o‘tilgan.
I-ta’rif. Agar x o‘zgaruvchining barcha haqiqiy qiymatlarida aniglangan
f(x) funksiya uchun noldan farqli shunday haqiqiy 7" son mavjud bo‘lsaki
f(x+T)=f(x), Vxell,
tenglik o‘rinli bo‘lsa, u holda f(x) davriy funksiya, T son uning davri deyiladi.

Birinchi bobning to‘rtinchi paragrafida B - Banax fazosida optimal kvadratur
formulalar qurish masalasi keltirilgan.
S.L. Sobolev tomonidan quyidagi ko‘rinishdagi kvadratur formulalar

b N
[ P(0p(x)dx= Y Cho(x,), 3)
B=0
ushbu xatolik funksionali bilan birga qaralgan

00 = p)e, (x) - gcﬂa‘(x —x)).

b
bunda p(x) —vazn funksiyasi bo‘lib, | p(x)dx <o o‘rinli, x; —tugun nuqtalar, C,,

—  koeffisiyentlar, @(x)eB va B Banax fazosi uzluksiz funksiyalar sinfida
kompakt joylashgan, ya’ni B — C(a,b).
(3)-kvadratur formulaning xatoligi quyidagicha bo‘lib

(Ly.0)= ij(x)go(x)dx - gcﬂgo(xﬂ ), (4)

¢, xatolik funksionalining ¢ dagi qiymatiga teng.
Koshi-Shvarts tengsizligiga ko‘ra (3)-kvadratur formulaning (4)-xatoligi
xatolik funksionalining normasi yordamida yuqoridan quyidagicha baholanadi

11



(£4-0)| <Pl P, -PoP,.

2-ta’rif. Barcha ¢ € B lar uchun, (4)-xatolikning absolyut giymatining
yuqori chegarasiga, ya’ni P/ NPB* normaga koeffisiyentlar va tugun nuqtalar

bo‘yicha eng kichik giymat beradigan kvadratur formulaga, qaralayotgan fazoda
Nikolskiy ma nosida optimal kvadratur formula yoki eng yaxshi optimal kvadratur
formula deyiladi.

3-ta’rif. Tugun nuqtalar fiksirlangan holda,

14 Vgt normaga minimuim

qiymat beruvchi Cj koeffisiyentlar optimal koeffisiyentlar deyiladi va C p kabi

belgilanadi. Bu optimal koeffisiyentlar bilan birgalikda (3)-ko‘rinishdagi kvadratur
formulaga Sard ma’nosida optimal kvadratur formula deyiladi.

Biz bundan keyin Sard ma’nosida optimal kvadratur formulalar qurish
masalasini qaraymiz. Bu masalani yechish uchun quyidagi masalalarni ketma-ket
hal qilish kerak bo‘ladi.

Masala A. (3)-kvadratur formula ¢, xatolik funksionalining HE .

B*
normasini hisoblash.
Masala B. ¢, xatolik funksionalining HE N

5 normasiga minimum qumat

beruvchi C; = Cp optimal koeffisiyentlarni topish

On| =inf|[ly] -
B s
Birinchi bobning beshinchi paragrafida
1,(@) = [ p(x)dx (5)
Q

ko‘rinishdagi kuchli tebranuvchi integrallarni taqribiy hisoblash usullari muhokama
qilinadi. (5)-ko‘rinishdagi integralda ¢ va g lar tebranmaydigan funksiyalar, o —
tebranish chastotasi va QQ — bo‘lakli uzluksiz chegaraga ega.

(5)-ko‘rinishdagi integrallarni taqribiy hisoblashda sonli integrallashning
standart metodlar ko‘pincha ko‘proq hisoblash ishlarini talab qiladi va ularni
amaliyotda qo‘llash samarali natija bermaydi. Shu bois, maxsus metodlar ishlab
chigish zarurati paydo bo‘ldi. ¢ va g funksiyalarning xossalariga qarab, 7 (®)

kuchli tebranuvchi integrallarni sonli hisoblashning turli metodlari ishlab chiqilgan.

Bu paragrafda (5)-ko‘rinishdagi kuchli tebranuvchi integrallarni taqribiy
hisoblashning maxsus usullari: asimptotik yoyish, Filon tipidagi usullari, Levinning
kolakatsiya usuli, eng tez tushish usuli, hamda optimal kvadratur va kubatur
formulalar usullari tahlil gilingan.

Dissertatsiyaning “Davriy funksiyalarning ﬁ’z(m’m_l)(o,l] Gilbert

fazolarida optimal kvadratur formulalar” deb nomlangan ikkinchi bobi
differensiallanuvchi davriy funksiyalarning Gilbert fazosida optimal kvadratur
formulalar qurishga bag‘ishlanadi.
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Ushbu bobning birinchi paragrafida ﬁ’z(m’m_l)(o,l] fazoda Furye
koeffisiyentlarini sonli hisoblash uchun optimal kvadratur formulalar qurish
masalasi qo‘yilgan.

Biz ushbu

W D(0,1) = {:[0,1]— C| " " abs.uzl.va '™ € L,(0,1)}
fazoning quyidagi tenglikni qanoatlantiruvchi

o(x+B)=¢(x), xeR va feZ,

ya’'ni, eng kichik musbat davri 1 bo‘lgan elementlaridan tashkil topgan qism
.. (m,m-1) . .

fazosini ﬁ’z (0,1] deb belgilaymiz.
Bu fazoda, quyidagi ko‘rinishdagi kvadratur formulani qaraymiz

[e p(x)dx = ZA_/:Ckgo(hk), (6)

buyerda w€Z\{0}, C, —koeffisiyentlar, =1/ N va N — tugun nuqtalar soni.
(6)-kvadratur formulaga mos xatolik

1 ) N 1
(£,9) = [ p(x)dx = 3" C,p(hk) = [£(x)p(x)dx (7
0 k=1 0
va unga mos davriy xatolik funksionali quyidagicha

()= =30, S 8(x—hk - B),

k=1  p=-x
bu yerda 6 — Dirakning delta-funksiyasi.
Ushbu ﬁ’z(m’m_l)* qo‘shma fazo m > 2 uchun birga ortogonal bo‘lgan davriy
funksionallardan tashkil topgan, ya’ni
(£,1)=0. ()

(8)-shart (6)-ko‘rinishdagi kvadratur formulani ixtiyoriy o‘zgarmas songa aniq
ekanligini ko‘rsatadi va uni quyidagicha yozish mumkin

1 N
2riox _

'fe dx=>C,.

0 k=1

Koshi-Shvarts tengsizligidan ko‘rinadiki, (7)-xatolikning absolyut qiymati /¢
xatolik funksionalining normasi yordamida yuqoridan quyidagicha baholanadi

o) <PtP . .-PoP
| | , (mam=D) i (e

bu yerda

l
(7 —— L)
2 @ PpP#0 P(pP

Shuni ta’kidlaymizki, xatolik funksionalining normasiga minimum qiymat beruvchi

C, koeffisiyentlarga optimal koeffiiyentlar deyiladi va C, kabi belgilanadi. Bu

koeffisiyentlar bilan birgalikda (6)-ko‘rinishdagi kvadratur formulaga esa optimal
kvadratur formula deyiladi.

Optimal kvadratur formulaning xatolik funksionali normasining minimumi
quyidagicha belgilanadi
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I
Ushbu ﬁ’z(m’m_l)(o,l] fazosida (6)-ko‘rinishdagi optimal kvadratur formulalar

qurish uchun quyidagi masalani yechishimiz talab etiladi.
I-masala. (6)-ko‘rinishidagi kvadratur formulaning ¢ xatolik funksionali

Hﬁ HW (mm-1* normasining analitik ko‘rinishini topish.
2

Wz(m’m_l)* = igkfuguwz(m,m—l)* .

2-masala. (6)-ko‘rinishidagi kvadratur formulaning ¢ xatolik funksionali
normasiga minimum qiymat beruvchi (Ofk optimal koeffisiyentlarni topish.

3-masala. (6)-optimal kvadratur formulaning ¢ xatolik funksionali
normasini hisoblash.
Yugqoridagi masalani ixtiyorty meN va weZ da to‘liq yechishimiz
uchun, quyidagi hollarda bu masalani alohida garab chiqishimizga to‘g‘ri keladi:
1. m=1va weZ;

2. m22 vaweZ\{0}, wheZ;
3. m22 vawheZ\{0};
4. m=>2 va w=0.

Ikkinchi bobning ikkinchi paragrafida 1-masalani yeshish bilan
shug‘ullanamiz. Bunig uchun, ¢ xatolik funksionalining ekstremal funksiyasidan
foydalanamiz.

Koshi-Shvarts tengsizligini tenglikka aylantiruvchi, ya’ni quyidagi tenglikni
qanoatlantiruvchi ¢ xatolik funksionaliga mos v, funksiyaga ekstremal funksiya
deyiladi

(Ly,)=PLP

W (m,m-1)* .Pl//K P
2

( > _]) :
ﬁ/zmm

Ekstremal funksiya uchun quyidagi tasdiq o‘rinli.
Chiziqli uzluksiz funksionalning umumiy ko‘rinishi haqidagi Riss

teoremasidan foydalanib, quyidagi differensial tenglamani olamiz
—(@m) —(@m-2)

v, @-w, (x)=ED"x). )
Teorema 1. (9)-tenglamaning umumlashgan yechimi ¢ xatolik funksionaliga
mos v, ekstremal funksiya bo‘lib, u quyidagicha ifodalanadi

a) m=1va weZ uchun

l//g (X) — e—2ma)x . K] (a)) _ ch Z eZmﬂ(x—hk) . K] (ﬁ),

k=1 p=—x

b) m>2 va weZ\{0} uchun

v, (X) _ e—27mox . Km(a)) _ ch ZeZﬂlﬂ(x—hk) ‘K, (ﬁ) + d03

k=1 L0
bunda d — biror o‘zgarmas va

K, () = : (10)

 Qre)" + Qo)
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(8)-ortogonallik shartidan ko‘rinadiki, ¢ xatolik funksionalining normasini
m=1 va m > 2 hollarida alohida hisoblash talab etiladi.
m =1 da /¢ xatolik funksionali normasinining analitik ko‘rinishi quyidagicha
ifodalanadi
5= iohk’ X 2rio
P/ P;VZ“’O)* =K, (w) - Kl(a));ck,emwhk _ Kl(a));Cke 2 micohk
N N _ 0 ) ,
+2.2.C.Cr 3 Kk (B)- e, (11)
k=1k'=1 p=—x
bunda w e Z va k,(-) miqdor (10)-formula bilan aniqlangan.

Ushbu ﬁ’z(m’m_l)* qo‘shma fazoda m =2 uchun ¢ xatolik funksionali normasi
kvadratining analitik ko‘rinishi quyidagicha aniqlanadi

N __ ) ) N '
l)fl)2 (m,m-1)* = Km (a)) — Km (w)ZCk’ezmwhk _ Km (a))ZCke—mehk

ﬁ'/z k'=1 k=1
N N - . ’
+2.2.C.Cr Y K, (B)- ™", (12)
k=1k'=1 B0
bunda weZ\{0}.
Shunday qilib, 1-masala yechildi.

Ikkinchi bobning uchinchi paragrafida ushbu dissertatsiya ishining asosiy
natjjalari olinadi, ya’ni ¢ xatolik funksionalining normasiga minimum qiymat

beruvchi, (6)-kvadratur formulaning C « optimal koeffisiyentlarini topamiz. Buning
uchun, bu masalani m=1va weZ, hamda m>2 va @weZ\{0} hollarida alohida

qaraymiz.
Dastlab, m =1 uchun quyidagi chiziqli tenglamalar sistemasini olamiz
N 0
L — oy () +3C, 3 @00 () =0, K=1,2,.,N.  (I3)
aCk’ k=1 P=—0

Ta’kidlash kerakki, (13)-tenglamalar sistemasi diskret Viner-Xopf tipidagi
tenglamalar sistemasi bo‘lib, bu turdagi sistemalarning yechimi mavjud va
yagonaligi va bu yechim P/P normaga mininimum berishi S.L. Sobolev va
X.M. Shadimetovlar tomonidan isbotlangan.

Teorema 2. Kompleks-qiymatli, eng kichik musbat davri 1 bo‘lgan
funksiyalarning s (0,1] fazosida (6)-ko‘rinishidagi kvadratur formulalar orasida,

koeffisiyentlari quyidagicha ko‘rinishda bo‘lgan yagona optimal kvadratur formula
mavjud

i 2K, 2 miohk
=—— 2 . k=1,2,...,.N, 14
C Ar’w? +1 (14)
bunda
K e? +1-2e" cos(2rwh)

,] 2h
’ e’ —1
Teorema 2 dan quyidagi natijalar kelib chigadi:

Natija 1. Teorema 2 dagi, (14)-ko‘rinishdagi optimal koeffisiyentlar, wh el]
bo‘lganda quiyidacha ifodalanadi
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2
4r’w* +1 €' +1
Natija 2. (14)-ko‘rinishdagi optimal koeffisiyentlar, @ =0 da quyidagi
ko‘rinishga ega

k=1,2,.,N.

Ci

o 2(eh — 1)

Ckz—h , k=1,2,...,N.

e +1

Wrgm’m_l)(o,l] fazosida m>2 da (6)-kvadratur formulaning koeffisiyentlari
uchun quyidagi chiziqli tenglamalar sistemasini olamiz

N
T @)+ 36, T, () =0, K =12, N,(19)
aCk’ k=1 B0
1 N
a_L — jezma)xdx _ ch, — O, (16)
alll 0 k'=1

bu yerda x, () kattalik (10)-formula bilan aniqlangan.

(15),(16)-tenglamalar sistemasining yechimi uchun quyidagi teoremalar
o‘rinli.
m—1)

Teorema 3. Kompleks-qiymatli davriy funksiyalarning Wy (0,1]
fazosida m>2, weZ\{0} va wh¢Z holida (6)-optimal kvadratur formulaning
koeffisiyentlari quyidagicha ko‘rinishda bo‘ladi

2K -
o Qrw)™" + (éﬂw)zm_z e k=1,2,..,N. 17
bu yerda
2h m=17 21,
Ko = ()" e TR

e +1-2e" cosrawh) = (2n—-1)1(1-1)>
A=e"" va E, ,(1) bu— (2n—2) darajali Eyler-Frobenius ko*phadi.
Teorema 3 dan quyidagi natijani olamiz:
Natija 3. (6)-optimal kvadratur formulaning (17)-koeffisiyentlari @ e[l \{0}\

va wh g Z holi uchun ﬁ’z (2’])(0,1] fazoda quyidagicha ko‘rinishda bo‘ladi

K .
_ w,2 2 hk _
=— > Z-e’”“’ , k=1,2,...,N,
7w + 217w

C
bunda

e’ —1 h B
K,,=—|—= p + .
e’ +1-2e" cos(Qrnwh) cosQrwh)—1

Teorema 4. Ushbu Wré’”””‘”(o,l] fazoda m>2, w#0 va wh e Z uchun (6)-
optimal kvadratur formulaning koeffisiyentlari nolga teng

o

C:=0, k=1,2,...,N. (18)
Ushbu paragrafda shuningdek, m >2 va @ =0 holi alohida garalgan.
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Tasdig 1. Davriy funksiyalarning ngm’m_l)(o,l] haqiqiy qiymatli fazosida
m 2> 2 uchun, quyidagi ko‘rinishdagi kvadratur formulaning

1 N
fo(x)dx =Y Cp(x,), (19)
0 k=1

optimal koeffisiyentlari uchun quyidagi tenglik o‘rinli

Ci=h, k=12,...N.

Shunday qilib, 2-masala yechildi.

Ikkinchi bobning to‘rtinchi paragrafida meN va weZ ning barcha
holatlarini gamrab oladigan qilib qurilgan optimal kvadratur formulalarning
xatoliklarining aniq yuqori chegaralarini, ya’ni xatolik funksionallari normalarini
hisoblaymiz.

Dastlab m =1 holatini qaraymiz. Bu holat uchun quyidagi teorema bajariladi.

Teorema 5. Ushbu 5" (0,1] fazoda @ e Z uchun (6)-optimal kvadratur
formulaning xatolik funksionali normasi quyidagi ko‘rinishga ega

‘ f ? 1 [ 2 e*" +1-2¢" cos(2nwh)

1— .

Ar’w* +1 h(e”’ — 1)
Endi, m > 2 holida, P/ Pw
2

]. (20)

plor 4o’ +1

norma uchun quyidagi natijani olamiz.

(m,m—1)*

Teorema 6. Ushbu ﬁ’z(m’m_l)* fazoda m>2, weZ\{0} va whgZ uchun

(6)-optimal kvadratur formulaning xatolik funksionali normasi quyidagicha
aniqlanadi

2
. 2K
; 1 {1 1 o } o

g Qaoy" +Qre)"? | h Qro)" + Qo)

bunda

2h mt A 72n-1 =
K, =" — e : 1 N 2h AE, (ﬂ;) ’
’ e’ +1-2e"cosrwh) = 2n-)I(1-1)"
A=e"" va E, ,(1) — (2n—2) darajali Eyler-Frobenius ko‘phadi.
Natija 4. Ushbu limitni inobatga olib

K, 2 )
lim—=== 2m m—2 |
=0 ) Qrw)™ + (2nw)

quyidagilarga ega bo‘lamiz
1. h—>0 da

2. @ — oo va fiksirlangan 4 larda
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(m,m—-1

Teorema 7. Ushbu 17, ' fazoda m>2 va wheZ\ {O} holda (6)-optimal
kvadratur formulaning xatolik funksionali normasi quyidagi ko‘rinishda bo‘ladi

g 1
1

jpman-1* - Qrw)" +2rw)™"
Teorema 6 va 7, hamda Natija 4 dan ﬁ’z(m’m_l) fazoda qurilgan (6)-optimal

kvadratur formulalarning yagqinlashish tartibi |@|<N uchun O(h") va |@[> N
uchun O(|w|[™) ekanini xulosa qilishimiz mumkin.

Teorema 8. Ushbu W, fazoda m>2 va @=0 holda (19)-optimal

2
kvadratur formulaning xatolik funksionali normasi quyidagi ko‘rinishda bo‘ladi
2
‘K — (_1)’"—1 z &hn — |B2m |h2m _ |B2m+2 | h2m+2 +O(h2m+4),
bu yerda B, bu— Bernulli soni.

ﬁ,z(m,m—l)* neom 1! (2171)' (2m + 2)'

Shunday qilib, 3-masala to‘liq yechildi.
Ikkinchi bobning beshinchi paragrafida W " fazoda qurilgan optimal

2
kvadratur formulalarning xatolik funksionali normasining qiymati, m=1 va m =2
hollari uchun sonli natijalarda keltirilgan. Natijalar Maple dasturidan foydalanib
olingan.
Dissertatsiyaning Wz('""”_l)(a,b) fazoda Furye integrallarini sonli
hisoblash uchun effektiv kvadratur formulalar” deb nomlanuvchi uchinchi
bobida differensiallanuvchi funksiyalarning W,"" " (a,b) Gilbert fazosida Furye

integrallarini taqribiy hisoblash uchun effektiv kvadratur formulalar qurish bilan
shug‘ullanamiz.

Uchinchi bobning birinchi paragrafida W,"" " (a,b) fazoda weR da
b
1,(0) = [e" p(x)dx (22)

integrallarni taqribiy hisoblash uchun quyidagi ko‘rinishdagi effektiv kvadratur

formulalar beramiz
b

[e" ™ p(x)dx = iCk,w[a,b]go(hk +a), (23)

bunda weR, C_,[a,b]- koeffisiyentlar va h=(b—a)/ N .

(23)-effektiv kvadratur formulaning koeffisiyentlarini topish uchun ikkinchi
bobda qurilgan (6)-optimal kvadratur formulalarning koeffisiyentlarini @ ning
funksiyasi sifatida w €[] gacha davom ettirib, quyidagi natijani olamiz.

Teorema 9. Ushbu w,""" (a,b) fazoda m=>2 wuchun (23)-effektiv

kvadratur formulalarning C, ,[a,b] koeffisiyentlari @ € R\{0} va whgZ da
(b-a)K

[ ] _ ®,m 2rioa
’

C -
(2710)1)2’" + (271(01)2’”_2

0,0

b
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2(b-a)K

C, [ab]= om____.gmeted pr=12,..,N-1, (24
k@ [ ] (271_0)])2171 + (277(01)2’”_2 ( )
b—a)K .
CN’w [Cl,b] _ ( a) w,m . eZma)b)

- Qrw)*" + 2rw,)*"

va o =0 uchun quyidagi ko‘rinishga ega
h
CO,a) [a,b] = E,
C. lab]l=h, k=1,2,..,N-1, (25)

h
C pl==
N,a)[a’ ] 2’
bunda

-1

eb —1 m-l 207" QE,, ,(A)
2h h +z =

2n h — _ 1. _ 2n—1 . _ 2n
e’ +1—2e"4 cos(2mwh) i @n=Dl-(b-a) (1-4)

va o, =(b-a)o, h= b]:[a’ E, ,(1) bu — (2n—2) darajali Eyler-Frobinius

Ka),m - (_1)’"*1 ’

b

2ioh

ko‘phadi va A =e"™".
Teorema 10. Ushbu Wz(’"’"’_')(a,b) fazoda m=>2 wuchun (23)-effektiv

kvadratur formulalarning C, [a,b] koeffisiyentlari wel \{0} vawheZ da

quyidagicha ifodalanadi
C..,=0, k=0]1,..,N.

Uchinchi bobning ikkinchi paragrafida diskret Furye almashtirishi formulasi
va xossalari keltirilgan.

Uchinchi bobning uchinchi paragrafida (23)-ko‘rinishidagi effektiv kvadratur
formulalarning m =2 holi ayrim funksiyalarning Furye almashtirishlarini taqribiy
hisoblashda qo‘llanilgan. Natijalar MATLAB dasturining fft standart funksiyasi
yordamida hisoblangan qiymatlari bilan solishtirilib, effektiv kvadratur formula
yordamida olingan natijalarning xatoliklari ff¢ funksiyasi ning xatoligiga nisbatan
kichik ekanligi ko‘rsatilgan.
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XULOSA
Dissertatsiya ishi ikki gismdan iborat bo‘lib, birinchi qism kompleks qiymatli,
differensiallanuvchi  davriy funksiyalarning ﬁ’z(m’m_l)(O,l] fazosida Furye

koeffisiyentlarini taqribiy hisoblash uchun optimal kvadratur formulalar qurish va
ularning aniq yuqori chegaralarini baholashga, hamda ikkinchi qism kompleks

qiymatli funksiyalarning W,"""(a,b) fazosida Furye integrallarini taqribiy
hisoblash uchun effektiv kvadratur formulalar qurishga bag‘ishlangan.
Tadqiqot ishining asosiy natijalari quyidagilardan iborat:

1. Kompleks qiymatli, differensiallanuvchi davriy funksiyalarning W';m’mil) (O,l]
Gilbert fazosida optimal kvadratur formulalarning extremal funksiyalari
topilgan.

2. Davriy funksiyalarning ﬁ’z(m’m_l)(O,l] Gilbert fazosida kvadratur
formulalarning ekstremal funksiyalaridan foydalanib xatolik funksionallari
normalarining analitik ko‘rinishlari m =1 va m > 2 holatlari uchun alohida
topilgan.

3. Davriy funksiyalarning ﬁ’z(l’o)(O,l] Gilbert fazosida w e[l holatida Furye
koeffisiyentlarini taqribiy hisoblash uchun optimal kvadratur formulaning
koeffisiyentlari topilgan.

4. Davriy funksiyalarning ﬁ’z(m’m_l)(O,l] Gilbert fazosida m>2 da quyidagi
uchta wel] \{0} va whell ; well \{0} va whell , hamda @w =0 alohida

hollarida Furye koeffisiyentlarini taqribiy hisoblash uchun optimal kvadratur
formulalarning koeffisiyentlari topilgan.

5. ﬁfz(m’m_l)* qo‘shma fazosida optimal kvadratur fomulaning ¢ xatolik

funksionali normasining kvadrati hisoblangan va m =1 va m =2 hollarida
sonli natijalar olingan.
6. O‘tkazilgan sonli eksprimentlar natijalarida optimal kvadratur fomulalarning

1
yaginlashish tartibi O (—

ekanligi ko‘rsatilgan.
N + ‘a)‘

7. W™ (a,b) fazosida Furye integrallarini taqribiy hisoblash uchun effektiv
kvadratur formulalar qurilgan.

8. W*(=1,1) fazosida qurilgan effektiv kvadratur formuladan foydalanib,
ayrim funksiyalarning Furye almashtirishlari hisoblangan.
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Introduction (abstract of doctoral dissertation)

Actuality and demand of the theme of the dissertation. As a result of many
scientific and practical studies carried out on a global scale, solving problems of
image analysis, modulation and demodulation of signals for communication
systems, computed tomography in industry and medicine is reduced to the
calculation of some integrals of strongly oscillating functions. Standard methods of
numerical integration for the approximate calculation of strongly oscillatory
integrals require a large amount of computational work, and their direct application
in practice does not give effective results. Therefore, the development of special
methods for the approximate calculation of such integrals, the creation of new
methods for the approximate calculation of these integrals in various classes of
functions, and the estimation of their errors are considered one of the important
problems of Computational Mathematics.

Nowadays, the construction of optimal quadrature formulas in the
approximate calculation of strongly oscillating integrals is of great importance in the
world. In particular, in the numerical integration of Fourier coefficients and
integrals, the construction of optimal quadrature formulas in the space of periodic
functions and the estimation of their errors are widely used. Actual problems of
Computational Mathematics is the construction of effective quadrature formulas in
various spaces of differentiable functions for approximating strongly oscillating
integrals. In this regard, the construction of asymptotically optimal and optimal
quadrature formulas for the approximate calculation of strongly oscillating integrals,
as well as estimating their errors in the space of differentiable periodic functions, is
one of the targeted scientific studies.

In our country, great attention is paid to such important directions as image
analysis, electrodynamics, fluid mechanics and mathematical physics, geology,
geophysics, and effective reconstruction of computed tomography images, which
have scientific and practical applications of fundamental sciences. Especially, a lot
of attention is paid to the theory of numerical integration in computational
mathematics, especially the construction of optimal quadrature and cubature
formulas, special attention is paid to the evaluation of their errors in the Banach and
Hilbert spaces of periodic and non-periodic functions. Important results were
achieved on the construction of lattice optimal cubature formulas for the
approximate calculation of regular and singular weighted integrals in the Sobolev
spaces of univariate and multivariable, periodic and non-periodic functions. in the
activities of V.I.Romanovskiy Institute of Mathematics named after of the Academy
of Sciences of the Republic of Uzbekistan, is one of the main problems®. In order to
ensure decision execution, it is important to construct optimal quadrature formulas
for the approximate calculation of strongly oscillating integrals and to estimate their
errors in different Hilbert spaces of differentiable, periodic functions.

2 Resolution of the Cabinet of Ministers of the Republic of Uzbekistan No. 292 "On measures to organize the activities
of the newly created research institutions of the Academy of Sciences of the Republic of Uzbekistan" dated May 18,
2017.
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This dissertation work is intended to solve the problems outlined in the Decree
of the President of the Republic of Uzbekistan No.DP - 4947 dated February 7, 2017
“About the Action Strategy for the further development of the Republic of
Uzbekistan”, in resolutions No.RP - 2789 dated February 17, 2017 “On measures to
further improve the activities of the Academy of Sciences, organization,
management and financing of research activities”, No.RP - 2909 dated April 20,
2017 “On measures for the further development of the higher education system”,
No.RP - 3682 dated April 27, 2018 “On measures to further improve the system for
the practical implementation of innovative ideas, technologies and projects”, NoeRP
- 4708 of May 07, 2020 “On measures to improve the quality of education and the
development of scientific research in the field of mathematics”, as well as in other
regulatory legal acts related to this area activities.

Connection of research to priority directions of development of science
and technologies of the Republic. This study was performed in accordance with
the priority areas of science and technology of Republic of Uzbekistan IV
“Mathematics, Mechanics and Computer Science”.

The degree of scrutiny of the problem. It is known that many problems of
science and technology are brought to the calculation of certain integrals of strongly
oscillating functions, especially, Fourier coefficients and integrals. Since it is not
always possible to calculate these integrals using analytical methods, their numerical
integration 1s required. Several special methods have been developed for the
approximate calculation of strongly oscillatory integrals. Examples include the Filon
method, asymptotic expansion method, Levin's collocation method, methods of
steepest descent, and optimal quadrature and cubature formulas methods. Initially,
Filon's method, based on piecewise approximation of the appropriate function with
parabolic arcs in the interval of integration. Later, Filon-type, Clanshaw-Curtis-
Filon-type, modified Clanshaw-Curtis, Levin-type, Gauss-Laguerre quadrature
formulas and generalized quadrature formulas were developed for numerical
calculation of integrals with different types of strongly oscillating functions. In
recent years, scientists such as L. Zhang, A. Asheim, V. Dominguez, E.A. Flinn,
J. Gao, J.M. Melenk, K.N. Melnik and R.V.N. Melnik, H. Mo and Sh. Xiang,
L.F. Shampine, G. He, and Y.J. Cho, H. Kang, M.I. Israilov, B. Eshdavlatov and
S.A. Bakhromov carried out research in these methods. Scientists such as
D.Huybrechs, Sh. Olver, A. Iserles, S.P. Nersett, S.-1.S. Zaman, S.I.U. Nasib,
S. Olver, and H. Wang conducted scientific research on the asymptotic expansion
method.

There are the Sobolev method, spline functions, and ¢ -functions methods for

constructing optimal quadrature and cubature formulas for approximate calculation
of definite integrals of given functions in certain Banach spaces. Initially,
S.L. Sobolev was engaged in the theory of constructing optimal quadrature and
cubature formulas using the concept of a discrete analogue of a linear differential
operator in the space L (). The algorithm for construction of optimal quadrature
and cubature formulas proposed by Academician S.L. Sobolev was developed by
Z.J. Jamalov, F.Y. Zagirova, Kh.M. Shadimetov, A.R. Hayotov, G.V. Milovanovi¢,
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F. Lanzara, F.A. Nuraliev, D.M. Akhmedov, S.S. Azamov and A.K. Bolatev in
spaces LJ"(Q), K,(P,), K!""™ and W™ . In 1999, in Kh.M. Shadimetov's

work, lattice cubature formulas for weighted integrals in the Sobolev space of
periodic functions were constructed. In particular, I. Babuska’s optimal quadrature
formula is derived from this work, which is constructed for the approximate
calculation of Fourier coefficients when the weight function is exp(iox). In 2015,

E. Novak, M. Ullrich and H. Wozniakowski studied the approximate calculations of

one-variable oscillating integrals in the space H® of standard Sobolev of periodic
and non-periodic functions.

It should be noted that in recent years, in the Hilbert spaces L and ;"""

Kh.M. Shadimetov, G.V. Milovanovi¢, A.R. Hayotov, N.D. Boltaev, C.-O. Lee, S.
Jeon, S.S. Babaev, and B.I. Bozarov carried out scientific research on the
construction of optimal quadrature formulas for approximate calculation for strongly
oscillatory integrals and their practical applications. As a result, they have achieved
high-resolution reconstruction of computed tomography images in the industrial and
medical fields under laboratory conditions.

Connection of the theme of the dissertation with the research works of
higher education, where the dissertation is carried out.

The dissertation research was carried out within the framework of the calendar
plan of the Laboratory of Computational Mathematics of V.I. Romanovskiy
Institute of Mathematics of the Academy of Sciences of the Republic of Uzbekistan
on the topic "Construction of optimal quadrature, interpolation, difference formulas
and their application to solving of integral equations in Hilbert spaces".

The aim of research work consists of constructing optimal quadrature
formulas for the numerical calculation of Fourier coefficients in the complex-valued

Hilbert space W’(zm’mf]) (0,1] of differentiable periodic functions and estimating their

errors, and obtaining effective quadrature formulas for the numerical calculation of
Fourier integrals in the complex-valued Hilbert space W """ (a,b) of

differentiable functions.
Research problems:
finding the extremal function of quadrature formulas for numerical

(m,m—1)

calculation of Fourier coefficients in complex-valued Hilbert space W, (0,1] of

differentiable, periodic functions;
finding the analytic form of the norm for the error functional of quadrature
formulas for numerical calculation of Fourier coefficients in complex-valued Hilbert

(m,m—1)

space W (0,1] of differentiable, periodic functions;

finding optimal coefficients of quadrature formulas that give the smallest
value to the norm of the error functional for numerical calculation of Fourier

coefficients in the complex-valued Hilbert space W’(zm’mf])(O,l] of differentiable,
periodic functions;
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calculating the norm of the error functional of optimal quadrature formulas
for numerical calculation of Fourier coefficients in the complex-valued Hilbert space

" (0,1] of differentiable periodic functions;

finding the coefficients of the effective quadrature formulas for the
approximate calculation of Fourier integrals in the Hilbert space Wz(’"’"’_')(a,b) of

complex-valued functions.

The research object is the Hilbert space of differentiable, periodic functions,
optimal and effective quadrature formulas, strongly oscillatory integrals.

The research subject consists of extremal functions, Hilbert space

W’(zm’mil)(O,l] of differentiable periodic functions, and exponentially weighted

optimal and effective quadrature formulas for approximate calculation of Fourier
coefficients and integrals.

Research methods. The methods of computational mathematics, functional
analysis, theory of generalized functions, theory of differential equations, and theory
of functions with discrete arguments are used in the scientific research work.

Scientific novelty of the research work:

the extremal functions of quadrature formulas for numerical calculation of

Fourier coefficients in complex-valued Hilbert space W(zm’m_l)(o,l] of differentiable

periodic functions are found;
in order to numerical calculation of the Fourier coefficients in the Hilbert

space 5" (0,1] of complex-valued, differentiable periodic functions, the analytic

form of the norm for the error functional of the quadrature formulas are found;
the coefficients of the optimal quadrature formulas for numerical calculation

of Fourier coefficients in the Hilbert space 5" (0,1] of complex-valued,

differentiable periodic functions is found;
the norm of the error functional of optimal quadrature formulas for numerical

calculation of Fourier coefficients in the Hilbert space W3 (0,1] of complex-

valued, differentiable periodic functions is calculated, and numerical results are
given for m=1 and m=2;

the coefficients of the effective quadrature formulas for the approximate
calculation of Fourier integrals in the Hilbert space w,"" " (a,b) of complex-valued

functions are found.

Practical results of the research are as follows:

Fourier coefficients are numerically calculated using the constructed optimal
quadrature formulas;

using the obtained effective quadrature formulas, Fourier integrals are
numerically calculated. The obtained results can be used in modulation and
demodulation of signals, image processing and other practical sciences.

The reliability of the results of the study is based on the application of the
theory of quadrature formulas, computational mathematics, functional analysis and
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the theory of functions with discrete arguments, the rigidity of mathematical
considerations, as well as numerical experiments.

Scientific and practical significance of the research results. The scientific
significance of the research results is explained by the algorithm for constructing
optimal and effective quadrature formulas for the approximate calculation of
strongly oscillating integrals in Hilbert spaces, and the high convergence speed of
the constructed formulas.

The practical significance of the research results is that optimal and effective
quadrature formulas can be used in the approximate solution of computed
tomography and image analysis problems with the help of strongly oscillatory
integrals.

Implementation of the research results. Based on the obtained scientific
results on the construction of optimal quadrature formulas for the approximate
calculation of strongly oscillating integrals in the Hilbert space of periodic functions:

constructed optimal quadrature formulas in Hilbert spaces WS’O)(O,I] and

75 (0,1] are used in the practical project no. PZ-20170930257 “Improvement of

the hydrometric treatment process in the technology of extraction of graded flour
from local wheat grains” (reference of Tashkent Institute of Chemical Technology
dated April 14,2023, No. 1/04-1177) to increase the accuracy of measuring the size
of wheat grains (height, width and length). As a result, the numerical calculation of
solutions of mathematical models representing the distribution of moisture occurring
in hydrothermal devices, using these formulas, made it possible to find the optimal
values of their geometric dimensions with high accuracy;

in the Hilbert space W(;’z)(O,l] of complex-valued functions, constructed

optimal quadrature formula is used in the fundamental project no. OT-F4-02 —
“Thermodynamics of models of mathematical physics with an infinite set of states”
(reference of Bukhara State University dated April 25, 2023, No. 04/752) for the
approximate calculation of integrals in mixed problems posed for mathematical
physics equations. As a result, it made it possible to find a numerical solution to the
set of mixed problems with high accuracy.

Approbation of the research results. The main results of this research were
discussed at 11 scientific and practical conferences, including 7 international and 4
national scientific and practical conferences.

Publications of the research results. On the topic of the dissertation, 19
scientific papers were published, 6 of which are included in the list of scientific
publications proposed by the Higher Attestation Commission of the Republic of
Uzbekistan for the defence of theses of the Doctor of Philosophy, including 2 of
them published in foreign journals and 4 in national scientific journals, as well as
the certificate of authorship for a computer program.

The structure and volume of the dissertation. The dissertation work
consists of the introduction, three chapters, conclusion, bibliography. The general
volume of the thesis is 92 pages.
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THE MAIN CONTENT OF THE DISSERTATION

In the introduction the motivation of the research theme and correspondence
to the priority research areas of science and technology of the Republic is given, we
present a review of international research on the theme of the dissertation and degree
of scrutiny of the problem, formulate our goals and objectives, identify the object
and subject of study, and state the scientific novelty and practical results of the
research. Furthermore, we give the theoretical and practical importance of the
obtained results, and also give information on the implementation of the research
results, the published works and the structure of the dissertation.

Chapter I of the PhD thesis entitled “Numerical integration formulas in
Hilbert spaces” is mainly of an introductory nature, it presents the main concepts
and definitions used in the dissertation. Furthermore, the scientific research and the
obtained results are described within the scope of this scientific research theme.

The first section of this chapter introduces Hilbert spaces and gives examples

of these spaces. First, the Hilbert space W,""(0,1) we work with and the concepts

of an inner product and a norm in it are presented.
We consider the following space

W D(0,1) = {:[0,1]—C | """ abs. cont. and 0" € L,(0,1)},
is the Hilbert space of complex-valued functions which are (m — 1)St order derivative

is absolute continuous and m™ order derivative (in the generalized sense) are square
integrable, with the inner product

@YD ey = [, () + " P N@ () + 7 (x))dx, (1)

where ¥ is the complex conjugate of the function y . The space WD (0,1)
together with the inner product (1) forms the Hilbert space. The norm of a function

@ e W D(0,1) corresponding to the inner product (1) is introduced as follows
1/2

[l = (0 0)ypmmn 2)

where j"go('")(x) + go(""”(x)rdx <.
0

Equality (2) is a semi-norm and qu‘ yonn =0 if and only if

p(x)=P, ,(x)+de ™, where P

m—

,(x) is a polynomial of degree (m—2) and d is a
constant. Every element of the space Wz('""”_l) is a class of functions that are differ

from each other by a linear combination of a polynomial of degree (m—2) and e .

The second section of the first chapter presents Bernoulli numbers and
polynomials and their properties, as well as periodic Bernoulli polynomials, which
are important in this scientific work.

We consider the well-known formula

ZZ => B, z", ‘z‘ <2,
e -1 ,on!
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where B, is the Bernoulli number. All Bernoulli numbers with odd index except B,

vanish
B,,.,=0 for k= ye
and the first nonvanishing Bernoulli numbers are
1 1 1 1 1 5
B,=1, B=——, B,=—, Bj=——, B,=—, By=——, B, ,=—.
U 27 T Tt 307 0 427t 300 Y 66

The Bernoulli polynomials are expressed as follows
B (X)
=y =)
e _1 n=0
The periodic Bernoulli polynomzals are defined by the following formula
@n(x) =B (x), 0<x<l,

‘z‘ <2r.

and
B (x+1)=B (x), xell.
Periodic functions and their properties are mentioned in the third section of

the first chapter.
Definition 1. If there exists a non-zero real number T for the function f(x)

defined in all real values of the variable x which satisfies the equality
f(x+T)= f(x) for all xelJ,

then f(x) is a periodic function, and the number T is called its period.

The fourth section of Chapter I presents the problem of constructing optimal
quadrature formulas in Banach space B.
Quadrature formulas of the following form

b N
| pO@(x)dx = 3 .Crp(xy), (3)
=0
were considered by S.L. Sobolev together with the error functional

£N<x)=p(x)s[a,b]oc)—g)cﬁ&(x—x,,),

b
where p(x) is weigted function, and it satisfies I p(x)dx <o, x5 are nodes, C, are

coefficients, ¢(x) € B and B is a Banach space is compactly embedded in the class
of continuous functions, i.e., B — C(a,b).
The error of the quadrature formula (3) is as follows

(£.0)= [ P(x)p(x)dx ~ Z 50(x5), (4)

where (6 N,go) 1s the value of the error functional E v on the function ¢.

The absolute value of the error (4) for the quadrature formula (3) is estimated
by the Cauchy-Schwarz inequality as follows

(¢y.0)|<Pt,P. -PoP,.
Definition 2. For all ¢ € B the upper bound of the absolute value of error (4),
i.e., the quadrature formula that gives the smallest value in terms of the coefficients
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and nodes of the norm P/ NPB* , in the considered space is called the optimal

quadrature formula in the sense of Nikolskii or the best optimal quadrature formula.
Definition 3. With the fixed nodes, coefficients C; that give the minimum

.+ are called optimal coefficients and are denoted as Cy .

value to the norm HE .

Together with these optimal coefficients, the quadrature formula of the form (3) is
called the optimal quadrature formula in the sense of Sard.

Next, we consider the problem of constructing optimal quadrature formulas
in the sense of Sard. To solve this problem, it is necessary to solve the following
problems in a row.

Problem A. Calculate the norm HE .

,+ for error functional /7, of the

quadrature formula (3).
Problem B. Find the coefficients C, that give the minimum value to the

quantity HE H »+» and calculate the following quantity
[ =ine ],

The fifth section of the first chapter discusses the methods of approximate
calculation of strong oscillatory integrals of the following form

1, (0) = [P (x)dx, (5)
Q

where functions ¢ and g are non-oscillating functions, @ is oscillatory frequency

and QQ a domain with piecewise continuous bound.

Since the standard quadrature formulas are inefficient, there is a direct
alternative in the form of an asymptotic expansion. Based on the properties of the
functions ¢ and g, various methods have been developed for the numerical

calculation of strongly oscillating integrals (5). In the present section, we discuss the
following methods: the asymptotic expansion, the Filon method, Levin's collocation
method, the steepest descent method, and optimal quadrature and cubature
formulas.

Chapter II of the PhD thesis entitled "Optimal quadrature formulas in the
Hilbert space ﬁ’z(m’m_l)(o,l] of periodic functions" is devoted to the construction

of optimal quadrature formulas in the Hilbert space of differentiable periodic
functions.

In the first section of the chapter, the problem of constructing optimal
quadrature formulas for the numerical calculation of Fourier coefficients in the space

ﬁ’z(m’m_l)(o,l] is posed.

We denote by JF_itfz(m’m*])(O,l] the subspace of the space W;””""”(O,l)
consisting of complex-valued, 1-periodic functions ¢(x) on (0,1], that is, every

element of the space JF_itfz(m’m*])(O,l] satisfies the following condition of 1-periodicity
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o(x+ B)=¢(x) for xeR and peZ.
We consider a quadrature formula of the form

[e" ™ p(x)dx = fckgo(hk), (6)

where @wel] \{0} is a parameter, @ belongs to the space W(zm’Wl)(O,l] , and C,
(k=1,2,...,N) are coefficients of the quadrature formula, they are complex
numbers, i°=—1,and NeN, h=1/N.

The difference between the integral and the quadrature sum is called the error
of the quadrature formula (6)

L N I
(L,0) = [ p(x)dx — Y Cop(hk) = [((x)p(x)dx . %
0 k=1 0
This difference defines a linear functional

()= —3C, S 5(x—hk— B),

k=1 f=—0
where 6(x) is the Dirac delta-function.

Since the error functional ¢ i1s defined on the space W(zm’Wl)(O,l] , the
following equality is valid
(£,1)=0 for m>2. (8)
This condition means the exactness of the quadrature formula (6) for any constant,
and it can be written as follows I; e dx = z:/:l C,.

Using the Cauchy-Schwarz inequality, we obtain the sharp upper bound for
the absolute value of the error (7)

2.0) PEE e POE, oy
where
(4, 9)|
f m,m—1)* — - .
[l enn-tr = sup =5 op

We note that the coefficients C, that give the minimum value to the norm of the

error function are called optimal coefficients and are denoted as C. Together with
these optimal coefficients, the quadrature formula of the form (6) is said to be
an optimal quadrature formula.

The minimum of the norm of the error functional corresponding to the optimal
quadrature formula is denoted as follows

/

Wz(m,m—l)* = igcfHKHWZ(’"’M—I)* .

Thus, to construct the optimal quadrature formula in form (6) in the space

W(zm’m_l) we should solve the following problems.
Problem 1. Find the analytical representation of the norm HZ HW mm-1y+ for the
2
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error functional ¢/ of the quadrature formula of the form (6).

Problem 2. Find the optimal coefficients C, that give the minimum value to
the quantity HEHW (mm=1y* .
2

Problem 3. Calculate the norm for the error functional ¢ of the optimal
quadrature formula (6), that is, calculate the quantity janK Hﬁ/ (mm—1)y* .
C, 2

In order to solve the above posted problem for all values of arbitrary m e N
and w € Z , we have to consider these problems separately in the following cases:
1. m=1and weZ;

2. m22 and weZ\{0}, wh¢Z;

3. m22 and wheZ\{0};
4. m>2 and ®=0.

In the second section of the second chapter, we deal with solving of Problem
1. For this, we use the extremal function of the error functional /.

For finding the analytic form of the norm for the error functional 7/, we use
the extremal function v, satisfying the following equality

(Ly,) =P€PW,2(m,m—l)* Py, sz(m,m—l) .

The following assertion holds for the extremal function.
Using the Riesz representation theorem, we get the following differential

equation
—(m) —@m-2)
v, -y, (x)=ED"Ux). 9
Theorem 1. The generalized solution of equation (9) is the extremal function
v, of the error functional ! and it is expressed as

a) for m=1 with wel]

Wg ()C) — e—Zma)x . K,] (Ct)) _ zck z eZm,B(x—hk) . K] (ﬁ),

k=1 P=—0

@

b) for m>2 with w el \{O}

V(@)= ke, (0) = Y O X e ke, (B) + d,

k=1 L0
where d, is a constant term and
1
- (10)
Qrw)™" + (2rw)*"
Orthogonality condition (8) shows that it is necessary to calculate the norm of
the error functional separately in cases m =1 and m > 2.

The analytic form of the norm for the error functional for m =1 is expressed
as follows

K, (@) =

N — N
- 2miohk —2riwhk
PEP;IZ(I,O)*_ Kl (w) - Kl (w)k’z_lck!e T _ K] (w)];Cke Tio 4
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N N _ 0 ) ,
+2.2.C.Cr 2 K,(B)- e, (11)

k=1k'=1 P=—o0
where w €Z and «,(-) is defined by (10).

m—1)*

In the space ﬁfz(m’
of the norm P/P
WZ

of functionals with m > 2, the analytical representation
is expressed as follows

(m,m—1)*

N __ ) ) N .
PEP;r (man-ty = K, (@) =K, (w)kZ]Ck'ez”""hk -K, (a));Cke‘z”""h" +
2 '= =
N N _ . '
+2.2C.Cr Yo, (B)- e, (12)
k=1k'=1 ﬁ;ﬁo

where weZ\{0}.

Thus, Problem 1 has been solved.
In the third section of Chapter II, the main results of this dissertation work are

presented, i.e., we find the optimal coefficients C » of the quadrature formula (6)
which give the minimum value to the norm of the error functional /. To do this, we
consider. this problem in cases m=1 with we€Z and m>2 with weZ\{0} ,

separately.
Initially, we obtain the following linear system of equations for m =1
) , N 0 ] ,
oL _ - e (0)+ Y.C, Y e (B) =0, k'=1,2,...,N. (13)
aCk' k=1 P=—o0

It should be noted that the system of equations (13) is a system of discrete
Wiener-Hopf type, S.L. Sobolev and Kh.M. Shadimetov proved that the solution of
this type of system exists and is unique and that this solution gives a minimum to
the norm P/P.

For the solution of the system (12) the following holds.
Theorem 2. Let ¢ Y (0,17, the following formula is valid for the optimal

coefficients of the quadrature formula (6) with o €[l

2K .
ol .2 for each k=1,2,...,N, (14)

Ci = 4% w? +1.

where

e +1-2¢" cos(2nwh)
K, = = .
e’ -1
The following results follow from Theorem 2.
Corollary 1. For whell , optimal coefficients in the form (14) have the
following form
B 2 e —
dr’w* +1 " +1
Corollary 2. In the case @ =0, optimal coefficients in the form (14) have the
following form

foreach k£=1,2,...,N.

Ci
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We obtain the following system of linear equations for the coefficients of the
quadrature formula (6) in the space Wri’"’m‘”(o,l] with m > 2

. ’ N . y
a_L — _emehk K, (0)) + zck zeZm,Bh(k—k)Km(ﬁ) — O, k' = 1’2" ) .,N, (15)
oCw k=1 B=0
1 ] N
OL _ feodx - °C, = 0, (16)
a‘ll 0 k'=1

where x, (-) 1s defined by formula (10).
The following theorem is true for the solution of the system (15),(16).
Theorem 3. In the space Wri’"”"‘”(o,l] of periodic functions with m>2,
among the quadrature formulas of the form (6) with @ €[ \{0} and wh & 7 there

is a unique quadrature formula with coefficients having the representation
2K
w,m

kT Q)" + 2rw)™ ™" for each k=1,2,...,N, (17)

where

e —1 L2 AR, (D) "
e +1-2¢"cosQQawh) = Q2n-DI-(1-1)" |~
A=¢&"" and E,,_,(A) is the Euler-Frobenius polynomial of degree (21 —2).

K,,=ED" {

The following corollary follows from Theorem 3.
Corollary 3. In the space ﬁ’z o (0,1] of periodic functions, the analytical
representation of coefficients of the optimal quadrature formula (6) for w €[] \{0}\

and wh g 7 as follows

K .
=——<22 . foreach k=1,2,...,N,
8r'w + 21w

Cx
where

e —1 h B
K,,=—|—= p + .
e +1-2e" cos(Qrnwh) cosrwh)—1

Theorem 4. In the space ﬁ’z(m’m_l) (0,1] of periodic functions with m > 2, for

coefficients of the optimal quadrature formula of the form (6), the following equality
holds when wheZ and o #0

Ci=0 foreach k=1,2,...,N. (18)
The case m > 2 with @ =0 is also considered separately in this section.
(m,m—1)

Remark 1. In the space W (0,1] of real-valued, periodic functions for
m 22, the optimal coefficients of the following quadrature formula

Jmmwzgqm%x (19)

have the following form
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(ofk =h for each k=1,2,...N.

Thus, Problem 2 has been solved.

In the fourth section of the second chapter, we find the sharp upper bound of
the error of the constructed optimal quadrature formulas to cover all cases of m e N
and w € Z , that 1s, we calculate the norm of the error functional.

Firstly, we consider the case m =1. The following theorem holds for this case.

Theorem 5. On the space e (0,1] of functionals, for w el the norm for
the error functional ¢/ of the optimal quadrature formula (6) has the following form
“|I° 1 2 e* +1-2e" cos(2nwh)

T 2.2 T2 2 ' : (20)
plor 4o’ +1| Ar'e’ +1 h(ez” —~ 1)

Now, the following holds for the norm of the error functional at m >2 with

wel\{0} and whell.

Theorem 6. On the space e (0,1] of functionals with m>2 the norm

for the optimal error functional ¢ for wel \{0} and wh ¢l has the following

2
o 1 2K
j [T S -

g Qre)” + Qi) | h Qae) +Qrw)

form

where

e +1-2¢e" cos(2nwh) = 2n-1)I(1-21)"
A=¢&"" and E,,_,(A) is the Euler-Frobenius polynomial of degree (21 —2).

e _1 w1 2h N AE, (M)
Ka),m - (_1)’"*1 + 2= 2

Corollary 4. Taking into account that the following equality

_K,, 2 "
hm —= 2m 2m-2 ?
=0 h Qrw)™ + (2rw)

we have the following

012
a) |/ —>0as h—>0;
W(zm,m—l)*
0|12
b) ||/ — 0 as @ — o and 4 is fixed.
W(zm,m—l)*

Theorem 7. On the space W(zm’m_l)* (0,1] with m > 2, the norm of the optimal

error functional ¢ for wh el \{O} has the following form

o |1 1
H e - o

35



From Theorems 6 and 7, and Corollary 4, in the space ﬁ’z(m’m_l) we conclude
that the order of convergence of optimal quadrature formulas (6) is O(A™) when
|o|<N and is O(|w|™) when |0 > N.

Theorem 8. On the space W’;m’m_l)*(O,l] of functionals with m>2, the

norm for the error functional of the optimal quadrature formula (19) has the
following form

2 0
HE = (—1)’"71 Z ﬂ-hn :_| Bzm |h2m _ |B2m+2 | h2m+2 + O(h2m+4)’
i (mom " n=2m N! 2m)! 2m+2)!

where B, i1s the Bernoulli number.

Thus, Problem 3 is completely solved.

In the fifth section of the second chapter, the value of the norm of the error
functional of the constructed optimal quadrature formulas in the space ﬁ’z(m’m_l) is

presented in the numerical results for the cases m =1 and m =2 . These results are
obtained using Maple software.
In Chapter III of the PhD thesis, known as “Effective quadrature formulas

for the numerical calculation of the Fourier integrals in the space W,"" ™" (a,b)
”, we deal with construction of effective quadrature formulas for the numerical
integration of the Fourier integrals in the Hilbert space W, (a,b) of complex-
valued functions.

In the first section of the third chapter, for the approximate calculation of
integrals

b
I(@) = [ p(x)dx, (22)
we give the following effective quadrature formula

b

[e" " p(x)dx = iCk,w[a,b]go(hk +a), (23)

a

in the space W™ (a,b) , here weR, C _[a,b] are coefficients and
h=({b-a)/N.

One of the expansions of the optimal quadrature formulas (6) for the case real
o 1s the approximation formula obtained by assuming the coefficients in Theorem 3
as continuous functions with respect to @ e R..

Theorem 9. The coefficients C, [a,b] of the effective quadrature

formula (23) with o e[l \{0} and wh £ Z in the space Wz("”"’_”(a,b) with m > 2
has the following forms

Cpufasb] = 5 e

Qrw)™" + 2rw,)*"

2rwioa
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c [a b] _ 2(b-a)K,,,
Lo l™ Qo))" + 2rw,)™"

(b- a)Kw’m
Qrw )" + Q2w )"

and for @ =0 they take the form

0 k210 N-1, (24

2wiwb
2

Cyo [a,b] =

h
C, |a,b|=—,
O,a)[ ] 2
C, la,bl=h, k=1,2,...,N—1, 25)
k,w
h
CN’w[a,b]=5,
where
ﬂ -1
Ko = (1" SRS Y L
w,m b = : ’
ebh“+1—26bh"c08(27ra)h) A Qn=D-(b-a)y" - (1-2)°
b—a

and o, =(b—-a)w, h= N E, ,(A) is the Euler-Frobenius polynomial of

degree (2n—2) and A =",
The following is true.
Theorem 10. In the space Wz(’"””_')(a,b) with m >2, for coefficients

C, la,b] of the effective quadrature formula of the form (23), the following

equality is valid when wheZ and o #0
C, ,la,b]=0 foreach k=0,1,...,N.

The second section of the third chapter presents the formulation and properties
of the discrete Fourier transform.

In the third section of the third chapter, the case m =2 of the effective
quadrature formula of form (23) is used in the approximate calculation of Fourier
transforms of some functions. The results are compared with the values calculated
using the built-function fft in MATLAB, and it is shown that the error of the results
obtained using the effective quadrature formula is smaller than the error of the
function ffz.
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CONCLUSIONS
The dissertation consists of two parts, the first part is devoted to the
construction of optimal quadrature formulas for the numerical calculation of Fourier
coefficients in the space ﬁ’z(m’m_l)(O,l] of complex-valued, differentiable periodic

functions and the estimation of their sharp upper bounds, and the second part is
devoted to the effective quadrature formulas for approximate calculation of the

Fourier integrals in the space W,"" " (a,b) of complex-valued functions.

The main results of the research are as follows:

1. The extremal functions of quadrature formulas in Hilbert space
W’(zm’mil)(O,l] of complex-valued, differentiable, periodic functions are
found;

2. Using the extremal functions of the quadrature formulas in the Hilbert
space ﬁ’z(m’m_l) (O,I]Of periodic functions, the analytical expressions of the

norms of the error functionals have been found separately for the cases
m=1and m=>2.

3. The coefficients of the optimal quadrature formula for the approximate
calculation of the Fourier coefficients in the Hilbert space ﬁ’z(m’m_l) (0,1] of

periodic functions have been found for w el .
4. The coefficients of the optimal quadrature formulas for the approximate

calculation of the Fourier coefficients in the Hilbert space ﬁ’z(m’m_l) (0,1] of

periodic functions have been found separately for well \{0} with
whegll, well \{0} with whell, and w=0.

5. The square of the norm of the error functional 7 of the optimal quadrature
formula in the space of functionals has been calculated and the numerical
results have been obtained in the case m =1 and m=2.

6. The results of the conducted numerical experiments show that the order of

1 m
convergence of the optimal quadrature formulas is O| | —— | |.
N+ ‘a)‘

7. Effective quadrature formulas have been constructed for the approximate
calculation of Fourier integrals in the space W."""(a,b).

8. Using constructed effective quadrature formula in the space W,V (-1,1),
Fourier transforms of some functions are calculated.
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BBEJEHUE (anHoTanus auccepranuu 10kropa puiaocodpuu (PhD))
Leabio ucejie[0BaHUA COCTOUT B MOCTPOCHUH ONTUMAJIBHBIX KBAJPATyPHBIX
dbopMyn S YMCIEHHOTO  BbIYMCHEeHHS  kodpduuueHtoB  Dypre B

(m.m~1)
KOMIUIEKCHO3HAYHOM rIILOEPTOBOM IIPOCTPAHCTBE 728 (0, 1]

muddepeHuupyeMbIx NEepUOanYecKuX (DYHKIMI M OLEHKAa MX MOrPeIIHOCTEH, U
noyiyueHre A(PQPEKTUBHBIX KBaJIpaTypHbIX (opmyn ais  NOpUOIHKEHHOTO
BbIUMCIIEHUS UHTerpaioB @Dypbe B KOMIUIEKCHO3HAYHOM THUIBLOEPTOBOM

npoctpauctse W,"" ™ (a,b) nuddeperunpyembix dyHKIuii.

O0beKT ncejeq0BaHuA — IMIIBOEPTOBO MPOCTPAHCTBO AU dHEpEeHIUPYEMbIX
NepUoOaNYecKUX  (QYHKUUH, KBajgpaTypHble ©  d(dQexTuBHbE  (HOPMYIIHI,
ko3 puieHTs U nHTErpaisl Oypoe.

Hay4nasi HOBH3Ha MCCJIeJ0BaHUSI COCTOUT U3 CIEAYIONINX:

HalJIeHbl SKCTpeMabHble (PYHKIHUU KBaAPATypHBIX (HOPMYIT AJI1 YMCIEHHOTO
BbIUMCIIEHUS Kod(ppuuueHToB @Dypbe B KOMIUIEKCHO3HAYHOM THIBLOEPTOBOM

(m,m-1) o
IIPOCTPAHCTBE 778 (0,1] mud depeHIupyeMbIX MepUOANIECKUX QPYHKIUI;

HalJIEHO aHAJIMTEUUCKOE BBIPAXKEHUE HOPMBI (YHKLIHMOHANA MOTPEIIHOCTU
KBaIpaTypHbIX (DOPMYJIbI ISl YUCICHHOTO BbluMcleHUs KoddduireHToB Pypbe B

(m,m=1)
TILOEPTOBOM MPOCTPAHCTBE 778 (0, 1] KOMIIJIEKCHO3HAYHBIX

mudGepeHIIUPyEMBbIX TIEPUOTUIECKUX (PYHKIIHM;
HalJIeHbl KO3 (UIIMEHTH ONTHUMAJIBHBIX KBaAPATYpHBIX GOpMyT s
YUCJICHHOTO BBIYUCIICHUS K03 huireHToB Oyphe B rHiIbOSPTOBOM MPOCTPAHCTBE

(m,m-1)
Wz (0, 1] KOMIINICKCHO3HAYHBIX I[I/I(I)(I)epeHuI/IpyeMBIX HepI/IOI[I/IquKI/IX

bynxumii;
BBIYUCJICHA HOPMaA ®YHKHHOHM3 MMOTPCIIHOCTHU OIITUMAJIBHBIX KBAAPATYPHBIX
dbopMyn AN YUCICHHOTO BBIYUCICHUS KOdPPUIMEeHTOB Pyphe B THIBOESPTOBOM

(m,m-1)
HpOCTpaHCTBe Wz (0, 1] KOMIIVNICKCHO3HAYHBIX III/I(i)(i)epeHuI/IpyeMBIX

NepUoanYecKuXx (PYHKIMI W NpPUBEIECHbl YUCIICHHBbIE pe3yJbTaThl mpu m=1 u
m=2;

HalifieHbl  KoduimeHTsl 3(G(EKTUBHBIX KBaApaTypHBIX (GOpMyT st
NPUOINKEHHOTO BBIUUCIEHUSI UHTErpalioB Pypbe B IMIILOEPTOBOM MPOCTPAHCTBE

wimm D (a,b) KOMILIEKCHO3HAYHBIX AU PepeHIpyeMbIX (GYHKIUI.

BHueapenue pe3yabTaToB HcciaenoBaHusA. Ha OCHOBE MOyYEHHBIX HAYYHBIX
pE3yNbTaTOB IO TOCTPOCHUIO ONTUMAJBHBIX KBaApaTypHbIX Gopmyn ais
NpUOIMKEHHOTO  BBIYHMCICHHUS CHJIBHO  OCHWUIMPYIONIMX  HMHTETrpajioB B
rJIbOEPTOBOM MPOCTPAHCTBE NMEPUOANUECKUX PYHKIUI:

MOCTPOEHHBIE ONTUMAaJIbHbIE KBaApaTypHble (OPMYJIbl B THIBOEPTOBBIX

g0 Y
IpocTpaHcTBax W (0,1] u W, (0,1] HCIIOJIB30BAHBI B IPAKTUYECKOM IIPOEKTE

No.  TI3-20170930257 «CoBEpPIIEHCTBOBAHUE MpOLECCA THAPOMETPUUYECKON
00pabOTKM B TEXHOJOTMU BBIICICHUS COPTOBOM MYKM M3 MECTHBIX 3€peH
NIeHUIb» (crpaBka TalkeHTCKOro XUMHUKO-TEXHOJIOIMYECKOTO HHCTUTYTA OT 14
anpens 2023 roga Nel/04-1177) nist nOBBILLIEHUST TOYHOCTH U3MEPEHUST pa3MEPOB
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3epeH MIIEHUIbI (BBICOTHI, IIMPUHBI U JJIMHBI). Pe3ynbraTr yuciaeHHOro pacuera
pEelIEHN MaTEMAaTHYECKUX MOJEJEN, MPEICTABISIIOIUX PACIpENEIeHUE Blard,
MIPOUCXOIAIIEE B TUAPOTEPMANIBHBIX YCTPOUCTBAX, MO 3TUM (POpMyJiaM MO3BOJIUII C
OOJbIIe TOYHOCTHIO HAWTH ONTHUMAJIbHbIE 3HAYEHUS MX TEOMETPUUYECKUX
pa3MepoB;

OnTtumanbHas KBagparypHas (opmylia MOCTpOEHHas B THILOEPTOBOM

. (3.2)
MPOCTPAHCTBE  KOMIUIEKCHO3HAYHBIX  (yHKUUN 778 (0,1], IIOCTPOCHHAs

ucrnosib3oBaHa B pyHnamentasbHoM npoekre Ne OT-04-02 — «TepmoauHaMuka
Mojielield MaTeMaTU4YecKo (u3uku ¢ OECKOHEUHBIM MHOXKECTBOM COCTOSIHUN»
(cipaBka byxapckoro rocynapcTBeHHOTo yHuBepcurtera ot 25 anpens 2023 roga Ne
04/752) nns npuOIMKEHHOTO BBIYMCICHUSI UHTErPAJIOB B KOMIUIEKCE CMEIIaHHBIX
3a/lay ypaBHEHMsI MaTeMaTudyeckoil ¢us3uku. B pe3ynbrare 3TO MO3BONMIO HAUTH
YUCJIIEHHOE PEIICHUE KOMILJIEKCAa CMEIIAHHBIX 3a/1a4 C BBICOKON TOYHOCTBIO.

Crpykrypa m o0bem auccepranuu. /[ucceprannoHHas paboTa COCTOUT U3
BBEJICHUS, TPEX IJIaB, 3aKJIIOUYEHUS], CIUCKA UCTIOJIB30BaHHON IuTepaTyphl. OOmuii
00BEM IMCCEPTALUU COCTABISIET 92 CTpaHHULL.
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