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Kirish
Ishning umumiy tavsifi. Bu ishda elastiklik nazariyasi tenglamalari
sistemasi yechimini tekislikda uning berilgan giymatlari va chegaraning gismida

uning kuchlanishi giymatlari bo’yicha davom ettirish masalasi, ya'ni elastiklik

nazariyasi tenglamalari sistemasi uchun Koshi masalasi o’rganiladi.

Elastiklik nazariyasi masalalari yechimi uchun sohaning butun chegarasida u
yoki bu chegaraviy shartlarning berilishi talab etiladi. Klassik masalalarda bu
ko’chish vektorning berilishi, sohaning butun chegarasida kuchlanish vektorining
berilishi yoki chegaraning bir qismida ko’chish, ikkinchi qismida esa kuchlanish
vektorining berilishidan iborat. Boshga masalalarda chegaraning har bir gismida
ko’chish va kuchlanishlar komponentalarining kerakli miqdori kombinatsiyasi
berilgan. Ammo ko’plab masalalarda chegaraning qismi na ko’chishni na
kuchlanishni o’lchashga qodir yoki faqat ba’zi integral xarakteristikalar ma’lum
bo’ladi. Tajribani izlanishda tabily jismning kuchlanishli deformatsiyalangan
holatini o’rganishda o’lchashlar sirtning fagat mumkin bo’lgan qismida o’tkazilishi
mumkin. Bunday masalalar yechimi tajribaviy ma’lumotlar bo’lmaganligi sababli
ma’lum qiyinchiliklarni keltirib chiqaradi. Shunga o’xshash vaziyatlar, masalan,

geomexanika masalalarida vujudga keladi.

D-R? da chegaralangan bir bog’lamli soha, 6D - uning chegarasi, S —dD

ning sillig gismi.

D elastik muhitda vektor ko’rinishdagi quyidagi tenglamani qaraymiz:

uAu(y)+(2+ p)grad div u(y)=0 (0.1)



bu yerda u=(us;uy) - ko’chish vektori, A,u - garalayotgan elastik muhitning

Lame doimiylari; A - Laplas operatori.

u(y)—D sohada (0.1) sistemaning regulyar yechimi bo’lsin va S da

quyidagi Koshi shartlarini ganoatlantirsin:

(0.2)

u(y)=f(y), ye S}

T(oy.nl(y)=g(y), yes

bunda f =(f;,f5), g=(97,92)—S da berilgan uzluksiz vektor — funksiyalar;
T(6y.n) - kuchlanish operatori.

Berilgan f va g lardan kelib chigib, u(y)e D ni davom ettirish talab

etiladi.

Garmonik funksiyalar nazariyasida Laplas operatori ganday rol o’ynasa,
LA + (A + p)grad div

operatori elastiklik nazariyasida xuddi shunday rol o’ynaydi va xususiy holda,

1=1, A=-1 da Laplas operatoriga aylanadi. Ixtiyoriy f(y) va g(y) larda (0.1)
masala yechimga ega emas. Agar f(y) va g(y) lar S (S - analitik yoy) da

analitik va D da analitik davom ettiriladigan bo’lsa, u holda xususiy hosilali
tenglamalar nazariyasining fundamental teoremasiga asosan davom ettirish
mumkin va yagonadir. Biroq (0.1) va (0.2) masala Adamar bo’yicha nokorrekt,
ya’ni nokorrektligi xuddi Laplas tenglamasi uchun Koshi masalasidagidek.

f va g fagat deyarli yaqin qilib berilishi mumkinligi sababli masalaning

yechimiga yaqin yechim to’g’risida gap ketish mumkin. Lekin yechimda



turg’unlikning bo’lmaganligidan qo’shimcha ma’lumotlarsiz yaqin yechimning

bo’lishi mumkin emas.

AN.Tixonovning ishlarida, keyin  M.M.Lavrentyevning ishlarida
rivojlangan bunday masalalar qo’yilishining shartli korrektligi nokorrekt masalalar
izlanishi uchun prinsiplarni berdi. Nokorrekt masalalarning shartli korrektligi
izlanishida o’rnatilgan yagonalik va turg’unlik teoremalaridan so’ng yechimni
qurishning effektiv metodi, ya’ni regulyarizatsiyalanuvchi operatorlarni qurish

tug’iladi.
M.M.Lavrentyev o’zining mashhur monografiyasida ko’rsatib bergan edi.

M.M.Lavrentyevdan kelib chigib, &£>0 parametrdan bog’liq ®.(y,x)

Laplas tenglamasining fundamental yechimini xe D nuqgta, S chegara gismining

Karleman funksiyasi deb ataymiz, agar quyidagi tengsizlik o’rinli bo’lsa;

H‘CDg(V,X}+‘T(ay’n)@g(y,x)( bSy <g.

oD\S

Karleman formulasining ko’p o’lchovli analogi bilan A.A.Ayzenberg, elliptik

sistemalar uchun Karleman matritsasini qurish bilan N.N.Tarxanov shug’ullangan.

M.M.Lavrentyev ideyasidan foydalanib, Sh.Ya.Yarmuxammedov Laplas
tenglamasi uchun Koshi masalasining regulyarizatsiyalangan yechimini aniq

ko’rinishda qurdi.

Ma’lumki, elastiklik nazariyasining tekislikdagi masalalari  yaxshi
o’rganilgan. Kompleks o’zgaruvchili analitik funksiyalarning ma’lum metodidan

tashqari elastiklik nazariyasining qgator statistik masalalari potensiallar nazariyasi



va integral tenglamalar metodi bilan ham Fredgolm va Laurachel tomonidan garab

chigilgan. Ular bilan korrekt masalalar o’rganilgan edi.

f va g o’rniga 8,8 (0,1) aniglik (C metrikada) berilgan bo’lsin, qaysiki
yechim mavjud bo’lgan sinfga garashli bo’lmasligi mumkin. Ushbu ishda o

parametrdan bog’liq u(x, f5,95)=u,s Vektor funksiyalar oilasi quriladi va biror
shart va maxsus y(5),8 —0 parametr tanlanganda u s (x) oila odatdagi ma’noda

(0.1) — (0.2) masalaning yechimiga yaginlashishi isbotlanadi.

A.N.Tixonovdan kelib chigib, u_s (x) funksiyani (0.1) — (0.2) masala, ya’ni

elastiklik nazariyasi sistemasi uchun Koshi masalasining regulyarizatsiyalangan
yechimi deb ataymiz. Regulyarizatsiyalangan yechim masalaning metodining

turg’unligini aniqlaydi.

Maxsus sohalarda chegaralangan analitik funksiyalarni davom ettirish
masalasi chegaraning gismida aniq berilgan holni T.Karleman garab chiqgan edi.
T.Karlemanning izlanishlarini G.M.Goluzin va V.l.Krilovlar davom ettirishdi.
Soha yo’lakdan iborat bo’lganda Laplas tenglamasi uchun Koshi masalasining
regulyarizatsiyalangan yechimi V.K.lvanov tomonidan qurilgan. Laplas tenglamasi
uchun Koshi masalasining regulyarizatsiyalangan yechimini qurish uchun

foydalanilgan.

Ushbu ishning maqsadi ikki o’lchamli bo’lgan hol uchun nazariyani ishlab

chigishdan iborat. Ikkala nazariya ko’plab umumiylikka ega va parallel rivojlanadi.

Ishning magsadi. Ushbu dissertatsion ishda Karleman matrisasini aniq
ko’rinishda qurish keltiriladi va uning asosida (0.1) — (0.2) masalaning
regulyarizatsiyalangan yechimi quriladi. Bunda (0.1) sistema chegaralangan
sohalarda va yo’lak tipidagi chegaralanmagan sohalarda qaraladi, soha chegarasi

ikkita gismdan tashkil topgan, Koshi shartlari esa chegaraning bir gismida beriladi.
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Shunday qilib, Karleman matritsasining effektiv qurilishi (0.1) — (0.2)
masalaning regulyarizasiyalangan yechimini aniq ko’rinishda yozishga imkon

beradi.

IImiy yangiligi. Tekis sohalarda elastiklik nazariyasi sistemasining Koshi
masalasi oldin qo’yilmagan va o’rganilmagan. Dissertatsiyada maxsus sohalar sinfi
uchun (0.1) — (0.2) masalaning regulyarizatsiyalangan yechimi aniq ko’rinishda

topilgan.

Tadbigi. Qo’yilgan masalaning yechimini aniq ko’rinishda qurish katta
nazariy va amaliy qiziqish uyg’otadi. Dissertatsiyada olingan natijalar elastiklik
nazariyasining matematik masalalari izlanilishida, geomexanikaning masalalarida

foydalanilishi mumkin.

§ 1.1 da o’rganiladigan Koshi masalasining qo’yilishi, yordamchi tasdiqlar,

mulohazalar keltirilgan. Qaraladigan masala uchun Adamar misoli berilgan.

§ 1.2 — 1.3 paragraflar elastiklik nazariyasi sistemasining fundamental
yechimlari matritsasini qurish keltirilgan. Maxsus sohalar sinfi uchun yugorida
ta’kidlangan xossalarga ega elastiklik nazariyasi sistemasining fundamental
yechimlari matritsasi aniq ko’rinishda qurilgan. § 2.1 — 2.2 da maxsus
chegaralanmagan sohalar sinfi uchun (0.1) — (0.2) masalaning Somilian -
Bettining umumlashgan formulasi keltirilgan. 2.3-§. Chegaralanmagan tekis

sohada elastiklik nazariyasi sistemalari uchun Koshi masalasi garalgan.



I-Bob
1.1-§ Tekislikda elastiklik nazariyasi sistemasi yechimi uchun

Somilian-Betti formulasi

x=(X,%), y=(Y¥.Y,) R” tekislik nugtasi va elastik D muhit R*da
bo’lakli--siliq dD bilan chegaralangan bo’lsin.

Quyidagi vektor ko’rinishida yoziladigan
uAU(X)+ (A + p)graddivU(x)=0  (1.1)

bir jinsli izotropik elastik muhitning asosiy tenglamasini qarayiz. Bu yerda
U=U,U,)- siljish vektori, 1,u>0 qaralayotgan elastik muhitning Lame

doimiylari; A -lanlas operatori.

Qaralayotgan (1.1) tenglama sistema ko’rinishida quyidagicha yoziladi.

,uAUl(X)-i-(,u-I-ﬂ,){aZUl(x) + 62U2(x)} ~0

OX? OX,0X,

0°U, () N 0°U,(x)
OX? OX,OX,

(1.2)
0

/JAUZ(X)+(/1+/J)[

(1.2) sistemani matritsa ko’rinishida yozish qulay shu maqsadda A(9,) = ‘Ai 0,)

2x2

matritsali differensial operatorni kiritamiz.

2
Bu yerda A, (ax)=5ij/,m+% bunda 5;;-Kroniker belgisi. u holda (1.2)

XX

sistemani quyidagicha yozish mumkin A(0,)U(x)=0

1.1-ta’rif. D da aniglangan ¢ funksiyani (q):Hgoinnxm matritsali) D da

regulyar deymiz, agar ¢eC'"D)NC?*(D)(p, C'(D)NC*(D), ixj=mxm) va ¢
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funksiyaning (¢;,ixj =nxm) dekard koordinatalari bo’yicha barcha ikki tartibli
xosilalari D sohada integrallanuvchi bo’lsa kelgusida oD-D chekli sohani
chegaralovchi yopiq egri chiziq deb hisoblaymiz.

Endi mazkur hamda o’rganiladigan elastik nazaryasi sistemasi uchun Koshi

masalasining qo’shilishini bayon qilish mumkin. U(y) = (U, (y);U,(y)) (1.2)

sistemaning D sohadagi regulyar yechimi bo’lsinm, y’ani
AU (y)=0 (1.3)
Bu yechimning S < dD dagi

U(y)=f(y), yeS} (1.4)
T(@,,MU(y)=9(y), yeS '

berilganlariga ko’ra yechimni sohaning ichida aniqlash masalasi, ya’ni Koshi

masalasi garaladi.

Bu yerda S —oD ning gismi, f(y)=(f,(y); f,(y)) Va g(y)=(g.(y);g,(y)) S da
berilgan uzluksiz vektor funksiyalar, n(n;n,)-y nugtadagi S -ga o’kazilgan D ga

nisbatan tashqi ortonormal.

)tnii+,unji+ o,

T@,.n(y) =T, (ay'n(y))HZXz ey oy, ani(y)

2x2

Bu yerda T(a,,n(y)) ni kuchlanish operatori deb ataymiz.

(1.3) sistema elliptikdir. uning elliptikligi shundan iboratki, &% + &7 =0
tenglikni ganoatlantiruvchi ixtiyoriy haqgigiy & va &, lar uchun det A(S)

determinant noldan fargli bo’lishi lozim, bu yerda det A(&) = u(A+2u)(E7 + 7).

Shuning uchun A, >0 ekanligini hisobga olib ( elastiklik nazariyasida

shunday faraz gilinadi) (1.3) elliptik sistemadan iborat ekanligini tasdiglash

11



mumkin. Malumki, elliptik tenglamalar uchun Koshi masalasi Adamar bo’yicha
nokorrekt. Demak (1.3)-(1.4) masala nokorrekt masalalar gatoriga kiradi. (1.3)-
(1.4) masala yechimi mavjud bo’lsa u yagona lekin turgun emas. (1.3)-(1.4)

masalalarning noturg’unligi quyidagi misoldan kelib chiqadi.

1.1-Misol. U(y)=U,(y),U,(y)) vektor funksiya y>0 yarim tekisligida
elastiklik nazariyasi sistemasining regulyar yechimi bo’lsin, yani A(0,)U(y)=0

va Koshi shartlarini ganoatlantirsin

U(y,,0) = (o, mﬁ#”)

2(A+ wcos (o y1)>
o

T(3,n()) U, 0) = (o,

Bu masalaning echimi

UGy) = <sin(0y1) sh (oy,) ’ cos(ayy) ch (UYZ)>

o2 02
ga teng.

Ko’rish qiyin emaski yetarli katta 0 da y, =0 chegarada

|cos (o y4)I

()| = Y |T (ay,n(y)) U(y)| _ 2(A+ w)|cos (ayq)] .

o

bl

boshlang’ich shartlar yetarlicha kichik bo’ladi. Yechimning o0’zi esa
y, 20, ¥, 20, y, >0 da yetarlicha katta bo’ladi.

Qaralayotgan masala shartli nokorrekt masalalar jumlasiga kiradi. Ya’'ni
masalani gandaydir funksional fazolarda garalsa masala korrekt yechiladigan

masalaga kelib qoladi. Bunday korrektlik sharti garalayotgan yechimlar sinfini

12



kompaktgacha gisgartirtishdan iborat. Nokkorekt masalalarda odatda yechimning
mavjudligi va yagonaligi oldindan faraz gilinib uning yechimini topish masalasi

o’rganiladi.

Kelgusida (1.3) sistemaning logorifmik maxsuslikka ega bazi yechimlari

muhim rol o’ynaydi.
1.2—-ta’rif.

(g - xi )()’j - Xj )
_|_
lx—y| r?

,  (1.5)

2X2

'y—x) = H/1’6kj In

matritsa (1.2) elastiklik nazariyasi sistemaning fundamental yechimlari matrisasi

deb ataladi ya'ni A(G,)I'(y—x)=0, x=y. Buyerda k,j=12;

gy At3w o, At
Amu(A+2u) # Au(A+2u)

Fundamental yechimlar matritsasi I'(y — X) quyidagi xossalarga ega.

1.r(y-x)=T(x-y).

2.[0(y = x)| < C, (4, p) In%.

3.[T@,.mr(y-x)|<C, (’1’2")

Bularda C, (4, 1), k=12 fagat A va u larga bog’liq musbat koifesentlar r =|x—y].

F(y-x) ={ir§- x-y)"”

k,j=1

Bu xossalar T'(y—X) matritsaning ta’rifiga ko’ra oson isbotlanadi. Xususiy

xosilali differensial tenglamalar nazariyasida Grin, Gaus, Stoks- Ostogradskiy

13



formulalari tipidagi bazi integral ayniyatlar muhim rol o’ynaydi. Bu ayniyatlat

elastik nazariyasida bazida Somilian-Betti formulasi deb ataladi.
Betti formulasining [14] natijasini keltiramiz.

1.1-Teorema. U=U,U,) va V=(,V, D soxada regulyar vektor-

funksiyalar bo’lsa, u holda

[V 09{A@ U (9} -U (0 {A@, )V () 1ix =

D

= [Vfre, mumi-umire,.nvis, (1.6)

Bundan U va V vektorlar (1.2) sistemaning regulyar yechimlari bo’lsa, quyidagi

tenglikni oson ko’rish mumkin, ya’ni

[ViTe, muml-umite,.nvyds, =o

1.2 -Teorema. (1.1) tenglamaning D sohadagi ixtiyoriy U regulyar

yechimi uchun

U = [[ry-x{T@,.mum}-um{TE@,.nry-x }]ds, (1.7)

formula o’rinli.

Isbot: U =(U,,U,)-D sohada aniglangan ixtiyoriy vector —funksiya, z- bu
soxaning ixtiyoriy nuqtasi bo’lsin. &>0ni shunday tanlaymizki IlI(z,&) c D
bo’lsin va (1.6) formulaning D \ IlI(z, €) sohada qo’llaymiz. V - funksiya sifatida
(1.6) formulada 1r(y-x)fundamental yechimlar matritsasining j-ustunini r’(y-x)

olamiz. Ravshanki, T(y-x)
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A@, )V (X) =0

tenglamaning ixtiyoriy & >0 uchun D\III(z,e) sohadagi regulyar yechimi bo’ladi.

Demak,

j [ (y — 2)A@)U (x) dx =
D\U(z,¢)
= ja NPo=a{r (@mm)um}-vm {1 (@,mm) e -2 ds, +

v o= {r(amm)ve)
{1 (0, nM) V(v - 2)}|ds,, (18)

bu yerda 1II(z,&) markizi z nuqtada bo’lgan radiusi & ga teng shar. Bu tenglik

ixtiyoriy & >0 uchun o’rinli .Shuning uchun,

lim IV (y — 2)A(0,)U(x) dx = j I'V(y — 2)A(0,)U(x) dx (1.9)

€20 Jp\11(z,¢) D

lim o My -2 {T(3,,n») UG}|ds, =0 (1.10)
lim v {r(3,,n) My - z)}] ds, = U;(z) (1.11)

C(z,€)

formulalardan foydalanib

Ui(z) = —f IV (y — 2)A(0,)U(x) dx +

D

15



+ faD My - 2){T (3,,n()) UGN} -

~U{T (8, () T (y - z)}] ds,. (1.12)

ni olamiz. Endi (1.9),(1.10)va (1.11) formulalarning o’rinlarini ko’rsatamiz.

h=| Po-afr(@mm)um)fas,.

L=tim [ [uo){r(8,,n0) My - )] ds, ,

C(z,9)

Uil < fc( My -2) 7 (0,,n()) U] ds, <

< max

YEC(z,€)

1
(ay,n()’) U(Y)|j C(A,H)lnmdsy =
C(ze)

Zﬂgyélgz(iz)’(e) |T (ay, n(y)) U(y)| CAu)In(1/¢)

larni garaymiz, bundan (1.10) kelib chigadi.Fundamental yechim matritsasi

xossasidan

jc( )[U()’) —U(2)] {T (ay,n(y)) [‘J'(y _ Z)}dsy <

<C max |U(y) —-U(2)|], (1.13)
yEH_I

ni olamiz, bu yerda C =const. Demak (1.11) ni isbotlash uchun

16



lime_o U(2) f, {T(3,,n) T (y—2)}ds, =U;(z) niisbotlash yetarli

i(y_ _J@0), agar j=1
c('!.,a)T(ay’n)T v Z)dsy_{(o,l) agar j=2 (1.14)

hagigatdan, agar y € C(z,¢) bo’lsa, u holda

() =~ 20y =2, Y = 7) = 0)(Y, ~2) =0
Y20 -2) =&

va T(o,,mI''(y-z) ifodadan (1.14) kelib chigadi. (1.13) va (1.14) dan (1.11) kelib

chigadi. (1.19) bevosita |F(y—x)|£CInﬁ dan kelib chigadi.

Endi agar, xususan (1.3) sistemaning D sohadagi regulyar yechimi bo’lsa, u
holda biz (1.7) ni olamiz. Shu bilan teorema isbotlandi. (1.7) formulani Somilian-

Betti formulasi deb ataymiz.
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1.2-§. Elastiklik nazriyasi sistemasi

fundamental yechimini qurish

Laplas tenglamasi uchun Koshi masalasini yechishda Karleman
funksiyasini tushunchasini birinchi bo’lib M.M. Lavrentev [18] kiritgam. Shu

ta’rifdan foydalanib biz Karleman matrisasi tarifini beramiz.

1.3- Ta’rif. (2x2) o’Ichovli I1,(y,x), o > 0 parametrga bog’liq y =X da

aniglangan matritsaga xeD va oD\S gism uchun Karleman matritsasiqaraymiz,

agar u quyidagi shartlarni ganoatlantirsa

1) Ho-(y, X) = F(y_ X) + Ga(y' X) (115)

Ko’rinishida ifodalansa, bu holda G,;(y,x)-D da y=X ni qo’shgan holda (1.3)

sistemani ganoatlantiruvchi (2x2) o’lchovli matritsa, ya’ni
A@©,)G, (x,y) =0 (1.16)
2) Tayinlangan xe Dda I, (y, x) matritsa

[, x| +[r@,.m1, 9|, < (o) (1.17)

oD\S
tengsizlikni ganoatlantiradi, bu yerda ¢(c) >0, o — .

Dsoxa va oD\S qismi uchun Karleman matritsasi ma’lum bo’lsin.
Karleman matritsasi yordamida (1.3)-(1.4) masala yechimining turg’unligini oson

keltirib chigarish mumkin, hamda bu masalani yechish usulini ko’rsatish mumkin.

1.3-Teorema. (1.3) tenglamaning D da regulyar yechimi

U = [, 40T @, MU-umTE,.n, (y9}ds, xeD (1.18)
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ko’rinishida ifodalash mumkin, bu yerda II_(y,x)-D soxa uchun Karleman

matritsasi.

Isbot. (1.15) ga ko’ra Somilian- Betti formulasini qo’llab, bunda V sifatida
G, (y,x) regulyar yechimlar matritsasining ixtiyoriy G({(y,x) ustunini olamz va

(1.16) ga ko’ra G, (y, x) (1.3) tenglamaning regulyar yechimi bo’ladi. u holda

[le,(y. 0T @, Mum-uWT@,.nG, (v.x]ds, =o.

Bu ma’lumot asosida (1.7) Somilian-Betti integral formulasidan T(y-x)

matritsasini I1,(y,x) Karleman matritsasi bilan almashtirish mumkin. Demak,

(1.7) formula fagat shu holda saglanadiki, agar r(y—x) ga ixtiyoriy G, (y,X)

regulyar yechimlar matritsasini qo’shsak, ya’ni (1.18) o’rinli bo’sa.

Elastiklik nazariyasi sistemasining maxsus ko’rinishdagi fundamental

yechimlari matritsasini qurishga o’tamiz.

K(w), w =u + iv (u,v — hagiqiy )- haqgigiy w da hagigiy butun funksiya,
Kw)# 0, sup|vPK® (u + w)|< M(pu)< o, p=0,12, u
vz21

€R! (1.19)

shartlarni ganoatlantiruvchi funksiya bo’lsin, a=|y,—x| deb olamiz. >0, y=x

da ®(y, x) ni
_ ‘ K(w) udu
—2nK (x,)P(y,x) = f Im -, r ot (1.20)

0
tenglik bilan aniglaymiz. Buyerda o = ivu? + a? + y,.

[3] ishda quyidagi Lemma isbotlanadi.
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1.1- Lemma. (1.20) formula bo’yicha aniglangan ®(y,x) funksiya

O(y,x) = In ( )+ 9y, x)

1
|x —yl

ko’rinishida ifodalanadi. Bu yerda g(y,x)- funksiya barcha x,y giymatlari uchun
aniglangan va butun R? da y o’zgaruvchi bo’yicha garmonik bo’lgan biror

funksiya.

(1.20) formula bilan aniglangan ®(y,x) funksiya yordamida quyidagi

matritsani tuzamiz

. ) 00(y, x)
‘/1 8 @, %) — ' (y; — ;) “oye

Gy,2) = [Ny G0l| = (121)

2X2

Endi quyidagi asosiy teoremani isbotlaymiz.
1.4- Teorema. (1.21) formula bilan aniglangan I1(y, x) matritsa
y,x) =T(y—x) + G(y,x)

ko’rinishida ifodalanadi. Bu yerda I'(y — x) - elastiklik nazariyasi sistemasining

fundamental yechimlar matritsasi, G(y,x)-x,y ning barcha giymatlari uchun

aniglangan  va butun R® da y o’zgaruvchi bo’yicha (1.2) sistemani

ganoatlantiruvchi (2x2) matritsa ya’ni, A(9,) G (y,x) = 0.

Isbot. 1.1 -LemmavaTl(y,x) ning tta’rifiga asosan
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0D (y, x)

M(y,x) = ‘A’Skjcb(y,x)—u’(yj—xj) 3 =
Yk 2X2
/ 1
= |28 [ g0 ] -
5 - %) — [t g(y,2)]
—u' n X =
i Yk |x — I I 2x2
. 1 , Yk — x1) _
= H/l Ok;j lnm wy— 1) P =

=I'y—x) + G(y,x)

2X2

HA 8j 90 x) — w1 (y; —XJ) g(y»x)

bundan (1.22) lelib chigadi. Endi,

181, : /] a
G(y,x) = ||/1 ki g(y,x)- u'(y; —xj)a—yk g(y, x)

2X2

(1.3) tenglamaning y o’zgaruvchi bo’yicha y=x ni ham hisobga olganda

regulyar yechimdan iborat.

Ay g(Y» x) =0,

A, = 62+62 divGI (y, x) = ——— g
v T oy oy VT T on iy 2w oy,

g, x)

bo’lgani uchun A(d,) G J(y, x) vektorning k -koordinatasi uchun

ZAkl(ay)Gl](yi x) =HU A [/1 61{] g(y'x) u (YJ - xj) g(Y»x)]
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0 .
+(A+w a_Yk divG’ (y, x)

A+ 02 (v.x) + A+up) 02 (v,x) = 0
B 27t(/1+2,u)6yjzgy'x 27t(/1+2,u)6yjzgy'x -

ga ega bo’lamiz. Demak G(y,x) matritsaning hadi bir ustuni y o’zgaruvchi

bo’yicha (1.3) tenglamaning butun R® ga ganoatlantiradi. Shunday gilib biz
tuzgan (1.21) va (1.22) formulalar bilan aniglangan II(y,x) matritsa Karleman

matritsasi ekan. Teorema to’liq isbotlandi.
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1.3-§. Maxsus sohalarda elastiklik nazariyasi sistemasining

Karleman matritsasi

(1.20) va (1.21) formulalarda K (W) funksiyani aniq ko’rinishda tanlab,

elastiklik nazariyasi sistemasi uchun Koshi masalasining Karleman matritsasini

sohalarning keng sinfi uchun aniq ko’rinishda quramiz.

1. D elastik muhit R2 da chegaralanmagan bir bog’lamli, chegarasi
Y2 =0 hagqiqiy o’qning | bo’lagi va Yo >0 yarim tekislikda yotuvchi silliq S

egri chizigdan iborat bo’lsin, ya’ni D galpoq shaklidagi soha.

o >0 da (1.20) formulada
K(w) =exp ow, w= iVu? +a?
ifodani qo’yamiz va quyidagiga ega bo’lamiz:

exp(ow)  udu

W—X2 \/u2 +a?

Shuni ta’kidlaymizki, bu yerda tanlangan K(w) (1.19) shartlarni

- 27K (X2) @ (¥, X) = [ Im (1.23)
0

ganoatlantirmaydi, ammo ® 5 (Y, X) uchun lemma 1.1 ning tasdig’i to’g’ridir.

(1.23) formuladan ko’rinadiki, | da @, (Y, X) funksiya, uning V@ (Y, X)

gradiyenti va uning ikkinchi tartibli xususiy xosilalari

0* Dy (Y, %)
Y0y j

i j=12...

o — oo dabarcha y va X e R2 larda eksponental nolga intiladi. (1.21) ga
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D(y, X) = P (Y, X)

ni qo’yib, quyidagini olamiz:

)6(1)0'()/’ X)

(1.24)
oYk

5 (Y, X) = A 0kjPs (Y, X) — (Y j — Xj

2x2

1.5-Teorema (1.24) formula bilan aniglangan I1 (Y, X) matrisa. D soha

va | gismi uchun (1.3) va (1.4) Koshi masalasining Karleman matritsasidan iborat
bo’ladi.

Isbot. TT1(y,x)=1I'(y—x)—G,(y,x) ifoda (1.24) va lemma 1.1 dan birdan
kelib chigadi.

A(0y)G(y,x)=0 tenglikning isboti xuddi teorema 1.4 dagidek bajariladi.

[ 1y, x,0)| + T @y, MII(y. X, 0)|HISy <c(2, i X)oexp(-0,%;) (125
|

ekanligini isbotlaymiz .

0D (y.x) _expo(y2 —x2)[(y2 - xp)sinolyy - x| +|y1 - xi/coso(yz - x)]
971 27|x — y\z

oD (y,x) _expalyz —x2)|(y2 —xz)cosolys — x| +|y1 — xq/sin oy —x2)]
2 27]x — y\z

bo’lgani uchun quyidagiga ega bo’lamiz:
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In

I(y, 4,0)| < Cl(/l’l”))exp oly2 —x2)

x-y|

T(@,MI(y,x,0) < Mexp a(yp —x2)
O
(\X - y\}

Ushbu oxirgi tengsizliklardan (1.25) ni olamiz. Teorema isbotlandi.
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11-Bob
2.1-§. Chegaralanmagan sohada elastiklik nazariyasi sistemasi

yechimi uchun Somilian-Betti formulasi

D c R? D — chekli bog'lamli soha, D — uning bo’lakli silliq chegarasi
bo’lsin. uepe3 A(D) -deb elastiklik nazariyasi sistemasining regulyar echimlari
fazosini qaraymiz, ya’'ni

AD)={uec?D)nC*D):uru+ (A+ p) graddivu = 0} (2.1)

Ma’lumki, agar D-chegaralangan bo’lsa va u € A(D), bu holda

f [T1(y, ){T (9y, n)u@)} — u@T (8, n)I(y,x)}]ds, =
aD

(2.2)

{ u(x), xeD
0, x¢&D
bunda T(d,, n) —kuchlanish onepatopi.
u € A(D) bo’lsin va D — chekli bog’lamli soha chegaralanmagan bo’lsin.
Quyidagi belgilashlarni kritamiz
Dr ={yeD : |y| <R}, Dg = D\Dg, R>0.
Agar
1lei_r>£10 [H(y, X){T (ay, n)u(y)} — u(y){T (ay, n)H(y, X)}]dsy =0 (2.3)
oD%
bo’lsa, uholda x € D uchun
j[H(y, x){T (ay,n)u(y)} - u(y){T (ay,n)H(y, X)}] ds, = u(x) (2.4)
aD

o’rinli bo’ladi. Hagigatdanhamx € D (|x] < R) uchun
26



f [H(y, X){T (ay, n)u(y)} — u(y){T (Gy,n)l'[(y, X)}]dsy =

oD

_ j 11y, {T (3, n)u)} — u@){T (3y, n)TI(y, x)}]ds,, +

dDg

+ j (17, 0{T (3,,n)u(x)} — u){T (3, )Ty, )}]ds, =

aD%

=u(x) + j [H(y, x){T (ay,n)u(y)} — u(y){T (ay,n)H(y, x)}]dsy )
aD%

Endi R — o da limitga o’tib (4) ni olamiz.

(2.4) formulaning xususiy hollarini garaymiz. Chegaralanmagan D-soha
quyidagi qatlamda joylashgan bo’lsin 0 < y, < h,h = %, p > 0, bunda

tashgari dD cheksizgacha jo’zilgan bo’lib, ayrim by, > 0 uchun 9D chegara
quyidagi integral bahoga ega bo’lsin

j exp[—bochp, ly;||Dsy <o, 0<py <p. (2.5)
aD

u € A(D) quyidagi o’sish shartini ganoatlantirsin

lu()| + T3y, u(y)| < C exp(expp, ly1l), p2 <p, y€D. (2,59

@(y,x) —Karleman funksiyasini quramiz. Buning uchun quyidagi yordamchi
funksiy kerak bo’ladi.

K(w) = exp [—b chi p, (a) — g) — b1 chi p, (a) — g)], (2.6)

bunda w = ivu?+a? +y,, 0<p;<p, 0<x, <h, b>0,
h
b1>bocospoT—1, a=|y; - x4l

Endi @(y, x) —Karleman funksiyasini quramiz
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exp(o,w) udu

w—x; VuZ+a?

=21t K(x,)®, (y,x) = Jlm (2.7)

0

(2.4) formulani o’rinli ekanligini ko’rsatish uchun

tim [ 710, (2 muG)} ~ uT (3, )Ty, 2)Ydsy = 0

oD

tenglikni tekis (Vx € D) bajarilishini isbotlashimiz kerak

Quyidagi integralni baholaymiz

f 77y, )T (3, n)u()} - uG){ T (3, )y, x)}]ds, ,
dR?2

j [F1(y, )L T (3, m)u()} - uG){ T (3, )y, x)}]ds, | <
OR?2

< j [[11(y, ){ T (8, n)u(»)} - u{T (8, )1y, x)}]|ds, <
0R2

< aR2|17(y, x)+T (ay,n)H(y, x)||T (ay,n)u(y) + u(y)|dsy (2.8)

dan @(y,x), 2 0% i,j = 1,2 larni baholashga to’g’ri keladi.

’ dyy’ dy; Oy

1 * K@{ivu? + o2 +
O(y,x) = — j ( y2) dyu? + 02 =
2nK(x2) Jy iVuZ + 02 +y, — x,

1 I * K(it+y,)
21K (x2) o (t+y2) —x;

y1 > X; bo’lsa, bu holda

6_(1) _ 1 m K(i(y; —x1) +y»
dy, 2nK(x,) iy +x1) +y2 — X%
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y1 < X4 bo’lsa, bu holda

0P 1 K(i(y; —x1) +y>
= — Im- (2.9)
dy, 2nK(xy)  i(xy —y1) ty, — X
o0 1 KAlys=xal+y, _ _ 1 K(ily1—x1|+y> (2.10)
ay; 2nK(x3) i(y,—x2)—ly1—x4l 21K (x3) ily1—x11+y2—x%; '

Yuqoridagi ifodalarga asosan y; > x; bo’lsa, bu holda

92D 1 : 0 K(o,)
= m
dy?  2nK(x,)  0y; g — X,

, 0w, d
__ 1 - K (o) 3y, K(w) 3v: (®o — X2) ~
2nK(x,) 0y — X3 (09 — X2)?

1 m [iK'(coo) B iK(o,)

2nK(x7) o — Xy (g — X3)? B

T 2nK(xp) |0 =Xz (@ — X5)2]
buerda o, =i(y; — %) + 5.
y1 < X4 bo’lsa, bu holda

9% 1 0 K(@g)

_ = m =
y3 2nK(x;)  dy; ©g — X,

0o —\ 0
. 1 p K(wo)a_yf_K(mo)a_yl(wo_Xz) 0 & — x| =
21K (%) ™ | g — x, (@ —x2)2 Ay, ° O C
1 K'(@)(—1) K@) (-1 _
T 2nK(x,) ™| @y — X, (@p — X3)?
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1 [K’(aoz)_ K@) ]

T 2nK(x) @ — % (@ — X2)?
bu erda 0y =i(xX; —y1) +Vy,.

Bu ikki ifodalarni birlashtirib yozsak

0%0 1 [K'(ilyl — x1| +y3) K(ily: — x1| +y>

= . - (09)
dy?  2nK(xz) ©|ilyr —x1l+y2—%2  (lys —x1|l +y2 — Xz)zl !

Ma’lumki,

00 1 K(ily; —x4] +y32)

= — m - =
dy, 2nK(x7) i(y, —x2) — ly1 — x4l

L g Ky —xil 4y
2nK(xp) ilyr —x1l +y2 — %2

R0 1 0 Koy

a_y% - Zﬂ:K(Xz) € ayZ Mg — X3 B

/ d d
1 [Kengg Keogmeo-x)|
C 2nK(xz) °| @p =%, (o —%2)?
1 K@) __K(©y)

(9%)

T 2nKGg) oo =% (00— %)?
(02) va (95) dan ®(x,y) — funksiyaning garmonik ekanligi ko’rinadi.

0’0 0%0

Endi =
0y, 0y, 0y, 0y1

ekanligini ko’rsatamiz

y; > X; da

oD 1 K(i(y; —x1) +y,  0%®
_— = m- =
dy, 2nK(x;) i(x; —y1) +y, — %, 0y, 0y;
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1 0 K(o,)
= Im =
2nK(x,) 0y, 0 — X;

' (30)0
__ 1 (KO0)Ty, K@) dw| _
2nK(x,) 0y — Xy (09 — X2)? 0y,
1 K'(0) B K(w,)

- 2nK(x,) 0y — Xy (09 —x)2[

o 1 K(@i(yr —x1) +¥2
ay, 21K (xp) i —y) +y2 =%

0’0 1 0 Ko _
dy, 0y, 21K(xy) 0y, 0y —X,

0
_ 1 K ((D(’)a_y1 K(og) 0Oogf
o 2nK(xy) 6| o —x, (0o — X2)? dyy
3 1 K'(wo)i K(o,)i —
0 2nK(xy) Clwg—x%, (0 —x)%|

- 2nK(X2)Jm 0o — X, (g —x,)?
Xuddi shunday y; <x, da

0°®d _ 0%
dy, dy, 0y, dy,;

By, 30| = [(m L |
Y% - 2nK(x0) |/, m(D—Xz\/uZ—OLZ -
1 * K@it +
__ mf KRat+ys) 4t o
Zﬂ:lK(Xz)l o lt + yZ - X2
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1 * K@t + 1 * K@t +
_ [ KGt+y)l [ KGt+yo)l
2n|K(x2)| J, lit+y; — X, 2n|K(x2)] J, \/t2+(y2—X2)2

—anlK(Xz)lj |K(t + y,)|dt .

Endi K(w) — funksiyaning ko’rinishini e’tiborga olsak

E(it+y, —x2)

sin% (it+y, —x3)

IK(it + y,)| = (it+y, +x, + 2h) K x

h h
X exp [O’(it +y,) — —bchip, <it +y, — E) — b, chip, (it +y, — 5)] =

( ) (\/tz + (y2 — Xz)z)

|lshp cos & (yz X,) + sm2 (v, — xz)cos 5 |

h
X exp [Gyz — bchip; tcosp, ( ) b, chipgtcospg (y2 — E)] <

< Cexp [Gyz — bchip;tcosp; (y ) b, chipytcosp (y2 — E)] (2.12)

Bunda C=const,0 <y, <h h= E t €[, ), a=|y; — x4,

C h
|®(y,x)| < KG)r j exp[ bchp,t cosp, (y —§>_

h
—b,chpyt cosp, (yz — E)] dt <

C
- K(xz)r

h
f exp |—(b — €)chp,tcosp, (y — E) —
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—(b; — €)chpytcosp, <YZ - —)] X

h h
X exp |—echp,t cosp, <y2 — E) + chpyt cosp, <y2 — E)] dt <

< expl—(b — £)chpyly:| — (by — £)chpoly, ] f exp(—t) dt <
(04

K(x,)r

< Cexp[—(b — €)chp, ly;| — (b; — &)chpgly;1],  (2.13)
0<eKkb, €KLby.

(2.9), (2.10) va (2.12) lardan
0P
[57] < Cl=behps lys| = bychpoly: ] (2.14)

(0%) , (03) va (2.11) dan

< Cexp[—bchp,|y;| — bschpgly;[] +

2
‘a}’i an
+Co[b1pyshpslysl + biposhpolys llexp(=bchp, |y, | — by chpolys|) <
< Ciexp(—(b — &)chp, |y1| — (b — €)chpoly,)  (2.15)
e > 0 ni (2.13) dan tanlaymiz.
Ny, )| + |T (8, n)1(y, x)| <
< Cexp(—=(b — &)chp,|y;| — (by — &)chpoly ). (2.16)
Endi p, < p; < pva (2.5°) shartdan quyidagi baholashlarni olamiz
[IN(y, )| + [T (3y, n)1Cy, 0 [][|T (9, n)u| + Tu()I] <

< const exp(—bychpy|y1 D), (2.17)
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bunda b; > by(cosp, g)‘l + &.

Yuqoridagi shartlardan

lim f [TI(y, x){T (y, n)u()} — u){T (9, n)(y, x)}]ds, = 0

oDy
A,(D) = {U):U(y)eA(D), [U(y)|+ |TU(y)| < explexpply:|],p > 0}

2.1-Teopema. Agar u(y)eA(D)

h *
lu@) | + [Ty, Mu(y) | = C explacos p;(y, —3) exp p1 Iy1l], (2.177)

a=>0,yedD.Buholdaagar 0 < p; < p bo’lsa,

u@ = | [160 {7 (3,n0))ue)) -

—u(y) {T (ay,n(y)) M(y, x)} ds,, x €D

buerdaa=b.

Isbot. D sohani y, = g chiziq bilan kesib D; = {yeD: 0<y, < g}va
D, = {yeD: g <y, < 0} sohalarga ajratamiz. D, sohada

Ky (o) = K(w)exp |8, cht (w — 7) —8,chp (0 = 3 )|

w=iVue+a’+y,, a=]|y;—%X| , ue(0; +), §; >0,6,>0,p<1t<2p,
0<y, Sg , 0<x, <2 , deb K(w) ni (2.6) formuladan olamiz. ®,(y,x)

funksiyani quyidagicha quramiz

1 ®  Kiy(w) udu
P — f Im
21K, (x2) Jo W =Xz Vu? + o?

K, (w) — funksiya uchu quyidagi baholash o’rinlidir
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K, (@) < [K(@)|exp(—8,chty/u + 2 (yz - —) -
—&, chpVu? + o?cosp (yz — g), (2.18)
h h h h
->< —%<T(y2—z) <T <2, cosT(y, —7) = 8 >0,

cosp(y, — g) > §, > 0.

0d, 0%d,
1 ay, ' ay; ay;

, larni (2.13), (2.14), (2.15) dagiday baholab quydagiga ega bo’lamiz

[Ty (y,x)| + T (y, x)| < O(exp(—8ochtly,|) (2.19)
xeD; ,yeD; UAD; ,y — oo.

U€A(zp-¢(D1) , €>0 bo’lsin, (2.18) da te(Zp — ¢ 2p) deb, quyidagiga ega

bo’lamiz

u@ =] [Le.0{7(3,m0))u0) -

—u(y) {T (E)y,n(y)) I, (y, x)} ds,, x €D, (2.20)

Agar  u(x) € A(D;) NAyp_(Dy), bu holda 1t € (2p—¢,2p) bo’lganda
quyidagiga ega bo’lamiz

u@ = | (10 {1 (,n00)u)} -

—u(y) {T (ay, n(y)) I, (y, x)} ds,, x € D, (2.21)

buerda K,(w) < K(w) exp [— 01 chit (w - %) — 0z chip (“) B g)]
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[00]

—21 Ky (x2) P2 (y,x) = Jlm () udu

; W=X2 Jur+ ad?

a(DZ (y' X)
dyx

I,(y,x) = Hl’Skaz(y, x) — W (yj — xi)

2X2

1 ®  Ky(w) udu
i) =gk [ )
21K, (x2) J, W — X2 vVu? + a?

K, (w) = K(w)exp(—6,cht (yz — 34—h) —&, chip ((o — g))

Endi ueA,(D) va (17) shartni ganoatlantirsin, bu holda (20), (21) formulalar o’rinli

va bu integrallar tekis yaqginlashadi barcha x € D.
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2.2-§. Maxsus soha uchun integral formula

Endi dD: y, = f(y;) formula yordamida berilsin. Bunda

of
| <c<o, (222
K(w) = exp(—e(w+1)P1) (2.23)

(w+xz)K
w=im+y2,s>0,y2 >0,0<p; <1,keN,
Quyidagi funksiyalar sinfini garaymiz
B,(D) = {U(y): UeA(D), [U()| + ITU(| < exp(lyl®), p>0}.  (2.24)
p1, p mi p < p; < 1shartdan tanlab, u(y) € B,(D) uchun

expRe(—e(w+1)P1)
lw+x,|K

IK(w)] =

w+1l=iyuZ+aZ+y,+1=+u2+a2+(y,+1)2(cose + i sing)

Cos@ = Yot sing = uita”
¢ = JuZ+aZ+(y,+1)2’ ¢ = JuZ+aZ+(y,+1)2 '
_r T T TP _ TP T
S<P<; = o< ——<pp<—— <3 (2.25)

Shuning uchun

(w+1)Pr = (\/u2 + a? + (y, + 1)?)P1(cosp, @ + isinp, )

va

exp[—s(\/u2+oc2+(y2+1)2)p1 cosplcp]
(u?+a?+(y,+1)?)K

[K(w)| =

(2.26)

(2.25) gako’ra  cospy¢p = 8, > 0, (2.26) dan
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xp[—e|w|P1cosp, @]
lw|¥

e
K(w)| =

®(y,x) funksiyani quramiz

1 *® K d
B(y,x) = — j m X2(®) _udu
0

21K, (x2) W — Xz+vVu? + o?

exp [—80 [Vt + (y, + 1)2]p1]

1 oo
B dt <
2T[|K(X2)|jo [Vt2 + (v, — Xz)z]k\/tz +(y2 —x2)?

|P(y,x)| <

1 exp [—80 [\/t2 + (y, + 1)2]p1] o dt
< K f =
2m|K(x,)| [\/tz + (7, — Xz)z] 0 2+ (¥, — Xp)2

exp [—so[\/tz + (y, + 1)2]p1]

<C
K

(2.27)

(2.9), (2.10), (04), (95), (2.11) largako’ra

exp [—so[\/az + (y, + 1)2]p1]

ob <C K] <C 2.28
ay;l — 2 T rk+1 (2.28)
p
020 | _exp|-g[oZ+ (v, + D7 |
<C (2.29)
ady; an rk+2
exp[—so[w/a2+(y2+1)2]p1]

II(x,y)| + |TH(x,y)| < C (2.30)

rk+2

ueB, (D) ligidan

J[H(TU) — U(TM)]ds, —» 0, R~ oo.
Dy
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Tasdiq isbot bo’ldi.

(2.7), (2.8), (2,9) lardan

1 1
ITI(x,y)| =o (F), |TI(x,y)| =° (}?>, y = o, yedD (2.31)

2.2-Teorema. u(y)eB,(D), D soha y, >0 dan, bo’lib chegarasi
cheksizgacha cho’zilib boradigan va dD: y, = f(y,) tenglama bilan berilgan

bo’lib, f —differensiallanuvchi va (2.22) shartni ganoatlantirishi bilan birga

0 < f <y, < oo shartni ganoatlantirsin. Bundan tashqgari u(y) quyidagi chegaraviy

shartlarni ganoatlantirsin

f Mds < jITu(y)I ds < (2.32)
1+ |yl? ’ 1+lyl ’ '
aD aD

Agar p < 1 bo’lsa, bu holda

u(x) = j [0, T (35, n)u()} — uGT (3, )11(y, x)}]ds, ,xeD

oD

formula o’rinli bo’lib,

M(y,x) = (2.33)

0
|7\'5qu)(}’, x) — W (yj — Xj)a—ykq)(Y»X)

1 —x1)% + (¥, + x3)?
CI)(y,X)=—ln(Y1 1) (V2 +x32)

4t (y; —X1)? + (y2 — X2)? (2.34)

Isbot. (2.31) va (2.32) lardan (2.4) integralning tekis yaginlashishi kelib
chigadi. K (w) ning formulasida e = 0 qo’yibquyidagiga ega bo'lamiz

d(y,x) =
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(00]

X, udu

I =
Ty (iVu2 + o +y, + %) (iVu2 + o + y, — x)Vu? + a?

Xy [ dt

T Jy Im (it+y, +x)(it+y, — X3) B

__X OOJ (V2 + %2 — i) (y, — X, —it) dt =
T 7T (2 4 (72 + %)) (E + (2 — %2)?)

_ X2Y2 tdt —
T oom J(x (2 + (y2 + %)) (2 + (y2 — x2)?)

1 P+ (Y, — %)
T an @+ (y2 +x5)%°

bu erda a? = (y; — x1)2.

2.3-Teorema. D = {(y;1,V2): y» > 0} -yuqori yarim tekislik, u(y) €
B, (D) fuksiya

1+ |y|? 1+ |yl
dD

u ds
jﬂds < oo, jITu(y)I <o, (2.35)
aD
shartlarni ganoatlantirsin, bu holda agar p < 1 bo’lsa, x, > 0da

u(x) = j (T (3, m)u()} — uGHT (3, n)11(y, x)}]ds, ,xeD

Y2=0

formula o'rinlidir.

Isbot. (2.35) formulani quyidagicha yozish mumkin

(00]

u(yy,0) | Tu(y4, 0)]
—ZdY1 < [0'e) , -
1+ |yl 1+ |yl

— 00 — 00

dy; < co.
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K(w) ni (2.23) formuladagiday olamiz va mos ravishda ®(x,y) , [I(x,y) larni

guramiz.
Dr = {xeD: [x]| < R}, dDR = D \ Dy deb olsak, xeDy

M, )T (9y, n)u()} — u@){T (9, n)N(y, x)}]ds, =

= f [1(y, ){T (ay, n)u(y)} —u(y){T (ay,n)l'[(y, OYlds, +

+ [ 1100 (0 mu) w0 (3, m)NG, )1, =

DR

—uG) + [ (G0 (2, m)u)} = T (3, m)1, s,

DR

| (NGO (2, m)u0} ~ uHT (0, )N 0Mds, 30, R oo

DR
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2.3-§. Chegaralanmagan tekis sohada

elastiklik nazariyasi sistemalari uchun Koshi masalasi

D c R? sohachegarasi y, = 0 to’g’ri chiziq va

0<f)<h |fOD)I=L<oo  y ER. (2.36)

s

shartlarini ganoatlantiruvchi y, = f(y,) egri chiziqdan iborat0 <y, < h, h = ’x
p > 0 yo’lak ichida yotsin. Faraz qilaylik, u(x) € A(D) 9D da o’zining normal

xosilasi bilan chegaralangan bo’lsin.
lu| +|T (8, n)u(y)| <M, yeaD. (2.37)

S-y, = f(y1), ¥1 € R tenglama bilan berilgan 6D chegaraning qismi bo’lsin. Bu

shartlarda Somilian- Betti formulasi o’rinli

u(x) = j[ﬂa(y, O T (8, n)u)} - uG{T (9y,n) [, (v, x)}]dsy, x €D

oD

buholda K(w) = [w —x, + 2h] texpow, w =iVu?+a?+7y,, h= %'

K(x,) = [2h] texpox,, 0<x, <Hh,

deb olamiz va quyidagi u, (x) belgilashni kritamiz

Uug(x) = f[Ha(y, O T (9, n)u@)} - u{T (9y,n) [, x)}dsy, x € D.
S
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Quyidagi teorema o’rinli

2.4- Teorema. u(x) € A,(D) (2.37) chegaraviy shartni ganoatlantirsin. u

holda
lu(x) = u,(x)| < M C,(x) exp(—ox;), x€D,
C,(x)- fagat p va x, ga bog’liq kattalik.

Quyida yozuvning qulayligi uchun p ga bog’liq barcha doimiylarniC, deb

belgilaymiz. Turli tenglamalarda C, turli doimiylarini bildiradi.

Isbot: Somilian- Betti formulasi (1.18) ga asosan

u(x) —ug(x) = f [N, ) T (3, n)u)} - uGN{T (9y,n) [N, (v, x)}]ds, .

Y2=0
(2.37) ko’ra esa,

+ 00

[u() = up ()] < M j (I, (.01 + [T (3, n)[T, (v, 0)|]ds, .

Oldingi teoremalar isbotlaridagicha o’xshash ||, 0P,/ dy;l, |62(Da/

ayi ay]| , l,j = 1,2

larni boholaymiz.

K(w) =[w—x, + 2h] texpow, w =iju?+ a?+y,, h =

SN
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deb,

h K(w) udu
) (er)___exp( UXZ)fIm o —x u2+a2=
2

, — X + 2h) (v, — x,) — t?]sinot

__Eexa( x)f [(y s
ST RSP T ) | G, S ) + )y, — xp + 20 + 2]

(y, — x5, + h)tcosaot

2h
+—expo — X dt.
7 SXPoL: Z)J (72 — x2)%2 + tD)[(y, — x5 + 2h)% + 2]

ni olamiz.
a<u,-h<y,—x,<h, h<y,—x,+2h<3h, 05y, <h, 0<x, <h

lardan

[(y, — x, + 2h) (v, — x,)]sinot | <
—x)% + t2)[(y, — x2 + 2h)% + t2] -

< 3hly, — x,|[(y2 — x2 + 2R)* + a?] 7" X

3hm
— 2 2 dt S 2 2 )
(V2 —x2)2 +t 2(a? + h?)

[(y, — x,)t?]sinat

dt| <
- x2)2 + tz)[(yz - x2 + 2h)2 + tZ]
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J (2 — x2)%2 + t2)[(y2 — x5 + 2h)% + 2]

dt| =

< |y, — x|

= |y, — x|

j dt B (y, — x2)2 %
J (V2 —x, +2h)2 +t2  [(y; —x2)% — (¥ — x2 + 2h)?]

r 1
- dt
% j [(yz — X, +2h)?2 +t?2  (y, —x,)%+ tz]
a

+ vz — xz)z n vz — xz)z _C
4h(y, —x; +h)  4h(y, —x; + h)(y, — x5 + 2h) P

( n h)f tcosot dt
— X
Y2 T2 ) @2 =% + )0 — 3, + 207 + 7]

< C,In(1+8h*r™%). (2.61)
ni olamiz. Yugoridagilarga asosan
|®,(y, x)| < C,expo(y, — x;) In(1 + 8h%r~?)

ni olamiz. ®,(y,x) funksiyalarning xuddi shunday xosilalari formulalariga ko’ra

(1.4-§) quyidagicha bo’ladi.

1
(y, — x5, + 2h)? + a?

10D, (y,x)/ 3y;] < C, exp oy, — xz)[ + r—z] ,

02®,(y,x)/0y; 0y;| < C,oexpa(y, — x3) [r(az Tan "
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1 1
+ + ]
rva? + 4h?2  r2\Ja? + 4h?

Shundan

M, (v, )| + | T (8, n),(y,x)| <

0.—1

+ 2h)? + a? +

< C,oexpo(y; — x3) [(3’2 vy

1 1 1
+ + + +
r(a? +4h?)  rJaZ+4h2  r2Ja? + 4h2

0.—1
+O'_111’1(1 + 8h2T_2) + 7"_2] .

ni olamiz. y, = 0 dau(x) — us(x) uchun

(00]

8h?
[u(x) = 1, ()] < MC,0 exp(-0x,) [ [m (1 o x) da +
2

— 00

e}

Y (S S S ey .
a
(2h—x2)>+a®  a?+xj J Va? +4h?\Ja? + x}

— 00

(00] oo

da da
+ j +
) (a%+4h?)Ja? +x5 ) Va?+4h*(a? +x3)

(00]

8h?
= MC,oexpa(y; — X3) [f In (1 + o x22> dt +
0
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‘ dt
+j + dt + +
J ((Zh x2)? + t2 t2+x§> J 2+ 4R\ + x2

r dt t
+j +
J (t2 4+ 4h?),/t2 + x2 . Vt2 + 4h2(t2 + x2)

ga ega bo’lamiz, oxirgi tengsizlikning o’ng tomonidagi har bir integralni

boholaymiz.

0]

jol 1+ 81" dt 16h2J i

n = —
t2 + x3 t2 + xZ + 8h?

0

0

dt
J (t2 + x2 + 8h2)(t2 + xz)

—16h%x2

[ee)

dt dt 16h? + 2x3
= (16h? + 2x22)f ZZJ _ 2)

— 2x =
t2 + x2 + 8h? t2 + x? 2 2
0 2 . 2 24/ x5 + 8h

jo L1 =T 11
(2h — xz)z+t2 t2 + x2 C202h—x,  x,l’
0

[00]
j dt < dt o
R N e A N T T A

—T[x2,

1

jo dt J dt foo dt
= + <
2 (ARt +xf S (2 +H4RD)Et2 a2 + 4D + x]
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(00]

dt 1 T

< 2 -1 — -
< (4h°xz) +f tZ t 4h? _ 4h’x, 4h’
1

oo} 1 o}
j dt B f dt +J dt -
s VEZ+AR2(t2 +xF) ) VEE 4R (t2 +x)) ) VER+ARZ(E2 +x))
1 1
< + .
4hx; = 2V1 + 4h2x,

Bu tengsizliklarni birlashtirib talab gilingan tengsizliklarni olamiz. Teorema

isbotlandi.

1. Turg’unlik bahosini keltiramiz.
u(x) € A,(D) funksiya y, =0 to’g’ri chiziqda (2.37) chegaraviy shartni

ganoatlantirsin. S sohada esa
lu(y)| + |T(6y,n)u(y)| <, yeES, 0<6<1.

shartni ganoatlantirsin. Bunday shartlarda

M
| u@)| < M C,(x)6%2/" In (3), x €D

tengsizlik o’rinli ekanligini ko’rsatamiz.

Hagigatdan ham

| u(x) | < 5[ [|l'[a(y,x)| + | T (6y,n)1'la(y,x)|] ds, +
S
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+ 00

[ (11,001 + | T (0, m), (0] dy, =

400

=5 [ [IN,001+ | T (2, m)1, 0[] VT+ Oy, +

+ o0

+ M J [Ty, )| + | T (8,,n)(y, %)|] dy,.

Yuqoridagidan
| u(x) | < C,0exp(—0x,)[M + Sexpoh]
ga ega bo’lamiz. o = h_lln% deb olsak, bu holda isbotlanishi kerak bo’lgan
ifodani olamiz.

2. Endi faraz gilaylik u(y) vaT (d,,n)u(y) o’rniga Sda ularning uzluksiz

tagribiy qiymatlari mos ravishda f;(y) va g,(y) berilgan bo’lsin.
max|u(y) — fs(I + mSaXIT (0, n)uy) —gs | < &

Faraz qilaylik, u(x) € A,(D) funksiya y, = 0 to’g’ri chiziqda (2.37) chegaraviy

shartni ganoatlantirsin. Bu shartlarda

g5 (x) = L [, (v, )95 — fsONT @, T, (v, 0)}|ds, ,  x €D,

deb olamiz, bu holda K (w) yugoridagidek aniglanadi. u holda
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M
| u(x) —uys(x)| < M C,(x)6%2/" In (E)’ x €D,

bu yerdao = h‘lln% , C,(x) (2.57) dan aniglaniladi.
(2.1)-Natija.
lim u, (%) = ulx), lim g5 () = u(x),
limitlar D soxadagi har bir kompaktda tekis bajariladi.

3. Yugoridagi olingan natijalarni  biroz umumlashtirish magsadida S egri

chizigqa nisbatan quyidagi shartlarni qo’yamiz

fs exp[—bgchpyly;[]Dsy <0, 0<py <p.
u(x) € A,(D) chegaraviy shartlarni ganopatlantirsin
lu@)| + |T(dy, n)u)| < C explacosp,(y, — h/2)expps|y1|], vy € aD.
Faraz gilaylik S da berilgan uzluksiz fs(y) va gs(y) funksiyalar
s+ 1gsW)| < explacosp, (v, — h/2)exppi|y1ll, y €S
lu@) = fsMI + |T(3,, n)u(y) — gs| <
< & explacosp,(y, — h/2)expp:|y1ll, YES

tengsizlikni ganoatlantirsin,buyerda 0< 6§ <1, 0<p; <p, a=0.
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K(w) = explow — bchip;(w — h/2) — bychipy(w — h/2)|]
buyerda w =ivVuz+a?2+y,, 0<p, <p, 0<x,<h, b>0, by >
> by[cos(poh/2)]7! + &,
>0, a=|y, — x|, b=2aexpp;x;, 0 =h"1né?!

deb olamiz. Bu shartlarda

Ugs(x) = j [, ) g5 () — fsWUT @y, W, (v, x)}]ds, ,  x €D.
S

deb olamiz.

2.5- Teorema: Yuqorida keltirilgan formulalardan

M
() — ups(0) | < CG0)6%/" In (g) expl2acosp, (v, — h/2)expps|y:[l, x

€D (2.72)

bu yerda

C(x) = ij exp[—bochpoa](r~' + r=*)ds,, .
oD

Isbot: u(x) — u,5(x) ni garaymiz va uni baholaymiz

| u(x) —ups(x) | =

51



= ‘ L [0, (v, ){T(9y, n)u(y) — gs (M} —

—{u®) — fsMHT@,, W), (,x)}|ds, +

+ f[Ha(y,x){T(ay,n)u(y)}—u(y){T(ay,n)Ha(y,x)}] ds,| <

y2=0
< f (1M, (v, )1 + [Ty, )T, (3, 0[] %
S
% [|T(3,, n)u(y) — gs )| + ) — fsI]ds, +

+f [T, (v, )| + |T (3, M)y, 0 |][|T(3,, n)uy)| + lu(W)l]ds, <
y2=0

<4 j explacosp, (v, — h/2)expps|y,|] X
S
x [Ny, )| + |T (@, M),y x)|]ds, +

+C f explacosp;(—h/2)expp;|y1|] [I1I,(y, x)| +
S

+|T(6y,n)l'la(y, x)|]dsy )

Yana |I1,(y, x)| va |T(6y,n)l'la(y, x)| larni baholaymiz. (2.21) ga ko’ra

K(w) = exp [Jyz — bcosp,(y; — h/2) chp;\u? + a? —
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—b,cospy(y, — h/2) chpyVu? + a?

_ oo |K d
@0y, 20| < [27K ()17 [ 52 22 <

< Cexplo(y, — x3) + bcosp;(x, — h/2)] X

X | exp[—2acospi(y, — h/2)expp|x,| chp,t —

Q\S

dt
<
V(g — %)% + t2

—(bo[cos(poh/2)]™" + €)cospo (¥, — h/2) chpyt]

< Cr texplo(y, — x,) + bcosp;(x, — h/2)] X
X exp[—2acosp, (y; — h/2)expp,|x;| chpia —
—bychpya] J exp[—echpyt]dt <

a

< Cr texplo(y, — x;) + bcosp,(x, — h/2)] X

X exp[—2acospi(y, — h/2)expps|x1| chpi(Iy1]=1x1[)—bochpoa] X

X j exp[—echp,t]dt < Cr~texplo(y, — x;) + bcosp,(x, — h/2)] X
a

X exp[—2acosp,(y, — h/2)expp:|x;| X
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exp(—£poa)

X chp; ([y11=I|x11)=bochpoa] €Po

0P;(y,x) 9*Pg(y.x)
dy; ' 0ydy;

, 1,j = 1,2 lar uchun quyidagi tengsizlikni olamiz

‘M < 2nlK () P11 1K ()] <

dy;

X Cr~Yexplo(y, — x,) + bcosp,(x, — h/2)] X
X exp[—2acosp, (y; — h/2)expp:|x1| chpi (|y11—1x%1)—bochpoa],
K'(w) = [0 — bip;ship;(w — h/2) — byipgshipy(w — h/2)|] X
explow — bchip,(w — h/2) — bychipy(w — h/2)|]

bo’lgani uchun
|K'(w)| < Coexploy, — 2acosp, (v, — h/2)expp;|x;| —bochpoa]]
Shuning uchun

0°P,(y, x)
a)’ia)’j

< Clr '+ r?%loexplo(y, — x3) + bcosp,(x, — h/2)] X

X exp[—2acosp, (y; — h/2)expp;|x1|—bochpoa] .

Endi yuqoridagi tengsizliklarni hisobga olsak
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M, (v, )] + [T, T4y, 0)| <
< Clrt+r2loexplo(y, — x,) + bcosp;(x, — h/2)] X
X exp[—2acosp; (y, — h/2)expp; |x;|—bochpoal .

ni olamiz. u holda
| u(x) —ups(x) | < €06 f explacosp, (y, — h/2)expp;|x,]] X
S

X explo(y; — xz) + bcosp, (x; — h/2)] %

X exp[—2acosp; (y; — h/2)expp;|x1|—bochpoa][r~" + r~?]ds, +

+Co j explacosp; (v, — h/2)expp:|x;]] X
Y2=0
X exp[— ax, + bcosp,(x, — h/2)] X

X exp[—2acosp;(y; — h/2)expp;|x1|—bochpoa][r~" + r~?]ds, <

h
acos(p; ) o

< [1 + Sexpoh]Co exp(— ox,)exp[bcosp,(x, — h/2)] exp < 3

X f exp(—bochpoa)[r~! + r~?]ds, .

aD
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Buyerda b = 2aexpp,|x1|, by = acosp,(y, —h/2).

Agar 0 = h™'iné~! vaC(x) = C, fap exp[—bochpoa](r~! + r~?)ds,

deb olsak teorema isbotlanadi.
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Xulosa

Bu ish elastiklik nazariyasi tenglamalari sistemasi yechimini tekislikdagi
chegaralanmagan sohada chegaraning gismida uning berilgan giymatlari va uning
kuchlanishi qiymatlari bo’yicha davom ettirish masalasi, ya’'ni elastiklik nazariyasi

tenglamalari sistemasi uchun Koshi masalasi o’rganiladi.

Bu ishda asosan chegaralanmagan sohada mos ravishda chegaralanmagan
yechim holida Karleman matritsasini qurish yo’llari o’rganilgan. Karleman
matritsasini qurishda bundan oldin garalgan holdan fargli ravishda maxsuslik
tartibi katta bo’lgan yadro holida Karleman matritsasini mustagil ravishda qurildi

va shu holda regulyarlashgan yechim bilan aniq yechim orasidagi farg baholangan.
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