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PREFECE

The Gibbs measure is a probablity measure, which has been an important

object in many problems of problems of probability theory and statistical

mechanics. It is the measure associated with the Hamiltonian of a physical

system (a model) and generalizes the notion of a canonical ensemble. More

importantly, when the Hamiltonian can be written as a sum of parts, the

Gibbs measure has the Markov property (a certain kind of statistical in-

dependence), thus leading to its widespread appearance in many problems

outside of physics, such as biology, Hopfield networks, Markov networks, and

Markov logic networks. Moreover, the Gibbs measure is the unique measure

that maximizes the entropy for a given expected energy.

One of the central problems in the theory of Gibbs measures is to describe

infinite-volume (or limiting) Gibbs measures corresponding to a given Hamil-

tonian. The existence of such measures for a wide class of Hamiltonians was

established in the ground-breaking work of Dobrushin (see, e.g. [23]). How-

ever, a complete analysis of the set of limiting Gibbs measures for a specific

Hamiltonian is often a difficult problem.

The structure of the lattice (graph) plays an important role in investiga-

tions of spin systems. For example, in order to study the phase transition

problem for a system on Zd and on Cayley tree there are two different meth-

ods: Pirogov-Sinai theory on Zd, Markov random field theory and recurrent

equations of this theory on Cayley tree. In [1]- [11] [16], [17]- [25], [29] for

several models on Cayley trees, using the Markov random field theory Gibbs

measures are described.

These papers are devoted to models with a finite set of spin values.

Mainly were shown that these models have finitely many translation-invariant
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and uncountable numbers of the non-translation-invariant extreme Gibbs

measures. Also for several models (see, for example, [8], [10], [20]) it were

proved that there exist three periodic Gibbs measures (which are invariant

with respect to normal subgroups of finite index of the group representation

of the Cayley tree) and there are uncountable number of non-periodic Gibbs

measures.

In [9] the Potts model with a countable set of spin values on a Cayley tree

is considered. It was showed that the set of translation-invariant splitting

Gibbs measures of the model contains at most one point, independently on

parameters of the Potts model with countable set of spin values. This is a

crucial difference from the models with a finite set of spin values, since the

last ones may have more than one translation-invariant Gibbs measures.

In [21] It is considered models with nearest-neighbor interactions and

with the set [0, 1] of spin values, on Cayley tree of order k = 1 and reduced

the problem of describing the ”splitting Gibbs measures” of the model to

the description of the solutions of some non-linear integral equation. Also

For it is showed that the integral equation has a unique solution and for the

Potts model with uncountable set of spin values it is proven that there is

unique splitting Gibbs measure.

In this dissertation we consider models with nearest-neighbor interactions

and with the set [0, 1] of spin values, on Cayley tree of order k ≥ 2. Moreover

we’ll prove that each periodic Gibbs measures for given model is either

translation-invariant or two-periodic. In case k ≥ 2 some models (with

the set [0, 1] of spin values) which have a unique splitting Gibbs measures

are constructed. For arbitrary k ≥ 2 we find a sufficient condition under

which the integral equation has unique solution; hence under this condition
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the corresponding model has unique splitting Gibbs measure. Finally, We

construct several models with the set [0, 1] of spin values and show that

each of the constructed model has at least two (at least n Gibbs measures

for k ≥ k0) periodic Gibbs measures.
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1 BASIC CONCEPTS AND AUXILIARY FACTS

1.1 GIBBS MEASURE CORRESPONDING TO THE HAMILTONIAN ON

A CAYLEY TREE.

Consider models where the spin takes values in the set [0, 1], and is assigned

to the vertexes of the tree. For A ⊂ V a configuration σA on A is an

arbitrary function σA : A → [0, 1]. Denote ΩA = [0, 1]A the set of all

configurations on A. A configuration σ on V is then defined as a function

x ∈ V 7→ σ(x) ∈ [0, 1]; the set of all configurations is [0, 1]V . The (formal)

Hamiltonian of the model is

H(σ) = −J
∑
〈x,y〉∈L

ξσ(x),σ(y), (1.1)

where J ∈ R \ {0} and ξ : (u, v) ∈ [0, 1]2 → ξu,v ∈ R is a given bounded,

measurable function. As usually, 〈x, y〉 stands for nearest neighbor vertices,

i.e., d(x, y) = 1.

Let λ be the Lebesgue measure on [0, 1]. On the set of all configurations

on A the a priori measure λA is introduced as the |A| fold product of the

measure λ. Here and further on |A| denotes the cardinality of A. We

consider a standard sigma-algebra B of subsets of Ω = [0, 1]V generated by

the measurable cylinder subsets. A probability measure µ on (Ω,B) is called

a Gibbs measure (with Hamiltonian H) if it satisfies the DLR equation,

namely for any n = 1, 2, . . . and σn ∈ ΩVn:

µ
({
σ ∈ Ω : σ

∣∣
Vn

= σn

})
=

∫
Ω

µ(dω)νVnω|Wn+1
(σn),

where νVnω|Wn+1
is the conditional Gibbs density

νVnω|Wn+1
(σn) =

1

Zn

(
ω
∣∣
Wn+1

) exp
(
−βH

(
σn ||ω

∣∣
Wn+1

))
,
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and β = 1
T , T > 0 is temperature. Here and below, ΩVn is the set of

configurations in Vn (and ΩWn
that in Wn; see below). Furthermore, σ

∣∣
Vn

and ω
∣∣
Wn+1

denote the restrictions of configurations σ, ω ∈ Ω to Vn and

Wn+1, respectively. Next, σn : x ∈ Vn 7→ σn(x) is a configuration in Vn and

H
(
σn ||ω

∣∣
Wn+1

)
is defined as the sum H (σn) + U

(
σn, ω

∣∣
Wn+1

)
where

H (σn) = −J
∑
〈x,y〉∈Ln

ξσn(x),σn(y),

U
(
σn, ω

∣∣
Wn+1

)
= −J

∑
〈x,y〉: x∈Vn,y∈Wn+1

ξσn(x),ω(y).

Finally, Zn

(
ω
∣∣
Wn+1

)
stands for the partition function in Vn, with the bound-

ary condition ω
∣∣
Wn+1

:

Zn

(
ω
∣∣
Wn+1

)
=

∫
ΩVn

exp
(
−βH

(
σ̃n ||ω

∣∣
Wn+1

))
λVn(dσ̃n).

Due to the nearest-neighbor character of the interaction, the Gibbs mea-

sure possesses a natural Markov property: for a given configuration ωn on

Wn, random configurations in Vn−1 (i.e., ‘inside’ Wn) and in V \ Vn+1 (i.e.,

‘outside’ Wn) are conditionally independent.

Let h : x ∈ V 7→ hx = (ht,x, t ∈ [0, 1]) ∈ R[0,1] be mapping of x ∈

V \ {x0}. Given n = 1, 2, . . ., consider the probability distribution µ(n) on

ΩVn defined by

µ(n)(σn) = Z−1
n exp

(
−βH(σn) +

∑
x∈Wn

hσ(x),x

)
. (1.2)

Here, as before, σn : x ∈ Vn 7→ σ(x) and Zn is the corresponding partition

function:

Zn =

∫
ΩVn

exp

(
−βH(σ̃n) +

∑
x∈Wn

hσ̃(x),x

)
λVn(σ̃n). (1.3)
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The probability distributions µ(n) are compatible if for any n ≥ 1 and

σn−1 ∈ ΩVn−1:

∫
ΩWn

µ(n)(σn−1 ∨ ωn)λWn
(d(ωn)) = µ(n−1)(σn−1). (1.4)

Here σn−1 ∨ ωn ∈ ΩVn is the concatenation of σn−1 and ωn. In this case

there exists a unique measure µ on ΩV such that, for any n and σn ∈ ΩVn,

µ

({
σ
∣∣∣
Vn

= σn

})
= µ(n)(σn).

Definition 1. The measure µ is called splitting Gibbs measure corresponding

to Hamiltonian (1.1) and function x 7→ hx, x 6= x0.

The following statement describes conditions on hx guaranteeing com-

patibility of the corresponding distributions µ(n)(σn).

Proposition 1. The probability distributions µ(n)(σn), n = 1, 2, . . ., in (1.2)

are compatible iff for any x ∈ V \ {x0} the following equation holds:

f(t, x) =
∏

y∈S(x)

∫ 1

0 exp(Jβξt,u)f(u, y)du∫ 1

0 exp(Jβξ0,u)f(u, y)du
(1.5)

Here, and below f(t, x) = exp(ht,x − h0,x), t ∈ [0, 1] and du = λ(du) is the

Lebesgue measure.

Proof. Necessity. Suppose that (1.4) holds; we want to prove (1.5). Substi-

tuting (1.2) in (1.4), obtain that for any configurations σn−1: x ∈ Vn−1 7→

σn−1(x) ∈ [0, 1]:

Zn−1

Zn

∫
ΩWn

exp

 ∑
x∈Wn−1

∑
y∈S(x)

(
Jβdσn−1(x)ωn(y) + hωn(y),y

)λWn
(dωn) =
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exp

 ∑
x∈Wn−1

hσn−1(x),x

 , (1.6)

where ωn: x ∈ Wn 7→ ωn(x).

From (1.6) we get:

Zn−1

Zn

∫
ΩWn

∏
x∈Wn−1

∏
y∈S(x)

exp (Jβdσn−1(x)ωn(y) + hωn(y),y)d(ωn(y)) =

∏
x∈Wn−1

exp (hσn−1(x),x).

Consequently, for any t ∈ [0, 1],∏
y∈S(x)

∫ 1

0 exp (Jβdtu + hu,y)du∫ 1

0 exp (Jβd0u + hu,y)du
= exp (ht,x − h0,x),

which implies (1.5).

Sufficiency. Suppose that (1.5) holds. It is equivalent to the representa-

tions

∏
y∈S(x)

∫ 1

0

exp (Jβdtu + hu,y)du = a(x) exp (ht,x), t ∈ [0, 1] (1.7)

for some function a(x) > 0, x ∈ V. We have

LHS of (1.4) =
1

Zn
exp(−βH(σn−1))λVn−1(d(σn))×

∏
x∈Wn−1

∏
y∈S(x)

∫ 1

0

exp (Jβdσn−1(x)u + hu,y)du. (1.8)

Substituting (1.7) into (1.8) and denoting An(x) =
∏

x∈Wn−1
a(x), we get

RHS of (1.8) =
An−1

Zn
exp(−βH(σn−1))λVn−1(dσ)

∏
x∈Wn−1

hσn−1(x),x. (1.9)
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Since µ(n), n ≥ 1 is a probability, we should have∫
ΩVn−1

λVn−1(dσn−1)

∫
ΩWn

λWn
(dωn)µ

(n)(σn−1, ωn) = 1

Hence from (1.9) we get Zn−1An−1 = Zn, and (1.4) holds.

From Proposition 1 it follows that for any h = {hx ∈ R[0,1], x ∈ V } sat-

isfying (1.5) there exists a unique Gibbs measure µ and vice versa. However,

the analysis of solutions to (1.5) is not easy. This difficulty depends on the

given function ξ. In the next sections we will consider several examples of

such functions and give some solutions of corresponding integral equations.

1.2 GROUP REPRESENTATION ON A CAYLEY TREE AND PERIODIC

GIBBS MEASURE.

Let Gk be a free product of k + 1 cyclic groups of the second order with

generators a1, a2, ...ak+1, respectively.

It is known that there exists a one to one correspondence between the

set of vertices V of the Cayley tree Γk and the group Gk.

To give this correspondence we fix an arbitrary element x0 ∈ V and let

it correspond to the unit element e of the group Gk. Using a1, ..., ak+1 we

numerate the nearest-neighbors of element e, moving by positive direction.

Now we’ll give numeration of the nearest-neighbors of each ai, i = 1, ..., k+1

by aiaj, j = 1, ..., k + 1. Since all ai have the common neighbor e we give

to it aiai = a2
i = e. Other neighbor are numerated starting from aiai by

the positive direction. We numerate the set of all the nearest-neighbors

of each aiaj by words aiajaq, q = 1, ..., k + 1, starting from aiajaj = ai

by the positive direction. Iterating this argument one gets a one-to-one

correspondence between the set of vertices V of the Cayley tree Γk and the
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group Gk.

Since the set of vertices V has the group representation Gk. Without

lost of generality we identify V with Gk, i.e., we sometimes replace V with

Gk.

In this section we study periodic solutions of (1.5).

Definition 2. Let K be a subgroup of Gk, k ≥ 1. We say that a functions

hx, x ∈ Gk is K-periodic if hyx = hx for all x ∈ Gk, y ∈ K. A Gk- periodic

function h is called translation-invariant.

Definition 3. A Gibbs measure is called K- periodic if it corresponds to K-

periodic function h.

Denote by S1(x) = {y ∈ Gk :< x, y >} the set of all nearest of the

word x ∈ Gk. Let K- be a normal subgroup of index r in Gk, and let

Gk/K = {K0, K1, ..., Kr−1} be a quotient group, with the coset K0 =

K. In addition, let qi(x) = |S1(x)
⋂
Ki|, i = 0, 1, ..., r − 1, and Q(x) =

(q0(x), q1(x), ..., qr−1(x)) where x ∈ Gk, qi(H0) = qi(e) = |{j ∈: Hi}|, Q(H0) =

(q0(H0), ..., qn−1(H0)).

Let H0 ⊂ Gk be an arbitrary normal subgroups of index n of the group

Gk. Obviously, each normal subgroups of the group Gk is the kernel of some

homomorphism ϕ of the group Gk into some group G∗. Introduce the fol-

lowing equivalence relation on the set Gk : x ∼ y if xy−1 ∈ H0.

Proposition 2. (i) xy ∼ xz if and only if y ∼ z and x, y, z ∈ Gk;

(ii) yx ∼ zx if and only if y ∼ z and x, y, z ∈ Gk.
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Proof. Necessity. Let xy ∼ xz, i.e., xy(xy)−1 = xyz−1x−1 ∈ H0. Hence,

ϕ(xyz−1x−1) = e ∈ G∗ (e is the unit element of the group G∗). Since ϕ is a

homomorphism, we obtain

ϕ(x)ϕ(yz−1)ϕ(x−1) = e. (1.10)

or ϕ(xz−1) = [ϕ(x)]−1[ϕ(x−1)]−1 = ϕ(x−1)[ϕ(x−1)]−1 = e, i.e., y ∼ z.

Sufficiency. Let y ∼ z, i.e.,

ϕ(yz−1) = e (1.11)

Consider the element ϕ(xyz−1x−1). As ϕ is a homomorphism, we have,

by virtue of 1.11, ϕ(xyz−1x−1) = e, i.e., xy ∼ xz.

Statement (i) is proved. Statement (ii) can be proved analogously.

Corollary 1. (i) xai ∼ xaj if and only if ai ∼ aj, where

ai, aj ∈ {e, a1, ..., ak+1} and x ∈ Gk;

(ii) xai ∼ yai if and only if x ∼ y, where ai ∈ {e, a1, ..., ak+1} and x, y ∈ Gk.

Denote by S1 = {y ∈ Gk : 〈x, y〉} the set of all nearest neighbors of the

word x ∈ Gk. Let Gk/H0 = {H0, H1, ..., Hn−1} be the factor-group w.r.t H0.

In addition, let qi(x) = |S1(x) ∩Hi|, i = 0, ..., n− 1, and

Q(x) = (q0(x), q1(x), ..., qn−1(x)), x ∈ Gk.

Proposition 3. If x ∼ y, then qi(x) = qi(y) for i = 0, ..., n− 1.

Proof. Let x ∼ y. Then, by virtue of Corollary 1, xai = yaj for any i =

0, ..., n − 1. Therefore, if S1(x) ∩ Hi = {xai1, xai2, ..., xaiqi(x)}, then S1(y) ∩

Hi = {yai1, yai2, ..., yaiqi(x)} for any i = 0, ..., n − 1, i.e., |S1(x) ∩ Hi| =

|S1(y) ∩Hi|.

Corollary 2. If x ∼ y, then Q(x) = Q(y).
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Introduce the following notations:

qi(H0) = qi(e) = |{j : aj ∈ Hi}|,

Q(H0) = (q0(H0), ..., qn−1(H0)), N(H0) = {j : qj(H0) 6= 0}.

Theorem 1. For any x ∈ Gk, there exists a permutation πx of the coordi-

nates of the vector Q(H0) such that

πx(Q(H0)) = Q(x). (1.12)

Proof. Obviously, S1(x) = xS1(e) = x{a1, a2, ..., ak+1} = {xa1, ..., xak+1}.

By virtue of Corollary 1, for any i = 0, ..., n − 1, there exists an index

j(i) ∈ {0, 1, ..., n− 1} such that

qi(H0) = |{j : aj ∈ Hi}| = |{xam : xam ∈ Hj(i)}| = qj(i)(x).

Set πx(i) = j(i).

Corollary 3. For any x ∈ Gk we have N(x) = N(H0).

Let G
(2)
k = {x ∈ Gk : the length of word x is even.}

Theorem 2. Let K be a normal subgroup of finite index in Gk. Then each

K- periodic Gibbs measure for the model is either translation-invariant or

G
(2)
k − periodic.

Proof. By Proposition 1

hx(t) =
∏

y∈S(x)

∫ 1

0 exp(Jβξt,u)hy(u)du∫ 1

0 exp(Jβξ0,u)hy(u)du
.

Let y0 ∈ S1(x) \ S(x) and ỹ ∈ S(x). By Theorem 1∏
y∈S1(x)\{ỹ}

∫ 1

0 exp(Jβξt,u)hy(u)du∫ 1

0 exp(Jβξ0,u)hy(u)du
=
∏

y∈S(x)

∫ 1

0 exp(Jβξt,u)hy(u)du∫ 1

0 exp(Jβξ0,u)hy(u)du
.

Then ∫ 1

0 exp(Jβξt,u)hy0(u)du∫ 1

0 exp(Jβξ0,u)hy0(u)du
=

∫ 1

0 exp(Jβξt,u)hỹ(u)du∫ 1

0 exp(Jβξ0,u)hỹ(u)du
.
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Hence

hx(t) =

(∫ 1

0 exp(Jβξt,u)hy0(u)du∫ 1

0 exp(Jβξ0,u)hy0(u)du

)k

Similarly we get

hỹ(t) =

(∫ 1

0 exp(Jβξt,u)hx(u)du∫ 1

0 exp(Jβξ0,u)hx(u)du

)k

Thus hy1(t) = hy2(t), ∀y1, y2 ∈ S1(x). Therefore

hx̃ = hỹ = h, x̃, ỹ ∈ S1(z), z ∈ G(2)
k ,

hx̃ = hỹ = l, x̃, ỹ ∈ S1(z), z ∈ Gk \G(2)
k .

Thus measures are translation-invariant (if h = l) or G
(2)
k − periodic (if

h 6= l). This completes the proof.

2 EXISTENCE AND UNIQUENESS OF GIBBS MEASURES

ON A CAYLEY TREE

2.1 EXISTENCE OF GIBBS MEASURE

In this section we consider ξtu as a continuous function and we are going to

solve equation (1.5) in the class of periodic functions f(t, x). By Theorem

2 we have only two cases. One of them translation-invariant, i.e., Gk −

periodic and the second is G
(2)
k − periodic.

For translation-invariant functions equation (1.5) can be written as

f(t) =

(∫ 1

0 K(t, u)f(u)du∫ 1

0 K(0, u)f(u)du

)k

, (2.1)

where K(t, u) = exp(Jβξtu) > 0, f(t) > 0, t, u ∈ [0, 1].

We shall find positive continuous solutions to (2.1) i.e. such that

f ∈ C+[0, 1] = {f ∈ C[0, 1] : f(x) > 0}.

Note that equation (2.1) is not linear for any k ≥ 1.
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Define the linear operator W : C[0, 1]→ C[0, 1] by

(Wf)(t) =

∫ 1

0

K(t, u)f(u)du (2.2)

and defined the linear functional ω : C[0, 1]→ R by

ω(f) ≡ (Wf)(0) =

∫ 1

0

K(0, u)f(u)du.

Then equation (2.1) can be written as

f(t) = (Akf)(t) =

(
(Wf)(t)

(Wf)(0)

)k
, f ∈ C+[0, 1], k ≥ 1. (2.3)

Similarly, G
(2)
k − periodic solutions to (1.5), i.e., f(t, x) = f(t) if x -

even and f(t, x) = g(t) if x - odd. For such functions equation (1.5) can be

written as

f(t) =

(∫ 1

0 K(t, u)g(u)du∫ 1

0 K(0, u)g(u)du

)k

, g(t) =

(∫ 1

0 K(t, u)f(u)du∫ 1

0 K(0, u)f(u)du

)k

, (2.4)

where K(t, u) = exp(Jβξtu), f(t), g(t) > 0, t, u ∈ [0, 1].

We are interested to positive continuous solutions to (1.5), i.e. such that

f, g ∈ C+[0, 1] = {ϕ ∈ C[0, 1] : ϕ(x) > 0}.

Then (1.5) can be written as

Akf = g, Akg = f, (f, g) ∈
(
C+

0 [0, 1]
)2
. (2.5)

Now we’ll prove that there exist translation−invariant solution of (1.5).

At first we check the case k = 1.

Proposition 4. If f ∈ C+[0, 1] is a solution to (2.1) then

f(t) ≥ κmin

κmax
0

, for any t ∈ [0, 1],
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where κmin = inft,u∈[0,1]K(t, u), κmax
0 = supu∈[0,1]K(0, u).

Proof. Straightforward.

Denote

C+
0 =

{
h ∈ C+[0, 1] : h(t) ≥ κmin

κmax
0

}
The following Lemma is also obvious

Lemma 1. (i) The set C+
0 is a closed and convex subset of the space C[0, 1].

(ii) The set C+
0 is invariant w.r.t. operator A1 i.e. A1(C

+
0 ) ⊂ C+

0 .

Lemma 2. Operator A1 is continuous on C+
0 .

Proof. Let f ∈ C+
0 is an arbitrary element and {fn} ⊂ C+

0 such that

limn→∞ fn = f . We shall prove that ‖A1fn−A1f‖ → 0 as n→∞. We have

|A1fn − A1f | ≤
Wfn|ω(fn)− ω(f)|+ ω(fn)|Wfn −Wf |

ω(f)ω(fn)
. (2.6)

Since the functional ω(·) and the operator W (·) are continuous on C[0, 1],

for any small ε > 0 there exits n0 = n0(ε) ∈ N such that

|ω(fn)− ω(f)| < ε, ‖Wfn −Wf‖ < ε, ∀n > n0.

Consequently

‖A1fn − A1f‖ <
‖Wfn‖+ ω(fn)

(ω(f)− ε)ω(f)
· ε. (2.7)

There are Mi, i = 0, 1, 2 such that ω(f) ≥M0, for all f ∈ C+
0 and

‖W (fn)‖ ≤M1, ω(fn) ≤M2, n ∈ N.

Thus from (2.7) we get

‖A1fn − A1f‖ <
M1 +M2

(M0 − ε)M0
· ε, n > n0.

This completes the proof.
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Lemma 3. The set A1(C
+
0 ) is relatively compact in C[0, 1].

Proof. By Arzelá-Askoli’s theorem (see [29], ch.III,§3) it suffices to prove that

all functions of A1(C
+
0 ) are uniformly continuous and there exists M > 0

such that

|h(t)| ≤M, ∀t ∈ [0, 1] and ∀h ∈ A1(C
+
0 ).

Let h ∈ A1(C
+
0 ) be an arbitrary function, then for a function f ∈ C+

0 we

have h = A1f . Consequently

|h(t)| ≤ κmax

κmin
0

, ∀t ∈ [0, 1].

Now we shall prove that any h ∈ A1(C
+
0 ) is uniformly continuous. For

arbitrary t, t′ ∈ [0, 1] we have (h = A1f)

|h(t)− h(t′)| ≤ 1

ω(f)

∫ 1

0

|K(t, u)−K(t′, u)|f(u)du. (2.8)

Since the kernel K(t, u) is uniformly continuous on [0, 1]2 we conclude that

h also is a uniformly continuous function. This completes the proof.

By Lemma 1-3 and Schauder’s theorem (see [28], p.20) one obtains

Proposition 5. [21] The equation A1f = f has at least one solution in

C+[0, 1].

2.2 THE HAMMERSTEIN’S NONLINEAR EQUATION

In this section we consider the existence of periodic solution of (1.5) for case

k ≥ 2 and connection of The Hammerstein’s nonlinear equation. Denote

Fk =

{
f ∈ C+[0, 1] : f(t) ≥

(
m

M0

)k}
, k ∈ N,

where

m = min
t,u∈[0,1]

K(t, u), M0 = max
u∈[0,1]

K(0, u).
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It is easy to see that Fk is a closed and convex subset of C[0, 1]. Moreover

this set is invariant with respect to operator Ak, i.e. Ak(Fk) ⊂ Fk.

Proposition 6. The operator Ak is continuous on Fk for any k ≥ 2.

Proof. For arbitrary C > 0 we denote

F0 =
{
f ∈ C+[0, 1] : f(t) ≥ C, ∀t ∈ [0, 1]

}
.

By Lemma 2 the operator A1 is continuous on the set F0.

Let f ∈ Fk be an arbitrary element and {fn} ⊂ Fk such that limn→∞ fn =

f . Since the operator A1 is continuous we have limn→∞A1fn = A1f . Con-

sequently, there exists C1 > 0 such that ‖A1fn‖ ≤ C1 for n ∈ N. Moreover

we have

(A1f)(t) ≤ C2 =
M

m0
, t ∈ [0, 1],

where

M = max
t,u∈[0,1]

K(t, u), m0 = min
u∈[0,1]

K(0, u).

We have

Akfn − Akf = (Bfn)
k − (Bf)k = qk,n(t)(A1fn − A1f), (2.9)

where

qk,n(t) =
k−1∑
j=0

(A1fn)
k−j−1(t)(A1f)j(t) > 0, t ∈ [0, 1].

Consequently,

qk,n(t) ≤ C =
k−1∑
j=0

(C1)
k−j−1(C2)

j, t ∈ [0, 1].

Hence

‖Akfn − Akf‖ ≤ C‖A1fn − A1f‖, n ∈ N.

Since A1 is a continuous from the last inequality it follows that Ak is con-

tinuous on Fk.
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Denote

F0
k =

{
f ∈ C+[0, 1] :

(
m

M0

)k
≤ f(t) ≤

(
M

m0

)k}
.

Proposition 7. Let k ≥ 2. If f ∈ C+
0 [0, 1] is a solution of the equation

Akf = f , then f ∈ F0
k .

Proof. Straightforward.

Proposition 8. Let k ≥ 2. The set Ak(F0
k ) is relatively compact in C[0, 1].

Proof. By Arzelá-Askoli’s theorem it suffices to prove that the set of func-

tions Ak(F0
k ) is equi-continuous and there exists γ > 0 such that

h(t) ≤ γ, ∀t ∈ [0, 1] and ∀h ∈ Ak(F0
k ).

Let h ∈ Ak(F0
k ) be an arbitrary function, we have

0 < h(t) ≤
(
M

m0

)k
and there exists a function f ∈ F0

k such that h = Akf .

Now we shall prove that Ak(F0
k ) is equi-continuous. For arbitrary t, t′ ∈

[0, 1] we have (h = Akf)

|h(t)− h(t′)| = |(A1f)k(t)− (A1f)k(t′)| =
k−1∑
j=0

(A1f)k−j−1(t)(A1f)j(t′)|(A1f)(t)− (A1f)(t′)| ≤

k

(
M

m0

)k−1
1

ω(f)

∫ 1

0

|K(t, u)−K(t′, u)|f(u)du ≤

k

(
M

m0

)2k−1
1

ω(f)

∫ 1

0

|K(t, u)−K(t′, u)|du.

We have

ω(f) ≥ m0 ·
(
m

M0

)k
, f ∈ F0

k .
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Consequently,

|h(t)− h(t′)| ≤ k

m0

(
M0

m

)k (
M

m0

)2k−1 ∫ 1

0

|K(t, u)−K(t′, u)|du.

Since the kernel K(t, u) is uniformly continuous on [0, 1]2, we conclude

that Ak(F0
k ) also is equi-continuous.

By Propositions 6-8 and Schauder’s theorem one gets the following

Theorem 3. The equation Akf = f has at least one solution in C+
0 [0, 1]

and the set of all solutions of the equation is a subset in F0
k .

For every k ∈ N we consider an integral operator Hk acting in C+[0, 1]

as follows:

(Hkf)(t) =

∫ 1

0

K(t, u)fk(u)du.

If k ≥ 2 then the operator Hk is a nonlinear operator which is called

Hammerstein’s operator of order k. Moreover the linear operator equation

H1f = f has a unique positive solution f in C[0, 1] (see [13], p.80).

For a nonlinear homogeneous operator A it is known that if there is one

positive eigenfunction of the operator A then the number of the positive

eigenfunctions is continuum (see [13], p.186).

Denote

M0 =
{
f ∈ C+[0, 1] : f(0) = 1

}
.

Lemma 4. The equation

Akf = f, k ≥ 2 (2.10)

has a strongly positive solution iff the equation

Hkf = λf, k ≥ 2 (2.11)

has a strongly positive solution in M0.
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Proof. Necessariness. Let f0 ∈ C+
0 [0, 1] be a solution of the equation (2.10).

We have

(Wf0)(t) = ω(f0)
k
√
f0(t).

From this equality we get

(Hkh)(t) = λ0h(t),

where h(t) = k
√
f0(t) and λ0 = ω(f0) > 0.

It is easy to see that h ∈ M0 and h(t) is an eigenfunction of the Ham-

merstein’s operator Hk, corresponding the positive eigenvalue λ0.

Sufficiency. Let k ≥ 2 and h ∈ M0 be an eigenfunction of the Hammer-

stein’s operator. Then there is a number λ0 > 0 such that Hkh = λ0h. From

h(0) = 1 we get λ0 = (Hkh)(0) = ω(hk). Then

h(t) =
Hkh

ω(hk)
.

From this equality we get Akf0 = f0 with f0 = hk ∈ C+
0 [0, 1]. This completes

the proof.

Theorem 4. If k ≥ 2 then every number λ > 0 is an eigenvalue of the

Hammerstein’s operator Hk.

Proof. By Theorem 3 and Lemma 4 there exist λ0 > 0 and f0 ∈ M0 such

that

Hkf0 = λ0f0.

Take λ ∈ (0,+∞), λ 6= λ0. Define function h0(t) ∈ C+
0 [0, 1] by

h0(t) = k−1

√
λ

λ0
f0(t), t ∈ [0, 1].

Then

Hkh0 = Hk

(
k−1

√
λ

λ0
f0

)
= λh0.
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This completes the proof.

Denote

K =

{
f ∈ C+[0, 1] : M · min

t∈[0,1]
f(t) ≥ m · max

t∈[0,1]
f(t)

}
,

Pk =

{
f ∈ C[0, 1] :

m

M
·
(

1

M

) 1
k−1

≤ f(t) ≤ M

m
·
(

1

m

) 1
k−1
}
, k ≥ 2.

Proposition 9. Let k ≥ 2.

a) The following holds

Hk(C
+[0, 1]) ⊂ K.

b) If a function f0 ∈ C+
0 [0, 1] is a solution of the equation

Hkf = f (2.12)

then f0 ∈ Pk.

Proof. a) Let h ∈ Hk(C
+[0, 1]) be an arbitrary function. Then there exists

a function f ∈ C+[0, 1] such that h = Hkf . Since h is continuous on [0, 1],

there are t1, t2 ∈ [0, 1] such that

hmin = min
t∈[0,1]

h(t) = h(t1) = (Hkf)(t1),

hmax = max
t∈[0,1]

h(t) = h(t2) = (Hkf)(t2).

Hence

hmin ≥ m

∫ 1

0

fk(u)du ≥ m

∫ 1

0

K(t2, u)

M
fk(u)du =

m

M
hmax,

i.e. h ∈ K.

b) Let f ∈ C+
0 [0, 1] be a solution of the equation (2.12). Then we have

‖f‖ ≤M‖f‖k. Consequently,

‖f‖ ≥
(

1

M

) 1
k−1

.
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By the property a) we have

f(t) ≥ fmin = min
t∈[0,1]

f(t) ≥ m

M
‖f‖.

Then we obtain

f(t) ≥ m

M

(
1

M

) 1
k−1

.

Also we have

f(t) = (Hkf)(t) ≥ m

∫ 1

0

fk(u)du ≥ mfkmin.

Then fmin ≥ mfkmin, i.e.

fmin ≤
(

1

m

) 1
k−1

.

Hence be the property a) we get

f(t) ≤ fmax ≤
M

m
fmin ≤

M

m

(
1

m

) 1
k−1

.

Thus we have f ∈ Pk.

The case G
(2)
k − periodic is similar. That’s why we’ll give results without

proof.

Put

M0 =
{
f ∈ C+[0, 1] : f(0) = 1

}
.

Lemma 5. The system of equations:

(Akf)(t) = g(t), (Akg)(t) = f(t), k ≥ 2. (2.13)

has a positive solution iff the system of equations:

(Hkf)(t) = λ1g(t), (Hkg)(t) = λ2f(t), k ≥ 2 (2.14)

has a positive solution in (M0)
2.

Lemma 6. The system of equations (2.14) has a positive solution iff the

system of equations:

(Hkf)(t) = g(t), (Hkg)(t) = f(t), k ≥ 2 (2.15)
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has a positive solution.

Denote

K =

{
f ∈ C+[0, 1] : M · min

t∈[0,1]
f(t) ≥ m · max

t∈[0,1]
f(t)

}
,

Pk =

{
ϕ ∈ C[0, 1] :

m

M
·
(

1

M

) 1
k−1

≤ ϕ(t) ≤ M

m
·
(

1

m

) 1
k−1
}
, k ≥ 2,

where

M = max
t,u∈[0,1]2

K(t, u), m = min
t,u∈[0,1]2

K(t, u).

Proposition 10. Let k ≥ 2. Then

a) Hk(C
+[0, 1]) ⊂ K.

b) If (f0, g0) ∈ (C+
0 [0, 1])2 is a solution of the system (2.15) then (f0, g0) ∈

(Pk)2.

2.3 UNIQUENESS OF GIBBS MEASURES

Now we shall prove that every periodic Gibbs measures be a unique translation−

invariant Gibbs measure for k = 1.

Since the equation A1f = f is equivalent to

(Wf)(t) = ω(f) · f(t), f ∈ C+[0, 1], (2.16)

we shall study eigenvalues of the operator Wf .

Lemma 7. If ϕ0 ∈ C+[0, 1] is an eigenfunction of the operator W i.e.
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Wϕ0 = λ0ϕ0, λ0 > 0 then there are a1 > 0 and b1 > 0 such that

a1ω1(f)ϕ0(t) ≤ (Wf)(t) ≤ b1ω1(f)ϕ0(t), ∀t ∈ [0, 1], ∀f ∈ C+[0, 1],

(2.17)

where ω1(f) =
∫ 1

0 f(u)du.

Proof. Note that

aω1(f) ≤ Wf ≤ bω1(f), f ∈ C[0, 1] (2.18)

where a = mint,u∈[0,1]K(t, u) and b = maxt,u∈[0,1]K(t, u). We have

aω1(ϕ0) ≤ Wϕ0 = λ0ϕ0 ≤ bω1(ϕ0).

Hence
λ0ϕ0(t)

bω1(ϕ0)
≤ 1 ≤ λ0ϕ0(t)

aω1(ϕ0)
, ∀t ∈ [0, 1]. (2.19)

Using (2.18) and (2.19) we get (2.17) with

a1 =
aλ0

bω1(ϕ0)
> 0, b1 =

bλ0

aω1(ϕ0)
> 0.

Theorem 5. If λ0 > 0 is an eigenvalue of W then Wf = λ0f has a unique

solution f ∈ C+[0, 1].

Proof. Assume that there are two solutions f0 ∈ C+[0, 1] and f1 ∈

C+[0, 1] i.e Wfi = λ0fi, i = 0, 1. Denote

δ0 = sup{δ ∈ [0,∞) : f0(t)− δf1(t) ∈ C+[0, 1]}.

We have

W (f0 − δ0f1) = W (f0)− δ0W (f1) = λ0(f0 − δ0f1) > 0.

By Lemma 7 we get

W (f0 − δ0f1) ≥ a2f0(t) > a2δ0f1(t) with some a2 > 0,
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where we used a2(f0(t)− δ0f1(t)) > 0.

Consequently

λ0(f0 − δ0f1) > a2δ0f1(t)

i.e.

f0(t)− δ0(1 +
a2

λ0
)f1(t) > 0 for any t ∈ [0, 1].

This contradicts the maximality of δ0.

(Wf)(t) = w(f)g(t), (Wg)(t) = w(g)f(t), f, g ∈ C+[0, 1] (2.20)

Remark 1. Let (f, g) satisfies 2.20 with f 6= g, δ0 = sup{δ ∈ (0,∞) :

f − δg > 0}.

Then W (f − δ0g) > 0.

Proof We have f−δ0g ≥ 0 ⇒W (f−δ0g) ≥ 0. Suppose W (f−δ0g) = 0

then

f − δ0g ≡ 0 ⇒ f(t)

g(t)
= δ0, t ∈ [0, 1].

For t = 0

g(0) =
(Wf)(0)

w(f)
= 1 =

(Wg)(0)

w(g)
= f(0).

Then δ0 = 1. This contradicts to f 6= g. Thus we have proved W (f−δ0g) >

0.

Theorem 6. If k = 1 then every periodic solution of (1.5) is unique and

this solution is a translation-invariant.

Proof. At first we’ll show the equation A1f = f has a unique solution f ∈

C+[0, 1]. By Proposition 5 the equation has at least one solution. We shall

prove its uniqueness. Assume that A1f = f has two solutions f0 and f1,
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then there are λ0 = λ0(f0) and λ1 = λ1(f1) such that Wfi = λifi, i = 0, 1.

By Theorem 5 we have λ0 6= λ1. Assume λ0 < λ1 (the case λ0 > λ1 is

similar). Consider

hδ(t) = f0(t)− δf1(t), δ ∈ [0,∞)

and

δ0 = sup{δ ∈ [0,∞) : hδ(t) ∈ C+[0, 1]}

We have

W (hδ0)(t) = λ0(f0(t)− δ0
λ1

λ0
f1(t)) > 0, ∀t ∈ [0, 1].

Since δ0 is maximal we get λ1
λ0
≤ 1 i.e. λ0 ≥ λ1, this contradicts our

assumption λ0 < λ1.

Now we’ll show the system of equations (A1f)(t) = g(t) , (A1g)(t) = f(t)

has not any solution (f, g) ∈ (C+[0, 1])2 with f 6= g. Let (f1(x), g1(x)) be a

solution of the system of equations:

(A1f)(t) = g(t), (A1g)(t) = f(t).

Then

(Wf1)(t) = w(f1)g1(t), (Wg1)(t) = w(g1)f1(t).

Put

λ1 = w(f1), λ2 = w(g1) ⇒ λi > 0, i ∈ {1, 2}.

Denote

δ1 = sup{δ ∈ (0,∞) : f − δg > 0}, δ2 = sup{δ ∈ (0,∞) : g − δf > 0}.

By Remark 1

λ1g(t)− λ2δ1f(t) = W (f − δ1g) > 0,

λ2f(t)− λ1δ2g(t) = W (g − δ2f) > 0.
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Hence
λ2

λ1
δ1 <

g(t)

f(t)
,
λ1

λ2
δ2 <

f(t)

g(t)
, t ∈ [0, 1].

There exists t0, t1 ∈ [0, 1] such that δ2 = g(t0)
f(t0) and δ1 = f(t1)

g(t1) . Then

g(t)

f(t)
≥ g(t0)

f(t0)
= δ2 >

λ2

λ1
δ1,

f(t)

g(t)
≥ f(t1)

g(t1)
= δ1 >

λ1

λ2
δ2.

Thus we have λ2
λ1
δ1 < δ2 and λ1

λ2
δ2 < δ1 this is a contradiction. This

completes the proof.

Example 1. If K(t, u) = α(t) + α(u) where α is a given function, then

one can easily check that

f(t) =
α(t) +

√∫ 1

0 α
2(u)du

α(0) +
√∫ 1

0 α
2(u)du

is the unique solution of the equation A1f = f .

Theorem 7. For model (1.1) with an arbitrary continuous function ξtu on

[0, 1]2, ∀J ∈ R and for any β > 0 on the Cayley tree of order 1 there exists

a unique splitting Gibbs measure.

Example 2. For any k ≥ 1 we shall consider one simple case: let

ξtu = a(t) + b(u), where a(t) and b(u) are arbitrary given functions. Very

simple calculations show that equation (1.5) has unique solution f(t, x) =

f(t) = exp(kJβ(a(t)−a(0))). Thus for the model (1.1) with ξtu = a(t)+b(u)

there is unique splitting Gibbs measure.

Example 3. Consider K(t, u) = α(t)+α(u) i.e. ξtu = 1
Jβ ln(α(t)+α(u)),

where α is a given positive function on [0, 1]. Then the unknown function f

can be written as

f(t) =

(
α(t)X + Y

α(0)X + Y

)k
=

(
α(t)x+ 1

α(0)x+ 1

)k
,
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where X =
∫ 1

0 f(u)du and Y =
∫ 1

0 α(u)f(u)du, x = X
Y . It is easy to see that

x satisfies the equation

x =

∑k
j=0

aj
j!(k−j)!x

j∑k
j=0

aj+1

j!(k−j)!x
j
, x > 0 (2.21)

where ai =
∫ 1

0 α
i(t)dt, i = 0, 1, ..., k + 1.

From (2.21) we get

γ(x) = ak+1x
k+1 + bkx

k + bk−1x
k−1 + ...+ b1x− 1 = 0, (2.22)

where

bj =
k!(2j − k − 1)

j!(k − j + 1)!
aj, j = 1, ..., k.

It is well known (see [18], p.28) that the number of positive roots of

the polynomial (2.22) does not exceed the number of sign changes of the

sequence:

ak+1, bk, bk−1, ..., b1,−1. (2.23)

It is obvious that ak+1 > 0, bj > 0 if j > k+1
2 and bj < 0 if j < k+1

2 . Thus

the number of positive roots of the polynomial (2.22) is at most one. Since

γ(0) = −1 and γ(+∞) = +∞ we get that (2.22) has a unique positive root.

Consider the Hamiltonian

H(σ) = −1

β

∑
〈x,y〉∈L

ln (α(σ(x)) + α(σ(y))) , (2.24)

where α is a given positive, integrable function.

The Potts model.

Note that if ξtu = δtu where δ is the Kronecker’s symbol then model (1.1)

becomes the Potts model with uncountable set of spin values. It is easy to
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see that ∫ 1

0

exp (Jβδtu) f(u, y)du =

∫ 1

0

exp (Jβδ0u) f(u, y)du

for any t ∈ [0, 1], y ∈ V . Consequently the equation (1.5) has the unique

solution f(t, x) = 1, t ∈ [0, 1], x ∈ V for any k ≥ 1, J ∈ R, and any β > 0.

Thus we have

Theorem 8. it The Potts model with uncountable set of spin values on

Cayley tree of order k ≥ 1 has unique splitting Gibbs measure for any J ∈ R

and β > 0.

The following remarks give a comparison of the result with known results

about ordinary Potts model.

Remarks. 1. It is known (see, for example ( [15]) that the Potts model

with q ≥ 2 spin values on Zd, d ≥ 2 undergoes a first-order phase transition

at a certain transition temperature Tcr = Tcr(q), provided q is large enough.

Namely, the model (on Zd) has q different Gibbs measures for temperatures

T < Tcr, q + 1 measures at T = Tcr and one measure for T > Tcr.

2. Note that (see [7], [11], [16]) for the ferromagnetic Potts model with

q spin values on Cayley tree for any q ≥ 2 (even for q = 2 i.e. for the

Ising model (see [3], [2]) there are q + 1 distinct translation-invariant Gibbs

measures. Namely, there are two critical temperatures 0 < T ′c < Tc such

that (i) for T ∈ (0, T ′c] there are q + 1 Gibbs measures. Among them only

one, say µ0, (with µ0(σ(x) = i) = 1
q , i = 1, .., q) is not extreme and called

unordered Gibbs measure; (ii) for T ∈ (T ′c, Tc] the q + 1 Gibbs measures

still exist and all of them are extreme. (iii) for T > Tc there is one Gibbs

measure.

3. In [9] it was proven that the Gibbs measure is unique if q → ∞ i.e.
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when the set of spin values is a countable set. Theorem 1 shows that the

uniqueness is also true for an uncountable set of spin values.

Now for arbitrary k ≥ 2 we find a sufficient condition under which the

integral equation has unique solution; hence under this condition the cor-

responding model has unique splitting Gibbs measure. We shall prove that

Akf = f and Hkf = f have a unique solution in C+
0 [0, 1].

Lemma 8. Assume function f ∈ C[0, 1] changes its sign on [0, 1]. Then for

every a ∈ R the following inequality holds

‖fa‖ ≥
1

n+ 1
‖f‖, n ∈ N,

where fa = fa(t) = f(t)− a, t ∈ [0, 1].

Proof. By conditions of lemma there are t1, t2 ∈ [0, 1] such that

fmin = f(t1) < 0, fmax = f(t2) > 0.

In case a = 0 the proof is obvious. We assume a > 0

a) Let |fmin| ≥ fmax. Then ‖f‖ = |fmin| = |f(t1)|. Hence

‖fa‖ = max{|f(t1)− a|, |f(t2)− a|} > |f(t1)| = ‖f‖ ≥
1

n+ 1
‖f‖, n ∈ N.

b) Let |fmin| < fmax and 1
2‖f‖ ≥ a. Then ‖f‖ = fmax = f(t2) and

‖f‖ − a ≥ a > 0. Consequently,

‖fa‖ = max{|f(t1)−a|, |f(t2)−a|} ≥ |f(t2)−a| = ‖f‖−a ≥
1

n+ 1
‖f‖, n ∈ N.

c) Let |fmin| < fmax and 1
2‖f‖ < a. Then ‖f‖ = f(t2) and

‖fa‖ = max{|f(t1)− a|, |f(t2)− a|} >
1

2
‖f‖ ≥ 1

n+ 1
‖f‖, n ∈ N.

Thus for a > 0 the proof is completed. For a < 0 we put ga(t) = g(t) − a′

with g(t) = −f(t) and a′ = −a > 0. Then

‖fa‖ = ‖ga‖ ≥
1

n+ 1
‖g‖ =

1

n+ 1
‖f‖, n ∈ N.
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This completes the proof.

Theorem 9. Let k ≥ 2. If the kernel K(t, u) satisfies the condition(
M

m

)k
−
(m
M

)k
<

1

k
, (2.25)

then the operator Hk has a unique fixed point in C+
0 [0, 1].

Proof. By Theorem 4 the Hammerstein’s equation Hkf = f has at least

one solution. Assume that there are two solutions f1 ∈ C+
0 [0, 1] and f2 ∈

C+
0 [0, 1], i.e Hkfi = fi, i = 1, 2. Denote f(t) = f1(t) − f2(t). Then by

Theorem 46.6 of [14] the function f(t) changes its sign on [0, 1]. From

Lemma 16 we get

max
t∈[0,1]

∣∣∣∣f(t)− k

2
(γ1 + γ2)

∫ 1

0

f(s)ds

∣∣∣∣ ≥ 1

2
‖f‖,

where

γ1 =
(m
M

)k
, γ2 =

(
M

m

)k
.

By a mean value Theorem we have

f(t) =

∫ 1

0

K(t, u)kξk−1(u)f(u)du,

here ξ ∈ C+[0, 1] and

min{f1(t), f2(t)} ≤ ξ(t) ≤ max{f1(t), f2(t)}, t ∈ [0, 1].

By Proposition 9 we have ξ ∈ Pk, i.e.

m

M

(
1

M

) 1
k−1

≤ ξ(t) ≤ M

m

(
1

m

) 1
k−1

, t ∈ [0, 1].

Hence

γ1 ≤ K(t, u)ξk−1(u) ≤ γ2, t, u ∈ [0, 1].

Therefore ∣∣∣∣k ·K(t, u)ξk−1(u)− γ1 + γ2

2

∣∣∣∣ ≤ γ2 − γ1

2
.
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Then ∣∣∣∣f(t)− k

2
(γ1 + γ2)

∫ 1

0

f(u)du

∣∣∣∣ ≤ k

2
(γ2 − γ1)‖f‖. (2.26)

Assume the kernel K(t, u) satisfies the condition (2.25). Then k(γ2−γ1) < 1

and the inequality (2.26) contradicts to Lemma 16. This completes the

proof.

Theorem 10. Let k ≥ 2. If the kernel K(t, u) satisfies the condition (2.25),

then for every λ > 0 the Hammerstein’s equation Hkf = λf has unique

solution in C+
0 [0, 1].

Proof. Clearly the equation Hkf = λf is equivalent to the following equation∫ 1

0

Kλ(t, u)fk(u)du = f(t), (2.27)

where Kλ(t, u) = 1
λK(t, u). The kernel Kλ(t, u) satisfies the condition (2.25)

with m̃ = m
λ and M̃ = M

λ . Consequently, by Theorem 9 it follows that the

equation (2.27) has unique solution in C+
0 [0, 1].

Theorem 11. Let k ≥ 2. If the kernel K(t, u) satisfies the condition (2.25),

then the equation Akf = f has unique solution in C+
0 [0, 1].

Proof. Assume there are two solutions f1, f2 ∈ C+[0, 1], f1 6= f2, i.e. Akfi =

fi, i = 1, 2. By Lemma 4 the functions hi(t) = k
√
fi(t), t ∈ [0, 1] are solutions

of the Hammerstein’s equation, i.e.

Hkhi = λihi, i = 1, 2,

where λi = ω(fi) > 0 and hi ∈M0. On the other hand Theorem 10 implies

that λ1 6= λ2. Let h0(t) ∈ C+[0, 1] be a fixed point of the Hammerstein’s

operator Hk. Then by Theorems 4 and 10 we get

hi = k−1
√
λih0(t), i = 1, 2.
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Consequently,
f1(t)

f2(t)
= γk, with γ = k−1

√
λ1

λ2
.

Using this equality we obtain

f1(t) = (Akf1)(t) = Ak(γ
kf2) = Akf2(t) = f2(t).

This completes the proof.

Consider the following Hamiltonian

H(σ) = −J
∑
〈x,y〉∈L

ξσ(x)σ(y) = −
∑
〈x,y〉∈L

lnK(σ(x), σ(y)), (2.28)

where J ∈ R \ {0} and K(t, u) satisfies the condition (2.25). Then as a

corollary of Proposition 1 and Theorem 11 we get the following

Theorem 12. Let k ≥ 2. If the function K(t, u) of the Hamiltonian (2.28)

satisfies the condition (2.25), then the model (2.28) has unique translational

invariant Gibbs measure.

Example 4. It is easy to see that the condition (2.25) is satisfied iff

M

m
≤ ηk =

k

√
1 +
√

4k2 + 1

2k
, k ≥ 2.

Consider the following function

K(t, u) =
m∑
i=1

n∑
j=1

cijt
iuj + a, cij ≥ 0, a > 0. (2.29)

For this function we have m = a, M =
∑m

i=1

∑n
j=1 cij + a. The following is

obvious

a) If 1
a

∑m
i=1

∑n
j=1 cij ≤ ηk−1 then for function (2.29) the condition (2.25)

is satisfied.

b) If 1
a

∑m
i=1

∑n
j=1 cij > ηk−1 then for function (2.29) the condition (2.25)

is not satisfied.

Analogously we get
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Proposition 11. Let k ≥ 2. If the kernel K(t, u) satisfies the condition

(2.25) then the system (2.15) has not solution (f, g) in (C+
0 [0, 1])2 with f 6=

g.

Corollary 4. Let k ≥ 2. Let the kernel K(t, u) satisfies the condition (2.25).

For every λ1 > 0, λ2 > 0 the Hammerstein’s system of equations

Hkf = λ1g, Hkg = λ2f (2.30)

has not solution (f, g) ∈ (C+
0 [0, 1])2, f 6= g.

Proposition 12. Let k ≥ 2. If the kernel K(t, u) satisfies the condition

(2.25), then the system of equations (2.15) has not solution in (C+
0 [0, 1])2, f 6=

g.

Theorem 13. Let k ≥ 2. If the kernel K(t, u) satisfies the condition (2.25)

then the model (1.1) has no periodic (non-translation-invariant) Gibbs mea-

sure.
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3 NON-UNIQUENESS OF PERIODIC GIBBS MEASURE ON

A CAYLEY TREE.

3.1 EXISTENCE OF TWO GIBBS MEASURES FOR THE MODEL (1.1):

CASE k ≥ 2

Case: k = 2. Consider the case k = 2 in the model (1.1) and

ξt,u =
1

βJ
ln

(
1 +

14

15
· 5

√
4

(
t− 1

2

)(
u− 1

2

))
, t, u ∈ [0, 1].

Then, for the kernel K(t, u) of the Hammerstein’s integral operator H2 we

have

K(t, u) = 1 +
14

15
· 5

√
4

(
t− 1

2

)(
u− 1

2

)
.

Proposition 13. The Hammerstein’s operator H2 :

(H2f)(t) =

∫ 1

0

K(t, u)f 2(u)du

in the space C[0, 1] has at least two strictly positive fixed points.

Proof. a) Let f1(t) ≡ 1. Then we have

(H2f1)(t) = 1 +
14

15
· 5

√
4

(
t− 1

2

)
·
∫ 1

0

(
u− 1

2

) 1
5

du = 1 = f1(t), t ∈ [0, 1].

b) Denote

f2(t) =
3

4
+

√
21

5
·

5
√

2

4
·
(
t− 1

2

) 1
5

, t ∈ [0, 1].

Then f2 ∈ C[0, 1] and the function f2(t) is strictly positive. Put

a =
14

15
· 5
√

4, b =

√
21

5
·

5
√

2

4
.

We have

H2f2 = h1(t) + h2(t) + h3(t) + γ,
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where

h1(t) = ab2 · 5

√
t− 1

2
·
∫ 1

0

5

√(
u− 1

2

)3

du,

h2(t) =
3ab

2
· 5

√
t− 1

2
·
∫ 1

0

5

√(
u− 1

2

)2

du,

h3(t) =
9a

16
· 5

√
t− 1

2
·
∫ 1

0

5

√
u− 1

2
du,

γ =

∫ 1

0

f 2
2 (u)du.

It is clear that

h1(t) = h3(t) ≡ 0.

For the function h2(t) we obtain

h2(t) =
3ab

2
· 5

√
t− 1

2
·
∫ 1/2

−1/2

u
2
5du =

15ab

14 5
√

4
· 5

√
t− 1

2
.

Observe that

γ =
5b2

7 5
√

4
+

9

16
.

Consequently we have

(H2f2)(t) = h2(t) + γ = f2(t).

Denote by µ1 and µ2 the translation-invariant Gibbs measures which by

Proposition 1 correspond to solutions f1(t) = 1 and f2(t) = 3
4 +

√
21
5 ·

5
√

2
4 ·(

t− 1
2

) 1
5 .

Thus we have proved the following
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Theorem 14. The model

H(σ) = −1

β

∑
<x,y>
x,y∈V

ln

(
1 +

14

15
· 5

√
4

(
σ(x)− 1

2

)(
σ(y)− 1

2

))
, σ ∈ ΩV

on the Cayley tree Γ2 has at least two translation-invariant Gibbs measures

µ1, µ2.

Case: k = 3. Now we shall consider the case k = 3 and

ξt,u =
1

βJ
ln

(
1 +

1

2
· 7

√
4

(
t− 1

2

)(
u− 1

2

))
, t, u ∈ [0, 1].

Then, for the kernel K(t, u) of the operator H3 we have

K(t, u) = 1 +
1

2
7

√
4

(
t− 1

2

)(
u− 1

2

)
.

Proposition 14. The operator H3 :

(H3f)(t) =

∫ 1

0

(
1 +

1

2
· 7

√
4

(
t− 1

2

)(
u− 1

2

))
f 3(u)du

in the space C[0, 1] has at least two strictly positive fixed points.

Proof. a) Let f1(t) ≡ 1. Then

(H3f1)(t) = 1 +
1

2
· 7

√
4

(
t− 1

2

)
·
∫ 1

2

− 1
2

u
1
7du = 1 = f1(t), t ∈ [0, 1].

b) We define the function f2:

f2(t) =
1

2

(√
57

17
+

√
33

119
· 7

√
2

(
t− 1

2

))
, t ∈ [0, 1].

Then f2 ∈ C[0, 1] and the function f2(t) is strictly positive. Put

a =
1

2

√
57

17
, b =

1

2

√
33

119
.

We have

(H3f2)(t) = h1(t) + h2(t) + h3(t) + h4(t) + γ ,
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where

h1(t) =
a3

2
ϕ(t) ·

∫ 1

0

7

√
u− 1

2
du,

h2(t) =
3a2b

2
· 7
√

2ϕ(t) ·
∫ 1

0

7

√(
u− 1

2

)2

du,

h3(t) =
3ab2

2
· 7
√

4ϕ(t) ·
∫ 1

0

7

√(
u− 1

2

)3

du,

h4(t) =
b3

2
· 7
√

8ϕ(t) ·
∫ 1

0

7

√(
u− 1

2

)4

du,

γ =

∫ 1

0

f 3
2 (u)du.

Here ϕ(t) = 7

√
4
(
t− 1

2

)
, t ∈ [0, 1]. It is clear that

h1(t) = h3(t) ≡ 0.

For the functions h2(t) and h4(t) we obtain, that

h2(t) =
3a2b 7
√

2

2
· ϕ(t)

∫ 1
2

− 1
2

u
2
7du =

7a2b

6 7
√

2
· ϕ(t),

h4(t) =
b3 7
√

8

2
· ϕ(t)

∫ 1
2

− 1
2

u
4
7du =

7b3

22 7
√

2
· ϕ(t).

Observe that

γ = a3 + 3ab2 7
√

4 ·
∫ 1

2

− 1
2

u
2
7du = a3 +

7ab2

3
= a.

Consequently, we have

H3f2 = h2 + h4 + a = a+
7b

2 7
√

2

(
a2

3
+
b2

11

)
ϕ(t) = a+

b
7
√

2
ϕ(t) = f2(t).

From Proposition 14 and Proposition 1 we get



39

Theorem 15. The model

H(σ) = −1

β

∑
<x,y>
x,y∈V

ln

(
1 +

1

2
7

√
4

(
σ(x)− 1

2

)(
σ(y)− 1

2

))
, σ ∈ ΩV

on the Cayley tree Γ3 has at least two translation-invariant Gibbs measures.

Case: k ≥ 4.

Let k ∈ N and k ≥ 2. We consider sequences of continuous functions

Pn(x) (n ∈ N) and Qm(x) (m ∈ N, m > k) defined by

Pn(x) ≡ Pn,k(x) =

(
1 +

xn−1

2

)k+1

−
(

1− xn−1

2

)k+1

, x ∈ R,

Qm(x) ≡ Qm,k(x) = (k + 1)xm−k, m > k, x ∈ R.

Proposition 15. Let k ≥ 2. Then

Pn(1) > Qn(1), (3.1)

for any n ∈ N, n > k.

Proof. Let k ≥ 2 and n > k. We have

Pn(1) = µk =
3k+1 − 1

2k+1
, Qn = ηk = k + 1.

In the case k = 2 we obtain, that

Pn(1) =
13

4
> Qn(1) = 3.

We now suppose, that the inequality (3.1) holds for k = m > 2. Then we

show that the inequality (3.1) also is true for k = m+ 1.

Obviously, that

µm+1 =
3(m+1)+1 − 1

2(m+1)+1
>

3(m+1)+1 − 3

2m+1 · 2
=
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=
3m+1 − 1

2m+1
· 3

2
= µm ·

3

2
> (m+ 1) · 3

2
> m+ 2 = ηm+1,

i.e. µm+1 > ηm+1. Thus we get

Pn(1) > Qn(1)

for any k ≥ 2 and n > k.

Proposition 16. Let k ≥ 2. The equation(
1 +

x

2

)k+1

−
(

1− x

2

)k+1

− (k + 1)x = 0, x ≥ 0 (3.2)

has a unique solution x = 0.

Proof. Let k ≥ 2. Define the continuous function ϕ(x) :

ϕ(x) =
(

1 +
x

2

)k+1

−
(

1− x

2

)k+1

− (k + 1)x, x ∈ [0,∞).

We have

ϕ′(x) = (k + 1)

(
1

2

(
1 +

x

2

)k
+

1

2

(
1− x

2

)k
− 1

)
.

However, (
1 +

x

2

)k
+
(

1− x

2

)k
> 2, for all x ∈ (0,∞).

Consequently, we have ϕ′(x) > 0 for all x ∈ (0,∞), i.e. the function ϕ(x)

is an increasing on [0,∞). So, the zero is a unique solution of the equation

(3.2).

Proposition 17. Let k ≥ 2. Then for each n ∈ N, n > k the equation

Pn(x)−Qn(x) = 0 (3.3)

has at least one solution ξ = ξ(k;n) in (0,1).
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Proof. Let k ≥ 2 and n > k. We have

lim
x→0+

Pn(x)

Qn(x)
=

1

k + 1
lim
x→0+

(
1 + xn−1

2

)k+1

−
(

1− xn−1

2

)k+1

xn−k
=

=
1

k + 1
lim
x→0+

((
1 + xn−1

2

)
−
(

1− xn−1

2

)) k∑
j=0

(
1 + xn−1

2

)k−j (
1− xn−1

2

)j
xn−k

=

=
1

k + 1
lim
x→0+

xk−1 ·
k∑
j=o

(
1 +

xn−1

2

)k−j (
1− xn−1

2

)j
= 0.

Since the functions Pn(x) and Qn(x) are continuous, the exists a number

δ > 0 such that

Pn(x) < Qn(x) for all x ∈ (0, δ).

However Pn(0) = Qn(0) = 0 and by Proposition 15 we have Pn(1) >

Qn(1). Consequently there exists a number ξ = ξ(k;n) ∈ (0, 1) such that

Pn(ξ(k;n)) = Qn(ξ(k;n)) = 0.

Let k ≥ 2 be a fixed number and suppose that {ξ(k;n)}n>k ⊂ (0, 1) –

some set of solutions of the following system of equations:

Pn(x)−Qn(x) = 0, n ∈ N, n > k.

We have 0 < ξ(k;n) < 1 for all n ∈ N, n > k. Consequently

0 < ξ(k;n)n−1 < 1 for all n > k. Then there exists a upper limit of the

sequence ξ(k;n)n−1, n > k, i.e. there exists a subsequence

αp = ξ(k;np)
np−1, p ∈ N of the sequence ξ(k;n)n−1, n > k such that

α = lim
n→∞

sup ξ(k;n)n−1 = lim
p→∞

ξ(k;np)
np−1 = lim

p→∞
αp.

Obviously, that 0 ≤ α ≤ 1. Define the sequence βp, p ∈ N by

βp = ξ(k;np), p ∈ N.
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Then

αp = βnp−1
p , p ∈ N.

Lemma 9. α = lim
p→∞

αp = 0.

Proof. a)Assume α = 1. Put

β = lim
p→∞

sup ξ(k;np) = lim
p→∞

sup βp.

Then, there exists a subsequence {βpq}q∈N ⊂ {βp}p∈N such that

lim
q→∞

βpq = β.

We have 0 ≤ β ≤ 1. If 0 ≤ β < 1, there exists q0 ∈ N such that βpq <
1+β

2

for all q > q0. From that

0 ≤ αpq ≤
(

1 + β

2

)npq−1

, q ∈ N, q > q0.

Therefore α = lim
q→∞

αpq = 0. The last equality is a contradiction to the

assumption α = 1. However, we obtain that β = 1. Then from the equality

Pnpq
(
ξ(k;npq)

)
= Qnpq

(
ξ(k;npq)

)
, q ∈ N (3.4)

as q →∞ we observe that(
1 +

1

2

)k+1

−
(

1− 1

2

)k+1

= k + 1,

i.e.

Pm(1) = Qm(1), m > k.

The last equality is a contradiction to the assertion of Proposition 15. Thus,

we have proved that α 6= 1.

b) Assume that 0 < α < 1. In the case 0 ≤ β < 1 we get α = 0. So

β = 1. Then from (3.4) as q →∞ we get(
1 +

α

2

)k+1

−
(

1− α

2

)k+1

= (k + 1)α.
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The last equality is contradict to the assertion of Proposition 16. Thus, we

have proved that α 6∈ (0, 1). Consequently, α = 0.

Corollary 5. lim
p→∞

βp = 1.

Proof. From the equality (3.4) we get

βp = ξ(k;np) =
k−1

√√√√√ k + 1
k∑
j=0

(
1 +

αp
2

)k−j (
1− αp

2

)j , p ∈ N.

Hence by Lemma 9 it follows that

lim
p→∞

βp = 1.

Define the sequence Cn, n > k ≥ 2 :

Cn = Cn(k) =
ξ(k;n)3n−k−2

1
2+k ·

[(
1 + ξ(k;n)n−1

2

)k+2

−
(

1− ξ(k;n)n−1

2

)k+2
]
− ξ(k;n)n−k

,

(3.5)

where ξ(k;n) ∈ (0, 1) is an arbitrary solution to the equation (3.3).

Put

γp = γp(k) = Cnp(k), p ∈ N.

Lemma 10. For every k ∈ N, k ≥ 2 the following equality holds

lim
p→∞

γp(k) =
12

k
.

Proof. We have

γp =
α3
p · β1−k

p

1
k+2 ·

((
1 +

αp
2

)k+2 −
(
1− αp

2

)k+2
)
− ξ(k;np)np−k

=

=
α3
p · β1−k

p

1
k+2 ·

((
1 +

αp
2

)k+2 −
(
1− αp

2

)k+2
)
− 1

k+1 ·
((

1 +
αp
2

)k+1 −
(
1− αp

2

)k+1
) .
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However(
1 +

αp
2

)k+2

−
(

1− αp
2

)k+2

=
k+2∑
j=0

Cj
k+2 ·

(αp
2

)j
−

k+2∑
j=0

Cj
k+2 ·

(
−αp

2

)j
=

= 2C1
k+2 ·

αp
2

+ 2C3
k+2 ·

α3
p

23
+ ...+ 2Cm1

k+2 ·
αm1
p

2m1
,

where

m1 ≡ m1(k) =

 k + 2, if k is odd

k + 1, if k is even.

Analogously we have

(
1 +

αp
2

)k+1

−
(

1− αp
2

)k+1

= 2C1
k+1 ·

αp
2

+ 2C3
k+1 ·

α3
p

23
+ ...+ 2Cm2

k+1 ·
αm2
p

2m2
,

where

m2 ≡ m2(k) =

 k + 1, if k is even

k, if k is odd,

i.e. m2 = 2m0 − 1, m0 ∈ N.

Therefore
m0∑
j=2

ajα
2j−1
p + am0+1α

2m0+1
p = α3

p(a2 + a3α
2
p + a4α

4
p + . . .+ am0+1α

2(m0−1)
p ),

where

aj =
2

22j−1
·

(
C2j−1
k+2

k + 2
−
C2j−1
k+1

k + 1

)
, j = 2, 3, ... ,

am0+1 =

 0 if m1 = m2,

1
22m0
· C

2m0+1
k+2

k+2 if m2 < m1.

Obviously that

a2 =
k

12
.

Thus we get

γp =
β1−k
p

k
12 + a3α2

p + a4α4
p + ...+ am0+1α

2(m0−1)
p

, p ∈ N.
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Hence by Corollary 5 it follows that

lim
p→∞

γp =
12

k
.

Corollary 6. If k ≥ 4 then 0 < lim
p→∞

γp ≤ 3.

For each k ≥ 4 we define the set N0(k) :

N0(k) = {p ∈ N : |γp(k)| < 4}.

Note that, the set N0(k) is a countable subset in the set of all natural

numbers. For each p ∈ N0(k), (k ≥ 4) we define the continuous function

Kp(t, u; k) on [0, 1]2 by

Kp(t, u; k) = 1 + γp(k)

(
t− 1

2

)(
u− 1

2

)
, t, u ∈ [0, 1].

By the inequality |γp(k)| < 4 it follows that, the function Kp(t, u; k) is

strictly positive.

Theorem 16. Let k ≥ 4. For each p ∈ N0(k) the Hammerstein’s equation∫ 1

0

Kp(t, u; k)fk(u)du = f(t) (3.6)

in the C[0, 1] has at least two positive solutions.

Proof. Obviously, that the function f0(t) ≡ 1 is a solution of the equation

(3.6). Define the strictly positive continuous function f1(t) on [0, 1] by

f1(t) = ξ(k;np) + ξ(k;np)
np

(
t− 1

2

)
, t ∈ [0, 1].

We shall prove that the function f1(t) also is a solution of the Hammer-

stein’s equation (3.6) :

∫ 1

0

Kp(t, u; k)fk1 (u)du =

∫ 1

0

(
1 + γp(k)

(
t− 1

2

)(
u− 1

2

))
×
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×
(
ξ(k;np) + ξ(k;np)

np

(
u− 1

2

))k
du =

=

∫ 1/2

−1/2

(
βp + βnpp u

)k
du+ γp(k)

(
t− 1

2

)∫ 1/2

−1/2

u
(
βp + βnpp u

)k
du =

=
βkp

β
np−1
p

∫ 1/2

−1/2

(
1 + βnp−1

p u
)k
d
(
1 + βnp−1

p u
)

+ γp(k)

(
t− 1

2

)
×

×
βkp

β
np−1
p

∫ 1/2

−1/2

u
(
1 + βnp−1

p u
)
d
(
1 + βnp−1

p u
)

=
βkp
αp
· 1

k + 1
(1 + αpu)k+1

∣∣∣1/2−1/2+

+
γp(k)βkp
α2
p

(
t− 1

2

)∫ 1/2

−1/2

(
(1 + αpu)k+1 − (1 + αpu)k

)
d(1 + αpu) =

= βp + βnpp ·
(
t− 1

2

)
= ξ(k;np) + ξ(k;np)

np

(
t− 1

2

)
= f1(t).

From Theorem 16, Proposition 1 we get the following theorem.

Theorem 17. Let k ≥ 4 and p ∈ N0(k). The model

H(σ) = −1

β

∑
<x,y>
x,y∈V

lnKp(σ(x), σ(y); k), σ ∈ ΩV

on the Cayley tree Γk has at least two translations-invariant Gibbs measures.

3.2 EXISTENCE OF PERIODIC GIBBS MEASURES FOR MODEL (1.1)

In this section we construct a function K(t, u) such that corresponding equa-

tion (1) has a solution (f, g) with f 6= g.

Case: k = 2.

Put

Kn(t, u) =
1− bnc3

n
n

√
u− 1

2

(
n

√
(u− 1

2)2 − 4
)2

n

√
t− 1

2

c2
n

(
n

√
u− 1

2 + 2
)2 , t, u ∈ [0, 1] (3.7)

where

bn =

(
1
n
√

4

)(n−1)(
1 +

2

n

)
, c3

n =
1

2

∫ 1
2

− 1
2

1

(2 + n
√
u)2

du.
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Lemma 11. For all t, u ∈ [0, 1], the following holds:

lim
n→∞

Kn(t, u) > 0.

Proof. It is easy to see

lim
n→∞

Kn(t, u) > 0 ⇔

lim
n→∞

1− bnc3
n
n

√
u− 1

2

(
n

√
(u− 1

2
)2 − 4

)2

n

√
t− 1

2

 > 0.

We have

lim
n→∞

bn = lim
n→∞

(
1
n
√

4

)(n−1)(
1 +

2

n

)
=

1

4
,

lim
n→∞

cn = lim
n→∞

3

√√√√1

2

∫ 1
2

− 1
2

1

(2 + n
√
u)2

du ≥ 3

√
1

8
.

Then

lim
n→∞

Kn(t, u) > 0 ⇔

lim
n→∞

1− bnc3
n
n

√
u− 1

2

 n

√(
u− 1

2

)2

− 4

2

n

√
t− 1

2

 > 0.

Corollary 7. There exists n0 such that for every n ≥ n0 the function

Kn0(t, u) is a positive function.

Proof. Straightforward.

Theorem 18. The system of Hammerstain’s equation:∫ 1

0

Kn0(t, u)f 2(u)du = g(t),

∫ 1

0

Kn0(t, u)g2(u)du = f(t) (3.8)

in the space (C[0, 1])2 has at least two positive solutions with f 6= g.
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Proof. Let

f
(n0)
1 (t) = cn0

(
n0

√
t− 1

2
+ 2

)
, g

(n0)
1 (t) = 1, t ∈ [0, 1],

Then (f
(n0)
1 , g

(n0)
1 ) ∈ (C[0, 1])2 and positive.

(a) Consider the first equation:∫ 1

0

Kn0(t, u)f 2(u)du = g(t).∫ 1

0

Kn0(t, u)
(
f

(n0)
1 (u)

)2

du =

= 1−
∫ 1

0

bn0 · c3
n0

n0

√
u− 1

2

 n0

√(
u− 1

2

)2

− 4

2

n0

√
t− 1

2
du =

= 1− bn0 · c3
n0
· n0
√
t1

∫ 1
2

− 1
2

n0
√
u1

(
n0

√
u2

1 − 4

)2

du1 = 1 = g
(n0)
1 (t).

where u1 = u− 1
2 , t1 = t− 1

2 .

(b) Now we consider the second equation:∫ 1

0

Kn0(t, u)
(
g

(n0)
1 (u)

)2

du = fn01 (t).∫ 1

0

Kn0(t, u) (gn01 (u))2 du =

=

∫ 1

0

1− bn0c3
n0

n0

√
u− 1

2

(
n0

√
(u− 1

2)2 − 4
)2

n0

√
t− 1

2

c2
n0

(
n0

√
u− 1

2 + 2
)2 du =

Let u1 = u− 1
2 , t1 = t− 1

2 . Then∫ 1
2

− 1
2

1

c2( n0
√
u1 + 2)2

du1 − bn0cn0 n0
√
t1

∫ 1
2

− 1
2

n0
√
u1

(
n0
√
u1 − 4

)2

( n0
√
u1 + 2)2

du1 =

1

c2
n0

∫ 1
2

− 1
2

1

( n0
√
u1 + 2)2

du1 − bn0cn0 n0
√
t1

∫ 1
2

− 1
2

n0
√
u1 ( n0
√
u1 − 2)

2
du1 =



49

= 2cn0 + 4bn0cn0
n0
√
t1

∫ 1
2

− 1
2

n0

√
u2

1du1 = cn0

(
n0

√
t− 1

2
+ 2

)
= fn01 (t).

By symmetry of (f, g) we have (gn01 (t), fn01 (t)) is also solution of (3.8).

This completes the proof.

From this we get

Theorem 19. The model: H(σ) =

−1

β

∑
<x,y>

ln

1− bn0c3
n0

n0

√
σ(x)− 1

2

(
n0

√
(σ(x)− 1

2)2 − 4
)2

n0

√
σ(y)− 1

2

c2
n0

(
n0

√
σ(x)− 1

2 + 2
)2


on the Cayley tree Γ2 has at least two periodic Gibbs measures.

Case: k = 3.

Lemma 12. Let a ∈ R. Then for every odd (even) function ϕ(x) ∈ C[0, 1]

the following equation holds:∫ a

−a

ϕ(x)

(1 + sin x)3
dx = −2

∫ a

0

ϕ(x) sinx(3 + sin2 x)

cos6 x
dx.(∫ a

−a

ϕ(x)

(1 + sin x)3
dx = 2

∫ a

0

ϕ(x)(1 + 3 sin2 x)

cos6 x
dx

)
.

Proof. Let ϕ(x) be odd (the case even is similar) function∫ a

−a

ϕ(x)

(1 + sin x)3
dx =

∫ a

0

ϕ(x)

(1 + sin x)3
dx+

∫ 0

−a

ϕ(x)

(1 + sin x)3
dx =∫ a

0

ϕ(x)

(1 + sin x)3
dx−

∫ a

0

ϕ(x)

(1− sinx)3
dx = −2

∫ a

0

ϕ(x) sinx(3 + sin2 x)

cos6 x
dx.

Put

K(t, u) =
1− 22

17 sin π(2t−1)
3 sin π(2u−1)

3

a3(1 + sin π(2u−1)
3 )3

, t, u ∈ [0, 1], (3.9)

where a = 4

√
198
√

3
5π . It is easy to see that K(t, u) is a positive and

continuous function.
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Theorem 20. The system of Hammerstain’s equations∫ 1

0

K(t, u)f 3(u)du = g(t),

∫ 1

0

K(t, u)g3(u)du = f(t), (3.10)

in the space (C[0, 1])2 has at least two positive solutions with f 6= g.

Proof. (a) Denote

f1(t) = a

(
1 + sin

π(2t− 1)

3

)
, g1(t) = 1, t ∈ [0, 1],

where a = 4

√
198
√

3
5π . Then (f1, g1) ∈ (C[0, 1])2 and the functions f1 and g1

are positive. Consider the first equation of (3.10)∫ 1

0

K(t, u)f 3
1 (u)du = 1− 22

17
sin

π(2t− 1)

3

∫ 1

0

sin
π(2u− 1)

3
du = 1.

(b) Now we check the second equation.∫ 1

0

K(t, u)g3
1(u)du =

∫ 1

0

1− 22
17 sin π(2t−1)

3 sin π(2u−1)
3

a3(1 + sin π(2u−1)
3 )3

du.

Let t1 = π
3 (2t− 1), u1 = π

3 (2u− 1). Then∫ π
2

−π2
K(t1, u1)g

3
1(u1)du1 =

3

2a3π

(∫ π
3

−π3

1− 22
17 sin t1 sinu1

(1 + sinu1)3

)
du1 =

=
3

2a3π

(∫ π
3

−π3

1

(1 + sinu1)3
du1 −

22

17
sin t1

∫ π
3

−π3

sinu1

(1 + sinu1)3

)
du1.

By Lemma 12 LHS of this equality is

3

2a3π

[∫ π
3

0

1 + 3 sin2 u1

cos6 u1
du1 +

22

17
sin t1

∫ π
3

0

sin2 u1(3 + sin2 u1)

cos6 u1
du1

]
=

=
3

a3π

[∫ √3

0

(1 + 4y2)(1 + y2)dy +
22

17
sin t1

∫ √3

0

y2(3 + 4y2)dy

]
=

=
198
√

3

a3π
(1 + sin t1) =

198
√

3

a3π

(
1 + sin

π(2t− 1)

3

)
= f(t).

By symmetry of (f1, g1) we have (g1(t), f1(t)) is also solution to (3.8).

This completes the proof.
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Theorem 21. The model:

H(σ) = −1

β

∑
<x,y>

ln

(
1− 22

17 sin π(2σ(x)−1)
3 sin π(2σ(y)−1)

3

a3(1 + sin π(2σ(x)−1)
3 )3

)

on the Cayley tree Γ3 has at least two periodic Gibbs measures.

Case: k ≥ 4.

Denote

ck =
2
(
1− (1

3)k−1
)

k−1
k−2

(
1− (1

3)k−2
)
− 2

(
1− (1

3)k−1
) . (3.11)

Lemma 13. For every k ∈ N, k ≥ 4 the following inequality holds: |ck| < 4.

Proof For k ≥ 4 we have

|ck| =
2
(
1− (1

3)k−1
)

k−3
k−2 + (1

3)k−1(k+1
k−2)

<
2

k−3
k−2 + (1

3)k−1(k+1
k−2)

<
2(k − 2)

k − 3
,

Thus

|ck| <
2(k − 2)

k − 3
= 2 +

2

k − 3
≤ 4. (3.12)

Hence |ck| < 4 for k ≥ 4.

For each k ≥ 4 , a > 0 we define the continuous function

K(t, u, k) =
1 + ck(t− 1

2)(u− 1
2)

ak(u+ 1
2)k

, t, u ∈ [0, 1].

By the inequality (3.12) it follows that the function K(t, u, k) is positive.

Theorem 22. For each k ≥ 4 the Hammerstein’s system of equations:∫ 1

0

K(t, u, k)fk(u)du = g(t),

∫ 1

0

K(t, u, k)gk(u)du = f(t) (3.13)

in (C[0, 1])2 have at least two positive solutions with f 6= g.
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Proof. Let k ≥ 4. Define the positive continuous functions f1(t), g1(t) on

[0, 1] by the equality

f1(t) = a

(
t+

1

2

)
, g1(t) = 1

where

a = a(k) = k+1

√√√√ 2k−1

k − 1

(
1−

(
1

3

)k−1
)
, k ≥ 4.

It is easy to see that a > 0. We shall show that (f1, g1) is a solution to the

Hammerstein’s system of equations (3.12).

We shall check the first equation.∫ 1

0

K(t, u, k)fk1 (u)du =

∫ 1

0

1 + ck
(
t− 1

2

) (
u− 1

2

)
ak
(
u+ 1

2

)k (
a

(
u+

1

2

))k
du =

=

∫ 1

0

(
1 + ck

(
t− 1

2

)(
u− 1

2

))
du = 1 + ckt1

∫ 1
2

− 1
2

u1du1 = 1.

Where t1 = t− 1
2 and u1 = u− 1

2 . Hence∫ 1

0

K(t, u, k)fk1 (u)du = g1(t).

Now we shall check the second equation.∫ 1

0

K(t, u, k)gk1(u)du =

∫ 1

0

(
1 + ck(t− 1

2)(u− 1
2)

ak(u+ 1
2)k

)
du =

∫ 1

0

1

ak(u+ 1
2)k

du+

∫ 1

0

ck(t− 1
2)(u− 1

2)

ak(u+ 1
2)k

du

=
1

ak

(∫ 1
2

− 1
2

1

(u1 + 1)k
du1 + ckt1

∫ 1
2

− 1
2

u1

(u1 + 1)k
du1

)
=

(
where t1 = t− 1

2
, u1 = u− 1

2

)
=

1

ak
2k−1

k − 1

(
1−

(
1

3

)k−1
)

+

+
ckt1
ak

[
2k−2

k − 2

(
1−

(
1

3

)k−2
)
− 2k−1

k − 1

(
1−

(
1

3

)k−1
)]

=
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= a+ at1
2
(
1− (1

3)k−1
)

k−1
k−2

(
1− (1

3)k−2
)
− 2

(
1− (1

3)k−1
)×

×

(
(k − 1)

(
1− (1

3)k−2
)
− 2(k − 2)

(
1− (1

3)k−1
)

2(k − 2)
(
1− (1

3)k−1
) )

= f1(t).

Moreover, (g1(t), f1(t)) is also solution to (3.13).

Theorem 23. Let k ≥ 4. The model

H(σ) = −1

β

∑
<x,y>

ln

(
1 + ck(σ(x)− 1

2)(σ(y)− 1
2)

ak(σ(x) + 1
2)k

)
on the Cayley tree Γk has at least two periodic Gibbs measures.

Now we construct models which existence of four periodic Gibbs

measures for model (1.1). Denote

cij(m) =
1

m+ 2(i− 1) + 2(j − 1)
, (n,m, p) ∈ N ×N ×N0, 1 ≤ i, j ≤ n,

A
(m,p)
n =

(
cij(m)

4p+j+i−2

)
n

be n× n square matrix.

If n ∈ {2, 3} then it’s easy to check det(A
(m,p)
n ) 6= 0.

Put 
a11

a12

a13

 =
(
A

(1,0)
3

)−1


0

1
6

0

 ,


a21

a22

a23

 =
(
A

(3,1)
3

)−1


0

0

1
20


and b11

b12

 =
(
A

(5,2)
2

)−1

1

0

 ,

b21

b22

 =
(
A

(7,3)
2

)−1

0

1

 ,

where
(
A

(m,p)
n

)−1

is inverse of A
(m,p)
n .

So we define following functions:

ψ1(u) = a11 + a12u
2 + a13u

4, ψ2(u) = a21u
2 + a22u

4 + a23u
6,
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ψ3(u) = b11u+ b12u
3, ψ4(u) = b21u

3 + b22u
5.

Finally

K1(t, u; k) = ψ1(u)

(
k

√
20t4 +

3

4
− 1

)
+ ψ2(u)

(
k

√
6t2 +

1

2
− 1

)
,

K2(t, u; k) = ψ3(u)
(

k
√
t3 + 1− 1

)
+ ψ4(u)

(
k
√
t5 + 1− 1

)
,

K̃(t, u; k) = 1 +K1(t, u; k) +K2(t, u; k).

Remark 2. There exist k0 ∈ N such that for all k ≥ k0 the following

inequality holds

K̃

(
t− 1

2
, u− 1

2
; k

)
> 0, (t, u) ∈ [0, 1]2.

Proof. It is sufficient to show:

lim
k→∞

K̃

(
t− 1

2
, u− 1

2
; k

)
> 0, (t, u) ∈ [0, 1]2.

Let γ : [0, 1]→ [m,M ] be a function, m > 0.

We have

0 = lim
k→∞

( k
√
m− 1) ≤ lim

k→∞
( k
√
γ(t)− 1) ≤ lim

k→∞
(
k
√
M − 1) = 0.

Hence

lim
k→∞

( k
√
γ(t)− 1) = 0 ⇒ lim

k→∞
Ki

(
t− 1

2
, u− 1

2
; k

)
= 0, i ∈ {1, 2}

and

lim
k→∞

K̃

(
t− 1

2
, u− 1

2
; k

)
= 1 > 0.

This completes the proof.

Lemma 14. If k ∈ {1, 2}, then

(i)

∫ 1
2

− 1
2

ψ1(u)u2kdu =
1

12

(
1 + (−1)k+1

)
,
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(ii)

∫ 1
2

− 1
2

ψ2(u)u2kdu =
1

12

(
1 + (−1)k

)
,

(iii)

∫ 1
2

− 1
2

ψ3(u)u2k+1du =
1

12

(
1 + (−1)k

)
,

(iv)

∫ 1
2

− 1
2

ψ4(u)u2k+1du =
1

12

(
1 + (−1)k+1

)
.

Proof. For k ∈ {1, 2}

(i)

∫ 1
2

− 1
2

ψ1(u)u2kdu = a11

∫ 1
2

− 1
2

u2kdu+a12

∫ 1
2

− 1
2

u2(k+1)du+a13

∫ 1
2

− 1
2

u2(k+2)du =

=
a11

4k(2k + 1)
+

a12

4k+1(2k + 3)
+

a13

4k+2(2k + 5)
=

= a11 × c(0)
k+1,1(1) + a12 × c(0)

k+1,2(1) + a13 × c(0)
k+1,3(1) =

1

12

(
1 + (−1)k+1

)
.

(ii)

∫ 1
2

− 1
2

ψ2(u)u2kdu = a21

∫ 1
2

− 1
2

u2(k+1)du+a22

∫ 1
2

− 1
2

u2(k+2)du+

a23

∫ 1
2

− 1
2

u2(k+3)du =
a21

4k(2k + 1)
+

a22

4k+1(2k + 3)
+

a23

4k+2(2k + 5)
=

= a21 × c(1)
k+1,1(3) + a22 × c(1)

k+1,2(3) + a23 × c(1)
k+1,3(3) =

1

12

(
1 + (−1)k

)
.

(iii)

∫ 1
2

− 1
2

ψ3(u)u2k+1du = b11

∫ 1
2

− 1
2

u2(k+1)du+b12

∫ 1
2

− 1
2

u2(k+2)du =

= b11 × c(2)
k,1(5) + b12 × c(2)

k,2(5) =
1

12

(
1 + (−1)k

)
=

1

12

(
1 + (−1)k

)
.

(iv)

∫ 1
2

− 1
2

ψ4(u)u2k+1du = b21

∫ 1
2

− 1
2

u2(k+2)du+b22

∫ 1
2

− 1
2

u2(k+3)du =

= b21 × c(3)
k,1(7) + b22 × c(3)

k,2(7) =
1

12

(
1 + (−1)k+1

)
.

Lemma 15. The function ϕ0(u) = 1 is a fixed point of the operator Hk :

(Hkf)(t) =

∫ 1

0

K̃

(
t− 1

2
, u− 1

2
; k

)
fk(u)du, k ≥ 2. (3.14)
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Proof. Let u1 = u− 1
2 , v1 = v − 1

2 then

(Hkϕ0)

(
t− 1

2

)
=

∫ 1

0

K̃

(
t− 1

2
, u− 1

2
; k

)
du =

∫ 1
2

− 1
2

K̃(t1, u1; k)du1 =

=

∫ 1
2

− 1
2

[1 +K1(t1, u1; k) +K2(t1, u1; k)] du1

= 1 +

∫ 1
2

− 1
2

K1(t1, u1; k)du1 +

∫ 1
2

− 1
2

K2(t1, u1; k)du1.

Now we’ll prove the following∫ 1
2

− 1
2

Ki(t1, u1; k)du1 = 0, i ∈ {1, 2}. (3.15)

Case: i = 1 ∫ 1
2

− 1
2

K1(t1, u1; k)du1

=

∫ 1
2

− 1
2

[
ψ1(u1)

(
k

√
20t41 +

3

4
− 1

)
du1 + ψ2(u1)

(
k

√
6t21 +

1

2
− 1

)]
du1 =

=

(
k

√
20t41 +

3

4
− 1

)(
a11 + a12

∫ 1
2

− 1
2

u2du+ a13

∫ 1
2

− 1
2

u4du

)
+

+

(
k

√
6t21 +

1

2
− 1

)(
a21

∫ 1
2

− 1
2

u2du+ a22

∫ 1
2

− 1
2

u4du+ a23

∫ 1
2

− 1
2

u6du

)
=

=

(
k

√
20t41 +

3

4
− 1

)(
a11 +

a12

3 · 4
+

a13

5 · 42

)
+

+

(
k

√
6t21 +

1

2
− 1

)( a21

3 · 4
+

a22

5 · 42
+

a23

7 · 4k+2

)
=

=

(
k

√
20t41 +

3

4
− 1

)(
a11 × c(0)

1,1(1) + a12 × c(0)
1,2(1) + a13 × c(0)

1,3(1)
)

+

+

(
k

√
6t21 +

1

2
− 1

)(
a21 × c(1)

2,1(3) + a22 × c(1)
2,2(3) + a23 × c(1)

2,3(3)
)

= 0.

Case: i = 2∫ 1
2

− 1
2

K2(t1, u1; k) =

∫ 1
2

− 1
2

ψ3(u1)
(

k
√
t3 + 1

)
du1 +

∫ 1
2

− 1
2

ψ4(u1)
(

k
√
t5 + 1

)
du1
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It’s easy to check for j ∈ {3, 4} the functions ψj(u1) is odd, i.e:∫ 1
2

− 1
2

ψj(u1)du1 = 0 ⇒
∫ 1

2

− 1
2

K2(t1, u1; k)du1 = 0.

Thus we have proved

(Hkϕ0) (t) = 1 +

∫ 1
2

− 1
2

K1(t1, u1; k)du1 +

∫ 1
2

− 1
2

K2(t1, u1; k)du1 = 1.

This completes the proof.

Denote

f1(u) =
k

√
6u2 +

1

2
, f2(u) =

k

√
20u4 +

3

4
,

g1(u) =
k
√
u3 + 1, g2(u) =

k
√
u5 + 1.

Theorem 24. For all k ≥ k0 the Hammerstein’s system of equations:∫ 1

0

K̃

(
t− 1

2
, u− 1

2
; k

)
fk(u)du = g(t),

∫ 1

0

K̃

(
t− 1

2
, u− 1

2
; k

)
gk(u)du = f(t) (3.16)

in (C[0; 1])2 have at least four positive solutions with f 6= g.

Proof. We’ll show(
f1

(
u− 1

2

)
, f2

(
u− 1

2

))
,

(
f2

(
u− 1

2

)
, f1

(
u− 1

2

))
and (

g1

(
u− 1

2

)
, g2

(
u− 1

2

))
,

(
g2

(
u− 1

2

)
, g1

(
u− 1

2

))
are solutions to the system of equations (3.16).

At first we’ll prove
(
f1(u− 1

2), f2(u− 1
2)
)

is a solution to equation (3.16).

Let u− 1
2 = u1, t− 1

2 = t1. Then

(Hkfi) (t) =

∫ 1

0

K̃

(
t− 1

2
, u− 1

2
; k

)
fki

(
u− 1

2

)
du
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=

∫ 1

0

K̃(t1, u1; k)fki (u1)du1 =

=

∫ 1

0

[1 +K1(t1, u1; k) +K2(t1, u1; k)] fki (u1)du1.

It’s easy to see that

K2(t1,−u1; k) = −K2(t1, u1; k), fi(u1) = fi(−u1), i ∈ {1, 2}.

Hence

K2(t1,−u1; k)fi(u1) = −K2(t1, u1; k)fi(u1) ⇒
∫ 1

2

− 1
2

K2(t1, u1; k)fi(u1)du1 = 0.

Thus

(Hkfi)

(
t− 1

2

)
= (Hkfi) (t1) =

∫ 1
2

− 1
2

[1 +K1(t1, u1; k)] fki (u1)du1.

Case: i = 1

(Hkf1)

(
t− 1

2

)
= (Hkf1) (t1) =

∫ 1
2

− 1
2

[1 +K1(t1, u1; k)]

(
k

√
6u2

1 +
1

2

)k

du1

=

∫ 1
2

− 1
2

(
6u2

1 +
1

2

)
du1 +

∫ 1
2

− 1
2

K1(t1, u1; k)

(
6u2

1 +
1

2

)
du1

1 + 6

∫ 1
2

− 1
2

K1(t1, u1; k)u2
1du1 +

1

2

∫ 1
2

− 1
2

K1(t1, u1; k)du1

By (3.15) we get

= 1 + 6

∫ 1
2

− 1
2

[
ψ1(u1)

(
k

√
20t41 +

3

4
− 1

)
+ ψ2(u1)

(
k

√
6t21 +

1

2
− 1

)]
u2

1du1 =

= 1 + 6

(
k

√
20t41 +

3

4
− 1

)∫ 1
2

− 1
2

ψ1(u1)u
2
1du1

+6

(
k

√
6t21 +

1

2
− 1

)∫ 1
2

− 1
2

ψ2(u1)u
2
1du1.

By Lemma 14 ∫ 1
2

− 1
2

ψ1(u1)u
2
1du1 =

1

6
,

∫ 1
2

− 1
2

ψ2(u1)u
2
1du1 = 0. (3.17)



59

By (3.15) and (3.17) we obtain

(Hkf1)

(
t− 1

2

)
= 1+

(
k

√
20t41 +

3

4
− 1

)
=

k

√
20t41 +

3

4
= f2(t1) = f2

(
t− 1

2

)
.

Case: i = 2

(Hkf2)

(
t− 1

2

)
= (Hkf2) (t1) =

∫ 1
2

− 1
2

[1 +K1(t1, u1; k)] fk2 (u1)du1 =

=

∫ 1
2

− 1
2

[1 +K1(t1, u1; k)]

(
20u4

1 +
1

2

)
du1 =

=
1

2

∫ 1
2

− 1
2

K1(t1, u1; k)du1 + 20

∫ 1
2

− 1
2

K1(t1, u1; k)u2
1du1 +

∫ 1
2

− 1
2

(
20u4

1 +
1

2

)
du1 =

By (3.15)

= 1 + 20

∫ 1
2

− 1
2

K1(t1, u1; k)u4
1du1 =

= 1 + 20

(
k

√
20t41 +

3

4
− 1

)∫ 1
2

− 1
2

ψ1(u1)u
4
1du1+

+20

(
k

√
6t21 +

1

2
− 1

)∫ 1
2

− 1
2

ψ2(u1)u
4
1du1.

By Lemma 14 ∫ 1
2

− 1
2

ψ1(u1)u
4
1du1 = 0,

∫ 1
2

− 1
2

ψ2(u1)u
4
1du1 =

1

20
.

Then

(Hkf2)

(
t− 1

2

)
= 1+

(
k

√
6t21 +

1

2
− 1

)
=

k

√
6t21 +

1

2
= f1(t1) = f1

(
t− 1

2

)
.

By symmetry of (f1, f2) we have (f2, f1) is also solution to equation (3.16).

Now we’ll prove
(
g1(u− 1

2), g2(u− 1
2)
)

is a solution to equation (3.16).

For i ∈ {1, 2}

(Hkgi)

(
t− 1

2

)
=

∫ 1

0

K̃

(
t− 1

2
, u− 1

2
; k

)
gki

(
u− 1

2

)
du =
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=

∫ 1
2

− 1
2

K̃(t1, u1; k)(1 + u2i+1
1 )du1,

where u1 = u− 1
2 , t1 = t− 1

2 . Then

(Hkgi)

(
t− 1

2

)
=

∫ 1
2

− 1
2

K̃(t1, u1; k)du1 +

∫ 1
2

− 1
2

K̃(t1, u1; k)u2i+1
1 du1 =

By Lemma 15

= (Hkgi)

(
t− 1

2

)
= 1 +

∫ 1
2

− 1
2

K̃(t1, u1; k)u2i+1
1 du1 =

= 1 +

∫ 1
2

− 1
2

[1 +K1(t1, u1; k) +K2(t1, u1; k)]u2i+1
1 du1.

Hence

(Hkgi)

(
t− 1

2

)
= 1+

∫ 1
2

− 1
2

[1+K1(t1, u1; k)]u2i+1
1 du1+

∫ 1
2

− 1
2

K2(t1, u1; k)u2i+1
1 du1

(3.18)

One can easily check that

K1(t1,−u1; k) = K1(t1, u1; k) ⇒ K1(t1,−u1; k)(−u2i+1
1 ) = −K1(t1, u1; k)u2i+1

1

then ∫ 1
2

− 1
2

K1(t1, u1; k)u2i+1
1 du1 = 0, i ∈ {1, 2} (3.19)

By (3.18) and (3.19) we obtain

(Hkg1)

(
t− 1

2

)
= 1 +

∫ 1
2

− 1
2

u2i+1
1 du1 +

∫ 1
2

− 1
2

K1(t1, u1; k)u2i+1
1 du1+

+

∫ 1
2

− 1
2

K2(t1, u1; k)u2i+1
1 du1 = 1 +

∫ 1
2

− 1
2

K2(t1, u1; k)u2i+1
1 du1 =

= 1+

(
k

√
t31 + 1− 1

)∫ 1
2

− 1
2

ψ3(u1)u
2i+1
1 du1+

(
k

√
t51 + 1− 1

)∫ 1
2

− 1
2

ψ4(u1)u
2i+1
1 du1.

Case: i = 1

(Hkg1)

(
t− 1

2

)
= 1 +

(
k

√
t31 + 1− 1

)∫ 1
2

− 1
2

ψ3(u1)u
3
1du1+
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+

(
k

√
t51 + 1− 1

)∫ 1
2

− 1
2

ψ4(u1)u
3
1du1

By Lemma 14 ∫ 1
2

− 1
2

ψ3(u1)u
3
1du1 = 0,

∫ 1
2

− 1
2

ψ4(u1)u
3
1du1 = 1.

Then

(Hkg1)

(
t− 1

2

)
= 1 +

(
k

√
1 + t51 − 1

)
=

= k

√
1 + t51 =

k

√
1 +

(
t− 1

2

)5

= g2

(
t− 1

2

)
.

Case: i = 2

(Hkg1)

(
t− 1

2

)
= 1 +

(
k

√
t31 + 1− 1

)∫ 1
2

− 1
2

ψ3(u1)u
5
1du1+

+

(
k

√
t51 + 1− 1

)∫ 1
2

− 1
2

ψ4(u1)u
5
1du1.

By Lemma 14 we get

(Hkg1)

(
t− 1

2

)
= 1 +

(
k

√
t31 + 1− 1

)
= k

√
t31 + 1 = g1

(
t− 1

2

)
.

Thus we have proved

(Hkg1)

(
t− 1

2

)
= g2

(
t− 1

2

)
, (Hkg2)

(
t− 1

2

)
= g1

(
t− 1

2

)
.

Theorem 25. Let k ≥ k0. The model

H(σ) = −1

β

∑
<x,y>

lnK̃

(
σ(x)− 1

2
, σ(y)− 1

2
; k

)
on the Cayley tree Γk has at least four periodic Gibbs measures.
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3.3 EXISTENCE OF AT LEAST N GIBBS MEASURES ON A CAYLEY

TREE

Put

A(p)
n =

{
1

2(2p+ i+ j)− 3

(
1

2

)2(2p+i+j−2)
}
i,j=1,n

, n, p ∈ N. (3.20)

Bn[a1, ..., an; b1, ...bn] =

(
1

ai + bj

)
i,j=1,n

, ai, bj > 0. (3.21)

C(p)
n = Bn[4p, 4(p+ 1), ..., 2(p+ n− 1); 1, 5, ..., 4n− 3]. (3.22)

Lemma 16. Let n ≥ 2. Then

det Bn[a1, ..., an; b1, ..., bn] =

∏
1≤i<j≤n[(ai − aj)(bi − bj)]∏n

i,j=1(ai + bj)

Corollary 8. det A
(p)
n =

(
1
2

)2n(2p+n−1)
det C

(p)
n .

Proof. Let i, j = 1, n. We multiply by 22(p+j−1) the column j of the matrix

A
(p)
n and then multiply by 22(i−1) the row i of the matrix obtained. As a

result we get C
(p)
n .

Lemma 17. Let B−1[a1, a2, ..., an; b1, b2, ..., bn] = {βij}i,j=1,n is an inverse

matrix of

B[a1, a2, ..., an; b1, b2, ..., bn]. Then

βji = (−1)i+j
∏n

s=1(as + bj)
∏n

s=1,s6=j(ai + bs)∏n
s=1,s6=j(bi − bs)

∏n
s=1,s6=i(ai − as)

Proof. Subtracting the ith column of B[a1, a2, ..., an; b1, b2, ..., bn] from every

other column we get a following equality

det B[a1, a2, ..., an; b1, b2, ..., bn] =
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=

∏n
s=1,s6=j(bj − bs)∏n
s=1(as + bj)



1
a1+b1

... 1
a1+bj−1

1 1
a1+bj+1

... 1
a1+bn

1
a2+b1

... 1
a2+bj−1

1 1
a2+bj+1

... 1
a2+bn

... ... ...

1
an+b1

... 1
an+bj−1

1 1
an+bj+1

... 1
an+bn


.

Now we subtract from the jth row the ith row for every j ∈ {1, 2..., i−1, i+

1, ...n}. Then

det B[a1, ..., an; b1, ..., bn] =

=

∏n
s=1(as + bj)

∏n
s=1,s6=j(ai + bs)∏n

s=1,s6=j(bi − bs)
∏n

s=1,s6=i(ai − as)
× B(j,i)[a1, ..., an; b1, ..., bn]

where B(j,i)[a1, ..., an; b1, ..., bn] is the cofactor of the element 1
ai+aj

in

B[a1, ..., an; b1, ..., bn]. Since β = B(j,i)[a1,...,an;b1,...,bn]
detB[a1,...,an;b1,...,bn] the lemma is proved.

Denote

(A(p)
n )−1 = {αij}i,j∈1,n

ϕs,n,q(u) = αs1u
2p−1 + ...+ αsnu

2(n+p)−3, (s, n, p) ∈ N

K(n,p)(t, u; k) = 1 +
n∑
s=1

(
k
√

1 + t2(p+s)−1 − 1
)
ϕ(s,n,p)(u), k ≥ 2.

Remark 3. For αji element of (A
(p)
n )−1 following equality is holds

αji = (−1)i+j42p+i+j−4(n−1)

∏n
s=1(4p+ 2s+ 2j − 3)

∏n
s=1,s6=j(4p+ 2s+ 2j − 3)∏n

s=1,s6=j(j − s)
∏n

s=1,s6=i(i− s)

Proof. By Corollary 8 and Lemma 17 we get

αji = (−1)i+j42p+i+j B(i,j)[4p, 4p+ 2, ...4p+ 2(n− 1); 1, 3, ...2n− 1]

det B[4p, 4p+ 2, ...4p+ 2(n− 1); 1, 3, ...2n− 1]
=

= (−1)i+j42p+i+j

∏n
s=1(4p+ 2s+ 2j − 3)

∏n
s=1,s6=j(4p+ 2s+ 2j − 3)∏n

s=1,s6=j(2j − 2s)
∏n

s=1,s6=i(2i− 2s)
.
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Remark 4. There exist k0 ∈ N such that for all k ≥ k0 the following

inequality holds

K(n,p)

(
t− 1

2
, u− 1

2
; k

)
> 0, (t, u) ∈ [0, 1]2.

Indeed, it’s not difficult to check

lim
n→∞

K(n,p)

(
t− 1

2
, u− 1

2
; k

)
= 1 > 0.

Theorem 26. Let k ≥ k0 for k, n ∈ N. Then there exist positive kernel

K(n,p)

(
t− 1

2 , u−
1
2 ; k
)

such that Hammerstein’s operator Hk has at least n

positive fixed points.

Proof. Let fm(u) =
k
√

1 + u2(p+m)−1, m = 1, n and u1 = u− 1
2 , t1 = t− 1

2 .

We show these functions are fixed points of operator Hk.∫ 1

0

K(n,p)

(
t− 1

2
, u− 1

2
; k

)
fkm

(
u− 1

2

)
du =

=

∫ 1
2

− 1
2

K(n,p) (t1, u1; k) fkm (u1) du1 =

=

∫ 1
2

− 1
2

[
1 +

n∑
s=1

(
k

√
1 + t

2(p+s)−1
1 − 1

)
ϕ(s,n,p)(u1)

](
1 + u

2(p+m)−1
1

)
du1 =

1 +
n∑
s=1

(
k

√
1 + t

2(p+s)−1
1 − 1

)
∫ 1

2

− 1
2

(
αs1u

4(p−1)+2s+2m
1 + ...+ αsnu

4p+2(s+m+n)−6
1

)
du1 =

= 1 +
n∑
s=1

(
k

√
1 + t

2(p+s)−1
1 − 1

)
× (αsmβs1 + ...+αnmβsn) =

k

√
1 + t

2(p+m)−1
1 .

Hence ∫ 1

0

K(n,p)

(
t− 1

2
, u− 1

2
; k

)
fkm

(
u− 1

2

)
du = fm

(
u− 1

2

)
.
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Theorem 27. Let k ≥ k0. The model

H(σ) = −1

β

∑
<x,y>

ln

(
K(n,p)

(
σ(x)− 1

2
, σ(y)− 1

2
; k

))
on the Cayley tree Γk has at least n translation-invariant Gibbs measures.
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INFERENCE

This dissertation is based on results of very recently written pa-

pers. The Gibbs measure is a probablity measure. It has been an important

object in many problems of problems of probability theory and statistical

mechanics. In the theory of Gibbs measures is one of the central problems is

to describe limiting Gibbs measures corresponding to a given Hamiltonian.

The existence of such measures for a wide class of Hamiltonians was es-

tablished in the ground-breaking work of Dobrushin. However, a complete

analysis of the set of limiting Gibbs measures for a specific Hamiltonian

is often a difficult problem. These papers are devoted to models with a

finite set of spin values. Mainly were shown that these models have finitely

many translation-invariant and uncountable numbers of the non-translation-

invariant extreme Gibbs measures.

In this dissertation it is considered models with nearest-neighbor inter-

actions and with the set [0, 1] of spin values, on Cayley tree of order k ≥ 2.

Moreover it is proved that each periodic Gibbs measures for given model

is either translation-invariant or two-periodic. In case k ≥ 2 some mod-

els (with the set [0, 1] of spin values) which have a unique splitting Gibbs

measures are constructed. For arbitrary k ≥ 2 it is found a sufficient con-

dition under which the integral equation has unique solution; hence under

this condition the corresponding model has unique splitting Gibbs measure.

Finally, It is constructed several models with the set [0, 1] of spin values and

show that each of the constructed model has at least two (at least n Gibbs

measures for k ≥ k0) periodic Gibbs measures.
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