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KIRISH (falsafa doktori (PhD) dissertatsiyasi annotatsiyasi)

Dissertatsiya mavzusining dolzarbligi va zarurati. Jahon miqgyosida olib
borilayotgan ko‘plab ilmiy va amaliy tadqiqotlar aksariyat hollarda statistik fizika
va nokommutativ geometriyani tadgiq qgilish kabi masalalariga keltiriladi. Koshul
Kalabi-Yau algebralari zamonaviy matematikaning bir necha sohalarida, jumladan,
nokommutativ geometriya, tasvirlar nazariyasi, algebraik topologiya va matematik
fizika kabi yo‘nalishlarda tabiiy ravishda uchraydigan graduirlangan algebralarning
muhim sinfini tashkil etadi. Ushbu algebralar klassik Kalabi-Yau ko‘pxilliklari
nokommutativ muhitga umumlashtiradi hamda algebraik geometriyadagi Serre
qo‘shmaligiga o‘xshash tarzda Hochschild (ko)gomologiyasidagi qo‘shmalik
xossasini saqlab goladi. Ushbu ishda biz aynigsa Kalabi-Yau algebralarning elliptik
algebralar deb nomlanuvchi kichik sinfiga e’tibor qaratamiz, ular elliptik egri
chiziglar bilan bog‘liq bo‘lgan proyektiv sirtlarning nokommutativ analoglaridir. Bu
algebralar nafagat boy algebraik strukturalarga ega, balki integrallanuvchi
sistemalar, kvant algebralari va kvant Yang-Bakster tenglamasini tadqiq etishda ham
muhim o‘rin tutadi. Kalabi-Yau geometriyasini ham kommutativ hamda
nokommutativ shakllarda o‘rganishning asosiy ilmiy motivatsiyalaridan biri uning
ko‘zgu simmetriya nazariyasidagi muhim ahamiyatidadir.

Hozirgi kunda elliptik algebralarning Kalabi-Yau xossasini tadgiq etish hamda
kvadratik algebralarning Koshul ma’nosidagi qo‘shma algebralarida kvant Yang-
Bakster tenglamasi yechimlarini aniglash orgali ularning Kalabi-Yau xossasiga ega
ekanligini ko‘rsatish dolzarb masalalardan biridir. Oxirgi yigirma yil davomida
elliptik algebralar nazariyasi jadal rivojlangan bo‘lsa-da,n—o‘lchamli elliptik
algebralarning Kalabi-Yau xossasiga egaligi masalasi hali ham yetarli darajada
o‘rganilmagan. R. Boklandt, T. Shedler va M. Vemisslarning natijalari orgali barcha
Koshul Kalabi-Yau algebralarning superpotensialdan hosil gilinishi isbotlangan
bo‘lsa-da, superpotensialni Koshul ma’nosidagi qo‘shma koalgebra orgali hisoblash
magsadli ilmiy tadgigotlardan hisoblanadi.

Mamlakatimizda fundamental fanlarning ilmiy va amaliy ahamiyatga ega
yo‘nalishlari bo‘lgan matematika, fizika, geologiya hamda biologiya sohalariga
alohida e’tibor qaratilgan. Jumladan, assotsiativ va noassotsiativ algebralarga oid
fundamental tadgiqotlarni rivojlantirish masalasiga katta ahamiyat berilgan. Ushbu
fundamental izlanishlar doirasida elliptik algebralar va ularning xossalarini
o‘rganishda muhim ilmiy natijalarga erishilgan. “Algebra va funksional analiz’ning
ustuvor yo‘nalishlari bo‘yicha xalgaro standartlar darajasida tadqiqotlar olib borish
matematika fanining asosiy vazifalaridan biri hamda uning faoliyat yo‘nalishi
sifatida belgilandi!. Mazkur vazifani amalga oshirishda, tegishli ilmiy sohalarda
olingan natijalarning qo‘llanishini ta’minlash magsadida Kalabi-Yau algebralarini
tavsiflash muhim ilmiy masala hisoblanadi.

! O‘zbekiston Respublikasi Vazirlar mahkamasining 2017-yil 18-maydagi “O‘zbekiston Respublikasi Fanlar
akademiyasining yangidan tashkil etilgan ilmiy tadqiqotlar muassasalari faoliyatini tashkil etish to‘g‘risida”gi 292-
sonli garori.
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Oc‘zbekiston Respublikasi Prezidentining 2017-yil 7-fevraldagi PQ-4947-son
“O‘zbekiston Respublikasini yanada rivojlantirish bo‘yicha harakatlar strategiyasi
to‘g‘risida’gi, 2017-yil 17-fevraldagi PQ-2789-son “Fanlar akademiyasi faoliyati,
Ilmiy-tadqiqot ishlarini tashkil etish, boshgarish va moliyalashtirishni yanada
takomillashtirish chora-tadbirlari to‘g‘risida”gi, 2017-yil 20-apreldagi PQ-2909-son
“Oliy ta’lim tizimini yanada rivojlantirish chora-tadbirlari to‘g risida”gi, 2019-yil 9-
Iyuldagi PQ-4387-son “Matematika ta’limi va fanlarini yanada rivojlantirishni
davlat tomonidan qo‘llab-quvvatlash, shuningdek O‘zbekiston Respublikasi Fanlar
akademiyasining V.[.LRomanovskiy nomidagi Matematika instituti faoliyatini
tubdan takomillashtirish chora-tadbirlari to‘g‘risida”gi, 2020-yil 7-maydagi PQ-
4708-son “Matematika sohasidagi ta’lim sifatini oshirish va ilmiy-tadqiqotlarni
rivojlantirish chora-tadbirlari to‘g‘risida”gi, 2022-yil 28-yanvardagi PF-60-son
“2022-2026-yillarga mo‘ljallangan Yangi O‘zbekistonning taraqqiyot strategiyasi
to‘g‘risida’gi garorlari, hamda mazkur faoliyatga tegishli boshqa me’yoriy-huquqiy
hujjatlarda belgilangan vazifalarni amalga oshirishga ushbu dissertatsiya ishi
muayyan darajada xizmat qiladi.

Tadqiqotning respublika fan va texnologiyalari rivojlanishi ustuvor
yo‘nalishlariga bog‘ligligi. Mazkur tadqiqot respublika fan va texnologiyalar
rivojlanishining V. “Matematika, mexanika va informatika” ustivor yo‘nalishi
doirasida bajarilgan.

Muammoning o‘rganilganlik darajasi. So‘nggi yigirma yil davomida
Kalabi-Yau algebralari nazariyasi jadal sur’atlar bilan rivojlandi. V. Ginzburg
tomonidan potensialga ega yo‘naltirilgan graflardan 3—Kalabi-Yau differensial
gradiurlangan algebralari qurilishi hamda R. Boklandt tomonidan graduirlanlangan
3—Kalabi-Yau algebralar uchun klassifikatsiya teoremasining isbotlanishi mazkur
yo‘nalishda muhim nazariy asosni shakllantirdi. M. Artin, J. Teyt va M. Van den
Berglarning ishi 3—o‘lchamli Artin-Shelter regulyar algebralarini tasniflashga
bag‘ishlangan bo‘lib, ular muayyan tasniflash tizimini beradi. M. Van den Berg
tomonidan isbotlangan asosiy strukturaviy teorema shuni ko‘rsatadiki, Koshul
algebra Kalabi-Yau algebra bo‘lishi uchun uning Koshul ma’nosidagi qo‘shma
algebrasining simmetrik Frobenius algebra bo‘lishi zarur va yetarli. Ushbu
muvofiglik nafagat Kalabi-Yau shartini tekshirish uchun amaliy mezon bo‘lib
xizmat giladi, balki nokommutativ qo‘shmalikni klassik Frobenius juftliklari bilan
bog‘lab, deformatsiya nazariyasi va hosil gilingan ekvivalentliklarni o‘rganishda
yo‘naltiruvchi omil bo‘lib xizmat qiladi.

1989-yilda B.L. Feigen va A.V. Odesskiy Q,, (€,7) elliptik algebrani ta’riflab

berdilar. Elliptik algebralar ilk bor ularning ilmiy ishlarlarida paydo bo‘lgan.
Q,.(&,7) algebralar hagida esa hozirga gadar anchagina ma’lumotlar to‘plangan.

Ushbu algebralar n o‘zgaruvchili ko‘phadlar halgasi bilan bir xil Gilbert gatori
hamda gomologik xossalariga ega b‘lgan Nyoter sohasi ekanligini J. Tate va M. Van
den Berglar tomonidan ko‘rsatilgan. Sklyanin algebralari M. Artin, J. Tate, M. Van
den Berg, S.P. Smit va J.T. Staffordlarning tadqiqotlarida yetarlicha o‘rganilgan.
Shuningdek, A. Chirvasitu, R. Kanda va S.P. Smit Q,, (€, 7) ning Koshul algebrasi
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hamda o‘lchami n bo‘lgan Artin-Shelter regulyar algebrasi ekanligini
ko‘rsatishgan.

Mazkur strukturaviy yutuglar bilan bir gatorda, hosil gilingan noassotsiativ
Puasson nuqtayi nazari ham shakllanib, u Kalabi-Yau algebralarini tasvir nazariyasi
va topologik invariantlar bilan bog‘lovchi yondashuvni taqgdim etmoqda. Y. Berest,
X. Chen, F. Eshmatov va A. Ramadoslar noassotsiativ Puasson strukturalarini
differensial-graduirlangan algebralarda ishlab chiqib, ular hosil giladigan (siljigan)
Puasson ko‘paytmalar hosil gilingan tasvir sxemalarida namoyon bo‘lishini
isbotladilar.  Kalabi-Yau algebralari uchun esa mazkur ko‘paytmalar
Hochschild/siklik (ko)gomologiya hamda shoda Li algebralari bilan uzviy
bog‘lanadi. Koshul Kalabi-Yau shartida, X. Chen, A. Eshmatov, F. Eshmatov va S.
Yanglar Koshul qo‘shmalikka mos keluvchi va hosil gilingan Morita
ekvivalentliklari ostida funktorial bo‘lgan hosil qilingan noassotsiativ Puasson
ko‘paytmasini qurdilar. Ushbu yondashuv kvadratik holda Kalabi-Yau xossasini
aniglash uchun maxsus moslashtirilgan gomologik vositalarni tagdim etadi.
Kvantizatsiya nugtayi nazaridan X. Chen, F. Eshmatov va W.L. Gan tor
topologiyasining Li bialgebrasi (erkin sirtmoq fazolarining ekvivarent
gomologiyasidagi Chas-Sullivan strukturasi)ni kvantlashtirdilar. Ular Li bialgebra
turidagi tuzilmalar uchun deformatsiya-kvantizatsiya modelini taklif etdilar. Ushbu
yondashuv Kalabi-Yau algebralardan kelib chiquvchi noassotsiativ Puasson
ko‘paytmalarini kvantlashtirish bilan mazmunan mos keladi.

Mazkur rivojlanishlar shuni ko‘rsatadiki, elliptik algebralar allagachon Kalabi-
Yau turidagi obyektlardan kutiladigan ko‘plab gomologik regulyar xossalariga ega.
Ushbu dissertatsiyada hal gilinadigan markaziy masala shundan iboratki, VVan den
Berg qo’shmaligi bilan yuqgorida keltirilgan hosil gilingan noassotsiativ Puasson va
kvantizatsiya texnikalarini birlashtirish hamda batafsil Hochschild/Ext hisob-
kitoblarini amalga oshirish orqgali, Feigen-Odesskiy algebralari uchun gaysi
parametr rejimlari Kalabi-Yau xossasini ta’minlaydiganini aniq belgilashdan iborat.

Dissertatsiya tadqiqotining dissertatsiya bajarilgan ilmiy tekshirish
instituti ilmiy-tadqiqot ishlari rejalari bilan bog‘ligligi. Dissertatsiya ishi
V.1.Romanovskiy nomidagi Matematika institutining ilmiy-tadgiqot ishlari rejalari
doirasida bajarilgan.

Tadqiqot magqgsadi elliptik algebralarning Kalabi-Yau xossalarini tadqiq
gilishdan iborat bo‘lib, bunda Sklyanin algebralari va ularning umumlashmalari kabi
aniq misollarga e’tibor garatish, shuningdek, Koshul algebralarning Kalabi-Yau
algebra bo‘lishi uchun zarur va yetarli shartlarni aniglashdan iborat.

Tadqiqotning vazifalari:

Van den Berghning natijasidan foydalanib, kvadratik Koshul algebralarining
Kalabi-Yau xossasini o‘rganish;

Uch va to‘rt o‘lchamli Sklyanin algebralari va ba’zi Koshul algebralarining
Kalabi-Yau xossasiga ega ekanligini isbotlash;

to‘rtinchi va beshinchi tartibli elliptik zeta funksiyalar orasidagi ayniyatlarni
topish;

to‘rt o‘lchamli Sklyanin va elliptik algebralar o‘rtasida izomorfizm qurish;



besh o‘lchamli elliptik algebralar uchun superpotensialni topish.

Tadgiqot ob’ekti: Kvadratik va Koshul algebra, elliptik zeta funksiyalar,
elliptik algebralar.

Tadqgiqot predmeti. Koshul algebralar nazariyasi, kvadratik algebralar
nazariyasi, elliptik algebralar nazariyasi.

Tadgiqot usullari. Dissertatsiyada assosiativ algebralar metodlari, induksiya
metodi, shuningdek Koshul algebrasi usullari qo‘llanilgan.

Tadqiqotning ilmiy yangiligi quyidagilardan iborat:

Koshul algebralarning Kalabi-Yau xossasiga ega bo‘lishi uchun zarur bo‘lgan
Kiriteriya aniglangan;

to‘rtinchi va beshinchi tartibli elliptik zeta funksiyalar orasida ayniyatlar
topilgan;

to‘rt o‘lchamli elliptik va Sklyanin algebralari orasida izomorfizm oshkor
ko‘rinishda qurilgan;

to‘rt o‘lchamli elliptik algebralar uchun superpotensial topilgan;

besh o‘lchamli elliptik algebralar uchun superpotensial 7€ & ning ba’zi
giymatlari uchun topilgan.

Tadqiqotning amaliy natijalari. Olingan natijalar va dissertatsiyada
qo‘llanilgan usullar oliy o‘quv yurtlarida magistratura talabalari, tayanch
doktorantlar uchun o‘quv kurs sifatida o‘qitilishi mumkin. Shuningdek, dissertatsiya
natijalari, Koshul algebralarning Kalabi-Yau xossasiga oid bo‘limlari, n—o‘lchamli
elliptik algebralarning Kalabi-Yau xossasiga ega ekanligi hagidagi gipotezalarni
tekshirish imkonini beradi.

Tadqiqot natijalarining ishonchliligi. Mazkur tadgiqot natijalari invariantlar
nazariyasi hamda algebralar nazariyasining asosiy qoidalaridan foydalanilgan holda
olindi. Olingan natijalar isbotlari matematik jihatdan to‘g‘ri hisoblanadi. To‘rt va
besh o‘lchamli elliptik algebralar uchun topilgan superpotensiallar va ularning
xususiy hosilalari Mathematica 12 dasturining standart buyruglari hamda
NCAIlgebra paketi yordamida tekshirish mumkin. Shuningdek, to‘rtinchi va
beshinchi tartibli elliptik zeta funksiyalari orasida topilgan ayniyatlar ham
Mathematica 12 dasturining standart buyruglari orgali tekshirish mumkin.

Tadqiqot natijalarining ilmiy va amaliy ahamiyati. Tadgiqotning amaliy
ahamiyati uning sof va amaliy matematikadagi qo‘llanishi bilan belgilanadi. Sof
algebra doirasida u nokommutativ sirtlar va ularning modullarini o‘rganishga hissa
qo‘shadi. Matematik fizika sohasida esa mazkur algebralar kvant simmetriyalarning
modellarini yaratadi hamda integrallanuvchi sistemalarda uchraydigan algebraik
strukturalar asosini tashkil etadi. Tadgiqotda qo‘llanilgan usullar-gomologik
algebra, nokommutativ proyektiv geometriya va invariantlar nazariyasi mustagil
ilmiy qiziqish uyg‘otuvchi bo‘lib, keng qo‘llanish imkoniyatiga ega. Dissertatsiyada
olingan natijalar va foydalanilgan metodlar oliy ta’lim muassasalarining
magistratura va doktorantura bosqichlari uchun maxsus kurs sifatida o‘qitilishi
mumkin.

Tadgigot natijalarining joriy gilinishi. Elliptik algebralarning Kalabi-Yau
xossalari bo‘yicha olingan natijalar asosida:

8



to‘rt va besh o‘lchamli elliptik algebralar uchun topilgan superpotensiallardan
NSFC12271377 ragamli “Nokommutativ algebraik geometriya va hosil qilingan
algebraik geometriyaning ayrim masalalari” mavzusidagi xorijiy loyihada kompakt
golomorf Puasson ko‘pxillarida golomorf Koshul-Brilinski gomologiyalari uchun
kengaytirish formulasini hosil gilishda foydalanilgan (Sichuan universitetining 2025
yil 5-sentyabrdagi ma’lumotnomasi, Xitoy Xalq Respublikasi). Ilmiy natijaning
qo‘llanilishi holomorfik Puasson tuzilmalarga ega Pezzo sirtlari hamda ikki xil
kompleks nilko‘pxilligi uchun golomorfik Koshul-Brilinski gomologiyalarini
hisoblash imkonini bergan;

Koshul algebralarning Kalabi-Yau xossasiga ega bo‘lishi uchun zarur bo‘lgan
kiriteriyadagi kvadratik algebralarning Koshul ma’nosidagi qo‘shma algebralari
uchun kvant Yang—Bakster tenglamasining yechimlaridan F-FA-2021-423 ragamli
“Operator algebralarining avtomorfizmlari, cheksiz o‘lchamli noassotsiativ
algebralar va superalgebralarning klassifikatsiyasi” mavzusidagi fundamental
loyihada Li algebralarining Rota-Bakster operatorlarini aniglashda foydalanilgan
(Matematika institutining 2025 yil 2-sentyabrdagi Ne2/337-sonli ma’lumotnomasi).
[Imiy natijaning qo‘llanilishi kichik o‘lchamli Li algebralarining Rota-Bakster va
anti-Rota-Bakster operatorlarini tasniflash imkonini bergan.

Tadqiqot natijalarining aprobatsiyasi. Mazkur tadqiqot natijalari 7 ta ilmiy-
amaliy anjumanlarda, jumladan 2 ta xalqaro va 5 ta respublika ilmiy-amaliy
anjumanlarida muhokamadan o‘tkazilgan.

Tadqiqot natijalarining e’lon qilinganligi. Dissertatsiya tadqiqoti mavzusi
bo‘yicha jami 12 ta ilmiy ish chop etilgan, shulardan O‘zbekiston Respublikasi Oliy
Attestatsiya komissiyasining falsafa doktorlik dissertatsiyalari asosiy ilmiy
natijalarini chop etish tavsiya etilgan ilmiy nashrlarda 5 ta maqola, jumladan 2 tasi
xorijiy va 3 tasi respublika jurnallarida nashr etilgan.

Dissertatsiyaning tuzilishi va hajmi. Dissertatsiya kirish qismi, uchta bob,
to‘qqizta paragraf, xulosa va foydalanilgan adabiyotlar ro‘yxatidan tashkil topgan.
Dissertatsiyaning umumiy hajmi 73 betni tashkil etgan.

DISSERTATSIYANING ASOSIY MAZMUNI

Kirish gismida dissertatsiya mavzusining dolzarbligi va zarurati asoslangan,
tadqiqotning respublika fan va texnologiyalari rivojlanishining ustivor
yo‘nalishlariga mosligi ko‘rsatilgan, muammoning o‘rganilganlik darajasi
keltirilgan, tadqiqot magsadi, vazifalari, ob’ekti va predmeti tavsiflangan,
tadqiqotning ilmiy yangiligi va amaliy natijalari bayon qilingan, olingan
natijalarning nazariy va amaliy ahamiyati ochib berilgan, tadqiqot natijalarining
joriy qilinishi, nashr etilgan ishlar va dissertatsiya tuzilishi bo‘yicha ma’lumotlar
keltirilgan.

Dissertatsiyaning “Dastlabki ma’lumotlar va natijalar” deb nomlanuvchi
birinchi bobida dissertatsiya mavzusini to‘la yoritish uchun zarur bo‘lgan asosiy
ta’riflar va muhim tushunchalar keltirilgan. Dastlab, assosiativ algebra, kvadratik
algebra, koassosiativ koalgebra va kvadratik, assosiativ algebralarining Koshul
ma’noasidagi qo‘shma algebra va koalgebra tushunchalari eslatib o‘tilgan. Keyin,
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ushbu dissertatsiyada muhim ahamiyat kasb etuvchi Koshul va Kalabi—Yau
algebralari ko‘rib chiqiladi. Ushbu bobning oxirgi paragrafi kvant Yang-Bakster
tenglamasi haqidagi asosiy ma’lumotlarni o‘z ichiga oladi.

Aytaylik, K biror maydon bo‘lsin. K maydon ustidagi chizigli fazolar (A
algebra ustidagi modullarga o‘xshash tarzda) va K —chizigli akslantirishlar ketma-
ketligi

(V,d) =5V, —=V, —55V, >, neZ
har bir neZ uchun d_od , =0 bo‘lsa, u holda (V,d) ga (zanjir) kompleks
deyiladi. (V,d) kompleksning n-gomologiyasi
H (V,d)=kerd /Imd_,
nol bo‘lsa, unga aniq yoki siklsiz deyiladi.
Aytaylik, V K ustidagi chekli o‘lchamli chiziqli fazo bo‘lIsin.
1-ta’rif. Agar V chizigli fazo orgali hosil gilingan
TV)=K@eVae(lVeV)---evV"®---
tenzor modulda T(V)®T (V) —> T (V) ko‘paytirishni
Vl...Vp ®Vp+1...vp+q [EEN Vl'”Vpr+1”'Vp+q
kabi aniqlasak, unga V ustidagi tenzor algebra deyiladi.
Bu amal assosiativ amal va birlik element sifatida 1 olinadi.

2-ta’rif. V chekli o‘lchamli chizigli fazoning tenzor algebrasini RcV ®V
gism fazo orgali hosil gilingan ikki tomonlama ideali bo‘yicha faktor algebrasiga
kvadratik algebra deyiladi va A(V,R)=T(V)/(R) kabi belgilanadi.

3-ta’rif. A=A(v,R) kvadratik algebraning Koshul ma nosidagi qo ‘shma
algebrasi deb, A =T(V")/(R") algebraga aytiladi, bu yerda

R'={revV'®V =(V ®V) |r(R)=0}.

4-ta’rif. A= A(v,R) kvadratik algebraning Koshul ma’nosidagi qo ‘shma
koalgebrasi deb, quyidagi koalgebraga aytiladi.

A=K®sV @sZR@---@( ] sv® ®SZR®SV®jj®-",
i+2+j=n
bu yerda s?R fazo R ning V® — (sV)®,vw i svsw akslantirishning obrazi.

V' vektor fazoning {e} bazisini olaylik va uning V" dagi qo‘shma bazisi{e }
bo‘lsin hamda V" ning graduirovkasini birga pasaytirishni s™v " orgali belgilaylik.
U holda A kvadratik algebra orgali tuzilgan

25 AQA, —AA —5---A® A —>K, (1)
kompleksga  Koshul  kompleksi deyiladi. Bu yerda r®feA®A,

o(r®f)=er®s'ef.

5-ta’rif. Agar (1) Koshul kompleks aniq bo‘lsa, uholda A=TV /(R) kvadratik

algebraga Koshul deyiladi.
6-ta’rif. Agar ixtiyoriy M — N A —modul epimorfizm uchun
Hom(P,M )— Hom(P,N)
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morfizm syuryektiv bo‘lsa, P € A—Mod modulga proyektiv modul deyiladi.
M e A—Mod ning proyektiv rezolyutsiyasi deb quyidagi anig ketma-ketlikka
aytiladi.
P=+>P->P,>+>P->P->M->0.
bu yerda har bir i uchun P, —proyektiv. A—modul.
P, =—>P—2>P—%5P —0 ketma-ketlik M € A—Mod ning kesilgan
proyektiv rezolyutsiyasi bo‘lsin. Unga Hom,(— N) funktorni ta’sir qildirsak,

quyidagi kompleksga ega bo‘lamiz:
Hom, (P,,,N)=0— Hom,(P,,N)—*—Hom,(P,N) —> -
Hom, (P, , N) ning n—kogomologiyasiga
Ext,(M,N):=H"(Hom,(P,,N))=kerd ,/Imd_.

deyiladi. Bu yerda d"(¢)=d o .

A assosiativ algebra bo‘lsin. U holda A® A fazo ikkita tashqgi va ichki deb
nomlangan A —bimodul strukturaga ega. Ular mos ravishda quyiadgicha beriladi:

a(b,®b,)c=ab ®b,c, a(b ®b,)c=bc®ab,.

Aytaylik, A bimodullar kategoriyasi A—Bimod bo‘lsin. U holda, A® A ni

tashqi bimodul struktura deb garab, qo‘shma funksiyani
Hom, . .(— A® A): A—Bimod - A-Bimod, M > Hom

kabi aniglaymiz.
Hom, . .(M,A® A) ustidagi bimodul struktura A® A ustidagi ichki bimodul

struktura orgali olinadi.

7-ta’rif. Agar A algebra quyidagi ikki shartni ganoatlantirsa unga d — Kalabi-
Yau algebra deyiladi. Birinchidan, A gomologik sillig, ya’ni A chekli uzunlikdagi
chekli hosil qilingan A° —bimodullarning proyektiv rezolyutsiyasi ega.
Ikkinchidan, A —bimodullarning quyidagi izomorfizmi o‘rinli.

Extt (A A®A);{A’ it k=d
AcBimod 277 0, if k=d
Kalabi-Yau algebralarining katta sinfi superpotensialdan kelib chigadi. Faraz
gilaylik, C(X,,...,X ) n ta hosil giluvchilarning erkin algebrasi bo‘lsin. U holda,

C(X,...X,) monomlarning uzunligi |a] bo‘yicha tabiily graduirovkaga ega.
a €{x,..,X } bo‘lsin, a=aa,..a €C(x,...,X ) monom uchun, X, (k=1,....,n)
bo‘yicha nokommutativ xususiy hosilani aniglaymiz.

axk(a):: Z a,8,,-8,8..4 .

{ielt,m]la;=x}

Chiziglilik xossasidan uni 0, :C(x,...,x,) = C(X,,..,X,) akslantirishga

kengaytirish mumkin. Keyin, ushbu akslantirishlarning kompozitsiyasini olish
orgali, yuqori tartibli hosilani aniglaymiz. Boshgacha qilib aytganda, p=x,...x;

monom uchun & = 9, .00, deb belgilaymiz. Keyin, @ € C(X,...,X ) uchun k -
tartibli hosilaviy-faktor algebrani quyidagicha aniglashimiz mumkin

(M,A® A).

A-Bimod
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D(w.K) = C{Xyeuy X))
(0,01 pl=k)
bu yerda p uzunligi k bo‘lgan C(X,..,X ) ning barcha monomlari bo‘yicha
o‘zgaradi.
Agar o e C(X,...,X ) quyidagi ko‘rinishdagi elementlar yig‘indisidan iborat
bo‘lsa, unga superpotensial deyiladi.

_Zn:(_l)(l l(rHl)aﬁ a'|+l a a1a2"'a‘i—l’ ai e{Xl""’Xn} (2)

Faraz gilaylik, A=D(w,k) (2) ko‘rinishdagi » superpotensialning hosilaviy-
faktor algebrasi bo‘lsin. A kvadratik algebra bo‘lganligi uchun biz |w|=k +2 deb
faraz gilamiz.

Quyidagi kompleksni garaylik
V=0->A®V, ®A—LSARV, @A ... 4 ARV, ®A—>0, (3)

bu yerda, V, , =(8,@:|p|=k) va v,...,v,eV,a,a’ € A lar uchun

di =& (SplitL + (—1)iSp|itR) |A®Vi®A’
split, (a®vy,---v.®a')=av,®v,---v,®a’,
splitR(a®v1v2---vi®a’):a®v.--v ®va',

1, aks holda.

Yugoridagini kompleks hosil gilishini ya’ni d od., =0 ekanligini tekshirish oson.
Bundan tashgari, A ning o‘zidan tashqari barcha hadlar proyektiv bimodullar bo‘lib,
akslantirishlar A —bimodul akslantirishlardir.

1997-yilda R. Boklandt, T. Shedler va M. Vemisslar quyidagi teoremani
isbotlagan.

1-teorema. T(V)/(R) algebra Koshul Kalabi-Yau algebra bo‘lishi uchun
uning D(@,K) ko‘rinishda bo‘lishi hamda unga mos keluvchi (3) kompleks musbat
darajalarda aniq bo‘lishi va H’(V") = A bo‘lishi zarur va yetarli.

Faraz qgilaylik, V. C —chizigli fazo va R € End(V ®V) bo‘lsin. Agar R

RlZ o RlS o R23 — R23 o Rl3 o R12

ganoatlantirsa, unga kvant Yang-Bakster tenglamasini yechimi deyiladi.
buyerda R” =R®id,R* =id ® R, va hokazolar v **ning endomorfizmlari. Agar R

= 1)'*“ agar P

ni R=)a ®b e A®A kabi olsak, u holda ushbu yig‘indi A® Aga chapdan

i=1
ko‘paytirish orqali ta’sir qiladi va R* =) a ®b ®1 va hokazo. U holda kvant
i=1

Yang-Bakster tenglamasini quyidagicha yozishimiz mumkin.
RlZ R13R23 — R23R13R12 )

12



Dissertatsiyaning “Kalabi-Yau algebralari va kvant Yang-Bakster tenglamasi”
deb nomlangan ikkinchi bobida Koshul Kalabi-Yau algebralarining yangi
xarakterizatsiyasi o‘rganilgan va bir qancha Koshul algebralarining Kalabi-Yau
xossasini ganoatlantirishi isbotlangan.

Faraz gilaylik, A chekli o‘lchamli K —algebra bo‘lsin. Aning K —chizigli
go‘shmasi A" =Hom,_(A,K) quyidagi skalyar ko‘paytirish bilan chap A —modul
bo‘ladi.

af(x)=f(xa), a,xeA feA.

8-ta’rif. A chekli o‘lchamli K- algebra bo‘lsin. Agar chap A—modullar
sifatida A= A" bo‘lsa, A ga Frobenius algebra deyiladi.

Bu, <—,—> : Ax A — C xosmas bichizigli forma mavjud bo‘lib, barcha a,b,c € A lar

uchun (ab,c) = (a,bc) niq ganoatlantirishiga ekvivalent.

Quyidagi natija, Beydar, Fong va Stolinlar tomonidan olingan bo‘lib, Frobenius
algebralarini kvant Yang-Bakster tenglamasiningvyechimlari yordamida tavsiflaydi.

2-teorema. Faraz gilaylik, Q=)e ®e€' bolsin. U holda quyidagilar
i=1

ekvivalent:
1. Q12Q13 :QZSQlZ va Q12Q23 :Q23Q13
Q12Q13 — Q13Q23 Va. Q12Q23 — Q13Q12
Q23Q12 — Q13Q23 va Q23Q13 — Q13Q12
barcha a< A uchun (a®b)Q=0Q(b®a),
element Q kvant Yang-Bakster tenglamasining yechimi bo‘ladi va
7,,°Q=Q bo‘ladi.
Bundan tashgari, M. Van den Bergning ishida muallif quyidagi teoremani
isbotlagan.
3-teorema. Faraz gilaylik, A Koshul algebra bo‘lsin. U holda A ning d —
Kalabi-Yau bo‘lishi uchun A' ning graduirlangan simmetrik Frobenius algebra
bo‘lishi zarur va yetarli.
Dissertatsiyaning 2.1-paragrafida isbotlangan quyidagi teorema 2-teoremaning
graduirlangan holatidir.

4-teorema. Faraz qgilaylik, A Koshul algebra bo‘lsin. U holda A algebraning
Kalabi-Yau algebra bo‘lishi uchun uning Koshul ma’nosidagi qo‘shma algebrasi A

SRRl A

dae,..e, vae'..,e" birjinsli bazislar mavjud bo‘lib, Q = Y e, ® €' element quyidagi
i=1

ekvivalent shartlarni ganoatlantirishi zarur va yetarli.
1. barcha a,be A" lar uchun (a®b)Q = (-1)*™ M (h @ a),
2 le ((_1)|ej|+IQIQ13) _ Q23Q12 va Q12Q23 _ ((_1)|e,~|+IQIQ23)Q13 .
5-teorema. Faraz gilaylik, A K-algebra va Q=¢ ®e' € A® A bo‘lsin.
Barcha a,be A’ lar uchun (a®b)Q = (1) (h®a) bajarilsin. U holda
quyidagilar o‘rinli:
13



1. Q12Q13 _ ((_1 Iej|+|Q|Q23)Q12 va Q12Q23 _ ((_1 Ie,-|+IQIQ13)Q12’
2 Q12Q13Q23 _ ((—1)|ej|Q23)((—1)|ej|Q13)Q12.

Aytaylik, a,b,c e C sonlari quyidagi ikkita shartni ganoatlantirsin:
1) [a:b:c]eP2\D, bu yerda

D={[1:0:0],[0:1:0],[0:0:1]}{[a:b:c]|a’ =k’ =c’* =1}.

2) abc =0 va (3abc)’ = (a’ +b° +c®)°.

Uch o lchamli Sklyanin algebra S(a,b,c) ni 1—darajali hosil giluvchilari

X,Y,Z va munosabatlari
ax’+byz+czy=0, ay’+bzx+cxz=0, az’+bxy+cyx=0.

bo‘lgan graduirlangan C —algebra kabi aniglash mumkin.
To'rt o'‘lchamli Sklyanin algebra S(«,f,y) 1—darajali hosil giluvchilari

X, X, X, X, lar bo‘lgan graduirlangan C —algebra bo‘lib, ular quyidagi
munosabatlarni ganoatlantiradi.
XX — XX, — (XX, +X.X,) =0, XX + XX, — (X, X, — X,X,) =0,
XX, = X, X, — B(XX +XX)=0, XX, + XX, — (XX, —XX;) =0,
X, X, — X, X, — 7 (XX, + X,X) =0, X, X, + X, X, — (XX, — X, %) =0.
buyerda «, g va y lar o + g+ y + af3y =0 ni gqanoatlantiruvchi kompleks sonlar.
6-teorema. Uch va to‘rt o‘lchamli Sklyanin algebralari S(a,b,c) va S(e, S,7)

Koshul Kalabi-Yau algebrasi bo‘ladi.

Koso ko 'phadlar halqasi A =C _ [X,,%,%,,X] graduirlangan C —algebra

2
bo‘lib, X, X,X,,X, lar orgali hosil gilingan va quyidagi munosabatlarni
ganoatlantiradi.

q (-1 9 (1)

— i+3 _ i+l

Xi Xi+1 - (qH— j Xi+1Xi’ Xi Xi+2 - [qH— j Xi+2Xi
i+2 i+3

3
bu yerda q,,...,q, € C" bo‘lib, [ ][0, =1 shartni ganoatlantiradi va indekslar 4 modul
i=0

bo‘yicha olinadi.

7-teorema. A algebra Koshul Kalabi-Yau algebrasi bo‘ladi.

Uch oflchamli Sklyanin algebrasining markaziy kengaytmasi B hosil
giluvchilari X, X, X,, X, lar bo‘lib, quyidagi munosabatlarni qanoatlantiradi.

[XO’Xl]:O1 [XZ,XI]ZZ(X2X1+X1X2)—VX§—iblejXO,

2j7h 70

[X,,%,]=0, [xs,xz]zﬂ,(xaxz+x2x3)—vxf—z3:b XX
j=1

3
[%,%]1=0,  [X,%]=A(XX, +XX)=vX; — > b, XX
j=1
bu yerda 4,V € C—o‘zgarmas sonlari va b = (b,) € C** — simmetrik matritsa.
14



8-teorema. B algebra Koshul Kalabi-Yau algebrasi bo‘ladi.

Dissertatsiyaning “Elliptik algebralarning Kalabi-Yau xossasi” deb
nomlangan uchinchi bobida, elliptik zeta funksiyalar va elliptik algebralar tadgiq
qilingan. Shuningdek, to‘rt o‘lchamli Sklyanin va elliptik algebralarning izomorf
ekanligi keltirilgan. Bundan tashqari, to‘rt va besh o‘lchamli elliptik algebralarning
Kalabi-Yau xossasiga ega ekanligi isbotlangan.

Faraz qilaylik, A 1 va 5 e C orqali hosil gilingan butun panjara bo‘lsin, bu
yerda Im#7 >0 va £:=C/A unga mos bo‘lgan elliptik egri chiziq bo‘lsin. Feigen
va Odesskii magolasida ®_(A) orqali bir o‘zgaruvchili kvazi-preoidiklik shartlarini
ganoatlantiruvchi butun funksiyalar fazosini belgilashgan.

f(z+)=1(2), f(z+n)=—e""1(2).
®, (A) dagi funksiyalar A panjaraga mos bo‘lgan n—tartibli zeta funksiyalar deb
ataladi. Tekshirish osonki,

. n(n—l)”)

H(Z) _ Z(_l)nezm[n + 2

nez

funksiya ®,(A) fazoning bazisi bo‘ladi.
a € 7.1 nZ uchun
- -1 m a a(a—n) a
0 (2) =" 0| z+—+—=n| [a]l=——Tn+—.
@ e
funksiyani aniglaymiz. U holda {6,.6,....,6,,} lar ® (A) fazoning bazisi bo‘ladi.

n =4 bo‘lsin.
1
1-xossa. Barcha 7€ C - ZA uchun to‘rtinchi tartibli elliptik zeta funksiyalar

quyidagi ayniyatni gqanoatlantiradi.
6, (2)+6,(r) _ 6/ (z) +0,(r)
6,(00,()  6,(0)6,(7)
Beshinchi tartibli elliptik zeta funksiyalar quyidagi kabi aniglanadi.

1 2 3 4
6,(z) = 6’(2)6’(2 +gj9(z +gj9£z +g)9(z +§j

491(2)—6’(2 +%nj0(z +%+%nj. 9(2+§+%njezz'(z+—"J’
0,(2)=0 z+§nj9(z+%+§n)---9(z+g+%n)ezm(m"),
6,(z)=06 z+§n}9(z+%+gnj 9(z+g+gn)ezﬁ'(32+—"j’
0,(z)=0 z+gﬂj9(z+%+gnj---9(z+g+gn)e2m(4z+"j
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2-xossa. Barcha re@—%A lar uchun yuqoridagi beshinchi tartibli elliptik

zeta funksiyalar quyidagi o‘nta ayniyatni qanoatlantiradi.
m, = 6670, + 6,0,0,0; —6°6:0, — 0,6,0, — 60:0.0,0; + 6,0.0, =0,

m, =—02020,0, — 0,0°0: + 07620, + 66,0, + 00,0207 — 0,06, =0,
m, =660, — 0,0°6° — 0,06, + 02020,0, — 026,0,6% + 6,6°0? =0,
m, =0,00" —0'6,0, + 6°6°6,0, — 0,0:020, — 626,6° + 6,020° =0,
m. = 62676, — 6,0,6; — 6,6°0°0, + 6:0,0, — 020,07 + 6,0,0267 =0,
k =6206° —0,0'6, — 076,676, + 0,06, + 6,6°0,0? — 0°0,0% =0,
k, = 620,626, + 620,0° — 0,6:6, — 9200, — 6,6°0,67 + 0,0,6, =0,
k, =0'00, - 0,0,0; — 920,676, + 626,6°0, — 0,6°6° + 020,0° =0,
k, =—-0°067 — 6,6°0,02 + 06,0, + 62676, + 0,020,067 — 6,6, =0,
k. =—0,010, + 00,07 + 0'6,0, — 620,620, — 0,0°0" + 0,6°6,67 =O.

1
Barcha 7€ C——A lar va 1<k <n bo‘ladigan o°zaro tub sonlar juftligi uchun
n

Feigin va Odesski Q,, (£,7) graduirlangan algebralar oilasini kiritgan.

9-ta’rif. C(X,,X,...,X ,) erkin algebraning quyidagi munosabatlar bo‘yicha
faktor algebrasiga elliptik algebra deyiladi va Q,, (£,7) kabi yoziladi.

0. 0
rij — J—|+r(k—1)( ) XjeriH ’ (l, J) c ZZ.
izy 0, (7)0,__, (=7)

n=4,k =1 deylik, to rt o Ichamli elliptik algebra Q,,(€,7) C(X;,X,X,,X,) erkin
algebraning quyidagi munosabatlar bo‘yicha olingan faktor algebrasi Q(a,b,c,d) ga

izomorf
I =a’xX, —abx X +acx,x, +bcx,x,, r, =a’x,x, —abx,x, +acx x, +hbcx x,,

r=d? (%X, —XX,) +ibc(x’ —x2),  r,=d*(xx, —xx)+ibc(x; —x7),
r, =a’x X, —abx,X, +acxx, +bex,x, r,=a’x,x, —abxXx, +acx,x, +bcx x,.
bu yerda a,b,c,d lar kompleks sonlar bo‘lib, 4-—tartibli zeta funksiyalar orgali
quyidagicha aniglanadi.
i 1 1 1
a= b= C=——d=——.
6,(06,(0) " 6,060 6,06,() " 6,(0)6,(x)
3-xossa. Yugoridagi  a,b,c,deC—{0} sonlari quyidagi ayniyatni
ganoatlantiradi.

a’b’c—b’c®—a*d* +b’*d* =0.
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O-teorema. Faraz qgilaylik, a,b,c,d e C—{0} sonlari yuqoridagi ayniyatni
ganoatlantirsin va
a’—ab+ac+bc) b*c? a’—ab-ac—bcY
a:(az +ab—ac+bcj ’ ﬂ:_?’ 7:_(a2 +ab+ac—bcj '
bo‘lsin. U holda «,B,y lar a+ p+y+aBy=0 ayniyatni ganoatlantiradi va
Q(a,b,c,d) va S(«a, B,7) algebralari izomorf bo‘ladi.
10-teorema. Q(a,b,c,d) algebra D(w,2) hosilaviy-faktor algebraga izomorf,
bu yerda @ € C(X,, X, X,,X;) superpotential
W= kl(rer + I‘Zrl) + kz(r3r4 + r4r3) + ks(r5r6 + r-6r5)
kabi aniglanadi va (k,k,,k,) # (0,0,0) bo‘lib quyidagicha aniglanadi.
k, =—k, =ib(b—c)(b+ c)(azbc +d 4), k, =—ia(b—c)(b+c)(a®* —bc)(a® + bc).
Xulosa gilamizki, ushbu algebra Koshul Kalabi-Yau algebra bo‘ladi.
10-ta’rif. Besh o ‘Ichamli elliptik algebra Q,,(€,7) graduirlangan C —algebra
bo‘lib, 1—darajali hosil giluvchilari X,,X,X,,X,,X, lar quyidagi munosabatlarni
ganoatlantiradi.

2
r = foxj + flexj+1 + fszxH2 + fstxH3 + f4xj74xj+4,

f.f, , ff f f f f i
= X

314 04 0'1 1'2
s, : o+ ¢ XX+ ¢ X X}, + . X X5+ ; X X
0 1 2 3 4
o’ oo
bu yerda f, = w=e° va |el,.

0,.(7)0;,(z)
f, = f,, f,=f, holni qaraylik bu esa 6,(z) = ®°0,(z), 0,(r) = »*'0,(z) ekanligini
anglatadi. U holda biz quyidagi A algebrani hosil gilamiz.
11-ta’rif. A algebra 1-—darajali hosil giluvchilari X,X,X,, X, X, va
munosabatlari

R =ax; +b(x,X, + X,X,), S, =cx; —b(xXx, + X,X),
R, =ax; +b(X,x, + X,X,), S, =cx’ —b(X,X, + X,X,),
R, =ax; +b(X,X, + X,X,), S, =cx; —b(x,x, + XX,),
R, = ax? +b(X,X, + XX,), S, =¢x; —b(X,X, + X,X,),

R, =ax; +b(xXx, +x,x), S,=cx; —b(X,X, + X,X,).
kabi bo‘lgan graduirlangan C —algebradir, bu yerda a=f/(f’— f.f,),
b=f,(f - f,f?) vac="f'f —f'
11-teorema. A algebra D(d,3) algebraga izomorf, bu yerda superpotensial
® e C(X,, X, X,,X,,X,) quyidagicha aniglanadi. V =Cx; ® Cx, @ Cx, ® Cx, ® Cx,
fazo uchun Q,,Q,,Q.,Q,,Q. €V *larni
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- (RS, +SR -S,,S.,—S,..S., —R.R

ab®+2a’bc+c’
+ (

3 22 3
Qi = 2 b+bt(: rac (Ri2 - Ri+3Si+2 -
N a’b® +a’c —bc?
b
b* + 3ab’c + a*c®

S,.,R R.,S

i+2' V43 DNie2Viss T Si+3Ri+2)

S.,R..—-S. R

(Si2 - Ri+lSi+4 T Ve N Vi e Ri+4Si+1)

i+27i+3 i+371+2 i+1 |+4_Ri+4Ri+l)

b
a’ —b’c — 2abc?

R,R.+R.R,)+

i+2° 'i+3 i+37 Ni+2

(S.4S5 + 505

1+4 i+l i+1 |+4)

b

kabi aniglaymiz, bu yerda indekslar {i,i+1i+2,i+3,i+4}e{1,2,3,4,5} 5 modul
bo‘yicha olinadi. U holda quyidagi tenzor ushbu algebra uchun superpotensial
bo‘ladi:

O = x,Q, + XQ, + X,Q; + X,Q, + X,Q;

Xususan, A algebra Kalabi-Yau xossasiga ega.

XULOSA
Dissertatsiya elliptik algebralarining Kalabi-Yau xossalarini o‘rganishga

bag‘ishlangan.

1.

2.

™~
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Tadgigotning asosiy natijalari quyidagilardan iborat:

Koshul algebralarining Kalabi-Yau xossasini ganoatlantirish kriteriyasi kvant
Yang-Bakster tenglamasining yechimlari orgali aniglangan;

Uch va to‘rt o‘lchamli Sklyanin algebralarining Kalabi-Yau xo0ssasining
boshqgacha isboti berilgan;

Bir gancha Koshul algebralarining Kalabi-Yau xossasiga ega ekanligi kvant
Yang-Bakster tenglamasining yechimlarini topish orgali isbotlangan;
To‘rtinchi tartibli elliptik zeta funksiyalar orasidagi ayniyat topilgan. Bundan
tashgari, beshinchi tartibli elliptik zeta funksiyalar o‘nta ayniyatni
ganoatlantirishi isbotlangan;

To‘rt o‘lchamli Sklyanin va elliptik algebralar orasida izomorfizm oshkor
holda qurilgan;

To‘rt o‘lchamli elliptik algebralari uchun superpotensial aniglangan;

7e€& ning ba’zi giymatlari uchun besh o‘lchamli elliptik algebralarning
superpotensiali aniglanib, bu algebralarning Calabi—Yau xossasiga ega
ekanligini ko‘rsatilgan.
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INTRODUCTION

Actuality and demand of the theme of the dissertation. Many scientific and
practical types of research conducted around the world are mostly focused on the
analysis of statistical physics and noncommutative geometry. Koszul Calabi-Yau
algebras form an important class of graded algebras appearing naturally in several
areas of modern mathematics, including noncommutative geometry, representation
theory, algebraic topology, and mathematical physics. These algebras generalize the
classical notion of Calabi-Yau varieties to a noncommutative setting, preserving a
duality property in Hochschild (co)homology analogous to Serre duality in algebraic
geometry. In this work, we are particularly interested in the subclass of Calab-Yau
algebras known as elliptic algebras-noncommutative analogues of projective
surfaces associated with elliptic curves. These algebras not only exhibit rich
algebraic structures but also arise in the context of integrable systems, quantum
algebras, and the study of the quantum Yang-Baxter equation. One of the driving
motivations for the study of Calabi-Yau geometry, both commutative and
noncommutative, is its central role in mirror symmetry.

Nowadays, one of the urgent tasks is to investigate the Calabi-Yau property of
elliptic algebras, as well as to find solutions to the quantum Yang-Baxter equation
in the Koszul dual algebras of quadratic algebras in order to demonstrate that they
possess the Calabi-Yau property. Despite the rapid development of the theory of
elliptic algebras in the last two decades, the question of whether n—dimensional
elliptic algebras possess the Calabi-Yau property remains insufficiently explored.
Although it has been proved by the results of R. Bocklandt, T. Schedler, and M.
Wemyss that all Koszul Calabi-Yau algebras were derived from superpotential,
computing the superpotential through the Koszul dual coalgebra is considered a
purposeful scientific research.

In our country much attention has been paid to mathematics, physics, geology
and biological sciences, which have scientific and practical applications of
fundamental sciences. In particular, special attention was paid to the development
of fundamental research on associative and non-associative algebras. Within the
frame of this fundamental research, significant results have been obtained in the
study of the elliptic algebras and their properties. Conducting research at the level
of international standards on the priority areas “Algebra and Functional Analysis” is
the main task and direction of activity of mathematics>. To ensure the
implementation of the task, it is important to describe the Calabi-Yau algebras for
the application of scientific results in the relevant field of science.

The subject and object of this dissertation align with the tasks outlined in the
Decrees of the President of the Republic of Uzbekistan UP-4947 dated February 7,
2017 “On the strategy of action for the further development of the Republic of
Uzbekistan”, UP-2789 dated February 17, 2017 “On measures to further

2Decree of the President of the Republic of Uzbekistan dated July 9, 2019 Ne PQ-4387 “On state support for the further
development of mathematics education and subjects, as well as measures to fundamentally improve the activities of
the Institute of Mathematics named after V.. Romanovsky of the Academy of Sciences of the Republic of
Uzbekistan”.
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improvement of the activities of the Academy of Sciences, organization,
management, and financing of research activities, PP-4387 dated July 9, 2019 “On
measures to further development of mathematical education and science, and also
root improvement of the activity of the Uzbekistan Academy of Sciences
V.I.LRomanovsky Institute of Mathematics”, UP-4708 dated May 7, 2020 “Quality
of education in the field of mathematics” , PP-60 dated January 28, 2022, “On the
Development Strategy of New Uzbekistan for 2022-2026”, and furthermore,
regulations that encompass this research.

Connection of research to priority directions of development of science and
technologies of the Republic. This study was performed in accordance with the
priority areas of science and technology of Republic of Uzbekistan 1V,
“Mathematics, Mechanics and Computer Science.”

The degree of scrutiny of the problem. The theory of Calabi-Yau algebras
has developed rapidly in the last two decades. V. Ginzburg’s construction of 3—
Calabi-Yau differential graded algebras from quivers with potential, and R.
Bocklandt’s classification theorem for graded 3-—Calabi-Yau algebras, a
foundational structure has been established. The works of M. Artin and J. Tate and
M. Van den Bergh which classify 3—dimensional Artin-Shelter regular algebras,
provide a classification framework. A major structural theorem due to M. Van den
Bergh states that a Koszul algebra is Calabi-Yau algebra if and only if its Koszul
dual algebra is a symmetric Frobenius algebra. This correspondence not only
provides a practical criterion for verifying the CY condition but also links
noncommutative duality to classical Frobenius pairings, guiding deformation theory
and the study of derived equivalences.

In 1989, B.L. Feigen and A.V. Odesskii defined elliptic algebras Q,, (&,7) .

The elliptic algebras appear first in their manuscript. A lot is known about the
algebras Q,,(&,7). J. Tate and M. Van den Bergh showed that Q,,(£,7) is a

noetherian domain having the same Hilbert series and the same homological
properties as the polynomial ring on n variables. The Sklyanin algebras are well
understood due to the works of M. Artin, J. Tate and M. Van den Bergh, S.P. Smith
and J.T. Stafford. Moreover, A. Chirvasitu, R. Kanda and S. P. Smith showed that
Q. (&,7) is Koszul algebra and Artin-Schelter regular.of dimension n.

Parallel to these structural advances, a derived noncommutative Poisson
viewpoint has emerged that interfaces Calabi-Yau algebras with representation-
theoretic and topological invariants. Y. Berest, X. Chen, F. Eshmatov, A. Ramadoss
developed noncommutative Poisson structures on (differential graded) algebras and
showed that they induce (shifted) Poisson brackets on derived representation
schemes; for Calabi-Yau algebras, these brackets interact naturally with
Hochschild/cyclic (co)homology and necklace Lie algebras. Specializing to the
Koszul CY context, X. Chen, A. Eshmatov, F. Eshmatov and S. Yang constructed a
derived noncommutative Poisson bracket compatible with Koszul duality and
functorial under derived Morita equivalences, providing homological tools tailored
to Calabi-Yau detection in quadratic settings. From a quantization perspective, X.
Chen, F. Eshmatov and W.L. Gan quantized the Lie bialgebra of string topology (the
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Chas—Sullivan structure on equivariant homology of free loop spaces), offering a
deformation—quantization model for Lie bialgebra-type structures that conceptually
aligns with guantizing noncommutative Poisson brackets arising from Calabi-Yau
algebras.

These developments show that elliptic algebras already satisfy many
homological regularity properties expected of Calabi-Yau-type objects. The central
challenge addressed in this dissertation is to pinpoint, by combining Van den Bergh
duality with the derived noncommutative Poisson and quantization techniques above
(together with detailed Hochschild/Ext computations), exactly which parameter
regimes for Feigin—Odesskii algebras yield the Calabi-Yau property.

Connection of the theme of the dissertation with the research works of
higher education, where the dissertation is carried out. The dissertation work
was carried out within the framework of the research plans of the Institute of
Mathematics named after VV.I.Romanovsky.

The aim of research work is to investigate the Calabi-Yau properties of
elliptic algebras, focusing on concrete examples like Sklyanin algebras and their
generalizations and to find the necessity and sufficiency conditions for Koszul
algebras to be Calabi-Yau algebras.

Research problems:

to study of the Calaby-Yau property of quadratic Koszul algebras using Van
den Bergh'’s result;

to prove that the three- and four-dimensional Sklyanin algebras and some
Koszul algebras has the Calabi-Yau property;

to find some identities between elliptic theta functions of order four and five;

to construct an isomorphism between four-dimensional Sklyanin and elliptic
algebras;

to find the superpotential for the five-dimensional elliptic algebras.

The research object: Quadratic and Koszul algebras, elliptic theta functions,
elliptic algebras.

The research subject: The theory of Koszul algebras, theory of the quadratic
algebras, the theory of the ellitptic algebras.

Research methods: In the dissertation the methods of the theory of associative
algebras, inductive method, as well as, the methods of Koszul algebras are applied.

Scientific novelty of the research work consists of the following:

the criteria for Koszul algebras to satisfies Calabi-Yau property is obtained;

several Koszul algebras possess Calabi-Yau property is proved with this
criteria;

the identities between elliptic theta functions of order four and five are found;

an expilicit isomorphism between four dimensional elliptic and Sklyanin
algebras is constructed;

the superpotential for the four-dimensional elliptic algebras are identified;

the superpotential for the five-dimensional elliptic algebras for special values
of 7 € £ are identified;
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Practical results of the research. The taken results and used methods in the
dissertation can be taught as a graduate course for masters and doctoral students of
higher education institutions. In addition, the results of the dissertation concerning
the Calabi—Yau property of Koszul algebras can make it possible to verify
hypotheses about the n—dimensional elliptic algebras possess the Calabi—Yau
property.

The reliability of the results of the study. Our results have been obtained by
using the invariant theory, as well as fundamental results of the theory of algebras.
The proofs of obtained results are mathematically correct. Found the superpotentials
for the four and five-dimensional elliptic algebras and their derivations can be
checked by using standart procedures and the "NCAlgebra“package of Mathematica
12. Moreover, the identities found between elliptic theta functions of orders four and
five can be verified by using standart procedures of Mathematica 12.

Scientific and practical significance of the research results. The practical
significance of this research lies in its applicability to both pure and applied
mathematics. In pure algebra, it contributes to the understanding of noncommutative
surfaces and their moduli. In mathematical physics, these algebras model quantum
symmetries and underlie the algebraic structures appearing in integrable systems.
The methods employed-homological algebra, noncommutative projective geometry,
and invariant theory-are of independent interest and have broad relevance. The taken
results and used methods in the dissertation can be taught as a graduate course for
masters and doctoral students of higher education institutions.

Implementation of the research results. Based on the results obtained from
Calabi-Yau properties of elliptic algebras:

The superpotentials found for four- and five-dimensional elliptic algebras were
used to derive a blow-up formula for holomorphic Koszul-Brylinski homologies of
compact holomorphic Poisson manifolds within the foreign research project named
“Certain problems of noncommutative algebraic geometry and derived algebraic
geometry” with number NSFC12271377, (Reference of Sichuan University dated
September 5, 2025, People’s Republic of China). Application of the obtained results
was possible to compute the holomorphic Koszul-Brylinski homologies for del
Pezzo surfaces and two complex nilmanifolds with holomorphic Poisson structures.

The solutions of the quantum Yang-Baxter equation for the Koszul dual
algebras of quadratic algebras in the criterion necessary for Koszul algebras to
possess the Calabi-Yau property were used in the fundamental project No. F-FA-
2021-423 on the topic “Automorphisms of operator algebras, classification of
infinite-dimensional nonassociative algebras and superalgebras” to identify Rota—
Baxter operators on Lie algebras (the reference of number 2/337 of the Institute of
Mathematics dated September 2, 2025). The application of this scientific result
enabled the classification of Rota—Baxter and anti-Rota—Baxter operators on low-
dimensional Lie algebras.

Approbation of the research results. The main results of the research have
been discussed at 2 international and 5 national scientific conferences.
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Publications of the research results. On the topic of the dissertation, 12
scientific papers were published, 5 of which are included in the list of scientific
publications proposed by the Higher Attestation Commission of the Republic of
Uzbekistan for the defense of theses of the Doctor of Philosophy, including 2 of
them published in foreign journals and 3 in national scientific journals and 7
abstracts.

The structure and volume of the dissertation. This dissertation consists of
an introduction, three chapters divided into nine paragraphs, conclusion and
bibliography. The volume of the dissertation is 73 pages.

THE MAIN CONTENT OF THE THESIS

The introduction of the thesis includes the motivation of the research, the
relevance of the research to the priorities of science and technology, the review of
foreign research on the topic, the degree of scrutiny of the problem, the aim, research
problems, object and subject of research, scientific novelty and practical results,
theoretical and practical significance of the results obtained, the statement of
research results, published works and information on the structure of the thesis.

In the first chapter of the thesis, titled “Preliminaries and results” we present
some necessary definitions and preliminary results which are used throughout the
dissertation. We first review the notions of associative algebras, quadratic algebras,
coassociative coalgebras and Koszul duality for the quadratic associative algebras.
Then we deal with Koszul and Calabi-Yau algebras which are going to play an
essential role in this dissertation. The last section of the chapter covers basic facts
about the quantum Yang-Baxter equation.

Let K be a field. A (chain) complex of K —vector spaces (analogously of
modules over an algebra A) (V,d) is a sequence of vector spaces and K —linear

maps

V,d)=-->V —m 5V S5V e neZ

n+l n

with d od =0 for all neZ. A complex (V,d) is exact or acyclic if its n™
homology group
H (V,d)=kerd /Imd_,

vanishes.

Let V be a finite-dimensional vector space over K.

Definition 1. The tensor algebra over the vector space V is the tensor module

TV)=K®OVaN V)D---dV"D---

equipped with the concatenation product T(V)®T (V) —>T(V) given by

Vl...vp ®Vp+1...vp+q p+1'”Vp+q'

This operation is clearly associative and 1 is taken as a unit.
Definition 2. A quadratic algebra is a quotient algebra of a tensor algebra
T(V) of a finite-dimensional vector space V by the two-sided ideal generated in

T(V) by a vector subspace RV ®V and denoting by A(V,R)=T(V)/(R).

e AVRRAY
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Definition 3. The Koszul dual algebra of a quadratic algebra A= A(V,R) is

A=TV")/(R"), where
R'={revV'®V =(V ®V) |r(R)=0}.

Definition 4. The Koszul dual coalgebra of the quadratic algebra A= A(V,R)

Is the coalgebra
A=KdsV @SZR@---@)( ] v ®SZR®SV®J)®---,
i+2+j=n

where s?R is the image of R in (sV)® under the map V* — (sV)®,vw > svsw.

Choose a set of basis {€ } for V, and let {&'} be their duals in v* and shift

grading of v* down by one, denoted by s™v". There is a chain complex associated
to A, called the Koszul complex:
25 AQA, 5 AA —5---AQ A —>5K, (1)

where forany Fr® f e AQ A, 5(r® f)=>er®s'e f

Definition 5. A quadratic algebra A=TV /(R) is called Koszul if the Koszul
chain complex (1) is acyclic.
Definition 6. A module Pe A—Mod is projective if for any epimorphism
M — N in A—Mod the induced morphism
Hom(P,M )— Hom(P,N)
Is also surjective.
Projective resolution of a module M € A—Mod is an exact sequence

P=+—>P->P,>->P->P->M->0.
where P —projective A—module, for all i.
Let P, =--+—>P,—%“>P—%5P —0 be a truncated complex of projective

resolution of M € A—Mod. By applying the functor Hom, (—, N ), we can obtain the
following complex:
Hom, (P,,,N)=0— Hom,(P,,N)—=—Hom,(P,N) — -
the n™ cohomology of Hom,(P,,,N) is called
Ext}(M,N):=H"(Hom,(P,,N))=kerd  /Imd.
where d"(¢)=dogp.

Let A be an associative algebra. Then the space A® A has two A —bimodule
structures, called outer and inner structures. They are given respectively as follows:
a(b, ®h,)c=ab ®b,c, a(b ®b,)c=bc®ab,.

Let A—Bimod be the category of A bimodules. Then, by viewing A® A as a
bimodule via outer structure, we define a duality functor

Hom, .. .(- A® A): A-—Bimod - A-Bimod, M —Hom, . .(M,A® A).
A bimodule structure on Hom, .. _.(M,A® A) is induced from the inner bimodule
structure on A® A.
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Definition 7. A is called a d — Calabi-Yau algebra if it satisfies the following
two conditions. First, A is homologically smooth, i.e., A is viewed as an A° —
bimodule with a finitely-generated projective resolution of finite length. Second,
there is an isomorphism of A —bimodules

k A if k=d
EXtA—Bimod (A’ A® A) =

0, if k=d
There is a large class of Calabi-Yau algebras which are derived from

superpotentials.
Let C(X,..., X ) be the free algebra with n generators. Then C(X,...,X ) has the

natural grading by the length of monomials, which denote by |a|. For a monomial
a=aa,..a_ € C(x,...,X ), whereeach a {X,..., X }, we define the noncommutative
partial derivative with respect to X, (k =1,...,n)

axk (a): Z a'i+la'i+2"'a'm a1a| .

{ielLmlia=x}

By linearity, it can be extended to a map 0, : C(x,,...,X,) = C(x,,..., X, ) . Next,
taking composition of such maps, we can define higher order derivatives. More
precisely, for p=x,...x_, we set 5, :=o, o...9, . Then, for @ € C(X,...,X,), we can
define the derivation-quotient algebra of order k as

D(w.K) = C{Xyeey X))
(0,01 pl=k)

where p runs over all monomials of C(x,...,X ) of length k.

we C(X,...,X,) is called superpotential if it is the sum of elements of the
following form

Z(_l e aa,-a,aa,.8,, & E{X1""vxn}- (2)
i=L

Let A="D(w,k) be a derivation-quotient algebra of the superpotential » of the
form (2). We assume that |w|=k + 2, so that A is quadratic.
Consider the complex
V'=0->AQV, ®A—L5>ARV, @At 5..._ 4 ARV, ®A—>0, (3)

|o|-1
where, V_, =(0 @] pl=k) and for v,,...,v,€V,a,a’e A,
di =& (SplitL + (—1)iSp|itR) |A®Vi®A’
split, (a®vy,---v.®a')=av,®v,---v,®a’,
split,(a®vy,---v®a)=a®v,---v_ ®va',
_qyiletd g TS
(-1 if i< 5

g =

1, otherwise.
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It is easy to check that the above yields a complex, i.e., d. od., =0. Moreover, the

terms, aside from A itself, are projective bimodules, and the maps are A —bimodule
maps.

In 1997 R. Bocklandt, T. Schedler, and M. Wemyss proved the following
theorem.

Theorem 1. The algebra T (V) /(R) is Koszul and Calabi—Yau if and only if it

Is of the form D(w, k) and the corresponding complex (3) is exact in positive degree
and H° (V') =A.
Let V be a C—vector space, and let Re End(V ®V). Then we say R is a
solution of the quantum Yang-Baxter equation if
RlZ o R13 o R23 — R23 o R13 o R12’
where R”=R®id,R®*=id®R, etc., are endomorphisms of v*. If

R=)a®beA®A, then R acts on A®A via left multiplication and
i=1

R” =) a ®b ®1 etc. Then we can write the quantum Yang-Baxter equation in the

i=1
form
RlZ R13R23 — R23R13R12 )

The second chapter of the dissertation entitled “Calabi-Yau algebras and the
guantum Yang-Baxter equation” studied a new characterization of Koszul Calabi-
Yau algebras and proved that several Koszul algebras satisfy Calabi-Yau property.

Let A be a finite-dimensional K —algebra. The K —linear dual of A,

A" =Hom, (A K), is a left A—module with scalar multiplication . given by
af(x)=f(xa), a,xeA feA.
Definition 8. The finite-dimensional K—algebra A is called Frobenius if

A= A" as left A—modules.
It is equivalent to existence of a non-degenerate bilinear form (—,—): AxA—C

satisfying (ab,c)=(a,bc) forall a,b,cc A.

The following result, due to Beidar, Fong, and Stolin describes Frobenius
algebras using solutions of the quantum Yang-Baxter equation.

Theorem 2. Let Q=) e ®¢'. Then the followings are equivalent:
i=1

1. Q12Q13 — Q23Q12 and Q12Q23 — Q23Q13 ’
2.Q"Q” =Q"Q” and Q"Q” =Q"Q",
3. Q*Q*=Q"Q” and Q"Q” =Q"Q",
4. (a®b)Q=0Q(b®a) forall acA,

5. A is a symmetric Frobenius algebra with Frobenius homomorphism
¢: A—C such that g(ee’) =&, forall i, j=12,...,n.
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6. The element Q is a solution of the quantum Yang-Baxter equation and
7,,°Q=0Q.
Moreover, M. Van den Bergh’s work the author proved the following theorem.
Theorem 3. Suppose that A is a Koszul algebra. Then A is d — Calabi-Yau if
and only if A’ is a graded symmetric Frobenius algebra.
The following theorem proved in the Section 2.1 of the dissertation is the
graded version of Theorem 2.
Theorem 4. Let A be a Koszul algebra. Then A is a Calabi-Yau algebra if and

only if its Koszul dual algebra A' has homogeneous bases €,,...,e, and €',...,e" so that

the element Q =) e, ®¢' satisfies one of the following equivalent conditions:
i=1

1. (a®Db)Q = (~1)PrEre(h®a) forall a,be A’
2. le((_l)lejl+lQlQ13) Q23Q12 and lest (( 1)|e |+|Q| 23)Q
Theorem 5. Let A be a K—algebra and Q=€ ®e'e A'® A. Suppose that
(a®Db)Q = (—1)PPrEIN(h ®a) forall a,be A'. Then:

1. Q12Q13 (( 1)|e|+IQI 23)Q12 and Q12Q23 (( 1)Ie|+IQI 13)Q ,
2. Q12Q13Q23 (( 1)|8| 23)(( 1)|8| 13)

Let a,b,c e C satisfy the following two conditions:
1) [a:b:c]eP?\ D, where
D={[1:0:0],[0:1:0],[0:0:1]}u{[a:b:c]|a’=b’=c® =1}.
2) abc =0 and (3abc)® = (a°® +b® +c®)°.
The three-dimensional Sklyanin algebra S(a,b,c) can be realized as the graded
C —algebra with generators X, y,z of degree one, and the relations
ax’+byz+czy=0, ay’+bzx+cxz=0, az®+bxy+cyx=0.
The four-dimensional Sklyanin algebra S(«, 3,7) is the graded C —algebra
with generators X, X, X,, X, of degree one, subject to the following relations
XX, — XX, —a (XX, +XX,) =0, XX + XX, — (XX, —X;X,) =0,
XoXp = XX, — ﬂ(X3X1 + X1X3) =0, XoXp + X%, — (X3X1 - X1X3) =0,
Xo Xy = X%, — 7(X1X2 + X2X1) =0, XoXs + X%, — (X1X2 - X2X1) =0.
where «, £ and y are complex numbers such that « + g+ » + a8y =0.
Theorem 6. The three and four-dimensional Sklyanin algebras S(a,b,c) and
S(«, B,y) are Koszul Calabi-Yau algebras.
The skew polynomial ring A :=C_[x,,x,X,, %] is the graded C —algebra
generated by X,, X, X,, X, subject to the relations

q (-1 9 (1)

_ i+3 _ i+1

Xi Xi+1 _( = } Xi+1Xi’ XiXi+2 _( = } Xi+2Xi
qi+2 qi+3
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3
where q,,...,q, € C" satisfy []q, =1, and again the indices are taken modulo four.

i=0
Theorem 7. The algebra A is Koszul Calabi-Yau algebra.
The central extension of three-dimensional Sklyanin algebra B is generated by
X,, X, X,, X, with the following relations

[XO’Xl]:O7 [Xz’X1]:2’(X2X1+X1X2)_VX§_Za:bljxjxo’

2770

[XO’XZ]:O’ [X3,X2]=ﬂ(X3X2+X2X3)—VX12—Zb i XX
=1

3
[%,%]1=0,  [X,X]=A(XX, +%XX)=vX; — > b, XX
j=1
for constants 2,v e C and a symmetric matrix b = (b,) € C*°.

Theorem 8. The algebra B is Koszul Calabi-Yau algebra.

In the third chapter of the dissertation entitled “Calabi-Yau property of
elliptic algebras” the elliptic theta functions and elliptic algebras are considered.
We also provide that the four dimensional Sklyanin and elliptic algebras are
isomorphic. Moreover, we prove that the four-dimensional and five-dimensional
elliptic algebras possess the Calabi-Yau property.

Let A be an integral lattice generated by 1 and e C, where Im#z >0, and
let £:=C/ A be the corresponding elliptic curve. In Feigen and Odesskii’s paper
they denoted by ©®, (A) the space of the entire functions of one variable satisfying
the quasi-periodicity conditions:

f(z+)=1(2), f(z+n)=—e""1(2).
The functions in ®_(A) are called theta functions of order n with the respect to the
lattice A . It is easy to check that the function

nz n(n—l)”j

6’(2)=Z(—1)“e2m[ o

nez

form a basis for ©,(A).
For a € Z I nZ , we define

) n-1
0.(z)= ez”'(““[“]’He(z My gn), [a] =
m=0 n n
Then {6,.6,,...,6,,} formabasis for © (A). Let n=4.

a(a—n) a
n+—.
2n 2n

1
Proposition 1. Forany 7€C _ZA the above functions satisfy the following
identity
O (2)+6,(z) _6()+0;(r)
0,()0,(r)  6,(0)0,(r)
The elliptic theta functions of order five are
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Proposition 2. Forall 7eC —%A the above elliptic theta functions of order

five satisfy the following ten identities:

m, =60:60°0, + 6,00:0; —6°0:0, — 0,0,0, — 6:0,0,0; + 6,0,0, =0,
m, =—-6:670,0, — 6,0;6; + 60606, + 6,60, + 6,0,6:0; — 6,06, =0,
m, = 6,00, — 6,6,0] — 6,6:6, + 6:0:0,6, — 0:0,0.0; + 6.6,6; =0,
m, =60,00, — 60,0, + 6:670.,0, — 0,0,0:0, — 6:0,0; + 6,00, =0,
m, = 0,676, — 6,0,0, — 0,676,0, + 6,6,0, — 6:0,0; + 6,00:6; =0,
k, =006’ —0,6°6,—-0:0,0:6, + 60,0, + 6,6/0,0; —6;0,6; =0,
k,=0:00:0, + 670,0; — 0.0;0, — 6:6:0, — 0,6:60,0; +0,0,0, =0,
k,=6,00,—0,0,0; —6:00:0, + 670,00, — 0,070, + 6:6,0; =0,
k, =—6.067 —0,670,0; + 66,0, + 6:0:6, + 0,6:0,0; — 60,0 =0,
k,=-0,6,0,+ 00,0 +6,0,0, — 0:06:0, — 6,0°6; + 6,6;6,0; =0.

For all reC—lA and for a pair of coprime numbers 1<k <n, Feigin and
n

Odesski have introduced a family of graded algebras Q,, (£,7) .

Definition 9. The elliptic algebras Q,,(&,7) are the quotient of the free
algebra C(x,,X,,...,X,) by the following relations

-y O e
iz, 0, ()0, (-7)

For n=4,k =1, the four dimensional elliptic algebra Q,,(£,7) is isomorphic to the
algebra Q(a,b,c,d), which is the quotient of the free algebra C(x,, X, X,,X,) subject
to relations:
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I =a’x X, —abx X +acx,x, +bcx,x,, r, =a’x,x, —abx,x, +acx x, +bcxx,,

r=d? 00X, —X%) +ibe (X —x), 1, =d’(xx, —xx)+ibc(x; —xZ),

I, =a’x,X, —abx,x, +acxx, +bex,x, r, =a’x,x —abxXx, +acx,x, +bcx x,.
where a,b,c,d are complex numbers defined in terms of theta functions of order 4
as follows

a= ; b= L ,c::#,d::#.
0 (0)0(r)  6(0)0(r)  6,(0)0(r)  6(2)0,(7)

Proposition 3. The above numbers a,b,c,d e C—{0} satisfy the following

identity

a’v’c-b’c®—a’*d’ +b*d* =0.
Theorem 9. Let a,b,c,d € C—{0} satisfy the above identity, and let
a’—ab+ac+bc) b*c? a’—ab—ac—bc

(az +ab—ac+bcj ’ ﬁ:_?’ yZ_(az +ab+ac—bcj '
Then «,p,y satisfy a+pB+y+aBy=0 and the algebras Q(a,b,c,d) and
S(a, B,y) are isomorphic.

Theorem 10. The algebra Q(a,b,c,d) is isomorphic to a derivation-quotient
algebra D(w,2), where @ € C(X,,X,,X,,X,) is a superpotential

®.= kl(rlrz + rzrl) + kz(r3r4 + r4r3) + ks(rsre + rers)
where (k,,k,,k,) = (0,0,0) are defined as follows
k, =—k, =ib(b—c)(b+ c)(azbc +d 4), k, =—ia(b—c)(b+c)(a®* —bc)(a® +bc).
We observe that these algebras are Koszul Calabi-Yau algebra.
Definition 10. The five dimensional elliptic algebra Q,,(€,7) is graded C -

algebra with generators X, X, X,,X;,X, of degree one, subject to the following ten

relations

_ 2
r = foxj + flxj_lxj+1 + fzxj._zxj+2 + faxj_sxh3 + f4xj_4xj+4,

f,f f f,f f,f f,f

_ 2 732 3 4 04 01 1°2
Sy = T X TR X K XK X K X X

0 1 2 3 4

i 27i

@ w=e? and jeZ,

0,,(r)6,,(z)’
Let us consider the case of f,=f,f,=f which means that
0,(r) =@°0,(7), 6,(r) = w'6,(r) . Then we will obtain the algebra A,.
Definition 11. The algebra A is a graded C —algebra with generators

X1 X1 X,, X5, X, Of degree one, with relations of the form:

where f =
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R =ax; +b(x,X, +X,X,), S, =cxi—b(xX, +X,x),

R, =ax +b(x.x, + X,X,), S, =cx’—b(X,X, + X,X,),
R, =ax; +b(x,x, + x,X,),  S,=cx: —b(x,x +XX,),
R, =ax; +b(x,x + X.X,), S, =cx; —b(X,X, + X,X,),
R, =ax; +b(xXx, +X,x),  S,=cx; —b(XX, +X,X,).

where a= f(f’— f,f,),b=f (f - f,f?) and c=f’f - f'.

Theorem 11. The algebra A, is isomorphic to D(®,3), where superpotential
® e C(x,, X, X,, X, X,) is defined as follows. We define Q,,Q,,Q,,Q,,Q, eV for
V =Cx, @ Cx @ Cx, ® Cx, ® Cx, by

Q- a’b + bzt::2 +ac® (R* =R, = S,R s~ R .S~ S,R.)
. a’h? + a;c —bc? (S?~R.S..~S,.,R.~S.R.~R.S.)
b+ 3ab;c +a’c’ (RS, +SR —S,,S..—-S..5.,—R.R,~R_.R.)
ab® +2a’hc +c* (RLR.L+R.R,)+ a‘ —b’c — 2abc? (5,45, +5,.5..,)

with the indices {i,i+1i+2,i+3,i+4}e{l,2,3,4,5} taken modulo 5. Then the
following tensor is a superpotential for these algebras:
Q= Xle + X1Q2 + X2Q3 + X3Q4 + X4Q5
In particular, the algebra A has a Calabi-Yau property.

CONCLUSION

The dissertation is devoted to learn the Calabi-Yau properties of the elliptic
algebras.
Basic results of the research are as follows:

1. The criteria for Koszul algebras to satisfies Calabi-Yau property is obtained
through solutions of the quantum Yang-Baxter equation;

2. It is given another proof of the Calabi-Yau property for three- and four-
dimensional Sklyanin algebras;

3. Itis proved that several Koszul algebras possess Calabi-Yau property by finding
solutions of the quantum Yang-Baxter equation;

4. The identity between the elliptic theta functions of order four are found.
Moreover, it is proved the elliptic theta functions of order five satisfy ten
identities;

5. The explicit isomorphism between the four dimensional Sklyanin and elliptic
algebras is constructed.

6. The superpotential for the four-dimensional elliptic algebras are identified;
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7. the superpotential of the five-dimensional elliptic algebras for special values of
re& is determined which shows that these algebras possess Calabi-Yau

property.
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Crtpykrypa u 00beM auccepTanmu. J[uccepranus COCTOUT U3 BBEACHUS, TPEX
rJ1aB, pa30MTHIX HA JECIATh naparpados, 3aKJIIOUECHUS] U CIHCKA HCIOIb30BaHHON
mutepatypbl. O0BEM AKMCCepTaALMU COCTABISET 73 CTpaHMII.
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