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KIRISH (falsafa doktori (PhD) dissertatsiyasi annotatsiyasi)

Dissertatsiya mavzusining dolzarbligi va zarurati. Jahonda olib
borilayotgan ko‘plab ilmiy va amaliy tadgigotlar xususiy hosilali differensial va
integro-differensial tenglamalar, ular uchun go‘yilgan to‘g‘ri va teskari masalalarni
o‘rganishga olib kelinadi. Teskari masalalar issiglik fizikasiga, kvant mexanikasi va
optika sohasiga, tibbiyotga, kompyuter grafikasi va sun’iy intellektga, shu bilan
birga zamonaviy ilm-fanning barcha sohalariga Kirib bordi. Matematik fizikada
to‘g‘ri masalalarning yechimini topish uchun tenglama koeffitsiyentlarini, soha
chegarasini, boshlang‘ich va chegaraviy shartlarni berish lozim. Ammo amaliyotda,
tenglama koeffitsiyentlarini har doim berib bo‘Imaydi, bundan tashgari masalaning
yechimi nafagat boshlang‘ich va chegaraviy shartlarga balki muhitning ichidagi
boshga ba’zi bir xususiyatlariga ham bog‘lig bo‘ladi. Bunday holda, masalani
yechish integro-differensial issiqlik targalish tenglamalari uchun nolokal teskari
masalalarni tadqiq etishga olib kelinadi. Bunday masalalarni yechish to‘la
o‘rganilmaganligi bois, ushbu yo‘nalishdagi tadgiqotlarga alohida e’tibor
garatilmoqda.

Jahonda matematik fizikaning jadal suratlarda rivojlanayotgan yo‘nalishlaridan
biri bo‘lgan integro-differensial issiglik targalish tenglamalari va ularga qo‘yilgan
teskari masalalar bilan modellashtiriladigan jarayonlarni tadqiq gilishga garatilgan
ilmiy tadgiqotlar olib borilmogda. Ushbu yo‘nalishda nolokal boshlang‘ich-
chegaraviy shartli integro-differensial issiglik targalish tenglamasi uchun to‘g‘ri va
teskari masala yechimining mavjudligi va yagonaligini isbotlashga oid tadgiqotlar
ustuvor hisoblanmoqgda. Shuningdek, issiglik targalish jarayonlarini boshgarish
hamda issiglikning butun muhit bo‘ylab teng tagsimlanishini ta’minlash muhimdir,
bu jarayonlar esa nolokal shartli issiglik targalish tenglamasi yordamida
modellashtiriladi. Shuning uchun nolokal boshlang‘ich-chegaraviy shartli integro-
differensial 1issiqlik tarqalish tenglamasi uchun qo‘yilgan to‘g‘ri va teskari
masalalarning korrektligini o‘rganishga oid tadqigotlarni rivojlantirish dolzarb
vazifalardan hisoblanmoqda.

Respublikamizda amaliy va fundamental fanlar orgali ham nazariy, ham amaliy
ahamiyatga ega bo‘lgan tadqiqotlar yuzasidan keng qamrovli izlanishlar olib
borilmoqda, xususan nolokal shartli integro-differensial issiglik targalish tenglamasi
uchun to‘g‘ri va teskari masalalar yechimi mavjudligi hamda yagonaligini isbotlash
va olingan natijalarni amaliyotda qo‘llash bo‘yicha keng ko‘lamli chora-tadbirlar
amalga oshirilmoqda. “Algebra va uning tatbiqlari, differensial tenglamalar va uning
tatbiglari, chizigsiz tizimlar, dinamik tizimlar va ularning tatbiglarini matematik
modellashtirish, stoxastik tahlil, tibbiy-biologik informatika, hisoblash
matematikasi” * fanlarining ustuvor yo‘nalishlari bo‘yicha xalgaro standartlar
darajasida ilmiy tadgiqotlar olib borish matematika fanining asosiy vazifalari va
faoliyat yo‘nalishlari etib belgilangan. Ushbu vazifani amalga oshirishda o‘ng

1 O‘zbekiston Respublikasi Prezidentining 2019 yil 9 iyuldagi “Matematika ta’limi va fanlarini yanada rivojlantirishni
davlat tomonidan qo‘llab-quvvatlash, shuningdek, O‘zbekiston Respublikasi Fanlar Akademiyasining
V.1. Romanovskiy nomidagi Matematika instituti faoliyatini tubdan takomillashtirish chora-tadbirlari to‘g‘risida”gi
PQ-4387-son qarori.
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tomoni o‘rama ko‘rinishdagi issiqlik tarqalish tenglamalari uchun nolokal teskari
masalalarning korrektlilik shartlarini topish muhim ilmiy ahamiyatga ega
hisoblanadi.

O‘zbekiston Respublikasi Prezidentining 2017-yil 7-fevral PF-4947-sonli
“O‘zbekiston Respublikasini yanada rivojlantirish bo‘yicha harakatlar strategiyasi
to‘g‘risida’gi, 2022-yil 28-yanvar PF-60 sonli “2022-2026- yillarga mo‘ljallangan
Yangi Oc‘zbekistonning taraqqiyot strategiyasi to‘g‘risida”gi, 2023-yil
11-sentabrdagi  PF-158-son  “O‘zbekiston—2030”  strategiyasi to‘g‘risidagi
farmonlari, 2017-yil 17-fevral PQ-2789-sonli “Fanlar akademiyasi faoliyati, ilmiy-
tadqiqot ishlarini tashkil etish, boshqgarish va moliyalashtirishni yanada
takomillashtirish chora-tadbirlari to‘g‘risida”gi, 2020 yil 7 maydagi PQ-4708-son
“Matematika sohasidagi ta’lim sifatini oshirish va ilmiy-tadgigotlarni rivojlantirish
chora-tadbirlari to‘grisida”gi qarorlari hamda mazkur faoliyatga tegishli boshga
normativ-huquqiy hujjatlarda belgilangan vazifalarni amalga oshirishda ushbu
dissertatsiya tadgigoti muayyan darajada xizmat giladi.

Tadgigotning respublika fan va texnologiyalari rivojlanishining ustuvor
yo‘nalishlariga mosligi. Mazkur tadgigot O°zbekiston Respublikasida fan va
texnologiyalar rivojlanishining V. “Matematika, mexanika va informatika ustuvor
yo‘nalishi doirasida bajarilgan.

Muammoning o‘rganilganlik darajasi. Matematik fizikaning teskari
masalalari nazariyasini rivojlantirishga M.M. Lavrentev, A.S. Alekseev,
A.L. Bukhgeim, N.Ya. Beznoshchenko, A.l. Prilepko, V.G. Romanov,
A. Lorenzi, J. Janno, G.V. Dyatlov, A. Favaron, H. Grabmueller va boshgalar o‘z
hissalarini go‘shganlar. Parabolik tipdagi tenglamalar uchun teskari masalalar
A.L. Bukhgeim, J. Janno, L.v. Wolfersdorf, V.G. Romanov, F. Colombo,
A.l. Prilepko, A.D. Iskenderov, M. Grasselli, V.A. Dedok, N.Ya. Beznoshchenko,
A. Boumenir, O. Danilkina, M.E. Gurtin, M.l. Ivanchov, A.C. Pipkin
L. Yang va J. Jannolar tomonidan go‘yilgan va tadqiq gilingan. Parabolik tipdagi
integro-differensial tenglamalar uchun teskari masalalarni tadqgiq etishning turli
usullari A. Lorenzi, D. Lesnic, F. Colombo, M. Grasselli, K. Karuppiah,
D.Q. Durdiyev, JJ. Jumaev va boshgalarning ishlarida taklif etilgan va
rivojlantirilgan. Nolokal shartli xususiy hosilali differensial tenglamalarni
o‘rganishning turli usullari D.G. Gordeziani, G.A. Avalishvili, E.l. Azizbayov,
Y.T. Mehraliyev, S.V. Kirichenko, D. Lesnic, M.l. Ismailov, F. Kanca va
boshqgalarning ishlarida tadqiq gilingan.

Jumladan, E.l. Azizbayov va Y.T. Mehraliyevlarning? ishlarida ikkinchi tartibli
parabolik tipdagi nolokal boshlang‘ich shartli tenglama uchun koeffitsiyentni
aniglashning teskari masalasi tadqiq gilingan. Ushbu tadgigot ishida qo‘yilgan
masalaga nisbatan ekvivalent masala olinib, ekvivalent masala yechimining
mavjudligi va yagonaligi gisgartirib akslantirishlar prinsipi yordamida isbotlangan.
M.S. Hussein, D. Lesnic, M.I. Ismailovlarning® magolasida bir o‘lchamli issiglik

2E.l. Azizboyev, Y.T. Mehraliyev, Solvability of nonlocal inverse boundary-value problem for second order parabolic
equation with integral condition, Electronic journal of differential eqautions, no. 125,1-14, 2017.

3 M.S. Hussein, D. Lesnic va M.1. Ismailov, An inverse problem of finding the time-dependent diffusion coefficient
from an integral condition, Mathematical Methods in the Applied Sciences, 39 (5), 963-980, 2015.
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targalish tenglamasidan nolokal qgo‘shimcha shart orgali koeffitsiyentni
aniglashning teskari masalasi tadqiq gilingan. Dastlab, masala klassik yechimining
mavjudligi, yagonaligi va yechimning berilganlarga nisbatan uzluksiz bog‘ligligi
ko‘rsatilgan. So‘ngra tenglama koeffitsiyentlarini aniglashning analitik va sonli
usullari taklif etilgan. D.Q. Durdiyev, J.J. Jumayev* o‘z tadgiqot ishlarida bir
o‘lchamli integro-differensial issiqlik o‘tkazuvchanlik tenglamasidan yadroni
aniglashning teskari masalalari tadqiq gilgan va yechimning mavjudligi, yagonaligi
isbotlangan.

Ushbu dissertatsiya ishida integro-differensial issiglik targalish tenglamasi
uchun nolokal boshlang‘ich va Dirixle chegaraviy shartli, shuningdek, nolokal
boshlang‘ich va nolokal chegaraviy shartlar bilan to‘g‘ri va teskari masalalar
o‘rganilgan.

Dissertatsiya ishi E.l. Azizbayov, Y.T. Mehraliyev, M.S. Hussein, D. Lesnic,
M.I. Ismailov, D.Q. Durdiyev va J.J. Jumayevlarning ilmiy tadgiqotlariga yaqin
bo‘lib, masalalarni tadgiq etishda ular tomonidan tavsiya etilgan usullardan
foydalanilgan.

Dissertatsiya tadqiqgotining dissertatsiya bajarilgan oliy ta’lim
muassasasining ilmiy-tadqiqgot ishlari rejalari bilan bog¢ligligi. Dissertatsiya
Buxoro davlat universitetining 2020-2024-yillarga mo‘ljallangan M-02.2018
“Matematik-fizikaning teskari masalalari” mavzusidagi ilmiy-tadgigot yo‘nalishi
doirasida bajarildi.

Tadgiqotning magsadi. Integro-differensial issiglik targalish tenglamasi
uchun nolokal boshlang‘ich va nolokal chegaraviy masalalardan yadroni aniglash
usullarni qurish va bu teskari masalalar yechimlarining mavjudligi, yagonaligini
isbotlashdan iborat.

Tadqgigotning vazifalari:

chegaralangan sohada integro-differensial issiglik targalish tenglamasi uchun
qo‘yilgan nolokal boshlang‘ich-chegaraviy masala yechimining mavjud va
yagonaligi hagidagi yetarlilik shartlarini topish;

integro-differensial issiglik targalish tenglamasi uchun integral had gatnashgan
nolokal boshlang‘ich-chegaraviy masala klassik yechimining lokal mavjud va
yagonalik shartlari o‘zgarmas koeffitsiyentlarga bog‘liq ravishda isbotlash;

integro-differensial issiglik targalish tenglamasi uchun nolokal boshlang‘ich-
chegaraviy, integral ko‘rinishdagi qo‘shimcha shartli masaladan vaqtga bog‘liq
yadroni aniglashning teskari masalasining lokal bir giymatli yechiluvchanligini
isbotlash;

nolokal boshlang‘ich va nolokal chegaraviy shartli integro-differensial issiglik
targalish tenglamasidan yadroni aniglash teskari masalaning bir qiymatli
yechiluvchanligini, yechimining global mavjudligi va yagonaligini isbotlash.

Tadgiqotning obyekti ikkinchi tartibli integro-differensial issiglik targalish
tenglamalardan iborat.

4 D.K. Durdiev, J.J. Jumaev, One-dimensional inverse problems of finding the kernel of integro-differential heat
equation in a boundedd domain, Ukrain. Math. J., 73(3), 1723-1740, 2021.
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Tadqigotning predmeti nolokal shartli integro-differensial issiglik targalish
tenglamasi uchun to‘g*ri va teskari masalalar.

Tadqgigotning usullari. Dissertatsiya ishida integral tenglamalar va integral
tengsizliklar nazariyasi, shuningdek, VVolterra-Fredgolm tipidagi chizigli bo‘Imagan
integral tenglamalar sistemasini yechish, funksional analiz metodlaridan xususan,
Furye metodi, Shauder prinsipi va Banax teoremasidan foydalanilgan.

Tadgiqgotning ilmiy yangiligi quyidagilardan iborat:

chegaralangan sohada integro-differensial issiglik targalish tenglamasi uchun
go‘yilgan nolokal boshlang‘ich-chegaraviy masala yechimining mavjud va
yagonaligi hagidagi yetarlilik shartlari topilgan;

integro-differensial issiglik targalish tenglamasi uchun integral had gatnashgan
nolokal boshlang‘ich-chegaraviy masala klassik yechimining lokal mavjud va
yagonalik shartlari o‘zgarmas koeffitsiyentlarga bog‘liq ravishda isbotlangan;

integro-differensial issiglik targalish tenglamasi uchun nolokal boshlang‘ich-
chegaraviy, integral ko‘rinishdagi qo‘shimcha shartli masaladan vaqgtga bog‘liq
yadroni aniglashning teskari masalasining lokal bir giymatli yechiluvchanligi
isbotlangan;

nolokal boshlang‘ich va nolokal chegaraviy shartli integro-differensial issiglik
targalish tenglamasidan yadroni aniglash teskari masalaning bir qiymatli yechilishi,
yechimining global mavjudligi va yagonaligi isbotlangan.

Tadgigotning amaliy natijalari quyidagilardan iborat:

parabolik tipdagi integro-differensial tenglamalar uchun yadroni aniglash
nolokal teskari masalasining bir giymatli yechiluvchanligi isbotlangan;

chegaralangan sohada issiglik targalish tenglamalari uchun o‘rtacha haroratni
Kiritish orgali xotira funksiyasining mavjudlik va yagonalik shartlari topilgan.

Tadgqigot natijalarining ishonchliligi. Tadgiqotdagi natijalar va matematik
isbotlar funksional analiz, differensial va integral tenglamalar nazariyasi, teskari
masalalar nazariyasi, Furye usuli, matematik analiz usullari go‘llanilganligi, hamda,
integral tengsizliklar nazariyasi va matematik mulohazalarning qat’iyligi bilan
asoslangan.

Tadgiqot natijalarining ilmiy va amaliy ahamiyati. Tadgigot natijalarining
ilmiy ahamiyati matematik fizikaning integro-differensial tenglamalar uchun
nolokal teskari masalalar nazariyasini yanada rivojlantirishi, yadroni aniglash
usullari qurilganligi bilan izohlanadi.

Tadgigot natijalarining amaliy ahamiyati seysmologiyada, neft va gaz konlarini
qgidirishda, issiglik targatuvchi xotirali muhitlarda issiglik targalish jarayonlarini
tekshirishda tatbiq etilishi bilan izohlanadi.

Tadgigot natijalarining joriy qilinishi. Integro-differensial issiqlik targalish
tenglamasi uchun nolokal teskari masalalarga oid olingan ilmiy natijalaridan:

O<zbekiston Respublikasi Fanlar akademiyasi Mexanika va inshootlar seysmik
mustahkamligi institutida 1L-21071166 (2022-2024 yy.) “Shamolning past tezligi
uchun mo‘ljallangan vertikal o‘qli shamol turbinasini yaratish” mavzusidagi
innovatsion loyihani bajarishda foydalanilgan (2024 yil 17-dekabrdagi 1563-3-son
ma’lumotnomasi). Jumladan, dissertatsiya ishida parabolik tipdagi integro-
differensial tenglamalar uchun yadroni aniglash nolokal teskari masalalarining bir
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giymatli yechiluvchanligi isbotlangan. Ushbu natijalardan loyihada shamol
turbinalarining samarali ishlashi maqgsadida tuzilgan matematik model
tenglamalarining korrektligini tekshirishda foydalanilgan;

Ne122041100096-4. “Sotsiologiyada, geofizikada va muhandislik fanlarida
matematik modellashtirish” mavzusidagi xorijiy fundamental loyihada teskari
masalalarni tadqiq etishning taklif etilgan usuli qo‘llanilgan, qovushqog-elastiklik
tenglamalar sistemasidan o‘rama ko‘rinishidagi yadroni aniqglash teskari
masalalarida foydalanilgan (FOxusiit Matemarndeckuii Mactutyt dunman ®IHBY
®HII “BnagukaBka3ckuii Hayunbiii mentp PAH”, 2024 vyil 2-dekabr 141-son
ma’lumotnomasi). llmiy natijaning go‘llanilganligi  qovushqog-elastiklik
tenglamalar sistemasidan nolokal shartlar yordamida o‘rama ko‘rinishidagi yadroni
aniglash va teskari masala yechimining mavjudlik va yagonaligini isbotlash
imkonini bergan.

Tadqgigot natijalarining aprobatsiyasi. Tadgiqot natijalari 6 ta ilmiy-amaliy
anjumanlarda, jumladan 4 ta xalgaro va 2 ta respublika ilmiy-amaliy anjumanlarida
muhokamadan o‘tkazilgan.

Tadqiqot natijalarining e’lon qilinganligi. Dissertatsiya mavzusi bo‘yicha
jami 11 ta ilmiy ish chop etilgan, shulardan, O‘zbekiston Respublikasi Oliy
Attestatsiya komissiyasining dissertatsiyalari asosiy ilmiy natijalarini chop etish
tavsiya etilgan ilmiy nashrlar ro‘yxatida 5 ta magola, jumladan, 2 tasi xorijiy va 3
tasi respublika jurnallarida nashr etilgan.

Dissertatsiyaning tuzilishi va hajmi. Dissertatsiya Kirish gismi, uchta bob,
xulosa va foydalanilgan adabiyotlar ro‘yxatidan iborat. Dissertatsiyaning hajmi 98
bet.

DISSERTATSIYANING ASOSIY MAZMUNI

Kirish gismida dissertatsiya mavzusining dolzarbligi va zarurati asoslangan,
tadgigotning Respublika fan wva texnologiyalari rivojlanishining ustuvor
yo‘nalishlariga mosligi  ko‘rsatilgan, muammoning o‘rganilganlik darajasi
keltirilgan, tadgigot magsadi, vazifalari, obyekti va predmeti tavsiflangan,
tadgigotning ilmiy yangiligi va amaliy natijalari bayon qgilingan, olingan
natijalarning nazariy va amaliy ahamiyati ochib berilgan, tadgigot natijalarining
joriy gilinishi, nashr etilgan ishlar va dissertatsiya tuzilishi bo‘yicha ma‘lumotlar
keltirilgan.

Dissertatsiyaning birinchi bobi “Integral hadli nolokal boshlang‘ich-
chegaraviy shartli integro-differensial issiglik targalish tenglamasi uchun
to‘gri va teskari masala” deb nomlangan bo‘lib, integro-differensial issiqlik
targalish tenglamasi uchun nolokal shartli to‘g‘ri va teskari masala yechimining
mavjudligi va yagonaligi o‘rganilgan. Bu bobning birinchi paragrafida dissertatsiya
ishida foydalanilgan funksional analiz va matematik fizika tenglamalarining ayrim
asosiy tushuncha va ta’riflari keltirilgan. Birinchi bobning ikkinchi paragrafda
integro-differensial issiglik targalish tenglamasi uchun integral hadli nolokal
boshlang‘ich-chegaraviy masala yechimining mavjudligi va yagonaligi o‘rganilgan.

Quyidagi integro-differensial issiglik targalish tenglamasini



U — Uy = ftk (t — Dulx,t)dt, (x,t) € Dy, (D
0

nolokal boshlang‘ich va chegaraviy shartlar
T

u(x,0) + éu(x, T) + f p (Du(x, t)dt = @(x), x €[0,1], (2)
0

Uly=o = ulx=; =0, t €[0,T], 3)

bilan garaymiz. (1)-(3) masaladan u(x,t) funksiyani aniglaymiz: bu yerda
Dy ={(x,t):0<x<[,0<t<T}(T >0, Ll >00‘zgarmassonlar),§ = 0, p(x),
p(t)(p(t) > 0)lar berilgan yetarlicha sillig funksiyalar.

(1)-(3) masalani ganoatlantiruvchi u(x,t) € C>*(D;) N C(Dy) funksiyani
topish masalasiga to‘g‘ri masala deyiladi.

(1)-(3) masala yechimi quyidagi integral tenglamani ganoatlantiradi:

t Al B
ulx,t) =o(x, t) + j j G(x,ét— ,B)j k (f —1)u(é, t)drdédp —
0 Y0 0
T Al B
—5f j Go (x,é,t+T — B)J k(B —tu(é t)dtdédp —
. #0 0 0 5
—f~ffpum%ﬁfi+u—mjidﬁ—ﬂ%&ﬂwﬁwmw @)
0 0 0 0

bu yerda
l
¢mo=f (©)Go(x, &, £)dE,

= mné = mnx
G(x, & t) = TZ sm—sm l

n=1

[\

(00]

GO (X, fi t) =7

_(M)t nmné  mnx
e \1 sstmT.

mn mn

n=11+ 56_(T) T+ fOTp (T)e_(T) tdr

Banax prinsipidan foydalanib, (4) Volterra-Fredgolm integral tenglamasi
yechimi mavjud va yagonaligi ko‘rsatilgan. Buning uchun quyidagi lemma o‘rinli:

1-lemma. Faraz qilaylik, ¢(x) € C[0,1], ¢'(x) € L,(0,1), {p(t), k(t)} €
C[0,T],p(t) > 0,9(0) = @(l) =0bo’lsin.Uholda 0 < T < T, larda (4) integral
tenglamaning u(x,t) € C>Y(D;) N C(D;) sinfda aniglangan yagona yechimi
mavjud, bu yerda T; ushbu pyk,T3 + 3(1+ 6)k,T? — 3 = 0 tenglamaning
musbat ildizi va k, = trél[oa,JTc]lk(t)l, Po = tTél[gl}C]|p(t)|.

Uchinchi paragrafda (1)-(3) masala va
u(xq, t) = h(t), x,€ (0,0 (5)
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go‘shimcha shart yordamida u(x, t), k(t) funksiyalarni aniglash teskari masalasi
garaladi. Bu yerda h(t) yetarlicha silliq funksiya.

1-teorema. Faraz qilaylik, ushbu shartlar bajarilsin: @(x) € C*[0,1],
p(t) € C[0,T], p(t) >0, h(t) €C?[0,T], ¢(0)=q) =¢"(0)=¢"()=
0, h(0) # 0, § = 0. U holda shunday yetarlicha kichik T* € (0, T) son topilib, (1)-
(3), (5) teskari masalaning u(x,t) € C**(D;-) N C(Dy+) va k(t) € C[0;T*]
yagona yechimi mavjud, bu yerda D+ = {(x,t)|x € (0,0),t € (0,T*]}.

Dissertatsiyaning ikkinchi bobi “Integro-differensial issiglik targalish
tenglamasi uchun nolokal to‘g‘ri va teskari masalalar” deb nomlangan bo‘lib,
bobning birinchi paragrafida integro-differensial parabolik tipdagi tenglama uchun
nolokal boshlang‘ich chegaraviy masala yechimining mavjudligi va yagonaligi
tadqiq gilingan.

Ushbu
t
Up — Uyy = j k(t —tu(x,t)dt, (x,t) € Dy, (6)
0
u(x,0) + éu(x, T) = p(x), x €[0,1], (7)
Uly=o =Ulx=y =0, t€[0,T], ¢(0)=¢0) =0, (8)

masaladan u(x,t) funksiyani aniglashni garaymiz, bu yerda 6 = 0 berilgan son,
@(x) va k(t) berilgan yetarlicha silliq funksiyalar.
1-ta’rif. Agar u(x, t) funksiya
1. Dy sohada u(x, t) funksiya va uning hosilalari u;, u,, u,, uzluksiz bo ‘Isin;
2. (6) tenglama va (7), (8) shartlarni klassik ma 'noda qanoatlantirsin
u holda bu funksiya (6)-(8) masalaning klassik yechimi deyiladi.

(6)-(8) masalaning yechimini
U0 = ) Xp @un(6) ©)

ko‘rinishda izlaymiz, bu yerda X, (x) = \Esinanx A, = %, n=123,..
(6) va (7) tengliklarni X, (x) ga ko‘paytirib (0,l) da integrallab quyidagi

masalani olamiz.
t

u', (t) + 22u,(t) = f k(t —a)u,(a)da, (10)
0

u,(0) +6u,(MN=¢, n=12,.., (11D)

bu yerda ¢,, = \/%fol ¢ (x)sinA, xdx.
Har bir tayinlangan n € N da (10)-(11) masalaning yechimi quyidagi Volterra-
Fredgolm integral tenglamasiga olib kelinadi

e—)t%t 56—/’1%t T T
j e ~M(T-7) J k (t — @)u,(a)dadr +
0 0

YD) 7 P ()

uy (t) =

11



t T
+ e"lgltf e’l%Tf k (1 — a)u, (a)dadr, (12)
0 0

bu yerda
Y, (T) =1+ Se T,
2-lemma. Ixtiyoriy 0 < t < T da quyidagi tengsizliklar o ‘rinli:
un ()] < Cre~*tgy,],  te[0,T],

[ ()] < Cre 2@, (A2 + T Il K 1I),
bu yerda 0 < t < T, [Ikll = max [k(®)], C,(Ilkl.T,5).

2-teorema. Faraz qilaylik, ¢(x) € C[0,1], ¢'(x) € L,(0,0), k(t) € C[0,T],
@(0) = @(l) = 0 shartlar bajarilsin. U holda

5| k|| T? IkIT?
5 1+|klle 2 | <1

tengsizlikni  ganoatlantiruvchi T lar uchun (6)-(8) to‘gri masalaning
u(x,t) € C*1(D;) n C(Dy) yagona yechimi mavjud.

Ikkinchi bobning ikkinchi paragrafida integro-differensial issiglik targalish
tenglamasi uchun qo‘yilgan teskari masala yechimining mavjud va yagonaligi
o‘rganilgan. Bunda,

l
j w ()u(x, t)dx = h(t), (13)
0

go‘shimcha shartdan foydalanib, u(x,t) va k(t) funksiyalarni aniglash teskari
masalasi tadqiq etiladi. Bu yerda w(x), h(t) berilgan yetarlicha sillig funksiyalar.
(6)-(8), (13) masaladan u(x, t) va k(t) funksiyalarni topish masalasiga teskari
masala deb ataladi.
(9), (12) ga ko‘ra (6)-(8) masalani quyidagi Volterra-Fredgolm integral
tenglamasi shaklida yozamiz:
u(x,t) = o(x,t) —

T+t ,l T+t—-7
—5ft fOGO (x,f,r)jo k(@)u(¢, T+t—1—a)dadédt +

t rl t—1
+j j G (x,¢, T)J k(@u(é,t—1— a)dadédr. (14)
bu yerda
l
P(x, 1) = j Go (x,€, DP()dE,

i (H)zt ~mné | mnx

e L/ "sin——sin—.
[ l

n=11+ 66

(14) tenglamani t bo‘yicha differensiallab, quyidagiga ega bo‘lamiz:

NIN

GO (x, fi t) =
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l T
u(x,t) = d.(x,t) + 6J G, (x, ¢, t)J k(@u(é, T —a)dadé —
0 0
T+t ol
—6f f Go (x, &, Dk(T +t — a)u(é,0)dadédr —
t 0
T+t ,l T+t—7
—6f j Gy (x, ¢, T)j k(@)u,((,T+t—1— a)dadédt + (15)
t 0 0
t 1
+j. j G (x, &kt —T)u(é, 0)dédr +
0o Jo

t rl t—1
+ jo jo G (x,&,7) jo k (@) (6,6 — 7 — a)dadédr.

Faraz qilaylik, w(0) = w(l) =0 shartlar bajarilsin. (6) tenglikni ikkala
tomonini w(x) ga ko‘paytirib, x bo‘yicha 0 dan [ gacha integrallaymiz. Sodda
almashtirishlardan so‘ng, quyidagi integral tenglamani olamiz:

" h"(t) 1 (b, p 1 tk "
(t) = BOIREO] JO w"(x)u(x, t) dx |h(0)|Jo (t)h:(t — T)dr. (16)

(14) — (16) birgalikda (u(x, t),u;(x, t), k(t)) noma’lumlarga nisbatan yopiq
integral tenglamalar sistemasini tashkil etadi. Masala yechimining mavjud va
yagonaligi uchun quyidagi teorema o‘rinli:

3-teorema. Faraz qgilaylik,

1 o(x) € C?[0,1], 9" (x) € L,(0,1), (0) = (1) = ¢"(0) = ¢"(1) =0,

2. h(t) € C?[0,T],h(0) #0, § =0,

3. w(x) € C?[o,1], fola) () ep(x)dx = h(0) + Sh(T), w(0) =w() =0
shartlar bajarilsin. U holda shunday yetarlicha kichik T, > 0,1, > 0 sonlari
topilib, T € (0,T,), 1 € (0,1,) da (6) — (8) va (13) masalaning u(x, t) € C*1(D;) N
c(Dy), k(¢) € C[0,T] yagona yechimi mavjud.

Uchinchi paragrafda (6)-(8) masala va ushbu

u(xo, t) = h(t) (17)
qo‘shimcha shartdan foydalanib, u(x,t) va k(t) funksiyalarni aniglash teskari
masalasi tadqiq etilgan.

4-teorema. Faraz qgilaylik, ¢(x) € C*[0,1], h(t) € C?[0,T],h(0) = 0,5 = 0
bo‘lsin  va @0) =) =¢@"(0) =¢"(1) =0, h(0)+ Sh(T) = p(xy)
kelishuvchanlik shartlari bajarilsin. U holda shunday yetarlicha kichik T* € (0,T)
son topilib, (6) — (8), (17) teskari masalaning u(x,t) € C**(Dy+) N C(D+),
k(t) € C[0,T*] yagona klassik yechimi mavjud.

Dissertatsiya ishining uchinchi bobi “Nolokal boshlang‘ich va nolokal
chegaraviy shartli integro-differensial issiglik targalish tenglamasi uchun
teskari masala” deb nomlangan bo‘lib, to‘g‘ri va teskari masala yechimi uchun
mavjudlik va yagonalik shartlari olingan.

Ushbu
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U — Uyy = ftk (t —Dulx,t)dtr, (x,t) € Dy, (18)

u(x,0) +06u(x, T) = p(x), x€]0,1], (19)

U, (0,t) —hu(0,t) =, (t), u,(l,t) +hu(l,t) =,(t), t€[0,T], (20)
l

f w ()u(x, t)dx = p(t), (21)
0

masaladan u(x,t), k(t) funksiyalarni aniglash masalasini garaymiz, bu yerda
6 =0, h> 0 berilgan sonlar, ¢(x),w(x),p(t),Y,(t),Y,(t) berilgan yetarlicha
silliq funksiyalar.

2-ta’rif. Agar (u(x, t); k(t)) funksiyalar quyidagi:
1. Dy sohada u(x, t) funksiya va uning hosilalari u;, u,, u,., uzluksiz bo ‘Isin;
2. (18) tenglama va (19)-(21) shartlarni klassik ma 'noda ganoatlantirsin;
3. k(t) funksiya [0, T] oraligda uzluksiz bo ‘Isin
shartlarni ganoatlantirsa, u holda (u(x, t);k(t)) funksiyalar juftligiga (18)-(21)
masalaning klassik yechimi deyiladi.

(18)-(21) teskari masala quyidagi

t t

I = Gpy + j k(t—1)9(x 1t)dt + j k(t—1)v(x,t)dt —v.(x,t), (22)
" 9(x,0) + 69(x, T) =0¢>(x) 0<x<|, (23)
9.(0,8) — h9(0,t) = 0, 9,(Lt) + hd(,t) =0, (24)
l 1
f w (x)9(x, t)dx = p(t) — j v(x, tw(x)dx, (25)
0 0

yordamchi masalaga olib kelinib, 9(x, t), k(t) funksiyalarni topish talab gilinadi.

Bu vyerda u(x, t) =9(x,t) +v(x,t), v(x t) = (ayx + B Y, (t) + (ax +
1+hl

B, (1)), a = Tanl B = “ o 2 T e B = h(2+hl) d(x) = p(x) —
v(x,0) — év(x,T).

Uchinchi bobning ikkinchi paragrafida (22)-(24) to‘g‘ri masalaning 9(x,t) €
C21(Dr)NC°(Dy) Klassik yechimini topish masalasi tadgiq gilingan.

(22)-(24) masala yechimni

(6,0 = ) X ()50 (26)

n=
ko‘rinishda izlaymiz, bu yerda, X,,(x) xos funksiyalar va ular L,(0,1) da to‘la
ortonormal sistema tashkil etadi, 9,,(t) = (9, X,,).
(22), (23) tengliklarni X, (x) ga ko‘paytirib (0,l) da integrallab quyidagi
masalani olamiz:
9 (8) + 250, (1) = fu (D), (27)
9,(0) +69,(T) =¢,, n=12,..., (28)
bu yerda

bn = (d)JXn(x))» fo = (ern(x));
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t

t
flx,t) = j k(t —1)9(x, t)dt + f k(t—1)v(x,t)dt — v (x,t).
0 0

Har bir tayinlangan n € N da (27), (28) masalaning yechimi quyidagi VVolterra-

Fredgolm integral tenglamasiga olib kelinadi

-A3t t T
9, (t) = ¢, + e‘l%tj e (f k(t — a)v,(a) da — vﬁ(r)) dr —
0 0

Yn(T)
f e~ A(T-1) (frk(r —a)v,(a) da — v,’i(r)> dr +
0 0

Se -3t

Y (T)

t T
+e"1$ltj e’ﬁﬂf 9, (@) k(t — a)dadt —
0 0
68—/1%15 T
YD) o
3-lemma. Ixtiyoriy 0 < t < T da quyidagi tengsizliklar o ‘rinli:
[9.(0)] < Cle_/l%t(l¢2n| + lvall + llvall), ¢ €[0,T],
9" (O] < 2ie 5 Ci (Il + llvall + NIvalD,

T
e~ (T=7) f 9, () k(t — a)dadr.
0

bu yerda

Skl T?
1-p;
Ikl = trggjx]lk(t)l-

C; = (1 + ”k”TZeIIkIITZ) (1 + (1 + ||k||TZe”k”T2)),

Ushbu paragrafning asosiy natijasi (22)-(24) masala yechimining mavjud va
yagonalik teoremasidan iborat.

5-teorema. Faraz qgilaylik, ¢(x) € C[0,1], ¢'(x) € L,(0,1), k(t) € C[0,T],
Y1), P () €CHO,T], 820, ¢'(0)—he(0) =11(0) + 69, (T), o' (1) +
ho(l) = ,(0) + 8y, (T) shartlar bajarilsin. U holda

SIkNT?(1 + [IklIT?e"™I*) < 1

tengsizlikni  ganoatlantiruvchi T lar uchun (22)-(24) to‘g‘ri  masalaning
I(x,t) € C**(D;) n CY°(D;) yagona yechimi mavjud.

Uchinchi bobning uchinchi paragrafida (22)-(25) teskari masala yechimining
mavjudligi va yagonaligi isbotlangan.

6-teorema. Faraz qgilaylik,

1 o(x) € C*[0,1], 9" (x) € L(0,1);

2. Y1), ¥,(8) € C'[0,T], " © — hep(0) = 4 (0) + 63 (T),

@'(D) + ho() =¥, (0) + 69, (T);

3. p(t) € C?[0,T], p(0) # 0;

4. w(x) € C?[0,1],6 =0, w'(0) = hw(0), o'() = —hw (),

p(0) + 8p(T) = [;  (X)p(x)dx
shartlar bajarilsin. U holda (22) — (25) teskari masalaning 9(x,t) € C*(D;) N
Cc'O(D;), k(t) € C[0,T] yagona yechimi mavjud.
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XULOSA

Dissertatsiyada integro-differensial issiglik targalish tenglamasi uchun nolokal
boshlang‘ich-chegaraviy shartli to‘g‘ri va teskari masalalar tadqiq qgilingan. To‘g‘ri
masalada integro-differensial issiglik targalish tenglamasi uchun nolokal
boshlang‘ich-chegaraviy, nolokal boshlang‘ich-nolokal chegaraviy shartli
masalalarning korrektligi o‘rganilgan. Teskari masalada o‘ng tomoni o‘rama
ko‘rinishda bo‘lgan issiglik targalish tenglamasidan yadroni aniglash masalalari
ko‘rib chigilgan. Ushbu masalalar ikkinchi tur Volterra-Fredgolm tipidagi integral
tenglamalar sistemasiga keltirib tadqgiq qilingan. To‘g‘ri va teskari masalalarning
yechimi mavjud va yagonaligi hagidagi teoremalar Shauder prinsipi, gisqgartirib
akslantirishlar prinsipi va integral tengsizliklar nazariyasidagi teoremalar orqali
isbotlangan. Asosiy tadgiqgot natijalari quyidagilardan iborat:

chegaralangan sohada integro-differensial issiglik targalish tenglamasi uchun
go‘yilgan nolokal boshlang‘ich-chegaraviy masala yechimining mavjudligi va
yagonaligi isbotlangan;

integro—differensial issiglik targalish tenglamasi uchun integral had gatnashgan
nolokal boshlang‘ich va chegaraviy masala yechimining mavjud va yagonaligi
ko‘rsatilgan;

integro-differensial issiglik targalish tenglamasi uchun nolokal boshlang‘ich-
chegaraviy masaladan yadroni aniglashning teskari masalasi bir giymatli
yechiluvchanligi isbotlangan;

nolokal boshlang‘ich va nolokal chegaraviy shartli integro-differensial issiglik
targalish tenglamasidan yadroni aniglash teskari masalasi yechimining mavjud va
yagonaligi isbotlangan.
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INTRODUCTION (Abstract of Doctor of Philosophy (PhD) dissertation)

Actuality and demand of the theme of the dissertation. In the world, many
scientific and applied researches conducted globally lead to the investigation of
integro-differential partial differential equations, as well as direct and inverse
problems formulated for them. Inverse problems have permeated fields, including
thermal physics, quantum mechanics and optics, medicine, computer graphics, and
artificial intelligence, as well as in all areas of modern science. To find the solution
to a direct problem in mathematical physics, it is necessary to give the coefficients
of the equation, the domain boundary, and the initial and boundary conditions.
However, in practice, the coefficients of the equation are not always available.
Additionally, the solution to the problem depends not only on the initial and
boundary conditions but also on some other properties within the medium. In this
case, solving the problem leads to the study of nonlocal inverse problems for integro-
differential heat propagation equations. As the methods of solving such problems
are not fully formed, for this reason research in this direction is one of the important
actual tasks.

In the world scientific research is underway worldwide aimed at studying
processes modeled by integro-differential equations of heat spread and inverse
problems, which are one of the rapidly developing fields of mathematical physics.
In this area, priority is given to research aimed at proving the existence and
uniqueness of a correct and inverse solution to the problem for the integro-
differential heat spread equation with non-local initial boundary conditions. It is also
important to control the processes of heat spread and ensure an even distribution of
heat throughout the environment, while these processes are modeled using a non-
local equation of conditional heat spread. Therefore, the development of research on
the correctness of the correct and inverse problems posed for the integro-differential
heat spread equation with a non-local initial boundary condition is considered one
of the urgent tasks.

In our republic, through applied and fundamental sciences, large-scale research
Is being conducted, which has both theoretical and practical significance, in
particular, large-scale measures are being taken to prove the existence and
unigueness of solutions to correct and inverse problems for the nonlocal conditional
integro-differential equation of heat spread and the application of the results
obtained in practice. The main tasks and activities of mathematical science are
defined as conducting scientific research at the level of international standards in the
priority areas of the disciplines “Algebra and its applications, differential equations
and their applications, nonlinear systems, dynamical systems and their applications,
mathematical modeling, stochastic analysis, biomedical informatics, computational
mathematics®.” When performing this task, it is of great scientific importance to find

! Resolution PQ-4387 of the President of the Republic of Uzbekistan, dated July 9, 2019, titled "On State Support for
the Further Development of Mathematics Education and Sciences, as well as Measures to Fundamentally Improve the
Activities of the V.I. Romanovsky Institute of Mathematics of the Academy of Sciences of the Republic of Uzbekistan.
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the conditions for the correctness of non-local inverse problems for heat spread
equations in the form of a right winding.

Decree of the President of the Republic of Uzbekistan on February 7, 2017 No.
PF-4947 “On the strategy of action for the further development of the Republic of
Uzbekistan”, on January 28, 2022 No. PF-60 “On the new development strategy of
Uzbekistan for 2022-2026”, on September 11, 2023 No. PF-158 Decrees on the
strategy “Uzbekistan—2030” on February 17, 2017 No. PP-2789 " on the activities
of the Academy of Sciences, “On measures to further improve the organization,
management and financing of scientific research”, PP-4708 on May 7, 2020 “On
measures to improve the quality of education and the development of scientific
research in the field of mathematics” and other regulatory legal acts related to this
area of activity as well as in other regulations related to basic sciences.

Connection of research to priority directions of development of science and
technologies of the Republic. This work was performed in accordance with the
priority areas of science and technology development in the Republic of Uzbekistan
IV, “Mathematics, Mechanics and Computer Science”.

The degree of scrutiny of the problem. The inverse problems of mathematical
physics  were developed by M.M. Lavrentev, A.S. Alekseev,
A.L. Bukhgeim, N.Ya. Beznoshchenko, A.l. Prilepko, V.G. Romanov,
A. Lorenzi, J. Janno, G.V. Dyatlov, A. Favaron, H. Grabmueller and etc. Inverse
problems for parabolic-type equations were first posed and studied by
A.L. Bukhgeim, J. Janno, L.v. Wolfersdorf, V.G. Romanov, F. Colombo,
A.l. Prilepko, A.D. Iskenderov, M. Grasselli, V.A. Dedok, N.Ya. Beznoshchenko,
A. Boumenir, O. Danilkina, M.E. Gurtin, M.l. Ilvanchov, A.C. Pipkin
L. Yang and J. Jannos. Different ways of studying the issue were proposed and
developed in the works of A. Lorenzi, D. Lesnic, F. Colombo, M. Grasselli,
K. Karuppiah, D.Q. Durdiyev, J.J. Jumaev and others. Various methods for studying
nonlocal conditional partial differential equations have been investigated in the
works of D.G. Gordeziani, G.A. Awvalishvili, E.l.  Azizbayov,
Y.T. Mehraliyev, S.V. Kirichenko, D. Lesnic, M.I. Ismailov, F. Kanca and etc.

In particular, in the work of E.l. Azizbaev and Y.T. Mehraliev?, the inverse
problem of determining the coefficient for a second-order parabolic-type equation
with a nonlocal initial condition was studied. In this research, an equivalent problem
to the original problem was formulated, and the existence and uniqueness of the
solution to the equivalent problem were proven using the contraction mapping
principle. In the article by M.S. Hussein, D. Lesnic, M.1. Ismailov?, the inverse
problem of determining the coefficient from the one-dimensional heat conduction
equation with a nonlocal additional condition is studied. First, the existence and
uniqueness of a classical solution to the problem, and the continuous dependence of
the solution for the given functions were shown. Besides, analytical and numerical

2E.l. Azizboyev, Y.T. Mehraliyev, Solvability of nonlocal inverse boundary-value problem for second order parabolic
equation with integral condition, Electronic journal of differential eqautions, no. 125, 1-14, 2017.
3 M.S. Hussein, D. Lesnic va M.I. Ismailov, An inverse problem of finding the time-dependent diffusion coefficient
from an integral condition, Mathematical Methods in the Applied Sciences, 39 (5), 963-980, 2015.
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methods for determining the coefficients of the equation were proposed. In
D.Q. Durdiyev, J.J. Jumayev* works studied the inverse problems of determining the
kernel for the one-dimensional integro-differential heat conduction equation and
proved the existence and uniqueness of the solution.

In this dissertation, inverse problems for the integro-differential heat equation
with nonlocal initial and Dirichlet boundary conditions, as well as nonlocal initial
and nonlocal boundary conditions, are studied.

The dissertation work is close to the above scientists E.l. Azizbayov,
Y.T. Mehraliyev, M.S. Hussein, D. Lesnic, M.l. Ismailov, D.Q. Durdiev and
J.J. Jumaevs’ research, and the methods recommended by them were used in
analysis.

Connection of the theme of the dissertation with the research works of
higher education, where the dissertation is carried out. The dissertation was
conducted within the framework of the scientific research direction “Inverse
Problems of Mathematical Physics” (M-02.2018) planned for 2020-2024 at Bukhara
State University.

The aim of research work. The main purpose of this dissertation is to construct
methods for determining the kernel from the nonlocal initial-boundary problems for
one-dimensional integro-differential heat spread equations and to proof the
existence, and uniqueness of solutions of these inverse problems.

Tasks of the research:

to find sufficient conditions for the existence and uniqueness of a solution to a
non-local initial boundary value problem posed for the integro-differential equation
of heat dissipation in a limited domain;

to prove that the locally accessible and only terms of the classical solution of
the nonlocal initial boundary value problem with integral terms for the Integro—
differential equation of heat dissipation depend on the invariant coefficients;

to prove the local unambiguous solvability of the inverse problem of
determining the time-dependent kernel from an additional conditional problem in
the form of an integral initial limit, an integral representation for the Integro-
differential equation of heat dissipation;

to define the core from the integro-differential equation of heat dissipation with
a non-local initial and non-local boundary condition is an unambiguous solution to
the inverse problem, proof of the global existence and uniqueness of the solution.

The research object is a second-order integro-differential heat spread
equation.

The research subject is the direct and inverse problems for the integro-
differential heat spread equation with nonlocal conditions.

Research methods: The research used the theories of integral equations and
integral inequalities, the second type of nonlinear closed integral equations of the

4 D.K. Durdiev, J.J. Jumaev, One-dimensional inverse problems of finding the kernel of integro-differential heat
equation in a bounded domain, Ukraine. Math. J., 73(3), 1723-1740, 2021.
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Volterra-Fredholm type, methods of functional analysis particularly the Fourier
method, the Schauder principle, and the Banach theorem.

The scientific novelty of the research is as follows:

sufficient conditions for the existence and uniqueness of the solution of a non-
local initial boundary value problem posed for the Integro-differential equation of
heat dissipation in a limited domain are found;

it is proved that the locally existing and only conditions for the classical
solution of a nonlocal initial boundary value problem with integral terms for the
Integro—differential equation of heat dissipation depend on invariant coefficients;

the local unambiguous solvability of the inverse problem of determining the
time-dependent kernel from an additional conditional problem in the form of an
integral initial limit, an integral for the Integro-differential equation of heat
dissipation is proved,

the definition of the core from the Integro-differential equation of heat
dissipation with a non-local initial and non-local boundary condition is an
unambiguous solution to the inverse problem, the global existence and uniqueness
of the solution are proved.

Practical results of the research:

for integro-differential equations of parabolic type, the one-valued solvability
of the null inverse problem of kernel recognition has been proven;

by introducing the mean temperature for heat spread equations in the bounded
domain, the conditions of existence and singularity of the memory function have
been found.

The reliability of the results of the study. Our results have been obtained by
using the methods of ffunctional analysis, the theory of differential and integral
equations, the theory of inverse problems, the Fourier method, and the application
of mathematic analysis methods. The obtained results are mathematically strongly
proved.

Scientific and practical significance of research results. The scientific
significance of the research results is explained by the further development of the
theory of nonlocal inverse problems for the integro-differential equations of
mathematical physics and the construction of methods for determining kernels.

The practical significance of the research results lies in their application to
seismology, the exploration of oil and gas fields, and the study of heat propagation
processes in heat-conducting media with memory.

Implementation of the research results. Based on scientific results on
nonlocal inverse problem for integro-differential heat conduction equation:

the results of this dissertation were utilized in the implementation of the
innovative project 1L-21071166 (2022-2024 yy.) “Development of a Vertical-AXis
Wind Turbine Designed for Low Wind Speeds”, carried out at the Institute of
Mechanics and Seismic Stability of Structures of the Academy of Sciences of the
Republic of Uzbekistan (reference No. 1563-3, dated November 17, 2024). In
particular, the dissertation proves the unique solvability of nonlocal inverse
problems for identifying the kernel in parabolic-type integro-differential equation.
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These results were applied in the project to verify the correctness of the
mathematical model equations developed to ensure the efficient operation of wind
turbines;

the proposed method for studying inverse problems has been applied in the
international fundamental project Ne122041100096-4 “Mathematical Modeling in
Sociology, Geophysics, and Engineering Sciences” for solving inverse problems
involving the identification of convolution-type kernels in the system of visco-
elasticity equations (reference No. 141, dated December 2, 2024, Yujniy
Matematicheskiy Institut filial FGNBU FNTs «Vladikavkazskiy nauchniy sentr
RAN). The application of the scientific result viscoelasticity a wrapper kernel using
non-local conditions from a system of equations made it possible to prove the
existence and uniqueness of a solution to the inverse problem.

The approbation of the research results. The main results of the research
have been discussed at 4 international and 2 national scientific conferences.

Publications of the research results. On the topic of the dissertation, 11
research papers have been published in scientific journals, 5 of them are included in
the list of journals proposed by the Higher Attestation Commission of the Republic
of Uzbekistan for defending the Doctor of Philosophy thesis, in addition, 2 of them
were published in international journals of mathematics and physics and 3 paper
published in a national mathematical journal.

The structure and volume of the dissertation. The dissertation consists of an
introduction, three chapters, a conclusion, and references. The volume of the
dissertation is 98 pages.

THE MAIN CONTENT OF THE DISSERTATION

In the introduction the motivation of the research theme and correspondence
to the priority research areas of science and technology of the Republic is given, we
present a review of international research on the theme of the dissertation and degree
of scrutiny of the problem, formulate our goals and objectives, identify the object
and subject of study, and state the scientific novelty and practical results of the
research. Moreover, we give the theoretical and practical importance of the obtained
results, and also give information on the implementation of the research results, the
published works, and the structure of the dissertation.

The first chapter of the thesis is called “The direct and inverse problems for
an integro-differential heat conduction equation with nonlocal initial-boundary
and integral form additional conditions” and The direct and inverse problems for
the heat conduction integro-differential equation with nonlocal initial-boundary and
integral form additional conditions. The first section introduces essential concepts,
including foundational information on functional analysis and mathematical physics.
The second section of the first chapter studies the direct problem of the integro-
differential heat equation in a bounded domain and proves its unigque solvability.
The following Integro-differential equation of heat spread:
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U — Uy = ftk (t — Dulx,t)dt, (x,t) € Dy, (D
0

nonlocal initial condition
T

u(x,0) + 6u(x,T) + f p Du(x,Ddr = (), xe[01, ()
0
nonlocal initial and final conditions

Ulx=o = Ulx=; =0, t€[0,T], 3)
look at. From problem (1) - (3), we define the function u(x, t): here
Dy ={(xt):0<x<[,0<t<T} (T>0,1>0invariant numbers), & =0,
@ (x), p(t)(p(t) > 0) are sufficiently smooth functions given.
The problem of finding a function u(x,t) € C>'(D;) N C(Dy) satisfying problem
(2) -(3) is called the direct problem.
The solution of the problem (1) - (3) satisfies the following integral equation:

t Al B
u(x, t) = fD(x,t)+j jG(x,f,t—B)j k(B —tu(é, t)dtdédp —
T l 0 Y0 B 0
) G , €, T — k — ,T)dtdédS —
jojo o (6t ﬁ)fo (B — Du(E, Ddrdédp

T ru rl B
- j j j p (W)Go(x, &, ¢ + i — ) f k (B — Du(E, D)drdédpdy,  (4)
0 0 0 0

here
l
P(x,0) = f 0 (§)Go(x,§,6)d¢,
G(x, & t) = %Z smn—ngsm Tllx

oo Go(x,,)
EZ - ! > e_(g) tsmn—ngsmﬂ.
o 5o T 1 [T (e D) T

n= o P (e U/ "dt

Using the Banach principle, it is shown that the solution of the Volterra-
Fredholm integral equation (4) exists and is unique. The following Lemma is
appropriate for this (4).

Lemma 1. Suppose that (x) € C[0,1], ¢'(x) € L,(0,0), {p(t), k(t)} € C[0,T],
p(t) >0, 9(0)=¢()=0.Thenin 0 < T < T;s (4) there is the only solution of
the integral equation defined in Class u(x,t) € C>*(D;) n C(Dy), where T; is the
positive root of this pyok,T3 + 3(1+ 8)koT?—3 =0 equation and k, =
max |k(t)], po = max lp()l.

telo,T]

In the third paragraph (1) (3) the matter and
u(xy, t) = h(t), x0,€(0,0), (5)
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the inverse problem of defining functions u(x, t), k(t) using an additional condition
is considered. Where h(t) is a sufficiently smooth function.

Theorem 1. Let conditions: ¢(x) € C*[0,1], p(t) € C[0,T], p(t) =0,
h(t) € C?[0,T], @(0) =) =¢"(0)=¢"(1)=0, h(0)*0,6§=>0 be
satisfied. Then there exists sufficiently small numbers T* € (0, T) that the solution
to the integral equations (1)-(3), (5) in the class of functions
u(x,t) € C** (D) N C(Dy+) and k(t) € C[0;T*] exist and unique, where
Dy ={(x,t)|x € (0,l"),t € (0, T*]}.

The second chapter is called “The problem of determining kernel of the
integro-differential heat equation™ and in the first paragraph of the chapter, the
existence and uniqueness of the solution to the nonlocal initial-boundary problem
for the integro-differential parabolic-type equation is investigated. Consider the
nonlocal initial-boundary problem for the heat conduction equation with an integral
term of convolution type on the right-hand side:

t
Up — Uyy = f k (t —u(x,t)dr, (x,t) € Dy, (6)

u(x, 0)0+ du(x,T) = p(x), x €[0,1], (7)
Uly=o = Ulx=1 =0, t€[0,T], ¢(0)=¢) =0, ®)

where § = 0 -given number, ¢ (x) and k(t) are given smooth functions.
Definition 1. If a function u(x,t):
1. In the D field, let the function u(x,t) and its derivatives u;, u,, u,, be
continuous;
2. Let equation (6) and conditions (7), (8) satisfy in the classical sense then this
function is called the classical doing of the (6)-(8) sum.
(6)-(8) doing of the sum

U0 = ) Xy (n(0) ©)

mn

looking for, where X, (x) = \Esin ApnX A, = —, n= 1,2,3, ...

Multiplying the equality (6) and (7) by X,,(x) and integrating at (0, ), we get

the following problem.
t

u', (t) + 22u,(t) = f k(t —a)u,(a)da, (10)
u, (0) + du,(T) =0g0n, n=12,..., (11)

here ¢,, = \/%fol @ (x)sinA, xdx.

For each assigned n € N the problem (20)-(21) is to the following Volterra-
Fredholm integral equation:

e—)t%t (Se"%t T

YD) 7 (D) ),

T
u,(t) = e =T~ J k (7 — @)u,(a)dadt +
0
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t T
+ e"lgltf e’l%Tf k (t — a)u,(a)dadt (12)
0 0

where
U (T) =1+ Se T,

Lemma 2. For any 0 < t < T and for sufficiently large n, the estimates are
valid:

lun, (t)| < Cre~%it|,|,  t€[0,T],
/ 12
[u'n (O)] < Cre ™7t |, |(A% + T Il k II).
Here0 <t <T,|k|l = trer%gg]lk(t)l, C1(llkll, T, 8).

Theorem 2. Imagine that,@(x) € C[0,1], ¢'(x) € L,(0,1), k(t) € C[0,T],
@(0) = @(l) = 0 are satisfied. Then,

Sl k| T? lIK|IT2
— 1+l klle 2 <1

such that for T € (0, T*] the solution to the direct problem (6)—(8) in the class of
functions u(x, t) € C>*(D;) N C(D7) exists and it is unique.

The second paragraph of the second chapter explores the existence and
unigueness of the inverse problem solution posed for the integro-differential heat
spread equation. In this,

l
j w (X)u(x, t)dx = h(t), (13)
0

using the additional condition, the inverse problem of defining functions
u(x,t) and k(t) is investigated. Where w(x), h(t) are given sufficiently smooth
functions.

(6)-(8), (13) from the problem,it is called the inverse problem to the question
of finding functions u(x, t) and k(t).

According to (9), (12), we write the problem(6)-(8) in the form of the following
Volterra-Fredgolm integral equation:

ulx,t) = o(x,t) —

T+t pl T+t—7
—SL LGO (x,f,r)jo k(@Qu(é,T+t—1—a)dadédt +

t rl t—T
N jo L G (x,7) JO k (@)u(é,t — 7 — a)dadédr. (14)

where
l
b(x,0) = j Go (x, &, O)(€)dE,
0

2 1 _(@)Zt o mn_ _ 7n
Go(x, &, t) = —Z > l) "sin—é&sin—x.
[ -(&)°r [ l
n=11+ de \1
Differentiating equation (14) with respect to t, we obtain the following:
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l T
u(x,t) = d.(x,t) + 6J G, (x, ¢, t)J k(@u(é, T —a)dadé —
0 0
T+t ol
—6f f Go (x, &, Dk(T +t — a)u(é,0)dadédr —
t 0
T+t ,l T+t—7
—6f j Gy (x, ¢, T)j k(@)u,((,T+t—1— a)dadédt + (15)
t 0 0
t 1
+j. j G (x, &kt —T)u(é, 0)dédr +
0o Jo

t rl t—1
+ jo jo G (x,&,7) jo k (@) (6,6 — 7 — a)dadédr.

Suppose w(0) = w(l) = 0 conditions are satisfied. (6) multiplying both sides
of the equality by w(x) and integrating over x from 0 to |. After simple substitutions,
we obtain the following integral equation:

k h(©) ! o d ! tk h d 1
O = ooy~ Thoy] . @ Cue D~ s | k@hee - (16)

(14) - (16) together (u(x, t), u.(x,t), k(t))form a system of closed integral
Equations with respect to unknowns. For the existence and uniqueness of the
solution to the problem, the following theorem holds:

Theorem 3. If we imagine,
1L o(x) € C?[0,1], " (x) € L(0,1), 9(0) = 9() = ¢"(0) = ¢"()) = 0,

2. h(t) € C?[0,T],h(0) #0, 6§ =0,
3. w(x)ec?o,l1], fola) () @p(x)dx = h(0) + 6h(T), w(0)=w()=0
are met, then there exists sufficiently small numbers T, > 0, [, > 0 that the solution
to the problem (6) — (8) and (13) in the class of functions u(x,t) € C*1(D;) N
C(Dy), k() € C[0, T] exists is unique.
In the third paragraph (6)-(8) issue and this

u(xy, t) = h(t) (17)

It is assumed that h(t), t € [0, T] is given sufficiently smooth function.

Theorem 4. Let conditions: ¢@(x) € C* h(t) € C?[0,T], (0) = (1) =
¢"(0) = ¢"() =0, h(0) + Sh(T) = ¢(xy) , h(0) # 0, § = 0 are satisfied. Then
there exists sufficiently small numbers T* € (0, T) that the solution to the integral
equations (6)-(8), (17) in the class of functions u(x,t) € C*1(Dr) N
C(Dy-), k(t) € C[0,T*], exist and unique.

The third chapter of the dissertation work was called the “Inverse problem for
the nonlocal initial and nonlocal boundary condition integro-differential heat
conduction equation”, obtaining the conditions of existence and uniqueness for the
solution of the right and inverse problem.

This

Up — Uy = f k (t —tu(x,t)dt, (x,t) € Dy, (18)
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u(x,0) + éu(x,T) = p(x), x €[0,1], (19)
u,(0,t) — hu(0,t) = P,(t), u,(,t) + hu(l,t) =y,(t), t€[0,T], (20)
l

f w ()u(x, t)dx = p(t), (21)
0

from the problem,we look at the question of defining functions u(x, t), k(t), where
6 =0, h>0given numbers, ¢@(x),w(x),p(t),Y,(t),Y,(t) given sufficiently
smooth functions.
Definition 2. If (u(x, t); k(t)) the functions are:
1. the function wu(x,t)and its derivatives u;,u,, u,, are continuous in the
domain Dy

2. equation (18) and conditions (19)-(21) are satisfied in the classical sense;

3. the function k(t) is continuous on the interval [0, T].

if the conditions are satisfied,then the pair of functions(u(x, t); k(t))is called the

classical solution of the(18)-(21) problem.

(18) - (21) the inverse problem follows

U = Oy + f k(t—1)9(x,1)dt + j k(t—1t)v(x,t)dt —v:(x,t), (22)
0 0

I(x,0) +69(x,T) =¢p(x) 0<x<, (23)

9,(0,t) —h9(0,t) =0, 9,(,,t) + hI(l,t) =0, (24)
l l

j w (x)9(x,t)dx = p(t) — j v (x, t)w(x)dx, (25)
0 0

where 9(x, t) = u(x,t) —v(x,t),
v(x t) = (a1 x + p)P1(t) + (azx + ﬂz)wz(t))
~ 1+ H 1
“1_2+hz h=—Gxmn 225 P2~ h(2+hl)’
d(x) = p(x) — v(x, 0) —6v(x,T).
the auxiliary is brought to the issue, and it is required to find 9(x, t), k(t)functions.
Where ulx,t) =9(x,t) + vix,t), v(x t) = (ayx + B Y, (t) + (ayx +

hl
B2 (1)), a = ﬁ; Br=— (21++hl)h; X2 = ST B, = d(x) = p(x) —
v(x,0) — év(x,T).
The second paragraph of the third chapter (22)-(24) explores the question of finding
the classical solution of the right problem 9(x, t) € C%**(D;)NC*°(Dy)

(22)-(24) problem solution

96,0 = ) X (50 (26)

n=
We look for, here, X, (x) are specific functions and they form a complete
orthonormal system in L, (0, 1),9,(t) = (9, X;,).
By multiplying the (22), (23) equalities by X,,(x) and integrating at (0, l) we
get the following problem
9" (6) + 259,() = fu(O), (27)

h(2 +hl)
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9,(0)+69,(T)=¢, n=12,..., (28)
here

= (¢’Xn(x))' fn = (f'Xn(x));
flx,t) = j k(t —1)9(x, 1)dt + f k(t —1t)v(x, t)dt — v (x,t).
0 0

For each assigned n € N the problem (46)-(47) is equivalent to the following
Volterra-Fredholm integral equation:

-3t 12 t N T
w+e Mt [ et (| k(t — a)v,(a) da — vi(T) | dT —
wn(T)¢ e Joe (L (t—a)v,(a)da —v (T)) T

Ge—lﬁt T - )( T >
— ni—tT k(t — a)v,(a) da — v, dt +
). e j(; (t—a)v,(a)da — v, (1) |dt

t T
+e"1721tf e"“zﬂj I, (a) k(T — a)dadt +
0 0

Un (t) =

Se -3t

RAGY:
Lemma 3. For any 0 < t < T and for sufficiently large n, the estimates are
valid:

T T
e~ *(T=1) j 9, (@) k(t — a)dadr
0

19, (D] < Cle_/%t(ld)znl +lvall + llvalD), t €[0,T],
92O < e Ci(Ipnl + llvall + lIvalD,

where C; = (1+l k || T2e"I7*) <1 4 SlirlT” 5||k||T (1+” kIl T2e IIkIIT2)>
1kl = max |k (e)].

Theorem 5. Let condtions of ¢ (x) € C[0,1], ¢'(x) € L,(0,1), k(t) € C[0,T],
1(®), Y () €CHO,T], 820, ¢'(0)—he(0) =11(0) + 69, (T), o' (1) +
ho(l) = y,(0) + 5y, (T) are satisfied. Then,

SNk | T?(141 k1| T2e"I7*) < 1
for inequality-satisfying T 's (22) - (24) of the right issue there exists a unique
solution 9(x, t) € C>1(D;) N CYO(Dy).

The third paragraph of the third chapter (22)-(25) proves the existence and
uniqueness of the solution to the inverse problem.

Theorem 6. Let conditions:

1. ¢(x) € C?[0,1], 9" (x) € L,(0,D);

2.91(t), P2(t) € C'[0,T], 0" — hep(0) = 1p1(0) + &9, (T),

@' (D + ho() =1,(0) + 6¢2(T)

3.p(t) € C%[0,T], p(0) # 0;

4. w(x) € C?[0,1],6 = 0,w'(0) = hw(0), w'() = —hw(D),

l
p(0) + 8p(T) = [, @ (X)p(x)dx
let the conditions be met. Then there exists a unique solution of the(22) - (25) inverse
problem 9(x, t) € C>1(D;) N C1°(D;), k(t) € C[0,T].
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CONCLUSION

In the dissertation, the direct and inverse problems for the integro-differential
heat conduction equation with nonlocal initial-boundary conditions were
investigated. In the direct problem, the nonlocal initial-boundary and nonlocal
initial-nonlocal boundary problems for the integro-differential heat conduction
equation were studied. In the inverse problem, the kernel identification problems for
the integro-differential heat conduction equation with a convolution-type integral
operator on the right-hand side were considered. These problems were reduced to an
type system of second-kind Volterra-Fredholm integral equations and analyzed.
Theorems on the existence and uniqueness of solutions for direct and inverse
problems were proven using the Schauder fixed-point principle, the contraction
mapping principle, and theorems from the theory of integral inequalities.

The main results of the study are as follows:

the existence and uniqueness of the solution for the nonlocal initial-boundary
value problem of the integro-differential heat conduction equation in a bounded
domain have been proven;

the existence and uniqueness of the solution for the one-dimensional integro-
differential heat conduction problem with nonlocal initial and boundary conditions
involving an integral term have been showed,;

the unique solvability of the inverse problem for identifying the kernel in the
nonlocal initial-boundary value problem of the integro-differential heat conduction
equation has been proven;

the existence and uniqueness of the solution for the inverse problem of
identifying the kernel in the integro-differential heat conduction equation with
nonlocal initial and nonlocal boundary conditions have been established.
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BBEJIEHUE (anHoTauusi aucceprauuu 1okropa ¢punocodpuu (PhD))

Hea» wucciaenoBanusa. PaszpaboTka MeTOAOB omnpeneneHus sapa i
HEJIOKAIbHBIX HAYAJIbHBIX M HEJIOKAJIBHBIX KpPAEBBIX 3aJady I OJHOMEPHOTO
UHTErpo-Iu(hepeHIIMaIbHOIO0 YpaBHEHUS TEIJIONPOBOJAHOCTU U J0Ka3aTeIbCTBO
CYIIIECTBOBAHMS U €IMHCTBEHHOCTU PEIICHUM TaHHBIX OOpaTHBIX 3a/a4.

O0bekt  uccaegoBanusi.  VHterpo-nmuddepeHnnanbuple  ypaBHEHUS
TEILIONPOBOJIHOCTH BTOPOTO MOPSAIKA.

Hay4nasi HOBU3Ha MCCJIEIOBAHUS COCTOUT U3 CIEAYOIIMNX:

Haiinensl 10CcTaTOYHBIE YCIOBUA CYIIECTBOBAHUS U €IMHCTBEHHOCTH PEIICHUS
HEJIOKAJbHOM HauyaldbHO-KPAaeBOW 3afaud JUIsl UHTErpo-AuddepeHInaaTbsHOro
YpaBHEHUS TEIJIONPOBOJIHOCTH B OTPAaHUYEHHON 00J1aCTH;

JOKa3aHbl JIOKAJIbHBIE YCIOBUS CYIIECTBOBAaHUS M  €IWHCTBEHHOCTU
KJIACCUYECKOI'0 PEILICHHs] HEIOKAJIbHOM HAayaJbHO-KPAa€BOM 3aJayd, COAEpIKaIIEH
UHTETPAJIbHbI  ujeH sl UHTErpo-AuddEepeHIinaibHOrO0  ypaBHEHUS
TEIJIONPOBOJIHOCTH, B 3aBUCUMOCTH MOCTOSTHHBIX KO3()PUIIMEHTOB;

J0OKa3aHa JIOKaJbHAas OJHO3HA4YHAas pa3pelIMMOCTb OOpaTHOM 3ajadu
ONPEIEIICHUS] HECTAIMOHAPHOTO SJIpa U3 HEJIOKAJIbHOW HAavallbHO-KPAeBOM 3a/1auu
Uil UHTETpo-Iu(PepeHIInaIbHOTO  YpPaBHEHUSI  TEIUIONPOBOJAHOCTH,  TJIE
JIOTIOJTHUTENIBHOE YCIIOBUE B HHTETpaIbHOU (hopme;

JI0Ka3aHa OJTHO3HAYHOCTh PEIICHUs] OOpaTHOM 3aJauyMl ONPEEICHUS sapa U3
UHTErpo-1udhepeHIIMaNIbHOI0 YPaBHEHUSI TEIUJIONPOBOJIHOCTU C HEJIOKAJTbHBIMU
HAYaJIbHBIMA M HEJIOKAJbHBIMU TPAaHUYHBIMU YCIIOBUAMH, a TaKke TiI00aabHOe
CYILIECTBOBAHKE U €TUHCTBEHHOCTD PEIICHHUS.

Bueapenne pe3yabraToB HcciaenoBanms. llonydueHHble B auccepTanuu
pe3yiabTaThl MO  HEJOKaJbHbIEM  OOpaTHBIEM  3ajadyaM il MHTErpo-
g depeHIrnanbHOr0 YpaBHEHHs paclipoCTpaHEHUE Terjla ObLIM MCIOJIb30BaHbI B
CJIEIYIOIIUX HAYYHO-UCCIEA0BATEIbCKUX MPOEKTaX !

pe3yabTaThl JAHHOW auccepTaluy ObLIM UCIOJIb30BaHbI MPU BBIOJIHEHUU
WHHOBalMoHHOro mnpoekra WMJI-21071166 (2022-2024 rr.) «Co3manue
BETPOTYPOUHBI C BEPTHKAJIBHON OCHIO, MPEAHA3HAYEHHOM NJIi HU3KOM CKOPOCTH
BETPA», BBINOJHEHHOTIO B UHCTUTYTE MEXAaHUKHU U CEMCMOCTOUKOCTH COOPYKEHUU
Axanemun Hayk PecryOnuku Y36ekucran (crpaBka Ne 1563-3 ot 17 Hosiopst 2024
roga). B wacTtHOCTM, B aMccepTallMOHHON paboTe JoKa3zaHa OJHO3HAYHAsS
Pa3penmMOoCTh HEJIOKAJbHBIX OOpATHBIX 3a7ad OMpeAesiCHUs sapa Il MHTETrpo-
muddepeHnanbHbIX ypaBHEHUM Mapaboaudyeckoro Tuma. JlaHHbIE pe3ynbTaThl
OBbLTM UMCIOJIb30BaHbl B IMPOEKTE NPU MPOBEPKE KOPPEKTHOCTU YpaBHEHUI
MaTEMaTUYECKOM MOJenH, pa3zpaboTaHHOM ¢ 1enblo 3(PEeKTUBHON pabOThHI
BETPOTYpOUH,;

NPEAJIOKEHHBI METOJI MCClIeJOBaHUsI OOpaTHBIX 3a7ad ObLI KMCIOIb30BaH B
3apy0exxHoM (yHmameHTanpHoM TipoekTe 122041100096-4 «Matematuueckoe
MOJIEJTMPOBAHUE B COIIMOJIOTUH, FeO(PU3UKE U MHKEHEPHBIX HayKax» B OOpaTHBIX
3a/1ayax OINpEJENIeHHs] CBEPTOUHOTO spa U3 CUCTEMbI YpPaBHEHUI BA3KOYNPYTrOCTH
(FOxwnb1it MaTemaTudeckuit UHCTUTYT - Gprmman GI'HBY OHII «BnagukaBkasckuit
Hayunblid ieHTp PAH», cipaBka Ne 141 ot 2 nexabps 2024 rona). [Ipumenenue
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HAy4YyHOI0 pe3ysbTara IO3BOJIMJIO ONPEIENIUTh CBEPTOYHOE SAPO U3 CUCTEMBI
YPAaBHEHUH BSI3KOYIPYTOCTH C MOMOILBIO HEJIOKAIbHBIX YCIOBHM M JOKa3aTh €ro
CYILIECTBOBAHHE U €IUHCTBEHHOCTb.

CTpykTypa 1 00beM JHCCEPTALIUH.

Juccepranysi COCTOUT W3 BBEACHHS, TPEX IJaB, 3aKIOYEHUS M CIHUCKa
UCITIOJIb30BAaHHOM JIuTepaTyphl. O0BEM AMCCEPTALIMH COCTABISAET 98 cTpaHMII.
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