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KIRISH

Dissertatsiva mavzusining asoslanishi va uning dolzarbligi;: Ushbu

magistrlik dissertatsiya “Binomial qonun bo’yicha tagsimlangan tarmoqlanish
jarayoni” deb nomlangan . Tarmoglanish jarayoni juda ko’p sohalarida keng
qo’llaniladi: jumladan demografiya, biologiya, meditsina, fizika, ommaviy
xizmat ko’rsatish nazariyasida va xokazolarda. Shu o’rinda Prezidentimiz Islom

Abdug’aniyevich Karimov ma’ruzalarida quyida fikrlarni aytib o’tdilar.

Hisobot yilida ta’lim sohasini rivojlantirish va isloh etish masalasi doimiy

ravishda e’tiborimiz markazida bo’1di.

Ta’lim-tarbiya sohasining vyaxlit, uzluksiz tizimini shakllantirish va
mustahkamlash, jumladan, umumiy o’rta ta’limdan boshlab o’rta maxsus, kasb-
hunar hamda oliy ta’limgacha bo’lgan barcha bosqichlarda yuksak bilimli va
malakali kasb tayyorgarligiga ega bo’lgan avlodni tarbiyalash jarayonini

takomillashtirish ishlari izchil davom ettirildi.

2013 yilning 1 yanvaridan boshlab biz uchun yangi bo’lgan oliy o’quv yurtidan
keyingi ta’lim, doktorlik i1lmiy ishlarini tayyorlash va himoya qilish, ilmiy daraja

hamda ilmiy unvonlar berish tizimi joriy etilmoqda.

IlImiy kengashlar asosan nafagat yuqori malakali kadrlar tayyorlash maskani,
ayni vaqtda ilmiy tadqiqotlar olib boriladigan markazga aylanishi lozim bo’lgan

yetakchi oliy o’quv yurtlari qoshida tashkil etiladi.

Vazirlar Mahkamasi huzuridagi Oliy attestatsiya komissiyasining tashkiliy

tuzilishi va uning nizomi tubdan qayta ko’rib chiqildi.

2013 yilning 1 yanvaridan boshlab mamlakatimizda oliy o’quv yurtlari

faoliyatini baholashning reyting tizimi joriy etilmogda. Reyting tuzish vazifasi

' ILA.Karimov 2012-yilda mamlakatimizni ijtimoiy-igtisodiy rivojlantirish yakunlari hamda 2013-yilga
mo’ljallangan iqtisodiy dasturning eng muhim ustuvor yo’nalishlariga bag’ishlangan O’zbekiston Respublikasi
vazirlar Mahkamasining majlisidagi ma’ruzasi 2013-yil 18-yanvar
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Vazirlar Mahkamasi huzuridagi Davlat test markazi zimmasiga yuklanadi.
Ushbu markaz reyting baholarini tuzishning hozircha vaqgtinchalik tasdiglangan
metodikasi asosida Hukumatga mamlakatimizda oliy ta’limning ganday

rivojlanayotgani to’g’risida har yili ta’liliy ma’lumotlar taqdim etadi.

Oliy o’quv yurtlari faoliyati baholanadigan mezonlarni shakllantirishda oliy
o’quv yurtlaridagi o’qitish sifati va ilmiy salohiyat darajasi indeksiga asosiy
e’tibor garatiladi va ularning har biri natijasiga ko’ra, 35 foizdan eng yuqori
ballar qo’yiladi. Shuningdek, talaba va bitiruvchilarning ish beruvchilar
o’rtasida so’rov o’tkazish natijasida aniqlanadigan malaka indeksiga alohida
ahamiyat beriladi va bu ko’rsatkich 20 foiz bilan baholanadi. Qolgan 10 foiz
boshqa ko’rsatkichlar bo’yicha beriladi.

Reyting tizimini joriy etishning ma’nosi va ahamiyati faqat har bir oliy o’quv
yurtining mamlakatimiz oliy o’quv yurtlari orasida ganday o’rinni egallab

turgani haqida xolis ma’lumotga ega bo’lishdan iborat emas.

Eng asosiysi, shu asnoda oliy o’quv yurtlari o’rtasida sog’lom raqobat va
musobaga muhitini shakllantirish, shuningdek, ishimizdagi e’tibordan chetda
qolib kelayotgan jihatlar va rezervlarni baholash, yuqori malakali kadrlar
tayyorlash darajasi hamda sifatini yanada oshirish bo’yicha aniq takliflarni

ishlab chiqish imkoniyati paydo bo’ladi.

Ta’lim sohasidagi ishlarimizni sarhisob qilar ekanmiz, Fransiyadagi dunyoning
eng yaxshi beshta biznes maktabi qatoriga kiradigan “Inssad” xalqaro biznes
maktabining 2012 yilgi “Innovatsiyalarning global indeksi” ma’ruzasida bayon
etilgan ma’lumotlarni keltirish o’rinli, deb o’ylayman. Ma’ruza Jahon

intellektual mulk tashkiloti bilan hamkorlikda tayyorlangan.

Ushbu ma’ruzada dunyoning 141 mamlakatidagi innovatsion rivojlanish
kompleks tarzda tahlil gilingan. Tahlilning asosiy tarkibiy gismlaridan biri inson

kapitalini rivojlantirish darajasi bo’lib, mazkur ko’rsatkich bo’yicha bizning



mamlakatimiz 35-o’rinni egallagan. Ta’lim tizimini rivojlantirish darajasi
bo’yicha esa O’zbekiston — shunga e’tibor beringlar — dunyoning 141 mamlakati

orasida ikkinchi o’rinni band etgan.
O’ylaymanki, bu o’rinda ortigcha izohga hojat yo’q”.

Tadgigot ob’yekti va predmetining belgilanishi: Ilmiy tadqiqot ob’yektini

tarmogqlanish jarayoni uchun limit teoremalarga oid ilmiy manbalar,
tarmoqlanish jarayonini o’rganishga bag’ishlangan yurtimizdagi va xorijdagi
tadgiqotlar tashkil giladi.

Tarmoglanish jarayoni uchun limit teoremalar masalasining talgin

etilishining tamoyillarini o’rganish va ilmiy-nazariy tahlil gilishdan iborat.

Tadgigot maqgsadi va vazifalari: Magistrlik ishining magsadi ehtimollar

nazariyasining asosiy yo’nalishlaridan biri bo’lgan tarmoqlanish jarayonidagi
binomial qonun bo’yicha tagsimlanishni o’rganish va kelajakda bu sohada ilmiy

izlanishlar olib borishdan iborat.

Tadgigotning asosiy masalalari va farazlari: Tasodifiy sondan boshlangan

tarmogqlanish jarayoni uchun limit teoremalar o’rganish.

Mavzu bo 'yicha gisqacha adabiyotlar tahlili  Men dissertatsiyani yozishda

asosan quyidagi adabiyotlardan foydalandim: Xarris T.E, Teopus
BETBAIIMXCSA CIIydalHbIX niponeccoB. M: “Mup”, 1966, CesactbsnoB b.A.
“Betssimuecs nporeccsl ” M., Hayka, 1971. Binomial qonun bo’yicha

tagsimlangan tarmoglanish jarayoniga oid yetarli ma’lumot oldim.

Tadgiqgotda go’llanilgan uslublarning gisqacha tavsifi: Ushbu dissertatsiyaning

ilmiy—nazariy tomonlarini ishlab chigishda tarmoglanish jarayoni soxasida ish

olib borishgan matematik olimlarimizdan B.A.Sevastyanov, A.M.Zubkov,



V.A. Vatutin, Sh.K.Farmonov, |.S.Badalboev va boshga yirik olimlar, xozirda

esa O’zbekistonlik ustozlarimiz nazariy tadqiqotlariga tayanildi.

Tadgigot natijalarining nazariy va amaliy ahamiyati: Tarmoglanish jarayoni
keng tadbigga ega, ya’ni demografiya, biologiya, meditsina, fizika, ommaviy
xizmat ko’rsatish nazariyasida va hokazolarda bu metoddan unumli

foydalaniladi.

Tadgigotning ilmiy yangiligi: Ishda x, Puasson taqsimoti bo’yicha , v
binomial tagsimoti bo’yicha taqsimlangan bo’lsa F,(x) ni aniglash kabi

masalalar ko’rilgan.
Dissertatsiya tarkibining gisgacha tavsifi: Magistrlik dissertatsiya kirish, asosiy

n

gism (3 ta bob), xulosa, foydalanilgan adabiyotlar ro’yxati, internet
materiallaridan iborat. Hajmi 110 betdan tashkil topgan.

Davlatimiz rahbari Islom Karimov tashabbusi bilan 2014-yil
mamlakatimizda “Sog‘lom bola yili” deb e’lon qilinishi jamoatchiligimiz
tomonidan keng qo‘llab-quvvatlandi. Joriy yilning 19-fevral kuni O‘zbekiston
Respublikasi Prezidentining “Sog‘lom bola yili” Davlat dasturi to‘g‘risida”gi
garori qgabul qilindi. Shuni ishonch bilan aytish mumkinki, bu
mustaqilligimizning ilk kunlaridan jismonan sog‘lom va ma’nan yetuk barkamol
avlodni tarbiyalash ustuvor vazifa etib belgilangan ijtimoiy yo‘naltirilgan davlat
siyosatining mantiqiy davomi bo‘ldi. “Ona va bola”, “Yoshlar ”, “Barkamol
avlod 7, “Oila” va boshga nomlar bilan atalgan yillarda amalga oshirilgan ishlar
xalqimizning ezgu orzusi bo‘lgan sog‘lom bola tarbiyalashdek olijanob

magsadga hamohangdir.

Hech shubhasiz, har birimiz farzandlarimizni sog‘lom va har tomonlama
barkamol qilib tarbiyalash, ularning baxt-saodati, yorug* kelajagini ko‘rishni
niyat gilamiz.

O‘tgan davrda keng miqyosli va teran mazmunli ulkan ishlar,
mamlakatimiz va jamiyatimiz taraqqiyoti uchun g‘oyat muhim ahamiyat kasb

etuvchi vazifalarni bajarishga yo‘naltirilgan qator umummilliy dasturlar, birinchi
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navbatda, “Sog‘lom ona — sog‘lom bola” dasturi amalga oshirildi.
Farzandlarimiz va xalgimiz baxti uchun, kelajagimiz uchun gilinayotgan bu
ezqgu ishlar izchillik bilan davom etib, tobora kengayib borayotgani, yuksak

samaralar berayotgani quvonarlidir.

Kadrlar tayyorlash milliy dasturi va Maktab ta’limini rivojlantirish
umummilliy davlat dasturining amalga oshirilishi samaralari mamlakatimizda
barkamol avlodni tarbiyalashga qaratilayotan ulkan e’tiborning yaqqol
tasdig‘idir.

“Sog‘lom bola yili” Davlat dasturida ko‘zda tutilgan chora-tadbirlar,
avvalo shu muhim masalalarni hal gilishga garatilgan. Joriy yilda Davlat
dasturini amalga oshirish jarayonida bu ishlarning barchasi yanada yuqori
darajaga ko‘tariladi. Dasturda avvalo ham jismoniy, ham ma’naviy jihatdan
sog‘lom, mustaqil fikrlay oladigan, yuksak intellektual salohiyatli, chuqur
bilimli va zamonaviy dunyogarashga ega, mamlakat taqdiri va kelajagi uchun
mas’uliyatni o‘z zimmasiga olishga qodir barkamol avlodni shakllantirish,
davlat va jamiyatning barcha kuch va imkoniyatlarini ana shu maqgsadlarga
safarbar etishga doir keng miqgyosli chora-tadbirlarni amalga oshirish ko‘zda
tutilgan.

Dastur yetti bo‘lim va 125 banddan iborat bo‘lib, unda bolalar
tug‘ilishi, ta’lim-tarbiyasi, oilada sog‘lom muhitni, uning iqtisodiy va ma’naviy-
ahlogiy asoslarini mustahkamlash, ijtimoiy soha rivojiga ajratilayotgan

mablag‘lar samaradorligini oshirish bilan bog‘liq barcha masalalar aks etgan.



__| bob. Galton-Vatson tarmoglanish jarayoni

18-asrda o’rtalarida Galton va Vatson familiyalarini yo’qolib Ketishi
masalalarini yechish jarayonida ehtimollar nazariyasi tadbiglaridan hisoblangan
tarmoglanuvchi jarayon uchun model tuzdilar , keyinchalik 1927-yilda Xolden
1930-yil Stefenson , 1938- yilda Kolmogorov, 1931-yilda Lodkov kabilar bu
fanni boshlang’ich masalalarini yechdilar . Ko’pgina fanlarda bu jarayon 0’z
aksini topdi. Demografik jarayonda , genetika masalalarida , ximiyada , fizikada
keng tadbiq gilinmoqda.

Hozirgi davrda Rossiyada , AQSH da , Yaponiyada , O’zbekistonda bu
jarayon o’rganilmoqda va tadbiq gilinmoqda . O’zbekistonda Shokir Farmonov
rahbarligida o’rganilmoqda.

1.1. Tarmogqlanish jarayoni ta’rifi

Bir xilli tarmogqlanuvchi jarayon ta’rifi
Faraz gilaylik po,us,,,,, s, Musbat, butun giymatlarni gqabul giladigan

tasodifiy migdorlar quyidagi shartlarni ganoatlantirsin:
P(/“l0=1):11 P(/J:L:k):Pk y Z Pk:ll
k=0

(1.1.1)
{&,} tasodifiy miqdorlar o’zaro bog’ligsiz va har biri p; day tagsimlangan
bo’lib,
Pty =K/ pt, =1)=P(& + &5 &L =K),
(Pttya =0/ 1ty -0)=1) (1.1.2)

bajarilsin.

1-TA’RIF. (1.1.1) va (1.1.2) shartni ganoatlantiruvchi { } tasodifiy
miqgdorlar ketma-ketligi bir jinsli bir xilli nugtaviy vaqtli tarmoglanish jarayoni

deyiladi.
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Bu yerda u, n-chi avloddagi zarrachalar sonini bildiradi. Bunday jarayonni
Gal’ton-Vatson jarayoni deb yuritamiz. (1.1.2) ifoda ixtiyoriy avloddagi har bir
zarracha o’zaro bog’ligsiz ko’payishini ko’rsatadi.

Tarmogqlanish jarayonini o’rganishdagi qulay usullardan biri hosil giluvchi

funksiyadir. Quyidagi hosil giluvchi funksiyani Kiritamiz:
F(x) = i P X" [x[<1. P =1
k=0

Agar F(x) bu funksiyaning x =1 nuqtadagi birinchi, ikkinchi va uchinchi
xosilalart mavjud bo’lsa, bularni mos ravishda
A=F' (1), B=F'(1), D=F"'(1)
kabi belgilaymiz.

Ishonch xosil gilish mumkinki
F,(x) =2, P(u, =kK)x* = F(F,,(x) = F,_,(F(x)),
k=0

(1.1.3)
n=12,,,, F9=F(®. (1.1.3) dan foydalanib ., ni matematik
kutilmasini Mgz, = A" ga tengligini topamiz.
Dispersiya esa
(B+A-A2) A" (A" 1)

. A+l
/’ln = AzfA
n(B+A-A?), A=l

(1.1.4)

2-TA’RIF: Agar ehtimollik bilan {.,} ni chekli sondagi hadlaridan
tashqari hadlari 0 ga teng bo’lsa, u holda jarayon tugaydi deyiladi.

Xususan,

P(u,=0)=1

bajarilsa jarayon n-nchi avlodda tugaydi.

{u,} Jarayoni tugash ehtimolligini q bilan belgilaymiz,
u holda

g=limP(u, =0) =limF, ©
N—o0 N—o0
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1-TEOREMA Agar A<1 bo’lsa {x,}jarayoni tugash ehtimoli birga teng
bo’ladi. A>1daesa {4,} jarayoni tugash ehtimolligi
F(¥) = X (1.15)
tenglama manfiy bo’lmagan va birdan kichik bo’lgan yagona q yechimiga

tengdir.

Ko’p xilli tarmoglanuvchi jarayon
3-TA’RIF. Aytaylik T=(T,T,,...,T)Ko’lchovli vektor bo’lib, uning
komponentlari manfiy bo’lmagan butun giymatlardan iborat bo’lsin. e, (1<i<k)
bilan esa i-nchi komponentasi 1, golgan komponentlari O dan iborat vektorni
belgilaymiz.
4-TA’RIF. Ko’p xolatli Galt’ton-Vatson tarmogqlanish jarayoni deb vaqt
bo’yicha bir jinsli T-xolatdagi Markov
#0), (D), p(2),....4(N),...
(1.1.6)
jarayoniga aytiladi, bu yerda .(0) doim aniq butun vektor deb gabul gilinadi,
w() = (1), 1, (1), .t (1), 1=012...., da esa (1) 1-nchi avloddagi inchi
(L<i<k) Xildagi zarrachalar sonini ifodalaydi deb faraz gilamiz. x'(1), i, j =1k,
j-nchi xildan boshlangan I-nchi avloddagi i-nchi xildagi zarrachalar sonini
belgilaydi.
Hosil giluvchi funksiyani quyidagicha kiritamiz:

RO =R (508,50 = YPLa! (0 =m0 =m, )

i=1,

=

™8, s ™, 1< <k, <1 1<i<k

F,(5)=(F,'(s), F.2(8)..F, " (9)) F.(s) = F(s),

(1.1.7)

tenglamani ganoatlantiradi. Quyidagi belgilashlarni kiritamiz:

12



Al(n)=Mu!(n), Al@)=a
B! =M (] () 44/ @), i#1, B, =M (1 Qe ©-D)) P4 () =m,,...,
wl(ny=m)=pPI®  nx0,

u holda (1.1.10) ga ko’ra

oFi(11...0)
oS,

J

=A@, i,j=12....k

Ajj(n)zé:Anj(n—l)A}.

Ma’lumki, agar |A/| matritsa yoyilmaydigan bo’lsa, u holda, musbat
oddiy xos son p mavjud bo’lib bu son |A/| matritsani boshga xos sonlardan
absolyut giymat jihatdan oshmaydi va p ga mos o’ng u=(u,,u,,..u,) chap Xos
vektorlar mushat va

Alu, + Alu,+,,, +Alu, = pu;

VA VAT A = v (1.1.8)

uV, +u,v, +. . .+uyv, =1
tenglikni ganoatlantiradi. Bunday tarmoglanish jarayoniga yoyilmaydigan
tarmogqlanish jarayoni deyiladi. Biz yoyilmaydigan davriy bo’Imagan ko’p xilli
Gal’ton-Vatson jarayonini garaymiz, bu shartlar buzilgan hollarni ham topish

mumkin.

Atrey va Ney Al(n) uchun n—da quyidagi asimtotik formulani keltirib

chigaradi;
Al (n)=p"u,v; +1;;(n), (1.1.9)

bu yerda r;.(n) <cp".

5-TA’RIF. Agar p <1 bo’lsa kritikgacha p =1 kritikdan keyingi ko’p xilli
Gal’ton-Vatson jarayoni deyiladi. F/(0,0) j-xildan boshlangan jarayonni
n-nchi davrda tugash ehtimolini bildiradi.

6-TA’RIF. ' bilan j-nchi tipdan boshlangan zarrachani tugash

ehtimolini belgilaymiz.
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Ma’lumki
'm FJ(00,.,00=9’, j=12,.k (1.1.10)
va q’
s; =R (5,,8,,-5,)

tenglamaning yechimidan iboratdir, shu bilan birga

" F (S,8) =9=1(0,,0,,.-0.) (1.1.11)
7-TA’RIF. t { 0da
pi® =5 L pi o0 Zpi -0

deb gabul gilamiz, bu yerda

| L=
e, =(5{,6},..57), 5i1={0, e
5% =(82,5%,.,0%), m=(m;,m,,..,m,),
. {1, a,=m
On =
0, o, #m.

Bunday kiritilgan jarayonga k xilli uzluksiz vagtli tarmoglanish jarayoni
deb ataladi.
Quyidagi hosil giluvchi funksiya Kiritamiz:

fi(s)=>R}s"= >R ..s™

f(s) = (F(9),....F(s))
u holda (1.1.11) dan t { 0 da s(|s| <1)bo’yicha tekis
F(t,s) = s+1f (s)+0(t), (1.1.12)
bu yerda
Fitt,s)=> Pl . (®s™s,™.s™, F(ts)=(F'(ts)...Ft5s))
Uzluksiz xol uchun
q' =", F)(0,0,..0)

tenglamaning yechimini ganoatlantiradi.

2-TEOREMA. F(t,s) |s| <1 da
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FLS) _t(Ft,s), FO.5)=s (1.1.13)

differentsial tenglamalarni ganoatlantiradi, xususan

oF(t,s) _

893 19T rog=s (1.1.14)

Quyidagi belgilashni kiritamiz:

,_ati(s) 8% f1(s) oF 1 (t,s)

al | 1=(11..2), b}, = 505, Ai(t) = % |, (1.1.15)
Bundan va
F(t, +t,,8) = F(t,F'(t,,s),... F*(t,,5)) (1.1.16)
ifodadan
Kij(tl+t2):ZK'j(tl)Kil (t,) (1117)

ni xosil gilamiz.
3-TEOREMA. Agar a/lar chekli bo’lsa u holda A’ (t) lar ham chekli va

%:iagzga), A©0)=4 (1.118)

tenglamalarni ganoatlantiradi.
Xuddi ko’p xilli Galton-Vatson jarayonidagidek |[a’|yoyilmaydigan
matritsa uchun
Zk:a,ju' = pu;, dval =pv;, (1.1.19)
=
o’rinli, bu yerda p [a/| matritsani oddiy soni va (1.1.19) bu hol uchun ham
o’rinli:
Al(t)=u’vie” +r, (t), r;;(t)<ce®, (1.1.20)
8-TA’RIF. Agar p<0bo’lsa kritikgacha p=0 kritik, p>0 kritikdan
keyingi ko’p xilli uzluksiz vaqtli jarayon deyiladi.
Q, =1-P(u, =0).

ifoda G-V jarayonini davom etish ehtimolligini ifodalaydi.

Ikki xilli Gal’ton-Vatson jarayoni uchun chegaraviy masala

15



r., Iy tasodifiy migdorlarni quyidagicha kiritamiz:

] qeap T p(n) <x, () < y 1.97)
T, = /zeKuH(,ul' (z'+1)2x)u(,uzI @+ =y) (1121)

max

+o0 azap 1 (m) < x, 5, (n) <,

L aeapi (U () + U,y (n) < X),
Tx = nexunUy i, (i +1) +uy (i +1) > X (1.1.22)

+oo  azap)” (ullujll_ (n)+ uz/"; (n)) <x

pmf<r
p(i+D)=r (1.1.23)

mf<r

H max
I, aeap 1<«

T, = JIeKUH

+o0  azap ™

)= ) + ()2, 1=1.2
Agar p>1bo’lsa, u holda 1-qgehtimollik bilan GAL’TON —-VATSON
jarayoni ixtiyoriy belgilangan sathdan chiqib ketadi.
7,7y 7, tasodifiy miqdorlar bilan bog’langan masalalarni  chegaraviy
masala deb nomlaymiz. Bu tasodifiy miqgdorlarning tagsimotini aniglash
hozircha hal etilmagan. Shuning uchun <, 7,7, tasodifiy migdorlarning

X,Y,Z —+oo dagi holatni o’rganamiz. Bu masalani bir xilli GAL’TON-VATSON

jarayoni uchun Nagaev A.V. va Badalov I.S lar o’rganganlar.

16



1.2. Kritikgacha tarmoglanish jarayoni

Kritikkacha tarmoglanish jarayoniga doir asosiy teoremalar
4-TEOREMA: Agar A<1, B<+w bo’lsau holda
Q, =KA" (1+0(1)) (1.2.1)

Bu yerda k u, ning tagsimotiga bog’liq o’zgarmas son.
5-TEOREMA: Agar A <1,Mu"’ <40, >0 bo’lsauholda n—>w da

1.1.24) o’rinli
6-TEOREMA A <1 da (1.2.1) ifodaning o’rinli bo’lishi uchun
‘Il 1- Ax—F(1-x)

0

X2

dx < +oo (1.2.2)

shartni bajarilishi zarur va yetarlidir. Ushbu tenglikni ko’rsatish mumkin:

1_AX_::(1_X) :—irkxk f=2.2.P
k=0

X ik j=1

Xususan, B <+ da (1.2.2) bajariladi.
7-TEOREMA A <1 da (1.2.1) ifodaning bajarilishi uchun Mg In g, <+

bo’lishi zarur va yetarlidir.
8-TEOREMA Agar A <1 bo’lsa u holda

lim P(u, k/u, >0)=P>* > R*=1
k=1

N—o0

va P_* ni xosil giluvchi funksiyasi
F*(x)=)> B*x"
k=1

quyidagi funksional tenglamani ganoatlantiradi:
1-F*(F(x)) = Al-F*(x)) (1.2.3)
9-TEOREMA. F*(X) ning tagsimoti matematik kutilmaga ega bo’lishi

uchun M (g log 1, ) ning mavjud bo’lishi zarur va yetarli, shu bilan birga

i mp,*=k™
m=1

Bu yerda k (1.2.1) formula bilan izoxlangan.
9A-TEOREMA .Agar A<1, B<+wo bo’lsa
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lim P{ﬂo Hi et DEEQ) >0}:®(X)

ot JnH
bu yerda
@(x):if e_%dt, HzD(Zn:,uj
10-TEOREMA. Faraz qilaylik A<l B<+o, n—wo da

m— +w, 0,° — +w0,0, =0(c,?), U holda

P :Gﬁj*@( al J01,
(r, <Xx) (5 W+()

A'c

bu yerda =-kompozitsiya belgisi, &= teorema isboti uchun quyidagi

On

lemmani keltiramiz.
LEMMA. Yuqoridagi bajarilganda

(1+62

w (s =0 2 +oq)

tenglik o’rinlidir.
Lemmaning iboti. Quyidagicha ifodalaymiz:
_isA”

" i(k-m)A"s [ isA" is k
v.s)=>qe " |e "F—)| .
k=1 O

n

n

— 0 i(k=m)A"s | _isA" is m —isA is m
()= ae 7 {e " Fn(e—)] 6?(5r)[e g Fn(e"")} .
O

U holda

¥, (5) - Fa(9) < 0,

ik-mA's [ isa" is isA" is V"
e e F{e‘f"J e F{e""j =

18



i(k-mA's || =& [ & - ( isJ ' (k—m)A"S
= qie———4je " F e ||—-|e " F|e— + g e———
3z, et Telet | Teles) e 3 o
_isA s isA" s m
[e (o Fn[ean J]_[e oy Fn[ean J] :T1+T2’ (123)
n—oo da
v—m v—m)’ 2
M[ ) J—)O, M[ . ] - 2o
o, o) o,
Shuning uchun n -« da ehtimollik bilan V_Zn —0.
O-n
Natijada
<2 Y qk=2p{"_£“ >1}=0(1), (1.2.4)
\k—m\>an2 o,
F (0) funksiyani Teylor gatoriga yoyamiz:
it icAN 2 2
F o) gy A" S M(“;) +T(n) (1.2.5)
o, 20,

bu yerda

n

2 o |, S > |3
T =———F"[e" [+—M(u)’, [s|<]s
20

Ikkinchi tomondan N natural son uchun

2 | o . ’ .
|-I-(n)|2 S . Zkzp(ﬂn(l) :kkﬁ_M(ﬂn(D)z < S . Zkzp(ﬂn(l) —
20, [i2o o, 20" 15
s* 3‘5‘ o _ 2 ( @ )]_ T?
<21 > P, ? =k) +2> k?Pl, =k )|= = (T, (n) +T,(n)) .
2Un ksN Oy k>N ZUn

T,(n) va T,(n) larni baholaymiz.

T,(n) NS > K*P(u,” =k) < LI
o

O-n k<N n

Natijada N ni tanlash hisobiga

19
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T,(n) = 0(A") (1.2.7)

tenglikka ega bo’lamiz.

Agar
> kP = k) = O(A)
munosabatni hisobga olsak
T,(n) = 3 2K2P(1,” =K) =0(A") (1.2.8)

K>N

tenglik bajariladi. U holda (1.2.6)-(1.2.8) larga asosan

T(n)=O{SZA2nj. (1.2.9)
O

n

Demak (1.2.5) va (1.2.9) lardan

is N 2 M2 2 AN
Fn(egn]_“_lsA S*M (") +O(s AJ

2 2

o, 20, o,
yoki
_ﬁ E D SZAn
e "Flew [=1-—Fng240 . (1.2.10)
" 20, o’

Robbins ishidan foydalanib T, ni baholaymiz:

k

T,< > qfe "Fle™ || —-|e "Fle™ || |=
‘kfm‘Scrnz
r . . . B . . m
_isA" s A" s
< > dfe "Fle™ || —|e "F,le™
m—anzsksm

A Y A AR
+ D.qfe F{e“ﬂ} —le F{e""]
m<k<o?n+m
e s\
[e o F(e”” }:l — :T2,1+T2,2

r. o . m—k
_isA s
<max |le "F|e™ -1+ max
m-o,%<k<m m<k<c,?+m
20

+

<

n—o da(1.2.10) dan



2
On

[e'SA Fn[e"" J] =e 2 +0(Q)
O-n

_S*Duty (M)

2 52 L _izD/,n(n
e O —+0(1)S?D,un()e2 +0(1).

demak

T,;, < max

m—anzskgm

Xuddi shunday

2 s?

T,, < 87 Du,e?

dyy

" +0Q) .

Oxirgi ikkita tengsizlikdan
2 Sth

T, < 87 Due? " +0(1)

lim Du, =0 ligini hisobga olsak, oxirgi tengsizlik va (1.2.5), (1.2.4) lardan

W, (s) = ¥(s)+0(D) (1.2.11)
kelib chigadi.
(1.2.10) yoyilmadan foydalanib

2 2N
|n{1—D“"S2 +o[5 A
20,
n

2

oy H — 6)(55) exp (_S? —%J + 0(1) = 9(53) .

n

Wa(s) = O(k)e

S

o (— s {1— AZZ o’ B +0() = 0(5s)e_s7(1_52) +0(1)

27 o,

ni hosil gilamiz.
(1.2.11) va oxirgi tengsizlikdan lemmaning isboti kelib chigadi.
11-teorema isboti. Essen teoremasini lemmaga qo’llab, keltirib
chigariladi.
11-TEOREMA. A<1,D <+ bajarilsin, u holda

C

m :B(n)a
Cn

Sup|S, (X) - @(x)| <

buyerda p(n) =5, VA" ;o n

21



Eslatma. Ishonch hosil gilish mumkinki

) < (6B2 +10B + 2D + 4A% WA
(A=A - AN(B- A2+ A3
(A- A Ja- AN )

11-teoremaning isbotida ham Essen teoremasidan foydalaniladi.

Ko’p xilli kritikgacha bo’lgan tarmogqlanuvchi jarayon uchun limit

teoremalar

12-TEOREMA. Agar p<1 bo’lsa, u holda sni har bir komponentlari

bo’yicha monoton o’smaydigan K(s)hagigiy funksiya mavjudki n — +wda

VRnn(S) J«k(S)ZO, 0<s<1 (1212)
Yol

lim Rn(s) :k(S)U, 0<s<1 (1213)

n—oo n

Bu yerda R (s) =1-F,(s) =(R', (s),R2(S),..., R“n(S)).
13-TEOREMA. n— -+ da jarayonning davom etish ehtimolligi
R;(0) =6, =K(0)u;p" (1+0(D))
(1.2.14)
ga teng. Xususan, agar boshlanishida « = (e, a,,...,a,) = 12(0) bo’lsa, u holda

n— +oo da

P(u(n) >0/ u(0) =)= k(O)iuiai p"(1+0()) (1.2.15)

14-TEOREMA. t —» +da

P(u(n)=al u(n)=0, u(0)=pB+0)—>P,* (1.2.16)

va P, *ni hosil giluvchi funksiyasi
F*(s)=) Ps”

quyidagi tenglamani ganoatlantiradi:

1-F*(F(s)) = p(L—F *(s)), (1.2.17)

ya’ni P,* boshlang’ich shartga bog’liq emas.
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15-TEOREMA. { } tagsimot fagat va fagat k(0) musbat bo’lgandagina
matematik kutilmaga ega bo’ladi:

oF *(s)|
o5

[ ‘s:l

A =F - 10

16-TEOREMA. K(0)>0 bo’lishi uchun Mg/’ log 1) (1) <+ bajarilishi
zarur va yetarlidir. Shu bilan birga (1.2.17) yagona yechimga egadir.
17-TEOREMA. Agar p<1,B}, <+w, ¢! ~d, p™, d; >0,i,k, j=12
P =ay,  w(N)=a,/ 4’ (0)=(c;.c2))=1q,,,,
bo’lsa, uholda g, , ehtimollikning hosil giluvchi funksiyasi
>0, 5755 =ep(K(0) <d,u> (F*(S,.5,) 1),

[249122)

buyerda u=(u,,u,), d=(d,,d,), k(s), F*(S,,S,) lar esa P(rx'; +o0,T' =400)=0 va

P.(0)— J I%( fjdk ()| +

[ ool e [od -

larda keltirilgan.

A,(n) < Sup

Sup

J;+J,

Isbot. Ma’lumki, tarmoqlanish jarayoni ta’rifidan
P(u(n)=e, ()=, 1 u(0) = (c;,Cy)) =
P4 (n) =y, 15(0) =) *% (P( (N) = oy, 145 () = ;) ¥ (1.2.18)
Bu ehtimollikning xosil giluvchi funksiyasi
(FX(S,,8,))° - (F2(S,,S,))™ (1.2.19)
bo’ladi. Agar n—>oda
(F)(S,,S,)-F/(0,0):(@-F/(0,0) = F*(S,,S,)1+0(2))
ni hisobga olsak, u holda
P(ry,, =+, T' <+o0) = P(r},, =+01<T' SN)+P(r! - =40, N <T' <a0) =
=P(r,, =+01<T'<N)+6,E, 0<0,<],

ni
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F/(S.,S,) =1+k(0)u; p"(1-F *(S,,S,))1+0()
Agar [s;| <1ligini e’tiborga olsak
In I:nj (S5.,S,) = —k(O)ujp“ 1-F*(S,,S,))1+0(1)
hosil bo’ladi.

Bu ifodadan
im ¢ Ink](S,,S,)=k(0) u,d;(@-F*(S,,S,))1+0() (1.2.20)

n—oo 7N n

Natijada (1.2.18)-(1.2.20) dan 17-teorema isboti kelib chigadi.
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1.3. Kritik tarmoglanish jarayoni

Kritik tarmoglanish jarayoniga doir asosiy teoremalar
18-TEOREMA. Agar A=1,F"(1) <+« ,bo’lsa

2
Q, - o (L4001,

19-TEOREMA. Agar A=1, F' (1) <+, r >3 bo’lsa,

r—

N’y A In‘n+0 (n*" Inn) (1.3.1)

1
k
J=2 k=0 )

2
Qn :ﬁ"'

Bu yerda A, x ning tagsimotiga bog’lig miqdor.

Xususan, F(1-¥ =1-x=x""L(x), 0<a<1, bo’lsa

Q,=n“L(n N — +o0 (1.3.2)
Buyerda L(x), L,(n) lar sekin o’zgaruvchili funksiyalar.

Kritik tarmoglanuvchi jarayon uchun limit teoremalar

20-TEOREMA. Agar A=1,0<B<+wo shartlar bajarilsa u holda

n—o0

lim P(% <Xy =1, 1> o) =1-¢
n

(1.3.3)
munosabat o’rinli bo’ladi.

20°-TEOREMA. Agar A=1 B<+x va n— o da

m—w, o>, o=0(c,’) bajarilsa, u holda

z,—m X X ioriladi o
Pl —  xl|l=gl X | +0(1) bajariladi, buyerda &, =—,
=3 (\/ﬁ} o ’ z

Ko’p xilli kritik tarmogqlanuvchi jarayon uchun limit teoremalar

m

21-TOEREMA. Agar p=1 B} <+, ij,l=1k shartlari bajarilsa,

n—oo da 0<s<1 da tekis
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| u’ ;vl 1-s,) 1
R)(s) = +0(=)

k
1+B;va(l—sm)
m=1

(1.3.4)
bajariladi, bu yerda

k .
B= > v,Bjuu, >0.

i,m,I=1

Xususan

. 2u.
e ~—1L,
" Bn

Agar jarayon p(0) =« dan boshlansa n —« da

ZZk:aiui

P(u(n) =0/ u(0)=a)= 1B—n (1+0(1)). (1.3.5)

22-TOEREMA. Faraz qilaylik p=1, B} <+ bajarilsin, u holda
E'(n) = (&' (n),..., &'« (n)) vektor &'(n) =0 sharti ositida n —« da tagsimot bo’yicha
E=(£,5,,....& ) tasodifily  vektorga intiladi va 1 ehtimollik bilan
C1=8 = =Gy
P(& <x)=1-e™, x>0, i=1k (1.3.6)
ya’ni | boshlang’ich holatga bog’liq emas, bu yerda

1 (v,

&= 2Bn

(13.7)
23-TEOREMA. Agar p=10<B}, <+, C! ~d;n, (d; >0),

bo’lsa

:iwp(z“i—(“)q, 2“;(”)<y/u(O)=<ci,ci)j=e(x,y)
nB nB

bu yerda G(x, y) Laplas almashtirishi

“.e’“’“de(x, y)=e— 2(<u,d >)(< 61 >)
5% B(l+<vAa>)

gateng; A=uA4,)
26



B= ZVkBIm m

k,I,m=1

Isbot: (1.2.18) ga ko’ra

M[exp( 22444(n) zzzuz(n)j / 0)=(C.C? )j

nB

[ 2 2\ 2 2\
— F'n(e e @ HBJJ LFnz(e e @ nBJ]
U holda
i€ —u)<v,z> k'_ (<r,v>)’k,D¢!
[M{exp( J<k;,D&> JB —exp[ 2<k,D&> ]+0(1)

- 2u.(<va>)
=1 7
nB(1+ <vA >)

dan
(1+0(Q).

ifodani hosil gilamiz.

Bu tenglikdan

m CJInF/

nN—+o0 n

[ A -“j —2u;d;(<va1>)

e nB e nB
B(1+<v/1 >)

(1.3.9)
Natijada(1.3.8),

FJ(S.,S,) = 1+ZA'(n>(s ~1)+= ZB (n)(S, —D(S, —1) +0(B/,[S, —1-[S, -1)

2¢a
(1.3.10)
ga ega bo’lamiz, bu yerda
M (g (M)z2! (n) ~1))= B (n)
lardan teorema isboti kelib chigadi.
23°-TEOREMA. Agar p=1B}, <, CJ) =+, jk1=12,

n—oo =N

Cl~C?b, ~p"J<C A> bo’lsa
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" p{”l(”) —p St 2] o s mp VS 2) /ﬂ(O) - (Ci,cﬁ)} = 6(x,.%,)
va
+00+00 _(<tw>)?

[ [e=dox,x,)=e 2

—00—00

bajariladi, bu yerda A= (A", A?), Al =D¢!

C. :(Ci,cnz), X:(Xl’XZ)’ t:(tl’tZ)
ISBOT: (1.2.19) ga ko’ra

(1) =M (e (4 (M) - o™V, <uc, >}, + (1, /1) = p"v, <uc, >, :b)/ (0) =

bn

AN B )\
X[Fnl(ebn,ebnn ,[Fnz(ebn,ean (13.11)

Ifodani hosil gilamiz.

_(CL.CY) =exp(— p" (vt (<uc, >) +V,t,(<uc, >))J><

Fl(s,,S,) ni(1,1) nugta atrofida Teylor gatoriga yoyib
(1.3.10) dan isbotlash mumkinki p >1da

2
> d)BLuuLV,Y,
B/(n) = Zgim:ll : P (1+0(1)) (1.3.12)
p? -al a

- 2

8y P -8

Bu formuladagi  d/, j,y=12lar Agar B}, <+, i, j,l=1k bo’lsa &' ni

dispersiyasi
k
> dluy,
i 7.i,l=1
Pe s pi-a' a,’...a’
312 p2 —a22. 3 akz
aik azk' B pz _akk

bo’ladi, bu yerda d ' maxrajdagi diterminantdagi p*s) —a/) elementning
algebraik to’ldiruvchisi.

iti

1.1.9) va (1.3.12) ko’ra, S, = e, |=12da
( .
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2n

i, ity n 2n 2

S 2 2 . P U Yo i 2 %
Fllet e |=1+i—2L(<vt>)— Al —ui)xvvtt, +0

n[ j bn ( ) 2bnz ,%( j) kYVititk (bnzj

Natijada

2n A j

it, it u; 2
doE 2y A pn
InEJ| ebn ebn |=jp bn(<yts)—L <vt>)?+0 £ |

n[ J P ( ) 2on? ( ) [bnzj

U holda (1.3.11) va oxirgi tenglikdan \tj\ <T tengsizlikni ganoatlantiruvchi

ixtiyoriy T >0 uchun

2n

1 Mn(Cr+C?
g, (tt) == £ (<C A Vt>)’ +0(%j

ifodaga ega bo’lamiz.

Oxirgi tenglikdan 23°-teoremaning isboti kelib chigadi.

24-TEOREMA. Agar A=1,fi<+o bo’lsa (1.3.3) ning yaginlashish

|n2n
n

tezligi 0( ] kabi bo’ladi.
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1.4.Kritikdan keyingi tarmoglanish jarayoni

Kritikdan keyingi tarmoglanish jarayoniga doir asosiy teoremalar
25-TEOREMA Agar A>1da q>0 bo’lsa,
F,(0)=q-d[F@]" +0 ([F(a)I*"). (1.4.1)
bu yerda d- musbat 0’zgarmas son.

26- TEOREMA. Agar A>1, B<wx bo’lsauholda W, - tasodifiy

n

miqdor o’rta kvadratik va bir ehtimollik bilan n—co da W tasodifiy migdorga

intiladi, shu bilan birga

MW=1, DW = [2”1 (1.4.2)
A° A

bo’ladi. Bundan tashqgari P(W > 0)>0 bajarilishi uchun M (W In W) < bo’lishi
zarur va yetarlidir.
27-TEOREMA f(s) xarakteristik funksiya
f (AS) =F (0, f(s)) (1.4.3)
tenglamani ganoatlantiradi.
28-TEOREMA . Dy, >0 shart bajarilsa, u holda

SYPMPRPRLCRIELOR (14.4)

tagsimot funksiya absalyut uzluksiz va D(wW/W >0)>0, bu yerda
K(z)=P(W < x).
29-TEOREMA .Agar B<+wo bajarilsa, u holda bir ehtimollik bilan
quyidagi tenglik o’rinli bo’ladi:

lim Hot bty | AW (1.4.5)
s A" A-1

Teorema : Agar A=1va f*()=b<+w bo’lsa 1-P, = b—2n(1+ o(D)
Isbot: g, (x) =1 f, (%), f(x) ni x=1 nuqgta atrofida Teylor gatoriga yozamiz.
f(x)=1+ (x—l)Jrg(x—l)2 +o(x—1)?

1-f(xX)=@1-X) —g(l— X)? +o(x—1)°
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f(x)—l——(l X)+ol—x), x=f. (X
1-x

1- fk+1(x)_ _E — —
m_1 2(1 f (X)) + ol f, (X))

qk+l(x)
d (X)
0<0,(x)=<q,(0)—>0

=1_qu (X) + o(a(x)),

1 1 bqg¥
Oy (X) qk(x) 2qk+1()

+0o()

1 1 _b q, (0)
4.0 9.0 2 q,,0)

Xususan +o(),

q,(0) =1 f,(X) = x dan

t 1 =nE E"Z‘i{—qk(O) +ak} a, —>0
qn(o) qo(o) 2 N qk+1(0)

n-1
z (0) a,) ni hisoblash uchun Chezar o’rtachasini keltiramiz.
k+l

k=0

%i(an —a)~ Zn:% yaginlashuvchi
1 1

(a, >« da)

n_bln_l q, (0) ln_i qk(O) B 2
(0) 2n o{qm(m”k} 2 1=9,(0)=— {1+o(®)

Agar 7 = bilan jarayoni yashash davrini belgilasak P(zr =k)=P,.,, - R,
Unda

Mr=§kp(r=k—1) ; (k—b—(k 21)b) §é~+oo

Kritik tarmoglanish jarayoni uchun limit teorema

1-e* x>0

Terema: Agar A>1 b<+wo bo’lsa P{u,q, <X/, >o}:{ 0 0
) X<
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Isbot: zqk(x) _% t _ty tr o 1,.b L+ 0)

Oy (X) d,(xX) ()" n-g,(x) 1-x
X=e"" g
2 2
bn____ bn =1+0(1)
q,(e"") 1-e™

ax

b£~qn(0):1— P.o a —>a

; ax

e” =1+ ax+o(x)

1.q, <X/, >0 ni hosil giluvchi funksiyasi

fn (X)_ fn (O) _1_1_ fn(x) .

WOTTIN e T ELO)

1-f (") . 1

1 it it-1-it 1
" 1 it—1 it—1  1-it

1

Taxlil  p(e < u,q, <1/,un >0)=e“—e ¢ —>1

Demak gn—b < H, <n—IO
2 2e

3-terema: f," ()< bo’lsa

nn

);
n

2
p(%SX/ﬂfl, ﬂn>><)=1—e’x+0(I

n

Uzluksiz jarayon uchun ham uchala teoremani isbotlash mumkin.

Kritikdan keyingi Gal’ton-\Vatson jarayoni uchun integral teoremalarda

yaginlashish tezligi

Quyidagi belgilashni kiritamiz:

B-— A2+A

o’ =M(w-1)°*= I
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t2

=M, p)=Me""?,
o1, = Me'™, G(x) = qu{L]dp(w— ).
o WY

Ma’lumki

lim P(y, < x)=G(x), qyl(t):Tei“dG(x)

N—o0

Shu bilan birga

NS

AE(W _Wn) = A7

> -1)
k=1

bu yerda {w®}o0’zaro bog’lig bo’lmagan, W bilan bir hil tagsimlangan tasodifiy
miqgdorlardir.
30-TEOREMA. Agar A>1, D<+oo bajarilsa, u holda shunday c, vac,

absolyut 0’zgarmas sonlar mavjudki

Sup|P (7, < x)-G(x)<c B . max(lo0)

tengsizlik bajariladi.
Teoremani isbotlash uchun quyidagi lemmani keltiramiz:

LEMMA. Agar A>1, D <~ bajarilsa

3

<2 JA"
56,

uchun

—min{(Wn W )fj

2

AR ) g2
0ol AL M[vvne 1o iy, -w

munosabat o’rinli.

Lemmaning isboti. Lemma shartiga ko’ra
3w
oA
(1.4.6)

Demak, (-) ni logarifmlash mumkin:

A ,24

>1— >
2A" 60°A T 25
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t t? t*p,
In W[O\/EJ - 2An 603A3n:2
(1.4.7)
bu yerda
~ ds
B = o<1
*ldz® ﬁ
Natijada,(1.4.6) dan foydalanib
\/)’3 Im//(z) (1.4.8)
= a <7p;
oV A"

ni hosil gilamiz.

Agar

+00) t Any
(1) = dp(w.
.0 (1) !(V{OWD p(w, <)

tenglikni hisobga olsak

+o0 Ay oo t?
t -y
| ——|| dpW, <y)- [e " dplw, <y
l[ (GVA” B !

oo t2

- J.e_zydp(w <y)=3,+3J,.
0

oot

+[e 2 dpw, < y)-
0

21, (©) — 2, (D] <

(1.4.9)
Ushbu

e —ﬂ §|x|e‘x‘

tengsizlik va (1.4.7), (1.4.8) larni hisobga olgan holda

too 2

ﬂt3
J<J'e2 ﬂ3||

e apeu, << P T TP oo <y
65° VA" 4 "o A"

ifodaga ega bo’lamiz.

Agar t ni lemma shartini ganoatlantiradigan holda tanlasak
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Al

2_
2 GO'W 4
tengsizlik hosil bo’ladi.
U holda
_TBN 7 Ak o
J, ye Kl dp(\N <y)= MW.e * ). 1.4.10
*Goda 1 oA (1.410)
Ushbu
e —e‘ﬁ‘ <|e— ple ™
tengsizlikga ko’ra
R y L
JZ:Me2n Me2 Jﬂez —e 2 |.dpW, <y,W <2)<
S%Hy_ e ™% gp( w, <yW<z)_—M([\N ~wje "), (L4.11)
00
(1.4.10)-(1.4.11) lardan lemmaning isboti kelib chigadi.
30-teoremaning isboti. Quyidagi belgilashni kiritamiz:
T :W E = ]Mdt
’ n g |t| 1
Lemmaga ko’ra
E, < 7ﬂ3 jt M(\Ne 2"yt +
o
T i t2
+% 1M [[vvn —we M Jdt —3,+3,. (1.4.12)
-T
Ishonch hosil gilish mumkinki
7ﬂ +00
J1=303 g jt jye 2" dpW, < y)dt =
T 4o Cﬂ ﬂ
= t ye 2 dp(\N <y)dt < s _T=c—22_—, 1.4.13
eyl i e 41

Koshi-Bunyakovskiy tengsizligini
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M[[\Nn —wle ™M j< M (W, —w|)

ga qo’llab

J, < yMW, —W)*T?

n

tengsizlikka ega bo’lamiz.

2
Agar ([84]) MW, —~W)? :% ni hisobga olsak

(o2
Jos s (1.4.14)

Natijada, (1.4.12)-(1.4.13) larni ¢’tiborga olgan holda Essen teoremasidan

teoremaning isboti kelib chigadi.

Agar A>1,D <+ bajarilsa

Sup|P

X

ﬂS\/M (:un_l/:un > 0)
3
(o2

<c,
o 1y

{M< X/ it >OJ—qb(x)

tengsizlik o’rinlidir. Bu yerda C,-absolyut 0’°zgarmas son. Quyidagi teorema bu

natijani ma’lum darajada yaxshilaydi:

31-TEOREMA. Agar A>1,D <+ bo’lsa

F{M " >oj_@(x)
O My

BAM (1, 1 1, > 0)
03(1+|x|3)

<c,

bo’ladi. bu yerda C,-absolyut o’zgarmas son.

Isbot. Quyidagi munosabatlarni to’g’r1 bo’lishini ko’rish qiyin emas

p| AW W) s s0]=
oty

(,U)).

=K)

bl lim (1, + 1+,

i s

— M, <X/,Un=k]=

[ @ k) _
Zp(ﬂn k)PW +W¥ + W k<X .
P(:un >O) O-\/E

Bu tengsizlikdan foydalanib
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P( An(\N _Wn)

<x/u, >OJ—(D(X) =
o\ My

(1.4.15)

Py =K) ([ (WO =D+ W) )
; P(u, >O)(P( j qb(x))

ni hosil gilamiz. Markaziy limit teoremaning notekis yaginlashishi haqidagi

teoremaga ko’ra

(\N(l) _1)_|_””+(\N(k) -1 ]_ C4—,B3 1.4.16
F’( oJK =X (D(x)‘ “ o k@) (a0

Ikkinchi tomondan

) PZZ‘; ;)"} M [un‘i i, > 0) < Mg, 14, >0)

Oxirgi tengsizlikni hisobga olib (1.4.15), (1.4.16) dan 31-teoremaning

isbotiga ega bo’lamiz.
32-TEOREMA. Agar A>1, D <+x bo’lsa

Bn
2
n

Sup|S, (x) - P(x)| < —

=

Ql

tengsizlik o’rinli bo’ladi.

Bu yerda

2
et w2 e

n

ba = \/E[A"(A" ~1)B-A"+A)A’ - A)lF .

Eslatma.

B. _ (6AB? +10A'B +2AD +4A° A’
on’ (A - A)A-1(B-AZ+A)?®
Tengsizlikning bajarilishiga ishonch hosil gilish giyin emas.
32-teoremani isbotlash uchun quyidagi lemma kerak bo’ladi.
LEMMA. Agar A>1, D <+ bo’lsa, u holda

— 3
|5|g£.f"
5 By
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uchun

e 4.

Bl
o’\C,

Isbot. Bevosita tekshirib ko’rish mumkinki

I

<

0, (r)-e

CDI\I

M (g, - A" = A"(A" ~1|B - A* + A[AZ - A)”,
N = G Ty
bu yerda
a=3B(B— A’ + A)+ (A’ - A)(D+2A° - 2A)
S =3B(AB—-2A% +2A+B)+3(A° — A)(A? -
y = (A — A— D)(A? — A) +3B(Ab — A® + A)
(1.4.17) gako’ra
P

Oxirgi tenglikni hisobga olsak

—3
6 " 2

3 — 2 9 —
‘¢(T)\>1 —G —ﬂﬂ =12t {1+ |T|ﬂ"_

<0,
T25 (85?25

Demak

(1.4.19) ni hisobga olib

2

— r- C, d
C.In =——4+" In Z 0 <1
" (pn(r) 2 6 |:d ? (Dn( ):|z—29| |

ifodani hosil gilamiz.
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Lyapunov tengsizlikni ko’llab

4o B +30. +2Mr])  68° _—
?,(7)

)

=07

Agar [e* —1 <[xe" tengsizlikni hisobga olsak (1.4.20), (1.4.21) gako’ra
_ sl 2 g3
0 () e <ﬂn3exp[—%+%J (14.22)

hosil gilamiz.
Lemmaning isboti (1.4.21),(1.4.22) lardan kelib chigadi.

32-teoremaning isboti. Ishonch hosil gilish mumkinki,
'u"_AnC"ir —
M{e " /ZO=Cn]:(Dncn(T)'

Natijada, oxirgi tenglamaning hisobga olib, Essen teoremasini lemmaga

qo’llab 32-teoremaning to’g’riligiga ishonch hosil gilamiz.
33-TEOREMA. Agar Sljp k'(x) <k <400 A>l, Dy, <obo’lsa
SlXJp|kn (x)—k(x)|< c[k +D“1Aj—f2A_AJA‘2,
bu yerda k, (x) = PW, <), c-absolyut 0’zgarmas son.
(1.4.3) gako’ra
p(at) = F(o(t))

yoki

Xuddi shunday

(Dn (t) = Fn(e'LnJ '

O’rta gqiymat haqidagi teoremaga asosan, oxirgi ikkita tenglikka ko’ra
it i NS i
Fler |=F.lo — | [=|F', " ]er —p — | <
{e J MAD‘ ) ‘D[A”J

@, (t) — o(t)] = <
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_ it t it ¢
<|IF' (e%]).leA" —gp| — | < A"leAr —p| — |, |6.]<1. 1.4.23
‘ n(e ] € (D(Anj e gp(An)‘ |1| ( )
Ma’lumki
- it
eN =1+—+60,—— e 16,1 <1
An 2 n
t it Du, +A*—A t?
1+ —+6, . AR
¢(Anj An AZ_A 2A2n | 3|

U holda bu tengliklardan (1.4.23) ni quyidagicha yozamiz:

Dy, + A2 - A t?

: 1.4.24
A-A A" ( )

@, (1) — p(t)| <

U holda (1.4.24) ga ko’ra Berri-Esseen teoremasini qo’llab ushbu

tengsizlikni hosil gilamiz:

supk, (9 -k(|<c | |¢n(t)—¢(t)|-%+
< An

Supk'(x)
+C———< DﬂtA AA I |t|dt+3kn
A A=A <3/ A" A

Oxirgi ifodadan 33-teorema isboti kelib chigadi.
34-TEOREMA. Aytaylik

h=0, M|&| =4, <+, A>1 Dy <+ k<+w  Uholda n>1 uchun

n 2 n
A, (X) = Sup(T, (x) - G(x)| < c{% (M) +[k +%]A 3} ,

ol Su, Tt x
bu yerda T, (x) = P(H Nra < x], G(x) = ! qb( ﬁjdk(z) ,

Teoremani isbotlash uchun quyidagi lemmaning isbotsiz keltiramiz.

LEMMA. Agar g, <+o va A>1 bajarilsa u holda

2 n
t<T, = H5ﬂA uchun

n
3

Me Hr Mef W”

,B3|t| 7ﬁwn
< We 2 |
6H VA" ( }
bu yerda g, = M[&[’ < +oo
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34- teoremaninng isboti. A, (x) ni quyidagi yig’indilarga ajratamiz:

A, (X) < SUp[T,(X) =G, (X)|+ Sup|G, () —-G(X)|=J, +J, . (1.4.25)

Bu yerda

G,(x)= | q{ fjdk ()

Berri-Essen teoremasiga ko’ra, lemmadan foydalangan holda

jt—>n 75 1
Me =% _Me 2" $+T£M(w,;z) (1.4.26)

i

J<c
[t]<T,

ni hosil gilamiz.

Bevosita ishonch hosil gilish mumkinki

,ﬁ W, e 1
t’M|W.e 2" [dt<2|t ye 2 dG (y)dt<CM( J (1.4.27)
t'<|.T [ J J. j \/VTn
u holda (1.4.26), (1.4.27) dan foydalanib
Chs | 2 1.4.2
sl 1) aze

Agar F(0) =0 tenglikni e’tiborga olsak
1 1) )
M <M= || <|M|= (1.4.29)
[\/:u_nJ [ (ﬂan ( (ﬂllj

J, ni baxolash uchun 33-teoremani qo’llab

ni hosil gilamiz.

J, =Sup|G, (X) —G(x)| = Sup ray

i Dy +A”—A) -3
![kn(x)—k(x)}jqb(%jgc(k yothTA TR jA

ega bo’lamiz.
Natijada (1.4.25), (1.4.28)-(1.4.29) lardan 34-teorema isboti kelib chigadi.
35-TEOREMA. Agar h=0, B, <+x,A>1 Dy <+, k <+ AP(1, =1) <1,

bo’lsa

A, (n) = Sup|P, (x) —f% goqb[%]dk () =
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VS IMw, (Mg )2+£k+wf;—T+max(MWnl,MW‘l)JA_g}

bu yerda ¢, (x) -standart normal tagsimotning zichlik funksiyasi, P,(x) T, (x) ni

zichlik funksiyasi
35-teorema isboti. Xuddi (1.4.25) dagidek

ACE j f%[ fjdk (x)|+

j I%( fjdk -] f%[ Hdk(z)

Quyidagi belgilashni Kiritamiz:

) §1+§2+'
H/k

A,(n) < Sup

Sup J,+3J, (1.4.30)

P (x S i zichlik funksiyasi bo’lsin.

U holda

n

=3Sup

X

< SupZP (n),|—

X k=1

kzl:P(k) Lx %J—f% (\/_]dk (2)

. A_n _L 72kXA2
Pnk[x\/?J \/Ze (1.4.31)
Ikkinchi tomondan
A1 | B
S‘fppn{xﬁ J N N
u holda (1.4.31) dan
3, 3ﬁ3|\/| ! 0’83\/MW‘1 IMe, (1.4.32)

N

J, ni baholaymiz:

+oo  t? +o  t?z

<Sup je jede (2)- jede(z) dt+Sup je je 2 dk_(z)dt

\t\gAﬁ \t\>A6
otz

+Sup J.e‘”xj.e 2dk (2)dt|=J, +J, +J, (1.4.33)

M>A6
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J; da ichki integralni bo’laklab integrallab

+o  t%z

J. <— jt je 2K, (z) - K(2)|dzdt
m<A6
ni hosil gilamiz.
33-teoremani qo’llab
A3 I Ie dzdt<c(k
s
(1.4.34)
Ushbu tengsizliklarning to’g’riligiga bevosita ishonch hosil qilish

< Cmf L]y <t
U w w
AG

(1.4.35)
Natijada (1.4.33)-(1.4.35) lardan

Dy1+A ~A

2 n n
DUl+A —A —g. g
QZ A

Jg SC[k+

mumkin:

n

3, < c{k +D”1Aj—AZA_A rmax(MW, ) M (\Nl))}AG .

(1.4.36)
Agar (1.4.30), (1.4.33), (1.4.36) hisobga oladigan bo’lsak teoremaning

isboti kelib chigadi.
36-TEOREMA. Faraz gilaylik h=0, x > «da

[X*dF(x) > H?, A>1, Dy <+, suple (x) =K,

MW™? <+ Vva & ning f()=Me " xarakteristik funksiyasi absolyut

integrallanuvchi, B,* ~ L(B,)A" bo’lsin u holda

ACE j fcoq{ fjdk(z) —‘—

bu yerda P,(x) Sy, :B, ning zichlik funksiyasi, B, normallovchi son, L(x)-sekin

lim Sup

n—o0

o’zgaruvchi funksiya.
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Isbot. Teorema shartlari asosida E >0, B >0 sonlar uchun

<

24P, (- [ %m[%jdk@) =

j e"{‘l’ (t) - f e . dk(z)}dt

e

Te“{‘l’n (t) —Te_izdk(z)}dt

+ j e ™Y (t)dt|+

B<|t|<EB,

j e ™ (x)dt|+

|t|~EB,

j g™ Te_T;de(z)dt

[t|>B 0

=J,+J,+J;+d,,

(1.4.36.a)

bu yerda ¥, (t) % ning xarakteristik funksiyasi.

n

Teorema shartidan foydalanib

A" 2
|imﬁiﬂ —e 2,
Nn—o0 Bn

+oo A'z +0 t?z
lim W, (t) = lim IHBLH dk,(2)= [ e 2 dG(2),
0 n 0

u holda ([2])

yoki

Sup|¥. (t) - Te 2 dk(2) =

|<8|

0() .

Buni e’tiborga olsak

400 ’[2
J, <2Sup|¥, (t)— je 2"dk(z) =

[t|<B

0@).

(1.4.36.b)
Ixtiyoriy E >0uchun [t <E da shunday C >0 son topiladiki

‘f(t)‘ <e .

Bundan foydalanib

A"z
ot
e™ || f| — dK_(x)dt
B<t[EBn ﬂ [Bn j} n( )
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anT je

0 BB, '<|t|<E

J, =




dt B, ’

—dk, (x) < o MW~

B-B, "<|t|<E

Agar B’ ~ L(B,)A" va MW, " < +wekanini e’tiborga olsak B — +woda

J, —>0.
| > E daesashunday c¢ >0 topiladiki
Faﬂse*
Natijada
J, j [ \f(t)\ dtdk, (z m%—c%MWnl
0 |ikE
Bundan n—« da
J;, =0
(1.4.36.v)

J,  daintegral ostidagi funksiyani z bo’yicha bo’laklab integrallab, topamiz:

je*‘{j fé(zz dz+ | —dk(z)dtJ

[t|>B

Sup K'(2)
12 4 A 1
< e ™| = 4 X dt| < — + ——, —<o<l
tJ>.13 [tz (15)'[25} ‘ B B¥! 2

4 >

Bundan B —»
J,—0.
(1.4.36.d)
(1.4.36.2)- (1.4.36.d) larni hisobga olsak 36-teoremaning isboti kelib chigadi.

Ko’p xilli kritikdan keyingi tarmoglanuvchi jarayon uchun limit teorema
37-TEOREMA. Agar p>1 bajarilsa u holda z'(n):p"=w'(n) bir
ehtimollik bilan n—o da w,tasodifiy vektorga intiladi va shu bilan birga
W' =0da W' niyo’nalishi vbilan bir xil yo’nalgan bo’ladi, ya’ni
W =&l = (8, 8, 8 = (W w . vy,
38-TEOREMA. M¢! =u; bajarilishi uchun

M (14 (1)log 42, @)/ (0) =1;) <+
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bajarilishi zarur va yetarlidir.
P& <x/ &7 >0) tagsimot funksiya absolyut uzluksiz.

Agar B, <+, i, j,l =1k bo’lsa &1 ni dispersiyasi
k .
> dluy,
Dgl _ 7,0, 1=1

| 2 1 1 1
pi-a' a,...a
2 2 2
a’ p’-a ...a
K

k 2 k
a a,...p —a

2

(1.4.37)
bo’ladi, bu yerda d’ maxrajdagi determinantdagi p°s’ —a’ elementning
algebraik to’ldiruvchisi.
Ikki xilli kritikdan keyingi jarayon hosil giluvchi funksiyasining ayrim
xossalari

Quyidagi belgilashni kiritamiz.

]
m! _OR(S)| ¢, 1 j=12.
0s; S2=0

Ma’lumki ([89])|m}| matritsaning oddiy xos soni p,(0< p, <1) mavjud bo’lib,
ikkinchi xos soni absolyut giymat jihatidan o, dan kichikdir.

Agar ¢, >0, i=12 bo’lsa, u holda p, ga mos o’ng u*=(u*u,*) va chap
v*=(v,*,v,*) xos vektorlarini musbat qilib tanlash mumkin va ularning
elementlari

m,'u, *+m,'u,* = pu, *
v, *m,t +v, *m2 = pv,*, =12
(1.4.38)

tenglikni ganoatlantiradi.
39-TEOREMA. Agar p>1 va q;>0 j=12 bo’lsa, u holda

0<s, <q,, 0<s, <q, tengsizlikni ganoatlantiruvchi s;,s,uchun
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lim Fn(qliqz)_Fn(sl’SZ) =u*
rHocV*(Fn (ql!qz)_ Fn (Sl’sz))

(1.4.39)

bajariladi.
Isboti. F(s,,s,)ni (g,,q,) nugta atrofida Teylor gatoriga yoyib

F(s,8,) = R0, 0,)(s1,8,) + (M —E(s,, 8,))(s — )

(1.4.40)

ni hosil gilamiz, bu yerda M =|mi|,  E(s,s,)matritsa 0<s, <sj<q, j=12
ganoatlantiruvchi s, va s, uchun 0<E(s;,s})<E(s,,s,) <M ni ganoatlantiradi va
oy E(51,8,)=0 E,(s,,8,) =E(F', (s,.s,),F.’(s,,s,)) belgilash kiritib (1.4.40) dan

F.(@)-F,(s)=(M-E,(s))(M -E__,(5))...(M —E,())(q—59)

(1.4.41)

ifodaga ega bo’lamiz. Oxirgi tenglikni p,* ga bo’lib va

=M M, (5) = 1
Paq Pq
B,(s)=(c—M, (s))(c—M,,(s))...(c—M,(s)) belgilashlarni hisobga olib
F.(@-F.() _ B.,(s)@-5s)
v*(F,(@)-F,(s)) v*B,(s)(a-s)

(1.4.42)
munosabatni hosil gilamiz.
Ma’lumki
im _Ba(8)(Q=8) _
""V*B,()(a-9)
(1.4.43)

(1.4.42) va (1.4.43) lardan teoremaning isboti kelib chigadi.
40-TEOREMA. 39-teorema sharti ostida S,,S, bo’yicha monoton

0’smaydigan hagiqiy K(s,,s,) funksiya mavjudki,

n—owo

lim V*(Fn (q) B I:n (S)) \L K(S)

Pq

(1.4.44)
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va

lim Fn (q) - Fn (S)

n—oo n

q

=F(s)u*

(1.4.45)
Isboti. Quyidagi belgilashni Kiritamiz:

An (S) — V*(Fn ((2n_ Fn (S)) ’
q

0<s,<q, 1=12

Agar (1.4.38) va (1.4.40) larni hisobga olsak A, ,(s)<A,(s) tengsizlikka ega
bo’lamiz.

Bundan A_(s)ni monoton kamayuvchiligi kelib chigadi.

39-teoremani (1.4.45) ga qo’llasak

R@-FE) _ R@=FRE) v E@=FO) oy
o V*(F, (@)~ F,(s)) P}

Teorema isboti kelib chigadi.

41-TEOREMA. Agar a! >1, B!, <+, €, j,v=12 bo’lsa, x—>-+o0 Va

xv, < yv, da
-1
e | P (T :{Inl:vl }m)—(l—ql)s' (m.x,v; )| =0(),
Yo,
(1.4.46)
y —+ooda yv, <xv, da
-1
| P (T :[Inl;wz }m)—(l—q,)s' (m,y,v, )| =00,
yo,

(1.4.47)

X,y — +oo da
P(z,, =+00) =, +0(1)

(1.4.48)

Bu Teoremani isbotlash uchun quyidagi lemma kerak bo’ladi.
LEMMA. Agar a >1, B, <+, I,j,v=12 bo’lsa, u holda ixtiyoriy E>0

uchun x,y —+ da ibo’yicha tekis
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P(zy, <i)=P((4 ()2 ) U (1, () 2 y)| <E
(1.4.49)
bajariladi.
Lemmaning isboti. Quyidagi belgilashni kiritamiz
R=R(x,y)=0(min(log , x,log , y))
(1.4.50)
Faraz gilaylik 1<i<R
Ishonch hosil gilish mumkinki

P(z!, <i) = PU 4l (0) = ) U (% b (1) 2 Y)) < P, 1 () 2 )+ P (1) 2 y) <
<Y P (M) =)+ Y P(h (M) > )

(1.4.51)
bo’ladi.
Oxirgi tengsizlikni o’ng tomoniga Chebishev tengsizligini qo’llab (1.1.9) ga

asosan

, p
P(z')'(yy < |)£ C oY)

(1.4.52)
hosil gilamiz, bu yerda ci,x,y ga bog’liq emas o’zgarmas son.
Xuddi shunday usul bilan ushbu
co'
min(x, y)

(1.4.53)

P((1a (1) 2 X) U (1, (i) 2 ¥)) <

tengsizlikni o’rinliligini ko’rsatish mumkin.

(1.4.52),(1.4.53) dan ixtiyoriy E >0 uchun Rni tanlash hisobiga
| . E | /- | /= E
P(z,, <i)< > P((ta (1) 2 X)L (1, (i) > y)) < 5

(1.4.54)
Endi, faraz gilaylik i >R +1
Quyidagi belgilashlarni kiritamiz:
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Dy = ) (1 (n+1) < (M), 4 0) + £, 0) ), 1,k =12

R, (N =P =, ()=1,/1' (") >0, 1y(n)>0), 1=1,2
Plll,lz(n) = P(ﬂll (n)= |1uu£ (n)=1,)

Ma’lumki

P(D) < 3 P(ul (N+1) < g} (M), 4 (M) + 125 () > 0)

n=R+1

(1.4.55)
Quyidagi xodisani
(14 (N+1) < 24, (n), £ (N) + 25 () > 0) = (24, (N+1) < 24, (") = 0, 15() =0) +
(4 (n+2) = 14 (n), £4(N) >0, 255 (n) = 0) + (14 (N+1) =
(), 44 (N) >0, 15 (n) >0)= Ly, UL, ULy, (1.4.56)
ko’rinishda ifodalaymiz.

K =1 teng holni garaymiz k=2 bo’lgan hol xuddi shunday baxolanadi. L,,

hodisani ehtimolligini hisoblaymiz:

P(Ls;)) <P(e' () > 0,11, (n)>0)Y P! (MP(S}, +S7, <) (1.4.57)
>l
bu yerda

Sll,l = 5111 +§1l,z +.. 'gll,ll , S12,|2 = 512,1 +§12,2 +.. -flz,l2 ,
&va &, o’zaro bog’ligsiz va mos ravishda ' (2),44° @) lar bilan bir xil

tagsimlangan. a' >1 va Chebeshev tengsizligini hisobga olib

|Sl SZ a.]ll +aj| | 1| +a2| I

1l 11 a]

P(Sih Sflz < I]_)< I ) 1 2 1 2 > 1 1 "2 1 <
‘ Il I2 Il I2 ‘ Il |2 Il I2

< maX(Dgll,lyDglz,l)Ul*‘lz) < C
~min((a; —1)%(@2)*){, +1,)* " 1, +1,

(1.4.58)
Natijada L,, hodisaning ehtimolligi uchun

1

P(L)<c 3R, ()

Iy 1,>1 )
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tengsizlikni hosil gilamiz.
Bu tengsizlikka o’rta arifmetik va so’ngra Koshi-Bunyakovskiy tengsizligini

qo’llab

P(L;)<c D M

I;,1,>1 Il ' |2

(1.4.59)

ga ega bo’lamiz.

a, =B} B, =n—e, belgilashlarni kiritib ildiz ostida ifodani baholaymiz:

(1.4.60)
Bu yerdagi T,,i=17 go’shiluvchilar integralni 0<S, <1, 0<S,<1

chegara- sini quyidagicha ajratilgan integrallardir:

T,: (0<s,<0q,,0<5s,<q,),

T,: (@p(p")<s <l 0<s,<ep(-p ™)),

T,:  (0<S,<exp(—p™),exp(-p ™) <s, <1,

T,: (0<s,<0q,,q,<s, <exp(—p ™)),

T,: (g <s, <exp(-p™),0<s,<0q,),

Too (@ <s <ep(-p )0, <s, <ep(—p ™)),

T,:  (@p(p")<s <1, exp(—p " <, <D)).

Bevosita ishonch hosil gilish mumkinki:

T, = O(p_z} T, = 0[,0_2} T, = O(p*”)

F!(s,,s,) monotonligi hisobga olib

T, <3(F, (a,,9,) — F, (0,0)) = 0(p,").
(1.4.62)
Ma’lumki n—da b,,b,,A(0<b,, b, <1, 0<A<1)
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uchun

OF, (,,5;)

<cA"
oS j S, <by
S,<b,

(1.4.63)

l:nl (s,5,) —> 0,

o’rinlidir.

oldingilardan dan foydalanib

Fle™ e )5V'(s,,s,)
(1.4.64)
ni hosil gilamiz, bu yerda V'(s,,s,)W' ni Laplas almashtirishi.
Agar S'(x) = p(&' < x/&' >0)ni absolyut uzluksizligini hisobga olsak, u holda
s,>a, >0, s,>a,>0 laruchun
V'(s,,s,)| <1 (1.4.65)

Endi T, ni baxolaymiz:
exp(-p /1) exp(-p~"")

= | ] (ZHJJZ(MSJ“SZ'Z1}1s1dszéc(Fn'(e-“",e-”")—Fn'(o,o))=

" o Ua
ol (Bl " e " Rl "o )R 00).
Agar (1.4.64) ni hisobga olsak, u holda oxirgi ifodani quyidagicha yozish
mumkin:
T, <c(F!, V'@Q)+E, ,V'L) +E% )-F!(0,0))
bu yerda
m.Er =0, j=12
Oxirgi ifodaga (1.4.63), (1.4.65) larni qo’llagandan so’ng o’rta qiymat haqidaga

teoremaga asosan

T, <clFL, 00D+ B VAN +EL -0 )+ (0, - F, (00)=0max 22, o))
(1.4.66)

Shunday usulda T, va T, lar baholanadi:
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T, = O(max(;tg,pq"n, T, = O(max(ﬂg,pq”))

(1.4.67)
(1.4.60),(1.4.62),(1.4.66),(1.4.67) larni yig’ib:
T=0(p,")
(1.4.68)

1 1

ga ega bo’lamiz, bu yerda 1> p, > max(42, p 2, p,)

Natijada (1.4.59),(1.4.60) lardan

P(Ly,) =0(p;2)
(1.4.69)

EndiL,, hodisani entimolligini baholaymiz:

P(L;;) =P (n) >0, 1, (n) =0)- i(P(ul' (n) =1, 4(n) =07 11 (n) > 0, 41,(n) = 0)-

l,=1

P(q (n+1) < g (N)/ 11, (n) =1y, 43(n) =0)) = P (1, (n) >0, 12, (n) =0) -
S Pro(n)P(s, <1,)

(1.4.70)
bu yerda

Puo(n) = P(ud (n) = Iy, 14(n) = 0/ 24} (n) > 0, 143 (n) = 0)
a; >1ni hisobga olib, Chebeshev tengsizligini qo’llash orqali ushbu tengsizlikka
ega bo’lamiz:

1
S

11, 1
|_ - al

1

P(S;, <1,) < P[ >a —1|<

(1.4.71)
Agar (1.4.70),(1.4.71) larni yig’sak
=l
- P
P(L) <Pl () > 0, (m) = 0) 3 o)
=1 1
hosil bo’ladi.
Oxirgi tengsizlikni quyidagi yig’indi ko’rinishida ifodalaymiz:
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exp(-p") (0w

P(L,,) < ch'(iE:l,o(n)sl'l‘ljds1 = qj(i PLo(n) sl'l‘ljdsl + (Z Pio(n)s,"™

l,=1 % =1

1 0 —|
j (Z P1,.o(n) 51'1’1]d31 =T 4T, +T,

exp(p M\ k=t
(1.4.72)
Agar F.'(s,,s,)ni s bo’yicha, monoton o’suvchiligini hisobga olsak
T <c(F' (@0 -F'(00))<clF, (a,.0,) - F! 00))
tengsizlikka ega bo’lamiz. Bu tengsizlikka (1.3.69) ni qo’llab
T, =0(p,")
(1.4.73)

baxoni olamiz
F.'(s,.s,) ni monotonligidan foydalanib

T <clF!le " 0)-F! (0.0))<clF! € " e ")~ F (0,0))
tengsizlikka ega bo’lamiz.

U holda xuddi T, ni baxolagandek T, ni ham baholash mumkin:

ol

(1.4.74)
Ishonch hosil gilish mumkinki
T, =0(p ?)
(1.4.75)
Demak (1.4.72)-(1.4.75) gako’ra
P(L,,)=0(p,")
(1.4.76)

Endi L,, hodisaning ehtimolligini baholaymiz:

P(L,,) = P(1 (N0 =0, x(n)>0)
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i(P(ﬂl' () =0), 13(n) =1,/ 1} (N) =0, 225 (n) >0)- P( (n+1) < 111 (N} / 1, (n) =0, 23(n) =1,) =

=1

l2

> Rl (DP(SE, <0) =3 P, (VP! + &, +.+&, =0)= Y Pl (P =0))

=1 I,=1 I,=1

Agar P(&% =0) <1ligini hisobga olsak, u holda shunday ¢ o’zgarmas son

topiladiki
JORES
o b
Natijada xuddi P(L,,) ni baxolagandek
P(L,)=0(p,")
(1.4.77)

ifodaga ega bo’lamiz.
Agar (1.4.55), (1.4.56), (1.4.59), (1.4.76), (1.4.77) larni e’tiborga olsak

P(D) = 3 0(py2) = 0(p,2)

n=R+1

Xuddi shu kabi

P(D,)=0(p,2)

u holda x, y larni ixtiyoricha katta gilib tanlab

E E
P(Dl)S§1 P(Dz)gg
(1.4.78)

larni hosil gilamiz.
Endi r, ,tasodifiy migdorni i dan kichik bo’lish ehtimolini quyidagicha
ifodalaymiz:
P(zh, <) =P 24 () 2 X)o (T 24 (0) > y)) = P 42 () 2 )+ P, s () 2 y)-
~P(E =X B> y)

(1.4.79)
Bu tenglikni birinchi qo’shiluvchisini baholaymiz:
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P(, 24 (n) 2 )= (2 22 (M) = )0 (T 24 (0) 2 X)) = P(I2 2 (M) = %)+ P, 4 () = %)~
- P(Jn;ar)l(sR /u:ll. (n) > x, gixﬁnsiﬂi (n) > X): P(ariXangi :u:II. (n) > X)"‘ P (Zer /u:ll. (n) > x), 0<0<1

Agar (1.4.51)-(1.4.54) larni hisobga olsak
P ()2 )~ P ()2 )| < =
(1.4.80)
U holda tarmogqlanish jarayon ta’rifiga ko’ra ixtiyoriy m>0 son uchun
(e (D) + p25.(i) = 0) = (4 (i + M) + 5 (i +m) = 0)

(1.4.81)
Demak,

(e 4 (M) 2 %, 1y () + 25 (1) = 0) € (R s () 2 X, g4 (1+7,7 )+ 3 (i+7,) =0),
(1.4.82)

bu yerda 7,'bilan birinchi marta . (n)ni xsatxga erishish holatini belgilaymz.
7,'Markov zanjarini xossasiga bo’ysinishi hisobga olsak

P (e 41 (1) 2 X, )+ (1) =0) S PRHLST! <i, (7)) 2%, (i +7) + sy (i +1) =0) <

< SP(A(R) = RIP( (i + 1)+ (i +F) =0/ 1! (1)) =R) =

R=[x]

SP( (F) = R)P(l (i) + b () =0/ 4 (0) =R) < S P(1 (F) =R)gF <™ (1.4.83)

R=[x] R=[x]

D, hodisani to’ldirmasi
B, =2 0> 0, 1)+ ) >0) | 1l ) +22) =0)

ligini hisobga olib (1.4.83) ga ko’ra

P(Rtensi ﬂll (n)=x) = P(By g]ixlsngi:ull (n) = x,)+P(D,, gﬁxgngi/ﬁl (n)=x) =

P(z (i) > x)+6,P(D,) +q™, 0<g,<1 (1.4.84)
Natijada (1.4.78), (1.4.80),(1.4.84) lardan

P(E 4 (n) = ) = P14 (1) 2 X)| < E (1.4.85)
Shu usulda

P 1 (n) > y) = P(u (i) 2 y)| < E (1.4.86)
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ligini ko’rsatish mumkin.

Ma’lumki, ixtiyoriy A, A,,B,,B,hodisalar uchun

P((ALWA)N(B,B,)) =P((ANB) U (ANB,)U(ANB)U(ANB,) =
P(A NB,)+P(A, NB,)-50,P(A)-6,P(B,), 0<6,, 6<1
(1.4.87)

u holda

P (e 4 (M) 2 %, 1205 245(N) 2 y) = P((Enr 24 () 2 X) U (Rricnei 24 (0) = X),

(En t5(N) 2 V) U (Fiea 145(N) 2 ) = PR a (N) 2 X, Bt a5 (0) 2 y) +

P (e £4 (M) 2 X, 250524, (M) 2 ) =50 P (20 4. (N) 2 X) = 0,P (I 415(N) 2 ).

Oxirgi ifodaga (1.4.51)-(1.4.54) ni qo’llab
E
PERa (M=% B ()2 Y) =P (e (M2 X (= y) < (L4.88)

ga ega bo’lamiz.

Ixtiyoriy B hodisa uchun
P(B)=P(BND,~D,)+P(BND,"D,)+P(BND,) =
=P(BNnD,nD,)+6,P(D,)+06.P(D,), 0<0,, 6,<1
Shuning uchun (1.4.83) va (1.4.87) larga ko’ra

P(gixlsnsi /ull (n) 2 X' g]ixlsnsiﬂé (n) 2 y) = P (rRr?-X:lsnsi :u”.ll. (n) 2 X’ g]ixlsnsiﬂé (n) 2 yv 51’ 52) +04P(D2) +
+6,P(D,) = P(14 (i) 2 X, 45 (i) 2 y) +365 P (R3cnei 24 (N) 2 X, Gracnei o (N) 2 Y, 24 (i) + 445(1) = 0) +

+6,P(D,)+6,P(D,) +6,P(D,) <P (s (i) > x, 13 (i) > y) +3q™ +
0,P(D,)+6,P(D,), 0<6,<1
(1.4.89)

ni hosil gilamiz.

Natijada yetarlicha katta xva y lar uchun (1.4.79), (1.4.88), (1.4.89)
ifodalarni hisobga olib

P ()=, T i ()= y) =P (4 () 2 %, 445 (1) 2 )| < E

(1.4.90)

ga ega bo’lamiz.
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Shundan qilib, (1.4.79), (1.4.85), (1.4.86),(1.4.90) lardan, i > Ruchun xam
lemmaning isboti kelib chiqdi.

41-teoremaning isboti. Umumiylikka halal keltirmaslik uchun xv, < yv, deb
faraz gilaylik.

Lemma isbotidan ko’rinadiki i > Rhol asosiy bo’lib, i <Rholi 0’zidan 0’zi
ko’rinadi.

Quyidagi belgilashni kiritamiz;

[ Inxy, ™
1 = +m, —o0o <M<+
In p

(1.4.91)
Ishonch hosil gilish mumkinki
P((ﬂl' (i) 2 x) U (1 (i) > Y))= P14 (i) 2 X) (245 (i) 2 y), 14 (i) + 125 (i) > 0) = P (14, (i) + 115 (i) > 0)

P((e4 (i) 2 X)W (15 (1) 2 Y/ 4y (i) + 15 (i) > 0) = Py (i) + 15(i) > 0) = P4, (i) + 115 (i) > 0)
Py (1) < X, 1) < Y/ 14y (i) + 25 (i) > 0) = Py (i) + 25 (i) > 0) = P (i) + 15 (i) > 0)-
Py () p vy <oV, () o7V, < yp v, L gl (i) + g1y (i) > 0)
(1.4.92)
(1.4.92) ga ko’ra
P =xv, )
va
i Py (i) + 245 (1) > 0) =1-q,

ligini hisobga olsak (1.4.91),(1.4.92) lardan yetarlicha katta x, y lar uchun

‘P(ﬂl' ﬂ Inx, } + mj U{yé ﬂ_ln N } + mJ > yﬂ— 1-q)-Q-s'(p ™)) <E
Inp Inp

(1.4.93)

tengsizlikka ega bo’lamiz.
Ma’lumki
P(z,, =i)=P(z}, <i+1)—-P(z,, <i),

(1.4.94)
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U holda (1.4.94) dan, lemmaga ko’ra, 41-teorema birinchi gismning isboti

kelib chigadi.
41-teoremaning 2 - gismini isboti ham xuddi shu usulda olib boriladi.

Endi 41-teorema uchinchi gismining isbotini keltiramiz. Faraz giliaylik
boshlanishda bir dona Itipli zarracha bo’lsin va uni yashash davri T'bo’lsin,
ya’ni
" {n, azapu () + b (n) > nexcun g1} (N+1) + 25 (N+1) =0
+oo  azeap"y (1 (n)+ 1y (n) > 0),

=12
Agar ixtiyoriy A, B xodisalar uchun
P(AB) = P(A) - P(AB)

ligini hisobga olsak, u holda
P(T' =n)=F,,(0,0)-F,(0,0)

Bundan
iP(TI =n)=q,, P(TI =+00) =1—q
Osonlik bilan ishonch hosil gilish mumkinki
P(r,y =+%) = P(z},, =+ T' =+9)+P(e}, =+ T' <c0)

P(z,y =+0,T' =+00) <P(24 (N) <%, 45(N) < ¥, 4, (N) + 41(N) > 0) =

N Ny ' N N
PV PV PV, PV,

| |
— P(ﬂl(N) < X IUZ(N) < y 1,ul|(N)+,u|2(N)>Oj
(1.4.95)
Natijada oxirgi tengsizlikdan
P(I’X'; +00,T' =400) =0
(1.4.96)
ni hosil gilamiz.
Yetarlicha katta N lar uchun

PIN<T' <+x)= Y P(T' =n)<E

n=N+1

Bundan
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| | | | | |
P(z,, =+0,T <+0)=P(r, , =+0,1<T <N)+ P(Tx; =400, N <T' <+o0) =

=P(r,, =+01<T'<N)+6,E, 0<0,<],

(1.4.97)
P(r, . =+01<T' <N)=PA<T' <N)=P(r,, =+, 1<T'<N)

(1.4.98)

Ikkinchi tomondan
P(r,. =+01<T' <N)<P(r,, <014 (N +1)+ 1,(N +1) = 0) =

=P((T i (M2 U (T () 2 y), 4 (N +2) + 1, (N +1) =0) =

= P((En /(M) 2 ) U G () 2 ) < D Py (N) 2 X) + Y P(uz(n) 2 y)

U holda (1.4.51),(1.4.52) ga ko’ra, yetarlicha katta xuchun, oxirgi
tengsizlikdan
P(zy, <+0,1<T'<N)<E
(1.4.99)

Shu bilan birga yetarlicha katta N uchun

PA<T'<N)-g|= JP(T' =n)<E

n=N+1

(1.4.100)

Shunday qilib (1.4.95)-(1.4.100) larga asosan va Eni ixtiyoriyligini
hisobga olib 41-teorema uchinchi gismining to’g’riligiga ishonch hosil gilamiz.
Quyidagi ikkala teoremani isboti 41-teoremaning isboti kabi bo’lganligi uchun
ularni ishotsiz keltiramiz:

42-TEOREMA. Agar p>1, B, ; <+, Ik, j=12

bo’lsa u holda x > da

Sup
—00<M<+00

P[rx's = {In_x} + mJ— (1-q,)s' (m,x)| =0(),
Inp

P(r! =+w) =q, +0()

bo’ladi.
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43-TEOREMA. Agar a/ >1, By ; <+», |k, j=12 bo’lsa, u holda r — o

shart bajarilganda

r
In

2 2
T B

—oo<M<+o0 r

=0(),
In p Vo +V,

P(z! =+w) =q, +0(1)
IkKi xilli kritikdan keyingi Galton Vatson jarayoni
uchun integral teoremalar

Teoremalarni keltirishdan oldin bir nechta lemmalarni isbotlaymiz.
1-LEMMA. Agar p>1 B <+, |, jk=12 bajarilsa u holda ixtiyoriy r,,z,

uchun n—« da
an (r,n)=M (exp(ipg ((\Nll -V <W'(n),u >)7, "'(\NzI -V, <W' (n),u>)z,))) =

- M(eXp(— S <uDe> (v r>)” D+o(1)

2

bajariladi, bu yerda va bundan keyin <x,y>bilan x,y ni skalyar ko’paytmasini
belgilaymiz, ya’ni x=(x,x,), y=(y,,¥,) bo’lsa <x,y>=xy, +Xx,Y,
Isbot. Ikki Gal’ton-Vatson jarayonining ta’rifidan foydalanib

P(u! (1) =m/ g (n) = (K, k;))= (P(uel. (r —n) = m))™ = (P(ush (r —n) = m))™
(1.4.101)

ni hosil gilamiz, bu yerda tagsimot yig’masini bilidiradi.
U holda (1.4.101) dan

(7, 7%) =5 M(ep p[ipg((Wl' (r) =V, <W'(n),u >jfl + (W, () —v, <W'(n),u>)7,))) =

_im SR (M (@i (W (1) —v, <W' (n), U)z +(W, (1) —v, <W' (1), u > ,))

k k,=0

[ (n) =k, 445 (n) =k,) = ipk'l,kz (MM @p(ip 2(5" -u;) <vz>))"

k k,=0
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4 (n)

(M(@p(ip 2(57 —u,) <v,7>)% =M (({(l\/I exp(ip 2(& -u;) <v,7>))"

5 (n)

-[(M exp(ip 2 (5 ~u,) <v,7>))”

(1.4.102)

tenglikka ega bo’lamiz, bu yerda r=(z,,z,) yetarlicha katta n lar uchun

M(exp(lp 2(5 —u,)<Vv,7))=1-p " (<V,7>)*- 5 +0(p™" (rl +1, %)), e=12
(1.4.103)
Ixtiyoriy T, >0uchun (1.3.103) dan |r,|<T, lardan

(<VT>)

2 b¢*

" (M @i 2(E —u) <vy ) =
(1.4.104)

Natijada 1-lemmaning isboti (1.4.102) va (1.4.104) lardan kelib chigadi.
2-LEMMA: Agar p>1B,; <o, l,j,k=12 bo’lsa, u holda r, uchun

n—oo da
QL(rl)=M(exp(<§'—<u,w;(n) >)irp3B=M(exp[ M% 2]+0<1)

Isbot. Jarayon ta’rifiga ko’ra z>nuchun
/11(n)
Q. (n) =", M (‘9><I0(9g (r)—<u,w'(n) >) =M (((Me'qp (& —u,)” )
5 (n)

((Me'™” 7 (&7 —u,))7™) =

|
ifodani hosil gilamiz, bu yerda ¢&; (r)_/\j (r),

e, j=12

i
Bu tenglikdan 2-lemma isboti kelib chigadi.
3-LEMMA. Agar p>1 Dy, <+, j,k=12 bo’lsa u holda ixtiyoriy

7,7, >0 sonlar uchun n—»oda

=~ < n (\Nll -V <W'(n),u>)z'1+(W2' -V, <W|(n),u>)2'2
Q. (7,,7,)=M| exp| ip E||l|=
[ { [ J<u'(n),D¢ > / D]
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exp(— (Env>) T';/ >)2J+0(1),

buyerda £=(£"¢%), E=(u(n)>0, s5,(n)>0).
Isbot. (1.4.101)ga ko’ra

o) _N M_ i(§'-u,) <vz > k1. i(E2-u,)<v,7>
- 50 e (ol i)

bu yerda K =(k,,k,)
O’ng tomondagi yig’indini to’rtta qismga ajratamiz:
Q(r,7,) =T, +T, +T, +T,,

(1.4.105)

bu yerda z,da yig’indi chegarasi 1<k,, k, <[p?],

T, da1<k, < ,{pz}ﬁk2<oo,T3da [pz}ﬁkl<oo,

s
Ishonch hosil gilish mumkinki

IT.|< P[ul'(n) Lok < [ pZ} /EJ < p[ul'n(n) _1
PV

n

1<k, < p?

, T,da klz{

n

NS

IT,|< P(ul' (n)> [p

n

7)< P[ul'(n) . {pz

Agar Pl <x/&(mx) ning limiti P <x/&>0) ning absolyut

2

(n) = {p

PV
},y;(n){ }/EJSP ”;n(n)<—
PV,

n

p?

uzluksizligini hisobga olsa, u holda n —«da

T, = 0@,

k,,k, > p? bo’lgan holda

T2 = 0(1),
(1.4.106)

T, = 0@@)
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|T1| <

i€ -u)<vr>)| . (<z,v>)’D¢ I )
M[exp[ J<kD&> B_l 1<k, Dé> +0[<le§>} 1=12

Bundan

i€ —u)<vz> k'_ _(<r.v>)’k D¢
{M{ex'o( J<k,Dé&> m _eXp( 2<k,D&> J+0(1)
(1.4.107)

Ishonch hosil gilish mumkinki
2 Péx, () = P(E)+0()

kl,k2>{p2}
(1.4.108)
Natijada 3-lemma isboti(1.4.105)-(1.4.108) lardan kelib chigadi.
4-LEMMA. Agar p>1D;;, <+, 1.k, j=12 bo’lsa u holda

1 :& uchun

ah, wle T (< k,DE )2

2

<1éh, . A B :

2
_h

@, @)@, @) e 2

bu yerda 5 =ml¢’ —uj\s, i=12, D}, =M Q) u; @), ),

uchun

QI{
xexp(

&
0 |-Me ?
J<Vv,DE >

Qi ()= M(exp 'T;(i\/T;:] =12

5-LEMMA. Agar p>1 D!, <o bo’lsa, u holda

mln(3m|n(D§ )< D&V > mm(D§ )3/2 3/4

|1|_ l4max —
<j<k P

(1.4.109)

g 7|rl|3 max f3,

T B(<v,DE>)Y? [M ((Wll (n)+W, (n)))x

Z'l W (n)+W (n) min ij‘f‘iM M_f X
4 <yDE> HF 2 <v,D¢ >
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fee il

dp( wi(n) wi(n) _ ij

i<y, Y,
(1.4.110)
ni hosil gilamiz, bu yerda
Pl(r)=Me "W =12
Wy 2} dara alar1 bo’yicha gatorga yoyib
2 3 =
! 2 >l—l- DS, _|Tl| ) B, _
J<vD>p" | 2 <vDE>p" 6 (<vDE>)E. pT

) _

_1_ 4 | D¢ +@. P
2p"| <vD&> 3 (<VD§>)3/2\/F

(1.4.111)

5-lemma shartini hisobga olsak

min 3/2
|Tl|£ Kigz(Dégi) _V3/4\/F

147
(1.4.112)
Shu bilan birga
_bg 1
<vD& >y,
(1.4.113)
U holda (1.4.112)(1.4.113) ga ko’ra
_Dbg . B, J16 |
<VvDé> 3 (<yD¢ >)3/2\/>n 15 v, v
(1.4.114)
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Ma’lumki dispersiya va uchinchi absolyut momet to’g’risidagi
tengsizlikka ko’ra
o (D¢ F* <, B,
U holda oxirgi tengsizlikdan (1.4.111)(1.4.114) larga asosan

24
>
25

! 21
LK vDE > p" }
ni hosil gilamiz. Natijada ni logarifmlash mumkinlagi kelib chigadi:

In\PI 21 - _ 21 . D§| +T_13‘ IEI —,
\J<VDE > p" 2p" <vD&> 6 ;

(<vDE>)?p?

(1.4.115)
bu yerda
e .
‘ﬂ,‘sﬁln‘{' (@ <7p, =12
t:w <vD&>p"
(1.4.116)

(1.4.110) va (1.4.115) lardan

2
tootoo 71 YiD&+Y,voDE, | |
T - w, (n W, (n
et Xdp( )y, Wl )<y2JS

QI
" 1[<VD{§>pn 00 Vl V2

me‘fﬁ | 0B VB | dp[wim) <y M) y2]
11
00 6(< VDéj >)3/2\/pn \Z 2

tengsizlikka ega bo’lamiz.

=

5-lemma shartidan r, ni tanlashga ko’ra

miin Déi - 7|Tl| mi: ﬁi g miniD¢’|
<v,Dé > 3\/(<v, DE>)’p" 2<Vv,D&>

(1.4.117)
natijada

e —ﬂ <[xel

ni hisobga olib (1.4.116),(1.4.117) lardan
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T 7|Tl| : ﬁ|M (Vvll (n) +W2| (n))xexp( Tl (\Nl (n) +W (n)) m|n DgJ
6/(<Vv,DE >)? p" 4<v,D&>
(1.4.118)
Ushbu ‘e’”‘ —e*ﬂ‘ <|er— Blexp(—min(e, B)) ga ko’ra
T 7? yviD& +y,v,DE, | (W' (n) w, (n) _ Tt
ol 2 ) o

r_lz |<D§,W'(n)>_ | _r_lz _(<D&W'(n)>
= 2 M(‘ <v,D&> SZD exp( 2 mln( <v,D¢&> - D

(1.4.119)
Agar

<T,+T,

&’
QI 7 -M T
n(,/<v, D¢ >] ’
ligini hisobga olsak (1.4.118),(1.4.119) lardan 5-lemmaning isboti kelib chigadi.
44-TEOREMA. Agar p>1, Dj,, <+», e jk=12

bo’lsa
o P —<W'(u>) o _@X_LM[ <w'(n),f> /EJ (3.3
[ wopes =Ml Wi, DE ) B=(B )
bo’ladi.

Isbot. (1.4.101) ga asosan

irl((’tl_<wl(n)’u>) - k K, (N) 2 K,
! Ell= ] Qe i, (7)) (1, (7)) =12
(exp( J< i (MDE> B kl,kzz_l P(E) (@ @)@ @) e

yoki

" ir,(&'—<W'(u>) || | A
{[exp( J< ' (nN)DE > °

So’ngi munosabatda 4-lemmani qo’llab teoremani to’g’riligiga ishonch

2
_n

( klkz( 1)) (Qékz(fl)) —-e ?

= klkz()
<2 PE)

hosil gilamiz.
47-TEOREMA. Agar p>1, Dj,, <+», e jk=12
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bo’lsa
Sup

max .

Jp" (- <u W' (n)>) } +°° (Xj .
PP <xp— @ = [dp(&' < y)|<c : +
{ 1/<U1D§> '([ \/y \/<V1D§>n}in Déjglpn

+max[\/M[< DEW!(m)> J 1Jxmax[ ('Olj pgj
<v,D& > 1+ 0" P

bu yerda p, =|p|< p

Isbot. Avval p, <1 xolni karaylik. Quyidagi belgilarni kiritamiz:

e 4o o

A Sup

n X

én?
o L |-Me ?
J<v,D& >

|71|

dr,

U holda, 5- 1emmaga ko’ra

I 7maXﬂ T W (n) +W (n) min D&
R! = M W, dr
' aeupen j o MO (1) + W (M))e - - = Tm
- B 5 B
<C——pb=cC _ :
Jpo"<v,DE> <v,D&E>M" Dﬁ/?
(1.4.120)
1 <DEW'()> | o 7 o (<DEW'(n)>
= f|1| ( —wbE> ¢ exp[ me[ ST ,éj]drlé
<DEW'(n)> ) &
S\/M( <v,D¢ > SEJ p
(1.4.121)
bu yerda
E! <R +R;]
(1.4.122)

Endi p, >1 bo’lsin, u holda
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max fi

J<v,D&>min D&/ p ¢ p,"

| < Dglwl(n) > a n
Rzﬁ\/M[w—fj (P ',01)
(1.4.124)

Natijada Essen teoremasini go’llab (1.4.120)-(1.4.124) lardan

teoremaning to’g’riligiga ishonch hosil gilamiz.

R, <C

(1.4.123)

Quyidagi teoremani isbati 44,45 teorema isbotidek bo’lgani uchun,
isbotsiz keltiramiz:

46-TEOREMA. Agar p>1, D!, <+, € j,k=12

j.kv

bajarilsa
n | | +00 min
sw |p Ve W —v, <u,W'(n)>) . i_120_ [l =22 |go(s! <
o { Eme v Ty el

max /i I 2 n 6
SC‘ i . . + max M(<D§,W (n)>j P n’l maXG(&j,p n
‘,/<le§> mDER " v,D¢& 1+ p, \/ D

P p W' —v, <uW'(n)) > <
vy /< ' (N)DE >

LM( < W' (n) > /EJ
o W' (>

Bunday natijalarni bir xilli jarayonlar uchun o’rganilgan.

5) Sup

X1, Xp

<i<2 ) —

Xi’ il’Z/EJ_cD(minx <

44-46 teoremalar deyarli o’zgarishsiz ikki xilli uzluksiz vaqtli tarmoqlanish

jarayoni uchun xam o’rinlidir.

47-TEOREMA. Agar p>1, B, <+, ™" = 4oo

n—o0

C: ~c’bo’lsa, u holda

iim 5 /Ui(n)Vj_l - p"(<uc, >)
n—o bn

<x/u(0)= (C#Cf)} =D(x)

ISBOT: Tarmoglanish jarayoni xossasiga ko’ra
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P (n) = &, / 1(0) = (C1,C2))= P (n) = & )* xP (2 (n) = ) *
U holda bu tenglikdan

i ct c?
IT//lj(n)vj*Lp"(<uQ1>) —ip"(<uCy>)z i724(n) n I .2 " 2
Mie & /ﬂ(0)=(Ci,an) =g b M| e " Ry eTﬂ,_()
v;bn

Ifodaga ega bo’lamiz.

Agar (1.4112)
Zdy‘B,mu u
B!(n) = —2™ - P (L+0(2))
- a1 a,
af p -2
(1.4.124.3)

ni hisobga olsak

Mo} )y pn)) 115 o A0

+(p* :b,%)

n

o Natijada oxirgi tenglikdan 47-teoremani to’g’riligiga ishonch hosil
gilamiz.
48-TEOREMA. Agar p>1D/,, <+%,C; ~C2bo’lsa

P{;ujvj —bf(”n; u,C, > § x/,u(O) _ (C;,Cf)}_q)(x) <

1 PaNm) M) _

" - “min 3/ 17
r:un Crl.l mln O_ (n) Ir’n;n O_I J (n)

Sup
X

C

bu yerda C, nga bog’liq bo’lmagan o’zgarmas son

b, () =M (e (v, * —u,p" F + M (2 (v, * —u 7
ﬂ3i’j (=M ‘(,u; (n)V{l _ujpn): b; (n)r’
o7 (n) =M (e (v, * u 0" )by () f

Teoremaning isboti

P(iu(nN) =y, 1,(n) =,/ 1(0) = (Cﬁ’cf)) =
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PL(n) =, ta(n)=0a5,)* (P2 (n) = ay, 1y (N) = @,)) *
(1.4.124.b)

Bu ehtimollikning hosil giluvchi funksiyasi
(Fa(S1,8.)% - (F7(S,,8,)
(1.4.124.v)
lardan foydalangan holda teorema isboti olib boriladi.

IkKi xilli kritikdan keyingi tarmoglanish jarayoni
uchun lokal teorema
Faraz gilaylik q;=0, j=12 bo’lsin, agar g, =0 bo’lsa u holda shakl
almashtirish bilan g; =0 holga keltirish mumkin.
Quyidagi belgilar kiritamiz:

| ORS,S)
' oS, 5,0

$,=0

A=Im]

S, — A matritsaning perron ildizi bo’lsin
Pl (t,,t,) = MW ™)t — (¢t t)
ol (t,t,) = Me' ")
Ma’lumki ¢’ (t,,t,) quyidagi tenglamani ganoatlantiradi:
o' (t, ", 1,p") = Fl (9t 1), 9* (1)), n>1
(1.4.125)
49-TEOREMA: Agar p>1 B/ <x, jkI=12 bajarilsa u holda n ga
bog’lig bo’Imagan shunday musbat c soni topiladiki
[P*"PL (M) =W (o', p )| < C{(p’” ARCEANAE: pz"},
bu yerda w’(x, y)w’ning zichlik funksiyasi p, va p, lar shunday sonlarki
0<p, p, <L, P} (N)=P(u/()=r,i=12)
Teoremani isbotlash uchun bir nechta lemmalarni keltiramiz.
1-LEMMA: Agar p>1, B}, <o, j,k1=12 bo’lsa
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0 1im on n n
1700, 00! (0", p",) = k(@' (4 1,), 0% (4, 1,)), t’+t,°#0, &, =—log, p,

(1.4.126)

20' E:op<t1<+oo (V t12 + t22 ]60 ‘(Dj (tl, tz)‘ < 400,
(1.4.127)

(1+5,)"0

30 lim P ¢j(pn'1pnt) :iak(%(tl!tz)’(ﬂz(tl’tz))X

R at, = o9’ (t,1,)
M, t°+t,> %0, j,1=12
:
(1.4.128)
0 () )
o,y |
(1.4.129)
50, % . (m jMO % <+, ly=12
00 S |
(1.4.130)

Lemmadagi - K(S,,S,) funksiya (1.4.111) da aniglangan.
Lemmaning isboti: (1.4.125) ga ko’ra

PP (P, % p't,) = F (0}, 1), 0%, 1)) o = Fl(0' (. 1,), 0° (4, 1)) 2,

(1.4.124.a) gako’ra

FaGuS) 1 (s, 5,)u% (1.4.131)
Py

u holda (1.4.130), (1.4.131) dan 1-lemmaning 1°-gismi kelib chigadi.

w tagsimot funksiyasining absolyut uzluksizligini hisobga olsak

’i =JS;\7W£p ¢j(t1’t2)‘<1’ j=12

(1.4.132)
bo’ladi. Ikkinchi tomondan (1.4.125) va (1.4.131) ga ko’ra

(pn\/tlz +t,° Jdo gpj(pntl'pntzl < (‘\/tl2 +t,’ )50
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F QQ)l(tl’tZ)H(DZ (tl,tz)‘)//?c? < (1 t? +t,° j"‘o kq(pl(tl,tz)‘,‘(pz(tl,tz)‘)u’;

(1.4.133)
Natijada (1.4.132) va (1.4.133) ga ko’ra

(ot [l (0, o )| < pPK(BL ) <0

1<yt 4t,% <p

Bunda
iu“imgpm (\/tutz )ﬁo‘(oj (tl,tz)‘ < p™K(B,, B,),
yoKi
]Ssuptl,tz (\/tlitz )50 ¢’ (tl,tz)‘ < 400
(1.4.134)
lekin

o (ot )

ligi doim to’g’ri va demak oxirgi tengsizlikni (1.4.125) bilan birlashtirsak 1-

(Dj (tl’tz)‘ <+

lemmaning 2° gismi kelib chigadi.

(1.4.116) tenglama t, bo’yicha diferensiallab topamiz:

pna§0j (pntluontz) _ i aFnj ((Dl(tptz)’(oz(tptz)) . 8g0y('[l,t2)

; =12
o, y=1 o’ (t,,1,) o,
Bundan
pn(l+50) _6¢j (P, ") _ Zzl aFnj ((/’l(t1vt2)1¢2 (t,1,)) ) aq’(n) (t11t2)’ =12

a, = pgégoy (t,,t,) a,
(1.4.135)

Natijada oxirgi tenglikdan (1.4.134) ni hisobga olsak lemmaning 3° gismi
kelib chigadi.

(1.4.134) dan
aZFn(sl,sz_) 2 azk(sl,sz)u*l =12
Pl 85,08l 05,08,
(1.4.136)
ifodaga ega bo’lamiz.
(1.4.135) va (1.4.136) dan
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[ e mjl*‘so‘aqo"(p“tl,p“tz)% S( N )”5" .

2

_iaquf(tl )l 1)) apY (1, 1)
y=1 o9’ (t,,1,) ‘ o,
(14.137)

Ixtiyoriy t,va t, uchun

y
‘a(P (tlltz) SMW,y:V|MgZy:V|Uya y,|:1,2

1

ligini hisobga olsak (1.4.132) va (1.4.137) lardan

1+8, (AN n 2 ok
:pt12+t22<p(pn\/t12+t22) ‘8(0 = Lt t2)|Sp1+5028 (ﬂl’ﬂZ)'uyvl <+o0

a, | = s,
yoki
P J(t t )
sup 2 2 AUt
o () )
(1.4.138)
lekin
P J(t t)
Sup 2 2 UL
pas) (e e L0

ekanligini hisobga olsak (1.4.128) dan lemmaning 4° gismi hosil bo’ladi shu
usulni qo’llab lemmaning 5 qismini ham isbotlash mumkin.

2-LEMMA. Agar B/, <+« bo’lsa u holda shunday 0’zgarmas C son mavjud

bo’ladiki barcha T, >0, T, >0 lar uchun

j 1 W —i(<t,x>) ] T_§°+XTT_5°
’Wl(xl,xz)—(zﬂ)2 .[ JT.e (<t, )¢J(tl,t2)dtl,d'[2 <C-2t Xl.lle 2

bu yerda x=(x,x,)
ISBOT: Ma’lumki

2 ] +o0t00 _ -
agt—(at:,tZ) - _.[ .[X' Xyel(<t’x>)w : (Xl’ Xz)dxly dX2
=%y 00

(1.4.139)

Ikkinchi tomondan 1-lemmaning 5° gismiga ko’ra
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dt,dt, <-+oo,

“ja Pl (t,t,)

Demak, (1.4.139) dan aylantirish formulasiga asosan

+00+00

X X W (%, X,) =

,|(<t,x>) Mdt dt
(2 )7 - Mty

ga ega bo’lamiz. Bu ifodaning 0’ng tomonini bo’laklarga bo’lamiz

1 2

XX W (%, %,) = f g (<% Dolt.h) )dt dt, + CRANE Doltt) )dt dt, +
(27 ) LS o, at, LA o,
tanton 20 (t,,) T, O*p' (t,1,)
J‘J‘ —|(<t x>) ¢ 11 dt dt ‘[Ie—l(q ,X>) ¢ =~ N1 27 dtldtz +
T, —0 atl’at T1 —© atz

T, 400

et SO o g 7T 7T, T,
ot at,

(1.4.140)
T, ni bo’laklab integrallab

T T

Xii Ji(<t,x>) a€0j (tl,tz)
+ et L 22 2l dedt, =T,, +T.
. 2 (27zi)2j _[ at, 14t 11T 1

—T, -TI2

T — 1 -I-—fei(<t,x> : 112
b (2A) at,

(1.4.141)
ni hosil gilamiz.

Agar birinchi qo’shiluvchiga birinchi lemmaning 4°gismini qo’llasak

F dt s

‘T1,1‘ < .[ : 148, <C,T, ™
(1)

(1.4.142)

Xuddi shu kabi T,,ni ham bo’laklab integrallaymiz
. Tw T, T
—i(<t,x>) J(tl,t )| +2(2X; J' J‘ —|(<t X>) J(tl,t )dt dt _le(l) T12(2)
_Tl _Tl _TZ
(1.4.143)

1-lemmaning 2°gismiga asosan

T T
‘Tl,z(l)‘ < X1W:U(Dj (tsz) - CDj (tl _TZ)‘dtl S 2X1_J;lﬁ < CsxlTszigo
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1-lemmaning 5° gismiga asosan

|T2|s_ﬁE ddt, o <CT "
()
(1.4.144)
[T, <cT, ™, [T,|<CT, ™, [Ty <cT,™
(1.4.145)
2-lemmaning isboti (1.4.140)-(1.4.145) lardan kelib chigadi.
3-LEMMA: Agar B/, <+obo’lsa,

07 (t,.t,) — 0! (t,.1,)] < max(t,? ,t;)g MW, W, (n))? + max(|tl|,|t2|IZ::\/ MW, -w(n)f j
bo’ladi.

ISBOT: Ishonch hosil gilish mumkinki

Pt +1,) =0 (t,1,) =M (ei<<t,w"(n)>> _gilctw () ):

M (e @ i<t W —W I (n)) ) —e ) [l M (it e O g —w,) (n))+

it e ™) (W, Wi (n)) 3
(1.4.146)

quyidagi

el —1—ix‘ gx—z
2

tengsizlikdan foydalanib

< (<t,W!-Wi(n)>)?

L+i(<t, (W7 —w!(n))>)—e L wim:) !

(1.4.147)
tengsizlikni hosil gilamiz.
Koshi Bunyakovskiy tengsizligidan

M " O ) —w ()<, [yM T~ (m))?, je=12
(1.4.148)

ga ega bo’lamiz, u holda (1.4.146) —(1.4.148) lardan 3-lemmaning isboti kelib
chigadi.
Teoremaning isboti: Aylantirish formulasiga asosan
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2n

PRI )W (o, ) =L [ [T e e P dtat, W (o7 (5,1,) )=

(2”)2 -7
n x o« P(l_a)% P(l‘“)%
(57[)2 jJ.FnJ (e|t1’e—tz)e—|(<r,t>)dtldt2 _W J' ‘ J‘eil(<r't>)p7n¢1(t11t2)dt1dt2 +
o ) -p-a)
| . pa- e
+ W’(/o‘"rl,p‘”rz)——2 2 [l (4t ) dt, | =T, +T,
(27) I P
(1.4.149)
O, —2
bu yerda max| 0, 5 <a<l, r=(r,r,)
0
Quyidagi belgilashni Kiritamiz:
-n -n (lfa)@ (1-a)n
X =0p",  X=hLpt, T=p %, T,=p

2-lemmani qo’llab

A
1) “@a)®"

N, \= -n B N, \-=
|T2|<C{(p e )e 2 ()t 2

(1.4.150)
baxoga ega bo’lamiz.

T, ni ikkita yig’indiga ajratamiz:

. (@2 o D gy
_|_P Fl(e", e )e ™) dt,dt, 1 e Ul (t,,t,)dt,dt
1= @ )2 n ) 14l PYRY @4, L)a4dg,
4 (a2 pn—p " ( 7[) (a2 = pe”
—p _

(p_nl’l)il(p_nl’z)il ((l"’)%’l’" T i fa-t aity\a-i(<t,r>) T T ifaity Aty
+ o) _J' Jrl,ran (e e")e dydt,+ [ [nnF, e e™)-

(@020 7

%0
(o))

p P
-e_'(<t’r>)dt1dt2 " J' J‘rl’ r,F] (eftl’eut2 )e—|(<t,r>)dt1dt2 +

0y 7
((1-a) 2 1)
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((1—0:)570—1)11

j Jrl’ r2 Fnj (e_t1 'eitz )eii(<t'r>) dtldtz :T1,1 +T1,2

(@-ay21yn p~"
-p 2

(1.4.151)

Birinchi integralda almashtirish bajarib

-2

P 2 (l-a)n
T, < j
son _ (A-a)n

7}0(1*0!)7 P

Fle™ e ") -’ (t,t,)dtdt,

tengsizlikka ega bo’lamiz.

Ko’rsatish mumkinki
MW, () - P <clo™ + o)
(1.4.152)
bu yerda p|A/| matritsaning ikkinchi xarakteristik sonidir.

3-lemmaga asosan (1.4.152) ni qo’llab,

a>maX H 1 1
(350+2 30, +2 0,+6 0,+6 0,

35,+1 36,+1+log |p| S,+5 &, +5+log, |o| 50—2J

(1.4.153)

ga ega bo’lamiz. T,, ifodada bo’laklab integrallab, soddalashtirgandan so’ng

. O
i g ip@a)2-)
5 oF)lete 2
T (e ) T
Flle™e "2 |+C j
-7

ot,
71' LARYE =l N P P
C |a F'(e™,e™)
’ ((1;[5201)n *”I dt,dt,
-p

(,0’” r X,o”‘l’2 lTl,Z‘ <C dt, +

‘dtldtz =T, +1,% +7,,°
(1.4.154)

bo’ladi.
(1.1.7) dan
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o % 1
. s cen () 2-1)n ip, —an (@-a)Z-1n b (t-a)22-1)n
J 1p 2 i P P ip 2
F, (e e J Fl [m](F[m][e e D Fm](e e

(1.4.155)

Ikkinchi tomondan
o) o)
o ipe (1-)2-D)n : —an+ (1-a)2-1)n+[en]
ﬁm{ e 7 J=%%{Panmap ? J

(P[jan](tlltz)_)(ﬂj (t,.t,)

Va N —> o

Xarakteristik funksiyasi xossasiga asosan t,” +t,” =0 uchun
‘goj (tl’tz)‘ <1

U holda yetarligicha katta nlar uchun

]SSUthp ‘(D[jan] (t,t, )‘ <1

—oo<t, <+00

Buni hisobga olib (1.2.12) va (1.4.155) lar aososida

() n(l-a)
T, <Cp,

(1.4.156)

(1.1.7) dan

aFJ(e'tl e'tz) ZZ:aFnJ[m]( [ﬁn]’F[fm]) OF )

ot y=1 OF ) a,

(1.4.157)

bu yerda
50
O<ﬂ<2+6c
Ma’lumki
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OFin (eitl e )

<Cp™, e j=12
ot P J

e

(1.4.158)

Kasten va Stigum ishida

OF 51(S1.S,)
es,

<CA'(S,,S,), 0<|A(S,.s,) <1,

(1.4.159)

ekanligi ko’rsatilgan, bu yerda

gin—m /1(511 S, ) =Py

S,—0

Natijada (1.4.159) dan foydalanib

|8Fnj—[m] (F[fm] P )| <Cpm

‘ al:[,)éﬂ]

(1.4.160)

bahoni olamiz.
(1.4.157),(1.4.158), (1.4.160) lardan
T2 <Clp™+ p™ 2 )<Cp™ + p™ p," )
(1.4.161)
ni ishonch hosil gilamiz.

Ishonch hosil gilish mumkinki

j(alti Al 2 1 2 1 2
52Fnj(et e" ) & 0 Fnj—[m](':[m":nm).a':[%] OF i

4 Zzl OF 1 (F[fm] Fim )

ot.ot, Yoy 8F[£1] BF[Z;] oF, oF, =l GF[E]]
°F)
° ﬂ ] S! I ’ y = 112
ot dt,
(1.4.162)
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Ixtiyoriy n uchun

|82 Fifn (eitl e’ )
aa,

<Cp*™

(1.4.163)

(1.4.159) bahoni olish usulini qo’llab

|82Fnj—[ﬂn] (Sl’SZ)
8S,,08,

%g CAA ;<1

(1.4.164)

ga ega bo’lamiz.
Natijada yetarlicha katta nlar uchun (1.4.162)-(1.4.164) ni hisobga olgan
holda

T2 <Clp™+ o p," ")

(1.4.165)

Teoremaning to’g’riligiga ishonch hosil qilish uchun (1.4.149)-(1.4.151),
(1.4.153), (1.4.154), (1.4.157),(1.4.161),(1.4.165) larni yig’amiz:

o™ P (.1,) -W (o, o7, | < C{(p‘” n) (o, T{pwn? +p O+ p T+ P p " 4

p(a—l)‘z”} N (p(?’io(l—a)ﬁ—;—a]n J . [p(‘?(l—anz—sajn J(1+ |ﬁ|g j}

(1.4.166)
va

_ )% %
(-« 5 (051)2

pl — max{p 2 1pql*a,pfl1p2ﬁpql ’p j,
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%(lﬂx)+%70{ %(Hm;sa 3% 0 ayita 1L %(lfaﬁgf?)a A
|pl2. p o2

p2=ma><[p P o2

Belgilashni kiritib (1.4.166) dan teorema isbotlanganligiga ishonch hosil

gilamiz.

| bob bo yicha xulosalar
Dissertatsiyaning 1-bobi « Galton Vatson tarmoglanish jarayoni » deb
nomlangan va kritikgacha tarmoqlanish jarayoni, kritik tarmoglanish jarayoni,
kritikdan keyingi tarmoglanish jarayoni va bu jarayonlarga oid limit teoremalar
keltirilgan.
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Il bob. Binomial qonun bo‘yicha tagsimlangan tarmoglanish

Jarayoni
2.1. Binomial gonun bo’yicha taqsimlangan tarmogqlanish

jarayoni uchun limit teorema

u, Galton Vatson tarmoglanish jarayoni bo’lsin.
Agar p(x, =0)=q,, p(ey, =1)=1-q,=p, bo’lsa, u holda x, quyidagi
xususiyatlarga ega bo’ladi.
o= g

p(u,=0)= q, P( 4,2 =1)=p,=1-q,
Agar n momentda c, zarrachagaegabo’lsa va har bir zarracha i=1c,
bog’langan.Bu yerda p '+ x> +...+ " quyidagi ehtimolliklarga ega .
P(tn =0)=0q;,  pln =D =p,
S, =y +us+..+u7 Uholda S binomial tagsimotga ega bo’ladi.
Muy=p; <1 S, Puasson tagsimotiga ega

Cy Cn A (r
A, =2 P, A ()=Dp, r=2 6 = 2( )
i=1 i=1

Cq

ﬂ’m
F.(X)=p(s, <x), 7z(mA, )= °”| e, m=04,..
" " " ml

I(x, 4, ) = gﬂ(m,ﬂcn ) w(mA )=x(mA, )-z(m-14 )

A7(m, A, )= Az(m, A, )-Azr(m-1,4, ), k=12..,
A" (m, 4, )=Az(m, A, )
Teorema. c, > Vvaixtiyoriy v=12,.

F, (00 =TT(x 4, )+Z{a2kA2" (X, g, )+ B A (X, A )|+ R, (X)

ij > 5} .
Bu yerda a, = o & =—%, a, =—=(4, (N+Y ai (r-k), r=4 va
r- k=2 !
1+ |~
v+l P 2

_rc’ 1_2

v=1lva r=4
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F, (X) =TI(x, A, )+a,Az(x, A, )+a,A°z(x, A, )+ R, (X)

3, == 0 )+, (),

— 1+\/;
RO —2—02, ¢ =—12
1-Jo, 2

X h-i=123.., p,va g, =1-q; ehtimolliklari 0 val giymatlarni gabul
qiluvchi bog’ligsiz tasodifiy miqdor bo’lIsin .
S, =X, +..+ X,
S, tasodifiy migdor binomial tagsimot deyiladi.Puasson gonunidagi tasodifiy
yig’indi uchun bu tagsimotni asimptotik yoyilmasini topaylik.

n n . i
A=Yp, A=>.p] (=220=""=2

j=1 j=1 A

F.(xX)=P{S, <x} z(ma)=a"?/m (m=01.),z(ma)=0 (Mm=-1-2,-3..);

I1(x,a) = iﬂ(m; a) -Puasson tagsimot funksiyasi
m=0

Agar X - gandaydir tasodifiy migdor bo’lsin.

FO;X)=P{X <x}, oft; X)=Eexp(itX).

Agar X-butun sonli nomanfiy tasodifiy miqdor bo’lsa f(z; X) = Ez*
Az(m;a) = z(m;a) — z(m—-1;a),

A z(m;a) = Az(mja) — Az(m-2La), k=12,..

Agar h(m)-gandaydir butun argumentli funksiya bo’lIsin.

Teorema 1: Ixtiyoriy v=0.1,..da

F0=T (62)+ S fan A% (% 2) + 8 A% 7(x: 1) |+ R, (X)

a2:_£ asz_ﬁ’ a, :_%(ﬁ“r-i_zr:akir—k) (r24)
k=2

— 2 3
R (x)<—2—_pg"" C =
L (X)| 1-J2 (c > )

Teorema lemmal orgali isbotlanadi.
K- butun noman’fiy giymatlarni qabul giluvchi tasodiy migdorlar sinfi bo’lsin.

Lemma 1: ([1]) Agar X eK bo’lsa
F(m; X) =a,(X)T (m; A(X)) + D" a (X)A " z(m; A(X)), (1)
Bu yerda
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[GN 0100 § g0 2(X)
8 (X) ="~ §e f(ﬂ(X) T (2)
k=0,1,2,..., 2 ﬂ(X)zEX, [—u=A(X)markaziy nuqtaning atrofi

1) Hagqiqiy yig’indi
X e K tasodifiy migdorning funksiyasini kiritamiz
~ |
FO(m; X) =a,(X)IT(m; A(X)) + D_a, (X)A " z(m; A(X)),
k=1
FO(x; X) Fur’e Stiltesa darajali funksiyasi
oV (t; X) = ie“’“ {ﬁ(')(m; X)-EO(m-1 X)}

m=0

Lemma 2: Teng kuchli tenglama
o(t: X) = o {- 20) -3 a, (X)L —e")"
701 X) =ep{- 200 - > a (X)A-e")

Lemma 3:Koeffisiyentlari {a,(S,)},k =0,12,..., rekkurent formula orgali
aniglanadi a,(S,)=1a,(S,)=0

1 k—2

a.(S,) = —E(ﬂk +Zaj S)A-;)  (k=23,..)
j=2

Isboti. S, tasodifiy migdorning xarakteristik funksiyasi

ot:5) =] [0t X) =] [@-p2)=p(@) (z=1-¢")

y/(z):exp{—/lz—%zz—ﬁz?’—...} e *g(2),

3
Bu yerda g(z)= é+¢{—% z? —% z° — } =exp(5(2)) .
9(z) =b, +bz +b,z*... bo’lsin
1 d* J deti
b = Wdz —cexp(o(z ))‘ 0 klzck 1—exp(5( ))‘ 0 5(2)‘z=0

9(2) ="y (2)= Zak(S )"
g(Z) aO(Sn)+a1(Sn)Z+a2(Sn)Zz+"'

z|<2., a(S,)=b  (k=012..);
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2.2 Binomial gonun bo’yicha taqsimlangan tarmogqlanish

jarayoni uchun limit teorema

Tarmoglanish jarayonida barcha davrdagi zarrachalar yig indisi uchun limit
teoremalar

Faraz qilaylik { 7 }f Galton-Vatson jarayonini tashkil gilsin. Ma’lumki,
bunday jarayon uchun quyidagi xususiyat o rinlidir:

Ho = s+ ) ) = ) (1)
buyerda 4\, j=1 . larbog'ligsiz 4, , bilan 9, j=1 4 _, lar ham bog ligsiz
, bilan bir xil tagsimlangan tasodifiy migdorlardir p(z, =1)=1, [1].

Ma’lumki tarmogqlanish jarayoni biologiyada, kimyoda, aholishunoslikda,
genetikada, fizikada va boshga soxalarda keng qo’llaniladi. Xususan, kiyoda
uran moddasini parchalanishida, radiaktiv moddalarni targalishi jarayonlarni
matematik modelini tuzishda ishlatiladi.

Quyidagi belgilashlarni kiritamiz:

£(5)=3P(u=k)S* =Y RS*, f/(1)=a, o =Dy
k=0 k=0

(1) gaasosan f,(S)=Ms* uchun

fra( f1(S)= i(f,.(S))= £,(S) ()
orinli. (2) dan S =1 nugta atrofida birinchi va ikkinchi tartibli hosilalarini
hisoblab quyidagilarni hosil gilamiz
f.(S)=Mg,
azanz!a”‘1 —1), .
—a
no?, m=1
Masalani qo yilishi:
=y + ot g+ Ly = Mo+ iy + oot pl, + o (3)
larni o' rganamiz. Buning uchun birinchi navbatda M z, va Mg larni
hisoblaymiz, ya’ni
n a
M 7, :Zn:ak =1+ (1—a ) lim 7z, {“ﬁ' a<t
k=0 1-a Hﬁ + o0, a>1

Ma’lumki, a > 1 jarayon cheksiz davom etadi. a < 1 da jarayon ertami,
kechmi tugaydi. Agar P, = 0ni ganoatlantiruvchi k -1 d ga bo’linsa, a > 1, P >0,

k —0 larda

. d 1 o L
P(,U—k)— Zﬂfn(l)\/F O[\/FJ
bajariladi ([2])

86



Peyks [3] a < 1 hol uchun, n —« da quyidagi munosabat o rinliligini
ko rsatgan

P(:uo +M+;-/-%Lln _nB,(1)< X, | u, >0)—>¢(X)’

bu yerda ¢(x)standart normal qonun, H =Dz, limM (

n—w0

AN o) = B(S).

Hq
Ma’lumki, Duon O.V. Viskov, Boyd [3] lar

. 1 .
Pt + 1ty + oo 1, + .= J/,u0=2):TP(§l+§2+...+§j +.=j-1) (4

ligini ko rsatganlar, bu yerda &, lar bog'ligsiz va y, bilan bir xil bog'ligsiz

tagsimlangan.
Ehtimollar xossasidan
P(§1 +& o+ &< j)— P(fl +& ot & +.< J —1): (5)
=P +E +t s =)

Bularni quyidagicha ham mumkin.

\/§1+§2+ + & —aJ j-aj \/§1+§z+ +&-38j _i-1-aj
. (6)
VD \/ ] D/"l VD VD

Quyidagi teorema o'rinli:
Teorema. Agar

|T|<T- _ \/T(Dﬂl)g
’ B

B=M(u-a), j>2
bo’lsa, u holda

Pt + 4ottty += [ |1ty =2 )= 1[¢[\/jJDile ¢(j\/_le_:jN+

_12

z(e\/ﬂ[;yl 3\/_]1\/_931 i

o rinli bo ladi.
Teoremani isbotlash uchun quyidagi lemmani keltiramiz.
J

[( ] ] . _[M e HI

Ma’lumki, agar G(x) tagsimot funksiya uchun ¢, tartibli moment mavjud

bo'lsa, u holda unga mos g(t) xarakteristik funksiyani quyidagicha yozish
mumkin.

bu yerda g, =M|s-M&, y(t) kompleks o'zgaruvchili  funksiya bo’lib

|7/(t <1)|.
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Oxirgi tenglikdan foydalanib

ir ik
-
2] 6 (Dﬂl) j°

ni hosil gilamiz.
Normal gonunning xarakteristik funksiyasini

j
e 2= {l— ;—J + 7(t)&-¢;) 2'3J

3j?
Ko rinishda ifodalaymiz, bu yerda

x|3e_7dx = &

1+

Ixtiyoriy ikkita xarakteristik funksiya uchun

iz ia ) 2\ iz _im = 2
(fl{ermﬁ]eJum1 _[ezl :zii{{fl[erque Juwa} ey_
1=0

(7) — (9) dan foydalanib topamlz

fl{eﬁ}emegua(f) br 0227

6\/(Dlul)3 j3 6\/—
yoki
f1 eJ%/h e_ ;Z;§1 _e_%j < 163 |T|3
[ J [w Jﬁ
(7) dan

<l-—+

f, [em } eix/i?é

ma’lumki, 0<a<ldal-a<e™.
U holda (13) dan

Shu bilan birga

u holda |z|<T, bo’lgan holda (14), (15) dan

it _im - 2 -
f]_ e\jDM e Vib& _e7§1 <

Natijada (10), (12), (16) lardan
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. . j-1-1
it _im 2 (_1)
f]_ e\jDM e Vibg _e7EJ < ﬂ3 \/5 Tz e l3] d
3J0m) 37 T

Lemma isbotlandi.
Teorema isboti. (4) va (6) va Berdi-Esseyen tengsizligi va lemmaga ko'ra

\/§1+§2+ -+ ¢ _aJ j—a
Pleg +u+. o+ 4, +...= ) =2 _ -
(o + ty + oottty += § |1t )J[( 5n o
[\/§1+§2+ +§ _aJ J— —J— ]

\/J D \/JDﬂl

_1
j

R i e Falid

Teorema ishotlandi.

2.3. Tasodifiy sondan boshlangan tarmoglanish jarayoni

yig’indisi uchun limit teorema

Tasodifiy sondan boshlangan tarmoglanish jarayoni
Tasodifiy sondan boshlangan tarmoglanish jarayoni
Z. =u®+ 1@ 4y

1 bog’ligsiz u, bilan bir xil taq3|mlangan

i(v—m)s

= p(v=k), My =m, Dv=c? O(s)=Mc

i Z,,—MZ_, _ 1P+ u® 4 u”) —mA?

DZ,, DZ,, ’

v, (s) = M g(f, (@) = Mx" G(x) =P =" <x)
1
mnB + o2, A=1
ismA” is
MZ,, =mA’ W, (s)= que - [F, ( J]

1-Teorema: A<l, B<+w n—ow dam-ow, 72—+ox,
=0(z?) uholda
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X X A'r
P(r,, <x)=G(<)-F( )+0@), o=
6" N1+6° 7
Lemma: 1-teorema shartlari bajarilganda
i(k—-m)A"S isA" is

v,(s)=(5")e 7 [e " F(e™)]

isA” is _isA” is

v_/n(5)=iqkem[ " F (™)]"=0(5(s)[e T F,(e”)]")
U holda

'(kaﬂ{[ 7 F,(e7)—[e 7 F,(e™)]" }

ACETAC ES Y]

‘k—l‘>o‘2 n ‘k—l‘<o‘n2 n

-3 qkei(kaﬂ{[eﬂﬂe N-le ™ Fy(e” )]} S e

—(km)AnS{[ “F (" F. (e™)
O

=T,+T,

Teorema shartiga ko’ra
M(ﬂzj—w, M(V ij :0—12:>0
o o} o,
7_2m—>0 0,<2 0, =2P
O, [k-m|>c2
F (0) niyozamiz

it o nn
Fn[e"“J:1+ISA S*Mu, +T(n)
o 2072

v—m

On

_} -0 @

n
=2

= %Mﬂg, §|<Is

T(n)= 822 !

‘ n

< Zinz [Zi—fp(ﬂ )+ 23 k*P(u® = k)} =

k<N

k=0 n k=0

ZK P(u® k)e:"— () < _Zs—zzik P(u® = k*e‘i’s" 1‘3
(o}

- (T,(n) +T,(n))

n

(1)
T,(n) < N(S)Zk P(u® = k)<cM| |A":>T(n) 0(A") (2)
O ksN O,
Agar D> kP(ul =k)=60(A") ligini hisobga olsak
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o, (M) = 3 2k?P (4 =k) = O(A")

k>N

(1)-(3) dan
S2A"
T(n) =0( o7 )
- i n 2 ®Hy2 2 AN
Demak Fn(e"n):1+'SGA S NZE;UZ ) +O{SUAZ\ j

_ﬂ E 2 AN
yoki e F{e""le——Eﬂ;SZ+O(S ‘2\} (4)

xuddi shunday Robbins ishidan foydalanib
SZ

o, = 5—22 D,une_TDﬂn +0(@)
Demak
v, (s) =y (s)+0()
(4) dan

_ In{l— y
s)=0(&K)e L 7
w,(s) = 6(%) 7 o

n

#) ZQ(&)GXP[_S__ D, j+0(i) -

2 on 2 _s°(1-6%) St
:Q(&)exp(—%(l—A o )J+9(§s)e 2 yo()=6(sk 2 +oQ)
O

n

2-teorema: A=1 f<wvVan—ow dam—-sw, oo o=0")
u holda

Uzluksiz bo’lgan holda a<0, b<+wo vat-—ow da

_ maat
P{ﬂ < xj S>d(x), o=0lc?) of>wm Mmoo
O-'[
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Tarmogqlanish jarayoni va tasodifiy qo shiluvchilarga oid limit teoremalar
Faraz gilaylik {&} bog’ligsiz va bir xil tagsimlangan tasodifiy migdor.
u,-Galton —Vatson jarayonini tashkil gilsin u holda
Su, =& +&+..+&,  M&=h D&=H 4 va & largabog’ligmas

Bu sxemaga tarmoqlanish jarayoni va tasodifiy qo’shiluvchilar deyiladi.
1-teorema: (Heydi teoremasi) A>1, q=0

Mgy < oo M&? <oo
T X
Sup(P <X |—|D| — |[dx(z)) >0
P (H\/_ J ! (ﬁj )
K(z)=P(w<z) T.(x)
SH
P.X); i T, (x
) o e x|
2. W, -»W vyaginlashish tezligi
Teorema: My? <o supK(x)<k <o A<l Mgy <o

2 o
sup|K, (x) - K(x) < c(k + W]A 3

K, (x)> P(w, <) plat)= F(e(t)

olt) = Me™ o(t)=F, [(p( ;n D

L
o, (t)=Me™ =F, eA"J

K

O’rta gqiymat haqgidagi teoremaga ko’ra

|gon t] { ] ((p(%) = Fn(elat*eA_w(%j <
iat Ltﬂ t n Iitn t
< Fn(e )eA _(/)(FjSA er —p Fj
t it Du, + A> - A t?
q)(ﬁj:]ﬁi— An+¢93 TAZ—A S (0)<1
0, (0) tX—M;n, u holda

Berri Essen teoramasini qo’llaymiz
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dt supK'(x)  Du +A*-A,
suplK, (x)-K(x}<c | o, (t)-olt)—+ <c A
g t<§|‘/ﬁ t VA" AT -A

| |t|dt+3K
< A A
3.h=0, Mg =8, <+, A>L Dy <o, k<+o

B nu Du, + A=A
SupT, ()Gl < {H_?;M(y 3 +(k ’UA—AJA }

Lemma: g, <o, A>1 [t|<T, =

S ﬂ3|t| _ﬁwn
- < W.e 2
HV An 6H° {

4-teorema: Agar h=0, p, <+ox, D,ul <+, k<+oo
AP(u, =1)<1

Me" —"0__Me 2"

o] 2 o D522 o)

sup|P,
X 3 -

I \/—%
Aytaylik &, &,, ...,&,,...0°zaro bog’ligsiz bir xil tagsimlangan
tasodifiy migdor, & ning tagsimot funksiyasi
T(X),M& =h, DE =H? vau,, t,,...4,

ketma-ketlik Gal’ton-Vatson jarayoni {&} bilan 0’zaro bog’ligsiz bo’lsin.
Quyidagi belgilashni kiritamiz:

S, =& +&+,,, 1S, n=12..
s, ni o’rganish tiklash nazariyasi uchun muhimdir.

Umuman, A>1,q=0 va n—o da

i) To{ o
®

Sup -0

X
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ligi isbotlangan, bu yerda k(z) = P(w< z)

. i S i . _—
T,(X) va P, (x)bilan, mos ravishda —%— ni tagsimot va zichlik

H+/h?

funksiyalarining ifodalaymiz.

Puasson gonun bilan tagsimlangan tarmoglanish jarayoni uchun limit
teorema

Faraz qilaylik », va y, lar bog‘ligsiz va A, 4, parametr bo‘yicha Puasson
gonuni bo‘yicha tagsimlangan tasodifiy migdorlar bo‘lib, {z,} n=12..k...
Galton-Vatson jarayonini tashkil gilgan tasodifiy miqdor bo‘lsin [1], », lar
bog‘ligsiz bir xil tagsimlangan miqdor.

Quyidagi yig‘indini tuzamiz.

(1)+ﬂ(2) +.._+ﬂ(yn)’

Zn,yn = H, n
bu yerda 4 lar bogligsiz va g, bilan bir xil tagsimlangan bo‘lsin,
=Ly, n=12..,..

Quyidagi belgilashlarni kiritamiz:

wk(n):P(yn:k)a 9(7)=Mexp[%} Fn(X)ZMS”",
_ 2oy, “MZ0, Oepl =t
Mgy = bz, G(x) F{ \/Z J (1)

u, va y, lar 2, va 2, parametrli Puasson gonuni bo‘yicha tagsimlanganligidan
Mu =24, My=4, Du=4, Dpn=4, MZ, =744

21n+1 (ﬂll’H—l _1)
6,2=D2,, =" 2tz 2 A*t

| AN A =1

Tarmoglanish jarayoni ta’rifiga ko‘ra

g ] {2

n n

(2)

n,,. uchun quyidagi teorema o‘rinli.
Teorema: Agar 4, <1 bajarilsa, u holda n — o da ¢/4,-4"-In4, —0
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F’(UWn < X) :G[ﬁXJ*QL\/]j?J+C1(@ﬂ1n+1 ;gn3+o%|nﬂ.2 +{‘Eﬂln In%Jq-o(]_)

- . . "(1-
o‘rinli, c,- o‘zgarmas son, * kompozitsiya belgisi, a:ﬂil(—ﬂinﬂi)
Teoremani isboti uchun quyidagi lemmani keltiramiz:

Lemma. Teorema sharti bajarilganda va ‘r| <82, da

7,2(1_02) /7 /? .
wn(r):ﬁi%je 2 (1+ 670'2 A, -ﬂan+o%+C112/11”e”1 (1+0(1))

o‘rinli.

Lemma isboti. Quyidagi xarakteristik funksiyani kiritamiz

oSl ol Ao [

(3)
: n i i\
e o]

(2) va (3) dan
= 2 O+ 2 O=%+, (4)

‘k—ﬂz‘>a§ ‘k—ﬂz‘éof

RORACQEIW

-le™F |e™

Teorema shartiga ko‘ra n —» e da

2
Mj/n_j?:O, M(yn_j’zj 2124_)0
o, o, o,

n

Demak n — wda ehtimollik bo‘yicha 2=z 50 va

2

O-n
) k_ 2
h<2 Y gy KA, A (5)
fe—dalpo? ki n n

J, ni baholash uchun yig‘indini ikkiga bo‘lamiz:
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. i\ - i \T?
J,< > {exp(—m1 JFH [e""] {exp(—m1 jF n{e"" H < D>+ D> <
k=4, |<o? O, O, dy—cP<k<i, Ap<k<o?

(6)
F, (,)ning harakteristik funksiyani Teylor qatoriga yoyib

- [e;’n} i M) ()M () vol0)

" o, 20 6o ° 77l
ni hosil gilamiz.
Bundan
i ir ~TDwy (Hi0)3M (s -A)
e 7 F (e™)=e o 7)

Oxirgi tenglik va

e* —ﬂ < |x|e‘x‘ ga ko‘ra

2 A=k
2Dy ()M (=AY
[e 26‘ 607 ]_“ S%_T Du, (IT)BM (! -

( k) e 72 D,un ‘T‘ﬁz_(”)) on < O' Dun |T| ﬂ (n) —nyn+£ﬂ3(n) _
B 20' 60—3
{rztz)un N 6ﬁ3(n)J o |4 o
Gn
Buvyerda g,(n)=M|u -2/ .
Xuddi shunday
5 <[ F0m o A0 | -
w2 2 60, '
(6),(8), (9) dan
J, <cr’Due A" (10)
(4).(5), (6), (10) dan
P (7) - (Pn(f)‘ ( ﬂ?+r Du,e ”D“"j(1+o(1)) (11)

Bundan
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v, (7)= VZ(T)+[%+T2DILJHGTZDH” ](1+o(1)) (12)

n

(7) ni ¢’tibor olgan holda

sy i e o, ('T)M(ﬂ -4 7# B
{e"" Fn(e"")} me e gy MU AY )
O-n
2 ) 3 n
_ez )(1+ |T|6/;le ) (13)
yoki uchdan

ﬁ(r):a(%}e i "2)( - |3M](1+0( )

Demak (3), (2),(4), (13) dan lemma isboti kelib chigadi.
Lemmaga Essen tengsizligini qo‘llab teorema isbotini keltirib chigaramiz.

11 bob bo yicha xulosalar
Dissertatsiyaning 2-bobi “ Binomial qonun bo’yicha tagsimlangan tarmoqlanish
jarayoni ” deb nomlangan va bobda Binomial qonun bo’yicha tagsimlangan
tarmoglanish jarayoni uchun va tasodifiy sondan boshlangan tarmoglanish

jarayoni yig’indisi uchun limit teoremalar keltirilgan.
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111 bob. 3.1.Tasodifiy sondan boshlangan tarmogqlanish jarayoni

uchun limit teoremalar

Faraz qilaylik {&}° o’zaro bog’ligsiz bir xil tagsimlangan tasodifiy
miqgdorlar va bularga bog’lig bo’Imagan {4, }* Galton Vatson jarayoni bo’lsin.

Tarmogqlanish jarayonidan boshlangan tasodifiy miqdorlar yig’indisi
ko’pgina jarayonlarga tadbig qilinishi mumkin, xususan, kimyoga, xizmat
ko’rsatish nazariyasiga, biologiyaga (zoologiya, entomologiya, genetika), yadro
fizikasiga, aholishunoslik jarayonlariga tadbiq gilinishi mumkin.

Xususan, yadro zanjir reaksiyasida quyidagi holatda ko’rish mumkin: Bunda
zarracha deganda neytronlarni garaymiz. Bu zarracha boshqa zarrachalar bilan
to’gnashib, yangi 0’ziga o’xshagan zarrachaga aylanadi, har bir to’qnashish
davrini nomerlab chigish mumkin, agar p(« =k) = p, (k=0,_oo) bilan bitta
neytronni boshga zarralar bilan to’gnashganda k zarrachaga aylanishini va

p,bilan esa jarayonni tugash ehtimolligini ifodalasak, u holda keyingi
to’qgnashishlar shunday ( i p, =1 ) Xxarakterga ega bo’lsa, bu jarayon Galton -
k=0

Vatson jarayonidir.

Xuddi shunday gen va mutatsiyani ham ma’lum shartlar ostida diskret
tarmoglanish jarayonini hosil qilishni ko’rish mumkin: G, Mendel gonuniga
asosan, har bir to’gnashuvga ikki juft genlar mavjud bo’lib oddiy sxemaga bu
juftlik A yoki a ko’rinishida deb faraz gilishi mumkin.

Natijada argonizmda AA, Aa, aa genotik hosil bo’lishi mumkin. Umumiy
holda xar bir genotik A A,...., A, holatda bo’ladi, xususan bu holda C; genotik
hosil bo’ladi.

Yangi organizmda ikki turli xil jinslarni to’qnashish natijasida yangi hosil
bo’ladigan individum o’zini xususiyatini ikkita turli xil jinsdan oladi, masalan

birinchi jins Aa genotipda ikkinchi jins A,a,genotipda bo’lsin, u holda yangi
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individum A.a,genotipda bo’lib A, yo A yo A, dan xuddi shunday
a, yo a yo a, danoladi.Quyidagi belgilanishni kiritamiz

S, =&+&+.4&,, ME =a, D& =0, My =A, Dy =of
Agar 4, Puasson gonuni bo’yicha tagsimlangan bo’lsa , u xolda s, sug’urta

ta’rifi uchun optimal baxoni topishga imkon berdi .
Quyida teorema o’rinli .
Teorema. Agar {£}”, lar bog’ligsiz va u, ga bog’liq bo’Imasa, x, A" atrofda

jamlangan bo’lsa. u xolda Dy =0, <0 , ME* <0, p(u, =0) =0 bajarilganda

F.(X) =@(%\/ A'b? +a(ZA" (A" ~1)): A(A-1) +aA" - ﬂna)+

o Ml - mfll Lo M -me)
1 D 3
\/#_n(D§1)2 1,(D&))

Bajariladi , bu yerda ®(x)standart normal tagsimot , c,i=1.2 absalyut

0’zgarmas sonlar.
Isbot. Ma’lumki

+ & +..+E =18 +& +..+E —aA"
Fn (X) — P 5]_ §2 gﬂn /’l M < in — P 51 52 g/ln < Ln —
JDS,. A JAD? +a%(cZAM (A" -1)): A(A-1) A

8

Zp(un KpL & +&, +. +@<—Jb A+’ (ZAN(A" —1)): A(A—1) +aA" |=

:ip(ﬂn :k)p(§l+§2j?;./+_2§k_ka< x\/b A’ +a’(z A;EAn_l)):A(A_l) L aA" ka :\/ﬁ):
k=1 T
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_ i p(u, = k)¢({%\/A" b? + [a%r? A"(A" —1)]: A(A—1) +aA" - kA”} Jkz?): \/E2'+C1M|§JF_—I:/I§1|+
k=1 T

+c,M (51k_i\/'§1)4 - ¢(%\/A”b2 +a?2An (A —1)]: AA-1D))
T

3.2.Paznoscenue pacnpeoeneHus HOPMAIbHO20 3AKOHA 014 CYMM
OOKPUMUUECKO020 8CMEAUUXCA NPOUECCO8

[lycth {, | obpasyer npouecc ansrona- Barcona. PaccMotpum
pacipezeseHye BEIUUUH W= Ho F iy F oty + o
Ho + ty + oot ply =
OGo3naunm uepe3 F(s) u F,(s) mpousBogsmue GyHKIAN 1 W u,

COOTBETCTBEHHO.
[Ipeanonoxum, 4T0 x KOHEYHA C BEpOSTHOCTH enuuuua, Toraa F(1)=1

(em[1]).
XokuHc 1 Ynam (cMm[2]) mokaszasnu, 4To

F(s) =sfl[F(s)l,  f(s) = M5»: (1)
ITeiike (cM[2]) mokasan, uto eciu A= My <1, (1)< oo, TO pH N —> 0
P{—ﬂ” _—nn:; 9 <x/ u, > O} — $(X),
rie  M(S“ /u, >0)=B(s) H=Du |,
¢@(x) -CTaHAAPTHBINA HOPMAJIBHBIN 3aKOH.
Hyacc, B. B .Buckos, boiin (cM[2]) momyuniiu, 4To AJisl nporecca ['anbroHa-
Barcona
Plu=jluy =k}=k- " Plhy+ s+t = =k}
)

TAe 4., €=1 ] HE3aBHCHUMBI M OJIMHAKOBO PACIPEIETICHBI KaK L, .

Hopmupys u uentpupys umeem
41— A& 2 p—A s A —k—7
Haath ) pagd ) Banth JTRO4
8.,j 8.7 8.7 &7

rae 6° =Dy .
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IlycTh yeTBepTHIA MOMEHT &, C HYJIEBBIM CPEIHUM U €UHUYHOMN
JIMCTIEPCUEH ,a TaAKKe XapaKTePUCTUUECKON (yHKIEH f(t) Takoit, uto

(em[3])
[ |f) dt <o

o
JUUIL HEKOTOPOro y > 0,KpoMe Toro u(t)>e 2 uuucno T>0 Ttakoe, uTo
[f(t)|<u(t) mast Beex [t|<T.

Torma s mo6oro n>max(2,) ¥ Bcex X IS INIOTHOCTH &,&,,..E, P, (x)
CIIPABEIJIUBO PA3JIOKEHHE

P.(X)=o(x)+ % (x3 - 3x)¢)(x) +R
(4)

rae ¢(x) IIOTHOCT CTAHAAPTHOIO HOPMAIBHOTO 3aKOHA, a,= &S, a s
BEIMYKMHBI R OCTATOYHOMN YacTH Pa3JIOkKEHHs IJIOTHOCTH CIPABEIMBA OIICHKA

ﬁ4 ons L (Y |a3| Bsos 1 |3 (ﬁl 1} B
R 2| Bama 2 & 219 [(Pa 2] P
Rl < ( 8) n +2(6j n2dw 2 6 (4 8) Jo

+1[&j .Bs,nl |aa| +1le 2 +£a *TTn,
4\ 6 n? 37[\/_ T T\/ﬁ
rae [, 4YeTBEPThIi MOMEHT §i , KpOME TOIr0
B=t [ Ll k4578
| 2r -TVn \/ﬁ

1T\/HG t }
=— | t°4"] ——= [dt,ax(t) =maxjf(t):t>T (<1 .
o) ﬂ(/—nJ a(t) = max{f (t)

Ucnoneiys (3) paBeHCTBO(2) peACTaBUM B BUJIC
P(tty + 1+ b pty o= 1ty =K) =K Pltt, + g1+ gty = )=

B6

:kjlp(/ull A ,U12 A+ My —A J—k—jAJ.
si 8] i 8Vi
[Ipumenus (4) K mocyienHEMYy PaBEHCTBY HMMEEM CIEAYIOIIEe
YTBEPKICHUE:
Teopema. [Tycth A<, M ' <o a TaKxke

+o0 it(—-A) "
J. M[e g J dt<oo, >0
Ln,.: — &) -~ _t
u M(e & JI=e =, npu [t|<T, T>0.
J-k-JA

Torga s moGoro j>max (2 ,7) wBcex y= JUTS TUIOTHOCTH E(x)

5\i
i

Hie — A
BEIMIHHB] | —"— CIPABMIIHEO PAa3/OKCHHE THIA (4), T-e
1
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|R| < &_,_1 %_,_1 é 2§‘_3'J' _,_‘a?"BS’jl_'_E_Q E+1 .§7,j—1+
48] 3 206) j 12fpp 2 6 4 8) [

_ _ A\ _ AN o i G-
e B =m[AZA] a=MAZA B a2 e 7o
o ) ! 2 i
=1y
_ i _ i,
k=4,5,7,8,Bs; L j t% 2dt, a(T ) = max ‘M -e't(ﬂl—A)‘:tzT <1.
27[ _T\/T O

Jloka3aTenbCcTBO TEOPEMBI IPOBOAUTCS AHAIOTUYHO KaK YTBEPHKIICHUIO
bopmysl (4) .
Jljis cpaBHEHMsI CyMMa YE€TBEPTHIX MOMEHTOB  u MO>KHO HCIIOJIb30BaTh

dbyHkunonagsHOe ypaBHeHue (1).

3.3.Tarmogqlanish jarayonida barcha davrdagi zarrachalar yig’indisi
uchun limit teoremalar

Faraz qilaylik {z,}  Galton-Vatson jarayonini tashkil qilsin. Ma’lumki,
bunday jarayon uchun quyidagi xususiyat o’rinlidir
o= O O g ) = O @ e (1)
bu yerda 0, j=14 lar bog’ligsiz u _, bilan, £ j=14 _, lar ham
bog’ligsiz , bilan bir xil tagsimlangan tasodifiy miqdorlardir p(x, =1)=1, [1].
Ma’lumki t.j. biologiyada, kimyoda, aholishunoslikda, genetikada,

fizikada va boshqa sohalarda keng qo’llaniladi. Xususan kimyoda uran
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moddasini parchalanishida, radiaktiv. moddalarni tarqgalishi jarayonlarni
matematik modelini tuzishda ishlatiladi.

Quyidagi belgilashlarni kiritamiz:

4(5)= 2P =K)S" = 3 RS", 1/ (1) =8 0" =D

k=0

(1) gaasosan f,(S)=Ms* uchun

fa(f.(8))=f.(f,.(S))=1f,(S) (2)
o'rinli. (2) dan S=1 nuqgta atrofida birinchi va ikkinchi tartibli hosilalarini

hisoblab quyidagilarni hosil gilamiz

f,(S)=Mg,
24N n

o’a"(a"-1)
———, m=z1

Du, =y a’-a
no?, m=1

Masalani qo’yilishi:
;l:ﬂ()+/'tj_+...+ﬂn+...1 ;n:ﬂ0+/ﬁ+...+ﬂn+...1 (3)

larni o’rganamiz. Buning uchun birinchi navbatda Mg, va Mg larni

hisoblaymiz, ya’ni

Ma’lumki, a>1 jarayon cheksiz davom etadi. a<1 da jarayon ertami, kechmi
tugaydi.
Agar P, =0 ni ganoatlantiruvchi k-1 d ga bo’linsa, a>1,P, >0,k —0 larda
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bajariladi ([2] )
Peyks [3] a<1 hol uchun, f"(1)<+w va n—o da quyidagi munosabat

o’rinliligini ko’rsatgan

P(ﬂo +M+';}%‘n —nB'(1) < X/,Un >Oj—>¢(x),

bu yerda ¢(x) standart normal gonun, H =D, limM(S*/u, >0)=B(S).

Ma’lumki, Duon, O. V. Viskov, Boyd [3] lar

Pt + f++o+ o= |/ =2)=%P(§1+52+---+§,- +oe= 1) (4)

ligini ko’rsatganlar, bu yerda ¢ lar bog’ligsiz va p bilan bir xil bog’ligsiz

tagsimlangan.

Ehtimollar xossasidan
P(§l+§2+---+§j 4+ < j)—P(§1+§2+--~+§j 4.0 < j—l):
:P(§l+§2+---+§j+---=j—1). (5)

Bularni quyidagicha ham yozish mumkin.

P \/§1+§2+"'+§j_aj < j—aj JP{\/§1+§2+"'+§Jaj < j—l—aj (6)

\iD \iD \iD \iD

Quyidagi teorema o’rinli:
Teorema. Agar

Ji(Dw):
By P

o] <T; =

bo’lsa, u holda




_12

p_ 2 I L
6D 3z 4]
o’rinli bo’ladi.
Teoremani isbotlash uchun quyidagi lemmani keltiramiz.

Lemma.

3
i -1,

B <— ﬁs JT_ 3j r.
[ Jon? 3J_hf d

Ma’lumki, agar G(x) tagsimot funksiya uchun ¢, tartibli moment mavjud
bo’lsa, u holda unga mos g(t) Xarakteristik funksiyani quyidagicha yozish

mumKin.

kzll f ﬂktk

j=0
Bu yerda g, =M|&-M¢&[", #(t) kompleks o’zgaruvchili funksiya bo’lib [y (t)<1].

Oxirgi tenglikdan foydalanib

ir itk
f [e\/joul Je«/jDé:l =1—T—2+7(r)'83—T3 (7)
1 2j 2 .3

6 (D,ul) ]

ni hosil gilamiz.

Normal gonunning xarakteristik funksiyasini

j
ei% = 1—T—_+7/(t)—'83(¢;) ° (8)
2] 312
ko’rinishda ifodalaymiz, bu yerda
2\2
B d = 9
Bs ( M I |X| e Zdx= \/; ( )

Ixtiyoriy ikkita xarakteristik funksiya uchun
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it ira i 22 i . i _ira -1 2
(4 )
1=0
I:fl(e\/;;ﬁJe\/% e;}_

(7) - (9) dan foydalanib topamiz

ir __ira _i 3 3
fl[eJJD_Tl]e VPu _ o 2 =J(z) Pt +7(t)&

6y(Du)’ J° 6Jx
yoki
f, ejji';:“i ei\/% efg < sy + V2 |T|3
3Dy N7 P
(7) dan

f{em}m

SO A -~ AR i U -\ L2 N PO
2] s(Dw)i® 2 3J(Dw) J '

ma’lumki, 0O<ag<ldal-a<e™.

U holda (13) dan

2
T

<g ¥

fl[em}m

<e ¥ dr (16)

Natijada (10), (12), (16) lardan.
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ir ira i 72
{ f, [e‘/ﬁ}em] —e 2

Lemma isbotlandi.

Teorema isboti. (4)va(6) va Berdi-Esseyen tengsizligi va lemmaga ko’ra

\/§1+§2+ +§ _aJ j—aj J

Pt + o+ pty++-=j/ 1ty =2) = J{ { \/JDM \/jDM

\ijM «/]D,ufl
ji—Ja j-1-ja B Wz U
D —® AP TR
[ ( Dy [\/J‘DM] ( <IN 3\/;J£\/T T}

Teorema isbotlandi.

III bob bo’yicha xulosalar
Dissertatsiyaning 3-bobida Tasodifiy sondan boshlangan tarmoglanish jarayoni
uchun limit teoremalar va Tarmoglanish jarayonida barcha davrdagi zarrachalar

yig’indisi uchun limit teoremalar keltirilgan.
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XULOSA

Magistrlik dissertatsiyasi kirish, asosiy gism, xulosa va foydalanilgan
adabiyotlar ro’yxatidan tashkil topgan.

Magistrlik ishida ehtimollar nazariyasining asosiy yo’nalishlaridan biri
bo’lgan tarmoglanish jarayoni uchun limit teoremalarni o’rganish va ayrim
natijalar olishdan iborat ishlar bajarildi , kelajakda bu sohada ilmiy izlanishlar
olib boramiz degan umiddaman.

Tarmoglanish  jarayoni uchun limit teoremalar keyingi vaqgtda
matematikada va hayotda eng dolzarb mavzuligi, hamda bu sohani hayotga
tatbiqi va tatbiqiy ahamiyati ko’p bo’lganligi uchun bu sohani o’rganish muhim
ahamiyatga ega. Bu sohani kelajakda genetika soxasi bilan bog’lab yana davom
ettirish mumkin.

Magistrlik  dissertatsiyasining kirish gismida Prezidentimiz Islom
Abdug’aniyevich Karimovning ma’ruzalaridan, allomalarimizning fan sohasiga
qo’shgan xissalari gisqacha bayon qilingan.

Asosiy gismning 1-bobida « Tarmogqlanish jarayonlari» haqida to’liq
ma’lumotlar berilgan.

2-bobda «Binomial qonun bo’yicha tagsimlangan tarmoqlanish jarayoni»
bayon etilgan.

3-bobda Tarmoglanish jarayoniga oid chop etilgan magolalar(olingan
natijalar) keltirilgan.

Ushbu dissertatsiyaning ilmiy—nazariy tomonlarini ishlab chigishda
tarmoglanish jarayoni soxasida ish olib borishgan matematik olimlarimizdan
A.H.Konmoropos, T.Xarris, B.A.Sevastyanov, A.M.Zubkov, V.A.Vatutin,
Atrey, Ney, hozirda esa o’zbekistonlik ustozlarimiz Sh.K.Farmonov,
|.S.Badalboev va boshga yirik olimlar nazariy tadgiqotlariga tayanildi.

Dissertatsiyada asosan tasodifiy sondan boshlangan tarmoglanish
jarayoni uchun limit teoremalar, tarmoglanish jarayonida barcha davrdagi

zarrachalar yig’indisi uchun limit teoremalar keltirilgan.
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Aslida z,, ni o’rganish muhim masalalardan biri hisoblanadi, chunki z_, ni

tagsimotini n—o da aniq ko’rinishini doim aniglab bo’lmaydi , Hamon

shunday ekan z,, ni ayrim xususiy hollarda tagsimoti o’rganildi, lekin bu ishni

davom ettirish mumkin va bu bir nechta magistrlik dissertatsiyasini tashkil gilish
mumkin va uni tadbigini ham ishlab chigish lozim .meni kelajakdagi magsadim
barcha hollarni ko’rib chiqish va tadbiqglar bo’yicha ham ish qilishdir.

“Biz tayanchimiz va suyanchimiz, g‘ururimiz va iftixorimiz bo‘lmish
bolalarimizga, farzandlarimizga ishonch bilan, hurmat-e’tibor bilan
qarashni kelajagimizga bo‘lgan ishonch, millatimizga, xalqimizga bo‘lgan

hurmat-ehtirom ifodasi, deb bilamiz.” I.A. Karimov

“Sog‘lom bola yili” Davlat dasturi buning yana bir yorqin tasdig‘idir.
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