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Bexmopnap anzedpacununz zeomempusaza mamouxu.

I. Kupuuw.

®azona TYFpU YU3UK OMIaH TEKUCITUKHUHT, TEKUCIUK OWJIaH TeKUCITUKHUHT
€KUM MKKHU TYFPU YM3UKHUHT y3ap0 Ba3UATUHU ypranuul [ 13] na mabiym gapaxana
KyJla KUCKa Tap3/1a BEKTOP Ba KOOPAMHATAIAP METOAUHUHT TAaTOMKUTA TYXTaIraH.
Jlekun [13] Ba [14] nma TYfpu YMBUK Ba TEKUCIUKIAPHUHI MNapaJUICIUIMTH Ba
NEPHEeHIUKYISPJIUTMHA ~ TEHrJamanap ¢EpaaMuja ypraHuwiMaraH, AaHaJIUTHK-
anreOpauk yciyOHM KyJUlad ypraHuiura TaBcusuiap Xam OepwiMarad. [14] na,
Macanad, 18-§ HmHr Ne 14 MacamacuHW oJarhnarud ycy/ulapHA Kyuiad edud
Oy IMaiiin, eYnTaH/1a XaM HaTrKa TaKpHOW KuiiMat OwJlaH ro3ara Keinaan. AMMO
Ily MacaJJaHMHI €YMMHIa BEKTOpJap aJreOpacUHUHT 3JIEMEHTIAPUHU KYJUIaHCa,
€4MM MX4aM Ba OCOH YCYJJa TOMHUJIA/IH.

bynpaii MacamamapHd edumra BEKTOpP KOOpJAWHATalapuIaH KaHJau
doinananuica, TEKUCIUKIAP Ba TYFPU YM3UKIAp Opacuarv Ba3uUsTIIapHU, STbHU
YIQPHUHT MapaJUIeJUTMTY Ba NEPHEHIUKYISPIUTUHA alreOpank-aHaIUTUK yCya
ypranuica, WIMUR-ycIyOuii ad3auTMKIapHU KYpaMus3.

Anbarra OWM3 TOMOHAAH KyHWIAETraH MYaMMOHUHT XaJI STHIHMIINA >KyJa
Mypakka® OyiMacana, TabJuMIaru MypakkaOIMK ¢akaT MareMarhka 4YyKyp
VKUTWIaUraH akaJeMUuK Juleinapaaruia Oapxam tonaau. UYyHku Oy VYKyB
opTiaa (azoa TYFpU YM3UK Ba TEKUCIUKIAPHUHT Y3apO Ba3HSTHUHU aHAIUTHK-
areOpaniK METOTHM KyJU1a0d YpraHuIira iiIMANA CAIOXHUSATH 00p OVraH UKTHI0 P
Tayabanap TabJMM oJlauiiap. AHa Iy MaKCaJIHUHT pyEOTa YMKUIIHIA YKyBUMIIAP
nactiad  Qazona (TeKUCIMKAAard KaOW) BEKTOpJap alreOpacHMHUHI acOCUM
DIIEMEHTIIapU OWJIaH TaHWII OYIMIUIApU Kepak. Bektopnap anrebpacuna
BEKTOPJIApHU KYILIUII Ba allUpHIl, BEKTOPHM COHra (CKaxsipra) KyNaWTUPHII
(KoJUTMHEap BEKTOpJiap, KOMIUIAHAP BEKTOpPJap) Ba BEKTOPJIAPHHU KYMaWTHPUIL
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(cxamsp KymaiTMa, apanai KynaitMa) kabu amaisiap kapanaau. Mkkura a Ba b

BEKTOpJIap HuruHAUCH OB  BekTop Oymagu (a-umsma); Oy Bektop OAB
yuOypUakHUHT EMyBYM TOMOHM Kabu sicanmanu (a-uu3ma) €KM yMyMUH y4JaH
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YUKyBYM a Ba b Bekropiapra sicairaH mapawienorpaMvauHr OC nuaroHamm
- -
Kabu sicamaau(6-un3ma). Ikku BEKTOpHUHT a- b alinpmMacu nmapauienorpaMMHUHT
- - > -
WKKUHYA BA [uaroHayiM OWiIaH aHWKJIAHAIA (6—qI/I3Ma): BA=a-b, SbHU HUKKU
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BEKTOPHHUHI a-h alimpmacu
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apUIIyBYM b BEKTOPHUHI OXMPHUAAH KAMAIOBYM a BEKTOPHUHI OXHMpHUra Kapad
HyHanraH BEKTOp KaOW aHWKJIaHaau. BeKkTopiapHu KYIIMII accoIMaTUBIIMK Ba

—> —> —> —>
KOMMYTAaTUBIIMK XOcCcajapura sra, si’bHU a—+ b = b+ a (KOMMYTaTuBIIUK),

- - - - - -

ydTa BEeKTOp y4yH a+(b+c)=(a+b)+c (accoumaruBmuk). bomm A (x,Yy,,z,)

HYKTazia Ba oXupu A, (X,,Y,,Z,) HyKraga Oyiarad BEKTOpPHUHT KOOpAUHATaNapH 1e0

X, — X, Y, — Y, Z, — Z, COHJIapraaituiagu. Moc KoopAuHaTaiapy TeHr OYJIraH NKKU

- —

BEKTOp TeHraup. a(a,a,,a,) Ba b(b,b, b,) Bekropmap HNUFUHAUCHU ned

- -

c(a, +b,a,+b,, a,+b;) BekTOopra autuiagu. a(a,,a,,a,;) BCKTOPHHUHI A COHra
- - -

Kynaidtmacu 1ed Aa=(4a,, 1a,, Aa,) Bekropra aituianu. Tekucauknaru kabu Aa

-
ra TeHIJIMTHU, MyHAJIMIIK 3¢ca A >0 y4yH a BEKTOPHUHI

.
BEKTOPHHMHI MOJYJH |1|a

nyHamuim Ounan 6up Xui Ba A <0 ydyH 3ca a BEKTOPHUHT MyHaAMIINIa Kapama-
Kapu OYnuim ucOOTIaHaau. g(al, a,, a;) Ba B(bl, b,,b,) BEKTOpJIApHUHI CKAJIAP
kynaiTMacu 1e0 ab, +a,b, +a,b, Ta TeHT coHra auTHIAAN.

Mucon. AQ1-1B(L-12), C(310) D(2,-31) TypTTa HyKTa GepuiraH. AB Ba
CD BEKTOpJIap opacuaaru Oypu4akHUHT KOCUHYCHUHU TOIUHT.

Eunui. AB BEKTOPHUHT KOOPAUHATANIApU KyluaaruiapaaH uoopar:

1-0=1; -1-1=-2; 2-(-1)=3. YV xomua

AB| = JI2 +(=2)% +3% =14, CD BEKTOPHUHT

KoopauHaraigapu 2-3=-1, -3-1=-4, 1-0=1. ¥V xonna

cﬁo‘ = J(CD)7 + (4)? 112 = 18,

AB-CD _1.€13}€23€4331_ 5
J14.\18 63’

Jlemaxk, cosg =

—

CD

AB

‘ -

Texucmuknarm  kabu  paszoma xam  ymOy — &wiMa  YPUHIH:

g(al, a,,8;)=a et+ a, (92+a3 e,, OyHma e? , ©,, €& KOoOpAuHaTa YKJIapu
HyHaIMIUIapuaara OUpIrK BEKTOpIap. XaKUKaTaH,
~ ~ ~ - ~ ~ ~
€a,.a ~6€.00+€a,0+00a =a€00+a,010 +a,001 =

- - -

=a,€+a,e,+a,6;.
Texkucmuknarn  kabu  ¢da3zoga XaM  BEKTOPHUHI  COHra  KynalTMmacu

- -
TUCTPpUOYTUBIMKHUHT MKKH XOoccacura sra: a, b BEKTopyiap Ba A COH y4yH

> >

;{;LB)ZAZJJB; A,p COHJIap Ba a BEKTOp yuyH €@+u a=Aa+pua. a, b, ¢

BEKTOpJAp YUYyH CKaslp KynaiitMa TapkaTWil KOHyHMra OVH cyHaau:

- >\ ->-> >
(a+b)c:ac+bc.



Texucnukaaru kabu HOJaH GapKJIM UKKUTA BEKTOp OUp TYFPH UM3UKIA EKU

napayuien TYFpy Yu3HuKIapaa €rca, yJIapHu KOJUTMHeap neimwnaau. Arap b BEKTOD
a BEKTOpra KOJUIMHEap OyJyica €K HOJI BEKTOpra TEHT Oyiica, b=la Ooynanu,
OyHaa A KaHTaWIup COH.
®dazoa HOJAaH (papKM ydTa BEKTOPHHM KOMITIAHAp JEHIIIaaU, arap yMyMUn
ydra sra Oyirad Ba yjaapra TEHr OYiaraH BEKTopjap Oup TEKMCIUKIA ETraH Oyiica.
Texucnuknarunek, xap KaHjail BEKTOp KOJUIMHeap OYJMaraH WKKH BEKTOP
Oyinua éimnmara sra OynraHuaek, ¢a3ona Xap KaHIald BEKTOP KOMIUIaHAp

> o> o
OymMaraH ydTa BEKTOp Oyiimda €iimnmMara sra Ba Oy €lmima siroHaaup. a, b,

N

KOMILIaHap OyyMaraH BEKTopJsiap Ba d MXTHEpUN BEKTOp Oepunran OViacuH. Y
- - - -
xonna d= Aa+ ub+vc. By TacmuKHUHT UCOOTHHH YKyBUMIIApTa KOJIUPAMHU3.

a(a,, a,,a,) BEKTOPHUHI b(b,b,,b,) BEKkTOpra BEKTOp KymaWTMmacu 1€0

- - o -

c@,b, —ab,, ab, —ab,,ab, —a,b,  BEKTOpra anTMiIagu. a Ba b BEKTOPJIAPHHMHT
> o>

BEKTOp KymaliTMacu anb kabu Oenrwmanagu. Bekrop kymaiitMa tabpuduman

5o s
anb=-(baa) KEMO YMKAJIH.

KommmHaeap BEKTOpJIApHUHT BEKTOp KYIalWTMacu HOJI BEKTOpTa TEHT. Ba
aKCUHYa, BEKTOPJIAPHUHT  BEKTOp  KYIMaWTMacu HOJ-BEKTOpra TEHr OVJca,
BEKTOpJIap KOJUIMHEap Oyamau.

ANTalIuK, g(al,az,a3) Ba B(bl,bz,b3) KOJUTMHEap BEKTopiap OVicuH. Y

—

xoJga b=21a , 1eMak, b, =Ja,, b,=4a,, b,=1a,; Oynapuu anb mara b, b,,b,

- - - -S> -
Japra KyHcak, asb HUHI KOOpAMHaTalapu HOJIra TEHr Oyianu, Je€Mmak, aab =0
Oy manu.

Teckapu TaCIUKHM XaM KypcCaTHIll MyMKHUH: aAnb =0 OYyicuH. By neranu

ab,-a,h,=0, ab —ab,=0, ab,-ab=0; Gymran 2="2 A_% % A g g
b2 b3 bl b3

94 .
b, b’

—

b BEKTOPJAPHUHI KOOPAMHATATIAPU MPONOPIMOHAT OYIMIIMAAH BEKTOPJIAPHUHT
KOJUTMHEAPJIUTH KeJHO YHKaIH.

a(a,, a,, a;) , b(b,b,,b;), c(c,c,, C,) BEKTOpPJApHHUHT OEpwiraH TapTUOIaru
a1 a'2 a3

apasnam kymairMacu €0 b, b, b,| conra aiitunaau. YHu (a b c) Ka0u é3unaau
Cl C2 C3

. > > -> 5> > -~ -~ -~ 2 2~
éku |abc |=a (bac)=a, §,c, —b,c, +a,§,c,—bc, +a,€c,-b,c, =a(bac).

Arap BEKTOpJap yMyMHH ydra sra OyJica, yJIapHUHI apaianl KynaiTMacu
1y BEKTOpJapra KypWIra Hap AJUIEJIENNIIEN XaKMUTa TEHT:

(ZBZ)

> o>

=||aanb |c|=




=S-lec|=SH. byHna S — rapajuiejienuIe]l aCOCUHUHI 03U, H - YHUHT

e

.
OanaHIUTH, e — acocra MNepHueHIuKYIsp OUPIIUK BEKTOP.

- -
WNxku Texuciouk opacumard 6 Oypyak Iy TEKHUCIUKIAPHUHT ni Ba N

- -

HOpMaJl BEKTOPJIapU Oopacuiaru Oypuakaup. [ni-nq|=

N

ni|-|nz|-cos@® OYmMO, OyHIaH

N
n»

la,a, +bb, +c,c,|
JaZ+bZ+c? - JaZ+bZ+c2
IOkopuna kaiim KuiauHTaH BEKTOP anredpacu 3JieMEHTIapUaH Yoy
KyJUlaHMaJard — TEOpeMalapHu ucOoTiamjga €Kd MacalajapHd — euHuIljia
¢doinananamus. Kentupuiran TyulyHuajgap Ba yJapHHUHTI Tabpuiaapu OeBocuta
Ha3apWil Ba amMalWid XapakTepra 3ra Oyiam0, ymap ymOy KyJutlaHMmagard Oapua
TEopemarap nucOoTrIa Ba MacalalapHUHT euuMIIapuia Y3 YpHHra Jra.

cosd =

1-§. Tekucnuk éa myzpu 4uu3uKHUHZ 6EKNLOP
6a KOOpOUHAM WAKAUOAZU M EH2NAMANAPU.

1.1. Texkucivkka TEPHEHAUKYISAp OYnraH Xap KaHAald BEKTOPHH YHUHT
HOpMaJI BEKTOPHU Aevminanu. TEeKUCIMKHUHT (a30/1ard XOJAaTHHU YHUHT HOpMa
BEKTOPH Ba OMPOp HYKTACHHUHT OEPHIIUINM OWJIaH aHUKJIAIl MyMKWH. ANTalINK

—

N BekTOp 0 TEKUCIMKHUHT HOpMaiH, M, 3ca YHUHT UXTUEPUI HyKTacu OYIICHH,
abHU M, e . lllynunraex, « na sHa uxtuépuid M HyKTa oJamMu3ku, OyHIa
M#Mea; M, M, ea Oyaranu yuyH

MM ca, AioA MM =i L MM =fi-M,M =0. 1)
ByHu 3ca TEKMCIMKHUHT BEKTOP TEHTJIAMacH JAEHIIaIN.

TEeKHCIMKHUHT KOOPAWHAT MIAKJIWIAard TEHTJIaMAaCUHHU TOMMII MakKCaauaa
M,, M, i JapHUHT KOOPAMHATIAPUHM KyHuaarunda oiaamMus: M, (xe,Yo,Z,), M(x,Y,2),

i(4,B,C); Oy xomma MM(x—x,y-Y,,2—2,) KypuHuiiga Oymagu. DHIN

N+ M, M CKaJsIp KylauTMaH! Ty3amu3.
MabayMKH, KK BEKTOPHUHT CKaJISIp KynaTMacu Oy BEKTOpIIap MOC
KOOpAMHATAJIAPH Ky AU TMAJIADUHUHT WAFUHIUCUTA TEHT:

- M, M = A(x-x,)+B(y-Yy,)+C(z-2,)=0; = Ax+By+Cz-

-(Ax,+By,+Cz,)=0 nau -(Ax,+By,+Cz,)=D necak,
Ax+By+Cz+D=0 2
0ym0, OyHU TEKUCIMKHUHT YMYMUN TEHTJIaMacH JIEHUIaIu.

1.2. ®azonmaru TYFpu YM3UKHM YHHHT HYKTacu Ba Oy TYFpH YH3HUKKA
napajuien OyiaraH BEKTOp Tyna aHukianau. TYFpu yM3uKKa napawien OyiraH
BEKTOPHHU YHUHT HYHAITHPYBUM BEKTOpH neimnanu. Papa3 kwnaimmk, d TVrpu
umsuK M, HykTagaH yTuO, | iyHanTMpYBUM BEKTOpra sra OYJICHH. YHHHT
TEHTJIAMACUHHU KENTHPUO dYMKapuil ydyH 0 TYFpu 4u3uKiaa uxTtuépuii M Hykra



onamus. M, js cd OYJranm y4yH M M BEKTOp | BEKTOpra KOJUIEHHAp O¥iaiu,
STHHU
MM =m-1 3)
mapT Oaxapwianu. byHn 3ca TYFpU YM3UKHUHT BEKTOP TEHTJIAMACH JIEHHIIAIH.
DHAM TYFPU YM3UKHUHT KOOPJWHAT IMAKJIMIArd TEHTJIAMAaCUHH Ty3aMu3.
byHuHr yuyH Oupop TYFpu Oypyakiv KOOpJMUHATAIAP CUCTEMAaCHHHM OJIaMH3 Ba
yHra HucOaran M, HyKTaHUHT KOOpJUHATAIAPUHHU (X,,Yo,Z,) OWnaH, M HyKTaHUHT
KOOpAUHaTagapuHu (x,Y,Z) OwuimaH Xamja I BEKTOPHUHT KOOPIMHATAJIAPUHU
(m,n,p) Ouman OenruIaimMus.
VYV xomma W BECTOP X-X,, Y-Yo, Z-Zy KOOpJMHATaNapura 3ra 0ynaau:
MM (XX, Y-Yo, Z-Z0). 3

TEHINIMKIAH KyWHJaruiapHu €3UIIMMHU3 MYMKHUH:  Xx-X,=Im, y-y,=tn, z-z,=tp. by
TEHTJIMKJIApAaH TYFPU  UYM3UKHUHT  KOOPJWHAT IIAKIWJArd TapaMeTpuk
TEHTJIAMAaCUHU XOCHJI KWUJIAMU3:

x=x,+tm, (a)

y=Yo+tn,  (6) (4)

z=z,+tp.  (8)
(1)-(2) Tenriamanap TEKUCIMKHUHT, (3)-(4) nap 3ca TYFpHU YM3UKHUHT BEKTOP
XaM/Jla KOOpIMHAT MAKIWIary TeHrIaMaiapy SKaHIMruaad Goinananuo, DHau
yIapHUHT (Da3oary y3apo Ba3usTIIapuHU Kapad YMKaAMU3.

2-§. Ty2pu uusuknapuuue y3apo eazusamu.

2.1. HkKu myepu yu3suKHuHZ y3apo ea3usimu.
dazona wkkuta d; Ba d, TVrpu um3mkiaap Moc pasuiiga Mq(aq,b,C),
M(ayb,,C;) mykramapu Ba I (My,N1,P1), I, (My,NypP,) HYyHAITUPYBYM BEKTOpPIApU
Ownan 6epunran OyicuH. Y Xoiaa Oy TYFpHU YM3UKIAPHUHT TEHTJIaMallapu:

- —-b, _z-c
d X—a, — y—-0 — 1 1
1yIyR= =S o (1)
- -b, _z-c
d X-a, _y-b, _ 2 2
Yy = =S = 2
KYpuHUIIIA OYnaau.

WKku TYFpU YU3MKHUHT Y3ap0 Ba3USTUHU yJapJa YMyMHIl HyKranap Oy

éku Oyimacimrura Kapab cuadapra axparamus. |, |, Ba M, M, BEKTOpJapHH
KapauiuK.
ViapHMHT ~ KOOpAMHATAlapuWIaH  Ty3WIraH  y4MHYH  TapTUOIM
JIEMEPMUHAHTHH TEKIIMPANIIHK:
ar-aq b2'b1 Co-C;
A= m Ny P1 3)
m, n, P2



1) dapa3 kwnaimk, A=0 OVICWH; MabIyMKH, JACTCPMEHAHTHUHT HKKU
caTpu mpomopImoHan 0yica éku OMpop caTpu KOJTaH UKKW caTpu OpKam udoga

KWJIMHCA, YHUHT KuiiMaty Houyra TeHr. byHna I, I, Ba M, M, BEKTOpJIap KOMILIaHap
0ymu0, Hatmkana d, Ba d, TYFpH YM3HKIAp OMp TEKUCIMKIA ETanu. ANRTalNK, (3)
JNETCPMHUHAHTHUHI HMKKUHYM Ba YYUHYH CaTpJlap¥ MPOIOPIHOHAIT OVJICHH:
m_n_ ﬂmapT Oaxapuiranaa
m2 n2 p2

TYFPU YUBHMKJIAPHUHT Tapawien Oymunumru kenu® uwukagu. OHau  (3)
JeTePMUHAHTHUHT UKKHHYM Ba YIUHYH CaTpiiapu MPOMOPIHUOHAT OYIMacHH, 1e0
dapa3 kunaik. by BakT/ia KoopAuHaTaIapy MOC paBHIIaa My, Ny, P1 Ba My, Ny, Po
napaan ubopar 6yiras |, Ba |, Bekropap KoyuieHuap 6yimaiinu. TYFpu dau3ukiap
Oy xoJia Oup HYKTaaa KeCUIIaIH.

[lynnaii kim0, (3) IeTepMUHAHT HOJIra TEHr OVATaH X0Jila UKKU TYFpU
YU3UK Oup Tekuciukaa €rud, ¥y3apo mapawien Oymaau €ku OWp HyKTama
KECHIIIA .

2) @apa3 kunaiiimk, A#0 Oyincun. by xonpa (3) neTepMUHAHTHUHT XE4

|, Ba |, BEKTOpJap KoJuleHHap Oynanu; OyHnaaH,

KallCH UKKH CaTpd MpONOpUHOHAN Oyimacaan I, I, Ba M,M, BeKTOpJjap GUpop
TEKUCJIMKKA Tapajuieda OViamaiau, sSbHM HOKOMIUIaHap Oymagu. bynmai mmapt
Oaxxapunranaa d, Ba d, TVFpu YM3UKIAp OUp TEKHUCIHMKAA ETMaiIH, yaap alKaril
Tyfpu umsuknap Oynagu. Illynnalh Kwimb, HMKKM TYFPU YU3UKHUHT Y3apo
Ba3UATHHH KyWHJIard cxeMa OnjiaH ugogaaan MyMKHH:

d1, do TYFpu UKM3KK yUayH:

a)dleaAdzcaV

4, COA

d,d, &

d,coa=
‘ ‘ =d, nd, =11v
6) (Vd1,d2)

diMNd=0v a;d;,d, ca
o MNdy 0
vd: M dp=di=d, di 0 ) do#

3-§. Tyepu uu3zuk o6unan mexkuciuKHUH2
y3apo eazuamauapu.

dapa3 kuwaiavk, d TYFPU YU3HMK Ba @ TEKUCJIMK KyWHjarnda TeHIjiamasap
Owmnan Oepuiran OVJICHH:
- -b z-c
d) *-4_Y=h_ =t 4
@ “e=Y 2=t @
(o) Ax+By+Cz+D=0 (5)




Tyfpu uYuM3uK OWIAH TEKUCIMKHUHT Y3apo Ba3USATUHU aHUKJIAIIl YYyH
YIQPHUHT YMYMUW HYKTaJIApWHU TOTHUIN Kepak Oynanu. byaunr yayH (4) Ba (5)
TEHrjamajiap CUCTEMacHuHU edamu3. ABBaJO (4) TEHIJIaMaHu NapaMeTPUK IIaKira
KENTUPAMU3.

x=a+mt

y=b-+nt @)

z=c+pt
KYpUHHUILA €310 0J1aMu3. X,Y,Z JTAPHUHT (4/) Jarv Kuitmatiiapunu (5) TeHriamara
KY SIMU3:

A(a+mt)+B(b+nt)+C(c+pt)+D=0.

Alipum anMalmTHpUIUIapHU Oaxkapcak, Oy TEeHrjaaMa KyHuaaru Ky pHUHUILITa
KeIaau:

(Am+Bn+Cp)t+A4a+Bb+Cc+D=0. (6)
bynna Am+Bn+Cp=P Ba Aa+Bb+Cc+D=Q pnecak, (6) HUHT KYypHUHHUIIN
Pt+ Q=0 (7)

kabu Oymamu. (7) TEHrIIAMaHWHT €UYUMHU TYFPH YW3HWK OWIAH TEKUCIMKHUHT
YyMyMUH HyKTacura MOC TMapaMeTpuK KuiMmaru Oynaau. YHuU (4') TEHIJlaMara
KyinO, dNna HUHT KOOpAMHATAJAPWHU aHWKIAm MyMkuH. Arap (7) 1a
P=Am+Bn+Cp#0Ba Q xap kanjaii coH 0yJica, y siroHa equmra 3ra 0yjaau, SbHU

d“a=Mo(a+m(—%), b+n(—%). c+p(—%))- Arap (7) na P=Am+Bn+Cp=0 Bsa

QO=Aa+Bb+Cc+D=006yca, TeHIrIaMa 4eKCU3 Kyl eynMmra ara, ibHu d na=d ca

6ynanu. Bynana d TYrpu YM3HKHMHT HYHAITUPYBYM | BEKTOPHM TEKHCIMKHUHL N
HOpMaJl BEKTOpHIa NeprneHauKynsap 6ynanu, ssau A-1 =0. Arap P=0, Q#0 6¥ca,
(7) Tenrmama eyumra sra Oyiamaiau, sbHH d Nna=J=d//a 6ynann. Arap d L«
OyJica, y X01a TYFpy YM3UKHUHT HYHAITUPYBYU BEKTOPU TEKUCIUKHUHT HOpMal
BEKTOpU M Ta koyuieHuap Oynagu. KoiuieHunap BEKTOPIAPHUHT KOOpAMHATAIApU

o =, A B C
sca nponopuuoHan o0ynanu, spHU d Lo =1 //i= o E; Oy Mysoxaszanapra
Kypa;
P=Am+Bn+Cp#0= dna#J
€K1
P=Am+Bn+Cp=0 AQ=Aa+Bb+Cc+Dz#0=>dna=9Y
€K1

P=Am+Bn+Cp=0 A
Q=Aa+Bb+Cc+D=0= dna=dca

oynamm.
4-§. UKKu mexuciukHunez y3apo eazuamu.

o Ba [} TekucmkiIap $hazonaa UXTUEPHA TEKUCTUKIIAp OViacuH. by
TEKUCIIMKIIAp YOy TEHrIamMaap Ousiian Oepuiran OVJCcuH:
(a): Ax+By+C;z+D,=0

(B):  Ax+B,y+C,z+D,=0 (8)



Texucnukimap Ba3sWATHHH aHUKJIANI ydyH Oy TEHTJIaMalap CHUCTEMaCHHUHT
CUMMJIAPUHU TEKIITUPANITHK.

1. Tekucnukiap TEHrIaMaIapuHUHT MOC KO3 OULIMEHTIapH MPONOPIHUOHAI
OyJIMacuH, S’bHU:
Al. Bl Bl Cl = C‘l Al
AZ BZ BZ C2 CZ AZ
by xonnma (8) maru TeHriamMaigap CUCTEMAacH YEKCH3 KYN edumra sra Oyiaumo,
FEOMETPUK KUXATIAH yJap YMyMUH TYFPHU YM3UK OPKAIM KeCHIIAAu: o f=d .
Arap o Ba £ TEKUCIHUKIAp Yy3apo MNEpIeHIUKYJsp Oyica, yJapHUHT HOpMa
BEKTOPJIApU XaM NEPIEHAUKYIAp OVnanu, ssbHM o | =1, L fA,. bByHman oaca
A, -fi, =0, spHU A14,+B1B,+C,C,=0.

2. bepwiran (8) maru TeHrIamagapHUHT MOC Kkodddunuentiaapu (030.1
Xa[uiapJaH TalKapy) IponopLroHan Oyica, S’bHU:

#0 €xn EKU1 #0.

Bl B C| |C 4 ¢, D
A _B_G D gy ACBIE GG Al oymi6, | - _'|#0 OVica,
AZ BZ C2 D2 AZ BZ BZ CZ CZ AZ C2 D2

cucTeMa eummra 3ra OynMmaiau. byHna « Ba g TEKMCIMKIAp y3apo Mmapasuient
Oymanu, SpHU an == dlf.
A4 B ¢ D
3. Arap (8) maru TeHrJIaMaJapHUHT Kod(pduimeHTapy —t=-—t=—1=_"1
AZ BZ C2 DZ
IIAPTHU KaHOaTJIaHTUpCa, (8) cucTteMa yekcu3 Ky edumra sra 0ynaau. by xonma
o Ba f TEKUCJIHKJIAP YCTMa-yCT TYIIAJH.
1-§ Ba 2-§ nmapaa KeaTUpWITaH OWIMMIIAP MaKMyacura TasHuO, Kyiuna 10-
cuH(} TeoMeTpusiCHIArd TYFPU UYW3UK Ba  TEKUCIWKIAPHUHT  ¥3apo
MyHOcabaTIapruHu no1a 3TyBYM TeOpeMaIapHU COOTIIAITa KUPHUIIAMU3.

5-§. Tyepu uuzuknap éa meKuciuKIaGpPHUHZ
napanieniuzu.

1-reopema. TYFpu UM3MK/1aH TalIKapUAaru HyKTaaH 11y TYFpU YM3UKKa
napajien TYFpy YM3UK YTKa3uIll MyMKHH Ba ¢akat Outra.

bepwnran: a TyFpu 4nM3uK Ba A¢a.
HcboTt kummi kepak: A e a, /[l a MaBXyAJIUTHHU.

=4 _Y™N _27h  (3) tenrmama
I m n

Oownan Oepwiran OYJCHUH. A HyKTaHUHT KoopauHataimapu (Xo, Yo, Zo,) OVIcuH. A

HYKTa OPKAJIM @ TYFPU YM3UKKA Mapauiesl OYIraH a; TYFpU YU3MK XaM @ OuiaH

Oup Xui1 UYHaANTUPYBYU BEKTOpTra ara, sbHU &(l,m,n). [IyHuHT y9yH a1 HUHT

TEHIJIaMacu

X=X _ Y=Y _2-%
T o — (@)

HcboT: AWTAlIMK, a TYFpU UYHU3UK




OVmamu. Xo, Yo, \Zo; |, m,n COHJIap STOHA OJIMHTaHH Y4YH OXUPTH TCHTJIaMa SITOHA
TYFpU YM3UKHU udoaanaiau. Jemax (a) Ba (a;) TYFpu YM3HKIAp Mapauiell.

2-TeopeMa. YUYUMHYU TYFPU UM3MKKA Mapayiell WKKU TYFpU YH3HUK
rapauiesaup.

bepunran: allc, bllc.
Hcoot kunmm kepak: allb.
Hc6ot. Dapa3 kunaitmik a, b Ba C TYFpu YM3UKIap MOC paBUIIIA KyHHIaru
(@), (b), (c) Tenrnamanap Owian Oepuiran OYIJICHH:

(a) X—X1:y—y1:Z—Zl

2 a, as
(b) X—X2=y—y2=Z—Zz
by b, b,
(C) X_X3=y_y3:Z_23
C, C, Cs
a _a 4,
e t="2=2 1
||:>Cl C, G ()
b b, b
be=>2=2==2 2
||:>Cl C, G ()
Dpa(2) > 2=22_% 3
(ra @) ===t 3

(3) nan a//bskaHIUrA KEIMO YUKAIH.

3-Teopema. Arap TEKHCIMKIA ETMaraH TYFpHU YU3UK TEKUCIHUKAAru Oupop
TYFpU YU3HMKKAa mapanen Oyica, Oy TYFpU UM3UK TEKUCIMKHUHT Y3Ura Xam
napainen Oynaau.

bepwunran: a ¢ a,a, c o, all a,
Wcoot ki kepak: all o.

Hc6oT: Alitaitmuk (« ) Tekuciuk: Ax+By+Cz+D=0,
X=X, Y=Y, Z-12,

(@) TYFpU YN3HK:

m n
X _Y=W%_1-4

I
I, m n

oyncun. llapt 6yitnua a, c o Oynranu yuyH

(a1) TYFpU YU3UK; X

A11+Bm1+Cn1:0 (1)
A)C1+ By1+C21+ D=0
ml

o l, n _ ..
MyHocabatnap Oaxapunanu. alla; OYynranumaan Ny =\ HU €32 oJlaMU3.
m n

Bynnan aca l;=Al, m;=4Am, n;=An 6ynaau. Bynapuu (1) ra kyicak,
AM+BAIM+CAn=0 6ymu06, A/+Bm+Cn=0xkemb unkanu. by sca (a) auHr (o) ra



napajuleyIMruau Kypcaranu. Mcbot 6ynau. lapcmuknaru (9-macana) eauMu
IOKOpHJIaru TeopeMa UCOOTUTa acoCIaHa IH.

4-teopema. Arap OWp TCEKUCIMKHUHT KECHINIYBUM WKKH TYFPU YU3UFU
VUKKUHYU TEKUCJIMKIArd WKKH TYFPH YHM3WKKA MOC XOJIa mapawien Oyica, Oy
TEKUCJIMKIIAp Tapavien Oyiaay.

bepwiran: ace, bca, amnb=B.
a'cp, bcp, anb=B. alla e blIlb.
Nc6ot kumum kepak: o//f.

Wc6or. a, d' Ba b, b’ TYFPU YA3UKIAPHUHT MYHAITUPYBUYM BEKTOPIAPUHU
MOC paBuuIia: &(a,a,,a,), a'(a,a’,a), Ba b(b,b,,b,), b'(b/,b/,b') Gunan, o Ba f
TEKUCJIMKJIAPHUHT HOpMai BEKTOpJIapuHU 3ca fi(A,B,C) Ba i (A,B,,C,) Ounan
OenruIaiMus.

aca ea bca=Aa;+Ba,+Cas=0, (1)
Ab1+Bb2+Cb3:0; (2)
a',b' cp — Aa/+Ba,+Ca. =0, 3
Ab/ +Bb) +Chl =0 4)
JapHU XOCHJI KWJIaMU3.
alla' =>a=aa :i,za—zlza—%:l;
al a‘Z a3
/ N ~/ bl bz b3 .
b//b" =b=ub :F:F:F:ﬂ' bymapnan
1 2 3

a=7a a=7, 3=/M;  Ba
b= b=, b,=gb, O0ymub6, Oymapuum (1) Ba (2) mapra Kyiicak,
Ada) + BJa, +Cia, =0 Ba Aub/ + Bub) + Cubj =0 xocun 6ynmagu. by epna A Ba | HE
KaBCJaH TalIKapura uukapub, A€@aj+Ba,+Ca, =0 Ba p(Ab+Bb;+Ch;)=0
TEHTJIMKJIapra ara Oy amus. A#0 A u#0= Aa,+Ba,+Ca,=0 (I')Ba
Ab/+Bb,+Cb, =0 (24 O6ymmum xepak. (1Y) Ba (3), (2) Ba (4) napman
iz%zgz x Kemud yukanuku, OyHzaH fii (A B,C) Ba f (A,B,C,)BeKkTopiap
KoJuteHuap OVianm. J[emak o Ba 3 TEKHUCTMKIAp mapauien 3kad. Mc6oT 6y amm.
S5-teopema. TekucCIMKIAaH TallKapujaard HyKTa OpKaid OepuiraH
TEKUCJIMKKA Napajuien Kuiaubd Ourra Ba ¢akaT OUTTa TEKUCIHUK YTKa3UIl MyMKHH.

bepwiran. A HyKTa Ba 00 TEKUCIIHK; 4 ¢ « ;
Uc6ot kumin kepak: Ae f, fla .

Hc6oT. (o) Tekucmuk TeHrnamacu: AX+By+Cz+D=0 6yiacun. 4 HyKTaHWHT
KOOpJMHATATIAPUHHA X, Yo, Z, OPKATM OENTHIAMIMK. o Tra Tmapamwien Oyirad f3
TEKUCJIMKHUHT TEHTJIaMacH

A1X+ Bly+C12+ D]_:O (1)



OyncuH.

Ae = Ax,+BY,+Cz,+D, =0 (2)
Oynamm.
(1) nau (2) Hu Xammad alupcax,
A (x—x)+ B (y—yy)+Ci(2-2,) =0 (3)

xocun Oymagu. By aca A Hykra opKaau o ra napawie] Kuinbd yTkaszuiarad [3
TEKUCJIMK TCHIJIAMACHIHD.
alp=> % = % = % Oynamnu. bynnan B HUHT TCHIJIaMacH

A(x—X,)+B(y-Y,) +C(z-2,) =0 KYpUHHUILHU OJAIH.

OHU Oy TEKUCIUKHUHT SITOHAJIMIMHU UCOOTIaiiMu3. byHUHTr yuyH B gaH
bapxmu A HyKTagaH YTyBUM 0 Ta napayvien OYaraH ssHa OUTTa y TEKUCIUK MaBXKY/l
ne6 dapa3 KuwmalmMK. YHHHT TEHrJamacu A,(x—x,)+B,(y—y,)+C,(z-2,)=0
0ymmo, A_B G Oymamu. bynman Ba A_B_G TaH A_B_G

A B C A B C A, B, C,
yuKaau. Jlemak, y TEKUCIMK TeHriaMacu xam A(x—x,)+B(y—y,)+C(z—-2,)=0

KeJmo

0ymo,  Owan ycTMa-yCcT Tymmim KypuHaau. Ucoot 6ymau.
6-§. Tyepu uuszuknap éa meKuciuKIapHURZ NEPREHOUKYNAPIUZU.

1-teopema. [lepnieHauKkynsip TYFpU YMU3UKJIapra MOC paBUIIa Mapayries
OYJIraH KECUIIyBYHU TYFPU YU3UKIAPHUHT Y3Japy XaM MepreHAUKYIAPIUp.

bepwiran. a1b, allc, b||d, c~d = .
Hc6oT Kuumt kepak: CLO.

Ucoot:  (a): X;lxl =Y-h 74,

a2 a3
(b): X=X _ Y=Y, _2-17,.
b, b, b,
X—X3 Y-VYs Z-1,.
C 3 _ 3 _ 3 -
() Cl C2 C3

Oy IcHH.
[Mlaptra xypa: a;b+asb,+as0,=0;
c C C
dc; :;:a—z:a—zzﬂ; c, =4a;c, = Ja,;c, = a,
d d, d
b”d; :b_lzb_zzb_z,u; dy = ub;d, = ub,;dy = by
1 2 3

Cldl+c2d2+c3d3: (i%)(ﬁtbl) + (iaz)(,ubz) + (iaa)(ﬂbs) = (ﬁ/u)(albl + azbz + asbs) =Au- 0=0.
JHemak, cid. [13] xutoOmaru 1-macama (59-6et). 3.1 Teopema mcOoThra
TasTHAIH.



2-TeopeMa. Arap TYFpU YU3HWK TEKUCJIMKAArd KECHIIYBUYHM HUKKUTA TYFpPH
YU3UKKA TEPICHIUKYIIp OYica, Oy TYFPU YHM3UK TEKHCJIMKKA IEePICHIUKYJISP
Oy manu.

bepwiran. a1b, aic, bnc=O; b,Cc o; NCOOT KWIUIIT KEPAK: dLO.
Hc6ot. a, b Ba C Tyrpu um3ukiIap Ba (0) TEKUCIMK YIIOY TEHTJIaMaaapu
Ouan 6epunran Oy JICHH:

(a): X_ony_yozz_zo-

al a2 a3
(b): X=% _Y=-¥% _2-17.
by b, b,
. X=X, Y-V, 7-1
o) 2 _ 2 _ 2
() Cl CZ C3

(a):  Ax+By+Cz+D=0.
laptra kypa: a1b, arc=>
a1b1+a2b2+a3b3=0
a101+a202+a303=0 (1)
Oymanu. Xyaau HyHUHTIEK, bc aAncca =
Ab1+Bb2+Cb3:0
AC1+BC2+CC3=O (2)
YPpUHIIN.
(1) Ba (2) man a,, a,, as coumapuunr 4, B, C conmap Ouman mpomopIiimoHat
DKAHJIUTU KEJINO YUKAJIU. ByHI[aH aca d(ay,a,,a;) BEKTOP Oouad n(A, B,C) BEKTOD

KOJUIEHHAp OYnO, a TYFpU YM3UK O TEKUCIMKKA MEepHeHAUKYIsIp Oynaau. Mcoor
oynau.

6-macana. Tyrpu ynu3uKKa OEpUITaH HYKTa OPKAIM YHIa MEPHEHIUKYISP
OuTTa Ba hakaT OMTTA TEKUCIUK YTKA3UIIl MyMKHH.

By macanmanu siHa Kyiuparuda udojganamr MyMKHH: O€puiraH HyKTajaH
OepUIITaH TYFpU YU3UKKA MEPIICHANKYIISP TEKUCIUK YTKa3UICHH.

bepuiran: M HyKTa Ba a TyFpH YU3HUK.

Tonum kepak. M ea La.

Eunnr: ®apa3 kunaiimmk, M (X, Yo, Zo) HYKTa Ba a TYFpPU YM3UK OEpUITaH
Oy JICHH.

o X=X Y-V, 7-1 o
a TYFpPU YU3UK . = , = . TeHrlama OumnaH Oepwiran Oyncun. M
HYKTaJaH YTYBUU Ba @ TYFPU UYM3UKKA MEPIECHAUKYISAP OYVIraH o TEKACIUKHUHT
TeHrnamacuHn AX+By+Cz+D=0 kypunuinga wu3naiMu3. ByHUHr ydyH TY¥pH
YM3UKHAHT HYHAITUPYBYM BEKTOpHU d(4,,d,,d,) HUHT TEKUCIUKHUHT HOpMa
_ . A B C
BEKTOpHU fi(A B,C) ra KoJuleHHapuruaad ¢oigananuo, —:a—:a—:/l HU Ba Oy
1

epran A=Jda,B=/1a,,C=/4a, napuu onamu3. A4,B,C xordpdunmeHTIapHAHT

2 3

KUMMaTIapiHU 0 TEKHCIIMK TEHTJIamachra Kyicak, Aa X+ Aa,y+41a,z+D =0 (1)
KYypUHUIIHU onaau. by Tekucimk M HyKTa OpKIA YTraHJIWIHA YYyH YHUHT



KOOpJAMHATApU TEHTJIAMaHU KaHOATIaHTHpUIIM Kepak. Jlemak, Oy TeHriama
Aax,+4a,y, +1a,z, + D=0 (2) xypunnmmm onaxu. Ouau (1) man (2) Hu
aiupcak, ymoy Aa, (X—Xx,)+4a,(y—Y,)+1a,(z—z,) =0 HM XOCHJI KWJIaMU3.

By TEHTTIMKHUHT Xap WKKM TOMOHUHHM A ra Oynu0, U3JaHraH TEHIJIAMaHU
xocun Kuiamus: a (X—Xx,)+a,(y—y,)+a,(z—z,)=0. Hcbor 0ynam.

7-macana. bepunran HykTagaH (0y HyKTa TEKHCJIMKIA ETUIIMHU XaM,
ETMacIUTMHY XaM HazapJa TyTUHT) OepuraH TeKUCIMKKA MEPIEeHANKYISIp TYFpU
YHU3UK Y TKA3UHT.

bepwiran. M(Xo, Yo, Zo) HykTa Ba (): Ax+By+Cz+D=0 TEeKUCJIHK.

Tonum kepak M ed L «.

Euynm. Ilaptra kypa TEKUCIMKKA TYFPU YMU3UKHUHT TMEPICHIUKYJISP
Oymumm Tanad KUIuHaaIu. MabllyMKH, TYFPU YM3UK TEKUCJIUKKA MEPTICHIUKYIISIP
Oynca, yHUHI WYHaITHUPYBYM BEKTOPH d(a,,a,,a,) TEKUCIMKHUHT HOpMal

BEKTOPH fi(A, B,C) Ta KoJuleHuap Oyianu, SbHU &= an. by epnaun &_3 5; EKU

A B C
OyHmaH a, =AA; a,=AB; a,=AC; O6ynanu. TYrpu uynu3uk M HyKTaJaH yTraHIuru

yuyH Oy HYKTaJaH yTraH TYFpU YM3UK TEHIJIaMacuJaH Kylujaarura sra 0ynamus:

X—X - z-1 -
0o Y~ Yo _ °. DBy epma xamma Xa[ylapHu A ra KyNnaWTUpCak, TEHIJIama

AA B AC
X% Y=Y _27% nyumummy onu6, v H3IaHraH TYFPH YU3HK TeHIIAMAC I
A B _C Yp >y NERY K AuUp.

3-TeopemMa. Arap TEKHCIIMK WMKKUTAa Napajies TYFpU YW3HMKAAH Oupwura
NepHeHIUKYISp OYIica, y X0Jaa UKKHHIMCUTA XaM TIEPTICHIUKYIISP IHP.

bepwiran. o Tekuciuk, a/b napaien TYFpU YM3UKIAp, OLd.
HcOoT kumum kepax: o.Lb.
(n):  Ax+By+Cz+D=0
(a): X_Xlzy_ylzz_zl.

& a, as
. X_Xzzy_yzzz_zz.
(6) bl b2 b3 1
allb=d-% & _ gla=b-B_C
bl b2 b3 al a2 a3
o A B C A B C _. o
oymaqn. —=—=—=—=—=— 0yam0, Oy « L b dKaHJIUTUHH KypcaTaau.
YA o b, b, b b, b, ya ypeatal

8-macana. WVcrtanran A HyKTa oOpKaau OepwiraH o TEKUCIUKKA
NEPHEHIUKYIAP TYFPU YM3UK YTKa3UII MyMKHHJIMTUHA UCOOTIIAHT.

bepunran: A(X,Y,z,) ¢ . Tonum kepak: aLa.

Hcobor: () : Ax+By+Cz+D =0

Arap (o)) Ta @ TYFpU YKM3UK NEPICHAUKYISIp OYIica, a HUHT HYHAITUPYBUYU
BekTopu d(a,,a,,8,) OwnaH (0) TEKUCIMKHUHT HOPMal BEKTOpH (A, B,C)



o A B C . o
KOJUIeHWap Oymanu, SBbHU —=—=— YpuHIM. byHmalli TEHINIMKIApHU
al a2 a3
KaHOATJIAHTUPYBYHU dj, dp, a3 COHNap (dazona OWTTa WYHAIWIIHU, S’bHU OUTTA
TYFpPU YW3UMKHU aHUKIaiau. Jlemak, 4 HyKra OpKald o ra ArOHA NEPIEHAUKYIAP

Z—-1,,

. o X — X —
TYFpU UMUK VYTKA3UIl MYMKUAH. YHHUHI TEHIJIaMacu 0o _ Y=Y _
B C

KYpuHUIIA Oy naau.

4-teopema. buTTa TEKHCIIMKKA NMEPHEHIUKYISAP UKKA TYFPU YM3UK Y3apo
nap aJuIeIaup.

bepunran a Lo, b Lo

Wcoot kumm kepak. allb.

Hcoot. Dapa3 kuaaiivk a Ba b TYFpu YM3MKIap MOC PaBHIIIA:

(a): X_ony—yozz_zo;

al a‘2 a‘3

(b): X=X _Y=-¥_2-1%
b, b, b,
TEeHTJIaMajap OwiaH OepwiaraH OYJICHH. 0O TEKHMCIMK TEHTJIaMacH 93ca
Ax+By+Cz+D=0 kypunuiaa 0yncun. aptra kypa:

alasa_-2_% (1)
A B C
plam- D @)
A B C
Ypunmu O0ynmagu. (1) Ba (2) nan %z%z% ra sra 0ymnamus. by sca a Ba b tyrpu
1 2 3

YU3UKJIAPHUHT Napajuies OYJIMIIMHU KYpcaTau.

7-§. Yu nepnenouxynap xaxuoazu meopema.

Tekucnukga OFMAHUMHT acCOCHJAH YHUHT MPOEKIMSICUTA TMEPIEHIAUKYISP
KWIMO YTKa3WwiraH TYFpU UYM3UK OFMAHUHT Y3Ura Xam MepHeHIUKYISIpIup.
AXCHHYA, TEKUCIIMKIArU TYFPH YN3UK OFMara rnepreHauKyssip 0yica, y OFMaHUHT
MPOEKIUSICUTa XaM MEePTICHIUKYJIISIp Oy 1amam.

bepunran: o tekucimk, MN c a A AC LaAAB o ra orma

Ncbot ki kepak. (MN L AB < (MN L BC)

Hcoor (1-ycym) MN//M'N’

Erapmumuru. Avitaiimuk, MN L BC OyicuH. Y xomima BC LMN BA=BC+CA,
IlapTra kypa AC LMN;

BC LMNAAC L MN =
:>BC-W=O/\A—C-W=O(1—W3M¢Z).

BA-MN = (BC +CA)-MN =BC-MN +CA-MN =0
BA-MN =0=BA L MN = AB 1 MN

(MN L BC) = (MN L AB).




3apypiuru:
(MN c @ AMN L AB) A (AC L MN) éxu AC LMN, ABLMN ABC =AC—-AB=BC-MN =
—(AC—AB)-MN = AC-MN —AB-MN =0=BC-MN =0=>BC L MN.
Uco6ort: (2-ananutuk ycyn). bepunran o-tekuciuk, (MN)caAAC Lan AB
TYFPU YHU3HK 0O I'a OFMa.
Nco6oT ki kepak: (MN L AB) < (MN L BC)

Erapmmrn: (MN): 20 = Y=Y _ 27 % Q)
al aZ a'3
A, B, C HyKTaJapHHHT KOOpAUHATAIapu MOC paBuiiaa (Xi,Y1,21), (X2,¥2,22), (X3,Y3,Z3)
oyncun. Y xonna (4B), (BC), (CA) nap TeHrnamamapu MOC paBuIla Kyldugarnia
oynanmu:

X=X Y-y, -7

(AB). Xy =% - Yo=Y B Z,— 1 (2)
X=X Yy, 27

(BC) X3 =X, - Y:—Y» - Z3— 1, (3)
X=X Yy, 24

(AC) X3 = X - Ys— Y, - 31, (4)

(MN) L(BC)~ (1), 3) =

a1(Xs-Xo)+ az(Ys-Yo)+ as(z3-2,)=0 (5)

(MN) L (4C) ~ (1), (4=

= a1(Xs-X1)* az(Ys-y1)+ as(z3-21)=0 (6)

(6) mau (5) HU aliMpcak, YIMIOYHU XO0CHIT KHIAMHU3:

a1(Xo-X))+a,(y,-y1)+as(z,-2,)=0; O6yuman sca (4AB)L (MN) skaunuru Kemuo
YHKAJH.

Bapypuiiiuru.  Ilaptra kypa (AB)L(MN). V xomma (1) Ba (2)
TEHTJIaMajiap1aH

a1(Xo=X1)+ aa(Yo-y1)+ as(z,-21)=0 (7)
ynunraek, (AC) L (MN) 6ynranmuru yuyH (4) Ba (1) nan
a1(Xs-X1)+ aa(ys-y1)+ as(z-21)=0. (8)

(8) mam (7) mm aitupcax, ai(Xs-Xp)+a,(ys-Y»)+as(z3-2,)=0 xocun Oyaub, OyHgaH
(BC) L (MN) skanmuru kypunaau. Ucoot 6ymnu.
6-Teopema. Arap TEKHUCJIMK OOIIKA OUp TEKUCIIUKKA MEPIICHANKYIISIP TYFPH
YM3UK OPKaIX yTca, Oy TEKMCIUKIAP MEPIICHIUKYISPINP.
bepunran. (a L B)A (ac o).
HcOot kumr kepaxk: o, L 3.
Hcoor (1-cunareTnk ycyi). Papas KWIAMINK, 0 TSKUCIMKHUHT HOPMaJl BEKTOPH

—

f,, P TEKUCIMKHUHT HOpMaJl BEKTOPHU 3ca fi,, @ TYFPU YU3UKHUHI UYHAITUPYBUH
Bextopu | 6yicun, xamaa a L B; Llynunraek, a c o 6yicun (2-4u3ma).

alB=n,|g=n,=16 Ulyaunraex, aca=n LE=n-§=0; DHOU n, -n, CKAIIP

KYIIaWTMaHd Kapawiuik: 0, n_; = ﬁ; -Ae=A(N€)=21-0=0. bynman n, Ln,0ymmmm
kenu6 yukaau. by aca o L B sxkaHuHU KypcaTaju.



2-4n3ma
HcooT (2-aHaIuTHK YCYJI).

(o) Texkucauk Tearaamacu: A Xx+B,y+C,z +D,=0
(B) Texucauk Tenrmamacu: A,x+B,y+C,z +D,=0

(a) T¥¥pu umsuk Terrnamacu: ~ 0 =Y Yo _27% Gynepy,
a‘l a2 a3
A2 BZ CZ
o _Po_*2_ 5 1
@1 p=t-fl )
((l) cCoa= A1a1+51a2+C1a3=0 (2)

oynagu. (1) man A,=Aa;; B, =1a,;C,=7a,; AA +BB,+C,C, ubomaHnu Ty3aMmmus:
A1A2+Ble+C1C2=A1 A Cl1+Bl A a2+C1 Aas=

=1 (41a,+B1a,+Cyaz)= 4 -0=0. [Ilemak, 4,4,+B,B,+C,C,=0, 0y 3ca o L B OVaummHN
kypcaraau. Mcbot 6ynnu.

8-§. Da3zooa dypuaknapru ypeanuui.

by mnaparpadnarn Oapua Ownumiap KoopAUHAaTaiap METOAMra TasiHUO
éputmirad. [llynunr yuyn Oy epaa ¢akar: 1) TYFpu 4u3uKiIap opacuaaru Oypuax,
2) TYFpH YM3WK OWIaH TEKHCJIHK opacujaru Oypdak xamjaa 3) TEKHUCIUKIIap
opacuaary Oyp4yakiaapHUHT U(POJaCUHHU aHUKJIAITa TYXTaliMU3, YyHKH J1apCIUKIA
Oynapra TyXxTajamaras.

8.1. Aukaw myzpu yuzukiap opacuoazu Oypuax.

Japciukna ymOy Tabpud MaBxKyA: alKall TYFPU YU3HMKIAp Opacujaaru
Oypuak ne6 Oepwiran ailkamr TYFpU YM3HUKIApTa napajuiell KeCUIIyBYU TYFpHU
YM3WKJIAp opacujaard Oypdyakka adWTwiaan. by OypyakHu sHa KyWmjmaruda
TabpuQuall MyMKUH: AWKall TYFpU YM3UKIap opacuaard Oypyak /€0, ylIapHUHT
UYHANTUPYBYM BEKTOpJApU opacuiaru Oypuakka aWTWiaau. YHHHI KaTTaluru
BEKTOpJiap opacuaaru Oypuak Gpopmynacu €paamMuaa TOMUIAIH.

a-b ab, +a,b, +a,b,

CoSr = —— = .
|§|-‘b‘ \/a12+a22+a32-\/b12+b22+b32

8.2. Tyepu uu3zuk ounan mexkuciuk opacuoazu 0ypuax.
Hapcnuknaru Tabpud: TYFpU YM3UK OWJIaH TEKUCIMK Oopacuaaru Oypyak jaeo
TYFpPU YWU3UK OWJIAaH YHUHT TEKHUCJMKAArW MPOEKIMSICH opacuaaru Oypuyakka
aiitunanu (3-uuszma).



" 90%¢]) 1

/

/ 3 - un3ma

Arap (a) TYFpu 9U3HK OWyIaH (0) TEKUCIIMK opacuaary Oypdak ¢ 6yica, y xouaa (a
TYFPU YW3UKHUHT WYHAITUPYBUYM BEKTOPH d OWIAH TEKUCIMKHUHT HOpPMAl
BEKTOpH fi opacumaru 0ypuak 90°-¢ 6ynanu. LIlyHuHr yayH

cos(a, i) = cos(90° — ) = -2 — Aa, +Ba, +Ca,

Al JazyB?4c? ~\/a12 +a,” +a,
cos (90°-p)=sinQ Oyaranu yuayH TYFpu YN3HK OMIaH TEKHCIMK Opacuaaru oOypuak
A-a +B-a,+C-a,
VA*+B?*+C?.\/a’ +a,° +a,’
(a): Ax+By+Cz+D=0 Ba
(a): X_Xo:y_YO -1,

= TEHTJIaMajiap OwiaH OepuraH.
al a2 a‘3

sinp=

dbopmya Ounan anukiaHaau. by epna

8.3. Texucnuxnap opacuoazu oypuax.

Texucnuknap Kecumranjaa Kaujaai Oypyak Tamikui 3Tca, yJIapHUHT HOpMal
BEKTOpJIapU XaM HIyHJail Oypuak Tallkui 3Taau (4-uu3ma).

(o) Ba (B) Texucaukiap oupop (a) TYFpU YU3HUK OPKAIH KECHIITaH OYJICHUH.
VOeac (anpB) HykTa opkaim (o) Ba () TEKMCIMKIApHUHT AMON =¢ YHU3UKJIU
Oypuarunu sicaiiik. by unsukmm Oypuak Tomomnnapura O Hykracuzaax (o) Ba (p)
TEKUCJIMKJIIADHUHT 1, Ba [, HOpMall BEKTOpJIapuHU YyTKazamu3. byHna xocun
oymran (n,n,) Oypuak ¢ =MON Oypuakka TEHT.

ynapra kypa TeKUCIUKIAp opacujpard Oypuyak ¢ cudaruga yrmapHUHT
HOpMaJI BEKTOPJIapU opacuaaru ¢ OypuyakHu KaOysl KWIUII MyMKUH (4-413Ma).
(o): A1 x+By+Cyz+D1=0, i, (A,B,,C)).

(B) A2X+BZY+C22+D2:0, ﬁz (A2’ BZ'CZ) .
Jlemax, (o) Ba (B) TexkucMKIap opacumaru Oypuak




AA, +BB, +C,C,

JAZ+B2+C2 /A +B,? +C)
Oumau Kyimaa 8-§ na kapa®d uyukuiaran Oypuakiap (GopmylalapuHUHT
TaTOMKUra JOUpP MalIKjIap Kypailiuk.

dbopMyIa OunaH aHUKJIAHAH.

CoSp=

x-1 y+4 z7-16 Ba x-4 y-10 z-5
5 -6 3 0 1
TEHrJIamMmajiapyu OujiaH O€pWIIraH TYFpPU YHM3UKIIAp Opacujard OypyakHU TOIIMHT.

8.1. ra moup 1l-macama. YOy

2.345.0-6-1 66 0 .
J2? 457 +(=6)2 -3 +07 +12 65410 /650

Euunt: cose =

cosp =0; = ¢ =90°.

2-macama, X_i_¥=7_z=3 , Xx=6_y+l z+2 TYFPU  YU3UKJIAP
' 2 1 4 3 -2 1
opacujaru OypuyakHu TOUHT (MyCTaKwi).

8.2 ra moup 1-macana. Yoy TEHTJIaMaJlapH Owian oepuiran
ng = y—31 = Zngypr qu3KK Ba 4x+Yy-82+16=0 TexkucIMK opacuparu OypYaKHH
XUCOOJIaHT.

Egpm:
_ [4-6+1-(-3)-8-2| 24-3-16 5 5
sing =

\/42 +12 +(-8)? -\/62 +(-3)% + 22 B V16 +1+64-4/36+9+4 B J81.-/49 " 63

5
JEMaK =alcsin —
14 63

Xx-3 y+5 z-1
2 3 5
opacuaard OypyakHH TONUHT (MYCTaKWJI €UUHT).
8.3. ra noup 1-macana. YOy tenrnamanapu: x+y-3=0 Ba
2X-27+1=0 Ouman O6epuirad TeKUCIUKIAp opacuaaru OypyakHH TOTIHHT.
1.2+1.0+0-(-2) 2 1.
V12412407 /22 +02 +(=2)2 V2-48 2’

2-macadna. TYFpU 4M3WK OmnaH 2X+3y+5z+4=0 Texuciuk

Eunnr: cosg =

cos _L JEMaK =z
» 5’ > @ 3

2-macaJga. 2X-y+3z=0 Ba X+4y-6z=0 Texuciukiap opacujaard Oyp4akHH TOIUHT
(MycTaKwI).

9-§. @azooa myzpu yuszuknap 6a meKuUCIUKIAPHUHZ
y3apo eazusamuza Ooup MawKap.
1. Kyiiugaru TeKUCIMKIApHUHT Y3ap0 BAO3USATHHU aHUKJIAHT.
a) Xx—-3y+z+1=0; 2x+y-4z+2=0
0) 3x+y—-z+2=0; 6Xx+2y-2z+3=0
B) V2x—y+3z+2=0; 2x—2y+3J2z+2=0
r) X+y+z-1=0; Xx+y+z=0



N) 3x+5y+2-5=0; 8x+7y+4z-1=0

e) 2x—y—z+1=0; x+3y+4z+5=0

Eunnr: a) VKKK TEKUCIMKHUHI y3apO Ba3uUATH HOpPMall BEKTOPJIAPHHUHT
iynammra Oornuk. Arap Tekuciumknmap / 6ynca, ni{A,B,,C}/n.{A,B,.C,}

Oymamu Ba i=%=% Oymanu. Tekuciaukiaap KecumraHga Oy MyHocalar
2 2
OaxapuIManIu.

a) MalIKHA OaKapailnK. ﬁl{l,—B, 1}, 52{2,1,—4}, STbHU %;«t—TB;t%. Jlemak

TCKUCJIMKIIAp KCCHUIIa .

3_1_ 1 2,
0) MaIk: 6 5" 5% ; K03 GUIMEHTTap MPOMOPIHUOHAN, 030 XaJiap
nponoprronai sMac. [llyHuHr yayH TeKUCIHMKIap mapasuien.
B) MaIlIKJa: Q b3 ﬁ ; K03 dUIMEHTIap MPOTOPIIMOHAI, 0301
2 -2 32 2”7 ’

XaJyap xaM nponopuuoHail. IIIyHUHT y4yH TEKUCIMKIAp yCTMA — YCT TYIIa M.
Kousran mamkiaapHu xam mryHra yxmab OakapHuiil MyMKHH.
2. Koopaunaranap 6o1mmaad YTyBYM Ba KyHHIard TEKUCIUKIAp ra napauien
OyJIraH TEKUCIIMK TEHTJIaMaCUHH TOTIMHT .
a) 2x—4y+5z2-3=0;

0) 2y—-7z+6=0;

B) 3x+5=0;

r) X+2y—2z=0;

Eannr: a) TexucaMKIapHUHT NapaieJulMK apTuaad GoiigaraHaMu3:

:12 :1 ((;: ByHna a) xonaa n(2-4,5). by BeKTOpHH yHra mapajien TeKUCIHK
2

y4yH XaM HOpMajl BekTop ne0 onuin MymkuH. KoopauHaramap Gommjaan yTran

TEKUCIMKHUHT 030/ Xaau HoJira TeHr, sbHU D =0. IllyHuHr yuyyH u3naHran

TEKUCJIUK TEHIJIaMacu: 2x—4y+5z =0,

3. My(1, -3, 5) HykTamaH YTyBuM Ba KyWHJard TEKUCIHKIAPTa Mapajuier
OYNraH TEKUCIUK TEHIJIAMAaCUHU E3UHT:

a) 3x—-y+5z-3=0;

0) x-3y+7=0;

B) 32-4=0;

r) 2Xx—-y-z+3=0;

) 2X—y+2+5=0;

€) 2x+5y+6z+4=0;

K)3y +22+6=0;

Eunnr: a) xomuau edvaitmuk. Kosranmapu mryHra yxmam Oaxapunagu. by
xomgma A;=3, B;=-1, C;=5, D;=-3. H3nanaérral TEKUCIUK TEHIJIAMAaCUHU
Ax+By+Cz+D=0 xypunumpga ¢&3anuk. Texkucnukimap // OYyaranm ydyH
kodpdurmentinapu Oup xun OymuO, o304 Xxamiapu Gapk Kwiagd, SbHU
3X-y+5z+D=0. D Hu TOommm y4yH wu3naHaéTraH TeKUCIMKHUHT My(1l, -3, 5)



HyKTaJaH VYTull maptuaad QoiigananamMus: Oy HYKTaHHHT KOOpJWHATaJIapu
TEKUCJIMK TEHIJIAMACUHU KAHOATJIAHTPAAH, IbHU 3-1-1-(-3)+5-5+ D =0. by epnan
D= - 31 kemu6 unkamu. Jlemak nznanaérran Teariama 3X — y+5z-31=0 man nbopar.

4. Kyiinaaru TeKUCIUKIAp opacuaard OypyakHy TOTIMHT.

a) 16x+8y+2z+1=0; 2x—2y+z+5=0

0) 2x+5y+4z+15=0; 6x-3z+2=0

B) 3x—y+7z-4=0; 5x+3y-5z+2=0

r) Xx—7y+6=0; 3x-4y+57-6=0

) 2x—y+2=0; X+y+2z=0

e) x-6=0; 2y—-z=0

K)2Xx—y+32-4=0; 2x-y+3z-5=0

Edawmr: Mkku Teknemk opacuaaru Oypuak:

AA, +BB,+CC,

\/Af +B/ +C12\/A2,2 +BZ +C?
dbopMyIa OnIaH aHUKJTaHATH.

CoSp =

a) X0II y4yH
16-2+8-(-2) +2-1 32-16+2
Cosg = = =
V162 482+ 22,[22 4 (<2)2 +12  V/256+64+4-4+4+1
18 18 1

V3249 183 3
’Kapo0: c03¢)=%.

1.040.240-(-1) _ 0

V12+0+0V0+22+12  V1-45

5. bepunran HykTagad YTuO OepuiraH TEKUCIMKKA MEPIICHIUKYIISAp OViraH
TEKUCJIMK TCHIJIAMACHHH TY3HHT.

a) My(1, 0, 1) Ba M1, -2, 0) HykTamapgaH YTuO, 2x-y+3z+1=0
TEKUCJIMKKA TIEPTIICHIUKYIISAp OYIIraH TEKUCIIUK TCHIJIaMaCcHH,

0) My(3, -1, 0) Ba M>(0, 1, -2) HykTanapaan YyTHO, Xx—2z+1=0 TCKHCIIMKKA
NIEPTICHIUKYISAP OVITaH TEKUCIMK TCHIJIaMaCHHU;

B) Koopaunaramap Oommman Ba My(l, 3, -4) HyKTagaH YTyBUM Xamja,
X+4y-6z+1=0 TEKUCIUKKA MEPHEHAMUKYJSIp OYJIraH TEKUCIMUK TEHIJIaMaCUHU

=0, gemak ¢ =90°

€) X0JI: COoSg =

TOTIVHT.
Euw: a) Wzmamaérran Ttekuwcimk TeHrmamacuan Ax+By+Cz+D=0

kypunua €3amus. by rekucimik M;(1, 0, 1) Ba M,(1, -2, 0) HyKTanapaaH yTraHu
yayHn A+C+D=0, A-2B+D=0. TexucaukiapHUHT TEPIECHAUKYISPIATHIAH 3Ca
24-B+3C=0 ra sra 6ynamu3. by yuaiga myHoca0arjan cucTemMa Ty3aMus3:

A+C+D=0,

A-2B+D=0,

2A-B+3C=0



bupununnan nkknaunaN aitnpu6 C=-2B Hu Tonmamus. YuuHuugad 3ca 24=7B uun
anukianivm3. B=2 nmecak, 4=7, C=-4, D=-3 xemm6 uwmkagu. [lemak m3maHaérran
TEKHUCJHUK TEHIJIaMacHu 7x+2y—-4z-3=0.

6. Kyilupmaru TYfpu  UYMBHUKJIAQPHUHT OUp HEYTA  HYKTAaCUHUHT
KOOpAMHATAJIApUHU TOTIMHT:
2) x—lzx= z-4,

1 3 -1
0) x=3+2t, y=3t, z=5;
{x -3=0
B) ;
X+y+z-5=0
X=2t+1
r)sy=-3 ;
z2=3t+2
x-1 'y z+3
A 2 3 1
Edwr: a) X, Y, Z KoOpJAWHATaJapjaH OupopTacura, MacajaH Z Ta
KuiimMat 6epub x Ba Y JapHW TEHTJIaMaJlaH ToTaMu3. Z=3 JIeCak, XT_l =% =3L14;
—Xl_l = _—1  X—1=1x=2; % = _—1; % =1 y=3 A(2,3,3) HyKra TYFpu UH3UKKA
TETUIILIH.

Ouau z=1 necak, x-1=3 x=4, y=9 o0ymuo0, B(4, 9, 1) HykTa TyFpH YHM3UKKA
terunuy. KoJiran Malikiap xaM IyHra yximain Oakapiaiu.

7. Ty¥py Yn3UK TEHIAMACUHH TY3UHT.

a) M, (2, -3, %) Ba M, (3, 5, g) HyKTaJlapaaH YyTyBYH;

6) M, (2, 1, -3) HykTanaH yTu6, P(1—3,1) BEKTOpTa Iapamuien OyIICHH;
B) M1 (-3, 5, 1) Ba M,(1, 0,-2) HyKTaNapaaH yTyBuu;

) My (3, -1, 0) HykTamaH yTu6, P(2,4,2) BEKTOPTa MapauIen 6y ICHH.
Eunir: a) Mkku HyKTaaH YTyBUM TYFPU YM3UK TEHTIIAMacH:

1
Z_i
X% _Y=h 74 OyHra acocas, X=2_y+3__ 2 ,
X, =X Yo Y1 Z,—1, 3-2 S5+3 E_E
2 2

. 1

x-2 y+3 " o

1 8 1
by m3nanran TeHriamaaup.



6) My (X0, Vo, 30) HyKTaman YTub, P(p,, p,, p,)BEKTOpra mapamien 0yjraH
X=% _Y~=Y¥o _Z7% 1y acocan

TYFPU UYM3UKHUHI KAaHOHUK TEHIJIaMacHu
pl p2 pS

Xx-2 y-1 z+3

1 -3
8. a) M, (1,-3,4) nykraman yTHO, X_24:%:

HU €3a 0JIJaMU3.

z+1 o
TYfpH YHU3HUKKa Iapai€l

OynraH TYFpHW YM3UK TEHTJIAMACUHU TY3WHT.
0) M, (2,-5,3) nykraman yTHoO, X;3 _y+l_ Z;A' TYFPU YHM3WKKA Tapajvien

—4
OynraH TYFpHW YM3UK TEHTJIAMACUHU TY3WHT.
Euuit a) Arap Ty¥pu uM3uKiIap napauien 0yica, yIapHUHT HYHAITUPYBUYU

BEKTOPJIApU KOJUIMHEAp, XYCYCHUW XOJa TEeHI Oyiaau, sSbHU W3JIaHTaH TYFpU
x-1 y+3 z-4

YM3UK YUYH XaM &(-2,3,7) Oynanu. Jlemak, n3JiaHraH TeHrjama: > 3 Z

9. Kyiinnaru Tyfpy YA3MKJIAPHUHT y3ap0O Ba3USATUHU aHUKJIAHT:

x—1 -7 z-3 X—6 +1

DU _yl e T:y__z:HZ’
X z+3 X—27 -15 z

6) Vl _:X:_l 2 :y =,
9 5 1 -9 -5 -1

B) S, izy—lzz—B, S, : X—2 y—3:z—4’
1 -1 1 2 -1 3

0 t, x=1 y+4 z+16; t,: x—4_y+10 z—5,
2 5 -6 3 0 1

Eupmr: 1) m; ydyH t,(25-6), M,(L-4,-16); m, yayH t,(301), M,(4,-105).

§¢%¢_T66}“/nra}m yayr mp/ m;.
4-1 -10+4 5+16 | 3 -6 21
2 5 -6 |=|2 5 -f=
3 0 1 3 0 1

=15+108+0-315+12=135-315=-180 = 0.

Jlemak, TyFpu YH3HKIap alKanl.

10. Kyitnnaru TyFpu YM3UKIap opacujaru OypuyakH! XUCOOJIAHT:
x-1 y+4 z+16 x-4 y+10 z-5.
a) = = 8a = = :
2 5 -6 3 0 1
6) X-=5 _ y—lz z-55 o X—4 _ y-10 _ z—4;
10 2 11 3 12 4
x-1 y+1 z+1 X z-1
B) = = 6a —=-—"—=——
2 0 -1 0 -1 0




2:345:0-61 _ 6-6 _ 0 _.
J4-25-36./9+0+1 /65410 /26

Eunnr: a) cosp =

Jlemak, ¢ =90°.

11. a) P: 3x+2y-5z-1=0 TEKUCIUK OWIaH
X=4t+2
u: y=-3t+2
z=2t+1
TYFpH YM3UKHUHT KECHIITaH HyKTaCUHHU TOTIHHT;

6) u: X+ 6 _ y—1: z-1

-2 3
KecHuIlraH HyKTaCUHU TOIIMHT,
B) X—5 _ y—1: z-1

TYFpu 4n3uK Omnan 2x-5y+6z-1=0 TexucIMKHUHT

TYFpu 4yn3uK Ounan 4x+y-8z+16=0 TEKHCIMKHUHT

6 -3 2
KECUIITaH HyKTaCHUHU TOIIVHT
Eayn: B) TYfpu YM3UKHUHT TapaMETPUK TEHIJaMacUHH Ty3aMU3:
x=5 y-1 z-1

5 3 > =t; Xx=6t+5 y=-3t+1 z=2t+1. DHOU X, Y, Z JIJAapHU TEKUCJIMK

TEHIJIaMaCUra KyssMu3, s’bHU:
4x+y—-8z+16=0
X=6t+5
y=-3t+1
z=2t+1
CUCTEMAHU €YaMu3.
4(6t+5)+(-3t+1)-8(2t+1)+16=0 24t+20-3t+1-16t-8+16=0 5t+29=0;
29,

t=—";

5

29 o o
TonunraH t = —? HHM TYFPH YU3UKHUHI ITapaMETPUK TEHIJIaMacura KysMu3.

o 6(—§)+5=—174 L5 -174+25 =_l49;
5 5 5 5
29 87 92
=-3(——)+1l=—+1=—;
y ( 5 ) 5 5
- 2(_§)+1: -58+5 :_5_3
5 5 5
o 149 92 53
Jlemak TYFpu YM3WK OWIIaH TEKUCIMKHUHT KECHUITaH HyKTacH MO(_?’E’_E :

12. a) M(2, 1, -3) nykragan ytuo, x-4y+3z+2=0 TEKHCIMKKA ITCPIICHIUKYIISP
OyJran TYFpu YM3UK TEHIJIAMACUHU E€3UHT.
06) M(5, -1, 2) uykramad YTHO, x_1_y+l_z-2

3 -2 4

TYFPU YU3UKKA

NEPHICHAUKYJSIP TEKUCIIMK TEHITITaAMAaCHHU €3MHT.



Eaunr: a) Tekucomk OwiaaH TYFPU YU3UKHUHT — TIEPIICHIUKYISIPIIAK

o A B C " oo
mapmiapura Kypa —=—=—. JIeMak TyFpu YM3UKHUHI WYHAITUPYBUYU BEKTOPU

1 a‘2 3
TEKUCMKHUHT HOPMaJl BEKTOpU OuiaH Oup Xun Oynamau. a=n=(L-4,3). Jemak
U3JIaHTaH TYFPU YM3UK TEHIJIaMacu:
Xx-2 y-1 z+3
1 -4 3
B) M(1, -1, 2) Hykraman YTuO,

Xx-3 y+5 z-1
2 3 5
NEPTICHIUKYISAP TEKUCIMK TEHTJIAMACHHHU TOTIMHT.
13. a) Xx+3_y-2_ z+1
1 -2 2
opacumard OypyakH{ TOTIMHT.
6) X—5 _ y—1: z-1
6 -3 2
opacuaaru OypuyakHu XUCOOJIaHT.

TYFPU YHU3HUKKA

TYFpu YM3WK  Ba 4x+2y+27-5=0 TEKuUCIUK

TYFpu 4u3uK Owmnan  4x+y-8z+16=0 Texucank

B) x—3: y+5 _ z-1
2 3 5
opacuaaru OypuyakHu XUCOOJIaHT.

TYfpu 4u3uK OwmnaH  2x+3y+5z+6=0 TEKUCIUK

Eunmr: a) TYyFpu un3uk OWiiaH TEKUCIIMK Opacuaard OypuakHu

. Aa, +Ba, +Ca, o o

sing = dbopmynara kypa XxucoOmanmus.
\/A2+BZ+C2\/af+a22+a32

Sin g 4.142-(-2)+2-2 4-4+4 4 2 B,
VA4? £ 22 122 17 4 (=2)% + 22 V249 263 36 9

Jlemak sin g = @

10-§ Kynéxnunapnune cupm éa Xaxcmiapunu Xucoonaui.

«Kupuimpaa kaiin stuinran A. B. ITloropenoBuunr «I'eomerpust 7-11»
(T.«YxutyBun», 1987 i) mapcimruma 18-§ muur Ne 14 macamacu Ba yHHHT
€UMMHra BEKTOpJap alr€OpacuHUHI TaAOMKuMHU Oy epaa kentupamus. by sca
BEKTOpJAp Ir€OpacUHUHT TEOMETPHUK MacalalapHU €UMIAa MYXUM WIMHANA —
yCIyOud BOCHTA DKAaHJIWTMHM SKKOJ Tacaukmaiau. lllyaumarmexk Oy wmacanma
CUMMUJAH CYHT KYNEKIMIAPHUHT CUPT Ba XaKMJIapUra BEKTOP KOOpAWHATATIApU
METOIMHM KyJUamjaard ad3auTMKIapHu OMp KaTop CTEPEOMETPHK Macajajiap
eunMua KypuO yTamm3. EHr aBBajmo MakTab TEOMETpHUs Kypcuaa METPUK
Macajajap e4uIia KyJUlaHWIaurad ymoy acocuii MyHOca0aTIapHu KENTPUIITHI
Jxou3 1e0 xucoOanMus.



1. Ucranran yuta 4, B, C nykra yuyn: AB-AC =2(|AB| +|AC| —|BC| )

McTanran ukknTa @ Ba ¢ BeKTopiap yuys: €6 6. <a’ &
Honnan dapkmu a Ba ¢ Bektopnap yuyn: §-6 =0<= >(a Ls).
Honnan Gapkan g Ba ¢ BEKTOpJAp Y4YH: (‘a e‘ ‘ ‘ ‘ ‘)< >(allg).

o &

Xap KaHJan qua a, 6 Ba c BEKTOPJIAp yUyH

- =2 -2 -2 -
+6+c =a " +6 +c +2a 6+26-c+2c-a.

6. Xap KkaHgaili WKKHUTa @ Ba 6 BEKTOpJap YYYH: ‘a+€‘$‘a‘+‘6‘.

o= 2[d |,

7. Xap xannaii typtra 4, B, C, D nykranap yuyH:

12 —2 —2 =2

a-cD~ 240" +[5c]” [ac| -[D" ).

DHIM KyHugaru MacajaajlapHi eduMyIapy OniiaH KEITUpaMu3.

1-macana: ([14], 18-§, Ne 4). TyprOy4yaknu MyHTa3aM MpU3Ma aCOCHHUHT
ToMoHM 15 ra, Oamanjgmuru 20 ra TEHr. ACOCHMHMHI TOMOHHUJAH YHH KECHuO
YTMalliuraH Mpu3Ma JUArOHAIMraya SHT
KHCKa MacohaHu TOTIHHT.
bepunran: AD=4B=15.
AA;=DD,=20.
Tonmm KEpak:
aqus . ="

Macananu »sreMeHTap TEOMETpHUs
MeToIapuan  (Qoimanannd OocKuuma-
OoCckMuY  XHcoOJsalml  OpKaM  EYMIl
HOKyJailimkiapra om0 kenagu. HIyHuHr
ydyH yHH BEKTOP KOOpJHUHATAIapH
MeToauaaH Goraaaannd eqamMus.

Egnn. [Ily  makcagra  kypa
KOOpJWHATaJIap CUCTEMACUHH KyHHarnda
TaHJIANMU3:

D-koopaunaranap 6o, DA-Ox yku, DC-
Oy Vxu Ba DD-Oz yxu 6yncun. Y xonga
D(0;0;0), 4(15;0;0), C(0;15;0), B(15;15;0), D, (0;0;20) 6ymamgu. > ™32

Msnanaérran oHr Kucka mMacoda DA, DB Ba AB BEKTOpIApra Kypuirad
napayuIeNenuneHuHr  Oananamru  Oynangu  (5-um3ma). YHH TONMII Y4YYH
NapaJuIeNIENUNe] XOKMUHH YHUHT acoc ro3ura Oyimm kudos. byrma ymoy
(opmynanan poiinananamus.
4V _©4D548
S ‘BA,DlB,L

I5A,DlB - UKKA BEKTOPHUHT BEKTOP KYTNaWTMAacCH.

G

, Oy epzia (DA4,D,B,AD) - BEKTOPJIAPHUHT apajiall Ky IaiTMacu.




OHIYM BEKTOPJAPHUHT KyNaTMaTapUHU aHUKTAUMMU3.
DA=€5-00-00-0 = €500 ,
D,B,= €5-015-0,0-20 = (515,-20 ,
AB,= €(5-1515-0,0-0 = €150 ;

15 0 0
—
V = 04,D,B,4B, =15 15 —20/=0+0+0-0-0-+4500 = 4500
0 15 0
2 2 2 2 2 2
S Gy @y |ay al & df 0 O N 0 15 +15 0 _J07+3007 32257 —
6, 65| (65 6| |6 6, 15 -200 |-20 15 [15 15
= /90000 +50625 =~/140625 =375 d=\é=%050=12

KapobOu: 12

2-macana. SABCD myHTa3am nupamuilaHuHr €H CUPTH aCOCUHMHT FO3UJaH
ukkn Mapta karra. SD Ba  SC
KAppaAIApUHUHT YpTajmapu Moc xoia P
Ba Q neitmus. AP Ba QD Ty¥pu unsukiap
opacuaaru 0ypyak TOIWICHH.

Eawni. 6-um3Maja
KypcaTWIraHUuAEK, sAbHU Mapkazu O
HyKTaga Oyiran Tyrpu Oypyakiu
KOOpAHHATAJIap CUCTEMACUHH
kuputamu3. OC=1 necak, OD=1 6ymaamn.
SCD éxuunr anogemacu SE Oyncun.
CE=ED; 2S, =S,  Oyiramu ydyH

2-CD2:4-%CD-SE 0ymm0, OyHmaH

¥

) (v ~
2- (/§/= 242 -SE, spru SE=+/2 oynagu. Tyrpu Oypuaxmm yaoypuak OCD
jaH CD=+/2 6ynrau yuyH OEzg; TYfpu Oypuakmn yuOypuak SOE nan

SO = /SE? —OF? :?;

Wlynpnait kw6, 0(0,0,0), C(1,0,0), D(0,1,0), C(0,0, @ ), A(-1,0,0),
1 6 1.6y —,. 16, —,1 J6
P(O0, E’T)’ Q(E’O’ T), AP (1, E’T)’ BD(E,-l, T).



Cos(AP"DQ)=

cos(4P"DQ)=
11,646

BRI

1 6 [1 6 13° Z
1+ +— [~ +1+ —
4 16\V4 16

N3nanran Oypuak arccos % ra

TEHT.

3-macara. Ty¥pu
6ypanHI/I ABCDA]_B]_C:LD]_
nap aJuIeNIENUIIe 1 1a
AB:AD:AA,=1:3:2 . B;D 1y¥pu
YU3HUKKA MEPIICHAUKYIISP X012 A(0.L0)
D yu opkam  KecyBuH
TEKUCIIMK VTKa3wirad. 7
Kecunmmiman xocwt 0yrad Kynékmiap XaKMIapUHUHT HUCOATHHH TOTIHHT .

Eunm. uyn3mana kypcarmwmranunex, AB=1 ne6 xuco06mab, pazoma BXyz tyrpu
Oyp4YakiM KOOpJMHATATAp CHCTEMACHHHW KHPHUTAaMH3 Ba Oy CHUCTEMaja 3apyp
HyKTajapHu Ba B,D Bekropuu tomamms; B(0;0;0), C(3;0;0), 4(0;1,0), B1(0;0;2),
D(3;1;0), D1(3;1;2), B,D(3;1;-2) napuu GenrumaiiMus.

bepunran kecyBuu Tekuciauk B(D TYFpu yn3nKKa NEpICHAUKYIISIp OYIraHu
y4yH B,D BEKTOPHH YHHHI HOPMAal BEKTOPH YUYyH KaOyn Kwiamu3. Y XoJja
TEKUCIMK TeHrJiamacu: (x—3)-3+(y—1)-1+(z-2)-€2 =0 &éku 3x+y-2z-6=0 (*)
Oy manu.

(*) — KecyBuu TEKHMCIIMKHU sicalll Y9yH Iy TEKUCIUKKA TETUILIA sSHa 2 Ta
HYKTaHu Tonamu3. Arap B, YkunuHr (*) Tekuciuk Ominan kecuil Hykracu L 6yica,
L(1,0,0). L munar xoopauuutanapuau (*) ra kyicak |1=2 Hum Tomamus, y xoiua
L(2,0,0) 6ynagu. Arap By yx Owman (*) texucmuk F(0,f,0) HykTaga xecuimamm,
necak, yHuHr koopauHatanapu F(0,6,0) Oymamm, nekun Oy Hykra 7-dyM3mana
KYpHUHMaIH.

(*) ounan AD 1Vrpu um3uk kecumrad N(Ny, Ny, N3) HyKTaHW W3JIaiMu3. Y

C(3,0,0)

J(3,1,0)

N (g 1,0)

7-an3Mma

.. " 5
xonma N,=1 Ba N3=0 skammuru aéH, OymapHu (*) ra KyHuo n =3 HHU TOMaMus.

Jlemak, N(g,l,O). Ouau my (D, N, L) Hykramap opkaim KECyBYHM TEKUCIUK

yTkazno, DNLK kynOypuakunu Kypamus-ku, Oy Oepuirad KECUMIHP.

Ounu (*) TEKUCITUK Oepuirad KoopauHaTanu kecu6, D yunu ¥3 naura oiraxn
OymaruauHT XakMHu Vp jaecak, Oy OVmak acocnmapu tyrpu 0ypuakimu A DD;N Ba
ACKL 6¥ynran xecuk nupamuaanaH moopar, yHUHT Oamanpimuru CD. YV xonaa

1 ) 1 1
Vp :§CD6DD1N +\/SDD1N “SckL +SckL B SDDlN :EDDlDN’SCKL :ECK -CL.

AB=a (épnamuu napamerp) aecak, DD;=2a, DN = AD—AN:Ba—ga :%a :



CL=BC-BL=3a-2a=a. ACKL~ADD;N=>CK nuu tonamms:

CK & = CK—§a Fs
DD, DN’ 2 z
[ynpaait KUJIHO,
1 4 4 ,. 13 3. B
Soon =§-2a-—a:§a ; SCKLzz-Ea-a:Za . 1 c,

—a’-—a"+—-a° |=—a

3 3 4 4 36
b yunu ¥3 uuura onran 2 — Oynak
KYTIEKHUHT Xakmu Vg 6ymmo, Ve=V-Vp ra

TEHT. V =a-3a-2a=6a’ Oymmmmaan, K
36 36 B
Hatmxana Vg :V, = 2; 3 .179 $=37:179

Oy manu.
4-macama. ABCAB;C; wmynTazam
TIpU3Ma aCOCHHUHT TOMOMHUHHM NMpHU3Ma EH

Kuppacura Hucbatm 1:+/3. BC, Tyrpu
YU3WKKAa NEeprneHaukynpsap xoiaga C yu
OpKaJli KECYBYU TEKUCIUK yTranjga AB=a
€6, KECUIIMIN HaTwXacuaa OyTyH mpusmanan €knmapunan oupu ABC yubypuax
Oyiran KYNEKIMHUHT XQKMUHHU TOTIHII Talad 3TUIIAIN.

Eunmi. AB=1 ne6 8-umsmana kypcatwiranugek OXyZ KOOpJHUHATaIAp
cuctemanu kupuramus. (O- nykra AB tomon ypracu, O01//AA;).

8-uusma

y

8-um3manaru HyKTajJap KOOpAWHATalapyu OwWiaH KydWujaruya: A(O,%,O],

B(O,—%,O), Bl(o,—%,ﬁj, c(%,o,o}, cl[g,o,\/é], 00007, 0,603,

032 fo2s)

DHAM 3apyp HyKTalapHMHIT Ba BC, BEKTOPHUHI KOOpIHMHATAJApUHH

TOTIAMH3: c(?,o,o], A[O,%,Oj, 0,603 , B(O,—%,OJ, B{O,—%,\@j, c{@,o,ﬁj,
w(214)

KecyBun tekuciumk BC; TyFpu 4M3MKra NepHeHAMKYIAPIUTUIAH BC,
BEKTOPHHU IIy TEKUCJIMKHUHI HOPMAIM y4yH KaOyn KWIMII MYMKHH. Y XO0Jj1a

Tekucuk TeHrnamacu (C Hykra opKaim yTaan): (x —~ g]g +€@— 0:2l +€-05/3=0

EKH 2+/3X+2y+4+/32-3=0 (*) 6ynanm.



(*) TEKUCTIMKHM sicall YYYH SIHA YHTa TETULUTH 2 Ta HyKTaHU TOMAMU3; arap
(*) Texkucimk Oy yxkuu L Hykraga xecu6 ytca, yuunr xoopauuaranpu (0,l1,0)

oynanu. by koopaunaranapau (¥) ra Kynuo | :% uu ronamus. Jlemak, L (O, g ,0).
(*) rexkuciuk BB, TYFpu umsukHu kecumm aéH, kecuin Hyktacu K Oyica, yHUHT

KOOpAMHATATIApU K(O,—%,k) o6ymmb, Oynu (*) ra kyiicak kzg o6ymub, OyHmaH
K( 143

0,—5,?j oynanu. C, K, L HyKTanap opkajiu KEyBYM TEKHCIIMKHU SICaliMU3.
KecyBun Ttekuciuk OyryH mpusmanan Exnapunan Ooupu AABC Gyniran
kynékm CBKMA mupamunanan ubopar. bynama C mnmpammna yum, BKMA
Tparenus nupamuga acocH, (BK/MA — tpanenus acocnapu, AB 1 BK). A ABC
HuHr CO menuanacu nupamuga CBKMA 6ananamury. Illynra kypa yHUHT XaxKMU
\Y =%SBKMA-CO. [lynra 6uHoaH V =%-M-AB-CO; OyHaaH BK =%BB1 =%a\/§.

MA:%BK =% (ABKL  ¥ypra
a3
==
Jlemax, 1 C
aV3 a3
vl 3 6 ,aB_a
3 2 2 8

5-Macaja. ABCDA]_B]_C]_Dl i i)
kyomunr  AD KMppacura el aie
napapien 60ymm6, xkyoHunr O e
MapKa3l OPKAIM YTYBYH TYFpH ‘ T
YM3UK KyOra Tamiku 4YH3WIra /'f!
map cuptuan P Ba Q A
HyKTajgapaa Kdcaad; OyHma P y 9-umsma
HyKTa Ba KyOHUHT A yun BDD;

TEKUCJIMKHUHT TypJid ToMoHnapua éraau. Kyiunaru OypuakiapHu Tonui tanad
ATUJIAIN:

a) AP Ba B;D Tyrpu unsukiap opacuaaru,

0) AP 1yrpu unzuk Ba BDD; Tekuciuk opacuaaru,

B) APB Ba BDD; T€kucnuknap opacuaary.

Edanm. a) dhazoma6omm B HykTama Oyiaran TyFpu OypUakid KoopauHaTaIap
cuctemacunu kuputamus. BC, B4, BB, tyrpu unsukmap moc xonna Bx, By Ba Bz
VKJIapH y4yH KaOyJl KAIaMHU3.

KyOuuHr kuppacunu 2 ra TeHr 1€6 Ba 9-un3Manaruaiex, KoopAuHara YKIapu
HyHamMIMHA ~ OENTHIAHTaH XOJ/a 3apyp HyKTaJapHH Ba BEKTOPJIAPHUHT
xoopaunHatanapunu tonamm3: B(0,0,0), C(2,0,0), 4(0,2,0), B.(0,0,2), D(2,2,0).
Ky6ra tamku umswirad chepa auaMerpu PQ =243 6ymm6, OP =+3. PQ Tyrpu

YU3UFH), AB=a, CO




yu3uk CDD,C, ékam K HykTana keccun; y xonga OK=1, spHu P(: \/§,1,1;. Jlemaxk,
4P(:+/3,-11 ; BD@2-2_ UIyHUHT yuyH

o 2+2V3-2-2 J3-1
cos(AP,"B:D)= |cos(4P “BD)|= ; s AP Ba
\/(+\/§ +1+1V4+4+4 18463
B1D Ty¥pu unsukiap opacuaaru Oypuak arccos\/——_ ra TEHT.

J18+64/3

Eanm. 6) AC tyfrpu umsukamAar BDD, TekucIMKKa TepHeHIUKYIISIPIATH
aéH, abHU AC (2,-2,6) BEKTOp Iy TEKUCIMKHUHT HopMacu Oynamu. AP Tyrpu
yu3uk Ba BDD,; Teékucimk opacugaru 0ypyak ¢, JAecak,

‘2+2\/§+2‘ 2443

J6+243J414 2V3+43’
+4/3

TEKHCJIMK opacuaaru Oyp4ak arcsin 2493 1 remr.

24/3+4/3

Euumi. B) rokopuaa Kaij KWITaHUMU3IEK, TEKUCIMKHUHT BDD; HopMman
BEKTOpH  AC (2,-2,0) wn xabyn wwmm mymkun Ba APB - Texucnmkka
TIEPIIEHAUKYJIAP N BEKTOPHH Tomaimuk. Aifraiimmak n (K, I, m) 6yncun.

k-0+1€23m-0=0

N ~
k(+\/§jl-(—1jm-1=0
6316, 6yHnan k =1-+/3, 1=0, m=2, abuu ﬁ(—\/§,0,2/. APB Ba BDD; Tekucnukiap
opacuaaru Oypuak ¢, JAecakx,

‘2—2\/5‘ _ J3-1 |
V4324 20443

Mynpait ko, APB Ba BDD; Tekucnukiap opacuaaru Oypyak:

J3-1

arCCOS ———= Tra TEHT.
2/4—/3

sin g, =|cos( 4P N AC)|= sbHU AP TY¥pu un3uk Ba BDD,

nLBA(0,2,0) Ba nLAP(:\/é,—l,l‘, Oy Ui IaH {

coS p,=|cos(AC ,"n)|=




