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KIRISH (falsafa doktori (PhD) dissertatsiyasi annotatsiyasi)

Dissertatsiya mavzusining dolzarbligi va zarurati. Jahon migyosida
amalga oshirilayotgan fizik va biologik jarayonlarning termodinamik
xususiyatlarini o‘rganishga qaratilgan turli ilmiy va amaliy tadqiqotlar aksariyat
hollarda statistik mexanika modellariga olib kelinadi. Mazkur modellar tabiiy
ravishda Arximed va noarximed modellarga ajraladi. Noarximed muhitda sodir
bo‘layotgan jarayonlarning modellarini tadqiq qilishda p -adik Gibbs o‘Ichovlari

asosiy vosita hisoblanadi va faza almashishlar nazariyasida markaziy o‘rin tutadi.
p -Adik Gibbs o‘Ichovlari nafaqgat statistik fizikaning nazariy rivojlanishi uchun,

balki kimyo, materialshunoslik, biologiya va axborot texnologiyalari sohalaridagi
amaliy muammolarni hal gilish uchun ham muhim ahamiyatga ega. Biroq,
statistik mexanikaning klassik modellari uchun ham p -adik Gibbs o‘lchovlari

to‘plamining to‘liq tavsifi ochiq va murakkab muammo bo‘lib qolmoqgda, bu esa
bunday o‘Ichovlarni boyitish, tasniflash va topilgan o‘Ichovlar xossalarini tahlil
qilishni dolzarb tadqiqot yo‘nalishiga aylantiradi.

Hozirgi kunda dunyoda panjarali sistemalarda aniglangan Gamiltonian
uchun p-adik Gibbs o‘lchovlari mavjudligini aniglash va bunday o‘lchovlar

to‘plamini to‘liq tavsiflash dolzarb vazifalardan biridir. Statistik fizikaning faza
almashishlar nazariyasida berilgan fizik model uchun kamida ikkita
umumlashgan p-adik Gibbs o‘lchovini mavjudligi muhim ahamiyatga ega. Shu

munosabat bilan tashqi maydonli va tashqi maydonsiz Gamiltonianlarga mos
keluvchi translyatsion-invariant, davriy va kuchsiz davriy umumlashgan p -adik

Gibbs o‘Ichovlarining mavjudligini aniglash hamda bunday o‘Ichovlar to‘plamini
to‘liq tavsiflash va topilgan o‘lchovlarning chegaralanganligini tekshirish orqali
garalayotgan modellar uchun faza almashinuvi mavjudligini aniglash maqgsadli
iIlmiy tadgigotlardan hisoblanadi.

Mamlakatimizda rivojlanishning asosiy tayanchlaridan biri hisoblangan
fundamental fanlarning ilmiy va amaliy qo‘llanilishiga alohida e’tibor
qaratilmoqda. Xususan, so‘nggi yillarda Keli daraxtidagi haqiqiy va p -adik

sonlar maydonida statistik mexanikaning klassik modellari uchun translyatsion-
invariant, davriy va kuchsiz davriy  Gibbs o‘lchovlarining mavjudligini
aniglashda, shuningdek, bunday o‘lchovlar to‘plamini boyitishda salmoqli
natijalarga erishildi. Respublikamizda algebra va uning tatbiglari, differensial
tenglamalar va uning tatbiqlari, chizigsiz tizimlar, dinamik tizimlar va ularning
tatbiglarini  matematik modellashtirish, stoxastik tahlil, tibbiy-biologik
informatika, hisoblash ~matematikasi yo‘nalishlari  fundamental ilmiy
tadgiqotlarning ustuvor yo‘nalishlari etib belgilandi'. Qarorning ijrosini
ta’minlash maqsadida, statistik mexanikaning klassik modellari uchun faza

1 O‘zbekiston Respublikasi Prezidentining 2019-yil 9-iyuldagi “Matematika ta’limi va fanlarini yanada rivojlantirishni
davlat tomonidan qo‘llab-quvvatlash shuningdek, O°‘zbekiston Respublikasi Fanlar akademiyasining
V.l.Romanovskiy nomidagi Matematika instituti faoliyatini tubdan takomillashtirish chora-tadbirlari to‘g‘risida”gi Ne
PQ-4387-son qarori.
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almashishlar nazariyasini rivojlantirish va bu ilmiy natijalarni fanning turdosh
sohalarida go‘llash muhim ahamiyatga ega.

O‘zbekiston Respublikasi Prezidentining 2017-yil 7-fevraldagi PF-4947-son
“O‘zbekiston Respublikasini yanada rivojlantirish bo‘yicha harakatlar
strategiyasi to‘g‘risida”gi va 2022-yil 28-yanvardagi PF-60-son “2022-2026-
yillarga mo‘ljallangan Yangi O‘zbekistonning Taraqqiyot strategiyasi
to‘g‘risida”gi Farmonlari, 2019-yil 9-iyuldagi PQ-4387-son “Matematika ta’limi
va fanlarini yanada rivojlantirishni davlat tomonidan qo‘llab-quvvatlash,
shuningdek O‘zbekiston Respublikasi Fanlar akademiyasining V.l. Romanovskiy
nomidagi Matematika instituti faoliyatini tubdan takomillashtirish chora-
tadbirlari to‘g‘risida”gi va 2020-yil 7-maydagi PQ-4708-son ‘“Matematika
sohasidagi ta’lim sifatini oshirish va ilmiy-tadqgiqotlarni rivojlantirish chora-
tadbirlari to‘g‘risida”gi gqarorlari hamda mazkur faoliyatga tegishli boshqa
normativ-huquqiy hujjatlarda belgilangan vazifalarni amalga oshirishda ushbu
dissertatsiya tadgigoti muayyan darajada xizmat giladi.

Tadgigotning respublika fan va texnologiyalari rivojlanishi ustuvor
yo‘nalishlariga bog‘ligligi. Mazkur tadgiqot respublika fan va texnologiyalar
rivojlanishining I'V. “Matematika, mexanika va informatika” ustuvor yo‘nalishi
doirasida bajarilgan.

Muammoning o‘rganilganlik darajasi. Amerikalik olim J.U.Gibbs doimiy
haroratga ega va tashqi muhit bilan issiqlik muvozanatida bo‘lgan tizimlar uchun
muhim ahamiyat kasb etuvchi Gibbs tagsimoti tushunchasini kiritgan. Haqiqiy
qiymatli limit Gibbs o‘lchovlarining umumiy xususiyatlari R.L.Dobrushin,
O.Lenford va D.Ryuel ishlarida asoslab berilgan. Ushbu o‘lchovlarning
zamonaviy nazariy asoslari R.Bakster, H.O.Georgi, V.A.Malyshev, R.A.Minlos,
K.Preston, D.Ryuel, Ya.G.Sinai, G.Gallavotti, F.Bonetto, J.Gentile, Jin Zin-
Justin, N.N. G‘anixo‘jayev, U.A.Rozikov va F.M.Muxamedovlarning ilmiy
ishlarida keng gamrovli tarzda ishlab chigilgan. Bundan tashgari, R.L. Dobrushin
haqiqiy qiymatli limit Gibbs o‘lchovlarining mavjudligi haqida muhim teoremani
isbotlagan. Statistik mexanikaning klassik modellari uchun Gibbs o‘lchovlari
muammosi R.L.Dobrushin, G.R.Braytvell, P.Uinkler, Yu.M.Suxov, J.Martin,
N.N.G‘anixo‘jayev, U.A.Rozikov, F.M.Muxamedov, D.Gandolfo,
M.M.Rahmatullayev, R.M.Xakimov, G.l.Botirov, O.N.Hakimov, E.Normatov,
Sh.Shoyusupov, F.Haydarov, M.A.Rasulova, A.M.Tuxtaboyev, J.Dehgonov,
O.Sh.Qarshiboyev va boshqa tadqiqotchilarning ishlarida chuqur o‘rganilgan.
Haqiqiy qiymatli Gibbs o‘lchovlari nazariyasida o‘lchovlarni davom ettirishga
oid Kolmogorov teoremasi alohida ahamiyatga ega. Uning noarximed ehtimollik
tagsimotlariga mos keluvchi muqobili N.N.G‘anixo‘jayev, F.M.Muxamedov va
U.A.Rozikov hamda F.M.Muxamedovlar tomonidan isbotlangan. Shuningdek,
muvofiqlik shartini qanoatlantiruvchi noarximed o‘lchovlar uchun limit
o‘lchovning mavjudligi A.Yu.Xrennikov va S.Ludkovskiy tomonidan ko‘rsatib
berilgan. Ushbu natijalar panjarali tizimlarda turli p -adik modellar uchun Gibbs

tagsimotlarini tadqiq etishda muhim nazariy asos bo‘lib xizmat qilgan.
N.N.G‘anixo‘jayev, F.M.Muxamedov va U.A.Rozikovlar o‘z tadqiqotlarida 7
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panjaradagi lzing modeli uchun p-adik Gibbs tagsimotining yagonaligini
isbotlagan. Shuningdek, R.Gandolfo, U.A.Rozikov va J.Ruislarning ishlari
natijasida k -tartibli Keli daraxtida gattiq sfera modeli uchun p -adik limit Gibbs

tagsimoti mavjud bo‘lishining shartlari aniglangan.

Panjaradagi lzing modeli uchun p-adik Gibbs tagsimotining yagonaligi
N.N.G‘anixo‘jayev, F.M.Muxamedov va U.A.Rozikov ishlarida isbotlangan.
N.N.G‘anixo‘jayev va H.Akinning ishlarida esa Izing-Vannimenus modeli uchun

p -adik Gibbs o‘Ichovining yagona emasligi ko‘rsatilgan. O.N.Hakimov ikkinchi

tartibli Keli daraxtidagi Vannimenus modeli uchun translyatsion-invariant va
davriy p-adik kvazi Gibbs of‘lchovlarini o‘rgangan. Ushbu ishlar

F.M.Muxamedov, M.K.Saburov va O.N.Hakimovning ishlarida lzing-
Vannimenus modeli uchun davom ettirilgan. Bir jinsli 1zing modeli uchun yagona
p -adik Gibbs o‘lchovining mavjudligi M.Hamrayev, F.M.Muxamedov va

U.A.Rozikov ishlarida isbotlangan. 1zing modeli uchun umumlashgan p -adik
Gibbs o‘Ichovi tushunchasi O.N.Hakimov tomonidan kiritildi va bu model uchun
translyatsion-invariant va G.”-davriy umumlashgan p-adik Gibbs o‘Ichovlari

ham o‘rganilgan. Bundan tashqari, Izing modeli uchun faza almashishi
mavjudligi ko‘rsatilgan. Umumlashgan p -adik Gibbs o‘lchovlariga mos dinamik

sistemaning xaotik tabiatga egaligi F.M.Muxamedov, O.N.Hakimov, H.Akin va
M.Dogan tomonidan tadgiqg gilingan.

2008-yilda ilk bora U.A.Rozikov, M.M.Rahmatullaevlar tomonidan hagiqiy
sonlar maydonida kuchsiz davriy Gibbs o‘lchovlari tushunchasi kiritilgan va
Izing modeli uchun bunday o‘lchovlarning mavjudligi tadqiq gilingan. Xususan,
Keli daraxtining gruppaviy tasviridagi indekslari ikki va to‘rtga teng bo‘lgan
normal qism gruppalarga mos keluvchi kuchsiz davriy Gibbs o‘lchovlari haqiqiy
sonlar maydoni ustida aniq tavsiflangan. Shuni ta’kidlash joizki, yuqorida qayd
etilgan ko‘plab tadqiqotlar mavjudligiga qaramay, Keli daraxtidagi har qanday
model uchun barcha limit Gibbs o‘Ichovlarining to‘liq tasnifi hali ham olinmagan.
Bundan tashqari, kuchsiz davriy umumlashgan p-adik Gibbs o‘lchovlari
hozirgacha to‘liq o‘rganilmagan.

Dissertatsiya tadqiqotining dissertatsiya bajarilgan oliy ta’lim
muassasasining ilmiy-tadqiqot ishlari rejalari bilan bog‘liqligi. Dissertatsiya
tadgiqoti Namangan davlat universitetining ilmiy-tadgiqot ishlari rejasining
“Fundamental tadqiqotlar” tarmog‘i doirasida bajarilgan.

Tadqgigot magsadi Keli daraxtida tashqi maydonli va tashgi maydonsiz
Izing modeli uchun kuchsiz davriy umumlashgan p -adik Gibbs o‘lchovlarining

mavjudligini isbotlash va ularning chegaralanganlikka tekshirish orgali berilgan
modellarda faza almashinuvi mavjudligini ko‘rsatish iborat.

Tadqgigotning vazifalari:

Ikkinchi tartibli Keli daraxtida 1zing modeli uchun kuchsiz davriy
umumlashgan p -adik Gibbs o‘Ichovlarining mavjudligini isbotlash;



Ikkinchi va uchinchi tartibli Keli daraxtlaridagi 1zing modeli uchun kuchsiz
davriy umumlashgan p-adik Gibbs o‘Ichovlari to‘plamini tavsiflash va topilgan

o‘lchovlarning chegaralanganligini tekshirish orgali qaralayotgan modellar uchun
faza almashinuvi masalasini hal qgilish;

Ikkinchi tartibli Keli daraxtida tashgi maydonli Izing modeli uchun ikki
indeksli normal gism gruppaga mos keluvchi kuchsiz davriy umumlashgan p -

adik Gibbs o‘lchovlarini aniglash va bu model uchun faza almashinuvi
mavjudligini ko‘rsatish;

Uchinchi tartibli Keli daraxtida bir jinsli tashgi maydonli 1zing modeli uchun
translyatsion-invariant umumlashgan p -adik Gibbs o‘Ichovlari to‘plamini to‘liq

tavsiflash va faza almashish masalasini tadqiq gilish.
Tadqgiqot obyekti: Keli daraxtidagi tashqi maydonli va tashqi maydonsiz
p -adik 1zing modellari.

Tadqiqot predmeti. Gruppalar va graflar nazariyasi, Gibbs o‘lchovlari
nazariyasi, algebra va sonlar nazariyasi, p-adik analiz, chiziqli bo‘lmagan

Markov jarayonlari.
Tadqgiqot usullari. Tadgiqot ishida p-adik analiz, sonlar nazariyasi,

funksional analiz, gruppalar nazariyasi, o‘lchovlar nazariyasi, chizigli algebra
usullaridan foydalanilgan.

Tadqgigotning ilmiy yangiligi quyidagilardan iborat:

Ikkinchi tartibli Keli daraxtida Izing modeli uchun kuchsiz davriy
umumlashgan p -adik Gibbs o‘Ichovining mavjudligi isbotlangan;

Ikkinchi va uchinchi tartibli Keli daraxtlarida Izing modeli uchun kuchsiz
davriy umumlashgan p-adik Gibbs o‘lchovlari qurilgan. Qurilgan o‘lchovlar

chegaralanganlikka tekshirilgan;

Ikkinchi tartibli Keli daraxtida tashgi maydonli lIzing modeli uchun indeksi
ikkiga teng bo‘lgan normal qism gruppaga mos keluvchi kuchsiz davriy
umumlashgan p-adik Gibbs o‘lchovlari qurilgan va bu model uchun p>2

bo‘lganda faza almashishi mavjudligi isbotlangan;
Uchinchi tartibli Keli daraxtidagi bir jinsli tashgi maydonli 1zing modeli
uchun translyatsion-invariant umumlashgan p-adik Gibbs o‘lchovlari

aniglangan va garalayotgan model uchun p>3 bo‘lganda faza almashishi

mavjudligi isbotlangan.

Tadqiqotning amaliy natijalari quyidagilardan iborat:

p -Adik analiz va sonlar nazariyasi metodlaridan atrof-muhit bilan issiglik
muvozanatida bo‘lgan noarximed fizik sistemalar uchun Gibbs o‘Ichovlarini
qurishda va faza almashishlari mavjudligini tekshirishda foydalanish mumkin.

Shuningdek, kuchsiz davriy umumlashgan p-adik Gibbs o‘lchovlari
to‘plamida turli faza almashishlarning mavjudligini ta’minlaydigan parametr
qiymatlarining aniq ifodasi xizmat ko‘rsatish nazariyasi masalalarini yechishda
go‘llanishi mumkin.



Tadqiqot natijalarining ishonchliligi. Sonlar nazariyasi, p -adik analiz,

noarximed funksional analiz, noarximed Markov tasodifiy maydonlar nazariyasi,
p-adik ehtimollar nazariyasi, Gibbs va noarximed o‘lchovlar nazariyasi

usullaridan foydalanilgan. Olingan natijalar qat’iy matematik mulohazalarga
asoslanib isbotlangan.

Tadqgiqot natijalarining ilmiy va amaliy ahamiyati. Tadqgiqot
natijalarining ilmiy ahamiyati p -adik statistik mexanika va umumlashgan Gibbs
o‘lchovlari nazariyasi bo‘yicha mavjud natijalarni boyitishi, xususan, kuchsiz
davriy o‘lchovlar orqali faza almashish hodisalarining xilma-xilligini aniglashda
yangi yondashuvni taklif gilishi bilan belgilanadi.

Tadgigot natijalarining amaliy ahamiyati p-adik modellar yordamida

murakkab tizimlarning (biologik, fizik va axborot tizimlari) xatti-harakatini
modellashtirish hamda ularga oid masalalarning aniq yechimlarini izlash
imkoniyatini berishi bilan izohlanadi.

Tadqgiqot natijalarining joriy qgilinishi. 1zing modeli uchun umumlashgan
p -adik Gibbs o‘lchovlari bo‘yicha olingan natijalar asosida:

ikkinchi va uchinchi tartibli Keli daraxtlarida Izing modeli uchun kuchsiz
davriy umumlashgan p-adik Gibbs o‘Ichovlari tavsifidan va topilgan
o‘Ichovlarning chegaralanganlikka tekshirish usullaridan Ne374824-2022 ragamli
“Faza almashish muammolari va kritik hodisalar. Ular tenglamalarining
matematik nuqtayi nazari, tez almashishlar va asimptotikalar” mavzusidagi
xorijiy loyihada 1zing modeli uchun kuchsiz davriy umumlashgan p-adik Gibbs
o‘Ichovlarini tavsiflashga doir nazariy yondashuvlar faza almashishlari va kritik
hodisalarni aniglash usullarini takomillashtirishda foydalanilgan. (O‘sh davlat
universitetining 2025-yil 15-oktyabrdagi Nel1400-sonli ma’lumotnomasi,
Qirg‘iziston). Ilmiy natijaning qo‘llanishi faza almashishlarini va kritik
haroratlarni aniglash imkonini bergan;

Keli daraxtlaridagi lzing modeli uchun kuchsiz davriy umumlashgan
p -adik Gibbs o‘lchovlari to‘plamining to‘liq tasnifi G0003247 ragamli “Tarmoq

modellarining renormalizatsiyalangan gruppalari bilan bog‘liq xaotik va aralash
p-adik dinamik tizimlar” mavzusidagi xorijiy loyihada Izing modeli uchun
umumlashgan p -adik Gibbs o‘Ichovlarini va fazaviy o‘tishlarni tadqiq etishda
foydalanilgan (Birlashgan Arab Amirliklari universitetining 2025-yil 23-
oktyabrdagi ma’lumotnomasi, BAA). Ilmiy natijaning qo‘llanishi p -adik
dinamik sistemalar nazariyasiga yangi tushunchalar kiritish va fizik modellarning
termodinamik xususiyatlarini o‘rganish uchun amaliy asos yaratish imkonini
bergan;

ikkinchi tartibli Keli daraxtida berilgan p -adik 1zing modeli uchun kuchsiz
davriy umumlashgan p-adik Gibbs o‘lchovlarining mavjudligini tekshirish
usullaridan F-FA-2021-425 raqamli “Panjarali sistemalarda gradient ehtimollik
o‘lchovlari” mavzusidagi fundamental loyihada panjarali sistemalarda faza
almashishlari mavjudligini aniglashda foydalanilgan (Matematika institutining

2025-yil 27-oktyabrdagi Ne2/416-sonli ma’lumotnomasi). Ilmiy natijaning
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go‘llanishi panjarali sistemalarda yaqin qo‘shni ta’sirga ega modellar uchun
davriy bo‘lmagan Gibbs o‘lchovlarini tavsiflash imkonini bergan.

Tadgigot natijalarining aprobatsiyasi. Mazkur tadgiqot natijalari 12 ta
ilmiy-amaliy anjumanlarda, jumladan, 8 ta xalgaro va 4 ta respublika ilmiy-
amaliy anjumanlarida muhokamadan o‘tkazilgan.

Tadqiqot natijalarining e’lon qilinganligi. Dissertatsiya tadgigqoti mavzusi
bo‘yicha jami 18 ta ilmiy ish chop etilgan, shulardan, O‘zbekiston Respublikasi
Oliy Attestatsiya Komissiyasining falsafa doktorlik dissertatsiyalari asosiy ilmiy
natijalarini chop etish tavsiya etilgan ilmiy nashrlarda 6 ta, jumladan, 4 tasi
xorijiy va 2 tasi respublika jurnallarida nashr etilgan.

Dissertatsiyaning tuzilishi va hajmi. Dissertatsiya kirish gismi, uchta bob,
o‘nta paragraf, xulosa va foydalanilgan adabiyotlar ro‘yxatidan tashkil topgan.
Dissertatsiyaning umumiy hajmi 114 betni tashkil etgan.

DISSERTATSIYANING ASOSIY MAZMUNI

Kirish gismida tadgigot mavzusining dolzarbligi va tanlanish asoslari bayon
etilgan, uning respublika fan wva texnologiyalari rivojlanishining ustuvor
yo‘nalishlariga muvofiqligi ko‘rsatilgan, mavzuga oid xorijiy va mahalliy ilmiy
adabiyotlarning tahlili keltirilgan, muammoning o‘rganilganlik darajasi ochib
berilgan. Shuningdek, tadgigotning magsad va vazifalari, obyekti va predmeti
aniglangan, olingan natijalarning ilmiy vyangiligi, nazariy hamda amaliy
ahamiyati yoritilgan. Bundan tashqari, tadgiqot natijalarining tatbiq etilishi, nashr
etilgan ilmiy magqolalar va dissertatsiyaning tuzilishi to‘g‘risida ma’lumotlar
berilgan.

Dissertatsiyaning “ p-Adik analiz va p-adik o‘lchovlar haqgida” deb

nomlangan birinchi bobi olingan natijalarni tavsiflash uchun ishlatiladigan asosiy
tushunchalar va ta’riflar, shuningdek, tadqiqot davomida qo‘llanilgan
fundamental teoremalarni taqdim etadi. Bundan tashqgari, ushbu bobda Keli
daraxtidagi l1zing modeli uchun p-adik Gibbs o‘Ichovining yagonaligi,
umumlashgan p-adik Gibbs o‘Ichovlari tushunchasi va ikkinchi tartibli Keli
daraxtidagi [zing modelida bunday o‘Ichovlar uchun olingan natijalar muhokama
gilinadi. Ushbu bob keyingi boblarda tagdim etilgan asosiy ilmiy natijalarni
tushuntirish va asoslash uchun nazariy hamda metodologik poydevor bo‘lib
xizmat giladi.

Q ratsional sonlar maydoni bo‘lsin. Ma’lumki, biror fiksirlangan p tub son

uchun ixtiyoriy noldan fargli X ratsional sonni x=p"— ko‘rinishda tasvirlash
n

mumkin. Buyerda m,reZ, ne N, m va n sonlari p tub songa bo‘linmaydi. Bu
holda x ratsional sonni p -adik normasi quyidagicha aniglanadi:

|X|p: p_r'
Shuningdek, x=0 bo‘lganda esa uning p-adik normasi quyidagicha
aniglanadi: 0], =0.
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Ushbu norma noarximed normasidir, ya’ni barcha X,y € Q uchun u kuchli

uchburchak tengsizligini ganoatlantiradi:
| x+yl,<max{|x],.[y],}.

Q ratsional sonlar maydonining p-adik norma bo‘yicha to‘ldirmasiga
p -adik sonlar maydoni deyiladi va bu maydon Q kabi belgilanadi. Har qanday
nolga teng bo‘lmagan X p-adik sonni yagona kanonik ko‘rinishda yozish
mumkin:

X=p" (X, +Xp+Xx,p°+..),

bu yerda y(x),x; €Z va X, >0,0<x, < p-1. Bu holda, |x| = p~®.

Quyida biz tadqigotimiz uchun muhim bo‘lgan to‘plamlarni keltiramiz:
aeQ, va r>0 sonlar berilgan bo‘lsin. a markazli r radiusli ochiq shar :

B(a,r)={xeQ, x-a| <r},
a markazli r radiusli yopiq shar:
B(a,r)={xeQ, :|x—al| <r},
a markazli r radiusli sfera:
S(a,r)={xeQ, [x-al=r},

p -adik butun sonlar:
Z,={xeQ, | x| <1},
p -adik birlar:
Z,={xeQ,|x],=1
kabi aniglanadi.
p-adik Gibbs o‘Ichovlar nazariyasida muhim ahamiyatga ega bo‘lgan

quyidagi funksiyani keltiramiz.
p -adik eksponensial funksiya quyidagi qator ko‘rinishida aniqlanadi:

exp, () =35,
n=1 N!
hamda u B(O, p*l’“’*”) sharda yaqinlashadi.
p -adik eksponensial funksiyaning qiymatlari to‘plami
g, ={xeQ, | x—1|,< p ¥}

Faraz qilaylik, (X,B)-o‘lchovli fazo, bunda 9 oila X to‘plamning gism

to‘plamlaridan tashkil topgan algebra va K noarximed maydon bo‘lsin. Agar
1:B—>K funksiya chekli additiv bo‘lsa, ya’ni juft-jufti bilan o°zaro

kesishmaydigan A,A,,...A €5 uchun A:OA:y(A):Zn:y(A) o‘rinli bo‘lsa,
k=1 k=1

u holda u to‘plam funksiyasiga noarximed o‘lchov deyiladi. Agar p(X)=1
bo‘lsa, bunday o‘Ichov noarximed ehtimollik o ‘Ichovi deyiladi.
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Agar u noarximed o‘lchovi chegaralangan, ya’ni sup{| u(A)| p:Ae%}<oo
bo‘lsa, u holda wu chegaralangan noarximed o ‘Ichov deyiladi.
I'“=(V,L) k-tartibli Keli daraxti bo‘lsin. Bunda V daraxtning uchlari

to‘plami, L uning qirralari to‘plami. Agar X Y€V uchlar uchun ularni
tutashtiruvchi | e L girra mavjud bo‘lsa, u holda X va y uchlar yaqin go ‘shnilar

deyiladi va | =(X,Y) kabi belgilanadi. Keli daraxtida X, Y€V uchlar orasidagi

yo Il deb (X,X),..{X,,,Y) yaqin qo‘shnilar ketma-ketligiga aytiladi. X va y ni

tutashtruvchi eng qisqa yo‘ldagi girralar soni d(X,Y) bilan aniglanadi.
Fiksirlangan x° ev uchun quyidagicha belgilashlar kiritilgan:

W, ={xeV:d(x,x)=n}; Vn:_LnJWj; S(X)={yeW_ ,:d(x,y)=1}, xeW,;

n+l *

L ={I=(xyeLxyeV,}; S(x)={yeV:d(xy)=1}; {x}=Sx)\S(x).
G, —barpo etuvchilari mos ravishda a,a,,..,d,_, bo‘lgan k +1 ta ikkinchi
tartibli siklik gruppalarning ozod ko‘paytmasidan iborat gruppa bo‘Isin.
Quyidagi tasdig N.N.G‘anixo‘jayevning ishlaridan ma’lum.
1-tasdiqg. k-tartibli Keli daraxtining V uchlar to‘plami bilan G, gruppa

o‘rtasida o‘zaro bir qiymatli moslik mavjud bo‘ladi.
®c7Z chekli to‘plam berilgan bo‘lsin. AcV to‘plamda aniglangan

XeA—0o,(X)ed funksiya konfiguratsiya deyiladi. A to‘plamda aniglangan
barcha konfiguratsiyalar to‘plami Q, =®" kabi belgilanadi. Xususan, Q=0
Berilgan o €€, va ¢ (), konfiguratsiyalar uchun quyidagi aniglangan:

_[o(x), agar xeA,
(GV (0)()() - {(D(X), agar x eV \A.

o € Q konfiguratsiyaning energiyasi ushbu

He)= 2 (o)),

AcV:
diam(A)<r

Gamiltonian orgali beriladi, bu yerda r e N, diam(A)=maxd(x,y) Vva
X, YEA
1:Q, — Q, berilgan potensialni ifodalaydi.
B oila Q to‘plamning silindrik qism to‘plamlaridan tuzilgan algebra
bo‘lsin.
1-ta’rif. (€2,°B) da aniglangan « p-adik ehtimollik o‘lchovi berilgan
bo‘lsin. Faraz qilaylik, ixtiyoriy A <V uchun
expp{H (ov (p)}
Z

o‘rinli bo‘lsin. Bu yerda Z, , normallovchi o‘zgarmas bo‘lib, U quyidagicha
aniglanadi:

ulo| @)= ,VoeQ,,VpeQ

VAT
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Z,,=>exp,{H(ove).

weQ )

Bunday o‘Ichovga p -adik Gibbs o ‘Ichovi deyiladi.

Birinchi bob uchunchi paragrafda lzing modeli uchun p-adik Gibbs
o‘lchovining yagonaligi, umumlashgan p -adik Gibbs o‘lchovi tushunchasi va
2-tartibli Keli daraxtida 1zing modeli uchun olingan natijalar keltirilgan.

®={-11} bo‘lsin. Q, da Izing modelining Gamiltoniani quyidagicha
aniglanadi:

H,(c,)=3 2. 0,(a,(y), (1)

<va>6|-n
bunda 0<]J | < p™*™” o‘zgarmasdir.

hix—h, vxev, heQ, funksiya bo‘lsin. Q, dagi quyidagicha
aniglangan 1" p-adik ehtimollik o‘Ichovini garaylik:

1 exp, {H, (e )} h*®, n=12,.., (2)

Z0 L
bu yerda Z" normallovchi bo‘luvchi bo‘lib, u
zZ"= > exp{H, ()} ]h" ",

on (X)eQy, XeW,

w"(o,)=

formula bilan aniglanadi.
Agar (2) formula orgali aniglangan p -adik ehtimollik o‘Ichovilari uchun

ixtiyoriy ne N va o, , e ®"da

Z ﬂé”) (Gn—l Vv a)n) = ﬂrﬁn_l) (O-n—l) ! (3)
@, Q.

tenglik o°rinli bo‘lsa, u holda bu o‘lchovlar muvofiglik shartini gqanoatlantiradi,
deyiladi. Agar (2) formula orqgali aniglangan p-adik ehtimollik o‘Ichovi (3)

shartni  ganoatlantirsa, u holda N.N.G‘anixo‘jayev, F.M.Muxamedov,
U.A.Rozikovlar tomonidan isbotlangan Kolmogorovning o‘lchovni davom
ettirish hagidagi teoremasining p-adik muqobiliga ko‘ra, ixtiyoriy ne N va

o,€Q, uchun p({oeQ:o|, =0,})=x"(c,) shartni ganoatlantiruvchi Q da
yagona p -adik limit Gibbs o‘lchovi mavjud bo‘ladi.

F.M.Muxamedov ishlarida p -adik Gibbs o‘Ichovlari uchun faza almashish
tushunchasi keltirilgan. Agar berilgan model uchun kamida ikkita ., v p -adik

Gibbs o‘Ichovlari mavjud bo‘lib, ulardan biri chegaralangan, boshgasi esa
chegaralanmagan bo‘lsa, u holda berilgan model uchun faza almashish mavjud
deyiladi. Bundan tashqari, agar ikkita turli h va S funksiyalar mavjud bo‘lib,
ularga mos p., u, p-adik Gibbs o‘lchovlarining har ikkisi yoki chegaralangan,
yoki chegaralanmagan bo‘lsa, u holda kvazi faza almashishi ro‘y beradi deyiladi.

M.Hamrayev, U.A.Rozikov hamda F.M.Muxamedovlarning ishlarida Keli
daraxtidagi bir jinsli 1zing model uchun p -adik Gibbs o‘Ichovlarining yagonalik
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masalasi tadgig gilingan. Ular bu model uchun faza almashinuvi mavjud
emasligini, ya’ni yagona p -adik Gibbs o‘lchovi mavjud ekanligini isbotlaganlar.

2014-yilda O.N.Hakimov Izing modeli uchun umumlashgan p -adik Gibbs
o‘Ichovlari tushunchasini kiritdi. Agar gandaydir h funksiyasi uchun "
o‘Ichovlari (3) muvofiglik shartini ganoatlantirsa, u holda yagona p -adik
ehtimollik o‘lchovi mavjud bo‘lib, uni h ga bogliqligi sababli x4 bilan
belgilangan. Bunday £, o‘lchov p-adik Izing modeliga mos umumlashgan p -

adik Gibbs o‘Ichovi deyilgan.
Agar ¥xeV uchun h €€ bo‘lsa, bunday h={h,x eV} migdorlarga mos

kelgan umumlashgan p -adik Gibbs o‘lchovi p -adik Gibbs o‘Ichovi bo‘ladi.

Ma’lumki, Keli daraxtida Izing modeli uchun (2) ko‘rinishda aniqlangan
{yhm)}m ehtimollik  o‘lchovlari  ketma-ketligi (3) muvofiglik shartini
qanotlantirishi uchun ixtiyoriy xeV \{x"} da h={h,,xeV} miqdorlar to‘plami
ushbu

oh*+1
h?= Y ,
" y!s_([x) h’+6

tenglikni ganoatlantirishi zarur va yetarli, bu yerda & =exp {2J}.

Shuningdek, O.N.Hakimov ikkinchi tartibli Keli daraxtida lzing modeli
uchun translyatsion-invariant va davriy umumlashgan p -adik Gibbs o‘lchovlarni

topdi. Topilgan o‘lchovlarni chegaralanganlikka tekshirib, qaralayotgan model
uchun faza almashishi masalasini hal gildi.

Dissertatsiyaning ikkinchi bobi “Keli daraxtida lzing modeli uchun
kuchsiz davriy umumlashgan p-adik Gibbs o‘lchovlari” deb nomlanadi.

“Keli daraxtidagi kuchsiz davriy Gibbs o ‘lchoviari” deb nomlangan 2.1-
paragrafda asosiy tushunchalar, ma’lum natijalar keltirilgan. “Keli daraxtida
kuchsiz davriy umumlashgan p-adik Gibbs o ‘lchovining mavjudligi” deb

nomlangan 2.2-paragrafda Izing modeli uchun kuchsiz davriy umumlashgan p -

adik Gibbs o‘Ichovlarining mavjudligi isbotlandi. “Ikkinchi va uchinchi tartibli
Keli daraxtlarida kuchsiz davriy umumlashgan p -adik Gibbs o ‘Ichoviari” deb

nomlangan 2.3-paragrafda 2- va 3-tartibli Keli daraxtlaridagi 1zing modeli uchun
bunday o‘lchovlar qurilgan va o‘rganilgan. Bu o‘lchovlarning chegaralanganlik
va faza almashinuvi  masalalari  “Kuchsiz ~ davriy = umumlashgan
p -adik Gibbs o ‘Ichovlarining chegaralanganligi va faza almashish muammosi”

deb nomlangan 2.4-paragrafda hal gilingan.

Ilk bora 2008-yilda U.A.Rozikov va M.M.Rahmatullayevlar tomonidan
translyatsion-invariant va davriy o‘lchovlar tushunchalaridan ko‘ra umumiyroq
bo‘lgan kuchsiz davriy Gibbs o‘Ichovi tushunchasi Kiritildi. Quyida bu
tushunchalar keltirilgan.

(4)
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G,-G, gruppaning chekli indeksli normal qism gruppasi va
G, /G, ={H,,H,,...H,_}- chekli (r>1 indeksli) faktor gruppa bo‘lsin.

2-ta’rif. Barcha xeH, lar uchun h =h tenglik o‘rinli bo‘ladigan
h={h,xeG} miqdorlar to‘plami G;-kuchsiz davriy deb ataladi. G,-davriy
miqdorlar translyatsion-invariant deb ataladi.

3-ta’rif. Ixtiyoriy xeH, va x, eH; lar uchun h =h, o‘rinli bo‘ladigan
h={h,,xeG,} miqdorlar to‘plami G;-davriy deb ataladi.

4-ta’rif. G -(kuchsiz) davriy h ga mos x umumlashgan p-adik Gibbs
o‘Ichovi G;-(kuchsiz) davriy umumlashgan p-adik Gibbs o‘lchovi deb ataladi.
G, -davriy o‘Ichov translyatsion-invariant o‘lchov deyiladi.

Ta’kidlash lozimki, G, gruppaning ixtiyoriy ikki indeksli normal bo‘luvchisi

H,={xeG, ) o,(a)- juftson}

ieA

ko‘rinishida bo‘lib, @=Ac N, ={1,2,3,...k+1} va o (a)- xeG, so‘zdagi a harflar
sonidir. H,- G, ning normal qism gruppasi. Ko‘rish mumkinki, kuchsiz davriy
Gibbs o‘lchovlari G, ning normal qism gruppasining tanlanishiga bog‘liq.
| A=k +1 bo‘lgan holda, ya’ni A=N, bo‘lsa, kuchsiz davriylik tushunchasi
odatdagi davriylik tushunchasi bilan ustma-ust tushadi. Shuning uchun biz A= N,
bo‘lgan Ac N, holni garaymiz. Shunda H,-kuchsiz davriy h lar to‘plami
quyidagi ko‘rinishda bo‘ladi:
(hye, agar xeH,, x, eH, bo'lsa,
h = h,, agar xeH;, x eH, bolsa,
* |h, agar xeH,, x, eH,; bo'lsa,
h,, agar xe H,, x, e H, bo'lsa,
bu yerda H,:=H, va H,:=G,_\H,.

Haqigiy sonlar maydoni ustida ikki indeksli va to‘rt indeksli normal gism
gruppalarga  mos kuchsiz davriy Gibbs o‘lchovlari  U.A.Rozikov,
M.M.Rahmatullayev va J.D.Dehgonovlarning tadgigotlarida vyetarlicha
o‘rganilgan. Bundan tashqari, D.Gandolfo, J.Ruiz va S.Shlosmanlar tomonidan k
-tartibli  Keli daraxtida Gibbs o‘lchovlarining kuchsiz davriy Gibbs
o‘Ichovlaridan farqli yangi sinfi qurilgan.

Ikkinchi bob birinchi paragrafda p-adik sonlar maydoni ustida 2-tartibli

Keli daraxtida 1zing modeli uchun kuchsiz davriy umumlashgan p -adik Gibbs

o‘Ichovlari mavjudligi isbotlanib, quyidagi natija olindi:
1-teorema. Agar p=1(mod4) bo‘lsa, u holda 2-tartibli Keli daraxtida Izing

modeli uchun kamida bitta H,-kuchsiz davriy umumlashgan p-adik Gibbs

o‘lchovi mavjud bo‘ladi.
1-teoremada p-adik sonlar maydonida kamida bitta kuchsiz davriy

umumlashgan Gibbs o‘lchovi mavjudligi ko‘rsatilgan. Ushbu natijaga asoslanib,
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iIkkinchi tartibli Keli daraxtida lzing modeli uchun barcha kuchsiz davriy
umumlashgan p-adik Gibbs o‘Ilchovlarining tavsifi quyidagi teoremada

keltirilgan.
2-teorema. Aytaylik, | Ajl=1 bo‘lsin. U holda ikkinchi tartibli Keli daraxtida

Izing modeli uchun oltita turli H,-kuchsiz davriy umumlashgan
p -adik Gibbs o‘lchovlari mavjud bo‘ladi.

Ikkinchi tartibli Keli daraxtida Izing modeli uchun olib borilgan tadgiqotlar
uchinchi tartibli Keli daraxtiga kengaytirilib,

l, = {(hoo’h01’h10’h11) € Qt thy =h,=h, = th}’
1, :{(howhm’hm’hn) E@i thy =hy,hy, = hlo}’

1 1
1, ={ (N, Ny g, ) €Q° thyy =— by = —
3 {( 00 hl hl) Q hll hlo}

invariant to‘plamlar ustida quyidagi natijalar olindi:

3-teorema. Aytaylik, k=3, |A|=1 va M,(p)- |, invariant to*plamdagi va
M,(p)- |, invariant to‘plamdagi (4) ning H ,-kuchsiz davriy yechimlariga mos
H,-kuchsiz davriy umumlashgan p -adik Gibbs o‘lchovlari soni bo‘lsin. U holda
quyidagi tasdiglar o‘rinli:

6, agar p=1(modi2), 6, agar p=1(modi2),
M(p)=<4, agar p=5(mod12), M,(p)=43, agar p=5(mod12),
1, boshqa hollarda. 1, boshqa hollarda.

Qaralayotgan model uchun ganday faza almashish yuz berishini aniglashda
o‘Ichovning chegaralanganligini tekshirish muhim hisoblanadi. Shu boisdan, 2.4-
paragrafda topilgan o‘lchovlar chegaralanganlikka tekshirildi.

4-teorema. Aytaylik, p=1(mod 4) va |A|=1 bo‘lsin. U holda ikkinchi
tartibli Keli daraxtida Izing modeli uchun oltita chegaralanmagan H,-kuchsiz
davriy umumlashgan p -adik Gibbs o‘Ichovlari mavjud bo‘ladi.

3-tartibli Keli daraxtida (4) ning |, invariant to‘plamdagi kuchsiz davriy
yechimlari orasida ixtiyoriy p tub sonda mavjud bo‘ladigan h’=h" 6 wxeVv
yechimlarga mos o‘Ichovni £ bilan belgilangan, shu invariant to‘plamda
quyidagi natija olingan:

5-teorema. Aytaylik, k =3, |A|:1 va h — (4) ning |, invariant to‘plamdagi
H,-kuchsiz davriy yechimi bo‘lsin. U holda Keli daraxtida l1zing modeli uchun
quyidagi tasdiqlar o‘rinli:

1. p=2 bo‘lganda fagat 4 H,-kuchsiz davriy (translyatsion-invariant
bo‘lmagan) umumlashgan p -adik Gibbs o‘lchovi chegaralanmagan bo‘ladi.
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2. p#2 bo‘lganda faqat 4 H,-kuchsiz davriy (translyatsion-invariant
bo‘lmagan) umumlashgan p -adik Gibbs o‘lchovi chegaralangan bo‘ladi.

6-teorema. Aytaylik, k=3, |A|=1 va h— (4) ning I,\1, to‘plamdagi
H,-kuchsiz davriy yechimi bo‘lsin. Agar quyidagi shartlardan biri bajarilsa, u
holda barcha H,-kuchsiz davriy (translyatsion-invariant bo‘lmagan)

umumlashgan
p -adik Gibbs o‘lchovlari chegaralanmagan bo‘ladi:

1) p=1(mod12).
2) p=5(mod12).
1-natija. Aytaylik, p55(m0d12) bo‘lsin. U holda uchinchi tartibli Keli
daraxtida p -adik Izing modeli uchun faza almashinuvi ro‘y beradi.
1-izoh. Agar pzl(mod 12) bo‘lsa, u holda garalayotgan model uchun faza

almashinuvi mavjud bo‘ladi. Shuni ta’kidlash  kerakki, bu shart
M.M.Rahmatullayev, O.N.Hakimov va A.M.To‘xtaboyevlarning ishlaridagi shart
bilan mos keladi.

Dissertatsiyaning uchinchi bobi “Tashqgi maydonli Izing modeli uchun
kuchsiz davriy umumlashgan p-adik Gibbs o‘lchovlari” deb nomlangan.
“Keli daraxtida tashgi maydonli Izing modeli” deb nomlangan 3.1-paragrafda
tashqi maydonli p-adik Izing modeli uchun ma’lum faktlar va olingan natijalar

keltirilgan. Tashqi maydonli p -adik I1zing modelining Gamiltoniani

H.(c,)=J 2 o,(Xo,(Y)+a o,(X) (5)

(x,yel, xeV,
ko‘rinishida bo‘lib, bu yerda J,a € B(0, p/*) \{0} o‘zgarmaslardir. Ta’kidlash
kerakki, agar a =0 bo‘lsa, u holda (5) Gamiltonian tashqi maydonsiz p -adik

Izing modelining Gamiltonianini ifodalaydi. Shuning uchun « =0 bo‘lgan hol
o‘rganilgan.
Ma’lumki, Keli daraxtida tashgi maydonli p-adik lzing modeli uchun (2)

ko‘rinishda aniqlangan {4" (o)}, olchovlar ketma-ketligi (3) muvofiglik
shartini ganoatlantirishi uchun ixtiyoriy xeV \{x"} da

. oh +1
h — k+1 _ y
. y!S_(IX) hy +0

(6)

tenglikni ganoatlantirishi zarur va yetarli, bu yerda 6 =exp {2J}, n=exp (&),
h, =nexp {2h}.

Ikkinchi tartibli Keli daraxtida tashgi maydonli lzing modeli uchun
translyatsion-invariant va G{”-davriy Gibbs o‘lchovlari F.M.Muxamedov,
M.M.Rahmatullayev, A.M.To‘xtaboyev va R.M.Mamajanovlar tomonidan
o‘rganilgan.
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“Tashqi maydonli lzing modeli uchun kuchsiz davriy umumlashgan p -adik
Gibbs o ‘Ichovlari” deb nomlangan 3.2-paragrafda aynan shu model uchun | A|=1
va | Al=2 bo‘lgan hollarda H,-kuchsiz davriy umumlashgan p-adik Gibbs
o‘lchovlari tadqiq gilingan. | A|l=1 bo‘lganda (6) ni invariant to‘plamda yechib,
quyidagi natijalar olingan:

7-teorema. lkkinchi tartibli Keli daraxtida tashgi maydonli 1zing modeli
uchun kamida bitta H,-kuchsiz davriy (translyatsion-invariant bo‘Imagan)
umumlashgan p -adik Gibbs o‘Ichovi mavjud bo‘ladi.

Bu o‘Ichov chegaralanganlikka tekshirilgan hamda quyidagi natija olindi:

8-teorema. Faraz qilaylik, ﬁx — (6) tenglamaning H,-kuchsiz davriy

yechimi bo‘lsin. U holda ikkinchi tartibli Keli daraxtida tashqi maydonli Izing
modeli uchun kamida bitta chegaralanmagan H,-kuchsiz davriy umumlashgan p

-adik Gibbs o‘lIchovi mavjud bo‘ladi.

9-teorema. Faraz gilaylik, |A|=1 bo‘lsin. U holda ikkinchi tartibli Keli
daraxtida p -adik Izing modeli uchun quyidagi mulohazalar o‘rinli:

1) agar p=2. bo‘lsa, u holda kvazi faza almashinuvi yuz beradi,

2) istalgan p toq tub son uchun esa, faza almashinuvi sodir bo‘ladi.

|A|=2 bo‘lganda G, ning ikki indeksli normal gism gruppasi
H, ={X€Gk :(a)x(ai)+a)x(aj))50(mod2)}, i, jefl2,3}, i# ]
ko‘rinishida bo‘ladi. Agar |A|=1 va |A|=2 bo‘lganda (6) tenglamaning
yechimlariga mos bo‘lgan o‘lchovlar mos ravishda H, - va H, -kuchsiz davriy

o‘lchovlar deb belgilansa, u holda (6) ning kuchsiz davriy yechimlari quyidagi
natijani olishni ta’minladi:

10-teorema. Ikkinchi tartibli Keli daraxtida tashqi maydonli Izing modeli
uchun kamida bitta H, -kuchsiz davriy va kamida bitta H, -kuchsiz davriy
umumlashgan p -adik Gibbs o‘lchovi mavjud bo‘ladi.

Bu o‘Ichovlarni chegaralanganlikka tekshirish, quyidagi natijani berdi:
11-teorema. Faraz gilaylik, p>3 bo‘lsin. U holda ikkinchi tartibli Keli

daraxtida tashgi maydonli Izing modeli uchun kamida bitta chegaralanmagan H,
-kuchsiz davriy va kamida bitta chegaralanmagan H, -kuchsiz davriy
umumlashgan p -adik Gibbs o‘Ichovi mavjud bo‘ladi.

12-teorema. Har ganday p toqg tub sonda, ikkinchi tartibli Keli daraxtida

tashqi maydonli 1zing modeli uchun faza almashinuvi sodir bo‘ladi.

Uchinchi bobning uchinchi paragrafi “3-tartibli Keli daraxtida bir jinsli
tashgi maydonli lzing modeli uchun translyatsion-invariant umumlashgan
p-adik Gibbs o‘lchoviari” deb nomlangan bo‘lib, ()  maydonda (6) ning

translyatsion-invariant yechimlari mavjud bo‘lishi uchun p tub songa shartlar
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topilgan. Topilgan o‘lchovlarni chegaralanganlikka tekshirish bilan quyidagi
natija olindi:

13-teorema. Faraz gilaylik, p>3 bo‘lsin. U holda uchinchi tartibli Keli
daraxtida bir jinsli tashgi maydonli 1zing modeli uchun quyidagi tasdiqglar o‘rinli:

1) agar pzl(mod 6) bo‘lsa, u holda bitta chegaralangan va uchta
chegaralanmagan translyatsion-invariant umumlashgan  p-adik  Gibbs
o‘Ichovlari mavjud bo‘ladi;

2) agar p#1l(mod6) bo‘lsa, u holda bitta chegaralangan va bitta
chegaralanmagan translyatsion-invariant umumlashgan  p-adik  Gibbs

o‘lchovlari mavjud bo‘ladi.
14-teorema. Aytaylik, p >3 bo‘lsin. U holda bir jinsli tashqi maydonli 1zing

modelida faza almashinuvi mavjud bo‘ladi.
XULOSA

Dissertatsiya ikkinchi va uchinchi tartibli Keli daraxtlarida tashgi maydonli
va tashgi maydonsiz Izing modellariga mos kuchsiz davriy umumlashgan p -adik

Gibbs o‘Ichovlari to‘plamini tavsiflashga hamda bu modellarga mos p -adik faza
almashish turlarini tekshirishga bag‘ishlangan.

Tadqgiqotning asosiy natijalari quyidagilardan iborat:

1. p-adik sonlar maydoni ustida 2-tartibli Keli daraxtida Izing modeli uchun
kuchsiz davriy umumlashgan p -adik Gibbs o‘Ichovlari mavjudligi isbotlangan.

2. Agar p=1(mod4) bo‘lsa, 2-tartibli Keli daraxtida Izing modeli uchun
to‘rtta kuchsiz davriy umumlashgan p-adik Gibbs o‘lchovlari mavjudligi

ko‘rsatildi. Bu o‘Ichovlar chegaralanganlikka tekshirilgan.

3. Uchinchi tartibli Keli daraxtida 1zing modeli kuchsiz davriy umumlashgan
p -adik Gibbs o‘Ichovlari topilgan.

4. Agar p=5(mod12) bo‘lsa, u holda uchinchi tartibli Keli daraxtida lzing
modeli uchun faza almashishi mavjudligi isbotlangan.

5. Ikkinchi tartibli Keli daraxtida tashqgi maydonli lzing modeli uchun
invariant to‘plam ustida har qanday tub son uchun kamida bitta chegaralanmagan

H, - va kamida bitta chegaralanmagan H, -kuchsiz davriy umumlashgan p -adik

Gibbs o‘lchovlari mavjudligi isbotlangan.
6. Ikkinchi tartibli Keli daraxtida tashqi maydonli 1zing modeli uchun p=2

bo‘lganda kvazi faza almashishi ro‘y berishi hamda har qanday p toq tub son

uchun faza almashishi yuz berishi ko‘rsatilgan.
7. Uchinchi tartibli Keli daraxtida bir jinsli tashqi maydonli lzing modeli
uchun barcha translatsion-invariant umumlashgan p-adik Gibbs o‘lchovlari

topilgan.
8. p>3 bo‘lganda, uchinchi tartibli Keli daraxtida bir jinsli tashqi maydonli
Izing modeli uchun faza almashishi mavjud ekanligi isbotlangan.
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Actuality and demand of the theme of dissertation. Various scientific and
applied studies conducted worldwide to investigate the thermodynamic properties of
physical and biological processes often lead to models of statistical mechanics.
These models are naturally divided into Archimedean and non-Archimedean types.
In the study of models describing processes occurring in a non-Archimedean setting,
p -adic Gibbs measures serve as a fundamental tool and play a central role in the

theory of phase transitions. p -Adic Gibbs measures are important not only for the

theoretical development of statistical physics but also for solving practical problems
in fields such as chemistry, materials science, biology, and information technology.
However, even for classical models of statistical mechanics, a complete description
of the set of p -adic Gibbs measures remains an open and complex problem, which

makes the construction, classification, and analysis of the properties of such
measures an important and topical area of research.

Nowadays in the world, one of the actual problems is to determine the existence
of p-adic Gibbs measures for a given Hamiltonian on lattice systems and to provide

a complete description of  the set of  such measures.
In the theory of phase transitions in statistical physics, the existence of at least two
generalized p-adic Gibbs measures for a given physical model is of significant

importance. In this regard, determining the existence of translation-invariant,
periodic, and weakly periodic generalized p -adic Gibbs measures corresponding to

Hamiltonians with and without an external field, as well as providing a full
description of the set of such measures and verifying the boundedness of the
obtained measures in order to establish the occurrence of a phase transition for the
considered models, constitute one of the essential directions of current scientific
research.

In our country, special attention is paid to the scientific and practical
applications of the fundamental sciences, which are considered one of the main
pillars of development. In particular, in recent years, substantial progress has been
made in determining the existence of translation-invariant, periodic, and weakly
periodic Gibbs measures for classical models of statistical mechanics on the Cayley
tree, both over the fields of real and p -adic numbers, as well as in enriching the set

of such measures. In the Republic, the following fields have been identified as
priority directions for fundamental scientific research: algebra and its applications,
differential equations and their applications, mathematical modeling of nonlinear
and dynamical systems and their applications, stochastic analysis, medical-
biological informatics, and computational mathematics'. To ensure the
implementation of this Resolution, the development of the theory of phase
transitions for classical models of statistical mechanics, and the application of the
obtained theoretical results in related scientific fields, are of significant importance.

The subject and object of the research of this dissertation are in line with the
tasks identified in the Decrees and Resolutions of the President of the Republic of
Uzbekistan UP-4947 of February 7,2017 “On the Strategy of Actions for the Further
Development of the Republic of Uzbekistan™, UP-60 of January 28, 2022 “On the
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Development Strategy of New Uzbekistan for 2022-2026”, UP-2789 dated February
17,2017 “On measures to further improve the activities of the Academy of Sciences,
organization, management and financing of research activities”, PP-4387 of July 9,
2019 “On measures to further develop mathematical education and science, and
radically improve the activities of the V.l. Romanovskiy Institute of Mathematics of
the Academy of Sciences of the Republic of Uzbekistan™, and PP-4708 dated May
7, 2020 “On measures to improve the quality of education and research in the field
of mathematics”, as well as other normative-legal documents related to the
development of basic sciences.

Connection of research to priority directions of development of science and
technologies of the Republic. This study was conducted in accordance with the
priority areas of science and technology of the Republic of Uzbekistan 1V,
“Mathematics, Mechanics and Computer Science”.

The degree of scrutiny of the problem. The American scientist J. Willard
Gibbs introduced the concept of the Gibbs distribution, which plays a crucial role
for systems with constant temperature in thermal equilibrium with their
environment. The general properties of real-valued limiting Gibbs measures were
established in the studies of R.L.Dobrushin, O.Lanford, and D.Ruelle. The modern
theoretical foundations of these measures were extensively developed in the
scientific works of R.Baxter, H.O.Georgii, V.A.Malyshev, R.A.Minlos, K.Preston,
D.Ruelle, Ya.G.Sinai, G.Gallavotti, F.Bonetto, J.Gentile, Jin Zin-Justin,
N.N.Ganikhodjaev, = U.A.Rozikov, and F.M.Mukhamedov.  Moreover,
R.L.Dobrushin proved an important theorem on the existence of real-valued limiting
Gibbs measures. The problem of Gibbs measures for classical models of statistical
mechanics has been thoroughly investigated in the works of R.L.Dobrushin,
G.R.Brightwell, P.Winkler, Yu.M.Suhov, J.Martin, N.N.Ganikhodjaev,
U.A.Rozikov, F.M.Mukhamedov, D.Gandolfo, M.M.Rakhmatullaev,
R.M.Khakimov, G.I.Botirov, O.N.Khakimov, E.Normatov, Sh.Shoyusupov,
F.Haydarov, M.A.Rasulova, A.M.Tukhtabaev, B.U.Abraev, O.Sh.Karshibayev,
J.Dehgonov, and other researchers. For the Ising model on the lattice, the uniqueness
of the p-adic Gibbs distribution was demonstrated by N.N.Ganikhodjaev,

F.M.Mukhamedov, and U.A.Rozikov. The work of N.N.Ganikhodjaev and H.Akin
demonstrated the non-uniqueness of the p-adic Gibbs measure for the Ising-

Vannimenus model. O.N.Khakimov examined translation-invariant and periodic p

-adic quasi Gibbs measures on the Cayley tree of order two for the Vannimenus
model. These works were continued for the Ising-Vannimenus model by
F.M.Mukhamedov, M.K.Saburov and O.N.Khakimov.

The existence of a unique p -adic Gibbs measure for the homogeneous Ising

model was established by M.Khamraev, F.M.Mukhamedov and U.A.Rozikov.
O.N.Khakimov introduced the notion of p -adic generalized Gibbs measures for the

Ising model on the Cayley tree. He investigated translation-invariant and
G!?-periodic p -adic generalized Gibbs measures for this model. A boundedness
criterion for translation-invariant and periodic p -adic generalized Gibbs measures was
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obtained, and the existence of a phase transition for the homogeneous Ising model was
proved. The chaotic behavior of the dynamical system associated with p -adic

generalized Gibbs measures has been investigated by F.M. Mukhamedov, O.N.
Hakimov, H. Akin, and M. Dogan.

In 2008, over the field of real numbers, the notion of a weakly periodic Gibbs
measure was introduced. The existence of such measures for the Ising model was
investigated by U.A.Rozikov and M.M.Rakhmatullaev. In particular, on R, weakly
periodic Gibbs measures corresponding to normal subgroups of indexes 2 and 4 in the
group representation of the Cayley tree were explicitly described. It should be noted
that, despite the existence of numerous studies mentioned above, a complete
classification of all limiting Gibbs measures for any model on the Cayley tree has not
yet been obtained. Moreover, weakly periodic p -adic generalized Gibbs measures

have not been fully investigated so far.

Connection of the theme of the dissertation with the research works of
scientific research Institute, where the dissertation is carried out. Dissertation
research was carried out within the “Fundamental research” branch of the research plan
of Namangan State University.

The aim of this research is to establish the existence of weakly periodic
generalized p -adic Gibbs measures for the Ising model on the Cayley tree with and

without an external field, and, by examining their boundedness, to demonstrate the
occurrence of a phase transition in the given models.
Research problems are as follows:

To prove the existence of H,-weakly periodic p -adic generalized Gibbs
measures for the Ising model on the Cayley tree of order two;
To describe the set of H ,-weakly periodic p -adic generalized Gibbs measures

for the Ising model on Cayley trees of orders two and three, to verify the boundedness
of the obtained measures, and to address the problem of phase transition for the
considered models;

For the cases |A|=1 and | A|=2 to determine the weakly periodic p -adic

generalized Gibbs measures corresponding to the normal subgroup of index 2 to the
Ising model with an external field on the Cayley tree of order 2, and to demonstrate the
existence of phase transition for this model;

To provide a complete characterization of translation-invariant p -adic

generalized Gibbs measures for the Ising model with a homogeneous external field on
the Cayley tree of order three, and to investigate the problem of phase transition for this
model.

The research object: p -adic Ising models without an external field and with an

external field on the Cayley tree.
The research subject: Theory of groups and graphs, Gibbs measures theory,
Algebra and number theory, p -adic analysis, non-linear Markov processes.

Research methods: In the research the methods of p -adic analysis, number
theory, functional analysis, group theory, measures theory, theory of linear algebra are

24



used.
The scientific novelty of the research consists of the followings:

the existence of H ,-weakly periodic p -adic generalized Gibbs measure for the
Ising model on the Cayley tree of order two has been established,;
the H , -weakly periodic generalized p -adic Gibbs measures for the Ising model

on Cayley trees of orders two and three have been investigated. The obtained measures
were examined for boundedness, and the existence of phase transitions was
demonstrated,

the weakly periodic p -adic generalized Gibbs measures for the Ising model with

an external field on the Cayley tree of order two, corresponding to the normal subgroup
H , of index two, for the cases | Aj|=1 and | A|=2 have been determined, and it has
been proven that a phase transition exists when p>2;

for the Ising model with a homogeneous external field on the Cayley tree of order
three, the translation-invariant p-adic generalized Gibbs measures have been identified,
and it has been established that a phase transition occurs when p > 3.

Practical results of the research consist of the following:
The obtained results and the methods used in the dissertation can be taught as a course
for graduate students of higher education and after the higher education. Also, the exact
expression of parameter values that ensure the existence of the different phase
transitions in a set of weakly periodic p -adic generalized Gibbs measures can be used

to solve service theory problems.
The reliability of the results of the study. The results have been obtained by
using the methods of p -adic analysis, non-Archimedean functional analysis, non-

Archimedean Markov theory of random fields, p -adic probability theory, number

theory, Gibbs and non-Archimedean measure theory. The obtained results are
mathematically strongly proved.

Scientific and practical significance of research results. The scientific
importance of the results of the research work is explained by the fact that various p-
adic models of statistical mechanics can be used in the developing of Gibbs measures
theory.

The practical significance of the research determines by the changing of state of
physical systems is investigated and it gives opportunity to solve some problems of
combinatorics and telecommunications.

Implementation of the research results. Based on the results obtained for the
generalized p-adic Gibbs measures for the Ising model:

Theoretical approaches derived from the description of weakly periodic
p-adic generalized Gibbs measures for the Ising model on the Cayley trees of orders
two and three, and the methods for checking the boundedness of these measures, were
used in the foreign project No. 374824-2022, titled “Phase transition problems and
critical phenomena. Mathematical aspects of their equations, fast transitions and
asymptotics” to improve methods for determining phase transitions and critical
phenomena. (Osh State University Certificate No. 1400 dated 15.10.2025, Kyrgyzstan).
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The application of this scientific result enabled the determination of phase transitions
and critical temperatures;

The complete description of H,-weakly periodic generalized p-adic Gibbs

measures for the Ising model on Cayley trees has been utilized within the international
research grant project “Chaotic and mixed p-adic dynamical systems associated with
renormalized groups of lattice models” G0003247, United Arab Emirates University,
2025 (United Arab Emirates University Certificate, dated October 23, 2025). These
results provided a foundation for introducing new insights into the theory of p-adic
dynamical systems and furnish a practical framework for investigating the
thermodynamic properties of physical models;

The methods used to establish the existence of weakly periodic p-adic generalized
Gibbs measures for the p-adic Ising model on the Cayley tree of order two were applied
in the fundamental research project No. F-FA-2021-425, titled “Gradient Probability
Measures on Lattice Systems,” to determine the occurrence of a phase transition in
lattice systems (Institute of Mathematics Certificate No. 2/416 dated 27.10. 2025). The
application of this scientific result made it possible to characterize non-periodic Gibbs
measures for models with nearest-neighbor interactions on lattice systems.

Approbation of the research results. The main results of the research have been
discussed in 8 international and 4 national scientific conferences.

Publications of the research results. On the topic of the dissertation 6 research
papers have been published in the scientific journals, all of them are included in the list
of journals proposed by the Higher Attestation Commission of the Republic of
Uzbekistan for defending the PhD thesis, including 4 in foreign and 2 in Republic
journals.

The structure and volume of the dissertation. The dissertation consists of an
introduction, three chapters, conclusion and bibliography. The volume of the thesis is
114 pages.

THE MAIN CONTENT OF THE DISSERTATION

In the introduction besides the motivation of research theme and correspondence
to the priority research areas of science and technology of the Republic, we present the
degree of scrutiny of the problem, formulate our goals and objectives, identify the
object and subject of study, and state scientific novelty and practical results of the
research. Moreover, we reduce the theoretical and practical importance of the obtained
results, and give information on the implementation of the research results, the
published works and the structure of dissertation.

The first chapter of the dissertation, entitled “On p -adic analysis and p -adic

measures ”, presents the basic concepts and definitions used to present the results
obtained in this work, together with the fundamental theorems applied during the
research. Furthermore, this chapter is devoted to the uniqueness problem of the
p -adic Gibbs measure for the Ising model on the Cayley tree, the notion of p -adic

generalized Gibbs measures, and the results obtained for these measures on the Cayley
tree of order two. This chapter serves as the theoretical and methodological foundation
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for explaining and substantiating the main scientific results presented in the subsequent
chapters.
Let Q be the field of rational numbers. For a fixed prime number p, every

: : m
rational number x =0 can be represented in the form x=p"— where, meZ, neN,
n

and m,n are not divisible by p. The p -adic normof x < is defined as follows
| X],=p".
Additionally, the p -adic norm of zero is defined by
|O|p =0.
This norm is non-Archimedean; that is, it satisfies the strong triangle inequality
| x+yl,<max{|x],.|yl[,}

forall x,ye@Q.

The completion of @ with respect to the p-adic norm vyields the field of
p -adic numbers, denoted by @ ,. Every nonzero element xeQ_ has a unique
canonical representation of the form:

X= py(X)(Xo +XP+X p2 +"'),

where y(x),x; € Z with x, >0,0<x; < p-1. Inthis case, | x| = p 7.

Below, we present the sets that are important in our research.
Letae@Q ,and r>0,r eR.The open ball of radius I centred at @ is the set

B(a,r)={xeQ, :[x-a| <r},
the closed ball of radius I' centred at @ is the set
B(a,r)={xeQ, |x—al <r},
the sphere of radius I' centred at & is the set
S(a,r)={xeQ, :|x-al=r},
the set of p -adic integers is defined as
2, ={xeQ, x| <L,
the set of p -adic units is
Z,={xeQ, | x|,=1}.
We now introduce a function that is important in the theory of p -adic Gibbs

measures.
p -adic exponential is defined by

expp(x):ix—n,

n=0 n!
which converges for x e B(0, p ™).

The range of the p -adic exponential function is given as follows:
£, ={xeQ,:[x-1],< p*"}.

Let (X,%) be a measurable space, where 95 is an algebra of subsets X and let
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K be a non-Archimedean field. A function ,:98 K is said to be a non-
Archimedean measure if forany A=[ JA, A €B,K =1,n such that

k=1
ANA =0,i=# j,thefollowing holds:

1 UA )= Zucn).
A non-Archimedean measure is called probability measure if #(X)=1. A non-
Archimedean measure 4 is called a bounded if sup{| #(A)|,: A B} <o,

Let I =(V,L) be a Cayley tree of order k >1. V is the set of vertices, L isthe
set of edges. Two vertices X and y are called nearest neighbors, if there exist an edge

| e L connecting them and denote by | = (x, y). For x,y eV, a path connecting them

is a sequence of edges (X, X.),...,{X,,Y). The distance d(x,y) between X and vy is

defined as the number of edges in the shortest path connecting them.
For a fixed x° Vv, we consider the following sets:

W, ={xeV :d(x,x°) =n}, Vn=_LnJWJ., S(x)={yeW . :d(x,y)=1}, xeW,

L ={I=(xy)eLIxyeV,}; S,()={yeV:d(x,y)=1}; {x}=S,00\S(x).
Let G, be a free product of k +1 cyclic groups of the second order with generators
a,a,,...,a,, respectively.

The following proposition was proved by N.N.Ganikhodjaev.
Proposition 1. There exists a one-to-one correspondence between the set of

vertices V of the Cayley tree I =(V, L) and the group G,.

Let ®cZ be a finite set. For A <V, a configuration o, on A is defined as a
function
XeA—>o,(X)ed.

The set all of configurations on A is denoted by Q, =®", in particular, Q=0 .

For given configurations o €, and ¢ €Q),,, we define a configuration on Q

as follows:
o(x), if xe A,
(ove)(x)= .
o(x), if xeV \ A,
The energy of a configuration o € Q is given by the formal Hamiltonian

He)= 2 o)),

AcV:
diam(A)<r

where r e N, diam(A) = maxd(x,y) and 1:Q, — Q_ isagiven potential.
X, yeA

Let B be algebra of cylindrical subsets of Q.
Definition 1. Let z be a p -adic probability measures on (€2,°8). Assume that

forall AcV and o0€Q,,peQQ,,, the following equality holds
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H v
y(a|¢)=expp{z(“ o)

Ap

where Z,  isthe normalizing constant, i.e.,
Z,,=> exp,{H(ove)l.

wed,

Such a measure is called a p -adic Gibbs measure.
In §1.3, the uniqueness of the p -adic Gibbs measure for the Ising model, the
concept of the p -adic generalized Gibbs measure, and the results obtained for the Ising

model on the Cayley tree of order two are presented.
Let ® ={-1,1}. The formal Hamiltonian of p -adic Ising model is

H.(c,)=3 > o,(x)0,(y)

<va>ELn
where 0<|J | < p™*™ is a constant.

Assume that h:X—>h, VXxeV, h eQ, isamapping and consider the p -adic
probability measures 4" (c,) on Q, defined by

L exp {H, ()} Th"* n=12,..., (1)

Z® it

here, Z!" is the corresponding normalizing factor

Z"= % exp,{H, (o} Th"".

Un(X)EQ\/ﬂ XeW,
We say that p-adic probability measures (1) are compatible if all ne N and
o, ed™;

w (o) =

z :urin) (O-n—l v a)n) = ﬂrﬁn_l) (Gn—l) ' (2)
@, €Qyy,

We note that if p-adic probability measures (1) satisfies the compatibility condition

(2), then according to non-Archimedean analogue of the Kolmogorov extension
theorem, which was proved by N.N.Ganikhodjaev, F.M.Mukhamedov, U.A.Rozikov,

there exists a unique p -adic measure £ on Q such that
#{oeQ:ol,=0)=u"(c,),
forall o, €Q, , nelN.

In the works of F.M.Mukhamedov, the concept of phase transitions for p -adic
Gibbs measures is presented. If there are at least two distinct p -adic Gibbs measures
4 and Vv such that one is bounded and the other is unbounded, then one says that a
phase transition occurs. Moreover, it is said a quasi phase transition occurs if there are
two different functions § and h such that there exist the corresponding measures 4

and 4, they are either both bounded or both unbounded.

In the works of M.Khamrayev, U.A.Rozikov, and F.M.Mukhamedov, the
uniqueness of p -adic Gibbs measures for the homogeneous Ising model on the Cayley
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tree was investigated. They proved that no phase transition occurs for this model, that
IS, aunique p -adic Gibbs measure exists.

In 2014, O.N. Khakimov introduced the concept of p-adic generalized Gibbs
measures for the Ising model.
If for some function h the measures 1" satisfy the compatibility condition (2),

then there is a unique p -adic probability measure, which we denote by £ , since it

depends on h. Such a measure g is said to be a p -adic generalized Gibbs measure
corresponding to the p -adic Ising model.

If h,e& forany X eV \ x, then from the p -adic generalized Gibbs measure

we obtain the usual p -adic Gibbs measure.
It is known from the work of O.N.Khakimov that, the sequence of p -adic

probability distributions { /‘h(n)}m defined by formula (2), is consistent if and only if,
for any x eV \{x"}, the following relation holds:

Oh % +1
he= [T -~
" y!S_(IX) hy2+9

where & =exp {2J}.
In addition, in the case of the Ising model on the Cayley tree of order two, the
author established the translation-invariant and periodic p -adic generalized Gibbs

measures, examined the boundedness of these measures, and solved the problem of a
phase transition for this model.
The second chapter is titled “Weakly periodic p-adic generalized Gibbs

measures for the Ising model on the Cayley tree”. § 2.1, titled “Weakly periodic
Gibbs measures on the Cayley tree”, introduces the main concepts and some known
results. The existence of these measures is investigated in §2.2, titled “The existence of
weakly periodic p -adic generalized Gibbs measures on the Cayley tree”. In §2.3, titled

“Weakly periodic p -adic generalized Gibbs measures on the Cayley trees of orders

two and three”, such measures are constructed for the Ising model on Cayley trees of
orders two and three. Their boundedness and the problem of phase transition are then
studied in §2.4, titled “Boundedness of weakly periodic p -adic generalized Gibbs

measures and the problem of a phase transition”.

For the first time, in 2008, U.A.Rozikov and M.M.Rakhmatullaev introduced the
notion of a weakly periodic Gibbs measure, which is more general than the concepts of
translation-invariant and periodic measures. Below we present these concepts.

Let G, be a normal subgroup with index r>1 of the group G, and
G, /G, ={H, H,,...H. .} be afinite quotient group.

Definition 2. A set h={h , xeG,} of quantities is called G, -periodic if h =h,
forall Xxe H.. A G, -periodic function is called a translation-invariant.
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Definition 3. A set of quantities h={h_, x G} is called G,-weakly periodic if
h,=h,, forany XeH, and x, e H .

ij?
Definition 4. A p -adic generalized Gibbs measure (4 is said to be G, -(weakly)
periodic if it corresponds to a G, -(weakly) periodic h. A G, -periodic measure is called
a translation-invariant measure.
Note that any normal divisor of index two of the group G, has the following form
H,={xeG,:) o (a)isanevennumber},

icA
where G#Ac N, ={1,2,3,...k+1}, and o, (a) is the number of letters & in aword
XeG,. H, is anormal subgroup of the G,. It can be checked that the weakly periodic
Gibbs measure depends on choosing the normal subgroup of G,. Note that in case
| A=k +1, i.e., A=N,_ a notion of weakly periodicity coincides with the usual

periodicity (where| Al is the number of elements of the set A). Therefore, we consider
Ac N, such that A= N, . Then H,-weakly periodic collection h, has the following

form

hy,, If xeH;, x eH,

h = h,, if xeH,, x eH,
“|hy, if xeH, X, eH,,

h,, if xeH, x, eH,,

where H,:=H, and H, =G, \H,.

Weakly periodic Gibbs measures corresponding to two- or four-indexed normal
subgroups were thoroughly investigated in the field of real numbers by U.A.Rozikov,
M.M.Rakhmatullaev, and J.D.Dekhkonov. Furthermore, a new class of Gibbs
measures, similar to weakly periodic ones, was constructed on the Cayley tree of order
k by D.Gandolfo, J.Ruiz, and S.Shlosman.

In §2.1, the existence of weakly periodic p -adic generalized Gibbs measures for

the Ising model on the Cayley tree of order two in the p -adic setting was established,

which leads to the following result:
Theorem 1. If p=1(mod4) then there exists at least one weakly periodic (non-

periodic) p -adic generalized Gibbs measure for the Ising model on the Cayley tree of

order two.
Theorem 1 establishes the existence of at least one weakly periodic generalized
Gibbs measure in the field of p -adic numbers. Motivated by this result, we undertake

the description of all weakly periodic p -adic generalized Gibbs measures for the Ising

model on the Cayley tree of order two.
Theorem 2. Let k =2, | A|=1. There exist six distinct H , -weakly periodic (non-

translation-invariant) p -adic generalized Gibbs measures for the Ising model on the

00’
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Cayley tree.

The analysis carried out for the Ising model on the Cayley tree of order two was
extended to the case of the Cayley tree of order three, and the following results were
obtained on the invariant sets

l, :{(hoo’hm'hlo'hn) EQ‘:) thy=h, =h, = hlo}’
l, ={(hoo'h01’hlo’hu) E@t thy =hy.hy, = th}’

1 1
l,=1(h ’h01' 0''h1 ‘:):hoo:_'hm:_ .
3 {( 00 hl hl)e@ hll hlo}

Theorem 3. Let k=3, |A|=1, M/(p) and M,(p) be the number of
H ,-weakly periodic (non-translation-invariant) p-adic generalized Gibbs measures

corresponding to the H , -weakly periodic solutions of (3) on the invariant set |,and
|, respectively. Then the following assertion holds:

6, if p=1(modi2), 6, if p=1(mod12),
M(p)=<4, if p=5(mod12), M,(p)=43, if p=5(modi2),
1, otherwise . 1, otherwise.

In determining the occurrence of phase transition for the considered model, it is
important to verify the boundedness of measures. Therefore, in §2.4, the following
results are presented by generalizing those obtained for the Cayley tree of order two.

Theorem 4. Let p=1(mod4), |Al=1. Then there exist six H,-weakly
periodic (non-periodic) unbounded p-adic generalized Gibbs measures for the
p -adic Ising model on the Cayley tree of order two.

On the Cayley tree of order three, among the weakly periodic solutions of (3) on
the invariant set |,, we denoted by 4 the measure corresponding to the solution
h?=h" wx eV ,which exists for any prime number p . Now we present the following
result obtained on this invariant set:

Theorem 5. Let k=3, |A| =1and h be an H,-weakly periodic solution of (3)
on the invariant set |,. Then for the Ising model on the Cayley tree the following

assertions hold:
1. Only H,-weakly periodic (non-translation-invariant) p -adic generalized

Gibbs measure £ is unbounded if p=2.
2. Only H,-weakly periodic (non-translation-invariant) p -adic generalized

Gibbs measure £ is bounded if p#=2.
By analyzing the obtained measures on |, we obtained the following theorem:
Theorem 6. Let k=3, |[A/=1and h bean H,-weakly periodic solution of (3)
on L\, Then all H ,-weakly periodic (non-translation-invariant) p -adic
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generalized Gibbs measures are unbounded if one of the following conditions hold:

1) p=1(mod12).

2) p=>5(mod12).

Corollary 1. Let p=5(mod12). Then there exists a phase transition for the p
-adic Ising model on the Cayley tree of the third-order.

Remark 1. If p=1(mod12), then there exists a phase transition. Note that this

condition coincides with the condition in M.M.Rakhmatullaev, O.N.Khakimov and
A .M.Tuxtabaev’s work.
Chapter 3 is entitled “Weakly periodic p -adic generalized Gibbs measures

for the Ising model with an external field”. §3.1, titled “The Ising model with an
external field on the Cayley tree”, presents well-known facts together with the obtained
results for the p -adic Ising model with an external field.

A Hamiltonianin Q, (i.e, H :Q, — Q) ofthe p-adic Ising model with an
external field is defined by

H.(c,)=J > o,(Xo,(y)+a) o,(X), (4)

(x,y)ely, XeV,
where J,a € B(0, p™*)\{0} are constants.
If « =0, then equation (4) reduces to the Hamiltonian of the p -adic Ising model

without an external field. Therefore, we consider the case « = 0.
It is known from the work of F.M.Muxamedov, M.M.Rakhmatullaev,
A.M.Tuxtabayev, and R.M.Mamadjanov that for the p-adic Ising model with an

external field on the Cayley tree, the sequence of p -adic probability measures
{1,"}  defined by formula (2), is consistent if and only if, for any x €V \{x'},
the following relation holds:

R Oﬁ +1
h=n""T] = )

yes (x) ﬁy +0

where 0 =exp {2J}, n=exp, (&), h =nexp {2h}.
For the Ising model with an external field on the second-order Cayley tree,

translation-invariant and periodic p -adic generalized Gibbs measures were studied by

F.M.Mukhamedov, M.M.Rakhmatullaev, A.M.Tukhtabayev, and R.M.Mamadjanov.
In §3.2, titled “Weakly periodic p -adic generalized Gibbs measures for the Ising

model with an external field”, H , -weakly periodic p -adic generalized Gibbs measures
for the considered model are studied in the cases | A|=1 and | A|=2. For | A|=1, the

following results were obtained:
Theorem 7. There exists at least one H,-weakly periodic (non-translation-

invariant) p -adic generalized Gibbs measure for the Ising model with an external field

on the Cayley tree of order two.
We examined the boundedness of this measure and obtained the following
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theorem:
Theorem 8. Let ﬁx be an H,-weakly periodic solution of (5). Then

corresponding H,-weakly periodic p-adic generalized Gibbs measure M, s

unbounded for the p -adic Ising model with external field on the Cayley tree of order
two .
Theorem 9. Let k =2 and |A|=1. For the p -adic Ising model with an external

field on the Cayley tree of order two the following statements hold:
1. if p=2 then a quasi phase transition occurs;

2. for any odd prime p a phase transition occurs.
In the case | A|=2, the normal subgroup of index two in the group G, is given
by:
H, ={xeG,:(a,(a)+m,(a,))=0(mod 2)}, i, j {l.2.3}i = |,

that is, the total number of letters @, and a; in the word X is even. If we denote the

corresponding measures obtained for | Al=1 and |A|=2 by H,- va H, -weakly

periodic measures, respectively, then the weakly periodic solutions of (5) led us to the
following result:

Theorem 10. For the Ising model with an external field, there exist at least one
H , -weakly periodic (non-translation-invariant) and at least one H, -weakly periodic
(non-translation-invariant) p -adic generalized Gibbs measure on the Cayley tree of

order two.
Checking the boundedness of these measures yields the following result:
Theorem 11. Let p=3. For the Ising model with an external field on the

Cayley tree of order two, there exists at least one unbounded H , -weakly periodic (non-
translation-invariant) and at least one unbounded H, -weakly periodic (non-

translation-invariant) p -adic generalized Gibbs measure.
Theorem 12. For any odd number p, a phase transition occurs in the Ising

model with an external field on the Cayley tree of order two.
§3.3, titled “Translation-invariant generalized p -adic Gibbs measures for the

Ising model with a homogeneous external field on the Cayley tree of order three”, is
devoted to finding the conditions on the prime number p under which translation-

invariant solutions of (5) exist. Checking the boundedness of the obtained measures
gave us the following result:
Theorem 13. Let p > 3. Then, for the Ising model with a homogeneous external

field on the Cayley tree of order three, the following statements hold:
1. If p=1( mod6), then there exist one bounded and three unbounded translation-

invariant p -adic generalized Gibbs measure.
2. If p#1( mod6), then there exist one bounded and one unbounded translation-
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invariant p -adic generalized Gibbs measures.
Theorem 14. If p >3 then there exists a phase transition for the Ising model
with a homogeneous external field.

Conclusion

This dissertation is devoted to the characterization of the set of weakly periodic
generalized p -adic Gibbs measures for the Ising model with and without an external

field on second and third-order Cayley trees. Furthermore, it examines the types of p -

adic phase transitions corresponding to these models.
The results obtained in this dissertation can be summarized as follows:
1. The existence of weakly periodic p -adic generalized Gibbs measures for the

Ising model on the second-order Cayley tree in the p -adic case was proved.
2. It was shown that for p=1(mod4), there are four weakly periodic p -adic

generalized Gibbs measures for the Ising model on the second-order Cayley tree. The
boundedness of these measures was also examined.
3. Weakly periodic p -adic generalized Gibbs measures for the Ising model on

the third-order Cayley tree were found. In particular, it was proved that if
p=1(mod12), the number of such measures is at most twelve, whereas if

p =5(mod12), there are at most seven, and at least two in other cases.
4. It was proved that for p=5(mod12), a phase transition exists for the Ising

model on the third-order Cayley tree.
5. For the Ising model with an external field on the Cayley tree of order two, it

is proved that for any prime number p, there exists at least one unbounded H, - weakly
periodic and at least one unbounded H, -weakly periodic generalized p -adic Gibbs

measure.
6. It was shown that a quasi phase transition occurs for the Ising model with an
external field on the second-order Cayley tree when p =2, and that a phase transition

occurs for any odd prime number p.
7. All translation-invariant p -adic generalized Gibbs measures were found for

the Ising model with a homogeneous external field on the third-order Cayley tree.
8. It was proved that a phase transition exists for the Ising model with a
homogeneous external field on the third-order Cayley tree when p > 3.
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BBEJIEHUE (anHoTamusi Auccepranuu gJokropa ¢uiaocodpun (PhD))

Heabo  ucciaegoBaHusi  SBISETCS  YCTAHOBJIEHHWE  CYIISCTBOBAHUSA
cmabonepruoInIecKux 0O0OOIMEHHBIX P-aJUIECKUX THOOCOBCKUX MEpP IS MOJEIH
W3uara Ha nepeBe Konmm kak mpu HAIMYWW BHENIHETO TIOJISI, TaK W TPHU €TO
OTCYTCTBHH, a TaK)Xe, MPOBEPSs WX OTPAaHUYCHHOCTb, MOKa3aTh CYIIECTBOBAHHE
¢azoBoro Mepexoa B JaHHBIX MOJICIISX.

OO0beKTOM HCCIeI0BAHMS SIBISIOTCS P -aaudeckas Mozenu M3wara 6e3

BHEIITHETO TMOJIS U ¢ BHEIIIHUM T0JIeM Ha JiepeBe Kamu.

Hay4nasi HOBU3HA MCCJIEIOBAHUSA COCTOUT B CIICIYIOIIEM:

JI0OKA3aHO CYIIECTBOBAHHE CIIA0OTMEPUOANICCKON OOOOIIEHHON P-aquIeCcKOM
ru60coBcKor Mephl U1 Mosenu M3unra Ha aepese Kanu Broporo nopsiaka;

Ha JepeBbsix Koaum BTOPOro u TpeThero MOpsSAKOB s monenu W3uHra
MIOCTPOEHBI cladoneproudeckue o000EHHBIE p-auyecKue ru00COBCKUE MEPHI U
HCClieIOBaHA UX OTPaHUYECHHOCTD;

Ha nepeBe Kanum BTOporo mopsiaka juisi MoAenu M3uHra Bo BHENIHEM MOJie
MIOCTPOEHBI cIabornepruoinyeckue 0000EHHBIE P-aiuuecKre THOOCOBCKUE MEDHI,
COOTBETCTBYIOIIIME HOPMAJIbHOM TMOATPYNIE HWHIAEKCA JBa, U JOKAa3aHO
CylecTBOBaHMe (a3oBOTO Nepexoaa npu p>2 1Sl JaHHOW MOJIEIIH;

JUIsl OTHOPOIHOM Mozenu M3uHra Bo BHEIIHEM MoJie Ha aepeBe Kanu tpetbero
MopsiIka HaWAEHBI TPAHCISIMOHHO-UHBAPUAHTHBIE OOOOIIEHHBIE P-aAUYECKUE
ru0OCOBCKHE MEPHI, M JIOKA3aHO CYIECTBOBAaHUE (pa30BOr0 Mepexoia npu p>3 mis
paccMaTpruBaeMOM MOJIEIIH.

BHeapenue pe3yabTaToB Mccae10BaHusA. Ha OCHOBE MOJTy4YEeHHBIX
pe3yJIbTaToOB JJi1 0000IEHHBIX P -aaudeckux Mep ['mdoca nis moaenu M3unra:

TEOPETUYECKUE TTOXOIbI, TOTYUYEHHBIC MPY OMUCAHUU CIa00 MEePHUOTUUECKUX
0000mEHHbIX P -aandeckux mep ['md6ca mns moxenu M3unHra Ha nepeBbsix Komm

BTOPOTO U TPETHETO MOPAJIKA, & TAKKE METOJIbl MPOBEPKU OIPAHUYEHHOCTH ITUX
Mep, OBLTM UCIIOIB30BaHbI B 3apy0eskHoM npoekTe Ne 374824-2022 o Ha3BaHUEM
“3amaun ($a30BBIX MEPEXOA0B U KPUTHUYCCKUE ABJICHUSI. MaTeMaTHUeCKHe acTICKThI
UX ypaBHEHUH, OBICTpBIC TEPEXOJbl U ACUMMTOTHKA MJIS COBEPIICHCTBOBAHUS
METO/IOB ormpezeneHust $ha3oBbIX MEPEX0J0B W KpuTHUeckux siBneHui (CrmpaBka
Omuickoro rocynapctsenHoro yHusepcurera Ne 1400 ot 15.10.2025, Keiprsizctan).
[IpuMeHeHre MaHHOTO HAYYHOTO pe3yJibTaTa IMO3BOJIAJIIO ONPEAeTUTh (ha30BbIE
MepeXo0/ibl U KPUTHUYECKUE TEMIIEPATYPHI;

IOJIHOE OIMCaHHe H , -ciabo IEPUOJUIECKUX 0000EHHBIX

p -agudyeckux wmep ['mb6ca s monenu M3unra Ha npepeBbsix Koamm ObLio

HCIIOJB30BAHO B pPaMKax MCKAYHAPOJIHOIO HCCIICIOBATCILCKOTO TPAHTOBOIO
IIPOCKTAa «XaoTUYECKHE U CMEIIaHHbIC P -aIu4CCKUEC THUHAMHUYCCKHUE CHCTCMEI,

CBSA3aHHBIE C PEHOPMAJIM3AIMOHHBIMU TpynnamMu peméTounbix moaenein» (UAEU,
rpant Ne G0003247, Yausepcuter O0bequHEHHBIX ApaOckux IMuparos, 2025 1.)
(ceptudukar, Beimanubii YHuBepcutrerom OAD, ot 23 oktsabps 2025 r.). Ot
pe3yabTaThl MOCITYXWJIA OCHOBOM JJIi BBEJAEHUS HOBBIX IOHATUA B TEOPHUIO P-
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aIMYeCKUX JUHAMUYECKHX CHCTEM U UCCIIEOBAaHMS TEPMOJMHAMHUYECKUX CBOICTB
(bu3HIeCKIX MOJCIICH;

METOJIbI, HCIOJb30BaHHbIE [UIsI YCTAaHOBJIEHHUS CYIIECTBOBaHUA ciabo
NEPUOANYECKUX P -aJuueckux 0000meHHpIx Mep [ubbca ans p -agudeckon

moznenu WM3unra Ha pgepeBe Koanmu BToporo mnopsiaka, ObUIM NPUMEHEHBI B
dbyHmamMeHTalbHOM  ucchenoBaTenbckoM — mpoekte  Ne  F-FA-2021-425
«I'panvieHTHBIE BEpPOSITHOCTHBIE MEpbl Ha PEHIETOYHBIX CHCTEMax»  JUIs
onpeneneHuss Haauuus (a3oBoro mepexoaa B peméroyHbix cucreMax (CrpaBka
NuctutyTa Mmatematuku Ne 2/416 ot 27.10.2025). Ilpumenenre 1aHHOTO HAyYHOTO
pe3yibpTaTa MO3BOJIWIO OXAapaKTepHU30BaTh Hemepuoaudeckue mepbl ['mbbdca miis
MOZEJIEN ¢ B3aUMOIEUCTBUEM OJIMKANIINX COCEIe Ha PEIIETOYHBIX CUCTEMAX.

CrtpykTrypa u 00beM quccepranun. /luccepranusi COCTOUT U3 BBEACHMUS, TPEX
IJ1aB, pa30MTBIX HA JAECATh MaparpadoB, 3aKIIOUEHHS U CIHCKA MCHOJIb30BAHHOM
mutepatypsl. O0bem aucceprauuu coctaisieT 114 crpanu.
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