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KIRISH (falsafa doktori (PhD) dissertatsiyasi annotatsiyasi)

Dissertatsiya mavzusining dolzarbligi va zarurati. Dunyo miqyosida olib
borilayotgan ko‘plab ilmiy va amaliy tadqiqotlar aksariyat hollarda nochiziqli
dinamik sistemalarni tadqiq gilish masalalariga keltiriladi. Dinamik sistemalar
nazariyasining ahamiyati sistemaning dastlabki ma’lum holatini bilgan holda
kelajakda qanday holatlar kelib chiqgishini baholashdan iborat bo‘lib, u fizika,
biologiya, tibbiyot, iqtisodiyot sohalaridagi murakkab jarayonlarni tushunish va
optimal qarorlar gabul gilishda muhim ahamiyat kasb etadi. Shu sababli, diskret
vagtli nochizigli dinamik sistemalarni, xususan, matematik biologiyada keng
qo‘llanuvchi kvadratik stoxastik operatorlar va ularning superpozitsiyalari
dinamikasini tadgiq etish dinamik sistemalar nazariyasidagi muhim va dolzarb
vazifalardan biri bo‘lib qolmoqda.

Hozirgi vaqtda dunyo bo‘ylab ko‘plab amaliy masalalarning xarakterini
tushunishda, tahlil gilishda hamda optimal yechimini topishda asosiy vosita
sifatida qo‘llaniladigan nochizigqli dinamik sistemalarga doir muntazam ilmiy
izlanishlar olib borilmoqda. Shu jumladan, berilgan dinamik sistema uchun mazkur
sistemaning invariant to‘plamlarini aniglash, barcha davriy nuqtalarni topish va
ularning tipini aniqlash hamda eng muhim bo‘lgan, berilgan ixtiyoriy boshlang‘ich
nugta orbitasining limit nuqtalar to‘plamini tavsiflash kabi masalalarni o‘rganishga
alohida e’tibor qaratilmoqda.

Mamlakatimizda so‘nggi yillarda fundamental fanlarning ilmiy va amaliy
tatbiqiga ega bo‘lgan tibbiyot, biologiya, matematika va fizika fanlariga e’tibor
kuchaytirildi. Jumladan, biologiya, tibbiyot, mexanika, elektronika, igtisodiyot va
optimal boshgaruv nazariyalarida keng tatbigiga ega bo‘lgan nochiziqli dinamik
sistemalar nazariyasini rivojlantirishga alohida e’tibor berildi va bu borada
salmogli natijalarga erishildi. “Algebra, funksional analiz va dinamik tizimlar
nazariyasi” fanlarining ustuvor yo‘nalishlari bo‘yicha xalqaro standartlar
darajasida ilmiy tadgiqotlar olib borish matematika fanining asosiy vazifalari va
faoliyat yo‘nalishlari etib belgilandi. Bu qaror ijrosini ta’minlashda ilmiy
natijalarni fanning turdosh sohalarida qo‘llash maqgsadida diskret vaqtli dinamik
sistemalar nazariyasini rivojlantirish muhim ahamiyatga ega.

O‘zbekiston Respublikasi Prezidentining 2017-yil 7-fevraldagi PF-4947-son
“O‘zbekiston Respublikasini yanada rivojlantirish bo‘yicha harakatlar strategiyasi
to‘g‘risida”gi  va 2022-yil 28-yanvardagi PF-60-son “2022-2026-yillarga
mo‘ljallangan Yangi O°‘zbekistonning Taraqqiyot strategiyasi to‘g‘risida’gi
Farmonlari, 2019-yil 9-iyuldagi PQ-4387-son “Matematika ta’limi va fanlarini
yanada rivojlantirishni davlat tomonidan qo‘llab-quvvatlash, shuningdek
O‘zbekiston Respublikasi Fanlar akademiyasining V.I.Romanovskiy nomidagi
Matematika instituti faoliyatini tubdan takomillashtirish  chora-tadbirlari
to‘g‘risida”gi va 2020-yil 7-maydagi PQ-4708-son “Matematika sohasidagi ta’lim

1 O’zbekiston Respublikasi Vazirlar mahkamasining 2017-yil 18-maydagi “O’zbekiston Respublikasi Fanlar
akademiyasining yangidan tashkil etilgan ilmiy tadqiqotlar muassasalari faoliyatini tashkil etish to’g‘risida”gi 292-
sonli garori.
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sifatini oshirish va ilmiy-tadgiqotlarni rivojlantirish chora-tadbirlari to‘g‘risida”gi
garorlari hamda mazkur faoliyatga tegishli boshga normativ-huquqiy hujjatlarda
belgilangan vazifalarni amalga oshirishda ushbu dissertatsiya tadgigoti muayyan
darajada xizmat giladi.

Tadqiqotning respublika fan va texnologiyalari rivojlanishi ustuvor
yo‘nalishlariga bog‘ligligi. Mazkur tadqiqot respublika fan va texnologiyalar
rivojlanishining IV. “Matematika, mexanika va informatika” ustivor yo‘nalishi
doirasida bajarilgan.

Muammoning o‘rganilganlik darajasi. So‘nggi yillarda biologik yoki fizik
sistemalardagi tabiiy jarayonlarni tushunishda nochizigli dinamik sistemalarni
matematik modellar sifatida qo‘llash va ularni tadqiq etishga bo‘lgan qiziqish ortib
bormoqda. Nochizigli dinamik sistemalarning eng sodda holi bo‘lgan, kvadratik
stoxastik operatorlar yordamida hosil gilingan diskret vaqtli dinamik sistemalar
populyatsiya dinamikasi, fizika, igtisodiyot kabi turli sohalardagi tadgigotlarning
muhim obyektlaridan biri bo‘lib kelmoqda. Kvadratik stoxastik operatorlar dastlab
1924-yilda S. Bernshteyn ishlarida matematik genetikadagi biror bir irsiy
gonuniyatga asoslangan gen chastotalari dinamikasini aniglovchi “evolyutsion
operatorlar” sifatida kiritilgan bo‘lib S. Ulam, Yu.l. Lyubich, G. Kesten, S.S.
Vallander, R. Jenks, E. Akin, V. Losert va o‘zbek matematiklari T.A. Sarimsoqov,
R.N. G‘anixo‘jayev, N.N. G‘anixo‘jayev, O‘.A. Roziqov, F.M. Muxamedov, U.U.
Jamilov, O.N. Hakimovlarning ishlarida bu kabi operatorlarning dinamikasini
o‘rganish masalasi rivojlantirilgan.

Umumiy holda, kvadratik stoxastik operatorning asimptotik xossalarini
o‘rganish murakkab masala bo‘lib, hattoki ikki o‘lchamli simpleksda ham ochig
turibdi. Bu asosiy masala Volterra kvadratik stoxastik operatorlari uchun R.N.
G‘anixo‘jayev tomonidan nisbatan to‘liqgroq hal etilgan. Hozirgi kunda N.N.
G‘anixo‘jayev, O°.A. Roziqov, F.M. Muxamedov, A. Zada, U.U. Jamilov,
D.B.Eshmamatova kabi matematiklar tomonidan novolterra kvadratik operatorlar
dinamikasi bo‘yicha ilmiy izlanishlar olib borilmoqda.

Novolterra kvadratik operatorlarning superpozitsiyasi dinamikasini o‘rganish
polinomial stoxastik operatorlar nazariyasi nugtai nazaridan ham qiziqarli bo‘lib,
bu nazariya M. Scheutzow va M. Wilke Berenguer ishlarida rivojlantirilgan.
Ma’lumki, eng sodda polynomial stoxastik operatorlar bu kvadratik va kubik
stoxastik operatorlardir. Xususan, kubik stoxastik operatorlar dinamikasi M. Ladra,
U.A. Roziqov, F.M. Muxamedov, A.Yu. Hamrayev, U.U. Jamilovlarning ishlarida
tadqiq gilingan.

D.B. Eshmamatova, Sh.J. Seytov va N.B. Narziyevlarning ishlarida ikki
o‘lchamli simpleksda aniglangan turlicha xarakteristikaga ega bo‘lgan Volterra
operatorlarning superpozitsiyasi bilan hosil qgilingan dinamik sistemalar
o‘rganilgan va superpozitsiya operator uchun ixtiyoriy orbitaning asimptotik
xossalari dastlabki berilgan operatorlar orbitalari xossalaridan mutlaq farg qilishi
ko‘rsatilgan. Xususan, turli harakat yo‘nalishiga ega bo‘lgan noergodik operatorlar
superpozitsiyasidan hosil gilingan operator regular ekanligi isbotlangan.



Ta’kidlab o‘tish joizki, ko‘p sonli ilmiy izlanishlarga qaramasdan, ixtiyoriy
kvadratik stoxastik operatorlar va ularning superpozitsiyasi orgali hosil gilingan
operatorlar uchun orbitaning limit nuqtalari to‘plamini to‘la tavsifi olinmagan.

Dissertatsiya tadqiqotining dissertatsiya bajarilgan ilmiy tekshirish
instituti ilmiy-tadqiqot ishlari rejalari bilan bog‘liqligi. Dissertatsiya tadqgigoti
V.l. Romanovskiy nomidagi Matematika institutining OT-F4-87 ragamli “Evklid
va psevdo-Evklid fazolaridagi egri chiziglar va sirtlarning global invariantlari
nazariyasi va uning mexanikaga tatbiqlari” (2017-2020 yy), OT-F4-82 ragamli
“Operatorlar va noassotsiativ  algebralarda  lokal differensiallash  va
avtomorfizmlar, nochiziqli dinamik sistemalarda faza almashishlar va xaos” (2017-
2020 yy) mavzusidagi ilmiy tadqgigot loyihalari va ‘“Noassotsiativ algebralar
strukturaviy nazariyasi va uning biologik sistemalardagi dinamik sistemalarni
tadqiq qilishdagi tatbiqi” (2020-2023 yy) nomli ilmiy yo‘nalish doirasida
bajarilgan.

Tadqiqot maqsadi novolterra  kvadratik  stoxastik  operatorlari
superpozitsiyasi orgali hosil gilingan diskret vaqgtli dinamik sistemalar ixtiyoriy
orbitasining limit nuqtalari to‘plamini to‘la tavsiflashdan iborat.

Tadqiqotning vazifalari:

superpozitsiya operatoriga nisbatan invariant to‘plamlarni aniglash;

superpozitsiya operatorining davriy nuqtalar to‘plamini tavsiflash va ularning
turlarini aniglash;

superpozitsiya operatori uchun Lyapunov funksiyalarini qurish;

superpozitsiya operatori uchun orbitalarning limit nuqtalari to‘plamini
tavsiflash.

Tadgiqot ob’ekti: novolterra operatorlarning superpozitsiyasi, Volterra va
o‘rin almashtirilgan Volterra operatorlari superpozitsiyasi.

Tadqiqot predmeti. Matematik analiz, funksional analiz, nochizigli dinamik
sistemalar nazariyasi.

Tadqiqot usullari. Tadgigot ishida matematik analiz, funksional analiz,
algebra va dinamik sistemalar nazariyasi usullaridan foydalanilgan.

Tadqiqotning ilmiy yangiligi quyidagilardan iborat:

ikki va uch o‘lchamli simpleksda aniglangan turli novolterra operatorlar
superpozitsiyasi orgali hosil gilingan operatorlarning davriy nugtalari va bu
operatorlarga nisbatan invariant to‘plamlar topilgan bo‘lib, operatorlar uchun
Ixtiyoriy orbitaning qo‘zg‘almas nuqtaga yoki davriy orbitaga yaqinlashishi
isbotlangan;

regular va ergodik novolterra kvadratik stoxastik operatorlar superpozitsiyasi
uchun deyarli barcha orbitalar qo‘zg‘almas nuqtaga yaqinlashishi isbotlangan;

ikki o‘lchamli simpleksda aniglangan har qanday ekstremal Volterra va uning
o‘rin almashtirishlari orqgali hosil gilingan operator bilan superpozitsiyasi uchun
barcha qo‘zg‘almas, davriy nugqtalari topilgan hamda ixtiyoriy orbitaning limit
nugqtalari to‘plami tavsiflangan.

Tadqiqotning amaliy natijalari. Dissertatsiya yangi qizigarli natijalarni o‘z
ichiga oladi va ular diskret vagtli nochizigli dinamik tizimlar nazariyasida
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qo‘llanilishi mumkin. Shuningdek, dissertatsiyada qo‘llanilgan usullar va olingan
natijalar oliy o‘quv yurtlari magistrantlari va doktorantlari uchun maxsus kurs
uchun material sifatida qo‘llanilishi mumkin.

Tadqiqot natijalarining ishonchliligi matematik va funksional analiz,
Lyapunov funksiyalari nazariyasi va dinamik sistemalar nazariyasi usullari,
shuningdek, gat’iy matematik mulohazalar orqali isbotlanganligi bilan asoslanadi.

Tadgiqot natijalarining ilmiy va amaliy ahamiyati. Tadgiqgot natijalarining
iIlmiy ahamiyati ularning stoxastik operatorlar nazariyasida, matematik biologiya
muammolarini hal gilishda qo‘llanilishi mumkinligi bilan izohlanadi.

Tadgigot natijalarining amaliy ahamiyati matematik biologiyaning turli
modellarida qo‘zg‘almas nuqtalar va limit nuqtalar to‘plamining tavsifi
populyatsiyaning kelajakdagi evolyutsiyasi haqida ma’lumotlarni berishi bilan
izohlanadi.

Tadqiqot natijalarining joriy qilinishi. Novolterra kvadratik stoxastik
operatorlarning superpozitsiya dinamikasi bo‘yicha olingan natijalar quyidagi
yo‘nalishlarda amaliyotga joriy qilingan:

novolterra kvadratik stoxastik operatorlarning superpozitsiyasi orgali hosil
hosil gilingan operatorning invariant to‘plamlari va davriy nuqtalari to‘plamidan
G00003447 ragamli “Kvant genetik algebralar va ularning tatbiglari” mavzusidagi
xorijiy loyihada nochizigli stoxastik operatorlarning dinamikasini tahlil gilishda
foydalanilgan (Birlashgan Arab Amirliklari universitetining 2024 vyil 19-
sentabrdagi ma’lumotnomasi, BAA). Ilmiy natijaning qo‘llanilishi biologik
sistema holati o‘zgarishini ta’minlaydigan nochiziqli stoxastik operatorlarning
davriy orbitalarini tavsiflash imkonini bergan;

Volterra va o‘rin almashtirilgan Volterra kvadratik stoxastik operatorlarining
superpozitsiyasi orgali hosil gilingan operator uchun orbitalarning limit nuqtalari
tavsifidan PID2020-115155GB-100 ragamli “Assotsiativ bo‘lmagan gruppalar va
algebralarda gomologiyalar, gomotopiyalar va kategorik invariantlar” mavzusidagi
xorijiy loyihada evolyutsion operatorlarning musbat orbitalarini tahlil gilishda
foydalanilgan (Santyago de Kompostela universitetining 2024 yil 23-sentyabrdagi
ma’lumotnomasi, Ispaniya). Ilmiy natijaning qo‘llanilishi evolyutsion algebra,
matematik biologiya va populyatsion genetika sohalarida foydalaniladigan
nochiziqli operatorlar uchun orbitalarning limit nuqtalari to‘plamini yuqoridan
baholash imkonini bergan.

Tadqiqot natijalarining aprobatsiyasi. Mazkur tadqiqot natijalari 16 ta
iImiy-amaliy anjumanlarda, jumladan 6 ta xalgaro va 10 ta respublika ilmiy-amaliy
anjumanlarida muhokamadan o‘tkazilgan.

Tadqiqot natijalarining e’lon qilinganligi. Dissertatsiya tadqiqoti mavzusi
bo‘yicha jami 22 ta ilmiy ish chop etilgan, shulardan O‘zbekiston Respublikasi
Oliy Attestatsiya komissiyasining falsafa doktorlik dissertatsiyalari asosiy ilmiy
natijalarini chop etish tavsiya etilgan ilmiy nashrlarda 6 ta maqola, jumladan 3 tasi
xorijiy va 3 tasi respublika jurnallarida nashr etilgan.



Dissertatsiyaning tuzilishi va hajmi. Dissertatsiya kirish qismi, uchta bob,
xulosa va foydalanilgan adabiyotlar ro‘yxatidan tashkil topgan. Dissertatsiyaning
umumiy hajmi 97 betni tashkil etgan.

DISSERTATSIYANING ASOSIY MAZMUNI

Kirish gismida dissertatsiya mavzusining dolzarbligi va zarurati asosli
ravishda tahlil qilingan bo‘lib tadqiqotning respublika fan va texnologiyalari
rivojlanishining ustuvor yo‘nalishlari bilan bog‘ligligi ko‘rsatilgan, muammoning
o‘rganilganlik darajasi keltirilgan, tadqiqot maqsadi, vazifalari, obyekti va
predmeti tavsiflangan. Shuningdek, tadgigotning ilmiy yangiligi va amaliy
natijalari bayon gilingan, olingan natijalarning nazariy va amaliy ahamiyati ochib
berilgan, tadgigot natijalarining amaliy joriy qilinishi, nashr etilgan ishlar va
dissertatsiya tuzilishi hagida ham batafsil ma’lumotlar taqdim etilgan.

Dissertatsiyaning “lkkita ergodik novolterra kvadratik operatorlarning
superpozitsiyasi” deb nomlanuvchi birinchi bobida, kvadrat stoxastik operatorlar
nazariyasi va dinamik sistemalar nazariyasidan zaruriy ta’riflar va tushunchalar
keltirilgan. Shuningdek, ikki va uch o‘lchamli simplekslarda bir oilaga mansub
ergodik novolterra kvadrat stoxastik operatorlarning superpozitsiyalari orgali hosil
gilingan operatorlarning dinamikasi o‘rganilgan.

Aytaylik E={1,...,m} bo‘lsin. U holda E to‘plamdagi barcha ehtimollik
tagsimotlari (m—1) - o‘lchamli simpleksni aniqlaydi va

s™t :{x: (X Xgree e Xp) €RT D DX, :1}

icE
kabi ifodalanadi.
Agar V:R" —>R" operator uchun V(S™)cS™" bo‘lsa, V operatorga
stoxastik operator(SO) deyiladi.

Kvadratik stoxastik operator(KSO) deb S™' simpleksni o‘zini-o‘ziga
akslantiruvchi quyidagi akslantirishga aytiladi:

Vix, =) XX, kek, (1)
i,j=1
bu yerda p;, koeffisientlar

Pix = Pjix 20, ;pij,k =1, ijkeE ()
shartlarni ganoatlantiradi.
Ixtiyoriy x© e S™* boshlang‘ich nuqtaning orbitasi {x"}"_, ketma-ketlik
X" =v (x™)=v™(x?),n=0,1,2,...
kabi aniglanadi.
{x™¥2, orbitaning limit nuqtalari to‘plamini @, (X) bilan belgilaymiz.



Dinamik sistemalarning asosiy masalasi ixtiyotiy x@ eS™* boshlang‘ich
nuqta va berilgan V operator uchun @, (X?) to‘plamni tavsiflashdan iboratdir.

Agar har bir xeS™ uchun |imV"(X) limit mavjud bo‘lsa, V stoxastik

n—oo

operator regulyar deyiladi.
Agar har bir x e S™" uchun

|im1nz_l)/k(x)

n—w N

limit mavjud bo‘lsa, V stoxastik operator ergodik deyiladi.

1-ta’rif. V)V, SOlar berilgan bo'lsin. V,=HV,H  tenglikni
ganoatlantiruvchi H  gomeomorfizm mavjud bo‘lsa, biz V, operator V,
operatorga topologik qo ‘shma deymiz va V, ~V, kabi belgilaymiz.

Dissertatsiya ishida quyidagi belgilashlardan foydalanilgan.

oS™* ={x e S"™*:kamida bitta i € E uchun x, = 0} - simpleksning chegarasi;

I ={xeS"":x =0, Vi¢a}, a c E-simpleksning yoqi;

intS™ ={xeS"™":xX,---x_ >0} - simpleksning ichi;

e, = (6,,55,-,6,;) €S" i =1,...,m - simpleksning uchlari, bu yerda &; -
Kroneker deltasi;

O‘rin almashtirishlarga mos keluvchi S™* simpleksda aniglangan KSOlar
oilasi quyidagi ko‘rinishda berilgan bo‘Isin:

X = 2% X k=1,...m-1
'{xr’n =2x2 —2X_ +1,

buyerda = - {1,...,m—1} to‘plamning biror o‘rin almashtirishi.

Dastlab S* simpleksdagi V. KSO larning superpozitsiyasini garaymiz.
Ma’lumki, {1,2} to‘plamning 7, = Id, 7, = (21) o‘rin almashtirishlari mavjud.

V=V, oV, i=1,2 deb belgilaymiz. U holda

V=V, oV, =V, oV V=V, oV, =V, oV,

mn

(3)

T

1-teorema. V, va V, operatorlar uchun quyidagi tasdiglar o ‘rinli:
z Uchun 'V, (x =e,,i=1,2;

« ixtiyoriy X© e $?\ (I'y, , w{e,}) uchun @, (x9) ={x};

o ixtiyoriy X? eT

(%}, agar x© e M, \ (T o)),
%V,(%)}, agar X eS*\(I'y,, UM,}),
X O

—=2 _1|vaM,={xeS%:x =x}.
X0 X0+ 5O ] 1 nEh

. @, (x9) =
@, (x7) {{

o1
bu yerda X = E(x{")
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Endi S® simpleksda (3) tenglik bilan aniglangan KSOlarning
superpozitsiyasi yordamida hosil qgilingan V,[i oV”j :S* > S*  operatorlarni
garaymiz.

Ma’lumki {1,2,3} to‘plamning barcha o‘rin almashtirishlari quyidagicha:

m=1d, 7,=(12), =, =(13), r, =(23), =, =(123), =, = (132).
U holda, bizda 36 ta superpozitsiya operatorlari hosil bo‘ladi. Tekshirib ko‘rish
mumkinki, bu operatorlarning har biri W =V, oV, 1< i <6 operatorlardan biriga
teng bo‘ladi.

1-lemma. W, ~W, ~W,, W, ~W.

2-teorema. W., 1=1,2,5 operatorlar uchun quyidagi tasdiqlar o ‘rinli:
asg Uchun W (x¥) =e,, i=1,25;

- ixtiyoriy X9 € S\ (T, .5 U{&,}) uchun e, (x¥) = {%};

o ixtiyoriy X eT’

@, (X?)= X}, agar x¥ eM,\([y,q {e.}),
@, (KW, (x)}, agar x? eS*\(M, UT,,s),
) = {x}, agar X? e M\ (I ,q vied),
W (KW, RMZ(R)},  agar x® e S?\ (M, Ul ,0),
©) © ©
bu yerda X = E[ T Xi(o) ORANO) Xio) © ' 0 X?O) © ’1]’
2\ X7 X X X X X X Xy X

MZ:{XeS?’:xizxz}, MSZ{X6832X1:X2 :x3}.
Dissertatsiyaning “Regulyar va ergodik novolterra kvadratik operatorlarning
superpozitsiyasi” nomli ikkinchi bobida, ikki o‘lchamli simpleksda aniqlangan
regulyar va ergodik novolterra KSOlarning superpozitsiyasi orgali hosil gilingan
dinamik sistemalar tadqiq gilingan. Bu operatorlar quyidagi ko‘rinishlarga ega:

X = L+ a)? %% + 2(1+ ) (1— (1+ a) X (1= X3) ) XX,
W, 9% = (14 a)? 5% + 2(1+ ) (1 (1+ @) X5 (1— X;) ) XX,
Xy = (1- (1+ a)x,(1- x3))2 +2(1+ &) * X2 XXy,
X = (L+ a)(X +2%%,) (%, +2%X,),
W25 = (L @) +2%%,)0F +25%,),
Xé =1- (1+ a)(X'j + 2X1X2)(1_ (X:f + 2X1X2)),
bu yerda o €[-1,1].
Quyidagi belgilashlarni kiritamiz:
t = g/(a +1)((2—a)2 +6a? —32a+43),

11



a

* 1 t a_3 * l_X* 1_X* *
X == —%—+——+1|, X = z <X,
“ 3ll+ta “ 2 2 °

|, =118 - 44a + 1864’ 320 + 43,
ol A+ 1 . :(1—x’: ’1—x: ,Xﬂ].
“9Y(a+1) ol 9 ¢ 2 2
3-teorema. W, operator uchun quyidagi tasdiglar o ‘rinli:
« ixtiyoriy X© eIy, , U{e,} uchun W, x?) =e, ;
e ixtiyoriy xX® €S?%\ (T W{E,}) uchun
(X(O)) _ {{ef}, agar o <-1/2,
{x,}, agara>-1/2.
4-teorema. W, operator uchun quyidagi tasdiqlar o rinli:
« ixtiyoriy X e{e,,e,,e,} uchun W,(x?) =e, ;
« ixtiyoriy X% € S*\{e,,e,,e,} uchun
( (O)) _ {{eg}, agar o <-1/2,

@y

0

“u X {x’}, agar a>-1/2.

Agar operator regulyarlik xususiyatiga ega bo‘lsa, unda u ergodik gipotezani
ganoatlantiradi va 3- va 4- teoremalardan W, va W, SOlar ergodikdir, bundan biz
quyidagi natijani olishimiz mumkin.

1-natija. W, va W, stoxastik operatorlar ergodikdir.

Dissertatsiyaning “Kvadratik gomeomorfizmlarning superpozitsiyasi”
nomli uchinchi bobida, ikki o‘lchamli simpleksda aniglangan ekstremal Volterra
va o‘rin almashtirilgan Volterra KSOlarining superpozitsiyasi orgali hosil gilingan
dinamik sistemalar tadgiq gilingan.

S™* simpleksda aniglangan V Volterra KSO berilgan bo‘lsin. Ma’lumki,
Volterra  KSOlar uchun  p;;=1 va barcha ikeE, izk larda
Pick T Pii = Pyix + P =1tengliklar o‘rinli hamda bunday operatorlar quyidagi
umumiy ko‘rinishga ega:

VX =X, (1+ Zakixi]

i=1

bu yerda A=(a;)" elementlari i=k uchun a,=2p,, -1 bolib, a,=0 va

ij
|a; [£1 bo‘lgan koso-simmetrik matritsadir. Bu yerda i, j e E.

2-ta’rif. Agar V KSO ga mos keluvchi koso-simmetrik matritsa elementlari
uchun barcha k #i larda a, =-1 yoki a,; =1 tenglik bajarilsa, bunday operator

ektremal Volterra operatorlari deyiladi.
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E to‘plamning 7z o‘rin almashtirishi berilgan bo‘lsin. T_:S™'—S™"
akslantirishni quyidagicha aniglaymiz: T_(X) = (Xﬂ(l),x”(z),..., Xﬁ(m)) :

R.N. G‘anixo‘jayev va D.B.Eshmamatova ishlarida simpleksning ixtiyoriy
kvadratik gomeomorfizmi T_ o‘rin almashtirish va V, Volterra operatori
superpozitsiyasi ko‘rinishida, ya’ni T_oV, kabi ifodalanishi isbotlangan.

S? dagi har ganday Volterra KSO quyidagi ko‘rinishda ifodalanadi:

X = X (1+ax, —bx;),
Viabe i1 % = X, (1—ax, +0x,),

Xy = X, (14 bx, —cx,),
bu yerda a,b,ce[-1,1].

{1,2,3} to‘plamning o‘rin almashtirishi 7 bo‘lsin. Ma’lumki:

=1, 7, =(12), =, =(13), n, =(23), =, =(123), =, = (132).
\7k =T,Tk oV, k=1,...,6 operatorlarni aniglaymiz. Biz KSOlar superpozitsiyasi

orgali hosil gilingan V 0\7k, k=1,...,6 SOlarning dinamikasini o‘rganamiz.
V, oV ~V oV, ekanligini tekshirib ko’rish mumkin. Bu masala umumiy holda
murakkab bo‘lganligi sababli biz dinamikani ekstremal Volterra KSOlar sinfi
uchun tadgiq gilamiz.
1-ta’rifga ko‘ra S® da 8ta ekstremal Volterra KSOlar mavjud:
Vi=Viiay Vo =V Vo=V gy Ve =V 1
Ve =V Ve =V Vi =V Vs =V
2-ta’rifda keltirilgan ekvivalentlik munosabatidan ekstremal Volterra operatorlari
K, ={V,,....V} va K, ={V,,V,} ekvivalent sinflarga ajraladi. VVolterra operatorlari
nazariyasidan ma’lumki, K, sinfdan olingan har ganday Volterra KSO regulyar va
K, sinfdan olingan har gqanday Volterra KSO noergodikdir.
V eK, bo‘lsin, aytaylik V =V,. KSOlar superpozitsiyasi orgali hosil
gilingan W, =V o\7k, k=1,...,6 SOlar dinamikasini tadgiq gilamiz.
S5-teorema. W, SO uchun quyidagi tasdiglar o ‘rinli:
« Fix(W,) ={e, .e,,&,};
e agar X9 e RPN \{e,} bolsa, u holda limW," (X(O)) =e,;

n—o0

e agar X e S*\T

a2y Do Isa, u holda limW,' (X(O)) =e,.

X'=(0,x"1-X") kabi belgilash kiritamiz, bu yerda x* giymat

x* —2x* —x+1=0 tenglamaning [0,1] dagi haqigiy yechimi va x" ~0.525.
6-teorema. W, SO uchun quyidagi tasdiglar o rinli:

-+ Fix(W,)={e,,x};

13



« ixtiyoriy X® €T, uchun

[0, e
O, {e,,e,}, boshga hollarda.

« ixtiyoriy X ey, 3 LTy, 5, uchun @, (X(O)) ={e,.&,}.

« ixtiyoriy x© eintS? uchun chZ(x(O))cFB. Bundan tashqgari, X"

nugtadan o ‘tuvchi shunday ¢ invariant chizig mavjud va ¢ = \Er uchun shunday

n, € N mavjudki vn>n, uchun 0<x™ <& orinli va
HELe? agar x'"™ e,
@y, (X7) =
{e,.e;}, boshga hollarda,
bu yerda r giymat ¢ chiziq va I'y,,, girra orasidagi eng katta masofa.
7-teorema. W, SO uchun quyidagi tasdiglar o rinli:
« Fix(W,)={e, .y}
« ixtiyoriy X® € S*\{e,,y"} uchun

e}, agar x?<x',x <1-x',

chs(x(o)): {x*,z*}, agar x° =x" yoki x? =1-x,
e,e. !, boshga hollarda,
{en8s)

buyerda y = (X*,O,l— x*) vaz = (X*,l— x*,O).
8-teorema. W, SO uchun quyidagi tasdiqlar o ‘rinli:
« Fix(W,) ={e,,z};
« ixtiyoriy X% € S*\{z'} uchun
{e,}, agar x>0,
@, (x(o)) = {z} agar x? =x",x{” =0,
{ee,}, agar x¥=x,x{ =0.

1-41-X -

>“<=[>“<2(2—>“<)2 x) belgilash  kiritamiz, bu yerda

%2(2-%) —x+1
X ~0.389 va bu quyidagi tenglamaning yechimi
1-J1-x
x2(2—x)2 —X+1
Quyidagicha funksiyalarni garaylik: a(x)=x*(2-x)?, B(X)=x’ (2 - xz),

y(x)=x*, 200 = a(B(r(9)), x€[01].
14
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X ={(R1-2,0),(0,7(R) 1-7(R)).(L- A(7(R)).0.8(r (%))}
to‘plamni belgilaymiz, bu yerda X =0.932 va bu A(x) = x ning (0,1) dagi yechimi.
9-teorema. W, SO uchun quyidagi tasdiqlar o ‘rinli:
o Fix(W,)={x};
« ixtiyoriy x® e 8S? uchun
()= {{el,ez,e3}, agar x@ ¢ X,

A

X agar x9eX;

X=(X1-x-%*(2-x*),x*(2-x*)) nugtani belgilab olamiz, bu yerda
2

2
X~0.314 va bu x:((l—xz(Z—xz)) —xz) tenglamaning (0,1) intervaldagi
haqiqiy yechimi.

X ={(x1-%.0),(1-B(x).0.8(x)).(0.c(B(X)) L~ a(A(¥)))}.
to‘plamni belgilab olamiz, bu yerda X =0.754 va bu y(a(B(x))) = x tenglamaning
(0,1) intervaldagi haqgiqiy yechimi .

10-teorema. W, SO uchun quyidagi tasdiglar o rinli :
¢ Fix(W,)= {x):
« ixtiyoriy X e 8S? uchun
e,e,6}, agar x?¢X,

_)
%G(X(O))_{ X, agar x9eX.

Kompyuter dasturi yordamidagi hisoblashlarga asoslanib quyidagi
gipotezani keltirishimiz mumekin.

1-gipoteza. Ixtiyoriy x® eintS? uchun
ay, (X7) = oy (X9) = oo}
V eK, bo‘lsin, aytaylik V =V,. Quyidagi KSOlarni aniglaymiz V, =Tﬂk oV,
k=1,...,6.V vaV, k=1,...,6 KSOlarning superpozitsiyasi orgali hosil gilingan
W, =V oV, , k=1,...,6 operatorlarning dinamikasini tadqiq gilamiz.

11-teorema. W SO uchun quyidagi tasdiglar o ‘rinli:
* I'),, I, I'y5 girralar invariant to ‘plamlardir,

- Fix(W)={e,.e,.e;,c}, bu yerda e, e,,e, egar va c itaruvchi;
« ixtiyoriy X € $*\{c} uchun a),,\i(x(o))c 6S?. Bundan tashqari, ixtiyoriy

x? eintS®\{c} uchun har ganday orbita va orbitalarning o ‘rtachalaridan hosil

n-1
gilingan %ZV\{I((X(O)) ketma-ketlik uzoglashuvchi.
k=0
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2-lemma. W, ~W, ~W,, W ~W.

1-tasdiq. VVZ2 operator uchun qo zg‘almas nuqtalarning tiplari
quyidagicha:
* C itaruvchi;

. e,,e,,e, tortuvchi;
« X,y ,t'=(1-x,x,0) egar.

Dinamik sistemalar umumiy nazariyasiga ko‘ra e €U,, e,eU,, e;eU,
bo‘lgan U,, U,, U, ochiq to‘plamlar mavjudki, ixtiyoriy x© eU, nintS? uchun
@y, (X(O)) ={e,} va x? e (U, uU,) NintS? bo‘lganda Oy, (X(O)) ={e,.8;}.

r bilan markazlari e ,e,,e, nuqtalarda bo‘lgan va mos ravishda U,, U,, U,
to‘plamlarda yotuvchi aylanalar radiuslarining minimumini belgilab olamiz.

X eV, y e€), t e)] bolgan Y, V), W ochiq to‘plamlar va bu ochiq
to‘plamlarda shunday ¢,¢,,&, invariant chiziglar mavjudki, ixtiyoriy
xXe nints®  (mos  rav. x9e, nintS*,  x9 e, nintS?)  uchun
wwz(x(o)):{x*} (mos rav. wwzz(x(o)):{y*}, wwzz(x(o))z{z*}).

d, (mos rav. d,,d;) bilan &) (mos rav. &, ¢; ) chizig va I'y,5 (mos rav.
I 5, Ty ). girra orasidagi eng katta masofani belgilab olamiz.

12-teorema. W, SO uchun quyidagi tasdiglar o ‘rinli:

« ixtiyoriy X© eT",, uchun
o (X(o)) - {e,.e.} agar x©el,\{x},
"2 {x}, agar x©=x.
« ixtiyoriy X® eI, uchun
{e,.e;} agar 0<x” <X,
o, (x9)=4{y".t},  agar x”=x,
{e}, agar x <xP<1.
« ixtiyoriy X® eT", uchun
{e,.e,} agar 0<x?<1-x,
o, (x°)=1y" t},  agar x®=1-X
{e.}, agar x <x? <1,
« ixtiyoriy x©eints? uchun @, (x(o))cﬁsz. Bundan tashqari,

&=min{y2d, //3,4/2d, /3,4/2d, /3,r 13} uchun shunday n, €N topiladiki,

vn>n, uchun x™ €0S? va
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{e.}, agar x" eA,
o, (X(o)) _ {ez’*ea}’ agar x" e Az U A,
2 {x}, agar x" e,
{y .t} agar xes,ug,

oS’ = {x: dist(x,05%) < \/gg}

bu yerda

1-chizma: {'r)Sj = .'—'11 U J"l'g J ;*13 U {Cl} U {C,_}} L {L,-}}

13-teorema. W, SO uchun quyidagi tasdiglar o ‘rinli:
- Fix(W) ={c};

« ixtiyoriy X© € 6S? uchun a)y%(x(o)) ={e,,e,,8,};

o ixtivoriy X® eintS* uchun a)%(x(o)) to‘plam 8S? ning cheksiz gism

to ‘plamidir.
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XULOSA

Dissertatsiya ishi novolterra KSOlar va kvadratik gomeomorfizmlar orgali

hosil gilingan nochiziqli dinamik sistemalarni tadqiq etishga bag‘ishlangan.

18

1.

Tadgigotning asosiy natijalari quyidagilardan iborat:

Ikki o‘lchamli simpleksda aniqlangan o‘rin almashtirishlarga mos keluvchi
novolterra KSOlarning superpozitsiyasi orgali hosil gilingan diskret vaqtli
dinamik sistemalarning orbitasi ixtiyoriy boshlang‘ich nuqta uchun yoki
qo‘zg‘almas nuqtaga yoki davri ikkiga teng bo‘lgan davriy orbitaga
yaqinlashishi ko‘rsatilgan;

Uch o‘lchamli simpleksda aniqlangan o‘rin almashtirishlarga mos keluvchi
novolterra KSOlarning superpozitsiyasi asimptotik xossalari  to‘liq
o‘rganilgan bo‘lib, ixtiyoriy boshlang‘ich nuqta uchun orbita qo‘zg‘almas
nuqtaga yoki davri ikkiga teng bo‘lgan yoki davri uchga teng bo‘lgan davriy
orbitaga yaqinlashishi ko‘rsatilgan;

Regular va ergodik novolterra KSOlar superpozitsiyasi orgali hosil gilingan
stoxastik operatorning deyarli barcha orbitalari qo‘zg‘almas nuqtaga
yaginlashishi isbotlangan;

Ikki o‘lchamli simpleksda aniglangan regular ekstremal Volterra KSO orqali
hosil gilingan kuartik gomeomorfizmlar uchun har ganday orbita yoki
qo‘zg‘almas nuqtaga yoki davriy orbitaga yaqinlashishi ko‘rsatilgan;
Noergodik ekstremal Volterra KSO orgali hosil gilingan kvartik
gomeomorfizmlar uchun har ganday orbita yoki qo‘zg‘almas nuqtaga yoki
davriy orbitaga yaqinlashishi yoki uzoqlashuvchi bo‘lishi ko‘rsatilgan.
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INTRODUCTION

Actuality and demand of the theme of the dissertation. Many scientific
and practical researches conducted on a global scale are mostly related to the
investigation of nonlinear dynamical systems. The importance of the theory of
dynamical systems is to assess what situations will arise in the future, knowing the
initial known state of the system, and it is important for better understanding
complex processes in the fields of physics, biology, medicine, and economics.
Therefore, the study of discrete-time nonlinear dynamical systems, in particular,
the dynamics of quadratic stochastic operators and their superpositions, which are
widely used in mathematical biology, remains one of the important and pressing
areas of research in the theory of dynamical systems.

Currently, scientific research on nonlinear dynamical systems is being
conducted worldwide, as these systems are essential tools for understanding the
nature of many practical problems, analyzing them and finding the optimal
solution. Including, for a given dynamical system, special attention is paid to the
study of issues such as determining the invariant sets of this system, finding all
periodic points and determining their types, and most importantly, describing the
set of limit points of the orbit for any initial point.

In recent years, in our country, attention has been paid to medicine, biology,
mathematics and physics, which have scientific and practical application of
fundamental sciences. In particular, special attention was paid to the development
of the theory of nonlinear dynamic systems, which has wide application in biology,
medicine, mechanics, electronics, economics and optimal control theories, and
significant results were achieved in this regard. Conducting scientific research at
the level of international standards in the priority areas of "Algebra, functional
analysis and theory of dynamic systems" was defined as the main tasks and areas
of activity of mathematics®. It is important to develop the theory of discrete-time
dynamic systems in order to use scientific results in related fields of science to
ensure the performance of these tasks.

The subject and object of research of this dissertation are in line with tasks
identified in the Decrees of the President of the Republic of Uzbekistan UP-4947
of February 7, 2017 “On the strategy of action for the further development Of the
Republic of Uzbekistan”, UP-60 dated January 28, 2022 “Development Strategy of
New Uzbekistan for the period of 2022-2026, UP-2789 dated April 20, 2017 “On
measures to further develop the system of higher education”, UP-2789 dated April
20, 2017 “On measures to further develop the system of higher education”, PP-
4387 from July 9, 2019 “On measures to further development of mathematical
education and science, and also root improvement of the activity of the Uzbekistan
Academy of Sciences V.l.Romanovsky Institute of Mathematics”, and PP-4708 of
May 7, 2020 “On measures to improve the quality of education and research in the
field of mathematics” as well as in other regulations related to basic science.

! Decree of Cabinet of Ministers of the Republic of Uzbekistan at the 2017 year 18 May “On measures on the
organization of activities of the first created scientific research institutions of the Academy of Sciences of the
Republic of Uzbekistan” No. 292.
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Connection of research to priority directions of development of science
and technologies of the Republic. This study was performed in accordance with
the priority areas of science and technology of Republic of Uzbekistan 1V,
“Mathematics, Mechanics and Computer Science”.

The degree of scrutiny of the problem. In recent years, there has been an
increasing interest in the use of nonlinear dynamical systems as mathematical
models for understanding natural processes in biological or physical systems and
their research. Discrete-time dynamical systems generated by quadratic stochastic
operators, which are the simplest case of nonlinear dynamical systems, are one of
the important objects of research in various fields such as population dynamics,
physics, economics. Quadratic stochastic operators were first introduced in 1924 in
the works of S. Bernstein as “evolutionary operators” that determine the dynamics
of gene frequencies based on some hereditary law in mathematical genetics. In the
works of S. Ulam, Yu.l. Lyubich, G. Kesten, S.S. Wallander, R. Jenks, E. Akin, V.
Losert and Uzbek mathematicians T.A. Sarimsakov, R.N. Ganikhodzhaev, N.N.
Ganikhodjaev, U.A. Rozikov, F.M. Mukhamedov, U.U. Jamilov, O. N. Hakimov,
the problem of studying the dynamics of such operators was developed.

In general, the study of the asymptotic properties of a quadratic stochastic
operator is a somewhat complicated problem, even on the two-dimensional
simplex. This basic problem was relatively more completely solved by R.N.
Ganikhodzhaev for Volterra quadratic stochastic operators. Currently,
mathematicians such as N.N. Ganikhodjaev, U.A. Rozikov, F.M. Mukhamedov, A.
Zada, U.U. Jamilov, S. Nazir, D.B. Eshmamatova are conducting scientific
research on the dynamics of novolterra quadratic operators.

The study of the dynamics of the superposition of novolterra quadratic
operators is also interesting from the point of view of the theory of polynomial
stochastic operators, which was developed in the works of M. Scheutzow and M.
Wilke Berenguer. It is known that quadratic and cubic stochastic operators are
simplest cases of polynomial operators. In particular, the dynamics of cubic
stochastic operators was investigated in the works of M. Ladra, U.A. Rozikov,
F.M. Mukhamedov, A.Yu. Khamraev, U.U. Jamilov.

In the work of D.B.Eshmamatova, Sh.J.Seytov and N.B.Narziyev, dynamical
systems generated by the superposition of Volterra operators with different
characteristics defined on the two-dimensional simplex were studied, and it is
shown that the asymptotic properties of an arbitrary orbit for the superposition
operator are absolute different from the properties of orbits of the initial operators.
In particular, it was proved that the operator generated by the superposition of
nonergodic operators with different directions of motion has the property of
regularity.

It should be noted that, despite the fact that many scientific researches of
dynamical systems generated by quadratic stochastic operators and their
superposition have been carried out, a complete description of the set of limit
points for dynamical systems formed by superpositions of quadratic stochastic
operators has not yet been obtained.
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Connection of the theme of the dissertation with the research works of
higher education, where the dissertation is carried out. The dissertation
research is done in accordance with the planned theme of scientific research OT-
F4-87 “The theory of global invariants of curves and surfaces in Euclidean and
pseudo-Euclidean spaces and its applications in mechanics” (2017-2020), OT-F4-
82 “Local derivations and automorphisms of operator and nonassociative algebras,
phase transitions and chaos in nonlinear dynamical systems” (2017-2020) and
scientific research “YOFA-Ftex-2018-78, Dynamical and thermodynamical
systems on non-amenable graphs” (2018-2019 y) and “Structural theory of non-
associative algebras and its application in the study of dynamic systems in
biological systems” (2020-2023) at the V.I. Romanovskiy Institute of
Mathematics.

The aim of research work is to investigate asymptotic behavior of discrete-

time dynamical systems generated by superposition of non-Volterra quadratic
stochastic operators (superposition operator).

Research problems:

to determine invariant sets for a superposition operator;

to describe the set of periodic points of superposition operators and determine
their types;

to construct Lyapunov functions for superposition operators;

to study the limit points of orbits for superposition operators.

The research object: superposition of non-Volterra operators, superposition
of Volterra and permuted Volterra operators.

The research subject: Mathematical analysis, functional analysis, theory of
nonlinear dynamical systems.

Research methods: In the research the methods of mathematical analysis,
functional analysis, linear algebra and theory of dynamical systems are used.

Scientific novelty of the research work consists of the following:

for the superposition of different non-Volterra operators defined on the two-
dimensional simplex, periodic points and invariant sets were found and it was
proven that the orbits of such operators always converge to either a fixed point or a
periodic orbit;

for the superposition of a regular and an ergodic non-Volterra operators
defined on the two-dimensional it was shown that almost all orbits for the operator
converge to a fixed point;

for the superposition operator of any extremal Volterra quadratic operator
and its permutation defined on the two-dimensional simplex it was found the set
of all fixed points and described the set of limit points of a orbit.

Practical results of the research. The dissertation contain new interesting
results and they can be used in the theory of discrete-time nonlinear dynamical
systems. Also, used methods and obtained results in the dissertation can be used as
materials for a special course for master’s students and doctoral students in higher
educational institutions.
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The reliability of the results of the study is justified by the use of methods
of mathematical and functional analysis, the theory of Lyapunov functions and the
theory of dynamical systems, as well as the rigor of mathematical reasoning.

Scientific and practical significance of the research results. The scientific
significance of these research results stems from their applicability to both the
theory of stochastic operators and the resolution of problems in mathematical
biology.

The practical significance of this thesis lies in its demonstration that, in
various models of mathematical biology, analyzing the fixed points and limit
points of orbits can provide valuable insights into the future dynamics of a
population.

Implementation of the research results. The results related to dynamics of
superposition of non-Volterra quadratic stochastic operators were used in the
following research projects:

invariant sets and periodic points of an operator generated by superposition of
non-Volterra quadratic stochastic operators have been used in the research project
“Quantum genetic algebras and their applications” with the reference number
G0003447 for analyzing the dynamics of nonlinear stochastic operators (Reference
of United Arab Emirates University dated September 19, 2024, UAE). The
application of scientific result made it possible to classify periodic orbits of
nonlinear stochastic operators, which is crucial for understanding the state of
biological systems;

for operator generated by superposition of Volterra and permuted Volterra
guadratic stochastic operators, the limit points of orbits have been used in the
research project “Homology, homotopy and categorical invariants in groups and
non-associative algebras™, with reference number PID2020-115155GB-100 for
analyzing the orbits of nonlinear stochastic operators (Reference of University of
Santiago de Compostela dated September 23, 2024, Spain). The application of
scientific result made it possible to upper-bound the set of limit points for
nonlinear operators used in evolution algebra, mathematical biology and
population genetics.

Approbation of the research results. The main results of the research have
been discussed at 6 international and 10 national scientific conferences.

Publications of the research results. On the topic of the dissertation 20
research papers have been published in the scientific journals, 6 of them are
included in the list of journals proposed by the Higher Attestation Commission of
the Republic of Uzbekistan for defending the PhD thesis, in addition 3 of them
were published in international journals and 3 papers published in national
mathematical journals.

The structure and volume of the dissertation. The dissertation consists of
an introduction, three chapters, conclusion and bibliography. The general volume
of the thesis is 97 pages.
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THE MAIN CONTENT OF THE THESIS

The introduction of the thesis includes the underlying motivation for the
research, its significance in relation to current priorities in science and technology,
the review of international research related to the topic, the degree of scrutiny of
the problem, the aim, research problems, object and subject of research, scientific
novelty and practical results, theoretical and practical significance of the research
results , the approbation of research results, published works and information on
the structure of the thesis.

In the first chapter of the thesis, titled “Superposition of two ergodic non-
Volterra quadratic operators” we recall the necessary definitions and notions
from the theory of quadratic stochastic operators and the theory of dynamical
systems. Also therein we studied the dynamics of the operators generated by
superpositions of non-Volterra quadratic stochastic operators on two-dimensional
and three-dimensional simplices.

Let E={1,...,m}. Then the set of all probability distributions on E is given

by
S™={X= (X Xy Xy) €RT D D X =1}
ieE
which clearly represents an (m—1) -dimensional simplex.
Amap V:R" - R" is called stochastic operator(SO) if V(S™*) = S™.
A quadratic stochastic operator(QSO) is a mapping V :S™' —S™* given
by

Vix, =Y p XX, keE (1)
i j=1

and the coefficients p;, satisfy

Pijx = Pjik >0, Zpij,k =1, I, )keE )
k=1

The orbit {x™}", of any point x® e S™* is defined by
XM =v (x™M)=v"™(x?), n=0,1,2,...
Denote by @, (xX®) the set of limit points of the orbit {x™}~.,.

The main problem in dynamical system is the description of the set @, (x*)
for any initial point x® e S™* and for a given SO V .
A SOV is called regular if the limit limV "(X) exists for any x e S™*.

N—o0

A SO is called ergodic if the limit
1 n-1
lim=> V*(x)
k=0

n—w N =

exists for any initial xe S™*.
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Definition 1. Let V,,V, be SOs. We will say that the operatorV, is
topologically conjugate to V, and write V, ~V, if there exists a homeomorphism
H suchthat V,=H V,H .

The following notations will be used throughout this thesis.
The boundary of the simplex S™ be let the set

oS™t ={xeS"*:x =0 for at least one i € E};
a face of the simplex S™* be the set T, ={xeS™":x =0, Viga}, a cE;
the interior of the simplex S™* be the set intS™* ={xe S™*:xX,---x,, > 0};
let €, =(5,,0,,---,0,;,) €S™ ", i=1,...,m, denote the vertices of the simplex
S™*, where ¢; is the Kronecker delta;

Let the family of QSOs corresponding to permutation defined on the
simplex S™* consists from the QSOs in the form

X, =2X X ., K=1,...,m=1

{ k m” (k) (3)

T

Xy = X+ (X o %)%,
where 7 is a permutation of the set {1,...,m—1}.
First we consider the superposition of QSOs V_ on the simplex SZ.
Evidently that there are 7, = Id, 7, =(21) permutations of the set {1,2}.
Denote V, =V, oV, 1=1,2.
V,=V_oV_=V_oV V,=V_oV_=V_ oV .
1 1 2 1 2 2 1
Theorem 1. For the operators V, and V,, the following statements are hold:
* For x® eT,,,, we have V,(x?) =e,, i=1,2;

* For any x? € S\ (', W{e;}), we have a, (x?) ={x};

zrz’

e @, (X9) = 1%}, if x9eM,\ (T V{Esh),
“ KV, if x? €S2\ (T, UMY,
1 O O 2
where X == ——=——=11 and M; ={Xxe S”:x = X,}.
2()(1(0) X0 X0 O 1 =1 X =%}

We consider the operators V,[i oV”j :S° > S°® defined by superposition of

QSOs (3). It is known that permutations of the set {1,2,3} are
7w =1d, 7,=(12), =, =(13), r, =(23), =, =(123), =, = (132).
Then we have 36 superposition operators. It can be verified that each of these
operators is equal to one of the operators W =V, eV, 1<i<6.
Lemmal. W, ~W, ~W,, W, ~W..
Theorem 2. For the operators W,, i=1,2,5, the following statements are
hold:
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- forany x® eT,,,,, we have W, (x®) =e,, i=1,2,5;
» for any X® € S*\(I'y, 5 {e,}), We have @, (x¥) ={X};

e, (X9) = {x}, if x¥eM, V(T o5 UL},
2 ZW,(R)}, if x?eS*\ (M, UT,,,),
{x, if X% eM\(Ty,, i},

‘@, (X(O’)={
-

where

KW ()W ()}, if X© e SP\(My LTy ,5),

1 (0) x© x©
X=21 50 Xl(O) © 'O %0> © 'O ?r» ol
2\ X7 X Xy XXy Xy X Xy + Xy
MZZ{XES3ZX1:X2}, MS:{XeS3:x1:x2:x3}.
In the second chapter of the dissertation titled “Superposition of regular and
ergodic non-Volterra quadratic operators” we studied dynamical systems
generated by SOs which are superpositions of regular and ergodic non-Volterra

QSOs defined on the two-dimensional simplex. These operators have the following
forms:

X = 1+ a)’ %% + 21+ a) (1- 1+ a) X, (1— %) ) XX,
W, 9% = (14 @)? 5% + 2(1+ @) (1— (1+ @) X5 (1— X;) ) XX,
X5 = (1- 1+ a)x(1- x3))2 +2(1+ &) * X2 X Xy,
X = (L+a) (X +2%%,) (X2 +2X,X,),
W, %) = (14 @)0€ + 2%%,) (¢ + 2%,%,),
X = 1= (1+a) (X5 +2%%) (1= (%3 +2%X,)),

where a €[-1,1].
Denote

t = g/(a +1)((2—a)2 +J60% —32a +43),

. 1)t a-3 . [1-X 1-%X .
X =—| 44—+ —+1|, X = a. X .
“ 31+« t “ 2 2 “

a

Theorem 3. For the operator W, the following statements are hold:
« W, (x?) =e, for any x9 el
s for any x©® e S? \ (T, U{e,}), we have
o, (X(O)) _ {ef}, if a<-1/2,
0 .} if a>-1/2
Denote

|, =118 44 + 1860 320 + 43,
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. 2Y(a+1) 1 W (1-X 1-X .
X, = - +—=, X, = : X |-
9¥(ax +1) a, 9 2 2
Theorem 4. For the operator W, the following statements are hold:
« W, (x9) =¢, forany x? e{e,.e,,e,};
« for any X¥ € S*\{e,,e,,6.}, we have
o, (X(O)): {ei}, If a<-1/2,
1 {x,} if a>-1/2.

If an operator has the property of being regular, then it satisfies the ergodic
hypothesis, and by Theorem 3 the SO W, and by Theorem 4 the SO W, are regular

transformations, so we have the following corollary.
Corollary 1. The SOs W, , W, are ergodic.

In the third chapter of the dissertation entitled “Superposition of quadratic
homeomorphisms”, we studied dynamical systems generated by SOs which are
superpositions of extremal Volterra and permuted Volterra QSOs defined on the
two-dimensional simplex.

Let V be a Volterra QSO on S™*. Evidently, for any Volterra QSO it hold

Pii =1, Pix + Pici = Py + Pg; =1 forall i,keEi=k.

A Volterra QSO V defined on S™* has the form
\ :X|’< = X (1+ZakiXiJ
i=1
where A= (aij )T is a skew-symmetric matrix with a; =2p, -1 for ik, a; =0
and [a; [<1.Here i, jeE.

Definition 2. The QSO V s called extremal Volterra if the elements of the
corresponding skew-symmetric matrix satisfy a, =—1 or a, =1 forall k #1.

Let 7 be a permutation of the set E. Define amap T_:S™*—S™" by the
formula T_(X) = (Xﬂ(l),xﬁ(z),..., X(m) )

In the works of R.N. Ganikhodzhaev and D.B. Eshmamatova, it has been
proven that any quadratic homeomorphism of the simplex is a superposition of the
permutation T_ and the Volterra operator V,, thatis T_oV,.

Let m=3. Then any Volterra QSO has the form:
X, = %, (1+ax, —bx,),
Viane :1% = X%, (1—ax, +cx,),
X; = X, (1+bx, —cx,),
where a,b,ce[-1,1].
Let 7 be a permutation of the set {1,2,3}. It is easy to see that
m=1d, =, =(12), =, =(13), n, =(23), =, =(123), n, = (132).
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Let V be a Volterra KSO. We define the following operators V, =T, °V,

k=1,...,6. We interested to investigate the dynamics of the following

superposition of SOs V oV, k=1,...,6. It can be check that V, oV ~V oV . In

general this problem was difficult and consequently we shall study the dynamics
this problem in the case V is an extremal Volterra QSO.
By Definition 1 there are 8 extremal Volterra QSOs defined on SZ:
Vi=Viaa s Vo = Vi Vo =V s Vo =V 1y,
Vs :V(—l,—l,l); Vs :V(l,—l,l); V; :V(l,l,l); Ve :V(—l,—l,—l)'
Due to the equivalence relation given in Definition 2, the extremal Volterra
operators is split into two equivalence classes K, ={V,,...,V } and K, ={V,,V;}.
From the theory of Volterra QSOs one has that any Volterra QSO from the class
K, is a regular operator and any Volterra QSO from the class K, is a non-ergodic

transformation.
Let V e K, namely V =V,. We study the dynamics of the following SOs,
which are superposition SOs W, =V oV, k=1,...,6.
Theorem 5. For the SO W,, the following assertions are true:
- Fix(W,) ={e,.e,.e;};
“if X0 Ty, e}, then limW,' (x@)=e,;

n—o0

{12}

«if X9 eS2\T

- n 0)\ —
s then limW, (x )—e3.

n—o0

Denote X = (0, X ,1- X*), where x" is a real solution of the quartic equation
x*—2x>—x+1=0in[0,1] and x" =~ 0.525.
Theorem 6. For the SO W, , the following assertions are true:
. Fix(Wz):{el,x*};

« for any x? T, ,, we have

Ay, (X(o)) = {{ %}, if XEO) =X,

e,,e,}, otherwise.

»forany x el 5, UTy,,,, We have @, (x9)={e,.e,}.

{13} {12}’

 for any x© eints?, it holds e, (x(o))cl“za. Moreover, there is an

invariant curve ¢ which passes through x™ and for the & = \Er thereis n, e N

such that ¥n > n, it holds 0< x" <& and

%Z(X(O)):{{{x*}, it x™ e/,

e,.&}, otherwise,
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where r is the greatest distance between the curve ¢ and the face I', ;.
Theorem 7. For the SO W, the following assertions are hold:

-« Fix(W,)={e, .y}
« for any X® € S*\{e,,y’}, we have
{e,}, if x©<x"xP<1-x,
>, (x(o)) = {x*,z*}, if x?=x"or x¥=1-x,
{e..}, otherwise,
where Y~ = (X*,O,l—x*) and z' = (X*,l— x*,O).
Theorem 8. For the So W, the following assertions are true:
« Fix(W, ) = {e,.2"};
« for any X© € S°\{z'}, we have
{e,}, if x>0,
@, (x(o)) = {z} if x?=x",x"=0,

Denote X =| X*(2-X)?,
X
solution of the equation

x*(2- x)2 +

1-+1-x
x2(2—x)2 —X+1
Consider the following functions a(x) = x*(2-x)*, B(x)= x2(2— xz), 7(x) = x*,
A(X) = a(B(y(x))), x<[0,1]. Denote the set
X ={(1-%0),(0.7(R).1-7(%)), (L~ B(r(2)).0.8(r ()))}-
where X is a real solution of the equation A(x)=x in (0,1) and X~ 0.932.
Theorem 9. For the SO W, the following assertions are hold:

. FiX(WS) = {)?} :
s for any x© e 0S? we have
(X(O)) :{{el,ez,es}, if x©¢ )2,

+x=1, xe[0,1].

@y,

5

X if x9eX;
Denote >“<:(X,l—X—XZ(Z—XZ),XZ(Z—XZ)), where X is a real solution of
the equation x:((l—xz(Z—xz))2 —x2)2 in (0,1) and X ~0.314.
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Denote the set

X ={(%,1-%,0),(L- A(%),0.4(X)). (0. (5(¥)) L~ (A (X)))}.
where X is a real solution of the equation y(a(B(x))) = x in (0,1) and X =0.754.
Theorem 10. For the SO W,, the following assertions are hold:
. Fix(W;)={x};
« for any x© e 6S?, we have

am(ﬂﬂ={&vﬁﬁﬂ’ if x%eX,

6

X, if x9eX.
Using simulations and some calculations suggest the following conjecture.
Conjecture 1. For any x? €intS?, we have

A, (X(O)) = ay, (X(O)) = {el’ez’e3},
Let V e K,, namely V =V, and we define the following QSOs V, =T, °V,

k=1,...,6. We shall study the dynamics of the operators W, =V o\7k, k=1,...,6
which are superposition of QSOs V and \7k, k=1,...,6.
Theorem 11. For the SO ), the following assertions are true:
» the faces I'},,I",,,I";; are invariant sets;
« Fix(W)={e,.e,.e;,c}, here e, e,,e, are saddles and c is repelling;

« for any X© € S*\{c}, we have @y, (x(o)) c 0S”. Moreover, any orbit and

13 ) .
the sequence of averages HZWK (X(O)) diverge for any x© eintS?\{c}.
k=0

Lemma2. W,~W,~W, W ~W.
Proposition 1. The type of the fixed points for W} are as follows:

« the center c is a repelling;
* the vertexes e,,e,,e, are attracting;

« X,y ,t'=(1-x,x,0) are saddle.

From general theory of dynamical systems it follows that there exist open
sets U,, U,, U, such that e eU,, e,eU,, e;eU, and we have that if

x? eU, NintS*  then a)Wz(x‘O))={el} and wwz(x(o))={e2,e3} when
X9 (U, UU,) Aints?.

Denote by r the minimum of the radiuses of the circles whose centers are at
the vertices e,,e,,e, and which are subsets of U,, U,, U, respectively.

Similarly, there exist open sets }, ,, V) suchthat X €1,y €)}, t €]
and invariant curves ¢,,¢,,¢, such that &, €V, &, €1, &, €)j and for them we
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have that if x© e, nintS* (resp. x© e, nintS?, x@ e, NintS?), then
@y, (X¥)={X"} (resp. a)wzz(x(o’)={y*}, wwzz(x(o’):{z*}).
Denote by d, (resp. d,,d,) the greatest distance between the curve & (resp.
¢,, ¢, ) and the face F{2,3} (resp. F{m}, 1“{1’2} ).
Theorem 12. For the SO W, the following statements are true:
« for any X9 e I',,, we have that

o, (X)) = {{e2 e} if x? 6(52_3 WD
{x} if x% =x.
« for any X¥ €T}, we have that
{e,.e,} if 0<xP<Xx,
o (X7)=y 1Y if X0 =x
{3}, if x'<xP<1

« forany X €T, we have that
{e,e,} if 0<xP<1-x,

o (X0) =100 i X0 =1-x,
o, i X <x0<t,

- forany x® ints®, ithold w,, (x®)cos?. Moreover, for the
&= min{2d, /3,42d, 1 /3,4/2d, /3, / 3} there is n, < N such that vn >,
it holds X" €8S? and
{e.}, it x™eA,
o, (x) = {ez,*eg}, if -X(no)(nG)Az VA,
{x}, if x%ed,
'ty it xX"es,ug,

oS’ = {x: dist(x,05%) < \Eg}

where
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J';l
B2y x*

Figure 1: The set {f)ac;j = .41 L .*"1? ) ‘4.3 1 {{.‘1} U {Cg} U {{.‘{}
Theorem 13. For the SO W, the following statements are true:

« Fix(W,) ={c}. The center c is a repelling fixed point;
« if xX© €52, then we have @y, (X?) = {e,.0,.8,};

o if X €intS?, then we have that @, (x®) s an infinite subset of the

oS>,
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CONCLUSION

The dissertation work is devoted to investigation of the nonlinear dynamical

systems generated by the superpositions of non-Volterra QSOs and quadratic
homeomorphisms.
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Main results of the research are as follows:

For a specific family of discrete-time dynamical systems generated by
superposition of non-Volterra QSOs corresponding to permutations defined
on the two-dimensional simplex we showed that for any initial point the
orbit converges to either a fixed point or a 2-periodic orbit;

The asymptotical behaviour of superposition of non-Volterra QSOs
corresponding to permutation defined on the three-dimensional simplex was
fully studied and we showed that for any initial point the orbit converges to
either a fixed point or a 2-periodic orbit or 3-periodic orbit;

It was proved that almost all orbits of a stochastic operator which is a
superpositions of regular and ergodic non-Volterra QSOs converges to a
fixed point;

For the quartic homeomorphisms generated by a regular extremal Volterra
QSO defined on the two-dimensional simplex we showed that any orbit
converges to either a fixed point or a periodic orbit;

For the quartic homeomorphisms generated by a non-ergodic extremal
Volterra QSO defined on the two-dimensional simplex we showed that any
orbit converges to either a fixed point or a periodic orbit or diverges.
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Maremaruku nmenn B.M.PomanoBckoro (3apeructpupoBana 3a Ne 193). (Ampec: 100174, r. TamkeHr,
Anmazapckuii paiion, yia. Yuusepcurerckas, 9.Ten.: (+99871) 207-91-40).

Astopedepar auccepranuu pazocnan 20 gekadps 2024 roxa.
(mporokoin paccsuiku Ne 2 ot 20 nexabpst 2024 rona).

Y.A. Po3ukoB

IIpencenarens HayuHnoro

COBETA IO MPUCYKICHUIO YUEHBIX
CTeNeHeH, 1.¢).-M.H., aKaJIEMHUK

K.K. AnameB

VYyenslii cekpetaps Hayunoro
COBETa MO MPUCYKJIECHUIO YIEHBIX
CTeTleHe, 1.¢).-M.H., cTapIIui
HAYYHBIH COTPYIHUK

A.A. PaxumoB

3amecTurens npeaceaarens Hayunoro ceMuHapa
npu HaydyHOM cOBeTe 10 IPUCYKICHUIO

YYEHBIX CTeTIeHeH, 1.¢.-M.H., podeccop



BBEJIEHUE (anHoTaumus aucceprauuu 1oKkropa ¢punocopuu(PhD))

Henabio uccienoBaHus SBISICTCS WM3YYEHUE ACUMIITOTUYECKOTO IMOBEICHUS
OpOUT JUCKPETHBIX JUHAMUYECKUX CHUCTEM, MOPOXKIACHHBIX CYMNEPIO3UIUIMU
HEBOJIbTEPPOBCKUX KBAJIPATUYHBIX CTOXACTUYECKUX OIEPATOPOB.

OO0beKkT wucC/IeI0BAHUA: CYIEPIO3UIUS HEBOJBTEPPOBCKUX OINEPATOPOB,
CYTIEpIIO3UIIMS BOJIBTEPPOBCKUX OINEPATOPOB U TMEPECTaBICHHBIX ONEPATOPOB
Bonabreppa.

Hayunasi HOBU3HA MCCJI€I0BAHUSI COCTOUT B CIICAYIONIEM:

JUIA ~ CYNEpPIO3ULMU  Pa3jIMYHbIX  HEBOJBTEPPOBCKUX  OMEPATOPOB,
OTIpe/ICNICHHBIX HA IBYMEPHOM CHUMIUICKCE, OBLIN HAlICHBI IEPUOANYECKUE TOUKU
Y MHBAapHAHTHBIE MHOXKECTBA, J0Ka3aHO, YTO OPOUTHI TAKUX OMEPATOPOB CXOAATCA
7100 K HETIOBMKHOM TOUKE, TMO0 K MIePUOUIECKON OpOuUTe;

Ui CYNEPHO3WIMHA PETYISIPHOTO M IPTOJUYECKOTO0 HEBOJIBTEPPOBCKUX
OIIEpaTOPOB, ONPEJCIICHHBIX B JIBYMEPHOM CHUMIUIEKCE, ITOKAa3aHO, YTO MOYTH BCE
OpOUTHI OllepaTopa CXOAATCS K HEMOABUKHOU TOUKE;

I CYNEpPHO3ULIMHU JII000Tr0 KpaHEro KBaJpaTuyHoro omnepatopa BoabTeppa
U €ro IEepecTaHOBKU, OIPEAEICHHBIX Ha JABYMEPHOM CHUMIUIEKCE, HaJEeHO
MHO>KECTBO BCEX HEMOJBUKHBIX TOUYEK U OMHCAHO MHOXKECTBO MPEAEIbHBIX TOUEK
opOwuT.

BHenpenue pe3yabTaToB HMCCiel0BaHUsl. Pe3ynbTaThl, CBSI3aHHBIE C
JMHAMHUKOW CYTMEPIO3UIINNA KBAIPATUYHBIX CTOXACTHUECKUX HEBOIBTEPPOBCKUX
OTIepaTOPOB, OBLIIN MCIIOIB30BAHBI B CICAYIOMINX HCCIEA0BATEIbCKUX MTPOCKTAX:

WHBapHAHTHbIE MHOXXECTBAa W  MEPHOJUYECKHE TOYKH  oOfepaTopa
CYTIEPIO3UINHA KBAAPATUYHBIX CTOXACTUYECKHX HEBOJIBTEPPOBCKHUX OINEPATOPOB
OBUIM MCTIOJB30BaHbl B MCCIIEI0BATEIHCKOM MpoekTe «KBaHTOBBIE reHETHUECKHE
anreOpsl U ux npunoxkeHus» ¢ Homepom G0003447 nnsa aHanw3a JUHAMHUKA
HEJIMHEHWHBIX  cToXacTHueckux omnepatopoB (CmpaBka oT VYHuBepcuTeTa
O0benuHeHHbIX ApaOckux OmuparoB, 19 centsiops 2024 r., OAD). [Ipumenenue
HAy4YyHOTO pe3yJibTaTa IO3BOJWIO KiIacCU(PUIUPOBATh MEPUOAUYECKHE OpPOUTHI
HEJIMHEWHBIX CTOXACTUYECKUX OINEepaTopoB, YTO HMMEET Ba)XHOE 3HAUYCHHUE IS
MOHUMAaHUS COCTOSTHUSI OMOJIOTMYECKUX CUCTEM;

npeaenbHble TOYKW OpOUT orepaTopa CYNEpPHO3UIHMH BOJBTEPPOBCKUX U
IEPECTaBICHHBIX  BOJBTEPPOBCKUX  ONEPATOPOB  OBLIM  MCIOJNb30BaHBl B
HCCIIEIOBATENIbCKOM TMPOeKTe «[ OMOJOTHs, TOMOTONMUS U KaTeropuaabHbIC
WHBAPUAHTHl B TPYyIIax M HEacCOMATUBHBIX anreOpax» ¢ Homepom PID2020-
115155GB-100 ngns aHanu3a OpOUT HEIMHEHHBIX CTOXACTHUYECKUX OINEpPaToOpOB
(CnpaBka ot YuuBepcutera Canrtbsro-me-Kommocrena, 23 centsops 2024 r.,
Hcnanus). [IpuMeHeHne HAYyYHOTO pe3yJibTaTa MO3BOJWIO YCTOHOBUTH BEPXHIOO
TpaHUIly MHOXECTBa MPENEIbHBIX TOYEK [JIi HEJIMHEWHBIX OMEepaTopoB,
UCIOJIB3YEMBIX B 9JBOJIOLMOHHON anredpe, MaTeMaTHYeCKOW OHOJIOTMH U
MOMYJISILIUOHHON TeHETHKHU.

Crpykrypa u o0beM auccepranmu. Jucceprauus COCTOUT U3 BBEACHHUS,
TpEX TIJaB, 3aKIIOUYEHHS U CIHUCKA HUCIOJb30BaHHOW mutepaTypbl. OObem
JUCCepTaIK COCTaBIsieT 97 CTpaHULL.
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Avtoreferat “O‘zbekiston matematika jurnali” tahririyatida
2024 yil 2-dekabrda tahrirdan o‘tkazilib, o‘zbek, rus va ingliz tillaridagi matnlar
o’zaro muvofiglashtirildi.
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