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KIRISH (falsafa doktori (PhD) dissertatsiyasi annotatsiyasi)

Dissertatsiya mavzusining dolzarbligi va zarurati. Jahon miqgyosida olib
borilayotgan ko‘p sonli ilmiy-amaliy tadgiqotlar natijasida yuzaga keladigan
ko‘plab amaliy va nazariy muammolarni hal gilishda vaqt, resurs, xarajat, sifat va
imkoniyatlarni optimallashtirish masalalari yetakchi o‘rinlardan birini egallamoqda.
Dunyo miqgyosidagi bu kabi masalalar boshgaruv jarayonlarining matematik
modellarini qurish va masalalarning optimal yechimlarini aniglanishni taqozo etadi.
Shu jihatdan differensial o‘yinlar nazariyasining asosiy obyekti hisoblangan
garama-qarshi boshqaruvli jarayonlarni tadqiq qilish, bu bo‘yicha boshqgaruvlari
nostatsionar chegaralanishlarga ega bo‘lgan quvish-qochish masalalari uchun yangi
yetarli shartlar mavjudligini aniglash hamda garalayotgan obyektlarning yetishish
to‘plamini tavsiflash muhim ahamiyatga ega hisoblanadi.

Jahonda boshgaruvlari nostatsionar chegaralanishli differensial o°yin
masalalarini tadqiq qilishga yo‘naltirilgan ilmiy-tadgiqot ishlari olib borilmoqda.
Bu borada differensial o‘yinlarning klassik masalalari natijasining samaradorligini
oshirish uchun boshqaruvlari turli ko‘rinishdagi chegaralanishlarga ega ko‘p
o‘yinchili differensial o‘yin masalalarini o‘rganish, differensial o‘yinlarning
boshqaruvlari nostatsionar yoki turli ko‘rinishdagi chegaralanishlarga ega bo‘lgan
quvish-gochish masalalari uchun optimal strategiyalarni qurish, yangi yetarli
shartlarni topish, o‘yinchilarning yetishish to‘plamini tavsiflash shu bilan birga
Ayzeksning “Qutulish chizig‘i” o‘yinini hal etishga alohida e’tibor berilmoqda.

Respublikamizda fundamental fanlarning ilmiy va amaliy tatbiglariga ega
bo‘lgan dolzarb yo‘nalishlariga e’tibor berish yuzasidan keng qamrovli chora-
tadbirlar amalga oshirilib, muayyan natijalarga erishilmogda. Jumladan, “algebra va
uning tatbiglari, differensial tenglamalar va uning tatbiglari, chizigsiz tizimlar,
dinamik sistemalar va ularning tatbiglarini matematik modellashtirish, stoxastik
tahlil, tibbiy-biologik informatika, hisoblash matematikasi” kabi ustuvor
yo‘nalishlar bo‘yicha muhim vazifalar belgilab berilgan®. Ushbu vazifalarni amalga
oshirishda, jumladan, differensial tenglamalar, dinamik sistemalar va differensial
o‘yinlar nazariyalarini rivojlantirish maqsadida differensial o‘yinlarning
boshqgaruvlari nostatsionar yoki turli ko‘rinishdagi chegaralanishlarga ega bo‘lgan
quvish-qochish masalalari uchun optimal strategiyalarni qurish muhim ahamiyat
kasb etmoqda.

O‘zbekiston Respublikasi Prezidentining 2017-yil 7-fevraldagi PF-4947-son
“O‘zbekiston Respublikasini yanada rivojlantirish bo‘yicha Harakatlar strategiyasi
to‘g‘risida”gi  va 2022-yil 28-yanvardagi PF-60-son “2022-2026-yillarga
mo‘ljallangan Yangi Oc‘zbekistonning Taraqqiyot strategiyasi to‘g‘risida’gi
Farmonlari, 2019-yil 9-iyuldagi PQ-4387-son “Matematika ta’limi va fanlarini
yanada rivojlantirishni davlat tomonidan qo‘llab-quvvatlash, shuningdek
O‘zbekiston Respublikasi Fanlar akademiyasining V.[.Romanovskiy nomidagi

1 O‘zbekiston Respublikasi Prezidentining 2019-yil 9-iyuldagi NePQ-4387 “Matematika ta’limi va fanlarini yanada
rivojlantirishni davlat tomonidan qo‘llab-quvvatlash, shuningdek, O‘zbekiston Respublikasi Fanlar akademiyasining
V.1.Romanovskiy nomidagi Matematika instituti faoliyatini tubdan takomillashtirish chora-tadbirlari to‘g‘risida”gi
garori.
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Matematika instituti faoliyatini tubdan takomillashtirish  chora-tadbirlari
to‘g‘risida”gi va 2020-yil 7-maydagi PQ-4708-son “Matematika sohasidagi ta’lim
sifatini oshirish va ilmiy-tadgiqotlarni rivojlantirish chora-tadbirlari to‘g‘risida”gi
garorlari hamda mazkur faoliyatga tegishli boshga normativ-huqugiy hujjatlarda
belgilangan vazifalarni amalga oshirishda ushbu dissertatsiya tadgiqoti muayyan
darajada xizmat giladi.

Tadgiqotning respublika fan va texnologiyalarni rivojlantirishning
ustivor yo‘nalishlariga bog‘ligligi. Mazkur tadgiqot respublika fan va
texnologiyalar rivojlanishining IV. “Matematika, mexanika va informatika” ustivor
yo‘nalishi doirasida bajarilgan.

Muammoning o‘rganilganlik darajasi. “Differensial o‘yin” tushunchasi XX
asrning 50-yillar boshlarida Amerikalik matematik R.Ayzeks tomonidan
go‘llanilgan. 1965 yilda R.Ayzeksning izlanishlari monografiya shaklida nashr
etilgan. Bu monografiya Gamilton-Yakobi nazariyasidan kelib chigadigan evristik
mulohazalar va ko‘plab misollardan iborat bo‘lib, umumiy nazariyani o‘z ichiga
olmagan. O‘sha yillarda L.S.Pontryagin va uning shogirdlari havo hujumida
samolyotni boshqarish vazifalarini soddalashtirishdan kelib chiggan holda
boshqariladigan jarayonlarning matematik nazariyasini yaratdilar. Shuni ta’kidlash
kerakki, O‘zbekistonda ham differensial o‘yinlar nazariyasi bo‘yicha ilmiy maktab
shakllantirilgan bo‘lib, unga N.Yu.Satimov asos solgan va hozirda
A.A.Azamov rahbarlik gilib kelmoqda.

L.S.Pontryaginning birinchi to‘g‘ri usuli M.S.Nikolskiy tomonidan integral
cheklovlar holatiga o‘tkazilgan. Ushbu yondashuv A.Ya.Azimov, F.V.Guseynov va
boshgalarning ishlarida keng rivojlantirilgan. N.N.Krasovskiyning integral
cheklovlarga ega differensial o‘yinlarni yechishda ekstremal magsadga asoslangan
usuli asosida mustaxkam asosga ega usul ishlab chigilgan. Regulyar holat uchun
pozitsion yondashish usuli B.N.Pshenichniy, A.A.Chikriy, 1.J.Rappoport,
Yu.N.Onopchuk va boshgalarning ishlarida turli ko‘rinishdagi cheklovlar integral
cheklovli o‘yinlarga o‘tkazilgan. Keyinchalik, N.Yu.Satimov, G.l.Ibragimov,
B.T.Samatov va boshqalar ishlarida integral cheklovlar bilan differensial va diskret
o‘yinlarida jamoaviy quvlovchilar o‘rtasida boshqgarish resurslarini tagsimlash
usuliga asoslanib yechishni taklif etdilar. So‘nggi yillarda A.A.Azamov va
A.Sh.Kuchkarovlar tomonidan quvlovchining boshgaruvi funksiyasiga geometrik,
qgochuvchining boshqaruviga esa integral cheklovlar qo‘yilganda quvish,
boshgaruvchanlik va chizigli sistemalarda turg‘unlik masalalarining o‘zaro
bog‘ligligi bo‘yicha tadqiqotlarga asos solingan. Differensial o‘yinlarning umumiy
nazariyasida quvish-qochish masalalari bir qator o‘ziga xosliklari bilan alohida
ahamiyatga ega. Bular masala qo‘yilishidagi xilma-xillik, qo‘llaniladigan usullar va
natijalarning xususiyatlaridan iborat. Yetishish sohasining mahsus xossasiga
asoslanib, R.Ayzeksning “Qutulish chizig‘i” masalasi oddiy harakatlar bo‘lgan
holida L.A.Petrosyan tomonidan yechilgan. Bunda parallel quvish strategiyasi
optimal strategiya ekanligini isbotlangan. Yuqoridagi kabi ko‘plab ilmiy ishlar
bajarilganiga garamasdan, hozirgi kunda boshgaruv funksiyalari nostatsionar
chegaralanishli differensial o‘yinlarni yetarlicha o‘rganilmaganligini ta’kidlash joiz.
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Shu bois boshgaruv funksiyalari nostatsionar chegaralanishli differensial o‘yinlarni
o‘rganish katta ahamiyatga ega.

Mazkur dissertatsiya boshgaruv funksiyalari nostatsionar chegaralanishli
differensial o‘yinlarni va R.Ayzeksning “Qutulish chizig‘i” muammosini hal
gilishga bag‘ishlangan.

Dissertatsiya tadqiqotining dissertatsiya bajarilgan oliy ta’lim
muassasasining ilmiy-tadqiqot ishlari rejalari bilan bog‘ligligi. Dissertatsiya
tadgigoti Namangan davlat universitetining ilmiy-tadgigot ishlari rejasining
“Fundamental tadqiqotlar” tarmog‘i doirasida bajarilgan.

Tadgiqotning magsadi boshgaruvlarga nostatsionar chegaralanishlar
qo‘yilgan hollarda quvish-qochish masalalarini va R.Ayzeksning “Qutulish
chizig‘i” muammosini yechishdan iborat.

Tadqgigotning vazifalari:

o‘yinchilarning  boshqgaruvlariga chizigli  chegaralanishlar  qo‘yilgan
differensial o‘yinda quvish masalasi yechimga ega bo‘lishining yangi yetarli
shartlarini topish;

boshqgaruvlarga eksponensial integral chegaralanishlar qo‘yilgan holda quvish-
qochish masalalari yechimga ega bo‘lishining yangi yetarli shartlarini topish;

boshqaruvlarga nostatsionar geometrik chegaralanishlar qo‘yilgan holda
quvish-qochish masalalari yechimga ega bo‘lishining yangi yetarli shartlarini
aniglash;

boshgaruvlari  nostatsionar geometrik chegaralanishli  quvish-gochish
masalalari uchun R.Ayzeksning “Qutulish chizig‘i” masalasini to‘liq hal etish.

Tadgigotning obyekti. Optimal boshgarish nazariyasi, differensial
tenglamalar nazariyasi, differensial o‘yinlar nazariyasi.

Tadgigotning predmeti. Boshgaruv funksiyalari geometrik, nostatsionar
geometrik, chiziqli va nostatsionar integral chegaralanishlarga ega bo‘lgan quvish-
gochish masalalari.

Tadgigotning usullari. Dissertatsiyada quvish masalalarini yechish uchun
o‘yinchilarning parallel yaqinlashish usullari, qochish masalalarini yechish uchun
esa yo‘nalish bo‘yicha qochish usullaridan foydalanilgan. Shu bilan birgalikda,
funksional tahlil, optimal boshgaruv nazariyasi va ko‘p qiymatli akslantirishlar
nazariyasi keng qo‘llanilgan.

Tadgiqotning ilmiy yangiligi quyidagilardan iborat:

boshgaruv funksiyalari chizigli chegaralanishli differensial o‘yinda quvishni
tugallash uchun yangi yetarli shartlar quvlovchilar uchun parallel yaginlashish
metodi yordamida olingan hamda o‘yinchilar yetishish sohasining monotonligi
to‘plamning tirgak funksiyasi yordamida isbotlangan;

boshgaruv funksiyalari eksponensial integral chegaralanishga ega holda
quvish-gochish differensial o‘yin masalalari quvlovchi uchun parallel yaginlashish
metodi va qochuvchi uchun esa yo‘nalish bo‘yicha qochish metodi yordamida
yechilgan;

boshgaruv funksiyalari nostatsionar geometrik chegaralanishli differensial
0‘yinda quvish-gochish masalalarini yechish uchun yangi yetarli shartlar quvlovchi
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uchun parallel yaqinlashish metodi va qochuvchi uchun esa yo‘nalish bo‘yicha
gochish metodi yordamida aniglangan;

boshgaruv funksiyalari nostatsionar geometrik chegaralanishli differensial
o‘yinda o‘yinchilar yetishish sohasining yangi monotonlik shartlari topilgan va
o‘yinchilar yetishish sohasining monotonlik xossasi yordamida Ayzeksning
“Qutulish chizig‘1” masalasi to‘liq yechilgan.

Tadgiqotning amaliy natijalari quyidagilardan iborat:

differensial o‘yinlar nazariyasi asoslarining hayotiy jarayonlar bilan o‘zaro
mutanosibligi nugtai-nazaridan, garama-garshi boshgaruvli jarayonlarga mos
masalalarning matematik modellari bo‘lgan quvish-qochish masalalari yechilgan.

Tadgigot natijalarining ishonchliligi. Ishda differensial tenglamalar
nazariyasi, funksional tahlil, optimal boshgaruv nazariyasi hamda differensial
o‘yinlar nazariyasining quvish-gochish masalalari hagidagi teoremalaridan
foydalanilgan. Olingan natijalar qat’iy matematik mulohazalarga asoslanib
isbotlangan.

Tadgiqot natijalarining ilmiy va amaliy ahamiyati. Tadgiqot natijalarining
iIlmiy ahamiyati boshgaruv va differensial o‘yinlar nazariyasini rivojlantirish hamda
ularning tatbiglariga doir masalalarning samarali yechish usullarini aniglashda
foydalanish bilan izohlanadi.

Tadqgiqot natijalarining amaliy ahamiyati dinamik o‘yinlarning matematik
modellaridagi resurs boshgaruvlari uchun optimal tagsimotning berilishi, hamda
ularning sonli algoritmlarini qurish orgali texnika, tibbiyot va iqtisodiyotga tatbiq
etish mumkinligi bilan izohlanadi.

Tadgiqot natijalarining joriy qilinishi. Boshqgaruvlari nostatsionar
chegaralanishlarga ega differensial o‘yinlar bo‘yicha olingan natijalar asosida:

boshgaruvlari nostatsionar chegaralanishli quvish-qochish masalalar va
Ayzeksning “Qutulish chizig‘i” masalasi yechimining mavjudligi bo‘yicha olingan
natijalar OT-F4-33 ragamli “Differensial tenglamalar bilan tavsiflanuvchi ziddiyatli
holatlarni boshqarishning yangi usullarini yaratish va ularni sonli amalga oshirish”
mavzusidagi fundamental loyihada boshqgaruvlari nostatsionar chegaralanishli
garama-garshi boshgaruvli dinamik sistemalarda foydalanilgan (Mirzo Ulug‘bek
nomidagi O‘zbekiston Milliy universitetining 2023-yil 9-iyundagi 04/11-3587-sonli
ma’lumotnomasi). Natijada, nostatsionar chegaralanishli dinamik sistemalarda
ziddiyatli boshgaruv (dinamik o‘yin) masalalarining umumlashgan yechimlarini
aniglash imkonini bergan;

boshgaruvlari chizigli chegaralanishli differensial o‘yin masalasi yechimining
mavjudligi va optimalligi bo‘yicha olingan natijalar 374874-2015 ragamli “Fazaviy
o‘tishlar va tahliliy hodisalar masalalari. Ularning tez o‘tish tenglamalari va
asimptotikalarining matematik xususiyatlari” mavzusidagi xorijiy grant loyihasida
oddiy differensial tenglamalar uchun analogik masalalarni yechishda foydalanilgan
(O°sh davlat universitetining 2023-yil 27-iyundagi 838-sonli ma’lumotnomasi,
Qirg‘iziston Respublikasi). Natijada, yangi nolokal umumlashgan spektral
masalalarning yechimini qurish imkonini bergan.



Tadgiqot natijalarining aprobatsiyasi. Mazkur tadgigot natijalari 18 ta
iIImiy-amaliy anjumanlarda, jumladan 9 ta xalgaro va 9 ta respublika ilmiy-amaliy
anjumanlarida muhokamadan o‘tkazilgan.

Tadqiqot natijalarining e’lon qilinganligi. Dissertatsiya tadgigoti mavzusi
bo‘yicha jami 24 ta ilmiy ish chop etilgan, shulardan O‘zbekiston Respublikasi Oliy
Attestasiya komissiyasining falsafa doktorlik dissertatsiyalari asosiy ilmiy
natijalarini chop etish tavsiya etilgan ilmiy nashrlarda 6 ta, jumladan 2 tasi xorijiy
va 4 tasi respublika jurnallarida nashr etilgan.

Dissertatsiyaning tuzilishi va hajmi. Dissertatsiya kirish gismi, uchta bob,
xulosa va foydalanilgan adabiyotlar ro‘yxatidan tashkil topgan. Dissertatsiyaning
umumiy hajmi 93 betni tashkil etgan.

DISSERTATSIYANING ASOSIY MAZMUNI

Kirish gismida dissertatsiya mavzusining dolzarbligi va zarurati asoslangan,
tadgigotning respublika fan va texnologiyalari rivojlanishining ustuvor
yo‘nalishlariga mosligi ko‘rsatilgan, dissertatsiya mavzusi bo‘yicha xorijiy ilmiy
tadgigotlarning tahlili berilgan, muammoning o‘rganilganlik darajasi yoritilgan,
tadgigotning maqgsad va vazifalari, obyekti va predmeti ko‘rsatilgan, tadgigot
natijalarining ilmiy yangiligi ochib berilgan, olingan natijalarning nazariy va amaliy
ahamiyati ko‘rsatilgan, tadgigot natijalarining tatbigi, shuningdek nashr etilgan
ilmiy ishlar va dissertatsiyaning tuzilishi haqida ma’lumotlar keltirilgan.

Birinchi bob “Boshqgaruvlari LG —chegaralanishlarga ega differensial
o‘yinlar” deb nomlangan bo‘lib, ushbu bob boshqaruvlari chizigli va geometrik
chegaralanishlarga ega bir nechta quvlovchi va bitta gochuvchili quvish differensial
o‘yinini tadqiq qilishga bag‘ishlangan.

R" fazoda chekli sondagi P, i=12,..,m quvlovchilar va E gochuvchi

harakatlanayotgan bo‘lib, X, va y mos ravishda quvlovchilar va gochuvchining
radius vektorlari bo‘lsin. Agar u; va V ularning tezlik vektorlari bo‘lsa, u holda

quvlovchilar va gochuvchining harakatlari mos ravishda quyidagi tenglamalar bilan
berilgan differensial o‘yinni ko‘rib chiqamiz:

R %=u, x(0)=x,, 1)

E: y=v, y0)=Y,, )
bu yerda x;,y,u;,veR", n>2, va x,, i=12,..,m, vektorlar F’i obyektlarning
boshlang‘ich holatlari va y, esa E obyektning boshlang‘ich holati. Har bir P,
quvlovchining u; boshgaruv parametrlari vaqt bo‘yicha u;(-):[0,00) > R" o‘Ilchovli
funksiyalar bo‘lishi kerak va har bir u;(-) funksiya quyidagi integral ko‘rinishdagi
chegaralanishni ganoatlantirishini talab gilamiz:

t
(j)|ui ()| ds<L,(t) deyarlibarcha t>0, (3)
bu yerda L,(t)=kt+ p,, 1=12,..,m, funksiya resursning har bir t vagtdagi
chiziqli o‘zgarishi, k;, p,, lar manfiy bo‘Imagan parametrik sonlar. (3) ko‘rinishdagi
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chegaralanishni chizigli chegaralanish yoki gisgacha, L, —chegaralanish deb

ataymiz va IU‘L orgali P, quvlovchilarning joiz boshgaruvlari, ya'ni (3) tengsizlikni
qanoatlantiruvchi barcha o‘lchovli funksiyalar sinfini belgilaymiz.

Fizik nuqtai nazaridan, (3) ning o‘ng tomoni t>0 vaqtga bog‘liq holda
berilgan resursning chiziqli o‘zgarishiga mos keladi. Shu sababli, L,(t) chizigli
funksiyani berilgan P, quvlovchilar resurslarining ayni vaqtdagi o‘zgarishi deb
nomlash mumkin. Ravshanki, quvlovchilarning boshlang‘ich resurslari k; >0
bo‘lsa ortadi, k; <0 bo‘lsa kamayadi va k; =0 bo‘lsa o‘zgarmaydi. OXirgi holatda
(3) ni integral chegaralanish deyiladi. Agar p,=0 va k; >0 bo‘lsa, u holda (3) ni

geometrik chegaralanish deyiladi.
Yuqoridagi kabi, E gochuvchining Vv boshgaruvi ham vaqt bo‘yicha

V() :[0, + ) = R" o‘lchovli funksiya sifatida tanlanadi va

|v(t) |< S deyarli barcha t >0, (4)
geometrik chegaralanishni (gisqacha, G -chegaralanish) ganoatlantirishini talab
gilinadi, bu yerda g manfiy bo‘lmagan parametrik son bo‘lib, gochuvchining

maksimal tezligining qiymatini ifodalaydi. Biz V; orqali (4) tengsizlikni
ganoatlantiruvchi gochuvchining barcha v(-) joiz boshqaruvlari sinfini belgilaymiz.

(1)—(4) differensial o‘ymnni L,G —o0°yin deb ataylik.

L,G —o‘yinda P, i=12,..,m quvlovchilarning asosiy magsadi E gochuv-
chini tutishdir, ya’ni chekli vaqtda biror i=1,2,...,m uchun x;(t) = y(t) tenglikka
erishish, bu yerda x(t), i=12...m va y(t) vektor funksiyalar L,G—o‘yin
davomida hosil bo‘ladigan trayektoriyalar. E qochuvchi esa quvlovchi bilan

to‘gnashishning oldini olishga harakat qiladi va agar buning iloji bo‘lmasa, u holda
to‘gnashish vaqtini imkon boricha kechiktirishga harakat qiladi.

Ushbu bobda, biz asosan qochuvchi uchun R" fazoning “Qutilish chizig‘i” deb
nomlangan A qism to‘plami bilan berilgan holat chegaralanishlariga ega o‘yinni
ko‘rib chigamiz.

1-ta’rif. (1) va (2) ga ko'ra, (X U()), u()elU,, i=L2..,m va

t
(Yo.V()), v() eV, juftliklar mos ravishda xi(t):xi0+jui(s)ds va
0

t
y(t)=y0+_[v(s)ds yechimlarni hosil giladi. Bu holda, x(t), i=12,...m ni
0

P quvlovchining harakat trayektoriyasi, y(t) ni esa E gochuvchining harakat
trayektoriyasi deb ataymiz.
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2-ta’rif. Har bir (k, p,,u.()), u()eU,, i=12..,m uchlik uchun
ushbu p.(t) = Li(t)—'t[|ui(s) |* ds, p.(0)=p,, t>0 skalyar kattalik P quvlovchi-
ning har bir t momer;)tdagi goldiq resursi deyiladi.

3-ta’rif. Ushbu u :V, —U,, i=12,.,m akslantirish B, quvlovchining
strategiyasi deyiladi, agar: 1°. (Joizlik) Ixtiyoriy v(-) e V, boshgaruv funksiya uchun
u.() = uLG[v(-)] €U} tegishlilik bajarilsa; 2°. (Volterra) Agar ixtiyoriy
V,(), v, () € V boshqaruv funksiyalar va har bir t€[0, ) uchun deyarli barcha
[0,t] kesmada v,(s) =v,(s) tenglik deyarli barcha [0,t] kesmada u,(s)=u,(s)
tenglikning bajarilishini ifodalasa, bu yerda u; () =u/;[v,()]1€ U, j=1, 2.

4-ta’rif. Agar har bir v() €V, uchun biror t; €|0, T | payt mavjud bo‘lib,
X(t)=y(t) tenglik hosil bo‘lsa, u holda LG —o‘yinda uiLiG(v), 1=12,..,m
strategiya [O, TLiiG] vaqt oralig‘ida P quvlovchilar uchun yutuqli deyiladi, bu yerda
TLiiG kafolatlangan quvish vaqti deyiladi.

5-ta’rif. Faraz gilaylik, y, ¢ ACR" bo‘lsin. Agar quyidagi shartlar bajarilsa:
a) biror t€[0,T'c| vagt mavjud bolib, x(t)=y(t) o‘rinli bolsa; b)
y.() = {y(s): 0<s< t,*} ¢ A bo‘lsa, u holda “Qutilish chizig‘i” ga ega L,G —o‘yinda
[0, TL‘iG] vaqt oralig‘ida uiLiG(v), i=12,..,m strategiya P, quvlovchilar uchun
yutuqli deyiladi.

Xo =Y, bo‘lsin va Vv(t), t>0, v(t)eV, boshgaruvning giymati berilgan
bo‘lsin. Faraz gilaylik, (u,,k;, ) uchlik L;G —o‘yining parametrik holati bo‘lsin va
uni p, bilan belgilaylik. Bunday p, holatlarning bo‘sh bo‘lmagan va o‘zaro sodda
bog‘langan Pli_iG = Pli v P; U I:’3i to‘plamini topamiz, bu yerda

Pli :{pi o 20, k; >ﬂ2’ﬁ20}1 Pzi :{pi o > 28, K :ﬂz, 520}’

Psi‘:{pi:ﬂiozz(ﬂ"'\/ﬂz_ki)’ki <,32,,BZO}

va P, Py, P} o‘zaro kesishmaydigan to‘plamlar.
6-ta’rif. L.G —o‘yinda uLG (v) :v—/l,:G (v)&, funksiyani P quvlovchining
parallel quvish strategiyasi (gichgacha, I/ L—G - strategiya) deb ataymiz, bu yerda
A6 (V) = tio /2+<V’§io>+\/(ﬂio /2+<V'§i0>) +ki—|v [,
Sio=Ziol 1 Ziol,  Zio =%0—Yor tho = Piol | Zio |-
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Faraz gilaylik, E gochuvchi t, t>0 vaqt momentida y holatdan v, |V|<J3
o‘zgarmas boshqaruv yordamida harakatlansin. P quvlovchilar esa p, p >0
resursga asosan x holatdan boshlab 11 'LiG - strategiyani qo‘llasin. U holda agar w

nugta P, quvlovchilar va E gochuvchi biror T >0 vaqtda to‘gnashishi kerak bo‘Igan

nuqta bo‘lsa, barcha shunday w nuqtalar to‘plamini quyidagi munosabatlar
yordamida beriladi:

|wW—X |:T‘Ui(V)‘1 (w=y[=T|v] Tlu®)[P=kT+p,
va bu tengliklardan quyidagini topamiz:
WI_iiG(Xi' Y, p;) = {W:|W_Xi > (ki 1 %) W=y " +(p | B) W~ Y|}
l-teorema. LG-o‘yinda PjePlq orinli bo‘lsin. U holda ixtiyoriy
t, [0 ], 0<t <t) lar uchun W/ (t,) =W/ (t;) munosabat o‘rinli boladi.

2-teorema. Agar biror i1=1,2,...,m uchun p; € PLG bo‘lsa, uholda [0, T ;] da
y(t) eW bajariladi, bu yerda

W =W,/ (0), Too=d/f, d=max{lw, —w,|: w, w, eW}.
=1
3-teorema. Agar W N A= bo‘lsa, u holda, “Qutilish chizig‘i”ga ega L.G —

o‘yinda HL_G -strategiya [0, T, s] da P, i=1 m quvlovchilar uchun yutugli
bo‘ladi.

Ikkinchi bob “Boshgaruvlari nostatsionar integral chegaralanishli diffe-
rensial o‘yinlar” deb nomlangan bo‘lib, ushbu bob boshgaruvlari nostatsionar
integral chegaralanishlarga ega sodda harakatli differensial o‘yinlarni yechishga
bag‘ishlangan.

R" fazoda quvlovchi va gochuvchining harakatlari mos ravishda

P: x=u, x(0)=x,, (5)

E: y=v, y0)=Yy, (6)
tenglamalar bilan berilgan bo‘lsin, bu yerda x, va y, nuqtalar x, =y, shart asosida
quvlovchi va gochuvchining boshlang‘ich vaziyatlarini bildiradi.

Ul,k va Vllk orgali mos ravishda quyidagi shartlarni ganoatlantiruvchi barcha

u(-) va v(:) o‘lchovli funksiyalar sinflarini belgilaymiz:

t 2 ,02 2kt
j0|u(s)| dssi(l—e ). p>0, k>0, t=0, (7)
t 2 o; —2k
j0|v(s)| dssz—ll((1—e Y, 6,>0, k>0, t=0. (8)

(7) yoki (8) ko‘rinishdagi chegaralanishni noldan eksponensial chegaralanish
yoki gisgacha, 1,'-chegaralanish deb ataymiz.

(5)—(8) differensial o‘yinni I'-o‘yin deb ataymiz. Bundan tashqari, ikkinchi
bobda (7) va (8) chegaralanishlarning umumlashmasi sifatida quvlovchi va
12



gochuvchining boshqgaruvlari u(-) va v(-) o‘lchovli funksiyalar sifatida tanlanadigan

va mos ravishda quyidagi integral chegaralanishlar (gisgacha, 17—

chegaralanishlar) ni ganoatlantiradigan holdagi (5) va (6) sodda harakatlarga ega
differensial o‘yinni garaymiz:

2
jot|u(s)|2 dsS%(l—e‘z"‘Hpj, p,>0, p,>0, k>0, t=0, 9)

2
j;|v(s)|2 dss%(l—ez"t)ﬂ;j, 5,>0, 0,>0, k>0, t>0  (10)

va (9) yoki (10) ko‘rinishidagi integral chegaralanishni boshlang‘ich resursga ega
eksponensial chegaralanish deb ataymiz. Bunda p} va o> mos ravishda P va E

obyektlarning boshlang‘ich resurslarini ifodalaydi. U; va V¢ orqgali (9) va (10)
chegaralanishlarni ganoatlantiruvchi barcha u(-) va v(-) o‘lchovli funksiyalar
sinflarini belgilaymiz.

(5), (6), (9), (10) differensial o‘yinni 1> —o‘yin deb ataymiz.

7-ta’rif. 1,'—quvish o‘yinida (1 —quvish o‘yinida) Borel ma’nosida o‘lchovli
u R, x Vi - U, (u|k2 ‘R, xV; - Ufk) funksiyaga quvlovchining strategiyasi
deyiladi.

8-ta’rif. Agar ixtiyoriy v()eV; (v()eV?) boshqaruv uchun biror
¢ E[O’ T(“ﬂ)} (t* E[O’ T(“lzﬂ) da x(t') = y(t") bajarilsa, u holda U,, = U,.(t,V)

(ulz = ulz(t,v)) strategiya T(ull) (T(ulz)) chekli vaqgtda quvishni yakunlashni

kafolatlaydi deb aytamiz, bu yerda x(t) va y(t), t>0 lar mos ravishda (5) va (6)
masalalarning yechimlari.
9-ta’rif. p>o uchun ull(t,v) =V —/Ill(t,v)cfO funksiyani | —quvish o‘yinida

quvlovchining Hlkl -strategiyasi deb ataymiz, bu yerda

ﬂ’lkl(tiv) :<V,§o>+\/<v’§o>2 +5le_2kt’ o, :,012 _0-12’ & =2/ 74

va (V,&)— esa R" fazodagi v va & vektorlarning skalyar ko‘paytmasini
ifodalaydi.

Ta’kidlash kerakki, t>0 da ‘ull(t,v)
10-ta’rif. Agar ushbu

2
=|v[? +5,e7 o‘rinli bo‘ladi.

JO. 0+ ()~ () =2, (12)
tenglamaning t bo‘yicha kamida bitta musbat ildizi mavjud bo‘lsa, u holda (11)
tenglamaning eng kichik musbat ildizini kafolatlangan quvish vaqti deb ataymiz va

uni lel orqali belgilaymiz, bu yerda
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D, () =to?(1-e )/ 2k, ¥, (t)=(p"—o7)(1—e™) /K>
4-teorema. Agar | —quvish o‘yinida p, >0, va (11) tenglamaning biror
musbat ildizi mavjud bo‘lsa, u holda II , -strategiya [0, Tll} vagt oralig‘ida quvishni

yakunlashni kafolatlaydi.
11-ta’rif. 1,/—gochish o‘yinida o; > g, bo‘lsin. U holda gochuvchining E , -

strategiyasi deb,
0 if 0<t<eg,

v.tu @)={ |
'k( (©) {—\/|u(t—g) P +0e2 ¢ if t>e
funksiyaga aytamiz, bu yerda

0, If 0<t<eg, .
ug(t):{u(’[—g) if t>e u,(eR", =07 -p, &=2/|2].

12-ta’rif. Ixtiyoriy u(-) e Ullk boshgaruv uchun EIkl - strategiya qochuvchi uchun

yutugli deyiladi agar:
a) Z'=u(t)—v|k1(t,ug(t)), 2(0) = z, Koshi masalasining z(t) yechimi noldan
farqli bo‘lsa, ya’ni ixtiyoriy t, t>0 lar uchun z(t) # 0 bo‘lsa;
b) ixtiyoriy t, t>0 lar uchun V,, (t.u,()) € Vi tegishlilik o‘rinli bo‘lsa.
2|2, [

5-teorema. Agar | —o‘yinda p,<o;, k>0 va 0 <& <——="- bo‘lsa, u holda
Py

Elkl—strategiya qochuvchi uchun yutuqli bo‘ladi hamda P va E obyektlar orasidagi

masofa uchun quyidagi baholash o‘rinli bo‘ladi:

t 0. if 0<t<yg,
>
| (1) | {\/cDE(tg)+\PE(t5)\/cDE(tg), if t>g,

buyerda ®_(t)=tp’(1-e?)/(2k), Y (t)=(c?—p2)q(l-e*)* /K"
13-ta’rif. |Z—o‘yinda quvlovchining H.g -strategiyasi deb,

U, (t,v)=v —/Ilkz (t,v)&, funksiyaga aytamiz, bu yerda

/1,k2(t’V)=ﬂo+<Vl§o>+\/(ﬂo+<Va§o>)2+51€72kt’ Ho=06,12]24], 6 =:002_O-§’

o,=pl-ol, &=12.|2,|, 2,=%—Y, va (V,&)—ifoda R" fazodagi V va &
vektorlarning skalyar ko‘paytmasini bildiradi.
14-ta’rif. Agar, ushbu

JOO) +¥() — ) =2 | (12)
tenglamaning t bo‘yicha eng kamida bitta musbat ildizi mavjud bo‘lsa, u holda (12)
tenglamaning birinchi musbat ildizini kafolatlangan tutish vaqti deb ataymiz va uni

T, orqali belgilaymiz, bu yerda
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2 k)2
d)(t)=t(;—il<(1—e‘2"t)+o-§j, ‘P(t):50t+51(1 If ] .

6-teorema. a) p, > o, bo‘lsin; b) (12) tenglama kamida bitta musbat ildizga

ega bo‘lsin. U holda 1,?—o‘yinda [T, -strategiya [0, T|2:| vaqt oralig‘ida quvishni

yakunlashini kafolatlaydi.
Uchinchi bob “Boshqgaruvlari nostatsionar geometrik chegaralanishli dif-
ferensial o‘yinlar” deb nomlangan bo‘lib, mazkur bob boshgaruvlari nostatsionar
geometrik chegaralanishlarga ega sodda va inersion harakatli differensial o‘yinlarda
quvish-qochish va “Qutulish chizig‘i” masalalarini tadqiq qilishga bag‘ishlangan.
R" fazoda quvlovchi va gochuvchi mos ravishda (5) va (6) tenglamalar bilan
harakatlanadigan holda quvish-qochish masalalarini ko‘rib chigamiz. Obyektlarning
boshgaruvlari mos ravishda
|u(t) |< a(t) deyarlibarcha t>0, (13)
|v(t)|< B(t) deyarlibarcha t>0, (14)
nostatsionar geometrik chegaralanishlarga (yoki gisgacha, G, —chegaralanishlar)
bo‘ysunadi, bu yerda «(t) va A(t) mos ravishda quvlovchi va qochuvchining har
bir ayni t >0 paytdagi maksimal tezlik qiymatlarini ifodalovchi manfiy bo‘lmagan
integrallanuvchi funksiyalar. Ug va V_ orgali mos ravishda (13) va (14) G, —
chegaralanishlarni ganoatlantiruvchi barcha u() va v(-) o‘lchovli funksiyalar
to‘plamlarini belgilaymiz.
Ushbu bobda asosan, qochuvchi uchun “Qutilish chizig

€199
1

deb nomlanuvchi
M cR" yopiq qism to‘plam bilan berilgan holat chegaralanishlariga ega o‘yinni
o‘rganamiz. “Qutilish chizig‘i”’ga ega differensial o‘yinda P quvlovchining magsadi
E qochuvchini R"\M sohada tutish, ya’ni biror t,t>0 vaqgtda x(t)=y(t)
tenglikni amalga oshirish, bu yerda x(t) va y(t) mos ravishda (5) va (6)
tenglamalarning yechimlari. E gochuvchining magsadi esa quvlovchi tutishidan
oldin M to‘plamga yetib borish yoki barcha t >0 uchun x(t) = y(t) tengsizlikni
amalga oshirish. M to‘plam P quvlovchining harakatini cheklamasligini aytib
o‘tishimiz kerak. Bundan tashgari x, va vy, boshlang‘ich holatlar x, =y, va

Y, £ M shartlar bilan berilgan deb faraz gilamiz.

B(c;r) markazi C nuqtada bo‘lgan r radiusli R" dagi sharni ifodalasin.

Z=X—Y, Z,=X%, —Y, belgilaymiz, u holda (5) va (6) tenglamalardan ushbu
z=u-v, z(0) = z, ko‘rinishdagi tenglamaga ega bo‘lamiz.

15-ta’rif. Agar ixtiyoriy v(-) e V; boshgaruv uchun shunday t [0, T] vaqt
mavjud bo‘lib, bunda: 1) x(t") = y(t") bo‘lsa; 2) barcha t [0, t'] uchun y(t) g M
bo‘lsa, u holda “Qutilish chizig‘i” o‘yinida Ug (Vv,t) strategiya chekli [0, T] vaqt
oralig‘ida P quvlovchi uchun yutugli deyiladi.
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16-ta’rif. «(t)>A(t), t=0 lar uchun ushbu ug (v,t)=v-4; (v,1)S,
funksiyani quvlovchining parallel quvish strategiyasi yoki I -strategiya deb

ataymiz, bu yerda Jg (W)= &)+ V&) + P W-IVF, & =217, va
(v,&,)—ifoda R" fazodagi v va &, vektorlarning skalyar ko‘paytmasi.

t
7-teorema. Barcha t20 uchun «(t) > A(t) o‘rinli, T, esa j(a(s) — B(s))ds =| z, |
0

tenglamaning birinchi musbat ildizi bo‘lsin. U holda G, —o‘yinda: @) I, -strategiya
P quvlovchi uchun [0, TGt] vaqt oralig‘ida yutuqli bo‘ladi; b) P quvlovchining
ixtiyoriy boshgaruvi uchun ushbu v*(t) = —4(t)&, strategiya E gochuvchi uchun

t
yutugli bo‘ladi, ya’ni [O,Tgt) vaqt oralig‘ida |z(t) |2 Zo|—j(a(s)—ﬂ(s))ds>0
0

tengsizlik o‘rinli bo‘ladi.
(x(t), y(t)) juftlik uchun quyidagi to‘plamni qaraylik:
P(t) = P(x(t), y(1)) = {w: B) [w—x(t) > (t) [ W~y () [}
Bunda har bir t [0, t"] uchun y(t) € P(t) munosabat bajariladi.

1-lemma. Agar, barcha '[E[O, TGt] uchun «(0) > 8(0), &'(t)A(t) = a(t) £'(t)
tengsizliklar bajarilsa, u holda P(t) to‘plam [0, TGJ oraligda kamayuvchi bo‘ladi,

yani har bir t,,t, €| 0, T | lar uchun t, <t, bo‘lganda P(t,) > P(t,) o'rinli bo‘ladi.
8-teorema. 7-teorema va 1-lemmaning shartlari bajarilsin.  Agar
M AP(X,, Y,) =< bo‘lsa, u holda G, —chegaralanishlarga ega “Qutilish chizig*i”
o‘yinida IT; -strategiya quvlovchi uchun yutugli bo‘ladi.
9-teorema. Agar 7-teoremaning shartlari bajarilsa, u holda v (t) = —(t)&,
strategiya G, —chegaralanishlarga ega “Qutilish chizig‘i” o‘yinida gochuvchi uchun
yutugli bo‘ladi.
Endi o‘yinchilarning harakat dinamikasi
P: X=u, x(0)=X,, X(0)=x, (15)
EX y=v, y(O) =Y, ¥0) =y, (16)
ikkinchi tartibli differensial tenglamalar bilan tavsiflangan differensial o‘yinni
garaymiz, bu yerda X,Y,X, Y. X,Y,UuveR", nx1; x, va y,— P va E
o‘yinchilarning boshlang‘ich vaziyatlari, x, va y, lar mos ravishda ularning
boshlang‘ich tezlik vektorlari. O‘yinning boshida x, =y, va x, =y, shartlarni talab
gilamiz. O¢‘yinchilarning boshgaruvlari u(-):[0,00) >R" va v():[0,0) > R"
o‘lchovli funksiyalar sifatida tanlanadi va mos ravishda
lu(t) < pe_kt deyarli barchat >0, (17)
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[v(t) |< oe K deyarlibarchat>0 (18)
geometrik chegaralanishlarga (gisqacha, G, —chegaralanish) bo‘ysunadi.

0P (VKG) orqali (17) ((18)) ni qanoatlantiruvchi barcha u(:) (v(-)) o‘lchovli
funksiyalar to‘plamini belgilaymiz.

Keyinchalik, gisgalik uchun (15)—(18) o‘yinni ikkinchi tartibli G, —o‘yin deb
ataymiz.

17-ta’rif. p > o uchun, |u(t,v)|= pe™ giymatga ega

U(LY) =V =B V)E,, BLV) = (VE) + (V.6 + pe ™[V (19)
funksiyaga quvlovchining parallel quvish strategiyasi yoki gisgacha, IT-strategiya
deyiladi, bu yerda &, =z,/|z,]|.

1-tasdig. p>o va h(t)=1+ lz’zl‘/’l(e-kt +kt-1), t20 bo‘lsin. U holda
Z0
h(t) = 0 tenglama yagona musbat ildizga ega va uni T, orqali ifodalaymiz.
10-teorema. Agar p > o bo‘lsa, u holda (19) IT-strategiya [0, T,] intervalda

P uchun yutishni kafolatlaydi.
Qochish o‘yinida qochuvchi uchun

V,(t) =—0e ¢y, & =2,/12, ] (20)

ko‘rinishdagi joiz boshqgaruv funksiyani taklif gilamiz.
11-teorema. a) Agar p > o bo‘lsa, u holda (20) boshgaruv [0, T,) intervalda
E uchun yutishni kafolatlaydi, bu yerda T, kafolatlangan quvish vaqti (10-

teoremaga garang);
b) Agar p <o bo‘lsa, u holda (20) boshgaruv [0,+) intervalda E uchun

yutishni kafolatlaydi.
W(x,y) — X nugtadan chiquvchi P quvlovchining y nugtadan chiquvchi E

gochuvchiga nisbatan oldinroq yetib boradigan barcha w nugtalar to‘plami bo‘lsin,
ya’ni
W(x,y) ={w:lw—x>(p/ o) |w-yl}.
p # o bo‘lgan holda, W(X,y) ning chegarasi
S(x,y) ={wilw-x|=(p/ o) W=y}
Apolloniy sferasi bilan beriladi.
2-lemma. W, (t, x(t), y(t)) =W (x(t), y(t)) —tx, bo‘lsin. U holda W, (t, x(t), y(t))
t, te[0,t] bo‘yicha ichma-ich joylashishga nisbatan kamayuvchi bo‘ladi, ya’ni
agar t, t, €[0, t*] va t, <t, bo‘lsa, u holda W,(t,,x(t,), y(t,)) =W.(t,, X(t,), y(t.))
bo‘ladi.
T.
18-ta’rif. W™ (X,, Yy, T.) = U{W(xo,y0)+tx1} to‘plamni ikkinchi tartibli G, —
t=0

quvish o‘yinida gochuvchining yetishish sohasi deb ataymiz.
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R" fazoda “Qutilish chizig‘i” deb nomlangan M yopiq gism to‘plam berilgan
bo‘lsin.

12-teorema. Agar p>o va W' (X, Y,,T.) "M =& bo‘lsa, u holda (19) I1-
strategiya [0, T,] intervalda P uchun yutishni kafolatlaydi.

(o}

: _) .ok _Kw—y|
Har bir weW(x,,y,) uchun O(w,y,)=+0:¢" +kf-1= ————

to‘plamni va har bir weW(x,,y,) va € € ®(w,y,) uchun esa
We (W, 0) ={w. 1w, =w+Ox} (21)
to‘plamni qaraylik.
19-ta’rif. (21) to‘plamni M “Qutilish chizig‘i” ga ega ikkinchi tartibli G, —
o‘yinda qochuvchining yetishish sohasi deb ataymiz.
13-teorema. Agar p>o va W (w,0) "M = bo‘lsa, u holda E uchun

yutugli bo‘lgan v,(-) € VZ boshgaruv mavjud.
XULOSA

Dissertatsiya ishi o‘yinchilarning boshqaruvlariga nostatsionar chegara-
lanishlar qo‘yilgan holda R. Ayzeksning “Qutilish chizig‘i” o‘yini va quvish-
qgochish muammolarini to‘liq o‘rganishga bag‘ishlangan.

Tadgigotning asosiy natijalari quyidagilardan tarkib topgan:

1. Quvlovchilarning boshgaruvlariga chizigli chegaralanish, gochuvchining
boshqaruviga esa geometrik chegaralanish qo‘yilgan holdagi sodda harakatli
differensial o‘yinda quvlovchilar uchun parallel quvish strategiyasi qurilgan
hamda har bir quvlovchining yetishish to‘plami topilib, bu to‘plamlarning
monotonlik shartlari asosida quvish masalasining yechimi va R. Ayzeks
“Qutulish chizig‘” masalasi yechimi mavjudligining yangi yetarli shartlari
topilgan;

2. Boshgaruvlari eksponensial integral chegaralanishlarga ega differensial
o‘yinda quvlovchi uchun parallel quvish strategiyasi qurilgan va quvish-
gochish masalasi yechilishining yangi yetarli shartlari aniglangan;

3. Boshqgaruvlari nostatsionar geometrik chegaralanishlarga ega differensial
o‘yinlarda quvlovchi uchun parallel quvish strategiyasi qurilgan, qochuvchi
uchun esa alohida boshgaruv funksiya topilgan va quvish-gqochishning yangi
yetarli shartlari aniglangan;

4. Boshqgaruvlari nostatsionar geometrik chegaralanishli differensial o‘yinlarda
o‘yinchilarning yetishish to‘plami qurilgan va bu to‘plamning monotonlik
shartlari asosida R.Ayzeksning “Qutulish chizigi” masalasi to‘liq hal
gilingan.
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INTRODUCTION (abstract of the PhD thesis)

Actuality and demand of the theme of dissertation. The optimization
problems of time, resource, cost, quality and capacity are taking one of the leading
roles in solving numerous applied and theoretical issues arising due to multitudinous
scientific-practical researches, which are being conducted around the world. Such
problems on a global scale involve constructing mathematical models of control
processes and determining optimal solutions of the problems. In this regard,
researching on conflict-controlled processes being the main object of the theory of
differential games, determining the existence of new sufficient conditions for
pursuit-evasion problems with non-stationary constraints on controls, and
description of the attainability set of the considered objects are considered to have
great significance.

Worldwide, researches oriented towards exploring differential game problems
with non-stationary constraint on controls are being conducted. In order to improve
the efficiency of the results of classical problems of differential games, special
attention is being paid to the study of multi-player differential game problems with
constraints of different forms on controls, constructing optimal strategies for pursuit-
evasion problems in differential games with constraints of non-stationary or various
forms on controls, finding new sufficient conditions, describing the attainability set
of players, including solving the “Life-line” game of Isaacs.

In our country, being performed comprehensive measures in terms of paying
attention to momentous areas with scientific and practical applications of
fundamental sciences, certain results are being achieved. The main tasks! have been
defined with regard to the priority directions of, such as, “algebra and its
applications, differential equations and their applications, nonlinear systems,
mathematical modeling of dynamical systems and their applications, stochastic
analysis, medical-biological informatics, mathematics of calculus”. In the
implementation of these tasks, including for the purpose of developing the theories
of differential equations, dynamical systems and differential games, constructing
optimal strategies for pursuit-evasion problems in differential games with
constraints of non-stationary or various forms on controls is taking a crucial role.

The subject and object of research of this dissertation are in line with tasks
identified in the Decrees of the President of the Republic of Uzbekistan UP-4947 of
February 7, 2017 “On the strategy of action for the further development of the
Republic of Uzbekistan”, UP-2789 dated February 17, 2017 “On measures to further
improvement of the activities of the Academy of Sciences, organization,
management and financing of research activities, PP-3682 from April 27, 2018 “On
measures to further improve the system of practical implementation of innovative
ideas, technologies and projects” and PP-4387 from July 9, 2019

! Decree of the President of the Republic of Uzbekistan dated July 9, 2019 NePQ-4387 “On state support for the further
development of mathematics education and subjects, as well as measures to fundamentally improve the activities of
the Institute of Mathematics named after V.. Romanovsky of the Academy of Sciences of the Republic of
Uzbekistan”.
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“On measures to further development of mathematical education and science, and
also root improvement of the activity of the Uzbekistan Academy of Sciences
V.I.LRomanovsky Institute of Mathematics”, as well as in other regulations related to
basic science.

Connection of research to priority directions of development of science and
technologies of the Republic. This research was conducted in connection with the
priority areas of science and technology of the Republic of Uzbekistan IV,
“Mathematics, Mechanics and Computer Science”.

The degree of scrutiny of the problem. The concept of “differential game”
was introduced by an American mathematician R.Isaacs in the early 1950s. In 1965,
the researches of R.Isaacs were published in the form of a monograph. This
monograph consists of heuristics and many examples derived from the Hamilton-
Jacobi theory, and does not include the general theory. In those years,
L.S.Pontryagin and his students created a mathematical theory of controlled
processes based on the simplification of the tasks of controlling an aircraft in an air
attack. It should be noted that a scientific school on the theory of differential games
was formed in Uzbekistan, which was founded by N. Yu. Satimov, and currently,
A.A.Azamov is leading this school.

The first correct method of L.S.Pontryagin was transferred to the case of
integral constraints by M.S.Nikolsky. This approach was widely developed in the
works of A.Ya.Azimov, F.V.Guseinov, and others. Based on N.N.Krasovskii’s
method relying on extremal goal for solving differential games with integral
constraints, a well-founded method was developed. A positional approach for the
regular case was transferred to games of integral restriction from restrictions of
different forms in the works of B.N.Pshenichnyi, B.N.Pshenichnyi, A.A.Chikrii, and
I.J.Rappoport, B.N.Pshenichnyi and Yu.N.Onopchuk, and others. Later on,
N.Yu.Satimov, G.l.lbragimov, B.T.Samatov, and others proposed to solve
differential and discrete games with integral constraints based on the method of
distribution of control resources between team pursuers. In recent years,
A.A.Azamov and A.Sh.Kuchkarov have created the foundation for the research on
interdependence of problems of pursuit, controllability, and stability in linear
systems when geometric constraints are imposed on the control vector of a pursuer,
and integral constraints are imposed on the control function of an evader. In the
general theory of differential games, pursuit-evasion problems are of special
importance with a number of identities. These include the diversity in formulation
of a problem, the applicable methods, and the characteristics of the results. Based on
the special property of the attainability domain, the “Life-line” problem of R.Isaacs
was solved by L.A.Petrosyan in the case of simple motions. In this case, the parallel
pursuit strategy was proven to be the optimal strategy. Despite the fact that many
scientific works as above have been carried out, it should be noted that differential
games with non-stationary constraints on control functions have not been
investigated enough. Therefore, the research on differential games under non-
stationary constraints on control functions is of great importance. This dissertation
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Is dedicated to solve differential games, which are of control functions under non-
stationary constraints, and the “Life-line” problem of R. Isaacs.

Connection of the theme of the dissertation with the research works of
higher education, where the dissertation is carried out. This research was
performed within the “Fundamental research” network of the plan of scientific
research works of Namangan State University.

The aim of the research is to solve the pursuit-evasion problems and the “Life-
line” game of R.Isaacs when non-stationary constraints are imposed on controls of
players.

Problems of the research:

find new sufficient conditions for the pursuit problem to have a solution in a
differential game with linear constraints on players' controls

find new sufficient conditions for the solvability of the pursuit-evasion
problems with exponential integral constraints on controls;

determine new sufficient conditions for the solvability of the pursuit-evasion
problems with non-stationary geometric constraints on controls;

Solve the “Life-line” problem of R.Isaacs in differential games with non-
stationary geometric constraints on controls.

The object of the research is the theory of optimal control, the theory of
differential equations, the theory of differential games.

The subject of the research is pursuit-evasion problems with geometric, non-
stationary geometric, linear and non-stationary integral constraints on controls.

Methods of the research. In this dissertation, to solve the pursuit problems the
method of parallel approach of players is implemented, and to solve the evasion
problems the method of evasion in terms of the direction is used. Moreover, elements
of convex analysis, optimal control theory and multi-valued mappings are applied in
proofs of theorems and lemmas.

Scientific novelty of the research consists of the following:

In order to end the pursuit in a differential game of linear constraints on control
functions, new sufficient conditions are obtained for pursuers, and the monotonicity
of the players' attainability domain is substantiated by means of the support function
of a set;

Pursuit-evasion differential game problems in the case of control functions of
exponential integral restrictions are solved for pursuer with the help of the method
of parallel convergence and for evader by virtue of the method of directional escape;

In order to solve pursuit-evasion problems in a differential game of non-
stationary geometric restrictions on control functions, new sufficient conditions are
defined for pursuer with the help of the method of parallel convergence and for
evader by virtue of the method of directional escape;

In a differential game of non-stationary geometric restrictions on control
functions, new monotonicity conditions of the players' attainability domain are
found, and the "Life-line" problem of lIsaacs is fully solved by means of the
monotonicity property of the players' attainability domain.
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Practical results of the research are to evolve the scope of the theory of
pursuit-evasion differential games, contributing to solving many problems related to
mathematical modeling and prognosis of real-life processes depending on the
technical, economical, biological problems.

The reliability of the results of the study. The results in this dissertation
have been attained by means of the methods of the theory of differential equations,
functional and convex analysis, optimal control theory, the theory of differential
games.

The scientific and practical significance of the research results. The
scientific importance of the results of the present research work is to establish
admissible strategies satisfying non-stationary constraints on the control and
expenditure. It is worth noting that the obtained results will serve as the motivation
for the interest to the theory of optimal control and differential games, and they can
be effective for solving problems associated with dynamic games and their
applications.

The practical importance of this research work appears clearly in the
construction of control frameworks in mathematical models of dynamic games and
their proportion for the expansion of numerical algorithms and computer science.

Implementation of the research results. On the basis of the results obtained
in differential games with non-stationary constraints on controls:

the obtained results in terms of existence of a solution to pursuit-evasion
problems with non-stationary constraints on controls and to the Isaacs “Life-line”
problem were employed in conflict-controlled dynamical systems with non-
stationary constraints on controls in the fundamental project named “Creation of new
methods of control of conflict situations characterized by differential equations and
their numerical implementation”, with number OT-F4-33 (the reference with
number 04/11-3587 of the National University of Uzbekistan named after Mirzo
Ulugbek dated June 9, 2023). As a result, it was possible to determine generalized
solutions of the conflicted control problems (dynamic games) in dynamical systems
with non-stationary constraints;

the obtained results in terms of existence and optimality of a solution to
differential game problem with linear constraints on controls were employed in
solving analogical problems for ordinary differential equations in the foreign grant
project named “Problems of phase transitions and analytical phenomena.
Mathematical properties of their fast transition equations and asymptotics”, with
number 374874-2015 (the reference with number 838 of Osh State University dated
June 27, 2023, Kyrgyz Republic). As a consequence, it was possible to construct a
solution of new non-local generalized spectral problems.

Approbation of the research results. The results of the research were
discussed at 18 scientific and practical conferences, including 9 international and 9
Republican scientific and practical conferences.

Publications of the research results. On the topic of the dissertation, 24
scientific papers were published, 6 of which are included in the list of scientific
publications proposed by the Higher Attestation Commission of the Republic of
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Uzbekistan for the defense of theses of the Doctor of Philosophy. 2 of them
published in foreign journals, 4 in national scientific journals and 18 abstracts.

The structure and volume of the dissertation. The dissertation consists of the
introduction, three chapters, conclusion and bibliography. The total volume of the
dissertation consists of 93 pages.

THE MAIN CONTENT OF THE DISSERTATION

In introduction the motivation of research topic and correspondence to the
priority research areas of science and technology of the Republic are given, we
present a review of international research on the topic of the dissertation and degree
of scrutiny of the problem, formulate our goals and objectives, identify the object
and subject of study, and state scientific novelty and practical results of the research.
Moreover, we give the theoretical and practical importance of the obtained results,
and also give information on the implementation of the research results, the
published works and the structure of the dissertation.

The first chapter is called “Differential games with the LG —constraints on
controls”, and this chapter is devoted to investigate simple motion differential
games with the non-stationary integral constraints on controls.

Let us examine the differential game when pursuers P, i=1,2,...,m and evader
E having radius vectors X, and y correspondingly move in space R". If their
velocity vectors are u; and Vv, which function as control parameters of the Pursuers
and the Evader, respectively, then we consider the game described as

R %=U, %(0)=x, (2)
E: y=v, y(0)=Yy,, (2)
where x,y,u;,veR", n>2, and x,, i=12,...,m, are the initial positions of the
objects P, and vy, is that of the object E. Here the temporal variation of the control

u; of each pursuer P, should be a measurable function u, (-) :[0,00) — R", and on each
control function u, (-) we will impose the integral constraint of the form

t
[Ju(s)[P ds<L;(t) for almost every t >0, ©)
0

admitting a linear change L;(t) =kt+ 0, i=12,...,m, at each time t, where k.,
Pio are non-negative parametric numbers. We call the constraint (3) the linear
constraint or briefly, the L. —constraint, and denote by IU‘L the class of admissible

controls of Pursuers P, i.e. of all measurable functions satisfying (3).

From the physical point of view, the right-hand side of (3) corresponds to the
linear change of the given resource depending on time t>0. Therefore, the linear

function L, (t) can be called the current change of the given resources of pursuers P.

It is clear that the pursuers’ resources increase if k. >0, decrease if k, <0 and
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remain unchanged if k, =0. In the last case, (3) is called the integral constraint. If
0o =0 and k; >0, then (3) is called the geometric constraint.

Analogously, it is regarded that the temporal variation of the control v of
Evader E becomes also a measurable function v(-):[0,00) - R" and it is required

that this control function satisfies the G -constraint
|v(t)|< B for almost every t >0, 4)

where £ is a non-negative parametric number, which expresses the maximal value
of velocity of the evader. We refer by V, the class of all the evader’s admissible

controls satisfying (4).
We call the differential game (1)—(4) the L,G —Game.

Inthe L,G —Game, the main objective of Pursuers P, i=1,2,...,m isto capture

Evader E, i.e., to reach the equality x (t)=y(t) for some i=12,...,m,where
X (t),i=12,..,m and y(t) are the trajectories generated during the L,G —Game.

Whereas Evader E strives to avoid the meeting, and if it is impossible, postpone the
moment of the meeting as far as possible.
In this chapter, we are going to study mainly the game with phase constraints

for the Evader being given by a subset A of R" which is called the “Life-Line”.
Definition 1. By (1) and (2), the pairs (x,,, u,(\)), u() €U, , i=12,..,m and

t
(Yo,V()), V() € V, bring about the solutions X (t) = X, + I u;(s)ds and respectively.
0

In this case, we call x,(t) the motion trajectory of Pursuers P, and y(t) the motion
trajectory of Evader E.
Definition 2. For every triple (k,, oo, U,()), U;() €U, i=12,..,m, the scalar

t

quantity p.(t) = Li(t)—_[| u(s)f ds, p.(0)=p, t>0 is called the residual resource
0

of pursuer P at each moment t.

Definition 3. A mapping uLG Vg — U, i=12,...,m is called the strategy for
pursuers P if: 1° (Admissibility) For an arbitrary control function v(}) e V,, the
inclusion u.()= ULG[V(-)]ETUiL holds; 2° (Volterranianity) For any controls
v,(), v,() €V, and for each te[0, ), the equality v,(s)=v,(s) a.e. on [0,t]
implies u,,(s) =u,,(s) a.e. on [0, t], where u; () =uls[v,()]1€U,, j=12

Definition 4. A strategy uLG (v), i=12,...,m is called winning for Pursuers P

on the time interval [0, TILG] inthe L,G —Game if, for every v()) € V, there exists a

moment t; E[O, TLiiG] such that the equality x(t') = y(t) takes place.
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Definition 5. Assume that y, ¢ ACR". Then a strategy ULG(V)a i=12,...,mis

called winning for Pursuers P, on the time interval [O,T,LG] inthe L,G —Game with
a “Life-Line” if the following conditions are satisfied: a) there is some time
t'€|0,Tls | atwhich x(t') = y(t') is valid; b) y,()={y(s):0<s<t’} ¢ A,

Let x, =Y, and the current value of control v(t), t>0, v(t) eV, be given.
Suppose that the triple (z44,k;, ) is a parametric state of the L,G —Game and let
us denote it by p.. We find the following nonempty and simply connected set of

such states p;: P g =P} WP, UP;, where P, ={pi Lo 20, k; >ﬂ2,ﬁ20},
P2i={pi:,ui0>2ﬁ, ki = %, ,320},

P:Ji,z{pi:ﬂiozz(ﬂ+\/ﬂ2—ki)’ki <ﬂ2’ﬂ20}

and P/, P}, P! are mutually disjoint sets.
Definition 6. We call the function uj s (v)=v—A (V)& the strategy of
parallel pursuit (briefly, HLG —strategy) for Pursuer P, in the L,G —game, where

}H:G(V) = tho ! 2+<V:§io>+\/(ﬂio /2+<V’§i0>)2 +ki—| V[,
So = Ziol | Ziol,  Zio=%0—Yor  #io = Pio! | Zio |-

Let us suppose that at the moment t, t >0, Evader E moves from a position y
holding a constant vector v, |V|< (. Pursuers P use the HLG —strategy from a
position x, basing on the resource p,, p. >0. Then if W is a point where the Pursuers
P. should meet with Evader E at some time T >0, then the set of all such points w
will be given by the relations:

|W—X; |:T‘Ui(V)‘r lw—y[=T|v], TluWP=kT+p,
and from these relations we find
Wie (%Yo 2) = {wi[w=x P2 (k / B2 W=y +(p, | B)|w-y]}.

Theorem 1. Letp, PLG be true in the L,G—-Game. Then the relation
W6 (t) cW/ s (t,) is true for any t, t, €[0, ], 0<t, <t,.

Theorem 2. If p; PLG holds for some i=12,..,m, then y(t)eW holds on
[0, T, c], where

W =W, (0), T =d /3, d=max{lw, —w,|: w;, w, eW}.
i=1 '
Theorem 3. If W A=, then the HLG -strategy is winning for Pursuers
R, i=12,..,mon [0,T s] inthe L,G—Game with a “Life-line”.
The second chapter is called “Differential games with non-stationary
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integral constraints on controls”, and this chapter is devoted to solve simple
motion differential games with the non-stationary integral constraints on controls.

In space R", let motions of the Pursuer and the Evader be given by the
equations
P: x=u, x(0)=x,, 5)
E: y=v, y(0)=y, (6)
respectively, where x, and y, describe Pursuer and Evader’s initial states under the
condition x, =y, .
We denote the classes of all measurable functions u(:) and v(-) satisfying the
conditions

t 2 ,02 2kt

[ 1ue) dsS—zlk(l—e ). p,>0, k>0, t=0, 7)
t 2 o 2kt

j0|v(s)| dsgz—i((l—e ). 0,>0, k>0, t=0 (8)

by U, and V; respectively. We call the restriction of the form (7) or (8) an

exponential constraint from scratch, or briefly, 1,'-constraint.

We call the differential game (5)—(8) the 1,/~Game. Furthermore, in the second

chapter, as a generalization of the constraints (7) and (8) we consider the differential
game with simple motions (5) and (6) when the Pursuer and the Evader have the
controls u(-) and v(-), which are taken as measurable functions, being subjected to

the integral constraints (briefly, the 1,> —constraints) of the forms

2
[ lu)F dsg‘z’—lk(l—ezk‘)+p§, p,>0, p,>0, k>0, t>0,  (9)

2
j;|v(s)|2 dssg—;(a—e—m)mg, 0,>0, 5,>0, k>0, t>0,  (10)

respectively, and we call integral constraint of the form (9) or (10) the exponential
constraint with initial resource. Here p; and o; represent the initial resources of
the objects P and E. Denote the sets of all measurable functions satisfying the
constraints (9) and (10) by Ufk and ka , respectively.

We call the differential game (5), (6), (9), (10) the 1> —Game.

Definition 7. In the 1'—Game of Pursuit (the 17—Game of Pursuit)

a Borel measurable function U, 'R x v, > T, (uI R, xVE > Ufk) is called a
strategy of the Pursuer.

Definition 8. We say that a strategy Ulkl = |k1(t1V) (ulkz =U,. (t,v))guarantees

u
completion of pursuit at a finite time T (U,l) (T (uIk2 )) if x(t") =y(t") holds for any

k
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v() eV, (v()eV?) atsome t" e [o, T (”u;)] (t* € [O, T (“|k2 )}) where x(t) and
y(t), t >0 are the solutions of the problems (5) and (6), respectively.
Definition 9. For p >0, we call the function ulkl(t,v) = v—/llkl(t,v)gO the Hlkl—
strategy of the Pursuer in the 1,"-Game of Pursuit, where
2,0 = (G GV +0e™, 8= pt—0f, &=12I7],

and (v,&,) denotes the inner product of the vectors v and &, in R".

2
Note that ‘ull(t,v) =|v[* +5, is satisfied for t >0.

Definition 10. If there exists at least one positive root of the equation
)+ W, (1) =D, (1) =/ 2, (11)
with t, where @, (t) =to? (1-e)/ 2k, W, (t)=(p’ —c’)(1—e™)?*/K?, then we
call the smallest positive root of equation (11) the guaranteed pursuit time and denote
ithy T,.
Theorem 4. If p, > o, and there is some positive root of equation (11), then
the I1 , -strategy guarantees completion of pursuit in the |/ —Game of Pursuit on the

time interval [0, T 1] .
Definition 11. Let o, > p, inthe 1,:~Game of Evasion. Then as the E , -strategy
of the Evader we mean the function

( ) , if 0<t<yg,
v (tu (1) =
- u=e)F +0e ™, it tzs,
where
0 if 0<t<e¢g
u (t) = ’ "u®)eR", 9=c-p?, E=2z1|z].
g() {U(t—g), |f tZE, g() 1 pl 50 0 | O|

Definition 12. The E ,-strategy is called winning for the Evader if, for any
u(-) e U: a) the solution z(t) of z= u(t) —v,.(tu, (1), z(0) =z, is nonzero, i.e.

z(t)=0 forall t, t>0;b) Vlkl(t,ug(-))eV,lk forall t, t>0.

|2

2k
Theorem 5. If p <o, k>0 and 0<e&< |§0
P

E,. -strategy is winning for the Evader, and the following estimate is true for the

in the 1,/ —Game, then the

distance between the objects P and E:

t 0 if O<t<eg,
>
| z(t) | \/®E(t_g)+\PE(t_5)—\/(I)E(t—é'), if tx>e,
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forall t>0, where ®_(t) =tp’(1-e?)/(2k), W (t)=(c” - p’)q(l—e )/ K>,
Definition 13. We say the function u , (t,v) =v—4.(t,v), the I1 , -strategy

of the Pursuer in the 1> —Game, where

A (OV) = 1y + (&) +(thy + (VL EN + 587, 115 =8,12| 2], 8,= 05,
o=pt—ol, & =121z, 2, =% — Y, and (v,&) means the inner product of the

vectors vV and & in R".
Definition 14. If there exists at least one positive root of the equation
JOO +F() — ) =l 2| (12)

l_ e—kt

2 2
with t, where @(t) =t(%(1—e‘2kt)+a§j, P(t) = §Ot+5l( J , then we call

the first positive root of (12) the guaranteed capture time and denote itby T ..
Theorem 6. Leta) p, > o;; b) Equation (12) has at least one positive root. Then

the IT ,-strategy guarantees completion of pursuit on the time interval [0, le] in

the 1> —Game.

The third chapter is called “Differential games with non-stationary
geometric constraints on controls”, and the present chapter is devoted to
Investigate the pursuit-evasion and “Life-Line” problems in differential games with
the simple and the inertial motions under non-stationary geometric constraints on
the controls of players.

In the space R", consider the Pursuit-Evasion problems when the objects
move in accordance with equations (6) and (7), respectively. The controls of the
objects are subjected to the non-stationary geometric constraints (in brief, the G, —
constraints)

|u(t) |< a(t) for almostevery t>0, (13)
|v(t) |< B(t) foralmostevery t>0 (14)

correspondingly, where «(t) and A(t) are non-negative integrable functions, which
mean the maximal values of velocities of the Pursuer and the Evader at each current
moment t>0. We denote the sets of all measurable functions satisfying the G, —
constraints (13) and (14) by U, and V, respectively.

In the current chapter, we are mainly going to study the game with phase

constraints for the Evader being given by a closed subset M < R", which is called
a “Life-Line”. In the differential game with a “Life-Line”, Pursuer P aims to catch
Evader E | i.e. to realize the equality x(t) = y(t) for some t>0, where x(t) and y(t)
are the solutions of equations (5) and (6), respectively, while Evader E stays in the
zone R"\ M. The aim of Evader E is to reach the zone M before being caught by
the Pursuer, or to keep the relation x(t) = y(t) forall t, t>0. Notice that M doesn’t
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restrict motion of Pursuer P. Besides, we will assume that the initial positions x
and y, are given such that x, =y, and y, g M.

Let B(c;r) denote the ball of radius r and centered at the point ¢ in R".

Write z=x-vy, z,=x,-Y,, then from (5) and (6) we have the equation of the
form z=u-v, z(0) = z,.

Definition 15. A strategy ug, (v,t) is called winning for the Pursuer on the time

0

interval [0, T] in the game with a “Life-line” if, for every v(:) € V, there exists
some moment t" [0, T] such that: 1) x(t") = y(t); 2) y(t) 2 M while t [0, t'].

Definition 16. For «a(t)>p(t), t>0, we call the function
Ug (V,t) =v—1; (v,1)&, the I, -strategy of the Pursuer in the G, -game, where

Ag, (V,1) =(V, &) +\/<V’§o>2 +a’(t)-|v[, & =2/ 171,

and (v,&) is a scalar product of v and &, in the space R"
Theorem 7. Let a(t) > g(t) for all t>0 and T, Dbe first positive root of the

t
equation [(a(s)— B(s))ds =| z,|. Then in the G, ~Game:
0

a) the 1 -strategy is winning for Pursuer P on the time interval [0, TGt];

b) for an arbitrary control of the Pursuer, the strategy Vv'(t) =—g(t)¢&, is

t
winning for Evader E, i.e. |z(t) ]2 zo|—J(a(s)—ﬁ(s))ds>0 Is true in the time
0

interval [0, TGt).
Now let us consider the sets

P(t) = P(x(), y(t)) = {w: (1) [w—X(t) [ ex(t) [ w—y(1) |}
for the pair of (x(t), y(t))). Here the relation y(t) € P(t) holds for each t [0, t'].
Lemma L. If a(0)> B(0) and &'(t)(t) = a®)F(t) for all te|0,Tg |, then
the set P(t) is decreasing on the interval [0, TGI], l.e. P(t) > P(t,) is valid when

t, <t, forany t;,t, [0, Te ]
Theorem 8. Let the conditions of Theorem 7 and Lemma 1 take place. If
M NP(X,,Y,) =<, then the [, -strategy is winning for the Pursuer in the “Life-

Line”—Game with G, —constraints.

Theorem 9. If the conditions of Theorem 7 take place, then the strategy
V' (t) =—B(t)&, is winning for the Evader in the “Life-Line”~Game with G,
—constraints.

Now consider the differential game where players’ motion dynamics is
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described by the second order differential equations
P: Xx=u, x(0)=x,, X(0)=x, (15)
E:y=v, y(0)=Y,, y(0) =, (16)
where X,Y,X,, Yo, %, Y;,U,veR", n>1; x,, y, are the initial locations of P and E,

and x, y, are their initial velocity vectors, respectively. In this game, we require the
conditions x, =y, and x, =y,. The controls of the players are picked as measurable

functions u(-):[0,0) >R" and v(:):[0,00) - R", which are subjected to the
geometric constraints (briefly, the G, —constraints)

[u(t) |< ,oe_kt for almost every t >0, (17)

[v(t) < oe KU for almost every t >0, (18)
correspondingly. We denote the set of all measurable functions u(-) (v(-)) satisfying

G
(17) ((18)) by U (V).
In the sequal, for brevity we will call the game (15)—(18) the second order G,

—Game.
Definition 17. For p > o, the function

UL, V) =V —g(t.V)Sy, ALV) = (V,5o) + (V. Co)2 + pe ™ — | v (19)
with |u(t,v) |= pe™ is called the IT-strategy, where &, =z,/|z,]|.
62_'0 (e‘kt +kt—1), t>0. Then the
k™[ 2z, |
equation h(t) =0 has a unique positive root, which will be represented by T,.
Theorem 10. If p > o, then IT -strategy (19) guarantees winning for P on the
interval [0, T.].

In the evasion game, for the Evader we offer an admissible control function in
the form

Proposition 1. Let p>o and h(t) =1+

v,(0) =—0e S, & =2,/ 7 . (20)
Theorem 11. a) If p > o, then the control (20) guarantees winning for E on
the interval [0, T,), where T, is the guaranteed pursuit time (see Theorem 10);
b) If p<o, then the control (20) guarantees winning for E in the interval
[0,+00).
Let W(X,y) be the set of all points w such that Pursuer P can get to w from
the position X earlier than Evader E from the position VY, i.e.

W(x,y) ={w:w=x[>(p/ o) |w-yl}.
In the case p # o, the boundary of W (x,y) is given by

S(x,y) ={wilw-x|=(p/ o) |[w-yl},
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which is usually called Apollonius’ sphere.
Lemma 2. Let
W, (t, x(), y(1)) =W (x(1), y (D) —tX,.
Then W, (t, x(t), y(t)) is decreasing in respect to inclusion with t, t [0, t], i.e. if t,

t, [0, t'] and t, <t,, then W, (t,, x(t,), y(t,)) =W.(t,, x(t), y(t,)) -
Definition 18. We call the set

T*
W*(XO, Yo, T,) = U{W (X5, Yo) +'[X1}
t=0

the attainability domain of the Evader in the second order G, —Game of Pursuit.

Let a closed subset M called the “Life-line” be given in R".
Theorem 12. If p>o and W'(X,,Y,,T.) "M =, then II-strategy (19)
guarantees winning for P on the interval [0, T,].

2
Let, for every weW (X, Y,): O(w, Y,) = {g;e—kg +kO-1= M} and let,

O
for every weW (x,,y,) and for each 6 e ®(w,y,)

Wz (W, 0) ={w. 1w, =w+6x}. (21)

Definition 19. We call the set (21) the attainability domain of the Evader in the
second order G, —Game with the “Life-line” M .
Theorem 13. If p>0 and W_(w,6) "M =, then there exists a control

V.(-) € V2 such that guarantees winning for E.

CONCLUSION

The dissertation work is devoted to the complete study of the pursuit-evasion
problems and the “Life-line” game of R. Isaacs when non-stationary constraints are
imposed on the controls of the players.

The main results of the research consist of the following:

1. When the controls of the Pursuers are subject to linear constraints and the
control of the Evader are subject to geometric constraint, the parallel pursuit

strategy has been constructed for the Pursuers and the attainability set of
each pursuer has been determined, and on the basis of monotonicity
conditions of this set, new sufficient conditions have been found for solving
the pursuit problem and the “Life-line” problem of R.Isaacs;

2. In the differential game with exponential integral constraints on the
controls, the parallel pursuit strategy has been constructed for the Pursuer
and new sufficient conditions for the solvability of the pursuit-evasion
problem have been determined,

3. In the differential games with non-statioary geometric constraints on the
controls, the parallel pursuit strategy has been constructed for the Pursuer,
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the specific control function has been found for the Evader and new
sufficient conditions of the pursuit-evasion have been determined,

In the differential games with non-statioary geometric constraints on the
controls, the attainability set of the players has been constructed and on the
basis of the monotonicity conditions of this set, the “Life-line” problem of
R.Isaacs has been completely solved.
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BBEJIEHUE (anHoTanus auccepranum Aokropa ¢puiaocopuu (PhD))

Lenbo nceief0BaHuA SBIISCTCS PELICHUS 3a4a4 Ipeciiel0BaHusI-yOeranus u
3agaun P. Aiizekca 00 urpe ¢ <«JIMHHEH KU3HU», KOTJAa Ha yNPaBI€HUs] UTPOKOB
HAKJIaJbIBAIOTCA HECTAlMOHAPHBIE OTPAHUYECHUS.

O0BbeKTOM HCCIEI0OBAHUSA SBISIETCS TEOPHUS ONTUMAJIBHOIO YIIpaBJEHUS,
Teopus TudPpepeHInanbHbIX YpaBHEHUH U Teopusi JudpepeHnanbHbIX Urp.

Hay4yHnasi HOBH3HA HCCJIeJOBAHMSA 3aKIIOYAETCS B CIEAYIOIIEM:

HOJIy4YE€HbI HOBBIE JJOCTATOYHBIE YCIIOBHUS JIJISl PEILICHUS 3a/1a4y [IPECIIe0BaHUS
B 1uddepeHunanbHOil HWrpe C JWMHEHHBIMU OrPAHUYECHUSAMH HAa (QYHKIUHU
yIpaBieHUs] UTPOKOB METOJIOM MapajuIeIbHOr0 CONMKEHUS, IPU 3TOM C ITOMOUIbIO
CBOMCTB OMNOPHBIX (PYHKIMH JOKa3aHa MOHOTOHHOCTbh OOJACTH JOCTUKUMOCTH
yOeraroIero;

pellieHbl  3aJaud  MpecieoBaHUs-yOeraHus C  HKCIHOHEHUUATbHBIMU
MHTErpajJbHBIMU OTPAaHUYEHUSIMU Ha (YHKUUU YOpPaBJICHUS UTPOKOB, MPU 3TOM
JUISL pELIEHUs 3aJaud NpPECIeOBaHUs IMPUMEHSAETCS METOJ IapajliedIbHOr o
COJIMYKEHUSI UTPOKOB, a ISl PElIeHUsl 3aJaud yOeraHus METOJA MO 3aJlaHHOMY

HAIPABJICHHUIO;
ONPEIEIIEHBl  HOBBIE  JIOCTATOYHBIC YCJIOBUS JUIi  PENICHUM  3ajad
npecie0BaHusI-yoeranus C HECTAIMOHAPHBIMU F€OMETPUYECKUMHU

OrpaHUYCHUSIMU HAa (QYHKIIUM YTIPABJICHUS UTPOKOB, TIPU STOM JUIs PEIICHUS 3a/1a41
Mpecie0BaHus MPUMEHSETCS METOJI TapajuIeIbHOT'O CONM)KEHUSI UTPOKOB, a JIJis
penieHus yoeranusi MeToJ] YKJIOHEHHUS T10 33JJaHHOMY HaIlpaBJIEeHUIO;

HaliJiecHbl HOBBIE YCIOBUS MOHOTOHHOCTH  00JIaCTU  JOCTHXKUMOCTH
yoeraromiero B quddepeHnanbHOl UTpe ¢ HECTAIMOHAPHBIMU T'€OMETPUUECKUMHU
OTpaHUYCHUSIMU HAa  (QYHKIMHM YIOPABICHUS HIPOKOB, MPU ITOM C MOMOIIBIO
CBOMCTBA MOHOTOHHOCTH OOJIACTH JIOCTHXKMMOCTU TOJHOCTBIO peElleHa 3ajaya
P.Aii3ekca urpa ¢ «JIMHUEH KUZHUY.

Bueapenue pe3yabTaToB HMcciaenoBanusi. Ha ocHoBe pe3ynbTaros,
MOJIY4EHHBIX B TU(PHEPEHIINATBHBIX UTPaX C HECTAIIMOHAPHBIMU OTPAHUYCHUSIMU
Ha yIpaBJICHUSA:

MOJIydEHHbIE pPE3yJbTaThl B YacTH CYHIECTBOBAHUS peUICHUS 3a1a4
mpeciieoOBaHus-yOeraHus Ha YIPABICHUN C HECTAITMOHAPHBIMU OTPAHUYCHUSIMHU U
3amaun  «JluHuM Ku3HM» Ai3ekca ObUIM HMCHOJb30BaHbl B  KOH(JIHUKTHO-
YOpaBIsieMbIX JUHAMHUYECKUX CHUCTEMaX Ha YIPaBICHUM C HECTAllMOHAPHBIMU
OrpaHUYCHUSIMU B (DyHIAMEHTAIBHOM NPOEKTe 1o/ HazBaHueM «Co3/1aHne HOBBIX
METOZIOB  yIpaBieHUS KOH(JIMKTHBIMU CUTYaIUSIMH, XapaKTEPHU3YIOIIHUMUCS
muddepeHImanbHPIMI YPABHEHUSIMU U X YUCJICHHAS PeaTn3aIlisi», 0 HOMEPOM
OT-®4-33 (crpaBka Ne 04/11-3587 ot 9 wmrons 2023 roma HamumonansHOTO
yHUBepcUTeTa Y30ekucrtana umeHu Mwupzo Yiyroeka). B pesynbraTe ymanock
onpeAenuTh O000OIIEHHbIE pelIeHUusT KOHQUIMKTYIONIMX 3a]ad  yIpaBJICHUS
(IMHAMUYECKMX Wrp) B JUHAMHYECKUX CHUCTEMax C HeCTal[MOHaApPHBIMU
OTrpaHUYCHUSIMU;

MOJIyYEHHBIE PE3YJIbTaThl C TOUKH 3PEHUS CYIIECTBOBAHUS U ONTUMAIbHOCTH
pemienus audpdepeHanibHO UIPOBOM 3a/laud HAa YHOPABJICHUU C JIMHEHHBIMU
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OrpaHUYECHUSIMU ObUIM HMCIOJB30BaHbl MPHU PELICHUM aHAJIOTMYHBIX 3aJad Ui
OOBIKHOBEHHBIX UM (PEpEeHIIMATBFHBIX YpaBHEHUH B paMKax 3apy0eKHOTro
IPAHTOBOTO TMpoekTa «3azaur (a30BbIX MEPEBOJOB U KPUTHUUYECKOHN SIBICHUS.
MaTtemMaTH4eCcKOi acleKThl UX YpaBHEHUUN OBICTpbIE MEPEXOAbl U ACUMIITOTHKA
noa HomepoM 374874-2015 (cmpaBka Ne 838 ot 27 uronsa 2023 roga Omuickoro
rocynapcTBeHHoro yHupepcurera Keipreizckoit PecnyOnuku). Kak cneactsue,
CTaJI0 BO3MOXHBIM TIOCTPOUTH PEIICHHE HOBBIX HEIOKAJIBHBIX O000OIIEHHBIX
CIIEKTPAJIBHBIX 33/1a4.
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Avtoreferat Farg‘ona davlat universiteti «FarDU. Ilmiy xabarlar — Hayunsrit
BecTHUK. Pepl'Y» ilmiy — metodik jurnal tahririyatida tahrirdan o‘tkazilib, o‘zbek,
rus va ingliz tillaridagi matnlar o‘zaro muvofiglashtirildi.

FDU “Nusxa ko‘paytirish bo‘limi”da chop etildi.
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Adadi 100.
Manzil: 150100, Farg‘ona shahri, Murabbiylar ko‘chasi, 19-uy.



