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Kupui (IOKTOPJIUK THCCEPTAIASICH AHHOTAIIASICH)

Juccepranmsi MaB3yCHHUHI [Jo0J3apOauru Ba 3apypatu. Kiaccuk
noTeHuaiap Hazapusicu Jlamiac omepatopu Ba cyOrapMoHHMK (YHKIMsIIAP
cuH(uUra acociaHuO, MIIOPUIIOTEHIIMATIIAP HA3APHUICH HOUYM3UKIN MOHXK-AMIiep
TEHrJaMacu Ba  IUTIOpUCYOrapMOoHMK  GyHKIOusIap  OujlaH  OOfJIaHTaH.
[ImropunoTeHMaiap Hazapuscu XO3Uplla >Kaual cypbamiapia PUBOXKIAHHO
KEeJIMOKJIa Ba TEOMETPUK  KYIOXWUIMKIAp, OWHIITEHHHUHT  HUCOUMIMK
HazapusaCHaa,  KymiadaH, OUWHINTEHH  METPUKACHHMHT  MaBXKYAJIUTHHU
ucboTialga, NIYHUHTIEK, XyCycuil Xocunanu auddepenHnuan TeHraaMatapHuHT
Oup KaHua Macajanapuaa y3 TarOMKMHM TomraH. [lmopucyGrapMoHHK
byHKIUSIap CHHQUHMHT Y3Ura XOC KeHralTMmanapuHd Ypranum Ba Oy
KEHraTMajnap y4yH NOTCHIHAJIap Ha3apUsICUHU spaTull OujiaH OOFIHK
TAaTKUKOTJIAP XO3UPIH ManuTAa KOMIUIEKC aHAJIW3HUHT YCTUBOP MYyHaIUILIApUIaH
oupuup.

Knaccuk mnoTeHumamuiap HazapusCH Ba IUIIOPUIIOTEHLMAN Ha3apUsCUHU
OupAeK y3 Wuura ojiraH sSHTY HazapusHU spaTuil yuyyH Jlamjnac Ba HOUYM3UKIM
Momnx-Amnep onepaTopuHU yMyMJIAIITUPYBYM F'€CCUAHJIApAaru oneparopiiapiaH
¢oiinananuin KyTuiarad. bupok KyTunaérraH moTeHUUaliap Ha3apuscu KaHai
GyHKIUsIapra TasHUIIM SKUH-SKAHJIapraya HOMabIyMJIMIH4ya KOJMOKIA D[IH.
['eccnannapaaru TeHriaManap yuyH /{upuxie macanacu acocuia m-cyOrapMOHUK
GyHKUMsIIap CUHPU TYIIYHYACH KUPUTWIMO, MOTEHUUAIUIAp HA3ApUACHUTa TYIIUK
MOC KEJMIIH Xamja IIopucyorapMoHuk GyHKuusiap MoHxk-AMiiep TeHI1aMacu
yU4yH KaHYaJIMK MyXuUM Oyica, m-cyOrapMoHMK (QyHKUUAJIAD CHHPU XaM
reccuaHjapJaru TeHIJIaMalap yYyH IIyHYaTuK MyxuMm Oynumm aHukiganad. Ly
cababnaH m-cyOrapMOHUK (QyHKUUSTIAp CHUH(PUHU Ba Ky4uCHU3 m-CyOrapMOHHK
GYHKIUSITApHUHT TTOTSHINA-CUFUM XOCCATapUHU KeHT TaJAKUK STHIINIIHN A0713ap0
MyaMMoJIapJaH XucoOIaHaIu.

[Mymap Owunan Oup Karopaa AWCCEpTalldsd MaB3yCHUHHUHT J0J3apOJIUTU
KJIACCHK Ba KOMIUIEKC MOTEHIHAJJIap HAa3apUsCUHHU Y3 WYUTa OJIrTaH Ba IecCuaH
orepaTopura acocllaHraH MOTEHIHAJIap Ha3apUsCMHU TYJIUK  acocliall,
M-cyOrapMOHHMK Ba Ky4dCU3 M-CyOrapMoHUK GyHKumsuiap cunduma Jupuxie
MacaJlaCHHU €Ydll YCYJUIApMHU HIUIa0 YMKHUI, M-cyOrapMoHUK (yHKIuUsIap
CYIIPEMYMUHHUHT M-CyOrapMOHUK OYiIMIIM Xamaa M-cyOrapMOHUK (YHKIMsUIap
KOMILIEKC THIEPTCKUCIUKIAD YCTHIArH KUCKapTMacHHUHT (M-1)-cyOrapMoHUK
byHKUIMS OYIUIIM MyaMMOJIapUHU Xajl 3THUII OuiiaH xapakrepiaHaau. Komruekc
TEKUCTUKIIapJa CyOrapMOHUK OYyJraH Kydcu3 m-CyOrapMOHMK (GYHKIUSIIAp
CUH(QUHN KUPHUTHII, YJIAPHUHT TOTCHIUAT-CUFUM XOCCAJIAPWHM YpraHumi, M-
CyOTapMOHHMK (YHKIUSIAPHUHT KBa3HY3JTyKCU3IUTH, YIAPHUHT COJHIITHPHII
NPUHIINAIY, CTAaHAAPT alMpOKCUMAIUS YIYH OKMMIIADHUHT KY4CH3 SIKAHJIAIITUIIN
Ba m-CyOrapMoHMK (QyHKIHsUTAp CMH(HIA MOTEHIIMAUIap Ha3apUSICHHUHT OOIIKa
byHIaMeHTall TeopeMajapuHU HCOOTiall [03acHIaH TETULUIM H3JIaHULIUIapHU
oJIn0 6OpHIT MyXUM BaszudanapaH XUCOOIaHAIH.

HeBannunna Hazapusicuia XapakTepUCTHK (PYHKIHUSHH Oaxonamniga, Puman
reoMeTpusicuia ~ M-—KaBapukK KOOHMKJIApHU coada KYpHHHIAA HQoganamia,



IUTIOPUCYOrapMOHUK dyHKIMsIIAp HazapuscHIa GyHKIUSITapHUHT
TUTIOPUTAPMOHUKIIUTH  Me30HUHU (JIenoH TeopeMacHHHM aHaJOrMHHU) KcOoTialIa
KYJUIAaHUIIIM Ba mM-CyOrapMOHMK Ba KYy4uCHM3 mM-CyOrapMOHUK (DyHKIUsIIap

CUHGJIAPHHUHT KYI  YI9aMiId  KOMILIEKC aHanmM3ra KaTop TaTOWKIapu
JUCCepTalMsl MaB3yCHM OWIaH OOFIMK  TaJIKUKOTIAPHUHT 3apypaTHHH
udomanany.

TaagkuKOTHUHT pecny0jnka ¢GaH Ba TEXHOJOTHSAJIAPH PUBOKJIAHUIIU-
HUHI YCTYBOp W#yHaJumuiapura Ooraukauru. Maskyp auccepranus
pecnyOnuka ¢daH Ba TeXHOJOTHWsUIap puBoXUIaHUmMMUHUHAT D4 «Maremartuka,
MexXaHWKa Ba MHPOpPMATHKa» YCTYBOP HyHAIUITUTa MyBO(HK Oa’kapuiraH.

Juccepranuss MaB3ycu OyiiM4a XOpWKMI WJIMHI-TAAKMKOTJIAP HIAPXM.
[eccnanmapgarn  KOMIUIEKC — TEHIJIamManap  Ha3zapuscd, m-CyOrapMOHHUK
(GyHKUMsIIap Ha3apusICH, KyUCU3 M-CyOrapMOHUK (PyHKIUsIap, TUIFOPUIIOTEHIAAT
Hazapusacu Ba Kym Y3rapyBumwid rosoMopd GyHKuusuiap (QyHKIUSIapHUHT
reOMETPUK Macajajapu Oyiinda eTakyd XOpWIKUW JaBlaTIapHUHT HWIMUAN
MapKkaszjiapd Ba OJUN TabIUM Myaccacanapuaa, >xymiuagad, Cronu bpyk
yHuBepcutetd, Kamudopuus ynuBepcutetd, Wuamana ynusepcutetu (AKII);
Arennon ynuBepcuteTuHuHr MatemaTtuka nHctuTyTH (Ilonbia); [layns Cabatbe
yauBepcutetd (®pannus); [oreOypr yuuBepcutetn (IlIBenus); JlroOnsiHa
yauBepcutet (CrnoBenus); [luza ynuBepcutetn (Mramus); MockBa maBnar
yHUBepcUTeTH, Marematuka wuHcTUTYTH, CuOUp Qeaepas yYHHUBEpPCUTETH]IA
(Poccust) keHr KaMpOBIY UIMUN-TAIKUKOTIAP 010 OOpUIMOK/IA.

Knaccuk mnoTeHuMaiiap Ba IUIIOPUNOTEHLMAIIAD Ha3zapusulapu Xamja
yIIApHU Y3 UYMra OJTraH SHIY HAa3apUsHU SPaTUII I03aCUAaH KaXOH MHUKECUIa Oup
KaTop Joi3apd Macajanap edwiran OYynub, >KymiadaH, KyWujgarda WIMHUN
HaTWKajlap OJIMHTAH: P-TUIIOPUCYOrapMOHUK  (YHKIUSJIAp Ha3apUSCUHUHT
KaMOpJiaHraH TeoMeTpusiza MyxXuM TartOukiapu kentupwirad (Cronu bpyk
YHUBEPCUTETH), mM-CyOrapmMoHWK (QyHkusiap cunuaa Jupuxie wacanacu
eumwirad (SIreuioH YHHUBEPCUTETUHMHT MaremaTuka WHCTHTYTH); TMPOEKTUB
dazonapna m-cyOrapMoHHUK (PyHKIUsIIap CUH(U Ba YIAPHUHT KOMIUIEKC TUHAMUK
cuctemanapura tatoukiaapu tonwiran (Ilayns Cabatbe yHuUBepcuteTH, I'oTeOypr
YHUBEPCUTETH); y4u Yymuamnau EBkimng  ¢dasocuma  2-TUmrOpucyOTrapMOHUK
byHKIMsIIap Ba YJIaApHUHT MUHMMAJl CHPTJIAp HazapusiCUTra TaJOuKH yciayOmapu
sapatuirad (JIroO0nsiHa yHUBEpPCUTETH), TeCCHaH TEHIJIaMallapd eYUMJIapUHU
udopganam ycnyonapu nnuiad ynkuirad (Iluza yausepcuretn).

byrynru kyHpa, Kyjaili T€OMETPUK TacBUpra nsra OYiraH Kyuch3  mw-
cyOrapMOHUK dbyHKIMATIA cunduma MOTEHIIMaJIap Ha3apUsSICUHU
PUBOXJIAHTUPHIN, Oy CHHQHUHT MOTEHIIMAT XOCCaJapUHU YpraHUIll Ba aMaJIuETra
TaTOUK Kwinin Xamaa uxtuépuit T oxkumra HucOaran T-rumopucyOrapMoHUK
byHKUMsIIapHu  TacHUGIAM Ka0W YCTUBOp HWYHaIMNUIApAa WIMUNH-TAAKAKOT
UIIapu o016 60pHIMOKIA.

MyaMMOHMHI YPraHWIranjauk Jaapamxacu. [LmopunoreHuuan Hazapus
HOUM3UKIN MOHX-AMIIEp TEHTJIaMacu Ba IUTIOPUCYOTapMOHHK (YHKIMSIIAP
ounan OofrnuK 6ynuO, yTran acpuunr 80-imiapuaa spatwirad. by HazapusHUHT
apatunumiaa, AKII, Tlonema, [IBeuus;, ®@panius Ba V36ekucron oMMIIapU
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(E.Bedford, B.A.Taylor, J.Siciak, H-J.Bremermann, Ch.O.Kiselman, A.3epaxu,
A.CanymniiaeB) HUHT GyHAAMEHTA TAJKUKOTIAPH aCOCUIA OMUIII XUCOOJIaHA N,

[Monmpmanuk Marematukiaap (J.Siciak, S.Plesniak) wunar xym y3rapyBumin
rojoMop® (GYHKUMSUIADHUHT TOJIMHOMMAN aNIpOKCUMAIUsACH OuslaH OOFJIHMK
MacajajapHyd YpraHulUlapyd HaTwkacujga odkctpeman [puH  dyHKUMsIIapu
TepMUHHUJA KIacCUK bepHIUTeHH-Youl TeopeMacHHUHI aHAJIOTMHU UCOOT
Kwmira myBaddak Oynuaran. KeWnHYanmuk V30€KUCTOHJIMK Ba aMEpUKaIUK
matematukiap (A.Canymiaes, C.Mimomkynos, E.Bedford, B.A.Taylor) Tomornnan
TUTIOPUCYOTapMOHUK VITY0B, KOHACHCATOP CUFUMHU TYITyHYAJIApH KUPUTHIAO, OUp
Katop pyHIaMEHTal HaTIKajlap UCOOT KWIMHTAH Ba MOTCHITMAIIAD HAa3apHsICUHU
TATOWK ATUIUIIHA MPUHIUTLIAPY UILIA0 YUKWITaH. M-CyOTapMOHUK (PYHKITUSIIAp
Ba T€CCHAHJIapJard KOMIUIEKC TeHriamanap Hazapustiapu 2006 imnman 6omurad,
acocan [lompmamuk Ba @pannwsumk wMarematukiaap (S.Dinev, Z.Blocki,
S.Kolodziej, H-C.Lu) TankukoT/Iapy HaTHXKacHa PUBOXKIAHUO, M-CyOrapMOHHUK
byHKUMsIIap CUH(PUHUHT acocui (DYHKIIMOHAJ XOccalapy YpraHuiraH.

[ynara kapamacnaH, UXTUEpUN m-cyOrapMOHUK GyHKUUATIAp CcUHUIa
recCuaH ONEPAaTOPUHUHT aHWKJIAHMAraHjiuTd Xamja CTaHJapT anmpoKCUMAIIHS
y4yH OKUMIJIAPHUHT SKUHJIAIIUIIN MabJIyM OYyiMaranu cabad, m-cyOrapMOHUK
dbyHKUMsIIapAa MOTEHIMAUIap Ha3zapuscu sipaTWiMarad sau. byHnan Tamikapw,
N-yimuamian KOMIUIEKC ¢a3ojgard Kym KOMIUIEKC Y3rapyBUWIIM — aHAJIUTHUK
byHkiusanap OwiaH OOFIMK OYJraH KOMIUIEKC TEKUCIUKIApJa CyOTrapMOHUK
GYHKIHUSUTAPHUHT MOTEHITNAI-CUFUM XyCYCHUSTIAPH YPraHWIMaraH dIu.

JAuccepranmsi MAB3yCMHUHT JUCCEPTALMSA 0aKAPWIAETIaH OJIMI TAbJIUM
MYacCACACHHMHI  WIMHH-TAAKUKOT  HMUILIApU  OWiIaH OOFIMKJIMTH.
Juccepranus TaakKMKOTH Ypranu aasiaat yHuBepcuteTu Ne3 pakamiu «Komrekce
MOTEHIIMAJIap Ha3apusCH» MaB3yCHIATH WIMHUHN TAaIKUKOT WILIAPU pexaliapura
MyBOGUK OakapuiiraH.

TagKUKOTHHHI  MakKcaau  M-cyOrapMoHWK  (yHKIUsAIap  cuHbpHUIa
MOTEHIMAIIAP HA3apHUsCH, KyuCH3 m-CyOrapMOHUK (YHKIMSUIADHUHT TOTEHIIHAI
Xoccallap Ba sSipaTWIraH MOTEHIMAIIIap Ha3apUsCUHU KV KOMIUIEKC apryMEHTIIN
byHKUMsIIap  Xamjaa TapMOHUK (DYHKIUSJIAPHUHT TEOMETPUK MyaMMOJIapH
Macajanapura TaTOuK KUJIHIIIaH noopar.

TaakukoTHUHT Bazudagapu Kyiiugaruiapaan noopar:

M-cyOrapMoHMK (YHKUMSUIAP CYNPEMYMUHUHT M-CYOTapMOHUKIWTHUHU Ba
M-cyOrapMoHMK  (QYHKOHMSUIADHU ~ KOMIUICKC ~ THICPTCKUCIHMKIAp  yCTHA
KuCKapT™MacH (m-1)-cyorapMoHuK QyHKIHS OYIMITUHA UCOOTIIAIL,

KOHJICHCATOp CHFUMHU TYIIYHYACHHW KHUPWTHIN, KBA3HY3JYKCH3JIMK Ba M-
CyOrapMOHUK QYHKUHUAJIAP YUYH COJMIITUPUII MPUHLIMUIIUHA KUCOOTIIANT;

CTaHAAPT AaNMpOKCHMAIMS YYYH OKUMIIADHHUHT SIKUHJAIIMIIAHA Ba M-
cyOrapMoHuK GyHKIUsIIAp CHH(GUIA TOTCHIIMAIITIAp Ha3apUsCHHUHT (PyHIaMeHTas
TeopeMallapuHu UCOOTIAIT,

Ky4dcu3 M-cyOrapMoHUK (QyHKIUsIap CUH(QUHU aHWKJIANI Ba Oy CHUH(DHUHT
MOTEHITNA XO0CCAIapUHU UCOOTIIAIT,



m-cybrapmonnk  GyHKOMsUIapHu ~ HeBaHnwHHA — HA3apuscH, KaBapuK
reOMEeTpus, IUTIOPUTAPMOHUK (PYHKIUSIIAp Ha3apHUsICUTa TaJ0OMK STUI YCYJUIAPUHU
WIUIa0 YUKHUIILIL.

TaagkMKOTHUHT 00beKkTH cudatuga HOUM3UKIM MoOHX-AMIep onepaTopu,
recCUaHjiapjaru omneparop, m-cyOrapMOHMK Ba KY4CHU3 m-CyOrapMOHHK
byHKUMsIIap, M-TIOJISAp TYTUIaMiiap, KOHJIEHCATOp CUFUMU OJIMHTaH.

TagKMKOTHHHT mpeAMeTH M-CYyOTapMOHUK Ba KyuCHM3 M-CyOTrapMOHUK
byHKIMsIap cCHH(HUIA TOTSHIMAIAp Ha3apHUsICH.

TagKuKOTHUHT ycysuiapu. TaakUKOT UIIUa NOTEHIMAaIap Ha3apusaCcH Ba
Ky ~ KOMIUIEKC  y3rapyBUwid  (QYHKUOUSIIAp — HA3apHsICH  METOAJIapHiaH
doiiananuaTaH.

TagKMKOTHUHT WIMMA SIHTWJINIM KyHugaruiapaad noopar:

M-cyOrapMoHHMK (PyHKIMsUIAp CYIPEMYMH M-CyOrapMOHUK OYJIMIIM Ba m-
CyOrapMOHUK  (QYHKIMSUIADHU  KOMIUIEKC  THUNEPTEKUCIHUKIAp  YCTHUIATH
KHACKapT™Macu (m-1)-cyorapMOHUK (YHKIHsS OYIIHIIN UCOOTIIaHTaH;

KJIACCUK Ba KOMILJIEKC NMOTEHIMAJUIap HA3apUSCHUHU Y3 UYUTa OJraH FeCCUaH
omepaTopura acocjaHraH NOTEHIMAUIAp Ha3apUsCH TYJIUK ACOCIAHTaH;

KOMILJIEKC TEKUCIHKIapJa CyOrapMOHMK OYJraH KydcHu3 m-CyOrapMOHUK
GYHKUUSUITADHUHT TOTEHIMA-CUFUM XYCYCHUSITIIApW KUPUTUIITAH Ba YHUHT OUp
KAaTop MyXUM Xoccajapu UCOOT KUJIMHTaH;

M-cyOrapMOHMK Ba Ky4YCH3 mM-CyOrapMOHUK (QyHKUusiap cuHpuaa
Jlupuxie MacaiacHHM €4rll YCyJUIapy UILIA0 YUKUITaH;

M-cyOrapMOHUK  (QYHKUMSUIAQPHUHT  KBa3y3JIYKCU3JIUTH Ba  YJIAPHUHT
COJIMIIITUPUIL TPUHIUIHI UCOOT KUJIMHTaH;

CTaHJAPT AaMNIPOKCHUMAIMS YYyH OKUMJIAPHUHT SKUHJIAIIMIIK Ba m-
cyOrapMoHuK (QyHKUMsIap CUHQUIA MOTCHIMAUIap Ha3apUsCUHUHT OOIIKa
dbyHIaMeHTall TeopeMaapy HCOOTIaHTaH;

TaagKMKOT HATHKAJTAPUHUHT UIIOHWINJIMIH M-CyOrapMOHUK (yHKIUsIIap
cuHGUHU aHUKIam Ba Oy CHUHOHUHT TOTEHIMAT XOCCAJIApUHU HUCOOTIAI,
NOTEHIIMAJIAD HA3apUSICUHUHT TeCCHUaHapJard TeHTJIaMmanapu yuyH [lupuxie
MacajaJapuHy €uYuIlra MaTeMaTUK aHaiu3, (YHKIMOHAT aHalu3, MaTeMaTHK
bu3MKa Ba KOMIUIEKC y3rapyBumwin GyHKUIUJIAD HA3apUsCH YCYJUIAPUHM KYILIaI
Xama MaTeMaTHUK MyJIOXa3aJlapHUHT KATBhHUIINTH, JHUCCEpPTAIlvs HaTWKajlapu
UMITAKT-(aKTOpPIM WIMHUNA SKypHajlapa YOl KWIMHTAaHM Ba €TaKud WJIMHUN
Mapkaszjapaa anpooarusgaH YTraHu, IYHUHTJEK, Myauii() TOMOHUIAH OJUHTaH
HaTIKAJIApHU XOPWXKUK Myautdduap TOMOHMAAH 4YON KWJIMHTAH HIILIapja
MyXOKama 3TUJIMIIN Ba UKTUOOC KEATUPUIITAHIIUTY OUJIaH aCOCIIaHAIH.

TagKuKOT HATHXKAJAPUHMHI WJIMHI Ba aMajauid axamMusTH. TaakukoT
HATIKAJIADUHUHT WIMUM axaMmusaTH Jucceprauusiga JIEJIOHHUHT OWpUHYM Ba
UKKUHYM MyaMMOCH Ba m-CyOrapMoHMK (DYHKIHsUTap CHUH(HUIA MOTECHIUAIILIIAP
HA3apUACUHUHT OUpP KaToOp acoCuil TeopeMaiapyd HUCOOT KWIMHTAaHM Xamja M-
cyorapmMoHuk (QyHKOHsUTap CcUH(GHAA TOTEHOUAIIAp HA3apHsICUHU  TYIIHK
KYPWIHIIIY aKC STTaHJIUTH OWIJIaH W30XJTaHA]IH.

Jlucceprauysi WINMHUHT WIMHUKA-AMaJdd axaMHSITA KOHJICHCATOP CHFUMU
TYIIYHYaCUHU KUPUTWITAHJIIUTH Ba YHH M-CyOTapMOHUK (QYHKIUSIAPHUHT

8



KBAa3UYy3JIyKCU3IUTHHA HWCOOT KWIUINra TaTOMK OSTWITaHW, MOTEHIHaIap
Ha3apusCUHU TECCHaHJapAaru TeHramanap YyuyyH [upuxne MacanamapuHu
euuinra, m-cyorapmoHuk ['puH ¢yHKUMsIapuHd HeBaHIWHHAHUHT —acoCHid
XapaKTepUCTUK (YHKUUSUIApUHU ~ Oaxonamira TaTOMK ATWITAHIUTH  OujiaH
acociaHaIu.

TagKuKOT HATH/KAJIAPUHUHT KOPUI KMJIMHUIIU. J[UccepTanus TaAKUKOTH
JKapa€HUJa OJIMHTaH WIMHMM HaTwKajlap KyHHJard MyHalumnuiapia aMalineérra
YKOPUM KWJIMHTaH:

HOUM3UKIW ['eccnan TeHrnmamanmapu ydyH Jlupuxiie wmacamacu Oyitnmda
ofuHran  Hatwxanap  @DonbkcBareH (I'epmanusi)  GOHAMHUHT  XaJIKapo
«Mecockonuk (pu3mKa MacanaidapuiaH Keaud 4MKaauraH METpHUK rpaduapaaru
YU3HUKCU3 3BANIOLMOH TEHIJIaMajiap Ba TPAHCIOPTHUPOBKA» JIOMMXACHIa Yerapacu
y3IyKCU3 Yy3rapaauraH rpadiapia HOUM3MKIM TeHrjamanap yuyyH [upuxie
CUMMHHM Y3TapuIINHU aHUKJIama Kyuianuirad (OnaeH0ypr yHUBEPCUTETUHUHT
2016 #wun 29 suBapmaru MabiymoTHoMacu). Coxanunr IlumoB dyerapacuma
Oepunran Jlupuxiie Macanacu €YMMUHUHT MaBXYJUIUTH Ba SITOHAJIUTH 4Yerapacu
YeKCHU3  HO3UKIAIIAJUTraH  rpaduapaa  €YUMHUHT  JOMMO  Y3JIYKCH3
OYmaoaIMacIuruH  McOOTIIaIIra Xu3MaT KUIraH;

OyTyH »BKIHM (Pa3zacuna m-cyorapmonuk ¢Gyuknusuiap cunpu AKHI wnmvuii
dbonauauHr DMS-1401316 rpanTu nokuxacuga TYTUIaMIAPHUHT TUIEPKABAPUK
KoOuKIapuHu xapaktepiamiga doigananurad. (KamudopHus yHUBEpCUTETUHUHT
2016 #iun 11 saBapnaru MabiymMoTHOMacH). Pa3oHMHT Oapya HyKTaidapuiaa m-sSh
byHkuusuiap cuH@U OepwiiraH TYIUIAMHUHT KaBapuK KOOWFMHU COJJa Ba aHUK
KypuHuiaa udoaanaiian. m-sh QyHkuausmmapausar 0y xoccacu (a3ora TErHIILITA
OYynraH TYIIaMJIAPHUHT TUIEPKaBapuK KOOMKIApUHU YPraHUIIra Xu3mMar KUiraH;

AJUTMIITUK orepaTopiap cydoeunmiapy OViinda OJMHIaH HaTHKajap
OT-®1-116 «DyHKIMIAp HA3aPUSCUHUHT AaHAJIUTUK JIaBOM KWJIJIWPHUIIL Ba
reoMeTpUK Macajagapu» rpant joiuxacuaa (Y3MY, 2007-2011 iiii.) aHanuTuk,
TUTIOPUTAPMOHUK Ba TAPMOHUK (YHKIMSUIADHUHT MaXCyC HyKTaJlapUHU YETJIATHIII,
HO3MK Ba HO3MK OYIMaraH Maxcyc HyKTajlap TYIUIaMJIapUHU MaBXKYIJIUTUHA
ucootnamaa kywanuwiran (daH Ba TEXHOJOTHUSUIADHU PUBOKIAHTUPHUIITHU
MyBouKIamTHpUIn KyMutacuHUHT 2016 ¥ 1 ¢epanmarn ®TK-02-13/60-con
MabIyMOTHOMAacH). WnaMuii HaTWXKAJTAPHUHT KYJUIAHWIMIIA — TrojioMod  Ba
IUTIOPUTAPMOHUK  (YHKLIMSUIAD YYYH HO3UMK MaxcCyc HYyKTajap TYIMIaMUHUHT
aHAIMTHUK CTPYKTypara 3rajury, YJIapHUHI IUTIOPUIIONSP €KUM aHAJIUTHK TYIUIam
OymumuHM, rosoMopd (QYHKIUSIAPHUHT HO3UK OYyJIMaraH Maxcyc HyKTajapu
TyIiamiiapy OVinYa yJIapHUHT KECUM CUFMMH YYyH aHUK OaxoJIaHUIIWHU
ucOOTHaIra XM3MaT KUJIraH.

TagKuKOT HATHXKAJIAPUHMHI anpodaunusicd. JluccepTanMsgaHUHT acoCUi
Ma3MyHHM KyWugaru xaiakapo Ba PecmyOnmka wiMui aHxymMaHiIapuaa Myxokama
KwinHrad: HeBaga  yHUBepCUTETH  TOMOHMJAH — YTKa3wiran  «AMepuka
MaTeMaTUKIIap >KaMUATHHUHT xankapo amwxymanupga» (Jlac-Berac,  AKIII,
2011 #iun), «Ananu3 6yiinya maktadb-cemunap» (Kamudopuus, AKII, 2011 ),
«AHamu3 OVitmua wmaktab-cemunap» (Kamudpopuusa, AKII, 2013 i),
«V36exncTon-AKIl MaTeMaTHKIAPHHUHT XalKapo amxyMaHm» (DymuiepToH,
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AKII, 2014 iinn), «AHanmuTH4eckMe (QYHKIMM MHOTUX  KOMIUIEKCHBIX
MEepEMEHHBIX» MaB3ycujaarun xaiakapo amwxkymanaa (Kpacnospck, 2009 iiwm),
«DyHKIMOHATIBHBIN aHau3 U ero npuioxkeHus» (Octona, 2012 i), «Kommiekce
Ba (YHKIIMOHAJT aHAIM3HUHT jAo0i3ap0 wmyammonapu» (Hykyc, 2012  iinn),
«Omneparop anrebpanap Ba yJlapHUHT Xap xui Myammonapu» (Tomkent, 2012
i), «TaTOukuii MaTtemMaTuka Ba MH(OOPMATUKAHUHT J10J13ap0 MyaMMoiapu, AJi-
Xopasmuii —2012» (Tomkent, 2012 iwnn), «KoMIuiekec aHaNIM3HHHT J0J13ap0
myammonapm» (Tomkent, 2013 itun), «Auddepennnan TeHrnamanap Ba ylapHHUHT
tarOukiapu myammonapu»  (Tomxent, 2013 #iun), «MaremaTuk aHaIU3HUHT
noiap6 myammoiapuy (Yprand, 2012 ).

Maskyp nuccepranus MINM HAaTWXKaJapyu MyHTa3am pasuiiaa Yprand JlaBnat
YHUBEPCUTETUHUHT «KOMIUIEKC MOTEHUMAUIap Ha3apusICcu» WIMHUN CEeMHHApUIa
Ba Y30ekucToH MUIMH YHHBEpCHTETHHHHT «MaTeMaTHK aHAmu3» Kadempacu
WIMHUI CEMUHApHIa MyXoKama KUino OOpuIiraH.

TagKuKOT HATHKAJAPUHUHT IbJIOH KWJIMHUIIM. Jlucceprauus MaB3ycu
Oyiinua >xamMu 25 Ta WIMHUH WII HAmp OSTTUPUITAH, >XKyMJIaJlaH, MUJUIHMI
KypHaJuiapja 8 Ta, Xajakapo KypHauiapaa 6 Ta MakoJsia, WIMUAN amkymaniapaa 11
Ta T€3UC HALIP 3THUJITaH.

JluccepTauMsIHUHT Xa:KMHU Ba Ty3WJIMIIN. /[rccepTanus KUpUIL KUCMH, 5 Ta
000, xymnoca, doinananunrad agabuérnap pyiixatu, 165 caxudanuk MaTtHIaH
uobopar.

JJUCCEPTAIIMSIHUHT ACOCUH MABMYHH

Kupum xucmuga yTkasuwiaral TaAKUKOTIAPHUHT JI013apOJIMTH Ba 3apypaTu
acocjaHraH, TaJKUKOTHUHT Makcaau Ba Basudamapu xamaa oOOBEKT Ba
npeaMeTaapu TaBcudanrad, Y36exucTon Pecry6nmkacn daH Ba TEXHOJIOTHACH
TApPaKKUETUHUHT YCTYBOp WYHAIMIIUIAPUTa MOCIUTH KYpCAaTHITaH, TAAKUKOTHHHT
WIMHN  SHTWIATA Ba aMaldid HaTwkaimapu OaéH KWIMHTAH, OJIMHTaH
HATWKAJIAPHUHT Ha3apuil Ba amMaiuii axamuatu o4ubO OepuiraH, TaaKUKOT
HATHXKAIAPUHU aMajuETTa )KOpUH KWIUII, HAIP STUJTAH UIIap Ba JUCCEPTAIIMS
TY3WIUIIH OVinYa MabyMOTIap KeITUPUIITaH.

HuccepranustHuHT OupuHdn 6001 «IloTeHuMaNIap HA3aPUSICMHUHT ACOCUM
NPUHIUIJIAPU»Ia KIACCUK Ba KOMIUIEKC TMOTEHIMAIAD Ha3apUSCUHUHT
METO/IJIapH Ba OO MPUHIMIUIAPY KUCKada O0aéH ATHIITaH.

JIuccepTalusiHUHT WUKKHHYH 000M «M — Sh ¢yHKOusiap Ba YJIapHUHT
xoccajapmw» j1e0 HoMJIaHHO, yHIa M — cyOrapMoHUK (yHKIUsI1ap Tabpudu Ba
KeMMHYaIuK M —MOTeHLHMAIIap Ha3apUsCMHU Kypullga 3apyp Oynaauran Oup
KATOp TACIUKJIAP KEITUPUO YTUIITaH.

HxkuTta cyOrapMOHUK €K TUTIOPUCYOTapMOHHK (YHKIUSTHUHT MaKCHMYyMHU
siHa CyOrapMOHUK €KH IUTIOpUcyOrapMoHuk GpyHkius 6ynaau. Ymoy dakt OyHnai
GbyHKIUSIIap YyU9yH HHTETPpal TEHICU3IIUKIAp €pIaMu/ia )Ky1a OCOH UCOOT ITHIIA TN,
bupoxk OyHaaii nHTErpan TEeHTCU3IUKIAp MaBxXKya Oyamaranu cababym 1oKopuaaru
TaCAMKHUHT M-CyOrapMOHUK (GYHKIUSUIAp Y4YyH aHaJOTd TpUBUAN OYimmaiiau.
[ynaait 6yiacama Kylinaara TacIUKIap YpUHIU OyIaau:
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Teopema 1. Yexau conoaeu m-—sh  gyuxyusnap maxcumymu m-—sh
@yHKkyus  Oynaou; ucmaneaw J10KAL MEKUC  4e2apanaHeaw {ug}cm—sh

@ynxyusnap ounacu yuyw U ( Z) = {Sup u, ( z )} cynpemymHune U* ( Z) 10KOpU
0

peaynsipusayusicu xam M—Sh  gyukyus Oyraou ea {u ( Z) <u *(Z)} myniam

C" = IR*" 0a nonap 6ynaou.

Kyitngaru teopema ¢akar M—sh ¢yHKmsaap cuHpUra Xoc XyCyCHSTHH
nudoanaiu.

Teopema 2. Aezap uem-—sh 6yica, y xonoa ucmanzan P C" xomnnexc
eunepmexkuciux yuyn Ul, xuckapmma (M—1)—sh ¢ynxyusa 6yraou.

Ymby Hartmwka uHTerpan Gaxomamurapma, m-—sh(D)cm-—wsh(D)

MyHOcabaTHU HCcOOTalIAa Ba OolIKa Oup KaTop XojaTiap/ia aMmaiui TaToukiapra
ara.
[ToTennmanmap Ha3apUACUHU KypHIIia acocuit KUMMHYMAITUK

¢, \M n-m
IUTIIOPUNIOTEHIMA  Ha3apuanard  Kabu (dd u) A B omepatopad M- sh

(bYHKI_[I/IHJIap onwjlacuga aHuKJjam Ba U j \L U CTaHIapT anlpoKCHManus y4yH

m
(dd ‘u j) APLT"  KeTMa-KeTIMKHM SKHHIANINIIMHA ucOoTamman noopar. by
nyHamuaa Oupurda Kagam 3.bIonkuil TOMOHHIaH KYHUIAN Ba Y
m _ m _
(ddu;)” A ™™ > (ddu) A B (1)
SKMHJIAIIUIIHT y3IyKcu3 U € m—sh ( D) NC ( D) GyHKUMATIAP YUyH UCOOT KUJIJIH.

bupok OyHal SKUHJIAMIUII UCTAJITaH u(z) (GYHKIMS YIyH MaBKyJ SMAclIUTU Ba

m
(dd Cu) AL omepaTOpHHHI Y3WHM aHUKJIAII YCYJId HYKIUIH m-— s
byHkuusuiap cuH(pUIa MOTEHIMAIAD HA3apUACHUHM KypUIIJa acoCHM TYCHK
O0yuo0 Keyu.
buz 06y tycukau A.CanymiaeB TOMOHMIAH IUTIOPUIIOTECHIIMAT Ha3apUsSHU
Kypulaa Takaud >Tuiran Kyiuaaru cxemacuaan doigananub 6aprapad stamus:
k
1) AsBaio (dd Cu) AB""  omeparop m-sh(D)NC(D) cuadaa
anukyaiimu3 Ba (1) MyHocabaTHM UCOOTIANMM3,;
2) ®dakarrmaa Mm—sh ( D) NC ( D) cundgan  Qoiigananud, M —CHFUM
C, ( E, D) HU aHUKJIalMU3;
3) m—sh QyHKIMSIAPHUHT TOTEHIHAI-CUFUM X0CCaJapuHN UCOOTIIalMMU3

(kBa3My3IyKCH3IIHK, TaKKOCJIAIll [IPUHLMILIAPH, UXTUEPUU m—sh
(GYHKIUSTApHUHT MAaKCUMAJUTMTH Macajiajlapy Ba OoIlkaap);

4) bu,uels, (D)Nm—-sh(D) ammpokcumauus — y4yH — mycOat

OKAMJIAPHUHT  SIKMHJTAIITHIITH (ddcu j )m AP (ddcu )m APBT" MyaMMOCHHU

XaJI KWJIaMU3.
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m-sh  ¢yakumsmapauar  3) Ba  4)  Xoccajmapu — MOTEHIMAILIAP
HAa3apUsACMHUHT  (QYHIAMEHTaJl KHCMUHHM TallKWJI d3Taau. Yiuap Ousra
NOTEHIMAJUIAP HA3apUSCUHUHT acOCUH 00beKTIapu OYIran M —mossip TyIiamiap,
& - yi4oB, MakcuMaa M-—sSh ¢yHKIsmap Ba OOMIKa TYIIyHYalTapHU TaJKUK
ATHUIII UMKOHUHH Oepaiu.
@ _ L ap_3Y
& - YA4OB TYIIyHYacH IUIIOPUIIOTEHLHAN Haszapusicugara & -yiauoB

TylyH49acu kabu kupuruiaamgd: Ec D — kywm m-—kaBapuk D < C" coxanuHr
Oupop KUCM TYTuIamu 6yicuH, 1<m<n.

Yuly ¢pyHkuusiaap cHHOUHN KapaiMu3:

% (E,D) ={u(z) em—sh(D):u|, <0, u|.<-1}

Ba w(z,E,D)=sup{u(z): ue?(E,D)} neb onamms.

Tavpud 1. ¥V xomma o*(z,E,D) perynapuzanmsra E tymiamauar D
coxara HucOaran &, —ynuosu (M —cyb2apMoHUK Ya406u) NeHUITaaH.

&# — yYauoB P -YIMOBHUHI KYNIMHA XOCCAJApUHU KAaHOATIAHTUPAIU.
XycycaH, KylWnaard TaciuK YpuHiu Oynaau.

Teopema 3. deap K = D xomnaxm m—peeynsap 6ynca, y xonoa &, —yn4oe
0*(z,K,D)=w(z,K,D) meneruxnu xanoamiaumupaou ea D oa ysnykcus

Gynryus 6ynaou. Bynoan mawxapu, D\ K coxaoa (ddcu)m AL =0 menenux

YpuHIU 6y1a0U.
HuccepranmustHUHT yarnHIA 0001 « KoHAeHCcaTOp CHFUMM»)1a TTOTSHITHAILIAD
HA3apUSACHHUHT aCOCHUH TYyIIyHYacH XHCOOJIAHTaH KOHJIGHCATOp CHFUMU

(V)

TYyLIYHYaCMHU ypranumra Oafuuuianran Ba Oy 0o0na  moTeHIMaiap
Ha3apUsICHHUHT OUp Katop GyHIaMEeHTal TeopeMaliapu UCOOTIIaHTaH.

Taspud 2. K— D < C" coxagaru kommakr O0yicus. Y xonaa, yuoy
C,.(K)=C_ (K,D)=

=inf {J(ddcu)m AP :uem—sh(D)NC(D),ul,<-1, Ii_ang)u(z)zo}
D 7—>
KaTTaJIMKKa (K, D) KOHIEHCATOPHUHT CUFUMH (M — CUFUMH) JCHIITAIH,
Kounencarop curumu C( E) =Cp( E) KyIMJary CTaHIapT X0ccaaapra ora:
— CUFUM MOHOTOH, SITbHU C(E) > C(K), VEo K,
—wuctranran K — D koMIakT yayH YHUHT CHFUMH KyWHIarnJa:
C(K)=inf{C(E): ESK, E-m perymsp};
Onarmaruzex, TaIIKH CUFUMHU Kyluparuia AHHUKJIaHMU3:
C *( E) =inf {C (U ) U>oE- oqI/IK} , OyHIa OYuWK TYIUlaM CUFMMHU KyWHaaruia
annknanaga: C(U) :SUp{C(K) KcU } =Sup{C(K): KcU,Km —perynﬂp}.
— rtamku curuM C (E) MOHOTOH, SBHM arapja E, cE, Oynca, y xonna

C*(El) < C*(Ez) Oynmamu; TamKd  CHFUM  CAHOKIU-CYOQJIUTHB,  SIbHH
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ol [UE jjg ZC*(E ;) Ba YaIJiaH APUM Y3IYKCU3, S’TbHU UCTAITaH YCYyBYU OUHMK
j j

Tyiamnap kerma-kermrn U, cU;,  ydyH C(UU J. j =limC(U;) rtenrmmk
J' J—o
Oakapuiiaiu.
— uctanrahi K < D KOMIAakT y4yH yHUHT Tamku curumu C *( K) = C(K)
oynanu.
Kyi#tngaru hopMynaHuHT YHT TOMOHUAArd WHTETPAT OCTHIA YEKCH3 CHILIUK
muddepernman popma TYpraHIurd yU9yH Y aMaluéTaa Ky1a MyXuM XucoOIaHa/Iu.
Teopema 4. Aeap U < D ouux mynnam 6ynca, y xonoa

C() :sup{j(ddCu)m A B :uem-sh(D)NC*(D), -1<u <0}
U
MEH2AUK VPUHIU.
Kyitunarn teopemanap JleJTOHHUHT OWPUHYM MyaMMOCHHHU HCOOTIAIIa
XaJl KMJTyBYU XUCOOIaHaI Ba ¥3 X0JIMYa XaM MYCTaKWJI HaTHKaIapup.

Teopema 5. Aeap E = D =G 6yuca, y xonoa C (E,D)>C (E,G).
Teopema 6. Aecap E < B(0,r)cc B, r<1, 6ynoa B(0,r)= {‘Z‘ < r} - r
paouycau wap ea B =B(0,1) 6yaca, y xonoa
mlZ (E,B)
@-r)"
MeH2UK YPUHIU 64 aKcuHua ucmanean mauun ¥ <1 yuyn ¢gpakam v ea 6oziux
wynoau yzeapmac M (r) >0 con monunuo,

Z (E,B)<M(r)-C*(E,B), VECc B(O, r)
MyHOCabam badxcapunaou.
by epoa 2 (E,B)= —Ia)*(z, E, B)dV kammanuk &, —cuzum 0ed amanaou.
B

C'(E,B)<

IOxkopunaru Tteopemaman OeBocHTa KyHuJaru MyXUM HaTHKa Keauo
YUKAIU:

Hatwmxka. Hxmuéputi EccB(Z’r) mymaam  cuzumu VUyH
C*(E,B(Zo,r)):o menenux gaxkam ea gaxam @(E,B(Zo,r)):o MeH2NIUK
basicapuneandasuna ypunau o0yau6, 6y E mynaiam B ( z°, r) oa M-—nousp

OyIUWURA IKBUBATIEHMOUD.
[Tomap Ba murOpHUOONSIp TYyIUIaMjlapra yxXImaml Tap3[a, arap IIyHAau
u € m—sh(D), u Z —oco QyHkuus Tomummob, U|. =—0 MyHOCabar Gaxkapuica,

EcDcC" rtymiam m —nonsp Aekimnagd. AMannéraa Kydugard JoKaj
M — MOJSIPINK TYUIyHYacuaAaH (oiaanaHuil Kyiau.
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Taspud 3. Arap xap 6up z°c€E nykracuma B(z°,r) map tommmmo,
ENB(z°%r) tymnam B(z°,r) mapra nuc6aran m—mnonsp 6ynaca, E < C" Tynnam
JIoKan M —noJsap TYIIaM IeHniaam,.

Kiaccuk xomatma R" ma sokan momsp tymuiam R" ga xam mousip 6ymaau.
HNozedcon C" na noxan monsp TYIUIAMIAPHUHT anrebpamk TYIUIamiiap OuiaH
anMpOKCUMAITUs KWIMHAIIUAAH (poiiaananuo, JoKall TUTFOPUTIONSP TYTIIIaMIApHIUHT
17100 IUTIOPUTIONSP OYIUIITMHN KYpCaT/Iu.

IOxopuaa KupUTHITaH KOHACHCATOP CUFUMH TYIIYHYACH YIIOY TaCAMKHH
uctainran M-—mossip TymiaMm (1<m<n) y4yH OCOHrMHa WCOOTIAIl WMKOHWUHU
oepanu.

Teopema 7. C" 0a nokan M—noasp myniam M—nonsp 6ynaou, AvHu a2ap
EcC" mynram noxan m-—nonap 6ynca, y xonda wynoau U(z)em—sh(C")
GyHryus monuaud, U #—oo U |.=—00 6yrnau.

Juccepranusiga WCOOT KWIMHTAaH KyWHJArm acocHid HaTika mM—sh
GYHKIHUSUTADHUHT CUFUM OYHMYa KBa3Wy3JTyKCHU3IMK XOCCacHHH Hdoma dTaiu.
bapuara saxmwm w™mabaym H.H.Jly3unnumar C-xoccacu, Xap KaHZad YJI4OBIU
byakuussauar - Jleber ymuoBura HUCOATaH JIEAPAM  Y3IYKCU3  OYIIUIIMHU
TabKUAJMaiAn. YOy HaTWKaHUHT CyOTapMOHHMK EKH IUIIOPUCYOrapMOHUK
(GyHKIMIAp yuyH cuFuM Oyiirda aHaaord xam Mabiaym 6yian6, D < C" coxamaru
m—sh byHKUIUAIAp y4YyH M —cUFUMra HucOaTaH Jdesipiid Y3ITyKCU3JIUTH
OakapuIIa Iy,

Teopema 8. M —cybeapmorux ynkyus M—cueum OVuuUa Oesapau y3iyKcu3s
oynaou, savHu azap UEm—Sh(D) oyaca, y xonoa uxmuéputi &>0 con yuyu

wynoau U c D ouux myniam monunuo, C(U)<8 6a U ¢ynxyus D\U oa

V3IIyKCUu3 oynaou.
Yuiby TeopemanuHT UcOoTH M—Sh GyHKUMsITApHUHT UHTErpan O0axoJapu,
KOHJIEHCATOp CUFUMUHUHT XOccallapura Ba 4-reopemara acoCciIaHa/Iu.
Kapran TeopemacuHuHr aHajorujgaH  ¢oiaanaHud, NOTEHIHMAILIAP
HA3apUACUHMHT KyHuaaru QyHJIaMeHTal TEOPEMACUHU UCOOTIIall OaMU3:

Teopema 9. 1<m<n s6a UyU,,..U,em—sh(D)NL; (D) 6ycun. V

loc
xonoa,
1) xyuuoaecu pexyppenm mynocabam

[ddu, A Add U, A B7 (@)= [u,dd Uy A Addu A BT Add
@ e Fmkmk (D),k=1...,m,
mycoam (n —-m+k,n—m+ k) budapasicanu OKUMHU AHUKIALOU,
2)  ucmanean U J u ,i=01...m, j—o>ow  C”annpoxcumayus  yuyH

OKUMAGPHUNZ KYUUOG2UYA AKUHLAUIUULL YPUHTIUL
ddu; A...addu; A B dd U AL Add U A BT, (K=1,..,m);

8 Ba 9-Teopemanapaan doiinananné ©*(z,E,D) £, -ynuoaunr Ba E = D

Ty1uiam yayH C ( E) =C ( E, D) CUFUMHUHT OUp KaTOp XOoccallapaHu KUJIaMU3.
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Teopema 10. Hxmuépuii K < D komnaxkm yuyyn yHume a)*(Z,K,D) L -

< c __%x\" n-m _
ynuosu D\ K coxaoa (dd @ ) A B =0 menenuxnu Kanoamaanmupaou.

[Iynu scnatu® YTUII >KOM3KH, MKKUHYKM 000ma (Teopema 2.11) mryHra
yxmam Tacaiuk M —peryssp 0ynran K < D komnaktiap y4yH ucOOT KUJIMHTaH.

Teopema 11. K xomnaxmuune uppecynap 6ynean wykmanapu myniamu |,
Hune cueumu. C ( I ) =0 6ynaou, svnu |, M—noaap myniam 6yraou.

Okopumarn Teopema Owmiman M—sh ¢yuknusuiap yuyH JICTOHHUHT
UKKAHYA MyaMMOCHHH FOKOOHM Xall STHWIMIIMHK aKC STTUPYBYM KyHHIard
TeopeMa OOFJIaHTaH.

Teopema 12. @apasz xunaiinux {U;} m—sh gyuxyuanaprune ycyeuu xemma-

kemaueu 6yaubd, U ( Z) =limu, (Z)— I0KOpUOaH JIOKAl 4de2apananean Oyacun. Y

j—o0
xonoa o-:{u(z)<u*(z)} myniam D 0a mM-—nonap 6ynaou. bBynoa u* wu

DYHKYUAHUHE T0KOPU PecyNIAPUZAYUACU.

Hatuxa. Hxmuépuu K < D xomnakm yuyn ynumne C(K) cugumu

C(K):j(ddca)(z,K, D))" A 8"
K
uHmezpa OUIaH yCmma-ycm myuaou.

Hucceprauusina  bopen  TymiamiapuHUHT C(E) curuM  Oyitnua

VIYOBIMINTH UCOOT KUJIMHTaH.
Teopema 13. Uxmuépuu E € A ananumux myniam, xycycaw uxmuéputl

bopen mynnamu C ( E) cuaum oytiuua ynuosnu, svHu C, ( E) =C" ( E), byHOa
C.(E) =Sup{C(K): KcE —KOMHaKT},
C*(E)=inf{C(U):U > E - ounx]}

UYKU 80 MAUKU CUSUMAAD.

JluccepranusHuHr TYpTUHYM 0001 « C" marm KOMIIeKe TeKHCIMKIapaa
CyOrapMoHuK QyHKUMSJIAP» Ja KyWUJard TCHICU3IIUK

dd°u A (dd°|z?|) " 0. )

OWjaH aHWKJIAHYBYM Kyducu3 cyOrapMoHuk ¢yHkuusiap (M—wsh) ypranuiras.
by cund psh ¢yskumsmap cuaduman kenr, jgekuH Sh ¢yHkumsuap cuHbuUa

Katbuii éranu. byHman tamkapu, 1—wsh ¢yskmusiap cungu Sh dynkusiiap
cudu Owmman, N—wsh dyHkusuiap cuHdu 3ca pPsh Gyukuusiap cunpu Outan
ycT™Ma-ycT Tymaad. bupok m—sh  dynkuusuiap aiiam  xomatma m—wsh
¢yHkuusap cuHpura KaTbud Terunum Oymaau, m-—shcm-—wsh. By xonar
Omsra M—WsSh QyHKIUSITApHUHT MOTCHIMAI-CUFUM XOCCAJapUHHU YpraHMIIIa

m
(ddcu) A B"™ omepatop Ba M-—sSh ¢yHKOusUIapaa MOTEHIMAIAP Ha3apHICU

MeToaapuaad (oigaiaHuIl IMKOHUHN OepMmaiinn. bynaan Tamkapu (2) maptau
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KaHOATJIaHTHPYBUU MKKM MapTa CHUIMK (YHKIHIAp MaBxKyj OYauO, yaap y4yH
m
(ddcu) A "™ onmepatop MycOar OVIMACIUTY aHUKJIAHTaH.

lyHunT yayH muccepranusga mM—wsh ¢yHKOusimapHu ypraaumiga m—sh
GYHKIUSUTApHU YpraHuil ycynuaaH TyOmaH ¢apkK KWwIyBYM OOIIKa yCyJulapAaH
doitinananuTaH.

m—wsh ¢dyHKIMsIIap aKOHUO TEOMETPUK TalKWHTa 3ra OYimb, ucranraH

(n—m+1) ymaammn xomiuieke tekucauk []<C" na cyGrapMoHHK (byHKIHs

Oymumm Ounan xapakrtepianagu. IIyHuHr yuyyH m-—wsh ¢yHKOusmap Ky
yiyamiM KOMIUIEKC aHallu3 Ba T€OMETpUAra TaJ0HK ATHUII YYyH KyJail Ba OCOH
TANKUH STWiIagd. AMMo Oy cuH(bIa IUIIOPUCYOTapMOHUK (YHKIUSAIAp YYYH
Momx-AMnep Tumugard Ba M—Sh GyHKOWsUIAp yYyH TECCHaH THUMHIATH
oreparopra VyXImam MOC KeJIyBYM ONepaTrop Xajlud aHUKJIaHMaraH. AWHM 11y
tadoByTiiap cabab, mM-—wsh ¢yHKuMsIap CcuHGHIA TYJIUK HOTCHIMAJIAP
HA3apUACUHUHT KypWIUIIN Xainu skyHura ermarad. lllyngait 6yncana, Oy 6061a
Ou3 ymly CHUHPHUHT OUp KaTop MOTEHIMAT XOCCAJIapUHU HUCOOT KHIIAMMU3.
m—wsh ¢dyHKIUsUTApHUHT OOIIKa TeOMETPUK Xoccaimapu OwiaH P.XapBu Ba
b.Jlaycon, JI.2)Kotic u M.Bepburckuit unuiapugad TAHUIIUAIT MyMKHH.

Tabpud 4. Arapaa D < C" coxana anuknanran U(z) € L, (D) dynxups:
1) D coxanma I0KOpPUIaH PUM Y3IyKCH3, TbHU
limu(z) =lim sup u(z) <u(z®);

0
717 £ B(ZO,{;‘)

2) D coxamga ddu A (dd®|{z*)"™ >0, 1<m<n, 9pHK

Yo F™ Y yayn ddiua(dd[2") (@)= [u(dd*|Z ) Add®w>0,
6ynca, Oy ¢ynkumsra D coxama m-—wsh @yuxyus ((N—m+1)—youamm
KOMILIEKC TEKHCIIMKIIap1a CyOrapMOHHMK (DYHKIIHS) JeHUITa IH.

bynnait pynkiusutap cuapuan m—wsh(D) opkanu 6enrunaiimus. By epna
“w” xappu Oy curdHn m-—sh byHkuusaap cuHbugaaH daprIam  yayH
UILIATHIITaH.

Kyiimmaru  Teopema Omsra M—wWsh  yHKOusapHH  TeOMETpUK
XapaKTEPUCTUKACUHU TYIIMHUIITA UMKOH Oepai.

Teopema 14. D C" coxada anuxnanean éa okopudar spumysiykcus U
Qyukyus M—wWsh  6pauwu  yuyn, uxmuépuil (n—m+1) -yawamau [ C"
KOMNJIEKC MEeKUCIUKOA

ul,, €sh(ITND)
oYUy 3apyp 6a emapiu.
Ymby TeopeMaHuHr uCOOTHIAa OKHUMJIAp XOccalapd Ba CyOrapMOHUK
(GYHKIUSTIAPHUHT UHTETPAJ TSHICU3IMKIapuIaH (oiinananuiamm.
Harmxa. D < C" coxaoa anuxnanean m—sh gyuxyus m—wsh pynxyus
xam o6ynaou, M- Sh(D) cm —WSh(D).
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I[HccepTauHﬂ maomuga DcC" coxa yuyn ymuar Ec D  kucem
Tynnamiaapu £, -yiwosu Ba J -cu2umu TyUIyHYagapyu KUPUTHIAIM:

a)(w, E,D)=sup{u(w): uem—wsh(D),u|,<0, ul.<-1},
®*(z,E,D)=limo (w,E,D)

W—Z

Ba
2 (E,D):—Iw*(z,E,D)dV.

VY xonma £, (E,D)>0 6ymu6, £, (E,D)=0 Tenrnuk ¢axar Ba daxar E

tyiam D coxama mw-mossip TYIuiam 6YHFaH,Z[aFI/IHa Ypunnu Oynanu. bynnan
TalIKapy Kynu1a TacIuK YPUHIIU:

Teopema 15. 2 (E,D) xammanux myniam ¢yukyuscu cugamuoa
MOHOMOH ~ 6a  camoxau-cyobaooumus  oOyraou: aeap E cE,  6yrca

Zw(E,D)< 2., (E,,D) 6a uxmuépuii E, C D, j=123,.. myniamrap yuyn

ﬂw{OEi’D]Siﬁw(Er D)
i1 i1

MEeH2CUZTUK YPUHIU OVIA0U.

bynapoan mawxapu uxmuépuii E < D mynaam éa uxmuépuu & >0 con yuyn
wynoati ouux U > E mynaam monunuo, £,,(U,D)-2,, (E,D)<e ypunmu
oyn1aou.

Hatwxka 1. Uxtuépuit kamaropun K, D K, O... KOMIakTiap KeTMa-KETIUIH
y4yH KyHUJard YHTIaH Y3ITyKCU3IIMK X0ccacu Oakapuiaau

mw[ﬂKJ’ DJ_ IJEDO mW(KJ’ D)’
Ba arap G, c G, c... ouMK Tymiaamia KeTMa-KeTiauru Oyica, y xonjga Kyiunaru
YarjaaH y3JTyKCU3IIUK X0CCacu Oakapumaau

mW[UGJ,D}—IIm Zu(G;.D).

J—o©

Hartwxa 2. £,,(E,D) tymmam ¢ynkmusicn [okeHMHT  §IHOBIMIMK

XoccajapuHu OapyacHHM KAaHOATJIAaHTUPaauW Ba HaTwkaga wuxtuépuii bopen
Tynnamu &, curuM Oyimua ymuoBnmu Oynamu. Ulynpait kumuO, arap Ec D
bopen tymmamu Oyiica, y Xojila YHUHT TalllKd Ba WYKU CUFUMJIAPU YCTMa-yCT
rywam: 2, (E,D)=2,.(E D), 6ynna £, (E,D)=2,(E,D) Ba

mW*(E D) Sup{ (K,D).KCE—KOMHaKT}.

TypruHun 60OHMHT yurHYH maparpadu Mmakcuman M—Wsh ¢yHKIusIapra
Ba M-Wwsh ¢yukuusaap cuHpuaa Jupuxie MacajgacHMHH — YpraHuinra
OarunuIaHaIu.
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Tavpud 5. Arap u(z) € m—WSh(D) ¢yukmms yayp D C" coxanma
m — wsh QyHKIUAIap cMH(PHIA MAaKCUMyM TMPUHIUNN Oakapuica, SbHH arap

vem—wsh(D): lim (uw(z) —v(z)) > 0 myHOcabar Oaxapwmmnmaan Vz € D

Z—

yayH u(z) > v(z) TEHICHU3JIMK KeIud YuKca, y Xojja u(z) ¢yukums D coxama

Maxkcuman yukyus Nerunaam.

Makcuman QyHKUMSUIApHU YPraHuill yayH MW —cyOrapMoHHUK (yHKIUsIAP
cunpuna [upuxme macamacuHu Kapaiimus. [LmropucyOrapMoHUK (yHKIHsIIAp
cunpuaa [upuxie Macanacura yxiam Tap3fa Mw—cyOrapMoHHUK (yHKIUsIap
cunpuna Jlupuxiie wmacajmacu KyWuWaaruda aHUKIaHagu: ¢dapa3 KuIaliuk

D < C" —uerapanadran coxa Ba (p(cf ) eC (GD) —TainHIaHrad QyHKIUs OYJICHH.
Ilynnait ysmykems U(z) makcuman mM—wsh QYHKUMSHM aHMKIAI KEPaKKH,
Ulp,=¢. Omatnaruaek, eanm Ileppon ycynuaa u3naHaau:

?l(go,D):{uem—wsh(D):Wu(z)s(p}, (3)

z—0D
o(z)=sup{u(z):ue(p,D)}.
Knaccuk m=1 xonma, arap D —kyunum 1—kaBapuk (perynisp), macaias,
cwuik OD werapara sra 6ynca, y xonga @ (yskius Jupuxie macaliacHHUHT

eunuMu Oynuiy ucbotianrad, sbHu y D coxaza rapMOHUK, yeraparada y3JIyKCHU3
Ba @|,=¢. bupok psh ¢ynxums cuapunarumex, m>1 Oynaranga, Macanga aH4a
Mypakka®d Ba CUYUMHHUHT MaBXyIIUTH ydyH D COXaHMHT KaBapuKJIWTHra Ba
yerapaBuil ¢ (QyHKIUATa KYIIMMYa MapTiap KyHuIra TyFpu Keaaam.

Teopema 16. Aeap D < C" —xamwvuiit MW-kaeapux coxa 6yaca, y xonoa 6y
coxaoa Jupuxie macanacu ucmaneam uecapasull goeC(@D) QyHKYUsL YuyH

euumea vea Oynaou. Anuxposu, @(2) :sup{u(z) ‘ue?(p, D)} QyHKYUS
marcuman, yzykcus @ <m—wsh(D) ﬂC(B) oyuo, Izlr? w(z)=¢(&), €D

MeH2NIUK 0adcapuiaou.
psh  ¢yukmusIap (m = n) yIyH | iém(z) =p(£)VEedD  myHocabar

bpemMepMaH TOMOHMIAH, Y3IyKCHU3JIUIH, weC ( D) — Yomm TOMOHUAAH

UCOOTIIAHTaH.
JHuccepranussHuHr OemnHun 600M— «Kyumanumm»aa m—sh dynkusitap
Ba MOTEHUMAJJIAp HA3apUSICMHU KV VI4amiid KOMIUIEKC aHajlu3 Ba TapMOHMK

n-m

m 2
aHallM3 Macajanapura, HeBaHIWHHA Ha3apHsICHra, (ddcu) /\(ddc‘z‘) =0

TEeHIJIaMa Y4yH Jlupuxiie MacanajapuHHM VpraHWIlra, MOTEHIWAUIAPHA MaxcCyc
HyKTajdapuHu OapTapad 3TUIll Macananapy TaTOMKIapura oarunuiaHaan. bemmaan

0o6uuHr TYpTHHYM maparpadgu  6yryn C"  ¢asoma anukimanran m-—sh
¢yuksapra Garunuianran 6yamn6, 6y epaa 6us K < C" kommakr yuyd I'pun
dyskumscn  V,(z,K)  TymyHuacMHM ~ KMpUTaMM3, acocuil  XOccalapuHH
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ucoornaiimus Ba V_ (Z, K) byukiusa Omnan K KOMIIAKTHUHT M — KaBapuK
KoIlJlaMajiapy opacujaru OOFIaHWIIWHKA YpHaTaMu3. bemmaun O0OHUHT OCIIMHYN

n—-m

naparpadu (ddcu )m A (ddc ‘2‘2) OTepaTopHUHT  uXTuépuii  (HadaxaT

gyerapajganrad) M—sh QyHKIusUIap y9yH aHUKJIAN Macaiacu KapairaH. bemmaun
O00OHMHT onTHHYM maparpaduma Om3 TapMOHUK Ba M—WsSh dyHKIHSIIAp
KECUIIMACHHH ypraHaMu3.

Mabnymku, kyn ynuamnin HeBaHnMHHA Ha3apUSCHUHUHT acoCUil OOBEKTH

f=[f, f,..f]1:C"—> P f, 6(9(@”), f #0 rosomMopd akcIaHTHUpHUIILIAD YUYH
Ac P, dimA=qg-Kk, 1§k§min{q,n}, KOMIUIEKC TEKHCIHKIApHUHT f‘l(A)

poobpasiap TAKCHMOTHHH YpraHumigan noopar 6yiauo6, 0y epaa 2 "—mpoexTus

da3o.
Kyiingary taptu0 ¢yokuusacu HeBaniMHHAa Ha3apUACUHHMHI  aCOCHM
XapaKTEPUCTHK (PYHKIMICH XUCOOIaHAIM
Tf(k) (r) - J.ﬁj‘wk ( f )/\ﬂn_k’
0 t B,
Oynma B, = {|Z| St} —C" ¢asomaru map, w=dd* In|w|2 , W=[w, W, W ] e P9,
1

2 2 2\2
Ba ‘W‘ = (‘WO‘ + ‘Wl‘ + ..+ ‘Wq‘ ) : by epra UHTErpaj ocTHIa
O (F)Ap™* = (ddc In‘ f (Z)‘z)k A B"*  reccmammapmarm  omepaTop TypHOMIH.

K
BU3HUHT MakcaguMu3 yIIOy OIepaToOpHH (ddcu) A B  onepaTopHHHT

bysnamenTan eunmu 6ynran G, (z) Gysknuagan doiinanann6 aaMamTHPUIITAH

noopar. bemmHun OOOHMHr OuwpuHuYM mnaparpaduga Kydugarun (QyHKIUsIap
KHUPUTUIITAH

T (r,m) = dtl [ (F)naf ™ Ap™,

0 tm By
oy epna @, =dd‘G, (z), 1<k<m<n.
Maskyp maparpadHUHT  acoCHii  HaATWXKajlapu  KyWHUJard  WKKATA
TeopeManapia y3 akCUHHU TONTaH

Teopema 17. f=[f,f,. . f ], f:C"—>P% zonomopd axcranmupuw

bepunean 6yacun. Y xonoa

[ dt -
TN =T ()= PEIEY [ (Fynp™™,
0 B

m-k r
n—m
Tf(k)(r,m):( j Im%t/m)lfwk(fhﬂ”‘k, l<k<m<n
m 0 t B

meHncIuKiap yvaHJZI/l
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Teopema 18. f:C" — C" romomopd akciaanTupuin 6yiacud. Y xonga Xap
Kaugaii r>0, a>1 1<k<m<n congap ydyH KyHhugarn OaxoJall YPHHIN

oynanu:
2(n—-m)(k-1)

TO@rm<Nr ™ [InM, (ocr)}k ,
By epma N = N(k,m,n,a) — §3rapmac con, M (r)= max{«/1+| F()F: |z r}.

bemmmHun 600HUHT MKKUMHYM Naparpaduaa Kyhugaru upuxie macanacu
Kapajajau:

(ddu)" A "™ =0, u|,, =9(&), uem—sh(D)NC(D).

NkxkrHun 0001a Tabkua1ad yTuirannapra acocat, Juprxie MacanacUHUHT
eunMu MakcuMasi M-—sh  ¢GyHKmus Oynmunuurn  kenmmO umkamu. Jlemak,
Kapama€TraH Macajla dYerapaBwii KuhMmariapu OepuiaraH MakcuMan M—sh
GyHKUMSIHE U3namgad uoopar Oymanu. by myHocabatra kypa macaia OeBocHTa
MakcuMall M—WSh QyHKIUsITapHY YPraHUITHAHT TaBOMHIAH HOOpaT.

Hupuxie macanacuau yMmymuid m>1 O6ynran xonnga euum yuyH D coxara
KyliuM4ya TaOuuii maptiap Kyvwiaau. bup kartop umnuapaa Oy maptiap coxa
yerapacu OD ra ¥yTka3uiaran ypuHMa TEKUCIUKIap OunaH Oofnuk. JIu, biaoukwii,
JuneB Ba Konoazeilt unutapuaa sca Oy mapTjiap coxXa uYerapacMHU aHUKJIOBYU

UKKJ MapTa CWUIMK p, oD = { p(z) = O} Gyuknusa yayan dd°p auddepeniman
dbopMaHUHT X0C KHAMaTiapura Kyimiaau. Yoy Kapanaérran nuccepranusiga D
coxamaH ¢akaTmM—sh ¢yHkuusIap OWIaH OOFJIMK PaBHIIAA M-pecyisap OyIuIim
tanabd stwnagu: ucrtanran & e€o0D dyerapaBuih Hykraga M-—sSh QyHKusIap
cuH(ura Teruuum 0apbep (UYKKU) MaBxKYy/I.

Tabpud 6. Arap uerapamanran D c C" coxamuur uxtuépuii &£° e oD

yerapaByid HyKTacuaaaa IYKKA-()YHKITASA b ( Z) em-sh ( D) NC (5) :
b( 50) =0,b |5\{§0} <0 wmaBxyn Oynca, y xomma D coxa M-—pecyrap coxa

JIennIaau.

Maskyp naparpadHUHT acOCHil HATHXKAcH KyWH1arujaaH noopar.

Teopema 19. Aeap D < C"— coxa m-peeynap 6yaca, y xonoa 6y coxaoa
Jlupuxne macanacu uxmuéputl (p(§) € C(@D) yeeapagutl bepunean yHKyus yuyH

S20HA euum2a 224 (ddcu)m/\ﬂ”_m:O, UEm—Sh(D)ﬂC(B), ul.o =0(&).

HucceprauustHuHr OemmHYM 000M y4yuHYM mnaparpaguaa cyOrapMOHHK
GYHKIUSUTAPHUHT YETIATUIMIITA MYMKHH OYIraH MaxXxCyCIHUKIApUHH YPraHUTaH.
Cybrapmonuk ¢yHKIusIap mntak Oynran Jlamumac omepatopunuar Au >0
cyOeunMu sKaHujaH O0u3 KoduimeHTapu CWUMK OYiaraH wucrairad Mm> 2
TapTUOIN

ol
P(D)= D“, D= :
(D) (Z‘n % OXJOXg? ... OX"

a=(a,a,,...a,), la|=|a|+|a,|+ ... 4|,
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AMATHK IuddepeHian onepaTOpHUHT CyOeUMMHMHM Kapad, MacalaHud aHua
YMYMUUPOK XOJIaTAa ypraHamus.

P—sh(G) opkaimu G cR" coxana aHHKIAHraH IOKOPHJIAH SPUM y3IyKCH3
P(D) smmuntuk auddepennman onepaTropHUHT yMyMJIaTaH MabHOA CyOeunMu
P(D)u(x)>0 cunduan Oenrmmaiimu3 Ba U (X) eP- Sh(G) byHKIMSIIapHA
P —cybeapmonux ¢ynkyusnap ned artaitmus. lllyram Tapkumna® yramusku, arap

2 2
P(D)=A= 86_X12 +.o.+ % 6ynca, y xomma P—sh(G) cund cyGrapmoHuk

byHKIUsIAp Sh(G) cuH(}pU OWIaH yCTMa-yCT TYIIaIH.

Tavpud 7. G coxanunr énuk E xucm Tymimamu Oepwiran OyiacuH. Arap
uctaigran  U(X)e P — Sh(G \ E) byHkmus  yayH 1yHgai  O0(x) e P - Sh(G)
¢bynkius rommmo, VXe G\E yuyn ((X) =u(X) TeHrnmuk 6axkapwica, E Tyruiam
P-— Sh(G \ E) CUH(] YUyH uemamuis MyMKUH OV12aH Maxcyc myniam NeUunaau.

Xymmn wy Ttapsna P—sh(G\E)NLY .(G), P-sh(G\E)NL;(G)
cuH(Iap ydyH XaM 9YETJIATHII MyMKHH OYIraH MaxcyC TYIUIaM TyNIyHYacHHU

kupuTHinl MyMmkuH. IllyHm »scmatub yrammsku, Oy epaa L'; (G)-k wmapra

muddepeHnranianyBuu Ba k —tapTuOIu

P
O = o o=l lad -+l =k,
5.0

xycyeuit xocunanap L (G) dasora termuum 6ynran dynkumsnap cunuHM

ownIupaIn.

'apmonuk Ba cyOrapMOHUK (GYHKIUSJIAPHUHT MaXCYCIUKIApH KYNTHHA
Myasmudaap TOMOHHUAAH YpraHwiraH. Yiapra kypa, EcG &mmk Tymiam
IOKOpUJIaH derapajlaHraH CyOrapMOHUK (YHKIUSIAp YYyH YETIATHII MYMKHH
Oynran mMaxcyc Tyrmiiam Oynuim yayH yHUHT curumu C ( E) =0 Oynumm 3apyp Ba

etapauaup. Xaycnopd ymdosnapu opkamu Lip, cuHHUIAH ONMHTaH TapMOHMK

(GYHKIUSTAPHUHT MaxXCYCIMKJIAPHHUA YETJIATUII MYMKHH OVJIMII [IapTiiapu
JI.Kapnecon (0 < a <1 6ynran xoana) Ba E.IT. Jomkenko (1< a <2 Gynrad xojar
yuyH) ToMmoHMaaH ypranwiarad. A.CanynnaeB Ba K. SIpMmeroB wummapuiaa
Lip, O<a<2) cuHbAaH  OJIMHTaH  CyOrapMoOHUK  (YHKIUSJIAPHUHT

Maxcyciukiapu — Xaycaopd YymuoBnapu €paamuiia TaAKUK OTHITaH. L'; (G)

CUH(pAAH OJHMHraH CyOrapMOHUK (PYHKUMSUIADHUHT YETJIATUII MYMKHH OYiraH
maxcycnukiapu b.AGaymmaeB, C.MimMomkynoB Ba P.XapBu wunuiapuga xam

(V)

YpraHuiras.
HMuccepraumsina 6u3  C,  -cuzum tepmunupa P —sh(G\E)N Lk (G)

q p,loc
CUHOHUHT YEeTJIATUIl MYKUH OViraH MaxCyCIHMKIapu XakKuaa Oup KaTop
TeopeamsiapHu ucOot Kuinnb, XapBu-lIlodKWHT TeopeMacHHH yMYyJIAMITUPHUIITA
myBaddak 0ynamus.
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Teopema 20. Gc<R",n>2 coxanunze E komnakm Kucm myniamu
u(x) e P—sh(G )ﬂ oioc(G) @ymryus yuyn wemnamui Mymxun 0yn2an Maxcyciuxk

oynuwu yuyn C, - (E)=0 menenux ypunmu 6ynuwu 3apyp ea emapiu, 6ynoa

P(D) —onmunmux onepamop mapmubu m=>2, 0<m-k<n, Lkg P < 400,
n—-m+
_ P
q 0_1
Arap p<L (n=m-Kk Oynramma p=+w) OYyica, y xoiaa
n—m+Kk

XaTTOKW OMp HYKTaJIM TYIJjIamiap XaMm 4YeTIaTUll MYMKHH OYJraH MaxcCyCIUK
Oynonmaciuru  Kydummarm Mucoinga kypuHaam: D(X,y)— P(D) smmuTuk
ONEPTOPHHUHT (yHIaMeHTan eunMu Oynca, D(X,Y,) oyHkmua yayH Y, e€G —

MaxcCyc HYKTa.
Teopema 20 nma cwummkiauk gapaxkack K<m OynummHM Tanad 3Taju.
k =m Oynran xonaT ydyH KyHuaarura SramMmms.

Teopema 21. GcR",n>2 coxanune E xomnaxm xucm myniamu
u(x) e P—sh(G)N L7 10c(G) @ynxyus yuyn uemnamuw mymxun 6ynean maxcycaux
Oynuwu yuyn ynune Jlebee ynuosu m (E) =0 6yauwu sapyp ea emapauoup.

DOHIM CUILTHKJIMK Japaxacu K >m OyiraH XoJHH Kapaiiuk.

Teopema 22. GcR".,n>2 coxanune E komnaxm xucm myniamu
u(x) e P-— Sh( )N Lp oo (G), K>m, @yuxyus yuyn uwemnamuw mymxun 0Oyneaw

maxcycaux oynuwu yuyn yhune G coxaumume xeu Kaepuoa 3uy Oyamaciueu 3apyp 6a
emapauoup.

JluccepranusHuHr Gemmaan 600u TyprrHuK naparpadu 6yryn C" dasoma
M —cyorapMonuk OVynran Qyskiusiap Ba ['puH (QYHKIMSICMHE M —KaBapuK

reoMeTrpusira TaaOUKUra OaruuuIaHaad. M— Sh((C”) cunpna I'pun PyHkuusicu
sKcTpeMan (pyHKIusIIapra yXImam Tap3ia aHuKIaHa I
V,(z,E) :sup{u(z) em—sh(C"):u|. <-1u(z) <0, vz e (C”}.
V,(z,K) Tpun ¢yskumscu reomerpusina, HOUM3HKIM nuddepeHiman

TEHIJIaMaJlap Ha3zapusicuJa Ba M—cyOrapMoHuK GyHKUMSIIAP Ha3apuscUIa MyXUM
VpUH TyTraH M —KaBapuK KOOMKIApHU YpraHuiiga MyXuM axaMHsT KacO 3Taiu.

Tabpup 8. K = C" kommakr yuyH ymoy
K, :{z eC":u(z)<|uf, Vue msh(@”)}
TymamMra K KOMIAKTHUHT M —kasapux kobueu Aevunaan. K KOMIAKT y4yH
Km = K TeHrnuk 6axapuica, y Xoiaa y M—xaeapukx KomMnakm ASHUIaIH.
K tymramnap C" ¢asona KoMmakT TymiaM OYaMIM KYpUHUO TypuOau Ba

K K D K > K myHocabar Oaxapuiaau. byHman Tamkapu Kn TyIIaM
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K HUHT nonuMHOMHMAan KaBapukK KoOurM OuiaH ycTma-ycT Tymagu. K, — aca

C"\K ouuk TYIUIaMHMHI YeapajaHMaraH OOFIaMIId KOMITOHEHTACH OuiiaH

yCTMa-ycT Tymaau. Yoy naparpapHUHT aCOCUN HATUKACH KyHuaaruaup.
Teopema 23. HUxmuépui K cC" xomnakm yuyn yuume Km KoOuau

{Vm ( Z, K) =— } myniam Ounan YCmma-ycm myuwaou: Km = {Vm (Z, K) = —1} :

bynoan mawxkapu, I'pun ¢pynxyuscu yuym an(z, K) EVn:(Z, Km) MeH2NIUK YPUHIIU.

n-m

bemnnun O0OHWHT OemuHYM maparpadguaa Ous (ddcu)m/\(ddc‘z‘z)

orepaTopHu uxTHEpuil (HadakaT yerapamanrad) M-—sh ¢yHkousuap cuHduIa
aHukiaiMu3. VIkkuHYM Ba yuyuH4M OoOnapna Ou3 (ddcu)m A L™ omeparopHH
dakar gerapamanran M-—sh ¢yHKOusIap cuHGHUIAa aHUKIATUK. By epra Ous
(ddcu)m A LT oneparopuu anukimambu A.CanyiiaeB ToMoHHIaH MoOHK-AMIiep

OMEPATOPUHU TUTIOPUCYOTapMOHUK (DYHKIUsUIAp CUH(PUIA AHUKJIAHUIIUTA SKUH
Oysran Oup yCylIuHU TakJIug dTaMu3.
u(z) em— Sh(D) ¢ynkims  yuyH U, =In(expu+a),a>0 ¢yHkuusH
m
aHuknab onamu3. by QyHKUMSHUHT (dd Cua) AB""  reccuan omepaTopu

KyWUJaru KypuHUIIAA TACBUPJIaHA N

m 1 a
ddu ) A" " =————a AL T+t ————a, AL,
( a) p (v+a)™ p (v+a)™ ? p
By epna v = expu Ba wy, wy, — (M, m) Ougapaxkam MycoOart okumiap. Yoy
1

m n—-m H 1 n—m n—-m

(dd°u)
JTAMUT (ddcu )m ALY au S ={U=—o0} Maxcyc TYIUIaMHMIaH Tamkapuaa udomaa

m _ . a _
9TajM Ba arap (ddcu) AP =liM———ew, A" cycT TUMUT yMyMIIAIITaH
2 a0 (V+a)

Gyukus cudaTuga MaBxyn 6yica, y xonga Oy JTUMHUT (ddcu)m AL v S na

udoaa sTajm, Supp(ddcu)m AL =S,

Teopema 24. Aeap U—nokan ueeapanamean ¢hyukyus Oyaca, y Xoa0a
(ddcu): A B =0 6yauo, (ddcu ):] AB"™ ughooa (ddcu)m AB"™ bunan yemma-
yem  mywaou. bBynoan mawxapu, U  ¢@yukyusa cakam ea  paxkam
(ddcu)m A B "=0 menznux 6acxcapuncanoacuna maxcuman 6yiaou.

bemvaun OOOHWHT oyTMHYM maparpaduma O6uz m—wsh  QyHKIUsITIAp
HA3apUACHHM IUTIOPUTapMOHUK (yHKUIMsUIapra Oab3u TaTOMKIApUHU KypcaThO
yTamus.
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Jlenon TCOpEMaCH. Aeap U(Z) QbyHKT/ﬂlﬂ 6up Gak;m()a CAPMOHUK, AbHU.
n 2

AU=0 sa nmopucybeapmonux, svnu dd°u= Za—u

dz. AdZ. >0 6yuca,
SGaonozT, . 4 4

xonoa y nmopuzapmonuk 6ynaou, svhu ddu=0.

Maskyp maparpaduma Jlemon TeopemacMHMHr M —Wsh  ¢dyHKIMsIIAp
cuH(UIATH aHAJIOTH UCOOTIIaHTaH.

Teopema 25. Adeap u(z) ¢ynxyus Oup eaxmoa eapmoHux 6a Kyucus

M —cybeapmonuk, L<m<n, 6yica, y xon0a naopueapmoHux 6yiaou.

XVYJO0CA

1. Jduccepranusga KiJacCHUK Ba KOMIUIEKC MOTEHIMAIIAp HA3apUsCUHU Y3
UYMra OJIraH IeCCHaH OIEepaTopura acocCliaHraH MOTEHIHaJlIap Ha3apUsCUHUHT
TYJIUK acoCJIapy KEJITUPUITaH.

2. M-cyOrapMoHUK (QYHKIUSUIAp CympeMyMH M-CyOrapMOHUK OViWIM Ba
M-cyOrapMoHHK  (YHKIUSUTADHU  KOMIUIEKC TUNEPTEKUCIUKIAp  YCTHIArH
KUCKAPTMAaCcH (m-1)-cy6rapmonuk GyHKIHS OYIUImM  UCOOTIAHTaHJIUTHHU
TaBKUIAIIT JIO3UM.

3. M-cyOrapMoHUK QYHKIHsUIap CHHPHUIA KOHIEHCATOP CHFUMU TYITyHYaCH
KUPUTHIITAaH Ba YHUHT OUpP KaTOp MyXUM XOcCcallapy HCOOT KMJIMHTAHJIUTHHH KA
STUILI MYMKHH.

4. m-cyOrapMOoHHMK (YHKIHMSUIADHUHT KBa3y3JdyKCU3JIUTH Ba yJIAPHUHT
COJIMILTHPUIL TPUHLIUIIN UCOOT KUIMHTAHJIUTUHYU TabKU 1Al MyMKHH.

5. CranpgapT anmpoKCUMalus yYyH OKMMJIAPHMHT SIKMHJIAIIMIIM Ba M-
cyOrapMoHuK (QyHKIusIap cuHbUIa TMOTEHIUAUIAp HA3apUSICUHUHT OOIIKa
dbyHIaMEeHTaIl TeopeMaiapy UCOOTIaHTaH.

6. Kydcusz m-cyOrapmonuk QyHKIusmap cuHbU aHUKIAHTaH Ba Oy
CUH(HUHT KaTOp MOTEHIIMAJ X0ccalapu UCOOTIaHTaH.

/. m-cybrapmoHuk (¢yHKkuMsuiapiu HeBaHnuHHA Ha3apuscu, KaBapuK
reoOMeTpus, TUTIOPUTApMOHUK (GYHKIUSIAp Hazapusacuaa TaAOWuK OSTUIHIIN
ycyjulapy  unuiad  4ymKwirad.  XycycaH, HeBaHnmHHa <~ Hazapusacupa  —
XapaKTepUCTUK (QYHKIUSHU Oaxonamiga, KaBapuK TeOMETpHusga M-—KaBapuK
KoOuKiIapHu wudoganamga, IUIIOPUCYOrapMOHUK (QYHKIMSUIAp Ha3apuscuia
(GYHKIUSTApHUHT  TUTIOPUTAPMOHUKIUTH — Kputepsicuau (JIenmoH TeopeMacuHu
aHaJIory) ucOOTIaNia Ky UTaHWITaHIUTUHI TabKU 1Al MyMKHH.

JluccepTanusi TaIKUKOTHAA acoC COMMHraH M—sSh  ¢yHkusap cuHdua
NOTEHUUAIap HAa3apHsICH SHTHM WIMUN yHanum 0ynu6, 0y Hazapus HeBannunHa
Ha3apusICHIa, KOMIUIEKC MPOEKTUB (azonapaa, HOUM3UKIHN JUMIITUK TeHTJIaMasap
HazapuscH Ba OOIIKa coxajaap/ia MyXHM TaTOUKJIapra ara.
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BBenenue (aHHOTAMSA JOKTOPCKOM AUCCEPTALIUM)

AKTYaJIbHOCTb U BOCTPEeOOBAHHOCTH TeMbl AuccepTanuu. Kiaccuueckas
TEOpUsl TMOTEHLHAIa CTPOMTCA HAa OCHOBe omeparopa Jlammaca u kiacca
cyorapmonnueckux Qyskiuii. [Toctpoennas B 80-X rogax mpouuioro Beka TeopHs
IUTIOPUIIOTEHIIMAIA CBsi3aHAa C HEJIWMHEWHBIM omnepaTopoM Monxka-AMnepa u
IUTIOPUCYOrapMOHUYECKUMH PYHKIUSAMU. Teopus TUIIopUnoTeHyana 10CTaTOYHO
WHTEHCUBHO Pa3BUBACTCA U HMMEET MHOTOYHUCIIEHHBIE NMPUIIOKEHUS B T€OMETPUU
MHOrooOpasuii, B TEOPUU OTHOCUTEIBHOCTHM OMWHIITEWHA, B YaCTHOCTH, B
JIOKa3aTelIbCTBE  CYIIECTBOBAHMS  METPUKM OWHIITEiHA W B TEOpUHU
nuddepeHIMaTbHbIX ypaBHEHUH € YacTHBIMH MPOU3BOJHBIMHU. EcCTecTBEHHO,
BO3HMKAET MOTPEOHOCTh M3YyUEHHS CBOCOOpA3HBIX pacCHIMpEeHUN  Kiacca
IUTIOpUCYOTapMOHUYECKUX (PYHKIMN U TOCTPOEHUE TEOPUH MOTEHIIMANA [Tl TAKUX
paCIIMPEHU ABIISIETCS AKTYyaJIbHBIM HaIlpaBICHUEM KOMIUJIEKCHOTO aHaIU3a.

JUIst TOCTpOEHUS TEOpHM, OXBaThIBAIEH KaK KIACCHYECKYI0 TEOPHIO
NOTEHIMAIA, TaK W TEOPHUIO IUIFOPUIOTCHIHANA, OXUAAIOCH HCIIOIb30BaHUE
orepaTopa B reccHMaHax, KOTOpbIM o0oOmiaer kak omeparop Jlammaca, Tak u
HeJIMHEHHBIM omeparop Monxka-Amiepa. OnHako, A0 HEJaBHUX IMOp HE ObLI
U3BECTEH Kjacc (YHKIUI, Ha KOTOpBIM oOmupaercsd OXXujgaemasi Teopus
noTteHnuana. [lpu uzyuenuu 3anauu Jlupuxiie juisi ypaBHEHUS B TeccHMaHaX ObLI
BBEJICH KJIaCC M-CyOrapMOHMYECKHX (PYHKIMH, KOTOPBIA OKa3aJcsd MOIXOISAIINM
KJIACCOM TIOCTPOEHHUsI TEOpUM IMOTEHIHMala B Kjlacce m-CyOrapMOHUYECKHX
(GyHKUMNA, UTpaeT TaKyl K€ poJib B PEUICHWH YPaBHEHHWU B Ie€CCHUAHAaxX, 4TO U
KJIAcC TUIIOPUCYOTapMOHUYECKMX (YHKIMI i1 ypaBHeHUss Monxka-Ammepa.
[ToaTOMy, BakHOE 3HAYEHUs MUMEET JajibHellee TiyO0oKoe hcciaeqoBaHue Kiacca
M-cyOrapMoHMYEeCKUX (PYHKIMM, a Takke Kiacca ci1ado m-cyOrapMOHHYECKUX
(GyHKUMNA, B YACTHOCTH, YCTAHOBJIEHUE MOTEHUUAIBbHO-EMKOCTHBIX CBOMCTB 3THX
KJIACCOB.

AKTyaJIbHOCTh HAy4YHOTO HaIlPaBJICHUSI JUCCEPTALlUM XapaKTEPU3YETCS €Il
TEM, YTO B IUCCEPTALIUM 0OOCHOBBIBAETCS T€OPUs MOTEHIMAA, Oa3upyroLascs Ha
oleparopax B recchaHax, pa3pabarbiBaeTcs METOJ| pelieHus 3anadu Jupuxie B
Kjacce M-cyOrapMOHMYECKMX H  c1abo M-cyOrapMOHWYECKUX  (YHKIIUH,
JTIOKa3bIBACTCSI M-CyOrapMOHUYHOCTH CyIIpeMyMa M-cyOrapMoOHUYeCKuX (yHKIUN
u (M-1)—cyOrapMOHUYHOCTh CYKEHHUS M-CyOrapMOHUYECKHX (YHKIUH Ha
runepriockoctu. OnpeneneHue cyorapMOHUYECKUX Ha KOMIUIEKCHBIX TIOCKOCTSX
cnabo M-cyOrapMoHWYECKHX (YHKIUNA, JAOKA3aTeIbCTBO Psii TMOTEHIUAIBHO-
€MKOCTHBIX MX CBOWCTB, KBa3WHEMPEPHIBHOCTH M-CyOrapMOHMYECKHX (PYHKIUH,
NPUHIIMI CPAaBHEHUS, HEMPEPHIBHOCTh OMEpaTopa B recCUaHax sl CTaHIApPTHBIX
anmnpoKCUMAaIUi U JA0Ka3aTeabCTBA APYrUX (PyHIaMEHTAIbHBIX TEOPEM SBISIOTCS
Ba)KHBIMU pe3yJIbTaTaMU JIUCCEPTALUH.

OneHkr OCHOBHOHM XapakTepucTuueckod (yHkiuu Tteopun HeBaHIMHHBL,
IPOCTOE OMUCaHHE M-BBINYKJIONH 000JI0YKM B reomerpuu Prumana, mpuMeHeHue
TEOpUH  M-CyOrapMOHMYECKMX  (YHKIMA B  YCTAHOBJICHHH  KPHUTEPHUS
TUTIOPUTAPMOHUYHOCTH (aHAJIOT TeopeMbl JIeoHa) U B cepuu MPUMEHEHUN TEOpUi
M-cyOrapMoOHHUYECKHUX U c1ab0 m-CyOrapMOHHMYECKUX (YHKIMI B MHOTOMEPHOM
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KOMIUIEKCHOM aHaju3€ YKa3bIBalOT Ha aKTYJbHOCTb M BOCTPEOOBAHHOCTH TEMBI
JUCCEPTALIIH.

CBsi3b HCCJIEIOBAHMS € NPHOPUTETHBIMM HANPABJICHUSIMU Pa3BUTHS
HAYKH M TexHoJioruii pecnyOauku. Hacrtosimas pabGoTa BbIMOJIHEHA B
COOTBETCTBUH C MIPUOPUTETHBIMU HAIPABICHUSIMU PA3BUTHS HAYKU M TEXHOJIOTHM
Pecny6nuku V36ekucran Noe @4 «MaTtemaTuka, MeXaHuKa 1 MHPOpMaTHKay.

0030p 3apy0e:KHBIX HAYYHBIX HCCJICIOBAHUI 110 TeMe TMCCePTALUM.

KommiekcHoe ypaBHEHHME B Te€CCHAaHax, TEOpPHS M-CyOrapMOHHUYECKUX H
cnabo m-cyOrapMoHHueckux — (QYyHKUMH, TeopUs  IUIIOPUIIOTEHIMANa U
F€OMETPUYECKHE BONPOCHl MHOTOMEPHOIO KOMIUIEKCHOTO aHaldu3a SBJISIOTCA
IPEIMETOM HMCCIIEJOBAaHMN MHOTHX 3apyOeXHBIX HAYYHBIX LIEHTPOB. B wacTHOCTH,
B yauBepcutete Ctonu bpyk, B KanudopHuiickoM yHUBepcUTeTE, B YHUBEPCUTETE
Nununana (CIIIA); B MaTtemMaTH4ecKOM HHCTUTYTE STeIsIOHCKOrO YHHBEPCUTETA
(ITonpma); B yuuBepcutere Ilayns Cabatbe (®pannusi); B ['oredyprcxkom
yauBepcutete (I1IBenust); B ynuepcutete JlroomsiHa (CiaoBeHUs); B YHUBEPCUTETE
[Muza (Mranust); B MOCKOBCKOM  TOCYJIAapCTBEHHOM  YHHBEPCHUTETE, B
Maremarnueckom uHctutyre PAH, Cubupckom QenepajibHOM YyHUBEPCUTETE
(Poccust) mpoBOIMINCH HHTEHCHUBHBIEC HCCIICIOBAHUS B YKA3aHHBIX HAMPABICHUSIX
KOMIIJIEKCHOI'O aHaJIu3a.

B coznanumn HOBOM Teopuu MOTEHLMAa, BKIOYAIOIIEH B ce0e KIIaCCUYECKYIO
TEOPHUIO TMOTEHIHAIa U IUIIOPUIIOTEHI[MANA, PELIEHbl Cepud (PyHIaMEHTaJbHBIX
npo0semM B MUPOBOM Macitade. B yacTHOCTH: HailIeHO yCHelHOoe TPUMEHEHUE P-
TUTFOPUCYOTaPMOHMYECKUX (PYHKIUI K KaTuOpPOBOYHOW reoMeTpuu (YHUBEPCUTET
Crouu bpyk, CIIA), uccinenoBaHo pelmieHue 3aaaun Jupuxjie B Kjacce m-
cyorapmonnueckux (QyHkuuid (Marematuuyeckuii HUHCTUTYT SrenIoHCKOro
YHUBEPCUTETA), M-CyOrapMOHMYECKHE (YHKIUU B MPOEKTUBHOM IPOCTPAHCTE
npuMeHeHbl K Junamudeckum cucremam  (yauBepcuteT Ilaynp Calatbe,
Opannust 1 ['oteOyprekuit yauBepcutet, [lBenus), 2-mmoprucydrapmMmoHUYecKue
GyHKIUHA B TPEXMEPHOM €BKIIMIOBOM MPOCTPAHCTBE HAILIM PSII MPUIOKECHUN B
TEOPUU MHUHUMAIIbHBIX [TOBEPXHOCTEH, HCCIIEIOBAHBI PEIICHHUS YpPABHEHHS B
reccuanax (yauepcuret [Iuza, Utanus).

Ha coBpeMeHHOM 3Tare npoBOJUTCS MHTEHCUBHOE U3yUYEHHE Kilacca cjiabo
MW-cyOTapMOHUYECKUX (PYHKITUH, KOTOPBIN UMEET HATIISTHYIO T€OMETPHUIECKYIO
XapaKTEPUCTHUKY U Kiacca T-mmopucyOrapMoHUYecKuX QyHKIMI OTHOCUTEIBHO
MIPOU3BOJILHOTO (PMKCUPOBAHHOTO MOTOKA T.

CreneHb M3y4eHHOCTH NPoOJaeMbl. Teopus MIOpUNIOTEHIIMANA, CBA3aHHAS
C HEJMHEWHBIM ypaBHeHHMEM Momxa-AMnepa U IUTIOPUCYOrapMOHMYECKUMU
bynkuusimu, Obia noctpoeHa B 80-romax mponwioro Beka. OHa ObLia co3gaHa
omarogaps pynmamentanbHbiM pabotam yueHblx CIIHA, Tlomemu, IIBeruwu,
®pannnu u Y3oekucrana (E.Bedford, B.A.Taylor, J.Sicak, H-J.Bremermann,
Ch.O.Kiselman, A.3epuaxu, A.Canysiacs).

IMonsckue Matematuku (J.Sicak, S.Plesniak) B memsx anmpokcumariyu
roJoMOp(dHBIX (PYHKIMI MOJTMHOMAMH BBEJIM 3KCTpeMalibHyt0 (pyHKIMio ['puHa u
B €€ TEepMUHAX JI0Ka3aJld MHOIOMEPHBIA aHAJOr KJACCUYECKON TEeopuu
bepumreiina-Yomma.  Jlanee, wmarematukamm ~— Y30ekucrana u  CIHIA
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(A.CamymnaeB, C.Mmowmkynos, E.Bedford, B.A.Taylor) Owmn BBemeHbI
IUTIOpUCYOrapMOHUYECKasi Mepa M €MKOCTH KOHJIEHCAaTopa W ObLI JIOKa3aH psij
OCHOBHBIX TEOpPEM TeOpHH IuTIopurnoreHiuana. Kpome toro, ObuUtn pazpaboTaHbl
METO/Ibl TPUMEHEHUS ITOU TEOPUH B MHOTOMEPHOM KOMITJIEKCHOM aHaJIU3e.

Teopus m-cyOrapmMoHHYeCKMX (YHKIMA M KOMILJIEKCHBIX YpaBHEHUU B
reccuaHax pasBuBaiack HauuHas ¢ 2006 roga, B OCHOBHOM, B pab0Tax MOJbCKUX U
dpanmnysckux matemarukos (S.Dinev, Z.Blocki, S.Kolodziej, H-C.Lu).

OpnHako, B KJ1acce MPOU3BOJIBLHON M -CyOTapMOHUYECKON (PYHKITUU omepaTop
B reccuaHax He Obul ompeneneH. Jlig cTaHOapTHOW anmpoKCMMAalUH HE Oblia
YCTAaHOBJIEHA  CXOAUMOCTb  IOCJIEJOBAaTEJIbHOCTH MOTOKOB. OJTO  CHJIBHO
NPENsATCTBOBAJIO  CO3/JAHMIO0  MOTEHUMAJIbHOW  TEOpUM B  Kjgacce M-
cyorapmonnuecknx (yukmuii. Kpome Toro, He ObUT u3y4eH Kjiacc ciaabo
M -cyOrapMOHMYECKUX (PYHKIMI, KOTOPBHIM TECHO CBSA3aH C TOJOMOP(HBIMU
GYHKUIHUSIMU MHOTUX TIEPEMEHHBIX.

CBsi3b TeMBbI JHMCCEPTAIMM C HAYYHO-HUCCJIEA0BATENbCKMMH padoTaMu
BbICIIET0 Y4Ye0HOro 3aBejJeHHsl, B KOTOPOM BbINOJIHSIETCS JdUCCepPTALMS.
HccnenoBanue BBINOJHEHO B COOTBETCBUM C IutaHoM 1o Ne3  HaydHOro
ucciaenoBanus — Kageapbl  MaTeMaTUKA ~ YPreHYCKOro  TOCyJIapCTBEHHOTO
yHUBepcuTeTa 1o TeMe «KoMIIeKCHas TeOpHsl MOTEHIIUATIA).

Heabio uccjeqoBaHusi SBISIETCS TMOCTPOCHHE TEOPUM IMOTEHIMAjda Ha m-
CyOrapMOHHYECKHX (DYHKIUSAX, TOKA3aTEIbCTBO MOTEHUUAIBHBIX CBOMCTB CJ1a00
M-cyOrapMOHMYECKUX  (PYHKIIMA W  TPOJASMOHCTPUPOBAHUE  TPHIIOKCHHM
MOCTPOEHHOW TEOpPUM MOTEHLHada K 3aJlayaM MHOTOMEPHOTO KOMIUIEKCHOTO H
rapMOHUYECKOTO aHAJIN3A.

3amavu ucclieI0BaHNsl, pelIaeMble B JAaHHOU paboTe, CIeayIOIIHeE:

JI0Ka3aTesIbCTBO M-CyOrapMOHMYHOCTH CyIpeMyMma B Kjacce m-cyorap-
MOHMYeCKHX (yHKIMH, (M-1)-cyOrapMOHUYHOCTH CYXKCHHMsSI Ha KOMIUIEKCHBIC
TUTEPILUIOCKOCTH;

BBEJICHUE TMOHSATUS E€MKOCTH KOHJIEHCATOpa, J10Ka3aTeJbCTBO KBa3MHENpeE-
PBIBHOCTHU, TIPUHITUIIA CPABHEHUS JJI1 M-CyOrapMOHUYECKUX (DYHKIIHIA;

JTIOKA3aTeNIbCTBO CXOAMMOCTH TIOTOKOB JJII CTAaHAAPTHBIX anNpOKCUMAIUNA U
byHIaMEHTAIBHBIX TEOPEM TEOPUHU MOTEHIIMAJA B KJAcCce M-CyOrapMOHUYECKHUX
byHKIINIH;

ompeJiesieHne Kiacca ciaado m-cyOrapMOHMYECKUX (DYHKIIUN U JOKa3aTeslb-
CTBO MOTEHLHAIBHBIX CBOMCTB ATOT0 KJlacca;

pa3paboTka METOJIOB MPUMEHEHUS KJlacca mM-CyOrapMOHUYECKUX (DYHKIMMA B
Teopur HeBaHIWHHBI, B BBIMYKJIOW T€OMETPHUH, B TCOPUH ILTIOPUTAPMOHUYECKHIX
GyHKUIHHA.

O0bekT nuccaenoBanusa. Henuueiinsiil oneparop Monxa-Amriepa, onepaTop
B T€CCHaHaX, M-CyOrapMOHHYECKHE U cJIab0 m-cyOrapMoHWYecKre QyHKIIUH, m-
MOJISIPHBIE MHOKECTBA, EMKOCTh KOHJICHCATOPA.

IIpenmer uccaenoBanusi. [loctpoeHue Teopum mNoTeHLManda B Kiacce m-
CyOrapMOHHMYECKHX U C1a00 M-CyOTapMOHUYECKUX (QYHKITUH.

Metoabl ucciegoBanus. B auccepraiy MCnoib30BajiCh METOJBI TEOPHH
MOTEHINAIA U TEOpUU (DYHKIINI MHOTUX KOMIUIEKCHBIX TIEPEMEHHBIX.
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Hayuynass HoBHM3Ha mucciaenoBaHusi. JlucceprannoHHas paboTa SBISETCS
HOBBIM Hay4YHBIM HallpaBJicHHEM. B Hell:

JIOKa3aHbl ~m-CyOrapMOHMYHOCTh CynpeMyMa B Klacce m-cyorap-
MOHHMYECKUX (yHKIuA ©  (m-1)-cyOrapMOHHYHOCTH CYy)KEHHsS mMm-cyOrap-
MOHUYECKON (YHKIIMU HA KOMIUIEKCHYIO TUIIEPIIOCKOCTb;

JTAHO TIOJHOE IMOCTPOCHUE TEOPUH IMOTEHIMAIa, OCHOBAHHOE Ha OIEpaTope
reccuaHa, KOTOpbIid BKJIIOYAET B ce€0s1 M3BECTHYIO KJIACCUYECKYIO U KOMIUJIEKCHYIO
TEOPHIO OTEHIIUAJIOB,;

BBEJICHbl W H3YyYEHbl BAXKHBIE MOTCHIMAIbHO-EMKOCTHBIE CBOMCTBA
CyOrapMOHMUYECKUX Ha KOMIUIEKCHBIX IJIOCKOCTSAX ciaabo m-cyOrapMOHHUYECKHX
GyHKIINN;

pazpaboTaHa MeTOAMKa pelieHus 3agaud Jupuxjge B Kilaccax m-
CcyOrapMOHHYECKHX U €1a00 m-CyOrapMOHUYECKUX (PYHKIUNI;

JOKa3aHbl  KBA3WHENPEPBIBHOCTb W  INPUHUMII  CpPaBHEHHS I M-
CyOrapMOHMUYECKUX (PYHKIIHIA;

B KJlacce m-CyOrapMOHMYECKUX (yHKUMHA J10Ka3aHa HENPEepbIBHOCTD
OIIEpaTOpPOB B I'€CCHaHaX U J0Ka3aHbl TAKXKe Apyrue QyHIaMeHTaIbHbIE TEOPEMBI
TEOPHH ITOTEHIMAIA.

JloCTOBEPHOCTH pe3ybTaTOB HCCJICIOBAHMS 00OCHOBBIBAETCS
OIpe/IeNIEHUEM Kiacca m-CyOrapMOHMYECKMX M cllab0  m-CcyOrapMOHUYECKHX
(GyHKUMNA, W3YyYEHUEM IMOTEHUUAIbHBIX CBOMCTB 3THUX KJIACCOB, MPUMEHEHHEM
METOJIOB MaTeMaTu4YeCcKoro aHau3a, (YHKIMOHATBHOTO aHan3a,
MaTeMaTU4YecKoM (PU3MKH U KOMILIEKCHOTO aHalM3a K pelieHuro 3aaaun Jupuxie
JUIsl YPABHEHMSI B T€CCHMAHAX M CTPOTMMHU MAaTEMaTUYECKHMMH J10Ka3aTelbCTBAMU
MOJIYYeHHBIX pe3ynbTaToB. Kpome Toro, myonukauuu pe3yabTaToB JUCCEPTALIMU B
HAay4YHbIX JKypHajax ¢ HUMOakT-(pakTopamu, ampodamuu padoThl B BEAYIIMX
HAyYHBIX IIEHTpaX, CChUIKM U OOCYKIEHHs pe3ylbTaTOB aBTOpa B IyOJIMKAIMIX
MECTHBIX M 3apyO€KHbIX aBTOPOB TaKXKe€ JOKa3bIBAOT JOCTOBEPHOCTh
PE3yNbTATOB IUCCEPTALUU.

Hayuynass M npakTuyeckasi 3HAYUMOCTb pPe3yJIbTATOB MCCJICA0BAHUS.
JlokazarenbcTBa IEPBOM M BTOPOU mpoOsieMbl JIeqoHa u psila OCHOBHBIX TEOpEM
TEOpUU MOTEHIMAJa B KJlacce m-CyOrapMOHMYECKUX (PYHKIIMH, a TakKe IMOJHOE
IIOCTPOEHUE TEOPUM TMOTEHLIHAJNA YKa3blBAET HAa HAYYHYIO 3HAYUMOCTH
HCCJIEIOBAHUM JUCCEPTALUU.

HayuHo-nipakTuyeckoe 3HaueHHe pabOThl XapaKTepu3yeTcs NPUMEHEHUSIMU
€MKOCTH KOHJIEHCATOpa K YCTAHOBJIEHUIO KBAa3WHEMPEPHIBHOCTH M-CyOrapMOHU-
yeckux (YHKLHH, K pelIeHuIo 3a1aun Jupuxiie 1js ypaBHEHMs B TecCMaHax U K
OLICHKE OCHOBHOM XapakTepuctuueckor GpyHkunu HeBaHIMHHBI.

BHenpenne pe3yjbTaToOB HCCIEI0BAHMS. Pe3ynbTaThl uccneaoBaHUs
JUCCEPTALIMM UMEIOT CJIEIYIOIME TPUMEHEHUS:

pe3ynbTarhl, IOJIYYEHHbIX 1O 3amadaM Jlupuxiie i HEJIMHEWHOro
YpaBHEHUS B TeCCHaHaX MPUMEHEHBI JUIsl U3YYEHUs M3MEHEHUs PELUEHUH 3aJadu
Hupuxie Ha usMensoomuxcs rpadax B IIpoekte mHTepHalMOHAIBHOTO (HOHAA
@onpkcBarena (I'epmanusa) «HenuHeliHble SBAMIOLMOHHBIE YPABHEHUS H
TPAHCTIOPTUPOBKA B METPUYECKHUX Tpadax MECOCKOMMUYECKON (Pu3mku» (CrpaBKa
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OnpenOyprckoro yHuBepcutrera oT 29 sanBaps 2016r). CyiiectBoBaHHE U
€AMHCTBEHHOCTh PellleHUs 3aa4uu Jlupuxie mo3BOJSsUIM YCTAHOBUTD, UTO B OOIIEM
cllydae pelIeHus He SIBIISETCS HEeMPEPBIBHOM ISl TOHKOTO rpada.

KJIacC M-cyOrapMOHUYECKHX (PYHKIIMH BO BCEM 3BKJIMJIOBOM IMPOCTPAHCTBE
ucnonb3oBaics B Ilpoexkre DMS-1401316 wayunoro ¢donga CHIA (cmpaBka
Kamudopuuiickoro yauBepcurera oT 11 suBaps 2016r). Ilpm momomu M-
cyOrapMoHHYeCKHX (PYHKIIMH BO BCEM MPOCTPAHCTBE JIETKO OIKCHIBAIOTCS
BBIMYKJIbIE 000JOYKHM MHOXKECTB. DTO CBOMCTBO M-CyOTapMOHMYECKUX (DYHKIIUN
MPUMEHEHO K U3YUYEHHUIO TUIEPBBIMYKIBIX 000JI0YEK MHOKECTB.

Pe3ynpTaThl 10 CyOpemIeHnil IITUNTHYCCKUX OMEPaTOPOB MPUMEHEHBI JIJIS
YCTpaHEHUsI OCOOBIX MHOXKECTB AaHAJIUTUYECKHUX, IUIIOPUTAPMOHUYECKUX U
rapMoOHUYECKNX (YHKIMH, B YCTAHOBJICHUHU CYIIECTBOBAHUS TOHKHX M HETOHKHX
0coObix MHOXecTB Ha rpaHte OT-®1-116 «AHanuTudyeckoe NPOAOIKEHUE U
reoMeTpudeckue Bompockl B Teopuu ¢yHkuui» (HYY3, 2007-2011, cnopaska
KomMurera mo xoopAuHAIIMU pa3BUTHS HAyKW W TexHojorui ot 1 despans 2016r,
Ne ®TK-02-13/60). Hcnonb3oBaHue HAyYHBIX PE3yJIbTaTOB MO3BOJIMIIO MOTYYUTh
AHATMTUYECKYIO CTPYKTYPY TOHKHX OCOOBIX MHOXKECTB M JIaTh OIIEHKY €MKOCTH
nepeceveHus TOJIOMOP(PHBIX U TUTFOPUTAPMOHUYECKUX (PYHKITHIA.

AnpoOauust  pe3yJabTaTroB HccjaenoBaHusi. (OCHOBHOE cCOJEpKaHUE
JUCcepTaIi 00CYKIAIOCh Ha CIEAYIONINX MEXIYHAPOIHBIX U PECITYyOIMKAHCKIX
HAay4YHBIX KOH(DEPEeHIUAX: «AHAIMTUYECKUE (YHKIIMU MHOTHUX KOMIUJIEKCHBIX
nepemeHHblx»  (Kpacnospck, 2009 r.), MexayHapogHas  KoH(pepeHUus
AMEpUKaHCKOTO MaTeMaTU4YeCKOro OOIeCTBa, OpraHW30BaHHAas YHUBEPCUTETOM
Heaga (Jlac-Berace, CIIA, 2011 r.), «lllkona-ceMunap 1o AHaJIU3y»
(Kamudopuus, CHIA, 2011r.), «CoBpeMeHHbIE MpOOJEeMbl KOMIUIEKCHOTO U
dbyukiuonaneHoro anammza» (Hykyc 2012 r1.), «OmnepatopHblie anreOpel u
cmexHbie pobnembny (Tamkent 2012 r.), «AKTyanbHble MPOOJIEMBI PUKIIATHOM
MaTeMaTUKH U WH(OOPMAITMOHHBIX TEXHOJOTUH, Ajb-Xope3mu — 2012y (TamkeHT
2012 r.), «AKTyanbHbIE TTPOOJIEMBI MaTeMaTH4ecKoro aHanu3a» (Yprend, 2012 r.),
«DyHKIMOHATBHBIN aHamu3 U ero npuiiokenus» (Acrtana 2012 r.), « AKTyaJabHbIE
BOIPOCHI KoMIuiekcHoro ananu3a» (TamkeHnt 2013 r.), «CoBpeMeHHbIE TTPOOIEMBI
muddepeHnnanbHbIX ypaBHeHUN 1 ux npuiiokenus» (Tamkent 2013 r.), «Illkona-
cemunap mo Anammsy» (Kamudopuus, CIIA, 2013 r1.), «MexayHapomHas
koHpepeniusa matemaTukoB CIIA-Y36ekuctan» (Oymiepron, CIIA, 2014 1.)

Hacrosiiast  paGota peryispHo oOcCyKaajgach Ha  pecyOJIMKaHCKHUX
cemuHapax «KomruiekcHasi Teopus oTeHIMaNay Y PreHucKoro rocyJapcTBEHHOrO
YHUBEPCUTETA, HA ceMUHape Kadeapbl MaTeMaTuyeckoro ananu3a HammonansHoro
yHUBEpcUTeTa Y30eKHUCTaHa.

Ony0MKOBAHHOCTH Pe3yJbTATOB HcciaenoBanus. [lo teme nuccepranumn
OIMyOJIMKOBAHO 25 Hay4HBIX paboT, U3 HHUX 6 B 3apyOCKHBIX, 8§ B MECTHBIX
KypHanax u 11 B Te3ucax.

O0bém U cTpykTypa amccepramum. Jluccepraiusi COCTOUT U3 BBEICHUS,
MSTH TJIaB, 3aKIIOYEHUS U CIHMCKA MCIOIh30BaHHOW JuTepaTypbl. O0mmii 06beM
aucceprauuu 165 CTpaHUIbI.
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OCHOBHOE COIEP KAHUE IUCCEPTALINHN

Bo BBegenumum 00OCHOBaHa aKTyaJbHOCTh U BOCTPEOOBAHHOCTH TEMBbI
JUCCEpPTAllNM,  OINPEIEICEHO COOTBETCTBHUE  HMCCIEAOBAHHUS  IPUOPUTETHBIM
HaIpaBJICHUSM Pa3BUTHUSI HAYKH W TEXHOJIOTHH pecnyOJuKH, NMpUBEACHBI 0030p
3apyOEKHBIX HAyYHBIX HCCJIECJAOBAHMM TI0O TEME JIMCCEepTallid U CTENeHb
U3YYEHHOCTH MpoOsieMbl, c(hOPMYIUPOBAHbBI 1I€Nb U 33/7a4d, BBISIBICHBI OOBEKT U
NpeaMET HCCIEIOBAHUS, W3JI0KEHbl HAay4yHas HOBHU3HA H MPAKTUYECKUE
pe3yNbTaThl MCCIENOBAaHUS, PACKPBhITA TEOPETUYECKAs] U IpaKTUYECKas 3Hadu-
MOCTh TIOJIyYEHHBIX PpE€3YyJbTaTOB, JAaHbl CBEJIECHHS O BHEIPEHUU pPE3YJIbTATOB
UCCJIEI0OBAHHUS, 00 OITyOJMKOBaHHBIX pad0OTax U O CTPYKTYpE IUCCEPTALUU.

B mepBoii rmaBe guccepramuu  (OCHOBHbIE NPUHIMNBLI  TEOPUH
NMOTEHLMAJIA) OINKCHIBAIOTCS TJIaBHbIE MNPUHIMUIBI, METOJbl KIACCHUYECKOW H
KOMILJIEKCHOW T€OPUHU MOTEHIMANA.

Bo BTOpoli IilaBe auccepTalud, Ha3BaHHOW «M — Sh GyHKOMM H HMX
CBOICTBA», NPUBOIUTCS OMNpElIeIeHHEe M —cyOrapMOHMYEeCKUX (PyHKUUNH U
bopMynupyercsi psl YTBEPKACHHUH, KOTOPHIE CYILECTBEHHO HCIOJB3YIOTCS B
JANbHEMNIIEM, IIPY IOCTPOEHUHU TEOPUU M —TOTEHIUAJIOB.

MakcumMyM JIByX CyOrapMOHHUYECKMX WM  IUTFOPUCYOTapMOHUYECKUX
GyHKIUI — cHOBa CyOrapMOHHUYECKasl WM ILTIOPUCYOrapMoHUYECcKasd. DTOT (akT
JUIsT  TakuxX (YHKIUNA JTOKA3bIBAETCS OYEHBb MPOCTO, MPHU MOMOIIM WHTErPaIbHBIX
HEpaBEHCTB B uX omnpeaeneHud. OJQHAKO, BBUAY OTCYTCTBUSI COOTBETCTBYIOIIHMX
VMHTErPaJIbHbIX HEPABEHCTB, AHANOTUYHBIN (akT sl M —CcyOrapMOHUYECKHUX
(GyHKUMNA HE ABJISETCS TPUBUAJIBHBIM. TeM HE MEHee, UMEET MECTO:

Teopema 1. Maxcumym xkoneunozo uucia m—sh @yuxyuii serssemes M—sh
@yHKyueti; 051 NPOU380OIbLHO20 JOKAILHO PAGHOMEPHO 02PAHUYEHHO20 CeMelcmsd

{ug } < m-—sh peeyrspuzayus U *(Z) cynpemyma U (Z) = {Sup U, (Z)} mooice 6yoem
o

m—sh @yuxyueii, npuuem muoscecmeo {u (z)<u *(Z)} — nonspro ¢ C" = R*".

Cnenyromas TeopeMa CBOHCTBEHHA TOJIBKO IS Kiacca M—Sh GyHKIui.
Teopema 2. Eciu Uem—sh, mo ons mo6oii komniexcnoil eunepniockocmu

P c C" cyocenue u|, sensemes (Mm—1)—sh pyuxyueil.
Teopema mMeeT psii MPAKTHYECKUX MPUIOKEHUH, B HHTEIPAIBHBIX OICHKAX,
B YCTaHOBJICHUU Ba)KHOTO BKJIFOUEHHsT M —Sh ( D) — m—wsh ( D) u JIp.

OCHOBHOW TPYAHOCTBHIO B MOCTPOCHUU TEOPUHU MOTEHIMANA, KAK U B TEOPUH

m —
IUTFOPHMITOTEHIIAAIA, SIBJSETCS ONPEIEIICHHE OIepaTopa (ddcu) AB"™ B Kimacce

[V} C m n—m
M —cyOrapMoHUYECKUX (DYHKIMI U YCTAHOBJIEHUU CXOAMMOCTHU (dd u j) AP

AT CTaHJAPTHBIX  ANNPOKCHMALMH U, du. [IepBblii pe3yimbraT B OTOM
HaIlpaBJICHUHU NPHUHAJIEKUT 3.biokomy, 10Ka3aBueMy CX0IUMOCTb

(dd°u;)" A" > (ddu)" A ™, (1)
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JUIS. HENPEepBhIBHONW (QYHKIMH U< M —Ssh ( D) NC ( D) . OnHaKko, OTCYTCTBHUE TaKOM

CXOOUMOCTH IJId HpOHBBOJ’IBHOfI ®YHKHHH U(Z) H OTCYTCTBHC IIPHUCMIICMOI'O

m —
OIpeJCICHUsT CaMoOro oreparopa (ddcu) ABY", SABISINCH  OCHOBHBIMH

OpEenATCTBUSAMU B TOCTPOGHMM  TEOpUM  TOTEHIMana, B KJacce
M —cyOrapMoHUYecKuX (HyHKIIUH.

MsbI npeojoneBaeM 3TO NPENSTCTBUE, OCHOBBIBASICH HA CIIEAYIOUIYIO HJEI0,
npeiokeHHyo A.CanyiiaeBbIM B IOCTPOSHUHU TEOPUH ILTIOPUIIOTEHIMAIA!

k
1) cHawaga ompenmenseM — OIepaTop (dd °u) AB"™ m  joka3piBaeM
cxoaumocTh (1) B kitlacce M — Sh(D) NC ( D) )
2) ucmomb3yst muus kiace M—sh(D)NC(D) ompenenseM M—eMKOCTb
C.(E,D);
3) moKa3bIBaeM MOTEHIMAIBHBIE CBOMCTBA M —CyOrapMOHMYECKUX (DYHKIIHI
(KBa3MHENIPEPHIBHOCT, IPHHIUIIBI  CPABHEHMs, BOIPOCH MAKCHMAJILHOCTH

MPOU3BOJIBHBIX M —CyOrapMOHHUYECKUX (DYHKIHHI U JIp.);
4) pemaem  TpoOieMy  CXOJMMOCTH  TOJIO)KHTEJIBHBIX  IOTOKOB

(ddcuj)m/\ﬂ”‘m|—>(dd°u)m/\,8”‘m ms U b u, uelyy (D)Nm—sh(D).

loc

CeoiictBa 3) u 4) mM-—cyOrapMOHUYECKUX GyHKIUNA  SBIISIOTCS
byHIaMEHTAIBHON YacThI0 TEOPHH IOTCHIIMANA; OHU ITO3BOJISIOT YXKE H3ydaTh
OCHOBHBIC OOBCKTHI TCOPHH TOTCHIIMANA, TAKUE KaK M-no/spHble MHOJICECmEd,
& - mepa, makcumanvuvie M—cybeapmonudeckue hynkyuu 1 ap.

[lonsitue %, - Mepbl BBOIUTCS AHAJIOTMYHO MOHATUIO & -Mephl B TEOPUH
IUTIOpUTIOTeHIIMANMA: TMycTh E D — HekoTopple MOJAMHOXECTBA YCHUIICHHO
m —eimykitoit oomact D < C", 1<m<n.

PaccMmoTpum knacc GyHKUIUM

2% (E,D)={u(z) em-sh(D):u|, <0, u|.<-1}
u nonoxkuM @(z, E, D) =sup{u(z): ue#(E,D)}.

Ompenenenne 1. Perymspmszamma o*(z,E,D) HassBaercs &, —mepoll
(M —cybeapmonuueckoii mepoti) MuOKeCTBa E OTHOCUTEIHHO oOmactu D .

& —Mepa obnagaeT MHOTMMM CBOMcTBaMu, mpucymiumu & —mepam. B
YaCTHOCTH, CIIPaBEIJIMBa

Teopema 3. Ecmu xomnaxm KcD m-peeyrapueii, mo F,—mepa
0*(z,K,D)=w(z,K,D), u sersemcs nenpepvienou Gynxyuei ¢ D, npuuem

(dd°u)" A" " =06 DIK.

Tpetps rnaBa (EMKOCTHh KOHAEHCATOPA) MOCBSIICHA U3YYEHUIO OCHOBHOTO
o0OBeKTa TEOpWH TMOTEHIMajda, T.e. TIOHITHS EMKOCTH KOHACHcaTopa W
JIOKa3aTeNbCTBY (DyHIaMEHTATBHBIX TEOPEM TCOPHUHU.

Ompenenenne 2. Ilycts K xommakr B o6nactu D < C". Torga Benuunna
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C(K)=C,(K,D)=

:inf{j(ddCU)m/\ﬂ”m :uem-sh(D)NC(D), u|KS—1,Ii_mu(z)20}

D z—0D

Ha3bIBAETCA E€MKOCTBhIO (M —eMKOCTBhIO) KOHJACHCATOpa (K,D). EMKoCTB

KOHJIeHCATopa 0071a/1aeT CIeAyIONMMU CTaHIapTHBIMU CBOHCTBAMU:
— emkocms monomonna, m.e. C(E)>C(K)VE S K;

— s mobozo komnakma K < D umeem mecmo pagencmeo
C(K)=inf {C(E) EoK,E-m peeyﬂﬂpHoe}.
OObIYHBIM ~ 00pa3oM  ompenenseTrcs  BHEIIHSAA  €MKOCTh,  IoJiaras
C *( E) =inf {C (U ) UoE- omkpbzmoe} , TJI€ €MKOCTb OTKPBITOI'O MHOECTBA

C(U)zSUp{C(K):K cU}zSUp{C(K):K cU, K m—pezyﬂﬂprlzZ}.

— enewnas emxocmv C (E) monomonna, m.e. ecu E cE,, mo

C'(E,)<C'(E,), ona cuémmno-cybaooumuena, m.e. C*[UEJ-JSZC*(E]), u
i i

NOJIYHENpepvleHa ciesd, m.e. C(UUJ:I_imC(Uj) onsi oboll o3pacmaiouyeit

] J—>o
nOCe008aMeNbHOCIU OMKPLIMbIX MHOMCECNE Uj cu e

— ona moboco komnakma K < D eco snewnsas emxocms C *( K) =C ( K) .

Crnenyromasi popMysia 04eHb BakKHA JIJISI MPAKTUYECKOTO MPUMEHEHHS, 00
MOJ1 UHTETPAJIOM €€ TPABOM YaCTH CTOUT OECKOHEUHO riajikas auddepeHmaibHas

dbopma.
Teopema 4. Eciu U < D ompuimoe muoocecmeo, mo

C() :sup{j(dd°u)m AB™:uem—sh(D)NC*(D), -1<u <O}.
U
ChopMyaupyeM JB€ TEOPEMBI, KOTOpPBIE SBJISIOTCS KJIIOYEBLIMU B
JOKa3aTeNIbcTBE IIepBOM  mpoOaembl  JIenoHa, HMET M CaMOCTOSTENIbHBIE
3HAUYCHMUA.

Teopema 5. Eciu Ec D <G, mo C (E,D)>C (E,G).
Teopema 6. Eciu E cB(0,r)ccB,r<1, 20e B(0,r)= {‘Z‘ < r} — wap
paouyca r, a B=B(0,1), mo
m!Z (E, B)
@-r)"
u Haobopom, 011 06020 @Qurcuposannoeo <1 cywecmeyem kKoncmanma
M (r) >0, 3asucawas moavko om I, maxkas, 4mo

Z.(E,B)<M(r)-C*(E,B) VEcB(0,r).

30ecvy Z,(E,B) = —Jw*(z, E, B)dV maxk Hazvleaemas S, —eMKOCHb.
B

C'(E,B)<
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W3 310it TeopeMbl OY4CBUIHBIM 00Pa30M BBITEKAET CICAYIOIIEE BAXKHOE
CrenctBue. /s no6ozo E cc B(z°,r) emkxocms C*(E, B(zo, r)) =0 mozcoa

0
u Mmonvbko mozoa, ko2oa &, (E,B(Z ,r)):O, Umo IKeUBANIEHMHO momy, umo E

aensaemcs M —RnoJApHbIM 8 B ( ZO, r).

AHAJIOTUYHO TOJSPHBIM U  IUTIOPUIOJSPHBIM MHOKECTBaM, MHOXKECTBO
EcDcC" HnaseBactcs M-—nonspuoiv B D, ecnu cymectByeT (QyHKIHSA
u(z)em—-sh(D), u(z)#-c, Takas, 4TO u|E =—o00., Ha mnpaktuke ya00HO
BOCIIOJIb30BaThCA CICAYIOIUM MOHSITUEM JIOKAIbHOW M —OJISIPHOCTH.

Ompenenenne 3. MuoxkectBo E — C" HaswsiBaeTcs 0okaibHo M—ROIAPHBIM
MHOYKECTBOM, €CIIH JUI Kaxnoi Touku z°e€E cymecTByer miap B(ZO, r) TaKoH,

uTo nepeceyenue E () B(ZO, r) SABIIAETCS M —IOJISIPHBIM B B(ZO, r).

B KkgaccHMueckoM ciydae TOJIPHBIX MHOXeCTB B R" JTOKagbHO MOJSIPHOE
MHOXECTBO OymeT mospHbiM B R". Mo3edcoH, HCIONB3ys AMIPOKCHMALIHIIO
JIOKAJILHO TIOJIAPHOIO MHOKECTBA ainredpandeckuMu MHOkecTBamu B C", mokazai
TJI00JIBHYIO TTIOPUITIOJISIPHOCTD JIOKAJIBHO TUTFOPUIIOJISIPHBIX MHOYKECTB.

BBeneHHas BbIIE €MKOCTh KOHJIEHCATOpa JAeT IMPOCTOE J0KAa3aTelIbCTBO
ATOTO YTBEPKACHUS JJIsl TF000r0 M —MOJISIPHOTO MHOXKeCTBa, 1<m<n.

Teopema 7. Jlokaneho M —nonsapHoe MHOd*CECMB0 A615emcst M —NoNAPHLIM 8
C", me. eciu EcC" nokamvno m-—noasproe, mo cywecmseyem GyHKyus
u(z) e m—sh(C") maxas, umo u#—ooU|.=—o0.

Crnenytolias OCHOBHasi Teopema, JOKa3aHHas B JUCCEPTALMM, OTHOCUTCA K
KBa3MHENPEPBIBHOCTH M —Sh ¢yHKIMi 1o emkoctu. Xopomio u3zBectHoe C-
ceoiicteo H.H.ly3una yTBepkmaeT, d4To Beskas wusMepumas  (QyHKIHsS
KBa3WHETIpEphIBHA TMOYTH Bcloay 1o mepe JleGera. EmMkocTHbIE aHamoru 3Toi
TEOpEMbl I CYOTapMOHMYECKUX WM IUTFOPUCYOrapMOHUYECKUX (YHKIUN
xopomo u3BecTHbL. Jlns M—sh ¢yukuuii B obmactu D < C" umeer mecto
KBa3MHEMPEPHIBHOCTH TOYTH BCIOAY MO M —EMKOCTH.

Teopema 8. M—cybeapmonuueckas QyHKyus A61s1emcs K8a3uHenpepvleHoU
noumu 6crody no M—emkocmu, m.e. eciu Ue m—Sh(D), mo onsa obozo & >0

cywecmeyem omkpwvimoe muodcecmeo U — D makoe, umo C(U ) <& u ¢ynkyus

U renpepwiena ¢ D\U .

Jloka3aTrenbCTBO A3TOM TEOPEMBI OCHOBBIBAETCS HA WHTETPAJIbHBIX OILIEHKAX
m —sh ¢yHKIMiA, CBOWCTBAX EMKOCTH KOHJIEHCATOpA U TeopeMe 8.

Hcnone3yst ananor teopeMbl KapTanHa, Mbl Temepb CMOXEM J0Ka3aTh
cienyronyr GyHIaMeHTATbHYIO TEOPEMY TEOPHUH MTOTEHITUATIOB.

Teopema 9. ITycms 1<m<n u Uy,Uy,...,U, €m— Sh(D) N LT;C(D) . Toeoa

1) pexyppenmnoe coomnowenue

[ddu, A...Add U, A B7 |(@)= [u,dduy A Addu A BT Add
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e Fmemk (D) k=1..m,
onpeoensiem noa0HCUMENbHbII NOMOK OUcmeneHu (n —m+k,n—m+ k);
2) ons modvix C” - annpokcumayuii U; J u.,i1=01..,m, ] > umneem
Mecmo cXxo0UMoCmb NOMOKO8
ddu; A...Addu; A B > dd U AL Add U A BT, (K =1,..,m).
B naparpadge 3.3 MbI yCTAHOBUM P/l BaXKHBIX CBOUCTB &, - MEp a)*(z, E, D)
u emkocreit C(E,D) mms muoxects EcD.

Teopema 10. /[na awboco komnaxma K <D eco &, - mepa a)*(Z,K,D)

yoosnemsopsiem ¢ D\ K ypasuenuio (ddca)*)m AB™=0.

HamomuuMm, uto Bo BTOpoO# TnaBe (TeopeMa 2.11) ananoruusbiii ¢akt ObLI
JIOKa3aH B ciiyuae M —perynsapHoro kommnakta K < D.
Teopema 11. Cosokynnocms M — uppecynapnvix mouexk komnakma K umeem

HYIEBYI0 eMKOCMb. C( I ) =0, m.e. | a6n2€Mca M —nONAPHLIM MHOHCECNBOM.

C Teopemoii 11 cBsA3aHa crenyromas TeopeMa, KOTOpas MJaeT TakKke
MIOJIOKUTEIBHOE PEIICHUE 6mopotl npobiemol Jlenona st m—sh pyHkui.

Teopema 12. Ilycmo {u j}— so3pacmaiowas nociedosamebHocms M—sh

@ynxyuti maxas, yumo @ynxyus U ( Z) = IJI_TOU j (Z) — JIOKQ/IbHO OZPAHUYeHa CEepx).

Tozc0a mmuooicecmseo o = {u(z) <u *(Z)}, 20e U*— pecynapuzayusi U, s6715emcsl
M —nonsaprsviv 6 D .

CnenctBue. /[nsa nobozo komnakma K c D ezo emxocmo C(K) coeénaoaem
CO CedYIOUUM UHMESPATIOM.

C(K):J(ddcw(z,K,D))m AR

B 3aK/II0YEHNH TT1aBbI 3 JOKA3bIBAETCS M3MEPUMOCTD GOPENEBCKMX MHOYKECTB
o emxocti C(K)=C, (K,D).

Teopema 13. [Ilpoussonvnoe ananumuueckoe mHoxcecmeo Ee A, 6
yacmHocmu, NpPou3BoabHOe 0O0peNedcKoe MHONCECMBO, USMEPUMO NO eMKOCHU

C(E), m.e. C*(E)=C*(E), 20e
C*(E)zsup{C(K): Kc E—KOMI’lCle},
C'(E)=inf {C(U):U SE —omkpbzmoe}

6HYMpeHHUe U GHeUlHUEe eMKOCTU.
B uyerBeproii  rmaBe nuccepranuu, Ha3BaHHON «CyOrapmMoHuveckue

(YyHKIME Ha KOMILIEKCHBIX miIockoctax C"», paccmarpuBaercst Kiace ciabo
cyorapmMoHuueckux GyHKIuid (M—Wsh), onpeaensieMplii COOTHOIIICHHEM

dd“u A (dd°[z%)"" >0. )
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DTOT KJIacc mmMpe, 4eM Kiacc PSh QyHKIWH, HO CTPOTO CONEPKUTCS B Kiacce Sh
dynkmii. Knace 1—-wsh ¢ynknmii coBnamaer ¢ kimaccom Sh dyHkumii, u ximacce
n—wsh ¢ynkuuii coBmamaer ¢ kimaccom psh ¢yakmmii. Kpome toro, m-—sh
GyHKIMU SBISIOTCS B TO BpeMs B M—WwWsh ¢ynkmusmu, T.e. m—shcm—wsh,

m -
OT0 00CTOSATENBCTBO HE MO3BOJIIET HAM MCIOJIB30BATH ONEPaTOP (ddcu) AL m

METObI TEOPUU TOTeHIMaIa M —Sh QyHKIUi [T ncciieI0BaHus TIOTESHIIATBHBIX
cBoricTB M—Wsh ¢yrkmwmii. bosee Toro, CymecTByrOT 1BaX bl riaakue QyHKIIHH,

m
YIOBJIETBOPSIONIME YCIOBHIO (2), I KOTOPBIX OIEPaTOp (ddcu) AL He

SBJIICTCSI TOJOKUTEIbHBIM. [lodTOMY B auccepTamu Ijis W3Y4YeHHUsS Kiacca
m—wsh  ¢yHKIUA WCmob3yeTcss JAPYyrod  IMOAXOJ, OTIMYAIOMIUHCI  OT
COOTBETCTBYIOIIETO METOJIa UCCIIEAOBaHU M — Sh (QyHKITHIA.

M —wsh GyHKIIMH UMEIOT OTVIMYHYIO Te€OMETPUICCKYI0O HHTEPITPETALINIO, YTO
XapaKTepU3yITCsl CyOrapMOHHUYHOCTHIO (PYHKITUN Ha JHOO0U (n —m +l)- MEpHOMI

komrutekcHoi tutockoctH [[< C". B asrom orHomennn mM—wsh dynkimm
yI00OHBI B IPUMEHEHUSX K MHOTOMEPHOMY KOMIUIEKCHOMY aHaJu3y U T€OMETPUH,
pOCThl B M3ydeHMH. OAHAKO, KaK OKa3aJloCh, I ITOTO Kjacca MOKa €Ile He
HalJIeH MOAXOASAIIMKA omepaTop Tuma onepatop Monxka-AMnepa B Kiacce
TUTIOPUCYOTaPMOHMYECKUX (PYHKIIMH WM OIEepaTop B TecCHaHax B Kiiacce M—sh
¢ynkuuid. IMEHHO W3-3a 3TOro, B OTJIMYME OT Kiacca M—Sh ¢GyHKImiA TOTHAS
TEOpHsl MOTEHIMANIA B Kilacce M—WSh ¢yHknuii maneka ot 3aBepiicHus. TeM He
MEHEe, Mbl B JTOW IJaBe JOKa3blBa€M psiJ INOTEHIMAIBHBIX CBOMCTB Kiacca
m—wsh. Jlpyrue reoMeTprueckue cBoWcTBa M—WSh (QyHKIHMI MOXHO HAaWTH B
paborax P.Xapsu u b.JIaycona, /[.2Koiica u M.BepOurckoro.

Onpenenenne 4. ®Oynkums U(z) € Ly, (D), 3anannas B obmactu D<= C',
HaseiBaeTcst M—WsSh gyukyuen 8 D, 1<m<n, (cyOrapmoHnveckod (yHKIHEH
Ha (N—M+1)- MEPHBIX KOMILICKCHBIX ILIOCKOCTSIX ), CCIIH:

1) ona monmyHenpephiBHa cBepxy B D, T.e.

limu(z) =lim sup u(z) <u(z°);

7—72° £—0 B(.2)

2) motok dd®u A (dd®|z*)"™ >0 B D, r.e.

ddu A (dd®|z") " (w) = [u(dd*[zf') " Add°w=0, @ F™, w20,
Knace takux ¢yskiuii obo3Hauaetcs dyepe3 m—wsh(D). Byksa “w” B

0003HAYCHHUH KJIacca IMOCTaBJIEHA JUIS TOTO, YTOOBI pa3jvyaTh 3TOT KJIAacC OT
kimacca M—sh  ¢yuknumit. Creayromas Teopema JacT HaM T'€OMETPUYCCKYIO
XapaKTepUCTUKYy M —WSh (yHKIHH.

Teopema 14. [lonynenpepwvisnas ceepxy gyukyus U, 3a0annas 6 obaacmu
D < C" sagrsemeca m—wsh mozoa u monvko mozoa, kozoa 0 110601 (n -m +1)-

mepnou komnaexcrou niockocmu [ < C" cyorcenue

u|n S Sh(HﬂD) .
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B J10ka3arenbCcTBE CYIIECTBEHHO UCIIONB3YIOTCSI CBOMCTBA TOTOKOB U
WHTErpajibHbIE HEPABEHCTBA CyOrapMOHUYECKUX (DYHKIIHM.

CnexnctBue. m—sh ¢gyuxyus 6 obnacmu D — C" sgrsemes 6 mo owce epems u
m—wsh gynkyuei, m—sh( D) cm —WSh(D).
Hanee, B auccepranuu BBogsaTca 4, —mepa U S, —EMKOCTb IIOJAMHOKECTBA
E =D o6mnactu D C":
o(w,E, D) =sup{u(w): uem-wsh(D), u|,<0, ul.<-1},

®*(z,E,D)=limo (w,E,D)

W—Z

%, (E,D)=—[w*(2,E,D)dV .

Torma £, (E,D)>0 u £,,(E,D)=0 Torma u tompko TOrma, xorma E
ABJETCS MW —IOJSPHBIM MHOKeCTBOM B D . Kpome Toro, umeer mecto

Teopema 15. Bemuuuna Z£,,(E,D) senaemca monomomunoti u cuemmo-
cybadoumusnoti gynxyueti mnosicecmea: F,(E;,D) <2, (E,,D) ons E, cE, u

0

P OEJ.,D <> %.(E;D).
j=1

j=1
bonee moeo, ons n1ob6oeo muodcecmasa E cDu m06020 >0 cywecmsyem
omkpuimoe muodcecmeo U D E makoe, umo I (U D) (E, D) <g.

Cnencteue 1. Jlns mro6oit y6BIBaIOHleI/I MOCJIEIOBATEIbHOCTH KOMIIAKTOB
K, 2 K, D... IMeeT MeCTO HenpephIBHOCTD CIIPaBa

2 ﬂKJ,D =lim#,, (K;, D),

joo
u ecmu G, G, C... IOCnen0BaTENbHOCTH OTKPBITBIX MHOXECTB, TO UMEET MECTO
HENpepbIBHOCTH CIIeBa

mw UGJ,D _Ilm mw(Gj’D)'

]~>oo

Cnenctsue 2. dynkius muoxectBa £, (E, D) obmamaer Bcemu cBoiicTBaMu
msmepumoctu Illoke u, cienoBarenbHO, JIOObIE OOPEIEBCKUE MHOXKECTBA

usmMepumbl 1o emkocru 4 . Takum oOpasoMm, ecim Ec D Gopenesckoe

MHOKECTBO, TO €ro BHCIIHHC u BHYTPCHHHC €MKOCTH COBIIAAIOT:
7 (E,D)= mw*(E D), rae
Zn(E,D)=2,,(E,D), £,.(E.D)=sup{£, (K,D):K = E - komnaxm}.

[Maparpad 4.3 rnaBel [V mocssiieH MakcuMaabHbIM M —WSh QyHKIUSIM ©
3amaue Jupuxie B kimacce m—wsh dyskiuii.
Onpenenenue 5. @yHkus U ( Z) em—wsh ( D) Ha3BIBACTCSI MAKCUMAIbHOU B

oOmactu DCCn, €ClInm OJid HEE€ HMMEET MECTO [MpUHOUIT MaKCHMMyMa B KJIACCC
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m—wsh ¢dynkuuii, T.c. eciu V(Z)em—WSh(D): Ii_m(u(z)—v(z))zo, TO

u(z)=v(z), vzeD.

Yrobbl U3y4uTh MaKCHMAajbHble (QYHKIMH, PACCMOTpHM 3afauy Jupuxie B
KIacce MW-—cyOrapMoHMYeCKHX (YHKIMH. AHalOrMuHoO 3ajgade Jlupuxie B
KIacce MIIOpUCYOrapMOHIMYECKUX (YHKIMH, B Kiacce MW —CyOrapMOHHYECKHX
bynkuuit 3amava Jupuxie (GopMymHpyeTcs CIeIyIoIUM 00pazoM: MycTh
D « C" —orpannuennas obnacte u ¢(&)e C(ID)—duxcupoBanHas (yHKIL.

Haiitn HenpepbiBHYI0 MakcuMmanbHyto M—wsh ¢yrkmmio U(z): ul,=¢. Kax
0OBIYHO, PEHICHHE UIIETCA METOI0M IleppoHa: monokuM

U (o, D):{u em—wsh(D):Wu(z)Sqo},

z—0D

o(z)=sup{u(z):ue(p,D)}. (3)

B kiaccudeckoMm cimydyae m=1 nokaseiBaercs, 4yTo eciu obiacte D —cunbHO
1-BoInyKJIast (peryJisipHasi), HarpuMep ¢ riaaakou rpanuneid oD, To @ sBasercs
pemienreM 3anayu [upuxie, T.e. oHa rapMOHMYHa B obnactu D, HempepbiBHA
BIUIOTH J0 TPAHULBI U @ |p=¢@ . OgHaKO, TakkKe Kak B Knacce PSh dyHkomit, s

m>1 3amaua Oosiee CJIOXKHAas M CYIIECTBOBAaHUE pEIICHHUS TPeOyeT OMOJHU-
TEJIBHBIX YCIOBUN BBITYKJIOCTH Ha 00J1acTh D 1 Ha rpaHUYHyI0 QYHKIIHIO (.

Teopema 16. Eciu D < C" —cmpoco mw-ewinyknas obnacme, mo 6 el
paspewuma 3adava /upuxie ¢ 1000l epAHUYHOU OAHHOU (peC(aD). Toumnee,

dynryus @(z)= sup{u(z) ue (o, D)} AGNAEMCS. MAKCUMATILHOU HeNnpepbleHOU
@ynryuer, @ em—wsh(D)( C(B) npuvem Iirr;a)(z) =¢p(&), £edD.
Hns psh dynskiuit (m = n) COOTHOIIICHHE |in2a)(z):(o(§) V<& eoD 6buto

nokazaHo bpemepmanowm, a HenpepbIBHOCTh @ € C ( D) — Yomnmem.

[Tatas rnaBa nuccetaruu (IIpuMeHeHHMsT) TOCBSAIICHA MTPHIOKEHUAM M — Sh
byHKIMA W TEOpuMM TOTEHIMalIa K 3aJadyaM MHOTOMEPHOTO KOMIUIEKCHOTO H
rapMOHUYECKOTO aHaym3a: K Teopur HeBanmuuubl (§5.1), K U3y4EHUIO pelICHUS

3amaun Jlupuxie sl ypaBHEHHUs (ddcu )m A (ddC ‘Z‘z) =0 (§5.2), Kk yCTpaHEHHIO

0co0bIX MHOXecTB TmoTeHImManoB (§5.3). Ilaparpad 5.4 mocesamen mM-—sh
¢ynkimsam Bo Bcem mpoctpanctBe C". 3mech Mbl BBemem ¢yHkumuioo ['puHa
V., (z, K)KOMHaKTa K cC", u3yunm e€ OCHOBHbIC CBOWCTBA U YCTAHOBHM CBSI3b
V,(z,K) ¢ m-—sbimykmnoit obonoukoii kommakra K. B maparpade 5.5 wmsl

n—-m

paccMaTprBaeM BONPOC 00 ONpENeNeHHH OlepaTopa (ddcu)m/\(ddc‘z‘z) B

KJlacce MPOW3BOJIBHBIX (HE 0053aTeIbHO OrpaHuYeHHbIX) M—Sh  dynkmmit. U
HaKoHell, B naparpade 5.6 MbI U3y4aeM IepecedeHre rapMOHHYECKHX U M — Wsh

byHKIUH.
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Kak M3BECTHO, OCHOBHBIM OOBEKTOM MHOTOMEPHOW Teopur HeBaHIMHHBI
SBISICTCSL  M3yYeHHe pacmpeieneHus 1npoobpasos  f'(A)  romomopguoro

0TOOpakeHHUs f =[f,, f,..., f,]:C"—> P, 1:j e(?((C”), f 20, KOMIUIEKCHBIX

mwiockocteit Ac P, thne [P°-npoekTHBHOE MPOCTPAHCTBO Pa3MEPHOCTH
dimA=qg-k, 1<k< m { I }I. OCHOBHOM XapakTepUCTUUYECKON (yHKIMEH
Teopru HeBaHIMHHBI SBIISIETCSt GYHKIUS TOPSIIKA
r
dt .
Tf(k)(r):J'TJ‘a)k(f)/\'Bn <
B

0

e Bt:{|z|£t}— map B C", a):ddcln|w|2, w=[W, W,....w,]€ P, u

N[~

‘W‘:(‘WO‘Z+‘W1‘2+...+‘Wq‘2). [lon wHTErpamoM 31ech CTOUT OINEpaTtop B

reccnanax @ (f)A B = (ddC In‘f (Z)‘Z)k A", Hameil mnensio sABIAETCH
npeoOpa3oBaHHE OTOTO OMepaTopa, HUCHONb3YS (PYHIAMEHTATFHOE pEIICHUE
G, (Z) omneparopa (ddcu )k A B"*: B §5.1 BBesIeHHI crenyromue GyHKINH

dt

T (r,m) = o [ (F)naf ™ Ap™,
0 tm B,

rae @, =0dd°G,(z),1<k <m<n. 'maBHbIME pe3ynbTaTamu naparpada sBIsiFOTCs
Teopema 17. Ilycmv f =[f,f,.,f.] coromopgproe omobpasxcenue

f:C"—> P9 Tocoa

[ dt -
T =T ()= 20 [ (Fynp™™,
0 B,

m-k r

n—m dt n

Tf(k)(r,m):( m J Imjwk(f)/\ﬁ k, 1<k <m<n.
0 B

Teopema 18. IIycmo f:C" — C" zonomopgroe omobpascenue. To2oa ons

scakozo ¥ >0, a>1, 1<k <m<n cnpaseonusa oyenka
2(n—-m)(k-1)

TO@E,m<Nr o [Ian(ar)]
20¢ N=N(k,mn,a)— nocmosnnas, Mf(r):max{«/1+|f(z)|2:|z|:r}.

B maparpade 5.2 paccmarpuBaetcs cienyromas 3anada Jupuxie:
(dd°u)" A "™ =0, ul,, =¢(&), uem—sh(D)NC(D).
N3 pesynbraTroB rinasel Il cpasy cnemgyer, uto pewmenue 3amadun Jupuxie

OynmeT MakcuManbHOW M—Sh QyHKIMelH, Tak 4TO paccMaTpUBaeMblil BOIIPOC HE
YTO WHOE, KaK HaxXOXJICHHE MaKCHUMajbHOW M—Sh (GyHKIMU, C 3a7aHHBIM

k
y
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TPaHUYHBIM 3HAY€HUEM. B 3TOM OTHOIIIEHHHM OHA SABJISIETCS HEMOCPEICTBEHHBIM
IPOIOJDKCHUEM U3yUeHHUS] MAKCUMaJIbHBIX M —WSh (yHKIIHA.

Jns pemienust 3amaun Jupuxie B obmem ciydae m>1, ma obnacte D
HaKJIQJbIBAIOTCA JOIMOJIHUTENIbHbIE TpeOoBaHusi. B psane pabot 3t TpebOoBaHUs
OTHOCATCA K KacaTeJIbHbIM IJIOCKOCTSIM K rpaHuiie 0D obnactu D, a B paborax

JIn, bmomnkxoro, [uneBa u Komomzes »Tu TpeboBaHus HAalOTCS B TEepMHUHAX
COOCTBEHHBIX 3HaueHuil auddepennuansaoii Gopmer dd®p, Toe p ABaXKIBI
riIajikas omnpenensmonas (yHKIUS TpaHUIBI, T.C. 8D={p(z):0}. B mnameit
nuccepraiu ot obmactu D Mbl TpeOyem €€ M-pezyrspuocmu, CBSI3aHHOU C
m—sh ¢yakousvu: B mM000# rpanndHor Touke &£ e€dD cymecTByeT Oapbep
(muK) B ktacce M—Sh ¢yHKIuMi.

Omnpenenenue 6.  OrpanuyeHHas  00J1acTh DcC"  mnaseBaercs
M —peeyasaproii 06NACTBIO, €CITH B JIF000H rpaHHdHOM Touke £° €D cymecTByeT

UK-(QYHKIHS b(Z) em —Sh(D)ﬂC(B): b(fo) =0,b |5\{§0}< 0.

OCHOBHBIM pe3yJIbTaTOM 3TOr0 naparpada sBisieTcs

Teopema 19. Ecau obnacme D < C" —sersemes m-pezynspuoil, mo 6 meil
3a0aua /lupuxne (5) umeem eouncmeeHHoe peuienue ¢ aod0U epanuyHolu OaHHOU

¢(&)eC(aD): (ddu)” A "™ =0, uem—sh(D)NC(D), ul,=p(¢).
B maparpadge § 5.3 aumcceprauMM Mbl HM3y4aeM YCTpaHUMBbIE OCOObIE
MHOKeCTBa cyorapmoHndeckux (yHkumii. Tak kak cyOrapMoHuYeckue (pyHKIUU

SBJITIOTCSL CyOpEIIeHUsIMU  AJUIANTAYECKOoro omeparopa Jlammaca, Au>0, To He
Cy’kasi 00JIacTb M3y4Y€HHUs, Mbl pacCMaTpUBaeM 3ajady i 0oOIiero ciydas, T.€.

Uil cyOpemnieHuil  TPOU3BOJIBHOTO  AIUTUITHYECKOTO b depeHarTsHOro
oreparopa

P
P(D)=) a,D* D* a=(a,t,...a), |o|=|e|+ ||+ + e,

= OXOXS. X
nopsiAKa M > 2 ¢ TiaikuMu K03 OUITMEeHTaMH.

O6o03Haunm uepe3 P — Sh(G) MOJIYHENIPEPhIBHBIE CBEpXy (GyHKIHUH U (X) ,
SBJISIONIMECS B TO Jke BpeMs cyoOpernenunem onepatopa P(D): P(D)u(x)=>0.
OyHKIUN u(x) eP- Sh(G) HazoBeM P —cybeapmonuyeckumu  @yHkyuamu.
3amernm, uro ecnu  P(D)=A- omeparop Jlammaca, to kuacc P —sh(G)
COBIAJIaeT C KJIACCOM CyOrapMOHUYECKUX (PyHKLIUN Sh(G).

Omnpenenenue 7. 3aMkHyTOe TOIMHOXECTBO E obOmactu G HaswbiBaeTcs
VCMPAHUMBIM 0COObIM MHOMCECmMEoM IS Kilacca P — Sh(G \ E) , €CJIU JIJIs1 JIFOOOM

byuknun U(X)e P — Sh(G \ E) cymectByer (yHkius U(X) e P — Sh(G) TaKas,
gro U(X)=u(xX) VxeG\E.

TouHO TaKkke MOXKHO ONpPENETUTh YCTPAHMMOE O0C000€ MHOXKECTBO

k

otHocuTeNbHO Kiacca P—sh(G\E)N Lo toc (G). HamomHuM, 4TO 3716Ch W HIDKE
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L'; (G)— mpoctpanctBo K pa3 muddepeHumpyemMbix GyHKINN, MPUYEM YaCTHBIC

o]
npou3BojHble  D“ zﬁxf‘lafaz F || =|en|+|a,|+ ... +|e,| =k,  mopsmka  k
o2,.0%

npuHaexRar npocrpancty L (G).

OcoOple MHOKECTBA TAPMOHMYECKUX U CyOrapMOHHYECKHX (PYHKIIHIA
U3y4eHbl MHOTUMHU aBTOopaMu. Tak, 3aMkHyTO€ MHOXecTBO E G sBusercs
YCTPAHUMBIM ISl OTPAHUYECHHBIX CBEpPXY CyOrapMoHHUYECKUX (YHKIUI TOorna u
TOJBKO TOIJA, KOrZa OHO HMeeT HyneByro emkocts, C(E)=0. B Tepmunax

XaycnopdoBoit MephI, YCIOBHE YCTpaHEHUSI 0COO0TO MHOXKECTBA TapMOHUIECKIX
¢ynkumit xmacca Lip, wusydensl B pabdorax Jl.Kapiecoma (it O0<a<1) mn

E.IT. Jomkenko (s 1<a <2). B padore A.CanymnaeBa u XK. SIpmeroBa uzydeHs
ocoOble MHOXecTBa cyOrapMonmdeckux QyHkmmid u3 kiacca Lip, (O<a <2),
TaKK€ B TEpMHUHAX Xaycaop(oBoi Mepbl. YCTpaHUMBbIE OCOObIE MHOXKECTBA
N k

cybrapmonndeckux  Qynkumii  kmacca L (G)  um3ywemnr B paborax
b.A6nymnaeBa u C.MMomkynoBa. B paborax P.Xapsu u Jlx.IlonkuHra u3ydeHsl
yCTpaHUMBbIC OCOOCHHOCTH pelICHHH umunTrdeckoro ypasHenus P(D)u=0 wu3
npoctpanctea L (G).

B nucceprammu Mbl  o0oOmaem Teopemy Xapsu-llonmkunra, mokaszaB
HECKOJBKO  TeopeM 00  yCTpaHMMBIX  OCOOBIX  MHOXKECTBaX  KJacca

P—sh(G\E)N Lkp (G) B repmunax C, - emxocmu.
Teopema 20. Komnaxmmnoe noommoocecmeo E obnacmu GcR",n>2,
saensiemcst yempanumovim 05 gyuxyutt U(X) € P — Sh(G) N Lkp (G) moeoa u monvko

moeoa, koeoa C,  (E)=0, 2oe P(D)—ommunmuueckuii onepamop nopsoka

q,m-k
n P
m>2, 0<m-k<n, ———<p<+o0, =——0.
n—-m+Kk p-1
n
Ecou  p<— (p=+0 npun=m—k), TO yKE& OIHOTOYCUHOE
n—-m+Kk

MHOKECTBO HE SIBIIICTCS YCTPaHMMBIM, KaK 3TO BHMIHO Ha mpumepe (GYyHKIHN
—D(X,Y,), rae Y, <G —dukcupoBannas Ttouka, a D(X,Yy)—pyHIamMeHTaIbHOE
pelieHue uMnTudeckoro oneparopa P(D).

B Tteopeme 20 TpeOyercs, uroObl creneHb rmagkoctd K<m. s k=m
UMEET MECTO

Teopema 21. Komnaxmnoe mnosxcecmeo E ¢ obnacmu G cR" saersemcs
yempanumvim oas gyuxyui U(X) € P —Sh(G)ﬂ L™  (G) mozoa u monvko mozoa,

p,loc

koeoa nebezosa mepa M (E)=0.
Teneps paccMOTPUM Cllydaid, KOT1a CTENeHb IaAKOCTH K >m.
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Teopema 22. Komnaxkmnoe mmosxcecmso E 6 obnacmu G cR" saensemcs
yempanumvim  0asi ynxkyuti U(X) € P — Sh(G) N L'; (G), k>m, p>1, moeoa u
moJvko mozoa, koeoa E nuecoe nennomnoe 6 G muosrcecmeo.

[Taparpad 5.4 npuccepranuu TMOCBAIICH MPUMEHEHUSM M —CcyOrapMOHH-
gyeckux (GyHKnuit Bo BceM npoctpancTBe C" m GyHkimu ['puHA K M —BBITYKIIOM
reometpun. Dyuxyus [puma B KjIacce M— Sh(C”) GyHKIMA  OnIpeaenseTcs

AHAJIOTNYHO, KaK 3KCTPCMaJIbHasd (I)YHKHI/U[
V. (z,E) :sup{u(z) em—sh(C"):ule<-1 u(z)<0 vze (C”}.
Oyukuust  Ipuna  V, (z,K)  sBisercs  ymoGHBIM — HHCTPYMGHTOM B

UCCIIEJOBAaHUM M —BBIMYKJIBIX O000JIOYEK, KOTOpPbIE WIPAIOT BaXXHYIO pOJIb B
T€OMETPUHU, B TEOPHH HEIMHEHHBIX NU(PPEepeHIINaNIbHBIX YPABHEHUN U B TEOPUU
M —cyOrapMOHUYECKUX (PYyHKIIUH.

Omnpenenenne 8. J{ns xommakra K < C" MHOKeCTBO
K, :{z eC": u(z)<|uf, Yuem —sh(@”)}
Ha3bIBaeTcsl M—ewinyknon obonoukor kommakta K. Kommakr K HasbiBaercs

~

m —ewvinykavim, eciu K =K.

~

Scno, urto K, sBmsercs kommaktom B C" u K oK, o..oK oK,

A

npudyeM K| COBIafaeT ¢ IOJIMHOMHUAIBHO BBINYKIOW obonoukon K, a K, —c

JOTIOJTHEHUEM HEOTPAHWYEHHOW CBS3HOM KOMIIOHEHTBI OTKPBITOTO MHOXECTBA
C"\ K. OcHOBHBIM pe3yabTaToM mnaparpada sBiseTcs

Teopema 23. [ns n060z0 komnaxma K = C" ezo o6onouxa K coenadaem ¢
MHOIHCECTNBOM {Vm (Z, K) = —1} © K= {Vm (Z, K) = —1} . Bonee moeo, ons gynxyuii

I'puna umeem mecmo modsxrcoecmeo V,:(Z, K) EV;(Z, K )

B naparpade 5.5 MblI 1aeM Onpe/ieNeHre oneparopa (ddcu)m A (ddC ‘Z‘z)nm, B

KJacce TMPOM3BOJBHBIX (HE 005A3aTeNbHO OrpaHWYCHHBIX) M—Sh  (yHKIHiL.
OTtmeTuM, 4TO ITOT OMEpaTop BO BTOPOM M TPEThUX TJiaBax ObLI OMpesesicH
TOJIBKO JIJISl OTpaHUYEHHBIX M — Sh (yHKIWMiA. 31ech MBI ITpeIaraeM OAMH CIIOCco0

m
OIpEEICHNsT  OIepaTopa (ddcu) AB"™,  KOTOpIi  OGIM30K  CHOCOOY

A.CanynnaeBa s ompeneneHusi omneparopa Monxa-Amiepa, B Kiacce
TUTIOPUCYOrapMOHUYECKUX (DYHKIMM: I 3aJlaHHOW TPOU3BOJIBHOW (DyHKIHH
u(z)em-sh(D) paccMaTpuBaeTcs OrpaHUYEHHAS Gynxuus

m
u, =In(expu +a), a>0. E& onepatop reccuana (ddcua) A BT mpencraBnseTcs

B BHAC

c m n—m 1 n—m a n-m
(dd Ua) /\ﬂ :ma)l/\ﬂ +ma)2/\ﬂ ,

raec V=expu u @, (W, —HCKOTOPLIC ITOJIOKUTCIIbHBIC IIOTOKHU Ou-CTEeIeHn (m, m) .
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1

m n-m __ I|m n-m __ n-m
AT = o NPT = Wa)1 AL XapakTepusyroT

I[Ipenen (dd “u )1 a0 (V + a)

m+1
m
(ddcu) A L™ BHe cuHryaspHoro MHoxectBa S ={U=-oc0}, U eciu CradbIii

@, A" cymecTByeT Kak 000O0IIeHHAs

m+1

s (] -y

(GYHKIHS, TO OH XapaKTEPU3yeT (ddcu )m AL Ha S, supp(ddcu )m AP S,
Teopema 24. FEcwu  ¢gyukyus U—  J1OKAILHO  O02pAHUYEHA, MO
(ddcu): AL =0 u (ddcu);n ABY™  cosnadaem c (ddcu)m AB"™. Kpome

m —_ ~ £
moeo, eciu (ddcu) AL "=0, mo U ssnsemcs makcumanrbHol YyHKyuell.

B maparpade 5.6 Mbl npoaeMOHCTPUPYEM HEKOTOPbIE IMPHIIOKEHUS TEOPUU
m—wsh ¢yakuii k mIropurapMoHndeckuM GyHKIUsIM. M3BecTHas Teopema
Jlenona ytBepmaeT, uto: eciau @yukyus U(Z) o00nospemeHnHO 2apmonuveckas,

5%
m.e. AU=0 u nmopucybeapmonuueckas, m.e. dd°u= Z——dzi ~dZ; 20, mo
102,07 |
oHa sensemcs naopuzapmonuyeckot, T.e. dd°u=0.

B paccmarpuBaeMoM maparpade JoKa3bIBaeTCs aHAIOr Teopembl JlenoHa B

Kiacce M—wsh gyakuit. OCHOBHBIM PE3yJIbTATOM SIBJISICTCS

Teopema 25. Eciu gpynxyus U(Z) oonoepemenno eapMoHuyeckas u ciabo
M —cybeapmonuueckas, 1< M <N, mo oHa A6151emcst NAPULAPMOHUYECKOLL.

3AK/TIOYEHHE

OCHOBHBIE pe3yNbTaThl UCCIETOBAHUS COCTOST B CIIECAYIOIIEM:

1. [JaHO mNOJHOE TMOCTPOEHUE TEOpUM TMOTEeHIMajla, OCHOBaHHOE Ha
orepaTopax B TI€CCHMaHax, KOTOpas BKJIIOYaeT B ce0e KIAaCCHUYECKylo H
KOMIUIEKCHYIO TEOpUI OTEHIIUAJIOB.

2. Joxazanpl M-CyOrapMOHMYHOCTH  CylpeMymMa B  KJIacce m-
cyorapMoHuueckux  QyHkumid ©  (M-1)-cyOrapMOHUYHOCTH  CY)KEHHS  Ha
KOMIUTIEKCHBIE THIIEPIIOCKOCTH;

3. BBeneHo moHsATHE eMKOCTH KOHJEHCATOPa B KJIacCe M-CyOTapMOHUYECKUX
GyHKIIUN 1 JOKa3aH psijl BaXXHBIX CBOMCTB €MKOCTH;

4. Jloka3aHbl KBa3WHENPEPHIBHOCTH, WPHUHIMII CpPaBHEHUsA M M-
cyOrapMoHUYecKHuX (hyHKIIHIA;

5. JloxazaHbl CXOIMMOCTH TMOTOKOB JJII CTaHAAPTHBIX alMPOKCHUMAIMKA 1
pan  (dyHIZaMEHTalIbHBIX TEOpeM TEOpHUH TOTEHIMansa B  Kilacce m-
CyOrapMOHMUYECKUX (PYHKIIHIA;

6. Omnpenenen kiacc ciabo m-cyOrapMOHMYECKUX (YHKIMM U JOKa3aHbI
HEKOTOpbIE€ MOTEHLMAIbHBIE CBOMCTBA 3TOTO KJIacca;

7. Pa3paborana MeToauMKa MPUMEHEHHSA KJacca m-CyOrapMOHHUYECKUX
(GYyHKIIMIT B MHOTOMEPHOM KOMILJIEKCHOM aHajiu3€ U B TEOpPUM MOTeHluana. B
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YaCTHOCTH, B TeOpUU HEBaHIWHHBI —JII ONIEHKH XapaKTePUCTUUIECKON (DYHKITUH,
B BBITYKJIOH TI'E€OMETPUH—B OINHMCAHWW M-BBIMYKJIBIX O00O0JIOYEK, B TEOpUHU
IUTFOPUTAPMOHUYECKNX (QYHKIIMH — B YCTAHOBJICHUU IUTIOPUTAPMOHHUYHOCTU
byukiui (anagor TeopeMsl JlenoHa).

B menmom, momydeHHBIE Pe3yJabTaThl MO3BOJISIIOT TOBOPHTH O JOCTHKEHHUH
eJield MCCIeIOBaHUN JHCCepPTallMOHHONW paboThl. [locTpoeHHas B nuccepTanuu
TEOpHsl MOTEHIMAala B KJIacce mM-CyOTapMOHUYECKUX (YHKIHMHA SBIISIETCS HOBBIM
HAyYHBIM HaIlpaBJICHUEM, KOTOPOE WMEET BAXKHBIC TMPHUIOKEHUS B TEOPUHU
HeBannmuHHa, B KOMIUIGKCHOM TPOEKTUBHOM TMPOCTPAHCTBE, B TEOPUHU
HEJTMHEHHBIX DJUTUNITHICCKUX YPABHCHHUN U T.I1.
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Introduction (summary of the doctoral dissertation)

Importance and relevance of the dissertation topic. Classical potential
theory is based on Laplace operator and class of subharmonic functions. Built in
the 80s of last century, the pluripotential theoryis related with nonlinear Monge-
Ampere operator and plurisubharmonic functions. The pluripotential theory is
intensively developing and has a numerous applications in the geometry of
manifolds, in Einstein’s theory of relativity, in particular, to prove the existence of
Einstein metrics in the theory of PDE. Naturally, there is a need to study the
original extension of the class of plurisubharmonic functions and construction of
potential theory for such extensions is actual direction of the complex analysis.

The class of plurisubharmonic functions is a subclass of subharmonic
functions. It is naturally to study original extensions of the class of
plurisubharmonic functions and construction of potential theory for such
extensions.

To construct a theory which covers both classical potential theory and
pluripotential theory it was expected using operators in hessians which generalize
both Laplace operator and nonlinear Monge-Ampere operator. However, it was not
known until recently a class of functions which expected potential theory will
based on. In studying Dirichlet problem for equation in hessians was introduced a
notion of class of m-subharmonic functions which was suitable class for
constructing potential theory, it plays same role in the solution of equations in
hessians as the class of plurisubharmonic functions for Monge-Ampere equation.
Therefore, it is important deep investigation of the class of m-subharmonic
functions, also the class of weakly m-subharmonic functions, in particular,
establishment of potential-capacity properties of these classes.

The relevance of the scientific direction of the dissertation is also
characterized by the fact that, in the dissertation justified the potential theory,
which based on the operators in hessians, developed a method of solution of
Dirichlet problem in the class of m-subharmonic and weakly m-subharmonic
functions, proved m-subharmonicity of supremum of m-subharmonic functions
and (m-1) subharmonicity of restriction of m-subharmonic functions on the
hyperplane. Definition of weakly m-subharmonic functions which subharmonic
in complex planes, proof of their potential-capacity properties, quasi-continuity of
m-subharmonic functions, comparison principle, continuity of operators in hessian
for a standard approximations and proof of other fundamental theorems are
important results of the dissertation.

The estimates of main characteristic functions of Nevanlinna’s theory, a
simple description of m-convex hull in Riemann geometry, an application of the
theory of m-subharmonic functions in establishing criteria of pluriharmonicity
(analogue of Lelong’s theorem) and in series of applications of theories of
m-subharmonic and weakly m-subharmonic functions in multidimensional
complex analysis indicates importance and relevance of the dissertation topic.

Connection of research with priority areas of Science and Technology of
the Republic of Uzbekistan. This dissertation was accomplished in accordance
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with the priority areas of development of Science and Technology of the Republic
of Uzbekistan Ne F4 "Mathematics, Mechanics and Informatics".

A review of international research on the topic of the dissertation.
Complex equation in hessians, theory of m-subharmonic and weakly m-
subharmonic functions, pluripotential theory and geometric problems of complex
analysis are the subject of research of many foreign scientific centers. In particular,
in the University of Stony Brook, California State University Fullerton, Indiana
University (USA); Mathematical Institute of the Jagiellonian University (Poland);
Paul Sabatier University (France); University of Gothenburg (Sweden); University
of Ljubljana (Slovenia); University of Pisa (Italy); Moscow State University,
Mathematical Institute of Russian Academy of Sciences, Siberian Federal
University (Russia) carried out extensive research in these areas of complex
analysis.

In constructing new potential theory which include both classical potential
theory and pluripotential theory was solved a series of fundamental problems on a
global scale: in particular, the application of p-plurisubharmonic functions to
calibrated geometry was found (Stony Brook University, USA), the solution of
Dirichlet problem in the class of m-subharmonic functions was investigated
(Mathematical Institute of the Jagiellonian University Poland), m-subharmonic
functions in projective space was applied to dynamical systems (Paul Sabatier
University, France and University of Gothenburg, Sweden), a number of
applications of 2-plurisubharmonic functions in 3-dimensional Euclidean space in
the theory of minimal surfaces were found, the solution of equation in hessians was
studied (University of Pisa, Italy).

At the present stage, the intensive study of the class of weakly mw-
subharmonic functions which has clear geometric characteristics and
T-plurisubharmonic functions relatively to arbitrary fixed currents T is going on.

Level of study of the problem. The pluripotential theory which connected
with nonlinear Monge-Ampere equation and plurisubharmonic functions was built
in 80s of last century. This theory was constructed due to fundamental results of
scientists from USA, Poland, Sweden, France and Uzbekistan (E.Bedford,
B.A.Taylor, J.Siciak, H-J.Bremermann, Ch.O.Kiselman, A.Zeriahi, A.Sadullaev).

Polish mathematicians (J.Siciak and S.Plesniak) for the purpose of
approximation of holomorphic functions by polynomials introduced extremal
Green’s function and in term of this function they proved multidimensional
analogue of classical Bernstein-Walsh theory. Further, the notions of
plurisubharmonic measure, condenser capacity were introduced, a series of
fundamental results were obtained and the methods of application of this theory in
a multidimensional complex analysis were developed by Uzbekistan and USA
mathematicians (A.Sadullaev, S.Imomkulov, E.Bedford and A.Taylor).

The theory of m-subharmonicfunctions and complex equation in hessians
started developing since 2006 in works of polish and french mathematicians
(S.Dinev, Z.Blocki, S.Kolodjiej, H.-C.Lu).

However, the operator in hessians was not defined in the class of m-
subharmonic functions. There was not established convergence of sequence of
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currents for a standard approximation. This greatly hampered to construct potential
theory in the class of m-subharmonic functions. Moreover, the class of weakly m-
subharmonic functions which closely connected with holomorphic functions of
several variables was not studied.

Relation of the title of dissertationwith scientific research plans of home
university. The research work was accomplished according to research plane No 3
titled “Complex potential theory” of the department of Mathematics of the
Urgench State University.

Aim of research is constructing potential theory on m-subharmonic
functions, proving potential properties of weakly m-subharmonic functions and
demonstrating of applications of constructed theory to problems of
multidimensional complex and harmonic analysis.

Research problems to be solved in this work are following:

proof of m-subharmonicity of supreme in the class of m-subharminic
functions, (m-1)-subharmonicity of restriction on complex hyperplanes;

introduction of notion of condenser capacity, proof of quasicontinuity and
comparing principle for m-subharmonic functions;

proof of convergence of currents for standard approximations and
fundamental theorems of potential theory in the class of m-subharmonic functions;

definition of the class of weakly m-subharmonic functions and proof of
potential properties of this class;

development of methods of applications of the class of m-subharmonic
functions in the theory of Nevanlinna, in the convex geometry, in the theory of
pluriharmonic functions.

Object of research. Nonlinear Monge-Ampere operator, operator in hessians,
m-subharmonic and weakly m-subharmonic functions, m-polar sets, condenser
capacity.

Subject of research. Construction of potential theory in the class of m-
subharmonic and weakly m-subharmonic functions.

Methods of research. The methods of potential theory and theory of
functions of several complex variables were used in the dissertation.

Scientific novelty of the research. The dissertation work is a new scientific
direction. In it:

m-subharmonicity of supremum in the class of m-subharminic functions and
(m-1)-subharmonicity of restriction on complex hyperplanes were proved,

A complete construction of potential theory based on hessian operator which
includes well-known classical and complex potential theory was given;

Important potential-capacity properties of subharmonic on complex planes
weakly m-subharmonic functions were introduced and studied;

The methods of solution of Dirichlet problem in the class of m-subharmonic
and weakly m-subharmonnic functions was developed;

Quasicontinuity and comparing principle for m-subharmonic functions were
proved;

Continuity of operators in hessians and other fundamental theorems of
potential theory in the class of m-subharmonic functions were proved.

50



Accuracy of the results of research are justified by defining of the classes
m-subharmonic and weakly m-subharmonic functions, studying potential
properties of these classes, applying methods of mathematical analysis, functional
analysis, mathematical physics and complex analysis to solving Dirichlet problems
for equation in hessians and rigorous mathematical proofs of the obtained results.
In addition, publication of the results of the dissertation in scientific journals with
positive impact factor, approbation in the leading scientific centers, links and
discussions of the results author in the publications of local and foreign authors
also prove the accuracy of the results of the dissertation.

Scientific and practical value of research results. The proof of first and
second problems of Lelon and a number of fundamental theorems of potential
theory in the class of m-subharmonic, as well as complete construction of potential
theory points to the scientific value of results of dissertation.

The applications of condenser capacity to establishing quasicontinuity of m-
subharmonic functions, to solving Dirichlet problem for equation in hessians and
to estimating main characteristic function of Nevanlinna points to practical value
of the results of dissertation.

Implementation of research results. The research results of the dissertation
have the following applications:

The results obtained for the Dirichlet problem for nonlinear equations in
hessians used to study changes in the Dirichlet problem solutions to the changing
graphs in the international Volkswagen Foundation (Germany), "Nonlinear
evolutional equations and transport on metric graphs arising from mesoscopical
physics" (certificate of University of Oldenburg, January 29, 2016) . The existence
and uniqueness of solution of the Dirichlet problem allowes to establish, in general
case the solution is not continuous for the thin graph.

The class of m-subharmonic functions in the whole Euclidean space has been
used in the project DMS-1401316 of National Science Foundation (certificate of
California State University, 11 January 2016). Using m-subharmonic functions one
can easely describe the convex hulls of the sets in a whole space. This property of
m-subharmonic functions was applied to study of hyperconvex hulls of sets in this
project.

The results of subsolutions of elliptic operators applied for remove of singular
sets of analytic, pluriharmonic and harmonic functions, to establish the existence
of thin and non-thin singular sets in the grant OT-®1-116 "Analytic continuation
and geometric problems in the theory of functions” (NUU, 2007-2011, certificate
of the Committee for coordination Science and Technology, February 1, 2016,
Ne ®TK-02-13/60). Using research results allowed obtaining an analytical structure
of thin singular sets and estimating capacity of intersection of pluriharmonic
holomorphic functions.

Approbation of research results. The main results of the dissertation are
discussed in the following local and international conferences: "Analytic functions
of several complex variables™ (Krasnoyarsk, 2009), International Conference of the
American Mathematical Society organized by the University of Nevada (Las
Vegas, USA, 2011), “School-seminar on Analysis” (California, USA, 2011),
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"Modern Problems of complex and functional analysis" (Nukus, 2012), "Operator
algebra and related problems” (Tashkent, 2012), "Actual Problems of Applied
Mathematics and Information Technology, Al-Kharizmi-2012" (Tashkent, 2012),
"Actual problems of mathematical analysis" (Urgench, 2012), "Functional
Analysis and Its Applications™ (Astana, 2012), "Actual problems of complex
analysis" (Tashkent, 2013), “School-seminar on Analysis” (California, USA,
2013), First International Conference of USA-Uzbekistan Scientists “Analysis and
Mathematical Physics ” (Fullerton, USA, 2014).

The results of the dissertation periodically discussed at the scientific seminar
namely "complex potential theory" of the Urgench State University and at the
scientific seminar of the department of mathematical analysis of the National
University of Uzbekistan.

Publication of the research results. On the topic of the dissertation
published 25 scientific works: 6 in foreign journals, 8 local journals and 11 in
abstracts of conferences.

The volume and structure of the dissertation. The dissertation consists:
introduction, five chapters, conclusion and list of references. The total volume of
the dissertation is 165 pages.

ABSTRACT OF THE DISSERTATION

In the introduction the relevance and importance of the dissertation topic is
justified and defined accordance of dissertation topic to the research priority areas
of development of Science and Technology of the Republic of Uzbekistan. Also
reviewed foreign scientific researches on the dissertation topic, level of study of
the problem, formulated the goal and objectives, as well as a subject of study,
outlines the scientific novelty and practical results of the study substantiates the
validity of the results reveals their theoretical and practical significance, given
information on published works and the structure of the dissertation.

In the Chapter | of the dissertation (basic principles of potential theory)
described the main principles and methods of classical and complex potential
theory.

The Chapters Il and 11l are backgrounds of the dissertation. Complete
construction of the potential theory in the class of m-subharmonic functions is
given in these chapters.

As we mentioned above, the classical theory is based on subharmonic
functions and Laplace operator, a multi-dimensional pluripotential theory is based

on plurisubharmonic functions and nonlinear Monge-Ampere equation(dd‘u)".
m —potential theory based on m-subharmonic functions and complex operator in
hessians (dd"u)m AB"™, 1<m<n are given above mentioned chapters.

In the Chapter Il of the dissertation named “m —sh functions and their
properties”a definition of m-subharmonic functions are given and formulated a

series of statements which are essentially used in further to construct m-potential
theory.
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A maximum of two subharmonic or plurisubharmonic functions is
subharmonic or plurisubharmonic.

This fact for such kind of functions is proved very easily, with the help of
integral inequalities in their definition. However, in the absence of the
corresponding integral inequalities for m—sh functions similar fact is not trivial.
Nevertheless, takes place

Theorem 1. The maximum of finite number of m—sh functions is m—sh

function; for arbitrary, locally uniformly bounded family of {ug}cm—sh
functions, regularization of u - u*(z), supreme u(z)z{supug(z)} is also m—sh
0

function. That is the set {u(z) <u *(z)} is polar in C" = R*™".

A following theorem is characteristic only to the class of m—sh functions.

Theorem 2. If uem—sh, then for any complex hyperplane P < C" restriction
ul, is (m—1)—sh function.

The theorem has a number of practical applications; in integral estimation,
embedding of m—sh(D)< m—wsh(D) and others.

The main difficulty of construction of m—potential theory, as in pluripotential
theory is to determine the operator (dd"u)m A A" ™in the class of m—subharmonic

functions and the establishment of convergence of (ddcu j)m A "™ for standard

approximations U, L u. The first result in this area belongs to Z.Blotskiy, who
proved convergence of

(ddu;)” A B> (ddu) A g™ (1)
for continuous functions. However, the absence of such convergence for an
arbitrary u(z) function and the lack of an acceptable definition of the operator

(ddcu)m A BT, is a main barriers in the construction of the potential theory in the

class of m—subharmonic functions. We overcome these barriers using following
ideas suggested by A.Sadullaev in construction of pluripotential theory:

1) At first, we define the operator (dd"u)k A S and prove (1) in the class of
m-sh(D)NC(D);
2) Using the class m—sh(D)NC(D) we define m—capacity C,, (E,D);
3) We prove the potential properties of m-—subharmonic functions
(quasicontinuity, comparing principles, the questions of maximality of arbitrary

m —subharmonic functions, etc.)
4) We solve the problem of the convergence of the positive currents

(dd"uj)m AT (ddcu)m AB" forudu, uelf, (D)Nm-sh(D).

The properties 3) and 4) of m—subharmonic functions are fundamental part
of m—potential theory; they allow us to study a basic objects of the m— potential
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theory, such as m—polar set, & - measure, maximal m—subharmonic functions,

and others.

A notion of % - measure gives as similar as the notion of - measurein
pluripotential theory: let E = D be a some subset of strongly m—convex domain
DcC" 1<m<n,

We consider a class of functions

?%(E,D)={u(z) em—-sh(D):u|, <0, u|.<-1}
and we put
a(z,E,D)=sup{u(z): ue(E,D)}.
Definition 1. Regularization *(z,E,D) is called £ — measure

(m—subharmonic measure) of the set E relatively to the domainD .
& - measure has several properties inherent & - measure. In particular, we

have
Theorem 3. If a compact set K< Dis m-—regular, then £ —measure

w*(z,K,D)=w(z,K,D) and continuous function in D, that is
(ddu)” A "™ =0.
The Chapter 111 is devoted to study of main objects of potential theory, i.e.

the notion of condenser capacity and proving of fundamental theorems of the
theory.

Definition 2. Let K be a compact setin D < C". Then a value
C(K)=C_(K,D)=

:inf{j(ddCU)m/\ﬂ”m :uem-sh(D)NC(D), u|K£—1,Ii_mu(z)2O}

D z—0D

is called condenser capacity (m —capacity) of condenser (K, D).
The condenser capacity has following standard properties:
1. the capacity is monotonic, i.e. C(E)>C(K) VE D K;
2. for any compact set K < D we have a equality
C(K)=inf{C(E): EoK, Eism-regular}.

As usual we define an exterior capacity, putting
C*(E)=inf{C(U):U oE—open|, where the capacity of open set
C(U)=sup{C(K):K cU}=sup{C(K):K cU, K is m—regular}.

The exterior capacity C (E) is monotonic, i.e. if E,cE,, then

C"(E,) <C’(E,); it is countable subadditive, i.e. C° (UEJ}SZC*(EJ.), and left
j j

semicontinuous, i.e. C(qujzl,imC(Uj) for any increasing sequence of open
j J

sets U; —U,,;. For any compact set K — D its exterior capacity C*(K)=C(K).

j+1-
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A following formula is very important for practical application, because its
integrated part is infinitely smooth differential form.
Theorem 4. If U < Dis open set, then

C) :sup{_[(ddcu)m AR :uem-sh(D)NC”(D), —1<u <O}.
U
We formulate two theorems which are playing key role in proving of first
Lelon’s problem and have substantive value.

Theorem 5. If Ec DG, then C'(£,D)>C (E,G).
Theorem 6. IfE = B(0,r) == B, r <1, where B(0,r) ={|z|<r} —is a ball with
radius r, B=B(0,1), then
ml2 (E,B)
(1-r)"
and inversely, for any fixed r <1 there exists a constant M (r) >0 depends only
on r, such that

C'(E,B)<

2.(E,B)<M(r)-C*(E,B) VEcB(O,r).
Here j;(E,B):—J'a)*(z,E,B)dV is so called 2, —capacity.
B

From this theorem obviously follows an important

Corollary. For any E cc B(z° r) the capacity C*(E, B(zo,r)):Oif and only
if when j,jl(E, B(zo,r))zo, which is equivalent of that E is m—polar in
B(zo,r).

By analogy of polar and pluripolar sets, aset Ec D < C" is called m—polar
in D, if there exists a function u(z) e m—sh(D), u(z) #—w0, such that u\E = —0,
The following notion of locally m—polarity is convenient to use in practice.

Definition 3. A set E< C" is called locally m—polar set, if for each point
7° cE there exists a ball B(zo,r) such that, the intersection EﬂB(zo,r) is

m —polar in B(zo,r).
In classical case of polar sets in R", locally polar set will be polar set in R".

Using approximation of locally polar sets with algebraic sets in C" Josephson
proved globally pluripolarity of locally pluripolar sets.

Above introduced condenser capacity gives simple proof of this statement for
any m—polar set, where 1<m<n.,

Theorem 7. Locally m—polar set is m—polar in C", i.e. if EcC" is locally
m—polar, then there exists a function u(z)em-sh(C") such that
U#—ooU|.=—00.

A following main theorem proved in the dissertation concerns quasicontinuity

of m-—subharmonic functions over the capacity. Well-known C-property of
N.N.Luzin conforms that any measurable function is quasicontinuous almost
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everywhere by Lebesgue measure. Capacity analogue of this theorem for
subharmonic and plurisubharmonic functions is well-known. For m —subharmonic

functions in DcC" takes place quasicontinuity almost everywhere by
m —capacity.

Theorem 8. m—subharmonic function is quasicontinuous almost everywhere
by m—capacity, i.e. if UGm—sh(D), then for any &>0 there exists open set
U < D such that C(U)<e and the function u is continuous in D\U .

Proof of this theorem is based on integral estimates of m—subharmonic
functions, properties of condenser capacity and theorem 3.1.

Using analogue of Cartan’s theorem we can prove a following fundamental
theorem of potential theory.

Theorem 9. Let 1<m<nandu,,u,,...,u, em—sh(D) L (D) . Then
1) recurrence correlation

[dd°u; A...Add U A B [(@)= [u,ddu, A AddY ;A BT Add ),

weF™"™(D),k=1..,m,

define positive currents of bidegree(n—m+k,n—m+k);

2) for any C”approximation u; J u,i=01..m, j>oo we have
convergence of currents

dd°ulj A A dd°ukj AL ddu AL Addu A BT (K=1,..,m);

In paragraph 3.3 using theorems 3.5 and 3.6, we set a series of important
properties of 2, - measure w*(z,E,D)and capacity C(E,D) for the sets Ec D,

Theorem 10. For any compact set K <D its %, - measure *(z,K,D)

satisfying of equation (ddca)*)m AB™™=0in D\K.

We note that in Chapter Il (theorem 2.11) analogical fact, in case m—regular
compact set K < D was proved.
Theorem 11. A set of m—irregular points of compact setK has a zero

capacity: C(1,)=0,i.e.l, is m—polar set.
A following theorem has a connection with the theorem 3.8 which gives also
a positive answer to the second problem of Lelon for m —subharmonic functions.
Theorem 12. Let {u,} —be an increasing sequence m—subharmonic functions

such that a function u(z)=limu, (z)-is locally bounded from above. Then a set

im0
o ={u(z)<u*(z)}, whereu*—is a regularization of u, is m—polarin D.
Corollary. For any compact set K =D, its capacity C(K) coincide with
following integral:
C(K)=[(dd°@(z,K,D)" A """

K
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In the end of Chapter Il we prove measurability of Borel sets by capacity
C(K)=C,(K,D).

Theorem 13. An arbitrary analytic set E €A, in particular, an arbitrary
Borel set is measureable by capacity C(E), i.e.. C,(E)=C"(E), where

C.(E)=sup{C(K):K cE is a compact set/,
C*(E)=inf{C(U):U o E —isopen}
are interior and exterior capacities respectively.

In Chapter IV we consider a class of weakly m—subharmonic functions
(m—wsh), defined by the relation

dd“u A (dd*[z%)"" >0. 2)

This class is wider than the class of plurisubharmonic functions, but it is
strongly contained in the class of subharmonic functions. In addition, the 1—wsh
class of functions coincides with the class of subharmonic functions and the class
ofn—wsh functions coincides with the class of plurisubharmonic functions.
Moreover, the m—subharmonic functions are simultaneously m—wsh functions,
i.e. m-shcm-wsh. This fact does not allow us to use the

operator(dd"u)m A L™ and methods of potential theory of the m—subharmonic

functions to study potential properties of weakly m—subharmonic functions.
Moreover, there exists twice smooth functions satisfying the condition (2) for

which the operator (dd°u)m A B Mis not positive. Therefore, in the dissertation, to

study of class of weakly m—subharmonic functions used a different approach,
different from the relevant method of studying m—subharmonic functions. The
weakly m —subharmonicfunctions have excellent geometric interpretation; they are

characterized by subharmonic in any (n—m+1)- dimensional complex plane

IT< C". Therefore, the weakly m—subharmonic functions are convenient to use in
multidimensional complex analysis and geometry, easy to learn. However, as it
turned out, for this class has not found the appropriate operators of Monge-Ampere
in the class of plurisubharmonic functions or Hessian operator in the class of
weakly m—subharmonic functions. Because of this, in contrast to the class of
m —subharmonic functionspotential theory in the classm—wsh is far from
completion. Nevertheless, in this chapter, we prove several potential properties of
this class. Other geometric properties of m—wshfunctions can be found in the
works of R.Harvey and B.Lawson, D.Joyce and M.Verbitsky.

Definition 4. A function u(z) € Lj,.(D), given in a domain D<= C" is called
weakly m—subharmonic functions in D, 1<m<n, (subharmonic function in
(n—m+1)- dimensional complex planes), if:

1) it upper semi-continuous in D, i.e.

limu(z) =lim sup u(z) <u(z°);

2-2° £V B(2%,¢)
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2) a currentdd®u A (dd®|z?

)™ >0in D, i.e.

dd°u n(dd*[2") () = [u(dd®[z') " Add°w=0, weF", w20,

The class of such functions is denoted by m—wsh(D). The letter "w" in the

notation of the class is set in order to distinguish that class from the class of m—sh
functions. The following theorem gives us a geometric characteristic of m—wsh
functions.

Theorem 14. An upper semi-continuous function u, given in domain D < C"
is m—wsh if and only if when for any (n—m+1)- dimensional complex plane

[T<=C" the restriction
U‘H esh(I1ND).

The proof is essentially used the properties of flows and integral inequality of
subharmonic functions.

Corollary. m—sh function in D < C" is m—wsh function at same time, i.e.
m—sh(D)cm-wsh(D).
Next we introduce a notions %, — measure and ., — capacity of subset
EcDof DcC":
o(w,E,D) =sup{u(w): uem-wsh(D),u|,<0, ul.<-1},
®*(z,E,D)=limo (w,E,D)
2 (E,D):—ja)*(z,E,D)dV.
D

The 2., (E,D)>0 is positive and it (E,D)=0if and only if whenEis
mw —polar set in D . Moreover, we have
Theorem 15. A value £, (E, D) is monotonic and countable subadditive set

function: £,,(E,,D)<%,, (E,,D)forE, c E,and

Z’nw[OEj,D]Siﬂw(Ej,D).
j=1 j=1

Moreover, for any set E < Dand for anye¢ > Othere exists open set U o E
such that

Zw(U,D)-Z, (E,D)<e.
Corollary 1. For any decreasing sequence of compact sets K, o K, o...the
right continuity

jooo

j;nw[ﬁKj, Dj:limj,;w(Kj, D)
j=1

iIs true, and if G, — G, —...a sequence of open sets, then the left continuity
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ﬂW[OGj,D}ljim.ﬁgnw(Gj,D)
i —0

is true.
Corollary 2. A set function £ (E,D) has all properties of Shoke’s

measurability and consequently, any Borel set is measurable by 2 capacity.
Thus, if E < D is Borel set then its outer and inner capacities are coincides:
7:,(E,D)=2,.(E.D),

where

2. (E,D)=2,(E,D), £,.(E,D)=sup{£, (K,D):K < E iscompact set}.

Paragraph 4.3 of the Chapter IV is devoted maximal m— wsh functions and
Dirichlet problem in the class m—wsh functions.

Definition 5. A function u(z)em—wsh(D) is called maximal in D<= C", if
the maximum principle in the class of m—wsh functions is true for this function,
i.e.if v(z)em—wsh(D): LTD(U(Z)—V(Z))ZO, then u(z)>v(z), vzeD.

In order to study maximal functions, we consider Dirichlet problem in the

class mw—subharmonic functions. Analogically, in the class of plurisubharmonic
functions the Dirichlet problem formulated in the class of mw—subharmonic

functions as follows: let D — C" — be a bounded domain and (&) eC(oD)—be a

fixed function. The problem is how to find maximal continuous mw —subharmonic
function u(z): u|,,=¢. As usual, we looking for a solution by Perron’s methods:

putting
% (p,D) :{u S m—wsh(D):Wu(z)s(p},

z—0D

w(z)=sup{u(z):ue(p,D)}. (3)

In classical case m=1 one can prove that if the domain D —strongly
1—convex (regular), for example, with smooth boundary oD, then o is the
solution of Dirichlet problem, i.e. it is harmonic in D, continuous up to the
boundary andw|,,=¢. However, as well as in the class of plurisubharmonic

functions, for m>1 the problem is more difficult and existence of solution requests
additional conditions of convexity on D and to the boundary function ¢.

Theorem 16. If D < C" —is a strongly mw-convex domain, then the Dirichlet
problem is solvable on it with any boundary condition¢ e C(oD). More precisely,

the function (z)=sup{u(z):ue(p,D)} is maximal continuous function,
a)em—wsh(D)ﬂC(B) and Izigga)(z):(p(g), EeaD.

For  the  plurisubharmonic ~ functions  (m=n) the relation
Izigga)(z):go(ﬁ) V& eoD was proved by Bremerman, and continuity a)eC(B)
was proved by Walsh.
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The Chapter V is devoted to the applications of m—sh functions, the
problem of multidimensional complex and harmonic analysis: Nevallina’s theory

(paragraph 5.1) and Dirichlet problem for the equation(dd°u)m /\(dd°\z\2)n_m =0

(paragraph 5.2), removability of singular sets of potential (paragraph 5.3). The
paragraph 5.4 is devoted to the m—sh functions in wholeC". Here we introduce
Green function Vm(z,K) of compact setK < C", study its main properties and

setup a connection Vm(z, K) with m—convex hull of compact setK. In paragraph

5.5 we consider the question about definition of operator(ddcu)m /\(ddc\z\z)n_m in

the class of arbitrary (not necessary to be bounded) m—sh functions. And finally,
in paragraph 5.6 we study an intersection of harmonic and m—wsh functions.
As 1s known, main object of multidimensional Nevanlinna’s theory is to

study distribution of preimages f~(A) of holomorphic mapping
f=[fy, f,... {,]:C" > P, f;e0(C"), f =0, complex planes Ac P, where

P‘—projective space with dimension dimA=q—k,1<k <min{qg,n}. The main
characteristic function of Nevanlinna’s theory is a function with order

1O =[S ot (1),
B

0

where B, ={|z|<t}-is a ball inC", w=dd* I\, w=[wy,w,..,w,]e P9, and
1
\w\:(\wo\z+\W1\2+...+‘wq‘2)2. Under the integral is operator in hessians

(A B (dd In|f (2) \) A B . Our purpose is transformation of this

operator using fundamental solution Gm(z) of the operator (ddcu)k A B in the
paragraph 5.1 were introduced the foIIowing functions

T (r,m) = j — ja)(f)A AP

Otm

where @, =dd G, (z),1<k <m<n. The main results of this paragraph are
Theorem 17. Let f =[f,, f,,..., f,] be a holomorphic mapping f :C" — P*.
Then

r

TOEN=TOM) = o - jw(f) B,

0

m-k r
j Ithlk/m)l ja) (f)/\ﬁnk, 1<k<m<«<n.
0

T®(r,m)= (
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Theorem 18. Let f:C"—C"be a holomorphic mapping. Then for any

r>0, a>1 1<k<m<n following estimation is true
2(n—-m)(k-1)

TO@r,m<Nr o [In M, (ar)]
where N =N(k,m,n,a)—is a constant, M (r) = max{«/1+| f)F:|z|= r}.

In paragraph 5.2 was considered a following Dirichlet problem:
(ddcu)m /\ﬂn—m :0’ u oD :Q)(é:), u Em—Sh(D)ﬂC(D)

From the results of Chapter Il follows that the solution of Dirichlet problem
will be maximal m—sh function, so considered question neither more nor less
than finding maximal m—sh function with given boundary value. In this respect it
IS a direct continuation of studying maximal m—wsh functions.

To solve Dirichlet problem in general case, m>1, on D imposes additional

requirements. In several works these requirements are related tangential planes to
the boundary oD of the domain D, and in works of Li, Blocki, Dinev, Kotodziej

these requirements gives in term of eigenvalues of differential form dd°p,where p
twice smooth boundary, i.e. 6D :{p(z):O}. In our dissertation we request from

D its m-regularity, connected with m—sh functions, i.e. in any boundary point
& e oD there is a barrier (peak) in the class of m—sh functions.

Definition 6. The bounded domain D < C" is called m—regular, if there is a
barrier (peak) function

b(z)em-sh(D)NC(D): b(£°)=0, b5, <O

in any boundary point £° €D

The main result of this paragraph is

Theorem 19. If the domain D < C" is m-regular, then the Dirichlet problem
has unique solution with any boundary condition ¢(£)eC(dD) in it:

(dd°u)" A g™ =0, uem—sh(D)NC(D), ul,=e(£).

In the paragraph 5.3 of dissertation we study removable singular set of
subharmonic functions. Since, subharmonic functions are subsolutions of elliptic
operator Laplace, Au>0, then without narrowing studying area, we consider a
problem for general case, i.e. for a subsolution of arbitrary elliptic differential
operator with order m>2,

k
’

P
P(D)= D“, D=
(D) ;na“ OX{ 10Xy ...OX]"

with smooth coefficients.

We denote by P—sh(G) upper semicontinuous function u(x), which at
same time is subsolution of operator P(D): P(D)u(x)>0. The function
u(x)eP—-sh(G) is called P —subharmonic functions. We note that if

ca=(a,a,,...a,), |a|=|a|+ ||+ + ||
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P(D)=A—is Laplace operator, then the class P —sh(G)is coincide with the class
of subharmonic functions sh(G).

Definition 7. A closed subset E of a domain G is called removable singular
set for the class P—sh(G\E), if for any function u(x)e P—sh(G\E) there
exists a function (x) € P —sh(G) such that G(x)=u(x) VxeG\E.

Similarly, one can define removable singular set relatively the class of
P—sh(G\E)NL; .. (G). We note that, here and below L (G)—is a space of k
differentiable function, and the partial derivatives

B
OXAOXE . DX
space L (G).

Singular set of harmonic and subharmonic functions were studied by several

authors. So, a closed set EcG is removable for a bounded from above

subharmonic function, if and only if, when it has zero capacity C(E) =0. Interms
of Hausdorff measure, the condition of removability of singular set of harmonic
functions of the class Lip, was studied in papers L.Carleson for O0<ea <1 and

E.P.Dolzhenko for 1<a <2. In paper A.Sadullaev and J.Yarmetov was studied
singular set of subharmonic functions from the class Lip, (0<a <2), also in terms

of Hausdorff measure. Removable singular set of subharmonic functions of class
L"p(G) was studied in papers B.Abdullaev and S.Imomkulov. In papers P.Harvi
and J.Polkin was studied removable singularity of solution of elliptic equation
P(D)u =0from the space L (G).

In the dissertation we generalize the theorem of Harvi-Polkin, proving several
theorems on removable singular sets of the class P—sh(G\E)NL(G) in terms

of C, - capacity.

Da

. || =|es| +|ay| + ...+ |a,| =k of orderkare belongs to the

Theorem 20. A compact subset E of a domain G < R", n>2 is removable for
a function u(x)eP-sh(G)NLS(G)if and only if the capacity
C,mi(E)=0, where P(D) —elliptic operator with order
m>2, 0<m-k<n,

: n : :
if p<—k (p=+w at n=m-Kk), then one-point set is not removable
n—m+

already, as it is shown in example, the function —®(x,y,), where y, € G — is fixed
point and ®(x,y) —is fundamental solution of elliptic operator P(D).

In theorem 20, it is requested that the smoothness degree was k <m. For
k =m we have
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Theorem 21. A compact set Ein a domain Gc<R" is removable for a
function u(x)eP—sh(G)NL} . (G) if and only if the Lebesque measure
m,(E)=0.

Now we consider a case when smoothness degree k >m.

Theorem 22. The compact set Ein G < R" is removable for the function
u(x) e P—sh(G)NL;(G), k>m, p>1,if and only if E nowhere dense in G.

The paragraph 5.4 of the dissertation is devoted to the applications of
m —subharmonic functions in whole C"and the Green functions to m-—convex
geometry. In the class of m—sh((C”) functions the Green function defines
analogically extremal function.

Vm(z,E):sup{u(z)em—sh(C”):u|E<—1, u(z)<0 VZeC”}.
The Green function V, (z,K) is usable instrument to investigate m—convex

hull, which plays key role in geometry, theory of nonlinear differential equations
and theory of m—subharmonic functions.

Definition 8. For a compact set K < C" a set
K, ={z eC":u(z)<|uf, Vue m—sh(C”)}
is called m—convex hull of the compact set K. The compact set K is called
m—convex, if K=K .
It is clear that K_ is compact set inC" and K. 5K ,5..oK 5K, K.
coincides with a polynomial convex hull of K and Kl—with complementation of

unbounded connected component of open set C"\ K. The main result of this
paragraph is
Theorem 23. For any compact setK = C" its hull K coincides with a set
{V,(2,K)=-1}: K={V, (z,K)=-1}. Moreover, for Green functions the following
identity is true:
Vo (2.K) =V, (2.K).

In the paragraph 5.5 we give a definition of operator (dd°u)m /\(ddC \z\z)n_m in

a class of arbitrary (not necessary to be bounded) m—sh functions. We note that in
Chapters Il and 1l this operator was defined only for bounded m—sh functions.

Here we propose one method of defining of operator (ddcu)m AB™™ which is

close to A. Sadullaev’s method of defining Monge-Ampere operator in the class of
plurisubharmonic functions: for a given arbitrary function u(z)em—sh(D) we

consider a bounded function u,=In(expu+a),a>0. Its hessian operator

(ddcua)m A B"™ represents in the form
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1 n—-m a n—-m
mA QNS A g 0, AT

(ddcua)m /\ﬂn—m —

(v+a) (v+a)
where v=expu and @,,®, are some positive currents of bidegree(m,m).
HI ¢ \™ n-m __|; 1 n-m __ 1 n-m :
A limit (ddu) A g™ =lim A pT =g BT is characterize

(ddcu)m/\ﬂ”*m out of singular set S={u=-oc} and if weak limit

(ddu)) A" =lim __

————w, AP exists as generalized function, then it
a>0 (V +a)

characterize (ddcu)m AL on S, supp(ddcu)m AR S,
Theorem 24. If a function u is locally bounded, then (ddcu)z AP =0
and (ddcu);n AB™™  coincides  with (ddcu)m AB™™.  Moreover, if

(ddcu)m A " "=0 then the function u is a maximal function.

In the paragraph 5.6 we demonstrate some applications of the theory of
m—wsh functions to the pluriharmonic functions. The well-known Lelon’s
theorem confirms that: if a function u(z) simultaneously harmonic, i.e. Au=0

n 2

and plurisubharmonic, i.e. dd‘u=
P i%aziafj

dz; AdZ; 20, then its pluriharmonic,

i.e. ddu=0.

In the considering paragraph we prove an analogue of Lelon’s theorem in the
class of m—wsh functions. The main result of this paragraph is

Theorem 25. If a function u(z) simultaneously harmonic and weakly

m —subharmonic, 1<m<n, then it is pluriharmonic.
CONCLUSION

The main obtained results of the investigation are following:

1. The m — subharmonicity of supreme in the class of m — subharmonic
functions and m — subharmonicity of restriction to the complex hyperplane were
proved;

2. The notion of condenser capacity in the class of m — subharmonic functions
was introduced and a series of important properties of capacity were proved;

3. Quasicontinuity and comparing principle for m — subharmonic functions
were proved;

4. Convergence of currents for a standard approximations and fundamental
theorems of the potential theory in the class of m — subharmonic functions were
proved;

5. The class of weakly m — subharmonic functions was defined and a series of
potential properties of this class were proved,;
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6. The method of application of the class of m — subharmonic functions in
multidimensional complex analysis and potential theory was developed. In
particular, in Nevanlinna’s theory — to estimate characteristic functions, in convex
geometry — to describe m—convex hulls, in theory of pluriharmonic functions — to
set pluriharmonicity of functions (analogue of Lelon’s theorem).

In general, the obtained results allow us to speak about achieving the goals of
research of dissertation work. Constructed potential theory in the class of m —
subharmonic functions is a new research direction which has an important
application in Nevanlinna’s theory, in complex projective space, in theory of
nonlinear elliptic equations and etc.
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