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KIRISH (falsafa doktori (PhD) dissertatsiyasi annotatsiyasi)

Dissertatsiya mavzusining dolzarbligi va zarurati. Atomlarni (bozonlarni)
absolyut nol kelvinga yaqin haroratgacha sovitilsa ular bir xil energetik sathlarni
egallay boshlaydi. Bu hodisaga Bose-Einstein kondensati deyiladi. Kondensat bi-
rinchi bo‘lib Bose va Einstein tomonidan 1925-yillarda bashorat gilingan bo‘lsada,
o‘sha paytdagi mavjud uskunalar yordamida atomlarni bu haroratgacha yaqinlikda
sovitish imkoniyati mavjud bo‘lmagan. Keyinchalik, 1995-yilda ikkita alohida grup-
palar Bose-Einstein kondensatini tajribada kuzatishgani uchun 2001-yilda bu
tajribalar uchun Nobel mukofoti bilan tagdirlanishdi.

Hozirgi vaqtda xalgaro ilmiy hamjamiyat Bose-Einstein kondensatlarida ma-
teriya to‘lginlarining xususiyatlarini o‘rganishga qaratilgan ko‘plab nazariy va ek-
sperimental tadqiqotlar olib bormoqda. Ushbu tadqiqotlar katta ahamiyatga ega,
chunki ular zamonaviy fizikaning asosiy savollariga javob topishga imkon beradi.
Bose-Einstein kondensatlaridagi atom gazlari tashqi magnit va optik maydonlar or-
qali samarali boshqarilishi mumkin, bu turli tajribalar va aniq nazariy modellar
uchun asos yaratishga imkonini beradi. Bose-Einstein kondensati asosida
tajribalarda quyidagi qurilmalarni yaratishda foydalanish mumkin: materiya-to‘lqin
interferometrlari, atom-to‘lqinli lazerlarni ishlab chiqarishda, atom soatlarida, kvant
komputerlarida kubit yoki hotira sifatida yoki kvant kriptografiyalarida sonni tub
sonlarga ajratishda va boshqa magsadlarda.

O‘rtacha maydon nuqtai nazaridan ikki- va uch-o‘lchamli, tortishuvchi ikki-
atom o°‘zaro-ta’siriga ega bo‘lgan kondensatlar nostabil hisoblanadi. Kondensatni
stabil gilishning bir nechta usullari mavjud, jumladan tashqi tuzoqlar yordamida,
uch-atom o‘zaro tasirini hisobga olish orqali, dipolyar ta'sirlashuvlar orqali, sochi-
lish uzunliklarini davriy o‘zgartirishlar.

Yaqin yillarda nazariy metodlar orqali ikki- va uch-o‘lchamli nostabil konden-
satlarni kvant fluktuatsiyalarni hisobga olish orqali stabil holatga keltirish mum-
kinligi va bunday kondensatlarda siqilmaydigan suyugqlik tabiatiga ega bo‘lgan
kvant tomchilari hosil bo‘lishi nazariy yo‘llar bilan ko‘rsatib berildi [1]. Ma’lum
bo‘lishicha, kvant fluktuatsiyalari yuqori darajada siyraklashgan suyuqlik hu-
susiyatiga ega bo‘lgan holatlarning paydo bo'lishiga olib keladi. Bunday holatning
0’z-0’zidan bog’langan tuzilishi kvant tomchilari deb nomlanadi [1]. Ushbu ishdan
ko‘p o‘tmay, bunday sistemalarning stabil bo‘lishi va kvant tomchilarining mavjud-
ligi eksperimental tarzda namoyish qilindi. Ushbu tadqiqotlar natijasida Bose-Ein-
stein kondensati sohasidagi tadqiqotchilar uchun yangi yo‘nalish ochdi.

Yugorida ko‘rsatilganlardan kelib chiqadiki, hozirgi vaqtda Bose-Einstein kon-
densatidagi materiya to‘lqinlari fizikasi jadal suratda rivojlanib bormoqda va amaliy
qo‘llash uchun katta istigbolga ega bo‘lgan fanning dolzarb sohalaridir. Mamla-
katimizda so‘nggi o‘n yilliklarda fanni, aynigsa, nazariy fizika sohalarini rivojlan-
tirishga, fundamental tadqiqotlar uchun yuqori darajada sharoit yaratishga katta e’ti-
bor garatilmoqda.

Mazkur dissertatsiya ishi hukumatning me’yoriy hujjatlari va O‘zbekiston
Respublikasi Prezidentining “Fanlar Akademiyasi faoliyati, ilmiy-tadqiqot ishlarini
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tashkil etish, boshqarish va moliyalashtirishni yanada takomillashtirish chora-tad-
birlari to‘g‘risida”gi PQ-2789-son qarori, 2017-yil 7-fevraldagi PF-4947-sonli
“O‘zbekiston Respublikasini yanada rivojlantirish bo‘yicha harakatlar strategiyasi
to‘g‘risida”gi qarori, 2021-yil 19-martdagi PQ-5032-sonli “Fizika sohasidagi ta'lim
sifatini oshirish va ilmiy tadqiqotlarni rivojlantirish chora-tadbirlari to‘g‘risida’gi
qarorlarida nazarda tutilgan vazifalarni hayotga tatbiq etish maqsadida bajarildi.

Tadqiqotning respublika fan va texnologiyalari rivojlanishining ustuvor
yo‘nalishlariga mosligi. Mazkur tadqiqot ishi O‘zbekiston Respublikasi fan va
texnologiyalar rivojlantirishning II. «Fizika, astronomiya, energetika va mashinaso-
zlik» ustuvor yo‘nalishlariga muvofiq amalga oshirildi.

Muammoning o‘rganilganlik darajasi. Bose-Einstein kondensatida kvant
fluktuatsiyalarlari natijasida hosil bo‘ladigan kvant tomchilarining xususiyatlarini
o‘rganish birinchi nazariy maqoladan [1] va tajribada kuzatilganidan beri bu
yo‘nalish olimlar orasida juda katta qiziqish uyg‘otmoqda. Dunyodagi ko‘plab
tadqiqotchilar materiya to‘lqinlarining kvant fluktuatsiyalarlari ta'siri ostida turli xil
xususiyatlarini o‘rganmoqdalar. Jumladan, uch-o‘lchamli kondensatdan ikki- va bir-
o‘lchamli kondensatga o‘tish havola [2] da keltirilgan. Bir-o‘lchamli kondensat
dinamikasi [3] da o‘rganilgan. Ikki-o‘lchamli kvant tomchilari va uyurmalar sonli
metodlar yordamida havola [4] da o‘rganilgan. Uch-o‘lchamli kvant tomchilari va
uyurmalarning zarrachalar soniga bog‘liq holda turg‘un sohalari havola [5] da e'lon
qilingan.

Kvant tomchilari eksperimentda birinchi bo‘lib dipolar kondensatda [6], keyin-
chalik bozonlar aralashmasida amalga oshirilgan [7-8]. Ular kvant tomchilarining
xossalarini tushuntiradigan turli xil modellarni ishlab chiqdilar va asosiy eksperi-
mental natijalarni oldilar. Biroq, kvant fluktuatsiyalarlarining materiya to‘lginlariga
ta'sirining ko‘p jihatlari hali ham yetarlicha o‘rganilmagan bo‘lib, 0‘z yechimini
kutayotgan ko‘plab masalalar mavjud. Ular qatoriga quyidagilarni kiritish mumkin:
bir- va ko*p-o‘lchamli kvant tomchilari va uyurmalarning dinamikasi, sistema para-
metrlarining vaqt bo‘yicha davriy o‘zgaruvchi bo‘lgan holatlari, modulyatsion no-
turg‘unlik hodisasi natijasida yassi to‘lqinlardan kvant tomchilari hosil bo‘lishi va
ularning o‘zaro ta'siri. Ushbu ishda biz shu savollarni ko'rib chigamiz.

Dissertatsiya tadqiqotining dissertatsiya bajarilgan oliy ta’lim yoki ilmiy-
tadqiqot muassasasining ilmiy-tadqiqot ishlari rejalari bilan bog‘ligligi.

Tadqiqot O‘zbekiston Respublikasi Fanlar Akademiyasi Fizika-Texnika Insti-
tutining ilmiy-tadqiqot ishlari rejasiga, shu jumladan O‘zbekiston Respublikasi In-
novatsion Rivojlanish Vazirligining FA-F2-004 “Kvant va dissipativ sistemalarda
nochiziqli mujassamlashgan to‘lginlarning dinamikasi va o°zaro ta’siri” nomli ilmiy
loyihasiga muvofiq amalga oshirildi, 2017-2020 yillar. “Kvant gazlari va nochiziqli
optik muhitlarda mujassamlashgan to‘lqinlar dinamikasini o‘rganish” mavzusidagi
davlat byudjeti loyihasi doirasida amalga oshirildi, 2020-2021 yillar.

Tadqiqotning maqsadi kvant fluktuatsiyalarlari ta'sirini hisobga oluvchi ko ‘p-
o‘lchamli ikki-komponentali Bose-Einstein kondensatlarida materiya to‘lqinlarining
xususiyatlarini o‘rganish va ushbu sistemalarda mujassamlashgan holatlarni
tushuntirish uchun nazariy metodlar ishlab chiqishdir.
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Tadqiqotning vazifalari: Bir va ko‘p o‘lchamli Bose-Einstein konden-
satlarida kvant tomchilari, uyurmalar va yassi to‘lqinlarning xossalarini tushuntirish
uchun matematik modellar ishlab chiqgish. Ko‘p o‘lchamli Bose-Einstein konden-
satlarida o‘zaro ta’sir konstantalari vaqt bo‘yicha davriy o‘zgaruvchi bo‘lgan hola-
tlarni tadqiq qilish.

Modulyatsion noturg‘unlik hodisasi tufayli birjinsli zichlik tagsimotiga ega
bo‘lgan Bose-Einstein kondensatlarining kvant tomchilariga aylanishi shartlarini
ochib berish. Parametrlari fazosida noturg‘unlik sohalarini aniglash va hosil bo‘lgan
kvant tomchilarining dinamikasini o‘rganish.

Gross-Pitaevskii yoki nochizigli Schrodinger turidagi bir- va ko‘p- o‘lchamli
tenglamalarni va variatsion yaqinlashish va chiziqli turg‘unlik taxlili modelida
yuqoridagi fizik jarayonlarni sonli simulyatsiyalar qilish. Variatsion usulning va
chizigli turg‘unlik taxlili yordamida olingan natijalarning to‘g‘riligini asoslash
uchun har bir holatni alohida o°zaro batafsil taqqoslash.

Tadqiqotning obyekti. Bir va ko‘p o‘lchamli Bose-Einstein kondensatlarida
kvant tomchilari, uyurmalar va yassi to‘lqinlar.

Tadqiqotning predmeti bo‘lib mujassamlashgan holatlar parametrlarini zar-
rachalar soniga bog‘ligligi, rezonans hodisasi, kichik tebranishlar davri, kvant
tomchilari va uyurmalarning turg‘unlik shartlari, yassi to‘lginlarning modulyatsion
noturg‘unligi va kvant tomchilarining hosil bo‘lish xususiyatlari hisoblanadi.

Tadqiqotning usullari. Ushbu tadqiqotda biz murakkab fizik sistemalar dina-
mikasini o'rganishda analitik va sonli tadqiqot usullarining kombinatsiyasidan foy-
dalanamiz. Tadqiqotning analitik qismi uchun biz variatsion yaqinlashish, Tomas-
Fermi yaqinlashuvi va chiziqli turg‘unlik tahlilidan foydalanamiz. Ushbu usullar
bizga chuqur nazariy bilimlarni olish va sistemaning xatti-harakatlarini boshqara-
digan asosiy tamoyillarni chuqurroq tushunish imkonini beradi.

Analitik yondashuvlardan tashgari, biz hisob-kitoblar va simulyatsiyalarni
amalga oshirish uchun turli xil sonli usullardan foydalanamiz. Xususan, tadqiqot
uchun asosiy bo‘lgan Gross-Pitayevskii tipidagi tenglamalarni yechishga e’tibor
garatamiz. Ushbu tadqiqotda ishlatiladigan sonli usullar gatoriga to'rtinchi tartibli
Runge-Kutta usuli va Crank-Nicolson usuli kiradi, ularning ikkalasi ham nochiziqli
hususiy hosilali differensial tenglamalarni yechishda aniqligi va barqarorligi bilan
mashhur.

Bundan tashqari, biz sonli tahlillarning bir qismi sifatida rasmga qayta ishlov
berishning usullaridan foydalanamiz, bu bizga eksperimental ma'lumotlardan qim-
matli ma’lumotlarni olish va sistemaning xatti-harakatlarini tasavvur qilish imkonini
beradi. Ushbu analitik va sonli tadqiqot usullarini birlashtirib, biz tekshirilayotgan
murakkab fizik hodisalarni har tomonlama va ishonchli tahlil qilishni magsad
qilganmiz. Bu yondashuv nazariy tushuntirish va empirik ma’lumotlar o‘rtasidagi
tafovutni bartaraf etish va shu orqali sistema dinamikasini to'liqroq tushunish im-
konini beradi va bu sohadagi ilmiy bilimlarning rivojlanishiga hissa qo'shadi.

Tadqiqotning ilmiy yangiligi quyidagilardan iborat:
Kvant fluktuatsiyalarlarini hisobga oladigan bir va ko‘p o‘lchamli Bose-FEin-



stein kondensatlarida kvant tomchilarini va ikki-o‘lchamli holatda uyurmalarni xa-
rakterlash uchun super-Gaussian funksiyasi yordamida variatsion metod ishab chi-
qildi.

Barcha o‘lchamlarda kvant tomchilarining energiyasi, effektiv potensiali,
kichik tebranishlar chastotalari va kimyoviy potensiallarining analitik tenglamalari
hisoblandi va kvant tomchilarining turg‘unligi Vakhitov-Kolokolov kriteriyasi orqali
tekshirildi.

Ikki- va uch-o‘lchamli Bose-Einstein kondensatida o‘zaro ta’sir konstantalari
davriy o‘zgaruvchi bo‘lgan holatlarda kvant tomchilarining resonans tebranishlari
va tashqi modulyatsiya amplitudasiga bog‘liq ravishda dinamikasining turli
regimlari aniglandi.

Kvant fluktuatsiyalarlari ta’sirini hisobga oladigan ikki-o‘lchamli ikki kompo-
nentali Bose-Einstein kondensatida g‘alayonlangan yassi to‘lginlarning eksponen-
sial o‘sish shartlari va parametrlar fazosida stabil va nostabil sohalari topildi. Mod-
ulyatsion noturg‘unlikning nochiziqli bosqichida kvant tomchilari hosil bo‘lishi,
ularning kamayishi qonuni va kamayish tezliklari aniglandi. Bu qonuniyatlarni
hisoblashda rasmlarga ishlov berish texnikasining Bose-Einstein kondensati dina-
mikasiga qo‘llash mumkinligi ko‘rsatildi.

Tadqiqotning amaliy natijalari. Gross-Pitayevskii tipidagi bir va ikki kom-
ponentli tenglamalar fazoning turli xil o‘lchamlarda analitik va sonli yechiladi.
Bose-Einstein kondensatlari kogorentlik xususiyatlariga ko‘ra kvant ma’lumotlarini
qayta ishlash uchun potentsial nomzodlardir. Turli geometriyalardagi kondensatlarn-
ing dinamikasini tushunish ularning kvant hisoblashlaridagi muayyan muammolarni
hal qilishga imkon beradi. Bunday sistemalarda Gross-Pitayevskiy tenglamalarini
yechish bizga potentsial texnologik ilovalar uchun ushbu holatlarni loyihalash va
boshqarishga yordam beradi.

Tadqiqot natijalarining ishonchliligi. Olingan natijalarga ularning ishonch-
liligini ta’minlaydigan bir nechta omillar tufayli ishonish mumkin:

Birinchidan, tadqiqot qat'iy nazariy fizika, matematika va yuqori aniqlikdagi
sonli usullar va algoritmlarni qo'llashga tayanadi. Ushbu yondashuv ishonchli va
aniq ma’lumotlarni tahlil qilishni ta’minlaydi, potentsial xatolar va noaniqliklarni
minimallashtiradi.

Ikkinchidan, olingan natijalar va aniq yechimlar, statsionar holatlarda Thomas-
Fermi chegaralari bilan va sonli simulyatsiyalar o'rtasidagi aniq moslilik ularning
ishonchliligini yanada oshiradi. Turli metodlar bir hil natijalar berganda, natijalarn-
ing haqiqiyligiga ishonchni oshiradi, bu esa qo'llaniladigan usullarning ishonchlilig-
ini ko'rsatadi.

Uchinchidan, ba’zi natijalarning boshqa olimlar tomonidan muqobil usullar va
haqiqiy tajribalar yordamida mustaqil ravishda olingan natijalarga mos kelishi na-
tijalarning ishonchliligini oshiradi. Bir nechta manbalardan olingan natijalarning
bunday mos kelishi tadqiqot natijasida olingan natijalar ishonchliligini ko‘rsatadi.

Bundan tashqari, haqiqiy fizik parametrlarni baholash Bose-Einstein konden-
satlarida o'tkazilgan odatiy tajribalar bilan yaxshi mos keladi. Eksperimental ma’lu-



motlar bilan ushbu muvofiqlik tadqiqotning amaliy qo'llash haqiqatiga asoslangan-
ligini ta’minlaydi va natijalarning ishonchliligini yanada tasdiglaydi.

Ushbu jihatlarni hisobga olish va tadqiqot jarayonida qo'llanilgan yondoshuvlar
orqali olingan natijalar ishonchlilikka ega bo'ladi va natijalarning aniqligi va asosli-
ligiga ishonchni uyg'otadi.

Tadqiqot natijalarining ilmiy va amaliy ahamiyati quyidagilardan iborat:

Olingan natijalar kvant fluktuatsiyalarlari ta’siri ostida bir va ko‘p o‘lchamli
Bose-Einstein kondensatlarida materiya to‘lginlarining bir gator muhim (si-
gilmaydigan suyugqlik hususiyati va h.k.) hususiyatlarini ochib beradi va batafsil
tushuntiradi. Ushbu fundamental tadqiqotlar Bose-Einstein kondensatlarida kvant
fluktuatsiyalari effektining to‘liq nazariyasini ishlab chiqishga zamin yaratadi.
Shuningdek, bu natijalar yordamida kondensatdagi atomlar soni, kritik harorat, kon-
densatning yashash vaqti va shu kabi boshqa haqiqiy tajriba parametrlarini
baholashda foydalanish mumkin. Bundan tashqari, dissertatsiya natijalari turli xil
ta’sirlar mavjud bo‘lganda ham, kvant tomchilarining parametrlarining vaqt bo‘yi-
cha dinamikasini o‘rganishda ham foydali bo‘lishi mumkin. Bu aynigsa, tashqi tu-
zoq tomonidan hosil qilingan Bose-Einstein kondensatlarining dastlabki tagsimoti
aniq yechimlar bilan ozgina farq qiladigan tajribalar uchun juda muhimdir. Tadqiqot
natijalarining tajribalar bilan mos kelishi Bose-Einstein kondensatlarida materiya
to‘lginlarining tabiatini biz taklif qilgan metodlar orqali o‘rganish muhim ahamiyat
kasb etishini ko‘rsatadi.

Tadqiqot natijalarining joriy qilinishi. Dissertatsiya ishida olingan natija-
larga scopus.com saytlaridagi ma’lumotlarga ko‘ra umumiy 58 ta (2023-yil noyabr)
havola mavjud.

Jumladan dissertatsiya ishining birinchi bobi bo‘yicha chop qilingan maqolaga
27 ta havola mavjud, quyida bir nechtasi keltirilgan: Physical Review Letters, 126,
244101, 2021, IF: 9.185; Chaos, Solitons & Fractals, 152, 111313, 2021, IF: 9.922;
Scientific Reports, 12, 6904, 2022, IF: 4.997; Physical Review A, 103, 053302,
2021, IF: 2.971;

Dissertatsiya ishining ikkinchi bobi bo‘yicha chop qgilingan 2 ta maqolaga 9 va
18 ta jami 27 ta havola mavjud, quyida bir nechtasi keltirilgan: Chaos, 33, 033141,
2023, IF: 3.741; Physics Letters A, 480, 128987, 2023, IF: 2.6; Physical Review A,
105, 063328, 2022, IF: 2.971,;

Dissertatsiya ishining uchinchi bobi bo‘yicha chop qilingan maqolaga 4 ta hav-
ola mavjud, quyida bir nechtasi keltirilgan: Chaos, Solitons & Fractals, 164, 112665,
2022, IF: 9.922; Physical Review A, 108, 033312, 2023, IF: 2.971; Physical Review
A, 106, 033309, 2022 1F: 2.971.

Tadqiqot natijalarining aprobatsiyasi. Ushbu dissertatsiyaning asosiy na-
tijalari bir qator xalgaro va Respublika konferensiyalarida va ilmiy seminarlarda
muhokama qilingan.

Tadqiqot natijalarining e’lon qilinganligi. Dissertatsiya mavzusi bo‘yicha
Scopus ma’lumotlar bazasiga kiradigan xalqaro jurnallarda 4 ta ilmiy maqola nashr
qilingan.

Dissertatsiyaning tuzilishi va hajmi. Dissertatsiya kirish qismi, uchta bob,
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xulosalar va adabiyotlar ro‘yxatidan iborat. Dissertatsiyaning hajmi 81 betdan ibo-
rat.

DISSERTATSIYANING ASOSIY MAZMUNI

Kirish gismida tadqiqot mavzusining dolzarbligi va zarurati, dissertatsi-
yaning O‘zbekiston Respublikasi fan va texnologiyalari rivojlanishining ustuvor
yo‘nalishlariga muvofigligi asoslangan. Tadqiqotning maqsad va vazifalari
shakllantirilib, tadqiqot ob’ekti va predmeti ko‘rsatilgan, olingan natijalarning ilmiy
yangiligi va amaliy natijalari ta’kidlangan, ularning ishonchliligi asoslangan, na-
tijalarning ilmiy va amaliy ahamiyati ochib berilgan, amaliyotga joriy qilinganligi,
chop qilingan nashrlar va dissertatsiya tuzilishi haqida ma’lumotlar berilgan.

Dissertatsiyaning “Bir o‘lchamli Bose-Einstein kondensatida kvant
tomchilari” deb nomlangan birinchi bobida bir o‘lchamli kvant tomchilarining
statik va dinamik xususiyatlari analitik va sonli metodlar yordamida o‘rganildi.
Kvant fluktuatsiyalari ta’sirida ikki komponentli Bose-Einstein kondensatini ko‘rib
chiqaylik. Komponentalar simmetrik bo‘lgan holda bu sistema bir-o‘lchamli Gross-
Pitaevskii tenglamasi bilan ifodalanadi:

i‘Pt+%‘PXX+7/|‘P|2‘P+5|‘P|‘P=O, (1)

bu yerda tenglama o‘lchamsiz holatda yozilgan. Oxirgi kvadratik nochiziqli had
kvant fluktuatsiyalari ta’siriga mos keladi va y va ¢ lar o‘zaro ta’sir konstantalari.
Statsionar holatda o‘zaro ta’sir konstantalarining ixtiyoriy qiymatlari uchun (1)
tenglamaning umumlashgan aniq yechimi aniqlandi.

Tajribalarda tashqi tuzoqglar tomonidan hosil gilingan Bose-Einstein konden-
satining dastlabki zichlik tagsimoti aniq yechim bilan mos kelmasligi mumkin.
Shuning uchun kvant tomchilari parametrlarining vaqt bo‘yicha o‘zgarish dina-
mikasini 0‘z ichiga oladigan va turli xil ta'sirlarni hisobga oluvchi yondashuvlarni
ishlab chiqish juda muhimdir.

Kvant tomchilari parametrlari uchun dinamik tenglamalarni topish uchun biz
Lagrange formalizmidan foydalandik. (1) tenglamaning Lagrange zichligi
quyidagicha:

i o g 1 y 20
L=—PY¥Y -PY))+= |V P-L|¥['-=|¥P]. 2
2( ¢ W) 2I | 2| I 3| I (2)

Quyidagi super-Gauss funksiyasidan foydalangan holda variatsion yaqinlash-
ish metodi bilan kvant tomchilarining xossalari o‘rganildi:

w(r,t)= Aexp(—%(%j ' +ibr® + igo} 3)

bu yerda A(t),w(t),b(t) va ¢(t) lar variatsion parametrlar bo‘lib, mos ravishda am-
plituda, kenglik, chirp va boshlang‘ich fazalardir. Super-Gauss indeksi m vaqtga
bog‘liq emas deb olindi, uning qiymati statsionar tenglamaning yechimidan topiladi
m=m,. Super-Gaussian funksiyasining tanlashning avzalligi u zarrachalar soni kam

bo‘lganda “qo‘ng‘iroqcha” shakldagi yechimlarni va zarrachalar soni katta
10



bo‘lgandagi "yassi-ustli" ko‘rinishdagi yechimlarni ifodalash imkonini beradi.
"Yassi-ustli" ko‘rinishdagi yechimlar kvant tomchilarining fundamental xossasi
hisoblanadi. Oddiy Gaussian funksiyasi bilan bunday yechimlarni ifodalab
bo‘Imaydi.

Euler-Lagrange tenglamalaridan foydalangan holda kvant tomchilari para-
metrlari uchun harakat tenglamalari topildi,

3/2+s
1 [3r(2 s) 3 N L2 SNT(s +1) +16I(3s+1)b? |,

T areas)| w2 w 3w 4)
w, = 2wb.
Kimyoviy potensialning ko‘rinishi quyidagich:
—3yN 5-2°6NY?
S ()

S 2T(s+hw,  FU[20(s+D)w ]

Parametrlarning har xil qiymatlarida statsionar kvant tomchilari yechimlari

topildi, yechimlarning turg‘unligi Vakhitov-Kolokolov kriteriyasi va sonli
hisoblashlar orqali tekshirildi (1- rasm chap panel).

0 5 10 15 20 90

20 / 0.8 : 04
A(N) ] . 80

' 70 '01

= 2
N . 60 16 8 0 8 16
50
40
0 1 2 3 4 5

1-rasm: Chap panel: Kvant tomchisi kengligi w, super-Gaussian indeksi m (chap
0‘q) va amplituda A ning (0o‘ng 0°‘q) normaga bog‘ligligini ifodalaydi. O‘ng panel:
Kvant tomchisi kengligining kichik tebranishlar davri T ning N ga bog‘ligligi
ko‘rsatadi. Ichki grafikda kvant tomchisining zichlik tagsimoti |¥(x,t)[* ning dina-
mikasi ko‘rsatilgan, N =5 uchun. Har ikkala grafikda chiziglar variatsion yaqin-
lashuvdan, nuqtalar esa (1) tenglamaning sonli simulyatsiyalaridan olingan. Boshqa
parametrlar y=-1 va §=1.

Harakat tenglamalaridan foydalanib parametrlarning har xil qiymatlari uchun
effektiv potensial ko‘rinishi aniglandi. Potensialning minimumi kvant tomchilarin-
ing statsionar kengligiga mos keladi. Statsionar holatidan siljitilgan kvant tomchilari
muvozanat nuqtasi atrofida tebranma harakat qiladi, 1-rasm o‘ngdagi ichki grafik.
Zarrachalar sonining har xil qiymatlari uchun kichik tebranishlarning davri vari-
atsion yaqinlashishda va sonli hisoblashlar yordamida aniglandi, 1- rasm o‘ng panel.

Dissertatsiyaning “Ikki o‘lchamli Bose-Einstein kondensatida kvant
tomchilari” deb nomlangan ikkinchi bobida, o‘rtacha maydondan keyingi yaqin-
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lashuvda ikki o‘lchamli ikki-komponentali Bose-Einstein kondensatida g‘alayon-
langan yassi to‘lginlarning modulyatsion noturg‘unligi va kvant tomchilari hosil
bo‘lishi, shuningdek kvant tomchilari va uyurmalarning statik va dinamik
xususiyatlari o‘rganildi. Bunday sistemani quyidagi Gross-Pitaevskii tenglamalari
orqali ifodalash mumkin'

oy; 1
I?J—FZVZ Jp (\/G Loy 1y F =1y ) Joilosw;piIn(p) =0, (6)
1~2

bu yerda, tenglama o‘lchamsiz holarda yozilgan, j=1,2,V*=0+ 6§ , o0, va o, lar

sochilish parametrlariga bog‘liq konstantalar, p= (o, |y, +o,|w, )/ (2\00,) .
Oxirgi logarifmik had kvant fluktuatsiyalari ta’sirini ifodalaydi.
G‘alayonlangan yassi to‘lqin quyigagi ko‘rinishda olindi:

KK
20, ; 2 003
bu yerda sy, <A, p,=(0,A'+0,A)/(2|Jo,0,) , w; — kimyoviy potensial, A -
yassi to‘lqin amplitudasi, 6y, —kichik g‘alayonni ifodalaydi, 6y, =0 da (7) ifoda

V= (Aj +5l//j)exp(_i;ujt)! Hy = 40 /GS—j Po IN(Py), (7

(6) ning statsionar yassi to‘lqin yechimini beradi. Chiziqli turg‘unlik taxlili
yordamida g‘alayonlangan yassi to‘lginlar amplitudasi &y, uchun quyidagi chiziqli

tenglamalar olindi:

65%
8t += (5V/Jxx +5‘//Jyy) C (5‘/11 +5lr// ) C (5l//3 J+5lr//3 ]) 0 (8)
buyerda j=1,2,
A Ao AA, 1
c.=——+—"Llin(ep,), C - In(e , 9
i 20, | +263__ ( po) 3 2 l: /—0_10_2 + ( po) 9)

]

G‘alayonni Sy, =u; +iv; ko‘rinishda olamiz va (8) tenglamani haqiqiy va
mavhum qismlarga ajratamiz, hosil bo‘lgan differensial tenglamani yechimini
(u;,v;) ~exp(at +ik x+ik,y) ko‘rinishda qidiramiz va algebraik tenglamalar siste-
masini olamiz. Bu tenglamalarni taxlil qilish orqali quyidagi natijalarni topildi:
G‘alayon amplitudasining keskin oshish shartlari ep, <1,|k|<k, aniglandi. Mod-
ulyatsion noturg‘unlikning maksimal o'sish sur'ati, G, =kZ2,, /2=kZ /4, unga mos

max

keladigan to‘lqin soni K, =K, IN2 , va to‘lgin sonining kr1t1k

[kl ky =v2y~(6+,) +4(6,—,)? +4c

qiymatlari aniglandi. G‘alayonlangan yassi to‘lqinning amplitudasi to‘lqin sonining
kritik qiymatidan (k <k, ) kichik qiymatlarida noturg‘un, (k >k, ) katta qiymatlarida

esa turg‘unligi aniglandi, 2 (a)- rasm.
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(a)

(b) ,
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k
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2-rasm: (a) Modulyatsion noturg‘unlik o‘sish tezligi G ning to‘lqin soni k ga
bog‘ligligi. Yuqori ko‘k chiziq simmetrik holat uchun n,=n,, =0.3 va pastki qizil
chiziq assimetrik holat uchun n,=0.3 va n,,=0.1. Nugqtalar to‘g‘ridan-to‘g‘ri
sonli simulyatsiyalaridan topiladi. (b) Simmetrik holat uchun o‘sish tezligi G, k
va n larning funksiyasi sifatida. Ranglar paneli G ning qiymatlarini ifodalaydi.
Uzluksiz chiziq modulyatsion noturg‘unlik chegarasini ko'rsatadi, uzlukli chiziq
esa o‘sish tezligining maksimal qiymati G, niko'rsatadi. O‘zaro ta’sir parametr-

lari o0,=0,=0.1.

1.5
1
1
0.5 0.5
0
-40 -20 0 20 40 -40 -20 0 20 40
X X

3-rasm: Zichlik tagsimotining odatiy dinamikasi quyidagi vaqt momentlarida (b),
t=90,(d) t=1000. Boshlang‘ich zichlik n,=0.2, va ¢, =0,=0.1. Ranglar paneli
n=ly, | +|w,|* niifodalaydi.

Parametrlarning har xil qiymatlarida turg‘unlik va noturg‘unlik sohalari
topildi, 2 (b)-rasm. Olingan natijalariga asoslangan holda tajribalarda modulatsion
noturg‘unlikni kuzatishning quyidagi usulini taklif qilindi. Birinchi navbatta yuqori
zichlikli ikki komponentli kondensat hosil qilish kerak. Bu holat uchun kondensat
turg‘un. Keyin kondensat zichligini kamaytirish, masalan, tashqi tuzoqni ken-
gaytirish orqali modulatsion noturg‘unlikni kuzatish mumkin.

Modulyatsion noturg‘unlikning keyingi nochizigli bosqichida kvant tomchi-
lari hosil bo‘ladi. Bu bosqich sonli hisoblashlar yordamida o‘rganildi. Hosil bo‘lgan
kvant tomchilarining soni vaqt o‘tishi bilan ularning bir-biri bilan ta’sirlashib bir-
biriga birikishi orqali keskin kamayadi. Parametrlarning har xil qiymatlarida kvant
tomchilarining soni, kamayish qonuniyati va kamayish tezliklari aniqlandi, 3-rasm.

Hosil bo‘lgan kvant tomchilarining sonini hisoblashda MATLABning rasmga ishlov
13



berish texnikasidan foydalanildi.

Bobning ikkinchi qismida kvant fluktuatsiyalari ta’siri ostida Bose-Einstein
kondensatida ikki o‘lchamli kvant tomchilari va uyirmalarning statik va dinamik
xususiyatlari nazariy va sonli metodlar yordamida o‘rganildi. Kvant tomchilari va
uyirmalarning xususiyatlarini o‘rganishda biz zarrachalar soni, massasi va o‘zaro
ta’sir konstantalari teng bo‘lgan simmetrik Bose-Einstein kondensatini ko‘rib
chiqdik. Kvant fluktuatsiyalarini hisobga oladigan bunday sistema quyidagi Gross-
Pitaevskii tenglamasi orqali ifodalanadi:

i@t‘P+%V2‘P+5|‘P|2 In(| ¥ |?)¥ =0, (10)

bu yerda, tenglama o‘lchamsiz holatda yozilgan. V=0’ + 0; ikki o‘lchamli Laplace

operatori. (10) ning analitik ko‘rinishdagi aniq yechimi mavjud emas, shuning uchun
biz variatsion yaqinlashish metodidan foydalandik. Kvant tomchisi va uyurmalarni
ifodalashda quyidagi super-Gaussian funksiyasidan foydalandik:

¥(r,6,t) = Ar® exp[—%(%j m+i(br2i80+¢)}, (11)

bu yerda A(t), w(t), b(t), va ¢(t) lar variatsion o‘zgaruvchilar bo‘lib, ular mos
ravishda amplituda parametri, kenglik, chirp va boshlang‘ich fazalarni ifodalaydi.
Profil shaklini ifodalaydigan super-Gaussian parametri m, statsionar yechimdan
topiladi. Topologik zaryad S >0, butun qiymatlarni qabul qiladi. Agar S=0 bo‘lsa,
(11) tenglama kvant tomchilarini ifodalaydi, s=1,2,3,... bo‘lgan holatlar uyurma-
larni ifodalaydi.

Euler-Lagrange tenglamalari orqali kvant tomchilari va uyurmalarni ifoda-
laydigan parametrlar uchun dinamik tenglamalar olindi. Kenglik uchun tenglamani
ko‘rinishi quyidagicha:

'(M(S+1)) oG

W, =—— (12)
(M (S +2)) ow

bu yerda
GW, N, M) = r(mMs+2) NT'(M (2S +1))
2M2T(M (S +D))w?  22MESD ZMT2(M (S +1))w? (13)
N
x5fL+ M +2MS [1-y (M (2S +1))]-2 Iog{ZMSﬂ'MWZF(M S +1))}},

w(z)=dInT(z)/dz — digamma funksiya, N=zMA’WPT(M(S+1)).

Bu tenglamalardan foydalanib effektiv potensial, kichik tebranishlar chasto-
talari va kimyoviy potensiallar aniglandi. Effektiv potensialning ko‘rinishi 4-rasm
chap tomonda keltirilgan. Kimyoviy potensialning ko‘rinishi x=0E /N dan

aniglanadi, bu yerda E,=NG — kvant tomchisining statsionar energiyasi.

Kvant tomchilari va uyurmalarning turg‘unligi Vakhitov-Kolokolov kriteriyasi
(4-rasm chap paneldagi ichki grafik) va sonli metodlar orqali tekshirildi, (4- rasm
o‘ng panel).
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4-rasm: Chap panel: (S,N,m) ning turli qiymatlari uchun effektiv potensialning
ko‘rinishi. Pastki (qizil), o‘rta (ko‘k) va yuqori (qora) chiziglar mos ravishda
(0,100,2,537) , (1,200,1,971) va (2,200,2,073) uchun. Ichki chizilgan grafik,
kimyoviy potentsial x ningnorma N gabog‘ligligini ifodalaydi. Ichki grafikda
kulrang to‘g‘ri chiziq Tomas-Fermi chegarasini ifodalaydi. O‘ng panel: Kvant
tomchilari va uyurmalarning profili |¥| ko‘rinishi, S=1,2 3,0, va normalar mos
ravishda N =60,200,510,1000 bo‘lgan holatlar uchun uzluksiz chiziqglar variatsion
metoddan topilgan, uzlukli chiziglar esa sonli metodlardan aniqlangan.

Uyurmalar uchun zarrachalar soni (norma) ga bog‘liq holda turg‘un va no-
turg‘un sohalari aniglandi. Noturg‘un sohada topologik zaryadi S bo‘lgan uyurma-
larning odatda S+1 ta fragmentlarga parchalanishi aniglandi. Kvant tomchilarining
dinamikasi o‘zarota’sir konstantalari vaqt bo‘yicha davriy o‘zgaruvchi bo‘lgan ho-
latlarda sonli hisoblashlar orqali o‘rganildi. Bunda kvant tomchilarining resonans
tebranishlari va tashqi modulyatsiya amplitudasiga bog‘liq ravishda adiabatik te-
branishlari, bug‘lanishi va parchalanish holatlari aniqlandi.

Dissertatsiyaning “Uch o‘lchamli Bose-Einstein kondensatida kvant
tomchilari” deb nomlangan uchinchi bobida kvant fluktuatsiyalarini hisobga oladi-
gan ikki-komponentali Bose-Einstein kondensatida, uch o‘lchamli kvant tomchi-
larining statik va dinamik xususiyatlari, shuningdek o‘zaro ta’sir konstantalari vaqt
bo‘yicha davriy o‘zgaruvchi bo‘lgan hollari analitik va sonli metodlar yordamida
o‘rganildi. Hisoblashlar komponentalarning simmetrik bo‘lgan, ya’ni atom mas-
salari, atomlar soni va o‘zaro ta’sir konstantalari bir xil bo‘lgan Bose gazlari uchun
amalga oshirildi. Bu sistemani quyidagi Gross-Pitayevskii tenglamasi orqali ifoda-
lash mumkin:

1
lwt+§V2w+a|wI2l//—ﬂlwl3l//=0, (14)

bu yerda tenglama (14) o‘lchamsiz holda keltirilgan. « va g parametrlar ixtiyoriy
tanlanishi mumkin. Ular o‘lchamsiz tenglamada o‘rtacha-maydon va kvant fluktu-
atsiyalari o‘zaro ta’sirini ifodalaydi. (14) tenglamada, g,, =g deb olish orqali ikki-
atom o°zaro ta’sirini tenglamada hisobga olmaslik mumkin (« =5g=0). U holda ita-

ruvchi xarakterga ega kvant fluktuatsiyalari tashqi potensial yordamida muvozanat-
lashtiriladi. Bunday sistema Lee-Huang-Yang suyuqligi deb yuritiladi va birinchi
marta nazariy jihatdan [9] havolada va eksperimental jihatdan [10] havolada
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o‘rganilgan.

Zichlik tagsimotini bir- va ikki-o‘lchamlarda hisoblanganidek super-Gaussian
funksiyasi ko‘rinishida ta’savvur qilamiz, ya’ni (3) tenglamada x=r deb olish
kerak. Super-Gaussian indeksi m ning qiymati bir- va ikki-o‘lchamlardagidek
statsionar tenglamaning yechimidan topiladi. Norma N =4zA’WwT'(1+3M)/3, (

M =1/2m) saqlanuvchi kattalik bo‘lib, kvant tomchisidaga atomlar soniga pro-
porsional. 1'(z) — Gamma funksiya. Sistemaning Lagrange funksiyasi quyidagi

L=4r I r’Ldr integral yordamida topiladi, bu yerda £ (14)- tenglamaning La-
0

grange zichligi:
ﬁzq)t+%W2(2b2+bt)+G(M,W,N), (15)
bu yerda
G(M.w.N)= 8|\/|3rr((3|\|<|/|++21))w2 - (;;l\ll? \C/;vzgg
3.2 N 33252 [ N le'

e
ABM+1) " 7 A (3M +1)

G = (16)

53M +1

Euler-Lagrange tenglamalaridan foydalangan holda kvant tomchilari parametrlari

uchun harakat tenglamalari olindi. Kvant tomchisining kengligi uchun harakat
tenglamasi quyidagicha:

ouU (w) '(3M)

=——7 = G, 17

e ow (w) r'(5M) 17)

bu yerda U(w) — effektiv potensial, kichik tebranishlar chastotasi effektiv potensi-
aldan kenglik bo‘yicha ikkinchi tartibli hosila sifatida aniqlanadi, QZ =0°U (w)/ow?.
Potensialning ko‘rinishi zarrachalar sonining har xil qiymatlari uchun 5-

rasmda (a) panelda keltirilgan. O‘zaro ta’sir konstantalarining berilgan qiymatlari
uchun, zarrachalar sonining kritik qiymatidan N_ boshlab kvant tomchilari paydo

bo‘ladi, kritik giymatdan chegaraviy qiymatlar oralig‘ida N, <N <N, kvant
tomchilari metastabil bo‘ladi, chegaraviy qiymatidan katta holatlarda N > N,, kvant

tomchilari stabil bo‘ladi. O‘lchamsiz tenglamada o‘zaro ta’sir konstantalari
(a, ) =(3,5/2) bo‘lganda, havola [1] da Bogoliubov-de Gennes tenglamasini sonli
yechish orqgali normaning kritik va chegaraviy qiymatlari 18.65<N <22.55 inter-
valda bo‘lishi ko‘rsatilgan. Havola [11] ga ko‘ra bu qiymatlar haqiqiy eksperiment-
larda [7, 8] mavjudligi va o‘zaro ta’sir konstantalarining aynan shu qiymatlarida shu
intervalga mos kelishi e'lon qilingan. Shuning uchun biz variatsion yaqinlashish
metodi orqali olingan natijalarni boshqa yo‘l bilan olingan [1] va eksperimentlar [7,
8] bilan solishtirish maqsadida hisoblashlarda o‘zaro ta’sir konstantalarining shu
qiymatlarini tanladik. Variatsion yaqinlashuvda normaning kritik va chegaraviy
gqiymatlari 195<N <23.05 intervalga mos kelishi ko‘rsatildi. Bulardan kvant
tomchilarining xususiyatlarini biz taklif qilgan variatsion yaqinlashish yordamida
o‘rganish haqiqiy eksperiment orqali olingan natijalar bilan mos kelishini ko‘rish
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mumkin. Kvant tomchilarining turg‘unligi Vakhitov-Kolokolov kriteriyasi va sonli
hisoblashlar orqali tekshirildi. 5-rasm (b) panelda kimyoviy potensialning normaga
bog‘lanishi keltirilgan. Vakhitov-Kolokolov stabillik kriteriyasi bo‘yicha
du/dN <0 hosilaning manfiy bo‘lishi kvant tomchilarining turg‘unligini bildiradi.

a -3 b
(@), x10 — (b) o
5 -0.2
2 =1
2 0 04 T,
5 ‘ 06
o 2 4 6 8 0 500 1000
w N

S-rasm: (a) N ning turli qiymatlari uchun effektiv potentsiallar shakli. Uzluksiz
chiziq, uzuq chiziq va nuqtalar (0‘ng 0‘q) mos ravishda 20, 25 va 200 lar uchun. (b)
Kimyoviy potentsial x normaning N funksiyasi sifatida, («,)=(3,5/2) para-
metrlar uchun. Qizil chiziq variatsion yaqinlashishdan olingan va nuqtalar mavhum
vaqt simulyatsiyasidan topilgan. Kulrang chiziq Tomas-Fermi chegarasini ifoda-
laydi.

’ Kvant tomchilari dinamikasi o‘zaro ta’sir konstantalari «a(t) = ¢ [1+¢ sin(at)],
B =B [L+e,sin(wt) + 6] davriy o‘zgaruvchi bo‘lgan hollardayam o‘rganildi. Bu yerda
(@, 8,)=35/2), ¢,6,<1, w, va @ lar mos ravishda modulyatsiya amplitudasi,

chastotasi va boshlang‘ich fazalari. Eksperimentlarda bunday modulyatsiyalar
Feshbach rezonans texnikasi orqali amalga oshiriladi. Tashqi periodik modulyatsiya
natijasida kvant tomchisining modulyatsiya amplitudasiga bog‘liq ravishda ikki hil
regimi aniqlandi, kichikroq amplitudalarda adiabatik tebranish va kattaroq ampli-
tudalarda kvant tomchisining bug‘lanishi aniglandi.

Sonli hisoblashlarda, tashqi modulyatsiya chastotasi erkin tebranish chastota-
siga teng bo‘lganda rezonans biyeniya hodisasi kuzatildi. Sonli hisoblashlarda re-
zonans chastotasi amplituda farqining tashqi modulyatsiya chastotasiga bog‘liqligi-
dan aniglash mumkin. Kvant tomchisi kengligini ifodayldigan (17) tenglamani,
statsionar kenglik atrofida kichik siljish bo‘yicha qatorga yoyilmasidan w=w, +¢&,

bu yerda &< w, quyidagi chizigli tenglamani olamiz:
y 3C(3M)e,G,  IT(3M)G, A, ) .
O2F=| — 01 2M0&2 t),
A E [ CEM)W | 20 (M) js'n(””‘) (18)
buyerda & - & danvaqtbo‘yicha ikkinchi tartibli hosilani bildiradi, G, va G, lar

(16) tenglamadan topiladi. (18) tenglamaning o‘ng tomoni nol bo‘lish shartidan
modulyatsiya amplitudalarining quyidagi munosabatini olamiz
6, =2a,G W%, /135,G,. Agar ¢ va ¢, lar bu shartni ganoatlantirsa modulyatsiya

chastotasining har ganday qiymatida kvant tomchisining dinamikasi vaqt bo‘yicha
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o‘zgarmaydi. Agar bu shart bajarilmasa kvant tomchisining dinamikasi mod-
ulyatsiya chastotasining qiymatiga bog‘liq bo‘ladi. Tashqi modulyatsiya chastotasi
@, sistemaning erkin tebranish chastotasi ), ga teng bo‘lsa, sistemada rezonans

hodisasi kuzatiladi. Rezonans chastotasi yaqinida biyeniya va rezonans kengligidan
tashqarida tebranishlar kuzatiladi. Bundan tashqi modulyatsiyalar boshlang‘ich
fazaga bog‘liq bo‘lishini ko ‘rish mumkin.

Hagqiqiy tajribalarda biz taklif qilgan modelning parametrlarini *K atom-
ining har xil holatlari uchun baholaylik. * K atomining massasi m=6.49x10% kg
ga teng. O‘zaro ta’sir konstantalari |sg|« g shartni qanoatlantirishi kerak, shuning

uchun sochilish parametrlarini quyidagicha tanlab olamiz a,=a,, =a=50a, ,
a, =—42a, bu yerda a, - Bohr radiusi. |«|=3 va |g|=5/2 uchun sistemaning xa-
rakteristik parametrlari quyidagicha r,~0413 um, t,~0.11 ms, N, ~y?r’~460.
O‘lchamsiz t=1000, 105 ms ga mos keladi. Sonli simulyatsiyalarda biz integrallash
domenini d =80 deb olgan edik, bu fizik birliklarda ~33 xm ga mos keladi.

N =1000 uchun kvant tomchisidagi atomlar soni va tomchining o‘lchami mos rav-
ishda 4.65-10° and 3 xm ga teng. Bu parametrlar odatiy eksperimentdagi para-

metrlar intervallari bilan mos keladi.

XULOSALAR

Ushbu dissertatsiya ishi markaziy nazariy vosita sifatida super-Gaussian
funksiyasiga asoslangan variatsion yondashuvdan foydalangan holda bir-, ikki- va
uch-o‘lchamli geometriyalarda kvant tomchilarining yagona tadqiqotini tagqdim
etadi. Tadqiqot bir o‘lchamli Bose-Einstein kondensatida statsionar holatdagi kvant
tomchilari parametrlarini bashorat qilishda variatsion metodning ishonchliligini
ko‘rsatishdan boshlanadi, I bobga qarang. Nazariy natijalar va sonli simulyatsiyalar
o‘rtasidagi kuzatilgan moslilik, kvant tomchisi dinamikasi va shakli tebranishlari
hagida gimmatli ma’lumotlarni olishda super-Gaussian funksiyasining samara-
dorligini ko‘rsatadi. Ushbu funksiyaga qo’shimcha parametrlarni kiritish jarayonni
texnik jihatdan murakkablashtiradi. Shunga garamay, ushbu yondashuv kvant
tomchisining xarakteristikalari uchun aniq munosabatlarni olish imkonini beradi.

Bir o‘lchamli geometriyadan tashqari, tadqiqot ikki o‘lchamli ikki-kompo-
nentali Bose-Einstein kondensatlarida modulyatsion noturg‘unlikni o‘rganadi (§
2.1-bo‘limga qarang), kichik zichliklarda noturg‘unlik saqlanib qoladigan che-
garaviy zichlikning qiymatlari aniglanadi. Modulyatsion noturg‘unlik tufayli kvant
tomchilarning paydo bo‘lishi sonli simulyatsiyalar bilan tasdiqlanadi, bular
tomchilarning shakllanishida kvant fluktuatsiyalarining rolini har tomonlama to‘liq
tushunishga zamin yaratadi. Ikki o‘lchamli kvant tomchisining xususiyatlari batafsil
tahlil qilish § 2.2 bo‘limda amalga oshirilgan. Kvant tomchilarning turg‘unligi va
ularning tashqi vaqtga bog‘liqg modulyatsiyaga ta’siri ham o‘rganilgan.

Tadqiqotni uch o‘lchamga kengaytirgada ham super-Gaussian funksiyasiga
asoslangan variatsion yaqinlashish statsionar uch o‘lchamli kvant tomchilarini tavsi-
flash uchun ishonchli yaqginlashish bo‘lib xizmat qilishda davom etadi, III bobga
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garang. Variatsion yondashuv ishonchli ravishda kvant tomchilarining dinamikasini
aks ettiradi, kichik tebranishlarning chastotalarini aniqlaydi va tashqi modulyatsiya-
lar ostida kvant tomchilari turli hil rejimlarini tavsiflaydi.

Tadqiqot davomida super-Gaussian funksiyasi Bose-Einstein kondensatidagi
mujassamlashgan to‘lginlar shaklini tavsiflash uchun universal vosita sifatida ish-
latiladi. Barcha o‘lchamlarda, nazariy natijalarning sonli simulyatsiyalar bilan mos
kelishi, kvant tomchilarining hosil bo‘lishi, turg‘unligi va dinamikasini o‘rganishda
variatsion metodning samaradorligini ko‘rsatadi. Bularga, qo‘shimcha ravishda,
tadqiqot Bose-Einstein kondensatlarining zichlik tagsimotini tahlil qilishda tasvirni
qayta ishlash metodlaridan foydalanish mumkinligini ko‘rsatadi. Ushbu izchil
tadqiqot barcha o‘lchamlarda olingan natijalarning turli jihatlarini birlashtirib, kvant
tomchilarini yaxlit ravishda o‘rganishni taklif qiladi.

Dissertatsiya ishi bo‘yicha olib borilgan tadqiqotlarda quyida asosiy natijalar olin-
gan:

1. Super-Gaussian funksiyasidan foydalangan holda variatsion yondashuv ish-
lab chiqilgan. Ushbu funksiya siqilmaydigan suyuqlik tabiatiga ega bo‘lgan yassi-
ustli zichlik tagsimoti ko‘rinishidagi mujassamlashgan holatlarni yaxshi tavsiflaydi.
Ishlab chiqgilgan yondashuv asosida bir va ko‘p o‘lchamli Bose-Einstein konden-
satlarida kvant tomchilarini tavsiflovchi parametrlar uchun, shuningdek, ikki
o‘lchamda uyurmalar uchun dinamik tenglamalar topiladi.

2. Barcha o‘lchamlarda super-Gaussian funksiyasiga asoslangan variatsion
metoddan foydalangan holda statsionar kvant tomchilarini ifodalaydigan parametr-
larning atomlar soniga bog‘ligligi aniglandi. Xuddi shunday, ikki-o‘lchamda
uyurmalarni ifodalaydigan parametrlarning atomlar soniga bog‘ligligi aniqlandi.
Bularga qo‘shimcha ravishda, effektiv potensial va kichik tebranishlar chastotalari
aniglandi.

3. Kvant tomchilari va uyurmalarning turg‘unlik sohalari aniglandi. No-
turg‘unlikning rivojlanish ssenariylari sonli metodlar orqali tahlil qilindi.

4. Bir-o‘lchamli Bose-Einstein kondensatida o‘zaro ta’sir konstantalarining
ixtiyorly qiymatlari uchun statsionar kvant tomchilarining umumlashgan aniq
yechimi topildi.

5. Ikki-o‘lchamli Bose-Einstein kondensatida g‘alayonlangan yassi to‘lqin-
larning eksponensial o‘sish shartlari aniglandi. Parametrlar fazosida g‘alayonlangan
yassi to‘lginlarning stabil va nostabil sohalari topildi. Modulyatsion noturg‘un-
likning nochizigli bosqichida kvant tomchilari hosil bo‘lishi va hosil bo‘lgan
tomchilarning kamayishi qonunini aniglandi.

6. O‘zaro ta’sir konstantalari davriy o‘zgaruvchi bo‘lgan uch- va ikki
o‘lchamli Bose-FEinstein kondensatida kvant tomchilarining resonans tebranishlari,
tashqi modulyatsiya amplitudasiga bog‘liq ravishda adiabatik tebranishlar va kvant
tomchilarining bug‘lanishlari aniglandi. Shuningdek, uch o‘lchamli kvant tomchilari
uchun tomchi shaklining ikki chastotali tashqi modulyatsiyaga javobi fazalar farqiga
bog'ligligi ko'rsatilgan.

7. Uch o‘Ichamli kvant tomchilari uchun Lagrange formalizmidan foydalanib,
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tomchi mavjudligi uchun zarur bo‘lgan atomlarning kritik soni aniglanadi. Turg‘un
tomchilar hosil bo‘lishi uchun atomlar sonining chegaraviy qiymati ham aniqlangan.
Mavjudlik va turg‘unlikning ushbu sohalari boshqa mualliflarning sonli ravishda ol-
gan natijalariga, shuningdek, uch o‘lchamli kvant tomchilarida o‘tkazilgan haqiqiy
tajribalarda olingan natijalar bilan mos kelishi ko‘rsatildi.

8. Kvant fluktuatsiyasi ta’siri ostidagi bir-, ikki-, va uch-o‘lchamli Bose-Ein-
stein kondensati dinamikasini modellashtirish uchun sonli kodlar yaratildi. Bundan
tashqari, rasmga ishlov berish metodining Bose-Einstein kondensati zichlik
tagsimotini tahlil gilishda foydalanish mumkinligi ko‘rsatildi.
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INTRODUCTION (abstract of the PhD dissertation)

Topicality and demand of the theme of the dissertation. When atoms (bosons)
are cooled to almost absolute zero, they gather in the energy level, forming what is
known as a Bose-Einstein condensate (BEC). In 1995, advancements in the experi-
mental methods allowed two separate research groups to finally observe the Bose-Ein-
stein condensate experimentally, leading to them being awarded the Nobel Prize in
2001.

Presently, the international scientific community conducts numerous theoreti-
cal and experimental studies focused on exploring properties of matter-waves in
Bose-Einstein condensates. These investigations are of utmost importance as they
address fundamental issues in modern physics. By subjecting atomic gases in Bose-
Einstein condensates to external magnetic and optical fields, researchers can effec-
tively manipulate them, forming the basis for various experiments and precise theo-
retical models. The potential applications of Bose-Einstein condensates are diverse,
encompassing matter-wave interferometers, atomic-wave lasers, atomic clocks,
qubits or memory units in quantum computers, quantum cryptography for factoring
numbers into primes, and other purposes.

From the mean-field perspective, two- and three-dimensional condensates in
Bose-Einstein condensates with attractive two-body interactions are inherently un-
stable, resulting in their collapse. There are several viable methods to stabilize the
condensate, such as employing external traps, accounting for three-atom interac-
tions, dipolar interactions, and periodically altering scattering lengths.

Recently, it was demonstrated theoretically that two- and three-dimensional un-
stable condensates can achieve stability by accounting for quantum fluctuations [1].
It turns out that quantum fluctuations lead to a formation of ultra-dilute liquid-like
state of matter. Self-bound structure of such a state is known as quantum droplets
[1]. Shortly after this breakthrough, experimental evidence verified the stability of
such systems and a formation of quantum droplets (QDs). In present work, density
distribution and dynamical properties of QDs in BECs are studied in all three geo-
metrical dimensions.

The description above shows that the physics of matter waves in Bose-Einstein
condensates is rapidly developing. In our State, during the last decades, great atten-
tion has been paid to the development of science, especially theoretical physics, to
provide conditions at the higher international level for basic research.

This work fulfils the tasks is stipulated by the regulatory documents of the gov-
ernment and the Decree of the President of the Republic of Uzbekistan “On measures
of the further improvement of the activities of the Academy of Sciences, organiza-
tion, management, and financing of scientific research works” No. PQ-2789, Decree
No. PF-4947, dated February 7, 2021, “On the strategy of actions for the further
development of the Republic of Uzbekistan”, and Decree No. PQ-5032, dated
March 19, 2021 “On measures to improve the quality of education and improve sci-
entific research in physics”.

Conformity of research to priority directions of development of science
and technologies of the Republic of Uzbekistan. The research of the present thesis
has been carried out in accordance with the priority fields of science and technology
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development of the Republic of Uzbekistan: II “Physics, Astronomy, Energy and
Mechanical Engineering”.

Degree of study of the problem. Since its pioneering work [1] and subsequent
experimental realization, the study of quantum droplets formed due to quantum fluctu-
ations in the Bose-Einstein condensate has garnered significant interest among scien-
tists. Numerous researchers have explored various aspects of matter waves affected by
quantum fluctuations, including dimensional reductions from three dimensions to two
and one dimensions [2], the dynamics of one-dimensional quantum droplets [3], and
the investigation of two-dimensional quantum droplets and vortices through numerical
methods [4]. Additionally, the stability of three-dimensional quantum droplets and vor-
tices has been examined in relation to the number of particles [5].

The experimental realization of quantum droplets was first achieved in a dipolar
condensate [6] and later in bosonic mixtures [7-8]. Mathematical models have been
developed, and essential experimental evidence has been obtained, shedding light on
the properties of quantum droplets. However, many aspects of the impact of quantum
fluctuations on matter waves still need to be studied, and many questions await their
solutions. These include the dynamics of one-dimensional and multidimensional quan-
tum droplets and vortices, the response of the system to the periodic variation in time
of the parameters, and the formation of quantum droplets from perturbed plane waves
due to the phenomenon of modulation instability and their interaction. We address these
questions in this work.

Connection of the dissertation research with the plans of research works of
the scientific institution, where the dissertation was performed. The research was
done in accordance with the plan of research activities of the Physical-Technical Insti-
tute of the Academy of Sciences of the Republic of Uzbekistan, including the project
under the grant of the Ministry of Innovation Development of the Republic of Uzbeki-
stan FA-F2-004 “Dynamics and interaction of nonlinear localized waves in quantum
and dissipative systems”, 2017 - 2020, “Investigation of the dynamics of localized
waves in quantum gases and nonlinear optical media”, 2020 - 2021.

The aim of the research is to study the properties of matter waves in multi- di-
mensional two-component Bose-Einstein condensates in the presence of quantum fluc-
tuations, and to develop a theoretical formalism for description of localized structures
in this system. In particular, stationary parameters and dynamical behavior of quantum
droplets are considered.

The tasks of the research are: To develop mathematical models that can eluci-
date the characteristics of quantum droplets, vortices and plane waves in one- and multi-
dimensional Bose-Einstein condensates.

To study cases when interaction parameters are periodic time variables in multidi-
mensional Bose-Einstein condensates.

To reveal the conditions for transforming Bose-Einstein condensates with a uni-
form density distribution into quantum droplets due to modulation instability, deter-
mining the regions of instability in the parameter space, and studying the dynamics
of generated quantum droplets.

To perform numerical simulations of the one- and multi-dimensional Gross-
Pitaevskii for the aforementioned physical processes to justify the accuracy of ap-
proximate theoretical methods.
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The objects of the research are quantum droplets, vortices and plane waves in
one- and multi- dimensional Bose-Einstein condensates.

The subjects of the research are the parameters of localized states with the dif-
ferent number of particles, the period of small oscillations, the splitting of localized
states due to resonance oscillations, and stability conditions of plane waves, quantum
droplets and vortices.

The methods of the research. In this study, we employ a combination of analyt-
ical and numerical research methods to investigate the dynamics of complex physical
systems. For the analytical part of our research, we use variational approximation (VA),
Thomas-Fermi approximation, and linear stability analyses. These methods enable us
to derive deep theoretical insights and gain a proper understanding of the underlying
principles governing the system's behavior.

To complement our analytical approach, we employ various numerical techniques
for performing calculations and simulations. Specifically, we focus on solving Gross-
Pitaevsky type equations, which are fundamental to our investigation. The numerical
methods employed in this study include the fourth-order Runge-Kutta method and the
Crank-Nicolson method, both of which are widely acknowledged for their accuracy and
stability in solving nonlinear partial differential equations.

Furthermore, we leverage image processing techniques as a part of our numerical
analysis, enabling us to extract valuable information from experimental data and visu-
alize the system's behavior. By combining these analytical and numerical research
methods, we aim to provide a comprehensive and robust analysis of the complex phys-
ical phenomena under investigation. This approach allows us to bridge the gap between
theoretical predictions and empirical evidence, thus yielding a more complete under-
standing of the system's dynamics and contributing to the advancement of scientific
knowledge in this field.

The scientific novelty of the dissertation research.

A variational method based on the super-Gaussian function has been developed to
characterize quantum droplets in one- and multi-dimensional Bose-Einstein conden-
sates in the presence of quantum fluctuations, and also for vortices in two-dimensional
cases.

In all three space geometries, analytical equations for parameters of quantum drop-
lets have been calculated, these parameters include the stationary width and amplitude,
the energy, the chemical potential, the frequency of small oscillations of the droplet
shape. The stability of quantum droplets was checked by the Vakhitov-Kolokolov cri-
terion.

In two- and three-dimensional Bose-Einstein condensates, resonance oscillations
of quantum droplets and different regimes of its dynamics depending on the external
modulation amplitude were determined when the coupling constants vary periodically
in time.

Conditions of the exponential growth of modulations of a plane wave have been
found for two-dimensional binary Bose-Einstein condensates in the presence of
quantum fluctuations. In the nonlinear stage of modulation instability, the formation
of quantum droplets, the law of their reduction, and the decreasing rate of the droplet
number have been determined. It is demonstrated that the image processing tech-
niques can be applied to analyze important patterns of the Bose-Einstein condensate
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density distribution.

Practical results of the investigation. One and two-component Gross-Pitaevskii
type equations are solved analytically and numerically in different space geometries.
Bose-Einstein condensates are potential candidates for quantum information processing
tasks due to their coherence properties. Understanding the dynamics of condensates in
different geometries can shed light on their suitability for specific quantum computation
and quantum communication tasks. Solving the Gross-Pitaevskii equations in such sce-
narios can help us design and control these states for potential technological applica-
tions.

Reliability of the obtained results. One can place trust in the obtained results due
to several factors that ensure their reliability:

Firstly, the investigation relies on the application of rigorous theoretical physics,
mathematics, and high-precision numerical methods and algorithms. This approach
guarantees a robust and accurate analysis of the data, minimizing potential errors and
uncertainties.

Furthermore, the excellent agreement between the obtained results and exact so-
lutions, Thomas-Fermi limit for stationary case, as well as numerical simulations, fur-
ther bolsters their reliability. When different methods produce consistent outcomes, it
enhances confidence in the validity of the findings, indicating the robustness of the ap-
plied techniques.

Moreover, a correspondence of some results to those obtained independently by
other scientists, using alternative methods and realistic experiments reinforces the cred-
ibility of the results. This concordance of results from multiple sources adds weight to
the conclusions drawn from the investigation.

Additionally, the estimates of real physical parameters derived from the obtained
results align well with typical experiments conducted on Bose-Einstein condensates.
This correspondence with experimental data ensures that the investigation remains
grounded in the reality of practical applications and further validates the reliability of
the findings.

By considering these aspects and the meticulous approach applied throughout the
research process, the obtained results gain credibility and instill trust in their accuracy
and validity.

The scientific and practical significance of the research results are as follows:

The results obtained reveal and explain in detail several essential (such as a self-
bound liquid-like property) features of matter waves in one- and multi-dimensional
Bose-Einstein condensates under the action of quantum fluctuations. These fundamen-
tal studies lay the groundwork for developing a complete theory of the quantum fluctu-
ation effect in Bose-Einstein condensates. Also, these results can be used to estimate
the number of atoms in a condensate, the critical temperature, and the lifetime of the
condensate. In addition, the research findings may also be helpful for the prediction of
variations of quantum droplet parameters over time, in the presence of different pertur-
bations. This is particularly significant for experiments where the initial density distri-
bution of Bose-Einstein condensates formed by an external trap differs from the exact
solutions. The agreement of the research results with the experiments shows that it is
appropriate to study the nature of matter waves in Bose-Einstein condensates using the
proposed methods.
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Application of the results of the dissertation. According to the information on
scopus.com there are 58 citations (November, 2023) to the author's published articles
on the dissertation topic.

Including 27 citetions to the published article on the first Chapter of the disserta-
tion, some of them are listed below: Physical Review Letters, 126, 244101, 2021, IF:
9.185; Chaos, Solitons & Fractals, 152, 111313, 2021, IF: 9.922; Scientific Reports, 12,
6904, 2022, IF: 4.997; Physical Review A, 103, 053302, 2021, IF: 2.971,;

There are two articles published in second Chapter, they have 9 and 18 citetions,
total of 27 citetions, below are some of them: Chaos, 33, 033141, 2023, IF: 3.741; Phys-
ics Letters A, 480, 128987, 2023, IF: 2.6; Physical Review A, 105, 063328, 2022, IF:
2971,

The published article on the third Chapter of the dissertation, includes 4 citations,
a few of them outlined below: Chaos, Solitons & Fractals, 164, 112665,2022, IF: 9.922;
Physical Review A, 108, 033312, 2023, IF: 2.971; Physical Review A, 106, 033309,
2022 IF: 2.971.

Approbation of the work. The main results of this dissertation were presented
and discussed at international and national conferences, and scientific seminars.

Publication of the results. In the field of a dissertation theme, 4 papers are pub-
lished in international scientific journals included in the Scopus database.

The structure and volume of dissertation. The dissertation consists of Introduc-
tion, three Chapters, Conclusions and List of references. The volume of the dissertation
is 81 pages.

THE MAIN CONTENT OF THE DISSERTATION

In the Introduction, we justify the relevance and necessity of the research topic
and its alignment with the priority directions of science and technology development in
Uzbekistan. We also formulate the research goals and tasks, identify the study’s object
and subject, and highlight the scientific novelty and practical results of our findings.
Moreover, we emphasize the reliability of our results and reveal their scientific and
functional significance. Lastly, we provide information about the implementation of our
results in practice and the structure of the dissertation.

In the first Chapter of the thesis entitled “Quantum droplets in a one-dimen-
sional Bose-Einstein condensate”, the stationary and dynamical properties of one-di-
mensional quantum droplets are studied using analytical and numerical methods. Let
us consider the two-component Bose-Einstein condensate under the action of quantum
fluctuations. To facilitated our calculations, we consider a symmetrical system consist-
ing of two Bose gases with identical atomic masses, numbers of atoms, and interaction
constants. In this case, the system is described by the one-dimensional Gross-Pitaevskii
equation:

i‘Pt+%‘PXX+7/|‘P|2‘P+5|‘P|‘P=O, 1)

written in a dimensionless form. The last quadratic nonlinear term corresponds to the
effect of quantum fluctuations, and » and § are coupling constants. An exact solu-

tion of equation (1) was found for arbitrary values of coupling constants.
In experiments, the initial density distribution may not align with the exact solu-
tion. Consequently, it becomes important to develop an approach that can effectively
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describe the evolution of quantum droplet parameters over time, while accounting for
the presence of various perturbations.

We used the Lagrange formalism to find the dynamical equations for the quantum
droplet parameters. The Lagrange densr[y of Eq. (1) is:

c__(w L1“11)+ v, P - 7|\11|4 |tp|3. (2)

In the variational approach, the density d1str1but10n in a quantum droplet is approxi-
mated by the following super-Gaussian trial function:

w(r,t)= Aexp(—%(%) ’ +ibr? + i(pj, 3)

where A(t),w(t),b(t) and ¢(t) are the amplitude, width, chirp and initial phases, re-
spectively. The index m is taken as independent of time, its value is found from the
solution of the stationary equation m=m,. The advantage of choosing the super-Gauss-

ian function is that it describes both a “bell-shaped” profile and a “flat-top™ profile.
“Flat-top” profiles are a fundamental property of quantum droplets. Such solutions can-
not be represented by the standard Gaussian function.

The equations of motion for the parameters of quantum droplets are found using
the Euler-Lagrange equations:

3/2+s
b= 1 [3r(2 ) 3y N 2 S\NT(s+1) +160(3s+1)b?

8r(1+3s)| sw W Fw'? " @)
= 2wb.
The chemical potential of a droplet is found as:

—3yN 5.25 TSN Y2
= 5543 T qs+l /2 * (5)
2°CI(s+D)w, 32 (s+Dw,]
Approximate solutions for stationary quantum droplets are found for different values of
the norm., The stability of the solutions is checked by the Vakhitov-Kolokolov criterion
and numerical simulations (see Fig. 1, left panel).
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Fig. 1. Left panel: Dependencies of droplet width w, the power exponent m (the left
axis), and the droplet amplitude A (the right axis) on N . Right panel: The period of
small oscillations T of the QD width as a function of N . The inset shows a map plot
of |¥(x,t)]> for N =5.In both plots, the lines are found from the variational approxi-
mation, and the points are found from numerical simulations of Eq. (1). Other parame-
tersare y=-1 and 5=1.
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By using the equations of motion (4), the effective potential for w is determined.
The minimum of the potential corresponds to the stationary width of the quantum drop-
let. A small displacement from the the stationary value leads to oscillations around the
equilibrium point, see the inset graph in Fig. 1. The period of small oscillations for
different values of the number of atoms was determined by the variational approxima-
tion and numerical simulations, see the right panel of Fig. 1.

In the second Chapter of the dissertation, entitled “Quantum droplets in two-
dimensional Bose-Einstein condensate”, the modulation instability of slightly per-
turbed plane waves and the formation of quantum droplets was studied in two-dimen-
sional binary Bose-Finstein condensate. Such a system can be represented in a dimen-
sionless form by the following Gross-Pitaevskii equations:

v, +=Viy,

1
a2 g (\/O- l oy |‘//J —|ys | ) \,01/0-3_jyfjpln(p):0, (6)
102

where j=12, V’= 8§ +0,, o, and o, are modified coupling constants depending on

scattering parameters, p = (o, |y, > +o,|w, ")/ (2\o,0,). The last logarithmic term rep-

resents the effect of quantum fluctuations.
The perturbed plane wave solution is taken as follows:

N K
20, - 2,00, ;
where sy, < A, p, = (0, A +0,A)/ (2@ ), u,; is the chemical potential, A, is the
plane wave amplitude, Sy, represents a small perturbation. Using the linear stability

V= (Aj +§‘//j)exp(_iﬂjt)1 Hi = 40 /0-371' Po IN(Py), (7)

analysis, the following dynamical equations were obtained for &y :

ooy
ot
where j=1,2,

1 N .
+E(5l//jxx +5‘//jyy)_cj (5‘//1' +5l/’j)_cs(5‘//3—j +5‘//3—j) =0, (8)

AL A Ak 1
: | = — |
C, 20, +—11 20, n(epy), G 5 oo +In(ep,) |, )

We take the perturbation in the form &y, =u; +iv, and divide the equation (8)

into real and imaginary parts, we search the characteristic solution of the resulting dif-
ferential equation in the form (u;,v;) ~ exp(at +ik x+ik,y) and geta system of algebraic

equations. By analyzing these equations, the following results were found:
Conditions for a sharp increase in the perturbation amplitude ep, <1,k <k, is defined.

The maximum growth rate of modulation instability, G, =k, /2=kZ /4, the corre-

sponding wave number K, =k, /2 . This mode experiences the higest amplification
among all possible perturbations. The value of critical wave number

[Kl<ky =246, +6,) +4/(c, )7 + 4]

corresponds to the threshold value where the modulational instability gain spectrum
exhibits transitions from unstable behaviour to stability. It was found that the amplitude
of the perturbed plane wave is unstable at values smaller than the critical value of the
wave number (k <k ), and stable at values greater than (k >k ), see Fig. 2 (a).
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Fig. 2. (a) The MI growth rate G vs k. The top blue line is for the symmetric case
n,=n, =03 and the bottom red line is for the asymmetric case n,=0.3 and

n,, =0.1. Points are found from direct numerical simulations. (b) The growth rate G

asafunctionof k and n forthe symmetric case. The color bar represents the values
of G. The solid line shows the MI boundary and the dashed line represents G, .

The interaction parameters are o, =0, =0.1.
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Stability and instability regions were found at different values of the parameters,
Fig. 2 (b). Based on the results obtained, the following method of observation of mod-
ulation instability in experiments was proposed. First of all, it is necessary to form a
high-density two-component condensate. In this case, the condensate is stable. Then,
by reducing the density of the condensate, for example, by expanding the external trap,
modulation instability can be observed.

(b) (d) t=1000
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Fig. 3. The typical dynamics of the density distribution at (b) t=90, and (d) t=1000
. The initial densities are n,=0.2, and o, =0, =0.1. The color bar represents the den-
sity n=ly, [* +]y, [*

In the late, nonlinear, stage of modulation instability, quantum droplets are formed.
This step was studied using numerical simulations. The number of generated quantum
droplets decreases over time by interacting and merging with each other. The number
of quantum droplets, the law of decrease and the decreasing rate was determined for
different values of the parameters, see Fig. 3. The image processing technique of Matlab
was used to calculate the number of generated quantum droplets.
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In the second part of this Chapter, the stationary and dynamical properties of
two-dimensional quantum droplets and vortices in the presence of quantum fluctuations
are studied by using analytical and numerical methods. We consider a symmetric Bose-
Einstein condensate with identical distribution of atoms in the components. Such a sys-
temis described in a dimensional form by the following Gross-Pitaevsky equation:

iat\P+%V2\P+5|\P|2 (¥ P)¥ =0, (10)

where V?=0;+0; is atwo-dimensional Laplace operator. Equation (10) does not have

an exact analytical solution, so we develop the variational approximation. We employ
the following super-Gaussian trial function to represent the quantum droplets and vor-
tices:

‘P(r,e,t)zArSexp{—%(%J m+i(br2i89+¢)}, (11)

where A(t), w(t), b(t),and ¢(t) are variational parameters, which are the amplitude,
width, chirp, and initial phase, respectively. The super-Gaussian parameter m repre-
sents the shape of the profile, and it is determined from the stationary solution. The
topological charge S >0 takes integer values. If S=0, Eq. (11) represents a quantum
droplet, the cases S =1,2,3,... represent vortices.

Via the Euler-Lagrange equations, the dynamical equations for the parameters of
quantum droplets and vortices were derived. The equation for width is
_T(M(S+1) 3G

W, =——— 22 (12)

O T(M(S+2) ow’

where
G(W,N, M) = (MS +2) NT(M (2S +1))
2M°T(M (S +D))w?  2#MESD Z2MT2(M (S +1))w? (13)
N
x5{L+M +2MS[1-y (M (2S +1))]—2|ogLMsﬁMW2r(M (S +1))}}’

w(z)=dInT(z)/dz — digamma function, N = zMA’W**T(M (S +1)).
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Fig. 4. Left panel: The shape of effective potentials for different parameters of
(S,N,m). The bottom (red), middle (blue) and top (black) lines are for (0,100,2.537),

(1,200,1.971), and (2,200,2.073), respectively. The inset shows the chemical potential
u as a function of norm N . Right panel: Profiles || of QDs, found from the var-
1ational approach (solid lines) and from the imaginary-time method (dashed lines) for
S=0,1,2 and 3, N =1000,60,200and 510, respectively.
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Using these equations, the effective potential, frequencies of small oscillations and
the chemical potential are determined. The potential curves are shown on the left side
of Fig. 4. The chemical potential is defined as g =0E,/dN, where E, = NG is the sta-

tionary energy of a quantum droplets. The inset of Fig. 4 shows dependence of the
chemical potential on number of atoms. From bottom to top curves corresponds to
quantum droplet (§=0) and vortices for S=1/ and 2, respectively. The stationary profiles
of quantum droplets and vortices exhibit significant congruence in their comparisons
with numerically found solutions, see right panel in Fig. 4.

The dependence of vortices’ stability on the number of atoms is also checked. The
dashed line in the inner plot of Fig. 4 represents unstable vortices. It is found numeri-
cally that unstable vortices with topological charge S usually break up into S+1 frag-
ments. The behavior of quantum droplets under the action of periodic variations of the
coupling constants was also examined. It is obtained that periodic modulations of the
strength of quantum fluctuations can actuate resonance oscillations of the quantum
droplets, an emission of waves and a splitting of quantum droplets into smaller droplets.

The third Chapter of the dissertation, entitled “Quantum droplets in a three-di-
mensional Bose-Einstein condensate”, is devoted to the study of stationary and dy-
namical properties of three-dimensional quantum droplets due to quantum fluctuations
in a two-component Bose-Einstein condensate. Our calculations were based on a sym-
metrical system of Bose gases with the same atomic mass, number of atoms, and inter-
action constants. This system is described in a dimensional form by the following
Gross-Pitaevskii equation:

. 1
I%+§V%Hwﬂwfw—ﬂhufw=0 (14)
The parameters ¢ and g represent the strength of the mean-field and quantum
fluctuation interaction terms, respectively. By choosing the intra- and inter-species cou-
pling constants equal modulo the two-body interaction term can be ignored(« =0) from
the Eq. (14). In this case, the repulsive quantum fluctuation can be balanced with an
external trap. Such a system is known as LHY fluid and was first studied theoretically
in Ref. [9] and experimentally in Ref. [10].
We took the density distribution of quantum droplets in the form of a super-Gauss-
ian function as in one- and two-dimensions, that is, Xx=r should be taken in equation

(3). The value of the super-Gaussian index m is found from the solution of the station-
ary equation. Norm N =47A’W’T'(1+3M)/3, (M =1/2m) is the conserved quantity of

Eq. (14), it is proportional to the number of atoms in a quantum droplet. 1'(z) is the
Gamma function. The Lagrangian of the system is found using the following

L= I j Iﬁdxdydz integral, where £ 1is the Lagrangian density of equation (14):

L TGM) ,.,
FI_¢%+IKSM)VV(2b-+Q)+G(M,mAN), (15)
where
cMwN) - EM+2)  Ga G/

C8MI(BM +D)w?  wP w2’
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= = 16
G ABM+1) " 2 5 A0(3M +1) (16)

The equations for variations of the quantum droplet's parameters were derived
via the Euler-Lagrange equations. Specifically, the equation governing the width of a
quantum droplet can be expressed as:

3.9-3M) ~ 3\/523M—2 ( N T’Z

wy ==y (w)- ?EﬁﬂiG (17)
where U(w) is the effective potential. The frequency of small oscillations is deter-
mined as the second-order derivative of the effective potential, Q2 =6°U (w)/ow?.

Typical shapes of the effective potential are plotted in Fig.5 (a) for the different
values of N . For the given values of the coupling constant, quantum droplets exist,
starting from the critical value of the number of atoms N, , within the range of

cr o

N, <N <N, , the quantum droplets are metastable. However, when the norm N ex-
ceeds the threshold value N, , the quantum droplets become stable. Numerical solu-

tions of the Bogoliubov-de Gennes equation presented in reference [1] demonstrate
that, for the dimensionless equation with coupling constants («, 8) =(3,5/2) , the norm
exhibits critical and threshold values within the range 18.65<N <22.55. It is stated in
Ref. [11] that, this threshold value of N was also confirmed in experiments [7, 8]. That
is why we use the same parameters for comparison of VA with the results of Ref. [1, 7,
8]. It was shown that the critical and threshold values of the norm in the variational
approximation correspond to the interval 19.5<N <23.05. Thus, it is evident that our
proposed variational approach for investigating the properties of quantum droplets
aligns with the findings derived from actual experiments.

The stability of quantum droplets was checked by the Vakhitov-Kolokolov crite-
rion as well as numerical calculations. In Fig. 5 (b) we show the dependencies of norm
N on achemical potential x.According to the Vakhitov-Kolokolov stability criterion,
the negative values of the derivative dz/dN <0 indicate the stability of quantum drop-
lets.

The behavior of quantum droplets was analyzed when the coupling constants
a(t) =q,[1+¢sin(at)], B(t)=[L+e¢,sin(wt)+6] are periodic variables, where («,,5,),
6,6, <1, o, and @ are the modulation amplitude, frequency and initial phase, re-

spectively. In experiments, such modulations can be created by using the Feshbach
resonance technique. External periodic modulations are found to result in a dual re-
gime for quantum droplets, dependent upon the amplitude of modulation. At lower am-
plitudes, the droplets undergo adiabatic oscillation, while at higher amplitudes, they
undergo evaporation.
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N
Fig. 5. (a) The shape of effective potentials for different values of N . The solid line
dashed line, and points (right axes) are for 20, 25, and 200, respectively. (b) The chem-
ical potential 4 as a function of norm N, for the parameters («, 8) =(3,5/2). The red
line is found from the variational approach, and points are found from imaginary time
simulations. The gray line represents the Thomas-Fermi limit.

In numerical calculations, when the frequency of external modulations is equal
to the eigen-frequency of the droplet shape, the resonance beating was observed. In
numerical calculations, the resonance frequency can be determined from the depend-
ence of the amplitude difference on the external modulation frequency. Let us expand
Eq. (17) by a series of small deviation & from the equilibrium width w,, w=w, +¢&,

where & < w,. The dynamics of & are described by the following linearized equation:

y 3r(3M)a, G, 9C(3M)G, A, | .
+QlE =] - 011 4 2702 Isin(a, t), 18
STt ( rEMwE T 2remyE ) (18)
where £ represents the second derivative of ¢ with respect to t, and
B:—?’C%?ﬁ+9CG2 1,362, CEW, the coefficients G, and G, are found
W 2w 3r(5M +1)
from Eq.(16).

By setting the right side of equation (18) to zero, we can obtain the following
expression for the modulation amplitudes e, =2¢,GW.'%, /35,G,. If ¢ and e, fulfil
this condition, the modulations totally cancel each other. This condition is valid for any
values of modulation frequency «, . In this case, the dynamics of QD parameters do

not change over time. The accuracy of this relation is confirmed in the dynamics of QD
in VA and as well as in numerical simulations. These linear analyses show, if the mod-
ulation amplitudes ¢ and e, do not fulfil the above condition, dynamics of & depend

on the modulation frequency ®, . When the frequency «, is equal to eigenfrequency
Q, , the system 1s under resonance oscillations. Near resonance frequency, we observe

a beating. It can be inferred that the external modulations depend on the initial phase.

The parameters of quantum droplets are estimated for realistic experiments, con-
sidering potatsium atoms. Values of droplet widths, the number of atoms in them, the
frequency of resonance are in in a range of typical experiments.

34



CONCLUSIONS

This dissertation work presents a unified investigation of QDs across one-, two-
, and three-dimensional geometries, employing the variational approach with the super-
Gaussian function as a central theoretical tool. The investigation begins by establishing
the reliability of the VA in predicting the stationary parameters of QDs in one-dimen-
sional BECs, see Chapter 1. The observed agreement between theoretical predictions
and numerical simulations underscores the effectiveness of the super-Gaussian func-
tion, offering valuable insights into QD dynamics and shape oscillations. An introduc-
tion of additional parameters in this function makes the procedure more involved tech-
nically. Nevertheless, such an approach allows us to obtain explicit relations for QD
characteristics.

Moving beyond one-dimensional geometry, the study delves into modulational
instability in two-dimensional binary Bose-Einstein condensates, see Section § 2.1, re-
vealing a threshold density belove which instability 1s maintained. The emergence of
droplets due to modulational instability is confirmed through numerical simulations,
providing a comprehensive understanding of a role of quantum fluctuations in the drop-
let formation. A detailed analysis of characteristics of two-dimensional QDs have been
performed in Section § 2.2. Also, the stability of QDs, and their response to external
time-dependent perturbation have been investigated.

Extending the exploration to three dimensions, the super-Gaussian function con-
tinues to serve as a robust approximation for describing stationary 3D quantum droplets,
see Chapter III. The VA, consistently reliable throughout, captures the dynamics of
QDs, identifying frequencies of small oscillations and characterizing different regimes
of QD behavior under external modulations.

Throughout the study, the super-Gaussian function emerges as a versatile tool for
approximating the shape of localized waves in the system. The close alignment between
theoretical predictions and numerical simulations attests to the efficacy of the VA in
elucidating the complexities of QD stability, formation, and dynamics. Apart from the
theoretical advancements, the study introduces practical applications by employing im-
age processing techniques to analyze the density distribution of Bose-Einstein conden-
sates. This cohesive exploration unites the different dimensions of the study, offering a
holistic perspective on quantum droplets.

The main obtained results of the dissertation work can be formulated as follows:

1. The variational approach has been developed by using the super-Gaussian trial
function. Such a trial function describes well flat-top localized density distributions,
corresponding to incompressible liquid. Based on the developed approach we find the
dynamical equations for parameters characterizing quantum droplets in one- and multi-
dimensional Bose-Einstein condensates, as well as for vortices in two-dimensional
case.

2. In all dimensions, the dependence of the stationary parameters of quantum droplets
on the number of atoms has been determined, using the variational approach based on
the super-Gaussian trial functions. Similarly, in two-dimensional case the impact of the
number of atoms on the parameters characterizing vortices has also been examined.
Additionally, the effective potential and frequencies of small oscillations have been ob-
tained.
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3. The regions of stability of droplets and vortices has been found. Scenarios of the
development of instability has been analyzed numerically.

4. An exact generalized solution of stationary quantum droplets has been found
in one-dimensional Bose-Einstein condensate for the arbitrary signs and values of cou-
pling constants.

5. Conditions of the exponential growth of a slightly perturbed uniform state in

two-dimensional Bose-FEinstein condensate have been determined. Stable and unstable
regions of perturbed plane waves have been found in the parameter space. In the non-
linear stage of the instability the formation of quantum droplets due to modulational
instability and decreasing rate of the generated droplets are determined.
6. Different regimes of resonance oscillations of quantum droplets, adiabatic oscilla-
tions and evaporation of quantum droplets have been determined depending on the am-
plitude of external modulation in two- and three-dimensional Bose-Einstein conden-
sates when coupling constants vary in time. Also, for three-dimensional quantum drop-
lets, it has been shown that the response of the droplet shape to the two-frequencies
external modulations depend on the phase difference.

7. By using the Lagrange formalism for three-dimensional quantum droplets, the
critical the number of atoms for the droplet existence has been determined. Also, the
threshold number of atoms for stable droplets has been obtained. It is shown that these
regions of existence and stability are consistent with the numerical results of other au-
thors work, and with the results obtained in actual experiments conducted on three-
dimensional quantum droplets.

8. Numerical codes for modelling of the BEC dynamics under the action of quan-
tum fluctuations for 1D, 2D, and 3D are developed. Also, image processing techniques
are applied for analysis of BEC distributions.
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AKTYaJIbHOCTBb M BOCTPE0OOBAHHOCTb TeMbI M CCEPTALIUM.

Korna arombl (6030HBI) OXJIaXAAIOTCSI TOYTH O aOCOMIOTHOTO HYJsSl, OHU CO-
OMparoTCcs Ha YPHEPreTUYECKOM YpOBHE, 00pasys Tak Ha3bIBaeMbIil KoHAeHcaT bose-
Oitnmreitna (Kb3). B 1995 rony noctukeHus B SKCIIEpUMEHTAIBLHBIX METOIaX T103-
BOJIWJIM JABYM OTHEJIBHBIM HCCIIEIOBATEIBLCKUM TIPYIIaM HAKOHEI JKCIIEPUMEH-
TaJbHO HaOIIONaTh KOHIeHcaT bo3e-DiHiTeiiHa, YTO MPUBEIIO K UX MPUCYKICHUIO
HooGenerckoit mpemuu B 2001 romy.

B nHacTosimiee BpeMs MUPOBOE Hay4yHOE COOOIIECTBO MPOBOAUT MHOTOYUCIICH-
HbIE TEOPETHUUECKHUE U SKCIIEPUMEHTAIbHBIE UCCIIEN0BAHMS, HAITPABJICHHBIE HA U3Y-
YeHUE CBOWMCTB BOJH MaTepUM B 003€-dIHIITEHHOBCKUX KOHAEHCATaX. JTH HCCIIe-
JIOBaHMSI UMEIOT OIPOMHOE 3HAUYECHHE, IMOCKOJIbKY peIIatoT (yH/IaMEeHTAJIbHbIE TTPO-
OonemMbl coBpemeHHoOU (u3uku. IlogBepras aromapHbie ra3bl B 003€-3IHIITEHHOB-
CKMX KOHJEHCAaTax BHEIIHUM MAarHUTHBIM U ONTHYECKUM IOJISIM, MCCIIEIOBATEIN
MOTYT 3((EKTUBHO MAaHUITYJMPOBATh UMH, CO3/1aBasi OCHOBY ISl Pa3JIMYHBIX JKC-
MEPUMEHTOB M TOYHBIX TeopeTudyeckux Mmopaenel. [loTeHuuanbHble TPUMEHEHUS
KoHAeHcaToB bo3e-DiiHmTeitHa pa3HooOpa3Hbl, BKIOYasi HHTEPPEPOMETPhI MaTe-
pHUU-BOJIHBI, aTOMHO-BOJIHOBBIE JIa3€pbl, aTOMHBIE YaChl, KYOUTHI WJIH OJIOKUA TaMSTH
B KBAaHTOBBIX KOMIIBIOTEPAX, KBAHTOBYIO KpUNITOTPA(UIO JIsl PA3JIOKEHUS YUCEN B
MPOCTHIE YHCIIA U IPYTUE LIEIIH.

C TOYKHM 3pEHHUs CPEAHETO OIS, ABYX- U TPEXMEPHBIE KOHJICHCAThl B KOHECH-
carax boze-DiHIITEITHA C MPUTATUBAIOIIMMHU ABYX4aCTUYHBIMU B3aUMOACHCTBUSIMU
0 CBOEH MpUPOAE HECTAaOMIIbHBI, YTO NMPUBOAUT K UX KoJutarncy. CyliecTByeT He-
CKOJIBKO KH3HECTIOCOOHBIX METOIOB CTAOMIM3AIIMU KOHAEHCATa, TAKUX KaK UCTIOJb-
30BaHUE BHEIIHUX JIOBYIIEK, YYET TPEXATOMHBIX B3aUMOJCUCTBUMN, TUIOISPHBIX
B3aUMOJICVCTBUI U MIEPUOAUYECKOE UBMEHECHUE JUIMH PACCESHUS.

HenaBHo ObLIO TEOpETUYECKU POAEMOHCTPUPOBAHO, YTO ABYMEPHBIE U TPEX-
MEpHBIE HECTAOUIIbHBIE KOHIEHCAThl MOTYT JOCTUIaTh CTAOMIILHOCTH 32 CYET yUeTa
KBaHTOBBIX (hrykTyanuii [1]. Oka3piBaeTCsl, KBAHTOBBIC (DIIYKTYaIlMK MIPUBOASAT K 00-
Pa30BaHUIO CBEPXpPa3z0aBIECHHOTO KUJIKOMOAOOHOTO COCTOsSHUSA BemlecTBa. Camo-
CBA3aHHAsl CTPYKTypa TAaKOrO COCTOSIHMS M3BECTHA KAaK KBAaHTOBbIE Karum [1].
Bckope nocsie 3Toro npopbiBa 3KCepUMEHTAIbHBIE JAHHbIE TOATBEPANIIN CTAOUITb-
HOCTh TaKUX CUCTEM U oOpazoBaHue kBaHTOBBIX Kanenb (KK). B nacrosieii padote
pacnpeneneHue mioTHOoCTH U aAuHamuyeckue cBoiictBa KK B KBD u3yuarorcs Bo
BCEX TPEX T'€OMETPUUECKUX U3MEPEHUSX.

W3 mpuBeieHHOTO BHIIIE ONMUCAHMS BUIHO, YTO (PU3MKa BOJIH MaTepuu B 603e-
SUHINITEHOBCKUX KOHJIEHCATax OBICTPO pa3BHBaeTCs. B Hamiem rocymgapcTse B IoO-
CJIETHUE ECITUIICTHs O0JIbIIOe BHUMAHHUE YIETSIIOCh PA3BUTHIO HAYKH, OCOOCHHO
TEOPETUYECKON (U3HKH, C LENbIO CO3aHMs YCIOBUN Ha 00Jiee BHICOKOM MEXIyHa-
POIHOM YpOBHE /715l GyHIAMEHTAIbHBIX UCCIIEAOBAHUIA.

Hacrosiiast nucceprannonHasi paboTa BBIIOJIHSET 33Jja4u, IPEAyCMOTPEHHbIE
HOPMAaTUBHBIMU JJOKYMEHTAMH IIpaBUTENbCTBA U YKa3zoM lIpe3unenta PecnyOnuku
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VY36ekucran “O Mepax 1o JajabHEHIleMy COBEPIIEHCTBOBAHUIO JIEITEIHBHOCTH AKa-
JIEMUH HAyK, OpraHu3allliy, PyKOBOJACTBA U ()MHAHCUPOBAHUSI HAYyYHO-UCCIIEI0BA-
Tenbckux pabot”’. NePQ-2789, IlocranoBnenue Nelld-4947 ot 7 dempana 2021
rona «O crpareruy ASHCTBHIA MO JNajbHeieMy pa3BuTHio Pecnybnuku Y30eku-
ctan», [locranoBinenne NePQ-5032 ot 19 mapra 2021 roma “O mepax 1o moBblIIIe-
HUIO Ka4eCTBa 00pa30BaHUs U COBEPIICHCTBOBAHUIO HAYYHBIX MCCIIEIOBAaHUI B 00-
nacTy QU3UKN.

CooTBeTcTBHE HCCICAOBAHUA NMPUHOPUTETHBIM HANPABJCHUAM PAa3BUTHA
HAYKH U TexHosjorui B PecnyOsiuke. /[aHHOE MccieqoBaHUE BBIIIOJIHEHO B COOT-
BETCTBHHU C IPUOPUTETHHIM HAMPABICHUEM Pa3BUTHsI HAYKU U TexHosoruii Pecmy0-
muku Y30ekuctan - 1. “dusuka, actpoHOMUs1, JHEPreTUKA U MAIIMHOCTPOEHUE .

Crenenb n3yueHHOCTH PodJaemMbl. C MOMEHTa MMOHEPCKOM paboThl [1] u mo-
CIENYIOIIEN SKCIEPUMEHTAIIBHON pealn3alli UCCIECIOBAaHNE KBAHTOBBIX Kamelb,
00pa3yroNIMXcs 32 CYET KBAHTOBBIX (UIYKTyalluii B 003€-3UHIITEHHOBCKOM KOHJICH-
caTe, BbI3BaJIO 3HAYMTENIbHBI HHTEPEC CPEAU YUEHBIX. MHOTOYMCIIEHHBIE UCCIIENI0-
BaTeJM UCCIIEI0OBAIN PA3IMYHbIE ACTIEKThI BOJIH MAaTEPUH, HA KOTOPbIE BIUAIOT KBaH-
TOBbIE (IyKTyalliu, BKJIIOYAsl YMEHbBIIICHUE pa3MEPOB U3 TPEX U3MEPEHUI B JIBa U
OJTHO M3MEPEHUS [2], IMHAMUKY OJHOMEPHBIX KBAHTOBBIX Kareib [3] U uccienona-
HHE JIByMEPHBIX KBAaHTOBBIX Kaleiab. U BUXPH YHCICHHBIMA MeTogamu [4]. Kpome
TOTO, ObLJIa KCCJIeIOBaHAa CTA0OMILHOCTh TPEXMEPHBIX KBAHTOBBIX Kallelib U BUXpeEn
B 3aBUCHMOCTH OT YMCJa yacTuil [5].

DKCHepUMEHTANIbHAS pean3aliisg KBAaHTOBBIX Karellb Obljla BIEPBBIE JOCTHT-
HyTa B JUIOJSIPHOM KOHJIeHcare [6], a 3aTeM B 0030HHBIX cMecsx [7-8]. Pa3zpabo-
TaHbl MATEMATUYECKUE MOJIENN U MOTYyYECHBI BaKHBIE IKCIIEPUMEHTAIbHBIE IAHHBIE,
MPOJIMBAIOIIME CBET HA CBOMCTBA KBAHTOBBIX Kareib. OJIHAKO MHOTHE ACTIEKTHI BO3-
JIEUCTBUS KBAHTOBBIX (MIYKTyallii Ha BOJHBI MaTEpUH eiie TPeOyroT U3ydeHus, u
MHOTHE BOMPOCHI KAYT CBOETO petieHus. K HuM oTHOCATCSl TMHAMUKA OJTHOMEPHBIX
Y MHOTOMEPHBIX KBAaHTOBBIX Kamlejdb U BUXPEW, peakius CUCTEMbI Ha MEepUOIUYC-
CKO€ M3MEHEHHE BO BPEMEHHU MapaMeTPOB, a TAKkKe 00pa30BaHNE KBAHTOBBIX Kaleb
13 BO3MYIIEHHBIX IUIOCKUX BOJIH 3a CUET SIBJICHUS MOAY/ISIIMOHHON HEYCTOWYHBO-
CTH Y UX B3aUMOJICUCTBUSI. DTU BOIIPOCHI Mbl pacCMaTpuBaeM B JAHHOU padoTe.

CBsi3b TeMbl JUCCEPTALMH € HAYYHO-MCCJIEN0BATEJIbCKMMHM padoTramm
yupe:xaeHusl, I7ie BbINOJIHAETCH quccepranus. VccneqoBanus BBITOJHEHBI B CO-
orBeTcTBUM ¢ ianoM HUP ®TU AH PV3, B ToM 4mciie o TpoekTy 1o rpanty Mu-
HUCTEPCTBA UHHOBAIIMOHHOTO pa3BuTus PY3 FA-F2- 004 “/lunamMuka u B3auMoieii-
CTBHME HEJIMHEHUHBIX JIOKAJTN30BAHHBIX BOJH B KBAHTOBBIX U JIUCCUMATHUBHBIX CUCTE-
max”’, 2017-2020 rr., “UccnenoBanne JUHAMUKH JTOKAJIM30BAHHBIX BOJIH B KBAHTO-
BbIX T'a3aX U HEJIMHEHHO-onTu4yeckux cpenax’’, 2020 - 2021 rr.

Heab ucesienoBaHus N3y4UTh CBOMCTBA BOJIH MATEPUU B MHOTOMEPHBIX JIBYyX-
KOMIIOHEHTHBIX b03e-DUHIITeHHOBCKUX KOHJEHCATaX IMPU HAIUYUM KBAHTOBBIX
duykTyaruii U pa3paboTarbh TeopeTUdecKuil (hopManu3m IJisk OMKCAHUS JTOKAJIU30-
BaHHBIX CTPYKTYp B 3TOM cucteme. B yacTHOCTH, pacCMaTpUBaIOTCS CTAllMOHAPHBIE
napaMeTphl U IMHAMUYECKOE IMMOBEICHUE KBAHTOBBIX Kallellb.

3agaun ucciaenoBanusi: PazpaboraTh mMaremMaruyecKue MOJAENH, KOTOpPbIe
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CMOTYT OOBSICHUTh XapAKTEPUCTUKN KBAHTOBBIX Kalellb, BUXPEH U IJIOCKUX BOJH B
OJTHOMEPHBIX 1 MHOTOMEPHBIX b03e-DUHIITEeHHOBCKUX KOHAEHCaTaXx.

N3yunTth ciydan, Korjma napameTpbl B3aUMOACUCTBHS SIBIIAIOTCA NEPUOAUYE-
CKHMHM IIEPEMEHHBIMU BPEMEHU B MHOTOMEPHBIX 003€-3MHIITEHHOBCKUX KOHJIEHCA-
Tax.

BbIABUTH yCIOBHS IpEBpALCHHS 003€-3IHIITEHHOBCKUX KOHJIEHCATOB C OJJHO-
POIHBIM pacCIpeAeIeHUEM INIOTHOCTH B KBAHTOBBIE KAIUIM 34 CYET MOAYJISILIMOHHOM
HEYCTOWYMBOCTH, ONIPENEIUTh 00JaCTH HEYCTOMYMBOCTH B IIPOCTPAHCTBE ITapaMeT-
POB M U3YUYUTh JUHAMUKY T€HEPUPYEMBIX KBAHTOBBIX KaIlEllb.

IIpoBecTy YMCIEHHOE MOJEIMPOBAHUE OAHO- U MHOTOMepHOoro I'pocca-IIura-
€BCKOTO JUIsl BBIILIEYTIOMSIHYThIX (PU3NYECKUX IPOLIECCOB AJI1 0O0CHOBAaHUS TOYHO-
CTH NPUOIMKEHHBIX TEOPETUUECKUX METO/IOB.

O0bexTOM MCCJIeIOBAHMSA SIBIIIIOTCS KBAHTOBBIE KaIlIM, BUXPU U IUIOCKUE
BOJIHBI B OJTHO- 1 MHOTOMEPHBIX KOHAEHcarax bo3e-DuHiTeiHa.

IIpeameTom mccie0BaHMS SIBISIOTCS MAPAMETPHI JJOKATU30BAHHBIX COCTOS-
HUU C pa3IMYHBIM YKCIIOM YaCTHL], IEPUOJ] MAJIbIX KOJIeOaHU, PACILIETNIEHUE JIOKA-
JIM30BAaHHBIX COCTOSHUM 3a CYET PE30HAHCHBIX KOJICOAHMI, a TAKKE YCIOBUS YCTOM-
YUBOCTH IUIOCKUX BOJIH, KBAHTOBBIX KaIleJlb 1 BUXPEU.

Metonsl uccjienoBanus. B 3ToM uccieqoBaHUHA MBI UCIIOJIB3YEM COUYETAHUE
AHAJIMTUYECKUX W YUCIEHHBIX METOAOB MCCIEAOBAHUA IS M3YUYEHUs ITHUHAMUKHU
CJIOKHBIX (PU3NYECKUX cUcTeM. JlJI aHATMTUYECKON YacTH HAIllero UCCIIeI0BaHUs
MBI HCIOJB3YyEeM BapHUALMOHHYIO alllPOKCUMAIMIO, allpokcuManuno Tomaca-
depMH U aHAJIN3 JIMHEHHON YCTOMYNBOCTH. DTU METOZBI TO3BOJISIFOT HAM ITOJIYYHTh
IyOOKHE TEOPETUYECKHUE 3HAHWUSA U TMPaBUWIbHO MOHSTh OCHOBHBIE NPUHIIUIIGI,
YIPaBJIAIOIINE [IOBEACHUEM CUCTEMBI.

B nononnenue K HameMy aHaJIMTUYECKOMY ITOAXOLY MBI UCITOJIB3YEM Pa3iny-
HBI€ YUCJIEHHBIE METOBI I BBITIOJIHEHHS PACUETOB M MOJIECIIMPOBaHMs. B yacTHO-
CTH, Mbl KOHLIEHTPUPYEMCS Ha pelieHnH ypaBHeHUM Thna [ pocca-IIutaesckoro, ko-
TOpBIE SBISIIOTCA (DyHIAMEHTAIBHBIMU IS HAILIETO UCCIeI0OBaHUsA. YnCIEeHHbIE Me-
TOJIbI, UCTIOJIb30BAHHBIE B 3TOM HCCIIEAOBAaHNH, BKIOUAOT MeTO PyHre-KyTTsl uet-
BepToro nopsiaka u metoq Kpanka-Hukoncona, 006a U3 KOTOpbIX IHPOKO U3BECTHBI
CBOEH TOYHOCTBIO M CTAOMIIBHOCTBIO TP PEILICHUH HETMHEMHBIX YPaBHEHUH B 4acT-
HBIX MPOU3BOIHBIX.

Kpome Toro, Mbl ucnonb3yeM METOIbI 00pabOTKU H300paKeHU KaK 4YacTh
HAIlIETO YUCJIEHHOTO aHaJIn3a, YTO MO3BOJISIET HaM U3BJIEKaTh IEHHYIO0 HH(POPMAIIHIO
U3 3KCTIEPUMEHTANIbHBIX JAHHBIX U BU3YaIM3UPOBATh MOBEJEHHE CUCTeMbl. O0benn-
HUB TU aHAJIUTUYECKUE U YUCIIEHHBIE METO/IbI HCCIIEIOBAHUS, MBI CTpEMHUMCS 00ec-
MEYNTh BCECTOPOHHUI M HAAEKHBIM aHAJIU3 CIIOKHBIX UCCIIEAYEMbIX (PU3MUeCKUX
sABJIECHUU. TakoW MmoAaxoi MO3BOJIAET HAM IPEOHOJIETh PA3PbIB MEXKAY TEOpPETHYE-
CKUMHM TPEACKA3AHUSIMU U SMIUPUYECKUMU JaHHBIMHU, TEM CaMbIM JaBasi OoJjee
NOJIHOE TTOHMMAaHWE IMHAMHUKU CUCTEMBI U CIIOCOOCTBYSl pa3BUTHUIO HAyUHBIX 3HA-
HUM B 3TOW 00JaCTH.

HayuyHasi HOBM3HA QM CCEPTALUOHHOIO HCCJIEI0BAHMS, CICAYOIIAs:
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Pazpaboran BapualimoHHBIM METO Ha OCHOBE (DYHKIIMH cyliepraycca sl Xa-
PaKTEepUCTUKHA KBAHTOBBIX Kallellb B OJJHO- 1 MHOTOMEPHBIX 003€-3MHIITEITHOBCKUX
KOHJ/ICHCATaX MMPU HATMIUHU KBAHTOBBIX (DIIYKTYaIlnid, a TAKXKE sl BUXPEH B IBYMEp-
HBIX CITy4asix.

Bo Bcex Tpex reoMeTpusix MpOCTPaHCTBA PACCUUTAHBI AHATTUTUYECKUE YPaBHE-
HHUS JUISI IapaMETPOB KBAHTOBBIX Kallellb, K 3TUM MMApAMETPaM OTHOCSTCSI CTalHo-
HAapHAas MIUPUHA U aMIUTUTYJa, SHEPTUsl, XUMHUUYECKUN MTOTECHIINAJ, YaCTOTa MaJIbIX
KoJie0aHui (OpMBI Karid. YCTOMYMBOCTh KBAHTOBBIX KaIlelb MPOBEPSIach 10 KpH-
teputo Baxutosa-Kosnokososa.

B nByMepHBIX U TpeXMEpHBIX 003e-3MHINTCHHOBCKUX KOHJEHCATax OIMpese-
JIEHBI PE30HAHCHBIC KOJie0aHUsI KBAaHTOBOM KaIlJId M Pa3IMYHbIC PEKUMBI €€ JIUHA-
MHUKHU B 3aBUCUMOCTH OT aMIUIUTY/Ibl BHEIIIHEH MOAYIISILIMY MIPU IEPUOANIECKOM H3-
MEHEHUHY KOHCTAHT CBSI3U BO BPEMEHH.

Haitnensl yciioBust 3KCITOHEHIIMAIBHOTO POCTa MOAYJSILMN IUIOCKOW BOJIHBI
JUISL TBYMEPHBIX OWHAPHBIX 003€-3UHINTEMHOBCKUX KOHJIEHCATOB NPHU HAIWYUU
KBaHTOBBIX (uiykTyauuii. Ha HenuHelnHoW cTaauu MORYJIALMOHHON HEYyCTOWYMBO-
CTH YCTAHOBJICHBI MTPOIIECCHl 00PAa30BaHUSI KBAHTOBBIX Kallelb, 3aKOH UX YMEHbIIIE-
HUSI U CKOPOCTh YMEHBIIIEHUS KOJWYECTBa Karelyb. [loka3zaHo, 4To MeToqbl 00pa-
00TKH M300paKEHUM MOXKHO MPUMEHATH ISl aHAJIU3a BaXKHBIX 3aKOHOMEPHOCTEH
pacrpezeneHus MI0OTHOCTH 003e-3HHIITEHHOBCKOTO KOH/IEH CaTa.

IIpakTHyeckne pe3yabTarbl UccaeqoBaHusA. OqHO- U IBYXKOMIIOHECHTHBIC
ypaBHeHud Tuna [ pocca-IIuTaeBCKoro pemaroTcss aHAIMTAYECKU U YUCIICHHO B pa3-
JIMYHBIX TeOMETPUSIX MpocTpaHcTBa. KoHpeHcarsl bo3e-DiHITeHa SIBISIOTCS M0-
TEeHIIMATbHBIMU KaHIUAaTaMH JIJIs 3a]1a4 KBAaHTOBOM 00paboTKM MH(popManuu Oa-
rojiapsi CBOMM CBOMCTBaM KOrepeHTHOCTH. [loHMMaHne TMHAMUKU KOHIAEHCATOB B
PA3JIMYHON TEOMETPHUHN MOXKET MPOJIUTH CBET HA UX MPUTOJHOCTD JIJISI KOHKPETHBIX
3a/1a4 KBAaHTOBBIX BBIYMCIIEHUW W KBAaHTOBOM CBs3U. Pemenue ypaBHenuii [pocca-
[InTaeBCKOro B TaKMX CIECHAPHUSIX MOKET IOMOYb HAM CIIPOECKTUPOBATH U KOHTPOJIH-
POBATh 3TU COCTOSIHUS ISl TIOTEHIIMATIBbHBIX TEXHOJIOTHYECKUX TTPUIOKECHUH.

JlocToBepHOCTH Pe3yJIbTATOB HCCJIeI0BAHUA. /[OBEPATH MOIYUYEHHBIM pe-
3yJIbTaTaM MOXHO Ojarogapsi HECKOJIbKUM (pakTopaM, 00eCTIeUUBAIOIIUM UX JOCTO-
BEPHOCTb:

Bo-niepBbIX, uccnenqoBaHUE ONMUPAETCs HA MPUMEHEHHUE CTPOTOM TEOPETHUYE-
CKOM (pM3HMKHM, MATEMaTUKH U BHICOKOTOUHBIX YHCJIEHHBIX METOIOB, U aJTOPUTMOB.
Takol Moaxo rapaHTUPYET HAJICKHBIA U TOUHBIN aHAJIU3 JIAHHBIX, CBOJS K MUHHU-
MyMy MOTEHITUATbHBIC OMIMOKN M HEOTIPEICIEHHOCTH.

Kpowme toro, ommuHoe comtacue Mex1y NOJIyYCHHbIMU PE3YJIbTaTaMU U TOY-
HBIMU pelieHusAMu, npeaenom Tomaca-depmu i1 CTAMOHAPHOTO CIIy4asi, a TAKXKE
YUCJICHHBIM MOJICIIMPOBAHKEM €IIie OOJIbIIIC TTOBBIIIACT MX HaIe)KHOCTh. Korma pas-
HBI€ METOJIbI TAIOT COMIACOBAHHBIE PE3YJIBTAThI, ITO MOBBIIIAET YBEPEHHOCTH B J0-
CTOBEPHOCTH PE3YJIbTATOB, YKa3bIBasi HA HAJIC)KHOCTh MPUMEHIEMBIX METOOB.

bosiee TOro, COOTBETCTBUE HEKOTOPBIX PE3YJIBTATOB TEM, KOTOPHIE MOJYUYEHBI
HE3aBUCHUMO APYTUMH YUYEHBIMH, C MCIIOJIb30BAaHUEM AJIBTEPHATUBHBIX METO/IOB U
PECATMCTUYHBIX SKCIEPUMEHTOB, YCHJIMBAET TOCTOBEPHOCTH PE3YJIBTATOB. Takoe
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COBIIAJICHHUE PE3YJIBTATOB U3 HECKOIBKUX UCTOYHUKOB IPUAAET BECOMOCTD BBIBO/IAM,
CEJIaHHBIM B PE3YyJbTAaTe PaccieJOBaHUS.

Kpowme Toro, orieHKu peaabHbIX (PU3NUIECKUX TapaMeTPOB, OTyYEHHBIE HAa OC-
HOBE IOJIyYEHHBIX PE3YIbTATOB, XOPOLIO COITIACYIOTCS C THIUYHBIMU SKCIIEPUMEH-
TaMH, MPOBOAMMBIMH Ha 003€-3IHIITEHHOBCKUX KOHJIEHCaTax. Takoe COOTBETCTBHE
AKCIIEPUMEHTAJILHBIM JIaHHBIM TAPAaHTUPYET, YTO UCCIIEJOBAHUE OCTAETCSI OCHOBAH-
HbIM Ha PEaJbHOCTH IMPAKTHUYECKOTO NMPUMEHEHHs, U JIOMOJHUTEIbHO HOATBEP-
AKIAET HAJICKHOCTh PE3YyJIbTaToOB.

briarogapst y4eTy 3THUX acCleKTOB U TIIATEIILHOMY MOJIXOY, IPUMEHSIEMOMY Ha
POTSKEHUU BCETO MPOIEecCa MCCIIENOBaHUs, MOTYUYEHHBIE Pe3yIbTaThl Mpuodpe-
TarOT JOCTOBEPHOCTh U BCEISAIOT YBEPEHHOCTh B NX TOUHOCTH U JIOCTOBEPHOCTH.

Hayuynasi 1 npakT4yeckasi 3HAYMMOCTb Pe3yJIbTATOB UCCIICTOBAHUS 3aKITO-
qaeTtcs B cienytomieM. [lonydeHHble pe3ynbTaTsl BHISBISAIOT U TOAPOOHO OOBACHSIOT
HEKOTOPbIE CYIIECTBEHHbIE (TAKHE KAK CBOMCTBO CAMOCBSI3aHHOM >KMJIKOCTH) OCO-
OCHHOCTH BOJIH MaTE€pHUH B OJJHO- 1 MHOTOMEPHBIX 003€-3MHIITETHOBCKUX KOHJICH-
carax Ioj ACHCTBUEM KBAHTOBBIX (QIIyKTyauuid. OTu pyHAaAMEHTaIbHBIE UCCIIENO0-
BaHUs 3aKJIaJIbIBAIOT OCHOBY JIJIsl pa3pabOTKH MOJHOM TEOPUU KBAHTOBOIO (DIYKTY-
alMOHHOTO 3P Qekra B 003e-7UHIITEHHOBCKUX KOHIEHCAaTax. Takxke 3TH pe3yabTaTbl
MOKHO UCIOJIb30BAaTh JUIsl OLIEHKH KOJIMYECTBA aTOMOB B KOHJIEHCATE, KPUTHUECKOU
TEeMIIepaTypbl 1 BPEMEHHU KU3HH KOHJeHcara. KpoMe Toro, pe3ynprarsl UCCIe10Ba-
HUSI TAKXKE€ MOTYT OBITH IOJIE3HBI JUIsl MPOTHO3MPOBAHUS M3MEHEHUN MapaMeTpoB
KBaHTOBBIX Kalejab ¢ TEYEHUEM BPEMEHU MPU HAIMYHAH PA3TUYHBIX BO3MYILICHUH.
OT0 0COOEHHO Ba)KHO ISl SKCIIEPUMEHTOB, B KOTOPBIX HaYaJIbHOE paclpeiesieHUe
TUIOTHOCTH 003€-dMHIITEHHOBCKUX KOHJIEHCATOB, 00pa30BaHHBIX BHEIIIHEW JIOBYIII-
KO, OTJIMYAETCs OT TOYHBIX pemeHuid. Comniacue pe3yinbTaroB UCCIEIOBAHUN C IKC-
NEPUMEHTaMU MMOKa3bIBACT 11€JIeCO00Pa3HOCTh U3yUEHUs MPUPOJIbI BOJIH BEILECTBA
B 003€-3MHIITEITHOBCKUX KOHAEHCATaX C UCIOJIb30BAHUEM MPEITIOKEHHBIX METOOB.

Bueapenue pesyabraroB ucciaegoBaHus. [lo naHHbBIM caiiTa scopus.com
uMmeercs 58 nutupoBanuii (HosiOpb 2023 1) HAa ONMyOIMKOBAaHHBIE CTAaThU aBTOPA IO
TeMe JUCCEPTALIH.

B ToMm uucinie 27 nurar K omyOIMKOBaHHOM CTaThe MO MEePBOM I1aBe AUCCepTa-
LIMY, HEKOTOpBIe U3 HUX npuBeAeHsl Hbke: Physical Review Letters, 126, 244101,
2021, IF: 9.185; Chaos, Solitons & Fractals, 152, 111313, 2021, IF: 9.922; Scientific
Reports, 12,6904, 2022, IF: 4.997; Physical Review A, 103, 053302, 2021, IF: 2.971;

Bo BTOpOI I71aBe OMyOIMKOBaHbI IBE CTaThU, OHU UMEIOT 9 1 18 ITuTHpOBaHMUIA,
BCero 27 NUTHPOBAHMM, HI)KE TIPUBECHBI HeKoTophlie M3 Hux: Chaos, 33, 033141,
2023, IF: 3.741; Physics Letters A, 480, 128987, 2023, IF: 2.6; Physical Review A,
105, 063328, 2022, IF: 2.971;

OnyO6nrKkoBaHHAs CTaThsl 110 TPETHEH TNIaBe AMCCEPTAIIMH BKIIOYAET 4 IIUTATHI,
HEKOTOphIe U3 HUX npuBeneHsl HUKE: Chaos, Solitons & Fractals, 164, 112665, 2022,
IF: 9.922; Physical Review A, 108, 033312, 2023, IF: 2.971; Physical Review A,
106, 033309, 2022 IF: 2.971.

Anpodauus pe3yabTaToB uccjeq0BaHus. OCHOBHBIE PE3YJIBTATHI AUCCEpPTa-
U ObUIM MIPENCTABIICHBI U 00CYXK/I€HbI HA MEXKIYHAPOJIHBIX U PECITyOIMKAHCKUX
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KOH(EPEHIUIX, HAyYHBIX CEMUHapax.

IMyonmkanus pe3yabTaToB uccjaeaoBaHusi. [lo Teme auccepramnuu omyoIu-
KOBaHO 4 HAaydYHBIX PabOTHI B MEXJTYHAPOIHBIX HAYYHBIX JKypHaJlaX, BXOISIINX B
0a3y maHHBIX Scopus.

CTpyKTypa H 00beM quccepTanuu. /[uccepraius COCTOUT U3 BBEIACHHUS, TPEX
IJIaB, 3aKJIFOYCHUS U CIIMCKA JTUTepaTypbl. O0beM auccepranum cocrasisier 81 crpa-
HUIIBL.
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