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KIRISH (doktorlik dissertatsiyasi annotatsiyasi)

Dissertatsiya mavzusining dolzarbligi va zarurati. So‘nggi vaqtlarda
fanning jadal rivojlanayotgan sohalaridan biri — bu kasr tartibli differensial
tenglamalar hisoblanadi. Butun bo‘lmagan tartib hisobi - bu an’anaviy ravishda
“Kasr hisob” deb ataladigan matematikaning bir bo‘limi bo‘lib, unda klassik
hosilalar va integrallarni interpolyatsiya qilishga harakat qilinadi va ularni har
ganday tartib uchun umumlashtiradi, bunda hosila tartibi natural bo‘lishi shart
emas. Ushbu soha oxirgi yillarda katta ahamiyat kasb etmoqda, chunki u klassik
modellar orqali to‘g‘ri ifodalanmagan murakkab tizimlar va hodisalarni tavsiflash
imkonini beradi. Xususan, butun bo‘lmagan hosila tartiblarini o‘z ichiga olgan kasr
differensial tenglamalar, xotira, irsiy ta’sirlar va lokal bo‘lmagan o‘zaro ta’sirlar
ko‘rsatilgan fizik, biologik va muhandislik jarayonlarini aniqroq modellashtirish
imkonini beradi. Kasr diffuziya-to‘lqin tenglamalari uchun teskari koeffitsiyentli
masalalarning korrektligi matematik modellashtirish sohasidagi eng muhim
masalalardan biridir. Teskari masalalar, kuzatilgan ma’lumotlarga asoslanib,
tenglamalardagi boshqaruvchi noma’lum parametrlarni, masalan, koeffitsiyentlarni
aniqlash magsad qilinadi. Ular, tasvirni qayta tiklash, materiallarni xarakterlash va
bir jinsli muhitda anomal diffuziya va to‘lqin tarqalishini o‘rganish kabi ko‘plab
amaliy masalalarda juda muhimdir. Zamonaviy tizimlarning ortib borayotgan
murakkabligi, ayniqsa fraktal yoki nolokallik xususiyatlarga ega bo‘lgan
tizimlarning ko‘pligi, ushbu teskari masalalarni to‘g‘ri va samarali hal qilish uchun
qat’ly usullarni talab qiladi. Shu sababli, bunday masalalarni korrektligini
o‘rganishga bo‘lgan talab, nazariy va amaliy jihatlardan kelib chiqadi, chunki
fraktal modellarning fizika, moliya, biotexnologiya va muhandislik kabi sohalarda
haqiqiy jarayonlarni tavsiflashda zaruriyati ortib bormoqda. Ushbu teskari
masalalarining matematik va hisoblash jihatlarini tushunish, tajriba ma’lumotlarini
yanada aniqroq talqin qilish va real vaqt rejimida ilovalar uchun algoritmlarni
takomillashtirish imkonini beradi.

Hozirgi kunda jahonda xususiy hosilali kasr tartibli tenglamalarni yechishni
o’rganish bilan bir qatorda tenglamaning koeffitsiyentlari, uning o‘ng tomonini va
integral ostidagi yadroni aniglashga oid teskari masalalarni yechishni o‘rganish
juda muhim ahamiyatga ega. Teskari masalalarni o‘rganish bizga kasr tartibli
tenglama bilan berilgan jarayonlarni o‘rganish, tahlil qilish va boshqarish
imkoniyatlarini beradi. Masalan, bir jinsli tor tebranish jarayonlarini olsak,
yechimning boshlang‘ich holatlarini xarakteristik uchburchak asosida bilishimiz
bizga tor tebranishini chegaradan boshqarish imkoniyatini beradi. Vaqt bo‘yicha
kasr tartibli tenglamani garasak, bunda kasr tartibli hosilaning tartibi 1 va 2
oralig‘ida bo‘lsa, bir vaqtda diffuziya va to‘lqin tarqalish jarayonlarini aks ettiradi,
agar 0 va 1 oralig‘ida bo‘lsa, sekin sodir bo‘luvchi diffuziya jarayonlarini
ifodalaydi. Masalan, optik tolalar orqali signalning tarqalishi, elektromagnit
to‘lginlarning to‘g‘ri yo‘nalishda o‘tishini va ularning materialga ta’sirini
modellashtirishda kasr differensial tenglamalar ishlatiladi va shuning uchun ham
kasr tartibli differensial tenglamalarni o‘rganish dolzarb ahamiyatga egadir.
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Mamlakatimizda zamonaviy fanga ilmiy va amaliy ahamiyatga ega bo‘lgan
differensial tenglamalar va matematik fizikaning zamonaviy muammolariga alohida
e’tibor qaratilgan. Shu jumladan, kasr hosilali tenglamalar uchun to‘g‘ri va teskari
masalalarni tadqiq etishga alohida e’tibor garatilgan. Bu yo‘nalish dunyo ilm-fanida
nisbatan yangi bo‘lishiga garamasdan, O‘zbekiston olimlari bu sohada sezilarli
natijalarga erishishdi va ularni faol tadgiq etishda davom etmoqdalar. Matematika
fanlarining, xususan, differensial tenglamalar va matematik fizikaning ustuvor
yo‘nalishlari bo‘yicha dunyo standartlari darajasida ilmiy izlanishlar olib borish
V.l. Romanovskiy nomidagi Matematika instituti faoliyatidagi asosiy masaladir?.
Chegaralangan va chegaralanmagan sohalarda berilgan kasr hosilali differensial
tenglamalar uchun to‘g‘ri va teskari masalalarni tadqiq etishni rivojlantirish
differensial tenglamalar va matematik fizikaning zamonaviy nazariyasidagi muhim
yo‘nalish hisoblanadi.

O‘zbekiston Respublikasi Prezidentining 2017-yil 7-fevraldagi «O°zbekiston
Respublikasini yanada rivojlantirish bo‘yicha Harakatlar strategiyasi to‘g‘risida»gi
PF-4947-sonli Farmoni, 2019-yil 9-iyuldagi «Matematika ta’limi va fanlarini
yanada rivojlantirishni davlat tomonidan qo‘llab-quvvatlash, shuningdek
O‘zbekiston Respublikasi Fanlar Akademiyasining V.l. Romanovskiy nomidagi
Matematika instituti  faoliyatini tubdan takomillashtirish  chora-tadbirlari
to‘g‘risida»gi PQ-4387 sonli qarori, 2020-yil 7-maydagi «Matematika sohasidagi
ta’lim sifatini oshirish va ilmiy-tadgiqgotlarni rivojlantirish chora-tadbirlari
to‘g‘risida»gi PQ-4708-sonli garorlari hamda mazkur faoliyatga tegishli boshga
normativ-huquqiy hujjatlarda belgilangan vazifalarni amalga oshirishga ushbu
dissertatsiya tadgigoti muayyan darajada xizmat qiladi.

Tadgigotning respublika fan va texnologiyalari rivojlanishining ustuvor
yo‘nalishlariga mosligi. Dissertatsiya O‘zbekiston Respublikasi fan va
texnologiyalar rivojlanishining IV. «Matematika, mexanika va informatika» ustuvor
yo‘nalishi doirasida bajarilgan.

Dissertatsiya mavzusi bo‘yicha xorijiy ilmiy tadqiqotlar sharhi. Kasr
tartibli hosilali differensial va xususiy hosilali differensial tenglamalar uchun
to‘g‘ri va teskari masalalar bilan dunyoning deyarli barcha universitetlarida, ilmiy
tekshirish institutlarida va ilmiy markazlarida izlanishlar olib borilmoqda. Bunga
misol sifatida ba’zilarini sanab o‘tamiz. Dunyoning yetakchi universitetlaridan Jon
Xopkins universiteti (AQSh), Tokio universiteti (Yaponiya), Berlin amaliy ilmlar
texnika universiteti (Germaniya), New Haven universiteti (AQSh), Berlin
universiteti (Germaniya), Belorussiya davlat universiteti (Belorussiya), Xokkaydo
universiteti (Yaponiya), La Rochelle universitetida (Fransiya), Amaliy matematika
va avtomatlashtirish instituti (Rossiya), Ukraina Milliy Fanlar Akademiyasining
Matematika Instituti (Ukraina), Yaqin Sharq universiteti (Turkiya), Xalqaro qozoq-
turk universiteti (Qozog‘iston) va boshgqalar.

1 O‘zbekiston Respublikasi Vazirlar Mahkamasining 2017-yil 18-maydagi “O‘zbekiston Respublikasi Fanlar
akademiyasining yangidan tashkil etilgan ilmiy-tadgigot muassasalari faoliyatini tashkil etish chora-tadbirlari
to‘g‘risida”gi 292-sonli garori.
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Kasr tartibli differensial tenglamalarning koeffitsiyentlarini aniqlash bo‘yicha
teskari masalalar Tokio universiteti professori M. Yamamoto (Yaponiya), Ho Chi
Minh universiteti professori N.H. Tuan (Vetnam), Janubiy-Sharqiy universiteti
professori H. Wang (Xitoy), Nankin axborot fanlari va texnologiyalari universiteti
professori B. Wu (Xitoy) va boshqgalar tomonidan o‘rganilgan. Ular tomonidan
ishlab chiqilgan usul teskari masalaning yechimi yagonaligini ta’minlab beradi
xolos. Amerika Qo‘shma Shtatlari New Haven universiteti professori S. Umarov
va O‘zbekiston Respublikasi FA qoshidagi Matematika instituti professori
R. Ashurovlar tomonidan kasr tartibli diffuziya tenglamasining kasr hosila tartibini
aniqlash bo‘yicha teskari masala yechimini bir qiymatli aniqlashning yangi
shartlari olingan.

Kasr tartibli differensial va xususiy hosilali differensial tenglamalar uchun
turli boshlang‘ich, boshlang‘ich-chegaraviy va orqaga qaytish masalalari ko‘pgina
olimlar tomonidan o‘rganib kelinmoqda. Kasr diffuziya-to‘lqin tenglamalari uchun
Koshi masalalari A. Kochubey (Ukraina), A. Psxu (Rossiya) va boshqalarning
ishlarida o‘rganilgan. Diffuziya tenglamalari uchun boshlang‘ich vaqt va
tayinlangan vaqtdagi qiymatlarini bog‘lovchi nolokal shart bilan A. Ashyaraliyev
(Turkiya) va boshqgalarning ishlarida o‘rganilgan. Chegaralangan va
chegaralanmagan sohada berilgan kasr tartibli xususiy hosilali differensial
tenglamalar uchun koeffitsiyentli teskari masalalar bilan bog‘liq muammolar
deyarli o‘rganilmagan.

Mavzuning o‘rganilganlik darajasi. Ma’lumki ko‘plab adabiyotlarda, kasr
hosilaning bir nechta ta’riflari taklif gilingan. Masalan, ular orasida ko‘p uchraydigani
Riman-Liuvill (D§,) va Gerasimov-Kaputo (9f) kasr hosilalaridir. Riman-Liuvill
kasr hosilasi sof matematikada qo‘llanilishida muhim ahamiyat kasb etsada,
Gerasimov-Kaputo kasr hosilasi amaliy masalalarni hal qilishda qo‘llaniladi.
Haqiqatdan ham, 1948 yilda birinchilardan bo‘lib Aleksey Gerasimov kasr hosila
tushunchasini o‘zining “Chiziqli deformatsiya qonunlarining umumlashmasi va
ularning ichki ishqalanish masalalariga qo‘llanilishi” nomli maqolasida keltirib
o‘tgan bo‘lsa, undan yigirma yildan so‘ng, aniqrog‘i 1967 yilda Mishel Kaputo “Q
chastotaga deyarli bog‘liq bo‘lmagan tarqalishning chiziqli modellari” nomli
maqolasida bu tushunchaga to‘xtalib o‘tgan. Gerasimov-Kaputo kasr hosilasi fizik
jihatdan talqin qilinadigan boshlang‘ich shartlarni qo‘llashga imkon beradi, biroq
Riman-Liuvill hosilasida esa boshlang‘ich shartlarni odatdagidek berib bo‘Imaydi.

Muayyan bir hodisani ifodalaydigan differensial tenglamani ko‘rib chiqishda
kasr modellashtirishni qo‘llashning keng tarqalgan wusuli, natural tartibdagi
hosilalarni natural bo‘lmagan tartibdagi hosilalar bilan almashtirishdir, odatda bu
hosilalarning tartibi asl hosilalarning tartibidan kichik yoki unga teng bo‘ladi.
Shuning uchun odatdagi yechim maxsus hol sifatida qayta tiklanadi va bu
Shnayder, Viss, Maynardi, Luchko, Podlubny, Psxu, Shishkina va Sitnik, Tarasova
va Tarasov, Uchaykin kabi olimlarning ishlarida ko‘rish mumkin. Kasr hosilali
tenglamalar anomal diffuziya tarqalishida, fizikada, mexanikada, kimyoda, hamda
muhandislikdagi turli jarayonlarni o‘rganishda qo‘llaniladi. Diffuziya tenglamasi
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fraktallardan boshlab, muhim fizik hodisalar uchun matematik modeldir.
Issiglikning normal tarqalishida (issiqlik tenglamasi yoki umumiyroq parabolik
tenglamalar bilan tasvirlangan) diffuzion zarrachaning o‘rtacha kvadratik siljishi
t — oo da const - t kabi harakat qiladi. Matematik nuqtai nazardan oddiy sanalgan
anomal diffuziya uchun o‘ziga xos harakat conts - t* kabi bo‘lib, bu kasr diffuziya
tenglamasini kiritilishiga sabab bo‘ldi. Bundan tashqari, kasr differensial
tenglamaning statisttk mexanika bilan bog‘lanishi mavjud bo‘lib, u
M.M. Meerschaert va uning ilmiy hamkorlari tomonidan taqdim etilgan. Bu kabi
masalalar tenglamaning fundamental yechimi bilan bevosita bog‘ligdir. Kasr
tartibli diffuziya-to‘lqin tenglamasi uchun Koshi masalasining fundamental
yechimi 1990 yilda Shnayder-Viss va Kochubeylar (0 < @ < 1) tomonidan
mustaqil ravishda topilgan. Masalan, Shneider va Wysslar tomonidan

{6?u=Au, xERNt>0m—-1<a<mmEeEN,
0*u/otk(x,0) = f,(x),0<k<m-1

ko‘rinishidagi Koshi masalasi 0 < o < 2 uchun qaralgan bo‘lib, bu masalaning
fundamental yechimi olingan va uning yordamida masala yechimini beruvchi
formula qurilgan. Ammo Schneider va Wysslar tomonidan olingan formulaning
klassik yechim bo‘lishi ko‘rsatilmagan, biroq Kochubeyning ishida qurilgan
formulaning klassik yechim bo‘lishi masalasi to‘liq hal gilingan. Undan tashgqari,
ixtiyoriy m € N uchun 2006 yilda Voroshilov va Kilbaslar tomonidan yuqoridagi
Koshi masalasi yechimini beruvchi formula maxsus funksiyalar, ya’ni, Mittag-
Leffler E,p(z), Besselning uchinchi tur K,(z) va Foksning H-funksiyalari

yordamida qurilgan. Biroq, bu ishda olingan formulalar haqiqatdan qaralayotgan
Koshi masalasining yechimi bo‘lishi ochiq qoldirilgan. Oradan ko‘p otmay, ya’ni,
2007 yilda shu mualliflar tomonidan “Doklady Mathematics” jurnalida chop
qilingan ishda yuqoridagi ochiq qolgan masala hal qilingan. 2009 yilda Psxu
tomonidan umumiy kasr hosila uchun kasr diffuziya-to‘lqin tenglamasining
fundamental yechimi topilgan va undan foydalanib, kasr va butun tartibli issiqlik,
to‘lqin tarqalish tenglamalari o‘rtasidagi bog‘liglik keltirib o‘tilgan. Shuni aytish
joizki, Psxu tomonidan olingan natija yuqoridagi barcha natijalarni
umumlashtirgan va kasr tartibli differensial tenglama uchun Koshi masalasi
yechimini olishda foydalaniladigan fundamental yechim va uning xossalari
masalasi to‘liq hal etilgan. Tenglamadagi elliptik had umumiyroq bo‘lganda, shu
kabi masalalar Eydelmen va Kochubeylar tomonidan hal qilingan. Biroq olingan
barcha natijalar faqat chizigli masalalar uchun bo‘lib, chizigli bo‘lmagan holatda
masalalar yechimini o‘rganish hali ham ochiq qolmoqda.

Shuningdek, ushbu dissertatsiyaning asosiy qismi chegaralangan sohada kasr
tartibli differensial tenglamalar uchun boshlang‘ich-chegaraviy masalalarni,
jumladan, to‘g‘ri, orqaga qaytish (teskari vaqtli) va teskari masalalarni o‘rganishga
bag‘ishlangan. Diffuziya-to‘lqin jarayoni wuchun teskari vaqtli masalalar
muhandislik sohalarda katta ahamiyatga ega bo‘lib, ular jarayonning avvalgi
holatini (masalan, boshlang‘ich vaqtdagi holatini) uning hozirgi ma’lumotlari

8



asosida aniglashga qaratilgan. Biroq, bunday masalalarni o‘ziga xosligi shundaki,
tenglamada Riman-Liuvill yoki Gerasimov-Kaputo kasr hosilalari qo‘llanilishidan
gat’ly nazar, bu masala Adamar ma’nosida nokorrekt hisoblanadi. Shunga
qaramay, quyidagi

ofu(t) + Au(t) = f(t), 0<t<T,

{u(T) =

masala 0 < @ <1 uchun akademik Alimov va professor Ashurovlar tomindan
to‘liq tadqiq qilingan, bu yerda A-o‘z-o°‘ziga qo‘shma, musbat, chegaralanmagan
ixtiyoriy elliptik operator. Yuqoridagi tenglama u(§) = yu(0) + ¢,y = const #
0,0< &< T boshlang‘ich shart bilan birgalikda Ashurov va Fayziyevlar
tomonidan to‘liq o‘rganilgan. Mualliflar nafaqat orqaga qaytish masalalarni, balki
chizigli teskari masalalarni ham o‘rganishgan, ya’ni manba va boshlang‘ich
shartdagi funksiyalarni topish masalalari o‘rganilgan. Undan tashqari, Floridia,
Yamamoto va Liu ishlarida kasr diffuziya va diffuziya-to‘lqin tenglamalari uchun
teskari vaqtli masalalar va manba funksiyasini aniqlashning teskari masalalari
tadqiq qilingan. Biroq, oldingi ishlarda faqat chiziqli to‘g‘ri va teskari masalalar
o‘rganilgan bo‘lib, shu bilan birga ushbu dissertatsiya ishi chizigli bo‘lmagan
teskari masalalarga oid ochiq muammolarni yetarlicha o‘rganishga va metodlar
taklif etishga bag‘ishlangan. Shuningdek, ushbu dissertatsiya dunyoning yetakchi
olimlari, xususan, Al-Salti, Aloroyev, Kirane, Malik, Cheng, Eydelman, Gong,
Wei, Wang, Wu, Ismailov, Jin, Rundell, Kochubey, Psxu, Elina, Lopushansky,
Lopushanska, Yamamoto, Liao, Li, Liu, Luchko, Rujansky, Settara, Atmania, Sun,
Jang, hamda yurtimiz olimlari akademik Alimov, professorlar Ashurov, Durdiyev,
Karimov va boshqalarning ilmiy ishlariga tayangan bo‘lib, kasr tartibli xususiy
hosilali differensial tenglamalar uchun to‘g‘ri va teskari masalalarni o‘rganishga
qaratilgan.

Dissertatsiya ishining ilmiy-izlanish rejalari bilan bog¢ligligi. Dissertatsiya
ishi O‘zbekiston Respublikasi Fanlar Akademiyasi V.l. Romanovskiy nomidagi
Matematika instituti Buxoro bo‘linmasining «Matematik fizikaning teskari
masalalari» mavzusidagi kalendar rejasi doirasida bajarilgan.

Tadgigotning maqgsadi kasr differensial va integro-differensial diffuziya-to‘lgin
tenglamalari uchun to‘g‘ri, orgaga qaytish va teskari masalalarning yagona
yechilishishi o‘rganish.

Tadgiqgotning vazifalari quyidagilardan iborat:

vaqt bo‘yicha birinchi va kasr tartibli differensial tenglama uchun Koshi
masalasi yechimini qurish, olingan formulaning yechim ekanligini va uning
yagonaligini isbotlash;

chegaralanmagan sohada berilgan kasr diffuziya tengmalasidan koeffitsiyentni
aniglashning nochizigli teskari masalani yechish;

kasr tartibli diffuziya tenglamasi uchun manba funksiyasini aniqlash teskari
masalasini tadqiq qilish;

kasr tartibli diffuziya va to‘lgin tenglamalari uchun vaqt bo‘yicha nolokal
boshlang‘ich shartli to‘g‘ri va nochiziqli teskari masalalarni yechish;



abstrak kasr diffuziya tenglamasi uchun Koshi masalasidan vaqt
o‘zgaruvchisiga bog‘liq koeffitsiyentni topish bo‘yicha to‘g‘ri va nochiziqli teskari
masalalarni yechish;

to‘g‘ri masala yechimiga ikkita nuqtada shartlar berish orgali tenglamadagi
koeffitsiyent va xotira funksiyasini topishga oid nochiziqli teskari masalani yechish;

nolokal boshlang‘ich shartli kasr tartibli diffuziya tenglamasidan xotira
funksiyasini aniglash;

teskari vaqtli kasr tartibli abstrak Koshi masalasidan vaqt o‘zgaruvchisiga
bog‘liq xotira funksiyasini topish bo‘yicha to‘g‘ri va teskari masalalarni yechish.

Tadqiqotning ob’ekti. Riman-Liuvill, Gerasimov-Kaputo kasr tartibli hosilalar,
Mittag-Leffler funksiyalari, Foks funksiyasi, vaqt bo‘yicha kasr tartibli tenglamalar.

Tadqgiqotning predmeti. Dissertatsiyaning tadqiqot predmeti xususiy
hosilalali va kasr tartibli chekli o‘Ichamli va ixtiyoriy elliptik operatorli differensial
tenglamalar uchun to‘g‘ri, orqaga qaytish va teskari masalalardan iborat.

Tadqiqotning usullari. Dissertatsiya ishida matematik analiz, funksional
analiz, differensial tenglamalar va matematik fizika usullaridan foydalanilgan.
Matematik fizika usullaridan o‘zgaruvchilarni ajratish usuli va integral energiya
usuli qo‘llaniladi hamda Hilbert fazosida xos funksiyalar sistemasining to‘la
ekanligi tadbiq qilinadi.

Tadgigotning ilmiy yangiligi quyidagilardan iborat:

bir o‘lchamli kasr differensial tenglama uchun qo‘yilgan Koshi masalasining
yechimi qurilgan va berilgan funksiyaga yetarlilik shartini qo‘yib, masalaning yagona
klassik yechim mavjudligi isbotlangan;

chegaralanmagan sohada kasr diffuziya tenglamasi bilan bog‘liq to‘g‘ri va
nochizigli teskari masalalarning yagona yechilishi uchun berilganlarga yetarlilik
shartlar topilgan va tenglamaning o‘ng tomonini topish bo‘yicha to‘g‘ri va chiziqli
teskari masalalarning yechimi mavjud va yagonaligi isbotlangan;

kasr tartibli diffuziya va to‘lqin tenglamalari uchun qo‘yilgan vaqt bo‘yicha
nolokal boshlang‘ich shartli to‘g‘ri va nochizigli teskari masalalar yechiming
mavjudlik va yagonalik hagidagi teoremalar isbotlangan;

abstrak kasr diffuziya tenglamasi uchun qo‘yilgan Koshi masalasi korrektligi va
vaqt o‘zgaruvchisiga bog‘liq koeffitsiyentli teskari masalaning shartli korrektligi
ko‘rsatilgan;

kasr diffuziya-to‘lqin tenglamasidan koeffitsiyent va xotira funksiyasini topish
hagidagi nochiziqli teskari masalaning yagona yechimi mavjudligi hagidagi teorema
isbotlangan;

Gerasimov-Kaputo kasr hosila ishtirok etgan ko‘p o‘lchamli kasr diffuziya
tenglama uchun nolokal boshlang‘ich shartli to‘g‘ri va nochiziqli teskari
masalalarning yagona yechiluvchanligi hagidagi teorema isbotlangan.

Tadqgigotning amaliy natijalari. Dissertatsiya ishida olingan natijalar
nazariy xarakter kasb etib, kasrt tartibli xususiy hosilali differensial tenglamalarni
tadqiq gilish usullari taklif etiladi. Shu bilan birga tenglamaning o‘ng tomonini,
vaqt o‘zgaruvchisiga bog‘liqg koeffitsiyentni hamda xotira funksiyasini aniglash
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bo‘yicha teskari masalalarni yechish usullari bayon gilinadi.

Tadqiqot natijalarining ishonchliligi. Tadgigot natijalarining va xulosalarining
ishonchliligi differensial tenglamalar, matematik analiz, funksional analiz va
operatorlar nazariyasi, matematik fizika metodlariga asoslangan gat’iy matematik
isbotlar bilan asoslangan.

Tadqiqot natijalarining ilmiy va amaliy ahamiyati. Tadgigot natijalarining
ilmiy ahamiyati kasr tartibli differensial va integro-differensial tenglamalar uchun
to‘g‘ri va teskari masalalar nazariyasini rivojlantiradi.

Tadqiqot natijalarning amaliy ahamiyati ularning kasr tartibli tenglamalar
bilan berilgan jarayonlarni o‘rganishda, nazorat qilishda va boshqarishda
qo‘llanilishi bilan belgilanadi.

Tadqgiqot natijalarining joriy qilinishi. Kasr duffuziya-to‘lqin tenglamasi
uchun to‘g‘ri va teskari masalalar bo‘yicha olingan natijalar asosida:

kasr tartibli diffuziya-to’liq tenglamasi uchun qo‘yilgan nolokal boshlang‘ich
va bir jinsli Dirixle shartli masalalarning yechimi mavjud va yagona bo‘lishlik
shartlaridan IL-21071166 ragamli «Shamolning past tezligi uchun mo‘ljallangan
vertikal o°‘qli shamol turbinasini yaratish» mavzusidagi innovatsion loyihada
shamol trubinalarining samarali parametrlarini aniglash magsadida tuzilgan
matematik model tenglamalarini tagribiy yechishda foydalanilgan (Mexanika va
inshootlar seysmik mustahkamligi inisitutining 2025 yil 25 martdagi Ne281-3-sonli
ma’lumotnomasi). Ilmiy natijaning qo‘llanilishi Koltunov yadroli giperbolik
tipdagi differensial tenglamalar uchun masalalarning sonli modellarini qurish
imkonini bergan;

Chegaralangan sohalarda berilgan diffuziya va superdiffuziya differensial
tenglamalari uchun koeffitsiyent va xotira funksiyalarini bir giymatli aniglash
natijalaridan Ne-122041100096-4 ragamli «Sotsiologiyada, geofizikada va
muhandislik fanlarida matematik modellashtirish» mavzusidagi xorijiy loyihasida
yer osti qavarig muhitlarni tekshirishda foydalanilgan (Rossiya Fanlar
akademiaysining Vladikavkaz ilmiy markazi Federal davlat ilmiy muassasasi
Federal ilmiy markazi filali Janubiy matematika institutining, 2025 yil 24 martdagi
18-sonli ma’lumotnomasi, Rossiya Federatsiyasi). [Imiy natijalarning qo‘llanilishi
yer osti qovushqoq muhitlarda to‘lqin hodisasini kuzatish imkoni bergan;

subdiffuziya tenglamalari uchun orqaga qaytish, nolokal boshlang‘ich va
birinchi chegaraviy masalalardan vaqt o’zgaruvchisiga bog‘liq koeffitsiyentni bir
qiymatli aniqlash natijalaridan AP09258836 ragamli “Anomal diffuziya uchun
differensial matematik modellarga sonli algoritmlarni ishlab chiqish” mavzusidagi
xorijiy fundamental loyihasida haroratning o‘zgarishini tekshirishda foydalanilgan
(Hoja Ahmad Yassaviy nomidagi xalgaro Qozoq-Turk universitetining, 2025 yil 2
apreldagi  04/857-sonli ma’lumotnomasi, Qozog‘iston). Ilmiy natijalarning
qo‘llanilishi suv havzalardagi issiqlik almashinish jarayonini kuzatish imkoni
bergan;

nolokal boshlang‘ich shartli kasr tartib subdiffuziya va superdiffuziya
tenglamalari uchun boshlang‘ich-chegaraviy masalalardan koeffisient va xotira
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funksiyasini topishdan xorijiy ilmiy jurnallardaGl magolalarda nolokal bigarmonik
operatorli kasr parabolik tenglama uchun teskari masalalarni echishda foydalanilgan
(Fractal and Fractional, 2023, 7(5) 404, Physica Scripta, 2024, 99(10) 105242, AIMS
Mathematics, 2023, 9(3), 6832-6849). Ilmiy natijalarni qo‘llanishi ikki o‘lchamli
nolokal shartli kasr parabolik tenglamadan manba funsiyasini topish imkonini bergan.

Tadqgiqot natijalarining aprobatsiyasi. Dissertatsiyaning asosiy natijalari
quyidagi xalqaro va respublika ilmiy konferensiyalarda muhokama qilingan: «6-
Xalgaro matematika fanlari konferensiyasi ICMS» (Istanbul 2022), «Ilmiy amaliy
matematika va axborot texnologiyalarining zamonaviy muammolari al-Xorazmiy»
(Farg‘ona 2021), «Amaliy matematika va axborot texnologiyalarining dolzarb
muammolari-al-Xorazmiy» (Samarqand 2023), «Operator algebralar, no-
assotsiativ strukturalar va ularga oid muammolar» (Toshkent 2022), «Fizika,
matematika va mexanikaning dolzarb muammolari» (Buxoro 2023), «Tartib tahlili
va matematik modellashtirishga oid muammolar, XVII. Operator nazariyasi va
differensial tenglamalar» (Vladikavkaz 2021), «Matematik analiz va zamonaviy
matematik fizika qo‘llanmalari» (Samarqand 2022), «Tartib tahlili va matematik
modellashtirishga oid muammolar, XVII. Operator nazariyasi va differensial
tenglamalary  (Vladikavkaz 2023), «Amaliy matematika va  axborot
texnologiyalarining zamonaviy muammolari al-Xorazmiy» (Toshkent 2024),
«Qozog‘iston Respublikasining Fan kuni munosabati bilan an’anaviy Xalqaro
aprel matematika konferensiyasi» (Olmaota 2023).

Dissertatsiya 1shi  O‘zbekiston Milliy Universitetining “Differensial
tenglamalar va matematik fizikaning zamonaviy muammolari”’, Matematika
institutining “differensial tenglamalar va matematik fizika” hamda Matematika
instituti Buxoro bo‘linmasining “Matematik fizikaning zamonaviy masalalari”
nomli seminlarida muhokama qilindi.

Tadqgiqot natijalarining e’lon gilinganligi. Dissertatsiya mavzusi bo‘yicha
jami 27 ta ilmiy ishlar chop etilgan bo‘lib, shundan 15 tasi O‘zbekiston Respublikasi
Oliy attestatsiya komissiyasi doktorlik (DSc) dissertatsiyalarining asosiy ilmiy
natijalarini chop etish uchun tavsiya etilgan ilmiy nashrlarda chop etilgan, 9 tasi
xorijiy jurnallarda chop etilgan, 6 tasi respublika jurnallarida chop etilgan ilmiy
magolalar va 12 tatezis nashr etilgan.

Dissertatsiyaning tuzilishi va hajmi. Dissertatsiya kirish gismi, 4 ta bob, xulosa
va foydalanilgan adabiyotlar ro‘yxatidan tashkil topgan. Dissertatsiyaning hajmi 212
betni tashkil etadi.

DISSERTATSIYANING ASOSIY MAZMUNI

Dissertatsiyaning Kirish gismida dissertatsiya mavzusining dolzarbligi va
zaruratini asoslash, tadgiqotning respublika fan va texnikasini rivojlantirishning
ustuvor yo‘nalishlariga muvofigligi, dissertatsiya mavzusi bo‘yicha xorijiy
mutaxassislar tomonidan olib borilgan ilmiy ishlarga taqriz berilgan va mahalliy
olimlar tomonidan masalaning o‘rganilganlik darajasi, maqgsad, vazifalar, tadgigot
ob’ekti va predmeti, ilmiy yangilik bayoni, olingan natijalarning nazariy va amaliy
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ahamiyati, asosiy natijalarni amalga oshirish to‘g‘risidagi ma’lumotlar aks
ettirilgan va nashr etilgan ishlar va dissertatsiya tuzilishi hagida ma’lumot berilgan.

Dissertatsiya ishining birinchi bobi «Boshlang‘ich tushunchalar va vaqt-
kasr differensial tenglama uchun Koshi masalasi» deb nomlangan. Bu bobning
birinchi ikki bo‘limida, dissertatsiya ishining tahlili uchun zarur bo‘lgan asosiy
dastlabki tushunchalar, ta’riflar va teoremalar kiritilgan.

Bu bobning uchinchi paragrafi birinchi va a-tartibli bir o‘lchamli differensial
tenglama uchun Koshi masalasini yechishga qaratilgan.

Ushbu
ou(t,x)

0+ DUt x) — U (£,x) =0, t>0,xER, (1)

u(0,x) =¢p(x), x€R (2)

Koshi masalasi berilgan bo‘lsin, bu yerda p berilgan musbat haqiqiy son, ]D)ga) esa
a € (0,1)-tartibli Djrbashian- Kaputo kasr hosilasi, ya’ni,

(]D)ga) )(t x) = 3 [dtf (t — )" %u(s,x)ds — t~%u(0, x)

= £ (W (60 — s u(0,%) G)

bo‘lib, bunda a-tartibli Riman-Liuvill chap kasr integrali

(I& ) (%) = — j (t = )% tu(s, x)ds @)

l"(l

()

ko‘rinishida aniglangan va ¢ berilgan funksiya.

(1), (2) masala yechimining mavjudlik shartlarini aniglashdan oldin, avvalo,
klassik yechimining ta’rifini beraylik.

1-ta’rif. Agar (i) har bir x € Rda u,(t,x) € C(t > 0),

(ii) har bir t > 0 da u(t,x) funksiva x o ‘zgaruvchi bo ‘yicha ikki marta
uzluksiz differensiallanuvchi,

(iii) ixtiyoriy x € R da u(t,x) € C(t = 0) va uning kasr (I37%u)(t,x)
integrali t > 0 lar uchun t bo ‘yicha uzluksiz differnsiallanuvchi;

(iv) (1) tenglama va (2) boshlang‘ich shartni odatdagi ma 'noda
qanoqlantirsa, u holda u(t,x) (t = 0,x € R) funksiyaga (1), (2) masalaning
klassik yechimi deyiladi.

Bu paragrafning asosiy natijasi quyidagi teoremalarda o‘z aksini topgan.

1-teorema. Faraz qilaylik, 0<a <1 va p>0 bo'lsin. Agar @(x) €
C(R) N L*(R) bo Isa, u holda (1), (2) Koshi masalasining yagona klassik yechimi
mavjud va bu yechim

u(t,x) = jR Go(t,x — ©)p(£)dé 5)

formula orqali beriladi, bu yerda

Gt x): = Gr' (t, %) + G5 (¢, %),
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Jo

1)k 1+A-a)k,1/2)
Gi'(tx) = 27'[1/2|x|z ( kk)l @ a)kHZO ]

2| /212, + b 1/2)|,

e 1+ - )k +1)1/2)
LS 0 a2 [0S 00 D,

= 27l 4 Orlk.“ R | ¥ |20+ k1) |

va Hmn(z) Foksning H-funksiyasi. Undan tashqari, barcha tayin t > 0 lar

uchun bu yechim |x| = oo da nolga intiladi.
2-teorema. Faraz qilaylik, u(t,x) funksiya (1), (2) masalaning klassik
yechimi bo ‘lib, ¢(x) = 0 bo ‘Isin. Agar

lu(t, x)| < My exp{M,|x|*}, MM, >0, u<?2
bo ‘Isa, u holda u(t, x) = 0.

Dissertatsiyaning ikkinchi bobi «Cheksiz va chegaralangan sohalarda vaqt-
kasr hosilali diffuziya tenglamasidan koeffitsiyent va manba funksiyalarini
anigqlash» deb nomlangan bo‘lib, unda vaqt va fazoviy o‘zgaruvchilarga bog‘liq
koeffitsiyent va manba funksiyalarni qo‘shimcha shartlar orqali aniqlash masalasi
tadqiq qilinadi.

Dastlab, ushbu

(D) (6, %) — Mu(t, ®) + q(t, Du(t, ©) = f(£F), (D) ERE  (6)
vaqt-kasr diffuziya tenglamasini
u(0,%) = @(x), x € R? (7)
boshlang‘ich shart bilan birgalikda qaraymiz, bu yerda X = (x,y) € R* Rz =
{(t,x): x € R?,0 <t < T}, A:= 07 + 05 va f(t,X), p () berilgan yetarlicha silliq
funksiyalar, Df,0 < a <1 Djrbashiyan-Kaputo kasr hosilasi ((3) formulaga
qarang).
1-teskari masala. (6), (7) to ‘g ri masalaning yechimi haqida
u(t,x,0) =g(t,x), xeRt=0 (8)
qo ‘shimcha shartdan foydalanib q(t,x),x € R,t = 0 funksiyani aniglashdan
iborat, bu yerda g(t, x) berilgan yetarlicha silliq funksiya.
2-ta’rif. u(t,x) funksiya (6), (7) masalaning klassik yechimi deyiladi, agar
(i) har bir t > 0 uchun X bo ‘yicha ikki marta uzluksiz differensiallanuvchi;
(ii) ixtiyoriy X € R? da t o'‘zgaruvchining funksiyasi sifatida [0,T] da
uzluksiz, va uning I37%u(t,X) kasr integrali t bo‘yicha t> 0 da uzluksiz
differensiallanuvchi;
(iii) (6) tenglama va (7) boshlang‘ich shartni odatdagi ma’noda
ganoatlantirsa.

1-lemma. Agar berilgan funksivalar q(t,x) € c([o, T); C} (R)), f(t,%) €
C([O, T];Cé’l(]Rz)), p(x) € Cé’l(Rz) sinflardan bo‘lsa, u holda (6), (7) to‘gri
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masalaning u(t,x) € C*~%*(RZ) N C(R%) sinfga tegishli yagona yechimi
mavjud, bu yerda | € (0,1).

3-teorema. Agar f(t,%) € C ([O,T]; c;'”l(RZ)), o(%) € CH2(R?),
g(t,x) € CL([0,T]; CLT2(R)), |g(t,x)| =go >0 bo'lsa, u holda shunday
yetarlicha kichik T* € (0,T) soni topiladiki (6)-(8) teskari masalaning q(t,x) €
C([0,T*]; C(R)) sinfga tegishli yagona yechimi mavjud, bu yerda 1 € (0,1).

Aytaylik T tayin musbat haqiqiy son bo‘lsin. 2(y,) (yo > 0 tayinlangan
hagigiy son) orgali max{ll f I"**%, |@|"**%, 1l g 1} < y, tengsizlikni va 3-teorema
shartlarini qanoatlantiruvchi berilgan (f, ¢, g) funksiyalar to‘plamini belgilaymiz,
Q(y;) orqali esa llql'<y; tengsizlikni qanoatlantiruvchi q(t,x) €

C ([O, T*]; C} (]R)) funksiyalar sinfini belgilaylik, bu yerda y; musbat haqiqiy son
val € (0,1).

4-teorema. Faraz gilaylik (f,¢,9) € Qo). (f,¢,9) € 2(vo) va (q,§) €
Q(y1) bo'lsin. U holda (6)-(8) teskari masalaning yechimi uchun quyidagi
turg ‘unlik bahosi o ‘rinli

Tg—g ' <c(lf=f 1" o — @1"*2 + llg — glI1),

bu yerda c o zgarmas T, ,y,,y;1 larga bog ‘liq.

Bu bobning keyingi paragrafida, biz ikkita teskari masalani, ya’ni vaqt va
fazoviy o‘zgaruvchilarga bog‘lig manba funksiyalarini topish masalalarini tadqiq
qilamiz.

Ushbu

Q:=Dx(0,T], D:={(x,y):0<x<[,0<y<q}
parallelepiped sohada quyidagi to‘g‘ri masalani qarab chigamiz: @ sohada
aniglangan va

u(t,x,y) € Xy, 9)

0fu — a?(uee + uyy) = F(t,x,y), (t,x,y) €Q, (10)
u(t,0,y) =u(t,l,y) =0, 0<y<gq, 0<t<T, (11)
u(t,x,0) =u(t,x,q) =0, 0<x<I[,0<t<T, (12)
u0,x,y) =9x,y), 0<x<1[,0<y=<gq (13)

shartlarni ganoatlantiruvchi u(t,x,y) funksiyani topish talab etilsin, bu yerda
Xri={u:u € C(Q); u(t,,”) € C*(D), t € (0,T]; u(-,x,y)€C(0,T]N
L'(0,T), (x,v) € D} va ¢ berilgan funksiya.
(10) tenglama uchun qo‘yilgan boshlang‘ich-chegaraviy shartlar asosida
quyidagi teskari masalalarni ko‘rib chigqamiz.
2-teskari masala. Faraz qgilaylik, F(t,x,y) = f(x,y)g(t) bo ‘Isin. Quyidagi
g(t) € AC[0,T], (14)
u(t,xg,y0) =h(t), 0<t<T (15)
qo ‘shimcha va (9)-(13) shartlarni ganoatlantiruvchi u(t, x,y) va g(t) funksiyalar
juftligini toping, bu yerda (x,,y,) € D berilgan tayin nugta, @(x,y), h(t),
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f (x,y) —berilgan yetarlicha silliq funksiyalar bo ‘lib, ¢ (xy, yo) = h(0) muvofiglik
sharti o ‘rinli.
3-teskari masala. Faraz qgilaylik, F(t,x,y) = f(x,y)g(t) bo lsin. Ushbu
fayecd, (16)
u(tO;x'y) ZIIJ(X,y), (x'y) €D (17)
qo ‘shimcha shart va (9)-(13) tengliklarni ganoatlantiruvchi u(t,x,y) va f(x,y)
funksiyalar juftligini toping, bu yerda ty € (0,T] berilgan son, (x,y), ¥(x,y),
g(t) —ma’lum yetarlicha silliq funksiyalar.
Dastlab to‘g‘ri masala yechimi uchun quyidagi energiya integral tengsizligini
keltiramiz.
2-lemma. Faraz qgilaylik, u funksiya (9)-(13) masalaning klassik yechimi
bo ‘Isin, u holda

1 T uZ T
- v 2 2, .2
A=) ﬂ;) jo T e dtdxdy + a ﬂD J; (uz + uf)dtdxdy

Tl—a T
<— || @*dxdy + .U j uFdtdxdy
2I'(2 - a) ﬂp pJo
tengsizlik o rinli.

(9)-(13) masala yechimining yagonaligi 2-lemmadan bevosita kelib chigadi.
Endi (9)-(13) masalaning klassik yechimi mavjudligiga to‘xtalamiz.
S-teorema. Aytaylik, berilgan ¢ (x,y) € C3(D) funksiya ushbu
?0,¥) = 0xx(0,y) = (L, y) = rx(Ly), 0=y <gq,
P(x,0) = @,,(x,0) = @(x,9) = @yy(x,q), 0=<x=<1
va F(t,x,y) € C([O, T]; CZ(E)) N AC([O, T]; C(ﬁ))funksiya esa ushbu
F(t,0,y)=F(t,l,Ly)=0, 0<y<gq, 0<t<T,
F(t,x,0) =F(t,x,q) =0, 0<x<l!l, 0<t<T
shartlarni ganoatlantirsin. U holda (9)-(13) to ‘g ‘ri masala yagona u € X klassik
yechimga ega.
Yuqorida olingan natijadan foydalangan holda, 2- va 3-teskari masalalarni
o‘rganamiz.
6-teorema. Faraz gilaylik ¢ (x,y) € C*(D),
?(0,¥) = 9xx(0,¥) = 0(Ly) = 0 (Ly), 0=y <gq,
P(x,0) = @y (x,0) = 9(x,q) = @yy(x,q), 0<x <1
bo‘lib, f(x,y) € C*(D) funksiya esa
fQ0,9) = fex(0,) = f(Ly) = fuix(Ly), 0<y<gq,
fQ0,x) = f5,(0,x) = f(x,q) = fy(x,q), 0<x<1I
shartlarni ganoatlantirsin. Undan tashqari, ushbu
f(xO'yO) ia 0, h”(t) € Ll(OJ T),h(O) = (p(inyO)
shartlar bajarilsin. U holda 2-teskari masalaning g(t) € AC[0,T] sinfga tegishli
yagona yechimi mavjud.
3-lemma. Agar g(t) € AC[0,T] va |g(t)| = go = const > 0 bo ‘Isa, u holda
shunday Cy > 0 topiladiki, barcha m,n € N lar uchun
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Co
|9mn (to)| = 7+ 2

tengsizlik o ‘rinli bo ‘ladi, bu yerda
t

Grn(®) = [ (¢ = O B (=0T (¢ = D9 (@)
0
va Cy o ‘zgarmas m,n larga bog ‘lig emas.

7-teorema. Faraz qilaylik, berilgan @(x,y) funksiya 6-teorema shartlarini,

shuningdek Y(x,y) € C*(D) funksiya

Y(O0,¥) = (0,y) =9 (Ly) = (Ly), 0y <=gq,

Y(0,x) = lpyy(or x) =yY(x,q) = wyy(xr q), 0sx<I
shartlarni qanoatlantirsin. Undan tashqari, g(t) funksiya 3-lemma shartlarini
bajarsin, u holda 3-teskari masala yagona yechimga ega.

Dissertatsiyaning  uchinchi  bobi  «Kasr tartibli diffuziya-to‘lqin
tenglamalaridan koeffitsiyentni aniqlash teskari masalalari» deb nomlangan
bo‘lib, vaqt o‘zgaruvchisiga bo‘g‘liq bo‘lgan koeffitsiyentni aniqlash masalasiga
bag‘ishlangan.

Dastlab, kasr diffuziya tenglamasi uchun koeffitsiyentli teskari masalani
ko‘rib chiqamiz. Faraz qilaylik, Q-chegarasi 0Q yetalicha silliq, RM da
chegaralangan soha bo‘lsin. Qp:={(t,x):x € Qc RN,0<t<T} sohada
quyidagi kasr-diffuziya

DPu(t,x) = Au(t, x) + q(Ou(t,x) + f(t,x), (x) €Qr  (18)
tenglamasini gqarab chiqamiz, bu yerda 0 < a < 1 va
N N

0 d
~Au(tx) == ool ) O -G IR
i=1 j=1
simmetrik va tekis elliptik operator bo‘lib, aniglanish sohasi D(—A4) = H2(Q) N
H} (Q) ga teng. Undan tashqari uning koeffitsiyentlari uchun ushbu

aij=aji, 1Sl,]SN, aijECl(K_l),

N N N
i) I6R S ) ay(osg; < v, ) 16l x € B8 €RY, v,v, >0
i=1 ij=1 i=1
shartlar o‘rinli.
(18) tenglamani
u(0,x) + pu(T,x) = p(x), x€Q (19)
nolokal boshlang‘ich shart va
u(t,x) =0, x€dQ, te (0,T) (20)
bir jinsli chegaraviy shart hamda birinchi tur
.[ w@u(t,x)dx =h(t), 0<t<T (21)
Q

integral shart  bilan  birga  qaraymiz, bu yerda [ =0 va
f(t,x), p(x), w(x), h(t) —ma’lum yetarlicha silliq funksiyalar.
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4-teskari masala. (18) tenglama va (19)-(21) shartlarni ganoatlantiruvchi
(u, q) € Yr funksiyalar juftligini toping, bu yerda
Yy = C([0,T]; H*(Q)) x C[0, T].
Berilganlar uchun quyidagilarni talab qilamiz:
(Al) @ € H*(Q) N H}(Q), f € C([0,T]; D(—A)*) buyerda 0 < & < 1;
(A2) h(0) + BN(T) = (w, ¢);
(A3) ]D)E.“)h € C[0,T] bo‘lib, barcha t € [0, T] uchun ushbu

1
|h(t)| = ™ >0, te[0,T]
0
tengsizlikni ganoatlantirsin, bu yerda h, musbat o‘zgarmas son;

(Ad) w(x) € L2(Q).

8-teorema. Faraz gilaylik (A1)-(A4) shartlar bajarilsin. U holda (18)-(21)
teskari masalaning yetarlicha kichik T > 0 larda yagona (u,q) € Yr yechimi
mavjud.

9-teorema. Aytaylik berilgan funksiyalar uchun (Al)-(A4)shartlar bajarilsin.
Agar (u;, q;) € Yr (i = 1,2) funksiyalar (18)-(21) teskari masalaning ikkita teng
bo ‘lmagan yechimlari bo ‘lsa, u holda barcha 0 <t < T lar uchun (uy,q,) =
(U2, 92)-

Bobning ikkinchi paragrafida bir o‘lchamli vaqt-kasr diffuziya-to‘lqin
tenglamasida vaqtga bog‘liq koeffitsiyentni aniqlash teskari masalasini tadqiq
qilamiz.

Dr:={(t,x):0 <t <T,0 < x <1} sohada ushbu
Du(t, x) — Lu(t, x) = q(Ou(t,x) + f(t,x), (tx) €Dy  (22)
kasr to‘lqin tenglamasini qaraylik, bu yerda ]D)ga) esa «a € (1,2) -tartibli
Djrbashian-Kaputo kasr hosilasi, ya’ni,
(]D)(“)u) (t,x) = ;i’[t (t —s) %ty (s, x)ds — t~4*1 U (0, 1)
t ’ 2 —a)adt J, S

r2-—a)

va L: = 0y,
Yuqoridagi kasr to‘lqin tenglamasini quyidagi nolokal
u(0,x) + 6,u(T,x) = p(x), u(0,x)+ 6,u,(T,x) =yY(x), x € (0,1) (23)
boshlang‘ich va
u(t,0)=u(t,1)=0, 0<t<T (24)
chegaraviy hamda

1
f w(@u(t,x)dx =h(t), 0<t<T (25)
0

integral shart bilan birgalikda qaraymiz, bu yerda 6;,6, =0 va
f(t,x),p(x),Y(x), w(x), h(t) —berilgan funksiyalar.

S-teskari masala. (22) tenglama va (23)-(25) shartlarni gqanoatlantiruvchi
(u,q) € C([0,T]; H?>(0,1)) n €1([0,T];L*(0,1)) X C[0,T] funksiyalar juftligini
toping.

Quyidagi
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p() =1+ (81 +82)Eq1(=m) +

46,0 [(Eas (=) + 1Eea(-mEaa(-n)], 1> 0.

funksiyani kiritib, mos ravishda n; <n, <:-<ny lar orqali p(n) =0
tenglamaning ildizlarini belgilaymiz. A orqali esa

v=Ulleis)™ (i) )

to‘plamni belgilaylik.
Berilganlar uchun quyidagilarni talab qilamiz:
1
(B1) f € C([0,T]; D(~£)=) ), ¢ € H*(0,1) N HE(0,1), % € HA(0,1);
(B2) h(0) + 6:h(T) = (w, 9), h'(0) + 6,h'(T) = (w,¥);
(B3) h € C?[0,T] bo‘lib, barcha t € [0, T] uchun ushbu

1
|h(©)] = —>0
ho

tengsizlikni ganoatlantirsin, bu yerda h, musbat o‘zgarmas son;

BT & A;

(B5) w(x) € HE(0,1).

10-teorema. Faraz gilaylik (B1)-(B5) shartlar bajarilsin. U holda yetarlicha
kichik T > 0 lar uchun (22)-(25) teskari masalaning (u, q) € C([O, T]; H? (0,1)) N
Cl([O, T]; L (0,1)) X C[0,T] sinfga tegishli yagona yechimi mavjud.

Aytaylik, H separabel Gilbert fazosi bo‘lsin. Unda skalyar ko‘paytma va
norma aniqlangan bo‘lib, ularni mos ravishda (-,-) va ||-|| kabi belgilaylik. A: H —
H operator H Gilbert fazosida aniglangan, o‘z-o‘ziga qo‘shma, musbat,
chegaralanmagan ixtiyoriy operator bo‘lsin. Faraz qilaylik, A operator H Gilbert
fazosida to‘la ortonormal {e,} xos funksiyalar sistemasiga va {A,,} musbat xos
gqiymatlar to‘plamiga ega bo‘lsin. Xos qiymatlarni qayta nomerlash yordamida
ularni kamaymaydigan qilib nomerlab olamiz, ya’'ni 0 < 4; < 4, < -+ = +o0 kabi
yozib olamiz.

Bobning oxirgi uchinchi paragrafida kasr diffuziya tenglamasidan

ofu(t) + Au(®) +qut) = f(t), 0<t<T (26)
vaqt o‘zgaruvchisiga bog‘liq koeffitsiyentni aniqlashning to‘g‘ri va teskari
masalalarini tadqiq qilamiz, bu yerda A operator yuqorida aniqlangan.

Berilgan a € (0,1), q(t) € C[0,T] va f(t) € C([0,T]; H) larga ko‘ra (26)
tenglama hamda

u(0) = ¢ (27)
boshlang‘ich shartni gqanoatlantiruvchi u(t) € C ([0, T]; D(A)) funksiyani topishga
to ‘g ‘ri masala deyiladi, bu yeda ¢ € H. To‘g‘ri masala uchun yagona yechimning
mavjudligini isbotlaymiz va bu yechim uchun silliglik shartlarini keltirib o‘tamiz.
Undan tashgqari, (26) tenglamadagi q(t) koeffitsiyentni topishning quyidagi teskari
masalasini ko‘rib chigamiz.
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6-teskari masala. Berilgan «, f(t) va ¢ lar bo ‘yicha (26) tenglama va (27)

boshlang ‘ich shart hamda
dlu(t)]=h(t), 0<t<T (28)

qo ‘shimcha shartni ganoatlantiruvchi (u, q) funksiyalar juftligini toping, bu yerda
h:[0,T] = R ma’lum funksiya, ®: D(®) € H - R ma’lum chizigli chegaralangan
funksional.

Faraz qilaylik 0 < € < 1 bo‘lib, berilganlar uchun quyidagilar bajarilsin:

(C1) @ € D(A**), f € C([0,T]; D(A%));

(C2) h € AC[0,T] va 0 < hio < |h(t)| bo‘lsin, bu yerda hy > 0 ma’lum

haqiqiy son;

(C3) h(0) = P[o];

(C4) ®: {®[ey]} € 1*(N), bu yerda [*(N) kvadrati bilan jamlanuvchi sonli
ketma-ketliklar fazosi.

To‘g‘ri masala yechimining mavjudlik, yagonalik va turg‘unligi haqidagi
quyidagi teorem o ‘rinli.

11-teorema. Faraz gilaylik, ba’zi € € (0,1) lar uchun ¢ € D(A**Y) va f €
C([O, T];D(As)) bo‘lib, q(t) € C[0,T] bo'lsin. U holda (26), (27) masalaning
yagona u € C([O,T]; D(A)) yechimi mavjud bo ‘lib, 0fu € C([0,T]; H) bo ‘ladi.
Undan tashqari shunday o ‘zgarmas ¢ > 0 son topiladiki, ushbu

I lle(ror1:0a))

< CEag,1(F(“€)T Il q "C[O,T]) [" @ "D(A”l) +II f "C([O,T];D(AE))]
tengsizlik bajariladi va yechim
u(t) = Z(O)p + H () — (H(@)w)(t)
ko ‘rinishida  tasvirlanadi, bu yerda I:C([0,T]; D(A%)) — C([0,T]; D(A%))

operator quidagi ko ‘rinishda aniglangan
t

HEF)®) = f Y(t —s)F(s)ds,

0

V(O = ). (6,60t Fua(-AtDer, $EH,E>0,
k=1

Zt)p = z (@, ex)Eq 1 (—Akt?)ey.
k=1

(26), (27) masala yechimining berilganlarga uzluksiz bog‘ligligi to‘g‘risida
quyidagi teorema o ‘rinli.
12-teorema. Faraz gilaylik, 11-teoremadagi shartlar bajarilsin. U holda (26),
(27) masalaning yechimi berilganlarga uzluksiz bog ‘lig bo ‘ladi, ya ’ni
|l u—1 "C([O,T];D(A))S C[” QY — @ ”D(A5+1) +| q— d ”C[O,T]

I f = F lle(oryncas)]
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tengsizlik o ‘rinli, bu yerda ¢ >0 o‘zgarmas son «,T,c | f IIC([O’T];D(As)) va

I g llcjo,r larga bog ‘lig.

Paragrafning asosiy natijasi quyida keltirilgan.

13-teorema. Faraz qgilaylik, (C1)-(C4) shartlar bajarilsin. U holda yetarlicha
kichik T > 0 larda teskari masalaning q(t) € C[0,T] sinfga tegishli yagona
yechimi mavjud.

14-teorema. Faraz gilaylik, (C1)-(C4) shartlar bajarilsin va u; (i = 1,2) lar
Il q; llcjo< R (i = 1,2) shartlarni ganoatlantiruvchi q = q; € C[0,T] larga mos
(26)-(28) masalaning yechimi bo ‘Isin. Undan tashqari, ushbu

P[] 2 vt >0,  (Pu]®)] =vz*>0), t€[0,T]
tengsizlikni ganoatlantiruvchi vy >0 (v, > 0) son mavjud bo‘lsin. U holda
R,T,a, & va hy larga bog ‘liq shunday C > 0 o ‘zgarmas topiladiki ushbu

CH I 0f(@[u] — @[uz D) lcro, <l 91 — 92 llcjo,

< C Il 0f (®[u1] — @[uzD) licom
va
Il uy —uy lgorpan= C Il g1 — q2 llcfo,r
tengsizliklar bajariladi.

Dissetatsiya ishining so‘ngi bobi «Kasr tartibli integro-differensial
tenglamalar uchun teskari masalalar» deb nomlangan bo‘lib, bu yerda kasr
tartibli integro-differensial tenglamalardan vaqt o‘zgaruvchisiga bog‘liq xotira
funksiyasi hamda koeftitsiyentni topish masalalari o‘rganilgan.

Bobning birinchi paragrafida kasr tartibli integro-differensial diffuziya
tenglamasidan yadroni aniglash masalasini tadqiq qilamiz.

Quyidagi
t

ofu(t,x) + Au(t,x) = f k(t —s)u(s,x)ds + f(t,x), (t,x) € Qr (29)
0

vaqt-kasr tartibli integro-differensial diffuziya tenglamasini ushbu

u(T,x) — pu(0,x) = p(x), x € (30)
nolokal boshlang‘ich shart hamda bir jinsli
u(t,x) =0, (t,x) €(0,T)xdQ (31)

chegaraviy shart bilan birgalikda garaymiz. Bu yerda 0 < a <1 va aniqlanish
sohasi D(A) = H*(Q) n H}(Q) bo‘lgan simmetrik tekis elliptik A operator
N N

0 d
Au(t,x) = —z a_xl z aij(x)a—xju(t, x) |+ c(x)u(t, x), (t,x) € Qr
i=1 j=1

ko‘rinishida berilgan bo‘lib, uning koeffitsiyentlari uchun
al-j = aji, 1< l,] < d, al-j € Cl(.(_).), C(.X') € C(ﬁ), C(.X') = 0, X € ﬁ

shartlar o‘rinli va shunday u > 0 o‘zgarmas soni mavjudki

N N
Y a;@&dzuy 67 xed §eRY
i!j:]- i=1
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tengsizlik bajariladi.
Teskari masala

Llu(t,)]:= jﬂ(p(x)u(t, x)dx = h(t), t€|[0,T] (32)

qo‘shimcha integral shart yordamida k(t) funksiyani topishdan iborat, bu yerda
¢ (x), h(t) berilgan funksiyalar.
Xr orqali
Xr:={uw:u € C([0,T]; D(AY)) va d,u € L'(0,T; L*(Q))}
to‘plamni belgilaymiz, bu yerda d,u hosila umumlashgan ma’noda tushuniladi,
bundan tashqari X; va L*(0, T) larning topologik ko‘paytmasini
Yr = Xp X L}(0,T)
ko‘rinishida belgilaymiz va undagi normani esa
I (w, k) Ny =l u le(ro,rpcary) T U ”Ll(o,T;LZ(Q)) +1 & llzo,m

kabi aniqlanadi.
7-teskari masala. (29)-(31) masala va (32) shartni qganoatlantiruvchi
(u, k) € XI x L}(0,T) funksiyalar jufiligini toping.
Paragraf davomidabiz0 < e <1,y > 0 va

N
YoV > maX{E,Z— 1},N =1,2,...

tengsizliklar bajarilsin deb qaraymiz. Shu bilan birga, faraz qilaylik berilgan
funksiyalar uchun quyidagi shartlar bajarilsin:

(D1) ¢ € D(A"), f € Xr;

(D2) h(T) — Bh(0) = L[p], L[Au](0) = L[f](0);

(D3) 0&h € C[0,T] va %h(0) = 0 hamda h(0) # 0;

(D4) ¢ € HZ ();

(D5) p € [0,1].

15-teorema. Faraz gilaylik, (D1)-(D5) shartlar bajarilsin, u holda (29)-(32)
teskari masalaning yetarlicha kichik T > 0 larda yagona (u,k) € Yr yechimi
mavjud

Bobning ikkinchi paragrafi ko‘p o‘lchamli vaqt-kasr integro-differensial
tenglama bilan bog‘liq teskari masalani yechishga bag‘ishlangan bo‘lib, bunda
tenglamada gatnashayotgan koeffitsiyent hamda integral ostidagi yadro funksiyasi
aniqlanadi.

Bizga quyidagi vaqt-kasr tartibli inetgro-differensial

Du(t, x) + Au(t, x) = q(Due (6, x) + k = u(t, x) + f(t,%), (£,x) € Qr (33)

tenglama berilgan bo‘lsin, bu yerda 1 < a < 2, ]Dga) esa (22) tenglamadagidek
aniglangan hamda aniqlanish sohasi D(4) = H*(Q) N H}(Q) bo‘lgan simmetrik,

tekis elliptik A operator
N

d 0
Av(t,x) = — .Zl a—)@(aij(x)a—ﬂv(t,x)> +c(x)v(t,x), (t,x)€ Qr
L,j=

ko‘rinishida berilgan bo‘lib, uning koeffitsiyentlari uchun
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a;; =a; €CTQ), ce€C@), c(x)=0, xel
shartlar o‘rinli va shunday u > 0 o‘zgarmas soni mavjudki

N N
Y a@ad =) 6l xef, fer
ij=1 i=1
tengsizlik bajariladi.
(33) tenglamani ushbu
u(0,x) = a(x), u:(0,x)=>b(x), x€ (34)
boshlang‘ich shartlar va bir jinsli

u(t,x) =0, (t,x) €(0,T) xdQ (35)
chegaraviy shart bilan birgalikda qaraymiz.

Agar q(t), k(t), f(t,x), a(x) va b(x) funksiyalar ma’lum bo‘lsa, u holda
(33)-(35) masaladan u funksiyani topishga to‘g‘ri masala deyiladi. Teskari
masalada to‘g‘ri masala yechimiga nisbatan ushbu

u(t,x;) = hi(t), te€(0,T) (36)
qo‘shimcha shartlar yordamida q(t) va k(t) funksiyalarni topish talab qilinadi, bu
yerda h;(t),i = 1,2 berilgan funksiayalar va x; € Q (i = 1,2) berilgan nugqtalar.

Quyidagi masalani tadqiq qilamiz.

8-teskari masala. (33) tenglama va (34)-(36) shartlarni gqanoatlantiruvchi

u€ecC <[0, T]; D (AV%)) nc'([0,T];D(A")), q€C'0,T] va keC[0,T]

funksiyalarni toping, bu yerda y > 0 o zgarmas son.
Xr orqali

Xpi=C <[o, T|; D (A”%)) n c*([0,T]; D(AY))

kesishmani va
Yr:= Xy X C1[0,T] x C[0,T],
hamda Y; da normani
I (w,q, k) i =l ullx, +11 g et +1 K llcpor
kabi aniglaymiz.
Faraz qilaylik, y, > %+ 1va

N

tengsizlik bajarilsin. Undan tashqari, berilgan funksiyalar quyidagi shartlarni
qanoatlantirsin:
1

(E1) h; € C3[0,T] va h/'(0)=0,i=1,2, a €D (A”°+E),b € D(A%), f €
C*([0,T]; D(AM));

(E2) h;(0)q(0) = 97 h;(0) + Aa(x;) — f;(0,x;), i =12

(E3) a(x;) = hi(0), b(x;) = hy(0), i =1,2;

(E4) p(t) = hi(t)h,(0) — hy(t)h,(0) # 0 va p(t) € C[0,T] bo‘lib, ushbu
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1
lp()|=z—>0, t€[0,T]
0
tengsizlik bajarilsin, bu yerda p, ma’lum musbat o‘zgarmas son.

16-teorema. Faraz gilaylik, (E1)-(E4) shartlar bajarilsin. U holda yetarlicha
kichik T > 0 larda (33)-(36) masalaning (u, q,k) € Yr yagona yechimi mavjud.
Ushbu bobning so‘ngi paragrafida vaqt-kasr integro-differensial diffuziya
tenglamasi uchun orqaga qaytish va teskari masalalarni tadqiq qilamiz. Teskari
masala tenglamada qatnashayotgan xotira funksiyasini orqaga qaytish masalasining
yechimiga nisbatan qo‘shimcha shart yordamida aniqlashdan iborat. Bunda Banax
fazosida teskari masala yechimining lokal mavjudligi va yagonaligiga to‘xtalamiz.
Bizga

afu(t) + Au(t) = ftk(t —s)u(s)ds + f(t), te (0,T) (37)
0

ko‘rinishidagi kasr tartibli integro-differensial tenglama berilgan bo‘lsin, bu yerda
T > 0 tayin son, va a € (0,1) bo‘lib, A operator esa uchinchi bobning oxirgi
paragrafida keltirilgan.
Berilgan a, k(t) va f(t) lar bo‘yicha (40) tenglamani va
u(l) =¢ 38)
shartni qanoatlantiruvchi u(t):[0,T] - H funksiyani topishga orqaga qaytish
masalasi deyiladi, bu yerda ¢ € H va f:[0,T] - H ma’lum funksiya.
9-teskari masala. Berilgan a, f(t) va @ lar bo yicha (37) tenglama va (38)
shart hamda
d[u(t)] = h(t), te][0,T] (39)
go ‘shimcha shartni qanoatlantiruvchi u:[0,T] - H va k: (0,T) » R* funksiyalar
Juftligini toping, bu yerda h:[0,T] = R ma’lum funksiya, ®:D(®) c H - R
ma’lum chizigli chegaralangan funksional, va D(®) = {u € H: Au € H}.
Xr orqali
Xr:=W{(0,T; H) n L*(0,T; D(A))
funksiyalar fazosini va undagi normani esa
| u "XT: =l u "Wll(O,T;H) +Ilu "Ll(O,T;D(A))
kabi aniqlaymiz. Xuddi shunday
Yri= X; x L1(0,T)
va undagi normani
I (W, k) Ny =l w g, +11 ke 2o,
ko‘rinishida aniqlaymiz.
3-ta’rif. (37) tenglama va (38), (39) shartlarni ganoatlantiruvchi (u, k) € Yr
funksiyalar juftligini topish masalasiga teskari masala deyiladi.
Faraz qilaylik, 0 < & <1 bo‘lib, berilgan funksiyalar quyidagi shartlarni
ganoatlantirsin:
(F1) ¢ € D(A**Y), f € C([0,T]; D(49)) n C2([0,T]; H);
(F2) h(T) = @[p], ®[Au](0) = P[f](0);
(F3) dfh € C1[0,T] va 0Fh(0) = 0, hamda h(0) # 0 bo‘Isin;
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(F4) ®: {1,P[e,, ]} € I?(N).

Paragrafning asosiy natijasi quyidagi teoremalardan iborat.

17-teorema. Faraz gqilaylik, ba’zi € € (0,1) uchun ¢ € D(A%*Y),f €
c([0,T]; D(A%)) nC*([0,T; H) va k € L*(0,T) bo'lsin. U holda (37), (38)
maslaning yagona u € Xy yechimi mavjud va 0&u € L(0, T; H) bo ‘ladi.

18-teorema. Faraz qgilaylik, (F1)-(F4) shartlar bajarilsin. U holda yetarlicha
kichik T > 0 larda (37)-(39) teskari masalaning (u,k) € Yr yagona yechimi
mavjud.
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XULOSA

Ushbu dissertatsiya kasr tartibli integro-differensial operatorlarni o‘z ichiga
olgan xususiy hosilali differensial tenglamalar uchun to‘g‘ri, orqaga gaytish va
teskari masalalarni o‘rganishga bag‘ishlangan.

Dissertatsiya ishning asosiy natijalari quyidagilardan iborat:

1. Vaqt bo‘yicha birinchi va kasr tartibli xususiy hosilali differensial
tenglama uchun qo‘yilgan Koshi masalasi yechimini beruvchi formula olindi va
uning klassik yechim bo‘lishi isbotlandi.

2. Ikki o‘lchamli kasr tartibli diffuziya tenglamasi uchun to‘g‘ri va teskari
masalalarning korrektligi ko‘rsatildi.

3. Parallelepiped sohada qo‘yilgan kasr tartibli diffuziya tenglamasi uchun
manba funksiyalarni aniglashga doir chizigli teskari masalalar yechimining
mavjudligi va yagonaligi kabi natijalari olindi.

4. Kasr tartibli diffuziya differensial tenglamasi uchun qo‘yilgan nolokal
boshlang‘ich va bir jinsli Dirixle chegaraviy shartli masalaning yagona yechimga
ega bo‘lishi ko‘rsatildi. Bundan tashqgari, Gauss-Zeydel iteratsion usuli qo‘llash
orgali vaqgtga bog‘liq koeffitsiyentni aniqglash teskari masalasining yagona
yechimga egaligi ko‘rsatildi.

5.Bir o‘lchamli kasr tartibli to‘lgin tenglamasidan vaqtga bog‘liq
koeffitsiyentni aniglashga doir teskari masala lokal tarzda yechildi. Bu holatda
ikkita boshlang‘ich shart noan’anaviy shaklda berilgan bo‘lib, muammoni sezilarli
darajada murakkablashtirdi.

6. Abstrakt kasr tartibli diffuziya tenglamasi uchun Koshi masalasi, hamda
vaqtga bog‘liq koeffitsiyentli teskari masalaning yagona yechimga ega ekanligi
isbotlandi.

7. Integral shart bilan berilgan nolokal integro-differensial tenglamadan
vaqtga bog‘liq yadro funksiyasini aniglashga doir teskari masala yagona yechimga
ega ekanligi isbotlandi.

8. Ko‘p o‘Ichamli kasr tartibli integro-differensial tenglamadan ikkita vaqtga
bog‘liq koeffitsiyentni aniglash muammosi to‘liq yechildi. Bu holda, to‘g‘ri masala
yechimiga nisbatan chegaraviy shartlar ikkita turli xil nugtalarda berilgan.

9. Kasr tartibli integro-differensial tenglamadan vaqt o‘zgaruvchisiga
bog‘liq yadro funksiyasini aniglashga doir teskari masalaning yagona yechimga
ega ekanligi isbotlandi.
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INTRODUCTION (abstract of doctoral dissertation)

Actuality and demand of the theme of the dissertation. The Non-Integer
Order Calculus, traditionally known as Fractional Calculus, is the branch of
mathematics that tries to interpolate the classical derivatives and integrals and
generalizes them for any orders, not necessarily integer order. This field has gained
increasing importance in recent years due to its ability to describe complex systems
and phenomena that cannot be adequately captured by classical models. In
particular, fractional differential equations, which involve derivatives of non-
integer order, provide more accurate models for various physical, biological, and
engineering processes, especially those exhibiting memory, hereditary effects, and
non-local interactions. The correctness of inverse coefficient problems for
fractional diffusion-wave equations addresses one of the most critical challenges in
the field of mathematical modeling. These inverse problems aim to determine
unknown parameters, such as coefficients in the governing equations, based on
observed data. They are of immense importance in applications such as image
reconstruction, material characterization, and the study of anomalous diffusion and
wave propagation in heterogeneous media. The increasing complexity of modern
systems, especially those with fractal-like structures or non-local properties,
demands robust methods to solve these inverse problems accurately and efficiently.
Thus, the demand for studying the correctness of such problems is driven by both
theoretical and practical considerations, as fractional models are becoming
essential for describing real-world phenomena in areas like physics, finance,
biology, and engineering. Understanding the mathematical and computational
aspects of these inverse problems will enable more precise interpretations of
experimental data and improve the design of algorithms for real-time applications.

Nowadays it is very important in the world to learn how to solve partial
differential equations, as well as to learn how to solve inverse problems related to
determining the coefficients of an equation, its right-hand side and the kernel under
the integral. Investigating inverse problems allows us to study, analyze, and control
processes given by fractional differential equations. For example, if we consider
the vibration processes of a homogeneous string, the known initial conditions of
the solution based on the characteristic triangle provide the possibility to control
the string vibration from the boundaries. If we consider the fractional differential
equation with respect to time, and if order of the fractional derivative is between 1
and 2, then it simultaneously describes diffusion and wave propagation processes.
If the order is between 0 and 1, it describes slow diffusion processes. For instance,
fractional differential equations are used to model the propagation of signals
through optical fibers, the transmission of electromagnetic waves in a straight line,
and their interaction with materials. That is why it is important to study fractional
equations.

Special interest is given to modern areas of differential equations and

mathematical physics in Uzbekistan, as they are of scientific and practical
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importance in contemporary science. This includes special attention to the study of
equations in branched structures and the investigation of direct and inverse
problems for equations with fractional derivatives. Although these areas are
relatively new in global science, scientists in Uzbekistan have achieved significant
results in them and continue to actively conduct research. Conducting scientific
research at international standards in priority areas of mathematical sciences,
particularly differential equations and mathematical physics, is the main goal and
focus of the Romanovskiy Institute of Mathematics!. The advancement of studies
on direct and inverse problems for integro-differential equations with fractional
derivatives is one of the most important areas of modern differential equation
theory and mathematical physics. It undoubtedly plays a key role in realizing the
aforementioned statement by the Cabinet of Ministers of the Republic of
Uzbekistan.

The subject and object of research of this dissertation are in line with tasks
identified in the Decrees and Resolutions of the President of the Republic of
Uzbekistan of February 8, 2017, PQ-4947, “On the strategy of action development
of the Republic of Uzbekistan”, PQ-4387 date July 9, 2019 “On state support for
the further development of mathematics education and science, as well as measures
to 1mprove the activities of the Institute of Mathematics named after
V.I.LRomanovsky of the Academy of Sciences of the Republic of Uzbekistan”, PQ-
4708 of May 7, 2020 “On measures to improve the quality of education and
research in field of mathematics” as well as in other regulations related to basic
sciences.

Connection of research to priority directions of development of science
and technologies of the Republic. This study was performed by the priority areas
of science and technology of the Republic of Uzbekistan IV, «Mathematics,
Mechanics and Computer Sciencey.

Review of foreign scientific researches on the topic the dissertation.
Almost all universities, research institutes and scientific centers of the world are
conducting researches on direct and inverse problems for fractional differential and
partial differential equations. We will list some of them as an example. As we said
above, they are Johns Hopkins University (USA), Tokyo University (Japan), Berlin
University of Applied Sciences (Germany), New Haven University (USA), Berlin
University (Germany), Belorussian State University (Belarus), Hokkaido
University (Japan), at La Rochelle University (France), Institute of Applied
Mathematics and Automation (Russia), Institute of Mathematics NAS of Ukraine
(Ukraine), Middle East University (Turkey), International Kazakh-Turkish
University (Kazakhstan) and others.

Inverse problems on determining the source terms, the coefficients and the
memory functions of the fractional differential equations were studied by Professor
M. Yamamoto of Tokyo University (Japan), N.H. Tuan of Ho Chi Minh University

! Decree of Cabinet of Ministers of the Republic of Uzbekistan at the 2017 year 18 May "On measures for the
organization of activities of newly established scientific organizations of the Academy of Sciences of the Republic
of Uzbekistan" No. 292.
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of Banking, H. Wang of Southeast University (China), B. Wu of College of
Mathematics and Physics, Nanjing University of Information Science and
Technology (China), and others. Their method ensured the uniqueness of the
solution of the inverse problem only. Professor S. Umarov of the New Haven
University of the United States of America and Professor R. Ashurov of the
Mathematical Institute of the FA of the Republic of Uzbekistan obtained new
conditions for single-valued determination of the solution of the inverse problem
for determining the order of the fractional derivative.

The wvarious initial, initial-boundary and retrospective problems for
fractional order differential equations and partial differential equations have been
studied by many scientists. Cauchy problems for fractional diffusion-wave
equations have been studied in the works of A. Kochubei (Ukraine), A. Pskhu
(Russia) and others. The nonlocal condition connecting initial and time-fixed
values for diffusion equations was studied in the works of A. Ashyaraliev (Turkey)
and others. The questions related to coefficient inverse problems for fractional
partial derivative equations in an unbounded domain are practically not studied.

The degree of scrutiny of the problem. In the literature, several definitions
of the fractional derivatives have been proposed. For instance, the Riemann-
Liouville derivative (D§,) and the Gerasimov-Caputo derivative (dF). The
Riemann-Liouville derivative played an important role for its application in pure
mathematics while Caputo derivative has been introduced to respond to applied
problems. Indeed, M. Caputo was the first to give applications of fractional
calculus to mechanics, especially to linear models of viscoelasticity. Caputo
derivatives allow the use of physically interpretable initial conditions, which is not
permitted by the Riemann-Liouville derivative.

Considering a differential equation that describes a specific phenomenon, a
common way to use fractional modeling is to replace the integer order derivatives
by non-integer derivatives, usually with order lower than or equal to the order of
the original derivatives, so that the usual solution may be recovered as a particular
case and this can be observed in the works of Mainardi, Podlubny, Shishkina and
Sitnik, Tarasova and Tarasov, Uchaikin. Equations with fractional derivatives are
applied in studying of anomalous diffusion and various processes in physics,
mechanics, chemistry and engineering. The diffusion equation is a mathematical
model of important physical phenomena ranging from fractals. In normal diffusion
(described by the heat equation or more general parabolic equations) the mean
square displacement of a diffusive particle behaves like const -t for t - 0. A
typical behavior for anomalous diffusion is const - t%, and this was the reason to
invoke fractional diffusion equation, where this anomalous behavior is an easy
mathematical fact. For connections to statistical mechanics is given by
Meerschaert. Such issues are directly related to the fundamental solution of the
equation. An expression for the fundamental solution of the Cauchy problem was
found independently by Schneider and Wyss and Kochubei. For example, by
Schneider and Wyss discussed the Cauchy problem in the form
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0fu=Au, xeRV,t>0m—-1<a<mmeN,
0%u/ot*(x,0) = fi,(x),0 <k <m-— 1.

Moreover, in 2006 Voroshilov and Kilbas derived formulae that provide solutions
when 0 < a < 2. The authors present a formula that offers a solution to the
problem. However, there is no proof that this is indeed the solution. But, Kochubei
gives a proof that the obtained formula is indeed a solution (for m = 1). After few
years later, the fundamental solution of the fractional diffusion-wave equation was
found by Pskhu for general fractional derivative, and using it, the connection
between fractional order equations and integer order heat and wave propagation
equations was demonstrated. Later, in 2014, a formula was obtained by Eidelman
and Kochubei which gives the solution to the Cauchy problem for the elliptic part
in the general case. However, all the obtained results are only for linear Cauchy
problems, and the study of the problem in the nonlinear case remains open.

Moreover, the main part of this dissertation consists of studying initial-
boundary value problems for fractional order equations in a bounded domain, such
as direct, backward and inverse problems. The backward problems for the
diffusion-wave process are of great importance in engineering fields and are aimed
at determining the previous state of a physical field (for example, at initial time)
based on its current information. However, the peculiarity of such problems is that,
regardless of whether the Riemann-Liouville or Caputo derivative is used in the
equation, this problem is ill-posed in the sense of Hadamard. Nevertheless, the
problem in the form

ofu(t) +Au(t) =f(t), 0<t<T,
{u(T) =

has been studied by academician Alimov and professor Ashurov (for 0 < a < 1),
where A is a given self-adjoint, positive, unbounded arbitrary operator. The
problem has been investigated by Ashurov and Fayziev under the condition u(¢) =
yu(0) + @,y = const # 0,0 < & <T. The authors have not only studied the
backward problem, but also the linear inverse problem, i.e. the problems of finding
the right side and the initial conditions. In the works of Floridia, Yamamoto, and
Liu, fractional diffusion and fractional diffusion-wave equations have also been
studied. In the above mentioned works, not only backward problems but also
inverse problems related to the identification of source functions (inverse
problems) have been studied. However, in the previous works, only linear
problems were studied, while this dissertation adequately addresses the open
problems related to the nonlinear case. Moreover, this dissertation builds upon the
scientific work of leading scholars in the world, such as Al-Salti, Aloroev, Kirane,
Malik, Cheng, Eidelman, Gong, Wei, Ismailov, Jin, Rundell, Kochubei,
Lopushansky, Lopushanska, Yamammoto, Liao, Li, Liu, Luchko, Ruzhansky,
Settara, Atmania, Sun, Zhang as well as researchers in our country academician
Alimov, professors Ashurov, Durdiev, Karimov and others, who focus on direct
and inverse problems.

32



The connection of the theme of the thesis with the research plans of the
higher education institute, where the research on the thesis is carried out.

The dissertation work was carried out within the framework of the calendar
plan on the topic “Inverse Problems of Mathematical Physics” of the Bukhara
branch of the V.I. Romanovskiy Institute of Mathematics of the Academy of
Sciences of the Republic of Uzbekistan.

The aim of research work: To study the unique solvability of direct,
backward and inverse problems for fractional differential and integrodifferential
diffusion-wave equations.

Research problems:

Construction and investigation of the solution of the Cauchy problem for the
diffusion equation with time derivatives of first and fractional orders;

Investigation of the inverse problem of determination of the coefficient from
the fractional diffusion equation;

Solvability of the inverse problem on determination of the source function
from the fractional diffusion equation;

Study of direct and inverse coefficient problems with nonlocal initial
conditions for fractional diffusion and wave equations;

Solving direct and inverse problems of finding time-dependent coefficient in
fractional differential equations;

Investigation of direct and inverse problems of finding the time-dependent
coefficient from the abstract Cauchy problem for the fractional diffusion equation;

Determination of coefficient and memory function by conditions given at
two points concerning the solution of a direct problem;

Investigating the retrospective and inverse problems for determining the
memory function in the integro-differential fractional diffusion equation.

The research object. Riemann-Liuville, Gerasimov-Kaputo fractional
derivatives, Mittag-Leffler functions, Fox’s H-function, fractional time equations.

The research subject. The research subject of the dissertation consists of
direct and inverse problems for differential equations with finite dimension and
arbitrary elliptic operators with partial derivatives and fractional derivatives.

Research methods. Mathematical analysis, functional analysis, differential
equations and mathematical physics methods were used in the thesis work. The
methods of separation of variables and integral energy from the methods of
mathematical physics is used, and the completeness of the system of
eigenfunctions in the Hilbert space is applied.

Scientific novelty of the research work is presented as follows:

an explicit formula has been constructed providing a solution to the Cauchy
problem posed for a one-dimensional fractional differential equation and the
sufficient conditions for the given function to possess a classical solution were
established;

the conditions for the uniqueness of solutions to direct and nonlinear inverse
problems related to the fractional diffusion equation in an unbounded domain are

33



established. Additionally, sufficient conditions for the unique identification of the
source terms from the fractional diffusion equation have been provided;

the uniqueness and existence results are proved for a non-local initial and
boundary value problem which is formulated for fractional diffusion-wave
equations;

the existence and well-posedness of the Cauchy problem for the abstract
fractional diffusion equation are proven, and the conditional well-posedness of the
inverse problem with time-dependent coefficients is established;

theorems are proven that establish the existence and uniqueness of the
solution to the nonlinear inverse problem of determining the coefficient and
memory function in the fractional diffusion-wave equation;

a theorem is proved concerning the uniqueness of solvability for nonlocal
initial direct and nonlinear inverse problems associated with the multidimensional
fractional diffusion equation, incorporating the fractional Gerasimov-Kaputo
derivative.

Practical results of the research. The present results are theoretical in
character, and methods for studying nonlinear fractional-order differential
equations are proposed. At the same time, methods for solving inverse problems
related to finding the right-hand side of the equation, the time-dependent
coefficient and the memory function are presented.

The reliability of the results of the study. The results have been obtained
by using the methods of modern methods of mathematical physics, mathematical
analysis, differential equations, the theory of special functions for the construction
of fundamental solutions, finding exact solutions of boundary value problems and
solving the theoretical problems of elliptic equations.

Scientific and practical significance of the research results. The scientific
significance of the research results is that the scientific results obtained in the work
can be used in the theory of fractional differential and integro-differential
equations.

The practical importance of the results obtained in the dissertation work is
determined by their application in the study, control and management of processes
given by fractional equations.

Implementation of the research results. Based on the results obtained for
the correctness of inverse coefficient problems for fractional diffusion-wave
equations:

the conditions for the existence and uniqueness of solutions to nonlocal
initial and homogeneous Dirichlet boundary value problems for the fractional-
order diffusion-complete equation were used in the innovative project No. IL-
21071166 titled “Development of a Vertical Axis Wind Turbine Designed for Low
Wind Speeds” for the approximate solution of mathematical model equations
developed to determine effective parameters of wind turbines (based on Reference
No. 281-3 dated March 25, 2025, from the Institute of Mechanics and Seismic
Stability of Structures). The application of this scientific result made it possible to
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construct numerical models for problems related to differential equations of
hyperbolic type with Koltunov kernels;

the results on the unique determination of coefficients and memory functions
for diffusion and superdiffusion differential equations given in bounded domains
were used in the foreign project No. 122041100096-4 titled ‘“Mathematical
Modeling in Sociology, Geophysics, and Engineering Sciences” for the
investigation of subsurface convex media (based on Reference No. 18 dated March
24, 2025, from the Southern Mathematical Institute, a branch of the Federal
Scientific Center of the Vladikavkaz Scientific Center of the Russian Academy of
Sciences, Russian Federation). The application of these scientific results enabled
the observation of wave phenomena in subsurface viscous media;

the results on the unique determination of time-dependent coefficients from
backward, nonlocal initial, and first boundary value problems for subdiffusion
equations were used in the foreign fundamental project No. AP09258836 titled
“Development of Numerical Algorithms for Differential Mathematical Models of
Anomalous Diffusion” for the investigation of temperature variations (based on
Reference No. 04/857 dated April 2, 2025, from Khoja Akhmet Yassawi
International Kazakh-Turkish University, Kazakhstan). The application of these
scientific results enabled the observation of heat exchange processes in water
TeSEervoirs;

the results on determining coefficients and memory functions from initial-
boundary value problems for fractional-order subdiffusion and superdiffusion
equations with nonlocal initial conditions were used in international scientific
journal articles to solve inverse problems for fractional parabolic equations with
nonlocal biharmonic operators (Fractal and Fractional, 2023, 7(5): 404; Physica
Scripta, 2024, 99(10): 105242; AIMS Mathematics, 2023, 9(3): 6832—-6849). The
application of these scientific results made it possible to identify the source
function from a two-dimensional fractional parabolic equation with nonlocal
conditions.

Approbation of the research results. The main result of the dissertation
was discussed at the following international and republic scientific conferences:
“6t" International conference of mathematical sciences ICMS” (Istanbul 2022),
“Modern problems of applied mathematics and information technologies al-
Khwarizmi” (Fergana 2021), “Actual problems of applied Mathematics and
information technologies-al-Khwarizmi” (Samarkand 2023), “Operator algebras,
non-associative structures and related problems” (Tashkent 2022), “Actual
problems of physics, mathematics and mechanics” (Bukhara 2023), “Order
analysis and related questions of mathematical modelling, XVII. Operator theory
and differential equations” (Vladikavkaz 2021), “Mathematical analysis and its
applications in modern mathematical physics” (Samarkand 2022), “Order analysis
and related questions of mathematical modelling, XVII. Operator theory and
differential equations” (Vladikavkaz 2023), “Modern problems of applied
mathematics and information technologies Al-Khwarizmi” (Tashkent 2024),
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“Traditional International April Mathematical Conference in honour of the Day of
Science of the Republic of Kazakhstan” (Almaty 2023).

This dissertation was discussed at the seminars “Differential equations and
modern problems of mathematical physics” at the National University of
Uzbekistan, “Differential equations and mathematical physics” at the Institute of
Mathematics of the Academy of Sciences of Uzbekistan, and “Modern problems of
mathematical physics” at the Bukhara branch of the Institute of Mathematics.

Publications of the research results. On the topic of the dissertation, 27
scientific papers were published, 15 of which are included in the list of scientific
publications proposed by the Higher Attestation Commission of the Republic of
Uzbekistan for the defence of theses of the Doctor of Philosophy, including 9 of
them published in foreign journals and 6 in national scientific journals and 12
abstracts.

The structure and volume of the dissertation. The dissertation consists of
an introduction, four chapters, a conclusion, and a bibliography. The volume of the
thesis is 212 pages.

THE MAIN CONTENT OF THE DISSERTATION

In the introduction besides the motivation of research theme and
correspondence to the priority research areas of science and technology of the
Republic, we present a review of international research on the theme of the
dissertation and the degree of scrutiny of the problem, formulate our goals and
objectives, identify the object and subject of study, and state scientific novelty and
practical results of the research. Moreover, we reduce the theoretical and practical
importance of the obtained results, and give information on the implementation of
the research results, the published works and the structure of dissertation.

The opening chapter of this dissertation is titled «Preliminaries and Cauchy
Problem for a Time-Fractional Differential Equation». In the first two sections
of this chapter, essential preliminary concepts, definitions, and propositions are
introduced to establish the foundational framework required for the subsequent
development and analysis in the dissertation.

The third section of this chapter focuses on solving the Cauchy problem for
a one-dimensional differential equation of first and a-order.

Consider the Cauchy problem

du(t,x)

o + ]Dga)u(t, X) — Uy (t,x) =0, t>0,x ER, (1)

u(0,x) =p(x), x€R, (2)

where p is a positive constant, ]D)Ea) is the a € (0,1)-order regularized fractional

derivative, 1.e.,

1

d t
(]D)ga)u) (t,x) = m [%j (t —s) %u(s,x)ds —t~*u(0,x)
0
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_ 9 /i-a ot
- dt (IO+ u)(t,x) F(l—a)u(o’x)' (3)
here the Riemann-Liuville left fractional integral of order « is defined as

(g u)(t,x) = ra )J (t — ) tu(s,x)ds, (4)
@ 1is a given function.

Before establishing the existence conditions for the solution of problem (1),
(2), let us first give a definition of a classical solution.

Definition 1. 4 function u(t,x) (t > 0,x € R) is a classical solution to
Cauchy problem (1), (2) if

(i) for each x € R, u(t,x) € C(t > 0),

(ii) u(t, x) is twice continuously differentiable with respect to x for every t >
0’.

(iii) for every x ER, u(t,x) €C(t=0) and its fractional integral
(I35 %u) (t, x) is continuously differentiable in t for t > 0;

(iv) u(t, x) satisfies Eqs. (1) and (2).

The main results of this section is the following statements.

Theorem 1. Let 0 < a <1 If o(x) € C(R)NL*(R), then the unique
solution of Cauchy problem (1), (2) exists and it is described by formula

u(t,x) = j Gt x — Op(E)dé, 5)
R
where
Ge(t, x>:=gf(t,x)+9§(t,zc1), k)
1 k + —Qa )
Gt (tx) = nl/zlxlz ( kk), ek %le (1/2,1/2), (L +k, 1/2)],
92 (¢, x)

NG

(—1)* 20
Z 7 La- a)(k+1)H
27T1/2|x| k+1k| 2\/5

and Hp'q (2) is the Fox's H-function. Moreover, this solution tends to zero as |x| =

o for any fixed t > 0.
Theorem 2. Let u(t,x) be a classical solution of the problem (1), (2) with
@ (x) = 0. Suppose that

|u’(t' x)l < Ml eXp{Mlelu}; MIJMZ > 0) u <2
Then u(t,x) = 0.

1+A-a)y(k+1)1/2)
(1/2,1/2),(1 + k,1/2) ]

The second chapter of the dissertation is titled «Determining a coefficient
and source terms from the time-fractional diffusion equation in both
unbounded and bounded domains», in which the problem of determining the
time- and spatial variable-dependent coefficients through additional conditions are
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explored. This is done within the context of the two-dimensional fractional
diffusion equation, both in an unbounded domain and for functions dependent on
both time and space variables in a bounded domain.
Consider the following time-fractional diffusion equation:
(D) (6, %) — Mu(t, ®) + q(t, Du(t, ©) = f(£F), (D ERE  (6)
at condition
u(0,%) = p(x), x € R?, (7)
where %= (x,y) ER%R2 = {(t,x): X €ER4,0<t<T} A:=0%+ 63%, and
f(t, %), p(x) are given smooth functions, D¥,0< a <1, is a regularized
fractional derivative (see (3)).
Inverse problem 1. Find the function q(t,x),x € R,t =0 in (6), if the
solution to Cauchy problem (6), (7) satisfies
u(t,x,0) =g(t,x), x€R,t=0, (8)
where g(t,x) is given function.
Definition 2. We call a function u(t,x) a classical solution to Cauchy
problem (6) and (7), if:
(i) u(t, x) is twice continuously differentiable in X for each t > 0;
(ii) for each ¥ € R? u(t,x) is continuous in t on [0,T], and its fractional
integral 137%u(t, X) is continuously differentiable in t for t > 0;
(iii) u(t, x) satisfies (6) and (7).
Lemma 1. If q(t,x) € C([0,T}CLR)), f(&.® € C([0,T];Ci'(R)),

p(x) € C;‘l([RZ), then there exists a unique solution of the direct problem (6), (7)
u(t,x) € C1"%%(R%) n C(R%), where L € (0,1).

Theorem 3. If f(t,%) € C ([0,T]; C;'*'(R?)), 9(®) € C;"**(R?), g(t,x) €

c?t ([0, T]; C,g+2(R)), lg(t,x)| = go > 0, then there exists a number T* € (0,T),
such that there exists a unique solution q(t,x) € C([0,T*]; C}(R)) of the inverse
problem (6)-(8).

Let T be a positive fixed number. Consider the set Q(y,) (yo > 0 is some
fixed number) of the given functions (f,¢,g) for which all conditions from

Theorem 3 are fulfilled and so that maX{II fL |<p|l'l+2, Il g IIi} < ¥y, and by
Q (y1) we denote the class of functions q(t,x) € C ([0, T*]; C} (R)), satisfying the

inequality Il g I'< y; with some fixed positive number .

Theorem 4. Let (f,9,9) € 2(vo), (f,$.9) € 2(ro) and (a,9) € Q(y1).
Then for the solution of the inverse problem (9)-(11) the following stability
estimate is valid:

Tg=gn'<c(lf=f 1" +]o - gl"*2 +llg — gll1),

where the constant ¢ depends only on T, l,y,, V1.

In the next section of this chapter, we investigate two inverse problems,
namely finding source functions that depend on both time and space variables.
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Now in the parallelepiped
Q:=Dx(0,T], D:={(x,y):0<x<[,0<y<q},
we consider the following direct problem: find in the domain Q a function
u(t,x,y) such that

u(t,x,y) € X, 9)

0fu — a®(uee +uyy) = F(t,x,y), (t,x,y) €Q, (10)
u(t,0,y) =u(t,Ly) =0, 0<y<gq, 0<t<T, (11)
u(t,x,0) =u(t,x,q) =0, 0<x<[,0<t<T, (12)
u(0,x,y) =9x,y), 0<x<1[,0<y<gq, (13)

where  Xp:= {u:u € C(Q); u(t,,) € C*(D), t € (0,T]; us(-,x,y) € C(0,T]N
L1(0,T), (x,v) € D}, and ¢ is a given function.

On the base of this initial-boundary value problem for Eq. (10) we consider
the following inverse problems.

Inverse problem 2. Suppose F(t,x,y) = f(x,y)g(t). It is required to find
functions u(t, x,y) and g(t) which satisfy conditions (9)-(13) and, in addition, the
following ones:

g(t) € AC[0,T], (14)

u(t,xo,¥0) = h(t), 0<t<T, (15)

where (xo,Yo) is a given fixed point in domain D, @ (x,y), h(t), f(x,y) are given
sufficiently smooth functions, wherein @ (xq,yo) = h(0).

Inverse problem 3. Suppose F(t,x,y) = f(x,y)g(t). Find functions
u(t,x,y) and f(x,y) which satisfy equalities (9)-(13) and, in addition, the
following ones:

fey)ecd, (16)
u(tO'x'y) =1/)(x,y), (ny) ED' (17)
where t, is a given fixed point in the half-interval (0,T], wherein @(x,y), Y(x,y),
g(t) are given functions.
We first derive the following inequality for direct problem.
Lemma 2. Let u be a classical solution of the problem (9)-(13), then we have

1 T uZ T
- - 2 2 2
21— a) UD jo T = 0" dtdxdy + a HD jo (ux + uy)dtdxdy

Tl—a T
<— 2dxd +ff j uFdtdxdy.
202 — @) HD MG | A g

The uniqueness of the classical solution immediately folows from Lemma 2.
Theorem 5. Let ¢(x,y) € C3(D) such that
?(0,y) = 9xx(0,y) = (L, y) = pxx(Ly), 0=y =gq,
¢(x,0) = @y (x,0) = @(x,q) = @yy(x,9), 0=x=<I
and F(t,x,y) € C([O, T]; C? (5)) N AC([O, T]; C(E)) satisfies conditions of
F(t,0,y)=F(t,,Ly)=0, 0<y<gq, 0Z5t<T,
F(t,x,0) =F(t,x,q) =0, 0<x<l![ 0<t<T.
Then the direct problem (9)-(13) has the unique solution u € Xr.
Using the results obtained above, we now focus on the study of inverse

problems.
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Theorem 6. Let ¢(x,y) € C*(D),
?(0,7) = 0xx(0,y) = 0(Ly) = pxx(Ly), 0=y=gq,
P(x,0) = @y, (x,0) = 9(x,q) = @yy(x,q), 0=x<1,
while f (x,y) € C*(D),
fO0,9)=fx(0,y) =f(L,y) = fix(Ly), 0=sy=gq
f(0,x) = £,,(0,x) = f(x,q) = f,(x,q), 0<x<L
Besides
f(x0,¥0) # 0, Rh"(t) € L'(0,T), h(0) = p(x0,¥0),
then the inverse problem 2 has the unique solution g(t) in the class AC[0, T].
Lemma 3. If g(t) € AC[0,T] and |g(t)| = go = const > 0, then there exists
a constant Cy > 0 such that for all m,n € N the estimate
Co
| gmn (to)] 2 7 12
is fulfilled, where
t

Gn(®) = [ (€= D B (=0 Zhn (¢ = ) (D)dn
0
and Eq g(+) is the two parametric Mittag-Leffler function and Cy does not depend
onm,n.

Theorem 7. Let functions @(x,y) satisfies conditions of Theorem 6, while
Y(x,y) € CH(D),

Y(O0,y) =Y (0,y) =9(L,y) = (Ly), 05y =g,

Y(0,x) = ’abyy(o' x) =Y(x,q) = lpyy(x: q), 0<=x<lL
In addition, the function g(t) is subject to the conditions of Lemma 3, then the
inverse problem 3 has a unique solution.

The third chapter of the dissertation is titled «Inverse problems of
coefficient determination for fractional-order diffusion-wave equations» and is
devoted to the problem of determining the coefficient that depends solely on the
time variable.

First, we consider an inverse coefficient problem for a fractional diffusion
equation. Let Q be a bounded domain in RN with sufficiently smooth boundary
dQ. Consider the following fractional-diffusion equation in Qr: = {(t,x): x €  C
RVN,0<t<T}

Du(t, x) = Au(t,x) + q(Ou(t,x) + f(t,x), (x) €Qr,  (18)
where 0 < a < 1 and the operator —A is a symmetric uniformly elliptic operator
defined on D(—A) = H*(Q) N Hj (Q) given by

S AN G
Au(t,x) = z o Z O FICE ) ARG
=1 j=1
in which the coefficients satisty
aij=aji, 1Sl,]SN, aijECl((_l),
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N

N N
V1Z €17 < z a;j(x)§&; < sz &2, x€Q,&eRY,vy,v, >0.
i=1 i=1

ij=1
We supplement the equation (18) with the nonlocal initial condition
u(0,x) + pu(T,x) = p(x), x€Q, (19)
the boundary condition
u(t,x) =0, x€adQ, te (0,7), (20)
and integral over-determination condition
f w()u(t,x)dx = h(t), 0<t<T, (21)
Q

where f = 0 and f(t, x), ¢(x), w(x), h(t) are known functions.

Inverse problem 4. Find (u,q) € Yr to satisfy (18)-(20) and the additional
measurement (21), where

Yr = C([0,T]; H*(Q)) % C[0, T].

We make the following assumptions:

(A1) @ € H*(Q) N HL(Q), f € C([0,T]; D(—A)*) where 0 < £ < 1;

(A2) h(0) + fN(T) = (w, @);

(A3) ID)ga)h € C[0, T] satisfies the following inequality:

1
|h(t)| = e >0, forall te[0,T],
0

where hy is a positive constant;

(A4) w(x) € L2(Q).

Theorem 8. Under hypotheses (Al)-(A4), there exists a solution (u,q) € Yy
of the inverse problem (18)-(21) for small positive T.

Theorem 9. Let T > 0. Under hypotheses (A1)-(A4), if the inverse problem
(18)-(21) has two solutions (u;,q;) € Yy (i = 1,2), then (uq,q1) = (Uy, qy) for
0<t<T.

In the second paragraph of the chapter we discuss an inverse problem of
determining a coefficient, depending only on time in a one-dimensional time
fractional-wave equation.

Let Dr:={(t,x):0<t<T,0<x<1}. We consider the following
fractional-wave equation:

DPu(t, x) — Lu(t, x) = q(O)u(t, x) + f(t,x), (tx) €Dy, (22)
where 1 < a < 2, ]D)ga) is the Dzhrbashyan-Caputo fractional derivative, that is,

1 2 [t u: (0, x)
() —a+1 —a+1 _t\
D tx)=—— — , — s
¢ u(t,x) Iz )atj; (t —s) ug(s,x)ds —t

r2-—a)
and £: = 0,.,.
We supplement the above fractional wave equation with the nonlocal initial
conditions
u(0,x) + 6,u(T,x) = p(x), u(0,x)+ 6,u,(T,x) =yY(x), x € (0,1), (23)
the boundary conditions
u(t,0)=u(t,1)=0, 0<t<T, (24)
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and integral over-determination condition of the first kind
1
f w()u(t,x)dx =h(t), 0<t<T, (25)
0

where §;,8, = 0 and f (t, x), p(x), P(x), w(x), h(t) are known functions.

Inverse problem 5. Find (u,q) € C([0,T]; H*(0,1)) n c*([0,T]; L*(0,1)) X
C[0, T] to satisfy (22)-(24) and the additional measurement (25).

We set

p():=1+ (61 + 82)Eq 1 (—1) +

+6,8, | (Eas (=) + nEea(-1)Eaa(—m)|, 1> 0

and {n4, ...,nn} = {n > 0: p(n) = 0} with n; < --- < ny. Moreover, by A we set

= Ul ()"

We make the following assumptions:
1

(B1) f € C([0,T]; D((—£)2)), ¢ € H*(0,1) N Hy(0,1), ¥ € Hy(0,1);
(B2) h(0) + 6:1(T) = (@, 9), h'(0) + 6,1 (T) = (w,¥);
(B3) h € C?[0, T] satisfies the following inequality:

1
h(©)]23=>0 for all t€0,T]
0

where hy is a positive constant;

BHT ¢ A

(BS) w(x) € H2(0,1).

Theorem 10. Under hypotheses (B1)-(B5), there exists a solution (u,q) €
C([0,T]; H2(0,1)) n C*([0,T]; L?(0,1)) X C[0,T] of the inverse problem (22)-
(25) for small T > 0.

Let H be a separable Hilbert space with the scalar product (-,-) and the norm ||
‘I, and A:H = H 1is an arbitrary unbounded positive selfadjoint operator in H.
Suppose that A has a complete in H system of orthonormal eigenfunctions e,, and a
countable set of positive eigenvalues A,. It is convenient to assume that the
eigenvalues do not decrease as their number increases, i.e., 0 < Ay <A, < -+ >
+o00.

The third last paragraph of the chapter, we discuss a direct and an inverse
problems of determining a coefficient, depending only on time in a time fractional-
diffusion equation

ofu(t) + Au(®) + qu(t) = f(t), 0<t<T, (26)
where an operator A is defined above.

First we consider the following direct problem: given a € (0,1), q(t) €
C[0,T] and f(t) € C([0,T]; H), find a function u(t) € C([O, T]; D(A)) satisfies
the Eq. (26) and the initial condition

u(0) = ¢. (27)
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Here ¢ is a given element of H. For this direct problem, we prove the uniquely
existence of the solution and derive some regularity results. In the main part of this
section, based direct problem, we consider the following inverse problem of
finding the coefficient q(t) in the Eq. (26).

Inverse problem 6. Given «, f(t) and @, find a pair of functions (u,q)
satisfying the problem (26), (27) and the additional condition

dlu(t)] =h(), 0<t<T, (28)

where h:[0,T] - R is a given function, ®:D(®) c H —» R is a known linear
bounded functional.

We set 0 < € < 1 and make the following assumptions.

(C1) @ € D(A**Y), f € C([0,T]; D(A%));

(C2) h(t) € AC|[0,T] and satisfy the conditions 0 < h—10 < |h(t)|, where h is
given number;

(C3) h(0) = D[o];

(C4) @: {®[ex]} € [*(N), where N is a natural number set.

We have the existence, uniqueness, and regularity of the solution for the direct
problem.

Theorem 11. Let ¢ € D(A**Y) and f € C([O, T]; D(A‘S))for some € € (0,1),
and q € C[0,T]. Then there exists a unique solution u € C([O, T]; D(A)) to (26),

(27) such that 0fu € C([0,T]; H). Moreover there exists a constant ¢ > 0 such
that

Il u ”C([O,T];D(A))
< CEas,1(F(a5)T Il q "C[O,T]) [" @ llpcastry +I f "C([O,T];D(AE))]'

and we have

u(t) = Z()p + H()(t) = (H (@) @)(@),
where H: C([0,T]; D(A%)) - C([0,T]; D(4%)) by

t

HF)(E) = j Y(t — $)F(s)ds,

0

VO =) (et Ea(-AtDer, $EH,E>0,
k=1

Z) e = z (@, ex)Eq 1 (—Akt)ey.
k=1

The continuous dependence of the solution to problem (26), (27) on the data
1s given by the following theorem.

Theorem 12. Under the same conditions as Theorem 11, the solution of the
direct problem (26), (27) depends continuously on the given data, that is

lhw =2 licqoripa)s Cll @ = @ lpas+yy 1 q = G llcpor
I f = f leqoripas)]
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where ¢ > 0 depending on a, T, |l f "C([O,T];D(A‘g)) and |l q ll¢po,r)-

The main results of this section are presented below.

Theorem 13. Under hypotheses (C1)-(C4), there exists a sufficiently small
T > 0 such that inverse problem 6 has a unique solution q(t) € C[0,T].

Theorem 14. Let conditions (C1)-(C4) be fulfilled and u; be the solution of
(26)-(28) for q = q; € C[0,T] with |l q; llciori< R (i = 1,2). Assume that there
exists v > 0 such that

|P[u ()| =v >0, for all t € [0,T].
Then there exists a constant C > 0 depending on R, T, a, € and hy such that
CH I of(@[wy] — @[uz]) lcro,r1<Il g1 — a2 lcpo,r
<CI 0 (P[ug] — @[uz]) lco,ry)
and
Il wy —uy lieorpan< C Il g1 — q2 llcfo,ry-

The final chapter of the dissertation is called «Inverse problems for a time-
fractional integro-differential equation», and investigates the problem of finding
a memory function and coefficient dependent on the time variable from fractional-
order integro-differential equations.

In the first paragraph of chapter four we consider an inverse problem of
determining the kernel of a fractional diffusion integrodifferential equation.

We study the following time-fractional integro-differential diffusion equation
t

dfu(t,x) + Au(t,x) = j k(t —s)u(s,x)ds + f(t,x), (t,x) € Qr (29)
0
with the non-local initial condition

u(T,x) — pu(0,x) = p(x), x€Q, (30)
the boundary condition
u(t,x) =0, (t,x) € (0,T) x . (31)

Here 0 < ¢ <1 and the operator A is a symmetric uniformly elliptic operator
defined on D(A) = H?(Q) n H}(Q) given by
N N

9] d
Au(t,x) = —Z O_xl Z aij(x)au(t, x) |+ c(x)u(t, x),(t,x) € Qr,

i=1 j=1 J

in which the coefficients satisfy
ajj=a; 1<i,j<d, a;€C'(Q), c(x)€C@), c(x) =20, x€Q
and there exists a constant 4 > 0 such that

N N
Z a;;(x)§:; ZHZ &2, for all x€Q, &€eRN
i'j=1 i=1

The inverse problem is to reconstruct k(t) according to the additional data
Llu(t,)]:= f d(x)u(t,x)dx = h(t), te[0,T], (32)
Q

where ¢ (x), h(t) are given functions.
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We define Banach space X by
Xr:={u:u € C([0,T]; D(4AY)) and d,u € L*(0,T; L*(Q))},
where d,u means a distributional sense. Furthermore, we set the topological
product
Yr = X; x L}(0,T)
endowed with the norm
I (w, k) Ny =l wlleqorypearyy HI ue lrorizcyy Tk i

Inverse problem 7. Find (u, k) € XI x L}(0,T) to satisfy (29)-(31) and the
additional measurement (32).

Throughout this section, we set 0 < € < 1 and y > 0 such that

N
Yo=YV > maX{Z— 1,8}, N=12,...

We make the following assumptions:

(D1) ¢ € D(A™), f € Xr;

(D2) h(T) — Bh(0) = L[p], L[Au](0) = L]f](0);

(D3) d%h € C*[0,T] and dFh(0) = 0 and satisfy the condition h(0) # 0;

(D4) ¢ € H ().

(D5) g ¢ [0,1].

Theorem 15. Under hypotheses (DI1)-(D5), there exists a unique solution
(u, k) € Yr of the inverse problem (29)-(32) for small T > 0.

In the second paragraph of this chapter is dedicated to deriving a unique
solution to the inverse problem associated with a multidimensional time-fractional
integro-differential equation.

We consider a time-fractional integro-differential equation with a fractional
derivative in time t:

D{Pu(t, x) + Au(t, x) = q(O)u,(t, x) + j tk(r)u(t —7,x)dt + f(t, %),
0

(t, X) € QTI (33)

where 1 < a < 2, ]D)ga) is defined in Eq.(22), and the operator A is a symmetric

uniformly elliptic operator defined on D (4) = H?(Q) N H} (Q) given by
N
0 0
Av(t,x) = — .Zl 6_xj<aij(x)6_xiv(t’x)> +c(x)v(t,x), (t,x)€Qr,
L,]=
in which the coefficient satisfy
al-j =aji ECl(Q), CEC(Q), C(?C)ZO, XEQ

and there exists a constant i > 0 such that

N N
Z aij(x)fif_j ZMZ &2, for all x€Q, &€RV
i,j=1 i=1

We supplement the above fractional wave equation with the following initial
conditions:
u(0,x) = a(x), u(0,x) =b(x), x€ (34)
and the zero boundary condition:
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u(t,x) =0, (t,x) € (0,T) x . (35)
If q(t), k(t), f(t,x), a(x) and b(x) are known, then problem (33)-(35) is
called a direct problem. The inverse problem is to reconstruct q(t) and k(t)
according to the additional data
u(t,x;) = h;(t), te(,7), (36)
where h;(t), i = 1,2 are given functions and x; € (i = 1,2) are given points.
We investigate the following inverse problem.

1
Inverse problem 8. Find u € C ([0, T];D(AV+E)) nC*([0,T; D(A")), q €

C1[0,T] and k € C[0,T] to satisfy (33)-(35) and the additional measurement (36),
with some positive constant y.

We define Banach space X by
1

Xr:= C([0,T]; D(A" @) n C*([0, T]; D(AY)).
Furthermore, we set
Yy = X7 x C[0,T] X C[0,T]
endowed with the norm
I (u,q, k) lly: =l ullx, +ll g lcipor + k lcpo,r)-
We set y, >g+1,y> 0 and

N
Z+1<]/S)/O.

We make the following assumptions:
1
(E1) h; € C*[0,T] with h{'(0) = 0,i = 1,2, a € D (A7), b € D(A"), f €

c*([0,71; D(AV));

(E2) h;(0)q(0) = 0¢'h;(0) + Aa(x;) — f(0,x), i = 1,2;

(B3) a(x;) = hy(0), b(xy) = hi(0), i =1,2;

(E4) p(t) = hi(t)h,(0) — hy(t)h,(0) # 0 and p(t) € C*[0,T] satisfies the
following inequality:

1
lp(t)|=—>0, te[0,T],
Po

where p, is a given positive constant.

Theorem 16. Let (El)-(E4) hold. Then, there exists a unique solution
(u, q, k) € Yy of the inverse problem (33)-(36) for small T > 0.

In the last section of this chapter, we investigate backward and inverse
problems for the time-fractional integrodifferential diffusion equation. We prove a
local in-time existence and uniqueness theorems for the inverse problem of
memory reconstruction for abstract fractional integrodifferential equation in
Banach space

Consider the time-fractional integrodifferential diffusion equation:

ofu(t) + Au(t) = jt k(t —s)u(s)ds+ f(t), te (0,T), (37)
0

where T > 0 is a fixed final time, and a € (0,1), where the operator A is defined
in the last paragraph of the third chapter.
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The main subject of this section is the following two: backward and inverse
problems.
Backward problem given k(t) and f(t), find a function u(t) such that
u:[0,T] - H satisfies the equation (37) and the final time condition
w) = o, (38)
where @ is a given element of H, f:[0,T] — H is a known function.
Inverse problem 9. Given «,f(t) and @, determine a pair of functions
u:[0,T] » H and k: (0,T) - R™ satisfying (37), (38) and the additional condition
®d[u(t)] = h(t), te€][0,T], (39)
where h:[0,T] - R is a given function, ®:D(®) c H - R is a known linear
bounded functional, where D(®) = {u € H: Au € H}.
We define Banach space X1 by
Xr:=W{(0,T; H) n L*(0,T; D(A)).
Furthermore, we set the topological product
Yr:= Xp x LY(0,T)
endowed with the norm
I (W, k) Ny =N w g, 1 ke 2oy
Definition 3. 4 pair of functions (u, k) € Yr satisfying conditions (37)-(39) is
called the solution of inverse problem 9.
Throughout this section, we set 0 <& <1 and make the following
assumptions.
(F1) ¢ € D(A°Y), f € C([0,T]; D(49)) n C*([0, T]; H):
(F2) h(T) = P[g], ®[Au](0) = ®[f](0);
(F3) 0%h € C'[0,T] and Fh(0) = 0 and satisfy the condition h(0) # 0;
(F4) ®: {1, ®[e, ]} € I>(N), where [?(N) is the space of square summable
sequences.
Main results are as follow:
Theorem 17. Let ¢ € D(A**"),f € C([0,T]; D(A%)) n C*([0,T]; H) and
k € L1(0,T) for some € € (0,1). Then there exists a unique solution u € Xy to
(37)-(38) with 0fu € L*(0,T; H).
Theorem 18. Under hypotheses (F1)-(F4), there exists a unique solution
(u, k) € Yr of the inverse problem (37)-(39) for small T > 0.
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CONCLUSION

This dissertation is dedicated to the investigation of direct, backward, and
inverse problems for partial differential equations involving fractional-order
integral-differential operators.

The main conclusions of this scientific work are as follows:

1. The formula for the solution of the Cauchy problem for the partial
derivative equation of first and fractional order in time is obtained and it is proved
that it is a classical solution.

2. The correctness of the direct and inverse problems for the two-dimensional
fractional diffusion equation was established.

3. Existence and uniqueness results were obtained for solutions to linear
inverse problems, specifically for determining source functions, posed for the
fractional-order diffusion equation in a parallelepiped domain.

4. The uniqueness of the solution was established for the problem involving a
fractional-order diffusion differential equation with a nonlocal initial condition and
homogeneous Dirichlet boundary conditions. In addition, the inverse problem of
determining a time-dependent coefficient was solved using the Gauss-Seidel
iterative method.

5. The inverse problem of determining the time-dependent coefficient from
the one-dimensional fractional wave equation was solved locally. In this case, both
initial conditions were given in nonlocal form, significantly complicating the
problem.

6. The correctness of the solution to the Cauchy problem and the time-
dependent coefficient problem posed for the abstract fractional diffusion equation
was proven.

7. The inverse problem of determining the time-dependent kernel from a non-
local integro-differential equation with an integral condition was successfully
solved.

8. The problem of determining two time-dependent coefficients from a
multidimensional fractional integro-differential equation, with boundary conditions
specified at two distinct points with respect to the solution of the direct problem,
was fully solved.

9. The unique solvability of the inverse problem of determining the kernel for
a time-fractional integro-differential equation was established.

48



HAYYHBIN COBET DSc.02/30.12.2019.FM.86.01

O NPUCYXJEHWIO YYEHBIX CTEINIEHEN IPU
NHCTUTYTA MATEMATHUKN UMEHU B.1. POMAHOBCKOI'O

NHCTUTYT MATEMATHUKHA

PAXMOHOB ACKAP AXMAJZOBUY

KOPPEKTHOCTD OBPATHbBIX KOOPPUIINEHTHbBIX 3ATAY JIA
APOBHBIX ITN®PY3NOHHO-BOJIHOBbBIX YPABHEHHUH

01.01.02 — {uddepennmaibHble ypaBHEHUSI 1 MaTeMaTHYecKas (PU3NKa

. ABTOPE®EPAT
JOKTOPCKOH (DSc) JMCCEPTAIIMA 11O ®U3NUKO-MATEMATHYECKHUM
HAYKAM

TAIOIKEHT - 2025



Tema poxkrtopckoii (Doctor of Science) auccepranmm 3apeructpupoBaHa B Briciueii
aTTeCTAllMOHHOM Komuccud npu MuHucteperBe Bbicuiero odpa3zoBanusi, HAyKH M WHHOBaIUi
Pecny0aukn Y3oexkuctan 3a Ne B2024.2.DSc/FM266.

Huccepranys BeIIOJHEHA B MHCTUTYTE MareMaTuku uMenu B.M1. PomaHoBckoro.

ABropedepar amccepraiud Ha Tpex s3blKax (y30eKCKWi, aHDIMHCKWH, pyccKuii(pesiome))
pa3memen Ha BeO-cTpanmiie Hayunoro cosera (http://kengash.mathinst.uz/) n wa HMadopmannoHHO-
o0OpazoBarenbpHOM TopTane «Ziyonety (www.ziyonet.uz)

Hay4Hblil KOHCYJBLTAHT: dypaues dypaumypoa Kanannaposuu
JIOKTOp (pH3UKO-MaTeMaTHYECKUX Hayk, mpodeccop

OdunnanbHbie ONMOHEHTHI: Amypos Papman Pagxadosua
JOKTOp (HU3MKO-MaTeMaTHUeCKUX Hayk, mpodeccop

Kaaupkyjos baxtuép Kaaunosuy
JIOKTOp (PH3UKO-MaTeMaTUYECKUX HayK, JIOICHT

Inmxkuaa DanHa JleonuaoBHa
JIOKTOp (pH3UKO-MaTeMaTUYECKUX HayK, JIOICHT

Benymasi opranusauus: HammoHnanabHbIH YHUBEpPCUTET Y30eKHCTaHa

3amuTa aucceprauuu coctoutcs «27» mas 2025 roga B «17:00» yacoB Ha 3acenanuu Hayunoro
cosera DSc.02/30.12.2019.FM.86.01 npu MuctutyTe Marematiku numenu B.J. PomaHoBckoro. (Anpec:
100174, r.TamkenT, AnmMasapckuii paiion, yn YauBepcutetrckas, 9. Tem.: (+99871) - 207-91-40, e-mail:
uzbmath@umail.uz, Website: www.mathins.uz).

C nmucceprammeld MOXXHO O3HaKOMUTbca B HMHopmaunonHo-pecypcHoM 1eHTpe HHctutyTa
Matemateku umeHu B.M.Pomanosckoro (3apeructpupoBana 3a Ne 203). (Aapec: 100174, r.TamxeHT,
AnmMazapckuii paiioH, yn. YauBepcuteTckas, 9. Tem. (+99871) 207-91-40).

ABtopedepar nuccepramuu pasociad «13» mas 2025 rona.
(npotoxkoin paccsuik Ne 2 ot «13» masg 2025 rona).

V.A. Po3ukoB
IIpeacenarens HAyyHOTO COBETA IO
MPUCYXKICHUIO  HAyYHBIX  CTCMEHEH,
1.¢.-M.H., aKaJeMHK

K.K. Anames
VYueHbl ceKpeTaph HAYYHOIO COBETa IO
MPUCY)KACHUIO  HAyYHBIX  CTETeHEH,
I.¢.-M.H., CTapII¥i HAYYHBIN COTPYIHUK

A.A. AzamoB
[Ipencenarens HaydyHOTO CeMHUHapa IpH
HAaydyHOM COBETE€ II0 MPHUCYKICHUIO
HAayYHBIX CTETeHeH, 1.().-M.H., aKaJJIeMHK


http://www.ziyonet.uz/
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Henabio mcciaenoBaHus SBISETCS H3yYEHUE OJIHOZHAYHOM pa3pelimMOCTH
NPSIMBIX, OOPaTHBIX M PETPOCTIEKTHBHBIX 331a4 AJisi IpoOHO-IuddepeHIInaTbHBIX
1 uHTerpo-auddepeHnnanbHbix AM(O(PY3M0HHO-BOTHOBBIX YPABHEHUI.

OO0beKT ncciIe10BAHUA: HaYaTbHO-KPAEBhIC 3a/1a4ud U OOpaTHBIC 3a/1auu IS
nu(pGy3MOHHO-BOJTHOBOTO YpaBHEHHUS APOOHOr0 TMOpsSAKa B OTPAaHUUYCHHBIX U
HEOTPaHWYECHHBIX 00J1aCTSIX.

Hayunasi HOBU3HA MCCJI€JOBAHUS COCTOUT B CIEAYIOIIEM:

noislyyeHa siBHasi ¢opmyna Ay pewmeHds 3agadud Komwm Ajist oJHOMEPHOTO
npoOHO-Iu(ppepeHIInaTbHOTO YPaBHEHNUS U YCTAHOBJIEHBI J10CTAaTOYHbBIE YCIOBUS
JUTSL TOTO, YTOOBI TTOJTydeHHast (PYHKIMS UMeJia KIIaCCUYECKOe PEIICHUE;

MOJIy4eHBbI YCJIOBUS EIWHCTBEHHOCTH PEIICHUM NPSAMBIX U HEJIMHEHHBIX
oOpaTHBIX 3a/Jay, CBSI3aHHBIX C YypaBHeHUEM JApoOHoW muddys3uu, B
HEOTpaHWYEeHHOU oOmactu. Kpome TOro, mojgydeHbl JOCTATOYHBIC YCIOBUS IS
OTHO3HAYHOTO OMPEJENICHUS WCXOMHBIX UIEHOB W3 ypaBHEHWs JPOOHOM
nuQdysum;

JIOKa3aHO CYIIECTBOBAHWE W EIMHCTBEHHOCTb PEIICHUS NJisi HEJIOKaJIbHOM
HavyaJIbHOW U KpaeBOM 3aauu 1Jist JpOOHBIX AU (y3HOHHO-BOJTHOBBIX yPaBHCHUIA,

JIOKa3aHO CYIIECTBOBAHME U KOPPEKTHOCTh MOCTAHOBKM 3adaun Komwm s
abCTpakTHOTO APOOHOTO ypaBHeHUs AUDPy3UH, a TaKKE YCTAaHOBJICHA YCIIOBHAs
KOPPEKTHOCTh TMOCTAHOBKM OOpaTHOW 3agadull ¢ 3aBUCSIIUMH OT BPEMCHH
koa(purneHTamMu;

JI0OKa3aHa TeopeMa O CYIIECTBOBAHMM M €IMHCTBEHHOCTH peUICHUS
HETMHEHHON 00paTHOM 3a1aun onpeneseHus kodhduimenTa u QyHKIINN TaMsITH B
npobHoM U Hy3MOHHO-BOJTHOBOM YpaBHEHUH;

J0OKa3aHa TeopeMa O E€JUHCTBEHHOCTU pAa3peliMMOCTH  HEJOKaJbHBIX
HAYaJIbHBIX MPAMBIX U HEJIMHEUHBIX OOpaTHBIX 3a7a4, CBA3aHHBIX C MHOTOMEPHBIM
npoOHBIM ypaBHeHHEeM nuddy3un ¢ TpoOHOM mponsBoaHoi ['epacumoBa-KarmyTo.

BHenpenue pe3yaibTaToB Mccen0oBaHusA. HayuHbie pe3ynbTaThl, MOTyYeHHbBIC
B XOJ€ WCCIEIOBAaHUS JMCCEPTALUH, PEaJU30BaHbl B CIEIYIOIIUX HAy4YHO-
UCCIIEIOBATEIbCKUX MPOEKTaX:

YCJIOBUSI €IUHCTBEHHOCTH M CYIIECTBOBAHUS JJIsl MPUOJIMIKEHHBIX PEIICHHIM
ypaBHEHUM B TOCTPOCHHOW MAaTeMAaTHMUYECKOM MOAEIN HCIHOJIB3YIOTCS IS
onpeneneHus 3PQGEKTUBHBIX MapaMeTPOB BETPOIHEPTETUYECKUX YCTAHOBOK B
nHHOBalIMOHHOM npoekTe No. [L-21071166 na temy «Pa3paboTka BepTUKaJlIbHOU
OCEeBOIl BETPAHOW TYpOMHBI UIi HU3KMX CKOPOCTEH BeTpay», HampapieHa Ha
onpeneneHue 3HEKTUBHBIX MapamMeTpoB BeTpsaHbIX TypOouH (Cnpaska Ne 281-3 ot
25 mapra 2025 ropna, BblOaHHas HCTUTYTOM CEHMCMOCTOMKOCTH COOPYKEHUM WU
MexaHukH). HaydHble pe3ynbTarhl oOOecmeumii pa3paboTKy BBIUMCIUTENBHBIX
MOJIENeN JyIsl pelieHrs TUnepooIndeckux AuQGepeHINaTbHbIX YPaBHEHUHN C SpOM
KontyHoBa;

MOJTyYEHHBIE PE3yJbTaThl OJHO3HAYHOIO OmpeaeseHuss Kod(PQPUIMEHTOB U
GyHKIMHA TaMATH A1 3aJaHHBIX UG depeHIMaNbHbIX ypaBHeHUH auddy3un u
cynepauddy3un B orpaHMYEHHBIX 00JacTsAX OBLIM HCIOJB30BaHBI B 3apyOeKHOM

51



dbyHIaMeHTaTbHOM TIpoekTe «MareMaTu4eckoe MOJICITUPOBAHHUE B COIMOJIOTHUH,
reousuke U TexHuke» noa HomepoM Ne-122041100096-4. Ouu ObutH MPUMEHEHBI
IIPU KCCIEIOBAaHUM TOJA3EMHBIX CKMMAIOMIMXCS Cpell (COTIACHO CBHUIIETENbCTBY Ne
18 or 24 wmapra 2025 roma BnagukaBka3zckoro HayyHOTo IlieHTpa Poccuiickoi
akageMun Hayk, DenepaqbHOTO TOCYJApPCTBEHHOTO HAy4YHOTO YUpEXKIICHUS,
®enepanibHOr0 Hay4yHoro IeHTpa-punuana HFOKHOrO MHCTHTYTa MAaTEMaTHKH,
Poccuiickas ®eneparnust). [lomydeHHbie HaydHBIC PEe3yIbTAThI TO3BOJIMIN HAOTIOIATh
BOJTHOBBIE ITPOIIECCHI B BSI3KUX IMO3EMHBIX Cpefiax;

MOJyYEHHBIE  PE3yJIbTaThl  OMNpENENICHUS  3aBUCSINETO0  OT  BPEMEHU
ko3¢ durmenTa s ypaBHeHu cyoanddy3un B oOpaTHOH, HETOKATLHOW HadYaTbHOU
U TIepBOM KpaeBoll 3amayax OBUIM HCHOJB30BaHbl JII TPOBEPKH HW3MEHEHUS
TeMmreparypsl B 3apyOexHoM (QynmaamentambHoM mpoekte Ne AP09258836
«Pa3paboTka YHCIEHHBIX ITOPUTMOB Uil JU(PEpeHIUATbHBIX MaTeMaTHYeCKUX
Mojenell aHoManbHOW auddy3uny». OTO MpUIoKEeHHE OBUI0 HCIOIB30BAHO IS
m3ydyeHusi u3MeHeHus: temmeparypbl (CrnpaBka Ne 04/857 ot 2 ampens 2025 r.
MexayHapOaHOTO Ka3aXxCKO-TYPEIKOTO YHUBEPCUTET UM. XOJKu Axmera fcasw,
Kazaxcran). [lomydyeHHbIE Hay4HBIE pE3yJbTaThl OOCCIICYHIIA BO3MOXKHOCTD
s dexTuBHOrO HAOIIONEHUS 32 IPOIIECCAMH TEIIO0OMEHA B BOJHBIX O0OBEKTAX;

PE3yNbTaTHI 10 ONpeAeaeHuto KodpduimenTa u GyHKIUN MaMsITH U3 Ha4aIbHO-
KpaeBbIX 3a1ay s JApOOHBIX CyOAu(py3uOHHBIX U cynepaud@y3uoHHBIX
YPaBHEHUU C HEJOKAJIbHBIMH HadyaJbHbIMH YCIOBUSIMU OBUIM HCIOJB30BaHbl B
CTaThsiX, OIMYyOJWKOBAaHHBIX B 3apyOeXKHBIX HAYYHBIX JKypHalIax, IS PpelIeHUs
oOpaTHBIX 3ajad i JApOOHBIX MapabOIMYEeCKUX YpaBHEHUH C HEJIOKAIbHBIM
ourapmonnyeckum oneparopoM (Fractal and Fractional, 2023, 7(5): 404; Physica
Scripta, 2024, 99(10): 105242; AIMS Mathematics, 2023, 9(3): 6832-6849).
[IpumeHeHre HayYHBIX Pe3yJIbTaTOB MO3BOJIWIIO OTIPEACIINTh UCTOYHUK B ABYMEPHOM
IpOOHOM MapabOINYECKOM YPABHEHUU C HEJIOKAIBHBIMU YCIOBUSIMHU.

CtpykTypa m 00bemM amcceprammu. Jluccepranusi COCTOUT U3 BBEACHUS,
YeThIpeX IJIaB, 3aKJIIOYCHHS M CIUCKa HCMOJb30BaHHOW nutepaTypbl. OObeMm
JMCCepTaIiu cocTaBiseT 212 cTpaHuil.
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