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Qizim Shaxloning yorqin xotirasiga bag ‘ishlayman
Muallif

KIRISH

Buziluvchan giperbolik, elliptik turdagi va aralash turdagi tenglamalar uchun
chegaraviy masalalar nazariyasi zamonaviy xususiy hosilali differensial tenglamalar
nazariyasining asosily yo‘nalishlaridan bir1i hisoblanadi va u muhim amaliy
masalalarni yechishda qo‘llaniladi. Buziluvchan giperbolik, elliptik va aralash turdagi
tenglamalar nazariyasining rivojlanishi dastlab G. Darbu [38], F.Trikomi [40], E.
Xolmgren [43] va S. Gellerstedtlarning [42] mos ravishda 1894, 1923, 1927 va 1938-
yillarda e’lon qilingan fundamental ishlaridan boshlangan.

Aralash turdagi

T(u)=yu, +u, =0 (1)
tenglama uchun birinchi fundamental tadqiqotlarni italyan matematigi

Franchesko Trikomi bajargan. U hozirgi vaqtda uning nomi bilan ataluvchi quyidagi
Trikomi masalasini ta’riflagan va yechgan: z=x+iy kompleks tekisligining y >0

yarim tekisligida uchlari A(0,0) va B(I,O) nuqtalarda bo‘lgan /" silliq Jordan chizig‘i
bilan, y <0 yarim tekislikda esa (1) tenglamaning AC va BC xarakteristikalari
bilan chegaralangan bir bog‘lamli €2 sohada (1) tenglamaning ushbu

ulx,y)=o(x.y), (x,y)e I, )
u(x,y)=w(x), (x,y) e AC, (3)
Iim v = Im u | 4)

y—)—Oy y=+0y

shartlarni qanoatlantiruvchi regulyar yechimi u(x, y) topilsin. #(x,y) funksiya

regulyar yechim deyiladi, agarda u ushbu shartlarni qanoatlantirsa:
1) u(x,y)- Q sohada uzluksiz;

2) birinchi tartibli hosilalar 4 va B nuqtalardan tashqari barcha Q sohada
uzluksiz va bu nuqtalarda birdan kichik tartibda cheksizlikka aylanishi mumkin;

3) ikkinchi tartibli hosilalar (2 sohaning buzilish chizig‘idan tashqari barcha
nuqtalarida uzluksiz, bu hosilalar buzilish chizig‘ida mavjud bo‘lmasligi ham
mumkin;

4) u(x,y) funksiya Q \ 4B sohaning barcha nugtalarida (1) tenglamani

qanoatlantiradi.

Bu ishlardan keyin buziluvchan va aralash turdagi tenglamalar uchun
chegaraviy masalalar nazariyasi ko‘p yo‘nalishlarda o‘rganildi va rivojlantirildi.
Xususan, Trikomi masalasi umumiyroq aralash turdagi tenglamalar uchun
[4,5,6,11,13,14,15] ishlarda, Trikomi masalasining har xil modefikatsiyasi [3,10,17-
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23,32-37,41,42] ishlarda spektral masalalar [1,28,30,37] ishlarda o‘rganildi. Eng
muhim natijalar va adabiyotlar ro‘yxati A. V. Bitsadze [4], M. M. Smirnov [38], M.
S. Salaxitdinov [31], T. D. Djurayev [11], A. M. Naxushev [27], E. I. Moiseyev [28],
A. P. Soldatov [39], A.I.LKojanov [15] monografiyalarida keltirilgan.

Quyidagi singulyar koeffitsiyentli buziluvchan giperbolik tipdagi tenglamani
z=x+1y,Imz <0 kompleks yarim tekislikdao‘rganamiz:

2-1 -1
_(_y)muxx+uyy+a0(_y)m/ ux+ﬁ0y u, 209 (%)
buyerda m, o, va f,-haqiqiy sonlar, hamda ular ushbu
—m/2< By <(m+4)/2 |og|<(m+2)/2,

shartlarni qanoatlantiradi. D, soha z=x+iy kompleks tekislikning bir bog‘lamli
sohasi bo‘lib, u (5) tenglamaning

m+2
AC i x — (-y) 2 =-1,
m+2
) m+2
BC :x+ (-y) 2 =1
m+2 ’

xarakteristikalari hamda )} =0o‘qining AB kesmasi bilan chegaralangan bir

bog‘lamli sohasi bo‘lsin.
(5) tenglama shu narsa bilan e’tiborliki, birinchidan, bu tenglamaning kichik
hadlari oldidagi koeffitsiyentlari singulyar maxsuslikka ega, ikkinchidan, bu yerda

KOh(xyu +u va(ry +b(x)u +exu=f(xy) ()

buziluvchan umumiy giperbolik tipdagi tenglama uchun Koshi masalasini normal
yechilishining

im 2A%Y)

T , 7
-0 J— K () 7)

Protter sharti [38] buziladi, bu yerda A(x,y)>0, K(0)=0, K(y)<0, y<0 da(7)
shart bajarilmasligiga garamasdan, agar ‘0‘0‘ <m/2, ﬁo =0 bo‘lsa, (5) tenglama

uchun Koshi masalasi korrekt qo‘yilgan [38].
Bundan, (5) tenglama uchun Koshi masalasini normal yechilishida (7) shart
zaruriy shart emasligi kelib chiqadi.
Endi (5) tenglamada §,=0, o, = —m/2 bolsin:
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o (_ y)muxx + uyy - (m/2)(— y)m/z_lux = Oa (8)

(8) tenglama uchun Darbu masalasini ta’riflaymiz.
Darbuning ikkinchi masalasi: D, sohada (8) tenglamaning ushbu

u,(x,0)=v(x), xe I : M‘BC =y (x), xe[0]], )

shartlarni qanoatlantiruvchi regulyar u(x,y) e C (l_)o) NC? (Dy) yechimi topilsin,
bu yerda v(x)e C%(I), y(x)eC' (j)ﬂ C%(I), 1 = (-1,1)- ¥ = 00qining intervali.
1-teorema.Darbuning ikkinchi masalasiga mos bir jinsli masala cheksiz ko‘p

chizigli bog ‘liq bo ‘Imagan yechimlarga ega, bir jinsli bo ‘Imagan masala esa fagat va
fagat

v2x—-1)=((m+2)2) 1-x)Py'(x), xe(0,1),

shart bo ‘Igandagina yechimga ega bo ‘ladi, bu yerda [ = m/ (m + 2).
Bir jinsli Darbuning ikkinchi masalasining barcha notrivial yechimlari

m+2

(- y)zj—m(l),

2
u(x,y)= TO[X +
m+2

formula bilan beriladi, bu yerda 7,(x) e C(I) N C 2 (/) sinfdagi ixtiyoriy funksiya.
Endi (8) tenglama uchun (9) Darbu shartlarini ushbu

u (x0)=v(x), xel : ul 40 =y (x), x e [-1,0](10)

shaklda beramiz.

2-teorema.(8), (10) masala yagona yechimga ega .

1-va 2-teoremalardan ushbu xulosa kelib chiqadi: qat’iy giperbolik tenglamalar
uchun qo‘yilgan Koshi masalasining korrektligidan Darbu masalasining korrektligi
kelib chiqgadi. Buziluvchan giperbolik tenglamalarda esa, umuman olganda, Koshi
masalasi korrektligidan Darbu masalasining korrektligi kelib chigmaydi. Buning
ustiga (8) buziluvchan giperbolik tenglama uchun umuman olganda xarakteristikalar,
chegaraviy shartlarning ularda qo‘yilishi ma’nosida teng huquqli emas.

(5) tenglamada & = 0 bo‘lsin:



_(_y)muxx+uyy+(ﬂo/y)uy:0. (11)

Bu tenglama juda ko‘p matematiklar tomonidan o‘rganilgan [6,12,20]. Umuman
olganda, (11) tenglama uchun oddiy Koshi masalasi korrekt bo‘lmasligi mumkin. A.
V. Bitsadze [6] (11) tenglama uchun boshlang‘ich shartlari bir jinsli bo‘lgan:

- .. 0
u(x,0)=0, xel; hm—u=0,xe];
y—)—an

Koshi masalasi 8, = —m/2 bo‘lganda, ushbu

) m+2 ) m+2
uo(x,y)=fo{x+m+2(—y) 2 }—To{x—m”(—y) 2 }

ko‘rinishdagi notrivial yechimlarga ega ekanligini ko‘rsatgan, bu yerda T ()C) ikki
marta uzluksiz hosilaga ega bo‘lgan ixtiyoriy funksiya. Shu holatdan kelib chiqib, A.
V. Bitsadze boshlang‘ich shartlari

u(x,0)=7(x), x e j; lim (—y)ﬁo a—u:v(x), xel, 12
y—> -0 ay

ko‘rinishda bo‘lgan shakli o‘zgargan Koshi masalasini o‘rgangan va uni korrekt
ekanligini ko‘rsatgan, bu yerda
—(mf2)< By <1.

Agar Py 21 bo‘lsa, (11) tenglamaning yechimlari buzilish chizig‘i atrofida
chegaralangan bo‘lmaydi. Haqiqatdan ham, ushbu

1-5
(-y) '0,agar B, #1 bo'lsa,

u() (xa y) =
In(-y), 964 p,=1 bo'lsa

xususiy yechimlar yuqoridagi fikrimizni tasdiglaydi.
Bo > 1 bo‘lganda Koshi masalasi korrekt bo‘lishi uchun boshlang‘ich shartlar

1

5 | 5 B )
111'1} (_y) 0 u(x, y) = T(.X); hm (_y)2 ﬂO _((_ y)ﬂo lu(‘x7 y))
y—>-0 y——0 ay

ko‘rinishda bo‘lishi kerak;



Po=1 bo‘lganda esa Koshi masalasi korrekt bo‘lishi uchun boshlang‘ich
shartlar

- u(x,y)
ylgr_lo In(—y)m /2 7(x),

; 0 u(xay)_A(xay)
. 20 . \(m+2)/2 ¥ —
i () () ay{ ) v,

ko‘rinishda bo‘lishi kerak, bu yerda A(x,y)—aniq ko‘rinishga ega bo‘lgan maxsus
kiritilgan funksiya.

Shunday qilib, (5) tenglama yechimining tuzilishi va differensial xossalari uning
kichik hadlari oldidagi koeffitsiyentlar @ va f, ga bog‘liqdir. (5) tenglama uchun
masalalar @yOp, parametrik tekislikda P (c,/3;) nuqtaning o‘zgarishiga qarab
qo‘yiladi.

¥ >0 yarim tekislikda

ymuxx +uyy + (ﬁO /y)uy =0 (13)

tenglamani o‘rganamiz.
(13) tenglama shu bilan xarakterliki, uning uchun oddiy N masalasi korrekt

emas. Haqgiqatdan ham, €,-yuqori Y > Oyarim tekislikda yotuvchi va uchlari
A(-1,0), B(1,0) nuqtada bo‘lgan (13) tenglamaning normal chizig‘,

(o X+ 4(m + 2)_2ym t2 2 1 chizig‘i hamda y =0o0‘qining AB kesmasi bilan
chegaralangan bir bog‘lamli bo‘lsin. Ushbu masalani ta’riflaymiz.
N masalasi. {2, sohada (13) tenglamaning ushbu

u

GO:(pO(xay), (an/)EGO,

ou
5 y=0=V(x) xel=(-L1),

shartlarni ganoatlantiruvchi regulyar yechimi u (x, y) eC (ﬁ 0 )ﬂ C? () topilsin.

Bevosita tekshirish yordamida ko‘rsatish mumkinki, ushbu



funksiya bir jinsli N masalaning notrivial yechimi bo‘ladi, ya’ni (13) tenglama uchun
N masalasi korrekt emas. Shu munosabat bilan A.V.Bitsadze (13) tenglama uchun
ushbu shakli o‘zgargan N masalasini o‘rgangan:

Q, sohada (13) tenglamaning ushbu

u

GOZ(,DO(X,)/)) (an’)EGO,

y—>+0

lim y”0 Z—u:v(x), xel=(-11)
y

shartlarni qanoatlantiruvchi regulyar yechimi topilsin.
Shakli o‘zgargan N masalasi korrekt qo‘yilgan.
Ushbu o‘quv qo‘llanmada asosan singulyar koeffitsiyentli

"+ (B y)uy =0 (14

signy ‘y‘muxx +uy, + ao‘y‘
tenglama o‘rganilgan. (14) tenglama z=x-+iy, kompleks tekisligining Imz >0
yuqori yarim tekisligida uchlari A4(-1,0) va B(1,0) nuqtalarda va yuqori yarim
tekislikda joylashgan 7I': y= f(x) chizig‘i bilan, Imz <0 pastki yarim tekislikda
esa (14) tenglamaning AC va BC xarakteristikalari bilan chegaralangan bir
bog‘lamli D sohada o‘rganildi.

Asosiy e’tibor (14) tenglama uchun D™ = D) {y < O} sohada shakli o‘zgargan

Koshi masalasini o‘rganishga, D" = D) {y > O} sohada Dirixle va shakli o‘zgargan

N masalasini, aralash Dsohada esa Trikomi masalasini hamda Frankl turidagi
nolokal masalalarni o‘rganishga qaratilgan.



I BOB. GIPERGEOMETRIK FUNKSIYA. IXTIYORIY TARTIBLI
INTEGRO-DIFFERENSIAL OPERATORLAR. SHAKLI O‘ZGARGAN
KOSHI MASALASI.

Ushbu bobda kitobxonga o‘quv qo‘llanmani o‘qishda qulaylik yaratish
magsadida biz keyinchalik foydalaniladigan asosiy tushuncha va formulalarni
[2,31,38] adabiyotlardan keltiramiz.

1-§. Gamma va beta funksiyalari.

1. Gamma funksiyasi. /| (2) gamma funksiyasi:
I[(z)=le't*'dt, Rez>0) (1.1)
0

Eylerning ikkinchi tur integrali yordamida aniqlanadi. (1.1) integralni ikki
integral yig‘indisi orqali ifodalaymiz [2,38]:

rz)=| e-ff-‘dHTe‘ff—ldt = P(2)+0(2). (1.2)

0

P(z) funksiyani Rez>0 vyarim tekislikda regulyar funksiya ekanligini
ko‘rsatish qiyin emas, Q(z) —butun funksiya (butun kompleks tekislikda golomorf).
Shunday qilib, (1.1) formula Rez >0 yarim tekislikda regulyar funksiyani
aniglaydi. 1 (2) funksiyani butun kompleks tekislikka analitik davom ettirish
mumkin. Hagigatdan ham, e’ funksiyani darajali gatorga yoyib, bu yoyilmani ¢ z-1
ga ko‘paytirib va [0,]] kesmada hadma-had integrallab, ushbu funksional qatorga
kelamiz:

( D" 1
A m, (Rez>0). (1.3)
n=

P(z)= X

(1.3) qatorning hadlari z#0,—1,—2,... nuqtalardan tashqari barcha nuqtalarda
regulyar funksiyalardir va (1.3) qgator ‘z + k‘ >0> 0(k=0,12,...;6 > 0-ixtiyoriy kichik

son) sohada tekis yaqinlashuvchi. Veyershtrass teoremasiga ko‘ra, (1.3) qator
yig‘indisi meromorf funksiyadir, z = —n nugqtalar bu funksiyaning oddiy qutblari

bo‘lib, bu qutblardagi funksiyaning chegirmalari res(P(— n))—% ga tengdir.
(1.3) funksiya Rez >0 yarim tekislikda P(z) integral bilan ustma-ust tushadi.
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Demak, (1.3) gator P(z) integralning analitik davomidan iboratdir. Shunday qilib,
(1.2) dagi ikkinchi yig‘indi Q(z)—butun funksiya bo‘lgani uchun, 7'(z) funksiya

n

z = —n nuqtalarda oddiy qutblarga, hamda bu nuqtalarda mos ravishda ga teng

n!
bo‘lgan chegirmalarga ega bo‘lgan meromorf funksiyadir. 7/'(z)uchun ushbu
funksional munosabatlar o‘rinlidir:

I'1+2z)=zI(z),

Irzrd-z)=

. b

Sin 7z

2z-1
I'2z)= 2 F(Z)F(Z + %j,

N

T

rer-z=-——, (1.4)
zsin 1z
I()=LT(n+1)= n!,F(%) =Jr.
I'(z) funksiya butun kompleks tekislikda nollarga ega emas, demak, I )—
Z
butun funksiyadir.
2. Beta-funksiyasi. B(p,q) beta-funksiya:
1
B(p,q)=[t? " '1-0)?"'dt ,Rep>0,Req>0, (1.5)

0

Eylerning birinchi tur integrali yordamida aniqlanadi. B(p,q) funksiya 1 (2) orqali

I'(p)I'(q)

B(p,q)= T(ptq)’

(1.6)

formula yordamida ifodalanadi.
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2-§. Gaussning gipergeometrik funksiyasi

1. Gauss tenglamasi. Buziladigan giperbolik va elliptik tipdagi tenglamalar
nazariyasida ushbu

z(-2)0"(2)+[c - (a+b+1)z]w'(z) —abw(z) =0, (1.7)

Gauss tenglamasining yechimlari fundamental ahamiyatga ega, bu yerda a,b,c
—parametrlar bo‘lib, ular ixtiyoriy kompleks yoki haqiqiy sonlar bo‘lishi mumkin.

(1.7) tenglama uchta: 0, 1 , oo regulyar maxsus nuqtalarga ega.

O‘zgaruvchilarni maxsus almashtirish yordamida buziluvchan giperbolik va
elliptik tipdagi tenglamalar (1.7) tenglamaga olib kelinishi mumkin va bu
tenglamaning yechimlaridan mos ravishda Riman funksiyasini, Grin funksiyasini
tuzishda fundamental ahamiyatga ega.

Dastlab, (1.7) tenglamaning yechimini z = 0 nuqta atrofida topamiz. Yechimni

w(z)=2cz" (1.8)
n=0

darajali qator ko‘rinishida izlaymiz. Bu yerda ¢, -hozircha noma’lum sonlar. (1.8)

dan ushbu hosilalarni hisoblaymiz:

o0 o0
o/(z)= Z:cnnz'l*1 = Z:cnnznf1 ,
n=0 n=0
o0 o0
®(z)= Z c,n(n—1)z""> = Z c,n(n—1)z"">.
n=0 n=2

Endi bu hosilalarni (1.7) tenglamaga qo‘yib, quyidagi munosabatni hosil
qilamiz:

i[cn+l(n+l)(n+c)—cn(n+a)(n+b)]z” =0,

bu yerdan z" oldidagi umumiy koeffitsiyentni nolga tenglashtirib, ushbu

_(a+n)(b+n)c

= =0,12...;c#—
n+1 (n+1)(c+n) no (n 09 ’ ,CF n)

rekurrent formulaga kelamiz.
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(1.7) tenglamaning bir jinsli ekanligidan foydalanib, umumiyatlikni buzmasdan
co =1 deb qabul gilamiz va

(@),(0), _»
o (z)=F(a,b,c;z)=) ~— "
% o
. . 1.9
1+Qz+a (‘H'l)b(b"'l)zz_,_..., (1.9)
l-c 1-2-c(c+1)
Gaussning gipergeometrik qatoriga kelamiz, bu yerda
I'(a+n)
a).=1,(a) =a(a+1)---(a+n-1)=——=
(a)y =1, (a),=a(a+1)--( ) (@)

belgilashlar kiritilgan. Dalamber alomatiga ko‘ra, (1.9) darajali qatorning
yaqinlashish radiusi R =1 ekanligini ko‘rsatish qiyin emas. Demak, (1.9) darajali
qator ‘Z‘ <g<1 doirada absolyut va tekis yaqinlashadi. Raabe alomati yordamida
(1.9) gipergeometrik gator uchun ushbu tasdiglarni isbotlash qiyin emas:

agar Re(c—a—-b)>0 bo‘lsa, (1.9) gator ‘z‘ =1 aylanada tekisva absolyut
yaqinlashadi;

agar —1<Re(c—a—b)<0 bo‘lsa, (1.9) qator ‘Z‘ =1 aylananing‘l —Z‘ <0 (0>0
yetarli kichik son) doiradan tashqarida yotgan bo‘lagida tekis va absolyut
yaqinlashadi;

Agar Re(c—a-b)<—-1 bo‘lsa, (1.9) qator ‘z‘zl aylanada uzoqlashuvchi
bo‘ladi.

Gipergeometrik funksiyalarning sodda xossalarini keltiramiz, bu xossalar (1.9)
darajali qatorning ko‘rinishidan bevosita kelib chiqgadi.

1°. Agar a=—-n yoki b=-n bo‘lsa, bu yerda n=0,1,2,...., (1.9) darajali
qator uziladi, ya’'ni F(-n,b,c;z) yoki F(a,—n,c;z) n-darajali ko‘phadga aylanadi;

20, F(a,b,c;z) gipergeometrik funksiya @ va b parametrlarga nisbatan

simmetrikdir, ya’ni
F(a,b,c;2)=F(b,a,c,2)
30, b =c bo‘lganda
F(a,b,b;z)=(1-2)" (1.10)

tenglikka ega bo‘lamiz.
(1.7) tenglamaning ikkinchi yechimini topish uchun @(z)o‘rniga

12



w(z)=z%(z2) (1.11)

formula yordamida yangi funksiya kiritamiz, bu yerda ¢-hozircha ixtiyoriy

noma’lum son. (1.11) tenglikni (1.7) tenglamaga qo‘yib, ushbu tenglamaga ega
bo‘lamiz:

z(0-2)u"+[2g+c—Q2q+a+b+ 1)z} - { 9(g=1+c) +q(q+a+b)+ab}u =0.

z

Bu tenglamada g =1—c¢ deb olsak, u holda oxirgi tenglama
z(1-z2)u"(z)+[c —(a, + b, +1)z]u'(z) —a,bu =0

tenglamaga aylanadi, bu yerdagi parametrlar

a=a+l-c,
b=b+1-c,
cq=2-c

tengliklar bilan aniglanadi .
Shunday qilib, (1.9) va (1.11) ga asosan (1.7) tenglamaning ikkinchi yechimi

a)z(z):zl_cF(a+1—c,b+l—c,2—c;z) (1.12)

ko‘rinishda bo‘ladi, bu yerda 2 —c # 0,—1,-2,...

(1.7) tenglamaning (1.9) yechimida ¢ # —n shart bajarilishi kerak edi. Endi biz
(1.12) ga asosan (1.7) tenglamaning yechimini ¢ = —n holida ham hosil qilishimiz
mumkin:

60(2)=Zn+lz(a+n+1)”(b+n+l)” 2" =""F(a+n+1,b+n+1,n+2;z).
m=0 m'(2+n)m

(1.13)

(1.7) tenglamaning topilgan @,(z) va ®,(z)yechimlari chiziqli erkli, demak
uning umumiy yechimi

w(z)=cF(a,b,c;z)+ czzl_cF(a +1-¢cb+1-c2—-c/z)(1.14)

formula bilan beriladi, bu yerda ¢ va C, ixtiyoriy o‘zgarmas sonlardir.
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(1.7) tenglamaning yechimini z =1 maxsus nuqta atorofida hosil gilish uchun z
ni 1—2z ga almashtirish yetarlidir. Bu holda (1.7) tenglama parametrlari a; =a,

by=b, ¢;=a+b-c-1 lardan iborat bo‘lgan gipergeometrik tenglamaga aylanadi.
Bu holda (1.7) tenglamaning z = 1 maxsus nuqta atrofida

wy(z)=F(a,bl+a+b—c]l-z),

0, (2)=(1=-2)""F(c—b,c—al+c—a—-bl-7z), (1.15)

chiziqli erkli yechimlarini hosil qilish qiyin emas, bu yerda ¢—a—»5 butun sonlar
bo‘lmasligi kerak.

Nihoyat, (1.7) tenglamaning yechimlarini cheksiz uzoqlashgan maxsus nuqta
z =0 atrofida topish uchun erkli o‘zgaruvchi Z va w(z) funksiyani ushbu

formulalar yordamida almashtiramiz:
1 a
¢=_» 0(2)=¢uls),

bu holda (1.7) tenglama wu(¢) funksiyaga nisbatan parametrlari d] = d

b=b+a-c, ¢; =14 a—b bo‘lgan gipergeometrik funksiyaga aylanadi. Shunday
qilib, (1.7) tenglamaning Z = OO maxsus nuqta atrofidagi chiziqli erkli yechimlari
ushbu ko‘rinishda bo‘ladi:

1
s (z)= zaF[a,l +a—-cl+a- b;—),

z

(1.16)
W (z) = sz(b,1+b—c,l+b—a;l),

z

bu yerda @ —b butun sonlar bo‘Imasligi kerak.
Shunday qilib, biz (1.7) Gauss tenglamasining oltita asosiy yechimlarini
gipergeometrik funksiyalar orqali ifodaladik.

2. Gipergeometrik funksiyani analitik davom ettirish. (1.7) tenglamaning
‘z‘<1doirada aniglangan regulyar yechimi ;(z)= F(a,b,c;z) ni zo‘zgaruv-
chining butun kompleks tekisligiga analitik davom ettirish mumkin. F(a,b,c;z)
funksiyaning analitik davomini ham F (a,b,c;z) simvol bilan belgilaymiz va u (1.9)
qatorning ‘Z‘ <1 doiradan tashqariga davom ettirilgan analitik funksiyasining bosh

shoxchasini ifodalaydi.
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F(a,b,c;z) gipergeometrik funksiyani analitik davom ettirishni xususan
Eylerning ushbu

1 _

J'ta—l (1 _ t)c_a_l(l _ Zt)_bdt — F(a)F(C a)

0 I'(c)
O<Rea<Rec ,

F(a,b,c;z) , (1.17)

arg(l - z)‘ <,

gipergeometrik integrali yordamida amalga oshirish mumkin.
(1.17) tenglikningchap tomonidagi integral(1,00) kesimli butun kompleks

tekislikda regulyar funksiyani beradi. (1.17) tenglikni isbotlash uchun analitik davom
ettirish prinsipiga ko‘ra, uni ‘Z‘<1 doira ichida tekshirish yetarlidir. (1—z7)™
funksiyani zt (‘zz“<1) ning darajalari bo‘yicha binomial qatorga yoyamiz va bu
yoyilmani #97'(1-7)"*"" ga ko‘paytirib, ¢ bo‘yicha (0,)) oraligda hadma-had
integrallaymiz va (1.5) formulani qo‘llab, ushbu:

pHu4rﬂuﬂm*m:§“%fpm4@4rﬂm:

_ & (b), " ), I(n+a)l(c-a)

_nzzé n! B(n+a,c a)—nzz(; n! F(n+c) (1.17)
(@)l (c-a)&(a),®), ., _T(a)l(c-a) .

- I c) ; nl(c), - F(c) Fla,b,:2)

formula Re(c—a—-b)>0 , c#0,—1,-2,.... bo‘lganda F(a,b,c;1) ni hisoblashga
imkon beradi:
_I'(c)f(c—a-D)

F(a,b,c;l) =
(a,b,c;1) Fe—a)l(c—b): (1.18)

(1.17) integralda

s os0z2) 122 g, (=2)ds

[ = 9 2
1—zs 1-zs (1-2zs)

1—2zs

almashtirishni bajarib, ushbu
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I'(a)I'(c—a)
I'(c)

Fla,b,c;z) = [t (1—0) (1= zt) " dt =

1
— (1 _ Z)c—a—bjsc—a—l (l _ S)c—(c—a)—l (1 _ ZS)—(c—b) dS —
0

c—a—b F(C—(Z)F(a)

0= I

F(c—a,c—b,c;z),
ya’'ni
F(a,b,c;z)z(l—z)c_a_bF(c—a,c—b,c;z), (1.19)

‘arg(l — z)‘ <

formulani hosil qilamiz.
(1.19) formula avtotransformatsiya formulasi deyiladi.
Argumentlari z va l—z bo‘lgan gipergeometrik funksiyalar o‘rtasida

funksional munosabatlarni keltirib chigaramiz. ‘Z‘ <l wva ‘1 - Z‘ <1 doiralarning
kesishmasida (1.7) tenglama yechimi @,(z) = F(a,b,c;z) shu tenglamaning chiziqli

erkli yechimlari (03 (2) va @, (z) larning chizigli kombinatsiyasi orqali ifodalanadi:

F(a,b,c;z)= AF(a,b,a+b—c+1;1-z)+

+B(1-z)"""F(c-a,c—b,c—a—b+1;1-2z), (1.20)

c—a—-b#0,+1,+2,+3,...;

arg(l-z)|<7.

F(a,b,c;z) funksiya a,b,c parametrlarning analitik funksiyasidan iborat,
demak (1.20) formuladagi 4 va B koeffitsientlar ham a,b,c parametlarning analitik
funksiyasi bo‘ladi. A va B koeffitsientlarni aniqlashda biz a,b,c parametlarga
shunday «qulay» shartlarni qo‘yamiz, ular analitik davom ettirish prinsipi yordamida
shunday minimal shartlarga keltiriladiki, bu shartlarda oxirgi natija ma’noga ega
bo‘lmagan qiymatlarni gqabul qilmaydi.

(1.20) tenglamaning o‘ng tomoni z =1 nuqtada a,b,c (c #—n) parametrlarining
ixtiyoriy qiymatida ma’noga ega, chap tomonining chekliligi Re(c —a —b) ifodaning
ishorasiga bog°‘liq.

1. Re(c—a—b)>0 bo’lsin u holda (1.20) da z =1 deb hisoblab, ushbu
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A=F(abep)=1O1c-azbh)
77 I(e—a)(c—b)

tenglikka kelamiz.
2. Re(c—a-b)<0  bo‘lsin. (1.20) tenglikning chap  tomoniga
avtotransformatsiya formulasi (1.19) ni qo‘llab, hosil bo‘lgan tenglikni (1—z)**~¢

ifodaga ko‘paytirib va oxirgi natijada z =1 deb hisoblab, ushbu

I'(c)['(a+b—c)
I'(a)I'(b)

B=F(c—a,c—b,c)l)=

b

tenglikka kelamiz.
Aniqlangan A4 va B koeffitsientlarni (1.20) tenglikka qo‘yib, ushbu

I'(c)l'(c—a-b)
I'(c—a)l'(c-b)

- 1.21
+F(c)F(a+b C)(I_Z)c—a—bXF(C_a’C_b’c—a—b-l-l;l_Z), (20
I'(a)I'(b)

F(a,b,c;z) =

Fa,ba+b—c+1;1-z)+

c—a—-b#0+t1,12,.... ‘arg(l —z‘ <,

Bols formulasini hosil qilamiz [1].
(1.21) formula F(a,b,c;z) gipergeometrik funksiyani ‘Z‘<1 sohadan
-2 <1,

arg(l — z)‘ < sohaga analitik davomini beradi.

(1.17) formuladagi integralda integral o‘zgaruvchisini  =1—s formula bilan
almashtirib, ushbu

z

jt“‘l 1= ""1=zt)"dt =1-2z)" _[ s 1=s5)"(1- 1 s)"ds,
0 0 Z —
yoki (1.17) ni hisobga olib,
F(a,b,c;z):(l—z)_bF(c—a,b,c;—Z 1), (1.22)
Z —

formulaga kelamiz.
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z

1
Rez <§ bo‘lganda, <1 tengsizlik o‘rinli. Shunday qilib, (1.22) formula

Z —
1
F(a,b,c;z) funksiyani ‘Z‘ <1 doiradan Re z < 5 yarim tekislikka analitik davomini

beradi. (1.22) formulada zo‘rmmiga 1—2Z almashtirish bajarib, (1.22) formulani
ushbu:

z—1

) (1.23)
4

F(a,b,c;1-z)= z_bF(c —a,b,c;

ko‘rinishda yozib olamiz.

Gipergeometrik funksiyalar o‘rtasida boshqa funksional munosabatlarni keltirib
chigarilgan formulalarning kombinatsiyalari yordamida hosil qilish mumkin.
Masalan, (1.22) va (1.21) formulalarni ketma-ket qo‘llab, ushbu

r'(e)['(b-a)
I'(c—a)l(b)

N I'(c)I'(a—Db) (1_2)_bF(c—a,b,b—(l +I;L) )
I'(c—b)I(a) -2z

F(a,b,c;z) = (l—z)_"F(a,c—b,a—b+l;lL)+
—Z

(1.24)

a—b+#0,£1,12, -

arg(l- z)‘ <7,

funksional munosabatni hosil qilamiz, bu formula F (a,b,c;z) gipergeometrik
funksiyani ‘Z‘ <1 doiradan ‘Z - 1‘ >1,
imkonini beradi. Yana (1.24) va (1.22) formulalarni ketma-ket qo‘llab, ushbu

arg(l - z)‘ <7 sohaga analitik davom ettirish

Flab,ez)=LOTO=D  yipa—ctla—b+ii)+
I'(c—a)l'(b) 2 s

FOT@=b), by rp ol O

F(c—b)F(a)( z) "F(b,b—c+1,b a+l,Z)

a—-b#0£1,%2,...; larg(-2) <7,

arg(l-z)|<7.

formulaga ega bo‘lamiz, bu formula F (a,b,c;z) gipergeometrik funksiyani ‘z‘ <1

doiradan ‘z‘ >1, arg(z)‘ < sohaga analitik davomini beradi.
Nihoyat, (1.21) va (1.23) formulalarni ketma-ket qo‘llab, ushbu
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I'()I( b) -
Flab.ez)=Fa e’

+F(?(I;§Cll;;g)c) z47C (-4~ bxF(c al—-a,c—a—-b+1;%2= 1)
(1.26)

xF(a,a—c+lLa+b—c+1;% )+

c—a—-b#0,x1,12,..., <7, ‘arg(l—z)‘<7r

formulaga ega bo‘lamiz, bu formula F(a,b,c;z) gipergeometrik funksiyani ‘z‘<1
doiradan Re z > % sohaga analitik davom ettirish imkonini beradi.

3. Elementar munosabatlar. F(a,b,c;z) gipergeometrik funksiyaning uning

bevosita (1.9) qator bilan aniqlangan ifodasidan kelib chigadigan xossalarini
o‘rganamiz. Masalan, ushbu

cF(a,b-1,c;z)+(a—b)zF(a,b,c+1;z)=cF(a-1,b,c;z) (1.27)
formulani isbotlaymiz.
(1.27) ning chap tomonini (1.9) ga asosan darajali qatorlarga yoyamiz, bu
yoyilmada z" oldidagi koeffitsient ushbu:

(@), (b=1),

ey @0, @), [a_ b+<b—1><a+n—1>}:
(c),n! (c+]), (n-D! (c+]), (n-1)! n
_c(a),.,(b),, (a-1),.,(),,
@l (a-D(b+n-1)=c !

ko‘rinishga ega. Bu esa (1.27) ning chap tomonini qator yoyilmasidagi z" oldidagi
koeffitsientni beradi. Shunday qilib, (1.27) tenglik isbot bo‘ldi.
Ushbu oltita:

F(axl,b,c;z), F(a,bxl,c;z), F(a,b,ctl;z)

funksiyalar F'(a,b,c;z) funksiya bilan yondosh funksiyalar deyiladi. F(a,b,c;z)
va unga ixtiyoriy ikkita yondosh funksiyalar o‘rtasida koeffitsientlari Z ga nisbatan
chizigli funksiya bo‘lgan bog‘liglik mavjud. Bu bog‘ligliklarning 15 turi mavjud
bo‘lib, uni birinchi marta Gauss topgan. Quyida bu munosabatlarning to‘liq jadvalini
keltiramiz, bu munosabatlarda yozuvni soddalashtirish maqgsadida F(a,b,c;z) ni F

bilan, F(azxl,b,c;z),F(a,btl,c;z),F(a,b,ctl;z)larni esa mos ravishda
F(ax1),F(b£1),F(c+tl) deb belgilaymiz.

[c=2a—-(b-a)z]F +a(l-2)F(a+1)—(c—a)F(a—-1)=0, (1.28)
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(b—a)F +aF(a+1)—bF(b+1)=0, (1.29)
(c—a-b)F+a(l-z)F(a+1)—(c—-b)F(b—-1)=0, (1.30)
cla—(c—b)z]F —ac(1-z)F(a+1)+(c—a)(c—b)zF(c+1) = 0,(1.31)
(c—a—-1DF+aF(a+1)—(c-1)F(c-1)=0, (1.32)
(c—a—-b)F —(c—a)F(a-1)+b(1-2)F(b+1)=0, (1.33)
(b—a)(1—-z)F —(c—a)F(a—-1)+(c—b)F(b-1)=0,  (1.34)
c(1—z)F —cF(a=1)+(c—b)zF(c+1)=0, (1.35)
l[a—1-(c=b-1)z]F +(c—a)F(a—1)—(c—1)(1-z)F(c—1)=0,(1.36)
[c—2b+(b—a)z]F +b(1-2)F(b+1)—(c—b)F(b—1)=0,(1.37)
c|b—(c—a)z|F —bc(1—2)F(b+1) +(c —a)(c —b)zF(c +1) = 0, (1.38)
(c=b-1)F +bF(b+1)—(c—1)F(c—1)=0, (1.39)
c(1-2)F —cF(b-1)+(c—a)zF(c+1)=0, (1.40)
[b-1-(c—a—-Dz|F +(c-b)F(b-1)—(c—1)(1-2)F(c—1)=0, (1.41)

cle=1-Qc—a—-b-1)z]F +(c—a)c—b)zF(c+1)—c(c-1)1-z)F(c—1) =0,
(1.42)

Agar yondosh gipergeometrik funksiyalarda ikkita parametr bir xil bo‘lsa, ular
o‘rtasida ushbu munosabatlar o‘rinli:

(c—a)F(a-1,b,c;z)+(2a—c—az+bz)F(a,b,c;z)+a(z—-1)F(a+1,b,c;z) =0
(1.43)

(c—-b)F(a,b—1,c;2)+(2b—-c—bz+az)F(a,b,c;z)+b(z-1)F(a,b+1,c;z)=0.
(1.44)
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c(c-1)(z-1)F(a,b,c—1;2)+ c[c —1-Q2c—a-b- I)Z]F(a,b,c;z) +
+(c—a)(c—-b)zF(a,b,c+1,z) =0.

(1.45)

4. Gipergeometrik funksiyalarni differensiallash qoidalari.

z* (1-2)*F(a,b,c;z) ifodani A va [ parametrlarning ba’zi bir qiymatlarida
differensiallash qoidalarini keltiramiz:

di’l

F(a,b,c;z):MF(a+n,b+n,c+n;z), (1.46)
dz" (),
%[z“"_lF(a,b,c;z)]: @),z '"F(a+n,b,c;z), (1.47)
A
j - [zc_lF(a,b,c;z)]z (c— n)nzc_l_”F(a,b,c - n;z), (1.48)
'z

5,1,1[ c—a+n-1 (1 . Z)a+b—c F(d,b, c; Z)] _ (C . a)n Zc—a—l (1 . Z)a+b—c—n F(CZ —n, b, c; Z),
Z

(1.49)
d" a+b—c —
L 0=2"" Fabez) |=

(C — a)n (C - b)n (1 _ Z)a+b—c—n F(d, b’ c+n; Z),
(¢),

(1.50)
jznn [(1-2)"""F(a,b,c:2) | = (_Dn(‘(’zgfc D1 Rt nbetmz),
(1.51)

d - [zc-l (l—z)b_””F(a,b;c;z)] —(c—n), z"" (=2 F(a—n,b,c—n;z),
dz

(1.52)
.

7|:ZC_] (1 _ Z)(”b_cF(a,b, c; Z)] — (C _ n) Zc—l—n (1 _ Z)a+b—c—n F(a _ n,b —n,c— n,Z)
dz" !

(1.53)
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(1.46) formulani matematik induksiya metodi yordamida isbotlaymiz. (1.46)
formuladan » =1 da ushbu tenglikka ega bo‘lamiz:

diF(a,b,c;z)=a—bF(a+1,b+1,c+l;z). (1.54)
'z c

Hagigatdan ham, gipergeometrik qator (1.9) ga ko‘ra

—F(ab c;z) = Z(a)(g)

ab<(a+1),(b+D), 4 bF(a+1b+lc+lz)

c ko kl(c+1), c

tenglik o‘rinli bo‘ladi.
Shunday qilib, n =1 da (1.46) formula to‘g‘ri. Faraz qilaylik, bu formula » =k
da to‘g‘ri bo‘lsin, u holda

k+1 k
d F(a,b,c;z):di{j F(a,b,c; z)} 7 4 (), (), Fla+k,b+k,c+k;z)=
z z

de+1 (c)k
(L)(‘ﬂ)(ﬂmF(a+k+l b+k+lLc+k+1;z).
¢ k+1
Bu yerda (1.54) tenglikni hisobga olib,
k+1
d o F(a,b,c;z)= MkﬂF(a+k+l,b+k+l,c+k+l;z)

¢ k+1

tenglikka kelamiz. Shu bilan (1.46) formula isbot bo‘ldi.
(1.47)-(1.53) formulalar ham yuqoridagi usulga o‘xshash isbotlanadi.

5. Ikki o‘zgaruvchili gipergeometrik funksiya. Ushbu ikkita ikkinchi tartibli
xususiy hosilali differensial tenglamalarni o‘rganamiz:

0’z 0’z 1974

x(l—x)axz+y(1—x) +[C (a+b+1)x]——bya—ab2—0, (1.55)
0’z 0’z 0z 0z
y(l—y)é\yz+x(1—y)axa [c (a+b +1)y}5—bxa—abz—0(1 56)

buyerda z=z(x,y)-noma’lum funksiya.
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Ta’rif.lkki xva y o ‘zgaruvchili F,(a,b,b,c;x,y) gipergeometrik funksiya deb:

Fi(a,b,b',c;x,y) = i (a)”””(b)m(b’)mxmy” (1.57)

m,n=0 (c)m+nm'n'

qator bilan aniglanuvchi funksiyaga aytiladi.
Bu funksiya birgalikda bo‘lgan (1.55) va (1.56) tenglamalarning yechimi
bo‘ladi. (1.57) qator |x|<l , |y|<] sohada absolyut va tekis yaginlashuvchi bo‘ladi.

Pikar ikki o°zgaruvchili gipergeometrik funksiya F| ushbu

F(a,b,b',c;x,y) =

_ F(C) ,1 a—1(1_A\c—a—1(1_+v\=b(1_,4\-D (1.58)
= @l (j) 1 (1=t)c a1 (1=xt) 2 (1- 1)t dt,

aniq integral yordamida aniqlanishini isbotlagan, bu yerda Rea >0, Rec > Rea.
F(a,b,b',c;x,y)-gipergeometrik funksiyaning asosiy xossalari:
1°. Ushbu
Fi(a,b,b,c;x,y)=F(a,b',b,c;y,x) (1.59)

tenglik o‘rinli.
2%, Rekurrent munosabatlar:
(c=b-b"-1)F (a,b,b',c;x,y)+bF (a,b+1,b",c;x,y)+b'F (a,b,b' +1,¢;x,y) =
= (C - I)E (a,b,b',c - 1;x9)’),

(1.60)
(c—a-1)F (a,b,b',c;x,y)+aF (a+1,b,b',c;x,y)=

=(c-1)F (a,b,b',c—1;x,y). (1.61)
39, Differensiallash formulalari:

0

G—Fl(a,b,b',c;x,y) = %Fl(a +1,b+1,b",c+1;x,y), (1.62)
X c

aiFl(a,b,b',c;x,y) =ﬂFl(a +1,b,b"+1,c+1;x,y), (1.63)
Y c
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%agFl(a,b,b',c;x,y) =F(a,b+Lb,c;x,y)— F(a,b,b',c;x,y),
X

®‘|\<

'%Fl(a,b,b',c;x,y) =F (a,b,b'+1,c;x,y)— F (a,b,b',c;x, ),

(1.64)

4%, Parametrlarning xususiy qiymatlarida bir o‘zgaruvchili gipergeometrik
funksiya orqali ifodasi:

F(a,b,b',b+b"x,y)=(1-y) aF(a,b,b + b';)lc_—yj. (1.65)
-y
5% O‘zgaruvchilarning xususiy qiymatlarida bir o‘zgaruvchili gipergeometrik
funksiya orqali ifodasi:

F(a,b,V,c;x,1) = ? E?_F CE)CF_(‘C’ - Z ; F(a,b,c—b;x) (1.66)

Re(c—a—5')>0,

Fi(a,b,b'c;1,y) = ? E?_F CE)CF_(‘C’ - Z ; F(ab',c—by), (1.67)

Re(c—a—-b)>0,

F(a,b,b',c;x,x)= F(a,b+b',c;x),

(1.68)
6°. Quyidagi tengliklar o‘rinli:

F,(a,b,b',c;x,y) - (l_x)ib(l_y)ib’E

' X Y
C_asbsbsc; D
x—1 y—lJ(lﬁg)

E(a,b,b',c;x,w=<1—x>‘“F1“°(C‘b et

X — —X

)(1.70)

y=X X

Fi(a,b,b’,c;x,y):(l_y)aFi{a,b,C_b_b’,C, D J(171)
y—1 y-1
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F(a,b,b',c;x,y)=(1-x)"" "A-y) F(c a,c—b->b",b",c;x, )lc j(l 72)

Fa,b,b,c;x, y)=(1-x)*(1—p)¢ 470 F (c a,b,c—b—b,c );_f j(173)

3-§. Ixtiyoriy tartibli integro-differensial operatorlar

f(x)-funksiya L(a,b),a<b<w sinfga tegishli bo‘lganixtiyoriy funksiya
bo‘lsin. Ushbu

: I f(t)‘ff, , agar (<0,
’ Ir-0,x-0"
Dust (=1 s (1.74)
4 aDNf(x),  agar £>0,
dx ’
]"(1 g) J. (l‘ f(t))Hf agar f < 0,
: X
Df’bf(X) - n+l
(DLW, agar (>0,

belgilashlarni kiritamiz, bu yerda D’ _ va Df’b ifodalar agar /<0 bo‘lsa, ¢ kasr

a,x

tartibli integral operatorni, agar />0 bo‘lsa, Liuvill ma’nosidagi umumlashgan
hosilani beradi. 7 =[¢]— ¢ sonining butun gismi.
Ta’rifga asosan:

D, f(x)=D,f(x)= f(x) (1.75)

deb hisoblaymiz.

1. Kasr tartibli integral operatorlarning xossalari. Kasr tartibli integral
operatorlar uchun ushbu teoremalar o‘rinlidir, qulaylik uchun /=-a <0, a >0 deb

hisoblaymiz.

1
1.1 Teorema. Agar f(x)eLp(a,b), p>1l, a<b<ow, O0<a<—,
P

=p/(1-pa), bo lsa, u holda D;‘;f(x) € Lq (a,b), shu bilan birga
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1 1
b s Ve b Y
floyereof dx | <kl [lfeofdx |
a a
tengsizlik o ‘rinli, bu yerda k=k(p,a) fagat p va o ga bog ‘lig.

1 _
Natija.Agar p >1vaa =—bo ‘Isa, u holda Da,?c S(x) operator chegaralangan.
P

Teorema. f(x) funksiya (a,b) oraligda o €(0,1] ko ‘rsatkich va M Gyolder
o zgarmasi bilan (a,b)intervalda Gyolder shartini qanoatlantiradi deyiladi, agar
ixtiyoriy x,,X, €(a,b) uchun

‘f(xl)—f(xz)‘SM‘xz—xl‘a, ‘x1‘<1, ‘x2‘<1,

a

()= f ()| < M xi—i

, ‘x1‘>1,

%[>1, (176

L)
tengsizliklar bajarilsa. Qisqacha qilib bunday funksiyalar H yoki H(«) shartini
qanoatlantiradi deyiladi.

Agar o >1 bo‘lsa, (1.76) dan ko‘rinib turibdiki, f'(x)=0  ya’ni
f(x) = const.

H(a) shartni ganoatlantiruvchi funksiyalarning xossalarini keltiramiz:

1°. Agar f(x) funksiya (a,b) intervalda ‘ f '(x)‘ <M chekli hosilaga ega bo‘lsa,
u holda f(x) funksiya Gyolder shartini o =1 ko‘rsatkich bilan ganoatlantiradi
(Lipshits sharti).

2% Agar f(x) funksiya (a,b) chekli intervalda o ko‘rsatkich bilan Gyolder
shartini ganoatlantirsa, u holda bu funksiya f <a ko‘rsatkich bilan ham Gyolder

shartini qanoatlantiradi.
Shunday qilib, kichik « uchun kengroq funksiyalar sinfi mos keladi. Eng tor
sinf bu Lipshits shartini qanoatlantiruvchi funksiyalar sinfidir.

3% Agar f,(x) va f,(x) (a,b) oraliqgda mos ravishda H(c,) va H(a,) shartlarni
qanoatlantirsa, u holda

S1(x)
fz(x)

H)+ (%), /() f(x), (f,(x)#0)

funksiyalar a = min(e, ,a,) shart bilan Gyolder shartini ganoatlantiradi.
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1 1
1.2. Teorema. p>1, —<a<—+1 yoki p=1, 1<a<?2 bo ‘lib,
P P

1
f(x)e Lp (a,b), bo‘lsa, u holda D;Z f(x) (a,b) oraligda a—— ko ‘rsatkich bilan
’ P
Gyolder shartini ganoatlantiradi.

1.3. Teorema.kva o sonlari uchun k>0,a >0, k +a <1 shartlar bajarilsin.
Agar f(x) funksiya (a,b) oraligda k ko rsatkich bilan Gyolder shartlarini

ganoatlantirsa va kichik x—a lar uchun f (x):O((x—a)kj bo‘lsa, u holda

D;i f(x) (a,b) oraligda k +a ko ‘rsatkich bilan Gyolder shartini qanoatlantiradi,

shu bilan birga kichik x —a lar uchun

D% f(x) = Ol(x - a)**),

bo ‘ladi.
1.4. Teorema.Agar g(x)eC (O’A)[a,b] bo‘lsa, u holda g(x)ni

g(x)=g(a)+D. % f(x),

ko ‘rinishda ifodalash mumkin, bu yerda f(x)e C(O”l_a)(a,b) , O<a< AL,

2. Kasr tartibli differensial operatorlar xossalari.

1° /=n+1bo‘lsin, u holda (1.74) va (1.75) munosabatlarga ko‘ra,

1 di’l+1
n+
Da,x f(x) = dxn+1

d
f(x) va n=0 uchun D f(x) = £(x) tengliklar o‘rinli.
’ X

2°. Kasr tartibli differensial operatorlar uchun ekstremum prinsipi.
Musbat, kamaymaydigan @(¢) funksiya hamda f(¢) funksiyalar [a,b] kesmada

uzluksiz bo‘lsin. Agar [a,b] kesmada f(¢) funksiya o‘zining musbat maksimumiga

(manfiy minimumiga) ¢=x nuqtada erishsa, a <x<b va bu nuqtaning ixtiyoriy
kichik atrofida w(¢)f(¢) ko‘paytma y>a ko‘rsatkich bilan Gyolder shartini

qanoatlantirsa, u holda
DZ () f(x)> 0 (DF w(x)f(x)<0). (1.77)
Haqgigatdan ham,
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I'l-a)D! of=I1- a)—[D:xlw( )f(x )J Ia()(t){)(t) dxiw(t)f((ti:j;ng(ﬂ

a

dt +

4o/ 4y, { 4 o] O=00f () 4 o0/ dt}:
dx® (x—1t)" &0 | dx (x—1)° dx , (x—1)°

lim { o(x—&)f(x—¢&)—a(x)f(x) I HCIEINAEI) V. I T (O -o()[(x)

gt ’ (x Z) : (x—l‘)lm

e—0

[ lewsw), aj oW f (), w(x)f(X)}

. (x—1)” (x—1)"* £
Bu yerda & — 0 da limitga o‘tib va ushbu

Eo(x)f(D)d o) f(x)  ox)f(x)

£ x-0)"" @  a(x-a)

i Q=8 f(x—&)—a(x) f(x) _ 0,
£—0 c¢

tengliklarni e’tiborga olib, quyidagi tenglikka ega bo‘lamiz:

M- o) (1) = 2O () (] OOSD=00L®)
o,x ( _a)a y (x f)Ha
Iw(X)f ()=o) f(@) 4,

5 (x _ t)1+a

(1.78)

(1.78) munosabatdan (1.77) tengsizlik kelib chigadi.
Agar o(t)-musbat o‘smaydigan funksiya bo‘lsa, yuqoridagiga o‘xshash natijani

Df , operator uchun ham olish mumkin. Ixtiyoriy tartibli integro-differensial
operatorlar kompozitsiyalari uchun o‘rinli bo‘lgan ba’zi bir munosabatlarni
keltiramiz.

1° Agar f(x)eL(a,b) bo'lsa, ixtivoriy a >0 va deyarli barcha xe(a,b)
uchun
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Dy D f(x)=f(x) (1.79)
tenglik o ‘rinli.

2°. DY f(x)e L(a,b)bo Isin, u holda deyarli barcha x € (a,b) uchun

(x . a)a—k

“D“ S =f(x)- Z[Da fa )x aNa-k+1)
—1<0¢Sn. (1.80)

tenglik o ‘rinlidir.
(1.79) va (1.80) tengliklarning umumlashmalarini keltiramiz.

3% f(x) e L(a,b) bo Isin. U holda:

1) agar p=a >0 bo lsa, u holda
D D f(x)=D, P f(x) , xe(ab), (1.81)

a,x a,x

2) agar a>pB =20 bo'lib, f(x)funksiyaning (a,b)da D;x;ﬂ f(x) hosilasi

mavjud bo‘lsa, u holda

DY DR f(x)=D% P f(x),xe(@b)  (1.82)

tenglik o‘rinlidir.
4%, f(x)e L(a,b) bo‘lib, uning kasr tartibli hosilasi Df J(x) e L(a,b) bo‘lsin,

buyerda n—1< B <n(n>1), uholda ixtiyoriy o >0 son uchun

o \a—k
DL ()= D )= RIE o],

tenglik o‘rinlidir.

50 f(x)eC?N(a,b) va fP(x)eL(a,b) bo‘lsin (¢=1), u holda ixtiyoriy
a (0<a <g) uchun Dgx f(x) hosila mavjud, shu bilan birga n—1<a <n bo‘lsa, u

holda deyarli barcha x €(a,b) uchun ushbu
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a 1 fODx-a) T a) )
DY f00= T 5 D V() (184

tenglik o‘rinlidir.
Biz keyinchalik foydalanadigan ba’zi bir ayniyatlarni keltiramiz:
1.1 Lemma. Agar 0<a,B<lva x*f(x), x P f(x)e L(a,b)bo Isa, u holda
deyarli barcha x €(a,b)uchun

DA (x-a) P D% (x—a)* f(x)=D;%(x—a) " D (x—a) " f(x) (1.85)
ayniyat o ‘rinlidir.

Isbot. Kasr tartibli integral operator (1.74) ga ko‘ra:

Bl NByag.  -a _ 1 t(t-a)’ f(s—a)” _
D= D) 00 = s [T ] T (s =

“(t—a)P(s—a)dt
x=1)"P(t-s)"

AT )F(ﬁ)jf() j

Ichki integralda integral o‘zgaruvchisini ¢ =5+ (x—s)o ko‘rinishda almashtirib

va gipergeometrik funksiyaning integral ifodasi (1.17) ni hisobga olib, ushbu
tenglikka kelamiz:

DK(x=a)y DS (x—a) " [ (x)=
1 T S (s)ds [ anl 1—o )P x
F(Oc)F(ﬁ)I(S a)* P (x—5)! P ot =)

S§—X
X|l-——o0 | do= oy 7 ds.
s—a I'la+p),(s—a)*"(x-ys)

Bu yerdan Gauss gipergeometrik funksiyasining birinchi ikki parametriga
nisbatan simmetriklik xossasidan foydalanib, hamda « va [ larning o‘rinlarini

almashtirib, (1.85) ayniyatning to‘g‘ri ekanligiga ishonch hosil qilamiz.
Lemma. Agar0<2a<lva (x—a)* f(x), (b—x)"% f(x)e L(a,b)bo lsa, u
holda deyarli barcha x €(a,b)uchun
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D! (x—a)* "' D (x—a)™” f(x)=(x—a)*" D% f(x), (1.86)
D¢y(b—x) "' DI b -x)" f(x)=(b-x)""D} 7 f(x) (187

munosabatlar o rinli bo ‘ladi.

Isbot. (1.74) ga ko‘ra
J=D; (x- a)*” 1Do‘l(x a) f(x)— D“l(x a)zalDal(x a)” f(x)=

B 1 i"f(t—a)za] ((s—a)“ f(s)ds _ 1 jf(S)dSJ (t—a)*'dt
CIP(l-a)dx o (x=0* (t—s)" CI(-a)dx c(s—a)" L (x=1)"(t—-s)"
(1.88)

tenglikka ega bo‘lamiz.
(1.88) tenglikning ichki integralida ¢ = x + (x — s)o almashtirish bajaramiz
va (1.17) dan ushbu
2a 1 2a-1
1 J‘ f(S) ( j dSJ‘G—a(l_G)—a
0

(_X=s Jo -

X—a

o

F2(1 a)dxi (s—a)’

1 d
T (2-2a) dx

F(l a,l-2a,2—- 2a jds,
xX—a

tenglikka ega bo‘lamiz, bu yerda (1.47) formulaga ko‘ra differensiallash
operatsiyasini bajaramiz va (1.10) formulani hisobga olib, ushbu

1-2a I f(s) (x

2a
_ —3 Fla22a22axs S‘“d:
F(2 2a) " (s—a)”

B (x—a)"'  f(s)ds
- I'l-2a)y (x—5)*

= (=) D} f ()
yakuniy natijaga kelamiz

(1.86) ayniyat isbot bo‘Idi.
(1.87) ayniyat yuqoridagidek isbotlanadi.
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1.3 Lemma. Agar 0<2B<lva (x-a)" f(x), (b— x)ﬂ_lf(x) e L(a,b)
bo ‘Isa, u holda deyarli barcha x €(a,b) uchun ushbu

Dl_xﬁ (x— a)l_zﬁ D;g (x— a)ﬁ_lf(x) =(x— a)_ﬁ D}Z’_xzﬁf(x), (1.89)

Dy (b-x)PD(b-x)" f(x)=(b-x)" D} f(x), (1.90)

ayniyatlar o ‘rinli.

Isbot. (1.89) tenglikning chap tomonini g(x) orqali belgilaymiz va integro-
differensial operator (1.74) ga ko‘ra

1 J- f(s)ds F  (t—a) P dt

g(x)=D;P(x—a)’ D (x—a)’" f(x) = T2 B) des (s—a)"  (x—1)F (1—s)*

ifodani hosil qilamiz. Bu tenglikning ichki integralida integral o‘zgaruvchisini
t =5+ (x—5)o ko‘rinishda almashtirib,

= jds

—a

281

1 di} (s) xX—s

gwy=—tAj S ( j F( ,
I'2B)dx,(s— a)

tenglikka kelamiz. Bu yerda bevosita differensiallash operatsiyasini bajarib

bo‘lmaydi. Shuning uchun ushbu funksiyani kiritamiz:

1 d**% f(s) (x-s 2p- ( ap X
&l )_F(Zﬂ)dx £ (s—a)"” ﬂ(x a) A\ 2P =L2bs

_S)ds (1.91)

—d

Endi (1.48) formulani hisobga olib, differensiallash operatsiyasini bajaramiz va
(1.10) formulaga asosan, ushbu natijaga ega bo‘lamiz:
g
+
~)

L fx-e) £ 2[”(
gg(x)_F(Zﬁ) (x—&— a)l_ﬁ(x—aj F| B,

L@B-DG-a) P xF f(s)ds
r2p) . (x—s)72F

Bu yerda ushbu
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2B -1) IS f_(s)z = XIS f(S)dS — &Y f(x—e),

12/3

tenglikni hisobga olib, quyidagi tenglikka kelamiz:

e (x-a)” ( xX—a jl_ﬂ (
&= rap) {x—g—a G

LG=a)? dE f(s)ds

¢ j—l}f(x—s)+
—a

I'(2p) dx > (x—s) (1.92)
(1.92) tenglikda & — 0 da limitga o‘tib, ushbu
g =limg (x)=(x-a) "D, 2 f(x),
e—0 ’
yakuniy natijaga ega bo‘lamiz.
(1.89) ayniyat isbot bo‘ldi.
(1.90) ayniyat ham yuqoridagidek isbotlanadi.
1.4 Lemma.Agar ¢(x) e C'%% (a,b) bo ‘Isa, u holda ushbu
sinaz 4(b-x\ D, (1)
D_%¢(x) =cosarnD “¢(x)+ — S dt
o p(x) P () +—— | | A (1.9)
i blx—a\ D Z(t
D¢ (x) = cosax D 4 (x) - 212 | (x j Pui®® 4 1 oa
T  \t—a r—x
D:%(x) = cosam D “¢(x) + Sl;?a”) = j [ a) ¢(Z)dz . (1.95)

D;,i¢(x)=cosaﬂD;2‘¢(x)—Si??”)j( x)al j(b Z) ¢( )dz (1.96)

ayniyatlar o rinlidir (0 <a <1):

Isbot. Ushbu integralni o‘rganamiz:
33



1 %b-x\" dt | ool
cp(x)_ﬂr(a){(b_t) t_xi(t—s) ¢(s)ds |

Bu integralda integrallash tartibini o‘zgartiramiz:

P(x) = (br( )W) f(b t) (t Y o)

Ichki integralni hisoblaymiz:

I(x,s) = j(b_t) HED S, (1.98)

—X

Agars < x <bbo‘lsa, bu integral = x nuqtada singulyar maxsuslikka ega, agar
X<S§ bo‘lsa, bu integralda singulyar maxsuslik yo‘q. Shuning uchun, (1.98)
integralni hisoblashda ikki holni o‘rganamiz: x >s va x<s.

a) X<S bo‘lsin, u holda t—x#0. (1.98) integralda t=s+(b—s)o
almashtirish bajaramiz, hamda (1.17) va (1.10) formulalarga asosan, ushbu tenglikka
kelamiz:

I(x,5) = (s—x)*(b-x)"" (1.99)

sin o

b) X > S bo‘lsin. (1.98) integralning Koshi ma’nosidagi bosh qiymatini
hisoblaymiz. Buning uchun (1.98) ni ushbu ko‘rinishda yozib olamiz:

’I‘(b—t)_“ (t—5)*"" dH’f(b—t)‘“ (t— )" dt}’

I(x,5)= gﬁ{_ (x =)0 -0

bu yerda birinchi va ikkinchi integrallarda mos ravishda integral o‘zgaruvchilarini
t=s+(x—s)oc va t=b+(x—b)o ko‘rinishda almashtirib, keyin (1.17)
gipergeometrik funksiyalarning integral ifodasidan va (1.19) avtotransformatsiya
formulasidan foydalanib, ushbu

34



ot B )

(b —x)"" (b —5)"" F(l_“)r(5)(x_sj§m_]zr(5 S,1-a +5-b_xj (1.100)
I'l—a+90) \b—s o "h—s '

tenglikni hosil qilamiz. (1.100) tenglikning birinchi qo‘shiluvchisiga (1.21) Bols
formulasini qo‘llab, uni ushbu ko‘rinishda yozib olamiz:

I(x,s) = %imKLj (b—x)""(x—5)""" x

—0 b_S

(o) LU=a) _I(a=9) F(éal—ma‘-b_xJ—
rl-oa+d8) I'(a) o "h—s

(1.101)

—(b—5)"(x—s)*" F(oggi55;a) 5F(a,a,5 —a+ I,Z:jﬂ

INa) ' (l-a)=— d tenglikni hisobga olgan holda, ushbu
sin ro
: I'(1- I'(a -
lim 7"(5) Iz2) IMa=9) = —7ctgarn (1.102)
50 I'l—a+9) I'(a)

limitning to‘g‘riligiga ishonch hosil qilish qiyin emas.
Endi (1.101) da 0 — 0 da limitga o‘tib, ushbu

I(x,s)=—nctgan(b—x)"*(x—)*" (1.103)

tenglikni hosil qilamiz
Shunday qilib, (1.99) va (1.103) ga asosan,
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Hx,8) = I(b—t)t (z‘x—s)a o

(1.104)
(s—x)"'(b=x)", x<s

sinar

—retgan(x—s)""(b—x)", x>s

\

Nihoyat, (1.97) dan (1.104) ni hisobga olib,

D(x) = (br(x)) { [¢(s)I(x,5)ds + j #(s)I (x, s)ds}
_ 1 1 ¢(s)ds 1 o(s)ds _
 sinar {COSOM F(oz)f(x—s)1 e F(a)f(s—x)l “} (1.105)

=—— 1 |:COSO£7TD;Z¢(X)—D;Z¢(X):|,

Smaoarw

tenglikka kelamiz, bu yerda (1.93) formula kelib chigadi. Qolgan ayniyatlar
yuqoridagidek isbotlanadi.
Natija. @(x) funksiya D;_?;QD(X) Abel integrali yordamida ifodalansin, u

holda ushbu ayniyatlar o ‘rinlidir:

D“D“@(t):cosm@(x)—Sm‘”f(’; j@(t)dt . (1.106)
T a

a,x—tb
Z‘_

. b _ o
DD* d(f) = cosand(x) — 2T j(b xj POt 1 107)
T T S\ b-—t t—x

Lemma. ¢(x)eC (0’/1)(61,[7) bo ‘Isin, u holda ushbu ayniyatlar o ‘rinlidir:

, (1.108)

; b -
a N~ SImorw Ir—a Hdt
D;.D, (1) = cosamp(x) + > j(x - aj 20,
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D“b atqo(t) cosanp(x)—

sinar & b—t\" o(t)dt
J (1.109)

\b—-x) t—-x

Isbot. Integro-differensial operatorlarning ta’rifiga asosan, (1.74) formuladan
ushbu tengliklarni hosil qilamiz:

F(x)=Dy, tb¢(f)— D“ "D (1)=

s1na7rij dt I @(s)ds _
dx,(x—1)" 7 (s=1)"™

s1n ar d

Dqﬁ(s)ds'[(x 1) *(s— t)“ldt+j¢(s)dsj(x 1 (s— t)“ldt}

(1.110)
(1.110)  munosabatdagi ichki integrallarda integral o‘zgaruvchisini ushbu
ko‘rinishda almashtiramiz:

—t S — Xz x-S Z(x—s
> §S—t= ( )
1-z -z

. (1.111)

(1.111) tengliklarni hisobga olib, (1.110) ni ushbu ko‘rinishda yozib olamiz:

sinarr d X (s—a)/(x— a) a— 1dZ b o0 a—le
F(x)= jgo(s)ds | —jgo(s)ds | |

0 (s—a)/(x-a) 1%

(1.112)

Quyidagi integralni kiritamiz:

X—& (s—a)/(x—a) _a-1 b - Za_l
fi)= | o(s)ds | dz— [ o(s)ds | dz.
a 0 —Z xX+e (s—a)/(x—a)*t ~ %
(1.113)
Bu integralda x bo‘yicha differensiallash operatsiyasini bajaramiz:
4t ormayeen £l g
=@d(x—¢) j +P(x+¢) j +
0 -z (x+&-a)/(x—a) -z

(1.114)

_aja P(s)ds s T (s—aja P(s)ds
a X—a

S—X e S—X
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Endi (1.114) da &€ — 0 da limitga o‘tib, (1.112) ifodadan ushbu tenglikni hosil
qilamiz:

. . o _a-1 b . @
F(x) = sinaz . df . (x) _sinar go(x)JZ dz N J(S aj @(s)ds .
T -0 dx T o 11—z \x-a s—x

Quyidagi integralni hisoblaymiz:

00 Za—l . 1 Za—le o0 Za—le .
Il dz =lim| | -] =lim[ B(a,&) - B(1-a - ¢,¢)] =
0

—Z =0y (1=2)™ (=D

= lim F(é‘){ o) Td-a-é) } = rctgar,
¢20 I'(a+¢) I'(l-a)
demak,
Fn = {ncrgoms(x) +f(s — j P } - cosaump(x) + S | ( — j PO,
7 \X— S—X T \x—a) s—x

Shunday qilib, (1.108) ayniyat isbotlandi. (1.109) ayniyat ham yuqoridagidek
isbotlanadi.
1.5 Lemma isbotlandi.

4-§. Shakli o‘zgargan Koshi masalasi.

Ushbu

(=) "y 1, + (ot A=) g+ (By /e, =0(1.115)

tenglamani z=x+1iy, Imz <0 kompleks yarim tekisligining chekli bir bog‘lamli D
sohasida o‘rganamiz. D soha (1.115) tenglamaning

m+2 m+2

2 (49) 2 =1, BCix+—2—(=y) ? =1,
+2 m+2

AC:x—
m

xarakteristikalari, hamda y =0o0°‘qining AB kesmasi bilan chegaralangan, bu yerda
A(_IDO) ’ B(IDO) .
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(1.115) tenglamada  m, &, va [ -o‘zgarmas sonlar bo‘lib, ular ushbu

shartlarni qanoatlantiradi:

m>0, —m/2< fy<(m+4)/2,

a| < (m+2)/2.

(1.115) tenglama yechimining tuzilishi va differensial xossalari uning kichik

hadlari oldidagi & va B, koeffitsientlariga gat’iy bog‘liqdir.

Bu bog‘liglikni oydinlashtirish maqsadida, & va 8, parametrlar tekisligida
ADy:By—ay=(m+4)/2, DB,:B,+a,=(m+4)/2,
B,Cy:By—ay=—m/2, AC,:B,+a,=—-m/2 ,

A4,D, B, C, kvadratni kiritamiz va P(c,, 3,) nuqtaning bu kvadratda o‘zgarishiga

qarab, (1.115) tenglama uchun masalalar qo‘yamiz.
(1.115) tenglamaning regulyar yechimi deganda, D) sohada ikkinchi tartibli

uzluksiz hosilalarga ega bo‘lgan va bu tenglamani qanoatlantiradigan u(x,y)
funksiya tushuniladi.

1. P(e,, B,) € A4, B,C,U 4,C,UB,C, U {Co}shakli o‘zgargan
Koshi masalasi.

P(ay, B,) € AdyB,C, U 4,C, U B,C, U{C, fboclsin.

Shakli o‘zgargan Koshi masalasi. D sohada (1) tenglamaning ushbu

u(x,0)=7(x), xeJ , (1.116)
: Bo Ou
lim (-y)™ —=v(x), xeJ, (1.117)
y—>—0 8)/

boshlang‘ich shartlarni qanoatlantiruvchi u(x,y)e C(D)NC 2 (D) regulyar yechimi
topilsin, bu yerda 7(x)e C(j) nc? (J), vix)eC 2(J )-berilgan  funksiyalar,
J =(-1,1) y=00°qining intervali.

Shakli o‘zgargan Koshi masalasini Riman metodi yordamida yechamiz. (1.115)
tenglama quyidagi xarakteristik koordinatalarga nisbatan:
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m+2 m+2

2 P =
é::x—m(—y) 2 n=x+ (-y) 2 ,(1.118)

m+2

4 m+2
() 2 20,128

n-¢&=

ushbu

L(u)=u,, + p (1.119)

u u =0,
n-& ¢ n-&7"

Eyler-Puasson-Darbu tenglamasiga o‘tadi, bu yerda

a=m+2(ﬂ0+%) :m+2(ﬂ0—a0)
2m+2) 2(m+2)
& 1'
Ch B,
g
S
.."%1

(1.118) akslantirishda x0y tekislikdagi D soha &0n tekislikdagi
A= A4,,B,C, uchburchakka akslanadi: bu uchburchakning uchlari 4, = 4,(-1,-1),
B, =B/(Ll)vaC, = C,(-1,]) nugtalarda bo‘lib, tomonlari {=-1, —1<n<1; n=1,
—1<&<1; n-&=0 kesmalardan iborat, bu almashtirishda (1.116) va (1.117)
shartlar ushbu

lim w(&n)=1(&),-1<E<I, (1.120)
n—-£—0

a+p
nlfgnlo(miz(”_@j (S—Z—g—zjzv(@, —1<&<1. (1.121)
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ko‘rinishda bo‘ladi.
(1.119) tenglama bilan birgalikda unga qo‘shma

7?9 o B j a[ a j
M()= ——| ——8 |+—| —89|=0. (1.122
)= 2eon 85[77—5 Vonln-¢ (1122

tenglamani ham o‘rganamiz.
Giperbolik tenglamalar nazariyasida R(S,7;6,,7,)-Riman funksiyasi

fundamental ahamiyatga ega va u (1.119) tenglama uchun quyidagicha aniqlanadi:

1) R(S,1:8y,M,) - (& , M) ozgaruvchi bo‘yicha (1.122) qo‘shma tenglama-

ning yechimi bo‘ladi;

2) «f = é:o , 1 =1, xarakteristikalarda R(E ,77;50,770) funksiya ushbu

B
f ﬂdt 77_50 77_50
R ) , ) = —_ | = 1 = .
(So-1:80:10) eXpUO _éoJ exr{ﬂ n%—ioj (Uo—ioj (1.123)

< adt ﬂo—ﬁJ [no_gJa
R(&,1y380:1y) =eXp — =exp aln = (1.124)
My>S0-Mo Xp{ gjo Uo—fJ Xp(oc — —

qiymatlarni qabul giladi, bu yerda 77 <7y, =&, 126

(1.119) tenglama uchun Riman funksiyasi ushbu

(n—&)*+P
1, - &)’ -&)"

ko‘rinishga ega, bu yerda F'(---) Gaussning gipergeometrik funksiyasi va

R(&,m;8,,m,) = F(B,al;0), (1.125)

_(E=&)n-mn)
(& =100 —&)

A, orqali AP: £=¢&,, PP,in=1n, va n=¢& +¢& to‘g'ri chizigning AP, kesmasi

bilan chegaralangan uchburchakni belgilaymiz, bu yerda

P=P(§oﬂ70) J Pl:Pl(é:oaé:o'Fé:) 7P2:P2(770_87770)
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R(S,m; 50 ) 770) va u(&,n) funksiyalar uchun ushbu

2(R(&,n56,.n,)Lu(E,n) —u(&,nMR(E,n;6,,1,)) =

:a(Rau R 20 ., j+ (RGM_MGR_ 2a_
oc\ 0n 877 n-¢ on\ 05 05 n-¢

ayniyat o‘rinli, (1.126) tenglikni A_ soha bo‘yicha integrallab, keyin esa Gauss-

(1.126)

Ostrogradskiy formulasini qo‘llab va Lu=0, MR=0 ayniyatlarni hisobga olib,
ushbu

0= [ (Ra” W R 2P R n—(Ra—”— OR _ 20 uRjdﬁ
N On on m-¢ o5 05 n-¢

tenglikka kelamiz, bu yerda 6A_=PBP,UP,PUPPF, - A, soha chegarasi. Endi P,P
da: dn=0, PH da: d§=0 ekanligini e’tiborga olib, oxirgi tenglikni ushbu:

L
AP, on 577 n- cf 0§ 0 n—é
(1.127)

ou 2ﬁ
_ R — R |d
J( o e )d(’uppl( o o0 7" j !

ko‘rinishda yozib olamiz.
(1.127) tenglikning oxirgi ikki integralini, aniqrog‘i u(&,n) ning hosilalari

qatnashgan hadlarini bo‘laklab integrallab, ushbu

I(Ra_“_ OR __aR uRjdf=u(P)R(P,P)—u(]’2)R(1’2,P)—2ju(g—§+ 2a jd(j

al g o m ¢ -
(1.128)
ou 23
R R |d P)R(P,P)—u(P)R(P,P)(1.129
pg(an agng()”)":”()( )~ u(P)R(P,P)(1.129)

ifodalarni hosil gilamiz. (1.123) va (1.124) tengliklarga ko‘ra, (1.128) va (1.129)
tengliklarning o‘ng tomonidagi integrallar nolga, R(P,P)=1 ga tengdir.
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Shunday qilib, yuqorida aytilganlarni hisobga olib, (1.127) tenglikni ushbu:

_ @Ry +uR), " fla+p  1(6R OR
)= +g{{n—é“2(ag anH”H d5d§+

DI
2 [lon o¢

ko‘rinishda yozib olamiz.
(1.130) munosabatga Riman formulasi deyiladi.
Endi P(a,,B,) nuqtaning 4,C,B,D, kvadratda joylashishiga qarab, (1.115)

tenglama uchun (1.116) va (1.117) boshlang‘ich shartlarni qanoatlantiruvchi shakli
o‘zgargan Koshi masalasi yechimini beruvchi formulalarni keltirib chigaramiz.
A. P(a,B,) € A4 B,C, bo‘lsin. Bu holda a >0, S>0, a+p<l1.(1.121)

boshlang‘ich shartga asosan, (1.21) Bols formulasini hisobga olgan holda, ushbu:

n=f+¢

(1.130)
dé

n=£+¢

(&) (E-&) (&)

(1.131)

:_( 4 j“*” I'(l—a-p)

. [ Ou oOu _
llm(—n——)R(@nagomo) ) Ir(l-a)I(1-B)

n=&+e

tenglikning to‘g‘riligini tekshirish qiyin emas.
Endi quyidagi limitni hisoblaymiz:

[=tlim| %3P p L[ OR_OR
20 m =g 2{08 Jn

u(§,§+8)=

n=&+e

=lim

a0 2(770 _g)ﬁ (n_éo)a

(n_é)omﬁ { B F(,B,a,l;a)+aF(ﬁ’a’l;o-) aa+
n—6 oo o0&

+n_(§0F(ﬂ,a,l,a)+ P 577} ‘n=5+e”(5’5+8)
bu yerdan ushbu:
1_62(770_50)(77_5) 5. = 1= So = Mg

(m=&)n-&) 5 n=& (E-n,) "
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025_50_40__§L

n 2
& =1, (77 - &, )
tengliklarni va (1.46), (1.19) formulalarni hisobga olib, ushbu

m (77 §>a+ﬁ B a,lo o, l;0)+ g (770—5)(77—50) mﬁ)(
'= 15_’02(770 g) (77 ‘.50) {770 —¢ (ﬂ : ) F(ﬁ, - ) ﬁ((%—%)(ﬂ‘&)}

n-%

(77—770)(50_770) (5 50)(50 n‘)) F(l-a,l
y -a,1-3,2,0) u(&.&+e)
{(7750)(5770) (f 770)(77 50) =
(1.132)
tenglikni hosil qilamiz. Oxirgi tenglikda & — 0 da limitga o‘tib,
ra+p)  (1p=&)" (&) 1133

~1(@)r(8)(y, - f)’ “(&- fo)“’

natijaga kelamiz.
Shunday qilib, (1.130) formuladan (1.131) va (1.133) tengliklarga ko‘ra, ushbu

(a+ﬂ f -&)™" ﬂf(é)dé

u(éoano) F(Ol) 5 5) (5 50)

(1.134)

_(LJ“” F(-a=p) F_ v(e)de
m+2) 2r(1-a)I(1-B): (n,-&) (6-&)

l+o
tenglikka ega bo‘lamiz. Bu yerda &= éo +(770 é)) almashtirish bajarib va eski

X,y o‘zgaruvchilarga o‘tib, ushbu

m+2

( y) 2 j(l—t)“l(l—kt)ﬁl dt +

u(x,y):}/leEer
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1 m+2
s 2t m2 o
+2(-5) Ojlv[x+m+2(—y>2]<l—r> CDRCORNIRES

formulaga ega bo‘lamiz, bu yerda

_ T(a+B) iay _ I(2—a—pB)2*""
CREre” T A anep)

(1.135) formula shakli o‘zgargan Koshi masalasining yechimini beruvchi Darbu
formulasi deyiladi.
(1.135)  formulaning tuzilishidan ko‘rinib  turibdiki, agar 7(x),

v(x)e C2<<xl,x2 )) sinflarga tegishli bo‘lib, ular (xl, 2) intervalning chap chegarasi
X, nuqtada mos ravishda S va 1 —a dan kichik, o‘ng chegarasi X, nuqtada mos

ravishda & va 1—f dan kichik tartibda cheksizlikka aylansa, u holda, u(x,))
funksiya [x,x, ] kesma va

m+2 m+2

2 - -
(=y) 2 =X, X+ (=y) 2 =X,
m+2 m+2

x_

xarakteristikalar bilan chegaralangan D sohada ikkinchi tartibli uzluksiz hosilalarga
ega bo‘ladi. Bevosita hisoblashlar yordamida (1.135) formula (1.115) tenglamaning
yechimi bo‘lishini va bu yechim (1.116), (1.117) boshlang‘ich shartlarni
qanoatlantirishini tekshirib ko‘rish qiyin emas. (1.135) formulani hosil qilish
usulining o‘zidan (1.115)-(1.117) shakli o‘zgargan Koshi masalasi yechimi yagona
(Riman funksiyasi Volterra integral tenglamasinining yechimidan iborat) va u
boshlang‘ich shartlarga uzluksiz bog‘liq ekanligi kelib chiqadi.

Agar 7(x) va w(x) funksiyalar (xl,xz) intervalda uzluksiz bo‘lsa, (1.135)
ifodaga (1.115) tenglamaning umumlashgan yechimi deyiladi. Umumlashgan u(x, y)
yechim u yoki bu aniq bir silliglikka ega bo‘lishi uchun, 7(x) va v(x)
funksiyalarning o‘zi ma’lum bir silligliklarga ega bo‘lishi zarur. Keyinchalik
umumlashgan yechimni 4, B, C, xarakteristik uchburchakda o‘rganamiz, bu

xarakteristik uchburchak &=-1 xarakteristikaning 4 C, kesmasi, n=1

xarakteristikaning C, B, kesmasi va buzilish chizig‘i 7] = & ning ABkesmasi bilan
chegaralangan.

2. (1. 115) tenglamaning R, sinfga tegishli umumlashgan yechimlari.

45



Shakli o‘zgargan Koshi masalasi uchun K. 1. Babenko [5] tomonidan kiritilgan
quyidagi umumlashgan yechimlar sinfini kiritamiz.
Ta’rif. (1.115) tenglamaning (1.135) umumlashgan yechimi R, sinfga tegishli

deyiladi, agarda 7(¢) funksiya —1<¢<1 oraliqda a,>1-B, v(t) funksiya esa
—1<t<1 oraligda &, > & ko‘rsatkich bilan Gyolder shartini qanoatlantirsa.

1.6 Lemma.Agar (1.115) tenglamaning u(X,y) -umumlashgan yechimi R,
sinfga tegishli bo‘lsa, u holda U _vau y lar ABC uchburchakda uzluksiz, (— y)ﬂo uesa
y = 0buzilish chizig ‘igacha uzluksiz va ushbu

hm( y)ﬂoéyu—v(x) ~l<x<l1

y—>=0
tenglik o ‘rinlidir.

Isbot. 7(x)e€ C(O’al)[— 1,1] va v(x)e C(O’QZ)[— 1,1) bo‘lgani uchun ularni
quyidagi ko‘rinishda ifodalash mumkin:
t
(6)=7(=1)+ [(t =) p(s)ds,
-1

; (1.136)
V() =v(=1)+ [(1 =) Fy (s)ds,
-1

bu yerda & > 0-yetarli kichik son, ¢(s) va W () esa—1<s <1 kesmada uzluksiz.
(1.136) ni (1.134) formulaga qo‘yib, ushbu:

a+p _ l-a-p
e -rn-(H ]

v(-1)+

a+ﬂ

l-a— ﬁ ¢
U 5) 1ﬁj (t=s) " g(s)ds—

Ot

t.,:,

é

_( 4 "7 r(l-a- ﬂ
m+2j 2r(1-a) I

‘f‘m'—.ﬁ
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tenglikka ega bo‘lamiz. Bu yerda integrallash tartibini o‘zgartirib, «(&,717)ni
quyidagi ko‘rinishda yozib olamiz.

a+p _ l-a-p
u(ﬁ,n):r(—l)—(ﬁj (2721—505)—ﬂ) v(-1)+

L T@+p) (n-&) """ @-s5)""dt
T )r(mw()! ) C-et

L@ b =) sy
e O e

B 4 a+p F(l—a—ﬁ) £ n (f—S)a_1+gdt )
(m"'zj 2F(1—a)F(1—ﬁ)J1W(S)dS£ o

_( 4 ja+ﬂ F(l—a—ﬁ) ]l ]l . a —l+e dt
m+2) 2I(1-a)l(1-B): g (r £)”
(1.137)

(1.137) ifodaning birinchi va uchinchi integrallarining ichki integrallarida
t=n—-(n-&)o ko‘rinishda, ikkinchi va to‘rtinchi integrallarning ichki integrallarida
t=n —(17 —s)O' shaklda integral o‘zgaruvchilarini almashtirib va gipergeometrik
funksiyalarning integral ifodasidan foydalanib, u(&,n) ni quyidagi ko‘rinishda yozib
olamiz:
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+J-¢22 77 S)a M(U 5) (a,l—ﬂ,1+a—ﬂ+8;n_sjds+

a-l+¢ . o o n—é
+J-l//11 77 g) ( ) F£1 Bl-a—-¢e,2—a ﬂ,n_s}ds-k

+jl//22 77 5) ( )a mgXFtl—ﬂ,(Z,l—ﬁ+a+8;n_des
(1.138)

bu yerda

(pll(S)Z(p(S),

F(a+ﬁ)F(l—ﬁ+8) (s),

Pnls)= rBr+a-p+e)’

a+pf
4 j I'l-a-p) ().

W“(S):_(mu 2 Q—a-p)’

[ 4 atp F(l—a—ﬂ)F(aJrg)
Vals)= (m+2) 2r(l-a)(1-B+a+e

(1.138) tenglikning o‘ng tomonidagi uchinchi integral ostidagi ifodani (1.21)
Bols formulasiga ko‘ra quyidagi ko ‘rinishda yozib olamiz:

)I//(S) (1.139)
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I(a)l(p-¢)
F(l—g)F(a+ﬁ—1)

(l_z)l_a_ﬂ Fl-pl-a-¢2-a-F;1-2)=

(1.140)

F(B-¢c,al-¢gz)- F(B-¢c,a,a+p;1-z2)

buyerda 1—z= 77_ 3 . Endi (1.138) formula (1.140) tenglikka ko‘ra, ushbu:
-8
4 a+p-1 (77 _é)lfa—ﬁ
u(é,n)y=t(-1)-| —— -1)+
en-r(0-(z15) R e

5 —s) " _ N/
+j1¢1(S)(U s) F(a,ﬁ g,a+ﬁ,n_s}ds+

+}¢2(s)(n—§)“ (r;—s)aﬁ”F(a,l—ﬁ,1+a—ﬁ+g:n_§]ds+
£ n-

Jw(s)(n—s)’”F(ﬁ—sal—sf‘s ds, (114D
S s ) |

ko‘rinishni oladi, bu yerda

 I(l—a-¢g)r(B-¢)(a)
ra-pri-a-pirie+p-1)

§01(S):§011(S) '7’/11(3),

P,(5)= 0y (s)+ Wy (s),

r(p-e)l(a)
F(l—g)F(a+ﬂ—1)

W1(S): Wu(s)

(1.140) formuladan ko‘rinib turibdiki, U g va u77 hosilalar ABC

uchburchakda mavjud va ular uchun
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e=olo-ere) T=oln-eye)

tengliklar o‘rinli.
(1.141) formuladagi birinchi va ikkinchi integrallardan olingan birinchi tartibli

hosilalar c(n—é’ )_ﬂ "¢ miqdor bilan chegaralangan. Yugqorida keltirilgan
mulohazalarga asosan, ushbu:

m+2 " arp OU  Ou |
("2 oo (G5

- v(—1)+2(m12ja+ﬂ a(lﬂfj)iv/l (s)(n—s)"" x

(1.142)

y B B _ _ .g—S _ a+e
F[l Bl-a—¢,2 e,n_s]ds+0((77 &)

tenglikka ega bo‘lamiz. Shunday qilib, (1.142) tenglikda ifodalarni hisobga olgan
holda 7 —& — 0 da limitga o‘tib, ushbu tenglikka kelamiz:

lim (m+2ja+ﬂ (n_é)mﬂ (8_14_5_%}:
4

e 05 on

& » (1.143)
= v(—1)+ jt// (S)(§ —S)a “ds = v(é)
-1
1.6 Lemma isbot bo‘ldi.

V. P(ao,ﬁo)e A,C,bo‘lsin. Bu holda @ =0, 0 < <1 va Riman funksiyasi
quyidagi ko‘rinishda bo‘ladi:

R(é J é J ) 44
0>°10 ”0 5 ( )
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(1.144) ga asosan, (1.130) formula ushbu ko‘rinishda bo‘ladi:

“(50’770):“(’70_8”70)+2(7;_§0)( u(&.&+e)—u(n, ‘9’70))

(1.145)

+ﬁeﬂ”°j‘gu((§,§+8)—u(no £1h) 4o _(m”j !JL

2 & (770 _g)ﬂﬂ 770 5)

Endi (1.145) da € — 0 da limitga o‘tib, keyin dastlabki X,y o‘zgaruvchilarga
qaytib, ushbu:

m+2 m+2
_ 2P )P 2 lqop s
u(x,y)—{x+m (—y) 2 J —2le x+m+2( y) 2 (1-0)Fdt

m+

(1.146)
yechimga ega bo‘lamiz.

S. P(OCO ﬁo)e B,C, bo‘lsin. Bu holda f=0 , 0<a <1 va Riman funksiyasi
ushbu:

R(ﬁm;ﬁomo)ZE%] (1.147)

ko‘rinishda bo‘ladi.
(1.147) tenglikka asosan, (1.130) formulani quyidagi ko‘rinishda yozib olamiz:

ulg, & +&)rule, +6.8)
2

2(770_5) (”(770 877) u(éj +géj))+

o U ulbated) J(i)“%f W&
% (5""9_50)“—0[ 2\m+2 % (54_‘9_50)0‘

u(€,.n,)=

(1.148)

+_
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Endi (1.148) da &€ — 0 da limitga o‘tib va eski x, ) o‘zgaruvchilarga qaytib,

ushbu:
Lﬂ 2a _ l_ﬂo 1
m+2 7

u(x,y)zr[x
D. P(a,,f,)=C,(0,~m/2)bo‘lsin. Bu holda o= =0 va R(&,n;&,.1,)=1

yechimga ega bo‘lamiz.
Bu yerdan, (1.130) Riman formulasiga ko‘ra, ushbu:

m7+2 -
J(l—’) dt (1.149)

sl 19

ou
———|d
5 22 o agj & (1.150)

tenglikka kelamiz. (1.150) da € —» 0 da limitga o‘tib va eski x,) o‘zgaruvchilarga

D) m+2 D) m+2
T| X - (=y) * |+t x+ (=y) °
m+ 2 m+2

2 (1.151)
Y T P
m+2 +2

Dalamber formulasini hosil gilamiz.

qaytib, ushbu:

u(x,y) =
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II BOB. ELLIPTIK TURDAGI BUZILUVCHAN
TENGLAMALARNING BIR SINFI UCHUN DIRIXLE VA
SHAKLI O‘ZGARGAN XOLMGREN MASALALARI

Bu bobda singulyar koeffitsientli, buziluvchan elliptik turdagi
E()=y"u_ + U, + (ﬁo /y)uy =0, y>0

tenglama uchun Dirixle va shakli o‘zgargan Xolmgren masalalari o‘rganiladi.

1-§. Dirixle va shakli o‘zgargan Xolgmren masalalarining
qo‘yilishi va yechimning yagonaligi.

Z =X+ 1y kompleks tekisligining yuqori Imz >0 yarim tekisligida

Vi +uy, + (,80 /y)uy =0, @.1)

tenglamani  o‘rganamiz, bu yerda m,f,—o‘zgarmas sonlar bo‘lib, m>0,
~(m/2)< B, <1 shartlarni qanoatlantiradi.

Q) — chekli bir bog‘lamli soha bo‘lib, uchlari A(—a,O) va B(a,O) nuqtalarda
bo‘lgan va y >0 yarim tekislikda yotuvchi silliq Jordan chizig‘t I":x = x(s),y = y(s)
bu yerda s— parametr A})B—yoy uzunligi, hamda y =00‘qining AB kesmasi bilan

chegaralangan bo‘lsin. (2.1) tenglama uchun (2 sohada Dirixle va shakli o‘zgargan
Xolmgren masalalarini o‘rganamiz.

Dirixle masalasi. Q2 sohada (2.1) tenglamaning ushbu
u‘rzgo(s) 0SSSZ;M(X,O)=T(X),)C€], (2.2)

shartlarni qanoatlantiruvchi regulyar yechimi u(x,y)e C(Q)nC 2(Q) topilsin, bu
yerda S - [’ chizigning BM yoyi uzunligi,
[ -butun I chiziq yoyi uzunligi: @(s) va 7(x)-berilgan uzluksiz funksiyalar,
shu bilan birga 7(—a) = @(/),7(a) =@(0), I =(—a,a),y = 0 o*qining intervali.
Ekstremum prinsipi (2 sohada (2.1) tenglamaning u(x,y) regulyaryechimi

hech bir (x,y) € {2 nuqtada o‘zining musbat maksimumiga va manfiy minimumiga
erishmaydi.
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Isboti. Ushbu
0(x,y) =u(x, )/ A(y) 23)
funksiyani qaraymiz, bu yerda

- -
A(y):ed O g’ 0,

d —bu Q soha diametri, 0 < & < 1. Bevosita hisoblashlar yordamida
E(u)=A(y)E, ()
tenglikning to‘g‘riligiga ishonch hosil qilish qiyin emas, bu yerda

1 L( B
E,(0)=y"v_ + L, + ;(ﬁo +2y4, ))y + Z(?Ay +4, Ju, (2.4)

Ay = —8(1 - B, )eyl—ﬁo y—ﬁo ;

A4, = ( ﬂo)ze _2ﬂ0+ ﬂo( ﬂo)ey o y

A(% +4 J=——( p ey <o (2.5)

(2.5) tengsizlikka asosan, (2.4) tenglama yechimi 9(x,y) Q soha ichidagi hech
bir (xy,),) nuqtada o‘zining musbat maksimumiga erishmaydi. Hagiqatdan ham,
teskarisini faraz qilaylik, (x,,),) nuqtada 9(x,y) funksiya o‘zining musbat

maksimumiga erishsin, u holda bu nuqtada

ag(xo,yo) I 89(x0,y0) 0 0%9(xy,¥,) <0 829(x0,y0)

> > =Y, S 0
ox dy ox> o°

bo‘lgani uchun, (2.3) dan £,(3) <0.Buesa E,($) =0 tenglikka ziddir. Aynan shu
mulohazalarni takrorlab, 3(x,y) funksiya €2 sohaning hech bir ichki nuqtasida

o‘zining manfiy minimumga erishmasligini ko‘rsatish mumkin.

Shunday qilib, (2.3) ga asosan, (2.1) tenglamaning regulyar yechimi u(x,y)

o‘zining musbat maksimumi va manfiy minimumini €2 sohaning ichki nuqtalarida
gabul gilmaydi.
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2.1-teorema. Q) sohada (2.1) tenglama uchun qo ‘vilgan Dirixle masalasining
yechimi mavjud bo ‘Isa, u yagonadir.

Isboti. Faraz qilaylik, qo‘yilgan masala ikkita u, va u, yechimlarga ega
bo‘lsin, u holda berilgan tenglama va chegaraviy shartlar chizigli bo‘lgani uchun

W=U, — U, funksiya(2.1) tenglamani va bir jinsli

wir = (ug —uz)lr = @(s) — @(s) = 0;

w(x,0) =u(x,0) —u,(x,0) =1(x) —t(x) =0, (2.6)

shartlarni qanoatlantiradi. Ekstremum prinsipiga ko‘ra, Q sohada uzluksiz w(x, y)

funksiya o‘zining ekstremumlarini fagat 6Q =T U AB da qabul qiladi, ya'ni

0= min wix,y)< w_(x,y)< max w(x,y)=0

Bundan esa w(x,1)=0, (x,7) e Q.

2.1- teorema isbot bo‘ldi.

Shakli o‘zgargan Xolmgren masalasi. (2 sohada (2.1) tenglamaning ushbu

. 0
ur=g(s) 0<s<i; lim y°Z=v(x) yer, @.7)
y—+0 6y

shartlarni qanoatlantiruvchi yechimi  u(x,y) e C(Q) NC?*(Q) topilsin, bu yerda
@(s) funksiya 0<s </ da uzluksiz, v(x) funksiya esa / intervalda uzluksiz bo‘lib,
bu intervalning chegaraviy nuqtalarida 1-2f8 dan kichik tartibda cheksizlikka
intilishi mumkin, § = (m + 26,)/2(m + 2).

2.1-lemma. Agar Q sohada M(X, y) funksiya:

1) u(x,y)eC Q)N C 2 (€) Em)>0(<0) shartlarni qanoatlantirsa va €
sohada o ‘zining eng katta musbat (eng kichik manfiy) qiymatini (x(),0) , xo € 1
nuqtada gabul qgilsa,

2) u(x,y) ning I chizigdagi giymati u(xy,0) giymatdan kichik (katta)
bo‘lsa, u holda
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y—=>+0

ou
lim y7 ==<0, (>0),
oy (2.8)

tengsizlik, (bu limitni mavjud bo ‘lishi sharti bilan) o ‘rinlidir.

Isboti. Musbat maksimum holini o‘rganib chiqamiz. Bevosita hosila ta’rifidan,

0
lim 70 o)
y—>+0 8y

tengsizlikning bajarilishi mumkin emas. Faraz qilaylik,

hnl}ﬁOEyEEEX):O

y—+0 5)/ 29)

bo‘lsin. d orqgali €2 sohaning diametrini belgilaymiz. Umumiylikni buzmasdan,
H(XO,O)ZI deb olishimiz mumkin. Lemma shartiga ko‘ra, (m?xru(x,y)ﬁ l-¢,
xX,y)e

bu yerda 0 <& <1. Ushbu

olx, y)=ulx,y)/ A(y),
funksiyani kiritamiz [33], bu yerda

1- 1-
Alp)=e"" -
I" chizigda
l-¢ l-¢ 1
L(xhy)ﬁ — —— < ——— <——
edl ﬂo__geyl Bo edl ﬂo(l__g) edl Bo B
[— 1,1] kesmada esa
1 1
U(%O)S‘i;tgg———, Ucﬁvo): 1B -
e — e —&
Ushbu
E(u)=A()E (), (2.10)
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tenglikning to‘g‘riligiga ishonch hosil qilish giyin emas, bu yerda E| (3) (2.4)
tenglik bilan aniglanuvchi operator. Lemma shartiga ko‘ra, (2.10) tenglikdan
El (3) 20 tengsizlik kelib chigadi. Bundan tashqari, (2.9) tenglikka ko‘ra,

limyﬁo Gu(xo,y): g(l—ﬁo) >0

2
y—+0 @y (edl—ﬁo —gj

Bundan esa (x,,0) nuqgtaning shunday kichik atrofi borki(y >0), bu atrofda

0
5U>O ya'ni U(x,y) funksiya bu atrofda X = X,y chizig‘ida o‘suvchi bo‘ladi va

o‘zining eng katta qiymatini soha ichida qabul qiladi, buning esa (2.5) tengsizlikka
ko‘ra bo‘lishi mumkin emas. Yuqoridagi mulohazalarni takrorlab, manfiy minimum
holini ham o‘rganish mumkin.

2.1-lemma isbot bo‘ldi.

2.2-teorema.Shakli o ‘zgargan Xolmgren masalasi (2.7) shartlarga mos bir
jinsli shartlarda fagat aynan nolga teng bo ‘Igan yechimga ega.

Isboti. (2.1) tenglama uchun ekstremum prinsipi va 2.1-lemmaga ko‘ra, shakli
o‘zgargan bir jinsli Xolmgren masalasining u(x,y)eC(Q) yechimi o‘zining
ekstremumlarini /" da qabul giladi, ya’ni

0= min u(x,y)<u(x,y)< max u(x,y)=0
(x,y)el (x,y)el

Bu yerdan
u(x,y)=0, (x,»)eQ.

2.2-teorema isbot bo‘1di.

2-§. Potensiallar nazariyasi.

Elliptik turdagi
m —
y uxx+uyy—0, m>0 (2.11)

buziluvchan tenglama uchun potensiallar nazariyasi S. Gellerstedt tomonidan
qurilgan va bu nazariya asosida elliptik turdagi tenglamalar uchun qo‘yilgan asosiy
chegaraviy masalalar yechimlarining integral ifodasi aralash turdagi tenglamalar
uchun chegaraviy masalalarni o‘rganishda juda qulay hisoblanadi. S. Gellerstedtning
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potensiallar nazariyasi aralash turdagi tenglamalar nazariyasining yanada
rivojlanishida juda katta ahamiyatga ega.

(2.1) tenglama uchun potensiallar nazariyasi (2.11) tenglama uchun qurilgan
potensiallar nazariyasi bilan katta bog‘liglikda bo‘lsada, ayrim muhim farqglarga ega.

(2.1) tenglama bilan birgalikda unga qo‘shma
E*(v)=y"v, » TU, (ﬁo/y)u +(,Bo/y )u =0,2.12)

tenglamani ham o‘rganamiz.
Ushbu

E'(yP0u)= yP0 E(u), (2.13)

munosabatni bevosita tekshirib ko‘rish qiyin emas.

1. Grin formulasi. Ushbu ayniyatni o‘rganamiz:

uE" (v)—vE(u) :a—i[ym(uux —qu)]—kg{uvy —vu, —%uu}.

Bu ayniyatning ikkala tomonini €2 soha bo‘yicha integrallab va Gauss-
Ostrogradskiy formulasini qo‘llab [33], quyidagi Grin formulasini hosil qilamiz:

J;Sl.[uEk(u)—uE(u)] dxaﬁ/:—j(uu —vu —&uu}& V" (uv, —ou, ) dy,

y

bu yerda y - kontur €2 soha chegarasi.

Agar u(x,y) va v(x,y) funksiyalar mos ravishda (2.1) va (2.12) tenglamaning
yechimi bo‘lsa, u holda oxirgi formuladan ushbu tenglikni hosil qilamiz:

j{uAS[U]_uAS[u]+%uud_}ds 0 o1

/4
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dy 0 dx 0
Bu yerda AS[ 1=»" Y —konormal hosila, /" chiziqgda s yoy

uzunligining sanoq boshi B(1,0) nuqta hisoblanadi. Shuning uchun %zcos(n,x),
s

dx =—cos(n,y), n—y chiziqqa o‘tkazilgan tashqi normal. (2.14) formulada v = yﬁ 0

ds
deb hisoblab, ushbu

Jy" 4 [u]ds=0 2.15)
/4

tenglikka kelamiz, ya’ni (2.1) tenglama yechimining konormal hosilasini yﬂ 0 ga

ko‘paytmasidan ¥ kontur bo‘yicha olingan integral nolga tengdir.

Endi (2.14) formulada U = yﬂ O u niu’ ga almashtirib, ushbu:

2 2
Po| \m 01 +(a—u) dedy = [vP0u A Tulds
Jg{y y (axj o ly iy [u] (2.16)

formulaga ega bo‘lamiz, bu yerda u(x,y) (2.1) tenglamaning yechimi.

2. (2.1) tenglamaning fundamental yechimlari. (2.1) tenglamaning
yechimini

B
u= (rlzy a)(a) (2.17)
ko‘rinishda izlaymiz, bu yerda
r2 m+ 20
O =—— 5 = —0QC R
n 2(m+2)
2
2 m+2 m+2
r 4
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(o )-noma’lum funksiya (2.17) ni (2.1) tenglamaga qo‘yib va @(0') ga nisbatan
ba’zi bir hisoblashlarni bajarib, ushbu

E[(rlzyﬂa)(a)]z G(I—G)Z;az) +1-(+ 2,8)0]2—2_)—,82(0 =0

Gauss tenglamasiga kelamiz.

Bu tenglama o =1nugqta atrofida quyidagi ikkita chiziqli erkli yechimga ega:

a)l(G)ZF(ﬁ,ﬂ,zﬁ; 1_6)
(2.18)
w,(c)=(1-0)"F1-p,1-p,2-2B;1-0)

(2.18) n1 (2.17) tenglikka qo‘yib, ushbu:

6 (% v 5. 0) =k () F(B.B.2B:1-0)

4 Y -p 1-28
qz(x,y,xo,yo)zkz( ) (r]z) (1-0) "xF(1-B,1-B,2-2f;1-0)

m+2
(2.19)
yechimlarga kelamiz, bu yerda
1 4 Y'T(B . 1( 4 j“ﬁ r’(1-5)
Tan\me2) T(2B) 7 4r\m+2) T(2-28) @20

Bu funksiyalar (x, y)o‘zgaruvchilarga nisbatan (2.1) tenglamaning yechimidan
iborat, shu bilan birga yaxshi ma’lum [81]
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F(a+b)

r(a)I(b)

F(a,b,a+b;1—0)=— F(a,b,l;o)ln0+

+

F(1+k) (2.21)

I(a+b) F(a+k)1“(b+k){21“'(l+k)

r*(a)r? (b)kZo (k1)

F(a+k) F(b+k)

I'(a+k) F’(b+k)}0k

formulaga ko‘ra bu yechimlar » >0 ga, ya'ni 0 —>0 ga intilganda logarifmik
maxsuslikka ega. Demak, (2.19) yechimlar (2.1) tenglamaning fundamental
yechimlari ekan.

Bevosita hisoblashlar yordamida (2.19) formulalardan

: Oq,\x, 3%, Y
ili%yﬂo 1( = 0 0)20) (2.22)

9> (x,O;xO,yO)z 0, (2.23)

tengliklarni to‘g‘ri ekanligini ko ‘rsatish mumkin.

3. Ikkilangan gatlam potensiali. W(l)(x, y) I" chizigning parametrik tenglamasi
x=x(s) , y=y(s) bo‘lsin, bu yerda s B(a,0)-hisob boshidan M (x(s), y(s)) e I’

nuqtagacha bo‘lgan chizigning yoy wuzunligi,/” chiziq quyidagi shartlarni
ganoatlantirsin:

1) x(s), y(s) funksiyalar [O,l ] kesmada birinchi tartibliuzluksiz hosilaga ega va
bu hosilalar bir vaqtda nolga aylanmaydi.

2) x"(s ) , ¥"(s) hosilalar [O,Z ] da Gyolder shartini ganoatlantiradi.
3) I' chizigning 4 va B nuqtalari atrofida

dx

<cy™\(s), (2.24)
ds
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shart bajariladi, bu yerda ¢ — o‘zgarmas son, /" chiziqning o‘zgaruvchi nuqtalarining
koordinatalarini (5 ,17) orqali belgilaymiz.

Ushbu

wW(x, )= Iul()ﬂﬁo()/lt[ql( On(e)rxy)lae, 25

integralni o‘rganamiz, bu yerda L, (t)eC [O,I ] )

A =[x, )] =" —F ——- —_—

(2.25) tenglama bilan aniglangan integralni ikki gatlam potensiali deb ataymiz.
Ravshanki, W (x,y)-funksiya y >0 yarim tekislikning, " chiziq hamda Ox o‘qi

nuqtalarini o‘z ichiga olmagan ixtiyoriy sohada (2.1) tenglamaning regulyar yechimi
bo‘ladi.

2.2-lemma. ,ul( )E 1 bo ‘Iganda ikkilangan qatlam potensiali
W(l)(x y)= W( )(x y) uchun ushbu:

0 ,agar (x,y ) nugta oy o'qidan
yuqorida joylashib, (x,y ) ¢ Q bo'lsa;

W](l)(x’y): —~1, agar (x’y)e QU (— a,a) bo'lsa; (226)

_% , agar (x,y)e ry {(— a,O),' (a,O)}bo'lsa.

munosabatlar o rinlidir.
Isboti.

a) (x, y) nuqta €2 sohadan tashgaridan hamda Ox o‘qidan yuqorida joylashgan
bo‘lsin (2.15) va (2.22) tengliklarga asosan
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= 0" ()4 q,(£().n(t)ixp) [d=0, (x.)eQ, y>0

b)(x,y) nugta Q soha ichida yotsin. ©Q sohadan markazi (x,y) nuqtada
bo‘lgan va radiusi p ga teng bo‘lgan doirani ajratib olamiz va €2 ning qolgan
gismini € orqali belgilaymiz. Cp orqali ajratib olingan doiraning aylanasini
belgilaymiz.

Q2 , sohada ¢, (&(z)m(¢)x,») funksiya (2.1) tenglamaning regulyar yechimidan
iborat bo‘ladi. (2.15) tenglikka ko‘ra:

™ 4,lq,(&@)n(e) x,y)ke =0,

GQP

bu yerda 0Q =TI U4BUC,, bu yerda C  —integrallash yo‘nalishi soat strelkasi

harakati bo‘yicha ekanligini anglatadi. Bu yerdan (2.22) tenglikni hisobga olib,
ushbu:

! ™ )4 [ (E@)n () x, vt = 1P A [q,(E@),n(@0);x,y)dr

Cp

tenglikni hosil qilamiz, demak

w(x,y)= ™ O4 g En@rx )b @

Cp

Bevosita hisoblashlar yordamida ushbu:
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At[ql(é(t),n(t);x,y)]: ’B F(B.p-1,2B;1-0)4 [lnr ]+

m+2 m

L APk oy

T2 0
1

(B+1B,28+11-0) digt) =0(s;x, )+ P(s;x,y)

(2.28)

tenglikni to‘g‘ri ekanligini tekshirib ko‘rish qiyin emas.

Konormal hosilaning bu qiymatini (2.27) formulaga qo‘yib, quyidagi tenglikni
hosil gilamiz:

,Bk
i (x,y)= [ 0" (¢) ——ﬁF(ﬁﬂ 1,2B:1-0)x
S
s o
4Bk, y 77 dé(t
x4, Inr* |+ a2 F(B+1.p.2B+L1-0)— dat
Markazi (x, y) nuqtada bo‘lgan ushbu:
f:x+pCOS§D, n:y+psinq0 ) (2.30)

qutb koordinatalar sistemasini kiritamiz. Kiritilgan qutb koordinatalar sistemasida

4 m+2 m+2 m
m+2 n T
n 2(& —x)dn d¢

Allnr?|= —
z[ V] n 2 B 7 (2.31)

bu yerda
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rt=(&—x) +(L(nm;2 —;vm;zj =p cos @+

4 Loy ma’
+m[()’+,08m€0)2 -y J

Darajali ifodaning quyidagi

(a+b)”=a”+ua”_1b+wa”_2b2+... ,

m+2

yoyilmasini (y +sin (p)T ifodaga qo‘llab, ushbu:

rP=p° cos2¢+%x
(m+2)

m+2

> m+2
Xy +

y’;psin¢+0(p2)—y | =

=p’cos’gp+y"p’ sin2¢+0(p3)

tenglikka ega bo‘lamiz, bu yerda O(pz), O(p3) — mos ravishda pz, ,o3 tartibli
cheksiz kichik miqdorlar.
Shunday qilib,

m

2(y+psing)” cos’ g +2y2 sin2¢(y+psin¢)’; +0(p)
cos’ ¢+ " sin’ g +0(p)

A Ins? |dr = do

(2.32)
(2.32) tenglikda p — 0 limitga o‘tib, ushbu:
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lim A4 [lnr ]dt = 2y” do (2.33)

p—0 cos’ @+ y"sin’ ¢

tenglikni hosil gilamiz. (2.30) tenglikdan p >0 da § - x, n — y, demak o — 0.

Endi llr% pln p =0 tenglikni hisobga olib,
p—>

lim pF(1+ B,B,2B8+1;1-0)=0. (2.34)
p—0

tenglikni hosil qilamiz. (2.29) tenglikda p —0 da limitga o‘tib hamda (2.33) va
(2.34) tengliklarni hisobga olib, ushbu:

! (x,y —hmj.n [ f(t),n(t);x,y)}dtz

p—0

m (2.35)
4 28 , Al yrigd
_2pk (—j F(B.A-126:1) | 3
m+2 0 m
1+[y 2 tgqﬁj
tenglikni hosil qilamiz. Xosmas integralning ushbu
L d (y%gqu
J— =2
"1+ ( y%gqﬁj

qiymatini va F(8,5-1,28;1)=I'(28)/Br*(B) tenglikni e’tiborga olib, (2.35)
tenglikni quyidagi ko‘rinishda yozib olamiz:

T

-2
) =—a 4 Ff(ﬂ;kl,
m r“(B

yoki k; ning (2.20) dagi qiymatiga asosan, Wl(l)(x, y)=—1, (x, y)eQ tenglikka
kelamiz
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s)(x,y) nuqta I” chizigda yotuvchi M (x(s),y(s)) (0 < s <) nuqta bilan ustma-
ust tushsin, bu yerdas — berilgan nuqtaning yoy absissasi. Wl(l) (x,y) potensialning
to‘g‘ri qiymatini topamiz.

Markazi M, nuqtada bo‘lgan p radiusli C aylana yasaymiz. /" chizigning bu
aylana ichidagi qismini [” , orqali, qolgan qismini /"\ /"~ orqali belgilaymiz. C,
aylananing € soha ichida yotgan qismini C;) orqali belgilaymiz va I'\I"), C;),
hamda Oxo‘qining [-1,1] kesmasi bilan chegaralangan sohani Q » orqali
belgilaymiz.

Wl(l) (x, y)-ikki qatlam potensialining to‘g‘ri qiymatini ushbu:

() y(5) = [ ()4, [ GOy hx(s) 5D, 236

0

orqali belgilaymiz, (2.36) integralda é(t), n(t) —o‘zgaruvchi koordinata, x(s),y(s)
—fiksirlangan koordinata.

(2.28), (2.31) tengliklardan ko‘rinib turibdiki, (2.36) tenglikdagi integral
ostidagi funksiya =5 bo‘lganda singulyar maxsuslikka ega, ya’'ni integral xosmas

integraldir. Shuning uchun, (2.36) ni xosmas integralning ta’rifidan foydalanib
hisoblaymiz:

(x(s), pls)=tim [0 ()4 [y (E(Ohn(ehx(s) ()t 237)

p—0
F\Fp

(2.22) tenglikni hisobga olib, (2.37) ning o‘ng tomonini quyidagicha
almashtiramiz:

WO (x(s). () =lim [ 0" (1) 4 [ (£0).n(e) 2x(s).v(s)) Jar+

p—)Orr
\P

dt +
n(1)=0

+AIB’7/3° (4] . (£(0).n(t) :x(s).5(5)) ]
+'C[, n" (1)4, |:q1 (&(¢).n(r) ;x(s),y(s))]dt_

_'C[, n’ (1)4, |:q1 (5(1),77(0 QX(S),y(S))]dt,
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bu yerda -C;, integrallash yo‘nalishi soat strelkasi harakati bo‘yicha bajarilishini
bildiradi.
Shunday qilib,

W (x(s).v(s)=tim [ 0" ()44, (5(e).m(e):x(s).x(s)) J e+

D

(2.38)

+lim [ 0”0 (6) 4] ¢, (£(1).m(2):x(s),(s)) ] ar

p—)O ’
S

My(x(s), y(s)) & Q, bo‘lgani uchun, ¢ (E@),n(t)x(s), v(s)) Q2 , sohada (2.1)
tenglamaning regulyar yechimi bo‘ladi, bu yerdan (2.15) ni e’tiborga olib, ushbu:

(s) o (s)) = i [ () ey (Ehm(pls) s, 230

tenglikka kelamiz.
Markazi M (x(s), y(s)) bo‘lgan
E(t)=x(s)+ peosp, n(t)=y(s)+ psing,

qutb koordinatalar sistemasini kiritamiz: (f(t),n(t))e I" bo‘lib, 5'(1 ),n'(t ) uzluksiz
bo‘lgan uchun, (2.28), (2.32), (2.33) ni e’tiborga olib, (2.39) dan ushbu:

. B N
W, (x(s),y(s))=—2k1ﬁ — ><F(ﬁ’ﬁ_l’zﬁ’l);coszq5+y”’sinz¢’

tenglikka kelamiz, bu yerda ¢, (£(¢).7 (¢))e T nugtada I" chiziqqa o‘tkazilgan
urinma bilan X o‘qi orasidagi burchak ¢, =@, + 7. Bu yerdan (2.20) ga ko‘ra, ushbu

W (x,y)= —%, (x,y)erl, (2.40)

tenglikka kelamiz

d) Endi (x,y) nuqta absissalar o‘qida joylashgan holnio‘rganamiz.
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y=0 to‘g‘ri chizigni o‘tkazamiz, bu yerda ¢ -juda kichik musbat son. €
orqali €2 sohaning y =95 to‘g‘ri chizigdan yuqorida joylashgan gismini belgilaymiz,
Ao(x1,5) va Bo(x2,5 ) orqali esa y =9 to‘g‘ri chizigning I’ chiziq bilan kesishish
nugqtalarini belgilaymiz. Wl(l)(x,O) ikki gatlam potensialini quyidagicha yozib olamiz:

& ! =3 /

Wl(l)(x,o)z[J;+J‘ + I +AJ' —AL ]nﬁo (t)A,[ql(é(t),n(f);xao)]df=

&y ! —£ OBO

(2.41)
bu yerdaI" = BB,U B 4, 4,4; A,B, ={y =8,x, <x<x,}. Shunday qilib, bu yerda €]

) )
va € mos ravishda 44, va BB, yoylar uzunligi. (2.41) ning oxirgi integrali (2.15)
tenglikka ko‘ra nolga teng. Shunday qilib,

&

W0 (5.0)= [ (040 (&) (0):.0) e+ [ 0™ (4 (£(0) (1) .0) -

0 l—s]

‘fzﬂﬁo OA4] 4, (£0.n(0)x,0) ]|, dt

M

Bu yerda x; = x (l - 81), Xy =Xy (82) lar mos ravishda A4, va B, nuqtalarning
absissalari ¢ (é,n;x, y) dan 1 bo‘yicha hosilani hisoblaymiz, dastlab uni
quyidagicha yozib olamiz:
- k
a,(&mxy)=k (7)) " F(B.B2B1-0)= " | (1-0) F(B.B.2B:1-0) |

2 2)\f
(=)
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aql (éarl;x, y) —8/3](] y(m+2)/2r]m/2 5
B ' X(l-o) F 2B:1-c)—
877 m+2 (],12_}/,2)ﬂ+l ( G) (ﬂaﬂ: ﬂa U)

m+2

- ﬂ(l—o)“F(ﬂ+1,ﬂ,2ﬂ;1—o)x[ - (y“"””z—n<’"”>/2)n'"/2—(l_“)”—

4Pk w2 ()2 _(me2))2 :
4 0 m+ m = " y -n F(B-1B.2B1-0)-
_m+2:4(y( 2)/2_H7( 2)/2)77 /2 (m+2)r2}’12ﬂ ( ) ( )
1

~ 8ﬂk]y(m+2)/2nm/2
(m + 2)1”12(ﬂ+1) (1 — 0)

| F(B.B.2B:1-0)—cF(B+1,B8.2B:1-0)].

(2.42)
Bu yerda (1.35) va
(c —b)zF(a,b,c +1;z): cF(a —l,b,c;z)— c(l — Z)F(a,b,c;z) ,
formulani qo‘llab, (2.42) ni ushbu ko‘rinishda yozib olamiz:
ag] (5»77;?5» y) 4k1ﬁ m/2 (m+2)/2 (m+2)/2
= — F -1,2B;1-0)—

on (m+2)r2ﬁw><77 (y g ) (B.p-12f:1-0)

,(2.43)

4 =2(B+ m+
_ 4Pk r 2(p 1)y( 2)/217’"/2F(ﬂ+1,ﬂ,2ﬁ+1;1_G)
m+2

(2.43)da y =0, n(¢t)=5 deb, uni ushbu:

-1-p
%) t),0;x,0 4Pky <+ 45m+2
¢1(£(t).6:x.0) — 6215 1{(§—x)2+—} » (2.44)

on m
ko‘rinishda yozib olamiz.

Shunday qilib,
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)C2 ’
o5 By j [1 + ( m;— 2 5 (5 )J } ds

|

bu yerda

- [0 4 (&0 ()i 0) ot

)

4,(e,)= I”ﬁo (t)At[ql (é(t),n(z);x,O)]dt.

0

(2.45) tenglikdagi integralda integral o‘zgaruvchisini ushbu
t=(m+2)&-x)25m2)2

ko‘rinishda almashtirib, (2.45) ni quyidagicha yozib olamiz:

28 a, _
WO (x,0) =4, (& )+ 4, (&, ) -2k x( 2 j [(1+27) P,

m+2

9

bu yerda

a

h g (m+2)/2 7 5(m+2)/2
(2.46) integralni ushbu hollarda hisoblaymiz.

71

_(m+2)(x1—x)’ (m+2)(x2—x).

(2.46)



1) (x,O) nuqta (— a,a) interval ichida joylashgan bo‘]sin, bu holda 6 — 0 da X
a lim 4, (g, )=0 k=12

va 2 mos ravishda ~ ¢ va ¢ ga intiladi va 5_ . Shunday

qilib, 0 =0 4a ikki qatlam potensiali ushbu

28 o )
Wl(l)(x,0)=—2ﬂk1( 2 2) 2] ar . e

m + o

ko‘rinishni oladi.

Ushbu ma’lum:

% NB ﬂF(Zﬂ)
_[0(1+t ) dt_zzﬂ‘lﬂfz(ﬁ)»

tenglikka asoslanib, (2.47) dan

-2
(o) _ 4 rp
m (x,O) 4yrk1(m N 2) 2 ( ,B) : (2.48)

tenglikka kelamiz. Endi (2.48) ga (2.20) dan A ning qiymatini qo‘yib, yakuniy natija

N—

w(x,0)=-1 (2.49)
tenglikka kelamiz.

2. (x,0 )nuqta(—a, 0) nuqta bilan ustma-ust tushsin, u holda:

(m + 2)(x1 + a) 0. - (m+2)x, +a)
25(m+2)/2 » 2 25(m+2)/2

O£1=

I'chizigqga qo‘yilgan (2.24) shartga ko‘ra, (—a, 0) nuqta atrofida
(xl + a)< cs™! tengsizlikka ega bo‘lamiz, bu yerdan 6 ning nolga intilishidan «,
ning ham nolga intilishi kelib chiqadi, ya’ni 6 -0 , a; = 0 . Shunday qilib, (2.46)
da 6 — 0 da ushbu:

5 Y e 1
L= 22 ) e
0

tenglikni hosil qilamiz.
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3. (x,())nuqta endi (1,0) nuqta bilan ustma-ust tushsin, bu yerda ham 2) dagi
mulohazalarni takrorlab,

Y (1,0)=—
tenglikka kelamiz.
Shunday qilib,
rO, azap |x|>a ,
-1
Wl(l)(x,O)z , aeap |x|<a ,

(2.51).

1 azap |x|:a.
5

\

Lemma 2.2 isbot bo‘ldi.

2.3-lemma.Agar I’ chizig 59-betda qo ‘yilgan barcha shartlarni ganoatlantirsa,
u holda shunday V soni mavjudki, uning uchun

()4 [CL (f(t),n(t);x,y)]‘dt <B

tengsizlik yugori yarim tekislikda yotuvchi ixtiyoriy (x,y) nugta uchun o ‘rinli
bo ‘ladi.
Isboti.(2.28) formuladan foydalanamiz. P(t 3 X, y)funksiyaning aniqlanishidan, u

fagat [’ chiziq nuqtalarida fagat logarifmik maxsuslikka ega bo‘lishi mumkin,
shuning uchun ham
[

[[P(t:x,p)dt < cie = 0, (2.53)

bu yerda c¢; — x, yo‘zgaruvchilarga bog‘liq emas.
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T‘P(f;x’y)‘d’f va j‘P(t;x,y)\dt
0

l—¢&

integrallar bir xil baholanadi. (2.24) tengsizlikka asosan, yuqoridagi integrallardan
birinchisi uchun

me2m g
ma 2 r2ﬂ+1 -2
1

tengsizlikni hisobga olib, ushbu

£ & m+1
[[P(t;x,y)dt < C;y [F(1+ B, Bi1+2p;1 —o )t (t)dt <C;  (2.54)
0 0

tengsizlikka kelamiz.
Shunday qilib, (2.53) va (2,54) tengsizliklarga asosan,

&
HP(t;x,y)(dtS Cy . (2.55)
0

Endi

”Q (t;x,7) \dz_j 7 n" (t)x|F(B.B-1.2B:1-0)|

At[lnrz}

(2.56)

integralni baholaymiz.
(2,53)da
2
~ 2
=—"Dn""?.¢ =¢,
m+2

almashtirish bajarib va (&,77) tekislikda 7" uzunligini S deb belgilab olamiz.
Ushbu hisoblashlarni bajaramiz:
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om a’_n@lnr2 _d_g@lnrz_
T dt ot dt 0On

4 [lnrz]

2.57
2n"(E-x)dn 2 2 ™2 2 M) mgg (27
= — T 7 n -~V n-—
r dt | m+2 m+2 dt
bu yerda ushbu
5  m*2 m 5 M2
f=—"n? ,dif=ndn, §=——y > ,F=(E—x] +({-5)
m+2 m+2
almashtirishni bajaramiz, u holda (2,57) ushbu
(26— x)dii 2 7)) dT
- +2 N\me2(2E—x)di 27 -7 dfj di
A n72|=| 2 —— = | =
S[ ]( 2 77) ( 72 di 2 ar ) ar

ko‘rinishni oladi.
(2.58) da %7 = cos(&,7), %: —cos(f7,7) tenglikni hisobga olib, (2,58) ni ushbu

ko‘rinishda yozib olamiz

2

s ~2 ~2 =~
At[ln’ﬂ:(m”ﬁjmz{alnr -cos(ﬁ,ﬁ)+alnf coS(ﬁ,ﬁ)jﬂz

2 PY: o di
) ) ) (2.59)
_(m+2~ m2 0In* di (m+2 \m2  cosé df
2 ) Tan a4 \ 2 ] P
bu yerda

CosQ = 6 _xcos(é,?i)Jr ﬁ_ycos(ﬁ,ﬁ):

~ ~

r r

(2.60)
= cos(&,7)-cos(&,7 )+ cos (77, 7)cos(if, )

b
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pesa (5,17 ) nuqtaning radius vektori 7 va shu nuqtaga o‘tkazilgan tashqi normal 7

orasidagi burchak. Shunday qilib, (2.56) tenglikdan, (2.59) ni hisobga olib, ushbu
tengsizlikka kelamiz:

/ 7

r I
”Q t;x,y) ‘dt<CI ,B ‘F ,8—1,2,3;1—6)‘ X %lnr df <C j|COS¢|
0 0
(2.61)
Logarifmik potensiallar nazariyasiga asosan,
7‘(:03@‘
g = dt <C; (2.62)

Bu yerdan isbotlangan (2.59), (2.62) tengsizliklarga asosan 2.3-lemmaning
isboti kelib chigadi.
2.4-lemma.Agar (x,y) nuqta I chizigda yotsa, u holda ushbu:

f+ﬂ0 i
nP014,(&,m;x, ) < J R (m—”j (2.63)
1

(o3

tengsizlik o ‘rinlidir.

Bu lemmaning isboti bevosita (2.28) tengsizlikdan kelib chigadi.

(2.25) formula ikki gatlam potensiali zichligiy,(t) = 1bo‘lsa, (x,y) nuqta I’
chizigdan o‘tganda uzilishga ega bo‘lishini ko‘rsatadi.

Agar ikki qatlam potensialida p4(t) ixtiyoriy uzluksiz funksiya bo‘lsa, uning
uchun ushbu teorema o‘rinlidir:

2.2-teorema.Agar (x,y) nuqta I chiziq nugtasi (é(s),n(s)) ga Q soha
ichidan yoki tashqarisidan intilgandagi limit giymatlarini mos ravishda W\ (s) yoki
w" (s) orqali belgilasak, u holda ushbu formulalar o ‘rinlidir:

w (s) :-% “ (s)+i (1)K, (s.1) di

| l (2.64),
w ) (s)= S H (S)+£,u1 (1)K, (s.t)dt

bu yerda
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Ki(5.)=n" ()4 [a1(& () (2 x(s), ()] (2.63)

! esa (f (l‘ ),?7 (l‘ ))e I o zgaruvchi nugtaning yoy absissasi, S esa
(x(s), y(S)) € I’ fiksirlangan nuqtaning yoy absissasi.

Isboti: Dastlab ikki qatlam potensialini /° chiziq nuqtalarida mavjud ekanligini
ko‘rsatamiz.

(2.28) ifodani uzluksizlikka tekshiramiz, buning uchun (2.31) ni o‘rganamiz va
uni ushbu ko‘rinishda yozib olamiz:

m

Af[ln’"z]:_ﬂz(t)garctg &(r)—x(s)

Py S (m w2 ). (266)
n2(t)-y 2 (s)

m+?2

(2,66) ifoda ¢ va so‘zgaruvchilar bo‘yicha G chizigda uzluksizdir. Haqiqatdan

ham, ushbu:

a =a(s,t)=M,ﬁ = B(s.1)=

r—s r—s

belgilashlarni kiritib, (2.66) ni ushbu:

LN o 2 a'B-Ba
At[lnr2]: -n 2 (t)aarctgﬁ =-n 2 W

ko‘rinishda yozib olamiz va bu yerda £ — § da limitga o‘tib, quyidagi tenglikni hosil
qilamiz:

m 4 % ' I % "
lim 4, [lnrz] =—32(s) *"(s)y2 () (s)=¥'(s)y (j)y (s) _

HS (()) +" (¥ (9))

(2.67)
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A, |_ln r? Jningt =s bo‘lgandagi qiymatini (2.67) o‘ng tomonidagi qiymatiga teng
qilib olib, 4, [ln er ni I chiziqgda uzluksizligini ta’minlaymiz. Shunday qilib,
yuqoridagi mulohazalardan, (2.28) ifodaga asosan ikki qatlam potensialini chiziqdagi
qiymati mavjud.

Endi (2.64) formulalarni isbotlaymiz. I chizigda(xy(sg ), vo(so)) nuqta olamiz

va w(l)(x, ) ni ushbu ko‘rinishda yozamiz:

W, y>=i< (0 (50 D (0 ey (EO0m ey + g (s0)

} (2.68)

< [0 (0)4, [ (G m(o)sox, vl =70, )+ 0w ).

Nh;

W(l)(x, y)potensialning (xo (SO ), Yo (SO ) ) nuqtada uzluksiz ekanligini ko‘rsatamiz.
Shu magsadda, (XO(SO ),Y0(S0) ) nuqtani markaz qilib, pradiusli C p aylana

chizamiz. I” chizigning bu aylana ichidagi qismini [ p»aylana tashqarisidagi gismini

esa I'//T", orqali belgilab olamiz, u holda:

W (x,y)= I(m( )—Hl(So))ﬂﬁO() t[ql(f(f)»ﬂ(f))2x»y]df+
+ f(#l( (o) ()4 ]a (€O @hx. vl = 5 60,

F\Fp
= 1’7}1(1)()69 y)+w2(l)(x9 y) :
Bu yerdan,
‘W X,y)- (l)(onoj ‘ 1(1)(X,J/>(+
‘ (1) ) (2.70)
M (XO»J’O*F‘Wz (x,7)-, (xod’o)(

,u(é) funksiya uzluksiz bo‘lgani uchun p ni shunday tanlash mumkinki,

JE©) - x{so ) +n(0)- »(s0) <

bo‘lganda
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‘,Ul (f)—,ul(So)‘ < 38—0

bo‘ladi, bu yerda

dt < c.

i Ala (€ )m () x, y

Bu yerdan ixtiyoriy x € R, uchun

7052 [ 0= mu)ln™ 04 oo < £

P
(2.71)
al ‘77 P0(e)4,a, (£ @) (o)), y]‘dt < g
I'p
Xususiy holda:
- &
‘Wl(l (XO’)’O)( =3 (2.72)

Wz(l)(X,y) potensialda integral /"\I", chiziq bo‘yicha bajarilyapti, (xo,yo)
(1)(

nuqta esa I, da joylashgan. Shuning uchun, Wz X, y) uzluksizdir, ya’ni shunday

0 >0 son mavjudki, \/(x — X )2 + (y =)o )2 < 0 bo‘lganda,

‘Wz(l)(x»y)( <§

bo*ladi. Shunday qilib, ~/(x —x, ) + (¥ — , ' < min(8, p)bo‘Iganda,

~

70, y) =7, 39 ) < 2 2.73)

~

bo‘ladi, ya’ni (xo,yo) nuqtada W(l)(x,y) potensial uzluksiz. Shunday ekan,

~

W(l)(x, y) potensialning limit qiymatlari va to‘g‘ri qiymati (Xo, yo) nuqtada ustma-
ust tushadi, ya’ni
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~ ~

Wi(l)(xo » Yo ) = We(l)(xo » Yo ) = Wo(l)(anyo)- (2.74)

(2.26) formulaga asosan,

- ~ ~ 1
Wli(l)(xOs)’o):_lé VVle(l)(xO’yO):O; Wlo(l)(xo’)’o):_z (2.75).

Endi (2.68) formuladan (2.74) va (2.75) tengliklarni e’tiborga olib, quyidagi
munosabatlarni hosil gilamiz:

~ ~

VVi(l)(xO’yO)z Wi(l)(xo’J/o)“L (50 )Wh-(l)(xo,yo)=W0(1)(x0,y0)— tso) . (276)

~

W‘e(l)(xod’o): We(l)(xod’o)Jr Ly (So )Wle(l)(xod’o): Wo(l)(XO»yo ) (2.77)

Lekin

~

Wo(l)(anJ’o): [ (ua ()= 111 (50 )"0 (1) 4, [y (£ (s)m () x0 v bt =
g (2.78)

= Wo1 an)’o)— H (SO)VVIO(I)(anyO) = WO(I)(anyO)"' 5#1 (So)

Shunday qilib, (2.76), (2.77) formulalardan (2.78) ga asoslanib, (2.64)
formulalarni hosil qilamiz.
2.2-teorema isbot bo‘ldi.

W(l)(x, y) — ikki qatlam potensiali I" chiziq nuqtalari to‘plamida uzluksiz.
Haqgiqatdan ham, /I chiziqda (xo,yo) fiksirlangan va (x, y)o‘zgaruvchi nuqtalarni
olaylik va (x, y) ni I’ chiziq bo‘yicha (xo, yo) ga intiltiraylik. (2.68) tenglikdan:

~ 1
W(I)(x,y) = W(l)(xﬁ y)_ E/Jl (SO ) (X,y) el.

Bu yerda W(l)(x,y) uzluksiz funksiya bo‘lgani uchun

_ ~ 1
lim W(l)(X,J’) = W(l)(anJ/o)— ~H (So) :W(l)(anYO) ,
(x,¥)=(x0.50) 2

ya’niW(l)(x, y) funksiya I” chizigda uzluksiz ekan.
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4. Ikkilangan qatlam potensiali. w? (x, y) (2.1)  tenglamaning  ikkinchi
fundamental yechimi

4 4B-2 ) i
qALymm%)=@(m+2j (ﬁ)ﬁ@—afwa@—ﬁJ1-@2-2@1—6)

(2.79)
dan foydalanib, ushbu

Wﬂmnw=QMﬁﬁ%mq%@@m@mJ»ﬁ

formula yordamida w3 (x, y)—ikkilangan qatlam potensialini aniglaymiz, bu yerda
t(t)e C[O»l],

dn dq; d§ 0qq
At [CI1(E; nl X, y)] n dt af dt an ) ( 80)

W’Z(x, y)funksiya yuqori yarim tekislikning I" chiziq va OXo‘qi nuqtalari bilan
ustma-ust tushmaydigan barcha nuqtalarda (2.1) tenglamaning regulyar yechimi
bo‘ladi. Ikki qatlam potensiali yuqori yarim tekislikning barcha nuqtalarida

aniqlangan va
NRTER e
4r\m+2 r(2-2p8)
2.5-lemma.lkki  qatlam potensiali  zichligi  u,(t)=1bo‘lganda  ushbu

2.81)

munosabatlar o rinlidir:

i(x,y)—1 agar (x,y)e QU (—a,a) bo'lsa,

J4Mxém;mxwh=imxwé-agW(xWerxwemax<mm}bwhm

i(x,y) agar (x,y)eQ bo'lsa;

(2.82)

Bu yerda

By aqz(é:ao;x:y) déj

i) = |1 )

n=0
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2.5-lemma isboti 2.4-lemma isbotidek bajariladi.

2.6-lemma.Agar I chizig 59-betda qo ‘yilgan shartlarni ganoatlantirsa, u
holda yuqori yarim tekislikda yotuvchi ixtiyoriy (x,y) nuqta uchun shunday B, soni

mavjudki, uning uchun ushbu

[

g ™ (£) 4,2 (@) n(t):x, y)ldt < B, (2.83)

tengsizlik bajariladi.

2.7-lemma.Agar (x,y) nugta I' chizigda yotsa, u holda ushbu

M OALEOAOL BT 0 s

tengsizlik o ‘rinli bo ‘ladi.

2.6 va 2.7-lemmalarning isboti bevosita ushbu

1-p,
0" (1)4,] 4:(&(1).m(t):x(s).¥(s)) | =%F(l—ﬁ,—ﬁ,l—2ﬁ;l—a)fl—f—

1

ke, (1- o
_2( 'B)Zl(-;))y (S)F(l_ﬂ,_ﬁ,z—zﬁ;l—a)/g[lnrz]

F

(2.85)
formuladan kelib chigadli.

2.3-teorema.Agar I chiziq 59-betdagi shartlarniganoatlantirsa, hamda (1)
funksiya uzluksiz bo ‘Isa, u holdaushbu formulalar o ‘rinlidir:

) )+ O 0

We<2><s>=§uz<s>+j)uzo)Kz(s,r)dr ,

(2.86)

bu yerda
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Ko (s.0)=n"0 ()4 lq> (@) (r)sx(s ) y(s))] 287)

(5 (f ): 77(1‘ )) va (X(S ), y(s )) nuqtalar 1" chizigda yotibdi.

2.3-teoremaning isboti bevosita 2.5-lemmadan kelib chigadi.

2.6-lemma.Agar ' chiziq 59-betda keltirilgan shartlarniqganoatlantirsa va
/

,lll(f) chegaralangan funksiya bo ‘lsa, u holda H(S)=IH1(1)K1(S,l)d1 funksiya
0

qandaydir a ko ‘rsatkich bilan Gyolder shartini ganoatlantiradi.

5. Oddiy qatlam potensiali.Vl(x,y). I"chiziq 59-betda keltirilgan shartlarni

qanoatlantirsin,ushbu
[

Mix,y)= (f) o1 () (E()m (2 ) x, y )t (2.88)

funksiyaga oddiy qatlam potensiali deyiladi, bu yerda p;(¢)- zichlik 0<¢</

oraligda uzluksiz funksiya bo‘lib, /" chizigning uchlarida nm(l ) tartibda nolga

aylanadi, ¢ (5 1, x,y) esa (2.1) tenglamaning fundamental yechimi. Oddiy qatlam

potensiali (2.88) yuqori yarim tekislikda aniglangan va u I" chizigni kesib o‘tganda
uzluksiz. Oddiy qatlam potensiali yuqori yarim tekislikning, [ vaOx o‘qining
nuqtalaridan tashqari barcha nuqtalarida (2.1) tenglamaning regulyar yechimidan

iborat. ql(«f,n;x,y)-fundamental yechimning (2.19) ifodasidan (x,y) nuqta

cheksizlikka intilganda, Vl(x, y) oddiy qatlam potensialini nolga intilishi kelib
chigadi. Haqiqatdan ham, (x,y) nuqta tenglamasi

2 4 m+2 2
+— =R
iy (m+2)2y

dan iborat bo‘lgan normal chizigda yotsin, u holda (2.19) ga asosan,

[
0

buyerda R=R,, Ry,M —o‘zgarmas sonlar.

6. Oddiy qatlam potensialining konormal hosilasi. /" chiziqda ixtiyoriy
N (x(s), y(S)) nuqta olamiz va bu nuqtada 7 -normal o‘tkazamiz. Bu normalda
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yotuvchi hamda /° chiziqqa tegishli bo‘lmagan ixtiyoriy M (x, y) nuqgtani olamiz va
bu nuqtada (2.88) funksiyaning konormal hosilasini hisoblaymiz:

[
A (e 0)= [ i) A, (&5 x, )l (2.90)

bu yerda

A[ =y DO O D x),

ds &x ds oy’ ds
7 _cos(n,y), COS(n,X), COS(Vl, y)

I chiziqning N (x(s), y(s)) nuqtasiga o‘tkazilgan tashqi normalning
yo‘naltiruvchi kosinuslari. (2.90) integral agar M (x, y)nuqta A{)((S),)/(S))GF nuqta

bilan ustma-ust tushganda, yﬂo salmoq bilan mavjud, ya’'ni

Y () 4,17 (x(s), y(s))]= i pr(t)yP0 (s) A [ (.15 x(5), w(s) Jat

ifoda aniq qiymatga ega.
P () A [ (x(s), ()] va v () A, V3 (x(s ). ().

orqaliVl(X,y) — oddiy gatlam potensialining konormal hosilasini y'BO salmoq

bilan, M (x, y) nuqta NV (X(S ),y(S)) nuqtaga mos ravishda €2 soha ichidan va €2
soha tashqgarisidan intilganda limit qiymatini belgilaymiz.

2.4-teorema.dgar 1 chiziq 59-betdagi shartlarni qanoatlantirsa va
p(t)e Cl0,1] boIsa, u holda

[

P EAKGLE= )+ [ K s

[

P EATEL =5 pls)+ [0kt o

formulalar o ‘rinlidir, bu yerda
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Ky (t,5)= " (s)A4,lq, (E(e)m(e):x(s), »(s))]

Bu teorema 2.3-lemmadan foydalanib, 2.3-teorema kabi isbotlanadi.
Bu formulalar bevosita oddiy qatlam potensiali konormal hosilasining qiymatini

(x,») nuqta [ chiziqdan o‘tganda sakrash kattaligini hisoblash imkonini beradi,
ya’'ni

AV ()= A ()] = p(s). (2.92)

Ikki qatlam potensialidek, ushbu baholarni olish mumkin:

A4,[ (x, )] < My™"RTP (2.93)

buyerda M,R,- o‘zgarmas sonlar.

Oddiy qatlam potensiali uchun V] (x , y) (2.16) Grin formulasi o‘rinlidir:

N A A !
1%y (—1) +(—1j dxdy = [y"V AV ]ids. (2.94)
D Ox oy 0

Q) orqali I chizig, Oxo‘qining [-R—a] 6a [a,R]kesmasi va Cj normal
chiziglar bilan chegaralangan sohani belgilaymiz. 2 < €2 QO i soha uchun (2.93)

0 001
on
tengsizliklarni e’tiborga olib va R —> 00 da limitga o‘tib, ushbu

formulani qo‘llab, hamda Uﬂ ‘77=0 =0 ekanligini, hamda (2.89) va (2.93)

5 2
(o, o, ’
”yﬂo y (a_xl) +(a—ylj dxdy=—fyﬂ0V1 As[Vl]edS, (2.95)
& 0

tenglikka kelamiz, bu yerda Q' orqgali Q" sohaning y >0 yarim tekislikdagi tashqi
sohasi belgilangan.

7. Oddiy qatlam potensiali. /> (X,y)(2. 1) tenglamaning ikkinchi fundamental

yechimi ¢ (x,y;xo, yo) dan foydalanib, 7, (x, y) oddiy gatlam potensialini
quyidagicha aniqlaymiz
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y(ey)= ] o) (Eh(e k. 2.96

0
bu yerda p, (t)e C [O,I 1 Vs (x, y) — oddiy gatlam potensiali yuqori yarim tekislikda
uzluksiz va yuqori yarim tekislikda yotuvchi hamda /1 va Oxo‘qi nugqtalari bilan

umumiy nuqtaga ega bo‘lmagan har qanday sohada (2.1) tenglamaning regulyar
yechimi.

Vz(x, y) — oddiy qatlam potensialining yﬂ 0 salmoq bilan konormal hosilasi
ushbu ko‘rinishda bo‘ladi

V90| = [ a0y (), g k(e e, 2

0

bu yerda

dv 0 dx o0 d dx
A may ay _ ax _ _
sl 1=y ds ox ds 8y ds cos(r, x), ds cos(n, y),

ya’'ni
cos(n,x), cos(n,y), N(x(s),y(s))

nuqtaga o‘tkazilgan tashqi normalning yo‘naltiruvchi kosinuslari.

(2.97) integral M (x ) y)nuqta N (x (S ), y(S )) nuqta bilan ustma-ust
tushganda ham aniq qiymatga ega.

2.5-teorema.dgar 1 chizig 59-betdagi shartlarni ganoatlantirsa va P2 (f )-
uzluksiz funksiya bo ‘Isa, u holda ushbu:

PO (Al = a5+ [ pa( Ol

0

1 [
yBO (S)As [V2 (xa y)] e _5,02 (S)+ ~[:02 (t)K2 (tasyt (2.98)
0
formulalar o ‘rinlidir, bu yerda

Ky(t,5)=y"(s)A4,[q2 (@) (e ) x(s), 1(s))]. (2.99)

Bu formulalardan ushbu
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Y ()41 (x, )] = v ()4, [ (2, p)] = pa(s)  (2.100)

tenglikni hosil qilamiz.

Agar (x,y) nuqta Cp: Xt + ym+2=R2 normal chizigda bo‘lsa,

(m + 2)2
(x, y) cheksizlikka intilganda

M
R

vy <= P4 (xy)]< MR?PD (2.101)

baholar o‘rinlidir, bu yerda M va R,o‘zgarmas sonlar.

V) (X, y) — oddiy qatlam potensiali uchun (2.94) va (2.95) formulalar
o‘rinlidir.

8. Potensiallar zichliklari uchun integral tenglamalar. (2.64), (2.86) va
(2.91), (2.98) formulalarni ushbu ko‘rinishda yozib olamiz:

)

pi(s)=A[K (s, )u;(t)de = £5(s),  (j=12), (2.102)
0

[

pi(s)-2A[K,(t,s)p;(1)=g;(s), (G=L2), (2103
0
bu yerda

2=2, f(s)==2w(s), g)=-2"GA[, (x)y®)] .

A==2, f(s)=2w(s), g.(8)=20"4[V (x(s),»(5))] ,-

(2.102) va (2.103) tenglamalar o‘zaro qo‘shma tenglamalar bo‘lib, (2.63), (2.84)
tengsizliklarga ko‘ra, ularga Fredgolm teoremalarini qo‘llash mumkin.

1=2, K, (S,f )yadroningxarakteristik soni bo‘lmasligini ko‘rsatamiz. Bu
tasdiq ushbu

I
p(s)-2[K,(t,s)p(t)dt =0 (2.104)
0
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bir jinsli integral tenglamaning notrivial yechimga ega emasligiga ekvivalentdir.
Faraz qilaylik, (2.104) tenglama uzluksiz p, (S) #(0 yechimga egap, (t)

zichlikka ega bo‘lgan V10 (X 5 y) — oddiy gatlam potensialini tuzamiz, bu potensial €2
va () sohada (2.1) tenglamaning regulyar yechimi bo‘lib, uning konormal
hosilasining /° chiziqdagi limit qiymati (2.91) va (2.104) tengliklarga asosan, nolga
teng, ya’'ni:

P04, [Vol (x,y)],: 0 (2.105)

Vlo(x,y) — oddiy gatlam potensialiga (2.95) Grin formulasini qo‘llab, Q'
sohada Vlo(x, y)=const tenglikka kelamiz. Cheksizlikda oddiy qatlam potensiali
(2.89) bahoga ko‘ra, 0 ga aylanadi. Bundan, Q'val da VlO(X,J/)EO degan
xulosaga kelamiz. (2.94) formulada V10 (X,y)‘r =0 bo‘lgani uchun € -da
Vlo(x,y)EO. Bundan y'BO A, [Vol (x, y)l =0va (2.100) formulaga ko‘ra,
pO(t)EO tenglikka kelamiz. Shunday qilib, (2.104) bir jinsli tenglama faqat

£o (t)E 0 trivial yechimga ega bo‘ladi: demak, A =2
Ushbu

pls)= A[ K (st )u(t)dr =0 (2.106)

bir jinsli tenglama uchun A =-2 xarakteristik son hagigatdan ham (2.26) tenglikka
asosan, ixtiyoriy ,u(t ) = const (2.106) tenglamaning yechimi bo‘lishi kelib chiqadi.

9. Shakli o‘zgargan N masalasining Grin funksiyasi. () sohada (2.1)
tenglama uchun shakli o‘zgargan N masalasining Grin funksiyasi deb, quyidagi

shartlarni qanoatlantiruvchi G (X » VX yo) funksiyaga aytiladi [2,13]:

19) yﬂ 0 G (x,y;xo yo) — funksiya €2 sohaning (x,y) * (xo,yo) nuqtasidan

tashqari barcha nuqtalarida, (xo,yo )bo‘yicha (2.1) tenglamaning, (x, y) bo‘yicha
esa (2.12) tenglamaning regulyar yechimi bo‘ladi;

29
ﬁo 8 Gl

Gl(x,y;xo J’O)|r =0,y E y=0" 0, (x9 y9) € Q (2.107)
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chegaraviy shartlarni ganoatlantiradi.

39 Gy(x, y;x9 Vo ) funksiyani
Gy (x,5x0 yo) = q1 (%, 330 yo )+ K (x.y5x0 vo) . (2.108)

shaklda ifodalash mumkin, bu yerda ¢ (X, VX y0)= ky rfzﬂ F (ﬁ ,B:28;1— O')
(2.1) tenglamaning fundamental yechimi.

9 (x, YiXo Vo ) esaQ sohaning barcha nuqtalarida (2.1) tenglamaning regulyar
yechimi.

Shakli o‘zgargan N masalasining Grin funksiyasini tuzish,uning regulyar qismi
91(x,y;xo yo) ni topishga olib kelinadi va u (2.107), (2.208) ifodalardan, (2.22) ni
hisobga olgan holda, ushbu:

&(x,y;xoyo)|r=—q1(x,y;x0yo), (xoyo)EQ, (2.109)

ﬂoﬁﬁ(x,y;xoyo)| 0
oy =0

y (2.110)

chegaraviy shartlarni ganoatlantirishi kerak.
G (x » VX0 Vo )funksiyani ikki qatlam potensiali ko‘rinishida izlaymiz:

[

9 (x, y3x9 ¥o) = fﬂl(ﬁxod’o)’?ﬂo (f)At[Q1a(§(f)ﬂ7(f)2xay)]df- (2.111)
0

(2.64) tengliklardan birinchisi va (2.109) chegaraviy shartni e’tiborga olib,
1y (t;xo yo) zichlik uchun ushbu

[

11830, v0) = 2] Ky (5,8) 11180, vo )t = 2, (x(s). (s )y X, 1), 2.112)
0

integral tenglamaga ega bo‘lamiz.
(2.112)  tenglamaning o‘ng tomoni (xO yo) e Qbo‘lgani  uchun, §

o‘zgaruvchining uzluksiz funksiyasidir. §2 ning 9-bandida A=2 soni Kl(S,t)

yadroning xarakteristik soni bo‘lmasligi isbotlangan edi, demak, (2.112)
tenglamaning yechimi mavjud va uning uzluksiz yechimini ushbu
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/

7 1(s;xo,yo):2q1 (x,y;xo,yo)+4J‘R1 (S,t;Z)q1 (f(t),y(t);xo,yo)dt

0

(2.113)

ko‘rinishda yozish mumkin, bu yerda R, (S,t ;/l), K, (S,t) yadroning rezolventasi,
(x(s), y(s)) el (2.113) ni (2.111) ga qo‘yib, quyidagi tenglikni hosil gilamiz:

l

9 (%, 33% 30 ) =2 [ (£(6).m( £):3%,30) 0" O x 4| q,(£(2).m(¢);, ) |de +

0

+4[[n" 04| ¢, (£(6).m(2);x,2) Rit5:2) %, (x(5), 7 (5)3 %0, ) deds.

(2.114)

Quyidagi funksiyani kiritamiz:

9(x,35%0,70), (x,7)eQ,
X, =
g( y) {_ql(x7y;x07y0)7 (X,y)EQ'.

g(x,y) funksiya (2.1) tenglamaning Q va ' sohalarning har birida regulyar

yechimi bo‘ladi. (xo,yo)$Q' bo‘lgani uchun, g(x,y)funksiya Q' sohada ixtiyoriy
tartibli uzluksiz hosilaga ega va bu hosilalar QUI" da uzluksiz. 'sohada

g(x, ) =—q,(x, %0, o) funksiyani (2.1) tenglamaning

Y70 ()4, [ (e, v)] - = =370 () Ay (x (s )y (s ) x0. 30)]. @.115)

(2.116)

chegaraviy shartlarni qanoatlantiruvchi yechimi deb qabul qilish mumkin.
Bu yechim g(x,y)=—¢q (x, V;X0s yo)ko‘rinishda bo‘lsa ham, uni boshqa
formada yozishga harakat gilamiz, ya’ni bu yechimni

/
g6, ) = [ pit,x0, o ) (& O @, 0t (x,y) €@, (2.117)
0
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oddiy gatlam potensiali ko‘rinishida ifodalaymiz. Bu yerda O (f ,xo,yo)
noma’lum zichlik. (2.91) formulalarning ikkinchisidan foydalanib va (1.115)
tenglikni hisobga olib, 0y (83X, ¥, ) zichlik uchun ushbu

!
P (SaxoaJ/o)_z_[Kl (t,S)pl (tvxooyo)dt =
0 (2.118)

200 (5)A,[ 4, (x (5)(8)s3x03) s (% (5).0(5)) €

integral tenglama hosil gilamiz.
(2.118) integral tenglama (2.112) integral tenglamaga qo‘shmadir. (2.118) ning
o‘ng tomoni § ning uzluksiz funksiyasidir, chunki (x, y) € Q2. Shunday qilib, (2.118)

tenglama yagona uzluksiz yechimga egadir

Py (5:%,30) =250 () A @, (x(5). ¥ (s):3,.3) |+

1 (2.119)
+ 4{ R (t,5:2n" (1) 4, [ql (&(2).m(2);x,, yo)] dt

Endi (2.117) formula bilan aniglangan g(x, y)ni (x, y) € () sohada o‘rganamiz.
Oddiy qatlam potensiali g(x,y) ning /" chiziqdagi qiymati ¢ (X > V5 Xg yo) ga
teng, ya'ni Grin funksiyasining regulyar gismi % (X » V5 X yo) ning [ dagi
Bo 08 (x )Y )

oy |y:0:O, ya’'ni 2(x,y) funksiya Q

qiymatiga teng, buning ustiga JV

sohada (2.1) tenglamaning N masalasi

ul.=-g(x,y;x0,0), (x,y)el,

yechimidan iborat ekan. Lekin Grin funksiyasining regulyar qismi \91()6,)/;)60 yo)
ham (2.109) va (2.110) shartlarga asosan, shakli o‘zgargan N masalasining
yechimidir. Bu masalaning yechimini yagonaligiga ko‘ra, (X, y)eD sohada

g(x,3) =9 (x,7;%0,10), (x,y)eQ, ya'ni
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[

9 (x,y3%0 v0) = [ (50, 30 ) (E()m(e i x,v) 2.120)
0

Shunday qilib, Grin funksiyasining regulyar qismi oddiy qatlam potensiali
ko‘rinishida ifodalandi.
(2.91) formulalardan birinchisini (2.120) oddiy qatlam potensialiga qo‘llab,

| 2/ ()4, 8 (x:(5). ()i, =

!
P (S;xo,yo)+2(j)Kl (t,s)pl (f;xo,yo)dt ,(2.121)

tenglikni hosil qilamiz.

yﬁO(S)AS |:q1 (x (S),y(s);xo,yo)]zyﬂo (5)4, |:q2 (x (S),y(s);xo,yo)] i—

=44 (x () 0():30:00) |« ((02) €Q)

bo‘lgani uchun (2.118) munosabatga asosan,

2)/30 ()4, [6]1 (x,(s),y(s);xo,yo)l -

/
pl(S;Xo,yo)_z'([Kl(t,S)pl(t;XO,yO)dt' (2.122)
(2.121) va (2.122) tengliklarni hadma-had qo‘shib va (2.108) munosabatni
hisobga olib, ushbu tenglikni hosil gilamiz
!
9 (5235 30) = " () A4 [ G (£ (1) (0)3%0,30) [ (£ (1) m ()5 v) e
(2.123)

Shunday qilib, (2.123) tenglikka asosan, (2.120) formulani quyidagicha
yozamiz

3 (x’y;xo yo)=iﬂﬂ° (t)Az[Gl (é (t)an(t);xoayo)]x% (é (f),n(f);x,y)df-
(2.124)
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(2.119) tenglikning 1kki tomonini ql(x (S), y(s);x, y) ga ko‘paytirib va hosil
bo‘lgan tenglikni [O,l]kesmada S bo‘yicha integrallab, ushbu tenglikka kelamiz

j;pl(s;xoayo)% (x (S)aJ/(S);X,y)dS =

AR (155:2)4, (3 (5),(5)530 )"0 A [, (& (1)1 (1)) e s
(2.125)

Bu tenglikning chap tomoni (2.120) ga ko‘ra&(x,y;xo yo) ga teng, o‘ng
tomoni esa (2.114) ga ko‘ra \9](x,y;x0 yo) ga teng, ya’ni

9, 3330 30) = (39 yos %, »). (2.126)

Demalk, 91(x,y;x0 yo) funksiya D sohaning (x, y) va (xo yo) nuqtalariga
nisbatan simmetrikdir.
2.10dlemma.4gar (x,y) va (xo yo) nugtalar D sohada bolsa,
G, (x, Vi X yo) Grin funksiyasi bu nugtalarga nisbatan simmetrikdir.
Lemmaning isboti Grin funksiyasining (2.108) ifodasi va (2.126) tenglikdan
kelib chiqadi. [~ a,a] kesma va normalchiziq C, :

4
24 P2 g2

(m + 2)2

bilan chegaralangan €2, normal soha uchun shakli o‘zgargan N masalasining Grin
funksiyasi ushbu ko‘rinishga ega

2p
Gl yo)=ai(eixoo)-[4 | o), @iz
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2 (m+2) 2
2 m+2 a _ % a
R :Xo+myo  Xo=T3 %0, Yo 2 =g

25
o1 (3, v30 o ) = —(%) (. v;% 7).

funksiyani

)
o1(x, 3x0 0 ) = =] Py (5, 9)901 (x(s ). (s )k xo wo )ds . (2.128)
0

ko‘rinishda ifodalash mumkin ekanligini isbotlaymiz, bu yerda p; (s;x, y) - (2.118)
tenglamaning yechimidir.
Haqgigatdan ham, (xo, yo) Q) sohaning ixtiyoriy nuqtasi bo‘lsin. Ushbu

/
u(x,y;x0,0)=—[ pr(s3x, )9, (x(s ) y(s ) xo o )ds | (2.129)
0

funksiyani o‘rganamiz, bu funksiya (2.1) tenglamani ganoatlantiradi, chunki (2.117)
tenglikka ko‘ra p; (S; X, y) funksiya (2.1) tenglamani qanoatlantiradi. (2.129)

tenglikda 0 (S;X,y)o‘rniga uning ifodasi (2.119) ni qo‘yib, ushbu
I
u(x,y;xo,yo)=—£9m (x(s),(s):x, yo)X{2yﬁ° (s)- 4] g (x(s).y(s)sx.p) |+

l

+4[ R, (t,s;2)77ﬁo (I)At [ql (f(t),n(t);x,y)] dt}ds = —jyﬂo (s)-As [ql (x(s),y(s);x,y)]

0

{21901 (x(s),y(s);xo Vs )+4iRl (5,£;2)9,, (x(t),y(t);xo,yo)dt}ds =

/

==y (530 30)- A, @ (x(s),m (5)3 %, v) | ds

0

(2.130)
bu yerda
)
v (5%, ) =29, (x(s),y(s);xo,y0)+ 4({R1 (5.252)9,, (5 ().m (S);xo,yo)dt
2.131)
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ya’'ni l//(S;xO, yo) — quyidagi integral tenglamaning yechimidir:

[

W(SQXO»J/O)—2IK1(SJ)7V(f;X0,J’0)df = 2‘901(?6,)/;?60,)’0). (2.132)
0

(2.130) tenglikning o‘ng tomonidagi ikki qatlam potensialiga (2.64) formulaning
birinchisini qo‘llab, ushbu tenglikka ega bo‘lamiz:

1 /
”i(x(s)»Y(S)on»YO):EW(SQXO»,VO)—(I)Kl(sat)”(ﬁxo»,Vo)d’

Bu yerdan (2.132) ga ko‘ra, ushbu tenglikka ega bo‘lamiz:
,(x(s), M5 ) %0, v0) = o1 (xls ) s 0,3 ), (xls) p(s))e I (2.133)

50 0p1(s5x, )
Oy

=0

y

y=0
tenglikni hisobga olib, ushbu

Bo a”(x»%xo»YO)
oy

09X, v;x,,
y -0, yﬂo 01( YsXo YO) =0, (2.134)
y=0 qy

tengliklarni to‘g‘riligiga ishonch hosil qilish qiyin emas. (2.133) va (2.134) shartlarga
ko‘ra,u(x, Y3X05)0 )Va SOI(X,y;xo,yo)funksiyalar (2.1) tenglamani va bir xil

chegaraviy shartlarni qanoatlantiradi, demak, shakli o‘zgargan =~ N masalasi
yechimining yagonaligiga ko‘ra:

“(xay;xm)’o): 1901()6,)/;)60,)/0)

Shunday qilib, (2.128) formula isbot bo‘ldi.
Endi (2.108) tenglikdan (2.127) tenglikni ayirib, quyidagi ifodani hosil qilamiz:

H, (xay;xo’J’o): G, (x’y;xo’J’o)_Gm (xay;xoayO):‘gl (x,y;xo,yo)—gm (xay§xoayo)

(2.135)
yoki (2.126) tenglikka ko‘ra,
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H, (x, 7350, 10 )= 9 (%0, 103 %, ) =9, (%, 15 %0, 30 ).

Endi (2.120) va (2.128) tenglikka asosan, /1 (x, Vi Xp, yo) ni quyidagicha
almashtiramiz:

/ /

H, (x,y;xo,y0)=fp1 (thoy)% (é(t)an(t)onayo)d +J.p1 (thay)‘gm (g(t)an(t);xoayo)dt =

0 0

l

pi(tix,3)a, (&(2).m ()3 %03, )dt =] p (t;x,y)(%jm q,( (1) (1):%,. 7,

0

I
O —_

yoki

!
Hl(xa)’;xod’o): fPl(féxa)’)Gm(f(f)aﬂ(f)éan’)dt . (2.136)
0

10. Shakli o‘zgargan N masalasining yechimi(x,),) nuqta Q sohaga
tegishli bo‘lsin (Xg, Vo) €C2. I' chiziqqa parallel I’ s va y=0>¢ to‘g‘ri chiziq
bilan chegaralangan sohani Qg’g orqali belgilaymiz. & va 6 ni shunday kichik

tanlaymizki, (Xy,)p) € Q,s bo'lsin. Q ¢,5 sohadan markazi (x,,y,) nuqta,
radiusi O ga teng bulgan doirani qirqib olamiz va € g,0 nhing qolgan gismini ing

orqali belgilaymiz. QZ(S sohada Gi(x,y;xq,Vy) — Grin funksiyasi (2.1)

tenglamaning regulyar yechimidan iborat.
u(x, y) funksiya sohada (2.1) tenglamaning ushbu:

”‘FZCD(S), 0<s</; lim yﬂoﬁ_u

=v(x), —a<x<a,
y—>+0

shartlarni qanoatlantiruvchi shakli o‘zgargan N masalasining yechimi bo‘lsin, bu
yerdag(s), 0<s</ kesmada uzluksiz funksiya, V(Xx) funksiya esa (—a,a)

intervalda uzluksiz va X —> *a da 1-2 dan kichik tartibda cheksizlikka intilishi

mumkin. (2,14) formulada &= yﬁ 0G,(x,¥;x0, Vo) u(x,y) esa o‘zgargan N
masalasining yechimi deb gabul qilib, ushbu

Iyﬂo {MAS [Gl ]_ G, 4 [M ]}dS =0

b

yoki
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2 oG 0
ng yﬂo {[GIAS [u]] —uA, [G1]} ds + le yﬂo (ua—yl— G, éj dx =

= [ Y {[G, A[u]]-uA,[G,]} ds

C
P

tenglikka kelamiz, bu yerda Y¢ = 595,55 X1, Xy - Fg chizigning y =6 chizig‘i

bilan kesishgan nuqtasining absissasi, Cp kesib olingan doira aylanasi. Oxirgi

tenglikda p — 0 da limitga o‘tib, hamda shakli o‘zgargan N masalasining chegaraviy

shartlarini hisobga olib, €2 sohada (2,1) tenglama uchun shakli o‘zgargan N masalasi
yechimini beruvchi

u(xy ) = = [ VG105, p)de =] 461" ()4, [G,(E()m ()i %0, 7) s

(2.137)
formulaga kelamiz. (2.137) formula shakli o‘zgargan N masalasining yechimini
berishini isbotlaymiz. (2.137) formuladagi birinchi qo‘shiluvchini

J (x,,¥,) orqali belgilab olamiz:

J1(x0,¥0) == [v(D)G(1,0;x¢, vy )dt (2.138)

Q sohada J{(xg,19) € C (Sj ) vau (2.1) tenglamaning regulyar yechimi ekanligi
(2.138) formuladan ko‘rinib turibdi. Quyidagi belgilashni kiritamiz:

a

a -B
W (Xy,Yy) =— .[ v(8)q,(2,0;1,,y,)dt ==k, .[ v(t) |:(t - x0)2 + %y(’)’“z} dt
“a “a (m+2)
(2.139)
(xy,Y0) Q uzluksiz funksiyadir. J;(xy,y,) funksiyani (2.139), (2.114)
tengliklar va  9,(x,y;xy,y,) funksiyaning simmetrikligiga ko‘ra, quyidagi
ko‘rinishda yozib olish mumkin:
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T (X 30) = (%, ) — | WO (10;%,, y,)dlt = (xy, 3y) — | WOy, vy D)t =
= (3, 7,)= [ V() 2@ ¢, (E(0),0(0); 5,0 (1) 4, [q,(E0), 1), %, v,) ] di +

+4i i 10 (04, [q,(E@),n(0); %0, )| R (8,5, 2)q, (x(s), ¥(s); x,0)dtds} dx

ya’'ni
J1(X05 %) = @(xg, ¥) + 2iw(§(t)ﬂ7(l‘)),nﬁ° ()4, [4,(&(0),1(0); x,, ,)] dt +

[ (2.140)
#4000 ()4 [0, (G000 3007 R 1120

(2.140) formuladagi integrallar ikki gatlam potensiallaridan iborat.
(x0(5),¥9(s)) € I'bo‘lganda, (2.64) formulaning birinchisini e’tiborga olib,
quyidagi ifodaga kelamiz:

Jl(xo(s)ayo(s))|p = (x,(5), ¥, () +

+2 |:_%a)(xo (51, ¥, (5)) + i o(5(),n()K, (s, l‘)dl‘} +

+4 j {—%Rl (5,4;32)+ le (t,4;2)K (s,t)dt}w(é(tl),n(tl )dt, =
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= (X, (5), ¥, () —(x, (), ¥, (s)) +

+2i o(5(1),n(1)K, (s,1)dt —2:[ R (s,4;2)(S(t),n(4))dt,
+

[T R (1,43 20K, (5, 00(E (0 )0 )
(2.141)

bu yerdagi ikki karrali integralda ¢ — ¢, —> ¥ almashtirish bajarib,

— [ R (s,:: D)o(Et ), (8 ))dt, +2] o(E(D),n (D)) [Kl (5,0)+ 2[ K, (5,4, R, (4, £:2)d, } dt

tengliknihosil qilamiz. Endi bu yerda rezolventa uchun ushbu
[
Ry (s,6,2) = Ky (s,0) + zjKl(Satl)Rl(tlat;S)dtl :
0

integral tenglamani hisobga olib, (2.141) dan ushbu tengliknihosil qilamiz:

7,y () 1o ()] = —2iw(§(tl),n(tl DR, (5.1, 2)dt, +

! (2.142)
2£ o(S(1),n()R (s,1;2)dt =0
Endi
lim yéfo 0J1(x9,)0)
y0—0 o

=v(xy) , —a<x<a, (2.143)

tenglikni isbotlaymiz. J(X(,Yo) integralni & (x, y;x,,¥,) ning simmetrikligiga,
(2.139) va (2.120) formulaga ko‘ra, ushbu ko‘rinishda yozib olamiz:
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a

J (X0, 1) = J V(X)G,(x,0;x,, yo)dx = o(xy, yy) —

—a

— [ v(x)dx | p(t,x;0)q,(€,1m;%,, v, . (2.144)

Bu ifodaning ikkinchi qo‘shiluvchisidan yybo‘yicha olingan hosila yég 0

salmoq bilan y, — 0 da 0 ga teng, ya’ni

: oq
lim y§0—L=0 2.145
o070 By . (2.145)
Shunday qilib,
ow
lim A0 == =v(x,)
y0_>0)/o o (X0), —a < x, < a, (2.146)

tenglikni isbotlash qoldi.
(2.139) tenglikni y bo‘yicha differensiallab, quyidagi tenglikka ega bo‘lamiz:

do 4Bk,

a —p-1
» m+2y6"”IV(§){(§—xO)2+ ) ya"”} dg (2147

(m+2)

Ushbu

-p-1
4Bk a 4
A , — 1 m+1 _ 2+ m+2 d
(X9 ¥) L XJQ{@ Xy) i) } &

(2.148)

funksiyani kiritamiz va

lim y”0 A(xq,y0) =1 (2.149)
Y0 -0

tenglikni isbotlaymiz. Haqiqatdan ham, (2.148) tenglikda integral o‘zgaruvchisini

2 (m+2)/2
Yo

m+ 2

& =xp+ ! ko‘rinishda almashtiramiz, u holda
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A(xy,v0) =28 2 _Zﬂk ‘ﬂoajz (1+t2) dt 1.150
0-Yo0) = 0 1Y0 i > (1.150)
bu yerda
(m+Da+x) . m+Da-x) . 1( 4 Yrip
1= (m+2)\2 > @y = (m+2)\2 ky = .
2y, 2y Ar\m+2) I'(2P)

(2.150) da yy — 0 da limitga o‘tib, ushbu

g 2Py e oy
Jim " Ay 0)= F(zﬂ)_{o(m) dr

tenglikni olamiz, bu yerda

[P I ZACT.)

S 2y
tengliknihisobga olib,
28-1 2
liigovﬁoA(xoyo): 2 ﬁﬂ B 11:(2(23; 22;—1;;;[?(/3) =1, (2.151)
tenglikka kelamiz.
Shunday qilib,

.
4,Bk1 m+1+ ? 2 4 m+2
— —Xy)" + dé=1. (2.152
P _fa (& —xp) (m12) 0 S ( )

tenglikni isbotladik.
(2.152) tenglikni v(X,) ga ko‘paytirib, ushbu tenglikni hosil qilamiz:

a -B-1
V(%)= yo P Iv(%){(é—xo)%(mjz)yg“z} dé.

Bu yerdan (2.147) tenglikni e’tiborga olib, ushbu
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im yﬂo oy, Yp) —v(x_o) +4ﬁk1 im yO m+l+[5) I[V(é) V(X())]

X0 —>x0 0 m X = X —a
Yo 0 Yo =0 o (2.153)
4 2
x| (E=x0) ——5 0™ | dé
{ "2
munosabatga ega bo‘lamiz. Endi quyidagi integralni
4Bk 4 o
m+2+ﬁ0 v vix —x 2+ m+2 d —
2’ [[v©—vGo)] {(5 D Pl 3
(2.154)

4ﬂk m+ x06 %+6 a
( +2) ‘{j o+ }=J1+J2+J3

—a X0~ -0 x0+6

Yo —=>0, xg > Xy (~a<x<a)da nolga intilishini ko‘rsatamiz. v(x)funksiyamiz
(—a,a) intervalda uzluksiz. Shuning uchun oldindan berilgan ixtiyoriy & >0 soni

uchun shunday §>0  sonini ko‘rsatish mumkinki, agar & va Xy uchun

‘5 - )70‘ <O tengsizlik bajarilsa,

<& tengsizlik bajariladi.

Demak,
4Bk 70 %l
& m+1+3 +2
| <E2PH ey w2 | g =
| 2|<2m+2y0 xof(s (=)’ (m+2)2y0 :
2p-1 2 s 2p-1 2
;2 ﬁF(ﬁ)I( )ﬂdt<£><2 ﬁF(ﬁ)J( ) Y=L
. T'2P)q 3 n I'2P) 3’
(2.155)

bu yerda

= (m+2)(xg— %y +95) N _(m+2)(xg — Xo —O)
12 = m J 16 = m -
2y(() +2)\2 2y(() +2)\2
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Endi J; integralni baholaymiz.Bu integraldla —a<&<X;—Ova

— 0 o
Xo — xo‘ < 5 bo‘lganda, | — XO‘ > ) bo‘ladi va

‘é - xo‘ >0 shu bilan birga,

2 4 0 O
—Xy) +—— > —
(S —xp) (m+2) Yo 4
Shunday qilib,
| < 2BK e [ 4 " <] S[V(é)—v()_co)]dﬁ <Cyy <
"2 5’ Za -0 3’

yetarli kichik ¥ >0 uchun shu usul bilan uchinchi integral J; uchun ham ‘J3‘ <§

bahoni isbotlash mumkin. J1,J5,J3 integrallar uchun olingan baholardan & >0
sonning ixtiyoriyligidan foydalanib, Yo —> 0, Xy — X (—a < x < @) ga intilganda,
(2.154) integralning nolga intilishi kelib chigadi, bundan (2.153) ga asosan,

llmi yﬂo aa)('xOJyO)

X0 —>x( 6y0
yo—0

:V(fo), (—a<x;, <a),

tenglikka kelamiz, ya’ni (2.143) formula isbot bo‘ldi.
Endi (2.137) formuladagi J,(Xy,)p)ni o‘rganamiz. Bu integralni (2.123),
(2,119) formulalarga ko‘ra, quyidagi ko‘rinishda yozib olamiz:
1 !
5 (% 30) == [ $() A4, [G,(E,3x4, ¥0) ] ds =[ (5)p, (5%, )l =
0 0

~[9(5){2"0 () 4, [, (x(5), ¥(5)5 %, )]+

+4[ R (1,520 (04, [, (E@O,n(0); x4, 3)]dt}ds ==[ 60" ()4 [q,(E.1%, ., 3,)] ds
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(2.156)

bu yerda

l
(1) =2¢(1) + 4| R (1,5:2)p(s)ds , (2.157)
0

ya’ni, 6(s) ushbu
[
0(s)—2[K,(s,))0(t)dt =2¢(s) , (2.158)
0

integral tenglamaning yechimidir. O(s)uzluksiz funksiya bo‘lgani uchun J,(xg,¥q)

Q sohada (2.1) tenglamaning regulyar yechimi va u Q sohada uzluksiz. J5(Xg, o)

funksiya (2.156) tenglikka ko‘ra, ikki qatlam potensialidan iborat, demak,
(x9,0) € I" bo‘lganda, uning uchun (2.64) tenglikning birinchisi o‘rinlidir:

- % 8(s)~ [ 6(0)K (s, 1)d :%|:2¢(s) VAR (s, 2)¢(t)dt} -

/

- B P+ 4} R (1,1 2)¢(z1)dz}/(1 (s,8)dt =

0

= () +2[ R (5.0:2)0(0, ), =2 9(O)R (5. 1)t -

4] [ $(6,)R (2, 2)K (s, et =p(s)+

B(t)| R (s.4:2) -2 R (.4:2)K, (s,r>dz}dr1 ~2[YO)K,(s.t)dt =

+2

[ /

= () +2[ R (s,1,; )91 )dt, -2 ¢<r>{1<1 (5.0 + [ K\ (50 R (1,62, .

0 0

Bu yerda R (5,2,2) rezolventa uchun

!
R (s,1,2) = K (s,8) + [ K, (5,8 R, (¢,1;2)dt,
0

tenglamani hisobga olib, ushbu
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l l
J(x0,y0) + 2[ Ry (5,:2)p(0)ddt = 2] R (s,£:2)p(t)dt = () (2.159)
0 0

tenglikni hosil qilamiz.
Bevosita hisoblash yordamida

lim yﬂo aJ2(x0ay0) -0

, —a<xy<a, 2.160
y0_>0 ayo 0 ( )

tenglikka kelamiz.

Shunday qilib, (2.137) formula shakli o‘zgargan N masalasining yechimini
berar ekan.

Izoh: (2.137), (2.136), (2.127) formulalardan foydalanib, shakli o‘zgargan N
masalasining yechimi ushbu ko‘rinishda yozib olish mumkin:

u(X0,v0) == [V Gon (60:%0,30) + Hy (x.0:0, 310 i —
, - (2.161)
- (f)(D(S){As [Go1 (&5 %0, vo) |+ A [H, (E,m5x0, v0)|ids,

bu yerda

Go1(x,0;x0, y9) = ky %

4 7 X0 X 2 4y i
2 m+2 0 m+2

XA (x—x9) +——=y — (a— j + Y
22 } { a) dAm+2)?"

z
Hy (%, ; %o, Y0) =(J)P2(f;Xano)Gm(ﬁJ?;xo,yo)df, 2.161)

yechimni shaklda yozib olish aralash turdagi tenglama uchun Trikom masalasini
yechishda juda qulaylik yaratadi. Normal €, soha uchun H,(x,y,%,,) =0, bu holda

(2.161) yechim juda sodda ko‘rinishda bo‘ladi [21].

u(x, y)=ky [v(t)

—a

m+2]

X{[(xo —t)* + mt 22



~mBm+2)(a’ RZ)In"O " S)pE) P F(B.B+12B1- )df(s)

(2.162)

11. Dirixle masalasining Grin funksiyasi.() sohada (2.1) tenglama uchun
Dirixle masalasining Grin funksiyasi deb, quyidagi shartlarni ganoatlantiruvchi

G, (x, Vi Xg, yo) funksiyaga aytiladi:

1) Qsohaning(x,,),) nuqtasidan tashqari barcha nuqtalarida (2.1)
tenglamaning regulyar yechimi;

2)
Gy (xyx 0vo)ruas =0, (2.163)

chegaraviy shartni gqanoatlantiradi;

1) uni
G, (%, %0, ¥ )= @2 (%, 3 X5 ¥0 )+ % (%, 13 %0 0 ). (2.164)

shaklda ifodalash mumkin, bu yerda

m+ 2

xii Pl-c P F1-B1-B2-2B1-0)

4 4B-2
%(X,y;xo,yo):kz[ ) X
(2.165)

(2.1) tenglamaning fundamental yechimi .91(x, VX, yo) () sohaning barcha
nugqtalarida (2.1) tenglamaning regulyar yechimi.
Grin funksiyasini tuzish, uning regulyar qismi $, (x, ViXg, yo) ni topishga olib

kelinadi, % (X, V3 Xy, Vo) funksiya (2.163) va (2.164) tengliklarga asosan,

92(x,y;xo,yo)1r=—q2(x,y;xo,yo)\p (2.166)
19’2 (X,O,'XO,yo): 0 (2167)

chegaraviy shartlarni ganoatlantirishi kerak.
% (x, ViX05 Vo )funksiyani ikki qatlam potensiali shaklida izlaymiz:
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[

(%, 3x0,30) = fﬂz(f;xo,yo)nﬂo () A [E(0),n(t);x, ydt | (2.168)
0

Ikki qatlam  potensiali W (x,y) uchun ofrinli bo‘lgan  (2.86)
munosabatlarning birinchisidan, hamda (2.166) chegaraviy shartlardan foydalanib,

Hr (f > X0 yo) zichlik uchun quyidagi integral tenglamani hosil qilamiz:

u, (s;xo,y0 )— 21 K (s,t)u, (t;x0 .V, )dt = 2c]2(x(s),y(s);x0 ,yo) (2.169)

(2.169) tenglamaning o‘ng tomoni S§ argumentning uzluksiz funksiyasidir
((xo, Vo) €, (x(s),y(s)el’ ) 2.7 lemmaga asosan, (2.169) integral tenglamaga
Fredgolm nazariyasini qo‘llash mumkin.

1§ ning 9-bandidal = 2, K,(s,f) yadroning xarakteristik soni bo‘lmasligi
isbotlangan edi, demak, (2.169) tenglama yechimi mavjud va uning uzluksiz
yechimini:

1, (85%,, 9, ) =24, (x(5), ()%, ¥, )+ 4@ R,(5,5:2)q,(E(0),n(®);x,,¥, )t (2.170)

shaklda ifodalash mumkin, bu yerda R,(s,#;2) orqali K,(s,t) yadroning rezolventasi
belgilangan (x(s),(s))e I". (2.170) dan 4, (S;X, Vo) ni (2.168) ga qo‘yib, ushbu

!
92(X,y;x0,yo)= 2f92(§a77;3€0»y0)77ﬁ0 (t)At[f(t),n(t);x,y]dt+

0
/]
4] 10 (6) 4,[q5 (@), 1(0): %, ) Ry (2, 5:2) 5 (x(5), ¥(5); X0, vo ledls
tenglikka kelamiz.

Shakli o‘zgargan N masalasi uchun Grin funksiyasini tuzishdagi
mulohazalarni takrorlab, Dirixle masalasi uchun Grin funksiyasining regulyar qismi

9 (x »V5X05 )0 ) ni oddiy gatlam potensiali shaklida ifodalash mumkin:

/
9 (x, y3x0,30) = (I) P2 (t:%0,Y0) G2 (E(0) (s x, ¥ )dt (2.172)

bu yerda
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P> (530,35 )= 20" () 4.[q, (x(5), 3(5)); %0, |+ 4] R, (1,5:2) 4 [q, (£ (0),m()); x,. v, Jat

(2.173)
ya'ni, P (85X0, o) ushbu

I
P (S;Xano)_zj.Kz(t:S)pz (t;xo,yo)dt :2yﬂ0 ()4, [%(X(S)’y(s));xo’yo] (2.174)
0

integral tenglamaning yechimi.
(2.172)ga oddiy gatlam potensiali konormal hosilasi uchun o‘rinli bo‘lgan (2.91)
formulalardan birinchisini qo‘llab, quyidagi tenglikni hosil gilamiz:

25" ()4, [ 2 (), ()% 00 ]| = P2 (5330, 70) + 2] Ko (125) py (65,3 )t (2.175)

Endi (2.174) va (2.175) tenglamalardan

PP () A,[ Gy (x(5), ¥(5)); %05 Yo | = P2 (53 %0, 70 ). (2.176)

tenglikka kelamiz va bu tenglikka asosan, (2.172) formulani ushbu

/
S (x, 30,0 ) = (j)q2(é(t),n(t);x,y)At[G2§(t),n(t);xo,yo]dt, (2.177)

ko‘rinishda yozish mumkin.
2.11-lemma.Agar (Xy,Yy) nugta Q soha ichida joylashgan bo‘lsa, u holda

Gz(x,y;xo,yo) Grin funksivasi (x,y) va (X9,Yo9) nugtalarga nisbatan

simmetrikdir.
2.11 lemmaning isboti 2.10 lemmaning isbotiga o‘xshash bajariladi.
Q) normal soha uchun Grin funksiyasi quyidagi ko‘rinishda bo‘ladi:

2
a _
Goz(xay;XO,J/o):%(X,J/QXO,J/O)—(EJ q>(x, Y3 X0, Y0) (2.178)

bu yerda

2 2 4 +2 a’ (mi2)/2 @ (me2))2
_ m - —(m+ _ m+
R =Xy = y

+(m+2)2y0 10T pa X0, R27Y

Grin funksiyasi Gy (X, ;Xg, V) ning regulyar qismi
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3-§. (2.1) tenglamada parametr S, =-m/2bo‘lgan holda Dirixle va shakli
o‘zgargan Xolmgren ( N ) masalalarining yechimi.

(2.1) tenglamani parametr 8, =—m/2 bo‘lgan holda o‘rganamiz

V" + 1y, —(mf2)u, =0 (2.185)

va bu tenglama uchun normal soha €2, da Dirixle va shakli o‘zgargan N
masalalarini yechimini beruvchi formulalarni keltirib chigaramiz.

1. (2.185) tenglama uchun shakli o‘zgargan N masalasining yechimi.
(2.162) formulada parametr B, —>-m/2,yani f—>0 limitga o‘tib va ushbu

limitlarni hisobga olib,
l+o

Iim F(B,p1,2B;1—0)=——;
Q) lim F(B.f125:1-0) ="

1
b) lmkpB=—:;
) Jmny 1B 7

(m+2)* Y

—_L _ A2 4 m+2 | Y 4t2 m+2
= 2ﬂ{ln{(x t) +(m+2)2y } ln{(l xt) +(m+2)2 y }},

Q, sohada shakli o‘zgargan N masalasining

-p 5 -p
2ym+2:| —|:(1—xt)2+ 4t m+2:| _

lim y_m/zg—; =v(x),xe(-1]); u(x,y)‘ao =p(x(s)) 0<s<l  (2.186)

y—+0

yechimni beruvchi ushbu formulaga ega bo‘lamiz:

u(x y)=iiv(z‘) In| (x—1)* + 4 Y™ —In| (1—-xt) + 4 Y2\ b —
s’ 2 (m+2)* (m+2)°

_(m+2(1-F°
4

/
Mot ym ™)y 417 (o).
0
(2.187)
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2. (2.185) teng}ama uchun Dirixle masalasining yechimi. (2.184) formulada
parametr ~0 — —mjz ya’'ni =0 limitga o‘tib, bevosita (2.184) formuladan =°0
normal sohada Dirixle masalasi

u(x,0)=7(x), x e (-11); u(x,y)‘c,O =@(x(s)), 0<s<[ (2.1898)

yechimini beruvchi ushbu formulaga ega bo‘lamiz:

m+2
m+?2 !

u(x,y):k2 ) yz_'[lf(t [(x—t)z-kﬁymz] _

1 (2.189)
T
{(l—xt)2+my 2} dt —
3 i m+2
g 1+62) (- R ple(s)r 2 ()02 =1 2)de(s)
0

2

1( 4
b da ky=— .
wyerin ho= g {5
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IIT BOB. BUZILUVCHAN ELLIPTIK TURDAGI SINGULYAR
KOEFFITSIENTLI TENGLAMALARNING BIR SINFI UCHUN YARIM
TEKISLIKDA DIRIXLEVA SHAKLI O‘ZGARGAN N MASALALARI

Ushbu bobda y >0 yarim tekislikda

m/2-1

L(aoau):ymuxx+uyy+a0y ux+ﬁ0y_1uy :09 y>0>(3-1)

tenglama uchun Dirixle va shakli o‘zgargan N masalasi o‘rganiladi, bu yerda

m,&, ﬂo — o‘zgarmas sonlar.

1-§. Dirixle va shakli o‘zgargan N masalalarning qo‘yilishi va yechimning
yagonaligi.

Dirixle masalasi. y > 0 yarim tekislikda (3.1) tenglamaning ushbu

lim u(x,y)=7(x), x&(—00,+x) (3.2)

y—>+0

shartni ganoatlantiruvchi va cheksizlikda nolga aylanuvchi regulyar yechimi
u(x,y) e C(y 20)NC*(y>0) topilsin.
Bu yerda 7(x) € C(—,+x) berilgan funksiya va u yetarli katta ‘x‘ lar uchun

e ()| < Mo /|’ (3.3)

tengsizlikni ganoatlantiradi, bu yerda M, >0 va 6 > 0o°‘zgarmas sonlar.
Shakli o‘zgargan N masalasi.y >0 yarim tekislikda (3.1) tenglamaning
ushbu

: ou
lim yﬂ0 —=v(x), xe&(—o0,+0) (3.4)
y—>+0 oy
shartni ganoatlantiruvchi va cheksizlikda nolga aylanuvchi regulyar yechimi
u(x,y) € C(y20)NC*(y>0), hamda y"u eC(y=0) topilsin, bu yerda
v(x) € C(—o0,+0) va yetarli katta |x| lar uchun:

1-2a+¢

‘v(x)‘ <M, /‘x‘ , (3.5)
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buyerda M, >0 va &€ >0 —o‘zgarmas sonlar,2a=a+ f , O<a+p<1.
3.1-teorema. Dirixle masalasi bittadan ortiq yechimga ega emas.

Isbot.7(x)= 0 bo‘lsin. y=0 yarim tekislikda
Lp:x*+4(m+2)7y™*=R* normal chiziq hamda y=0o0‘qining [~ R,R]
kesmasi bilan chegaralangan Q, sohani tuzamiz. Ixtiyoriy & >0 sonini olamiz.
u(x,y) funksiyamiz cheksizlikda nolga aylanganligi sababli yetarli katta R uchun
u(x,y) <&, (x,y) €Ly tengsizlik o‘rinli bo‘ladi. Endi » >0 tekislikning ixtiyoriy
(xg, ) nuqtasini olamiz. Yetarli katta R lar uchun (x,,y,) nuqta Qp soha ichiga
tushadi va ekstremum prinsipiga ko‘ra ‘u(xo, yo)‘ <& tengsizlik o‘rinli bo‘ladi. & —
sonining ixtiyoriyligidan, u(x,,y,) =0 tenglik kelib chiqadi, bundan esa y >0 yarim
tekislikda u(x,y)=0 bo‘ladi.

3.1-teorema isbot bo‘ldi.
3.2-teorema.Shakli o zgargan N masalasi bittadan ortiq yechimga ega emas.
3.2-teorema 2.1-lemmani hisobga olgan holda 3.1-teorema kabi isbotlanadi.

2 -§.L(ay, u) = 0 tenglamaning fundamental yechimlari.

(3.1) tenglama y >0 yarim tekislikda elliptik tipdagi tenglama bo‘lib, y =0
o‘qida parabolik tipdagi tenglamaga aylanadi, bundan tashqari u, oldidagi
koeffitsient y =0o0°qida birinchi tartibli maxsuslikka, %, oldidagi koeffitsient esa
1—% (0 < m <2), tartibli maxsuslikka ega.

(3.1) tenglamaning fundamental yechimini

u(x,y)=h(1 | explp(agx yix. )o@ e

ko‘rinishda izlaymiz, bu yerda

2
7'2 5 m+2 a2
) :(x_'XO) + D y 2 +y0 2 ,
14 (m+2)
2
r . X=Xy
o =—,0(0; X, ¥3 Xy, V) = 2barcsin .,
4l i
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2ﬂ0+m b— ao

C2m+2) m+2°
o(0)- yangi noma’lum funksiya. (3.6) ifodani (3.1) ga qo‘yib, w(c)ga nisbatan
ushbu tenglamaga kelamiz:

Alx,y)w'" () + B(x,y)w' (o) + C(x,y)w(g) = 0, (3.7)
bu yerda
m-2 m+2
Yy 4 mE
A(x,p)=y" (o) + (Gi)z =3 > y° o(l-o)
1
2 /
O( /) i ’ ] !/
B(x,y)= yl_,fi 50— 2ay” %QEGX +2y" (@3 X, VX0, Y )Ty +
1

2
’”1

U
I i
+y"ol, -I-—OG —2a >0, +
Y

-2 m+2

" 4 2
+2§Dy(a0ax ananO)G +G :I"_2y 2 2 (1—(1+2CZ)G),
1

2 !

N aay (1) x g

N(x,y)=- 1—m/2 rz + 1m/2§0x(a07x yaxO,yO)+
1

2 " 2"
m n m n XX
+a(a+1)y _(1)yy\_ay (H) = (1)xq0x(a0,xy,x0,yo)+

2 2
i i ’”1

m

+ "o (ao;x,y;xo,yo)]z + 3" (g3 X, ¥3%0, ) —
X X

G} (Y
S Po 20 P (i) +ala 4D
y n Y ’”1

—ad— qD (aO’x y’xO’yO)"_[(D (aO’x yaxO’yO)]Z
m—=2 m+2
" v 1 __ A a2 b2
+§Dyy(a0ax)yax0ay0)__r_2y Yo (Cl + )
1
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Endi A(x,y),B(x,y),C(x,y) lar uchun keltirilgan ifodalarni hisobga olib, (3.7)
tenglamani ushbu ko‘rinishga keltiramiz:

o(l1-0)w"(6)+[I-a+1)olw'(c) - (a* +b*)w(c) =0
yoki
o(l-0)o"(c)+ [1 +(1+A+ A)a}o’(a) ~Adw(c)=0, (3.8)

bu yerda A =a+ib , 2 =a-ib. Bu tenglama Gauss tenglamasi bolib, u o =1
nugqta atrofida ikkita chiziqgli erkli yechimga ega:

(o) =F(AAA+A51-0) (3.9)

w0, (0)=(1-0) " FFA-A1-12-(A+A)l-0). (3.10)

(3.9) va (3.10) tenglamalardan @;(0) va @, (o) ning qiymatlarini (3.6) formulaga
qo‘yib, (3.1) tenglamaning quyidagi ikkita fundamental yechimini hosil qilamiz:

91(0‘0;)6,)/;)60,)/0)): ki (’,12)— ..
_ (3.11)
x exp{p(0to; X, 3 X0, yo IF (A, A3 A + A51 - 0)
4
+2

4a-2
J (ﬁz)_a CXP{(D(Ofo;xay;xooJ/O)}x

%(ao;xay;xo»J/o)):kz(m
(3.13)

x(1-0) 2 F1-A1-1,2—(A+A)l-0),

bu yerda

k, =

1( 4 jz”’r(x)r(,l) L _L( 4 j““F(l—l)F(l—l)
4\ m+2 _ 77 4 \m+2 _
F(A+2) rQ2-i-2)
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ql(ao;x,y;xo,yo) va Qz(ao;x,y;xo,yo) funksiyalar (x,y)
o‘zgaruvchilar bo‘yicha L(Olo ) u) =0 tenglamaning, (Xo )0 )o‘zgaruvchilar

bo‘yicha esa L(— OCO,U)ZO tenglamaning fundamental yechimlaridir.Bevosita
hisoblashlar yordamida

lim 0 0q1(03 X, Y3 X0, Vo) _

Jim o , (3.13)

g (a3 %,0;%9,0) =0, (3.14)

tengliklarni isbotlash mumkin.
Endi F (OC, B.a+pil-o ) — gipergeometrik funksiyaning maxsus ifodasi:

F(a,ﬁ,a +ﬁ;l—0):

3.15
=R0(a,ﬁ;x,y;x0,y0)lnr2+Q0(a,ﬁ;x,y;x0,y0) ( )
dan foydalanamiz, bu yerda
F(a+ﬁ)
R . . F 1.
O(aaﬁaxaya'XOJyO) F(a) ( ) (a ﬁa 76), (316)
o _ I'(a+p) . - I'a+p) = F(a+k)l“(,8+k)x
Qo(a,ﬂ,x,y,xoayo)_ F(O{)F(ﬂ)F(a,ﬁ,l’G)ln 1 +F2(O£)F2(ﬂ)kz=i) (1')2

(3.17)

(3.15) tenglikka asosan, (3.11) fundamental yechimni ushbu
4, (ao;xay;x()aYO) =4, (ao;MaMo) =R (050;]‘/192\/[0)11’”’2 +0, (ao§MaM0)

ko‘rinishda yozib olamiz, bu yerda

R M, My) =12 | explon; M, Mo ) Ro(A,7: M, My) (3.18)
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O(ag; M, M) = kl(’”12)_a expip(oig; M, M )i0y (A, A;M . My).  (3.19)

(3.1) tenglamaga Lagranj ma’nosidagi qo‘shma tenglama quyidagi ko‘rinishga
ega:

2% Bo Bo
Yo Py +P0% 0. (320
TR

L (at,0) = y"0, + 0y, —
Bevosita hisoblashlar yordamida ushbu
L (g, y"0u) = yP0 L(—ag,u1) (3.21)
ayniyatni to‘g‘riligiga ishonch hosil qgilish mumkin.

Shunday qilib, agar q; (Oto;x, y;xo,yo) funksiya M (x, y)o‘zgaruvchi bo‘yicha
(3.1) tenglamaning yechimi bo‘lsa, u holda

Pl(%;M;Mo)zyﬁo%(—ao;M;Mo) (3.22)

funksiya M =M (x,y)o‘zgaruvchi bo‘yicha (3.20) qo‘shma tenglamaning yechimi,

My=M, (X(), y())o‘zgaruvchilar bo‘yicha (3.1) tenglamaning yechimi bo‘lishligi
kelib chiqadi.

3- §.Chekli sohada L(c,u) =0 tenglama yechimining integralifodasi.

Ushbu ayniyatni qaraymiz:

‘9L(0‘05“)—UL*(050,9):g{ym(gé_u—uﬁ +ud—20 |4

Oox Oox Oox yl_’"/2
. . (3.23)
+2{(98—u—uﬁj+u9&
avl\ & oy Y |

(X0, Y0) € D bolsin.

D -uchlari  A(-c,0)va B(c,0)nuqtalarda bo‘lgan, y>Oyarim tekislikda
yotuvchi [ silliq Jordan chizig'i hamda y=0o0‘qining AB kesmasi bilan
chegaralangan bir bog‘lamli soha bo‘Isin.

I" egri chiziqqa parallel I, egri chiziq va y =6 > ¢ to‘g‘ri chiziq kesmasi bilan

chegaralangan Dg’g C D sohani qaraymiz.
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& va O larni shunchalik kichik tanlaymizki, My=M (xy,yy) nuqta
Dg)é sohaning ichida joylashsin.
Dg,5 sohadan markazi My =M y(xg,0) nuqtada bo‘lgan kichik p radiusli
0, doira ajratamiz va Dg)é sohaning qolgan gismini D} s bilan belgilaymiz.

Dg 5 sohada Py (ag;M ;M) funksiya (3.20) tenglamaning regulyar yechimi
bo‘ladi.

| PCx,y)dx+Q(x, y)dx=| ——%jdxd}

oD

Grin formulasini qo‘llasak,

I} l@L(aO,u)— ul’ (aO,S)Jg’xdy =

Jo,
D65

= | { (98—u—u—+u9ﬁ0jdx+

oDP 8.)/ 8.)/
£,0

+| y" 98—u—u@ +u9% dy
Ox oy %

ayniyat hosil bo‘ladi, bu yerda

(3.24)
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oDL s =T, Uly=6}0C,. (3.25)

Faraz qilaylik, u(x,y) funksiya L(Olo;u)=0 tenglamaning regulyar yechimi
bo‘lsin,

*

9=piag;M;My)  esa L(a,9)=0

tenglamaning fundamental yechimi bo‘lsin, u holda (3.24) ni quyidagicha yozib
olamiz:

| @As[u]—uAS[9]+uSAOS(aO’ﬁO)}dS=O) (3.26)

Jol
8D8’5

JApi(ag; MM o) Ag [u(M)]—u(M )Ag[py(og; M ;M )]+

0
8D8’5
(3.27)
+u(M )py (0o M3 M) Ays (g, By )jds = 0
bu yerda
mdyou dxou oy dy Pydx
Aclu|=y" —————, oy, Py) = — =
slul=y ds ox ds o Ays (0, By) S as Ty ds . (3.28)

Ag [u] operatorga u(x,y) funksiyaning konormal hosilasi deyiladi. Quyidagi
hisoblashlarni bajaramiz:

AS[Pl(Of();M;MO)]Z Ag [yﬂoql(—aO;M;MO)J:
=4s [yﬂo ]‘71(_0‘0§M2M0) + 370 Ag gy (—ag; M5 M) | =

dx _
) _Eﬂoyﬂo IQI(_ao;M;MO) + yﬂOAS g1 (—0tg; M ;M) |=(3:29)
= 70y (=ig; MM ) Ay (0; By ) + ¥ Aglgy (—eg; MM )]

Endi (3.29) ni va ushbu Ays(ag,By) = Ays(0y,0) + 4y5(0,By) formulani
hisobga olib, (3.27) tenglikni quyidagi ko‘rinishda yozamiz:
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Y70 gy (—0t M3 M) Ag [u(M) |~ yP0u(M) A gy (—ctg; M M) ] +

P
D s (3.30)

(M) yP gy (~aig; M; M) Ao (ctg:0) ds =0

Egri chizigli integralning additivlik xossasiga ko‘ra, (3.25)ga binoan, (3.30)
tenglikni

720 gy (=0t M M) Agluu(M)) ~ y0u(M) Aglqy (~tgs M: M) +
Cp

(M) gy (0t Mi M) Aps 00V s = | 1970 (et M: M) Agfu(M) -
X1

— POu(M) ¢ Aslgy (s M5 M)+ M) 1 (5 M3 M) Aps g O s+
- [0y (s M Mo) [ () Ay (ot M M+

Ie

M)y gy (0 M: Mo) Ay (0 0) s
(3.31)

ko‘rinishda yozamiz, bu yerda X;,X, —/ . egri chiziqning } = 0 to g‘ri chiziq bilan
kesishish nuqtalarining absissalari. C,esa ajratilgan Q) , doiraning chegarasi.

p—0 yani M(x,y)—>My(xy,yy) bo‘lganda, (3,31) tenglamaning chap

qismining limitini hisoblaymiz. Dastlab ba’zi soddalashtirishlar bajaramiz:

J(piMy) = J{y 0 gy (—atg: M s M o) Ag [u(M)]-
Cp

- yﬂou(M)AS [91(—0502M2M0)]+ (3.32)
+ M(M)yﬁO%(—ao;M;Mo)AOS(ao,O)}dS-

Hisoblaymiz:

AS[%(—%;M;MO)]=Rl(—ao;M;MO)AS[lnrz]Jr .
+an2A5[R1(_a0;M;MO)]+AS[Q(—OCO;M;MO)],( 33)

bu yerda
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2 2
AS[lnrz]:ymd_y(?lnr _dxOlnr :ym2(x Xp) dy
ds Ox ds Oy 2 ds
- y i =y 2 5
m+2 r- ds

(3.33) va (3.34) tengliklarga asosan, (3.32) tenglikni quyidagi ko‘rinishda
yozamiz:

J(piMy) = J{y 0 gy (~ag; M M g) Ag[u(M)] -
Cp
—yﬁOU(M)[AS[Rl(—ao;M;Mo)]ln’”2+AS[Ql(—\ao;M;Mo)]]"‘

+u(M) yP0 gy (—ag; M3 M) Ay (0t,0) jds —

Bo
j le( —ay;M; Mo)[)’mz(x Xo)dy —

4 Ti% m+2 m
e AU yids .

Endi J(p,M(Q) da qutb koordinatalar sistemasiga o‘tamiz, ya’ni integral

(3.35)

Cp

o‘zgaruvchisini quyidagicha almashtiramiz:

X=Xy+pcosp, y=y,+psing,
dx=—psinpdp, dy=pcospdp, °

m+2 m+2
ds =/(dx)> +(dy)* = pdp, y 2 = (v, + psing) 2 =
m+2 2 m
=y 2 Ay psing+O(p) =
2 2
2 2 2 4p m+2 M
r-=p°cos @+ 28in + 0 )
p @ mi?l 2 Yo ¢ +0(p)

Bu tengliklarga asosan:
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2r
J(psMy) = (f) {yﬂ"ql(—ao;M;Mo)As lu(M)]-

- yﬁOM(M)[AS [Rl(—ao;M;Mo)]ln”z +A4g [Q(—ao;M;Mo)]]+

+u(M)yPOq, (—~ag; M ;M o) Ay (ay;0) pdg -
X=x(0+pcos @
y=y0+psin¢

_2f (o + PSiﬂ(P)ﬁ ’ u[xo + pCOSP, yy + psin(p]

) 2
2 m
0 ,o2 cos’ o+ (njf2)2 (m;— Vo2 SInQ+ O(p)j

X R (=0 X9 + pCosp, vy + pSIng; xy, yp) X

. 4 2 7 3.36
X (y0+psmgo)m2pzcoszgo+ p2(m;— V¢ smg0+0(p)]>< (3-36)
m+

m
x (¥ + pcosp) 2 psinc0]d¢-
F(1,21,0)=1 bo‘lgani uchun:
Rl (_ao;M;MO)‘M:MO =

214 o0 ;MM . . _
:kl(’”l )MzMo e 0 O)Ro(—ao,M,Mo)‘MZMO =

=k1( 4 gﬁzj S TG+
(m+2) _
C(AT(L)

Y -2a
kl F(ﬂ, + ﬂ,) 4 yaa(m+2)

m+2

C(AL(4)

Endi (3.36) tenglikda p — 0 da limitga o‘tib,

e —2a m/?2
I'(A+ A4 4 27 d
J(0; M) =2k ( ) ( j uy(xg,20) | 20 v (3.37)

(AT (A)\m +2 0 cos? g+ yisin®
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tenglikni hosil qilamiz.
(3.37)ning o‘ng qismidagi integralni hisoblaymiz:
/2 /2
2Iﬂ yoo Tde ™2 d(p)" “1g¢)
0 coslp+yrsine o 1+ 1gp)?

T m/2 T m/2
3712 d(yy" “tg ) N 27 d(yy tge)

2 1+ e 2g0)?  3a21+ (8 g p)?

+

T m/2 %_81 : m/2 7_8
= lim \arctg (yy “tg@) + lim \arcig (yo “1g@)] ; +
81_)0 0 82 -0
83 -0
/2 T T T T

2
+ lim \arct t Jﬂ =—+—+—+—=21.
g4—>0( g(ro""1g9) Tes 202 22

Shunday qilib,

J(0:My) =2k C(A+1) [ 4

2a
— 2
COLG) m+2j Tu(XoYo), (3.38)

bunda kqni

1( 4 )2“ T(A+1)

"4z\m+2) TOOCQ) (3-39)

deb olamiz.

Natijada
J(0; M) =u(xy, o)

tenglikka ega bo‘lamiz.
Shunday qilib, (3.31) tenglikni quyidagi ko‘rinishda yozib olamiz:

u(xp, o) = xfz {yﬂo%(—aoéM;Mo)AS [”(M)]_

x]
- yﬂOM(M)AS lq1(—ag; M ;M )]+
+u(M)yPo ql(—ao;M;Mo)Aos(ao;O)}Iyza ds +

b 1P g) (—arg: M M) Aglu(M)] -
I

&

(3.40)

- yﬂOM(M)AS [%(—Ofo;j\/f;j\/[o)]Jr
+u(M)yPo ql(—ao;M;Mo)Aos(ao;O)}dS-
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Bunda

dx Ou
Aclu(M)||,es=—"——] —5,
S[ ( )]|y—5 ds 8)/ y=0
dx O
AS[QI(_QO;M;MO)M)/:(S: —gaiylb:é :

U holda (3.40) tenglikni

ou 0
u(xp, o) = xfl{y g (—org; M5 M)y > —u(M)y" %}y _ 5dx+
+ [0 (- Ms M) Al D] Ao MM+

Ie
(M) 1 (g M- My) Aoy 0) s
ko‘rinishda yozish mumkin.

Endi (3.13)ni hisobga olgan holda, (3.41) tenglikda 6 >0, € > 0 bo‘lganda
limitga o‘tsak, quyidagiga ega bo‘lamiz:

u(xg, o) =—[v(x)qy(—ag; M ;M o)dx +

—C
I{y 0 gy (~atg: MM ) Ag ()] -
(3.42)
—74(1‘4))’[30145*[91(—050;f\4;1‘40)]Jr
M)y gy~ M : M) Ay (e:0) s,
Shunday qilib, (3.1) tenglamaning yechimi u(x,y) ni D soha ichidagi
M y(xg,y9)nuqtadagi qiymatini u(x,y) ning D soha chegarasi 0D dagi qiymati va

hosilasi orqali ifodalovchi munosabatga keldik. Bu munosabat N tipidagi masalalarni
yechishda asosiy formula hisoblanadi.
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4-§. Yuqori yarim tekislikda L(¢,u)=0 tenglama uchun shakli o‘zgargan
N masalasi .

Endi (3.42) formuladan foydalanib, y >0 yarim tekislikda shakli o‘zgargan N

masalasi yechimini beruvchi formulani keltirib chigaramiz.
y 20 yarim tekislikda y =0o0°qining [— R,R] kesmasi va

I'=Lg :x2+%ym+2:R2
(m+2)

normal chiziq bilan chegaralangan bir bog‘lamli sohani Qp orqali belgilab olaylik.

Q R sohada (3.42) formulani (3.11) tenglikni e’tiborga olib, ushbu ko‘rinishda
yozib olamiz:

R e
u(x, o) =—k IV(X)(’iz) e aO’M’MO)‘yzodx =Ji+Jy+J3 343
R

bu yerda
Ji= [yPq(~ag;M; M) AJu(MDlds . 344
LR
Jy=— fyﬁOU(M)As [%(‘%QM;MO)]CZS, (3.45)
LR
Jy= [yP0u(M)q (—ae; M3 M o) Ay, (at30)ds. (3.46)
LR

Ji,J,,J 5 integrallarni

R2_2 4 4 m+2

—> 0
(m+2)2y

da baholaymiz, bu yerda (x,y)€ Lj.
1. Dastlab J] ni baholaymiz. (3.28) ga asosan, ‘Jl‘ ni quyidagi ko‘rinishda

yozib olamiz:
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i =
LR

ou
- Iyﬂo%(_ao;M,Mo)—dx
LR

+ |
Lp

< |

LR

ou
yﬂ“’"ql(—ao;M,Mo)ader

N P 3.47)
dx = I‘yﬂw H%(—ao;MaMO)Ha_udyJ“(
Lp X

ou
yﬂo%(_ao;M,Mo)—
Oy

(3.47) tenglikning o‘ng tomonida integral o‘zgaruvchilarni ushbu:

2

+2 . 4
e Rsing |"Mt2, x*4 Yyt = R?
2 m+2

X =Rcoso, y:[ (3.48)

ko‘rinishda almashtiramiz.Bu yerdan:

m 2 m

dx = —Rsin pde, dy = (%)mﬂ R™+2 (sin @) m+2 cos d (3.49)
m +

(3.49) ga asosan, yetarli katta R lar uchun:

: m+2
1*12:R2 1_2xocosq0+ 4 singy,
R m+2 R
1| > 4 m+2 2 (3:59)
+—3| %+ || = OR)
R (m+2)

bahoga kelamiz.

Yugqoridagiga o‘xshash, ushbu
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2 2 m+2 m+2

2 2 r r 1
P2 =0R*), o= =0oM),1-a=1- =20 2,2 _ _
i rlz (m+2) Do

8 1 1
Rsin —:O —
m+2 ? o r12 (Rj

baholarni isbotlash murakkab emas.

Endi (3.50) va (3.51)ga asosan, ushbu
‘%(_OCO;M,M())‘ =
= |k, (’”12 Ta eqo(—ao;M,Mo)F(l,Z,l +A:1- 0)‘ = O(ﬁ) (3.52)

bahoni yetarli katta R lar uchun hosil qilamiz. Oldindan faraz qilamiz:

1
- 0(R12a+8 j’

bu yerda & yetarli kichik musbat son. Endi (3.53) munosabatlar va (3.50), (3.52)
baholarga asosan, yetarli katta R uchun ushbu

ou

1
—|= 0( P j (3.53)

Bo 8_u
Ox

1
M -
‘M( )‘ 2 ‘y Ox

u 2(Po+m) 1 1 2
Bo+m| it 2 M2 oy —
‘y lq(—otg, M, M) ax‘dySCR M e e R =
m 2
— 1
_ RzaRm+2—2aR_1 8Rm+2d(p—£8d§0
R R
tengsizlakka kelamiz, ya’ni
Bo+m : ou
‘y ‘H%(—%aMaMo)H@—d =0 — Rg do. (3.54)

Shunday qilib, (3.54) da R — +oo da limitga o‘tib, ushbu

lim Jj; =0, (3.55)

R—+0

tenglikni hosil qilamiz.
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1
J 12‘ = O(F) .Bu yerdan

Yugqoridagidek, (3.53) farazga asosan,

lim J;, =0
Rl)nfoo 12 (3.56)

tenglikka ega bo‘lamiz. Shunday qilib, (3.55) va (3.56)ga asosan,

lim J; =0, (3.57)

R—>+w0

Endi J, ni baholaymiz:

0 o
| = | fu )y Ty — [u(v)yo i <
r Ox r oy

o
SHM(M)‘yﬂo_i_ %dX‘FHM(M)‘ dx:J21+J22
T

19)
yPo oq
dy

1
Dastlab, 75 ni hisoblaymiz:

ox
% ka2 MMV F (2, T+ A — o)+

+(r7) P Te0MMO) i (g ML M) F(AA A+ A1—0) —

_ — (3.58)
_ 2y aeray FOAA+ Tl -0) 8o |
oo ox
Bevosita hisoblashlarni bajarib, ushbu munosabatlarga kelamiz:
2) (1) = 2(x =x0)
4b m+2 m+2
(o, M, My)=————y 2 +y 2
b) 0 0 7'12 (m + 2) 0 s
+2 m+2
, 2(x—xy) 16 e ==
W(0); = 5V 2 Yt (3.59)

) (m+2)
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Endi ushbu hosilani hisoblaymiz:

OF(AJiA+X1-0) _ T(A+2) FF(A iiko), o+ FL 1-1-0)1}

oo T(WC() oo
T(A+1) 2 T(A+k(A +k)( '(+k) T'(A+k) T'(A +k)}
22 () i=o (k1) L Td+k) T(A+k) TA+k)

tengliklarga kelamiz. Bu yerda ushbu

iF(a,b,c;x) = a—bF(a +1,b+1,c+1;x)
dx c

formulaga asosan,

OF(A,A o) T(A+2)

[ZIF(I + A1+ I,2,G)ln6 + F(Z,Z,l;a)l} +

oc LWL Q)
r(mz) oor(,1+k)r(z+k)( r'(l+k) T'(A+k) F(l+k)}
22 (2) £=o (k)2 L T(1+k) T(A+k) T +k)

tenglikka kelamiz. Bu yerda
F(a,b,c,x)=(1-x)"“"F(c—a,c—b,c;x)
avtotransformatsiya formulasini qo‘llab, ushbu yakuniy natijani hosil qilamiz:

8F(ﬂ,,ﬂ_,;ﬂ,+ﬂ_,;l—a)_

oo
:—M[M_,(I—G)2“F(1—2,,1—2_,,2;0)1n0+F(ﬂ,,2_,,1,0)1}+
[(HI(A)
. T(A+1) oor(,1+k)r(z,+k)( T'(+k) T(A+k) F’(A+k)} e

XA iz (k1)? Lr(1+k) T(L+k) T(A+k)

(3.60)

J, integralda (3.48) almashtirishlarni bajarib, (3.59), (3.60) ifodalar uchun
yetarli katta R larda ushbu
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a) (1), =0(R),

1
b) €0§c(—ao,M,Mo)=0(Ej, (3.61)

OF (A, ;A +2;1-0)
oo

C) =0(1) )

baholarni hosil gilamiz.
Shunday qilib, (3.61) ga asosan, (3.58) dan ushbu

8q1 1
x = O(ana j

bahoni hosil gilamiz. Bu yerdan esa, (3.53) farazga asosan, ushbu

M)y

g,
ox

1
bahoni hosil gilamiz, bu yerda

lim J,, =0. (3.62)

R—+40

Endi yetarli katta R lar uchun J,, integralni baholaymiz.

Y
+ () P TEOMMO g (— g MM )F (A, A5 A+ A5l —0) -
)@ 90 M M) OF (A, ;A +A;1—0) 0o
oo oy

% k- aGRY R, PCOMMO () T A+ Tl - o) +

(3.63)

2
— (5

Bevosita hisoblashlar yordamida ushbu

m m+2 m+2

4 - I i
2 2 4y 2
m+2y d Yo ’

a) (712),)) =
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m

, 2b(x —x, )y5
by ©y(-0g, M, My)= rzo , (3.64)
i
4 y’; 16 m+2 40 m+2

22
23902 =y 2 (5+r)

) SR m+2 (1) (m+2)>° 4

b

tenglikni hosil qilish mumkin. Endi J,; integralda (3.48) almashtirishlarni bajarib,
yetarli katta R uchun ushbu

2m+2
a) (), = O| R m*2
. |
by Py, M,Mg) =0l —5—1| 365
Rne2
N |
0@y =0 =55 |
R2+m

baholarga ega bo‘lamiz. Shunday qilib, (3.65) baholarga asosan, (3.63)ni hisobga

Olib, ushbu
R

b

po 041

y@y

bahoga kelamiz.
Bu yerdan esa (3.53) farazga ko‘ra, ushbu

dx = O(ijdqo

dq
M)|yPo 1

bahoni hosil gilamiz, bundan
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lim Jy, =0, (3.66)

R—+o00

Shunday qilib, (3.66) va (3.62)ga asosan,

lim J2 = O_ (3.67)
R—+00
Endi J3 ni baholaymiz:
a
\Js\ZI‘M(M)yﬁoql(—ao,M,Mo)“ J_,?J/z dy . (3.68)
r y ‘

(3.68) tenglikning o‘ng tomonidagi integralda (3.48) almashtirishlarni bajaramiz
va yetarli katta R lar uchun (3.52)ni hisobga olib, ushbu

d 1
\“(M)Hyﬂo qu(—ao,M,Mo)\W = O(Ejdﬁo (3.69)

bahoni hosil gilamiz, bu yerdan
lim J;=0 (3.70)

R—+00

Endi (3.43) formuladan,J;,J,,J; integrallarda R — 4o da limitga o‘tib,
(3.57), (3.67), (3.70) larga asosan, y >0 yarim tekislikda (3.1) tenglama uchun shakli
o‘zgargan N masalasining yechimini beruvchi

”(x()ayo):_.'. v(X)q,(—ay,x,0,x,, v, )dx ==k, I v(x) (x_x0)2+—2y0 ’
o (m+2)

—00

X exp {—Zb arcsin(x —x,) / \/(x —x,) + (m;%)z yort? }dx

(3.71)

formulani hosil qilamiz.
Endi hosil qilingan (3.71) yechim haqiqatdan ham, (3.53) munosabatlarni
ganoatlantirishini ko‘rsatamiz.
1. u(x,y) yechimning chegaralangan ekanligini ko‘rsatamiz. Buning uchun
(3.71) da quyidagicha almashtirishni bajaramiz:
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2 2 m+2

2)/2 —
" (()m+) , dx=m+2y0 2 dt. (3.72)

U holda (3.71)dan ushbu tenglikni hosil gilamiz:

5 m;—Z 1_2a+oo 5 m;—2
% [ v|xy+ Vo2 t|x
+270 . m+2""°

u(xp,y0) =k
m

x(1+12)™ exp(— 2barcsin

! ja’t |
1+ 12

v(x) funksiyaning (3.5) xossasiga asosan,

, M2 = ,  mi2 , M2 2a-e-]
u(xp, o) =—k Yo 2 J vo| xo + Vo2 t] X+ Yol X
m+2 e m+2 m

x(1+1%)7™ exp(— 2barcsin

! Jdt:
\/1+t2

m - m 2a—¢-1
=—k 2 T+2 Tov Xo + 2 ;rzt *0 +t g X
el 5 T T 27 Qimt 2)) D

x(1+%)™ exp(—Zb arcsin . Jdt , (3.74)

N1+1£2

ko‘rinishda yozib olamiz. Bu yerda ‘vo (x)‘ <M.

Agar (xy,¥() nuqta

2 4 m+2 _ p2
Xg +t———=yy =R 3.75
(m+ 2)? G.72)
konturda joylashgan deb faraz qilsak, u holda (3.74) dan ushbu
G
[u(xg, yp)| < e (3.76)

bahoni hosil gilamiz.
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ou
2. — ni hisoblaymiz.(3.74) tenglikdan:
o

—a-1
ou 0 2 4 m+2 -
—==k [ v (=a)| (x—x,) + ———— X
& 1_{0 ()4 ( ){( 0) (m+ 2)2 Yo } " Yo

m/2
X exp(— 2barcsin(x —x;)/ \/ (x— xoz) + 4 Yo 2 J(Zb(x —Xp) )2}0 j}dx

(m+2) A |z

Bu yerda (3.72) almashtirishni bajarib, ushbu

m+2

2 t
— ==k [ v|xy+ yO2 t lexp| —2barcsin JX

7 —-1-2a
% (_a)( ) ya(a+l)(m+2)+m+l (1 _ tZ)—a—l +
m+2

—1-2a
N 2 ) (1+tZ)—a—lbt(yo)—(a+l)(m+2)+m+l:|X
m+2
m+2 2a
2 — m+2 _
x 2 dt =2k Fo 4
m+270 1( 2 ) Yo
+ [ v|xy+ 2 £ (1+£2)exp(—2barcsin —a+bt)dt,
_J;o 0 ma2 Yo ( ) p( m)( )

ifodaga ega bo‘lamiz va (3.75) farazga asosan, ushbu

ou 1
WO ——=0| ——— (3.77)
8)}0 Rl —2a+¢
bahoni hosil gilamiz.
ou
3. <~ ni hisoblaymiz:
0x
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—a-1
ou _ , *F B 2 4 m+2 y
8_x0 =~k {OV(X){( a){(x Xp)" + (m+2)’ Yo }

x (=2)(x — xo)exp(— 2barcsin(x — xo)/\/(x — xoz) + 4 5 y(’)’”z } +
(m+2)

2 4 m+2 -
Fl(x—x) +—— X
{( 0) (m+2)2 Yo

x exp| —2barcsin(x — x;)/ (x—x02)+ 4 2y6”+2 X
(m+2)

3

m+2

4by0T

(m+ 2)|:(x - x0)2 + 42J’6n+2:|
(m+2) )

dx =

X

+00

—a—1
T
— —klav(x){(x— x0)2 + 2 Yo 2} X

x exp| —2barcsin(x — x;)/ (x—x02)+ 4 2y6”+2 X
(m+2)

m+2 |
4by, ?
m+2

x| 2a(x—xy) + dx.

Bu yerda integral o‘zgaruvchisini (3.72) formula bilan almashtirib, ushbu

ou m+2 2
o —2](( j ya(m+2)(a+1)+m+2 %
0x 2

oo m+2
x [ v|xg+ Vol t (1+t2)_a_1><
w0 m+2 (3.78)

. t
X exp(— 2barcsin ﬁj(at + b)dt,
1+ 12
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tenglikka kelamiz va (3.75)ga asosan, quyidagi bahoni hosil qilamiz:

1
= 0( ol j (3.79)

Shunday qilib, (3.76), (3.77) va (3.79)ga asosan,u(x,y) yechim (3.55)

munosabatni ganoatlantirishiga ishonch hosil gilamiz.
Endi (3.71) yechim

a
axO

lim yﬂo ou =v(x), xe&(-0,+0) (3.80)
y—>+0 ’ '

shartni qanoatlantirishini ko‘rsatamiz. Buning uchun (3.71) yechimni ushbu

+00

u(x,y)=—k | v(t)(r02 Ta exp(— 2barcsin’— x]dx’ (3.81)

ko‘rinishda yozib olamiz, bu yerda
4
(m+2)

(3.81) tenglikdan )’ bo‘yicha hosila olamiz:

ou 4 +oo = -
u_ 4ak y" v(t)(rozya exp —2barcsin— |dr -
oy m+?2 oo Yy
M oo 5 \-a-1 Ci—x (3.82)
—2bkyy? | v(t)(ro T exp| — 2barcsin (t—x)dt .
—0 )
m+2
. . ¢ . f=x4 2 .
(3.82) tenglikda integral o‘zgaruvchini 2 Y S shaklida

almashtiramiz, u holda:
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m+2

—2a +00 ki
a_u:2akl( 2 j y’BOIV{x+ 2 y 2 flx

oy m+2 “w m+2

x (1+ &%) exp[— 2barcsin ¢ }dé —

1+§2
—2a m+2
2 +00 il
—Zbkl( j yPo [y x+ 2 y 2 E|x (3-83)
m+2 C m+2

x (1+ &%) exp[— 2barcsin \/“5_7]@’5.

) X
(3.83) tenglikni arcsinx = arctg =
1—x

X‘ <1 ayniyatga asosan, ushbu

oy m+2 “w m+2

x (14 &%) exp(—2barctgE)dé -

24w m2 3.84
—Zbkl( 2 j yﬂo'fv{x+ 2 y2§]x G50

—2a 400 L—Q
a_uZZakl( 2 j yﬁo'fv{x+ 2 y 2 §]x

m+ 2 e m+2
x (1+ &%) exp(—2barctg & )EdE.

ko‘rinishda yozib olamiz.
Quyidagi integrallarni hisoblaymiz:

+00
Ji= [ (1+E>)*exp(-2barctgE)dé | (3.85)

+00
Jy= [ (1+E*) " Eexp(-2barctg)dE (3.86)
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Dastlab,J{ ni hisoblaymiz.Buning uchun (3.85) da integral o‘zgaruvchisini
& =tgz ko‘rinishda almashtiramiz, u holda

T
Jy = [e ™ cos® zdz =™ [&*” sin® tdt.
K 0
2
Bu yerda
-
(R e 2
[e P sin* xdx =
0

. ; , Reu>-1
2ﬂ(u+1)3(“;’p+1,“_’p+1j

formuladan foydalanib [9],

J o— b 7™ _ 2anl’(2a)
: 29Qa+ DB+ A1+1) 22AAT(AWCA) (3.87)
A=a+bi,l =a->bi

tenglikka kelamiz.

Endi J, integralni hisoblaymiz. Bu yerda ham J; integralni hisoblashdagi
usulni takrorlab,

2 2
J, = 1 e d cos? z = b [e 2" cos?® zdz =
2a & a rz
2 2 (3.88)
_ b, 2bd(a)
a”' 223T()T()

tenglikni hosil qilamiz.

(3.87) va (3.88) tengliklardan ushbu

) +2a
2k1[ j (aJl _sz):1 (3.89)
m+2
tenglikning to‘g‘riligiga ishonch hosil qilish qiyin emas.
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po Ou

@_ —V(X)| ifodani baholaymiz. (3.84) (3.89) tengliklarga asosan,

Endi ‘y

ﬁo(l”_()
y o v(x

m+2
v[x+ 2 2y2§]—v(x)

yho O g 2 _Za(aJl—sz)v(x) =
oy m+ 2

:aAOF

—00

E(&)dE +bA T

m+2
v(x+ 2 yTaf —v(x)

(3.90)

-2a
Bu yerda E(&)=(1+&%) ™ exp(—2barcigBE), A= 2k1(mi 2) :

v(x) funksiyamiz (—00,400) oraliqda uzluksiz va chegaralangan bo‘lgani
uchun:
m+2

> 2 & |-v(x)<2M. (3.91)

V| X+

¢ — ixtiyoriy kichik musbat son bo‘lsin. U holda shunday N musbat soni

mavjudki, J 1 va J 2 integrallarning yaqinlashuvchiligidan:

N +00
2aMA [E§)dé < 2aMA [E(E)dE < (3.92)
Cw N
2bMA_fVE(§)§d§ <§; 26MA [ E(E)EdE <%, (3.93)
—0 N

tengsizliklar o‘rinli bo‘ladi. (3.91),(3.93) tengsizliklarni hisobga olib, (3.90)
tengsizlikni quyidagi ko‘rinishda yozib olamiz:

m+2
:4—8+aA]}] v[x+ 2 y 2 «f]—V(X)E(QE)ng*'
6 m+2

(3.94)

N 2 m+2
+bA | V| x+ +2y 2 £ —v(x)E(ﬁ)\é\dej.
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v(x) funksiyaning uzluksizligidan yetarli kichik ¥ va [f| < N' uchun:

m+2
A 2 m+z
L0 x+ y 2 t—v@)<£,
Jl m+2 6
bA 2 M2 £ (3-95)
—WV| x+ y 2 t|l-vix)<—.
J2 m+2 6

(3.94) tengsizlikdan, (3.95) tengsizlikni hisobga olib,yetarli kichik y lar uchun
ushbu:

L

<&
oy ’

tengsizlikni hosil gilamiz. Bu yerda € ning ixtiyoriyligidan foydalanib,
lim y™ —=v(x), xe(-o0,+x) (3.96)

tenglikni hosil qilamiz.
Shakli o‘zgargan N masalasini yechishdagi usullarni takrorlab, Dirixle masalasi
yechimi uchun ushbu

g T 2va-1 [—Xx
u(x,y)=ky (1= )y 70 [ 2()(H)* " exp| — 2barcsin t
— o "o

formulani hosil qilish qiyin emas.

3.2-lemma. 7(x) € C(—o0,+0) va yetarli katta ‘x‘ lar uchun
‘f(x)‘ <N, /‘xP

tengsizlik o ‘rinli bo ‘Isin, u holda yetarli katta R lar uchun
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N 0 N
”x‘g R1+25 , aﬂg R1—22+5

N
<75

tengsizliklar o ‘rinlidir, bu yerda N; (i=1,2,3) , 6 musbat o zgarmas sonlar.

3.2-lemmaning isboti 3.1-lemmaning isboti kabi bajariladi.
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IV BOB. SINGULYAR KOEFFITSIENTLI
GELLERSTEDT TENGLAMASI UCHUN TRIKOMI MASALASI

1-§. Trikomi masalasining qo‘yilishi va yechimning yagonaligi.

1. Umumiy tushunchalar. z=x+iy kompleks tekisligining chekli bir
bog‘lamli D sohasida ushbu

Auy +2Bu,, + Cuy, + F(x,y,u,u,,u,)=0, 4.1)

ikkinchi tartibli xususiy hosilali kvazichiziqli differensial tenglamani o‘rganamiz, bu
yerda 4= A(x,y), B=B(x,y), C=C(x,y) koeffitsientlar (x,y)o‘zgaruvchilarning
haqiqiy funksiyasi bo‘lib, ular bir vaqtda nolga aylanmaydi:

A (x,y) + B*(x,y) + C*(x,) # 0.

(4.1) tenglama D sohada elliptik, giperbolik, parabolik turga tegishli deyiladi,
agar mos ravishda B?> - AC <0 , B2—AC>0 , B? — AC =0 bo‘lsa.

Agar D soha nuqtalarida B? — AC ifoda o‘z ishorasini o‘zgartirsa, u holda (4.1)
tenglama D sohada aralash turdagi tenglama deyiladi. ¥ chiziq nugqtalar

B*-A4C=0 tenglikni qanoatlantirsa, y chiziq (4.1) tenglamaning parabolik
chizig‘i deyiladi (yoki tenglamaning buzilish chizig‘i deyiladi). Aralash turdagi
tenglamalarga

YUy, T Uy, = O (Trikomi tenglamasi)  (4.2)

2n-1
y Uy T U, = 0, ne N (Gellerstedt tenglamasi) 4.3)

U, +signyu = 0 (Lavrentev-Bitsadze tenglamasi)
(4.4)

K(y)uy, +u,, =0 (Chapligin tenglamasi)
4.5)

larni keltirish mumkin.
Bu yerda K(y) monoton o‘suvchi funksiya bo‘lib, K(0)=0.

Aralash turdagi tenglamalar uchun birinchi chegaraviy masalani 1923-yilda
italyan matematigi Franchesko Trikomi qo‘ygan va uni korrekt ekanligini isbotlagan.
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Ushbu bobda singulyar koeftfitsientli Gellerstedt tenglamasi uchun Trikomi
masalasi o‘rganilgan.

2. Trikomi masalasining qo‘yilishi. Ushbu tenglamani o‘rganamiz:

Signy‘y‘muxx +uy, + (Bo /y)uy =0, (4.6)

bu yerda m va f; —o‘zgarmas sonlar bo‘lib, ular uchun m>0, —m/2< ;<1
tengsizliklar o‘rinli. D soha z=x+1iy kompleks tekisligining chekli bir bog‘lamli
sohasi bo‘lib, uy >0 yarim tekislikda uchlari 4= A(-1,0), B = B(1,0) nuqtalarda
yotuvchi, hamda y >0 yarim tekislikda joylashgan I Jordan chizig‘i bilan, y <0

yarim tekislikda esa (4.1) tenglamaning AC va BC xarakteristikalari bilan
chegaralangan. Ushbu belgilashlarni kiritamiz:

D =Dn{y>0}, D" =DnN{y<0}.

Ay
_|_
D
A B .
-1 0 1 x
-~
C
T masalasi. D sohada (4.1) tenglamaning ushbu
ul,. =¢(s), 0<s<I, 4.7)
ul . =w(x), xe[-1,0] (4.8)

shartlarni qanoatlantiravchi u(x,y)e C(D)NC?(D*UD™)yechimi topilsin. Bu yerda
¢(s),w(x) berilgan funksiyalar, §— 1/ chizigning B uchidan M (x(s), y(s))el
nuqtasigacha bo‘lgan BM yoy uzunligi, [—I" chiziq uzunligi. y =0 parabolik
buzilish chizig‘ida ushbu
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lim yﬂoa—— lim (- yﬂO)—, xel (4.9)
y—>+0 ay y—>—0 y

ulanish sharti bajariladi, / =(—1,1) y =00‘qining intervali.
3.Regulyar va umumlashgan yechimlar

4.1-ta’rif. D sohada (4.1) tenglamaning regulyar yechimi deb, ushbu shartlarni
ganoatlantiruvchi U(X,Y) funksiyaga aytiladi:

1% u(x,y) € C(D);

2% u(x,y)eC 2 (D+ UD™) va (4.1) tenglamani mos ravishda DT va D~
sohalarda ganoatlantiradi;

: 0
39) v(x) = hn%)‘y‘ﬂo 514 va 7'(x) (t(x)=u(x,0)) funksiyalar (-1,1)
y—>

intervalda uzluksiz, differensiallanuvchi, shu bilan birga Vv(x) bu interval
chegaralarida 1-2f dan katta bo‘lmagan tartibda cheksizlikka aylanishi mumkin

L=(m+2By)/2(m+2).

4.2-ta’rif. Dsohada (4.1) tenglamaning umumlashgan yechimi deb, ushbu
shartlarni ganoatlantiruvchi funksiyaga aytiladi:

1 u(x,y) € C(D):;
29 u(x,y) e C’ (D +) va shu sohada (4.1) tenglamani qanoatlantiradi;

39 ixtiyoriy X € (—1,1) uchun

lim| y\ﬂo = v(x)
y—0

mavjud;

4% D™ sohada yechim
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m+2

1 2t o _ _
u(x ) =nlex+———(=y) ? -0 a+0)fde +
—1
f 01 m+2 (4.10)
+7,(=») 70 [y x+ -y) 2 |- P+,
4 m+ 2
bu yerda
r'2B) 125 re-2p)2°#"
n=— 2 , Vo =— | = . (4.11)
=B (1= B) (1)

formula bilan aniqlanadi.
Biz quyida ushbu umumlashgan yechimlar sinfini kiritamiz.

4.3-ta’rif. D~ sohada (4.1) tenglamaning yechimi u(x,y) R, sinfga tegishli
deyiladi, agar wu(x,y) yechim (4.10) formula bilan ifodalanib, 7(x) funksiya
—1<x<1 oraligda a;>1-p ko ‘rsatkich bilan, v(x) funksiya esa —1<x<l1
oraligda Oy > B ko ‘rsatkich bilan Gyolder sinfiga tegishli bo ‘Isa.

4.4-ta’rif. D sohada (4.1) tenglamaning yechimi Ry sinfga tegishli deyiladi,
agar u(x,y) yechim D~ sohada R1 sinfga tegishli bo ‘Isa.

4.7(x)va V(X) noma’lum funksiyalar o‘rtasidagi birinchi funksional

munosabatni Keltirib chiqarish. (4.10) formuladan, (4.8) shartga asosan, ushbu
tenglikka ega bo‘lamiz: AC xarakteristikada

2 m+2
x-S (o) 2 =
m+ 2
yoki
2/(m+2)
2
y=—[m; (X+1)j .

Buni e’tiborga olib, (4.10) formuladan:
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1
u(x,y)| o =n Jrc+ e+ D)1= A+ dr +
-1
2(1-Bp)

+ yz[’" ; 2(x+1>j " }lv(x+r<x+1>)<1—r>‘ﬂ A+ Pdi=y(x), 412

x € (—1,0),

tenglikka ega bo‘lamiz.

m+2p0, :m+2—m—2,80 :2(1—,30)

1-28=1-2
2(m+2) (m+2) m+2

tenglikda X =14 2x almashtirish bajarib, x €(—1,0) intervalni X €(-1,1)

-1
intervalga akslantiramiz. Eski belgilashni saqlab qolgan holda, (4.12) da X ni al

ga almashtiramiz.
L ix—=1 x+1 B-1 p-1
A E A b R T P
Y2 T2
1-28 4 _ _
+7/2(m:2(x+1)j Jv(_x2 ! +x71zj<1—t>‘ﬁ<1+t>‘ﬁ dr= @.13)

-1

= (//(xT_lj , xe(-=11).

(4.13) munosabatda integral o‘zgaruvchisini

z= + { (4.14)

ko‘rinishda o‘zgartiramiz:

t=-1, z=-1;t=1, z=x
;:@,thw l_tzz(x—z)_(4.15)

9

1+ x 1+ x 1+ x

(4.14) va (4.15) ga ko‘ra, (4.13) munosabat ushbu ko‘rinishni oladi:
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X 2 Zﬁ—l
7l f(z{ j (1-2)/ 1+ 2)f dz +
-1 1+x

1-28 | 1-2 B
+7/2(m+1(x+1)j jv(z)( 2 j (l—z)_ﬁ(l+z)_ﬁdZ:l//(x—1j
4 -1 1+x 2

1+x) 2P 4 .
yl(Tj IT(Z)(l—Z)ﬁ (1+2)Pdz +
-1

m+2) 2P x B B x—1
+7, 5 _jlv(z)(l—z) (+2)Pdz=yw — ) xel

(4.16)

Endi (4.14) ifodani kasr tartibli integro-differensial operatorlar:

-

1 X f@)dt
L= (x—t)*"

dl’l+1 (4.17)
o D f(x),aeap 1>0
X

acap 1 <0,
Dclz,xf(x):<

b
! jf(t)dt aeap 1<0,

[v(_l) x(t . x)1+l ’

! _
Dy p f(x)=1 gl (4.18)
(_ 1)n+

f(x),acap >0,

bu yerda n=[/], yordamida ushbu ko‘rinishda yozib olamiz:

1+x) 2
7/1(7) r(B) DL (1+x) "z (x)+

m+2 1_2ﬂ ﬂ—l _ﬂ x—l
+72( > ) ra-2p)D7 (1+x) v(x):w(T).

Endi (4.15) tenglikka Dl]ﬁ operatorni qo‘llaymiz va

(4.19)

Dl;ﬁ DA 4+ 0P =14+ x) P i), (4.20)
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leg 1+ x)l_w D:fx 1+ x)ﬂ_lr(x) =+ x)_ﬂ D:w 7(x) (4.21)

,X
tengliklarni hisobga olib, (15) tenglikni ushbu ko‘rinishda yozib olamiz:
2p-1 - 1-2
1277 r(B) 1+ x) P DI r(x)+

=27 _ 4.22
+y2(m;2) F(1—2,B)(1+x)_ﬂv(x)=D_ﬂ1,_;l//(x71) , xel( )

yoki
w(x) =y DTV T(x) +y (x). (4.23)
Bu yerda

2rQp)I(- ,B)(m + 2)2/3

"TTr(era-2p) 4 (4.24)
V() = —y%a + 0P DIy w(%lj L @)

Shunday qilib, (4.23) tenglik 7(x) va v(x) noma’lum funksiyalar o‘rtasida D
sohadan buzilish chizig‘iga keltirilgan birinchi funksional munosabatni beradi.

5. Trikomi masalasi yechimining yagonaligi.

4.1-teorema.Agar Trikomi masalasining yechimi u(x,y) AC xarakteristikada

nolga teng bo‘lsa, u holda wu(x,y) funksiya D" sohada o zining musbat
maksimumini va manfiy minimumini faqat 1" da qabul giladi.

Isboti. Haqgiqatdan ham, u(x,y) funksiya 7 masalasining 4.1-teorema
shartlarini ganoatlantiruvchi yechimi bo‘lsin. Ravshanki, u(x,y) funksiya o‘zining

ekstremumlarini D" soha ichida qabul gilmaydi.
Faraz qilaylik, wu(x,y) D* sohada o‘zining musbat maksimumini
P(xy,0), x, €l nuqtada gabul qilsin, ya’ni ma;r u(x,y)=7(xp). U holda 7(x)
X,y e
funksiyaning musbat maksimumi nuqtasi X da, kasr tartibli hosila D:?xﬂ 7(x)
ning qat’ly musbat ekanligidan foydalanib, (4.23) tenglikka mos bir jinsh
(w;(x)=0) tenglikdan X=Xy nuqtada V(Xy)>0 tengsizlikka kelamiz. Bu

tengsizlik ulanish sharti (4.9) ga ziddir.
4.1-teorema isbot bo‘ldi.
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2-§. Singulyar koeffitsientli Gellerstedt tenglamasi uchun Trikomi masalasi
yechimining mavjudligi.

Trikomi masalasi yechimining mavjudligini isbotlash algoritmini keltiramiz.

: ou
Dastlab, V(X)= hmb"ﬂo ~
y—0 8y

qilib, D™ sohada shakli o‘zgargan N masalasi, D~ sohada esa shakli o‘zgargan

‘ﬁo 8_u
0

va 7(x)=u(x,0) funksiyalarni ma’lum deb faraz

Koshi masalasi yechiladi. Keyin bu ikki yechim va uning salmoqli ‘y

hosilalari parabolik buzilish chizig‘ining 4B kesmasida “ulanadi”. Shu usul bilan
Trikomi masalasi yechimining mavjudligi ekvivalent ravishda v(x) funksiyaga
nisbatan singulyar integral tenglamani yechishga olib kelinadi, integral tenglama
yagona yechimining mavjudligi Trikomi masalasi yechimining yagonaligi
teoremasidan kelib chiqadi. /'— Jordan chizig‘i bo‘lib, uning tenglamasi parametrik
shaklda berilgan bo‘lsin: x=x(s) , y=y(s), bu yerda s-B(1,0) nuqtadan
hisoblaganda, BM yoy uzunligi. /" chiziqushbuGellerstedtshartlarniganoatlantirsin:
19) x(s), J/(S)funksiyalar [0,/]kesmada x'(s) , y'(s)
uzluksizhosilalargaegavabirvaqtdanolgaaylanmaydi; x"(s), y"(s) [0,/]

daGyoldershartiniqganoatlantiradi, buyerdal butun /" chiziquzunligidir;
2% A va B nugqta atrofida /" chiziq ushbu

dx

<Cy™t(g). (4.26)
ds

shartlarni qanoatlantiradi, bu yerda C o‘zgarmas son.

1.Shakli o‘zgargan N masalasi (Xolmgren masalasi).
7(x)va v(x) funksiyalar o‘rtasidagi ikkinchi funksional munosabatni

keltirib chiqarish.
D" sohada

V' +ty, +(By/ y)uy, =0 (427)
tenglamaning ushbu

ﬁoa_”

ulp=¢(s); lim y =v(x), xel, (4.28)
y—=>+0

shartlarni qanoatlantiruvchi ~ regulyar ~ yechimi  topilsin, bu  yerda
o(s) e C[0,/],v(x)eC(I) va I intervalning chegaralarida 1-28 dan kichik
tartibda cheksizlikka intilishi mumkin.
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Shakli o‘zgargan N masalasi yechimi ushbu formula orqali ifodalanadi:
1
M(X,y): o .[V(t)Gl(tao;xb)yO)dt o
-1

T(E ()" ()4, (G () kg o s

0

(4.29)

bu yerda (&(s),n(s))el’, Gy(&,n; x,y)—shakli o‘zgargan N masalasi uchun

(4.27) tenglamaning Grin funksiyasi, A,[]=1n" ————-———konormal hosila.

G,(x, ¥;xg, Vo) Grin funksiyasi

Gy (%, 3 %0, 30 ) = q1(%, 3 %0, o )+ 01 (%, 15 05 v )

ko‘rinishda ifodalanadi, bu yerda
. — 2 .
015, 3%, v0) = ki P F (B, B.2;1- o).
(4.27) tenglamaning [ sohada fundamental yechimi, U] (x,y;xo, y()) esa

regulyar yechimidir,

m+2 m+2\? 2

r 2 4 — _
2}:(x—x0) t———|y 2 Fy? |, O=—.
Agar I' chiziq (4.27) tenglamaning normal chizig*i

L m+2:1

oot x>+
0% (m+2)2

dan iborat bo‘lsa, (4.27) tenglama uchun N masalasining Grin funksiyasi ushbu
formula yordamida oshkor ko‘rinishda beriladi:

Gm(’“:%%:)’o): QI(xny;xonyO)_R_zﬁ%(xny;)_co:)_/O)9

q1(x, ; xo,yo)=kl(ﬁzfﬁF(ﬂ,ﬂﬂﬁ;l—G),
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¥ = X0 — (m+2)/2 _ Yo
0 — P 0 -
Rz Rz B
4 2
R2:x 2+—y m+
0 (m+2)2 0

Agar I Gellerstedt shartlarini ganoatlantiruvchi ixtiyoriy chiziq bo‘lsa, bu
holda ixtiyoriy D sohada (4.1) tenglama uchun shakli o‘zgargan N masalasining
Grin funksiyasini ushbu ko‘rinishda ifodalash mumkin:

Gy (x, y3%0,¥0) = Go1 (x, y: %0, y0 )+ Hy (%, y3 %0, 79) » (4.30)
bu yerda

H,(x, y;x0)0) = i P13 1)Go1 (S (),n(1); Xg, o)dt . (4.31)
o) (s; X0, yo) —zichlik esa

/
P1(55x0aJ/0)—2(f)K1(f,S)P1(f;x0sJ/0)df:2AS[Q1(X(S)»J/(S);XO=J/0)]

integral tenglamaning yechimi

!
P1(85X0,¥0) =2 A(85%0, 1) +4(I)R1(t,s)A(t;x0,y0)dt) (4.32)

bu yerda

K (t,5) = y70 () A,[q1 (E(©),n (£);x(5), ()}
A(s3%0,30) = 70 (5) 4, [ (x(5), ¥ (5); %0, o)}

Ushbu tenglikningo‘rinli ekanligiga ishonch hosil qilish qiyin emas:

3P0 () A, Gy (x(5), ¥ (5):%0> 0) ] = 1 (85X 70) -

Bu tenglikka asosan, (4.29) formulani

1 [
u(x,y)=—le(t)Gl(r,o;x,y)dr— (J)qo(s)pl(s;x,y)ds @33
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ko‘rinshda yozib olish mumkin. (4.33) formulada ¥ = 0 deb va (4.28) hamda (4.30)
formulani hisobga olib, ushbu tenglikka kelamiz:
1
) _
O i N

1
(4.34)

~ H(t, )@ dt [ (s) py(s:.x.0)ds,
-1 0

bu yerda
H(x,t) = Gl(t,o;x,O) - GOl(t,O;x,O) =

= § pr(5:1.0)Go1 (E(5),1 (5);,0) s @35
0

E(s),n(s)el’ (4.34) formula 7(x) va v(x) noma’lum funksiyalar o‘rtasidagi

y =0 parabolik buzilish chizig‘ining 4B kesmasiga D" sohadan keltirilgan ikkinchi

funksional munosabatni beradi.
4.1-lemma. Agar —1<x<l, —1<t<1 bo‘lsa, Grin funksiyasi regulyar

qismining X bo ‘yicha hosilasi uchun ushbu

<C-xt) (4.36)

‘GH(t,x)
ox

tengsizlik o ‘rinlidir, bu yerda Cfagat D" sohaga bog ‘ligdir.

4 2
—— """ belgilashni  kiritib, Gy(&, 7 ;%,0) uchun
(m+2)

ushbu tenglikka kelamiz:

2 2
Isboti. R =& +

-B
GOI(‘?: n ;x,O): k1|:(x _5)2 +ﬁnm+2:| _

1V 4 i
_kl(xzﬂ)|:(§_;) +mnm+2:| _

ko R? —2x& + 32| — k[ R? — 28 +1]”

yoki
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Goi(&, 15 x0) =k |[R7?F — Ry |= k|(RDY# - (RD)? |

bu yerda
R12:R2—2x§+x2 , R22:x2R2—2x§+1,

Yetarli kichik 77 lar uchun:
R*=1+o0(n™"?).

Quyidagi hosilani hisoblaymiz:
1 aGOl(ga UR X,O) _
2Bk ox

P lry P (g 42— (B2 P 2k? - 26) )=

=—(x—s>[Rf2"‘2]+R52ﬂ =&+ x-001™2))=
— =[R2 - R LR o)

Ushbu ifodani baholaymiz:

R12ﬁ+2 _R22ﬁ+2‘

1 1
R2ﬁ+2 R12ﬁ+2}: R12ﬁ+2.R22ﬁ+2‘

S =x"L =B+, f1()=pB+Dx" >0,

R—2ﬁ -2 _R—2ﬁ 2‘

demak, f(x) funksiya botiq va botiqlik ta’rifiga ko‘ra, ixtiyoriy Xj, X, va ixtiyoriy
q1> 9> 4+, =1 sonlari uchun

SCax+q %) <q f () +q, f(x)

o‘rinli. Lagranj formulasiga ko‘ra,

S(x)— f(x)

Xy =X

=f'(6),xSE<x, , S=q1 X+t qyx; .
Demak,
‘f(xz)—f(xﬂ‘ Z‘xz _xl‘f'(%xl +¢,X;) S‘xl —x2H41f'(x1)+42f'(x2)‘
yoki
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B+l B+l
‘xz X

<|x - xz‘(ﬁ+l)‘%x1 +92x2ﬁ‘ ‘xz xl”% +x2‘

2 2
X, =Ry, x =R
bo‘lsa,

R22ﬁ+2 . R12ﬁ+2

< %‘Rzz - RY|[R3P + RYP|

Bundan,
1 1 2|
R2A+2 R12ﬁ+2‘— ‘Rz R ‘Rzmz 2ﬁ+ ‘
3‘ 2 2 1 1 ‘
) fk‘ -
2172 THRasiag2 R2ﬁ+2Rf\

1
Agar —-1<x< Y bo‘lsa, 7 —>0,&—>*] bo‘lganda, ushbu tengsizlik

o‘rinlidir:
1 B 1 B
R R*-2x&+x*
4 m - 4 me2
2+On+mzn*4—2x§+x2 (é_xf+(m+2f” +2
4
_( : m+2)? . 1 y
(é_X)2+4277m+2 (1+X)2+4277m+2_
(m+2) (m+2)
< 2
- 4
(1+x) ;n+2fn
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1 1
R22 X*R? - 2x&+1 -

x2§2+x24277 —2x§+1 (x&=1)% +x? 4;7
(m+2) m

4 2
l+x)°+———— ™
( (m+2)277

(x§_1)2 +x2 4 277m+2 (1+x)2 + 277m+2

(m+2)

<

G

1 .
1+x)2+——— "2
( ) (m+2)277

Bu yerda C, va Cyo‘zgarmaslar X,& va 7]larga bog‘liq emas.
Yugoridagi ikki bahoga asosan, ushbu tengsizlikka kelamiz:

G|, @O+

+X)
(m+2)? 7

+

m+2 _ 2\, m+2
+C n e (A—x)1+x7)n N

p+2
4 +2
1" }

m+2)

1
Yugqoridagidek, 5 <x <1 uchun:

oG c
‘ 01| < ! (4.38)

ox ‘_



Shunday qilib, (4.32) va (4.35) ga asosan:

0G o (£(5),m () x,0)| . _
0x -

‘aHl(t)x)
ox

!
< ”Pl(s;l‘,o)“
0

l -p
4
<Colpi(s;6,0)| Q+ x)> + ———pm*? ds <

-p
%U m+2} ds x

l
2
<C6M(l+x) +(m+2)

/
x {2\A(s,t,0)\+ 4[Rl(tl,s;z)A(tl,t,O)dtl} =
0

-B
(m+2)

l
- 2C6HA(s,t,O)\{(l +x) +
0

l I -B
4 m
+4C6.HA(tlatao)‘dtlj-Rl(tlaS;2)|:x2+—277 +2} ds <
0 0 (m+2)

B (4.39)
(%nm+2:| ds + CS'
m

/
<2¢ | ‘A(s,t,O)‘{(1+x)2+ )

l—¢

Bu yerda

s 2 4 ) 7
Co=2C; [ |A(s,£.0)| A+ x)2+——— ™2 | ds+
8 6 ,([ ‘ ‘{ (m+ 2)2 n

I / -p
4 2
+4Cq [| At,1,0)|d1, Rl(tl,s;2){x2+—77m+ } ds
{ { (m+2)
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Bo
A(t;x,0) = —%At[lnrz] =

i
i m+2 m+2\ m ]
4 n 2 -y 2 n 2
__ Bl 2A-xdn M2 d¢
rizﬁ r2 dt r2 dt
yoki i :
A(s5,0) = 2Bkin" (5) s mi2 _ds
(t—é)z +477m+2 ( - )
(m+ 2)2
d§ m+1
2L .
‘ ds n tengsizlikka asosan,
(0= o &
| A(s,1,0)| < Cg > B+
2 4 m+2
t—&)Y +——
(t-¢) (m+2) n }
772m+2+ﬂ0 (4'41)
+C1’0 ﬂ"'l :Al +A2
2 m+2
=&)Y+
{( <) (m+2)277 }
(4.41) ifodaningo ‘ng tomonidagi ikkinchi qo‘shiluvchisi uchun
nm+2 n(m+2);n(;2i0)n’;’ m
4,=C|, 1 X 3 <Cn?

(t=&) +

T pmt 2 4 m+2
(m+2)" " K(t_‘f) Tty j

tengsizlikni hosil qilamiz. Endi (4.41) dagi birinchi qo‘shiluvchini baholash uchun
ushbu tengsizlikdan foydalanamiz:
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p q
a-bﬁa—+b—, l+l:1,
p 49 p g
_2(m+1+ By) _2(m+1+By)
m+2 ’ m+2p,
_MJrl_ 2m+2+26, m+1+p,

2(m+2) 2 2(m+2) m+2

9

B+

b

1
2

m 2(m+1+Bo)
1 (2+ﬂ0j m+2 B0

(m+ﬁ j m+1+Bo
=g 2 < Lpm g e + Ly

P

Shunday qilib, birinchi qo‘shiluvchi uchun ushbu tengsizlikka ega bo‘lamiz:

~tho dn
ST i A
4y = Con =
4 ﬂ+§+§
2 m+2
t—E) +
{( S) (m+2) n }
| |
2m+1+ﬂ0 ﬂJrﬁO 2(m+1+fo)
l\t—éj‘ m+2 4 77(2 j\t—éj\ m+2 o
EJFﬂO p d?’]
< C977 T 1 .
4 ﬂ+§+§ ds
‘t _ é‘ 2+ . nm+2
(m+2) |
Faraz qilaylik, By <0 bo‘Isin. U holda:
(m+ﬂ0)2(m+1+2ﬁ0) (m+2ﬁ0)m+1+ﬁ01 (m+2)m+1+ﬁ0
n 2 m+2 =7 (m+2 ) =1 m+2

(4.40) tengsizlikning birinchi qo‘shiluvchisi uchun ushbu tengsizlikni hosil
qilamiz
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m

, 1
4, =Cipn? 1
‘ /_ 5‘2 n 4 m+2 |2
(m+2)°
tengsizlikka ega bo‘lamiz.
Shunday qilib,
m
77E an
ds
|A(s52,0)| < Co —+C
2
2 m+2
(t=5)" + n
{ (m+2)
Bu tengsizlikka asosan, (4.39) ni ushbu ko‘rinishda yozib olamiz :
n2/41
OH, (1 !
‘—1( Do, | ds —+Co | X
ox [—¢ 2
4 2
(m+2)
« ds
4 -
1+x)°* +———n"*
{ (m+ 2)2 T
4 m+2 5
Bu yerda (m +2) 5 =1 belgilash kiritib, ushbu tengsizlikni hosil gilamiz:
m

‘8H1(x,t) 3

ox




Buyerdaushbualmashtirishnibajaramiz:
m+2

& ni— 1 bilanalmashtirib, ushbutengsizlikkakelamiz:

S _
<Cp| 4

O[(t+1)2 +172T;((1+x)2 +ﬁ2)ﬁ

‘M +Ciy (4.42)

Oox

ushbu belgilashlarni kiritamiz: X = max(1+x,1+7¢).
Ushbu integralda

dn
: p
i bl )

n = xshz almashtirish bajaramiz. ch’z —sh*z =1 ekanligini hisobga olib, (4.43) ni

B(%) = (4.43)

S — O

quyidagicha almashtiramiz:

o o
arc sh— arc sh—
B(3) = Y Xchzdz 1 j Y odz <C1'4
o xchzx*Pen?Pz 2P ch*Pz 1
Shunday qilib,
OH, (x,0)| _ Ciq Ciy Cig
< < < <
‘ o |z (1+x+1+tj2ﬁ (1+x+tj2ﬂ (4.44)
2
< Cig _
(1+ X+t (1+x)(1+t)j2ﬁ
2 2
_ Cis _ Gy _2%cy |
(2+x+t—l—t—x—xtj2ﬂ (l—xtjzﬂ (1—xt)2ﬂ
2 2

1
Bu baho 5 < x <1 bo‘lgan holda ham o‘rinlidir.
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4.1-lemma isbot bo‘ldi.

3-§. Singulyar integral tenglamani keltirib chigarish.

Shunday qilib, singulyar koeffitsientli Gellerstedt tenglamasi uchun Trikomi
masalasi

v(x)=1D, P r(x)+y(x), (4.45)

e(6)= ik [ =2 = (= xe) 8 () -

-1

. iHl (60 (e ) = i o(sor(sx0)s,

ko‘rinishdagi r(x) va v(x) noma’lum funksiyalarga nisbatan ekvivalent integral

tenglamalar sistemasiga olib kelinadi. (4.46) tenglikda quyidagicha shakl almashtirish
bajaramiz:

7 (x )——klj v(t)d 1] )m J(V(ﬂ_

Samr )

- jHl t,xy(t)dt - Jgo s)py(s;x,0)ds =
-1 (4.47)

— kT (—2ﬁ)D2 (x)—kl (1-28)D20 v (x)+

Lov(e )t
o [ Gy (et - Jgo )1 (s:x.0)ds.
SU-x)”
Endi (4.47) tenglikdan 7(x) ning ifodasini (4.45) tenglikka qo‘yib, ushbu

v(t)dt

v(x) = yD; 23{ k,T(1— Z,B)Dzﬁ W) + ky A—x0)2F
-1

-1 0

1 1
— le(t, x)v(t)dt — f p(s)p; (s; x,y)ds} + Y4 (x),

(4.48)
yoki
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v(x)=—ry F(1-28)D' 2P DX v (x)-

1
_ _ 128 y2p-1,, 1- 4
kiy F(l 2ﬂ)D—1,x Dx,l +’< 7/D (_I - xt 2;3} (4.49)

-y D2 S e |- Di;,aﬂ(ggo(s)pl(s;x,y)dsj+wl<x>

tenglikka kelamiz.
4.2-lemma. Agar f(x)e L(a,b) bo ‘Isa, ixtiyoriy o >0 uchun

wx D f(x)=f(x) (4.50)

tenglik o ‘rinlidir.
Isboti. 4.2-lemma isbotini 0 < <1 holi uchun bajaramiz. Ta’rifga ko‘ra,

1 xD,7 f(t)dt _

B —D‘“ ol )_d_T(l—a)J (x—1f
- 1 i}c dt } £(s)ds
1_‘(0‘)1_‘(1 _05) dxa(x_t)a a(f—S)l_a )

(4.50) integralda integrallash tartibini o‘zgartiramiz:a <t <x,a <s<t;a<s<x,
S<t<x.

‘“"j.

10 x
J/j// tr
f/
b |
1 dt
Ji(x)= d
1(x) ( )1_,(1 OC dx'[f S_[ t) (l‘—S)l_a' (4.51)

(4.51) tenglikdagi ichki integralda ¢ =5 + (x —s)o almashtirish bajaramiz:

161



t=s5,0=0; t=x, o=1,
x—t=(x—-s)(1-0), t—s=(x—-9)0,

B 1 d 7 1 (x-s)do B
Jl(x)_F(a)l_,(l_a)dx{f(s)ds_([(x_s)(l_a)aal—a o
_ 1 d 7 1 o1 —a

—F(a)r(l_a)dxif(s)dsga (1-c)“%dt.

Endi beta funksiyaning aniqlanishiga ko‘ra,

}cf‘)‘_l(l—cf)ﬁ_la’t=B(05,,B)=M (4.52)

0 T(a+pB)

bu yerda

JI(X):F(G)FI(I— )%j:f(s)ds-B(a, l-a)=
1 MNa)r(l-«o

) d i
o) Tl-«) () g!f(S)dS = f(x),

bu yerda I'(1)=1
4.2-lemma isbot bo‘ldi.

4.3-lemma. Agar ¢(X) eC% (a, b) bo ‘Isa, u holda ushbu

DS, D p(x)=cosar ¢(x)+

4.53
T a\X—da —X ( )

sinar ?[ t—a ja . olt)dt
{

tenglik o ‘rinlidir.
Isboti. Integro-differensial operatorning ta’rifiga ko‘ra,
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[04 - d o—
JZ(x):Da,xDa qu(x)_d_D lDa an(x):

_ 1 jﬁ j’~ go(s)ds
F(l-a)r(e) dx a<x—t)“ (s—1)
bu yerda
T

Ma)rli-a)- sinTa

tenglikdan foydalanamiz va integrallash tartibini o‘zgartiramiz

S
i

FF“

Natijada ushbu tenglikka ega bo‘lamiz:
sintoa d
Jy(x) = 2TE L
7T dx

X s b X
[ols)ds[ (=) (s —O)*dt+-[p(s)ds[ (x =) (s —1)*dt

(4.53) tenglikning ichki integrallarida ushbu almashtirishni bajaramiz

s —t

zZz=—

x—t

ya’'ni
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_S—xz x-S t_z(x—s)
-z -z -z (459)

(4.54) ni hisobga olib, (4.53) tenglikni ushbu ko‘rinishda yozib olamiz:

sinta d
I (x)=

T dx

X (x—a) ja-1 b 0 a-l1 4.55
z jZ—I§D(S)dS(I)Z dz (4.55)

(x—a)

11—z

Ushbu integralni kiritamiz:

(s—a)
(x—a) zo-lgy b © 2%z

fe=Tolsks |5 T olskas | 5

(x—a)

(4.56)

Bu integralda x bo‘yicha differensiallash operatsiyasini bajarib,

(x—&—-a)

df, (x) (x-a) z*~ gz o %7y
EE— X—£& + X+ &
i (P07 Do mretre) Lo

2 (x=a) (4.57)
x—a(s —a ja o (s)ds N b (S —a ja o (s)ds

+ ]
a \x—a S—X  xie\X—a S—X

_|_

tenglikka kelamiz. (4.57) tenglikda ¢ — 0da limitga o‘tib, ushbu

Jy(x) = lim o(x)] +]

sinaz . df,(x) sinorx © % gz b(s—a)a o(s)ds
7T -0 d(x) /4 0o 1l—z

X—a S—X

tenglikni hosil qilamiz.

Ushbu integralni hisoblaymiz:
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Ty R B Lo R L
J = lim J 1-¢ _J 1-¢ =
o I—=z o0 5(-2) 1 (1-2)
= lim[B(at,6) - B(l—-a —¢&,¢]=

e—0

_ lim (e ') Td-a-g)
I'la+ pP) I'l-a)

} =rmctgar.

e—0

Shunday qilib,

1 b a
Jz(x):smoma {ﬂctgaﬂqo(x)JrJ'(S_aj §D(S)dS]:
T

a X—d S—X

=cosarm @(x)+
T xX—a) S—x

sinarwr ])-(S —a ja @(s)ds

4.3-lemma isbot bo‘ldi.
4.4-lemma.Agar v(x) € L[—1,1] bo‘Isa, 0<a <1 uchun ushbu

plet vOd 1| (1+ ¢ j”‘ w(t)dt
_l’x_1 (1—xt)” F(OC)_1 1+ x 1 —xt (4.58)

tenglik o ‘rinlidir.
Isboti. Integro-differensial operatorlar ta’rifiga ko‘ra,

1 1
Jy(ay = pha [0 d g p vd
T =xt)* dx 7T (1-x0)”
1 d* dr 1 ws)ds (4.58)

(o) dv 5y (x—0) 1-sH)%

Bu tenglikda integrallash tartibini o‘zgartiramiz:

1 X
L d jv(s)dsj dt

J3(x):@5_1 x0T A-s)®

(4.59)
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Endi (4.59) tenglikning ichki integralida ¢=-1+(1+x)c almashtirish

bajaramiz:
x—t=(x+1)-(I+x)oc=(0+x)(1-0),
l—St:1+S—S(l+x)0'=(1+S)(1—S(1+x)j0'
I+s
Shunday qilib,
1 d | (1+x)do 1
J —— -
3()6) ( )d I () _[(1_|_ )1 a(l G)l a (1+S)a(1_s(1+x)0ja
1+s
__ 1 4 “ el s(+x) -
_F(a)d Jl()(1+sj Jl(l G) (1 1+s Gj do.

Bu yerda gipergeometrik funksiyaning integral ifodasidan foydalanamiz:

(}) -0 1=z =F(a¥(f)_ a)F (a,b,¢;2). (4.60)

(4.60) tenglikka ko‘ra,
a—-1=0,a=1,c—a-1=a-1,c=1+a,b=a.

Shunday qilib,

J1(x) :Li } v(s)(“_tja r(l)r(a)F(l,a,1+a;S(l+x)jds _

a) l+s

+
1 a (4.61)
= Jv(s)i (1+xj F(a,1,1+a X s(1+x)j ds.
al(a)?, "~ dx|\1+s 1+s

iZaF(a,b,c;z) —az" 'F(a+1,b,c;2)
dx

Endi

formulani e’tiborga olib, (4.61) tenglikda differensiallash operatsiyasini bajaramiz:
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J(x)_L}V(S) Lex )™ 1 F a+111+a°s(1+x)jds
3 _F(a)_l I+s I+s o " 1+ - (4.62)

Bu yerda
F(a,b,6;z)=(1-x)""

tenglikdan foydalanib, (4.62) tenglikni quyidagi ko‘rinishda yozib olamiz:

1 oa—1 -1
J3(X):$J.V(S)(l+xj 1 (1_S+Sx)j s —

I1+s l+s l+s

]! VEES: () dt
_(_j

l+s 1 —xt

4.4-lemma isbot bo‘ldi.
Endi (4.50), (4.53) va (4.58) formulalarga ko‘ra, (4.49) munosabatni ushbu

ko‘rinishda yozib olamiz:

v(x) =—ky T(1-28)[V(x) +cos( —28) wv(x) +
,sind=2p)z | [1 4 x]”ﬁ W2)dt 1 1 [1+ / jl‘zﬂ v(t)dt} )
-1

T I+s t—x F(1—2ﬂ)l“(2ﬂ)_j1 1+x 1—xt
d

—yd—D:ﬁff [}Hl(r,xw(r)dr]—yil):ﬁf [fqo(sml(s;x,ows]wl(x)
X -1 dx 0

yoki
sin2f

v(x)=—kyT'(l- 2,8)[(1 —cos2fB)rv(x)+

1-2
}(ij ( 11 jv(t)dt}
-1+ t—x l-xt
LY ds 1 _ (4.63)
TR gy 2P v
d | dt ] |
dx F(2IB)_j1 (x — t)l—zﬁ (j)CD(S),Ol (s;2,0)ds +y,(x),
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bu yerdal —cos28 7 =2sin” B

2p 2 ~ 25
k17F(1—2ﬂ):41( 4 j () 2rpra ﬂ)( 4 j

r\m+2) TR I'(Pra-2p) \m+2
F(I—Zﬂ):r(ﬂ)r(l_ﬂ): T _ 1
2z 2rsinfr 2sinfBr

Bu tengliklarga asosan, (4.63) tenglikni ushbu ko‘rinishda yozib olamiz:

1
V(X)__2sinﬁyrx
: 1-2a
><|:28in2ﬁ7cv(x)+2Slnﬁ75COSﬁﬂ'}(1+t) ( 11 )v(r)dt}r
T O\ +x r—x 1—xt
y 4 1 Hits) y d
F(2ﬁ) dx J1 V(4 —Jl (x—s)l_zﬂ 5 I'(2pB) dx 8
dt !
X_J‘lmg)(o(s)p(satao)ds :l//l(X)
yoki
v(x)+ cospa }(lﬂjma( 1 jv(t)dt+
n(l+smpBr) \1+x t—x 1—xt
4y
(1+31n[37r)r(2ﬂ) dx -
] Es) oy y dx it (StO)ds—(464)
S(x—s) 2P F(2ﬂ)(1+smﬂn)dx S (x—s)2P ?PLSs) Py
-
(1+sinfBr)
Bu yerdan
1 1-2a
V() + COS.ﬂﬂ' I[lJrz‘j [ 11 jv(t)dt+
n(l+sinfBr) \1+x t—x 1—xt
g 0D g e,
(1+s1nﬂyz)1“(2ﬂ)dx1 x—s) 2P
bu yerda
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B % d !
Fx)= F(2ﬂ)(1 +sin B ) dx J1 (x—s)2P (j)qo(s)pl (5,005 +
i (x)
(1+sinfBr)

Ushbu integralni o‘rganamiz:

H(x,t) = j(x )P H @, s)ds_—zi [H,(t,5)ds(x—s5)*F =

281
1 R H
=——H,(t,s)(x—5)* + — j (x—5)*P wds =
2 4 Os
1
=—H,(t,-D)(1+ x)2ﬁ + I (x— 2ﬁ Mds
2p N
OH ,(t,5)
T ning mavjudligi 4.3-lemmadan kelib chiqadi, H,(f,-1)=0

ekanligidan,

Hy(x.1) = i fl (x—s)2F %ds

Oxirgi tenglikni X bo‘yicha differensiallab, ushbu

OH,(x,t) _ ’f( )21 OH,\(1,5) ;

ox Os

tenglikka kelamiz. Shunday qilib,

1 X
i j v(t)dt | (XH 1(’)’1’2 ds=T(2p)
X =

(4.66)
2p-1 a}II(ZL:S) ds
0s

= j H, (x,)v(t)dt = j v(t)dt j (x —5)

-1

(4.66) tenglikka asosan, (4.65) tenglamani ushbu ko‘rinishda yozib olamiz:
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1-28
)+ cosﬁﬂ }(1+tj ( 11 jv(t)dt+
n(l+sin Brr) 1\ 1+ x t—x 1—xt
| (4.67)
+ [M (x,t)v(t)dt =F (x),
-1
bu yerda
_ 4 Yo \2p-10H(t,5)
M= snpmras L0 os O @69)

4-§. Singulyar integral tenglamaning ozod hadi F'(x) ni o‘rganish.

Trikomi masalasi integral tenglamasi (4.65) ning ozod hadi

y d x dt !
F(x)=- S I :0)d
() (1+sin B7) (2 B) dx _Jl (x—1) 2P gw(s)pl (536005 +
v1(x) (69
l+smpnxn
ni o‘rganamiz.
Dastlab ushbu
[
fi(x) = (I)(P(S)m (s52;0)ds (4.70)

integralni o‘rganamiz.
4.5-lemma.Agar ¢(s) a ko'rsatkich bilan Gyolder shartini qanoatlantirsa,

shu bilan birga A nugtaning ( B nugtaning) yetarli kichik atrofida

1+2p

‘qo(s)‘ <cn (Jqo(s)‘ < cnl_ﬂo )(4.71)

tengsizliklar o ‘rinli bo ‘Isa, u holda
4p9-m>
2
' 2 -2
1[Gl (+x) DT 4 (1-x)F 4.7

tengsizlik o ‘rinlidir.
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Isboti. (4.32) tenglikni hisobga olib, (4.70) ifodani quyidagicha almashtiramiz:

SH(x)= j @(S)[ZA(S;x,O) + 4? R (t,S;Z)A(t;x,O)dt}ds =
0 0
= quo(S)A(S;x,O)dS +4jA(t;x,O)dt§Rl (t,8;2)p(s)ds =
0 0 0

l I [
=2[@(s)A(s;x,0)ds + 4] A(s;x,0)ds [ R (5,4, 2) p(2)dt,
0 0 0

bu yerda R (s,5;2), K (s,7) yadroning rezolventasi.
Bu yerdan

1) = 20 @(s) A", (556 0)ds +
0

[ [ (4.73)
+4] A", (s5;x,0)ds[ R (s;t;2) p(¢)dlt.
0 0
(4.40) formulaga asosan, A(s,x;0) dan x bo‘yicha hosila olamiz:
md
: "y,
A',(5,2:0) = 2B kg™ (5) 4 -
2 m+2
x—&) +
{( D 2" }
md 2 aad
W T G e
~2p(f + D k™ A5 2(x-¢).
(x— &) + 42 2
(m+2)

(4.74) tenglikdan (4.75) ga asosan, yetarli kichik / —s uchun, ya’ni A(—1,0)
ning yetarli kichik atrofida
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m m
1428, P0 S |d
, 02 Ty dg ds
)< Cy | . 7+ 0,
-6
(m+2)
tengsizlikka kelamiz. x = —1nuqtaatrofidayetarlikichik ¢ laruchun, ya’ni
4
+x)P+ —  n™?
: (m + 2)
lim 1 =1,
TP ™
(m + 2)
limitdan foydalanib, ushbu
1 g C,
4 m+2 2 4 m+2 ’
§—x2+777 l+x) +——57
( ) (m+2)2 ( ) (m+2)2

tengsizlikka ega bo‘lamiz. Bu tengsizlikka asosan, ushbu

n
2

dn
ds

p+1
77m+2:|

1+2p Po
n?2 : dn

n n

)
A< Cq |
[-6

+0(1)

|:(1+x)2 o
(m+2)

munosabatni hosil gilamiz.

(4.76) tenglikning o‘ng tomonidagi integralda an 2 =

m

almashtirish bajaramiz: 1] 2d n= (1 +X )d .

Bunga asosan, (4.76) ni ushbu
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m+2

LE 2 m+2 3
m x 515 \1+2h n
Ax)< Cy x " j1+ [(1+ )7 ]m+2( I )(1+J1r x)di +0(1),
, (1_5)’";2 (1+x)2(ﬂ+1)[1+772]ﬁ
m+2. 1+x
4.77)

ko‘rinishda yozib olamiz. Bu integrallar yetarli kichik 1+ xlar uchun xosmas
integrallardir va bu integralning yaqinlashuvchi bo‘lishi uchun

(1+2ﬂ+%2ﬂ0):2—w>1

20 +2—
p m+2

m+2

tengsizlik o‘rinli bo‘lishi kerak, ya’ni

2
ﬁ0<mT (0<m<2)

tengsizlik bajarilganda, (4.77) xosmas integral yaqinlashuvchi bo‘ladi. Bundan,
(4.77) tengsizlikka asosan,

4ﬁ0 —m2
‘fl'(x)(ﬁ Cs (1 + x) (m+2)2 . (4.79)

Yugqoridagi hisoblashlarni takrorlab, (4.71) ning ikkinchi shartiga asosan, 1—x
miqdor kichik bo‘lganda, ushbu

A< Colt—x)?F (4.80)

tengsizlikni hosil qilish mumkin.
4.6-lemma.Agar §D(S ) 4.5-lemmaning shartlarini ganoatlantirsa, w'(x) esa
—1<x<1 oraligda 6 ko'rsatkich bilan Gyolder shartini qanoatlantiruvchi
birinchi tartibli hosilaga ega bo ‘Isa, u holda F (x) funksiya —1<x<1 oraligda
L +e, €>0 ko'rsatkich bilan Gyolder shartini ganoatlantiradi.
Isboti. (4.69) va (4.70) formulalarga ko‘ra,

y s A, w)
1+sinfr)0(2B)dx 1(x—¢)™2F 1+sinfr’

(4.81)

F(x)z—(

173



(4.81) tenglikdagi qo‘shiluvchilarni o‘rganamiz.

a) Dastlab y, (x) ni o‘rganamiz. (4.25) formulaga ko‘ra:

, [ (- l)jdz (4.82)

__;/(1+x)ﬁ d]f 2
- T@A) e (x-o)

Bu yerda bo‘laklab integrallash operatsiyasini bajaramiz:

%(x) 1+x)ﬂ d Jl//(t l)jd(x—t)ﬂ:

p F(2,B) dx7 \ 2
by B _ X X , —
i sl A ]
e

2 F(zﬂ) ;[1 (X - f)l_ﬂ
Bu yerda 1.3-teoremadan foydalanamiz.
Bu teoremaga asosan, (4.83) munosabatdan y;(x) funksiyaning (—1,1) oraligda
S+ 06 ko‘rsatkich bilan Gyolder shartini qanoatlantirishi kelib chigadi.
v) Endi (4.81) dagi birinchi qo‘shiluvchini o‘rganamiz. (4.72) tenglikka ko‘ra,

A _fwd __1.d>s 2
= I o == LA (=0
=—ﬁd—[ﬁ(r)d(x—r)2ﬂ SR (r)dr} - s
1 d X fi(t)dt

=———[—f1(—l>d(l+x>2ﬂ ~Ja=0 1y (r)dr} =

2 dx O (x—t)l_zﬂ.
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(4.84) formuladan ko‘rinib turibdiki, f,(x) funksiya 2/ ko‘rsatkich bilan
(—1,1) kesmada Gyolder shartini qanoatlantiradi va (4.79), (4.80) baholarga ko‘ra,
f>(x) funksiya x =1 nuqtada logarifmik maxsuslikka ega bo‘ladi.

Shunday qilib, F(x) funksiya —1<x<1 intervalda y > ko‘rsatkich bilan
Gyolder shartini qanoatlantiradi, hamda x = —1 nuqtada

(ﬁ°>_ +2)

tartibda nolga aylanadi, x =1 nuqtada esa logarifimik maxsuslikka ega bo‘ladi.

+4ﬁ—m
m+2

5-§. Singulyar integral tenglamani regulyarizatsiyalash

(4.67) integral tenglamani ushbu ko‘rinishda yozib olamiz:

v(x)+/1_[(1+tj ( o1 jV(f)dIf:f(x), (4.86)

1+ x t—x 1—xt
bu yerda
cos fBr !
T sinp)’ S(x) _Jl (x,t)v(t)dt + F(x).  (4.87)

(4.86)-tenglama Trikomi singulyar integral tenglamasi deyiladi. (4.86) integral
tenglama N.N. Musxelishvili [28], F.D. Gaxovlar [7] tomonidan o‘rganilgan
tenglamalar sinfiga kirmaydi, chunki (4.86) integral tenglama yadrosining «singulyar

, —1<x,t<1 kvadratda integrallanuvchi emas. Bu integral

bo‘lmagan» qismi
1 —xt

tenglama S.G. Mixlin tomonidan o‘rganilgan [26]. (4.86) tenglamani Karleman
usulini qo‘llab yechish mumkin va yechim oshkor formula orqali ifodalanadi.

4.7-lemma.Agar f(x) funksiva —1<x<l,oraligda Gyolder shartini
qanoatlantirsa va  f(x)eL,(-11),p>1 bo'lsa, u holda (4.86) tenglamaning

1+ x)l_zﬂ v(x) ifoda x=-1 nuqtada  chegaralangan  va x=1 nuqtada
chegaralanmagan yechimi ushbu
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1+sm,37r

v(x)=——"—/f(x)~

_cosﬂﬂ}{(l—t) (1+z)} ( )[(t)dt(mg)
2 | (d+x)(A-x) t—x 1—xt

formula bilan ifodalanadi va bu yechim Gyolder sinfiga tegishli bo ‘ladi.

Isboti. p(x) =(1+ x)l_zﬂ v(x) belgilashni kiritamiz va (4.86) tenglamani
ushbu ko‘rinishda yozib olamiz:
t—x 1-

px)+A] (L — Lj ()dt = g(x), (4.89)

bu yerda g(x)=(1+ x)l_zﬂ f(x).

z -kompleks tekislikning ixtiyoriy nuqtasi bo‘lsin. (4.89) tenglamani yechish
uchun Karleman g‘oyasiga ko‘ra,

D(z) = 1.}( L1 ]p(t)dr, 4.90)

2mi \t—z 11—zt

funksiyanikiritamiz; @(—1) =0, ®(x)=0.D(z)
funksiyayuqorivaquyiyarimtekisliklardagolomorfdir. @' (x)va @ (x)
orqalimosravishda @(z) funksiyamizning z —argument x
haqiqiyo‘qqayuqorivaquyitekislikdanintilgandagilimitqiymatinitushunamiz.

Ushbu

1
(D(—) =zP(z), 4.91)

y4

1
munosabatni tekshirib ko‘rish qiyin emas. — almashtirish yuqori yarim tekislikni
z

quyi yarim tekislikka va aksincha quyi yarim tekislikni yuqori yarim tekislikka
akslantiradi, shu bilan birga (- 1,1) oraliq A = (—o0,~1)U (1,400) to‘plamga akslanadi.

(4.91) tenglikdan y — +0, y — -0 da limitga o‘tib,

@*(1) =x® (x), CDGJ =x®" (x), (4.92)

X
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tengliklarni hosil qilamiz.
Soxotskiy-Plemel formulalariga ko‘ra,

D" (x) =D (x) = p(x), (4.93)

1}( o1 jp(t)dr, (4.9)

DT (x)+ D (x)=
() () mig\t—x 1—xt

va bu munosabatga ko‘ra, (4.89) tenglama

®+(x)(l+lﬂi)—(D_(x)(l—lﬂi)zg(x), xe(=L1), (4.95)

ko‘rinishni oladi.
Endi (4.65) tenglikda x ni ! bilan almashtirib va (4.92) tengliklarni hisobga
X

olib, ushbu tenglikka kelamiz:

x@ (x)(1+ A7) — xD" (x)(1— Am) = g(l) , xeA
X
yoki
O (x)1—Am)- D (x)(1+Axi)= 1 g(lj, x €A, (4.96)
X X

(4.95) va (4.96) tenglamalarni birlashtirib, ularni bitta tenglama ko‘rinishida

yozib olamiz:
DT (x)-Gx)P (x)=h(x), xeJUA (4.97)
bu yerda
i — jm , xel,
+ AT
G(X) =114 10 (4.98)
2 ’x e 2
1-Am
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1
1+ A7 g0, xel,
h(x) = | | (4.99)
REr R

1—Ami =1+ A7’ g iarcigAn A+ Am=A1+ 2Pt '8 AT ,arcighn =0,  belgilash
kiritib,
1A mi=1+272 e 14+ 4 mi=~1+ 2272 &7

tengliklarga ega bo‘lamiz.
(4.98) va (4.99) belgilashlarga asosan (4.95) va (4.96) tengliklar ushbu
ko‘rinishni oladi:

D (x)-GX)D (x)=h(x) , xelUA. (4.100)

Shunday qilib, (4.89) integral tenglamani yechish masalasi kompleks
o‘zgaruvchili funksiyalar nazariyasining ushbu chegaraviy masalasiga olib kelindi:
yuqori va quyi yarim tekisliklarda golomorf, @(c0) =0 hamda (4.100) chegaraviy

shartni qanoatlantiruvchi @(z) funksiya topilsin.

Bu masala yechimini oshkor ko‘rinishda hosil qilamiz. Dastlab qo‘yilgan
masalaga mos bir jinsli masalani yechamiz,ya’ni yuqori va quyi yarim tekislikda
golomorf hamda 7UA oraligda

X"(x)=G(x) X (x) 4.101)
chegaraviy shartni qanoatlantiruvchi yechimni  topamiz, ya’ni bizning asosiy
magsadimiz G(x) funksiyani golomorf X(z) funksiyaning X"(x) va X (x)

chegaraviy giymatlarining X' (x)/X (x) nisbati orqali ifodalash, ya’ni G(x)
funksiyani faktorizatsiyalash, (4.101) tenglamaning xususiy yechimlaridan biri

1 L1 z L Z
X(2)= exp{zm I(; T thln G(t)dt} = exp{— e_jl(t T thdt} ,(4.102)

-1

ko‘rinishda bo‘ladi, hamda bu funksiya uchun

XG)ZX(Z), (4.103)

z

178



munosabat o‘rinli. (4.102) dan

X(2)=expl-Onlin(t—z) + In(1 - z0)]|1, }=
= exp{— 97r[2 1n(1 — Z)— In(-1-z)—In(1+ Z)]}

b

tenglikka ega bo‘lamiz. Oxirgi tenglikdan:

X*(x) = exp{-0x[2In(1 = x) +i-0— Infl + x| + iz — In[l + x| —i - 0]} =

or
_ . 4.104
=CXp{—8ﬂ|:lnl—x+i7T:|}=(H—x) e‘g’”, xel, ( )
1+ x l1-x
X (x) =exp{- 0z [2In(1 - x) +i-0—In[l + x|~ iz —In[l + x| =i -0} =
or
— : 4.105
= exp —97T|:1n1—x—i7?i| :(H—_x) &M xel. ( )
1+ x l1-x

(4.104) va (4.105) formulalardan, (4.103) ga ko‘ra,

1+x9ﬁ -
X+(x)=— e@m ) XGA, (4.106)
1-—x
1+x9ﬂ
— —Ori
X (x):—l_x e m,XEA_ (4.107)

Shunday qilib, (4.101) ga ko‘ra, (4.100) tenglama

D' (x) D (x) _ h)
X' X (x) XT(x)

, xeJUA (4.108)

ko‘rinishni oladi.

Bu tenglamaning xususiy yechimlaridan biri
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@) _ 1L hod 1 h)d:
X(z) 2maX (O)(t-2) 2mAXT(t)(~2)
ko‘rinishga ega. (4.99) ga ko‘ra, (4.109) yechimni ushbu ko‘rinishda ifodalaymiz:

1
D(z) _ 1 j () di__ 1| g@ |
X(z) 2@ (+Ami)t-2) X" () 2miy(1-Am)t X (t)t—-z)

(4.109)

(4.110)

1
Oxirgi integralda ¢=— almashtirishni bajaramiz. Bu almashtirishda
A =(—o0,~1)U(1,o0) oraliq (~1,0)U(0,1) oraligqa akslanadi. Natijada (4.110) ushbu

ko‘rinishni oladi ( X +Gj =X (¢) tenglikni hisobga olganda ¢t € I):

D(z) 1 } 2(2)dt 1| 2(1)dt .

X(z) 27 L1+ Am) X ()t —2) 27 (12 4 iy X~ (6)(1 - z1)

Endi (4.101) formulaga ko‘ra,
1+ Am)X* () =(1-Am)X (1)

tengliklarni hisobga olib, (4.111) tenglikni ushbu

D(z) 11 gb)dt 1 1
=— - dt (4112
X(z) 2ma(+Am) X' (O)\t—z 1-zt) °
ko‘rinishda yozib olamiz.

Endi umumiy yechimni topish uchun ushbu

Dt (x) D (x) _

0
X X (4.113)
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bir jinsli tenglamaning umumiy yechimini topamiz. (4.113) tenglamadan ko‘rinib

D(z
turibdiki, ¥ (z)= % funksiya oddiy qutb bo‘lishi mumkin bo‘lgan z=-1 va
z

z=1 maxsus nuqtalardan tashqari barcha nuqtalarda golomorf funksiya va
Liuvillning umumlashgan teoremasiga ko‘ra, bu funksiya ushbu

C 4 CH
1+z) (d-2)°
ko‘rinishda bo‘ladi.

Teorema (Liuvillning umumlashgan va analitik davom ettirish haqida). Agar
Fi(z) va F,(z) kompleks o‘zgaruvchili funksiyalar chekli sondagi

x(z)=

zg =0 ; z;(k=12,...,n) nugqtalardan tashqari mos ravishda yuqori va quyi yarim
kompleks tekisliklarda analitik va ta’kidlangan nuqtalarda bosh qismi

Gy(z)=clz+...+ c,?,lozmo

ma ez

ko‘rinishda bo‘lgan qutblarga ega bo‘lsa, va haqiqiy o‘qda ustma-ust tushsa

Fi+ (x) = F, (x), u holda bu funksiyalar butun kompleks tekislikda yagona, yaxlit

F(z)=c+ Go(z)+k§_1G,{ : j ,

Z—Zk

ratsional funksiyani ifoda etadi, bu yerda ¢ —ixtiyoriy o‘zgarmas son. Z; qutblar

yarim tekisliklarda joylashishi bilan birgalikda ular haqiqiy o‘qda ham yotishi
mumkin.

Shunday qilib, (4.108) tenglamaning yechimi ushbu

@(Z)_ 1 L g(1) ( 1 1 cq Cy
X(z) 2m _Il(l+lm')X+(t) t—z 1—Zt) dt

yoki
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X(2) 1 2(t) ( 1 1 ¢y ¢y
Px)=—"— dt + (— +—=) X(2),4.119)
’ 27 _J1(1+l7d)Xt(t) -z 1—zt) (1+z 1—2) ( )(

ko‘rinishda bo‘ladi.
Bu yerdan (4.93) formulaga ko‘ra,

o(x) = CD+(X) —D (x)= X Z(X) . (1+;:;(_;2(+(x)

+X+(x)} g@) ( o1 jdH
27 S (1+ Am) X T ()\t—x 1-xt

+[ i B j_X+(x)_ X () g(x) +
l+x 1-x 2 (1+Am)X " (x)

+X_(_x)} g(®) [ L1 jdH( a . 9 jX_(x)}
2 S+ Am) X ()\t—x 1—xt (1+x) 1-x

yoki

)= 80 @+X<m}_

2(1+ Ami) X" (x)
+X%m—Xcm1gm(:1_ ljm+
2ri(l+ Azi) o x T ()\t—x 1-xt (4.115)

+ (X+(x) - X(x){ i j
l+x 1-x
Ushbuifodalarnihisoblaymiz:
X (x) i 1+ Ami 2

1+ =1+ =
X*(x)  1=Ami 1-Am*M1O

1+ x on ; ; 1+ x on
X+(x)—X(x):(1 j (egm—egm)z—ﬂsin(@ﬂ)(ij @117)
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I+ x o
X+(x)—X_(x)_ 1—x (e_gm—egm) B
(+Am)X (O N1+ 2222 o ( 1+t)9” J-om
(4.118)

1—1
B —i2-sin(0ﬂ)(l—tj9ﬂ(l+xj9ﬂ
N = 22 U+t 1-x) ~
sin@ = g On

J1+1g%0n \/1+ﬂ,2 2 (119

(4.116), (4.117), (4.118) tengliklarnihisobgaolib, (4.115) yechimniushbu

g A 1 9”(1+xj9”- 11 B
p(x)—1+12ﬂ2 + 22 (1+tj l—x t—x 1—x1) gyt

I+ x o c c I+x o c c
—i2Sin(97T)( j ( L 4 22 j—i2sin(0ﬂ)( j ( L+ 2 j
1—x I+x 1-—-x 1—x I+x 1—-x
(4.120)

yoki p(x)=(1+x)"#v(x) ckanligini hisobga olib, ushbu ko‘rinishda yozib
olamiz:

1
Ty
| fey-af[ 400D 29-(ﬂj12ﬁ( : jf()
LA+ (1-x) 1+x f—x l—xt (4.121)
—i-2-sin@aley (1+ 2P0 4 ¢ (1— )0

(4.86) singulyar integral tenglama yechimini x =—1 da chegaralangan va x =1
da 1-2f dan kichik maxsuslikka ega bo‘lgan funksiyalar sinfidan izlaganimiz

uchun (4.120) formulada ¢; =0,c, =0 deb olishimiz kerak. Shunday qilib, (4.86)
tenglamaning (—1,1) intervalda Gyolder sinfiga tegishli va bu interval chegaralari
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x =-1 da chegaralangan, x=1 da 1—-2/ tartibdan kichik maxsuslikka ega bo‘lgan
funksiyalar sinfidagi yechimi

1 a=pa+nT?
S P /”1{(1+t) (l—x)}
1-28

) 1+1) i (4.122)
((1+x)] (t— 1- t) S (Bt

ko‘rinishda bo‘ladi.
Ushbu ifodani hisoblaymiz:

1
0 =—arctgAr |, buyerda 1= COSfBﬂ )
T 7 (1+sin fBr)
1 cosfr 1 cos? U —sin? P 1 1-gh"
0= —arctg————=—arcltg 2 2 - =—arcig — 2 =

V4 (I+snp =« ( Br Igﬂj T 1+tg’3ﬂ

COS*—— +sin——
2

. 4 2 ) z\4 2 ) 4 2

(4.123)

(4.123) tenglikni e’tiborga olib, (4.112) yechimni ushbu ko‘rinishda yozib
olamiz:

1

o Cfa-na+n]2’
Ve = |/ /l_jl[(lw) (l—x):|

1-28
X(‘1+t) ('1 1 )f(t)dt
+ x —x 11— xt

yoki (1.123) tenglikni hisobga olib, (124) ni ushbu

(4.124)
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l1+sin fr

v =——— /-
27l (1+x) (1-x) t—x l—xt

ko‘rinishda yozib olamiz.
4.6-lemma isbot bo‘ldi.

6-§. Integral operator xossasi.

4.8-lemma.Agar k(x)eC[-11] funksiva p (0<u<1) ko ‘rsatkich bilan
—1< x <1 oraligda Gyolder shartini ganoatlantirsa, u holda

S0 =x)1+x) t—x 1—xt

1
L B
M(x)zf[(l t)(1+t))z ( 11 jk(r)dt w16

integral —1<x<1 oraligda 1 ko ‘rsatkich bilan Gyolder shartini ganoatlantiradi
va M (x) integral x — -1 da cheklidir.

Isboti. (4.126) integralni ushbu ko‘rinishda yozib olamiz:

1
M= | [ 000 2P e n-0 KO-k
Al d+x0a-x) 1— xt t—x

1
L p
+k(X)}{(l+t)(l_t)}2 ( : : jdtle(x)Jrk(x)Mz(x).

Sl A+x)1-x) t—x l-xt

(4.127)

Bu yerda

1
——B
1{ (L+2)(1—1) }2 (+x)A-1) kO)-k@) 4, (@128)

Ml(x):_jl (1+x)(1—-x) 1—xt f—x
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S A+ x)(1—x) t—x 1—xt

1
. IR
Mz(X):I{(1+t)(1 t)}2 ( 1 1 jdt. w120

M,(x) integralni hisoblaymiz, buning uchun integral o‘zgaruvchisini
quyidagicha almashtiramiz:

5_(1+x)(1—z) G 50 S

1+ 1-x)  1+x+(1-x)E°

_2(t—x)1+x)dé o 2(1+x)
S e (e TPy (e

Lo 20-x) o L) -x)1-¢) |

Tlaxt(-nE T Text(-xK

b

(4.130)
g afi-x)1+)
C l+x+(1-x)

va bu almashtirishlarni hisobga olib, (4.129) integralni quyidagicha yozib olamiz:
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24a 5206

M, = 4a
= (1+x+(1-x)&)

X

o — 8

fIrx+(1-x)8 1+x+(1-x)¢ 2d & -
1-& 1+¢& 1+ x+(1-x)E)

22+4a §1+2a . dg
(1+x+(1—x)§)1+4a 1-¢?

21+4a§1+2ad§ ( 1 N 1 j
(1+x+(1—x)§)1+4a 1-¢ 1+¢

Il
oS —8
S =8

'—.8

21+4a §1+20{d§ o0 21+4a §1+20{d§
1+4a +J- 1+4a >
o (1+x+(1-x)&) - o (1+x+(1-x)&) T~ (1+&)

(4.131)
bu yerda 2a=%— [ Endi (4.131) dagi ushbu
g 1“7 ds
Iila,B;x)=]
e f:x) o[l+x+(1—x)P(-¢) @132
a_ldl‘
Ty(a, Bsx)= f (4.133)

1+x+(1 x)t] (1+1)

ikki integralni hisoblaymiz. Bu yerda « va [o‘zgarmas sonlar ushbu shartlarni
qanoatlantiradi: O<a <1+ f, o> .

1. Dastlab, T1 (05 , ﬂ ;X) ni hisoblaymiz:

1 121y o %t
Ti(a, B3x) =1 N
e fix) = gl—r>r%){[)[1+x+(l 0t 1 -1) {[1+x+(1—x)t]ﬂ(t—l)l_g
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x_

_ﬁ 0 _ﬁ
- 113{(1 +x)P }t“‘l (1-5)*! (l —x—_lt) di—(1-x) P [1* —1)8_1(t —H—xj dt} .
& 0 1+x 1 1

1
Ikkinchi integralda t:E almashtirish bajarib, T (a,;xX) ni ushbu

ko‘rinishda yozib olamiz:

1 1 1 X—l _ﬁ
Ty(a, B;x) = lim| (1+x) P [t 1 =)~ (1——tj dt —
e—0 0 I+x
1 -B (4.134)
—(1—x)ﬂfcfﬁ“8(1—5)“(1——”’§ j dé |.
0 X —

(4.134) da gipergeometrik funksiyaning integral ifodasidan foydalanib, ushbu
tenglikka ega bo‘lamiz:

x—1

T(a,B;x) = lim{w(l+x)_ﬂF(a,ﬁ,a +g;_j_

-0 ['(a+¢) x+1
IHJ (4.135)

—r(ﬁ_a_g+1)r(6)(l+x)_ﬂF(ﬁ—a—g+l ,ﬁ;ﬁ—a+1;—1
x—

I'(f—-—a+l)

(4.135) tenglikning o‘ng tomonining birinchi va ikkinchi qo‘shiluvchilaridagi
gipergeometrik funksiyalarni mos ravishda

F(a,b,c,z):(l—z)‘gF(c—a,b,c;iJ (4.136)
Z J—
va

z

F(a,b,c;l—z)= ZGF(C—a,b,C;Z—_lj (4.137)

formulalar bilan almashtiramiz, ya’ni
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p
1 x—1 l1-x
[“ﬁ‘“gmj [l‘mj [8“”7} (138

F(ﬂ—a—g+1,ﬂ,ﬂ—a+l;l—12 j:

— X

p (4.139)
(i) Hepp-arity)

va

1—x

tengliklarni hisobga olib, (4.135) tenglikni quyidagicha yozib olamiz:

-p
T1<aﬁx>—hm{ Ha)lle), , s (LJ .F(g, ,a+g;—1‘xj—
(e +¢) l1+x 2

_ (4.140)
(,B a—-g+1)(e NP ( 2 \7F B 1+x
(ﬁ a+1) ( ) 1 j F(‘gaﬁaﬁ a+137j .

Endi (4.140) ning birinchi qo‘shiluvchisidagi gipergeometrik funksiyaga Bols
formulasini
I(c)(c—a-b)

Flab,ez)= [(c—a)(c—b)

F(a,b,a+b—c+l;1—z)+

F(C)F(a +b— c)

[(a)r(b)

(I—Z)C_a_bF(C—Cl,C—b,C—Cl—b-i-l;l—Z)

qo‘llab, ushbu tenglikka ega bo‘lamiz:
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- o)

+F(a;(311:2§)_a).(1;x)aﬁF(a a+e—fio— ,3+11+Txﬂ—

_F(,B—Ot—8+1)r(8)2_ﬁF(8 IB ,B a+11+7x)}

F(,B—a+1)
yoki
Ii(a,B;x) =
o B I« r(B-a+l-¢) ( 1+xj
_ili%{ FGg){r( ﬁ+g r(5- a+1)} spprarho
a-p
+2_ﬂra)rr((§) )(1”) F(aa+g Bia— B+ 1”7’6)}.(4.141)

Ushbu limitni hisoblaymiz:

- F(g){rr(oc) I(-a- g)} _

g0 (0{+8) F(l—OC)

_lim F(l + 8) {F(a)l“(l - a) - F(a + g)F(l - (a + 8)):| _

£0 & No+e)l(1-a)

4 4
_lim I(l+¢) _sinar sin(a + &) _ (4.142)
e0 & o+el(l-a)
1 ﬂ(sin(.a + 8)7r —sinar) 7.siné”. cos(za +e)r
= lim—. — SMAT-SMAT____ _ingzlim—- — 2 —rmigar.
e08 4 e>08 s amr
sinam

(4.141) formulada & — 0da limitga o‘tib va (4.142) tenglikni hisobga olib,
ushbu yakuniy tenglikka kelamiz:
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:x)=2"Fretgla — B)r +27 F(a)l“(ﬁ—a). [+x O“ﬂ.
Ti(e, pix) =2 meiglo~ plw +27" r(s) ( )

" (4.143)
-F(a,a -p,a-p +I;Tx)
Endi (4.133) ifodani, ya’ni T,(a, ;x) ni hisoblaymiz:

1“7 dr
Lex+(-x)P+e) @

T2<a,ﬂ;x>=°§

1 1 l1-z 1
Bu integralda z=——t=——1= Jdt =——dz
1+¢ z z z

1+x+(1—x)1_Z:1_x(1— 2x z)

z z x—1
almashtirish bajaramiz va natijada ushbu tenglikni hosil qilamiz:

_pl _ 2 Y
T2(a,,3;x):(1—x) ﬂjzﬂ_a(l—z)a 1(1— Zj dz .
0

x—1

Bu yerda gipergeometrik funksiyaning integral ifodasidan foydalanib, ushbu
tenglikni hosil qilamiz:

N sT(B-a+1)(a) ( - z_x)
T,(a, B;x)=(1-x) T3+ 1) F| B a+1,ﬂ,ﬂ+1,x_1

Oxirgi tenglikda (4.136) formulani qo‘llab, ushbu tenglikka kelamiz:

Ty (e, B;x) = F(“)fr((ﬂﬂ;l;f + 1)(1 + x)‘ﬁF(a,ﬁ,ﬁ + h%) . (4.145)

(4.143) va (4.145) formulalarda & ni 2+2 ga, B ni 1+4a ga almashtirib,
ushbu tengliklarga ega bo‘lamiz:
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0 t1+2adt
e s (1)
edq T(2+2a)0(2a - 1)(1 +x)

1-2a
r(1+4p) 2 ) *(4.146)

xF(2 +2a,l-2a2 —2a;1+7x) ,

=i retg(1-2a)m +2

o0 t1+2adt
}[ [1+x+(1- x)t]1+4a (1+1) B
(4.147)
_12+20)1(2a) (1+x) . F(z £2a,l+ 40,2+ da; 22
r(2+4p) 1+x

(4.146) va (4.147) tengliklarga ko‘ra, (4.122) dan M, (x) uchun ushbu tenglikni
hosil gilamiz:
(1+20)F2a)r(2a -1)

2I(4ax)
1+x ) 1+ x
x( ) F(2+2a,1—2a;2—2a,—)+
2 2
2

N (1 + Za)F (205)(1 N x)_1_4a F( 2x )

24+2al+4a,2 +40;,—— |.
2(1+ 4a )T (4a)

X

M, (x)=—mctgam +

(4.148)

1+x

Shunday qilib, (4.148) ni (4.117) ga qo‘yib, ushbu tenglikka ega bo‘lamiz:

e | { (1+0)1-1) }iﬂ (1+20-0) KO-k,

_1_(1+x)(1—x) 1—xt

o

|

o

o)

S

_I_
N
N | W
|
o)
N——
=
TN
N | —
|
o)
N—
-
|

N | = o~
|
o)
N—

+ k(x

192



1
1+x2 (5 1 3 1+x
X Fl—pB,—+0,—+;—
A a e

L)

2
2(2-28)r(1- 2,8)

. (4.149)

2+2ﬂF( —B2-2B3— 2,8—)

(4.136) formulaga ko‘ra,
2
FF—,B,Z—ZﬂS—Z,B;—x =
l1+x
252

2x 1 2x
N S _p2-2p3-2p X 1=
(l 1+xj [2 pa=2p3=2p: 1+x D (4.150)
282
ZKI__XJ F(l_lg’z_zlgﬁ_zlg;ﬂj _
2 x—1

1+x

(4.150) tenglikka asosan, (4.149) tenglikni ushbu ko‘rinishda yozib olamiz:
1

M) I{ (1+0)1=1) }ﬂ (1+x)1-1) x()-x(x)

_1+x)(1 x) I—xt t—x
1 1
+ k(x) — mgPBm + o 2ﬂ)F£§(lﬂ2);)( 2 ﬂ) X

- (4.151)

X(HTx)2+ﬂF(%—ﬂ; ﬂ ﬂ“__x)
G-2003- )
"S- pri—2p)

@—xfﬂQF(l—ﬂﬂ—zﬂﬁ—Zﬂr%L).
2 x—1

(4.151) tenglikdan ko‘rinib turibdiki, M (x) funksiyamiz -1<x<1 or_aliqda u
ko‘rsatkich bilan Gyolder shartini ganoatlantiradi. Endi M (x) funksiyani x=-1 da
chekli ekanligini ko‘rsatamiz. Buning uchun (4.116) tenglikda integral o‘zgaruvchisi
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o o _ (L)1) o .
t ning o‘rniga yangi & = ( )o‘zgaruvchl kiritib va (4.121) munosabatlarni

1—x)1+¢

hisobga olib, ushbu munosabatga ega bo‘lamiz:

Ct [ex—(-x)E] 2
M(x)_;!.l{l+x+(l—x)§}(l+x+(l—x)§)]w

X

y l+x+(1-x)¢ l+x+(1-x)¢S 2dé& B
1-¢ 14& A+x+(1-x)&)7

:T’f I+x—-(1-x)¢ 22’2’35%43 1 .\ 1 Jé -
o [ I+x+(1-x)¢ |Q+x+(1-x)E)"(1-& 1+¢

:I-I{Ier—(l—x)g} 2IET ( 252}{5:
y [ 1+x+(1-x)¢ |A+x+(A-x)E)""\1-¢&

:222ﬁ7k{1+x—(1—x)§} g%ﬂdi i n
l+x+(1-x)¢ |[(I+x+(1-x)E)"(1-&)

+22—2ﬁTk 1+x—(1—x)§ gi_ﬁdéz_z —
1+ x+(1-x)¢ |1+ x+1-x)E] " (1+&)

0

0

(4.152)
=2""(I (x)+1,(x)).

Dastlab, ikkinchi 7,(x) integralni o‘rganamiz. O‘rta qiymat haqidagi teoremani
qo‘llab, ushbu tenglikka ega bo‘lamiz:

3
2’ g

+x+(1-x)E P +¢)

bu yerda 0<6<1. Endi (4.143), (4.145) formulalarni qo‘llab, ya’ni bu formulada

L(x)=K()] (4.153)
o[l

5
o= 57 B, P =2-2[ almashtirishlar bajarib, ushbu tenglikni hosil gilamiz:
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FG ﬁjr@ ,Bj 5 -
— 2ﬂ—2. —_ — — —_ f— | =
L, (x) = k(6) G 25) (1+x) F(z B2-2B3 25,1+xj

o-2pr(}-p)
8-(1-B)r(1-2p)

=k(0)

-F(é—ﬂ,z ~283 —2,8;2—xj .
2 1+x

Bu yerda

FQLACﬁ)z(Laﬂ_bF{mb¢x z j

z—1

formulani qo‘llab, ushbu tenglikka kelamiz:

G200 3~ p)
RO RO pr-2p)

(1-x)P2 .F(l—ﬁ,z ~283 —2ﬁ;2—xJ .
2 x—1

Bu formuladan ko‘rinib turibdiki, x = —1 da 7,(x)-cheklidir.
Endi /;(x) integralni o‘rganamiz. & ning ikkita & va &, qiymatlarini
0< 51 <1, 52 >1 oraliglarda fiksirlaymiz va 1 1 (x) integralni

(0,51), (51,52)(52,00) oraliglar bo‘yicha olingan uchta /};(x),/;,(x),1}5(x)
integrallarga ajratamiz:

3
B
w 1+x—@—xk} £2 " dé
I(x - k =
- HHH(I—X)(S x4 (LX) (1)
=111(x) + 15 (x) + I;3(x).
1. I (x) x=-1 bo‘lganda integral ostidagi ifoda ¢&=0Onugtada

1 1
I tartibda cheksizlikka aylanadi, ya’ni 3" B <1.Demak, [;;(x) x=-1

g2

da chegaralangan.
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2. I;3(x) ni x=-1 bo‘lganda tekshiramiz. Bu holda integral ostidagi ifoda

1 3
E—C da 3 tartibda nolga aylanadi va 5— [ >1. Demak bu integral

g2’
x =—1 da chekli.
Endi /;;(x)ni o‘rganamiz va uni ushbu ko‘rinishda yozib olamiz :

3
B
= £2 " de
I =k -
) = e e

3
- °_p
o MN+x—(1-x)¢& E2 T gé&
k _k
-+é{{;+x+(Lﬂﬂ§_ Cﬂ}h+x+(L<m§F2ﬁ@—g)

Bu yerda birinchi integral Koshi ma’nosida integrallanuvchi, k(x) esa U
ko‘rsatkich bilan Gyolder shartini ganoatlantirgani uchun:

]{1+x—(1—x)§ 1+x—(1-x)¢
1+ x+(1-x)& 1+ x+(1-x)&
_d =0(+x) [
A+ 0+ (1-x)E|

u

<C

—X

}—un

=g

Bu tengsizlikdan ko‘rinib turibdiki, /,(x) x=-1 da chekli. Shunday qilib,
I,(x) x=-1 nugtada chekli ekan.
4.7-lemma isbot bo‘ldi.
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7-§. Fredgolm integral tenglamasini o‘rganish.
Endi (4.115) yechimni (4.87) tenglikka asosan, ushbu ko‘rinishda yozib olamiz:
1+sin B 1
v(x) = Tﬁ{F(x) - jM(x,t)v(t)dt} -
-1

1

_cosﬁﬂ}{(l—t)(lﬁ%)}fﬁ( 11 jx

27 S| (1-x)1+x) t—x l-xt

X [F(t) — }M(t,s)v(s)ds}dt
-1

yoki
1
v(x)+ (I) K(x,t)v(t)dt = g (x). (4.154)
Bu yerda
1+sinfBrx cosfr
K, t)=——| M(x,t)—
() 2 { (52) 77(1+sinﬁ7r)x
1
Mi-sXl+s) 70 1 1
— M (s,t)d. =
X;[1|:(1—X)(1+X) (s—x l—xsj (s )S} &)
:1+sinﬁ7r Flx)— cospﬂ y (4.155)
2 | (1+sinBr)
1
1 7,8
Xj{(l—s)(lﬂ) 2 ( 11 )F(S)ds}'
A (1-x)1+x) | s—x l-xs
K(x,t) yadroni o‘rganamiz.
(4.68) tenglikka ko‘ra:
Y x 2p-1 aHl(taS)
M (x,t)= — ——d
(1) (l+sinﬁ7r)l“(2ﬁ)_j1(x S) Os ° (4.156)

Bu yerdan (4.36) tenglikka ko‘ra:
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M (x,0)|<C )fl(x —s)P (1-1s) " ds. (4.157)

(4.157) integralda s =—1+ (1+ x)o almashtirish bajarib,
x—s=(01+x)1-0), I-ts=1+t—(1+x),

a=(1+t)(1—waj

1+¢

(4.157) tengsizlikni quyidagi shaklda yozib olamiz:
|
M (x,0|<CIU+x)P (-0 )P x
0

1+ t)zﬂ(l—%ajzﬂ(l+ o

Bu yerda gipergeometrik funksiyalarning integral ifodasidan foydalanib,

C(1+xY (1+ x)

B
M@0 <—| 21 Fl1,28:1+28;
M (x,1) 2ﬂ[1+t] [ Bil+2p —p j (4.158)

tengsizlikka ega bo‘lamiz. Bu ifodadan ko‘rinib turibdiki, M (x,7) funksiya (1,1)
nuqtada In(1—x¢) logarifmik maxsuslikka ega.

Endi M (x,t) funksiyani (— 1,—1) nuqtada o‘rganish uchun (4.158) ni (4.127)
formulaga asosan,

C(1+xY” . (1+x)
‘M(x,t)‘ﬁﬁ(l_xtj F(2ﬂ,2ﬂ,1+2ﬂ, xt—l)

b

shaklda yozib olamiz, bu yerdan esa (— 1,—1) nugqta atrofida
M(x,t)=0(1). (I1+x=pcosp,l+t=psing).
Shunday qilib, (4.155) formuladan
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1
K(x,0)|<C(1-xY2, (4.159)
tengsizlikka kelamiz.
Endi g;(X) ni o‘rganamiz. 4.6-lemmaga ko‘ra, F(x)—1<x <1 oraliqda
B +¢& ko‘rsatkich bilan Gyolder shartini ganoatlantiradi. x =-1da 28  dan katta

bo‘lmagantartibli nolga ega, x =1 da esa logarifmik maxsuslikka ega, bundan
1

21(0) ni —1<x<1  da uzuksiz va g1(x)=0(1)1=x)""2 ckanligi kelib
chiqgadi.
Shunday qilib, biz

V() + }IK(x,Ov(r)dr:gl(x), (4.160)

tenglamaga keldik va bu tenglamaga Fredgolm nazariyasini qo‘llash mumkin.
Endi (4.160) tenglamaga mos

1
v(x)+ IIK (x,0)v(t)dt =0, (4.161)

bir jinsli tenglama v(x)e L, [— 1,1] , D> sinfda fagat V(x)=0 yechimga

m+2
2(1-,)
ega ekanligini ko‘rsatamiz. Teskarisini faraz qilamiz, (4.159) bahoga asosan,
v(x)e Ly [— 1,1]. (4.155) va (4.68) tengliklarga asosan, (4.161) tenglamani ushbu

ko‘rinishda yozib olamiz:

LI1+sin gr cos [
v(x)+J1{ 2 {M(x’t)_ﬂ(1+sin ,372')

1
=B
.j{(l—s)(1+s)}2 ( ! —11 )M(s,t)ds v(t)dt =
’ §s—Xx

! (1—x)(1+x) — XS

yoki

V(x)+1+smﬂ7r

jM(x v (t)dt =

s OB,

1
x [ M (s,t)v(r)dt =
-1
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bu yerda

- 1
I +sin fr [M 0w, (4.163)
-1

k(x)=—

belgilash kiritib, (4.162) tenglamani ushbu ko‘rinishda yozib olamiz:

1

o cosBr L) (1—r)1+2) 2_ﬁx
v(x)=k(x) ﬂ(1+sin,37r)jl{(1_x)(l+x)}

i { (4.164)
X ( — jk(t)dt
r—x 1—xt .

Endi (4.163) ni (4.68) tenglikka asosan, quyidagicha almashtiramiz:

- 1
k(x)=—% j M (x,t)v(t)dt =
__1+Sinﬁ7'€ j‘ 14 (T zﬁ 16H )ds V(t)dt:
2 2 (1+sin B )0 ( k | Bs
___ 7 T _pB-l 8H1(t,s) B (4.165)
T p) _Il(x s)7 ds | 1= v(t)dt =
)P (s)ds,
—1
bu yerda
1
ki(s)=1 aHl(t’s)v(t)a’t
1 Os
Ushbu

1 2 1
[fx(t)y(t)dr] < [x*()dt [y* (t)dt
-1 -1 -1

Koshi-Bunyakovskiy tengsizligi va (4.36):
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‘—aHl(t ) <c(l-xt) %P

X

tengsizlikka ko‘ra,

2
ke ()| < }(aHl—(”)j dt - /}vz(t)dt
| os |

b

Bundan esa 48<1, m<2-4p, -shart bajarilganda ‘kl (S)‘ < ¢ bahoga kelamiz.
Bundan esa kasr tartibli integral operator xossasiga ko‘ra, k(x)-1<x<l1

oraligda 2/ tartibda Gyolder shartini ganoatlantirishi kelib chigadi. Endi V(X) ni
(4.23):

r(@) =y [(x—t) vt (4166
.|

tenglikka qo‘yib, bu yerda l//l(x)E O,r(x) ni topamiz. (4.166) tenglikda
V(X) eH, B (1) bo‘lgani uchun, T(x) —1<x<1 oraligda 1—-¢ (¢ yetarli kichik son)
ko‘rsatkich bilan Gyolder shartini qanoatlantiradi. Shunday qilib, r(x) va vV(x)
funksiyalar (4.1) tenglama yechimi #(Xx,y) ni R, sinfga tegishli yechimini
aniqlaydi va bu yechim 7" chizigda hamda AC xarakteristikada 0 ga aylanadi. Bu
yerdan esa R sinfda Trikomi masalasi yechimining yagonaligiga ko‘ra,
u(x,y)=0 bo‘lgani uchun v(x)=0 ekanligi kelib chigadi. Shunday qilib, (4.161)
tenglama ixtiyoriy o‘ng tomon uchun yechimga ega.

(4.155) formuladan, 4.6-lemmaga asosan, g1(x) funksiya f+¢& ko‘rsatkich

bilan —1< x <1 oraligda Gyolder shartini qanoatlantiradi.
Endi 5-lemmani

TK (v ()t ,
-1

integralga qo‘llab, V(X) funksiya —1<x<1 oraligda S+¢& ko‘rsatkich bilan

Gyolder shartini ganoatlantirishiga ishonch hosil qilamiz. (4.166) formulaga ko‘ra,
t(x)eH,, a>1-B.
Shunday qilib, ushbu natija o‘rinlidir:
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Agar ¢@(s) 4.7-lemmaning shartlarini, l//(77) esa 4.6-lemmaning shartlarini
qanoatlantirsa, /" -esa 59-betdagi shartlarni ganoatlantirsa, u holda D sohada (4.1)

tenglamaning R, sinfda M‘ = ¢(S ), u‘ AC— ',U(x), shartlarni qanoatlantiruvchi
yagona yechimi mavjud.

8-§. Elliptik soha chegarasi normal chiziq bilan ustma-ust
tushgan holda Trikomi masalasi

Agar elliptik soha chegarasi normal chiziq Oy :

2 4 m+2 _ |

X+
(m+2)2y

bilan ustma-ust tushsa, Trikomi masalasi yechimini oshkor ko‘rinishda berish
mumkin. Hagiqatdan ham, D; sohada H, (x,t) funksiya nolga teng bo‘ladi, ya’ni
H, (x,z‘)z 0 va (4.67) singulyar integral tenglama ushbu

1-2
v(x)+ cospr }[IHJ [1 1j‘/(f)a’f=F(?€)(4.167)

(1 +sin Br) 3\ 1+ x t—x 1-xt

sodda ko‘rinishni oladi, bu yerda (4.66) (4.83) formulalarga ko‘ra:

_ y dx @@dt yi(x)
Fx)= (1+sin Bz)C(2B) dx 21 (x — 1) 2P "+ sin pr

(4.168)
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@(’”:‘i (5)1 (5. x.0)ds = ( )70 (5)4,[Goy (.17:.0)ds | =

"0 (s)p(&(s))dE(s) -
= —k, B(m + 2)(1 — xz)f {(x —E(s)) + 4 nm+2(s)}

0 (m + 2)2 (4.169)
I Bo-l
VAN (I L O (é(S))d§+(f)
( )0 [x —2x§(s)+1]ﬂ
l//(x):_7(1 er I)‘C()jg)g(S) _jl (((i ;)?é 2) 4 (4.170)

F (x)funksiyani o‘rganamiz. Trikomi masalasi yechimi u(x,y) ni normal chiziq

o, dagi qiymat §D(X ) ni ushbu

2(1-
p(x) =y 70)p (), @171)
ko‘rinishda ifodalash mumkin deb faraz gilamiz, bu yerda @ (x),€ C[_ 1,1].

Normal chiziq tenglamasidan
2
1

y _ (m + 2jm+2(1_x2)m+2

2

tenglikni e’tiborga olib va (4.169) tenglikda = «f(S) almashtirish bajarib, ®(x)
funksiyani ushbu ko‘rinishda yozib olamiz:

B
(D(x)=/€1(1 )I . (t)- [xz(__;xIr ]ﬁ 4.172)

2
m+2\7
. (4.172) tenglikdan ko‘rinib turibdiki, ®(x)

bu yerda ];1 = 2k1ﬁ[

funksiya (— 1,1) intervalda istalgan tartibli hosilaga ega. ®(x) va uning hosilasi ®'(x)
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ning X —>—1 va x =1 da o‘zini tutishini o‘rganamiz. Agar (4.172) formulaning
o‘ng tomonida x ni —x ga almashtirsak, butun ifoda o‘zgarmaydi, faqat @ (?)
ning argumenti ¢ ning o‘rniga — ¢ ga almashadi. Demak, @(x) funksiyaning
x =—1 va x =1 nuqta atrofida o‘zini tugatishi bir xildir. Shuning uchun, ®(x) va
uning hosilasi @'(x) ni  x=-1 nuqtada o‘rganish yetarlidir. (4.172) ifodani X
bo‘yicha differensiallab, ushbu

1 2 5B
O'(x) = _2k1xj.¢1 (t)[ 5 (12xtt+)l]ﬁ+1 2 dt —
' —

l_ﬁ (4.173)
) 2()6 - t)df

—2xt+1]ﬁ

— k(B +1)1- )jgol(t ([

tenglikka kelamiz.
(4.173)  tenglikka o‘rta qiymat haqidagi teoremani qo‘llab va
Xx—t=x+1—-(t+1) ayniyatni hisobga olib, uni ushbu ko‘rinishda yozib

olamiz:

-1-8
[ YA qu(t) 2)6'
qa(x)_zkl(;—zlﬂﬂj(nz)z (1 z)2 -((l_x)z(nz)J dt —

1

—2-B
- (1 1 -B —p 2x
—kl(l—i-ﬁ)qpl(tz)—mj 1+t (l—t)2 -(1—(l+x)21+tJ dt —

U N P I R oy (R PR
— I (1+ By (15) T j(1+f (1—-¢)27 71~ 1+1 dt.(4.174)

(1+ (1+x)

Bu tenglikning o‘ng tomonidagi integrallarda integral o‘zgaruvchisini
t = =1 4+ 20 shaklda almashtiramiz, natijada (4.174) ifoda ushbu ko‘rinishni
oladi:
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xo(t)x ¢ s 27 4x o
D'(x)=-"2"f I _[52 7 (] - q1- do —
(x) 1 (1+x)2+2ﬂ v(').G ( G) ( (1+x)2 GJ 2

1 1 1 —2-p
—2“ﬂ<1+ﬂ)<ol(r2)(l;)§i)mfazﬂ(l—a)”-(l— - aj do -
0

(1+x (1+x)’
(1 _x) Lo ax Y7
23 2ﬂ(1+ﬂ)§01 3+2ﬂ J.G 1— (l_ﬁ_l_—x)zGJ do.
(4.174)

(4.174) tenglikning o‘ng tomoni Gaussning gipergeometrik funksiyasi orqali
ifodalanadi. (1.17) formulani hisobga olib, (4.174) ni quyidagi ko‘rinishda yozib
olamiz:

P'(x) = 2“ﬂkrz(§_ﬂj (p(tl)'xF(i‘ﬂnﬂ's—M' - ]_
. r-2p) (-xy= \2 "7 "7 (1 x)

3

s
22 \ 2 .§01(tz)(1_x) 3 a_op X |
2 (1+ﬂ} F(S—Zﬂ) (]+x)2+2ﬁ F(Z ﬂ,2+ﬂ,3 2ﬂo(1+x)2]

5
>-B
ot A

Bu yerdan (1.24)

Db 4x :F(C)F(b—a)[l—x]_za b b+1[1+x]2 N
T (1+xf ) DNe=b)I )\ 1+x 1-x

-2b 2
— — 1
+F(C)F(a b)[l x] c—abb a+1[ +x]
Ne-b)(@)\1+x 1-x
formulaga asosan, @'(x) funksiya 48 <1 (m<2—-4pf,) bo‘lganda x=-1 nuqta

atrofida chegaralangan degan xulosaga kelamiz. Yuqoridagi hisoblashlarni takrorlab,
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x=-1 nuqta atrofida ikkinchi tartibli hosila uchun @"( ) (1+x ) baho
o‘rinli ekanligini ko‘rsatish qiyin emas.

Shunday qilib, agar x > -1 ga yoki x —>1 ga intilganda, @"( )
4B <1 tartibda cheksizlikka intiladi. (4.172) formuladan §D( 1) 0, §0(1) 0
ekanligi bevosita kelib chigadi.

Trikomi masalasi yechimi u(x,y)ning &=-1 (AC) xarakteristikadagi
2
chegaraviy qiymatini l//(x ) = (1 +X ) W1(X) ko‘rinishda ifodalash mumkin bo‘lsin,

buyerda w,(x)eC”’ [— 1,0] va Wi(x),~1<x<0 oraligda & > Oko‘rsatkich
bilan Gyolder shartini qanoatlantirsin.

cD(x) va W(X) funksiyalarning yuqorida keltirilgan xossalariga asosan, (4.168)
formuladan F (x) ni quyidagi ko‘rinishda yozib olamiz:

F(x) = % ﬁ(xcb’(t)dt (1+x) ]E(x - t)ﬁ_lw,((l‘%l)jdt .

(L+sinBr)02B)| Y(x-2)"* 2 7

Bu tenglikni x bo‘yicha bir marta differensiallab, ushbu tenglikni hosil qilamiz:

o x @"()dr(1+x) 0 (e=1)
Fix)= (1+sin,8y7r)r( ){ x— t)l—zﬁ - 2 _jl(x—t)ﬂ 4 (Tjdt_

AR (G

(4.176)
Bu tenglikdan ko‘rinib turibdiki, F(x)€C[-11], F'(x) hosila esa
—1<x<1 oraligda 4> B ko‘rsatkich bilan Gyolder shartini ganoatlantiradi va
x ==x1 nuqta atrofida 2/ tartibda cheksizlikka aylanadi.
Endi (4.167) singulyar integral tenglamaning yechimini topamiz, uning
yechimi (4.115) formulaga ko‘ra, ushbu ko‘rinishda bo‘ladi:

1
Lisinfr| ) cospr | h-da+r) 27
2 zll+sin )| (1—x)(1 + x)

- (4.177)

v(x)=




Bu formuladagi integral 4.7-lemmaga ko‘ra, —1<x<1 oraligda Gyolder
shartini qanoatlantiradi va x =—1 da cheklidir.
v(x) funksiyamiz x=1 nuqtada 1-2f dan kichik bo‘lgan tartibda
cheksizlikka aylanishi mumkin.
(4.177) ni (4.23) formulaga qo‘yib, 7(X) ni topamiz.
(4.177) va (4.23) formulalardan, v(x) va 7(x) ni (4.10) Darbu
formulasiga qo‘yib, Trikomi masalasining D; - sohadagi yechimini topamiz. Dy
sohada esa yechim

1 /
u(x,y)=- 11V(f)G01 (£,0;x, y)dt — (I)@(S)nﬂo (5) 4,[Goy (.13 x, v)Hs

formula bilan aniqlanadi. Shunday qilib, biz quyidagi teoremani isbotladik:

Teorema. Agar go(x) ni (4.171) shaklda ifodalash mumkin bo ‘lsa va

v (X) eC? (—=10)m 0 (-1,0) sinfga tegishli bo ‘Isa, G chiziq esa oy normal
chizig bilan ustma-ust tushsa, u holda D, sohada (4.6) tenglamaning

u

o =§D(S )9 u‘ AC — W(x ) shartlarni ganoatlantiruvchi yagona yechimi mavjud.
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V BOB. SINGULYAR KOEFFITSIYENTLI GELLERSTEDT TENGLAMASI
UCHUN XARAKTERISTIKADA VA BUZILISH CHIZIG‘IDA FRANKL
SHARTIGA EGA BO‘LGAN NOLOKAL MASALA.

5.1-§. FFH masalasining qo‘yilishi.

Ushbu tenglamani o‘rganamiz:

signy|y|" e + 1y, +(Bo/ y)u, =0, 5.1)

bu yerda m va By— o‘zgarmas sonlar bo‘lib, ular uchun m>0,—m/2 < B, <1,

tengsizliklar o‘rinli. Q soha z = x + 1)y kompleks tekisligining chekli bir bog‘lamli

sohasi bo‘lib, u y>0 tekisligida joylashgan va uchlari 4= A(-1,0),B = B(1,0)
4 - ym+2 —1

(m+2)

bilan, y <0 tekislikda (5.1) tenglamaning AC va BC xarakteristikalari bilan

nuqtalarda yotuvchi (5.1) tenglamaning normal chizig‘i O¢ X +

chegaralangan bo‘lsin. Ushbu belgilashlarni  kiritamizz Q" =Qn{y >0},

Q =Qn{y<0} C, va C orqali esa O(0,0)nuqtadan chiquvchi xarakteristikaning
AC va BC xarakteristikalar bilan kesishish nuqtasini belgilaymiz. J=(-11) y=0
o‘qining intervali.
FHmasalasi.(Q sohada quyidagi shartlarni qanoatlantiruvchi = u(x,y)e C (ﬁ)
funksiya topilsin:
1. u(x,y)eC 2 (Q")va bu sohada (5.1) tenglamani qanoatlantiradi;
2. u(x,y) funksiyaQ \(OC, U OC, )sohada (5.1) tenglamaning R, sinfga

tegishli bo‘lgan umumlashgan yechimi [38];
3. J = AB -intervalda ushbu ulanish shartlari bajariladi:

ou ou
lim (=)0 == = lim y#0 == | xeJ\{0
y_)_o( ) o Jim v o 10} 5.2

va bu limitlarx=—-1, x=0, x =1nuqtalardal =2 dan kichik tartibda
maxsuslikka ega bo‘lishi mumkin, bu yerda B =(m+2f,)/2(m+2);

4.u(x,y)‘00 =p(x) ,xeJ(5.3)

a(x)Du[0(x)] - b(x)D, L ul0(-x)] =y (x),x € J (5.4)
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u(x,0)—u(-x,0)=f(x), xeJ, (5.5)

1 Tmad 2/(m+2)
bu  yerda O(xp)= 02 —i[ 2 (1+xo)}

nuqtadan chiquvchi xarakteristikaning AC xarakteristika bilan kesishish nuqtasining
affiksi. Cl(x)a b(-x)9W(x)a f(x),p(x)e C<J)ﬂ che (J) berilgan funksiyalar
bo‘lib, ular uchun a(—x) =b(x), a(x)-b(x) =0, ¥ (—x)=—w(x), f(=x)=—f(x),
@(£1)=0, f(£1)=0 munosabatlar o‘rinli.

(5.4) va (5.1) shartlar Frankl shartlari bo‘lib, ular mos ravishda AC
xarakteristikada va AB buzilish chizig‘ida berilgan.

(x9,0) ,xp€J

5.2-§. FH masalasi yechimining yagonaligi.

(5.5) tenglamaning (1.116) va (1.117) shartlarni ganoatlantiruvchi shakli
o‘zgargan Koshi masalasi yechimini beruvchi (1.135) Darbu formulasidan
foydalanib, ushbu giymatlarni hosil qilamiz:

u[0(x)]=yT(B)(A+x)/2) 2P DL (1+x)Pr(x) +

+7,0(= B)(m+2)/2) 2P D_ﬁlj; 1+ %) Pv(x), (5.6)

u[0(—x]= DB -x)/2)" P DB (1-x)P ' (—x) +

+1(m+2)/ 2= pDE - P,

bu yerdan
DE 0] =y T (B2 1+ x) P D e (x) +

f D= B)(m+2)/2) P A+x) Pvx), Y

Dy Pulo(-x1=y0(B)2P (1= x) P DL PP r(—x) +

+7,0(1=B)(m+2)/2) 2P 1-x)Pv(-x). )

(5.8) va (5.9) tengliklardan (5.4) va (5.5) nolokal shartlarga asosan,
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(1- x)ﬂ a(x)v(x)—(1+ x)ﬂb(x)v(—x) =
=y[(1-x)’ a(x)DL 2P (x) -
— 1+ )P b(x)Dy PP e ()] +y (%)

(5.10)

munosabatga kelamiz, bu yerda

_ B B
y r(il x;x((l; f)z)ljlz(;)‘zﬂ +7(1+ 0 b@)D Y £ ()
T(1—
y(p)2*F! (5.11)
L (1- B)(m+2)/2)' P

wi(x) =

y=-

Teorema 5.1. Agar a(X) va b(x)funksiyalar uchun ushbu
a(x)-b(x)<0, xelJ, (5.12)

tengsizlik o‘rinli bo‘lib, p(x)=0, w(x)=0, f(x)=0bo‘lsa, u holda FH masalasi
faqat trivial yechimga ega.

Isbot. Teskari tasdiqni faraz qilamiz, Q" sohada M(X, y) # 0 bo‘lsin. Xopf
prinsipiga ko‘ra, u(x,y) funksiya o‘zining eng katta musbat qiymatini va eng
kichik manfiy qiymatini Q" sohaning ichki nugqtalarida qabul gilmaydi.
u(x, y)‘a0 =0 bo‘lgani uchun bu qiymatlarga O nuqtalarida ham erishilmaydi.

Faraz qilaylik, u(x, y) funksiya o‘zining eng katta musbat va eng kichik manfiy
qiymatlarini 4B\ {0} nuqtalarda qabul qilsin, u holda (5.5) shartga mos bir jinsli

shartga asosan, bu ekstremum gqiymatlar (X,0) va (—=x9,0) nuqtalarda qabul

qilinadi. T (x) funksiyaning musbat maksimumini (manfiy minimumini) qabul

1-2
giluvchi Xy nuqtada kasr tartibli D 1X§T(x) va on’lﬁf(x) hosilalar qiymati

gat’ily musbat (gat’iy manfiy) bo‘lgani uchun va bu nuqtalarda lemma 2.1 ga asosan,

v(xy)= lim y
y—>+0

Lo 6”(;07y)<0 (>0)

bo‘lgani uchun, (5.10) tenglikka mos bir jinsli ushbu munosabat
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(1- x)ﬂ a(x)v(x)—(1+ x)ﬂb(x)v(—x) —
= 7[(1- 0’ a(x) D2 Pr(x) — (1+ )P b(x) D P (x)] O

1,x

(xO,O) va (— X0 ,0) nuqtalarda o‘rinli emas, chunki bu nuqtalarda (5.13)tenglikning
o‘ng va chap tomonlari turli ishorali.
Shunday qilib, u(x,y) yechim o‘zining eng katta musbat va eng kichik

manfiy  qiymatlarini O(0,0) nuqtada erishadi. Bundan esa Q" sohada

u(x, y)zconst, ya’ni o‘zgarmas ekanligi kelib chiqadi, lekin % |GO=Obo‘lgani

uchun M(X, y) =0(x,y)e Q. Bundan u(x,y)=0 (x, y) € Q ekanligi kelib chigadi.
Teorema 5.1 isbot bo‘ldi.

5.3-§. FFH masalasi yechimining mavjudligi.

Q7" sohada (5.1) tenglama uchun Dirixle va shakli o‘zgargan N masalalarining
(2.183), (2.184) yechimlaridan foydalanib, y = 0 0‘qida mos ravishda:

m+2l 1 x—t

v(x)=—k,(1- ) 5 fl‘ tz_zﬁf'(t)dt+
_x—
L r(oydt (-19)
+(1_2ﬁ)J1(1—xt)2_2ﬁ_+(D2(x)’

1
1(x) =~k V@Ol =P =A=x)?Pldt+ D\(x), (515

-1
ch(x)=kza—ﬁ)a—ﬂo)(m+2)(1—x2>_i1¢<r><1—2xr+x2>ﬂ-2dr, (5.16)

@)= kBl + 21 =) [p(em ™ ()1 =21+ e .17

bu yerda
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e~ )”ﬂm 1(ij2_2ﬂm
"ar\m+2) TR 4n\m+2 r2-28)

1/(m+2)
n(r>=[[m”j (11 )]

(5.14) munosabatda x ni— x ga almashtirib va ushbu

t()=1(=x)+ f(x), 7'(x)=-7'(=x)+f'(x). (5.18)
munosabatlarni hisobga olib, quyidagi tenglikni hosil gilamiz:
v(=x) =v(x) + F(x), (5.19)
bu yerda
m+2| L(x-0)f '(t)dt L f()dt
F(x)=k(1- /) -2p0) +
? (= [JI x— z\Hﬁ P —Jl (1-xt)*~*F ] (5.20)

+ @5 (=x) ~ Dy (x)

(5.19) ga asosan, (5.10) tenglikdan ushbu

[(1 —x)’a(x)-(1+ x)ﬂb(x)}v(x) =

(5.21)
7|0 =) a(x) D2 2(x0) — (1 + %) b(x) D2 e (0) |+ v, (x)
munosabatga kelamiz, bu yerda
v () =y (x) + (L + )P b(x) Fy (x). (5.22)
Dastlab, faraz qilaylik,
(1-x)P a(x)=(1+x)Pb(x) %0 (5.23)

bo‘lsin. (5.15) tenglikka Diiﬁ va D}Cfﬁ operatorlarini qo‘llab, ushbu

munosabatlarni hosil gilamiz:
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D e(x)=-kI'(1-2p) x

sin2fz 7 (1+¢)P( 1 ¢
x{(l-cosZﬁn)v(x)+ . J[1+xj (t—x_l—xtjv(t)dt}k(s'm)

-7

+ D:iﬂ d(x) xeJ,

DS r(x) = -k (12 ,B){(l—cos 2 Bryw(x) - S0 2PT

1-2p (5.25)
XJ( tj (1 R jv(z)dz}D;fﬂqsl(x), xeld.

“d=x t—x 1—xt

Endi (5.24) va (5.25) formulalarga asosan, (5.21) ifodani ushbu ko‘rinishda
yozib olamiz:

[(1=xY a(x) - A1+ x)Pb(x)v(x) + 21 - x)P a(x) x

1-28
xj( tj ( b1 jv(t)dt+
1+ x t—x 1—xt (5.26)

1—¢ 1-2p
+/1(1+x)ﬁb(x)j(1_ j (t_ }(r)dr W, (1)
bu yerda A =cos S/ (1+sin Sr)
V) =)+ (1= 0 DL () -
+sin 8

27)
—y(1+x)’ b(x)Dlix D, (x)] o

Ushbu tengliklarning to‘g‘riligini bevosita tekshirib ko‘rish mumkin:

1+¢ 1 B 1 )_ 1 _
l+xN\t—x 1-xt) t—-x l1-=xt’
1-¢ 1 1 1 t
+ = — :
(l—xj(t—x l—xt) t—x 1—xt
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Bu tengliklarga asosan, (5.26) tenglamani quyidagi ko‘rinishda yozib olamiz:
[(1=x) a(x) = 1+ ) b (x) +
1
+A] (t S th(x,r)va)dt +yy(x) O
-1 X

bu yerda

1+x 2p B 1—x 2p B
K(x’t):(lﬂ) (1-x) a(x)+(1—tj A+x)"b(x). (5.29)

Ushbu
1 t 2(1-1%)

t—x l—xt (1+x2)(1+t2)( 2t2_ 2x2j
1+¢ 1+x

tenglikka asosan, (5.28) tenglamada quyidagi

2t S 2x y

S =—-- t: ;y:—’x:
Iryl—s? ~ 1+x® 14152

1+¢%°

almashtirishlarni bajarib,

BO) | pls)ds _

A+ p(y) P
_1 -
=4 }1 K(x’)i)__f(x’t)p(S)ds +, ()1 +x%) -39

b

singulyar integral tenglamani hosil qilamiz. Bu yerda

p(»)=1+x*W(x), A¥)=(1-x)a(x)—(1+x)"b(x)
B(») = Amk(x,x) = ;uzK((l — ) a(x)+1+x)P b(x))
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A2+ B2 = 1= 0P ax) - 1+ )P b | +
+ 2272 [(1=-x)P a(x)+ 1+ x)P b)) #0

bo‘lgani uchun, (5.30) tenglama normal tipdagi singulyar integral tenglamadir.
(5.30) tenglama yechimi p(x)funksiyani H(—1,1) Gyolder sinfida izlaymiz va
bu funksiyax =—1, x =1 nugqtalarda chegaralangan bo‘lsin.(5.30) singulyar integral

tenglama yechimi indeksini hisoblaymiz.
Ushbu funksiyani tuzib olamiz:

A)=iBy) _[(1=x a(x) - (1+x) b(0)]-idaAl(1-x)” a(x) + (1 +x)" hHx)]
A)+iB(y)  [(1-x) a(x)—(1+x)Pb(x)+ira(1—x)P a(x)+(1+x)’ b(x)]

G(y)=

[.N. Musxelishvili formulasiga ko‘ra,

G
o +iffy = (le)
bu yerda "-" ishorasicy = —1qiymatga, "+ " ishorasi ¢; =1 qiymatga mos keladi.
oy + B, :_lnG(co) :_lnG(—l) _ 1 In 1-ilr
27i 27i 2mi 1+idr
1 1—1i 1—1i
=— In AR +i(arg AR +2km) | =
2mi| |1+ idw l+iin
1 1+ si —i
N S +s?nﬁ7r icos fBr —k:larctg COS.ﬁT[ e
2r 1+sin B +icos Br T 1+ sin B
1 T Pr {1
=—arctg| ——— |=—| —— B |-k,
core( 55357

bu yerdan o= %(% - p j +k, j-() butun  sonni  shunday  tanlaymizki,

0 <o+ Ay <1 tengsizlik bajarilsin, yani Ay =k .
Yugqoridagiga o‘xshash

InG(e) _InG() _ 1, 1+i l(l_pjw,

a+ip = = =
1+ ip D7 om 2m l—idxr 2\2
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1(1
yani 0= 5[5 - p ) +k.A,  butun  sonni shunday  tanlaymizki,

O<ay+ ﬂq <1 tengsizlik o‘rinli bo‘lsin, ya’ni ﬂq = —k . Endi X indeksni
hisoblaymiz: ¥ = —(ﬂvo + ﬂq) =0 X (z) kanonik funksiya ushbu ko‘rinishda
bo‘ladi:

X(z)=(1- zz);(;_ﬂ)w(z),

bu yerda @(z) € H va®(z) nolga aylanmaydi.

(5.30) tenglama Karleman usuli yordamida Fredgolmning ikkinchi tur integral
tenglamasiga ekvivalent ravishda olib kelinadi va bu tenglama FH masalasi
yechimining yagonalik teoremasiga ko‘ra birdan-bir yechimga ega.

Shunday qilib, FH masalada (5.23) shart bajarilganda yagona yechimga ega.

5.4-§ . FH masalasini (1 - x)ﬂ a(x)—(1+ x)ﬂ b(x) =0bo‘lgan holda
o‘rganish.

FH masalasini (5.23) shart bajarilmagan holda o‘rganamiz, ya’ni:

1-x)Pa(x)=(1+x)Pb(x)=0,xeJ. (531
Bu holda (5.21) munosabat ushbu ko‘rinishda bo‘ladi:

pl- 2ﬁr(x) 1 2[3

Do (%) =2 (x) (5.32)

Dastlab, bu holda ham FH masalasi yechimi yagona ekanligini isbotlaymiz.
(5.32) tenglikda ¥ (x) =0 bo‘Isin. (5.32) ni ushbu ko‘rinishda yozib olamiz:

di[ _2ﬁr(x)+D1xT(x)] 0

b

yoki
lD__lz’fz'(x) + D:lz’fz'(x)Jz c =const (5.33)

(5.33) tenglikkaoperatorini qo‘llab va
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D*f D_wr(x) =cos2fnt(x)+

-1,x""x,1

sin2,B7t} 1+ VP ¢()dt
S\ I+ x ’
28 _(1+X)_2ﬂ

Cc = C
r(1-2p)

r—x

2 -2
D—fxD—l,f = T(x) > D

-1,x

formulalarni hisobga olib, ushbu singulyar integral tenglamani hosil gilamiz:

@(x) + (5.34)

l Vo@)dt

sPr J 2) = fo(x),
T 4 t—Xx

bu yerda

o(x) =1+ 0 1(x), fo(x) = -

2I'(1-2p)cos” Brr

(5.34) integral tenglama yechimini (-1,1) intervalda Gyolder sinfiga
tegishli, x =—1, x=1 nuqtalarda esa uzluksiz bo‘lgan funksiyalar sinfida izlaymiz,

ya’ni h(—1,1) sinfda. Bu sinfda (5.34) tenglama indeksini hisoblaymiz. (5.34)
singulyar integral tenglamada A =1, B=1tgfr.
Ushbu fuksiyani tuzamiz:

_A(t) - iB(2)
- A() +iB(1)

G()

Bevosita hisoblash yordamida ko‘rsatish mumkinki, ¢ + i,Bo = ,B —k, ya’'ni
ay=P-k, By=0; oy +if=—L+k,yani ay=—P+k, S, =0. Endi
}«0 va A butun sonlarni shunday tanlaymizki,0 <oy + 4, <1,k =0,

tengsizliklar o‘rinli bo‘lsin, bunda ﬂ«o =k, 41=1-k.
Demak, (5.34) tenglama indeksi:

g =~ +2)=—1.

Shunday qilib, (5.34) tenglama yechimining /(—1,1) sinfdagi indeksi -1 ga teng,
kanonik funksiya esa ushbu ko‘rinishda bo‘ladi:

X(2)=(1+2)"0 (1= =1+ )P 1-2)"F
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Indeks y <0, demak, singulyar integral tenglamalar uchun Nyoter nazariyasi

Fredgolm integral tenglamalar nazariyasi bilan ustma-ust tushmaydi (bu nazariyalar
fagat ¥ =0 bo‘lgandagina ustma-ust tushadi).

¥ < 0bo‘lganda (5.34) tenglamasining yagona yechimi ushbu

1 t" fo ()dt
“1[a@) +ib()]X T ()

=0, (u=0l..— 7 =1) (535

zarurly va yetarli shartlar bajarilgandagina o‘rinli bo‘ladi.
Bizning tenglamamiz uchun y =-1.

c
2I°(1—- Zﬂ)cos2 pr

Demak, H =0, fo(?)= va (5.35) shart ushbu

ko‘rinishni oladi:

1 f(@t)dt B c Lodr 0
“Ha®) +ib(O)XT () 2cos® BaT(1—28)( +itefr) 1 X (£)
bu yerdan ¢ =0 ekanligi kelib chiqgadi. ’
Shunday qilib, biz
tgPr L o(t)dt
@(x) + gb f¢() =0 (5.36)

1 t—x

tenglamaga kelamiz. Bu tenglama uzluksiz funksiyalar sinfida fagate(x)=0 trivial
yechimga ega bo‘ladi, demak 7(x)=0. Shunday qilib, biz FH masalasi yechimining

yagonaligini (5.23) shart buzilgan holda isbotladik.

Endi (5.23) shart buzilgan holda FH masalasi yechimining mavjudligini
ko‘rsatamiz.

(5.31) shartga asosan,

a(x)=(1+x)" u(x), bx)=(1-x)" u(x),

bu yerda p(x)e COP[=LI]vapu(x)#0Vxe[-L1]. Bu holda (5.21)
tenglamani ushbu ko‘rinishda yozib olish mumkin:

— — X
D' r(x)+ Dy Pr(x)=- ‘/’22( ﬂ)
y(1=x7)" pu(x)
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yoki
D Pr(x)-DyPr(x) = Jw4(r>dr+c (537)
bu yerda
Wa(x) ==y, (x)/y(1-x*) u(x). (5.38)

2
(5.37) tenglikka D_iB’ x operatorni qo‘llab, ushbu integral tenglamaga kelamiz:

tgfr | I o(t)dt “F(x)

@(x) + (5.39)
1 t—x
bu yerda
p(x)=(1+x)*Pz(x),
P P L) N 5 71U c (5.40)

2 (1-2p)cos” Br “1(x—1)*F  20(1-2B)cos® B

Yuqorida (5.39) tenglamaning #4(—1,1) sinfdagi indeksi y =-1 ekanligini
ko‘rsatgan edik. Demak, (5.39) tenglamaning yagona yechimi:

L t"F(t)dt
“1[a(t) +ib(O)]1X T (2)

=0, (u=0l..—x-1 (541

zaruriy va yetarli shart bajarilgandagina mavjud bo‘ladi.

Buyerda a(r) =1,b(t) =tgBr, X" (1)=(1-1*)".
¥ =—1 bo‘lgani uchun x=0. (5.40) ga asosan, (5.41) tenglikni ushbu
ko‘rinishda yozib olamiz:

1 cdt L a+0*Par ¢ s)ds
J' _|_J' ( ) W4()

S0P a-0f S0P a-0f Z@-sF

, (5.42)

bu yerda integrallash tartibini o‘zgartirib va xosmas intergrallarni hisoblab, ¢ uchun
quyidagi qiymatni hosil qilamiz:
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__2PT(Pra-2psinpr }‘”“”F(ﬁ s jds_

ra-p i (1-s5)
Shunday qilib, (5.42) shart bajarilganda (5.39) tenglamaning yagona yechimi

mavjud.
(5.39) tenglamani Karleman usulida yechamiz. Shu maqsadda,

d
®(z)= - Ilgot(i) L ow)=0, (5.43)

funksiyani kiritamiz.
Soxotskiy-Plemel formulalariga asosan,

1
0" (x)+ 0 (x)=— [ LU 544
m_1 t—Xx
D7 (x) - D (x) = (x). (5.45)

Bu yerda

®*(x)= lim ®(x+iy),

y—>+0
@ (x)= lim ®(x+iy),

y—>-0

(5.44) va (5.45) formulalarga asosan, (5.39) tenglama ushbu ko‘rinishni oladi:

D" (x)=G(x)d (x)+ f(x), (~oo<x<+w) (5.46)

bu yerda
Loitghr <<,
G(x)=<1+itgfn (5.47)
I x € (—0,—1) U (1,40);
Lx), —-1<x<1,
f(x)=11+itgpn (5.48)
0o x € (—oo,—1) U (1,40).
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Shunday qilib, biz golomorf funksiyalar uchun Riman masalasiga keldik: yuqori
va quyi yarim tekisliklarda golomorf, cheksiz uzoqlashgan nuqtada ®(«) =0, haqiqiy
o‘qda esa (5.46) shartni qanoatlantiruvchi ®(z) funksiya topilsin.

Ushbu funksiyani o‘rganamiz:

27Ti_1 l—z

_ (1 — Zjﬁ ei'B arg(—1-z) (549)
1+z

1
‘P(z)=exp{ 1 JlnG(t)"”}:exp{—ﬁ[ln(l—z)—ln(—l—z)]}=

(5.49) tenglikdan ushbu chegaraviy qiymatlarni hosil gilamiz:

B B

l—x —iBr - l1-x ipr

LI’+(X)=( j N ¢ (X)=( j e’ (5.50)
1+ x 1+ x

Endi kanonik funksiyani tuzamiz:

I[M(z)=(1+ 2)2“0 (1- Z)ﬂ“1

_\A
X(z)= e’/’(z)H(z) = (—i Z] P alrg(_1_2)(1 +2)°(1-2)h
+Zz

Shunday qilib,
Xt (x)=(1+x)P(1-x)FPeiFr

X ()= (e ) (1= ) e 551

(5.51) chegaraviy qiymatlarga asosan, (5.46) tenglamani ushbu ko‘rinishda
yozib olamiz:

D" (x) _ 0 (v N F(x)

: 5.52
X®) X @) X £
(5.52) tenglamaning xususiy yechimlaridan biri ushbu ko‘rinishda bo‘ladi:
X(z) L F(t)dt
D(z) = (2) | ® . (5.53)

27Z'l -1 t—z
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(5.53) ga asosan, @(X)ni topamiz:

P(x) =D (t) - O (t) = cos” B (x) -
_sin2fn 1(1—xj1’3(1+x)’8 F(t)dt (5.54)

27 _'[1 1—¢ I1+1¢

[—x
(5.54) formula (5.34) singulyar integral tenglama yechimini beradi.
Endi F'(X)ning ifodasini (5.40) formuladan (5.54) yechimga qo‘yib, ushbu

ifodaga ega bo‘lamiz:

c N (I+x)” Tm(z)dt_ c-tgfn (Hx)ﬂ(l_x)l—ﬁx

P(x) = T
(1-28) 20(1-2B) 7 (x_ygy» 27aT(1-2p)
xj(lﬂ)__ﬂ dt — 1gPm (Hx)ﬂ(l_x)l_ﬂxj (1+t)_ﬂ dt jt//4(s)ds.
“(1-0)" t—x 2a0(1-2p) “A-0)" t—xu(t—s)"
(5.55)
Ushbu tenglikka asosan,
LA+ dr (1+x)7”
= nctgfr ——
a6
ifoda ushbu ko‘rinishda bo‘ladi:
1+ Yyydt  ghr g g
= — 1 1—
PO = =25 0P aara—zp T DT
Loq+0fdr 1 yy(s)ds (5.56)

x|

S0=-0 @ -x) (-9

(5.56) formulada go(x)=(1+x)2’3 7(x)tenglikni hisobga olib, uni ushbu
ko‘rinishda yozamiz:
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L Tend  igpr (=07

T(X)=
2 2r(1-28) S (x—0)*  2a0(1-2B) (1+x)°
| A+0f dt ty,(s)ds (5-57)
GA=-0DPt—xi(t—s5)*F
bu yerda ushbu
(1+tjﬂ_(l+t)ﬂt—x_(l+tjﬂl
I+ x I+x) 14+t \U+x
ayniyatni e’tiborga olib, (5.57) yechimni quyidagi ko‘rinishda yozib olamiz:
T(x)= : | W4(t)62h __18pr (1+x)1_ﬁ (l—x)l_ﬁ X
2T(1-2B8) S (x—)*F 22T (1-2p)
o A+0P dt Lyu(s)ds  wgpr  (1-x)7 §
A= r-x (-5 2200-28) (1+x)P
1 B-1 ¢
< (1+t)1_ﬁ d | w4(S)§l’S'
S(1=1) S(t—5)*F
(5.58)

(5.58) tenglikning oxirgi integralida integrallash tartibini o‘zgartirib, ushbu
tenglikni hosil qilamiz:

LA+8)’™  Cyu(s)ds LA+ ds
— d —
! -i(r—okﬁ éi(r—sfﬂ _9““S4(r—o“ﬂ(r—sfﬂ.

Endi ichki integralda ¢ =1+ (s —1)o almashtirish bajarib va gipergeometrik

funksiyaning integral ifodasi hamda uning F(a,b,c;x)=(1—x)" % xossasidan
foydalanib, ushbu qiymatni hosil gilamiz:

ot TBTA=25) L p(s)ds
TR Gamey O

(5.59) tenglikka asosan, (5.58) yechimni ushbu ko‘rinishda yozib olamiz:
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1 W 4(2)dt igpr -8
7(x)= 2r(1—2ﬂ)_j1(x_t)ﬂ ora—ap) Y

) jw(s)ds 2°P 2 1gprl(B)
L t-x S (- 5)*P al'(1- ) (5.60)

(1-x)"" L wy(s)ds
A+x)F -5

X

(5.60) yechim uzluksiz bo‘lishi uchun

Il//4(S)dS
S(1-s5%)?

tenglikning bajarilishi zarur. Bu holda (5.34) singulyar integral tenglamaning
uzluksiz yechimi ushbu ko‘rinishda bo‘ladi:

(5.61)

r(x) = I v, (¢)dt 1gpr I(l_t ) jl// L(8)ds
2F(1—2IB) (x t)zﬁ 2 F(]—le) f—x ’ (f—S)zﬁ
(5.62)

Shunday qilib, /H masalasi ushbu Dirixle masalasiga olib kelindi: Q" sohada
(5.1) tenglamaning ushbu

u |00=g0(x), u(x0)=t(x), xeJ (5.63)

shartlarni ganoatlantiruvchi regulyar yechimi u(x,y)eC (ﬁ) funksiya topilsin. Bu

yerda 7(x) (5.62)formula bilan ifodalanadi va @(0)=z(1), (/) =7(~1)shartlari

bajariladi. Dirixle masalasining yechimi (2.183) formula bilan beriladi.
Faraz qilaylik, w,(x) ushbu shartlarni ganoatlantirsin:

1. w4(x)eC'T0,1];
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t
2 A=y, (ndt=01-0"P (564
0

& -ixtiyoriy yetarli kichik son.
(5.62) formulada bo‘laklab integrallash amalini bajarib,

T(X)I va(=1) (1+x)1_2ﬂ + !

2I'(2-2p) 2F(2—2ﬂ)><
e 28 g, gBrwa (DA = 2P
fl//4(f)(x t) “"dt 2T (2—2)
I LA+ Pa-pnPt g, teBr(l- xHF L (5.69)
t—x 27T (2-2p)
_+2\B-1
) 4 O Fy (5 )P
1
tenglikni hosil qilamiz.
Ushbu
} 1+ Pa-nf! gt = metg B
5 t—x 1+ x)P1-x)7

tenglikni hisobga olib, (5.65) munosabatni ushbu ko‘rinishda yozib olamiz:

1 1-28 ,, tgPr(l- x2)1 ﬂl(l—f P 1-218
7(x)= TG-28) le (O =y Va0 s

(5.66)
Bu yerdan (5.64) ni hisobga olib, 7(x) € C[-1,1]M cl (—L1) va 7'(x)hosila
(-1,1) interval chegaralarida f dan katta bo‘lmagan tartibda cheksizlikka aylanishini
ko‘rish giyin emas, shu bilan birga 7(—1)=7(1) =0
Endiv(x) ni topamiz. Buning uchun, (2.183) formula yordamida Dirixle
masalasini yechamiz. Bu yechimdan y bo‘yicha hosila olib, ushbu tenglikka kelamiz:
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p-1
u_, o L1 0 g ) 4 mi2 |
o =k, (1-5y) _Ilf(t) ayy {(x t) +—(m+2)2y }

2

4t o 1
5 y’"”} dt + ky (1= By )(m +2) [p(t) x
-1

J— J— 2 _
{(l xt)” + (m+2)

x%{(l —R?)y!7Fo (rlz)ﬁ_zF(l ~-B2- ,8,2—2,8;1—0)}dt. (5.67)

Ushbu tenglikning to‘g‘riligini bevosita tekshirib ko‘rish mumkin:

0

p-1
]_’BO PAY 4 m+2 —
N y |:(x t) +(m+2)2y :| }_

oy
2 4 0 4 &
_ m+ -5 ) (x— _\2 m+2
== % pv {( t) {(x 1)+ (1 2) y } } (5.68)

Endi (5.67) tenglikning o‘ng tomonidagi birinchi integralda (5.68) tenglikni
e’tiborga olib, bo‘laklab integrallash operatsiyasini bajaramiz va hosil bo‘lgan yangi

Bo

tenglikni »”0 ga ko‘paytirib, u nolga intilganda limitga o‘tib, V(x) ni topamiz:

v(x) =~k (1= fo)

m+2{ ) =D +} x—0)7'()de

2 =070 Q) e
1
-(28-1) _jl ; _fitt))czif - } +@(x),

(5.69)
bu yerda

1
®(x) = ky (1= B)(1= By)(m +2) (1= x7) [(x* = 2xt + 1) op(t)dt
-1

FH masalasida u(x, ) funksiyaning oynormal chiziqdagi giymati ¢@(X)ni
ushbu ko‘rinishda ifodalash mumkin deb faraz qilamiz:

(p(X) A (.X'), (.X', y) €0y
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) 4 22 4

—LI]. U holda normal chizigning o, x? + 3 y"
(m+2)

bu yerda ¢(x)eC

tenglamasidan foydalanib, @(x)ni quyidagicha tasvirlaymiz:

5 J

(P =2xt+ )P

D (x) =2k (1= )~ ﬁo)(

®(x) funksiya ifodasidan ko‘rinib turibdiki, ®(x) € C[-1,1] va (-1,1)intervalda
®(x) ixtiyoriy tartibli hosilasiga ega. (5.69) formuladan ko‘rinib turibdiki, 2.2
teoremaga asosan, V(X)funksiyamiz (-1,1) intervalda f —& ko‘rsatkich bilan
Gyolder shartini qanoatlantiradi.

Endit(x) vav(x) ma’lum bo‘lgandan keyin () sohada yechimni shakli
o‘zgargan Koshi masalasi yechimi sifatida tiklaymiz. Bu yechim R; sinfga tegishli.
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