V.I. ROMANOVSKIY NOMIDAGI MATEMATIKA INSTITUTI
HUZURIDAGI ILMIY DARAJALAR BERUVCHI
DSc.02/30.12.2019.FM.86.01 RAQAMLI ILMIY KENGASH

MATEMATIKA INSTITUTI

XUDOYBERDIYEV XAYOTJON OCHILTOSH O‘G‘LI

NOVOLTERRA KVADRATIK OPERATORLAR DINAMIKASI:
O‘RIN ALMASHTIRISHLI VA EPIDEMIK MODELLAR

01.01.01 — Matematik analiz

FIZIKA-MATEMATIKA FANLARI BO‘YICHA FALSAFA DOKTORI (PhD)
DISSERTATSIYASI AVTOREFERATI

TOSHKENT - 2025



UDK: 517.98

Fizika-matematika fanlari bo‘yicha falsafa doktori (PhD)
dissertatsiyasi avtoreferati mundarijasi

Contents of dissertation abstract of doctor of philosophy (PhD)
on physical-mathematical sciences

Oraasiaenne apropedepara quccepTanun
nokropa ¢puiaocopuu (PhD) no pusnko-MmaremMaTudeCKMM HAyKam

Xudoyberdiyev Xayotjon Ochiltosh o‘g‘li
Novolterra kvadratik operatorlar dinamikasi: o‘rin almashtirishli va
epidemik modellar

Khudoyberdiev Khayotjon Ochiltosh ogli

Dynamics of non-Volterra quadratic operators: permuted and epidemic
ORI, .. 19

XynoioepaneB XaéTxoH O4umiarom yriu

JAunamuika HEBOJIbTEPPOBCKUX KBaJpaTUYHBIX OMEPaATOPOB:
IIEPECTABIICHHBIE U DTIMAEMUYECKUE MOJECIIH. . « . v o v oevve e eee e e e 35

E’lon gilingan ilmiy ishlar ro‘yxati
List of published works
CrHCcOoK OMyOIMKOBAHHBIX PAOOT. « « o v v ot v e vt e e i e e e e 38



V.I. ROMANOVSKIY NOMIDAGI MATEMATIKA INSTITUTI
HUZURIDAGI ILMIY DARAJALAR BERUVCHI
DSc.02/30.12.2019.FM.86.01 RAQAMLI ILMIY KENGASH

MATEMATIKA INSTITUTI

XUDOYBERDIYEV XAYOTJON OCHILTOSH O‘G‘LI

NOVOLTERRA KVADRATIK OPERATORLAR DINAMIKASI:
O‘RIN ALMASHTIRISHLI VA EPIDEMIK MODELLAR

01.01.01 — Matematik analiz

FIZIKA-MATEMATIKA FANLARI BO‘YICHA FALSAFA DOKTORI (PhD)
DISSERTATSIYASI AVTOREFERATI

TOSHKENT - 2025



Fizika-matematika fanlari bo‘yicha falsafa doktori (PhD) dissertatsiyasi mavzusi
O‘zbekiston Respublikasi Oliy ta’lim, Fan va Innovatsiyalar Vazirligi huzuridagi Oliy attestasiya
komissiyasida B2024.4.PhD/FM1176 raqam bilan ro‘yxatga olingan.

Dissertatsiya Matematika institutida bajarilgan.

Dissertatsiya avtoreferati uch tilda (o‘zbek, ingliz, rus (rezyume)) Ilmiy kengash veb-sahifasi
(https://kengash.mathinst.uz) va “ZiyoNet” ta’lim axborot tarmog‘ida (http://www.ziyonet.uz)
joylashtirilgan.

Ilmiy rahbar: Jamilov Uyg‘un Umurovich
fizika-matematika fanlari doktori

Rasmiy opponentlar: G‘anixo‘jayev Nosir Nabiyevich
fizika-matematika fanlari doktori, professor

Usmonov Javohir Bahodir o‘g‘li
fizika-matematika fanlari bo‘yicha falsafa doktori (PhD)

Yetakchi tashkilot: Toshkent davlat transport universiteti

Dissertatsiya himoyasi V.. Romanovskiy nomidagi Matematika instituti huzuridagi
DSc.02/30.12.2019.FM.86.01 ragamli Ilmiy kengashning 2025-yil “01” iyul kuni soat 16:00 dagi
majlisida bo‘lib o‘tadi. (Manzil: 100174, Toshkent sh., Olmazor tumani, Universitet ko‘chasi, 9-uy. Tel.:
(+998 71) 207 91 40, e-mail: uzbmath@umail.uz, Website: www.mathinst.uz).

Dissertatsiya bilan V.I. Romanovskiy nomidagi Matematika institutining Axborot-resurs markazida
tanishish mumkin (Ne205-ragami bilan ro‘yxatga olingan). (Manzil: 100174, Toshkent sh., Olmazor
tumani, Universitet ko‘chasi, 9-uy. Tel.: (+998 71) 207 91 40.

Dissertatsiya avtoreferati 2025-yil “11” iyun kuni tarqatildi.
(2025-yil “11” iyundagi 2- ragamli reestr bayonnomasi).

O°.A. Roziqov

Ilmiy darajalar beruvchi
[lmiy kengash raisi,
f.-m.f.d., akademik

J.K. Adashev

[lmiy darajalar beruvchi
[lmiy kengash ilmiy kotibi,
f.-m.f.d., katta ilmiy xodim

A.A.Raximov

[lmiy darajalar beruvchi

Ilmiy kengash huzuridagi
Ilmiy seminar rais o‘rinbosari,
f.-m.f.d., professor



KIRISH (falsafa doktori (PhD) dissertatsiyasi annotatsiyasi)

Dissertatsiya mavzusining dolzarbligi va zarurati. Jahon miqgyosida olib
borilayotgan ko‘plab ilmiy va amaliy tadqiqotlar aksariyat hollarda nochizigli dinamik
sistemalarning xossalarini o‘rganishni taqozo etadi. Dinamik sistemalar xossalaridan
matematik biologiya, genetika va tibbiyot sohalarida duch keladigan prognozlash
masalalarini hal gilishda keng foydalaniladi. Dinamik sistemalar ikki turga bo‘linadi:
uzluksiz vaqtli dinamik sistemalar va diskret vaqtli dinamik sistemalar. Biologik
populyatsiyaning evolyutsiyasini ifodalovchi operatorlar hosil gilgan dinamik
sistemalar matematik biologiyaning asosiy tadgigot obyektlaridan biri hisoblanadi.
Shu sababli, evolyutsion operatorlarning muhim sinfi bo‘lgan kvadratik stoxastik
operatorlar dinamikasini tadqig gilish nochizigli dinamik sistemalar nazariyasida
dolzarb vazifalardan biri bo‘lib qolmoqda.

Hozirgi kunda Volterra kvadratik stoxastik operatorlarining dinamik xossalari
atroflicha o‘rganilgan. Nochizigli dinamik sistemalar nazariyasidagi muhim
muammolardan biri bo‘lgan novolterra kvadratik stoxastik operatorlari orbitalarining
asimptotikasini tavsiflash borasida ko‘plab ilmiy tadgiqotlar olib borilmoqgda. Ushbu
tadgigotlarning asosida kvadratik stoxastik operatorlardan hosil gilingan nochizigli
dinamik sistemalarning invariant to‘plamlarini aniglash, davriy nugqtalarining aniq
ko‘rinishini topish hamda ularning tipini aniglash, dinamik sistema uchun Lyapunov
funksiyalarini topish va dinamik sistema orbitalarining asimptotik xarakterlarini
tadqiq qilish kabi masalalar yotadi. Ta’kidlash joizki, umumiy holdagi nochizigli
dinamik sistemalar uchun yuqorida sanab o‘tilgan masalalar to‘lig hal gilinmagan.
Shu tufayli o‘rin almashtirishlarga va epidemik modellarga bog‘liq kvadratik stoxastik
operatorlarning dinamik xossalarini tadqiq etish magsadli ilmiy tadgiqotlardan biri
hisoblanadi.

Mamlakatimizda so‘nggi Yyillarda fundamental fanlarning ilmiy va amaliy
tatbiqiga ega bo‘lgan matematika, fizika, kimyo va biologiya fanlariga e’tibor
kuchaytirildi. Jumladan, biologiya, tibbiyot, iqtisodiyot sohalarida keng
qo‘llaniladigan nochiziqgli dinamik sistemalar nazariyasini rivojlantirishga alohida
¢’tibor berildi va bu borada salmoqli natijalarga erishildi. “Algebra, funksional
analiz va dinamik tizimlar nazariyasi” fanlarining ustuvor yo‘nalishlari bo‘yicha
xalgaro standartlar darajasida ilmiy tadgiqgotlar olib borish matematika fanining
asosiy vazifalari va faoliyat yo‘nalishlari etib belgilandil. Bu qaror ijrosini
ta’minlash maqsadida ilmiy natijalarni fanning turdosh sohalariga tatbiq etish
borasida kvadratik stoxastik operatorlar bilan hosil gilingan diskret vaqtli dinamik
sistemalar nazariyasini rivojlantirish muhim ahamiyatga ega.

O‘zbekiston Respublikasi Prezidentining 2017-yil 7-fevraldagi PF-4947-son
“O‘zbekiston Respublikasini yanada rivojlantirish bo‘yicha harakatlar strategiyasi
to‘g‘risida”gi  va 2022-yil 28-yanvardagi PF-60-son “2022-2026-yillarga
mo‘ljallangan Yangi Oc‘zbekistonning Taraqqiyot strategiyasi to‘g‘risida’gi
Farmonlari, 2019-yil 9-iyuldagi PQ-4387-son “Matematika ta’limi va fanlarini

1 O‘zbekiston Respublikasi Vazirlar Mahkamasining 2017-yil 18-maydagi “O‘zbekiston Respublikasi Fanlar
akademiyasining yangidan tashkil etilgan ilmiy tadqiqotlar muassasalari faoliyatini tashkil etish to‘g‘risida”gi 292-
sonli garori.
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yanada rivojlantirishni davlat tomonidan qo‘llab-quvvatlash, shuningdek
O‘zbekiston Respublikasi Fanlar akademiyasining V.I. Romanovskiy nomidagi
Matematika instituti faoliyatini tubdan takomillashtirish  chora-tadbirlari
to‘g risida”gi va 2020-yil 7-maydagi PQ-4708-son “Matematika sohasidagi ta’lim
sifatini oshirish va ilmiy-tadgiqotlarni rivojlantirish chora-tadbirlari to‘g‘risida”gi
garorlari hamda mazkur faoliyatga tegishli boshga normativ-huquqiy hujjatlarda
belgilangan vazifalarni amalga oshirishda ushbu dissertatsiya tadgigoti muayyan
darajada xizmat giladi.

Tadqiqotning Respublika fan va texnologiyalari rivojlanishi ustuvor
yo‘nalishlariga bog‘ligligi. Mazkur tadqiqot respublika fan va texnologiyalar
rivojlanishining V. “Matematika, mexanika va informatika” ustuvor yo‘nalishi
doirasida bajarilgan.

Muammoning o‘rganilganlik darajasi. Tabiatda ro‘y beradigan hodisa va
jarayonlarni tushunish va o‘rganish uchun turli matematik modellardan, jumladan,
dinamik sistemalar nazariyasi usullaridan keng foydalaniladi. Shu sababli diskret
vaqgtli dinamik sistemalarga tadgigotchilar tomonidan qizigish ortib bormoqda.
Kvadratik stoxastik operatorlar matematik biologiyadagi irsiyat qonunlari bilan
bog‘liq masalalarni hal qgilish uchun kiritilgan. Bunday operatorlar bilan hosil gilingan
diskret vaqgtli dinamik sistemalar nazariyasidan biologiya, ekologiya, tibbiyot,
igtisodiyot va axborot texnologiyalari sohalaridagi ayrim murakkab jarayonlarni
modellashtirishda foydalanib kelinmoqda. Kvadratik stoxastik operatorlar 1924-yilda
S. Bernshteyn tomonidan ilk bora matematik biologiya va populyatsion genetikada
gen chastotalari evolyutsiyasini ifodalovchi operatorlar sifatida fanga kiritilgan. Bu
kabi operatorlar fizika, kimyo, iqtisodiyot kabi sohalarda ham tatbiqiga ega bo‘lgani
uchun kvadratik stoxastik operatorlarning dinamik xossalari katta gizigish bilan tadqiq
etila boshlandi. Kvadratik operatorlar nazariyasi S. Ulam, H. Kesten, Yu.l. Lyubich,
S.S. Vallander, R. Jenks, E.Akin, V. Losert, T.A. Sarimsogovlar tomonidan
rivojlantirilgan va bugungi kunda M.l. Zaharevich, R.N. G‘anixo‘jayev, N.N.
G‘anixo‘jayev, O°.A. Roziqov, F.M. Muxamedov, U.U. Jamilov va O.N. Hakimovlar
tomonidan tadgiqgotlar davom ettirilib kelinmoqgda.

Shuni ham ta’kidlash joizki, umumiy holda kvadratik stoxastik operatorning
asimptotik xarakterini o‘rganish asosiy masala bo‘lib hisoblanadi. Ushbu masala
bir o‘lchamli simpleksda aniglangan kvadratik operatorlar uchun Yu.l. Lyubich
tomonidan to‘la hal qilingan. Ammo, umumiy holda bu masala ikki va undan
yuqori o‘lchamli simplekslarda aniglangan kvadratik operatorlar uchun to‘liq hal
gilinmagan. Volterra kvadratik stoxastik operatorlari uchun asosiy masala R.N.
G‘anixo‘jayev va uning shogirdlari tomonidan chuqur tadqiq gilinib kelinmoqda.
Bugungi kunda N.N. G‘anixo‘jayev, O‘.A. Roziqov, F.M. Muxamedov, A. Zada,
M. Ladra, U.U. Jamilov, O.N. Hakimov, A.Yu. Xamrayev, S.K. Shoyimardonov,
S.S. Xudayarovlar novolterra kvadratik stoxastik operatorlar dinamikasini tadqiq
qilish bo‘yicha ko‘plab ilmiy izlanishlar olib borishmoqda.

R.N. G‘anixo‘jayev va D.B. Eshmamatova ishlarida chekli o‘lchamli
simpleksda aniglangan kvadratik gomeomorfizmlari tavsiflangan va ularning aniq
ko‘rinishi topilgan. Ular tomonidan Volterra kvadratik stoxastik operatorlari va

6



ularning tatbiglari bo‘yicha ilmiy tadqiqotlar olib borilmogda. Okean
ekosistemalarining ba’zi modellari tomonidan hosil qilingan diskret vaqtli dinamik
sistemalarni O°.A. Rozigov va S.K. Shoyimardonovlarning ishlarida tadqgiq gilingan.
Kvadratik stoxastik operatorlar yordamida kompyuterlarda tarqaladigan ba’zi internet
viruslari dinamikasini F.T. Adilova, U.U. Jamilov va A. Reynfeldslar ishlarida tadqiq
etilgan. Yuqorida ta’kidlanganidek, hozirgi kungacha, kvadratik stoxastik
operatorlar ustida ko‘plab ilmiy tadqiqotlar olib borilishiga qaramasdan, ixtiyoriy
kvadratik stoxastik operator uchun asosiy masala to‘la hal gilinmagan. Shu nuqtai
nazardan dissertatsiya ishida qaralayotgan novolterra kvadratik stoxastik
operatorlari dinamikasini tadqiq etish muhim bo‘lib hisoblanadi.

Dissertatsiya tadqiqotining dissertatsiya bajarilgan ilmiy tekshirish
instituti ilmiy-tadqiqot ishlari rejalari bilan bog‘ligligi. Dissertatsiya tadgiqoti
V.I. Romanovskiy nomidagi Matematika institutining OT-F4-87 ragamli “Yevklid
va psevdo-Yevklid fazolaridagi egri chiziglar va sirtlarning global invariantlari
nazariyasi va uning mexanikaga tatbiqlari” (2017-2020 yy), OT-F4-82 ragamli
“Operatorlar va noassotsiativ  algebralarda lokal differensiallash va
avtomorfizmlar, nochiziqli dinamik sistemalarda faza almashishlar va xaos” (2017-
2020 yy) mavzusidagi ilmiy tadgiqot loyihalari va “Noassotsiativ algebralar
strukturaviy nazariyasi va uning biologik sistemalardagi dinamik sistemalarni
tadgiq qilishdagi tatbiqi” (2020-2023 yy) nomli ilmiy yo‘nalish doirasida
bajarilgan.

Tadqiqot maqsadi o‘rin almashtirishlarga bog‘liq (I operator) va qayta
yuquvchi diskret vaqtli SIRD epidemik modelga mos keluvchi (Il operator)
novolterra kvadratik stoxastik operatorlar dinamik xossalarini tadqig gilishdan
iborat.

Tadqiqotning vazifalari:

I va Il operatorlarga nisbatan invariant to‘plamlarni aniglash;

I va Il operatorlarning davriy nuqtalarini va ularning tiplarini topish;

I va Il operatorlar uchun Lyapunov funksiyalarini qurish;

[ va II operatorlar uchun ixtiyoriy boshlang‘ich nuqta orbitasining limit
nuqtalari to‘plamini tavsiflash.

Tadqiqot obyekti: Chekli o‘lchamli simpleksda aniglangan novolterra
kvadratik stoxastik operatorlari.

Tadqiqot predmeti. Kvadratik stoxastik operatorlar nazariyasi va diskret
dinamik sistemalar nazariyasi.

Tadqiqot usullari. Tadgigot ishida matematik analiz, funksional analiz,
algebra, ehtimollar nazariyasi va dinamik sistemalar nazariyasi usullaridan
foydalanilgan.

Tadqiqotning ilmiy yangiligi quyidagilardan iborat:

iIkki o‘lchamli simpleksda aniqlangan novolterra kvadratik stoxastik
operatorning davriy nuqtalari to‘plami tavsiflangan. Shuningdek, ixtiyoriy
boshlang‘ich nuqtaning orbitasi ko‘pi bilan ikkita limit nuqtaga ega bo‘lishi
isbotlangan;



[ operatorning davriy nuqtalar to‘plami tavsiflangan hamda ixtiyoriy
boshlang‘ich nuqta orbitasining limit nuqtalar to‘plami yagona nugtadan, yoki
cheklita nuqtalardan iborat bo‘lishi ko‘rsatilgan;

Il operator simpleksni invariant to‘plam sifatida saqlashi uchun operator
parametrlariga zarur va yetarli shartlari topilgan;

Il operator uchun Lyapunov funksiyasi topilib va u yordamida ixtiyoriy
boshlang‘ich nuqta orbitasining limit nuqtalar to‘plami tavsiflangan.

Tadqiqotning amaliy natijalari. Olingan yangi natijalardan va
dissertatsiyada qo‘llanilgan usullardan diskret vaqtli dinamik sistemalar
nazariyasida foydalanishi mumkin. Shuningdek, ushbu natijalardan oliy o‘quv
yurtlari magistrantlari va tayanch doktorantlar uchun maxsus kurslarda manba
sifatida foydalanish mumkin.

Tadqiqot natijalarining ishonchliligi. Barcha natijalar matematik analiz va
funksional analiz, Lyapunov funksiyalari nazariyasi va diskret dinamik sistemalar
nazariyasi usullaridan foydalanib olingan. Shuningdek, tadqiqotda olingan natijalar
qat’iy matematik mulohazalarga tayanib isbotlangan.

Tadqiqot natijalarining ilmiy va amaliy ahamiyati. Tadqiqot natijalarining
ilmiy ahamiyati kvadratik stoxastik operatorlar nazariyasida, matematik biologiya
va epidemiologiya sohalaridagi muammolarni hal qilishda qo‘llanilishi mumkinligi
bilan izohlanadi.

Tadgiqgot natijalarining amaliy ahamiyati | operatorga mos orbitalarning limit
nuqgtalar to‘plamining tavsifi populyatsiyaning evolyutsiyasi haqida ma’lumotlar
berishi bilan izohlanadi. 1l operatorga mos orbitalarning asimptotik xarakteri
epidemiologiyada kasallikning targalishi ssenariylarini ifodalashi bilan asoslanadi.

Tadqiqot natijalarining joriy qilinishi. | va Il operatorlar dinamikasiga oid
olingan natijalar quyidagi yo‘nalishlarda amaliyotga joriy etilgan:

gayta yuquvchi diskret vaqtli SIRD epidemik modeli uchun orbitalarning
limit nuqtalari to‘plami tavsifidan G0003447 ragamli “Kvant genetik algebralari va
ularning tatbiglari” mavzusidagi xorijiy loyihada nochizigli stoxastik
operatorlarning regulyarlik xossalarini tahlil qilish uchun foydalanilgan
(Birlashgan Arab Amirliklari universiteti 2025-yil 1-maydagi ma’lumotnomasi,
BAA). Ilmiy natijaning qo‘llanilishi biologik sistemalarning kelajagini tushunish
uchun muhim ahamiyatga ega bo‘lgan kvadratik stoxastik operatorlar uchun
orbitalarning yaginlashishini aniglashga imkon bergan;

o‘rin almashtirishga mos novolterra kvadratik stoxastik operatorlarining
davriy nuqtalar to‘plami va limit nuqtalari to‘plamidan PI1D2020-115155GB-100
ragamli “Assotsiativ bo‘lmagan gruppalar va algebralarda gomologiyalar,
gomotopiyalar va kategorik invariantlar” mavzusidagi xorijiy loyihada evolyutsion
algebralarning muvozanat holatlarini tahlil gilishda foydalanilgan (Santyago de
Kompostela universitetining 2025 yil 6-maydagi ma’lumotnomasi, Ispaniya).
Ushbu ilmiy natijani qo‘llash evolyutsiya algebralaridagi idempotent va absolyut
nilpotent elementlarni tavsiflash imkonini bergan.



Tadqiqot natijalarining aprobatsiyasi. Mazkur tadqiqot natijalari 9 ta
IImiy-amaliy anjumanlarda, jumladan 4 ta xalqaro va 5 ta respublika ilmiy-amaliy
anjumanlarida muhokamadan o‘tkazilgan.

Tadqiqot natijalarining e’lon qilinganligi. Dissertatsiya tadqiqoti mavzusi
bo‘yicha jami 15 ta ilmiy ish chop etilgan, shulardan, O‘zbekiston Respublikasi
Oliy Attestatsiya komissiyasining falsafa doktorlik dissertatsiyalari asosiy ilmiy
natijalarini chop etish tavsiya etilgan ilmiy nashrlarda 6 ta maqola, jumladan 5 tasi
xorijiy va 1 tasi respublika jurnalida nashr etilgan.

Dissertatsiyaning tuzilishi va hajmi. Dissertatsiya kirish qismi, uchta bob,
xulosa va foydalanilgan adabiyotlar ro‘yxatidan tashkil topgan. Dissertatsiyaning
umumiy hajmi 103 betni tashkil etadi.

DISSERTATSIYANING ASOSIY MAZMUNI

Kirish gismida dissertatsiya mavzusining dolzarbligi va zarurati asosli
ravishda tahlil gilingan bo‘lib tadqiqotning respublika fan va texnologiyalari
rivojlanishining ustuvor yo‘nalishlari bilan mosligi ko‘rsatilgan, muammoning
o‘rganilganligi keltirilgan, tadqiqot maqgsadi, vazifalari, obyekti va predmeti bayon
etilgan, tadgigotda olingan natijalarning ilmiy yangiligi va amaliy ahamiyati
tavsiflangan, olingan natijalarning nazariy va amaliy ahamiyati ko‘rsatilgan,
tadgiqot natijalarining joriy gilinishi, nashr etilgan ishlar va dissertatsiya tuzilishi
haqgida ham batafsil ma’lumotlar taqdim etilgan.

Dissertatsiyaning “Kvadratik stoxastik operatorlarning diskret vaqtli
dinamik sistemalari” deb nomlanuvchi birinchi bobida, kvadratik stoxastik
operatorlar nazariyasidagi asosiy ta’riflar va tushunchalar eslatib o‘tilgan.
Shuningdek, ikki o‘lchamli simpleksda aniglangan (a, ﬂ)—kvadratik stoxastik
operatorning dinamikasi tadqiq gilingan.

Aytaylik, E. ={1,...,m} chekli to‘plam berilgan bo‘lsin. E_ to‘plamda
aniglangan barcha ehtimollik tagsimotlari

s™t Z{XE R™: ixi :1}
i=1

kabi aniglangan (m-1)- o‘lchamli simpleksni tashkil etadi. S™" simpleksni
o°zini-o‘ziga o‘tkazuvchi V akslantirish ixtiyoriy x € S™* uchun
(VX), = Z Pij kX X; ke E., 1)
i,j=1

ko‘rinishga ega bo‘lsa, V akslantirishga kvadratik stoxastik operator (KSO)
deyiladi. Bunda p;, koeffitsientlar quyidagi



Pix = Pjix =0, barchai, jkekE;

> 2
Zpij,k =1, barchai, jeE 2)
k=1

shartlarni ganoatlantiradi.

Ixtiyoriy x©® eS™" boshlang‘ich nuqtaning V operator ta’siridagi orbitasi
(trayektoriyasi) deb {x(”)}n>0 ketma-ketlikka aytiladi va bu ketma-ketlikning

elementlari barcha n=0,1,2,... uchun x"* :V(x(”’):V””(x(o’) gonuniyat bilan

aniglanadi. {X(”)}n>0 orbitaning barcha limit nugqtalari to‘plami %(X(O)) kabi

belgilanadi. Odatda bu to‘plamga orbitaning @-limit nuqtalari to‘plami deyiladi.
Matematik biologiyaning asosiy masalalaridan biri berilgan operator uchun
orbitalarning asimptotik xarakterini o‘rganishdan iborat. Boshqacha aytganda,

berilgan V KSO uchun ixtiyoriy x©® e S™" boshlang‘ich nuqta orbitasining -
limit nuqtalari to‘plamini tavsiflashdan iborat.

1-ta’rif. Agar V"(X) =X tenglikni ganoatlantiruvchi natural n soni mavjud

bo‘lsa, xeS™" nuqgtaga V operatorning davriy nugtasi deyiladi. Yuqoridagi
shartni ganoatlantiruvchi n sonlarining eng kichigiga x nugtaning asosiy davri
yoki eng kichik davri deyiladi. Davri birga teng bo ‘lgan nugta \V operatorning
qo zg ‘almas nugqtasi deyiladi.

Barcha qo‘zg‘almas nuqtalar to‘plamini Fix(V) bilan va barcha asosiy davri

n (n>2) gateng davriy nuqtalar to‘plamini Per (V) bilan belgilaymiz.
2-ta’rif. Ixtiyoriy xeS™* uchun limV"(x) limit mavjud bo‘lsa, V KSO

n—oo

regulyar operator deyiladi.
3-ta’rif. Ixtiyoriy x € S™" uchun
lim= V" ()
n—e [ k=g
limit mavjud bo ‘Isa, V KSO ergodik operator deyiladi.

S™  simpleksning uchlarini e, =(5,,0,,..0,;)€S" ", icE, kabi
belgilaymiz, bu yerda &; Kroneker simvoli. Shuningdek, quyidagi to‘plamlarni
aniglaymiz

intS™ ={xeS"* 1 xX,---x_ >0},
oS™ =S \intS™,
[ ={xeS"":x =0, Vigl}, VICE.

Ikki o‘lchamli simpleksda aniglangan quyidagi (0(, p )— kvadratik stoxastik
operatorini garaymiz
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Xi = )(12 + (Xz + Xs)z + (1_05))(1)(”(3) + (1_,B)X1X;r(2)’
Vii% = [+ B)%X, ),
X, = (L+a)X X, g,

bu yerda «, f €[-1,1] va & esa {2,3} to‘plamning biror o‘rin almashtirishi.
Berilgan «, 8 € (0,1] sonlar uchun quyidagi nugtalarni belgilab olamiz:

Xa:(L,o,Lj, Xﬂz(i,i,o}
1+ l+a 1+ 1+ 5

1 axgo) axgo) ©) 2
Y o= ) ) , VXY e S \ie !,
a,x© {14‘& (1_X£0))(1+a) (1—)(:50))(14'&) { 1}

)

1-teorema. z=1Id bo ‘Isin. (3) (a,ﬂ)—KSO uchun quyidagi tasdiglar o ‘rinli:

i) agar a, B e[-L1 bolsa, u holda ixtiyoriy x® T, ,

ii) agar «, 4 [-1,0] bo ‘Isa, u holda barcha x® es?\r,, uchun limv"(x%)=e;;

n—w

uchun v (x(o))=el;

iii) ixtiyoriy x® er, , \{e,,e,} uchun
e, agarpe|-10],
IimV”(x(O)): v agarfe[-10]
N> X, agar f<(0,1];

iv) ixtiyoriy x? eT , \{e,,e;} uchun
e,, agar -10|,
limv" (x%)={" gar o <[ -1.0]
N0 X,, agar a €(0,1];

v) ixtiyoriy x eintS? uchun
Y, o dgara=pe (0,1],
limv"(x”)={x,, agarae(01], B[-10] yoki a> B, a, f(0,1]
Xz agarae[—l,O], ,Be(O,l] yoki o < f3, a,ﬂe(O,l].
Ixtiyoriy x© €Ty, VT4 \{e,€,,6,} uchun quyidagi belgilashlami kiritamiz
Yop =(Xup 00X, ) va 2, = £,(%,5). 1= £,(x,,),0),

bu yerda
O(a, B) 2(1+a)(B-2) 1
X .= —, a,pe(-11] va
op 6%/(1+a)(1+ﬂ)2 +39(05”B)g/(1+ﬂ)+3 a, ( ]
O(a, B) = 341+ a)(2B —5) - A(Ta — 20) +12x (e, f3),
k(a, f) = \3(4 - aB)2—a) (2~ B) +9(a - B)?,
f,(x)=(1+p8)x*-(1+ f)x+1 xe[0,1].

Har ganday x” eintS?\ Fix(V )uchun quyidagi belgilashlarni kiritib olamiz
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T 0 @

bu yerda
o 0(5,7) +23(1+5)(;/—2)+1
Tefaro)aery (R 3

6(5,7) =4y (L+5)(7 -5)—4(75 - 20) +12,/x (5.7),
k(8,7)=3(4-67)(2-8)(2-y)+9(6 -y
~axi? + pxY 5o (1+a) P +(1+ B)axy”
X +xO (1+a)x” +(1+ )
X3, =()~(1,)~(2,)?3), X, =1-X,—%, X, =1+ )X X;, X, =A+ )X X,.
Shuningdek, quyidagi belgilashni kiritib olamiz

. 1 I+ 8 .« . . (1+a)(1+ﬂ)—1 ael
K ey ora o | Y e s e i) <

2-teorema. 7 =1d bo ‘Isin. (3) (05, ﬂ)-KSO uchun quyidagi tasdiqlari o ‘rinli:

X

i) agar a,#e[-11] bo Isa, u holda har ganday x* T, uchun v (x%)=e,;

ii) agar a=-1 yoki g=-1 bo'lsa, u holda ixtiyoriy x° es®*\r,, uchun
Vz(x(")):el;

i) agar a+p+ap>0, a,fe(-11] bo lsa, u holda barcha X% (I Uy ) Venes )

uchun

limv" (x<°>)=

nN—o0

, agar n=2k,
{y“"’ J k=012,..

Z,5 agar n=2k+1,

V) agar a+p+ap>0, a,fe(-11] bo'lsa, u holda har ganday x eints®\{x"}
uchun

limv" (x?) =

n—o0

{)A(@, agar n= 2k, —012

X5, agar n=2k+1,
V) agar a+pB+af<0, a,fe(-11] bo'lsa, u holda ixtiyoriy x(°)esz\(r{2'3}u{el})

uchun
limv" (x) =e,.

n—w

Dissertatsiyaning “O¢‘rin almashtirishlarga mos novolterra kvadratik
operatorlar” nomli ikkinchi bobida, chekli o‘lchamli simpleksda aniglangan o‘rin
almashtirishlarga va mutatsiyalarga mos novolterra kvadratik stoxastik
operatorlarning dinamik xossalari o‘rganilgan.

Ikkinchi bobning birinchi paragrafida chekli o‘lchamli simpleksda
aniglangan, o‘rin almashtirishga mos novolterra  kvadratik  stoxastik
operatorlarining invariant to‘plamlari, davriy nuqtalari topilgan va ikkinchi
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bobning ikkinchi paragrafida shu operatorlarning limit nuqtalar to‘plami
tavsiflangan.
Ikkinchi bobning birinchi paragrafida quyidagi operator garalgan
X =(1+a)X, X keE, .,

m?

V:

m-1

X =x +(inj2 +(1—a)xm(:n§lxij,

i=1

(4)

bu yerda @ €[-1,1] va z esa E,; to‘plamning biror o‘rin almashtirishi.
Quyidagi belgilashlani kiritib olamiz s = lcm(ord(z,),...,ord(z, )),
A, = {x eS" X, =X, u,vesupp(z )} ,Q,={12,.,r}c{12,..,q},

Q,={12,.,q}\Q,, a:Icm(ord(ril),...,ord(riI )) i €Q, va a>0 x? =1 uchun

X ‘=X = axi(O) axr§10—)1 1
e | 1+ a)(1-x0) T 1+ a)(1-x0) (L4 a) )
M =S™*\(Fix(V)ur) va N =ﬁATi \(Fix(V)uT).

Keyingi teoremada (4) KSOga mos orbitalarning limit nugqtalari to‘plami
tavsiflangan.
3-teorema. (4) KSO uchun quyidagi tasdiglar o ‘rinli:
i) agar X” e['={xeS™":x =0} U{e,} bosa, uholda a, (x)={e,};

ii) agar & €[-1,0] bo Isa, u holda ¥x© € S"*\T uchun @, (x”)={e,};
iii) agar o <(01] va 7 =1d boIsa, u holda ¥x® e M uchun @, (x?)={x,, };

M
iv) agar o< (0,1] va 7 #1d boIsa, u holda wx® e N uchun @, (x)={X};

V) agar a €(0,1] va 7 +ld bo ‘Isa, u holda

vx@ e N A, \[FiX(V)ul“u U ATJ_J uchun X =limV " (x®) limit mavjud va

ieq) jeQ, =
@, (X(O)) — {X, X(l)’m,y(‘f—l)};
q
vi) agar a€(0,1] va z=1d boIsa, u holda VX e S™" \(Fix(V)ul“uUqu
i=1

uchun x = limV*"(x®) limit mavjud va @, (x(o)):{x X(l),...,x(s‘l)}.

Ikkinchi bobning uchinchi paragrafida chekli o‘lchamli simpleksda
aniglangan mutatsiyalarga mos novolterra kvadratik stoxastik operatorlari qurilgan
va ularning invariant to‘plamlari, davriy nuqtalari topilgan. Shuningdek, ikkinchi
bobning to‘rtinchi paragrafida shu operatorning limit nugqtalar to‘plami
tavsiflangan.

Ikkinchi bobning uchinchi paragrafida quyidagi operator garalgan
13



X, +—ZXX| (L+a) X X K € Eppyy

|I—1_

V . i<l

X, =X +(1—oz)Uz_:1xiJ2 +(1—a)xm(r§xi}

i=1

()

bu yerda « €[0,1] va 7 esa E_ , to‘plamning biror o‘rin almashtirishi.

Shuni ta’kidlash kerakki, agar & =0 bo‘lsa, (5) operator (4) operator bilan bir
xil bo‘ladi. Shuning uchun quyida « < (0,1] hol tadgiq gilinadi.

a >0 son uchun quyidagi belgilashlarni kiritamiz:

a a
= 1_ = 1_ = ) 1_
Yy, —(a,O, a), Z, —(O,a, a), X, m —( 1 T 05) va

. ax? axl? 5 axl? axl?
S N N LN IR UL TR B U BN RN O IO LA
X 4+ x0 7 x@ 4 x¢ x4 x07" x©@ 4 X

Keyingi teoremada m=3 uchun (5) KSOga mos orbitalarning limit nuqgtalar
to‘plami tavsiflangan.

4-teorema. m=3 bo ‘Isin. (5) KSO uchun quyidagi tasdiglar o ‘rinli:
1) agar 7 =1d bolsa, u holda

{e,), agar x* =e,,

{y.}, agarx? el \{e},

{z,}, agar x elpy \{e,},

{%}, agar x©eS? \(F{m} UF{Z,S});
i) agar 7= 1d bo ‘Isa, u holda

{e,},  agar x? =e,,

{xa’B}, agar xX? e M \{e !,
{¥,.2,}, agar X e (F{Lg} uF{Z’S})\{e?,},

{% %}, agar x® eSs? \( g Y Mfz)).

a >0 uchun quyidagi belgilashlarni kiritib olamiz x. =(&,&,,....¢, . 1-a),
bu yerda & = ad, ,, k,uesupp(z,) va C=C,UC,, bu yerda
¢= U TI,,vacC,= U F

ueE,_y\supp(r) uesupp(z
|_5)a _ {X[ eS™:x, :(aé‘l'/‘,...,aé‘mflyé,l—a), 4 ESUpp(ﬂ')},

B, = {x[ eS™:x, =(ab,,...ad, , 1-a), L e Emfl\supp(zr)},
bu yerda &, ; Kroneker deltasi, B, =B, U B

o "

@, (X7)=

o, (x7)=

Lyl

14



Keyingi teoremada m>3 hol uchun (5) KSOga mos orbitalarning limit
nugqtalari to‘plami tavsiflangan.
5-teorema. m>3 bo ‘Isin. (5) KSO uchun quyidagi tasdiglar o ‘rinli:

i) har ganday 7 va vx©® e S™*\C uchun cq,(x(o)):{xa‘m};
ii) agar w=I1d bolsa, u holda ¥x® eC\Fix(V) uchun 3JueE,, topilib,

0 ) _ .
X()Gr{u'm} va %(X )_{Xu}’
iii) agar w=1d bo'lsa, u holda Vx* eC, \Fix(V) uchun 3ueE,  \supp(z)
topilib, X e, va @, (x¥)={x,};
iv) agar 7= 1d bolsa, u holda ¥x® eC,\Fix(V) uchun 3uesupp(z) topilib,
0 ‘rinli bo‘ladi. Bundan tashqari X, =limV"™ (X(O)) , t,=ord(z;) limit
mavjud va @, (x(o)): {xg, xg),...,xgi‘”}.

Dissertatsiyaning “Qayta yuquvchi diskret vaqtli SIRD epidemik modeli
dinamikasi” nomli uchinchi bobida, qgayta yuquvchi diskret vaqtli SIRD
(Susceptible-Infected-Recovered-Died) epidemik modelining dinamik xossalari
tadqiq etilgan. Bobning birinchi paragrafida epidemik modellar hagida dastlabki
ma’lumotlar berilgan, klassik SIRD epidemik modelini o‘zgartirishdan hosil
bo‘lgan qayta yuquvchi SIRD epidemik modelining o‘zgaruvchilari va
parametrlari tavsiflangan.

Uchinchi bobning ikkinchi paragrafida quyidagi gayta yuquvchi SIRD

X(O) el

{u.m}

z—?:—ﬂSI+,uR,

dl

E:ﬂSI —(n + )l
dt ! ’
@,

a2

epidemik modelining diskret mugobili bo‘lgan (7) kvadratik operator garalgan

X, = X+ Xg — BX X,

X, = (L=, —1,)%, + BXX,,

V ?_( 7= V2) X + BXX, (7)
X3 = (1= 1% + 71%,,

\lel = Xy T 72X,

Yuqoridagi (7) kvadratik operator simpleksni invariant saglashi uchun
operator parametrlariga zarur va yetarli shartlar topilgan. Bundan tashqgari
operatorning invariant to‘plamlari, qo‘zg‘almas nuqtalari to‘plami tavsiflangan va
har bir qo‘zg‘almas nugtaning tiplari aniglangan.

15



1-tasdiq. (7) operator S° simpleksni o ‘zini o ‘ziga akslantirishi uchun uning
parametrlari

2
M1 Vo 72 €[01) 147, —1Sﬂé(1+ Vn+7) 8

shartlarni ganoatlantirishi zarur va yetarli.

Bobning oxirgi paragrafida (7) kvadratik operatorga mos orbitalarning limit
nuqtalari to‘plami tavsiflangan.

6-teorema. (7) operator uchun quyidagi tasdiglar o ‘rinli:

i) agar X €T, , \Fix(V) bolsa, u holda limV" (x®)=(1-x,0,0,x?);

134 n—oo
i) agar f=7=7,=0, 4>0 bo'lsa, u holda barcha x© e S° \(r{lm} ur{l,3,4})
uchun
limv " (x) = (147 =X, x,0.%);
i) agar f=9=1=0,7,>0 bolsa, u holda ixtiyoriy ¥ € S* \T 15, Uchun
!Lno]ov n (X(o) ) _ (Xl(O),O, Xéo) 1- X1(0) _ Xéo) ) :
iv) agar f=y,=u=0,7,>0 bolsa, u holda ixtiyoriy xX* e S* \T;5, uchun
!]i_TOV n (X(o) ) _ (Xl(o),O,l— Xl(o) _ X‘(10) ’ X£(10) ) :
v)agar 7, =7, =1 =0, >0 bolsa, u holda ixtiyoriy x® S° \(F{1,3,4} U F{2,3,4})
uchun
limy? (x) = (0= =X x%)
vi)agar 7, =7, =1 =0, 5<0 bo lsa, u holda ixtiyoriy x® e S° \(F{1,3,4} U r{2,3,4})

uchun
iy (@) = 0) _ (@ g x© ().
limV (x )_(1—x3 - X, 7,0,%7, X, )

n—o0

vii) agar f=9,=0, 7,14 >0 bo Isa, u holda ixtiyoriy x© € S* \F{1,3,4} uchun
limv"(x?)=(x,0,0,1-x);

nN—oo

viii) agar S =7, =0, y,4>0 bo Isa, u holda ixtiyoriy X e S® \F{
limv" (x®)=(1-x{",0,0,x{");

N—o0

ix) agar f=u=0,yy,>0 bolsa, u holda ixtiyoriy X© € S* \F{1,3,4} uchun
limV" (x?) = (x?,0,%,1- % - x;)

nN—oo

x)agar 7, =7,=0, Bu>0 bo Isa, u holda x* e S* \(F{Lu} ur{“}) uchun
limv" (x(o)) = (0,1— x9,0, xflo)) ;

N—o0

xi) agar 7,=7,=0, Bu<0 bo‘lsa, u holda ixtivoriy x® eS° \(F{1,3,4} Ur{u})

13,4 Uchun

uchun
16



IimV“(x(O)) :(1— x{,0,0, xff”) ;

n—oo

xii) agar 7, =1 =0, By, #0 bo Isa, u holda ixtiyoriy ¥ € S° \T' 15, uchun
limV" (x@) =(x,0,x?,1-x - x);

N—o0

xiii) agar 7, = =0, By, 20 bo Isa, u holda ixtiyoriy x® e S® \T,
limv" (x)=(x,0,1-x —x{,x{) ;

n—oo

xiv) agar =0, 77,4 >0 bo‘Isa, u holda ixtiyoriy xX® €S> \T' 15, uchun
IimV“(x(O)) :(XI,0,0,l— Xf);

nN—oo

xv) agar 7, =0, By,u#0 bo Isa, u holda ixtiyoriy X© € S* \F{
limv"(x©)=(1-x;,0,0,%; ) ;

n—oo

13,4 UCHhUN

13,4 UChUN

xvi) agar ¥, =0, Br,u#0, B <y, bo lsa, u holda ixtiyoriy X© e S® \Ty5, uchun
IimV“(x(O)) :(1— x.,0,0, xjo)) .
xvii) agar 4 =0, 7,7, >0, f#0 boIsa, u holda har ganday x© e S* \T ;5 uchun

IimV”(x(O)):(xf,O,x;,l—xf—X;);

N—oo

xviii) agar fy,7,4#0 bo Isa, u holda ixtiyoriy x© € S* \I,
limV" (x(o)):(l— X,,0,0, x4)

N—o0

1-gipoteza. Agar 7,=0,8>y,>0,u>0 bolsa u holda ixtiyoriy
x® es? \F{

13,4 Uchun

13.4) boshlang ‘ich nugta uchun

¥, agar 0<x{” <

5_7/1
—ﬂ )

limx™ =

n—oo

X ely,, agar A=n x? <1,
| B

ﬂ(ﬁ—%—ﬂxﬁo)) 71(ﬁ_71_ﬁx‘(*o)) ny

, 0<x0 <1
:B(,u+71) ﬂ(/’l—i—}/l)

B

bu yerda y=| 2,
y y 5
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XULOSA

Ushbu dissertatsiya tadgiqoti o°rin almashtirishlarga mos novolterra

kvadratik stoxastik operatorlari va gayta yuquvchi diskret vaqtli SIRD epidemik
modeli tomonidan hosil gilgan nochizigli dinamik sistemalarni tadqiq etishga
bag‘ishlangan.

18

1.

Tadgiqgot ishining asosiy natijalari quyidagilardan iborat:
Ikki o‘lchamli simpleksda aniqlangan («,/)-KSO uchun ixtiyoriy

boshlang‘ich nuqgtaning orbitasi operatorning qo‘zg‘almas nuqtasiga yoki
davri ikkiga teng bo‘lgan davriy orbitasiga yaqinlashishi isbotlangan;

Chekli oflchamli simpleksda aniqlangan o‘rin almashtirishlarga mos
novolterra KSOning barcha invariant to‘plamlari, davriy nuqtalari topilgan.
Shu bilan birga ixtiyoriy boshlang‘ich nuqta orbitasi operatorning
qo‘zg‘almas nuqtasiga yoki davriy orbitasiga yaqinlashishi ko‘rsatilgan;
Chekli o‘lchamli simpleksda aniglangan mutatsiyalarga mos novolterra
KSOning invariant to‘plamlari, davriy nuqtalar to‘plami topilgan va
ixtiyority boshlang‘ich nuqta orbitasining limit nugqtalari to‘plami chekli
bo‘lishi isbotlangan;

Qayta yuquvchi SIRD epidemik modelining diskret muqobili bo‘lgan
kvadratik operator uch o‘lchamli simpleksni invariant saglashi uchun
operator parametrlariga zarur va yetarli shartlar topilgan. Operatorga mos
Lyapunov funksiyasi qurilgan. Bundan tashqari, ixtiyoriy boshlang‘ich
nuqtaning orbitasi operatorning qo‘zg‘almas nugqtalaridan  biriga
yaqinlashishi ko‘rsatilgan.
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INTRODUCTION

Actuality and demand of the theme of the dissertation. Many scientific
and applied research studies conducted worldwide often involve examining the
properties of nonlinear dynamical systems. These properties are widely used in
forecasting problems in fields such as mathematical biology, genetics, and
medicine. Dynamical systems are classified into two types: continuous-time
dynamical systems and discrete-time dynamical systems. In mathematical biology,
a primary focus of research is on dynamical systems generated by operators that
describe the evolution of biological populations. Consequently, the study of the
dynamics of quadratic stochastic operators, which are an important class of
evolutionary operators, remains a topical problem in the theory of nonlinear
dynamical systems.

Currently, the dynamical properties of Volterra quadratic stochastic operators
have been extensively studied. However, a key unsolved problem in the theory of
nonlinear dynamical systems the investigation of the asymptotic behavior of orbits
generated by non-Volterra quadratic stochastic operators. Fundamental to these
studies are problems such as identifying invariant sets of nonlinear dynamical
systems generated by quadratic stochastic operators, determining the exact forms
and types of periodic points, constructing Lyapunov functions, and analyzing the
asymptotic behavior of orbits. It should be noted that these problems have not yet
been fully resolved in the general theory of nonlinear dynamical systems.
Therefore, one of the key directions of scientific research is the study of the
dynamical properties of non-Volterra quadratic stochastic operators associated
with permutations and epidemic models.

In recent years, in our country, increased attention has been given to
medicine, biology, mathematics and physics, fields that represent the scientific and
practical application of fundamental sciences. In particular, special focus has been
placed on developing the theory of nonlinear dynamical systems, which has broad
applications in biology, medicine, and economics, leading to significant
achievements in this area. Conducting scientific research at an international
standard in the priority fields of “Algebra, functional analysis and theory of
dynamical systems” has been established as a key objective in mathematics®. To
ensure the implementation of this decision, it is important to develop the theory of
discrete-time dynamical systems generated by quadratic stochastic operators,
enabling the application of scientific results to related fields.

The subject and object of research of this dissertation are in line with tasks
identified in the Decrees of the President of the Republic of Uzbekistan UP-4947
of February 7, 2017 “On the strategy of action for the further development Of the
Republic of Uzbekistan”, UP-60 dated January 28, 2022 “Development Strategy of
New Uzbekistan for the period of 2022-2026, UP-2789 dated April 20, 2017 “On
measures to further develop the system of higher education”, UP-2789 dated April

! Decree of Cabinet of Ministers of the Republic of Uzbekistan at the 2017 year 18 May “On measures on the
organization of activities of the first created scientific research institutions of the Academy of Sciences of the
Republic of Uzbekistan” No. 292.
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20, 2017 “On measures to further develop the system of higher education”, PP-
4387 from July 9, 2019 “On measures to further development of mathematical
education and science, and also root improvement of the activity of the Uzbekistan
Academy of Sciences V.I. Romanovskiy Institute of Mathematics”, and PP-4708
of May 7, 2020 “On measures to improve the quality of education and research in
the field of mathematics™ as well as in other regulations related to basic science.

Connection of research to priority directions of development of science
and technologies of the Republic. This study was performed in accordance with
the priority areas of science and technology of Republic of Uzbekistan 1V,
“Mathematics, Mechanics and Computer Science”.

The degree of scrutiny of the problem. Various mathematical models,
including methods from dynamical systems theory, are widely used to understand
and analyze natural phenomena and processes. Consequently, researchers’ interest
in discrete-time dynamical systems is increasing. Quadratic stochastic operators
were originally introduced to solve problems related to the laws of heredity in
mathematical biology. The theory of discrete-time dynamical systems generated by
such operators has been used to model various complex processes in the fields of
biology, ecology, medicine, economics, and information technology. Quadratic
stochastic operators were first introduced in 1924 by S. Bernstein as mathematical
models to represent the evolution of gene frequencies in biology and population
genetics. Since these operators also have applications in fields such as physics,
chemistry, and economics, their dynamical properties have been studied with great
interest. The theory of quadratic operators was developed by S. Ulam, H. Kesten,
Yu.l. Lyubich, S.S. Vallander, R. Jenks, E.Akin, V. Losert, and T.A. Sarimsakov.
In recent years, research in this area has been actively continued by M.I.
Zakharevich, R.N. Ganikhodzhaev, N.N. Ganikhodjaev, U.A. Rozikov, F.M.
Mukhamedov, U.U. Jamilov, and O.N. Khakimov.

It is also worth noting that, in general, studying the asymptotical behaviour
of a quadratic stochastic operator is a main problem. Yu.l. Lyubich completely
solved this problem for quadratic operators defined on the one-dimensional
simplex. However, for quadratic operators defined on the two-dimensional and
higher-dimensional simplexes, the main problem remains unsolved. The main
problem of Volterra quadratic stochastic operators is being extensively studied by
R.N. Ganikhodzhaev and his students. Nowadays, N.N. Ganikhodjaev, U.A.
Rozikov, F.M. Mukhamedov, A. Zada, M. Ladra, U.U. Jamilov, O.N. Khakimov,
A.Yu. Khamraev, S.K. Shoyimardonov, S.S. Xudayarov are conducting extensive
scientific research on the dynamics of non-Volterra quadratic stochastic operators.

In the works of R.N. Ganikhodzhaev and D.B. Eshmamatova, quadratic
homeomorphisms defined on a finite-dimensional simplex were described, and
their exact form was provided. Scientific research on Volterra quadratic stochastic
operator and their applications is being conducted by them. Discrete-time
dynamical systems generated by certain ocean ecosystem models have been
studied of U.A. Rozikov and S.K. Shoyimardonov. The dynamics of worm
propagation using quadratic stochastic operators were examined by F.T. Adilova,
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U.U. Jamilov, and A. Reinfelds. As noted above, despite the extensive scientific
research on discrete-time dynamical systems generated by quadratic stochastic
operators, the main problem remains unresolved. In this context, studying the
dynamics of the non-Volterra quadratic stochastic operators examined in this
dissertation is important.

Connection of the theme of the dissertation with the research works of
higher education, where the dissertation is carried out. The dissertation
research is done in accordance with the planned theme of scientific research OT-
FA4-87 “The theory of global invariants of curves and surfaces in Euclidean and
pseudo-Euclidean spaces and its applications in mechanics” (2017-2020), OT-F4-
82 “Local derivations and automorphisms of operator and nonassociative algebras,
phase transitions and chaos in nonlinear dynamical systems” (2017-2020) and
“Structural theory of non-associative algebras and its application in the study of
dynamical systems in biological systems” (2020-2023) at the V.l. Romanovskiy
Institute of Mathematics.

The aim of research work is to investigate the dynamical properties of the
non-Volterra quadratic stochastic operators corresponding to permutations
(operator I) and to discrete-time SIRD reinfection epidemic model (operator I1).

Research problems:

identifying invariant sets with respect to operators | and Il;

find periodic points of the operators | and 11 and their types;

construct Lyapunov functions for the operators I and II;

describe the set of limit sets of orbits of arbitrary initial points for the
operators | and II.

The research object: non-Volterra quadratic stochastic operators defined on
a finite-dimensional simplex.

The research subject: The theory of quadratic stochastic operators and the
theory of discrete-time dynamical systems.

Research methods: The research employs methods from mathematical
analysis, functional analysis, algebra, theory of probability and theory of
dynamical systems.

Scientific novelty of the research work consists of the following:

the set of periodic points of the non-Volterra quadratic stochastic operator
defined on the two-dimensional simplex is described. Furthermore, it is proved that
the orbit of any initial point has at most two limit points;

the set of periodic points of the operator | is described. Besides, it is shown
that the set of limit points of the orbit of any initial point consists either of a single
point or finite points;

necessary and sufficient conditions on the parameters of the operator 1l for
preserving the simplex as an invariant set have been established,

a Lyapunov function is found for the operator I, and using it, the set of limit
points of the orbit of an arbitrary initial point has been described.

Practical results of the research. The novel results and methodologies
developed in this dissertation are applicable to the theory of discrete-time
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dynamical systems. Furthermore, these results can also be used as a resource in
special courses for graduate students and basic doctoral students of higher
education institutions.

The reliability of the results of the study. New results were obtained using
methods of mathematical analysis and functional analysis, theory of Lyapunov
functions, and the theory of discrete-time dynamical systems. Additionally, every
result obtained in the study is supported by rigorous mathematical reasoning.

Scientific and practical significance of the research results. The scientific
significance of the research results is explained by the fact that they can be used in
the theory of quadratic stochastic operators and in solving problems in the fields of
mathematical biology and epidemiology.

The practical significance of the research results is explained by the fact that
the description of the set of limit points of orbits for operator | provides
information about the evolution of the population. The asymptotical behavior of
orbits for operator Il allows one to describe scenarios of disease spread in
epidemiology.

Implementation of the research results. The results obtained on the
dynamics of operators | and 11 have been applied in the following areas:

the description of the set of limit points of orbits for a discrete-time SIRD
reinfection epidemic model has been used in the research project “Quantum
Genetic Algebras and Their Applications” with the reference number G0003447
for analyzing the regularity property of nonlinear stochastic operators (reference of
United Arab Emirates University dated May 1, 2025, UAE). The application of the
scientific result made it possible to establish the convergence of orbits for
quadratic stochastic operators, which is crucial for understanding the future of
biological systems;

for the quadratic stochastic operators corresponding to permutations, the set
of periodic points and the set of limit points have been used in the research project
“Homologies, homotopies, and categorical invariants in non-associative groups
and algebras”, with reference number PID2020-115155GB-100 for analyzing the
equilibrium state for the evolution algebras (Reference of University of Santiago
de Compostela dated May 6, 2025, Spain). The application of this scientific result
made it possible to describe the idempotent and absolutely nilpotent elements
within evolution algebras.

Approbation of the research results. The main results of the research have
been discussed at 4 international and 5 national scientific conferences.

Publications of the research results. On the topic of the dissertation 15
research papers have been published in the scientific journals, 6 of them are
included in the list of journals proposed by the Higher Attestation Commission of
the Republic of Uzbekistan for defending the PhD thesis, in addition 5 of them
were published in international journals and 1 paper published in a national
journal.

24



The structure and volume of the dissertation. The dissertation consists of
an introduction, three chapters, conclusion and bibliography. The general volume
of the thesis is 103 pages.

THE MAIN CONTENT OF THE THESIS

The introduction provides a comprehensive analysis of the relevance and
necessity of the dissertation topic, highlighting its alignment with the priority areas
of scientific and technological development in the republic. It presents the research
problem, outlines the purpose and objectives, and defines the object and subject of
the study. Additionally, it describes the scientific novelty and practical significance
of the findings, emphasizing both their theoretical and practical implications. The
introduction also includes detailed information on the practical implementation of
the research results, published works, and the structure of the dissertation.

In the firs chapter of the thesis, titled “Discrete-time dynamical systems of
guadratic stochastic operators”, the fundamental definitions and consepts of the
theory of quadratic stochastic operators are introduced. Additionally, the dynamics
of the quadratic stochastic operator, defined on the two-deminsional simplex, are
examined.

Let E, ={1,...,m} be a finite set. The set of all probability distributions on
E.. is then given by

sm Z{XE R": >'x, :l}

i=1
be the (m —1) - dimensional simplex.

Amap V of S™ into itself is called a quadratic stochastic operator (QSO) if
Vx), = 2. Pij X X5 1)
i,j=1
forany xe S™ " and for all k € E_, where

Py« = Py, 20, foralli, jkeE;

m 2
Zpij,k =1, forall i,jeEm (2)
k=1

Assume that {x(")}n>0 is the orbit (trajectories) of the any initial point
x@ eSs™ where x™ :V(x‘”)):V””(x“’)) for all n=0,1,2,... We denote by

a)g,(x(o)) the set of all w- limit points of the orbit {x(”)}n>0. One of the main

problems in dynamical system consists in the study of the asymptotical behavior of
these orbits. In other words, for a given V QSO, the problem consists in
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describing the set of w- limit points of the orbit generated by any initial point
x®egmt,

Definition 1. A point x e S™* is called a periodic point of V if there exists
an n so that V"(x)=x. The smallest positive integer n satisfying the above is

called the prime period or least period of the point x. A period-one point is called
a fixed point of V .
Denote the set of all fixed points by Fix(V) and the set of all periodic points

of prime period n (n>2) by Per (V).
Definition 2. A QSO V is called regular if for any initial point x e S™*, the
limit lim V" (x) exists.

n—o0

Definition 3. AQSO V s said to be ergodic if the limit

lim= Z\/ (x)

n—)oo =

exists for any x e ™.

Let e =(5;,0,,-0,;) € S™, i € E, denote the vertices of the simplex S™,
where g; is the Kronecker symbol. We now define the following sets

intS™ ={xeS™" 1 xX,---x_ >0};
oS™t=S" M \intS™
[ ={xeS"":x =0, Vigl},VICE.

Consider the («,)— quadratic stochastic operator, defined on the two-
dimensional simplex, which is given by
X;L = X12 + (Xz + X3)2 + (1_ a)xixﬂ(g) + (l_ ,B)Xlxzr(z)
VX, =1+ B)X, Xe( (3)

X, _(1+a)x1x (3)"
where a, S €[-11] and 7 is a permutation on the set {2,3} .

For the given numbers «, £ € (0,1], we denote the following points

y :(Lo_] Xﬂ:(i,i,o}
“ U+a l+a 1+ B8 1+

1 axgo) axgo) ) )
0 — f y y V X ES \ e r.
Yo [1+a (1—X1(0))(1+a) (1—x1(°))(1+a) &)

Theorem 1. Let z=Id. Then for the («,B)—QSO (3) the following

statements are hold:
i) if X% er,,, then forall o, ge[-11] it holdsv( ) e,

ii) if &, p e[-1,0] then for all initial point x e s2\r,, we have hmV“( ())zel;

n—o0

iii) if X% er,, \{e,.e,} then we have
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limV" (x(o)) =

n—oo

e, |If ﬂe[—l,O],
{xﬂ, if pe(0.1];
V) if X% eT,, \{e,e,} then we have
|imv"(x<°>)={el’ ! ae[_l’o_]’
n—se0 X , if ae(O,l],
v) if X eintS? then we have
Y, 5o if a=p E(O,l],
limv"(x%)=1x,,  if @e(01], fe[-10] ora>p a pe(0]],
Xz, if ae[—l,O], ﬂe(O,l] or a < p, a,ﬂe(O,l].

For any point xX® ey, U, 5 \{e,,e,,e,} we denote

Yop = (X5 0.1 %,.) and ., =( f,(x,,).1— f,(x,).0),
where

X

O(a,B) 23(1+a)(B-2) 1
g = =, a,pe(-11],
ey Wapars @ P
O(a, B) = 341+ a)(2B —5) - A(Ta — 20) +12x (e, f3),
x(a, B) = 3(4—aB)2—a)(2 - B) +9(a — B)* and
f,(x)=(1+p8)x*-(1+ f)x+1 xe[0,1].

For any point x” eintS*\ Fix(V ) we denote

X% (1— xﬁy) oxo (1— X(;y)

X0 4 x0T

A A

Xsy :(X1v)A(2’)A(3)’ %, = Xy R, =
where
0(5,7) 23(1+5)(r-2) 1
5 = + +=,
63/(1+0)(1+y) 30(8.7)3(L+y) 3

6(5,7) =4y L+ 5)(7 -5)—4(75 - 20) +12,Jx(5.7),
k(8,7)=3(4-67)(2-5)(2-y)+9(5-7)’
_ axl? + Bx? _ 1+ a)Bx” +(1+ B)axy?
X + %0 (1+a)x” +(1+ B)
%5, = (%,%,%), % =1-%, - %, %, = L+ AR, % = L+ @)% R,
Also, we denote

and

- 1 JI+8 .« . h . (1+a)(1+8)-1 el
o \/(1+0‘)(1+:3)"/1+“X3’X3 e Xa_\/1+ﬂ(\/1+a+x/1+ﬂ)' pe(-11):
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Theorem 2. Let z=Id. Then for the («,5)—QSO (3) the following

statements are hold:
i) if X er,, then for any o, g<[-11] we have v (x(°)) =e,;

ii) if either o =—10r g=-1 then for any x® cs*\r,, we have v*(x”)=e,;
iii) if z=1d and a+pB+ap>0, a,fe(-11] then for any x(o)e(l“{lvz}ul"{m})\{el,ez,es}
we have

|imvn(x<°>) = k=0,12,..

n—oo

{yaﬂ, if n=2k,

2,5 if N=2k+1,

V) if ¢+ p+ap>0, o, fc(-11] then for any initial point x* eints”\{x"} we have

{kgy, if n=2k,

limv"(x?)=4 """
X5, 1 n=2k+1,

n—oo

k=012,..

V) if a+p+ap=<0, a,fe(-11] then for any initial point x” es?\(r,, U{e}) we
have
IimV“(x(o)):el.

In the second chapter of the thesis, titled “Non-Volterra quadratic
operators corresponding to permutations”, we study the dynamical properties of
non-Volterra quadratic stochastic operators corresponding to permutations and
mutations which defined on a finite-dimensional simplex.

In the first section of this chapter, the invariant sets and periodic points of
the non-Volterra quadratic stochastic operators coressponding to permutation, are
identified. In the second section, the set of limit points of orbits for such operators
Is described.

In the first section of the chapter, we considered an operator in the form

X =(1+ a)xﬂ(k)xm, keE, ,,
V . ' m-1 2 m-1 (4)
X =x +(inj +(1—a)xm( xi),
i=1 i=1
where o €[-11] and 7 is a permutation on the set E, .
Denote
s=lem(ord(z,),....ord(z, ),
A, ={xeS™ %, =x,u,vesupp(r,)}
Q,={,2..r}c{l2..q}, Q,={12,..,q}\Q,
o-:Icm(ord(ril),...,ord(ril)), i eQ,, for x 21
wex - ax? ax®?, 1

) (1+a)(1—xr§10))’ (1+a)(l—an0))’ (1+a)|
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M =S™*\(Fix(V)ur) and N =ﬁATi \(Fix(V)ur).

The next theorem provides a description of the set of limit points of the
orbits of the QSO (4).
Theorem 3. For the operator VV (4) the following statements are hold:

i)if X eT={xes"":x, =0l ufe,} then a, (x®)={e,};

i) if o <[-1,0] then @, (x©)={e, } for any ¥x@ e S™\T;

iii) if o €(0,1] and z=1d then @, (x¥)={X,} forany x® e M ;
iv) if . <(0,1] and 7 #1d theney, (X )={X,} for any x e N;

V) if ae(o,l] and 7 # Id then for any x© ¢ NA. \(Fix(V)uFu U Ar.j there

ieQ), jeQ,

is X =limv°" (x(o)) and we have , (x(o)): {Y, X(”,...,X("’”};

N—o

q
vi) if 2 €(0,1] and 7 = 1d then for any x e Sm‘l\(Fix(V)uFuUATij there is
i=1

X = IimVS”(x(O)) and we have @, (x‘o)) = {7, X(l),...,i(s’l)}.

N—o0

In the third section of the second chapter, non-Volterra quadratic stochastic
operators corresponding to mutations which defined on a finite-dimensional
simplex are constructed, and their invariant sets and periodic points are identified.
Moreover, in the fourth section, the set of limit points of orbits for such operators
Is described.

In the third section of the chapter, we consider the following the operator

. 2a m-1
X = aX + m——nZ:x X% +(1+ @)X 4 % K€ Ep,
Ve i<l (5)

Xy = X2 +(1—a)(rgxij2 +(1—a)xm(m_llxij,

i=
where « €[0,1] and s is a permutation on the set E,_ ;.

It should be noted that when « =0, the operator (5) coincides with operator
(4). Therefore, we focus on the case « €(0,1] in below.

Forany a >0 we denote
y,=(a,01-a), z,=(0,a,1-a),

o o
Xym= A-a |,
' (m—l m-1 j

o [ ax? ax?
X=| S04 @ 0 0
X X0 xO 4 x
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) ©)
. ax a
and X:[ © 2x(O)’ (0)X1x<0) J‘“j'
X HX70 X +X

The next theorem describes the set of limit points of orbits for the QSO (5)
when m=3.

Theorem 4. Let «<(0,1 and m=3. Then for the operator V (5) the
following statements are hold:

1) if z=1d then
e if x%=e
te), if x¥=e,
<x<o))— Wl 1 X(O)Er{lﬁ}\{ei%}’
A -z}, if x(°)el“{2,3}\{e3},
(&), if x®es?\(r,, ur,,)
i) if 7= 1d then
{e,}, if x© =e,,
{Xgaf, if xPeM®P\{e],
a, (xV)= | O
Y,z }, if x e(F{LS}uF{Zyg})\{eg},

{x %}, if x©es’\(r,,

,}ul“

2y OMEY)

For all « >0 we denote
X.=(&.,&,.. & 1—a), where &, =ad, ,, u,kesupp(z;).
C=C,uC,,
where
¢= U Ty,adC= {J )F{u’m}.

ueE, ;\supp(r) uesupp(7

éa = {XC eS™t: X, = (aé‘l,(s-"iaé‘m—l,ul_a)’ ( ESUpp(ﬂ')},

ga :{Xc cgmt- X, :(0!51’[,---,0!5 _1’“1—05), (e Em_l\supp(ﬂ)},

m

where &, ; Kronecker symbol and B, =B, UB, .

The next theorem describes the set of limit points of orbits for the QSO (5)
when m> 3.

Theorem 5. Let «<(0,1] and m=3. Then for the operator V (5) the
following statements are hold:
i) if xX® eS™\C then for any 7z we have @, (x(o)) ={Xym!;
ii) if 7=1d then for any x®® e C\ Fix(V) there exists ueE, , such that x* er

fu.m}

and we have @, (X(O))= {Xu};
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iii) if 7 =1d then for any x e C, \ Fix(V ) there exists ueE,_, \supp(z) such that
) _ .

wm @nd we have a, (X )—{xu},

iv) if 7=1d then for any x© eC,\Fix(V) there exists uesupp(z;) such that

x9 er

x© e and we have there is the limit xézlimV’“i(x(O)) and

{u,m} n—o
) = @ D
cq,(x )_{xg,xg o X },where t=ord(7,).

In the third chapter of the dissertation, titled “Discrete-time dynamics of
the SIRD reinfection epidemic model”, the dynamical properties of the discrete-
time reinfection SIRD (Susceptible-Infected-Recovered-Died) epidemic model are
examined. The first section introduces the fundamental concepts of epidemic
models, detailing the variables and parameters of the SIRD reinfection epidemic
model, which is derived by modifying the classical SIRD epidemic model.

In the second section of the third chapter, we investigate a quadratic operator
in form

X[ = X, + Xy — BXX,,
, X; = L=y = 72)%, + BXX,,

Vi o (6)
Xy = (1= )% + 7%,
\lel =Xy + 7%,
which is a discrete analogue of the SIRD reinfection epidemic model
dS
— =-Sl + uR,
it pSI +
dl
d——ﬁSI (7,
t
(7)
arR_ | —uR
dt Vil — U,
o_
qt Va2l

Necessary and sufficient conditions for the parameters operator (6) to
preserve the simplex were determined. Additionally, the invariant sets, fixed
points, and their types of these operator were identified.

Propsition 1. The operator (6) maps S° to itself if only if

2
1 Vi Vor i+ 1, €[01] 71+72—1Sﬁé(1+\/71+y2) - 8)

The last theorem of the chapter describes the set of limit points of orbits for
quadratic operator (6).

Theorem 6. For the operator V (6) the following statements are true:
i) if xX¥ e, \Fix(V) then we have
limv" (x®)=(1-x,0,0,x{");

N—o0

1,3,4)
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i) if B=7,=7,=0, £>0 then for any x©® e s? \(F{ uT we have

asa)
limVv" (x(o)): (1— x —x x9)0, Xﬁo));

nN—o0

iii) if #=7,=u=0,7,>0 then for any initial point xX® e $°\T", ,, we have
limv" (X(O)): (Xl(o),O, Xéo),l— X1(O) _ XéO));

N—o0

1,2,4}

iv) if =y,=u=0,y,>0 then for any initial point xX® € S* \T,5, we have
I!iipovn(x<°>):(x;°>,o,1— X0 — xflo),xflo));

V) if =y, =#=0, >0 then for any x® e $°\(T,,,, LT, ) We have
limv " (x(o) ) = (0,1— X2 — x{9 x{®, x§°)) .

Vi) if 7=y, =#=0, £<0 then for any x® e $°\(T,,, LT, ) We have
limv " (x(o)) = (1— X —x{9,0,x{?, xff”) .

vii) if f=9,=0, y,u >0 then for any initial point x” e S* \T'yy;, We have

limv" (x”) =(x,0,0,1-x);
viii) if f=y,=0, y,u >0 then for any intial point x” e S* \T,5, We have

IimV“(x(O)) :(1— x{,0,0, Xﬁo)) ;

N—o0

ix) if f=u=0,yy,>0 then for any initial point x” € S* \T,5,, We have
limv" (x?) = (x?,0,%5,1- X% = ;) ;

n—oo

X) if 7,=7,=0, >0 then for any x® e $*\ (T, ,,, LT, ) We have
limv" (x®)=(0,1-x,0,x{");

n—oo

xi) if =7, =0, Bu<0 then for any x® e$°\(I",,, LT, ) We have
limv" (x®)=(1-x{",0,0,x{");
xii) if 7, =1 =0, By, #0 then for any initial point x©® e S°® \T 5, e have

limV" (x@) =(x,0,x”,1-x —x{?);

N—o0

xiii) if 7, = =0, By, #0 then for any initial point xX© e S* \T 5, we have
limV" (x©@)=(x,01-x - x{”,x{?) ;

xiv) if =0, 77,4 >0 then for any initial point x® e S? \T,5, We have
limv"(x®)=(x,0,01-x);

xv) if 7, =0, By, #0 then for any initial point x® e S® \T,5, We have
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IimV”(x‘O)) =(l— XZ,0,0,XZ) :

n—o0

xvi) if 7, =0, Br,u#0, B <y, then for any initial point x” € S* \T,,,, we have
limv" (x(o)) :(1— x?,0,0, xff”) :
xvii) if £=0, 7,7, >0, =0 then for any initial point x” € S® \T'yy;, We have
IimV”(x(O)):(xf,O,x;’,l—xI -%;);
xviii) if Sy,7,1# 0 then for any initial point X' € S*\T, ,, we have

limv"(x©)=(1-x;,0,0,%;).

n—o0

Conjecture 1. If 7, =0, >y, >0, >0 then there is the limit

g, if 0<x® <A1
limx™ = p
X e Cpgo f h-n <x9 <1,
forany x e S*\T, ., where

—_y — A% — o — %0
_ ﬁ fu(ﬁ 7/1 ﬁx4 ) yl(ﬁ }/1 ﬁx4 ) X(O) nggo)gﬂ—]/ll

g Blu+n) T Butn)




CONCLUSION
This dissertation research focuses on the study of nonlinear dynamical

systems generated by non-Volterra quadratic stochastic operators corresponding to
permutation and the discrete-time SIRD reinfection epidemic model.
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1.

The main results of this research are as follows:
For any (a,ﬂ)—QSO defined on the two-dimensional simplex, it is proved

that the orbit of an arbitrary initial point converges either to a fixed point of
the operator or to a periodic orbit of period two;

The invariant sets and periodic points of the non-Volterra QSO
corresponding to permutations defined on a finite-dimensional simplex are
identified. Moreover, it is shown that the orbit of an arbitrary initial point
converges to either a fixed point or to a periodic orbit of the operator;

For the non-Volterra QSO corresponding to mutations defined on a finite-
dimensional simplex, the invariant sets and the set of periodic points are
identified. Moreover, it is proven that the set of limit points of the orbit
generated by an arbitrary initial point is finite;

For a discrete analogue of the SIRD reinfection epidemic model to preserve
the three-dimensional simplex under a quadratic operator, necessary and
sufficient conditions on the parameters have been established. A Lyapunov
function corresponding to the operator is constructed. Furthermore, it is
shown that the orbit of any initial point converges to a fixed point of the
operator.
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Heabio nceiaeqoBanusi padoThl SBISETCA U3YyYEHUE JUHAMUYECKUX CBOMCTB
HEBOJIbTEPPOBCKUX KBAJIPaTUYHBIX CTOXACTUYECKHUX OMNEPATOPOB, 3aBUCALIUX OT
nepecTaHoBOK (omeparop 1) u onepaTopoB, COOTBETCTBYIOLIUX PELUIUBUPYIOIICH
sanuaeMuoaorndeckoit moaenu SIRD ¢ nuckpernbim Bpemerem (omeparop II).

O0bexT nccienoBanus: HeBoabTeppoBCKHE KBaApAaTHUHbIE CTOXACTUYECKUE
OIIepaTOpPBbl, ONPEACIICHHbIE HA KOHEYHOMEPHOM CUMILIEKCE.

Hay4nasi HOBU3HA M CCJIEIOBAHUS COCTOUT B CIIEIYIOIIEM:

OnucaHo  MHOXECTBO  IEPUOJAMYECKMX  TOYEK  HEBOJBTEPOBCKOTO
KBaIpPATUYHOIO  CTOXACTHYECKOr0 OIeparopa, 3aJaHHOr0 Ha JBYMEPHOM
cumiuiekce. Kpome Toro, 1oka3aHo, 4To opOUTa MpOU3BOIBHON HAYaIbHOW TOUKH
uMeeT He 0oJiee IBYX NpelebHbIX TOUEK;

OIMCAaHO MHOYKECTBO MEPUOAUYECKUX Touek omeparopa [. boisee Toro,
MOKAa3aHO, YTO MHOXECTBO MPEJEIbHBIX TOYEK OPOUTHI IPOU3BOJILHON Ha4YabHON
TOYKHU COCTOUT JIMOO U3 OJTHOM TOUKH, TMOO U3 KOHEYHOT'O YUCIa TOYEK;

st oneparopa Il HaiineHbl HEOOXOAMMBIE M JOCTATOYHBIC YCJIOBHUS Ha
napaMeTphbl, IPH KOTOPBIX CUMILIEKC COXPAHSAETCS KaK MTHBAPUAHTHOE MHOKECTBO;

st onepatopa Il moctpoens! ¢pyHkumu JIsmyHOBa M ¢ MX MOMOIIM ONMKUCAHO
MHOECTBO MPEJETbHBIX TOUEK OPOUT MPOU3BOJIBHBIX HAYAIbHBIX TOYEK.

BHeapenue pe3yJbraroB ucciaeaoBaHusi. llomydeHHble pe3ysbTaThl 110
nuHamuke orepaTopoB I u I ObuTH MPpUMEHEHBI B CIENYIONUX HAMPABICHUSIX:

ONMKMCAHUE MHOXXECTBAa NPENENbHbIX TOYEK OpPOUT [ JUCKPETHOM
snuaemuonornyeckod  moxaenu SIRD ¢ penuauBom  3apaxkeHus  ObUIO
UCIIOJIb30BAaHO B HCCIIEJOBATENbCKOM TpoekTe «KBaHTOBbIE T'€HETHYECKUE
anreOpsl U UX OpwiokeHus» (peructpannonubii Homep G0003447) nns aHanuza
CBOICTBa PETYJISPHOCTH HEIMHEHHBIX CTOXAaCTUYECKUX ONEpaTopoB (CIpaBKa
VYuupepcurer OObenuHEHHBIX ApalOckux OmwuparoB, 1 mas 2025 r., OAD).
[IpuMeHeHnEe TMOMY4YEHHOTO HAYYHOIO pe3yjibTaTa IO3BOJWIO YCTAaHOBUTH
CXOIUMOCTh OpPOUT KBAJPATUYHBIX CTOXACTUYECKUX OMEPATOPOB, UYTO HMEET
KJIFOUEBOE 3HAUCHHUE ISl TOHUMAaHUsI OyAyIEero OMoJIOTMUeCKIX CUCTEM;

Ui KBaAPATHUYHBIX CTOXACTUYECKHX  OIMEpPAaTOPOB, COOTBETCTBYIOIIMX
MEePECTaHOBKAM, MHOXKECTBA TEPHUOJUYECKUX H TPEACTbHBIX TOYEK OBLIN
MCIIOJIB30BaHbl B paMKax HCCIEA0BATEIbCKOr0 MpoekTa «I'oMoIoruu, roMOTONUU
M KaTeropuajbHble WHBApPUAHThI B HE AacCOIMATHUBHBIX TpPYyINax M anredpax»
(romep mpoekta: PID2020-115155GB-100) myist ananm3a paBHOBECHBIX COCTOSTHUI
ABOJIIOIIMOHHBIX aireOp (cmpaBka YHupepcuteT CaHThsAro-ae-Kommocrena, 6 mas
2025 r., Ucnanus). IlpumeHeHHe ITaHHOTO HAy4YHOTO pe3yJibTaTa MO3BOJIMIIO
ONMHCaThb UAEMIOTEHTHbIE M  AOCOJIOTHO HUJIBIIOTEHTHBIE JJIEMEHTHI B
HBOJIIOIIMOHHBIX aJIredpax.

Crpykrypa m 00beM auccepramum. Jluccepraiusi COCTOUT U3 BBEICHUS,
TpEX TJIaB, 3aKJIIOYEHUS W COHCKa Jutepatypbl. OOmmit o0BEM auccepranuu
coctapiisieT 103 cTpaHULIbL.
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