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KIRISH (falsafa doktori (PhD) dissertatsiyasi annotatsiyasi)

Dissertatsiya mavzusining dolzarbligi va zaruriyati. Dunyoda so‘nggi 30 yil
mobaynida olib borilayotgan fundamental va amaliy ilmiy izlanishlar materiallarning
funksional hossalarini optimallashtirish va (mexanik, issiglik, elektron va optik)
qurilmalarni Kichiklashtirish yo‘li bilan resurstejamkor texnologiyalarni ishlab
chigishga garatilgan. Bu sohada eng istigbolli bo‘lgan yo‘nalish bu — past o‘lchamli
materiallar fizikasi va ular asosida resurstejamkor elektron va optoelektron qurilmalar
yaratish uchun kvant effektlarini go‘llashni o°z ichiga olgan kvant texnologiyalaridir.
Shu sababli, zaryad, spin, issiglik va axborot tashuvchisi hisoblanadigan zarralar va
tolginlar ishtirokidagi jarayonlarni tavsiflashga imkon beruvchi effektiv matematik
modellarni go‘llash kvant fotonikasi, optika, fotovol'taika, kvant informatikasi va
kondensirlangan muhitlar fizikasi kabi fizikaning zamonaviy gator sohalarida dolzarb
masalaga aylandi.

Hozirgi vagtda dunyoda nochizigli Shredinger tenglamasi va Gross Pitaevskiy
tenglamasi kabi nochizigli tenglamalar yordamida tavsiflanuvchi, ham kvazizarralar
ham to‘lginlar ishtirokidagi jarayonlarni o‘rganish zamonaviy kvant fizikasi,
sovutilgan atomlar va kondensirlangan mubhitlar fizikasining dolzarb masalalaridan
biri hisoblanadi. Bunday sistemalarda Gross-Pitaevskiy tenglamasini yechish
nanofizikada, sovutilgan atomlar fizikasida va kvant texnologiyalarida paydo
bo‘ladigan bir gator amaliy masalalarda muxim rol o‘ynaydi. Nochizigli
tenglamalarining analitik va sonli yechimlarini topish va ularning hossalarini
o‘rganish hamda effektiv dinamik jarayonlarni matematik modellashtirish, sonli
hisoblashlarning effektiv algoritmlarini va dasturiy ta'minotini yaratish zamonaviy
izlanishlarning muhim bosgichi hisoblanadi.

Respublikamizda fizika-matematika fanlarining, jumladan, nazariy fizika va
amaliy matematika soxasining dolzarb yo‘nalishlariga e'tibor kuchaytirildi, binobarin
bu yo‘nalishlardagi ishlanmalarni ilmiy va amaliy jixatdan tatbiq qilish katta
axamiyatga ega. Jumladan, nochizigli optika, kvant mexanikasi, kondensirlangan
xolatlar fizikasida yuzaga keladigan masalalarni matematik modellashtirish va sonli
usullar yordamida yechish orgali fundamental tadgiqotlar olib borish va bu
tadgiqotlarning  natijalarini  amaliy  ishlanmalarni  yaratishga  qo‘llashga
mamlakatimizda katta e'tibor qaratiimogda. Boze-Kondensatlarda nochizigli
evolyusion tenglamalarning aniq va sonli yechimini topish, ularning soliton va
girdobli yechimlarini modellashtirishda muhim ahamiyatga ega bo‘lgan natijalarga
erishildi. Xalqaro standartlar darajasidagi “Nochizigli dinamika, kvant materiallar
fizikasi va amaliy matematika” fanlarining ustuvor yo‘nalishlari bo‘yicha yurtimizda
nazariy va amaliy izlanishlar olib borilmogda. Qaror ijrosini ta'minlashda nochizigli
evolyusion tenglamalarni Boze kondensatlar uchun aniq va sonli usullar yordamida
yechish nazariyasini rivojlantirish muhim ahamiyatga ega.
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O<zbekiston Respublikasi Prezidentining 2017 yil 7 fevraldagi PF-4947-son
«O<zbekiston Respublikasini yanada rivojlantirish bo‘yicha harakatlar strategiyasi
to‘g‘risidangi, 2017 yil 17 fevraldagi PQ-2789-son «Fanlar akademiyasi faoliyati,
ilmiy-tadgiqot ishlarini tashkil etish, boshgarish va moliyalashtirishni yanada
takomillashtirish chora-tadbirlari to‘g‘risida»gi, 2017 yil 20 apreldagi PQ-2909-son
«Oliy ta'lim tizimini yanada rivojlantirish chora-tadbirlari to‘g‘risidangi va 2018 yil
27 apreldagi PQ-3682-son «Innovasion g‘oyalar, texnologiyalar va loyihalarni
amaliyotga joriy gilish tizimini yanada takomillashtirish chora-tadbirlari to‘grisida»gi
garorlari, O‘zbekiston Respublikasi Prezidenti Sh.M. Mirziyoevning 2019 yil 24 may
kuni Mirzo Ulug‘bek nomidagi O‘zbekiston Milliy universitetida ta'lim va ilm-fan
sohasi vakillari bilan bo‘lib o‘tgan uchrashuvidagi ma'ruzasi hamda 2023-yil
Prezidentning senatga murojjatnomasida mazkur faoliyatga tegishli boshga normativ-
huquqgiy xujjatlarda belgilangan vazifalarni amalga oshirishda ushbu dissertasiya
tadgigoti muayyan darajada xizmat giladi.

Tadgiqotning respublika fan va texnikasi rivojlanishining ustuvor
yo‘nalishlariga muvofigligi. Ushbu dissertatsiya ishi O<zbekiston Respublikasi fan
va texnikasini rivojlantirishning ustuvor yo‘nalishi IV. «Matematika, mexanika va
informatika» doirasida bajarilgan.

Muammoning o‘rganilganlik darajasi.

Qopgondagi bir komponentli va ko‘p komponentli Boze-Eynshteyn kondensatlari
(BEK) eksperimental ravishda hosil gilindi va bu girdoblar dinamikasini nazariy
jihatdan o‘rganish uchun yaxshi nomzod bo‘ldi. So‘nggi paytlarda, xususan, kichik
girdob klasterlariga e’tibor garatilmoqda. BEKIlarning makroskopik to‘lgin funksiyasi
dinamikasi nochizigli Shryodinger tenglamasi yoki Gross-Pitayevskiy tenglamasi
(GPE) orqali tavsiflansa-da, gqopgon potentsiali ahamiyatsiz bo‘lgan. Qopgondagi bir
komponentli BEKIar uchun kenglik tebranish rejimining mavjudligi, ya’ni sferik yoki
aylana bilan chegaralangan hududning kollektiv radial tebranishi nazariy va
eksperimental jihatdan ko‘rsatilgan. Bundan fargli o‘larog, kuchli nochiziglilik
gopgondagi BEKIlarda o°zaro ta’sir giluvchi girdoblarning samarali dinamikasi
yaginda taklif gilingan va sonli usullar yordamida tahlil gilingan, ammo kenglik
erkinlik darajasining tebranishi mavjud bo‘lganida o‘zaro ta’sirlashuvchi
girdoblarning asosiy koordinatalarini ganday bog‘lashga nazariy jihatdan kam e’tibor
berilgan. Ushbu dissertatsiyada biz har bir komponentda "yagona girdob" mavjud
bo‘lsa, garmonik qopgondagi va kuchli nochiziglilikka ega ikki o‘Ichamli (2D) ko‘p
komponentli BEKda girdoblar dinamikasining samarali nazariyasini ishlab chiqdik.
Bu yerda biz har bir girdob sinov funktsiyasining amplituda shaklini Padé
yaginlashuvida tanlaymiz, bu girdoblar yadrosining o‘ziga xos shaklini o‘z ichiga
oladi. Ushbu ishdagi muhim yangilik ishda taklif gilingan girdoblarning nolga teng
bo‘lmagan inertsiyasi (yoki impulsi) bo‘lib, u odatdagi gidrodinamikada keng
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go‘llaniladigan inertsiyasiz girdoblardan farq giladi. Yakka girdob dinamikasida
kenglik tebranishi erkinlik darajasining rolini ham hisobga oldik. Birog, bu xulosalar,
agar BEKning har bir komponenti “ko‘p sonli girdoblar”ga ega bo‘lIsa, ular o‘rtasidagi
kuchli fazaviy korrelyatsiya tufayli bu usulni go‘llash masalasi boshgacharoq tarzda
kechadi. Ushbu dissertatsiyada biz standart variatsion printsipini kuchli kubik 2
o‘lchamli aylanmaydigan qopgondagi bir komponentli BEKIlardagi o‘zaro ta'sir
giluvchi girdoblarga go‘llaymiz va girdob koordinatalari erkinlik darajasi bilan
birlashtirilgan kenglik tebranishi erkinlik darajasining muhim rolini yoritib beramiz.

Tadqiqgotining dissertasiya bajarilgan oliy ta’lim muassasasining ilmiy-
tadqiqot ishi rejalari bilan bog‘ligligi. Dissertatsiya O‘zbekiston Respublikasi Fan
va texnika davlat go‘mitasining F-4-005 ragamli yosh olimlarning “Qattik jismlar
deformasiya jarayoni, nochizikli dinamika va internetdagi trafik jarayonlar tahlili”
ilmiy loyihasi granti doirasida bajarilgan.

Tadgigotning magsadi Gross-Pitayevskiy tenglamasidan foydalangan holda
Boze-Eynshteyn kondensatlarida (BEK) girdoblar dinamikasi modelini ishlab
chigishdan iborat.

Tadqiqgotning vazifalari:

¢ Dbir va ko‘p komponentli BEKIarda girdoblar dinamikasi modelini ishlab
chiqgish;

e uchta girdob dinamikasida xaosni olish;

e nugtaviy girdoblar dinamikasi uchun topologik va topologik bo‘lmagan
elastiklik kuchlarini olish;

o Gross-Pitayevskiy modelidan kollektiv koordinatalar variatsion usuli va
sonli yondashuv (chekli farg sxemalari) orgali foydalanish.

Tadqiqgotning obyekti Bose-Eynshteyn kondensatlarining uyg‘ongan holatlari —
girdoblardir.

Tadgiqotning predmeti BEKIaridagi girdoblarning dinamik xususiyatlaridir.

Tadgiqotning usullari. Ushbu dissertasiyada kubik nochiziglilikka ega bo‘lgan
nochizigli Shryodinger (Gross-Pitayevskiy) tenglamasi (GPT) va uning mos
Lagranjian yondashuvi qgo‘llanilgan. Shuningdek, dissertatsiyada kollektiv
koordinatalar usuli (variatsion yondashuv) va GPT ning bevosita sonli yechimi Gross-
Pitaevskiy tenglamalarini, shuningdek, nochizigli Shredinger tenglamasini analitik va
sonli yechish usullari, chekli ayirmali sxemalar, Tomas algoritmi, Krank-Nikolson
usullaridan foydalanilgan.

Tadqigotning ilmiy yangiligi quyidagilardan iborat:

o ilk bora Bose-Eynshteyn kondensat modelini ikki o‘lchovli tuzoglarda
tavsiflovchi Gross-Pitayevskiy tenglamasining girdobli yechimlari va bu
yechimlar dinamikasining harakat tenglamalari topilib, girdoblar
markazlari uchun samarali nochizigli dinamika olindi va bu dinamika
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kuchli elastik kuch va bir jinsli magnit maydondagi Lorents kuchi ta’sirida
inertsiyaga (massaga) ega bo‘lgan zaryadlangan zarrachalar dinamikasiga
o‘xshashligi aniqlandi;

ilk bora o‘zaro ta’sirlashuvchi girdoblar markazlari koordinatalari va
girdob yechimi kengligining vaqt hosilasi uchun Lagranj tenglamasi
topildi va uning Gamilton formalizmi nostandart Puasson gavslari
yordamida tuzilib, sekinroq aylanma harakat bilan bir vaqtda sodir
bo‘ladigan girdob markazlarining tez radial tebranishlari topildi;

ilk bora girdoblararo o‘zaro ta’sir potentsialining formulasi topildi;

ilk bora uchta girdobning dinamikasi o‘rganilib, ularning harakati xaotik
ekanligi aniglandi.

Tadqgigotning amaliy natijalari quyidagilardan iborat:

ilk bora girdoblararo o‘zaro ta'sir formulasi topildi;

ilk bora Gross-Pitayevskiy tenglamasining girdobli yechimlari olindi;

ilk bora magnit qopgondagi girdoblar dinamikasi kuchli elastik kuch
ta’sirida va bir jinsli magnit maydonda Lorents kuchi ta’sirida inertsiyaga
(massaga) ega bo‘lgan zaryadlangan zarrachalar dinamikasiga o‘xshashligi
ko‘rsatilgan;

ilk bora uchta girdob dinamikasida xaos olingan.

Tadgiqot natijalarining ishonchliligi quyidagilardan iborat:

dissertatsiya ishida matematik va nazariy fizikaning standart usullari, shu
jumladan yuqori samarali sonli usullar va dasturlardan foydalanilgan;
boshga mualliflarning nazariy natijalarining izchilligi sinchkovlik bilan
tagqoslanishi; xulosalar Bose-Eynshteyn kondensatlari nazariyasining
asosiy goidalariga yagin kelishi bilan izohlanadi;

nochizigli ~ Shryodinger  tenglamasi  bo‘lgan  Gross-Pitayevskiy
tenglamasining yechimlari va bu tenglamalarning asosiy saglanish
gonunlaridan, masalan, energiya saglanish gonunlaridan olingan sonli
yechimlari bir xil ekanligi tasdiglangan;

yechimlarning barqgarorligi sonli tahlil gilindi va ularning anigligi
baholandi. Olingan natijalar to‘liq fizik tahlil gilindi va ularning hagiqiy
fizik jarayonlarga muvofigligi nazariy jihatdan isbotlandi.

Tadgiqot natijalarining ilmiy va amaliy ahamiyati:

tadgigotning ilmiy ahamiyati shundan iboratki, dissertatsiyada ishlab
chigilgan formalizm Gross-Pitayevskiy tenglamasi bilan tasvirlangan
makroskopik modda - Bose-Eynshteyn kondensatining nochizigli dinamik
xususiyatlarini tahlil qilish asosida kvant hisoblash va kvant axborot
sohalarida keng go‘llanilishi bilan belgilanadi;



¢ u shuningdek, kvant materiyaning makroskopik xususiyatlarini chugurroq
tushunishga imkon beradi;

e tadgigot natijalarining amaliy = ahamiyati ularni  zamonaviy
optoelektronika,  axborot-kommunikatsiya  texnologiyalari,  kvant
texnologiyalari va kichik o‘lchamli kvant funksional materiallarda
uchraydigan optik girdobli solitonlarni modellashtirishda go‘llash bilan
izohlanadi;

e natijalar kondensatsiyalangan holatning tabiati va dinamikasini tahlil
gilishda va kuzatish tajribalarini ishlab chigishda foydali bo‘ladi.

Tadqiqgot natijalarining joriy gilinishi.

Garmonik gopgondagi Bose-Eynshteyn kondensati uchun ikki o‘Ichovli Gross-
Pitayevskiy tenglamasining girdobli yechimlari bo‘yicha dissertatsiya natijalari xorijiy
ilmiy jurnallarda chop etilgan maqolalarda qo‘llaniladi (Physical Review A, Volume
93, Issue 1, 2016, pp. 013615; Physical Review A, Volume 99, Issue 3, 2019, pp.
033607; Physical Review A, 103, 053313 (2021)). Ularda girdoblar uchun sinov
funksiyasi va Lagranj funksiyasini hosil gilishda paydo bo‘ladigan integrallarning
yechimlari qo‘llanildi.

Bose-Eynshteyn kondensatida girdoblar dinamikasi bo‘yicha dissertatsiya
natijalari quyidagi ilmiy jurnallarda chop etilgan maqolalarda qo‘llaniladi (Journal of
the Physical Society of Japan, Volume 87, Number 6, 2018, pp. 063601; Journal of
Physics B: Atomic, Molecular and Optical Physics, 53, 065303 (2020); Modern
Physics Letters B, VVol. 36, No. 28-29, 2250153 (2022); Journal of the Physical Society
of Japan, 86, 114001 (2017)). llmiy natijalarni qo‘llash Bose-Eynshteyn
kondensatlarida hosil bo‘lgan girdoblar uchun harakat tenglamalarini yechish
imkonini berdi.

Nostasionar  nochizigli ~ Shredinger tenglamasi va  Gross-Pitaevskii
tenglamasining soliton yechimlari dinamikasini modellashtirish xorijiy ilmiy
jurnallarda (Journal of Physics A: Mathematical and Theoretical, 55, 243001 (2022);
Phys. Rev. E, Volume 93, 032204 (2016); Journal of Differential Equations, VVolume
260, Number 10, 2016, pp. 7397-7415; Nonlinearity, 35, 3283 (2022); Journal of
Physics A: Mathematical and Theoretical, 51, 095203 (2018); Journal of Physics A:
Mathematical and Theoretical, 52, 035202) foydalanilgan. Illmiy natijaning
go‘llanilishi ikki o‘lchamli nostatsionar nochizigli Shredinger tenglamasi uchun
planar graflarda qo‘yilgan chegaraviy masalani sonli usulli modelini qurish imkonini
bergan.

Stasionar nochiziqli Shredinger tenglamasi va Gross-Pitaevskii tenglamasining
soliton yechimlari dinamikasini modellashtirish  xorijiy ilmiy jurnallarda
(Contemporary mathematics: Mathematical Problems in Quantum Physics, 717,
14446 (2018); Nonlinear Differential Equations and Applications NoDEA, Volume

23, Number 6, pp. 63; Physical Review E, 94, 062216 (2016); Applicable Analysis,
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Volume 99, Pages 1359-1372, (2020); Mathematical Modelling of Natural
Phenomena, Vol. 11, No. 2, pp. 20-35, (2016); Mathematical Methods in the Applied
SciencesVolume 41, Issue 1, p. 159-191, (2017); Asymptotic Analysis, vol. 113, no.
1-2, pp. 87-121, (2019); Analysis, geometry and number theory, 2, (2017))
foydalanilgan. llmiy natijaning go‘llanilishi ikki o‘lchamli statsionar nochizigli
Shredinger tenglamasini sonli va analitik usulli modelini qurish imkonini bergan.

Tadqiqgot natijalarining aprobatsiyasi. Tadgiqot natijalari 4 ta xalgaro va 3 ta
respublika konferentsiyalarda aprobatsiyadan o‘tgan.

Tadqiqot natijalarining e’lon qilinishi. Dissertatsiya mavzusi bo’yicha jami 7
ta ilmiy ish chop etilgan, shulardan O’zbekiston Respublikasi Oliy attestatsiya
komissiyasining falsafa doktorlik (PhD) dissertatsiyalari asosiy ilmiy natijalarini chop
etish tavsiya etilgan ilmiy nashrlarda 4 ta ilmiy maqola, jumladan, 1 tasi Web of
Science bazasidagi MDH jurnalida va 3 tasi Scopus bazasidagi yuqori impakt
faktoriga ega horijiy jurnallarda nashr etilgan.

Dissertatsiyaning tuzilishi va hajmi. Dissertatsiya tarkibi kirish, uchta bob,
xulosa, foydalanilgan adabiyotlar ro’yxati va ilovalardan iborat. Dissertatsiyaning
hajmi 92 betni tashkil etadi.

DISSERTATSIYANING ASOSIY QISMI

Dissertatsiyaning kirish gismida dissertatsiya mavzusining dolzarbligi va
zarurati, tadgigotning respublika fan va texnologiyalarini rivojlantirishning ustuvor
yo‘nalishlariga mos kelishi asoslangan. Dissertatsiya mavzusi bo‘yicha chet eldagi
ilmiy tadgiqotlarning gisqacha ma’lumoti va muammoning o‘rganilganlik darajasi
keltirilgan, tadgiqotning magsad, vazifalari shakllantirilgan, uning ob’yekti va
predmeti ko‘rsatilgan, tadgigotning amaliy natijalari va ilmiy yangiliklari bayon
gilingan, olingan natijalarning nazariy va amaliy ahamiyati ochib berilgan, tadgiqot
natijalarining go‘llanilishi, dissertatsiya tuzilishi va nashr gilingan ilmiy ishlar
to‘g‘risida ma’lumotlar keltirilgan.

Dissertatsiyaning “Boze-Eynshteyn kondensatlaridagi girdoblar bilan
tanishish” nomli birinchi bobida Boze-Eynshteyn kondensatlarining asosiy nazariyasi
tavsifi berilgan. Xususan, Boze-Eynshteyn kondensatlari uchun Gross-Pitaevskiy
tenglamasi, uni Shryodinger tenglamasidan keltirib chigarish, bu tenglamaning soliton
yechimlari va girdobli yechimlari yoritilgan.

“Boze-Eynshteyn kondensatlarida gopqon ichidagi o‘zaro ta’sirlashuvchi
girdoblar dinamikasi” deb nomlangan ikkinchi bob variatsion prinsip yordamida bir
komponentali ikki o‘lchamli Boze-Eynshteyn kondensatida ikkita girdobning
dinamikasi, ularning o‘zaro ta’siri va kengayib-gisqaruvchi kondensat kengligining
roli modelini ishlab chiqishga bag‘ishlangan.
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Biz Gross-Pitayevskiy tenglamasi yordamida tavsiflanuvchi ikkita girdobga
ega qopgon ostidagi ikki o‘lchamli aylanmaydigan bir komponentali Boze-Einstein
kondensatini garaymiz. r = (x,y) bo‘lganida ®(t, ) makroskopik to‘lgin funksiya
quyidagi tenglamani ganoatlantiradi:

i%q)(t, r)= [—V2 +V(r)+g|o(, T)IZ]CD(t,‘r') )

Bu yerda @ to‘g‘ri kalibrovka gilinganidan keyin normirovka sharti
[ |®(t,7)|?d?r = 1 orgali aniglanadi. Qopgon potensiali effekti V() = r? orqgali
ifodalanadi.

Sinov funksiyasi sifatida biz ikkita girdob funksiyasining ko‘paytmasini
tanlaymiz va har bir girdob funksiyasi amplitudasi shaklini Pade yaginlashishi asosida
go‘laymiz. Ikkita ta’sirlashuvchi girdoblar uchun sinov funksiyasi quyidagicha
ko‘rinishda bo‘ladi:

Ot 1) = Nfofify e (Po+99)), ©)

2
= _% = 7(1'_1"()2 = 12 = Y Vi
bu yerda f; = e #?, f, = ,2$2+(r_rk)2 va ¢y = r°f, ¢, = n, arctan (x_xk) mos

ravishda amplitudalar va fazalardir. Bu yerda r, = (x,vx), k =1i,j kollektiv
koordinatalari hisoblanadigan girdob yadrolarining koordinatalari, ¢ girdob yadrosi
o‘lchamiga taallugli bo‘lgan uzunlik. w va 8 mos ravishda kondensat kengligi va
uning kanonik qo‘shmasidir. Energiyani minimallashtirish shartidan quyidagi
parametrlar uchun ifodalarni olamiz:

1
Wi =g [7=0")

1
[ng|lm2 L 1
§= g4=0<g 4>, 3)

J2+y
Bu yerda y (= 0,57721) Eyler doimiysi.
Gross-Pitaevskiy tenglamasi ta’sir integralini minimallashtiradigan variantsion
prinsip asosida quyidagi Lagrangian zichligi yordamida hosil gilinishi mumkin

2 . .
—L=E(¢>CI>*—CI>*<1>)+ IVCD|2+r2|CD|2+%ICI>I4. 4

Bunda Eyler-Lagranj tenglamasidan foydalaniladi
a oL oL Ly oL _o c
Atad* aP* Ve ®)

(2) formuladagi sinov funksiyasini (4) formulaga go‘yamiz. So‘ngra esa
Lagrangian zichligini butun fazo koordinatalari bo‘yicha integrallab (L = [ d?rL),
kollektiv koordinatalar uchun effektiv Lagranjianni topamiz
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= Z{_W""<1_W+W Ot =23 = g\ 1~ 2

1 e T . 7 g
— (11— + ) n2 b+ 2w2(1 4B2) 4 —+ —2—
+w2< 2W2+8W4 Mie (+ W( A+ ﬁ)+6W2+8T[W2
+ V. (6)
Bu yerda

1 T T; i 2=y
Vi == e (1= 5 )(V*‘“(m T

5 % r?+r? ij

Vs _ 14 21 T'G rij

= e 4w? ], 4 . )
27\/71‘;}

Bu (7) formula girdoblarning o‘zaro ta’sir potensialini tavsiflaydi va uning
birinchi hadi zaryadga bog‘liq uzoq masofalarda ham ta’sir qiluvchi ta’sirni bildirsa,
ikkinchi hadi zaryadga bog‘liq bog‘liq bo‘lmagan gisqa masofalarda ta’sir qiluvchi
itarishuvchi potensialni bildiradi.

Lagranj harakat tenglamalari r;, uchun
d (6L ) oL 0
dt\oi,) or,

)

va § hamda w uchun

d (oL aL_O d(aL) aL_O 8

dt\ag ap " dt\ow) ow ®)

g>»1 bo‘lganida ¢ « rij,réj « w asimptotik shartlar bajarilganida
yuqoridagi Lagranj harakat tenglamalari quyidagi ko‘rinishga keladi:

1 T\ x w r# \ oV
Yk = (§+n,2€> <1+—k>—k+nkwyk—wz <1+—k2>

2w2 | w2 2w? ) ax;,
1 2 \y W 2\ oV
. 2 k k 2 k
nkxk——(§+nk)<1+z—wz>m+nkka+w <1+2—W2>a—yk,
va

=7, (9)
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Endi bu tenglamalarni va Gross-Pitaevskiy tenglamasini sonli usullar
yordamida yechamiz.

g =500 bo‘lganida 1-rasmda (9) formula orgali tavsiflanuvchi effektiv
dinamika va uning sonli usullar (split-step Cranck-Nicholson usuliga asoslangan
hagigiy va kompleks vaqt propagatorlari) yordamida yechilgan (1) formuladagi Gross-
Pitaevskiy tenglamasining to‘lgin dinamikasi orgali tasdiglanishi ko‘rsatilgan.

2-rasmda har bir girdob uchun r;, 7; radial masofalarning (t) vaqtga bog‘liglik
grafigi hamda quvvat spektri tasvirlangan. Ular uch xil usulda hisoblangan: (i) Gross-
Pitaevskiy tenglamasi (GPT) (1) ni sonli usulda yechish; (ii) kenglik erkinlik darajasini
inobatga olgan holda effektiv diinamika tenglamalarini yechish orqali; (iii) kenglik
erkinlik darajasini “muzlatib” qo‘yib, ya’ni kenglikni o‘zgarmas deb hisoblab, effektiv
dinamika tenglamalarini ychish orqali. Bu rasmning yuqori o‘ng qimidagi GPT orqali
topilgan quvvat spektri grafigida uchta cho‘qqi nugtani ko‘rishimi mumkin, bular
v; = 0.0586,v, = 0.6448 vav; = 1.1138 . Bular mos ravishda sekin aylanma
harakat, kenglik tebranishi va girdob yadrosining kichik fluktuatsiyalaridir.
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1-rasm. Bir xil zaryadga (n; = n; = 1) ega bo‘lgan ikkita girdob holida Hamilton dinamikasi
yordamida hosil gilingan (9) formula orqali tavsiflanadigan qisqa vaqt oralig‘idagi trayektoriyalar va
(1) Gross-Pitaevskiy tenglamasidan hosil qilingan to‘lqin funksiyasi amplitudalarining rasmlari.

[

7 1 ()
w

[

log,s(power)
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2-rasm. Chap tomondagi rasmlarda har bir girdob radial koordinatalari r;, r;larning (t) vagtga
bog‘liglik grafiklari keltirilgan. Qizil va ko‘k rangli grafiklar mos ravishda r; va r; ni bildiradi. O‘ng
tomondagi rasmlarda quvvat spektrining chastotaga bog‘liqlik grafiklari tasvirlangan.

3-rasmda sistemaning energiyasi oshirilganida kenglik radial tebranishlarining
amplitudasi ham, chastotasi ham ortishi ko‘rsatilgan. Bu yerda Puankare kesimi ham
ko‘rsatilgan bo‘lib, bu w(t) vaqtinchalik lokal maksimal giymatga ega bo‘lib, bu ikki
girdob tizimida xaosning paydo bo‘lishini aniq ko‘rsatadi.

SN W

45 10 -5 0 5 10 15

x X

3-rasm. Bir xil zaryadga ega bo‘lgan (n; = n; = 1) ikkita girdob uchun yugori energiyali
trayektoriyalar va Puankare kesimi.

Dissertatsiyaning “Ko‘p komponentali Boze-Eynshteyn kondensatida
inersiyaga ega girdoblar dinamikasi” deb nomlangan uchinchi bobida ikki
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o’lchamli  konfaynmentga ega qopqondagi Boze-Eynshteyn kondensatining
dinamikasi uchun model qurilgan. Atomar Boze-Eynshteyn kondensatining o’ta
oquvchanlik xususiyati paydo bo’ladi va bu moddaning o’ziga xos holati bo’lib, u
ma’lum fizik sharoitlar mavjud bo’lganda va atomlarni sovutganda paydo bo’ladi. Bu
holat nochiziqli Shredinger tenglamasi bo’lgan Gross-Pitaevskiy tenglamasi bilan
tavsiflangan, o’zini yagona zarra-to’lqinidek tutadigan, bir necha o’nta atomdan
boshlab bir necha yuz mingtagacha sonli atomlarning kollektiv holatidir. Bunga sabab,
bu tenglama soliton yechimlarga ega va zarrachalar ansambli o’zini “katta” soliton
kabi tutadi va soliton to’lginining barcha xususiyatlariga ega bo’ladi. Ushbu bobda biz
Boze-Eynshteyn kondensatini ikki o’lchamli qopqonda ko’rib chigamiz va shuning
uchun tizim dinamikasini o’rganish uchun ikki o’lchamli nochiziqli Shredinger
tenglamasidan foydalanamiz. Bir o’lchamli nochizigli Shredinger tenglamasidan
farqli o’laroq, ikki o’Ichamli nochiziqli Shredinger tenglamasi soliton yechimlaridan
tashqari, girdobli yechimlarga ham ega. Ushbu bobda, Pade yaginlashishida girdobli
solitonlar yordamida variatsion usulni qo’llagan holda, biz girdoblar uchun effektiv
Gamiltonianni aniqlaymiz. Ikki va uchta girdoblar mavjud bo’lgan holni qarab,
girdoblarning batafsil dinamikasini sonli usulda tekshiramiz. Quyidagi tenglamani
ganoatlantiruvchi, gopgondagi n-komponentli ®1(¢, x, ), ®2(t, x, ¥), ..., Pu(t, x, ¥)
makroskopik to’lqin funktsiyalari sistemasidan iborat bo’lgan ikki o’lchamli modelni
ko’rib chigamiz

a
&Qi(t'%}’)

= |-V +V(xy) + gul®i(t, x, ¥)|?

2
+ Zgijlq)j(t:xry)l (L, x,y),
I (30)

bundai, j=1, ..., n. Bu yerda to’lgin funktsiyalarining har bir komponenti uchun bir xil

bo’lgan normirovka sharti ®; to‘lgin funksiyalarni zarralar soni bo‘yicha to‘gri

masshtablanganidan keyin J1®i(t,x,0)1?dxdy =1 formula bo‘yicha aniglanadi.

Qopgon V(x,¥) = (x*+¥?) ko‘rinishida berilgan. (30) tenglamada quyidagi
h

o‘zgaruvchilarni almashtirish bajarilgan:l me konfaynment uzunligi vat = o™?

tebranish d?vri yordamida fazoviy koordinatalar [ b?l;yicha, vaqt 2t bo‘yicha, to‘lgin

funksiyasi 7 bo‘yicha va nochiziglilik koeffisientlar 2 bo‘yicha masshtablangan. Ikki
zarrachali to‘gnashuvlar uchun sochilish uzunligi % bolgan 9ij = 87Nai;/
nochizigli koeffisientlar musbat deb hisoblanadi va birdan ancha katta. ¢ # J uchun Jii
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va 9ij komponenta ichidagi va komponentlararo o‘zaro ta'sirmi bildiradi. Biz barcha i
uchun gii = 91> Dvai # juchun 9 = 92> D pj tanlaymiz.

Bizning magsadimiz (30) tenglamadan girdob uchun sinov funksiyalarining kollektiv
koordinatalari uchun evolyusion tenglamani olishdir. Girdob uchun kollektiv
koordinatalar fazali o‘zgaruvchilar hisoblanadi, girdob yadrosi koordinatalaridan
tashqari. Biz girdob uchun sinov funksiyalarini Tomas-Fermi rejimidan tashgarida
(30) formulada Gross-Pitaevskiy tenglamasidagi kinetik energiya hadini hisobga
olgan holda ishlatamiz: girdob uchun sinov funksiyalari amplitudasi uchun biz Pade
yaginlashishi asosida quyidagi girdob funksiyasini tanlaymiz (topologik son 1; = £1
)
i(t,x,y) = fi(t,x,y) exp[ig(t, x, y) ]

x* +y? (x —x)? + (y — y)?
24 ] 282+ (x —x)* + (v — y)?

= Nexp [—

X exp[ [nl arctan (i/ Vi ) +a;(x—x)+Bi(y — yl)]]

3D
N = L

mA— 2n.'eA 2r(o 242 1ot
normirovka koeffisienti (o) . BuyerdaT'(0,2) =), et

bu ikkinchi turdagi to‘lig bo‘lmagan gamma funksiya.

Ushbu sinov funksiyasini maydon o‘zgaruvchilari uchun Lagranjian zichligi £
ga almashtirish,

i . .
L= Y [ (@] - @1by) + Vo, + (2 + y2) @y + 2 oy
i

+Zgzlq)i|2|q)j|2

j>i
(32) va Lagranj tenglamalari yordamida:

d oL aL aL

ataa; e ' Vaver @)
kollektiv  o‘zgaruvchilar bo‘yicha harakat tenglamasini olamiz. Ushbu
tenglamalarning sonli yechimi bizga ikki o‘lchamli gopgondagi girdoblar
dinamikasini tekshirishga imkon beradi. 8-rasmda ikki o‘lchamli qopgondagi Boze-
Eynshteyn kondensati dinamikasini tavsiflovchi ikki girdobli tizim traektoriyasi
(xr,¥r), korsatilgan.
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4-rasm. Bir xil topologik sonlarga ega bo‘lgan ikkita girdobning dinamikasi (n1=nz=1). g1=g2=
100. Boshlang‘ich qiymatlar  quyidagicha: x1(0) = y1(0) = —x(0 =
—y2(0) = 1/¥2; #,(0) = %,(0) = 0; y1(0) = —=y,(0) = 1.1 . Ugzluksiz chiziq - bu (18)
Gamiltonian uchun kanonik tenglamani iterallash yordamida hisoblangan zarrachalar juftining
nisbiy koordinatasining tracktoriyasi; qizil “+” belgilari - (2) formulada GPT ning sonli iteratsiyasi
orgali olingan o‘zaro ta'sir giluvchi girdoblarning juftligi koordinatalari uchun mos natijalar; to‘rtta
panelda o°zaro ta'sir giluvchi girdoblar uchun tolgin funksiyasi modulining kvadratining profillari
tasvirlangan.

XULOSA

Ushbu dissertasiya ishi kondensirlangan moddalar fizikasida, optoelektronikada
va Boze-Eynshteyn kondensatida paydo bo‘ladigan turli xil girdoblar dinamikasini
modellashtirish masalalarini hal qilishga bag‘ishlangan. Dissertasiya ishida olib
borilgan tadgiqotlar asosida quyidagi xulosalar keltirilgan:

1. Kuchli itaruvchi kubik nochiziglilikka ega ikki o‘lchamdagi bir komponentli
Boze-Eynshteyn kondensatlarida o‘zaro ta’sir giluvchi girdoblarning samarali
nazariyasida kondensat kengligi erkinlik darajasining roli tadgiq gilindi.

2. O‘zaro ta’sirlashuvchi girdoblar yadrosi koordinatalari uchun Lagranj
tenglamasini va kenglikning vaqgt hosilasini oldik va nostandart Puasson
gavslari yordamida uning Gamilton formalizmi qurildi.

3. Gamilton tenglamasini yechish orgali biz Gross-Pitayevskiy tenglamasining
sonli yechimlari bilan tasdiglangan, girdob yadrolarining sekinroq aylanish

harakati bilan bir gatorda tez radial kenglik tebranishlarini aniglandi.
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Boshgacha qilib aytganda, to‘lgin dinamikasida kuzatilgan tez radial
tebranishlarni muzlatilgan kenglik erkinlik darajasi bilan samarali dinamika
doirasida tushuntirib bo‘lmaydi. Yuqori energiyalarda bir xil zaryadga ega
bo‘lgan ikki girdobli tizimlarda kenglik tebranishi zarba ta’siridagi rotatorda
zarba rolini o‘ynaydi. Zarba kuchi ortib borishi bilan kenglik tebranishi
natijasida yuzaga keladigan radial tebranishning amplitudasi ham, chastotasi
ham kattalashadi va har bir girdobning traektoriyasi dengiz tipratikaniga
o‘xshash strukturani hosil qiladi. Hozirgi variatsion yondashuvning
go‘shimcha natijasi bir juft yadro koordinata vektorlarining skalyar
ko‘paytmasiga bog’liq bo‘lgan koeffitsiyent bilan ko‘paytiriladigan
logarifmik girdoblararo o¢zaro ta’sirni, qisqa masofali itarish, zaryadga bog’liq
bo‘lgan elastiklik kuchi va zaryadga bog’liq bo‘lmagan o‘zaro ta’sirni 0z
ichiga oladi.

. Bundan tashqari, har bir komponentda bitta girdob bo‘Isa, garmonik tuzogdagi
ikki o‘lchamli ko‘p komponentli BEKda girdoblar dinamikasini tadqiq qgildik.
Tomas-Fermi rejimidan tashqari tekshiruv kuchli itaruvchi kubik nochiziglilik
koeffitsiyentiga ega bo‘lgan nochizigli Shryodinger tenglamasida amalga
oshiriladi. Qopgon tufayli tartibga solingan Pade yaginlashuviga asoslangan
girdob sinov funksiyasidan foydalanganib, bir jinsli magnit maydon va
elastiklik kuchi ostida hamda Lorents kuchi ishtirokida inertsiyaga ega
zaryadlangan zarrachalar dinamikasiga ekvivalent bo‘lgan girdob yadrolari
(zarralari) uchun nochizigli dinamikani olgan holda kollektiv koordinatalar
usulini qo‘llandi. Zarrachalararo o‘zaro ta’sir o‘ziga xos noodatiy va gisqa
diapazonli bo‘lib, uning kattaligi massa markazining qopgon markazidan
uzoglashishi bilan kamayadi.

. Eng muhim yangilik bu girdoblarning nolga teng bo‘Imagan inertsiyasidir, bu
odatiy gidrodinamikada keng qo‘llaniladigan nugtaviy girdoblarining
an’anaviy nazariyasida mavjud emas. Inertsiyasiz uchta girdob tizimi,
inertsiyasiz nugtaviy girdobning tegishli holatidan fargli o‘laroq xaotik
bo‘lishi mumkin.
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INTRODUCTION (abstract of a PhD dissertation)

Topicality and demand of the theme of the dissertation. The fundamental and
practical scientific research conducted in the world over the last 30 years is aimed at
optimizing the functional properties of materials and developing resource-efficient
technologies by miniaturizing (mechanical, thermal, electronic and optical) devices.
The most promising direction in this field is the physics of low-dimensional materials
and quantum technologies, which include the use of quantum effects to create resource-
efficient electronic and optoelectronic devices based on them. Therefore, the use of
effective mathematical models that allow to describe the processes involving particles
and waves that are carriers of charge, spin, heat, and information is a topical issue in a
number of modern fields of physics, such as quantum photonics, optics, photovoltaics,
quantum informatics, and the physics of condensed matter.

Currently, the study of processes involving both quasiparticles and waves,
characterized by nonlinear equations such as the nonlinear Schrédinger equation and
the Gross Pitaevsky equation, is one of the topical issues of modern quantum physics,
the physics of cooled atoms and condensed media. Solving the Gross-Pitaevsky
equation in such systems plays an important role in a number of practical problems
arising in nanophysics, physics of cooled atoms, and quantum technologies. Finding
analytical and numerical solutions of nonlinear equations and studying their properties,
as well as mathematical modeling of effective dynamic processes, creating effective
algorithms and software for numerical calculations is an important stage of modern
research.

In our Republic, attention has been paid to the current directions of physical and
mathematical sciences, including theoretical physics and applied mathematics,
therefore, the implementation of developments in these directions from a scientific and
practical point of view is of great importance. In particular, in our country, great
attention is being paid to conducting fundamental researches and applying the results
of these researches to the creation of practical developments by solving problems
arising in nonlinear optics, quantum mechanics, condensed matter physics by means
of mathematical modeling and numerical methods. Finding an accurate and numerical
solution of nonlinear evolutionary equations in Bose-condensates, and modeling their
soliton and vortex solutions, achieved important results. Theoretical and practical
research is being conducted in our country on the priority directions of “Nonlinear
dynamics, physics of quantum materials and applied mathematics” at the level of
international standards. It is important to develop the theory of solving nonlinear
evolutionary equations for Bose condensates using exact and numerical methods to
ensure the implementation of the decision.

This dissertation research serves to a certain extent in the implementation of the
tasks defined in the following documents: Decree of the President of the Republic of
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Uzbekistan No. PF-4947 dated February 7, 2017 “On the strategy of actions for the
further development of the Republic of Uzbekistan”, PQ-2789 dated February 17, 2017
“On measures to further improve the activities of the Academy of Sciences, the
organization, management and financing of scientific research works”, PQ-2909 dated
April 20, 2017 “On measures to further develop the higher education system” and 2018
Resolution No. PQ-3682 dated April 27, “On measures to further improve the system
of implementation of innovative ideas, technologies and projects”, President of the
Republic of Uzbekistan Sh.M. Mirziyoyev's speech at the meeting with representatives
of the field of education and science at the National University of Uzbekistan named
after Mirzo Ulugbek on May 24, 2019, and other normative and legal documents
related to this activity in the 2023 President's appeal to the Senate.

Relevance of the research to the priority areas of development of science
and technology of the Republic. The dissertation research has been carried out in
accordance with the priority areas of science and technology in the Republic of
Uzbekistan.

The degree of knowledge of the problem. Trapped single-component and
multi-component  Bose-Einstein  condensates (BECs) have been realized
experimentally, giving a good candidate within which to study theoretically the
dynamics of vortices. Recently, attention has been paid in particular to small vortex
clusters. While dynamics of the macroscopic wave function of BECs is described by
the nonlinear Schrodinger equation or Gross-Pitaevskii equation (GPE) as in equation
(2.1) below, the trapping potential plays a nontrivial role. For trapped single-
component BECs, the presence of the breathing mode of width, i.e, collective radial
oscillation of the spherically- or circularly-confined region, has been exhibited both
theoretically and experimentally. In contrast, the effective dynamics of interacting
vortices in trapped BECs with strong nonlinearity has recently been proposed and
numerically analyzed, but little theoretical attention has been paid to how to couple the
core-coordinates of interacting vortices with the breathing width degree of freedom. In
our paper, we developed an effective theory of vortex dynamics in a two-dimensional
(2D) multi-component BEC in the harmonic trap and with strong nonlinearity, in the
case that each component has a ‘single vortex’. There we chose the amplitude form of
each vortex function in the Pade approximation which accommodates a hallmark of
the vortex core. The important finding in this instance was the nonzero inertia (or
momentum) of vortices suggested in, which was distinct from the inertia-less vortices
widely used in usual hydrodynamics. We also recognized the little active role of the
breathing degree of freedom in single vortex dynamics. However, these conclusions
become questionable in the case that each component of the BECs will accommodate
“plural number of vortices”, because of the strong phase correlation among them. In
this dissertation, we apply the standard variational principle to the interacting vortices
in 2D non-rotating trapped single-component BECs with strong cubic nonlinearity, and
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elucidate an outstanding role of the breathing degree of freedom which is coupled with
vortex degree of freedom (i.e., core coordinates).

In this dissertation we apply the variational method with use of a regularized
function for a pair of vortices which includes the width degree of freedom as a
collective coordinate, derive Lagrange equations for vortex cores and width, and
construct their Hamiltonian formalism.

Solving numerically the above Hamilton equation, we show novel effects of
breathing oscillations on vortices, which will be verified by numerical iteration of the
GPE. We proceed to the dynamics of two vortices in cases of both identical and
different vortex charges. There we see emergence of chaos in higher energies in
trapped two-vortex systems under the breathing dynamics.

Recently, there has been much interest in theoretical and experimental studies
on trapped atomic Bose-Einstein condensates (BECs). The superfluid property of
atomic BECs arises from a dual aspect of waves and particles (i.e., matter waves), and
is theoretically described by the macroscopic wave function. Because of the
nonlinearity of the system caused by interaction between particles, the macroscopic
wave function can take a form of various solitons such as bright, dark, gray, and vortex
solitons, and these solitons are experimentally observed in BECs. As for bright
solitons, Martin et al. theoretically predicted that the particlelike behavior of three
bright solitons in a one-dimensional 8Rb BEC was nonintegrable and showed its
change from regular motions to chaos.

Perez-Garcia et al. applied a variational method to dynamics of bright solitons
in a two-dimensional (2D) BEC and showed that the center of mass of each soliton
obeys Newtonian dynamics and Ehrenfest's theorem is valid if the phase of the BEC
wave function will be suitably chosen. As more interesting systems, we can consider
solitons in multicomponent BECs which consist of different kinds of atoms or the same
kind of atoms having different spin and that have been experimentally realized. In
multicomponent BECs, there is not only intracomponent particle interaction but also
intercomponent particle interaction which is another origin of nonlinearity, so we
expect novel soliton dynamics which is not seen in single-component BECs. Yamasaki
et al. developed a variational method to describe bright soliton dynamics in 2D
multicomponent BECs, and proposed a model of conservative chaos. In 2D and three-
dimensional (3D) systems, however, bright solitons are unstable unless
intracomponent interaction oscillates between attraction and repulsion or coexisting
intracomponent quintic (three-body) interaction is strong enough.

On the other hand, topological vortices known as quantized vortices (i.e.,
topological defects of the macroscopic wave function can be stable in two dimensions).
Vortices in single-component and multicomponent BECs have been realized
experimentally, making a good candidate to study the dynamics of vortices in 2D and
3D BECs. Most of the theoretical studies, however, are limited to the Thomas-Fermi

regime (TFR) in a single-component BEC. While dynamics of the macroscopic wave
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function of BEC is described by Gross-Pitaevskii equation (GPE) in Eq. (3.2) below,
TFR suppresses the kinetic energy part in GPE in the lowest approximation and
therefore the lowest-order wave function cannot have a healing length which is a
hallmark of the vortex core. It is highly desirable to construct the effective theory of
vortices beyond the TFR.

In the dissertation, we consider the vortices in 2D multicomponent BECs beyond
the Thomas-Fermi regime. To consider the effective dynamics of point-like vortices,
we extract some degrees of freedom by using the variational approach, and derive an
effective dynamics with finite degrees of freedom.

Connection of the topic of dissertation with the scientific researches of the
higher educational institutions, where the dissertation was conducted. The
dissertation was carried out within the framework of the grant of the State Committee
for Science and Technology of the Republic of Uzbekistan number F-4-005 for the
young scientists’ scientific project entitled “Deformation process of solid bodies,
analysis of nonlinear dynamics and the analysis of the Internet traffic”.

Aim of the research is to develop the model of the dynamics of vortices in
Bose-Einstein condensates (BEC) by modeling the latter with use of the Gross-
Pitaevskii equation.

The tasks of the research:

¢ to develop the model of the dynamics of vortices in single and multi-
component BEC’s

¢ to obtain the chaos in the case of three vortices.

e to obtain the topological and non-topological spring forces for the
dynamics of point vortices.

e to use Gross-Pitaevskii model via collective coordinates variational
method and numerical approach (finite difference schemes).

Objects of the research are excited states of the Bose-Einstein condensates —
vortices.

Subjects of the research are the dynamical properties of vortices in BECs.

Methods of the research are Nonlinear Schrodinger (Gross-Pitaevskii)
equation and its Lagrangian with the cubic nonlinearity. Collective coordinates method
(variational approach). Direct numerical solution of the GPE.

Scientific novelty of the research.
1. For the first time, the vortex solutions of the Gross-Pitaevskii equation
describing the Bose-Einstein condensate model in two-dimensional traps

were found, and the equations of motion of the dynamics of these solutions
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were found. An effective nonlinear dynamics was obtained for the centers of
vortices, and it was found that this dynamics is similar to the dynamics of
charged particles under the influence of a strong elastic force and having
inertia (mass) under the influence of the Lorentz force in a homogeneous
magnetic field.

2. For the first time, the Lagrange equation for the coordinates of the centers of
interacting vortices and the time derivative of the vortex soliton width were
found, and its Hamiltonian formalism was constructed using non-standard
Poisson brackets and rapid radial oscillations of the centers of vortices
occurring simultaneously with slower rotational movement were found.

3. For the first time, the formula of the inter-vortex interaction potential was
found.

4. For the first time, the dynamics of three vortices was studied and it was
determined that their movement is chaotic.

Practical results of the study are as follows:

o for the first time, formula for the inter-vortex interaction potential was found,;

o for the first time, the vortex solutions of the Gross-Pitaevsky equation has been
obtained;

o for the first time, it is shown that the dynamics is similar to the dynamics of
charged particles under the influence of a strong elastic force and having inertia
(mass) under the influence of the Lorentz force in a homogeneous magnetic
field;

o for the first time it was obtained chaos in the dynamics of three vortices.

Reliability of the research results is provided by the following:

o the standard methods of mathematical and theoretical physics, including high-
performance numerical methods and programs, was used in the dissertation
work;

o that the consistency of theoretical results of other authors is carefully compared;
the conclusions are explained by their close agreement with the basic rules of
the theory of Bose-Einstein condensates;

e the solutions of the Gross-Pitaevsky equation, which is the nonlinear
Schrodinger equation, and the numerical solutions of these equations derived
from the fundamental conservation laws, for example, the energy conservation
laws, are verified to be the same;

o the stability of the solutions was analyzed numerically and their accuracy was
evaluated. The obtained results are fully physically analyzed and their
compliance with real physical processes is theoretically proved.
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Scientific and practical significance of the research:

o the scientific significance of the research is that the formalism developed in the
dissertation is determined by the wide application of the Bose-Einstein
condensate in quantum computing and quantum information fields based on the
analysis of the nonlinear dynamic properties of the Bose-Einstein condensate as
a macroscopic substance described by the Gros-Pitayevsky equation;

e it can also illuminate a deeper understanding of the macroscopic properties of
quantum matter;

o the practical significance of the research results is explained by their use in
modeling optical vortex solitons that appear in modern optoelectronics,
information and communication technologies, quantum technologies and low-
dimensional quantum functional materials;

o the results can be useful in analyzing the nature and dynamics of the condensed
state, and in developing observational experiments.

Implementation of the research results.

The results of the dissertation on the vortex solutions of the two-dimensional Gross-
Pitaevsky equation for the Bose-Einstein condensate in a harmonic trap are used in
articles published in foreign scientific journals (Physical Review A, Volume 93, Issue
1, 2016, pp. 013615; Physical Review A, Volume 99, Issue 3, 2019, pp. 033607;
Physical Review A, 103, 053313 (2021)). They used the trial function for vortices and
the solutions of the integrals that appear when forming the Lagrange function.

The results of the dissertation on the dynamics of vortices in the Bose-Einstein
condensate are used in the articles published in the following scientific journals
(Journal of the Physical Society of Japan, Volume 87, Number 6, 2018, pp. 063601,
Journal of Physics B: Atomic, Molecular and Optical Physics, 53, 065303 (2020);
Modern Physics Letters B, VVol. 36, No. 28-29, 2250153 (2022); Journal of the Physical
Society of Japan, 86, 114001 (2017)). The application of scientific results made it
possible to solve the equations of motion for vortices formed in Bose-Einstein
condensates.

Modeling the dynamics of soliton solutions of the non-stationary nonlinear
Schrodinger equation and the Gross-Pitaevsky equation in foreign scientific journals
(Journal of Physics A: Mathematical and Theoretical, 55, 243001 (2022); Phys. Rev.
E, Volume 93, 032204 (2016); Journal of Differential Equations, Volume 260, Number
10, 2016, pp. 7397-7415; Nonlinearity, 35, 3283 (2022); Journal of Physics A:
Mathematical and Theoretical, 51, 095203 (2018); Journal of Physics A: Mathematical
and Theoretical, 52, 035202) was used. The application of the scientific result made it
possible to build a numerical method model of the boundary value problem posed on
planar graphs for the two-dimensional non-stationary nonlinear Schrodinger equation.
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Modeling the dynamics of soliton solutions of the stationary nonlinear Schrodinger
equation and the Gross-Pitaevsky equation in foreign scientific journals
(Contemporary mathematics: Mathematical Problems in Quantum Physics, 717, 14446
(2018); Nonlinear Differential Equations and Applications NoDEA, Volume 23,
Number 6, pp. 63; Physical Review E, 94, 062216 (2016); Applicable Analysis,
Volume 99, Pages 1359-1372, (2020); Mathematical Modeling of Natural Phenomena,
Vol. 11, No. 2, pp. 20-35, (2016); Mathematical Methods in the Applied
SciencesVolume 41, Issue 1, p. 159-191, (2017); Asymptotic Analysis, vol. 113, no.
1-2, pp. 87-121, (2019); Analysis, geometry and number theory , 2, (2017)) was used.
The application of the scientific result made it possible to build a numerical and
analytical model of the two-dimensional stationary nonlinear Schrodinger equation.

Approbation of the research results. The results of the dissertation have been
discussed in 4 international and 3 local conferences, and several workshops and
seminars.

Publication of research results. A total of 7 scientific works have been published on
the topic of the dissertation, including 4 scientific articles in scientific publications
recommended for publication of the main scientific results of doctoral (PhD)
dissertations of the Higher Attestation Commission of the Republic of Uzbekistan,
including 1 in the CIS journal on the Web of Science database and 3 Published in
foreign journals with a high impact factor in the Scopus database.

Scope and structure of the thesis. The dissertation consists of introduction, three
chapters, conclusion, appendix and list of references all in 92 pages.

THE MAIN PART OF THE DISSERTATION

The introduction of the dissertation is based on the relevance and necessity of
the dissertation topic, the compatibility of the research with the priority directions of
the development of science and technology of the republic. A brief summary of foreign
scientific research on the topic of the dissertation and the level of research of the
problem is presented, the purpose and tasks of the research are formulated, its object
and subject are indicated, the practical results and scientific innovations of the research
are described, the theoretical and practical significance of the obtained results is
revealed, the application of the research results, the dissertation information about its
structure and published scientific works is provided.

The first chapter of the dissertation entitled “Introduction to vortices in Bose-
Einstein condensates” describes the basic theory of Bose-Einstein condensates. In
particular, the Gross-Pitaevsky equation for Bose-Einstein condensates, its derivation
from the Schrodinger equation, soliton solutions and vortex solutions of this equation
are covered.
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The second chapter, entitled “Dynamics of trapped interacting vortices in
Bose-Einstein condensates”, describes the dynamics of two vortices in a one-
component two-dimensional Bose-Einstein condensate dedicated to the development
of a role model using the variational principle, their interaction and the width of the
expanding-contracting condensate.

We consider a two-dimensional non-rotating single-component Bose-Einstein
condensate under a trap with two vortices described by the Gross-Pitayevsky equation.
If r = (x,y) then the macroscopic wave function ®(t,r) is described by the
following equation:

i%d)(t,r) =[-V24+ V() + g |P(t,1)|?]P(t,T). )
Here, normalization condition after proper rescaling of ® can be found using
[ |®(t,7)|2d?r = 1.The effect of the trapping potential is described by V (r) = 2.
As atrial function, we choose the product of two vortex functions and apply the
shape of the amplitude of each vortex function based on the Padé approximation. The
trialt function for two interacting vortices is following:
O(t,7) = Nfofify ellPoroee)), @)

2
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amplitudes and phases, respectively. Here r, = (xy, yi), k = i, j the coordinates of
the vortex cores, which are considered collective coordinates,é length relative to the
size of the vortex core. w and 8 are the width of the condensate and its canonical
conjugate, respectively. From the energy minimization condition, we obtain
expressions for the following parameters:

1 g
2 =~=_ |£=0 1/2
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Here y (= 0,57721) is Euler constant.
The Gross-Pitaevsky equation can be found using the following Lagrangian
density based on the variational principle that minimizes the action integral

i, .
—L=§(<D¢*—d>*d>)+ |V¢|2+r2|¢|2+§|¢|4. 4)

Euler-Lagrange equation is used for this
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We put the test function in formula (2) into formula (4). And then by integrating
the Lagrangian density over all space coordinates (L = [[ d?rL), we find the effective
Lagrangian for collective coordinates

L= ) g 1 g * ) O~ g (1

k=1j
1 e T . 7 g
— 1 " _r 2 2 2 1 4 2 0 _J
+W2< 2W2+8W4 Mie (F W( A+ 'B)+6W2+8T[W2
+ Vi (6)
Here
1 T i 2+t -y
b= =g (1= ) v+ m () -
511'% RV oo
+— e aw? | ﬁ . )
25\/771-‘;-

This formula (7) describes the interaction potential of vortices, and its first term
represents the charge-dependent long-range effect, while the second term represents
the charge-independent short-range effect indicates a repulsive potential. Lagrangian
equations of motion for ry,

d (6L) oL
dt\or,/) ory ’
And for g and w
L)o@y, ®
dt\op) 9B dt\ow/ odw

For g > 1 when the asymptotic conditions ¢ < r; j,rG” <« w are satisfied the
above Lagrangian equations of motion become:

. 1, 2\ xx W s %
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and
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Now we solve these equations and the Gross-Pitaevsky equation using
numerical methods.

For g = 500, figure 1 shows the effective dynamics described by formula (9)

and its numerical methods (real and complex time propagators based on the split-step
Cranck-Nicholson method [56, 57]) is shown to be confirmed by wave dynamics.

Figure 1. In the case of two vortices with the same winding numbers (n; = n; = 1), the short-
time trajectories described by formula (9) generated using Hamiltonian dynamics and (1) images of
the wave function amplitudes generated from the Gross-Pitaevsky equation.
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Figure 2. The graphs of the radial coordinates r;, 7; (t) of each vortex are presented in the
figures on the left. The red and blue graphs represent r; and r; respectively. The figures on the right
show power spectrum versus frequency graphs.
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Figure 3. High-energy trajectories and Poincaré section for two vortices with the same
winding number (n; = n; = 1).

In the third chapter of the dissertation, entitled “Dynamics of inertial vortices
in a multicomponent Bose-Einstein condensate”, a model for the dynamics of a
Bose-Einstein condensate in a trap with two-dimensional confinement is built. An
atomic Bose-Einstein condensate is characterized by superfluidity, which is a special
state of matter that occurs when atoms are cooled under certain physical conditions.
This state is described by the Gross-Pitaevsky equation, which is the nonlinear
Schrédinger equation, and is a collective state of atoms ranging from a few tens to
several hundred thousand, behaving like a single particle-wave. This is because this
equation has soliton solutions and the particle ensemble behaves like a "big" soliton
and has all the properties of a soliton wave. In this chapter, we consider the Bose-
Einstein condensate in a two-dimensional trap and therefore use the two-dimensional
nonlinear Schrédinger equation to study the dynamics of the system. Unlike the one-

dimensional nonlinear Schrodinger equation, the two-dimensional nonlinear
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Schrodinger equation has eddy solutions in addition to soliton solutions. In this
chapter, using a variational method using vortex solitons in the Padé approximation,
we determine the effective Hamiltonian for vortices. We investigate the detailed
dynamics of vortices numerically, considering the case where two and three vortices
are present. We consider a two-dimensional model in the trap consisting of a system
of n-component macroscopic wave functions ®1(t, x, y), ®2(t, x, ¥), ..., Pu(t, x, ),
satisfying the following equation,

0
3% @,(t,x,y)

= |-V 4+ V() + gul®i(t, x, ¥)|?

2
+ Z 9ij|®@; @t x, 9|7 | @it x, ¥),

J#i

(30)
herei, j=1, ..., n. Here is a normalization condition that is the same for each component
of the wave functions ‘Dizafter the wave functions are properly scaled by the number
of particles J | Pi(t,x, }ZI)I dzxdy =1 determined by the formula. Trapping is given in
the form V(x,¥) = (x* + %), In equation (30), the following variables are changed:

h
l= |—
me s a confining length and 7 = w™*is oscillation perioq. Using this spatial
coordinates are sczaled by I, time by 2z, wave function by 7, and nonlinearity
h

coefficients by zm . Scattering length for two-particle collisions is % and
9ij = 8nNa;;/Lnonlinear coefficients are considered positive and are much greater
than unity. For ¢ #J nonlinear coefficients 9i: and 9ij represent intra- and inter-
component interactions. For all i we assume that 9 = 91(> 1) and for i #J we
choose 9ij = 92(> 1),

Our goal is to derive from equation (30) the evolution equation for the collective
coordinates of the test functions for the eddy. The collective coordinates for the vortex
are phase variables, except for the coordinates of the vortex core. We use test functions
for vortices outside the Thomas-Fermi regime, taking into account the kinetic energy
term in the Gross-Pitaevsky equation in formula (30): for the amplitude of test
functions for vortices, we choose the following vorticity function based on the Padé
approximation (winding number 1; = £1)
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with normalization coefficient _Here T(0,2) =/, t™*e™dt

is an incomplete gamma function of the second type.
Substituting this trial function into the Lagrangian density for field variables,
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(32)
and using the Lagrange equations:
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we get the equation of motion in terms of collective coordinates. The numerical
solution of these equations allows us to investigate the dynamics of vortices in a two-
dimensional trap. Figure 8 shows the trajectory (Xz.¥&) of a two-vortex system
describing the dynamics of a Bose-Einstein condensate in a two-dimensional trap.
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Figure 4. Dynamics of two vortices with the same winding numbers (n1 = n2=1). g1 = g2=100. The
initial  values are  the  following: x10) = yu(0) = —x0) =
~2(0) = 1/¥2; £1(0) = %,(0) = 0; y:(0) = —y,(0) = 1.1, The solid line is the trajectory of
the relative coordinate of the pair of particles calculated by iterating the canonical equation for the
Hamiltonian (18); red "'+" signs - corresponding results for coordinates of pairs of interacting vortices
obtained by numerical iteration of GPE in formula (2); the four panels depict the profiles of the
square of the wave function modulus for the interacting vortices.

CONCLUSION
This dissertation work is dedicated to solving the problems of modeling the
dynamics of various vortices that appear in the physics of condensed matter,
optoelectronics and Bose-Einstein condensate. The following conclusions are made
based on the research conducted in the dissertation work:

1. The role of condensate width degrees of freedom in the effective theory of
interacting vortices in two-dimensional single-component Bose-Einstein
condensates (BEC) with strong repulsive cubic nonlinearity is investigated.

2. The Lagrange equation for the coordinates of the core of interacting vortices
and the time derivative of the width is derived and its Hamiltonian formalism
using non-standard Poisson brackets is constructed.

3. By solving the Hamiltonian equation, we have detected rapid radial amplitude
fluctuations, as well as slower rotational motion of the vortex cores, confirmed

by numerical solutions of the Gross-Pitayevsky equation. In other words, fast
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radial oscillations observed in wave dynamics cannot be explained in the
framework of effective dynamics with frozen radial degrees of freedom. In
systems of two vortices with the same winding numbers at high energies, the
amplitude oscillation plays the role of a kick in a kicked rotator. As the impact
strength increases, both the amplitude and frequency of the radial oscillation
resulting from the radial oscillation increase, and the trajectory of each vortex
forms a sea urchin-like structure. An additional result of the present variational
approach is the logarithmic inter-vortex interaction multiplied by a factor that
depends on the scalar product of a pair of core coordinate vectors, the short-
range repulsion, the charge-dependent elastic force, and involves a charge-
independent interaction.

. In addition, we investigated the dynamics of vortices in a two-dimensional

multi-component BEC in a harmonic trap, where each component has one
vortex. The investigation beyond the Thomas-Fermi regime is carried out in
the nonlinear Schrodinger equation with a strongly repulsive cubic
nonlinearity coefficient. Using the vortex trial function based on the trap-
regulated Padé approximation, we use the collective coordinates method to
obtain nonlinear dynamics for vortex cores (particles) equivalent to the
dynamics of charged particles with inertia under a homogeneous magnetic
field and elastic force and in the presence of the Lorentz force. The
interparticle interaction is unique and short-range, and its magnitude decreases
as the center of mass moves away from the trap center.

. The most important finding is the non-zero inertia of the vortices, which does

not exist in the traditional theory of point vortices, which is widely used in
conventional hydrodynamics. A system of three inertial vortices can be
chaotic, unlike the corresponding case of a noninertial point vortices.
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BBEJIEHMUE (annotanms auccepranuu 1okropa ¢puiaocopuu (PhD))

AKTYya/IbHOCTb " BOCTPe0OBAHHOCTH TeMBbI JAMCCepTaLHH.
DyHIaMeHTaIbHbIE U IPAKTHYECKUE HAYyYHbIE UCCIICIOBAHNUS, IPOBOJUMBIC B MUDPE
3a nocnenHue 30 seT, HarmpaBiIeHbl HAa ONTUMU3ALMI0 (QYHKIHMOHAJIBHBIX CBOMCTB
MarepuasoB U pa3paboTKy pecypcodddEeKTUBHBIX TEXHOJOIWi 3a cder
MHHHATIOpU3alUK (MEXaHHUYECKUX, TEIUIOBBIX, JJIEKTPOHHBIX M ONTHYECKHUX)
ycrpoiicTB. Hanbosnee nepcrieKTHBHBIM HalpaBiI€HUEM B 3TOH 00JacTH ABJIAETCA
(u3MKa HU3KOpa3MEPHBIX MATEPUAIOB M KBAHTOBBIE TEXHOJIOTHH, BKIIOYAIOLINE
UCIONIB30BAHUE KBAHTOBEIX O(GQEKTOB JUIi CO3MaHUS HAa HUX OCHOBE
pecypcocOeperaroimmx EeKTPOHHBIX M ONTO3JIEKTPOHHBIX ycTpoiicTB. Iloatomy
UCTIOJIb30BaHUE J((GEKTUBHBIX MaTEMaTHYECKHX  MOZENEH, IMO3BOJISIOIIMX
OIMUCHIBATh MPOLECCHl C YYacTHEM YacTHIl M BOJH, SBIISIOIIMXCS HOCHTEISIMU
3apsija, CIMHA, TeIla W HMH(pOpMALUH, SBISETCS aKTyalbHOW 3amaueid B psje
COBpeMEHHBIX obOyacTeif (QU3WKM, TaknX Kak KBaHTOBas (DOTOHWKA, ONTHKA,
(doToBONbTANKa, KBaHTOBas WHPOpMaTHKa U (U3MKA KOHACHCHPOBAHHOTO
COCTOSIHUSL.

B Hacrosiee BpeMs Hccie0BaHUE IPOIECCOB C YYaCcTHEM KaK KBa3MUYaCTHIL,
TaK W BOJIH, XapaKTCpU3YeMBbIX TAKUMH HEIMHEHHBIMH YPAaBHCHUSAMH, Kak
HenuHelHoe ypaBHeHue llpénunrepa u ypasaenue I'pocca [Inutaesckoro, siBiuseTcs
OJTHUM H3 aKTyaJbHBIX BOIPOCOB COBPEMEHHOW KBAHTOBOH (M3UKH, (GU3MKH
XOJIOAHBIX aTOMOB M KOH/IEHCHUPOBaHHBIX cpen. Pemenue ypasnenus I'pocca-
ITuTaeBcKOro B TAKMX CHCTEMAxX UTPAET BAXKHYIO POJIb B psiJie MPAKTUYECKHX 334,
BO3HHMKAIONIMX B HaHO(W3WKe, (H3WKE XOJOAHBIX AaTrOMOB M KBAaHTOBBIX
TexHoJIorusAX. IIOMCK aHaNMTHYECKUX W YHUCICHHBIX pELICHUH HeIMHEHHBIX
YpaBHEHUH M H3y4€HHME UX CBOMCTB, a TAKXKe MaTeMaTHYECKOE MOJEIHUPOBaHUE
3G GEeKTUBHBIX TUHAMUYECKUX MPOLECCOB, Co3aHue dP(HEKTUBHBIX alrOPUTMOB U
HIpOrpaMMHOro 00ecleyeH s ISl YUCIICHHBIX PACueTOB SBIISIETCS BAKHBIM 3TAallOM
COBPEMEHHBIX UCCIIEJOBaHUMH.

JlanHas nuccepTaloHHas paboTa CIy)XUT B ONPENENICHHOH CTENeHW Uit
peanu3anuy 3a/1a4, ONPE/ICNICHHBIX B CIEAYIOIUX TOKyMeHTax: Yka3 [Ipe3unenra
Pecrry6muxu Y36exucran NelldD-4947 ot 7 despans 2017 roma «O crpaterun
NeHCTBUI o AanbHelIeMy pa3Butuio PeciyOnuku Y36ekucran», PQ-2789 ot 17
¢despans 2017 roma «O Mepax N0 [JanbHEHIIEMy COBEPIIEHCTBOBAHHIO
JeITeNIbHOCTH AKaJIeMUU HayK, OPraHU3alluy, PyKOBOJCTBY U (PMHAHCHPOBAHUIO
Hay4HO-HCCIe0BaTeNbcKuX pabor», PQ-2909 ot 20 anpens 2017 roxa «O mepax
1O JJIbHEHIIEMy Pa3BUTHIO CHCTEMBI BbIcuIero obpazoBaHus» u IlocraHoBieHHE
Ne PQ-3682 or 27 ampens 2018 roma «O wmepax 1o pgaibHeimemy
COBEPIICHCTBOBAHUIO CUCTEMbI pean3alliil MHHOBALIMOHHBIX HAEH, TEXHOJIOTHI 1
npoeKToB», Brictyruienune [Ipesnnenra PecnyOiuku Y3oekucrau 111.M. Mupsuéesa
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Ha BCTpeuYe C IpeJcTaBUTeNsAMU cdepbl 00pa3oBaHus M Hayku B HanmoHnaibHOM
yHHBepcuTeTe Y30ekucraHa uMeHn Mmup3o VYmyrOeka 24 mas 2019 roma, B
obpamenun IIpesnnenta 2023 roga k CeHaTy u JIpyrue HOPMaTHBHO-TIPaBOBBIC
JIOKYMEHTBI, CBSI3aHHBIE C 3TOH AEATENBHOCTHIO.

CooTBeTcTBHE HCC/IEI0BAHUSI IPUOPHTETHLIM HANPABJIEHUAM Pa3BHTHS
HAYKH M TexHojorun B PecnmyGiauke. JluccepraunMoHHBIE MHCCIEJOBaHUS
BBINOJIHEHBI B COOTBETCTBUHU C IPHOPUTETHBIMU HAIPABICHUSIMU HAYKU U TEXHUKH
Pecny6muku Y36exkucTas.

CreneHb M3y4eHHOCTH MpoOjeMbl. 3aXBadeHHBIE OJHOKOMIIOHEHTHBIE M
MHOTOKOMITOHEHTHbIE ~ 003e-diHIITeliHOBCKUe  KkoHaeHcathl  (BOK)  Obutn
peanm30BaHBl  AKCHEPHMEHTAJIbHO, YTO JAaeT XOpOIIWH KaHAWAAT  JUIst
TEOPETHYECKOro M3YyYeHMs AMHAMHUKM BHXpH. B mocnenHee Bpems ocoboe
BHUMAHHE yIENsSeTCS MajbIM BHXPEBBIM CKOIUICHHSM. XOTS JHHAMHKA
MaKpOCKONMUYECKOH BONHOBOM (QyHKimu bBOK omnmceiBaeTcss HemMHEHHBIM
ypaBaenuem lIpénunrepa nnn ypaBaeHuem I'pocca-ITuraeckoro (VITI), xak B
ypaBHeHHH (2.1) HWKe, NMOTEHIMAJ 3aXBaTa MIpaeT HETPHUBHAIBHYIO poib. s
3aXBau€HHbIX  OJHOKOMIOHEHTHhIX bBOK kak  Teopermueckw, Tak U
9KCIIEPUMEHTAIBHO OBbUIO MOKa3aHO HAIMYHUE «JIBIMIAINECH» MOJIbI IIUPHUHBEL, T.C.
KOJUICKTUBHBIX paJUalbHbIX KoNeOaHWH chepuyecku- WIM  LUPKYJISIPHO-
orpaHu4eHHoi obnactu. Harporus, a3 dexTuBHas TUHAMHKA B3aUMOIEHCTBYIOIINX
BUXpell B 3axBaueHHbIX BOK ¢ CHIBHOW HEMTMHEHHOCThIO HENaBHO ObLia
MPEIIOKEHA ¥ YUCIICHHO MPOAaHAIM3UPOBaHa, HO MAJIO TEOPETUIECKOTO BHUMAHUS
YZIISIIOCh TOMY, KaK 3TO CAENAaTh. CBSA3aTh KOOPIMHATHI s/Jpa B3aUMOAEHCTBYIOIINX
BUXpEil CO CTENEeHbIO CBOOO/IBI «IbIXaHUS IIUPUHBI KOHAEHcaTa. B Hameid padore
MBI pa3zpaboTany 3¢PEeKTHBHYIO TEOPUIO BUXPEBOW IWHAMUKHU B AByMepHOM (2D)
MHOTOKOMIIOHEHTHOM bBOK B rapMmoHndeckoif JOBymKe U C CHJIbHOH
HEJIMHEHHOCTBIO B CiIydae, KOTa Kax/jass KOMIIOHEHTa UMEET «OAMHOYHBII BUXPbY.
Tam wMbl BbIOpasid  aMIUIMTYJHYEO (OpMY KaxIOH BHXpeBOH (QYHKIMH B
npubmokennn Ilage, KoTopast y4WTBIBaeT MpHU3HAK sApa BHUXpSA. BakHbIM
OTKPBITHEM B 3TOM Cilyyae ObUla HEHyJeBas MHepUus (WJIM MMITYJIbC) BUXpEH,
NpPeIJIOKEeHHass B JAaHHOM IUCCEPTAalMOHHOW paboTe, KoTopas OTIMYasach OT
0e3bIHEPIIMOHHBIX BUXPEH, IIMPOKO MCIOIb3YEMbIX B OOBIYHOHN I'MAPOIUHAMUKE.
MBbI TaKKe IPU3HAIN MaJOaKTUBHYO POJIb CTEIIEHH CBOOO/IBI IBIXaHHSI B TUHAMUKE
OIMHOYHBIX BUXpel. OHAKO 3TH BBIBOABI CTAHOBSTCS COMHUTEIBHBIMU B CIIydae,
ecnu kaxapiid komnoHeHT BOK Oyzer comepxarh « MHOKECTBEHHOE YHCIIO BUXPEiD»
n3-3a CHJIBHOW (ha30BOI KOppemsiuyu Mexay HAMH. B 3Toil mucceprammu Mbl
MpUMEHSAEM CTAaHAAPTHBIA BapHALMOHHBIA MPUHLUI K B3aMMOACUCTBYIOIIUM
BUXPSIM B IBYMEpHBIX HEBPANIAIONIMXCS 3alepPThIX OXHOKOMIOHEHTHBIX BOK ¢
CHJIBHOW KyOW4YecKOd HENMHEHHOCTBIO U BBIACHAEM BBIAAIOILYIOCS  POJIb
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JIBIXaTeNbHON CTENeHH CBOOOIbI, KOTOpas COYETAeTCsI C BUXPEBOH CTEIHCHBIO
cBOOObI (T.€. , KOOPJMHATHI SIpa).

B mucceprammy MBI IpEMEHsIEM BapHAIlMOHHBIM METOJ| C MCIIOJIB30BAHUEM
peryisapu3oBaHHOW (QYHKUMHM JUIi Tapbl BUXpeH, BKJIIOYAIOIIEH B KauyecTBe
KOJUIEKTUBHON KOOPIMHATHI CTETIEHh CBOOOBI 1O IIUPWHE, BEIBOAWM ypaBHEHUS
Jlarpanxa Juist BUXPEBBIX A€ U MUPUHBI M CTPOMM MX FAMHIBTOHOB ()OPMAIU3M.

UucneHHO pemias NpPUBEJCHHOE BbIIE YypaBHEHHE [aMHIbTOHA, MBI
MOKa3bIBacM HOBBIC AP (EKTHI bIXaTENbHBIX KOJICOaHHI Ha BUXPH, KOTOPBIC OyIyT
npoBepeHsl uncineHHoi urepanueit GPE. Ilepeiinem k TuHaMuKe AByX BUXpEH Kak
B Clly4ae OJMHAKOBOI'O, TaK M B ClIyuyae pa3HbIX 3apanoB Buxpeil. Tam Mbl BuanM
BO3HMKHOBEHHE Xa0Ca B BBHICIIMX SHEPrHAX B 3alePThIX JBYXBUXPEBBIX CHCTEMAaxX
O] TUHAMUKON JbIXaHMUS.

B mocnennee Bpemst HaOmronaercst OOJBIION MHTEpEC K TEOPETUYECKHM U
SKCIEPHMEHTAJIbHBIM  HCCIECJOBAaHMSIM  3aXBaYCHHBIX  aTOMHBIX  0o3e-
SMHIITEHHOBCKUX KOHAEHcaToB. CBepxTekydecTh aToMHBIX bOK Bo3HMKaeT u3-3a
JIBOMCTBEHHOTO acCIieKTa BOJMH M YacTUI[ (T.€. BOJIH MaTepUH) U TEOPETUUCCKH
OIMCHIBACTCSI MAaKPOCKOIMYECKOH BONHOBOH (yHkuueil. M3-3a HenmHeHHOCTH
CHCTEMBI, BBI3BAHHOM B3aMMOJECHCTBMEM YAaCTHI, MaKPOCKOIHYECKas BOJHOBAs
(GYHKIMS MOXET MPUHUMATh (HOPMY pa3lIMUYHBIX COJIMTOHOB, TAKUX KaK SpPKHE,
TEMHBIE, CEpbIE 1 BUXPEBbIE COIUTOHBI, KOTOPBIE 3KCIIEPUMEHTAIBHO HaOII0AAI0TCS
B BOK. Uto KacaeTcs sipkux cOMMTOHOB, MapTHH U Jip. TEOPETHUECKH PEACKA3AIH,
YTO KOPITyCKYJISIPHOE TTOBEJICHHE TPEX IPKUX COTUTOHOB B ogHOMepHOM BOK 87Rb
HEHHTETPUPYEMO, U ITOKa3aJl €ro Nepexo]] OT PeryJIIPHBIX ABUKEHUH K Xaocy.

[epec-T'apcus u ap. MpUMEHWIN BapHaMOHHBIA METOJ K JHHAMHKE SPKHX
conuTOoHOB B IByMepHOM (2D) BOK 1 nokasainu, 4To HEeHTp Macc KaX0ro COIMTOHA
MOAYMHSETCS] HBEIOTOHOBCKOM TMHAMHKE M TeopeMa DpeHdecTa CIpaBeanBa, eCIi
(aza BomHOBOW ¢yHknuu BOK Oynmer BrIOpaHa COOTBETCTBYIOIIUM OOpa3oMm. B
KauyecTBe OoJiee HHTEPECHBIX CHCTEM MOXHO paccMaTpuBaTh COJIMTOHBI B
MHOTOKOMITOHeHTHBIX BOK, cocrodmmx M3 aroMoB pa3HOro copra MM aTOMOB
OIHOTO M TOTO K€ COpTa, HMEIONIMX pa3HbIH CIMH M pealn30BaHHBIX
JKCIIepUMEHTaNbHO. B MHOroxommoneHTHbIX bBOK cymectByer He TOJBKO
BHYTPHKOMIIOHEHTHOE B3aHMOJICHCTBME YacTUI, HO W MEKKOMIIOHEHTHOE
B3aMOJCHCTBUE YAaCTHUIL, KOTOPOE SBISIETC €HI€ OJHUM HCTOYHHKOM
HEJIMHEHHOCTH, OATOMY MbI 0XKHMJ]a€M HOBYIO TMHAMHKY COJIMTOHOB, KOTOpas He
HaOmonaercss B opHOKOMHOHEHTHeIX bBOK. SImacaku u gap. paspabortanu
BapUALMOHHBIA METOJ| ONUCAHHA JWHAMHMKU SIPKHX COJMTOHOB B JIBYMEPHBIX
MHOrokoMIoHeHTHeIX BOK u peioxun Mmoens koHcepBaTHBHOTO Xaoca. O HaKo
B IByMEpHBIX U TpexMepHbIX (3D) cucremax sipkie CONUTOHBI HEYCTOHYUBBI, €CIIH
BHYTPHKOMIIOHEHTHOE B3aUMOJICHCTBHE HE KOJEOJETCS MEXAy NPUTSDKEHUEM U
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OTTAJIKMBAaHUEM HWJIHM €CIHM COCYLIECTBYIOIIEE BHYTPUKOMIIOHEHTHOE KBUHTHUKHOE
(TpexyacTH4YHOE) B3aMOJICHCTBUE HE SBJIETCS JOCTATOYHO CHIIbHBIM.

Cas3b AMCCEPTAHHOHHOTO HCCJIeIOBAHMS c NJIaHAMH
HAYYHOHMCCJIEIOBATEJIbCKHX PadoT BbICHIEr0o Y4YeOHOro 3aBeldeHMs, TIJe
BBINOJIHEHA Jauccepranusa. JluccepTaiys BBIIONHEHA B paMKax TpaHTa
T'ocynapcTBeHHOro KOMHUTETa IO HayKe W TeXHosorusMm PecriyOniku Y30ekucTaHn
Ne @-4-005 mo HayyHOMY MPOEKTY MOJOJBIX Y4eHbIX 1o Teme «[Ipomecc
neopMHUpOBaHHsS TBEpABIX TEJN, aHAJIM3 HEJIWHCHHOW JMHAMHUKH M aHAIU3
HHTEpHET-TpaduKay.

Heanb uccnenoBanus — Llenp vccnenoBaHus — pa3paboTKa MOACIN JTUHAMUKI
Buxpeii B 0Oo3e-sitHmTeiiHOBcKUX KoHAeHcartax (BOK) myrem mopnemupoBaHus
MIOCJIETHETO C UCTIONIb30BaHueM ypaBHeHus [ pocca-IIutaeBckoro.

3aaun ucciiel0BaHNSA:

* pa3paboTaTh MOENIb JUHAMUKH BUXpPEil B OJHO- U MHOTOKOMIIOHEHTHBIX
BOK.

* IOJIyYHUTh Xa0C B CiIydae TPEX BUXPEH.

* MOJIyYUTb TOIMOJOTHYECKHE M HETOIOJIOTMYECKHE IPYKUHHBIC CHIIBI IS
JMHAMUKH TOYEYHBIX BUXPEH.

* UCroyb30BaTh Mojenb I'pocca-IIuTaeBCKOro ¢ MOMOIBIO BapHALMOHHOTO
METO/a KOJJIEKTUBHBIX KOOPJIMHAT M YUCIEHHOTO MM0X0/a (KOHEYHO-Pa3HOCTHBIX
CXEM).

O0beKT HuccleloBaHus — BO30Y>K/ICHHBIE COCTOSHUS 003€-3HHIITeHHOBCKUX
KOHJICHCATOB — BUXPH.

IIpeamert ucciienoBanusi — TMHAMAYECKHE CBOWCTBA BUXpEH B KOHJIEHCATax
Boze-Oitnmreiina.

MeToasl uccjeqoBaHusl. METO/bI MCCIIENOBAHUA: HEJIMHEHHOE ypaBHEHHE
HIpénunrepa (I'pocca-ITutacBckoro) © €ro JarpaHmkbaH ¢ KyOW4ecKoit
HEJIMHEHHOCTbI0. MeTO/l KOJIJIEKTHBHBIX KOOPJIMHAT (BapHAalMOHHBIA IOIXO).
IIpsmoe uncnennoe pemenue YITI.

HayuHnasi HOBH3HA JHCCEPTALMOHHOIO MCCIE0BAHNUS CIIEIyOIas:

1. BnepBble HaiiieHbl BHXpEBbIE pelleHHUs YypaBHeHHs ['pocca-IluraeBckoro,
ONKCHIBAIOMIETO MOJIENIb  003e->HHINTEHHOBCKOTO KOHAEHCATa B IBYMEpPHBIX
JIOBYIIKAX, U HalJJeHbl YpaBHEHMS JBIKCHHS IUHAMHMKU 3THX pemeHui. IlomydeHa
s¢dexTrBHas HeIMHeWHas JWHAMHKa LIEHTPOB BUXpPEHl M YCTaHOBJIEHO, YTO 3Ta
JIUHAMHKA AaHAJOTMYHA JWHAMHUKE 3apsHKEHHBIX YaCTHIL, HAXOMIAIIUXCA MOJ
JIEHCTBUEM CHJIBHOW YNpPYroil cuiibl M 0OJNajaroIiuxX HHepluei (Maccoit) mon
JielicTBHEM BIUsIHUE CHJIbI JIOpeHIa B OZIHOPOITHOM MarHUTHOM I10JIE.

2. Bumepeie HaiineHo ypaBHeHue Jlarpamka IUIi  KOOpAMHAT  LIEHTPOB
B3aMMOJCHCTBYIOIINX BUXPEH M NMPOU3BOAHON MO BPEMEHHU UIMPUHBI BUXPEBOTO
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COJIMTOHA, IIOCTPOSH €ro raMWIbTOHOB (OPMAIU3M C  HCIIOJIb30BaHHUEM
HecTaHAapTHhIX cKoOok Ilyaccona, a Tarke OOHapy>KEeHbI OBICTpbIE PaHaANIbHbIE
KoJIeOaHUs IEHTPOB BUXPEH, MPOUCXOIINE OJTHOBPEMEHHO C 0ojiee MeIICHHBIMHI
BpalaTeIbHbIMU JIBUXKEHHUSIMU.

3. BriepBelie HaiifieHa hopMyiia HOTEHIMAIA MEKBUXPEBOTO B3aUMOICHCTBUSL.

4. BriepBble M3ydeHa IUHAMHUKA TpEX BUXpEH M YCTAHOBICHO, YTO MX ABHIKCHHE
Xa0THYHO.

IIpakTHyeckne pe3yabTaThbl HCCIETOBAHUS CIyyIOLINE:

* BIepBble HaligeHa QopMmyna I NOTEHLHMANa  MEXBHXPEBOIO
B3aUMOJICHCTBUS;

e BIEpBBIE TIIOJNyYeHB BHUXPEBBIE pEIIEHWs ypaBHeHus I'pocca-
ITutaeBckoro;

*  BIEpBBIEC MOKA3aHO, YTO AMHAMMKA QHAJIOTHYHA JUHAMHKE 3apSXKEHHBIX
YaCTHL, HAXOAAIIMXCS MOA AEHCTBHEM CHIIBHOW YHPYro CHibl M 00afaromux
uHepuuel (Maccoif) mox nerictBueM cuibl JIopeHla B OJHOPOJAHOM MarHUTHOM
ToJe;

* BIIEPBBIE MTOJYYEH Xa0C B TUHAMHUKE TPEX BUXPEH.

JlocTOBEpHOCTH Pe3yIbTATOB HCCJICA0OBAHMIA 3aK/II0YACTCS B CIETYIOMIEM: ®
B JUCCEPTALIMOHHOHW  pabOTe  MCIOJIb30BAIUCH  CTAHIAPTHBIE  METOJbI
MaTeMaTH4YeCKOI " TEOPETUIECKON ¢usuky, B TOM qHucie
BBICOKOIIPOM3BOJUTENIbHBIE UNCICHHBIE METOBI U IIPOTPAMMBI;

* TIATEJIbHO CPAaBHUBAETCS COIVIACOBAHHOCTb TEOPETUYECKUX PE3yJIbTaTOB
JIPYTUX aBTOPOB; BBIBOABI OOBACHSIOTCS WX TECHBIM COOTBETCTBHEM OCHOBHBIM
MpaBUJIaM TeOpHH 003e-IUHIITEHHOBCKUX KOHICHCATOB;

* IpoBepsieTCs HICHTHYHOCTh perieHui ypaBHeHus ['pocca-IIlntaeBckoro,
KOTOpOE IPE/ICTaBIsAeT cOO0H HenuHeltHoe ypaBHenue lpenunrepa, n YMCIEHHBIX
pelIeHnid 3TUX ypaBHEHMH, MTOJyYEHHBIX HAa OCHOBE (yHJaMEHTAJIbHBIX 3aKOHOB
COXpaHEHUs], HalprMep, 3aKOHOB COXPAaHEHNs SHEPTHH;

* YHUCJIEHHO IPOAHATM3UPOBAaHA YCTOHUMBOCTH pEIIEHHH M OICHEeHa WX
TOYHOCTb. [ToNTy4eHHBIE pe3yNIbTaThl IOJHOCTHIO HU3HMYECKH IPOAHATU3UPOBAHBI U
TEOPETUIECKH 0OOCHOBAHO NX COOTBETCTBUE PEATIbHBIM (HPU3UIECKUM MPOIIECCaM.

Hay4ynasi 1 npakTHYecKas 3HAYMMOCTD Pe3yJbTaTOB HCCJICAOBAHNSA

* Hay4Has 3HAYMMOCTb MCCIIEJOBAHUS 3aKIIIOYAETCS B TOM, 4TO (OPMAIU3M,
Pa3BUTHIM B ANCCEPTALUH, OMpPEIEISEeTCs IIMPOKUM IPHUMEHEHHEM KOHJAEHcaTa
bo3e-DiiHIuTeliHa B KBAaHTOBBIX BBIUMCICHHAX M KBAHTOBBIX HMH(OPMALMOHHBIX
MOJISIX Ha OCHOBE aHAJIM3a HENMHEHHBIX TUHAMUUECKUX CBOMCTB KOHJeHcaTa bo3ze-
OHHIITeHA KaK MAKPOCKOIIMYECKOe BEIIECTBO, OIMChIBaeMoe ypaBHeHHneM I'poca-
IIuTaesckoro;

* 3TO TAaKXKe MOXET IIPOJIUTh CBET Ha Oojee NIy0OKOe IOHMMAaHUE
MaKpOCKOIIMYECKHUX CBOMCTB KBAHTOBOM MAaTEpHH;
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¢ [PpaKTU4eCKasd 3HAYMMOCTb PE3YJIbTAaTOB I/ICCJ'IC,HOBaHI/Iﬁ OOBSIICHSIETCST UX
HCIOJIb30BAHUEM IIpU  MOACIUMPOBAHHUU OINTUYCCKHUX BHUXPEBBIX COJIMTOHOB,
BO3HHUKAIOOIUX B COBpeMCHHOﬁ ONTO3JICKTPOHHUKE, I/IH(i)OpMaIII/IOHHLIX u
KOMMYHUKaJUOHHBIX TE€XHOJIOTUAX, KBAHTOBBIX TEXHOJIOTUAX U HU3KOPA3MEPHBIX
KBAaHTOBBIX beHKI_II/IOHaJ'ILHBIX MaTepuaiax;

¢ pe3yiibTaTbl MOT'YT OBITh TIOJIC3HBI IIpyu aHaJIU3€ NPUPOAbI U IWHAMHUKH
KOHJICHCUPOBAHHOT'O COCTOSIHUS, a TakoKe IIpH pa3padoTKe HaOII0AaTeNbHBIX
JKCIIEpUMEHTOB.

Buenpenue pe3yJbTaToB HCCIEA0BAHUS.

PeByJILTaTBI AUCCEPTAllMU 110 BUXPEBBIM PEHICHUSAM ABYMEPHOT'O YPaBHCHHUSA
I'pocca-ITuraesckoro amst koHneHcara bose-OifHINTeHA B TapMOHUYECKOH JIOBYIIKE
HUCIIOJIB30BAaHbBI B CTAThiIX, OHy6J’II/IKOBaHHLIX B 3apy6e)KH51x HAYYHBIX JXypHaJIax
(Physical Review A, Volume 93, Issue 1, 2016, pp. 013615; Physical Review A,
Volume 99, Issue 3, 2019, pp. 033607; Physical Review A, 103, 053313 (2021)). Ouu
WCTIONB30BAIM  NMPOOHYI0 (YHKIWIO JJIsI BHXpEH W peIIeHHs HWHTETpajoB,
BO3HHKAIONIUX NP hopMHupoBaHuH GyHKIMY Jlarpamka.

Pesynprars auccepTanuy 1o JUHAMHUKE BUXped B 003e-3HHIITETHOBCKOM
KOHICHCATC MCII0JIb30BaHbI B CTAaThAIX, 0Hy6J'II/IKOBaHHLIX B CJICAYIOIIUX HAYYHBIX
xypHanax (Journal of the Physical Society of Japan, Volume 87, Number 6, 2018,
pp. 063601; Journal of Physics B: Atomic, Molecular and Optical Physics, 53,
065303 (2020); Modern Physics Letters B, Vol. 36, No. 28-29, 2250153 (2022);
Journal of the Physical Society of Japan, 86, 114001 (2017)). ITpumeHeHne HAyYHBIX
Pe3yIBTAaTOB MO3BOJIMIIO PELIUTh YPaBHEHHMs ABHKCHUS U BUXPEH, 00pa3yIouxcs
B 003€-3HHIITEHHOBCKUX KOHACHCaTax.

MO,HCJII/IpOBaHI/Ie JUHAMHUKH COJIMTOHHBIX pemeHHﬁ HECTAallMUOHAPHOTO
HenuHelHoro ypaBHenus Illpénunrepa u ypaBHenus ['pocca-IlutaeBckoro B
3apyOeKHBIX HayuyHblx skypHanax (Journal of Physics A: Mathematical and
Theoretical, 55, 243001 (2022); Phys. Rev. E, Volume 93, 032204 (2016); Journal of
Differential Equations, Volume 260, Number 10, 2016, pp. 7397-7415; Nonlinearity,
35, 3283 (2022); Journal of Physics A: Mathematical and Theoretical, 51, 095203
(2018); Journal of Physics A: Mathematical and Theoretical, 52, 035202).
HpI/IMeHCHI/Ie Hay4HOI'0 pe3yJjibTaTa IO3BOJNUJIO NOCTPOUTH YUCIIEHHO-METOAUYECKY O
MOJECIb KpaeBoﬁ 3aaa4u, MOCTABJICHHOW Ha INIOCKUX rpaq)ax 1 ABYMEPHOI'O
HeCTaI[IOHApHOT0 HenuHelHoro ypasHeHus Ipéaunrepa.

MopenupoBaHre  OUHAMHUKH ~ COJUTOHHBIX  PEIICHUH  CTAlMOHAPHOIO
HenuHelHoro ypaBHeHus Illpeaunrepa u ypaBHeHuss I['pocca-IlutaeBckoro B
3apyOeXHbIX HaydHBIX OKkypHanax (Contemporary mathematics: Mathematical
Problems in Quantum Physics, 717, 14446 (2018); Nonlinear Differential Equations
and Applications NoDEA, Volume 23, Number 6, pp. 63; Physical Review E, 94,
062216 (2016); Applicable Analysis, Volume 99, Pages 1359-1372, (2020);
Mathematical Modeling of Natural Phenomena, Vol. 11, No. 2, pp. 20-35, (2016);
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Mathematical Methods in the Applied SciencesVolume 41, Issue 1, p. 159-191,
(2017); Asymptotic Analysis, vol. 113, no. 1-2, pp. 87-121, (2019); Analysis,
geometry and number theory, 2, (2017)). IlpumeHeHHe HAy4HOTO pe3yibTara
MO3BOJIMJIO  TOCTPOMTH  YHUCICHHO-QHAIMTHYECKYID  MOJAENb  JBYMEPHOTO
CTallMOHAPHOT0 HeNMHeWHoro ypaBHeHus LlIpénunrepa.

Anpodaumsi  pe3yJbTATOB MCCJIeA0BaHUA. Pe3ynbTartel  AuCCEpTalUH
o0cyxaanuck Ha 4 MEXIYHApOAHBIX U 3 MECTHBIX KOH(GEpEHLHSX, a TaKkkKe Ha
HECKOJIbKHX MacTep-KJIaccax U CeMUHAapax.

IMy6amkanusi pe3yJbTaTOB HCCIeI0BaHUs. Bcero mo Teme auccepranuu
OmyONMMKOBaHO 7 Hay4HbIX paboT, B TOM uymcie 4 HaydHbIe CTaTbH B HAy4YHBIX
U3JaHMUAX, PEKOMEH/IOBAaHHBIX K IyOJMKAllMM OCHOBHBIX HAyYHBIX Pe3YJIbTaTOB
nokropckux (PhD) muccepranmit BAK Pecrybnuku Y36ekucran, B ToMm yncie 1 B
sxypuane CHI™ B 6a3e mannbix Web of Science u 3 omy0nukoBaHHBIX B 3apyOekKHBIX
JKypHaJax ¢ BBICOKMM UMITAKT-()aKTOpPOM B 0a3e TaHHBIX Scopus.

CTpykTypa u 00beM AMccepTanuu. DTa IHUCCEPTALMOHHAs paboTa COCTOUT
U3 BBEJICHUS, TPEX IJIaB, 3aKIIOYCHHMS, alllICHANKCa U cucKa myonukanuii. O0bEM
JECCEPTALMH COCTaBIseT 92 CTpaHMIL.

3AK/IIOYEHUE

JlaHHas ~ JqucceprauyoHHas — paboTa  TNOCBSILIEHA  PELICHHI0  3a1ad
MOJIEJIUPOBAHUSA JMHAMUKU Da3IMYHBIX BHUXpEH, BO3HHMKAIOIMX B (usmke
KOHJICHCHPOBAHHOT'O COCTOSIHMS, ONTO3JIEKTPOHMKE U 003e-3HHIITEHHOBCKOM
KoHJieHcate. Ha OCHOBaHMM HCCIIEOBaHHA, MPOBEICHHOTO B JHCCEPTALlMOHHOM
paboTe, caeIaHbl CIeAYOLINE BEIBOJBI:

1. UccnemoBana ponb creneHedl CBOOOMbI HIMPUHBI KOHAEHCATa B
3QdexTUBHONH  TeopuM  B3aMMOAEHCTBYIOIIMX  BHUXpeH B  JBYMEpPHBIX
OJTHOKOMIIOHEHTHBIX 003e-3HHIITeHHOBCKUX KoHaeHcarax (BOK) ¢ cunbHOit
OTTaJIKUBaIOMIel KyOu4ecKkoi HETUHEIHOCTBIO.

2.  BwBeneno  ypaBHenue  Jlarpamwka 11 KOOpAMHAT  s1pa
B3aUMOJICUCTBYIOIIUX BUXPEH M MPOU3BOAHON HMIMPHUHBI IO BPEMEHH U MOCTPOEH
€ro TaMHJIbTOHOB (OPMAM3M C HCIOJIB30BAaHUEM HECTaHAAPTHBIX CKOOOK
[Iyaccona.

3. Pemas ypaBHeHue ['aMuiibTOHa, MBI OOHAPYKUIIM OBICTPBIC paHalbHbIC
KoJIe0aHUs aMILUTUTYABL, a Takxke Ooee MeIEHHOE BpallaTeIbHOe IBIDKEHHE Sep
BUXpEH, MOATBEP)KICHHOE 4YMCJIECHHBIMM pEIIEHUAMHU ypaBHeHHs I'pocca-
ITuraesckoro.  [lpyrumu  cioBamu, OBICTpble — pajJuanbHble — KojeOaHMs,
HaOJo1aeMble B BOJIHOBOM [MHAMUKE, HE MOTYT ObITh OOBSICHEHBI B paMKax
3 PeKTHBHON TMHAMHUKH C 3aMOPOKCHHBIMH PaIMATIbHBIMH CTEIICHSIMH CBOOOIIBI.
B cucremax OBYX BHXpe C OJWHAKOBBIMH TOIIOJIOTHUECKHMH YHUCIAMH TIPH
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BBICOKUX PHEPIusAX KojeOaHue aMIUITY bl UIPAET POJIb TOMUKA JUIS POTaTopa MO
tomukoM. [lo Mepe yBenuueHus CHIIBI yjnapa Kak aMIUIMTyJa, TaKk M 4acToTa
panuanbHBIX KOJIeOaHWH, BO3SHHUKAIONIMX B pe3yJbTaTe paaualbHBIX KOJeOaHHA,
YBEIMYMBAIOTCS, a TPACKTOPHS KaXKJOro BHXPsl 00pa3yeT CTPYKTypy, HOAOOHYIO
«MOpPCKOMY €Xy». J|OTOIHUTENEHBIM pe3yIbTaTOM HACTOSIIETO BapHALMOHHOTO
oAxoAa  sBIsieTcs  JiorapuMUYEcKoe — MEXBHUXPEBOE  B3auMOJEicTBUE,
YMHO)KEHHOE Ha MHOXWTENb, KOTOPBI 3aBHUCHT OT CKISIPHOTO IPOU3BEICHUS
mapel  BEKTOPOB KOOPAMHAT siApa, KOPOTKOAEHCTBYIOIIEr0 OTTAIKHBAHUS,
3aps1I0BOI yIpyroi CUIIBI U BKIIIOYAET HE 3aBUCSIIEE OT 3apsia B3auMOAEHCTBHE.

4. Kpome Toro, Opula wHcciefoBaHa IWHAMHKA BHXpPEH B JIBYMEPHOM
MHOTOKOMITIOHEHTHOM BOK B rapMoHMYecKol JIOBYIIKE, I/1€ KaXIblii KOMIOHEHT
nMeeT oauH Buxpb. MccimemoBanue 3a npenenamu pexxkuma Tomaca-Depmu
MIPOBOJWTCSI B HENMMHEHHOM ypaBHeHHH LllpenmHrepa ¢ CHIIBHO OTTaJIKHBAIOIIIM
KyOndeckum kodhduimenToM HemuHeWHocTH. Vcmonb3yst mpoOHYIO (YHKIUIO
BUXpsSl, OCHOBaHHyI0 Ha mnpuOmmkeHnn llame, perynmpyeMoro JIOBYIIKaMH,
METOAOM KOJIJIEKTUBHBIX KOOPJMHAT IOJIydeHa HEIMHEIHas IMHAMUKa BUXPEBBIX
saep (J4acTHI), SKBUBAJICHTHAS IUHAMHUKE 3apsDKEHHBIX YacTHI[ C WHEpIHed B
OJHOPOAHOM MAarHUTHOM MOJIE€ ¥ YIPYTOU CHIIE, a TAK)Ke B HaIM4Ke cruibl JIopeHna.
Mex4yacTHUHOE B3aUMOJICHCTBHE YHHKAIBHO M KOPOTKOJEHCTBYIOIIE, a €ro
BEJIMYMHA YMEHBIIAETCS M0 MEpe yIaJIeHHs IEHTPa MacC OT LEHTPA JOBYIIKH.

5. BaxxHeHIIUM OTKpPBITHEM SIBIIIETCSI HEHYJIeBasi HHEPLMs BUXpeil, KOTOpoil
HET B TPAJWIMOHHOM TEOPHMHM TOYEYHBIX BHXpEH, ITMPOKO HCIIOIB3yEMOW B
TPaAULMOHHOM ruapoauHaMuke. CucreMa Tpex HHEPIMOHHbBIX BUXPEH MOXET ObITh
Xa0TUYHOM, B OTJIMUUE OT COOTBETCTBYIOLIETO CIy4as HEMHEPLIUOHHBIX TOUEUHBIX
BHUXPEH.
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