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PREFECE

The Gibbs measure is a probablity measure, which has been an important
object in many problems of problems of probability theory and statistical
mechanics. It is the measure associated with the Hamiltonian of a physical
system (a model) and generalizes the notion of a canonical ensemble. More
importantly, when the Hamiltonian can be written as a sum of parts, the
Gibbs measure has the Markov property (a certain kind of statistical in-
dependence), thus leading to its widespread appearance in many problems
outside of physics, such as biology, Hopfield networks, Markov networks, and
Markov logic networks. Moreover, the Gibbs measure is the unique measure
that maximizes the entropy for a given expected energy.

One of the central problems in the theory of Gibbs measures is to describe
infinite-volume (or limiting) Gibbs measures corresponding to a given Hamil-
tonian. The existence of such measures for a wide class of Hamiltonians was
established in the ground-breaking work of Dobrushin (see, e.g. [23]). How-
ever, a complete analysis of the set of limiting Gibbs measures for a specific
Hamiltonian is often a difficult problem.

The structure of the lattice (graph) plays an important role in investiga-
tions of spin systems. For example, in order to study the phase transition
problem for a system on Z¢ and on Cayley tree there are two different meth-
ods: Pirogov-Sinai theory on Z¢, Markov random field theory and recurrent
equations of this theory on Cayley tree. In [1]- [11] [16], [17]- [25], [29] for
several models on Cayley trees, using the Markov random field theory Gibbs
measures are described.

These papers are devoted to models with a finite set of spin values.

Mainly were shown that these models have finitely many translation-invariant



and uncountable numbers of the non-translation-invariant extreme Gibbs
measures. Also for several models (see, for example, [8], [10], [20]) it were
proved that there exist three periodic Gibbs measures (which are invariant
with respect to normal subgroups of finite index of the group representation
of the Cayley tree) and there are uncountable number of non-periodic Gibbs
measures.

In [9] the Potts model with a countable set of spin values on a Cayley tree
is considered. It was showed that the set of translation-invariant splitting
Gibbs measures of the model contains at most one point, independently on
parameters of the Potts model with countable set of spin values. This is a
crucial difference from the models with a finite set of spin values, since the
last ones may have more than one translation-invariant Gibbs measures.

In [21] It is considered models with nearest-neighbor interactions and
with the set [0, 1] of spin values, on Cayley tree of order k = 1 and reduced
the problem of describing the ”splitting Gibbs measures” of the model to
the description of the solutions of some non-linear integral equation. Also
For it is showed that the integral equation has a unique solution and for the
Potts model with uncountable set of spin values it is proven that there is
unique splitting Gibbs measure.

In this dissertation we consider models with nearest-neighbor interactions
and with the set [0, 1] of spin values, on Cayley tree of order k > 2. Moreover
we’ll prove that each periodic Gibbs measures for given model is either
translation-invariant or two-periodic. In case k& > 2 some models (with
the set [0, 1] of spin values) which have a unique splitting Gibbs measures
are constructed. For arbitrary & > 2 we find a sufficient condition under

which the integral equation has unique solution; hence under this condition



the corresponding model has unique splitting Gibbs measure. Finally, We
construct several models with the set [0, 1] of spin values and show that
each of the constructed model has at least two (at least n Gibbs measures

for k > ko) periodic Gibbs measures.



1 BASIC CONCEPTS AND AUXILIARY FACTS

1.1 GIBBS MEASURE CORRESPONDING TO THE HAMILTONIAN ON
A CAYLEY TREE.

Consider models where the spin takes values in the set [0, 1], and is assigned
to the vertexes of the tree. For A C V a configuration 04 on A is an
arbitrary function o4 : A — [0,1]. Denote Q4 = [0,1]* the set of all
configurations on A. A configuration ¢ on V' is then defined as a function
x €V = o(x) € [0,1]; the set of all configurations is [0,1]V. The (formal)

Hamiltonian of the model is

H(o)==J Y &ty (1.1)

where J € R\ {0} and ¢ : (u,v) € [0,1]> = &,, € R is a given bounded,
measurable function. As usually, (z,y) stands for nearest neighbor vertices,
ie., d(z,y)=1.

Let A be the Lebesgue measure on [0, 1]. On the set of all configurations
on A the a priori measure A4 is introduced as the |A| fold product of the
measure A. Here and further on |A| denotes the cardinality of A. We
consider a standard sigma-algebra B of subsets of 1 = [0,1]" generated by
the measurable cylinder subsets. A probability measure p on (€2, B) is called
a Gibbs measure (with Hamiltonian H) if it satisfies the DLR equation,

namely for any n =1,2,... and o, € Qy:
. _ _ Vi
i ({0 €Q: O"Vn = O'n}) = /Q,u(dcu)l/wm/n+1 (o),
where VV|LW is the conditional Gibbs density
n+1

o) = oy ™ (P (e )



and § = %, T > 0 is temperature. Here and below, €y is the set of

configurations in V,, (and Q. that in W,; see below). Furthermore, O"V

and w denote the restrictions of configurations o,w € €2 to V,, and

Wn+1

W1, respectively. Next, o, : * € V,, — o,(x) is a configuration in V,, and

H (an || w ) is defined as the sum H (0,) + U (Jn, ) where

Wl
Wn+1 Wn+1

v (On’w’Wm) =7 Z $on(@)wly):

<$,y>5 xEVrHyEWn+1
Finally, Z, (w{w +1) stands for the partition function in V,,, with the bound-

ary condition w ‘ :
y WnJrl

) = /Q o (=8H (Gullwly, ) ) Mald50).

n

Zn <w
Due to the nearest-neighbor character of the interaction, the Gibbs mea-
sure possesses a natural Markov property: for a given configuration w, on
W, random configurations in V,,_; (i.e., ‘inside’ W,,) and in V' \ V.11 (i.e.,
‘outside’ W) are conditionally independent.
Let h: x €V hy = (hio,t € [0,1]) € RO be mapping of = €
V\ {2°}. Given n = 1,2,..., consider the probability distribution ;™ on
Qy, defined by

M(n)(o'n) = Zgl exp <—5H(0n) + Z hg(w)’w) . (1.2)

zeW,

Here, as before, o, : x € V,, = o(z) and Z, is the corresponding partition

function:

Ly = /Qvn exp (ﬂH(gn) + Z hg(x)’x> v (0). (1.3)

zeW,



The probability distributions (™ are compatible if for any n > 1 and

op-1 € Ly,

/Q 1 (01 V ), (dwn)) = 1D (o). (1.4)

Here 0,1 V w, € Qy is the concatenation of 0, _; and w,. In this case

there exists a unique measure g on €2y such that, for any n and o, € Qy,,

o ({0 - %}) = 1" ().

Definition 1. The measure s called splitting Gibbs measure corresponding

to Hamiltonian (1.1) and function x ~— h,, x # 2.

The following statement describes conditions on h, guaranteeing com-

patibility of the corresponding distributions p(™(a,).

Proposition 1. The probability distributions ™ (0,), n=1,2,..., in (1.2)

are compatible iff for any v € V' \ {2°} the following equation holds:

H fo exp(J B ) f(u, y)du (15)
yes(a eXp(Jﬁfo w) f(u, y)du
Here, and below f(t,z) = exp(ht,x — hos), t €1[0,1] and du = \(du) is the

Lebesgue measure.

Proof. Necessity. Suppose that (1.4) holds; we want to prove (1.5). Substi-

tuting (1.2) in (1.4), obtain that for any configurations o, 1: = € V,,_1 >
on—1(x) € [0,1]:

L
an /an P Z Z ‘]Bd"n H()waly) T P ()y) Aw, (dwy) =

ze€W,_1yeS(x




exp Z han_l(fl?),x s (1.6)

xeW,_1

where w,,: © € W,, = w,(z).

From (1.6) we get:

[ H exp (B, (a1 ) + Moy .) A () =

QW” xeW,_1 yES

Consequently, for any t € [0, 1],

H fo exp (JBdpy, + huy)du

= eXp (ht,x - hO,a:);
eXp (JBdoy + huyy)du

yeS(x
which implies (1.5).
Sufficiency. Suppose that (1.5) holds. It is equivalent to the representa-

tions

H / exp (JBdp, + huy)du = a(x) exp (hiy), t € [0, 1] (1.7)

yeS(x
for some functlon a(z) > 0,z € V. We have

LHS of (1.4):Ziexp(—ﬁﬂ(an_l))AVn_l(d(an))x

n

IT 11 /eXp T By, (wyu + huy)du. (1.8)

re€W,_1yeS(x
Substituting (1.7) into (1.8) and denoting A, (7) = [[,ep._, a(x), we get

RHS of (1.8) =

2 exp(—BH (0n-1) v, (do) T[] horrwe (19)

n zeW,_1



Since x™, n > 1 is a probability, we should have

J

Hence from (1.9) we get Z,,_1A,-1 = Z,, and (1.4) holds.

/\an(dffn—l)/ Aw, (dwn) ™ (01, wn) = 1
QW’I’L

Vn—1

From Proposition 1 it follows that for any h = {h, € R 2 € V) sat-
isfying (1.5) there exists a unique Gibbs measure p and vice versa. However,
the analysis of solutions to (1.5) is not easy. This difficulty depends on the
given function £. In the next sections we will consider several examples of

such functions and give some solutions of corresponding integral equations.

[]

1.2 GROUP REPRESENTATION ON A CAYLEY TREE AND PERIODIC
GIBBS MEASURE.

Let G} be a free product of k + 1 cyclic groups of the second order with
generators ap, as, ...ax,1, respectively.

It is known that there exists a one to one correspondence between the
set of vertices V of the Cayley tree I'* and the group Gj.

To give this correspondence we fix an arbitrary element xq € V' and let
it correspond to the unit element e of the group Gj. Using aq, ..., ap11 we
numerate the nearest-neighbors of element e, moving by positive direction.
Now we’ll give numeration of the nearest-neighbors of each a;,i =1, ..., k+1
by a;a;,j = 1,...,k + 1. Since all a; have the common neighbor e we give
to it a;a; = a; = e. Other neighbor are numerated starting from a,;a; by
the positive direction. We numerate the set of all the nearest-neighbors
of each a;a; by words a;aja,,q = 1,...,k + 1, starting from a;a;a; = a;
by the positive direction. Iterating this argument one gets a one-to-one

correspondence between the set of vertices V' of the Cayley tree I'* and the
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group Gj.

Since the set of vertices V' has the group representation G. Without
lost of generality we identify V' with G, i.e., we sometimes replace V' with
G

In this section we study periodic solutions of (1.5).

Definition 2. Let K be a subgroup of G,k > 1. We say that a functions
hy, x € Gy is K-periodic if hy, = hy for allz € Gy, y € K. A Gj- periodic

function h is called translation-invariant.

Definition 3. A Gibbs measure is called K- periodic if it corresponds to K -

pertodic function h.

Denote by S1(z) = {y € G :< x,y >} the set of all nearest of the
word x € Gj. Let K- be a normal subgroup of index r in Gj, and let
Gy/K = {Ky, Ki,...,K,_1} be a quotient group, with the coset K, =
K. In addition, let ¢;(z) = |Si(z)Kil,7 = 0,1,...,7 — 1, and Q(z) =
(qo(x), q1(x), ..., qr—1(z)) where z € G, q;(Ho) = qi(e) = |{j €: H;}|, Q(Ho)
(90(Ho), - @n—1(Hop)).

Let Hy C G} be an arbitrary normal subgroups of index n of the group
G';.. Obviously, each normal subgroups of the group Gy, is the kernel of some

homomorphism ¢ of the group G} into some group G*. Introduce the fol-

lowing equivalence relation on the set G, : v ~ v if xy~! € Hy.

Proposition 2. (i) xy ~ xz if and only if y ~ z and x,y, z € Gy;

(ii) yr ~ zx if and only if y ~ z and x,y, z € Gy.
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Proof. Necessity. Let xy ~ zz, ie., zy(ry)™' = xyz~lz~t € H,. Hence,
o(ryz~tz71) = e € G* (e is the unit element of the group G*). Since ¢ is a

homomorphism, we obtain

p(z)elyzp(a) =e. (1.10)

Sufficiency. Let y ~ z, i.e.,

plyz"!) =e (1.11)

Consider the element p(xyz~'z71). As ¢ is a homomorphism, we have,
by virtue of 1.11, p(zyz"lz™1) = ¢, ie., zy ~ 2.

Statement (7) is proved. Statement (i7) can be proved analogously. [
Corollary 1. (i) za; ~ xa; if and only if a; ~ a;, where

ai,a; € {e,aq,...,ax1} and r € Gi;
(11) xa; ~ ya; if and only if x ~y, where a; € {e,aq,...,ap11} and x,y € Gy.

Denote by S1 = {y € G : (z,y)} the set of all nearest neighbors of the
word x € Gy. Let Gy/Hy = {Hy, H1, ..., H,_1} be the factor-group w.r.t H,.
In addition, let ¢;(z) = |S1(x) N H;|,i =0,....,n — 1, and
Q) = (qo(2), qu(2), -, gu1(x)), 2 € G

Proposition 3. If x ~ y, then ¢;(x) = ¢;(y) fori=0,...n — 1.

Proof. Let © ~ y. Then, by virtue of Corollary 1, za; = ya; for any i =
0,....,n — 1. Therefore, if Si(x) N H; = {za;,, xa;,, ..., a; , }, then Si(y) N
H; = {yai,,yai,,...,ya; .} for any i = 0,...n — 1, ie., [Si(z) N H;| =
[S1(y) N H,l. U

Corollary 2. If x ~ vy, then Q(x) = Q(y).



12
Introduce the following notations:
¢i(Ho) = qi(e) = [{j - a; € Hi}|,
Q(Ho) = (q0(Ho), -, gn—1(Ho)), N(Ho) = {j : q;(Ho) # 0}

Theorem 1. For any © € Gy, there exists a permutation 7, of the coordi-

nates of the vector Q(Hy) such that

m2(Q(Ho)) = Q(x). (1.12)
Proof. Obviously, Si(z) = xSi(e) = x{ay,as,...,ap11} = {zay,...,zap 1}
By virtue of Corollary 1, for any ¢« = 0,...,n — 1, there exists an index
j(i) € {0,1,...,n — 1} such that
qi(Ho) = |[{j : a; € Hi}| = {zan, : va, € Hjp)} = g6 ().
Set m,.(i) = j(1). O
Corollary 3. For any x € G}, we have N(x) = N(H,).
Let Gf) = {x € G}, : the length of word x is even.}

Theorem 2. Let K be a normal subgroup of finite index in Gy. Then each
K- periodic Gibbs measure for the model is either translation-invariant or

G,(f) — periodic.

Proof. By Proposition 1

H fo exp(J B u)hy(u )du.
yes(x eXp(JBSOU) ( )du

Let yp € Si(z) \ S(z )andyES( ) By Theorem 1

H fo exp(JBEtu)h H fo exp(JBE.u)h (u)du
yeS: (2)\ {7} fo exp(J Bo.u)h ( )du yeS( eXP(Jﬁfou) y(w)du

Then
fol exp(J B u) hy, (u)du _ fol eXp(nfﬁft,u)hg(u)du'
fol exp(JBEo.u) hy, (u)du fol exp(JBEo.u) hy(u)du
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Hence

! k
ha(t) = (fol eXp(Jﬁ§t7“)hyo(U)dU>
Jo exp(JBEo.u)hy,(u)du

Similarly we get

() exp(J ) hu(w)du |
Jo exp(J B0 .u) by (u)du
Thus hy, (t) = hy,(t), Yy1,y2 € S1(z). Therefore

hy=hy=h, T,j€S(z), zeG?,
hg:hg:l, %,QESl(z), ZGGk\G;Q).

Thus measures are translation-invariant (if h = 1) or G;f) — periodic (if

h #1). This completes the proof. []

2 EXISTENCE AND UNIQUENESS OF GIBBS MEASURES
ON A CAYLEY TREE

2.1 EXISTENCE OF GIBBS MEASURE

In this section we consider &, as a continuous function and we are going to
solve equation (1.5) in the class of periodic functions f(¢,z). By Theorem
2 we have only two cases. One of them translation-invariant, i.e., Gj —
pertodic and the second is G,(f) — periodic.
For translation-invariant functions equation (1.5) can be written as
1 k
K(t,u)f(u)du
) = (f% , 1)
fo K(0,u)f(u)du
where K (t,u) = exp(JB&,) > 0, f(t) > 0,t,u € [0, 1].

We shall find positive continuous solutions to (2.1) i.e. such that
fer0,1] ={f € Cl0,1] : f(x) > 0},

Note that equation (2.1) is not linear for any k£ > 1.
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Define the linear operator W : C[0, 1] — C[0, 1] by

W = [ Kt 2.2)

and defined the linear functional w : C|[0,1] — R by

1
“(1) = WHO) = [ KO0 ()
Then equation (2.1) can be written as

F8) = (Auf)(E) = (%) fectol k=1 (23)

Similarly, G,(f) — periodic solutions to (1.5), i.e., f(t,z) = f(t) if = -
even and f(¢,x) = g(t) if x - odd. For such functions equation (1.5) can be

written as

(R wedn (R ) fu)d )
0= (folK(O,u)g(U)du> | g“”‘( ) @4

where K (t,u) = exp(JB&u), f(t),g(t) >0, t,u € [0,1].
We are interested to positive continuous solutions to (1.5), i.e. such that

f,9€CT0,1] = {p € C[0,1] : p(z) > 0}.

Then (1.5) can be written as

2
Af=g. Arg=1Ff.  (f.9) € (Cf0,1])". (2.5)
Now we’ll prove that there exist translation—invariant solution of (1.5).

At first we check the case k£ = 1.

Proposition 4. If f € C*[0,1] is a solution to (2.1) then

f(t) > pr for-any t € [0,1],
0
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max

where K™ = inftueo) K (8 u), K5™ = sup,eoq K (0, u).

Proof. Straightforward. ]
Denote '
Cl = {h € CT[0,1] : h(t) > :max}
0

The following Lemma is also obvious
Lemma 1. (i) The set Ci is a closed and convex subset of the space C|0, 1].
(ii) The set Cy is invariant w.r.t. operator Ay i.e. A1(C{) C Cf.

Lemma 2. Operator Ay is continuous on Cy .

Proof. Let f € Cy is an arbitrary element and {f,,} C C; such that
lim,, . f, = f. We shall prove that ||A;f, — Ai1f|| — 0 as n — oco. We have

W fulw(fn) = w ()] + w(fu) W fo — W]
w(f)w(fn) '

Since the functional w(-) and the operator W (-) are continuous on C0, 1],

|A1fr — Arf] < (2.6)

for any small € > 0 there exits ny = ng(e) € N such that
w(fn) —w()l <&, W =W[] <e, V¥n>no.

Consequently

) IW full + ()
||A1fn AlfH < (w(f) . 8)W(f)

There are M;,i = 0,1, 2 such that w(f) > My, for all f € Cj and

(2.7)

W (f)ll < My, w(fn) <My, n€N.

Thus from (2.7) we get

My + M, ’
(MO — 8)M0

|ALfn — Arf]l < g, n > ny.

This completes the proof. ]
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Lemma 3. The set Ai(Cy) is relatively compact in C|0,1].

Proof. By Arzela-Askoli’s theorem (see [29], ch.I11,§3) it suffices to prove that
all functions of A;(C{) are uniformly continuous and there exists M > 0
such that

|h(t)| < M, Vte[0,1] and Vh € Ai(CY).

Let h € A;(Cy) be an arbitrary function, then for a function f € Cy we

have h = A, f. Consequently

h(0)] <~ VE€ [0,1]
0

Now we shall prove that any h € A;(Cy) is uniformly continuous. For

arbitrary t,t" € [0, 1] we have (h = A1 f)

! 1 1 — /U u)au
1) = W0 < = / K(tw) — K )l fw)d. (28)

Since the kernel K (¢, u) is uniformly continuous on [0, 1]*> we conclude that

h also is a uniformly continuous function. This completes the proof. H
By Lemma 1-3 and Schauder’s theorem (see [28], p.20) one obtains

Proposition 5. [21] The equation Ayf = f has at least one solution in

C[0,1].

2.2 THE HAMMERSTEIN’S NONLINEAR EQUATION

In this section we consider the existence of periodic solution of (1.5) for case

k > 2 and connection of The Hammerstein’s nonlinear equation. Denote

k
fk{fecwo,u:f(t)z (%) },keN,

where

m = min (t,u), Mo max (0, u)
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It is easy to see that F, is a closed and convex subset of C[0, 1]. Moreover

this set is invariant with respect to operator Ay, i.e. Ax(Fr) C Fr.
Proposition 6. The operator A is continuous on Fy, for any k > 2.

Proof. For arbitrary C' > 0 we denote
Fo={feCt0,1]: f(t)>C, vt e[0,1]}.

By Lemma 2 the operator A; is continuous on the set Fy.
Let f € Fj be an arbitrary element and { f,,} C Fj such that lim,,_, f,, =
f. Since the operator A; is continuous we have lim,, ,,, A1 f, = A1f. Con-

sequently, there exists C7 > 0 such that ||A;f,|| < Cy for n € N. Moreover

we have
M
(A1 f)(t) < Cy=—, t€[0,1],
mg
where
M = ugé%},(l] K(t,u), my = urél[(lﬁ] K(0,u).
We have
Apfo— Auf = (Bf)" = (BF)" = qean(t)(Arfo — Avf), (2.9)
where
k—1 . .
Qen(t) = > (ALfo)" 7718 (ALf) (8) > 0, ¢ € [0,1].
§=0
Consequently,
qk,n(t) < C = (Cl)kijil(CQ)j, t e [0, 1]
§=0
Hence

Ak fn — ApfIl < CllA1fo — Asfll, n € N.

Since A; is a continuous from the last inequality it follows that Ay is con-

tinuous on Fj. O
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F = {fec+[0,1]: (%)kgf(t) < (%)k}

Proposition 7. Let k > 2. If f € C{[0,1] is a solution of the equation
Apf = f, then f € F.

Denote

Proof. Straightforward. ]
Proposition 8. Let k > 2. The set Ap(FY) is relatively compact in C|0, 1].

Proof. By Arzela-Askoli’s theorem it suffices to prove that the set of func-

tions Ag(F}Y) is equi-continuous and there exists v > 0 such that
h(t) <~, Vt€[0,1] and Vh € AL(F}).

Let h € Ai(F})) be an arbitrary function, we have

0<mog(%)k

and there exists a function f € F} such that h = Ay f.

Now we shall prove that Ak(]:,g) is equi-continuous. For arbitrary ¢,t' €

0, 1] we have (h = Agf)
[A(t) = h(t)] = [(ALF) (1) — (AL ) ()] =

k-1

D (AT OASY (AN — (A ()] <

=0

e K (t,u) — K(t' 0)|f(u)du
(50) ot [
k( )%1 /\Ktu K (', u)|du.

k
Mﬂzmo(ﬁ) fer

.

We have
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Consequently,

h(t) — h(t)] < - (%) (%) / () — K ()| du

mo m my
Since the kernel K (t,u) is uniformly continuous on [0, 1], we conclude

that Ag(F?) also is equi-continuous. O
By Propositions 6-8 and Schauder’s theorem one gets the following

Theorem 3. The equation Arf = f has at least one solution in Ci[0,1]

and the set of all solutions of the equation is a subset in Fy.

For every k € N we consider an integral operator Hj acting in C*][0, 1]

as follows:

(Hy.f)(t / Ktuﬂ

If £ > 2 then the operator Hj is a nonlinear operator which is called
Hammerstein’s operator of order k. Moreover the linear operator equation
H,f = f has a unique positive solution f in C0,1] (see [13], p.80).

For a nonlinear homogeneous operator A it is known that if there is one
positive eigenfunction of the operator A then the number of the positive
eigenfunctions is continuum (see [13], p.186).

Denote
={feCt0,1]: f(0)=1}.
Lemma 4. The equation
Acf=f, k>2 (2.10)
has a strongly positive solution iff the equation
Hyf =\, k>2 (2.11)

has a strongly positive solution in M.
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Proof. Necessariness. Let fy € C;[0,1] be a solution of the equation (2.10).
We have

(W fo)(t) = w(fo) V/ fo(t).

From this equality we get
(Hih)(t) = Aoh(?),

where h(t) = ¥/ fo(t) and Ay = w(fy) > 0.
It is easy to see that h € M, and h(t) is an eigenfunction of the Ham-
merstein’s operator Hj, corresponding the positive eigenvalue \g.
Sufficiency. Let k > 2 and h € M be an eigenfunction of the Hammer-

stein’s operator. Then there is a number Ay > 0 such that Hyh = A\gh. From
h(0) =1 we get \g = (Hh)(0) = w(h*). Then

Hih
h(t) = :
From this equality we get Ay, fo = fo with fo = h* € C;[0,1]. This completes

the proof. [

Theorem 4. If k > 2 then every number A > 0 is an eigenvalue of the

Hammerstein’s operator Hy,.

Proof. By Theorem 3 and Lemma 4 there exist A\ > 0 and fy € M, such
that

Hy.fo = Ao fo-
Take A € (0,400), A # . Define function hy(t) € Cy[0,1] by
1] A
ho(t) = )\—fo(t), t e [0, 1]
0
Then
1] A
Hyho = Hjy, ~—Jo | = Aho.
Ao
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This completes the proof. [

Denote

K — {f e C[0,1]: M- min f(t) > m - maxf@)},

t€[0,1] t€[0,1]

Pk={f60[0,1]:%-<%)kll<f(t)<%-<%>%},k>2.

Proposition 9. Let k > 2.
a) The following holds

H,(C"[0,1]) C K.
b) If a function fy € C{[0,1] is a solution of the equation
Hyf = f (2.12)
then fo € Py.

Proof. a) Let h € Hi(C*[0,1]) be an arbitrary function. Then there exists
a function f € C'*[0,1] such that h = Hyf. Since h is continuous on [0, 1],

there are ¢1,ty € [0, 1] such that

hoin = min h(t) = h(t:) = (Hpf)(t),

t€[0,1]

P = M h(t) = h(t2) = (Hy.f)(t2).

Hence
! LK (ty,u) m
> k > \"e 7k _ 7
Popin > m/o ff(u)du > m/o 0 fr(u)du Mhmaz,

ie. h e K.
b) Let f € C;[0,1] be a solution of the equation (2.12). Then we have

I£ < M| f[[*. Consequently.

1\ 1
171> (57)
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By the property a) we have

F(8) > fusn = min f(5) > 5111

Then we obtain

Also we have

1
1O = D0 = m [ P> mi,
Then fop, > mfr. | ie.
fmin S (i> o .
m

Hence be the property a) we get

M M 1)+
f(t) S fmax S _fmin S - <_) .
m m \m
Thus we have f € Py. ]
The case G,(f) — periodic is similar. That’s why we’ll give results without
proof.

Put
My ={feCr0,1]: f(0)=1}.

Lemma 5. The system of equations:
(Aef)®) = 9(t), (Ag)®) = f(B), k=2 (2.13)
has a positive solution iff the system of equations:
(Hrf)(t) = Xg(t),  (Hrg)(t) = Aaf(t), k=2 (2.14)
has a positive solution in (My)?.

Lemma 6. The system of equations (2.14) has a positive solution iff the

system of equations:

(Hef)(t) = g(t), (Heg)(t) = f(t), k=2 (2.15)
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has a positive solution.

Denote

K = {f € C*[0,1]: M- min f(t) > m - mox f(t>}7

tel0,1 t€(0,1]

mo 1\ M o1\
_ ) << (= >
P, {9060[0,1] (i) =i },k_z,

where

M = max K(t,u), m= min K(t u).
t,uel0,1]2 t,uel0,1]?

Proposition 10. Let kK > 2. Then
a) H.(CT[0,1]) C K.

b) If (fo,90) € (C;[0,1])? is a solution of the system (2.15) then (fo, go) €
(Pr)?.
2.3 UNIQUENESS OF GIBBS MEASURES

Now we shall prove that every periodic Gibbs measures be a unique translation—
mwvaritant Gibbs measure for k = 1.

Since the equation A;f = f is equivalent to

(W) =w(f)- ft), feCTo1], (2.16)
we shall study eigenvalues of the operator W f.

Lemma 7. If oo € C7[0,1] is an eigenfunction of the operator W i.e.
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Wwo = oo, Ao > 0 then there are a; > 0 and by > 0 such that

arwi(f)po(t) < (WF)(E) < biwr(fleo(t), VE€[0,1], VfeCT(0,1],

(2.17)
where wy(f) = fol f(u)du.
Proof. Note that
aw1 (f) < W f <bwi(f), f€Cl0,1] (2.18)
where a = miny ,cp01] K (t,u) and b = max; ,¢jo1) K (t,u). We have
aw (po) < Wpo = Ao < bwi(po)-
Hence
Moot Moot
0poll) g o Aovoll) g gy, (2.19)
bws (o) aw1 (o)
Using (2.18) and (2.19) we get (2.17) with
A b
a] = A0 > 0, by = 0 > 0.
bwi (o) aw1 (o)

Theorem 5. If \oj > 0 is an eigenvalue of W then W f = A\of has a unique
solution f € C7[0,1].

Proof. Assume that there are two solutions fy € C*[0,1] and f; €
Ct0,1] i.e Wf; = Ao fi, i = 0, 1. Denote
dp = sup{d € [0,00) : fo(t) — fi(t) € CT[0, 1]}.
We have
W (fo = dof1) = W(fo) = oW (f1) = Xo(fo — dof1) > 0.
By Lemma 7 we get

W(f() — 50f1) > agfo(t) > a250f1(t) with some ay > 0,
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where we used as(fo(t) — 0o f1(t)) > 0.

Consequently
Ao(fo — dof1) > ado fi(t)
1.e.

fo(t) — do(1 + %)fl(t) > (0 for any t € [0,1].
0

This contradicts the maximality of dy.

(WHE) =w(fg®), W)t)=w(g)ft), fgeCT0,1]  (2.20)

Remark 1. Let (f,g) satisfies 2.20 with f # g, dg = sup{d € (0,00) :

f—4dg >0}
Then W (f — dog) > 0.

Proof We have f—8yg >0 = W (f—0dog) > 0. Suppose W(f—dyg) =0

then
NN
f =009 =0 jg(t) &, t€10,1].
For t=0
_WHO) _ (We)
o(0) = S = 1= SR = )

Then §y = 1. This contradicts to f # g. Thus we have proved W (f—dog) >
0.

Theorem 6. If k = 1 then every periodic solution of (1.5) is unique and

this solution is a translation-invariant.

Proof. At first we’ll show the equation A;f = f has a unique solution f €
C*[0,1]. By Proposition 5 the equation has at least one solution. We shall

prove its uniqueness. Assume that A;f = f has two solutions fy and fi,
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then there are Ay = A\g(fo) and A\ = A1(f1) such that W f; = \; f;, i =0, 1.
By Theorem 5 we have Ay # A;. Assume \g < A\ (the case Ay > A; is

similar). Consider

hs(t) = fo(t) — 6 f1(t), € [0,00)
and
do = sup{d € [0,00) : hs(t) € CT[0,1]}

We have
W (hs,)(t) = Mo(fo(t) — 502—(1)f1(t)) >0, Vt € [0,1].

Since ¢y is maximal we get ”A\—; < 1ie. Ay > A, this contradicts our
assumption Ay < Ap.

Now we’ll show the system of equations (A1 f)(t) = g(t) , (A19)(t) = f(t)
has not any solution (f,g) € (C*[0,1])? with f # g. Let (fi(z), g1(z)) be a

solution of the system of equations:

(ALf)(t) = g(t), (Awg)(t) = f(t).

Then
(W) = w(fi)gi(t), (War)(t) = wlgr)fi(t).
Put
M =w(f1), e=w(g)) = N>0, i€{l,2}.
Denote

01 = sup{d € (0,00) : f —dg >0}, 9y = sup{d € (0,00):g9—3df > 0}.
By Remark 1
Ag(t) — Aad1 f(t) = W(f — d1g) > 0,

Ao f(t) — Mdag(t) = W(g — d2f) > 0.
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Hence

fog 9B g S
)\151 < f(t), 52 gt t e [0,1]

There exists tg,t; € [0, 1] such that dy = 9to) and 01 = I(t) Then

o) _glt) - oo flt
o) i) 27N

Thus we have /A\—i(ﬁ < 09 and %52 < 0; this is a contradiction. This

completes the proof. ]

Example 1. If K(t,u) = a(t) + a(u) where « is a given function, then

—|-\/f0 a?(u)du
+\/f0 a?(u)du

is the unique solution of the equation A, f = f.

one can easily check that

Theorem 7. For model (1.1) with an arbitrary continuous function &, on
0,1]?, VJ € R and for any B > 0 on the Cayley tree of order 1 there exists

a unique splitting Gibbs measure.

Example 2. For any £ > 1 we shall consider one simple case: let
& = a(t) + b(u), where a(t) and b(u) are arbitrary given functions. Very
simple calculations show that equation (1.5) has unique solution f(¢,x) =
f(t) = exp(kJB(a(t)—a(0))). Thus for the model (1.1) with &, = a(t)+b(u)

there is unique splitting Gibbs measure.

Example 3. Consider K (t,u) = a(t)+a(u) i.e. &, = JLB In(a(t)+a(u)),
where « is a given positive function on [0, 1]. Then the unknown function f
can be written as

at) X +Y a(t)r+1

0= (oz(O)X—W)k - (m)k’
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where X = fol f(u)du and Y = fol a(u) f(u)du, = . It is easy to see that

x satisfies the equation

a:

k j j
_ 2 j=0 T

o k aj+1 j’ X > 0 (221)
2j=0 T 1"
where a; = fol al(t)dt, 1 =0,1,...,k+1.
From (2.21) we get
V(@) = apna™ + bt + bz L+ b — 1 =0, (2.22)
where
k(2] —k—1
bj: (] - )CLJ', ]:1,,]{
gk =7+ 1)!

It is well known (see [18], p.28) that the number of positive roots of
the polynomial (2.22) does not exceed the number of sign changes of the

sequence:

k11, b, Op—1, ..., b1, — 1. (2.23)

It is obvious that az41 > 0,b; > 0 if j > % and b; < 01if 7 < % Thus
the number of positive roots of the polynomial (2.22) is at most one. Since
7(0) = —1 and ~y(+00) = +oo we get that (2.22) has a unique positive root.
Consider the Hamiltonian
H(o)=—3 > W(a(o(@)) +alo(y)), (2.24)
(xy)eL

where « is a given positive, integrable function.

The Potts model.
Note that if &, = dy, where § is the Kronecker’s symbol then model (1.1)

becomes the Potts model with uncountable set of spin values. It is easy to
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see that

1 1
/ exp (J00) £, y)du = / exp (7800 f(u, y)du
0 0

for any ¢t € [0,1],y € V. Consequently the equation (1.5) has the unique
solution f(t,x) = 1,t € [0,1],x € V for any k > 1, J € R, and any [ > 0.

Thus we have

Theorem 8. it The Potts model with uncountable set of spin values on
Cayley tree of order k > 1 has unique splitting Gibbs measure for any J € R
and 5 > 0.

The following remarks give a comparison of the result with known results
about ordinary Potts model.

Remarks. 1. Tt is known (see, for example ( [15]) that the Potts model
with ¢ > 2 spin values on Z%,d > 2 undergoes a first-order phase transition
at a certain transition temperature T, = Te;(q), provided q is large enough.
Namely, the model (on Z?) has ¢ different Gibbs measures for temperatures
T < T, g+ 1 measures at T' = T,, and one measure for T > T¢,.

2. Note that (see [7], [11], [16]) for the ferromagnetic Potts model with
q spin values on Cayley tree for any ¢ > 2 (even for ¢ = 2 i.e. for the
Ising model (see [3], [2]) there are ¢ + 1 distinct translation-invariant Gibbs
measures. Namely, there are two critical temperatures 0 < 7., < T, such

that (i) for T" € (0,77] there are ¢ + 1 Gibbs measures. Among them only

1
aa

unordered Gibbs measure; (ii) for T € (7T7,T.] the ¢ + 1 Gibbs measures

one, say o, (with po(o(x) = i) = 2,7 = 1,..,q) is not extreme and called
still exist and all of them are extreme. (iii) for 7" > T, there is one Gibbs
measure.

3. In [9] it was proven that the Gibbs measure is unique if ¢ — oo i.e.
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when the set of spin values is a countable set. Theorem 1 shows that the

uniqueness is also true for an uncountable set of spin values.

Now for arbitrary k& > 2 we find a sufficient condition under which the
integral equation has unique solution; hence under this condition the cor-
responding model has unique splitting Gibbs measure. We shall prove that

Ayf = f and Hyf = f have a unique solution in C [0, 1].
Lemma 8. Assume function f € C[0,1] changes its sign on [0,1]. Then for
every a € R the following inequality holds
Il = =I5l neN,
where f, = fu(t) = f(t) —a, t € [0,1].
Proof. By conditions of lemma there are t¢1,%s € [0, 1] such that
Juwin = f(t1) <0,  fmax = f(t2) > 0.

In case a = 0 the proof is obvious. We assume a > 0

) Let [fuinl > foe: Then [[£] = |fuinl = |f(t)]. Hence

HhH=mMﬂﬂh%ﬂmﬁﬂﬁ—ﬂ}>Uﬁﬂhﬂﬁ”ZE%ﬂUWHEN-

b) Let |fumin| < fmax and 3| f|| > a. Then ||f|| = fumax = f(t2) and
| fll —a > a > 0. Consequently,
HﬁM:=waﬂf@ﬂ—ahwxh%ﬂﬂ}2\f@ﬁ—ﬂ|=HfH—aEigf%IWﬂLNGEN-

¢) Let | fiin| < fumax and 3| f|| < a. Then | f|| = f(t2) and

1 1
Ifall = max{|f(ts) —al, |£(t2) —al} > SlIfll 2 = lIfll n € N.

Thus for a > 0 the proof is completed. For a < 0 we put g,(t) = g(t) — a

with g(t) = —f(t) and ' = —a > 0. Then

1 1
all = a 2— e ) EN'
[ fall = 1l gall n+ﬂmH n+ﬂVHn
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This completes the proof. [

Theorem 9. Let k > 2. If the kernel K(t,u) satisfies the condition

MN\® ymak 1
— ) — =) <= 2.25
then the operator Hy, has a unique fized point in C;[0,1].

Proof. By Theorem 4 the Hammerstein’s equation Hpf = f has at least
one solution. Assume that there are two solutions f; € C;[0,1] and f, €
Cy10,1], i.e Hpf; = fi, i = 1,2. Denote f(t) = fi(t) — fa(t). Then by
Theorem 46.6 of [14] the function f(¢) changes its sign on [0,1]. From

Lemma 16 we get

max

1
>
max > 2|1,

)= Son+ ) [ s

=G = ()

By a mean value Theorem we have

where

F(t) = / K (t, ke (w) f (u)du,

here £ € C'*[0, 1] and

min{f1(¢), f2(t)} < &(t) < max{fi(¢), f2(¢)}, ¢ € [0,1].

By Proposition 9 we have £ € Py, i.e.

1\ 71 M [1\FT
% <M) <¢(t) < e <E> ,t€[0,1].

Hence
N < K (tu)e u) <, tu € [0,1].

Therefore
_ + 72 Y2— "
kK (L u)e () - 22 < .
R - 257 < 25
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Then
FO =50+ [ fdd < Sl @26)

Assume the kernel K (¢, u) satisfies the condition (2.25). Then k(vo—v1) < 1

and the inequality (2.26) contradicts to Lemma 16. This completes the
proof. H

Theorem 10. Let k > 2. If the kernel K (t,u) satisfies the condition (2.25),
then for every A > 0 the Hammerstein’s equation Hif = Af has unique

solution in C;[0,1].

Proof. Clearly the equation Hy f = A\f is equivalent to the following equation

AlﬁwwﬁWMu:ﬂm (2.27)

where K, (t,u) = +K(t,u). The kernel K (¢, u) satisfies the condition (2.25)
with m = 7 and M = % Consequently, by Theorem 9 it follows that the
equation (2.27) has unique solution in C{ [0, 1]. O

Theorem 11. Let k > 2. If the kernel K(t,u) satisfies the condition (2.25),

then the equation Ayf = f has unique solution in C; [0, 1].

Proof. Assume there are two solutions fi, fo € CT[0,1], f1 # fo, .e. Apfi =
fi,i=1,2. By Lemma 4 the functions h;(t) = </ fi(t), t € [0, 1] are solutions

of the Hammerstein’s equation, i.e.
Hkhz = )\Zhla 1= 17 27

where \; = w(f;) > 0 and h; € M. On the other hand Theorem 10 implies
that Ay # X\o. Let ho(t) € CT[0,1] be a fixed point of the Hammerstein’s

operator Hy. Then by Theorems 4 and 10 we get

hi = "V \iho(t), i =1,2.
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fl(t) o . k-1 ﬁ
X0 =~F with ~ = \/:2

Using this equality we obtain

Consequently,

fi(t) = (A f)(6) = A(y" fo) = Arfo(t) = folt).
This completes the proof. H

Consider the following Hamiltonian

y=—J Y & — > WK(o(x),0(y)), (2.28)

(z.y)eL (ry)eL
where J € R\ {0} and K(t,u) satisfies the condition (2.25). Then as a

corollary of Proposition 1 and Theorem 11 we get the following

Theorem 12. Let k > 2. If the function K(t,u) of the Hamiltonian (2.28)
satisfies the condition (2.25), then the model (2.28) has unique translational

mvariant Gibbs measure.

Example 4. It is easy to see that the condition (2.25) is satisfied iff

M </1+\/4k2+1 .

<y =
m_nk 2k

Consider the following function

= Z Zcijtiuj + a, ¢j >0,a>0. (229)

i=1 j=1

For this function we have m = a, M = >7", > c;j + a. The following is
obvious

a) IF 2577 57" ) ¢ij < mp—1 then for function (2.29) the condition (2.25)
is satisfied.

b) If £ > D77 ¢ij > mi—1 then for function (2.29) the condition (2.25)
is not satisfied.

Analogously we get



34

Proposition 11. Let k > 2. If the kernel K(t,u) satisfies the condition
(2.25) then the system (2.15) has not solution (f,g) in (C;[0,1])? with f #

g.

Corollary 4. Let k > 2. Let the kernel K (t,u) satisfies the condition (2.25).

For every Ay > 0, \o > 0 the Hammerstein’s system of equations
Hif =X g, Hig=Xf (2.30)
has not solution (f,g) € (CF[0,1])%, f # g.

Proposition 12. Let k > 2. If the kernel K(t,u) satisfies the condition
(2.25), then the system of equations (2.15) has not solution in (C [0, 1])?, f #

g.
Theorem 13. Let k > 2. If the kernel K(t,u) satisfies the condition (2.25)

then the model (1.1) has no periodic (non-translation-invariant) Gibbs mea-

sure.
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3 NON-UNIQUENESS OF PERIODIC GIBBS MEASURE ON
A CAYLEY TREE.

3.1 EXISTENCE OF TWO GIBBS MEASURES FOR THE MODEL (1.1):
CASE k£ >2

Case: k = 2. Consider the case k = 2 in the model (1.1) and

1 14 1 1
ft,uzﬁ_Jln <1+E \5/4 <t—§> (u—§)>, t,u € [0,1].

Then, for the kernel K (t,u) of the Hammerstein’s integral operator Hy we

k1o (1= ) (u-)

Proposition 13. The Hammerstein’s operator H :

have

(Haof )(t /Ktuf2

in the space C|0,1] has at least two strictly positive fized points.

Proof. a) Let f1(t) = 1. Then we have

(Hgfl) —1+— \5/4 t—— / u—— du—l—fl(),tE[Ol]

b) Denote
H =2 i _Z
PO=3+V% 7 2
Then fy € C[0, 1] and the function f5(¢) is strictly positive. Put

\5/_b—\/7\/_

Hy fy = hi(t) + ho(t) + ha(t) + 7,

3 21 /2 1\ 5
\/_-<t > , te]0,1].

We have
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1 [t 1\*

p— 2-5 —_— — . 5 —_— —

hi(t) = ab 2/0 (u 2) du,

3ab [ 1 ['.] 1\?

9 / 1 (. 1

1
~ [ B
0

where

It is clear that

For the function hy(t) we obtain

3ab 5/__ /1/2 15ab 575_1
12 T v 2

Observe that

_a 9
7_7\5/1 16

Consequently we have
(Haf2)(t) = ha(t) + v = fo(2).

]

Denote by p1 and po the translation-invariant Gibbs measures which by

Proposition 1 correspond to solutions fi(t) =1 and fo(t) = 3 + 1 \f

1

(-3

Thus we have proved the following
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Theorem 14. The model

:_g;m<1+——vQCﬂ@%)(d@%)),oeﬁv

on the Cayley tree I'? has at least two translation-invariant Gibbs measures
M1 2.

Case: k£ = 3. Now we shall consider the case k£ = 3 and

ﬁt,u:ﬁ—ljln (1-|-1 \/4 (t—%> (u—%)) , t,u €]0,1].

Then, for the kernel K (¢,u) of the operator Hs we have

Kt =ve s (1-1) (- 3)

Proposition 14. The operator Hs :

<H3f><t>:/01 <1+§\7/4 (t—%) (u——))f3< \du

in the space C[0,1] has at least two strictly positive fixed points

Proof. a) Let f1(t) = 1. Then

(Hsf1)(t _1+—(M pn- /

b) We define the function fo:

()

Then f, € C[0, 1] and the function f5(t)

N

uidu = 1= fi(t), te€l0,1].

M‘H

is strictly positive. Put
1 /57 b 1 /33
2V17 0 7 2V g -

(H3f2)(t) = hi(t) + ha(t) + ha(t) + ha(t) + 7 ,

We have
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() = Sott) [ {fu—tan
= 00 500 [ (- )
) = 22 V() /\/7 n
() = B0 [ m .
_ /0 3 (u)du

Here p(t) = /4 (t —1) , t €0,1]. It is clear that

where

For the functions hy(t) and hy(t) we obtain, that

3a°bv/2 * o Tah
halt) =252 o 0) [ abdu= T2 )

i) ="V o) [ utaa=

Observe that

Tab?
v =a 3 4 3ab2v/4 - / u7dU—a +aT:a.

l\D\»—t

Consequently, we have

v [(a® b b
Hfy = 75 (411 ) 910 =t et = 10

From Proposition 14 and Proposition 1 we get
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Theorem 15. The model

H(a):—%;wln <1+%\7/4 <a(::r;)—%> (J(g)—%)) Loey

z,yeV

on the Cayley tree I'3 has at least two translation-invariant Gibbs measures.

Case: k > 4.
Let kK € N and k£ > 2. We consider sequences of continuous functions

P,(z) (n € N) and Q,(z) (m € N, m > k) defined by

x”_l k+1 .Tn_l k+1
PH(I)EPn’k(JJ):(l—l— 5 ) —<1— 5 ) , * € R,

Qn(r) = Qmi(z) = (k+ l)xm_k, m >k, xR

Proposition 15. Let k > 2. Then

P.(1) > Qu(1), (3.1)
foranyn € N, n> k.

Proof. Let k > 2 and n > k. We have

g+l _ 1
Pn(l):/ﬁk:w , Qn=mr=k+1

In the case k£ = 2 we obtain, that

P =2 > Q.0) =3

We now suppose, that the inequality (3.1) holds for & = m > 2. Then we
show that the inequality (3.1) also is true for k = m + 1.
Obviously, that

gm+1)+1 _q 3(m+1)+1 _ 3

Pm+1 = 9(m+1)+1 om+1 . 9
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_3m+1_1 3_

3 3
gm-+1 2 Nm§>(m+1)§>m+2:77m+1a

i.e. i1 > Nma1- Thus we get

P,(1) > Q,(1)
for any £ > 2 and n > k.

Proposition 16. Let k > 2. The equation

(1—|—g)k+1—(1—§)k+1—(k—|—1)x20, x>0 (3.2)

has a unique solution x = 0.

Proof. Let k > 2. Define the continuous function ¢(x) :

o(x) = (1 + g)kﬂ — (1 — g)kﬂ —(k+ 1)z, z €[0,00).

We have

However,

x\k x\k
(1—1——) —i—<1—§> > 2, for all x € (0,00).

Consequently, we have ¢'(x) > 0 for all = € (0,00), i.e. the function ()

is an increasing on [0, 00). So, the zero is a unique solution of the equation

(3.2).
Proposition 17. Let k > 2. Then for each n € N, n > k the equation
P.(x) — Qn(z) =0 (3.3)

has at least one solution & = £(k;n) in (0,1).
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Proof. Let k > 2 and n > k. We have

l,nfl k+1 xnfl k+1
Cpw 1 () -(-5)
lim = lim —
x—0+ Qn($> k + 1 z—0+ xn—k
wn—l xn—l k xn—l k_j l,n—l -7
() - (=) 5 () (-
_ ! lim = =
k1204 xn—k -
k n— kf] n—1 j
1 - k—1 " X -
T Er 1A ';(H 2 ) (1_ 2 ) =0

Since the functions P,(x) and @,(x) are continuous, the exists a number
0 > 0 such that
P,(xz) < Qu(x) for all x € (0,9).

However P,(0) = @,(0) = 0 and by Proposition 15 we have P,(1) >
Q. (1). Consequently there exists a number & = &(k;n) € (0,1) such that
Po(§(k;n)) = Qu(&(k;n)) = 0.

Let & > 2 be a fixed number and suppose that {{(k;n)},.,. C (0,1) -

some set of solutions of the following system of equations:
P.(xz) = Qu(zr) =0, neN, n>k.

We have 0 < £(k;n) < 1 for all n € N, n > k. Consequently
0 < &(k;n)" ! < 1 for all n > k. Then there exists a upper limit of the

1

sequence &(k;n)"', n >k, i.e. there exists a subsequence

ap = E(k;ny,)™ 1 p € N of the sequence &(k;n)", n > k such that
_ 1 oo\l s . np—1 _ 13
o= nh_}rgo sup&(k;n)" " = plggoﬁ(k, ny) ph_}n(;lO Q.

Obviously, that 0 < o < 1. Define the sequence 5,, p € N by

By =&(ksmny), peN.
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Then

Qp = ng_l, p € N.

Lemma 9. a = lim o, = 0.
p—>OO

Proof. a)Assume a = 1. Put
B = ph_)rgo sup&(k;ny,) = plggo sup Bp.
Then, there exists a subsequence {f,, }4en C {3 }pen such that

lim 3, = 6.

q— o0

We have 0 < 8 < 1. If 0 < 8 < 1, there exists gy € N such that 5, < #

for all ¢ > qy. From that

1 npq—l
OSapq§<%ﬁ> , ¢ €N, q>qo.

Therefore a = lim ), = 0. The last equality is a contradiction to the
q—00

assumption o = 1. However, we obtain that g = 1. Then from the equality

Py, (&(kiny,)) = Qu,, (€(kiny,)), ¢ €N (3-4)

as ¢ — oo we observe that
1\ F1 1\ 1
1+ = —(1—-= =k+1
(o

P(1) = Qu(1), m > k.

1.e.

The last equality is a contradiction to the assertion of Proposition 15. Thus,
we have proved that a # 1.
b) Assume that 0 < a < 1. In the case 0 < 8 < 1 we get a = 0. So

f = 1. Then from (3.4) as ¢ — oo we get

(1+ %)M - (1- %)k“ = (k + 1o
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The last equality is contradict to the assertion of Proposition 16. Thus, we

have proved that o ¢ (0,1). Consequently, a = 0. ]

Corollary 5. lim 3, = 1.

p—00

Proof. From the equality (3.4) we get

kE+1
Pp=E&(kimp) = |5 — -, peEN.
> (1+5) (- )
j=
Hence by Lemma 9 it follows that
oo =1
]
Define the sequence C,,, n >k > 2:
o —o (k) _ é(k;n>3n—k—2
T | (k)1 \ 2 (k)1 \ 2 N
o (Ut 2 ) (- — &(k;n)
(3.5)

where £(k;n) € (0,1) is an arbitrary solution to the equation (3.3).
Put

Tp = ’Vp(k) = Cnp(k), p € N.

Lemma 10. For every k € N, k > 2 the following equality holds

Jim (k) = -
Proof. We have
3. pl—k
Tp = 1 oy k+2 L pa k42 .
e (07 = (0-9)") — elhimy)t
. b g
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However

k+2 . k2 .
ap k+2 ap k+2 . ap J . Qp 7
(+3) -(-3) =Xd. (3) -Xd. (-3) =
j=0 =0
_ 201 ap 203 &1?; 20m1 Oz;nl
k+2'7+ k;+2'§‘|'--7L k+2'2m1 )
where

k+2, if k£ is odd
my =my(k) =
k—+1, if k is even.

Analogously we have

o k+1 o k+1 1 I8 3 063 e ma
(1+7p) _ (1_319) =20k, L4200 - 5+ + 207 - S
where

k+1, if k is even
me = ma(k) =

k, if k is odd,
Le. mg =2my—1, mg € N.
Therefore
mo
Z aja;]_l + amOJFla}%mo—H - &2(&2 + CL30{§ + CL4Oé§ 4+ ...+ amoJrla}Q?(mO_l))a
=2
where " o
J— ) —
a, = 2 . Ck+2 _Ok-l—l ]:2 3
J 22j—1 k42 E—+1 ) y 9y )
O lf mi = m2’
Amo+1 = c2motl
22’1”0 ) l}?ﬁg if mo < Mj.
Obviously that
k
ay = —.
2712
Thus we get
51—/{:
T = . ., peN.

k 2(mo—1)
12 + CL3O&227 + CL40&£47 + ...+ Qmy+1Cp
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Hence by Corollary 5 it follows that
. 12
im v, = —
p—00 g
Corollary 6. If kK > 4 then 0 < lim ~, < 3.
P—00

For each k > 4 we define the set Ny(k) :

No(k) = {p € N: |y, (k)[ < 4}.
Note that, the set Ny(k) is a countable subset in the set of all natural
numbers. For each p € Ny(k), (k > 4) we define the continuous function
K,(t,u; k) on [0, 1]* by

Kot s k) = 1+ (k) (t _ %) (u - %) tuelo].

By the inequality |v,(k)| < 4 it follows that, the function K,(¢,u;k) is

strictly positive.

Theorem 16. Let k > 4. For each p € Ny(k) the Hammerstein’s equation

1
[ Bt £ = 70 (3.6)
0
in the C0,1] has at least two positive solutions.

Proof. Obviously, that the function fy(¢) = 1 is a solution of the equation
(3.6). Define the strictly positive continuous function fi(t) on [0, 1] by

fi(t) = &(kyny) + E(kyny)" <t — %) , t€]0,1].

We shall prove that the function f;(¢) also is a solution of the Hammer-

stein’s equation (3.6) :

/01 K, (t, us; k) fF(u)du = /01 (1 + (k) (t — %) (u — %)) X
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< (et + ks (- %))k du =
— /_ 11//22 (8, + Brru)” du + () (t - %) /_ 11//22 w (B, + Bru)" du =
;51 /11//22 (1+ ng‘lu)k d (1+ Bpr~"u) +~,(k) (t — %) X
x ;51 /11//22 w (1480 ) d (1+ 8 ta) = i—fi - %H (1+ apu)™™! ’1/12/2+
+%(§§ : (t - %) /11//22 ((1 +ou) — (1 + apu)’“) d(1 + ayu) =
=gy (1-3) = € + sthin) (1= 3) = 50
0

From Theorem 16, Proposition 1 we get the following theorem.

Theorem 17. Let k > 4 and p € Ny(k). The model

H(o) = —% S Ky(o(2), 0(y) k), o€

<z,y>
z,yeV

on the Cayley tree T* has at least two translations-invariant Gibbs measures.

3.2 EXISTENCE OF PERIODIC GIBBS MEASURES FOR MODEL (1.1)

In this section we construct a function K (¢, u) such that corresponding equa-
tion (1) has a solution (f,g) with f # g.

Case: k= 2.

Put

2 tuelo,1] (3.7)

(n—1) 1
1 2 1 2 1
b, — IR D Sy L
(ﬂ) +n> n 2/_ o vap™
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Lemma 11. For all t,u € [0,1], the following holds:

lim K, (t,u) > 0.

n—oo
Proof. 1t is easy to see

lim K,(t,u) >0 <

n—oo

2
1 1 1
li 1—bn3§/ — = \/ — )2 —4| {Jt—=| >0
no00 Y 2( (w=3) ) 2

We have o)
_ . 1 " 2 1
e = (ﬂ) (” n) B
1 [z 1
limcn:lim3—/22 sdu > 38
n—00 n—00 L ( + \/_
Then

lim K,(t,u) >0 <

n—oo

2
1 1\? 1
li 1—bn3" —— | ¢ —=] —4 /t——=1 >0.
e P\UTY (u 2) 2
0

Corollary 7. There exists ng such that for every n > ng the function

K, (t,u) is a positive function.
Proof. Straightforward. ]

Theorem 18. The system of Hammerstain’s equation:

| Bttt =g, [ K todwa= o 6s)

in the space (C[0,1])? has at least two positive solutions with f # g.
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Proof. Let

n n 1 n
#! O)(t)cn0< 0 t—§+2>, g™ =1, telo,1],

Then (£, ¢{") € (C[0, 1])? and positive.

(a) Consider the first equation:

/0 Ko () f2(u)du = ().

1 2

/ Ko (t) (£ () du=
0
1 2 ’

/ 1 [, 1 / 1
o 3 n n n o
—1—/Obno'CnOOU—§ §/<’LL§> —4 Ot—ﬁdu—

2
— \O/t_/l NOu1<"\°/u%—4) dulzlzggnO)t
2

Whereulzu—%, tlzt—ﬁ.

(b) Now we consider the second equation:
1 2
| Baltew (s )) au =100
0
1
/0 Ko (t,10) (97" (w))* du =

2
11— byl "/u — %("0 (u—%)2—4> o/t —1
=/ 5 du
0 c%o("@o/u—%+2)

Letulzu—%, tlzt—%. Then

2
2 1 2 no/ n,o/
_1A(gur 4 2)? o (yu+ 2)

[ I

1 1 )
— ——duy; — b, c, ng "0 —
ReTESE Cno V't /5 Wuy (Wur — 2)" duy



49

2 [ 1
= 2¢p, + 4bpyCno "\O/E/ R uduy = cp, < T/t — 3 + 2) = f1°(t).
~3

By symmetry of (f,g) we have (g7°(t), f{°(¢)) is also solution of (3.8).
This completes the proof. ]

From this we get

Theorem 19. The model: H(c) =
1 Z " 1—bnOC§LO n\0/0($)—%<nm_4)2 nm
i 2 <RW+2>2

on the Cayley tree I'? has at least two periodic Gibbs measures.

Case: k£ = 3.

Lemma 12. Let a € R. Then for every odd (even) function ¢(x) € C10,1]

the following equation holds:

[ oy [ IG ),

o (I +sinz cost x

([t =2 [ ).

Proof. Let ¢(x) be odd (the case even is similar) function

[t~ | e [

a a a . <92
[ A gy [0 [ i),
o (1+sinz)? o (I —sinx)3 0 cosd x

Put

m(2u—1)

1 — 22gip 7220 iy
R e e L1 RET)
a3(1 + sin =5—)3

where a = 4 %g. It is easy to see that K (t,u) is a positive and

continuous function. ]
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Theorem 20. The system of Hammerstain’s equations
/Ktuf3 /Ktu = f(1),

in the space (C[0,1])? has at least two positive solutions with f # g
Proof. (a) Denote

filt) =a <1 +sin @) Lai(t) =1,

where a = 4 %g' Then (f1, 91)

(3.10)

€ [0,1],

(C[0,1])? and the functions f; and g
are positive. Consider the first equation of (3.10)

29 2 —1) ! 2 — 1
/K(t,u)ff’(u)du:l——sinM/ sinMdu:l.
0 17 3 0 3

(b) Now we check the second equation

1 — 2 sm T2l g T2u=D)
/Ktugl( )du-/
0

3 3
—1),U1:

du.
a3(1 + gin T2u-l)

7 )

Let t; = (2t Z(2u —1). Then

3 1— Slntlsmul

3
z (1 +smu1)
3 B 1 22 5 sinug
- du; — —sint d
2a3m </3 (1 +sinwuq)3 u1 S 1/ )3> u1

17 (14 sinuy
By Lemma 12 LHS of this equality is

INIE

[SIE

w3

3

w\:\

3 /a 1+ 3sin®u, dus + 22 sinty /75 sin? u; (3 + sin? ul)dul
2a37 | J, cos’ uy 17 0

cosb uy
3|/ 22
= P [/ (1+4y*) (1 + y*)dy + — sinty
a-Tm 0

\/32 2
3+ 40 dy| =
T /Oy(+y)y
_ 198

V51 inty = 1908 (1 an 20 _ g

By symmetry of (f1,91) we have (g1(t), f1(t)) is also solution to (3.8)
This completes the proof.
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Theorem 21. The model:

on the Cayley tree I'® has at least two periodic Gibbs measures.

Case: k > 4.

Denote
2 (1- (")
= =G —2(1-())

1
3
Lemma 13. For everyk € N, k > 4 the following inequality holds: |c| < 4.

Crp = (3.11)

Proof For k > 4 we have

9 (1 — (Lyk-1 2 2k — 2
k| = k—S( 1(13—)1 kzl < 73 e 1k (k: 3)’
S E)TS) =St E)M ) a
Thus
2(k —2) 2
S VA N | 12
o < = + 5 < (3.12)

Hence |ci| < 4 for k > 4.

For each k > 4 , a > 0 we define the continuous function

L+t —3)(u—3)

K(t,u k)= ak(u+%)’f

. t,ue|0,1].

By the inequality (3.12) it follows that the function K (¢, u, k) is positive.

Theorem 22. For each k > 4 the Hammerstein’s system of equations:

/Ktukfk /Ktuk (u)du = f(t) (3.13)

n (C[0,1])* have at least two positive solutions with f # g.
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Proof. Let k > 4. Define the positive continuous functions fi(t), g1(t) on
[0, 1] by the equality

fi(t) =a (t - %) o) =1

9k—1 1\ !
a:a(k):'““k_1 1—(5) , k>4

It is easy to see that a > 0. We shall show that (f1,¢g1) is a solution to the

where

Hammerstein’s system of equations (3.12). O

We shall check the first equation.

ak (u+%) 2

1 1 1 2
:/ (l—lrck(t——) (u——))du:1+ckt1/ widu; = 1.
0 2 2 _

1
2

Where t; =t — % and u; = u — % Hence

/0 K(t,u, k)flk(u)du = g1(t).

Now we shall check the second equation.

+ 1 N
where tlzt—§,u1:u—§ S 1— 3 +
crly k=2 1 k—2 ok—1 1 k-1
+— 1—-1z - | =
at® | k—2 3 kE—1 3
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L 2(1— ()" X
=a+ t1% (1 — (%)ka) —2 (1 - (%)kil)
X(%_n(pwy)—%k—%ﬁ‘*ﬂ))ﬁa>

20k =2) (1= ()
Moreover, (g1(t), f1(t)) is also solution to (3.13).

Theorem 23. Let k > 4. The model

L, (el ~ Do) - 3
Hio) = ﬁE:l( (@) + D )

on the Cayley tree T* has at least two periodic Gibbs measures.

<xy>

Now we construct models which existence of four periodic Gibbs

measures for model (1.1). Denote

1
m+2(i—1)4+2(j —1)

cij(m) = (n,m,p) € N X N x Ny, 1<14,j<n,

Almp) ( 4§fg’j(ff)2) be n X n square matrix.
n

If n € {2,3} then it’s easy to check det(A%m’p)) # 0.

Put
ain 0 a1 0
e = () 2| | = a0
a3 0 Q23 %
and
b1 —<Aé52)>1 1 | bay —(Agg))l 0 |
b2 0 b2o 1

1
where (A%m’p )) is inverse of A%m’p ).

So we define following functions:

U (u) = ann + appu’ + CL13U4, Po(u) = agu’ + CL22U4 + 0231&6,
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Y3(u) = b+ biou?, Ya(u) = bayu® + bogui®.

Finally

Ki(t,u; k) = 1 (u) (\k/ 20t + Z — 1) + o(u) (k 612 + % — 1) :

Ko(t, us k) = s (u) (\k/t3 11— 1) + 1y (u) (\’“/t5 T1- 1) ,

K(t,u; k) =14 Kq(t,u; k) + Ko(t,u; k).

Remark 2. There exist kg € N such that for all k > ky the following

inequality holds

Proof. 1t is sufficient to show:

- 11 )

Let v : [0,1] — [m, M] be a function, m > 0.
We have

0= lim (Vm —1) < lim (/) — 1) < lim (VM — 1) = 0.

k—00 k—o00 k—o00

Hence

1 1
lim (v/7(t) —1) =0 = lim K; (t_§’u_§;k> =0, te{1,2}

k—o0 k—o0
and
lim & (¢ — - L) =150
im — = u— = = :
koo Ty
This completes the proof. ]

Lemma 14. If k € {1,2}, then

(7) 2 ¢1(U)U2kd“ = % (1 + (_1)k+1) ’

o=
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(12) ’ Yo (u)u?Fdu = % (1+ (—1)F),

N

@) [ = g (14 (1)),

_1
2

N|—=

) [l = g5 (14 1),

Proof. For k € {1,2}

(7) i Yy (w)u*du = ayy /2 uzkdqualg/z u2(k+1>du+a13/2 w2 gy =

_1 —
2

N[

_ ari 1 ai2 1 ais _
4R (2k + 1)  4F1(2k 4+ 3)  4M2(2k + 5)

1
= an % i)y (1) + ars x ) (1) + aas x ) 5(1) = o (1 (1)),

1 1 1
(17) @bg(u)u%du:am/ u2<k+1)du+a22/ w?FH2) dy+-

1 1 1
2 2 2

: 2(k+3)d _ 21 a22 a23 _
123 /_5 T k) T2k 1 3)  FP2k+5)
1
= am X cfl),(8) + az x ) (8) + a4z x 41 4(3) = 5 (14 (-1)).

(vi1) 2 Vs (w)u?* M du = by, /2 w?* Y dutbyy /2 w22 gy, =

N
N[ =

1
= b % ¢(5) + ba x ¢5(5) = 75 (14 (=1)) = = (1+ (=1)").

1 1

(1v) i ¢4(u)u2k+ldu = by /2 > *+2) day+-bog /2 w?FH3) oy, =

1 1
2 2

1
= by X 023}(7) + bag X c,(;’%(?) = — (1 + (_1)k+1) .

Lemma 15. The function po(u) =1 is a fized point of the operator Hy, :

(Hof)(t) = /O I (t _ %u _ %; k) Folu)du, k> 2. (3.14)
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Proof. Let u; = u — %, V] =V — % then

1 L 1 1 .
(Hrpo) (t——) :/ K(t__au__;k) du = K(ty,ui; k)duy =
2 . 2 2 B

1

/ [1—|—K1(t1,u1;k)—I—Kg(tl,ul;k)] du1

N

N
I=

= 1+/ Kl(tl,ulgk)du1+ Kg(tl,ul;k)dul.
-2

Now we’ll prove the following

1

2 Ki(tl,ul; k’)dul =0, 1€ {1,2}

1
2

(SIS

(3.15)

Case: i =1

2 Ki(ti, w; k)du

[%(m) <\k/ 20t + Z - 1> duy + o (uy) (WGt% T % _ 1)

(\/ Ot4 2—1) a11+a12/2 u2du+a13/2 u4du> +

u6du> =

N

N[

du1 =

N[—=

T2

(\/6252 1) <a21/ U du+a22/2 u4du+a23/2

K 3
( 201544—1—1) (CL11—|—3 24-|— s >—|—

N
(SIS

542

1 a a a

k[ 0 21 22 23
( 01 2 ) 5-42 7-4’”2)

< 20t4 1) (CL11 X Cll —|— aig X C(l?%(l) + a1z X Cg(’)?))(l)) +

(\ / 6t2 - — 1) ags X C2 1 —|— a9 X 051%(3) + a93 X C(l)(3)> = 0.

2.3
Case: 1 =2

1
B Ks(ti,ur k) =

- ng(ul) (\k/ 13 + 1) duy + j Yy () (\k/ 5+ 1) duq



57

It’s easy to check for j € {3,4} the functions v;(u) is odd, i.e:

1

/2 wj(ul)dul =0 = i Kg(tl,ul; k)dul =0.

_1
2

Thus we have proved

(HMO()) (t) =1+ 1 Kl(tl,ul; l{:)dul —+ 1 K2<t1,ul; k)du1 = 1.
2 2

This completes the proof. ]
Denote

1 3
fi(w) = ‘“6u2+§, fo(u) = ‘“20u4+1,

gi(u) = Vud+1, gou) = Vud + 1.

Theorem 24. For all k > ky the Hammerstein’s system of equations:

/1[?<t—1 u—lk) ¥ (u)du = g(t)
0 27 27 _g Y

/olf( (t_%’“_%”“) g"(w)du = f(1) (3.16)

in (C[0;1])* have at least four positive solutions with f # g.

Proof. We’ll show

(1(r=2) (e2)) (2 (mg) i (3))
(o (+=2) 2 (+2)) (s (e2) 0 (+-3)

are solutions to the system of equations (3.16).

and

At first we'll prove (fi(u — 3), fo(u — 3)) is a solution to equation (3.16).
Let u — 2 = uy, t—%:tl. Then

(kai)(t):/()l[N((t—%,u—%;k) i (u—%) du
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1
:/ K(tlyul;k)fik(ul)dulz
0

1
= / [1 -+ Kl(tl, U1; k) -+ Kz(tl, ui; k?)] ff(ul)dul.
0
It’s easy to see that

Ko(ty, —ui k) = —Ko(ti,urs k), filur) = fi(—u1), 1€ {1,2}.

Hence

Ko(ty, —urs k) fi(ur) = —Ka(ty, uis k) fi(w) = Ky (t1, u1; k) fi(ur)duy = 0.
Thus

N|—=

1

(Hf) (t - %) = () () = [ 1 K] £

Case: i =1

1 k
(Hif1) (t — %) = (Hif1) (t1) = /_ 11+ Ki(ti, uis k)] (k 6u? + %) duy

N[

N[ = N|=

N[

1
:/ <6u%+§> duy +

1

1
Ki(t1,u1; k) (61@ + 5) duq

2 1 [:
1 -|—6 Kl(tl,ul;k)u%dul + 5 Kl(tl,ul;k)dul
By (3.15) we get

2 / 3 / 1
— 1—1—6/1 [wl(ul) (’“ 20t‘11+1— 1) + 1o (uy) (’“ 6t‘{+§— 1>] ulduy
X i, 3 : 2
=146 20151 + Z —1 @Dl(ul)uldul

_1
2

YA :

o=

1
2

=

By Lemma 14

N[ =

1 2
X wl(ul)u%dul = 6, ng(ul)u%dul = 0. (317)

_1
2
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By (3.15) and (3.17) we obtain

(Hypf1) (t—%) = 1+<{“/20t‘{+2—1) = 20t‘{+%:f2(t1) = fo (t—%).

Case: 1 = 2
(o) (1 3 ) = (Eufe) () = [ 11+ K0, 0] A )l =

:/_2

1
2

1
14+ Ki(t1,uq; k)] <20u‘1L + §) du; =

1 1 1
1 [2 2 2 1
= 5/ Kl(tl,ul;k:)dul—l—QO Kl(tl,ul;k)u%dul—l—/ (20Uil + 5) du1 =
_1 _

1 1
2 2

By (3.15)
=14+20 2 Ki(ty, w; k)uyduy =
—3
. g 3 2 4
= 1420 /20 + 7 — 1 (u)uydunt

+20 | ([6i +5 =1 | dalw)urdu.
By Lemma 14

3 A 2 4 1

Jhi(w)uidur =0, [ a(ur)uydur = 20

-1 -3

Then

(kag) (t— %) = 1—|—<\k/ 615%4—%— 1) = Gt%—f—%: f1(t1) = f1 (t— %) .

By symmetry of (f1, fo) we have (f, f1) is also solution to equation (3.16).
[]

Now we’ll prove (g1(u — 1), go(u — 1)) is a solution to equation (3.16).

For i € {1,2}

1 b 1 1 1
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1

= i l}(tl,ul;k)(l +u%i+1)du1,

N[

where u; :u—%, ty :t—%. Then

1 7 - 1 |
(Hkgl) (t — 5) _ 2 K(tbul;k)dul + 2 K(t17u1;k)u%z+ldul _

_1 _1
By Lemma 15
— . _1 — 2= ) 2i+1 .
= (Hygi) (t=5 ) =1+ [ K(tnusk)u™ du =
—3
: |
=1+ / 1+ Kt was k) + Ko(t, ua; k)]u%ZJrldul.
—3
Hence

L 1

1 2 . 2 ,

(Higi) (t — 5) = 1+/ [1+ K1 (t1, ug; k)]U%Hldul—f— Ko (t1, us; k,)u%z—i—ldul
2 2 (3.18)

One can easily check that

Ki(ty, —up; k) = Ki(t,uy k) = Ki(ty, —up k) (—ud™) = =K (t, ug; k)ud ™

then 1
Kl(tl, Uui; k)u%iﬂdul =0, € {1, 2} (319)

1
By (3.18) and (3.19) we obtain

1 1
1 3 2 .
(Hpg1) <t— 5) = 1+/1u%+1du1 + 1K1(t1,u1;k)u§2+1dul+

1 1
3 . 3 .
+ Ko(t,up; k) duy = 1+ Ko(ty, up; k)uduy =

1 1
2 2
1 1
3 ‘ 2 ,
= 1+ <\’“/ 41— 1) 1 Vs (ug)ud  dug+ ({“/ 0+ 1— 1) 1 Yy (ug)u2 duy.
—3 ~3

Case: 1 =1

(Hig1) <75 - %) =1+ (\k/ ti+1— 1) 5 g (ur)uidu+

N[ =
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By Lemma 14
1 1
) ¢3(U1)U1dul =0, 1 ¢4(u1)u1du1 =1
Then
(Hign) ( — —) =1+ (\/1+t5 - 1)
1 ) 1
1t = -~ = t— =
i e (-3) - (-3)
Case: 1 =2

(Higr) (t - %) 14 (W— 1) * nunuldust

By Lemma 14 we get

1 / 1

Thus we have proved

o (i-2)=o(o-2). v (-1)-n-1)

Theorem 25. Let k > ky. The model
1 ~ 1 1
H(o)=—- g K — = B

on the Cayley tree T'* has at least four periodic Gibbs measures.
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3.3 EXISTENCE OF AT LEAST N GIBBS MEASURES ON A CAYLEY

TREE
Put
2(2p+i+i—2)
AP — ,1 , (1> , n,p € N. (3.20)
22p+i+j) —3\2 ot
B, by, ] ( ! ) b >0, (321)
nl@1, ..oy s 01, .0, = , ;0 . .
' : ai+bi/); i 1% !
C) = B,[4p,4(p+1),....2(p+n —1); 1,5, ...,4n — 3). (3.22)

Lemma 16. Let n > 2. Then

1 <j a; — a;)(b; — b;
det By[ay, ..., ap; by, ...y by] = H19<JST;L[( i) 7))
I1ij=1(ai + b))

det CP).

Corollary 8. det A;m = (%)2”(219%—1)

Proof. Let i, j = 1,n. We multiply by 22?*7=1 the column j of the matrix

A%p ) and then multiply by 2201 the row i of the matrix obtained. As a

result we get C,(f ). ]
Lemma 17. Let B~ Yay, as, ..., an; b1, ba, ..., by] = {5ij}i,j:m 1S an inverse
matriz of

Blay, as, ..., an; 01, bo, ..., b,]. Then

i+ ngl(a’s + b]) H::l,s#j(ai + bs)
HZzl,s;éj(bi o bs) ngl,s;&i(ai o aé’)

Proof. Subtracting the ith column of Blay, as, ..., ay; by, ba, ..., b,] from every

Bji = (=1)

other column we get a following equality

det Blay, ag, ..., an; b1, b9, ..., by =
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( 1 1 1 1 1 \
aj+by 7T ait+bi ar1+bjy1 T artby,
1 1 1 1 1
n o b ces ba_ ba ces bn
R e
n
Hszl(aé‘ + b])
1 1 1 1 1
\ an+b1 an+bj_1 an+bj+1 anern )

Now we subtract from the jth row the ith row for every j € {1,2....,1—1,i+
1,...n}. Then

det Blay, ..., an; b1, ..., by =
_ HZ 1(a5+b)Hs 15#3(0’2—{_[))
ngl,s;éj(bi - bS) Hg 1 s;éi(az CLS)

(“)[al, ey Q3 b1y oo by

where BU) (a1, ..., an; by, ..., by] is the cofactor of the element + in
aiTa;
Blai, ..., an; b1, ..., by]. Since 8 = T tBF“ Z”Zizn% the lemma is proved. [

Denote
(A = {oii}i et

Psq(u) = aaquP N+ L+ g3, (s,n,p) €N

Ko (10 k) = 14 3 (V14 205971 = 1) gy (), k22
s=1

Remark 3. For aj; element of (AS{’))—l following equality is holds

Ap + 25 + 25 = 3) [[o) o (4p + 25 + 2§ — 3)
ngl,s;éj(J —5) HZ:l,s;«éi( s)

Proof. By Corollary 8 and Lemma 17 we get

aji = (_1)i+j42p+i+j—4(n—1) HS 1(

B [dp, dp+2, . 4p+2(n—1);1,3,..2n — 1]

det Bldp,4p + 2, ..4p+2(n —1);1,3,..2n — 1]

Ap + 25 + 25 = 3) [ [=) oz (4D + 25 + 25 — 3)
Hs 1 s#j(Qj 23) Hg:l,s#z(zl - 25)

aji = (_1)i+j42p+i+j

_ (_1)i+j42p+i+j HS:I(
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Remark 4. There exist kg € N such that for all k > ko the following
inequality holds

1 1
K(mp) (t — §,U - 5, k) > 0, (t, U) c [0, 1]2
Indeed, it’s not difficult to check
1 1
nh_)IgoK( )( _é’u_i’k) =1>0.
Theorem 26. Let k > ky for k,n € N. Then there exist positive kernel

K p) (t — %, u — %; k) such that Hammerstein’s operator Hy has at least n

positive fixed points.

1, 1
»hi=t—3

Proof. Let fn(u) = V1 +u2@tm=1"m =T n and u; = u — 5

We show these functions are fixed points of operator Hy.

/IK( ) t—l 1 fk u—— du =
o P 2 2’ 2

1

= Knp) (t1,u1; k) fon () duy =
1+y° (f/l 4 201 1) P(snp) (U1)
s=1
1+Y <\/1 + £ - 1)
s=1

( 4(p—1)+2s+2m 4p+2(s+m+n)— ) du; =

N

I

N

(1 + uf(ﬁm)_l) du; =

(SIS

Q51 Uy + . Qg

/

_ 1+Z (\/1 +t1 p+8 _ 1) (Ozsmﬁsl‘i‘---'i‘@nmﬁsn) — {/1 _|_t%(17+m)—1

Hence
1
1 1 1 1
K t— = u—=k|f" — = )du=f, —— .
[ o (1= o) 2 (-3 ) o= g (=5

l\’)\»—-
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Theorem 27. Let k > ky. The model

Ho) =5 X 10 (Ko (060 = 50 - 558 ) )

on the Cayley tree T has at least n translation-invariant Gibbs measures.
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INFERENCE

This dissertation is based on results of very recently written pa-
pers. The Gibbs measure is a probablity measure. It has been an important
object in many problems of problems of probability theory and statistical
mechanics. In the theory of Gibbs measures is one of the central problems is
to describe limiting Gibbs measures corresponding to a given Hamiltonian.
The existence of such measures for a wide class of Hamiltonians was es-
tablished in the ground-breaking work of Dobrushin. However, a complete
analysis of the set of limiting Gibbs measures for a specific Hamiltonian
is often a difficult problem. These papers are devoted to models with a
finite set of spin values. Mainly were shown that these models have finitely
many translation-invariant and uncountable numbers of the non-translation-

invariant extreme Gibbs measures.

In this dissertation it is considered models with nearest-neighbor inter-
actions and with the set [0, 1] of spin values, on Cayley tree of order k > 2.
Moreover it is proved that each periodic Gibbs measures for given model
is either translation-invariant or two-periodic. In case £ > 2 some mod-
els (with the set [0, 1] of spin values) which have a unique splitting Gibbs
measures are constructed. For arbitrary & > 2 it is found a sufficient con-
dition under which the integral equation has unique solution; hence under
this condition the corresponding model has unique splitting Gibbs measure.
Finally, It is constructed several models with the set [0, 1] of spin values and
show that each of the constructed model has at least two (at least n Gibbs

measures for k > ky) periodic Gibbs measures.
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