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KUprPHl

3aMoHaBHil (haH-TEXHUKAHWHT PHUBOXKJIAHHMIIM Xap OWUp MyXaHIMCAAaH MaTeMaTHKaHWHT
SIIEMEHTIIApUAaH SAXIIUTHHA Xabapaop OYIuIIUruHay Tanad staan. Mmmad yukapuiira 3aMoHaBHA
TEXHOJIOTUSUIAPHUHT KUPUO KENWUIW, YJApPHUHT SPAaTWIMIIAAA MYXAHJIUCIAp YYKyp MaTeMaTHK
OunMra sra OYJIMIITUHA TaK030 KHUJIaIu.

Ymly ycnyouid KyimaHMa MareMaTUKaHUHT MyXUM KHCMJIapuaH Oupu OyiraH BEKTOpIap
TaxJIWIMHUHT MaiIOH TYIIYHYaCUHU YPraHUINTa, TaxJIu1 KWidiira Oarunuianrad. by kynnanmanan
TEeXHUKa OJIMH YKyB IOPTH Tasabajapu, acClIMpaHTIap Ba KEHI MyXaHIUCIap TypyxH (oiinanaHumm
MYMKHUH. YHJaru cKajusip, BEKTOp MaiJIoHJIap, yJlapAarda MyXuM MaTeMaTuK aMajuliap cojjia TUijia
0aéH >THIIMIINTa XapakaT KWIWHTaH.

dazonaru OHpOp-OMp KATTATUK YIyH MalJoH OepwuraH Aeiniaau, arapjaa (HasoHUHT xap
Oup HyKTacw €ku yHUHT arpoduia Oy KaTTaIMKHUHT KHMMaTH MaBxyn Oyica. Texmmpuiaérran
KAaTTAIMKHUHT XapakTepura Kypa MaWJIOH HKKM XWJI KYpPUHHUIITA, SBHU CKalsp Ba BEKTOP
Maiionnapra 6ynmHamu. Arapia ckansp Kartanukau U , gasosuii nykrann M ne6 Genrmnacax, y

xonma M wykraHMEr Xap 6Mp XONATHHM AHUKIANA U COHJIM KATTATMKHHHI MabIyM OHp

KuitMatuan Qoiinananunany. Jlemax, ¢ uu M uykranunr GyHkmuscH ne6 Kabyn KMIMIIMME3
MyMkuH. Tabuwmiiku, Oy (yHKIUS TymyHyacu Ow3ra Iy maitrada mabiym Oynran — Oup

V3rapyBumiu (QyHKIUS TYIIyHYACHAaH GapK Kuiaan. Arap MaiI0H HocTarmoHap (6apkapop smac)
Oynca, y xonma U = f (M 1 ) KypuHulga 6ynaau. Arap TeKIIUPHWIAETTaH KaTTaTMK MacaJlaHUHT

KYWUITUIIUTa Kypa TeKUCIuKaa Oyica, y xojaa Oy MaloH siccu aeiwianu. MacainaH, KaduHIUTH
XucoOra oJIMHMaraH XoJjja IUIaCTUHKana pyi OepaéTraH HMCCHUKIUK JXKapa€HJIapuWHU YpraHuuiaa
siccl MaiiioH1aH (ol jaanuIau.

Maitonnap HazapusicHIaru xap OUp MaTeMaTuK amalllap Ha3apuil Ba aMaMid KUXaTJaH
TymyHapau xoJjiga kenatupwirad. IlyHuHr yuyH Tanmabaiap Ba MYXaHAMCIUK HIUIapu OWIIaH

MAIIFynn Oyiaran MyTaxaccuciap y4yH ymoly ycayOuil Kyutanma aManuid uiiapura épaaM oepaniu.



1. Ckaasp Ba BeKTOpJIap

Marematuk (QU3MK Ba MEXaHHMKa Macajlajlapura HHTErpanl XuCOOMHH KYIMHYAa BEKTOP
KYpUHMIIA Kyugam Kynaail Oynaau. Tana®a Y3MHUHI COHIM KUMMaTh OWJIaH aHMKJIAHAJUTaH
(MacanaH, XaxM, Macca, 3UWIMK, TEMIIEpaTrypa) cKajsp €KM CKasp MHUKIOp TyUIyHYacH Xamja
TYJla AQHUKJIAHUIIW YYyH siHA WYHAIMII KYPCATWIMILIMHU Taja0d KWIyBYM (CYpWJIUII, TE3JHUK,
TE3JIaHUIIL, Ky4 Ba X0Ka30) BEKTOP Ba BEKTOpP MUKJIOP TYLIYHYACH OWJIaH TaHUII J1e0 XUCOoOIaiMus.

MabyMKH, BEKTOPJIApHU TEMacwura CTpenka Kyiunran xaphuap A4,7,V,.... OWiIaH, CTpeIKacus mry

JF = |17 V= |\7 ,... HU Oenrwiamus.

A,r,v,..... xaphnap OwiaH yJapHUHT Y3YHJIHKIAPU A:‘Z
WNunexciu xapdiap ﬁx,?y,ﬁn,.... 3ca  yJapHUHT  MOC  paBHUIIIa X, y,n,... yKIapaara

MIPOEKIMSUIApUHU OMIITUPAIH. A BEKTOPHUHI KOOpAMHATA YKJIapra MpoeKIusiapu IZIX,IZIy,;IZ nap,
YHU Y3YHJIHMK (COH KHMMAaTH) >KMXaTHJAaH XaM, WYHaJIWII S>KMXaTHAAaH XaM TYyJla aHUKIanau.
ynunrnex, Tamabda KyHuaard BEKTOpiap aireOpacHHUHT acOoCHi MabIyMOTIapu OWIIaH XaMm
TaHUII Ae0 XUcooIanmus.
A Ba B BEKTOPJAPHUHT CKalAp Kynaummacu 1ed
A-B=A-B-cos(4,B)
Ckansip (COH)HM aWTWIMIIMHUA  OCIATHO YyTamMu3 Ba y YKIapIard NPOSKIHsUIapH OpKaIu
Kyiinaaruda udoaanaHaau
A-B=A4,-B,+A4,-B +4.-B., (1)

Kyitnna Ba OyHnaH kelinH OW3 coaT CTpejaKacura TeCKapu aiJIaHUIIHY, SbHU YHT KOOpAMHATA
CHCTEMACHHH acoc Kuiiub omamus. Y xonga ukku A Ba B BEKTOPJIAPHUHT 8€KMOp Kynaummacu
Y3YHJIUTH A-B-sin(gl,é) OyiraH Ba MKKaja KyNaWTyBUYHTra MEpreHAUKYISp, A nan Bra (180°
JaH KHYUK Oypyakka) OypHIIUII cOoaT CTPEJIKAcUTa TeCKapyu TOMOHTa WYHalIraH BEKTOp Oynaan: yHu
AxB Ounan GelrunaHam. Bektop kymalTMaHWHr VKiIapJard MpOEKIUsJIapu, arap YHT

KOOp/JMHATa CUCTeMAacH OJIMHTaH Oyiica, Kylujaarura TeHr 0yaan
A,-B,—A.-B,,A.-B.—A,-B.,A B, -4, B, (2)

2. Ckansip Ba BEKTOp MaiiioH!

Tabpud. @azonunar 6upop Kucmu (€xku OyTyH Pa3zoHHHT) Xap Oup M HyKTacu OwiaH OHpPOP
CKaJsip €KM BEKTOp MHUKAOpP OuiaH OofyaHran Oyica, Oy MUKJIOPHHMHT, MOC paBUIJla CKaJsp €KU
8eKmMop Mat0oHu OSpUTaH JCHIITAIH.

Ckansip MaigoHTa, MacajaH, XapopaT MaWJIOHM, OUp KUHCIUMAC MYXUTAA 3UWIUK
MaiIoHH, Ky4 MaliJJOHN TIOTEHIIMANIH, SJIEKTPUK TOTSHIIMAIA MaiIOHN MUCOJI OYia OJIajIu.

Arap u KaTTalMK { BakTra OOFiMK Oynmaca, Oy kaTtanuk cratimoHap (€ku OGapkapop)
KaTTaJIMK JeWuIaan, akc XOoJja MaiJioH HoctatuuoHap (€ku Oapkapop OyiMaraH) MaloH
nevinnamu. lynnait kummb © KaTTanuk ¢ Bakrra OoFimmK OynMacaaH, 6anku ¢akat M HyKTaHUHT
dazonarn ypHura OornMK OYnamu, SBHH # KaTTamuK M HYKTaHUHT (QYHKUOUSACH cudartuga
Kapamangu Ba u =u(M) xypunumpga OenruinaHagu. by ¢yHkuusHE MaiinoH (yHkumscu ned
aTaliMM3.

Arap dazoma Oxyz KoopIMHATanap CUCTEMACHHU KHPHUTCAK, y Xoijga xap Oup M HyKra
MabIyM X,V,z KOOpJHHATanapra sra Oymaad Ba u cKajsp (QYyHKUMS 0Ty KOOpAWHATAJapHUHT
byakmusicn Oymamgn  u =u(M) =u(x,y,z). Ulyamaii kumubd, 6u3 y4 y3rapyBumim (QyHKIUSHAHT
(U3UK TATKMHUTA KEJJIUK.

bu3z moumo Oy dyHKIMS ydana 3pKiau y3rapyBum Oyin4a y3iIyKcH3 XOcCHiiajapra sra jied
dapa3 kunamu3. Arap Oy xocuiaiap Oup maitaa Hojra ailylanMaca

u(x,y,z)=c, (c=const)
TEHIJIaMa OMpop (Maxcyc HyKTajapu OyiMaraH) CHpTHH aHUKJIAHIH.



Tabpud. Ckansp MalIOHHHHUHT camy cupmu 10 (a30HUHT UIyHIal HyKTalap TYTUIAMHTa
alTHIaauKy, yHIa Maiion Gyakmusacu v =u(x,y,z) y3rapmac Kuiimatra sra Oyiauu.

bomikaua aditranga u =u(x,y,z) MaiiioH QyHKIUSCH Y3rapMac KaiMmarra isra
Oynanuran (a3oHUHT IMIyHAAW HYyKTajlap TYIilamMura ckajiasip MaWJOHHHUHI CaTX
cuptu 10 atanaau. CaTx cupTH Ae0 atanyBud Oy CUPT HyKTajapuja u y3rapMac
KUAMaTHU Cakjanau. byHmal cUpTiap TyIiaMu Kapala€TraH COXAaHU TYIIUPAIH,
allHM TalTna COXAaHMHI Xap OWp HyKTacujaH OuTTa Ba (akaT OUTTa caTX CHUPTH
Vraau. PaBmianku, OyHaail cuptiap y3apo Keculmaniu.

TexucaukHuHr kucmuaa (€ku OyTYH TEKHMCIMKIA) aHUKJIAHAIUTAH CKaJsp
MaiJIOHHU Kapacak, YHUHT Xap Oup M HyKTacura Y CKaJgp KaTTAJIUKHUHT COH
KAMMAaTH MOC KeJIaau, SbHU u =u(M).

Tabpud. SAccu ckansp MalWIOHHUHT camx yu3uey €0 TEeKUCTUKHUHT MIyHIai
HyKTanap TYIlamMura auTuiajukd, yHIa u=u(x,y) MaWIoH (pyHKIUSICH Y3rapmac
Kuitmatra sra Oynaau.

Arap, MacayiaH, MaiaoH u =x’ +y’ +z° GyHKIUS Onian udoaananran oyica, y
X0JIJla MapKa3u KoopjauHata Oomuaa OymraH x*+y>+z>=C, (C>0) chepa carx
cupTH BazudacuHu daxapaam.

3. bepwiran iyHaaum 0yin4ya XocuJjia

Ckansip MaWJOHHHMHI MYyXHMM TyllyH4yacu Oepwiran #yHanmum Oyinya
xocunaaup. dapa3 KwiIalauk, CcKausip MaWJOHHUHT AuQdepeHInaianyBun
byHkuscu u =u(x,y,z) Oepuirad 6yincun. by maitnonnaru oupop M(x,y,z) HyKTaHH

Ba [y HYKTaJaH YMKyBud Oupop [ HypHH KapaiiMus. By HypHUHT Ox,Oy,0z YKiapu
OuJaH TaIIKWI KWIraH Oyp4yakiIapuHu «,f,y OpKanu Oenrunanmus. Arap l Oupnuk
BEKTOp Oy Hyp Oyiinua i I/IYHaJ'IFaH oynca, y xonaa KYI/II/IIIaFI/IFa ara 0ynamus:

[ =i-cosa+j-cosf+k-cosy

0

—

Ckansp MalgoHHMHT JudepeHIMAIanyBYUN  u =u(X,y,z) (QYHKIMACHUHUHT [

ou

WyHanum O6yiinya Xxocwinacu — 8 Kylujaru

ou Ou ou ou
—=—-cosa+—-cosf+—-cosy

ol 0Ox oy 0z
dbopmyna OunaH aHUKIaHAIY.

Arap M HyKTa TallMHIaHraH Oyica, y XojJa XOCWJIAHWHI KaTTaJlurd Qakar

[ HYPHUHT HYHanmumuraruia Oofiauk Oynaau. [ HyHanmum O0yinya Xocuia Xycycui
Xocujanapra yxmam u (QYHKIUSHUHT Ma3Kyp WYHaIUIIJIard y3rapuil TE3JIUTMHU

= ou

XxapakTepiuaiay. XocwiaaHuHr [ WyHamuimn OViimya aOCOMIOT MHUKIOPH |—

TE3JIMKHUHT KAaTTAJIMTUHU aHUKJIAWAM, XOCWJIAHUHT HIIOpacu 3ca u (QYHKIHS
V3TapUILIMHUHT XapaKTEPUHU aHUKJIAWIN:

Arap Z—; >0 Oyinca, y xonaa GyHKuus Oy WyHanmuiiaa ycasuu,



Arap Z—? <0 O¥nca, y xonna (yHkius Oy MyHanuiga kaMaaim.

Arap [ WiyHanumn KoopAuHATaNap YKUHUHT MyHaIUNUIapuaad Oupy OMiIaH OMp XHII
Oynca, y xonma Oy HyHanum Oyiinua Xxocuia TETHMIILIM XyCYCHM XOcujara TeHT,
IIYHUHT Y4yH cosa =1,cos f =0,cosy =0 Ba % :g—z.

Mucon. u=xyz QYHKUUSHUHT M (-1,2,4) HyKTajga, my HyKTagaH M, (-3,4,5)
HyKTara TOMOH MYHaluIIAaru XOCUJIaCUHU TOTIHHT.

Buum. MM, BEKTOpHM Tomamus. MM, = (-3+1)i +(4—-2)j+(5—-4)k =20 +2j+k

- MM,  -2i+2j+k 2. 25 1=

Ba YHra MOC OMPJIMK BEKTOPHU TONAMU3: [, = ‘_ = =——i+—j+-k.
MM,\| J2y+22+17 3 37 3

Mynpait  kuiuo, [, BEKTOp KyHMJard MHYHAITHPYBYM KOCHHYyCJIapra ora
cosoc——2 cosﬁ—z cos _1

3’ 373
OHn u=xyz GYHKUMSIHUHT  XYCYCHMM  XOCWjajla PUHH  TOMAMM3:
ou_ yz,a—u = xz,a—u =Xy Ba yIapHU M(-1,2,4) HYKTaJ1a XucoOmanmus
ox oy 0z
%:g.(_z)_4.2_2.l:2(_8_4_1) :_é
ol 3 3 33 3

1313

uiiopa Oepuirad HyHanuIaa u = xyz QYHKIUSHUHT KaMalUIIMHU KypcaTaiu.

4. CkaJjasip MaliI0H rpaJiueHTH

TaLpI/Iq;. u=u(x,y,z) CKalp MAaUJOHHUHI TPAJTUEHTH neb a—?+— J+—k

BEKTOpra aiTunaan Ba y gradu KaOu OenruiaHaau.
u=u(x,y,z) GQYHKUASHUHT OepwiraH HyKTajaru TpajueHTd OuinaH Oy
HyKTajgaru HWyHanum Oyiinua Xocwiia opacujard OofJaHuIIHKA HUdOIamoBYN

. o ou . Ou
KylHJ1aru MyHoco0aT YpuHIu 5 =gradu -l €KU 5 = np; gradu

['paguenT Kynumaru xoccajapra sra:

a) grad(u, +u,) = gradu, + gradu,

0) gradCu = Cgradu

B) grad((u, -u,) =u,gradu, +u,gradu, )

r) gradf(u)= f'(u)- gradu

Oy xoccanap QyHKIUSIHUHT XOCUJIACUHY TOTHII KOUAANapu OUilaH MOC TYIIaIH.
Mucon. u=.x*+y’+z> QYHKUUAHUHT M (x,y,z) HYKTaJard TPaJdCHTUHU

TOTIUHT.
Euni. ABBas Xycycuid XocuIajgapHu XUco0IaiMu3:

w__ 2 X w2y  y w2z
Ox X +y’ 427 u' Oy X +y + 27 u oz X +y* +z° U
Jlemax ,



gradu =27 +X]' +Zk
u u u

Ckansip MailIOHHUHI caTX CUPTJIApM KOHLIEHTPUK cdepanapaaH ubopar Oyiaranu
VUyH gradu YHUHT pajguycu OVyinad iyHanran Oynagu, my Ounan Oupra

gradu = X7 +1j + 2k

u u u
2
2,
u u

2
z
2

2
X
_2_|_

u o
|\gradu| = =—=1, IbHU u=+/x"+y’ +z° QYHKIUSHAHT YCUIIUHUHT SHT
u

KaTTa TE3JUru 1 ra TeHr.
S. Bekrop maiiioH

Tabpud. Xap 6up M HyKkracura OUpop a BEKTOp MOC KylwiraH (Gpa3oHUHT OUPOP
Kucmu (€xku OyTyH dazo) gexkmop matidon Nelniau.

Kyu maiinonu (OFUpIMK Kyd MaiIoHH), 3JEKTp MaWJOHM, 3JIEKTPOMArHUT
MalJOHHU, OKAETraH CYIOKIMKHUHI TE3JIMKIApU MalJIOHU BEKTOP MaWJIOHHUIa MUCOJI
O0yna onaau. busz 4 Bektop (pakar M HYKTaHUHT Ba3usATUTa OOFJIUK OYnaauraH Ba
BaKTra OOFNUK OYynmalauran a=a(M) cTaTHUOHAp MaWJOHJIApHU Kapald YMKaMWU3.
Arap ¢daszona Oxyz KOOpIMHATajap CHUCTEMacH KHpUTWIICA, Y Xojjaa Xxap Oup M
HYyKTa MablIyM x,y,z KOOpJMHAaTajiapra odra OYynaau Ba a BEKTOp Oy
KOOpJMHATaTapHUHT QyHKUMSICH OYnaau, AbHU d = d(x,y,z) .

a.(x,y,z),a,(x,y,2),a.(x,y,z) - Jap a
npoekuusuiapu 0ynuob, ynap xaMm KoopauHaTanapHUHT QyHkuuscu 0ynanu. [llynnait
KAIno

BEKTOPHUHI KOOpAMHATA VYKJIapujaru

a=aM)=a(x,y,z) =axz7+ayj+a21€ .
Arap a,,a,,a.- nap y3rapmac KaTTamuk Oyica, y XOiJa 4 BEKTOp y3rapmac

Oynanu, OyHIail BEKTOp MaMJIOH Oup KUHCIM JeWHiIaJii, MacajlaH, OFUPIIUK Kyd
MaigoHu Oup >KMHCIUaup. bus poumo a,,a,,a.- GyHKOMANAp yd4ana OSpKIM

Vy3rapyBumiapu Oyiinua y3Jykcu3 Xocujaiapra sra ne6 dapa3 kwiamus. Bektop
MAalJOHHU YPraHuIl(a BEKTOP YN3UKIapU MYXUM pOJI YHHAUIY.

Tabpud. a@=a(M)BeKTOp MalJIOHHUHT Xap OWp HyKTacuJard YpUHMaHUHT
UYHaAIMIIY 11y HYKTara Moc Keiral ¢ BEKTOPHUHT MYHaAIWIIM OWiIaH MOC KeJlaJauraH
ATPU YM3UKKA BEKTOP MAUJAOHHUHT eKMOp Yu3ueu NEUWIAIH.

AHUK MaiiJloHIapJa BEKTOp YM3UKJIap MablyM (UMK MabHOra 3ra Oyiaju.
Arap a(M) OKa€TraH CYIOKJIUKHUHT TE3JUKIapU MaljoHU Oyica, y XoJyijia BEKTOp
YU3UKJIAP CYIOKJIMKHUHI OKMII YU3HUKJIApu OYiIaau, SbHU CYIOKJIMKHUHT 3appavyanapu
XapakaTiaHaéTraH 4yu3ukiap Oynanu. Arap a(M) snektpmaiiionu Oyica, y Xoijaa
BEKTOp YM3UKJIap Oy MalJOHHUHT Ky4 YU3UKIapH OYiaau.

Tabpud.o cupt OYIaruHUHT HYKTalapu OpKajid YTYBUM XaMMa BEKTOP YM3UKJIApU
TYIJIAMU 8eKmMOp Haudaiapy AeVUIaIn.

Orpy  4YM3MKKA YPUHMAaHMHI  WYHaITHPYBYM  KOCHHYCIApu  dx,dy,dz
g depeHnnamiapra nponopuruoHal OYJIraHu yu4yH, BEKTOp YU3HFU

d_dy_de
a . B a B a

x v z

7



TEHIJIMKJIap OMJIaH XapaKTepiiaHaIu.

a BEeKTOp HonjgaH (apknu OyncuH. Y xonna aud@epeHunuan TeHriamanap
CUCTEMaJlapy HazapusicuJiard ‘‘MaBXy[JIMK TeopeMacu’ Ta TasHuO, KapalaérraH
cOXa BEKTOp YM3MKJIAap OWJIaH TYJIWIIaJAW Ba YHUHI Xap OMp HyKTacujaH OuUTTa Ba
(dakar OuTTa BEKTOp YM3UFHU yTanu. BekTop un3ukiap y3apo Kecuimamu.

Tabpud. Bexrtop umM3uKiIapjaH TalIKuWi TONTaH CUPTIAPHU GEKMOp CUpm
NeUWIIaau.

BexTop cupTi yHaaru xap oOup M HykTara Moc a(M) BEKTOPHHUHT 11y HYKTaja
YPYHYBYHM TEKHMCIMKAA ETUIIM OWJIaH XapakTepiaHaau. Arap KapaiaéTraH coxaaa
BEKTOp YM3ufuaaH Gapkiau OUpop 3TpU YU3HK OJIMO, YHUHT Xap Oup HYKTacu OpKaJlu
BEKTOp YM3UFU YTKazwica, Oy UYM3UKIAPHUHI TE€OMETPUK YpPHH BEKTOP CHUTPHHU
O0epaau. Arap onuHrad “UyHanTUpyBUM~ YU3UK €MUK OVYica, y XoJiga XOocwi Oyiara
BEKTOP CUPT MPYOKACUMOH 6eKmMOp cupm JeUnNaau. YHU 8eKmop mpyoKacu Xam
NeUWIIaau.

Mucon.  @(M)=xi +yj+zk  BEKTOp MAaHJOHHHUHT BEKTOp YM3UKIAPUHU

TOIMHT.
Eunin. BekTop 4M3uKIapHUHT 1udpepeHiai TeHIIaMacCuHH Ty3aMHU3:

& _&
& _dy_d L Jx oy
x oy ooz dx_dz
X z

By cuctemanu unTerpamiad
In[y|=Injx|+InC,, In|z|=In|x/+InC,
bynnan y=C,x, z=C,x 6yHna C,,C,-nap uxtu€puii y3rapmac coHiap.
Koopaunara 6ommian ynkaérran HypJjiap BEKTOP YM3UKJIapU OVIIUIIM paBIlIaH.
By un3uKIapHUHT KAHOHUK TEHIJIaMalapu KyluJaaru KKpUHUIITa 3ra
y z
x=2 =

¢ G

6. Cuprt opKajm yTaauraH BeKTOP MaiiJlOH OKHMH

Arap o CHUPTHHUHI Xap OUp HyKTacHard HOpMAJHUHT MycOaT HyHaIum
7’ =cosa-i+cosfB-j+cosy -k
OMpIUK BEKTOp OpKaJIM aHUKJIAHTaH Oyica, y xoiaa
a(M) = {ax,ay,az}z ax()c,y,z)zT +a, (x,v,2)] +a. (x,y,z)lz
BekTop MaliJOHHUHT o CHUPT OpKaJu YTyBUM II OKUM J€0 KyHuaaru UKKUHYU TYp
CUPT MHTETPAJINra ANTUJIAIN:
11 = ” a,.(x,y,z)dydz +a,(x,y,z)dzdx + a_(x, y,z)dxdy

€Kn
17:”[ a.(x,y,z)cosa+a,(x,y,z)cos f+a,(x,y,z)cosy ]dO'

(e



¢ku BekTOp maknga I = ”&-ﬁoda :

Arap o -€nuK OYNaKkiIu-CUJUIMK CUPT OYnuO, TalmlKd HOPMAJHUHT OUPIHUK

Bektopu 7’ ={ cosa,cosfB,cosy }OVica, y xonga Oy CHPT OpKamu OKuUO YTaauras

&:{ax,ay,az} BekTop okuMu I Hu ymly Octporpanckuii-I'pun dopmynacu
épaamua XucoOaa MyMKHH:

da, Oa, OQa,
H:fj(ax cosa+a,cosf+a, cos;/)da:_[ﬂ( > + & + > )dxdydz

Oy epna Q- pa3oHUHT o cUPT OWJIaH yerapajaHran Oyiary.
Tabpud. a(M) BeKTOp MalAOHHUHT AUBUPreHUMsICH 1€0

_ Oa. Oa, ¢
divi = x4 T
ox oy Oz
MyHOCOOAaT OWUJIaH aHUKJIAHTaH CKAJISIp MUKJIOpra aiTuiiau.

Octporpaackuii-I'pun popmynacu BEKTOp MIaKiIaa KyHugaru makiga €3uiajiu:

ffa-ii-do = [[[diva - dxdydz
Q

(e

BekTop MaiiloH OKUMUHUHT (U3UK MabHOCUHU ypraHamus. Papa3 KUIaNIUK,
da(M) BEKTOp OKAE€TraH CYIOKJIMKHUHI TE3JIUKIApU MaWJIOHH o CHUPT OPKAIU
aHuKiIaHcUH. by Te3nuk BekTopu Xap Oup M HyKTaja CYIOKIUK 3appadacu
MHTWIAETIaH WYHAIMIL, BEKTOP YM3MKJIAPU 3Ca CYIOKIUKHUHI OKUM YHU3UKIApU
Oynaau. o CUPT OpPKaju BaKT OMPJIUTH MYMJA OKUO YTaJWraH CyrOKJIMK MUKJIOPUHU
xucoOnaiiMu3. ByHUHT yuyH cupTia M HYKTaHU Ba CHPTHUHI dc 3JIEMEHTUHU Kailn
TaMMU3.

Bakt Gupnuruna Oy 35ieMeHT OpKaiau OKUO YTraH CYHOKJIUK MUKIOPU aCOCU 0
Ba SICOBUMCH & OYJIraH UWIMHAPHUHT XAKMUHU aHUKIaWau. By nuMnuHIpHUHT
OanaH/UIMTY YHWHT SICOBYMCH 7’ HOpMaJ OUPIMK BEKTOPTa MPOCKIUSUIANI HYIIN
Ounan xocwn KuiuHaAW. [IIyHUHT y4yH IMIMHAPHUHT XQOKMU & -7’ -do KaTTaJHKKa
TeHr Oynaau. Bakt Oupnauru nuuaa OyTyH o cupT Oyiinua oKuO YTaauraH CyrOKIUK
MUKJIOpPU o OyiiMuya MHTErpajulall HaTUXKacuaa XOCu Oyiaau:

ﬂc_i-fio-da

Jlemaxk, Kyiuaaru xyjiocara KeJlaMmus:

o CHUPT OPKaJIM OPKAJIA YTa€TraH G TE3JIMK BEKTOPUHUHI [/ OKUM LIy CHPT
OpKaJIM BAaKT OUPJIUTM MYMJIa CUPT OPUEHTATLMSUIAHTaH HYHAJIMIIIA OKUO YTraH
CYIOKJINK MUKJOPWATa TEHT.

o cUpT (Pa3oHUHT OUPOP COXACHHM 4YerapajaByd €MUK CUPT OYyiraH XoJu
alfHMKCca KaTTa KH3WKHUII YiFoTagu. by Xomga 7°HOpMan BEKTOPUHH JIOMMO
(a30HMHI TalIKKM KUCMUTa iyHanrad ned onamu3. Hopman TomoHra xapa® xapakat
CUPTHUHI TETHULUIM >KOHUAA CYIOKIMK @ COXaJaH OKUO YMKHUIIWHHU aHIJIaTajliu,
HOPMAJIHUHT Kapama-Kaplld TOMOHIra Kapa® XapakaTH 3cCa CYIOKJIMK CHUPTHHUHT
TErUIILIN KoUK [Ty cOXara OKUO KUPHUIIMHU aHTJaTaau.

o cupT OViin4a OJMHIaH UHTErPAJTHUHT Y3H 3ca

m=|[a-i'do
o



KypHUHUIIIa OENTUINHAIN Ba @ CUPTIAAH OKHO YMKAETraH CyIOKJINK OWiaH yHra OKHO
KUpa€Tran CyIOKIUK opacunaru papkuu 6epaau. bynaa:

Arap [1=00¥ynca, y XojJa « coxara yHJaH KaH4a CYIOKJIUK OKHUO 4YMKCa,
IIyHYa CYIOKJINK OKHO KHpasIu.

Arap I7>00¥ynca, y XojJja @ COXaJaH yHTa OKUO KHUpaJIuraH CYHOKJIMKIAH
KYTIPOK CYIOKJIMK OKUO YUKaIIH.

Arap I1<00ynca, y xoima KypayMm(cTok)aap OOpJMIHHHM KypcaTaau
(MacanaH, OyFiaHajn).

Mynpait kuiud I J a-n’-do wHTEerpajd MaHOAJTapHUHT Ba KypIyMJIApHUHT

YMyMHI KyBBaTUHH Oepaji.
BexTop MaiioHu JTUBUPIEHUMACUHUHT aCOCUM XOccalapu:

1°. div(a +b) = diva + divb
2°. arap ¢ = const , TbHH y3rapMac BEeKTOp OyJica, y Xonaa divc =0 O0ynau.
3%, div((f-d))= f-divi+a-gradf , 6y epaa f = f(x, y,z)- CKansip QyHKIL.
Cuprt opkanu oKuO YTaguran OKUMHHM XucoOJamira JOup MUCOJLIap.
Mucou 1. a=xi —2yj + zk BEKTOP MAWJOHHUHT x+2y+3z=6 TEKUCIUTMHUHT
OMpPUHYM OKTaHTa/1a JKOMIAITraH I0KOPU KUCMH OYindYa OKUMHHU XUCOOJIaHT.
Eunm. x+2y+3z=6 TEKUCIMHUHUHI TEHIJIAMACMHM KAHOHHMK IIaKjIra

P A
KEeNTUPUO MAKIMHU YH3aMU3: o + 3 + 5= 1
(V) -0 1 g 2 - 3 7
TEeKUCIMKHUHT HOpMaJI BEKTOPUHU aHUKJIAUMU3: 7~ = Jj+ k

N 7R VRN Y

d BEKTOp OKMMMHHM Kyihujaaru ¢popmyna 6yiinya xucoonainmms

nzﬂa-ﬁ"daz

(e

(x—4y+3z)do,

il

Oy epna z :%(6—x—2y), do = \/1+(z;)2 +(z'y)2 dxdy = \/1+(—%)2 +(—§)2dxdy.

[Mynnait kuuo,
1
11 :gﬂ(x—4y+6—x—2y)dxdy=

1 3 6-2y
= 6= 2p)dxdy=2[ dy [(1- )= ’
D 0 0 n
=2[(1-y)(6-2y)dy=2[(6-8y+2y")dy= 6 3
L 1, ., .
=4(y —Ay+3)dy=4( ) =2y"+3y) |, = y
1-un3zma

=4(237—18+9)=0
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Mucon 2. a=xz’i +yx*j+zy’k BEKTOp MaHJOHHUHT x>+’ +z>=q> map
CUpPTHU OYiirYa YHUHT TallKKM TOMOHUIa OKMMUHU XUCOOJIaHT.

Eunmi. Cupt €nuk OYiraHu ydyH ¢ BEKTOp MalWJAOHHUHI IIap CUPTH Oyiinya
Tamky ToMmouura okumu 17 uu Octporpaackuii-I'aycc opmynacu 6yiinya Tonamus:

II=([d-n"do = [[[diva - dxdydz = [[[(z* + x* + y* )dxdydz,

yynku  divd = oa, + 9a, + %, =(xz’) +(Ox*) +(zp*) =z +x + )’
ox Oy 0Oz ' ’ )
VY4 ¥14oBIM MHTErpaiHU XUCoOall yayH Kyhunaru ¢popmynanap épaamuaa chepux
KOOpAUHATanapra yramus:
X =rsinf-cosp,

y=rsin@-sinp, OyepnaO0<r<a, 0<¢<2z, 0<0<r,
Z=rcosQ,
Ba KyHHMJIaruHu TONaMu3 dxdydz = r’sin 0 -dr-dep-dO , y Xonaa
= ([a-i'do = [[[diva- dxdydz = [[[ (" +x* + y*)dxdydz =
0 ¢ a T Q27r 5
:mr“sme.drded(p=jr4drjsin9d9jd(p=4“5”.
Q 0 0

0

7. Conennounyiu (HAli4aCUMOH) MaiiI0HIAp

Hcraniran G BEKTOp MaMAoOH diva €paaMuIa CKalsdp MaWIOHHMU BYXKyIra

KEJITUPAJIH.
Tabpud. a(M) BEKTOp MaWJIOHHUHT JUBUPIeHLMICH « COXAHMHI Xap Oup

HyKTacuja HoJra TeHr Oyica, ibHU diva =0 Oyica, y xonjna 0y MalJloH 11y coxaza
COJICHHOU I/ (HalYyaCMMOH) MaiIOH JIeWnIaIu.
HIyHUHT y4yH CoJIeHHOMUIM MaijioH yuyH Octporpaackuii (opmynacura
Kypa:
[Ja-i*do =0, (*)

dbopmynaHu XOCWI KWIaMu3, OyHlIa o - €MUK CUPT OYIMO, @ COXaHM YerapajioBuu
TallKd HOpMad HYHaJIMIIWJA OpeHTHpiaHraH. by maiinonaa Oupop o, r03a4aHu

0JIaMW3 Ba YHUHT Yerapacuaard xap Oup HyKTacHJaH BEKTOp YM3UFH YTKazamu3s (2-
yu3ma).

11



2-yu3ma

by umsuknap ga3zoHUHT BEeKTOp Halyanapu 1e0 aradyBud KUCMHUHHU yerapajaijau.
Arap a(M) BEKTOp OKa€TraH CYIOKIMKHUHI OKHII TE3JMKIApU MaWJOHUHH TaIlIKUI
3TCa, y XO0JIJIa CYIOKJIMK OKHUII JaBoMujJa OyHJail HaWuanap Oyiia0 yHM Kecuo
YTMAacaaH XapakaTiaaHaH.

o, 103a4a, OMpop o, KECUM Ba HaAaWYaHUHI o €H CUPTU OWJIaH YerapajiaHraH
HallYaHUHT OMpPOp KUCMUHU Kapa® yumkamu3. (*) TeHrnuk OyHaall €nuK CUpPT Y4YyH
KyHuJaru KypuHUIIHU OJIau

[[@-i'do = [[a-i’do +[[a-i'do+[[a-i’do =0, (*¥)
c o o c

Oy epna 7’ -TalKd HOPMAJIHUHT OUPIIUK BEKTOPH.

Hatwanunr €x cuptuaa HOpMalUlap ¢ BEKTOP MaWJIOHTa TMEPHNECHAUKYISAP
Oynranu y4yH a-n’ =0.
[y ca®abnu OXUPru TEHTJIMKIATH YYYHUM KYIIUIYBYM HOJITa TEHT I J a-n'do=0.

(e

Hatmwxkana (**) TEeHrMUKHUHT KYPUHUIIN KyHuaaruya 0ynaau
[[a-i*do+|[a-ii’do =0

bynnan sca

[|a-i'do =~[[a-i'do
O oy
Arap o, 103a4ajaru HOpMAJIHUHT WYHAJIMIIMHY TAlIKapUAaH WUKapura
aNMallTUpcak, y Xojiaa Kyiuaarura sra 0ynaMus:

[|a-i'do = [[a-i’do .

Jlemak, CONMHOMUIM MaiIoHAa BEKTOp HalYaHMHI Xap Oup KecuMuaaH
VYTKa3WiraH BEKTOp YM3UKJIAp MYHaIUIIMAArd BEKTOpJap OKUMH Oup Xui Oynaau,
AbHU MaHOacu3 Ba KypAyMcH3 MalaoHJa (UyHKH diva(M)=0 ) BEKTOp HalYaHUHT
Xap Oup KecuMuJaH OWp XU MHUKAOpPJAA CYIOKIUK OKuO VYrtaau. ColeHUuouiin
MauJIOHaru BEKTOp YM3HMKJIAD XE€4 KaepAa WYKOJIMAaWAh Ba SHIUCH NAWI0 XaM
oynmmMaiiu.

8. BekrTop maiiioHuaaru Yu3uKIM HHTEerpaj. Ky4 maiionu 0a:kapras mii.
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BexkTop MaiiioHU UMPKYJIALUMACH

QPapa3 KWIAWIMK, @ COXaJla BEKTOp ManuOHHU
a(M) = {ax,ay,az}z ax()c,y,z)zT +a, (x,y,z)j +a_(x,y,2)k
BEKTOP OpKaJIM XOCWJI KWIMHraH OyicuH. by coxana Oupop L YM3MKHU OJlaMU3 Ba
YHJIard MabJIyM WYHAIMIIHU Oenruiaimus.

Taspud. Mynanran L umsuk Gyiinua onuHras ymoy
_[sz? = Iax (x,y,2)dx+a, (x,y,z)dy +a_(x,y,z)dz

L L
UKKUHYM TYp 3TPU YMU3UKIU UHTErpai d(M) BEKTOPHUHI L YW3UK OYHUYa OJIMHIaH

YU3UKJIA UHTErpaau JeUWIaau.

Arap d(M) BEKTOp Kyd MalJIOHMHHM XOCWI KWICa, d(M) BEKTOPHUHI L YHU3UK
Oyiinya OJIMHTaH YM3UKJIW HUHTErpaii MablyM HYyHanumaa d(M) BEKTOPHUHI L
yu3uK OYilnda Oa)kapraH uuira TeHr Oyiaau.

Tabpud. Enuk L koHTyp OVilMua 4YM3HMKIIM HUHTErpan BEKTOP LUPKYILSACH
nevunanu Ba y 1] 6unan 6enrunananu, sbHU

= fdd? = fax(x, y,z)dx+a (x,y,z)dy +a,(x,y,z)dz
L L

Teopema. Arap a,,a,,a. QyHKUMAIAp Y3IaApUHUHT OWUPUHYM TapTHOIU
XyCycuM Xocuiaiapu OujiaH Oupra o coxajaa y3nykcu3 Oyica, y Xonaa Kyuujgaru
dbopmyna Ypunau 6ynaau:

iﬁax (x,y,2)dx+a (x,y,z)dy +a_(x,y,z)dz =
Oa, Oa oa
or " ax PGy
Oy epna cosa,cosf,cosy JIap o -CHUPT HOpPMald BEKTOPUHUHT WYHAITUPYBUU
KOCUHYCHapu, L-3ca cupT uerapacu. by dopmyna Crtokc dopmynacu aernnaim.

I'pun  dopmynacu Crokc QopMylTacMHMHT L O3rpd 4YU3UK Ba o CHPT Oxy
TEKUCIIUTUIA €TraH XyCyCUn XOIUuIaup.

L
0
:_U (%— ay)cosoc+( —%)cosy do
s oy Oz oy

9. BekTop MaiiI0H ylopMacu

Tabpud. 4a(M) BexkTOop MaWAOHHMHI YiopMacu (€ku poropu) nebd Kyhuaaru
BEKTOpra auTwiaau
da, - Oa, oa,
)+ (-
ox ox Oy
a(M) BEKTOp MailIOHHUHT YIOpMacH oKopujaru Gopmysia OWIaH aHUKIAHYYH

oa, -
rotd :(&ZZ % )i +(8ax -
oy 0Oz oz

BEKTOp MAaWJOHHU BYXYAra KEATUpaAu. d(M) BEKTOP MAaWJIOHHHUHI POTOPUHHU
CUMBOJIMK paBull[a Kyliuaaruya €3a oJaMu3

13



i
o
X

rota =

a

X
Crokc ¢hopmyniacHU BEKTOp MIAKJIJla Kyiugaruia €3a ogamus
jadfzﬂﬁo rotd - do
L o

k
9
Oz
aZ

R \3)|Q)\.1

AbHU ¢ BEKTOPHUHI o CHPTHHU YerapaiaByd L KOHTYypH MycOaT iyHamui Oyitnua
LUPKYJILSICA rota BEKTOPHUHT 11y CUPT OPKAJIA yTaAUraH OKMMIa TEHT.

BekTop MaiiJoHl pOTOPUHUHT 0ab3H XOCcallapu:
1° rot(@ +b) = rota + roth
2° e =0, (¢ = const)
30 rot(p-a)=@-rota+gradp-a, Oy epaa ¢ =¢(x,y,z) cKausip QyHKIUS.

Mucon. v=wx7 UYHM3UKJIM TE3JMK BEKTOp MaWJOHUHT (azomaru UXTUEPHUI
M (x,y,z) HYKTacugaru poTOpMHH TOIIMHT.

Euumi. Ynsukiu Te3/11K BEKTOPU v HU XUCOOIaiMu3:

i j k
VEWXF=w, ow, ow, :(wy-z—wz-y)zT+(wZ-x—wy-z)]'+(wx-y—wy-x)l€
X y z

Hemaxk,
V=WXF = 2wxf+2wyj+2wzk =2w.

10.ITorenuunan maiigoH. IloreHunan maiiIoHIATH YU3UKJIH HHTETPaJ

Tabpud. Arap ¢azoHunr O6up Ooryamim () COXaCMHUHI Xap Oup HyKTacuaa
rota =0 Oynca, y xonga a :{ax,ay,az} BEKTOp MauJoH Q coXaja MOTEHLHAN EKU
YIOPMAacu3 ManuJOH JI€HUJIaIN.

rot(gradu) =0 OYNraHu y4yH UCTaIraH u =u(x,y,z)CKaJsip MaiJIOH TpajlueHTH
XOCHUJI KWJITaH MalIOH Xap JOUM MOTEHUUAIIUP.

a MaugoH Q coxaJa MOTEeHIHaT OVIMIIM Yy4yH HWKKA MapTa Y3JIyKCHU3
muddepeHuramIanyBuu  u = u(x, y,z) CKaJasp (QYHKIUS MaBxya OYIMIIM eTapiid Ba
3apyp OYIu0, YHUHT YUYH d = gradu OYJIHIIN KEpak.

Mynnait kb wu =u(x,y,z) GyHKUUS G MaWJIOHHUHT TOTEHIUANU (EKU
NOTeHIMAN (DYHKIMICH) IeUnIaan.

a :{ax,ay,az} IIOTEHIIMA] MaWIOH YYyH [OTCHUMAIHU TONMII Y4YyH KyWuaaru
dbopmynanan goitnaniaHmIagm:
u(x,y,z) = Iax (x,y,2)dx+a, (x,y,z)dy +a_(x,y,z)dz+C,

MM
Oy epna M, (x,,y,,z,) HYKTa Q COXaHHHI OMpOp TallMH HyKTacH, M (x,y,z) HyKTa 3ca
COXAHUHI UXTUEPUN HYKTACH, C -UXTUEPUHN y3rapMac COH.
by ¢opmynana unTerpamiam iynura OOFIMK OYnIMaraH MKKUHYM Typ 3TpHU
YU3UKJIM MHTErPATHU XucoOam ¢hopmyiacu Kennud YuKaIu:

[adx+ ady+adz=u(B)—u(A),

14



Oy epna u(A) Ba u(B) MOTEHIMAN WYJIUMHUHT OONUIAHFUY Ba OXUPI'M HyKTajaplaaru
KUMMAaTH.

Masbnymku arap (a3oHMHr Q coxajnaru Xap Oup HyKracuja diva =0 O¥ica, a
BEKTOp MaWJIOH Iy COXada CONUHUOUOIU €KW HAUYACUMOH MAUJOH JeHunap d7u.
I yHuHT yuyH div(rota)=0 0¥iica, y X0/l/1a UCTAJITaH ¢ BEKTOpP MAWIOHHUHL POTOP
MaiJIOHU COJICHUOUJIN MalloH Oyaau.

Tabpud. Arap dazoHuHr Q coxana a BEKTOp MaijoH OuWp BaKTHUHT Y3ujaa
XaM TMOTEHIMaJ, XaM COJEHUOWMJIN Oyica, s’bHU 2 COXaHUHI Xap Oup HyKracuua
diva =0,rota =0 Oynca, y X0JJja ¢ BEKTOp MaiJIoH ) coXaJa 2apMOHUK MailJoH
NeUWIIaau.

I"'apMOHUK MaOHHUHT © TOTECHLUHAAIN

o’u 0’u 0u
+—+ =

o> oyt oz’

Jlanyiac TeHTrJIaMacMHUHT €4UMUAaH HOopaTaup.
Jlannac TeHrnaMacuHu KaHOATIAHTUPYBYH u = u(x, y,z) QYHKUUSA eAPMOHUK (DYHKYUS

eUnIaIn.

0

Mucon. a= {2xy+ z,x° =2 y,x} BEKTOPHUHI MAaWJIOHM TOTEHIMAJ, JEKUH
COJICHUOUIJTM DMACIUTUHU KYPCATUHT Ba O€puHJiraH MalJJOHHUHT TOTEHIIMATU u HHU

TOTIMHT .
2 ~
Eunin. a, =2xy+z, a,=x"-2y, a, =x OYIAraHu y4yH

i j k

roti =| 2 9 i=(0—0)?—(1—1)j+(2x—2x)1€=0
ox oy oz
2x+z x* -2y x

SIBbHU g - NOTEHIMAJI Maii0H.
. Oa. Oa o
divi="2x 0 % 5 9y
ox oy Oz

Jlemak, ¢ COJICHUOMIJIM MaWJIOH 3Mac. DHAW u HU TOMAMU3:

X y z
u(x,y,2) = | (2xy+2)dx+(x" =2p)dy + xdz + C = [ (2xy +2)dx — [ (-2y)dy + [ 0dz =
0

oM 0 0

=x'y+xy—y° +C
11.'amuabToH (Hads1a) onepaTopu

Bektop aHanusHuHr grad, div, rot auddepenuman amamiapau ['aMunbTOH
omneparopu Aed aTaayBuu

b

muddepennpan onepatopu Epaamuaa udomanam Kyiauaup. V- cUMBOJ ‘“‘Habna’
ne6 Vkwiaau. by Bekrop OunaH ammauiap Oakapwidil KOWJajdapuHu Kapad
YUKAMU3:
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1. V Habna BEKTOPHUHI u(M) ckajmsap (yHKUMAra KynaWTtMacu 1y (QyHKUUSHUHT
rpaJueHTUHU Oepaau, SbHU

0- O0- O - ou- Ou- Ous
Vu=(—i+—j+—ku=—i+—j+—k=grad
! (8xl 8xJ ox u 8xl 8xJ ox srad
Mynpait kKunub
Vu = gradu .

2. V Ha0Jia BEKTOPHUHT d(M)BEKTOP PYHKIUS OMIIaH CKaJsIp KynaiTMacu 1y

(GYHKUMSHUHT JUBPreHUMSICUHU Oepaiu, TbHU
oa. o
L+ e = diva
oy 0Oz
3. V Habsa BEKTOPHUHT &(M)BEKTOp (PyHKIIMS OMJIaH BEKTOP KyNaWTMacu 1y

0+ 0~ 07 - - -~ Oa,
Veia=(—i+—j+—k)-(ai+a j+ak)y=—+
a=(it—j+—k)(ai+a,j+ak)=—1

(GYHKUMSHUHT YIOpMacuHU Oepaju, SbHU

ik
oa, - -~ Oa -
vxa=|l O 0 (04 G4y Oa. Oa.ys SO G4 o
Ox 0Oy Oz oy Oz 0z Ox ox Oy
a, a, a

- a4, a,
Mynnait kunuo,
Vxa=rota.

Kentupu6 ytunran amamiap OupunHuu Taptubiau auddepeHiman amamiapu
aevmnaan. [amMuibToH omeparopu €pAaaMua BEKTOP aHAIM3WHUHT MYpakKkad
udonanapu ycruga auddepeHunan amamiapHu Oaxapuin Kynaid. bynna dakat
IIYHU 3cla TYTUII Kepakku, Oy omepatop auddepeHmaniam omnepaTopuanp Ba
kynaiTManu qudepeHunanian KOuJaCuHi OUIIHII JIO3UM.

Mucon. Vkkuta u Ba v cKajdp QYHKUMsUIAp KYMAUTMACUHUHT TPagUEHTHUHU
TOTHHT.
Euum. grad(u-v)=V(u-v)=u-Vv+v-Vu=u-gradv+v- gradu
OHIM BEKTOp MaWJAOHMUIArM WKKWHYM TAapTUOIM amaiap OuiaH TaHUIIUO
yukamu3s. lllynu Ttakugna® yramMusku gradu, rota  nuddepeHiman amauiap
BEKTOP MAaWJIOHJIAPUHHU BYXKYAra KEATUPAOAU, divda aMalu 3Ca CKalsip MaWJIOHHU
BY)KyaAra KEITUPAIU. MacanaH,KypcaTuiras aMaJuUlapHUHT Kyuujaru
KOMOUMHausIapy OYIUIIN MyMKHH:
div(gradu), grad(diva), rot(rota), div(rota).
By Tunpgaru amayiap MKKMHYM TapTHOIW aMaiiap Aevunagu. YiapJaaH SHT
MyXHUMJIAPUHU Kapad YuKamus3.
1. div(rota)=0 .
XakuKaT/aaH, arap BEKTOp MalJioH da(M) Oyica, y Xoija UKKUHYU TapTUOIU
apaJiall XOCWIAJIAPHUHT TEHIJIUTH YYyH
ﬁ(%_ Oa, ﬁ(ﬁax _8&)4_&(
ox 0y 0z ~Ox 0Oz Ox @ Ox
_d’a, B d%a, N 0’a, B o’a. N d’a, B d’a,
Ox0y 0Ox0z 0Oy0z OyOx 0zOx  0Oz0Oy
2. rot(gradu) =0.

oa, oda

y__X):

div(rota) =
iv(rota) o o

)+

X
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Oou- Ou- Ou- o
XakukKataaH, gradu :6_l +8_ j +6_k =Vu Oynranu y4yyH Xamja HKKUHYA
X Y 74
TapTUOJIM apaliaill XOCWIAJIADHUHT TEHTJIUTH Typaiiu

0 ou, 0 Ou |- |0 Ou 0O Ou |- |0 Ou 0 Ou |~
rot(gradu) = {5(5) —5(5)} +[g(a)‘g(g)}] 4{5(5) —8—)}(5)}( =

oO’u Ou |- |0u Ou |- | u Ou |-
= - i+ - Jj+ - k=0
0y0z  0z0Oy 0zO0x  0x0z OxO0y  0yOx
[y HaTwkaHWUHT Y3WHW V Habja omeparopw EpaaMma XaM XOCHJI KHJTHUII
MYMKHH:

rot(gradu) =V xVu=(VxVu=0,
YYHKH OUp XHUJI BEKTOPJIAPHUHT BEKTOP KYHaTMacu HOJIra TEHT.

0’u o*u 0Ju
3. div(gradu) = + + )
(gradu) =+ 57t o
XaKuKaTIaH, XaM gradu = uz, a—u] Loug OYynraHy yuyH
ox Oy 0z

) 0 Ou 0 Ou 0 ou., 0w 0*u 0ou
div(gradu) = — () +— () + (D) =—F+—5+—
Ox Ox° 0Oy Oy 0z 0z Ox° Oy Oz

Ky#innarnua Genruniaiil KupuTamus

2 2 2
Au = 82 + 82+ 82)u
ox~ oy Oz
0*  0* 0
OyHma A= + + cuMBoJI Jlariac oneparopu nenniiaan. by oneparopuu V
YH, PRIPY P paTop Yy paTop

BEKTOPHUHT CKaJISIp KBaApaTH Tap3uaa Kapam MyMKHH V-V = (63)2 + (aﬁ)2 + (62)2 =A.
X )y z

HlynuHr yuyH div(gradu) =V (Vu)=V’u=Au.
Jlemak, UKKUHYM TapTuOnu Oemra auddepeHiman aMaaiy Kyiuaaruda €3uiil

1. div(gradu)=V -Vu=V’u=Au;
2. rot(gradu)=(VxV)u;

3. div(rota)=V -(Vxa);

4. grad(diva)=V(Va);

5. rot(rota)=Vx(Vxa);

12. HamyHaBHii XuC00 TONMUPHUKJIAPH
1. u=u(x,y,z) CKAJAP MAWIOHHUHT M HYKTAAArd [ BEKTOp WyHAIMIIM OYiimua
XOCHJIACHUHM TOIMHI:

11, u=(l+y+22)%, T=i—j+k, MQLD.
1.2, wu=x+In(y*+z%), [ ==2i+j—-k, M(Q2L)).
1.3, u=x’y—+xp+z?, [=2j-2k, M(5-2).

1.4, wu=yln(+x>)—arctgz, [ =2i-3j-2k, M(O,L]).

17



L.5.
1.6.

1.7.

1.8.
1.9.

1.10.

1.11.
1.12.
1.13.
1.14.

1.15.
1.16.
1.17.
1.18.

1.19.
1.20.

1.21.

1.22.

1.23.
1.24.

1.25.
1.26.

1.27.

1.28.
1.29.

1.30.

u=x(Iny—arctgz), i:8f+4j+812, M(-2,1,-1).
u=In3-x)+xy’z, [ =—i+2]-2k, M(13.2).

u=sin(x+2y)+.xz, i:4?+3j, M(%,%[ﬁ).

u=xy’z—In(z-1), ]

u:x3+1/y2+zz, i
u:ﬂ— Y2 T =2i+k, M(41-2).

y x4y
u=\xy+9—z>, T=-2i+2j—k, M(L0).
u=2\x+y+yarctgz, [ =4i -3k, M(3,-2,1).
u=z"+2arctg(x—y), i:f+2j—2l€, M(1,2,-1).
u=In(x>+y>)+xyz, izf—]’+51€, M(1,-1,2).

5i—67+2J5k, M(112).
J—k, M(@1,-34).

u=xy—>, T=5+7—k, M(-43-1).

V4
u=In(x++y>+z%), [ ==2—j+k, M(134).
u=x>—arctg(y+z2), i:3j—4l€, M(2,1,1).
u=x y+yiz+zx, [ =2i+5] -3k, M(,-12).
u=In(xy+yz+zx), [ =4 —=2j -2k, M(-23,-1).
u=5x"yz—xy’z+yz*, i:85—4j+812, M (L1,1).

[
[

u=— 210 —, =37 -27+3k, M(-122).
xX“+y +z7+1

u=—— =4 -3k, M(122).
X +y 4z

u=5x yz—xy’z+yz>, [ =i-2j+2k, M(1-32).
u=x>+xy’ —6xyz, i:3f—j+3l€, M (1,3,-5).
u=\l+x>+y>+z2, [ =27+, M(LD.

!

= —5; — 2] + 3];, M(la370)

u=In(x’+y> +z+1),

u="42 2 T=37427+3k, M(-1LL)).
y zZ X
4i +2k, M(@1,-12).

—j -2k, M(-12]).

u=x"+y +z>-2xyz, [ =
i

u=In(x*+y*+z%), [ =4i

u=>2_Y_2x , [ ==51+2j—-k, M(222).

y z z

2. u=u(x,y,z) CKAJAP MAWIAOHHUHI M HYKTaJaru JHI KaTTa Y3rapuiiu

KATTAJUITMHU Ba HYHAJIMIIUHU TONUHT:

2.1.
2.2.
2.3.
2.4.
2.5.

u=xyz, M(0,,-2). 26. u=xy—-xz, M(-12)).
u=xy’z, M(1,-2,0). 2.7.  u=xyz, M(2]1,0).
u=x>y’z, M(-10,3). 2.8. u=xyz, M(20,2).
u=xy’z", M(-2,L)). 29.  wu=xyz*, M(3,0,)).
u=xy+y’z, M(0,-2)). 2.10. wu=x’yz*, M(Q2]1,-1).
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211, wu=y*z—x>, M(01,)). 221, u=xy-z, M(=22])).

212, u=x(y+z), M(0,L2). 2.22. u=y(x+z), M(0,2,-2).
213, u=x’yz, M(Q,-1)). 223, u=x’yz, M@1,0,4).

2.14. u=xyz*, M(4,0,)). 224, u=(x+z2)y*, M(222).
2.15. wu=2x%yz, M(-3,0,2). 225, u=(x*+z2)y*, M(-410).
2.16. u=(x+y)z*, M(0,~14). 2.26. u=(x*-y)z*, M(13,0).
217 u=x*(y*+z), M(0,,-3). 227 u=x>+3y*-z*, M(0,0,)).
2.18. wu=x*(y+z%*), M(@3,0,)). 228, wu=xz"+y, M(22-1).
219, u=x(y*+z%), M(,-21). 229, u=xzt-z, M(-12]).
2.20. u=xz-y>, M(@1L1-2). 2.30. wu=z(x+y), M@1,-1,0).

3. u=u(x,y,z) Ba v=v(x,y,z) CKAJAP MaJOHJIApP IPAAMECHTIAPH OPACUIATH
OypYaKkHHU TOIUHI:

2
yz

3
3.1. u:%+6y3+3\/€z3, V=, M(\/_

X
3.2. u:ﬁ—£+é, v=x’ yz , M(Q2,— ,\/7)

3
3.3. u—9\/_x ———4i Zz, M(—,2,\/:).
3% 2

2
34. u=676x> —6:6y° +22°, v:xi, M(L,L,l).
y 6 6
35 4o¥0 N6 2y, 1 L1
2x 2y 3z’ x 2273
34 1 z 1
36, u=>+2_ L v MU2——
T T MR
3 2
3.7 u="—16y’+3J6z°, v="", M2,
2 vz 2 3
2
38, u=3ax -2 322, v mita |3,
V2 xy 3 3
2 2 1 2
3.9. =32 -2 322, v=2 M2 E
u 2x \/5 % 7 (3 3)
3.2
310 u:i i_ 1 ’ V_xy ’ M(laza 1 )
X oy \/gz z \/_
311 go R 2 v=t . met b,
X 9y \/_x x* vz 3 JE
2
312 48,2038 M(ﬁ,ﬁ,i).
X y 2\/_2 Yz
3.13.  u=x*>+9y*+6z>, v=xyz, M(l, ,1)

304 uo2.3 36 v:T, (\f\ﬁ
x 2y 4z
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3.15.

3.16.

3.17.

3.18.

3.15.

3.19.

3.20.

3.21.

3.22.

3.23.

3.24.

3.25.

3.26.

3.27.

3.28.

3.29.

3.30.

4.

4.1.
4.2.
4.3.
4.4.

3 2 1
u:ﬁxz——y2—6\/§zz, v=xy’z, M1,=,—).
V2 3°V6

__ 6 Yo 2 - wl L1

2x 2y 3x V2°2°43

23
6,2 3% f, M(ff[
X y 2\/52 X

1 242 33y M(lﬁﬁ)
32'

= - sV ) k)
\/Ex b% 2x X \/5

u=2 -y 63, vemis MO,

V2 V6
u = 64/6x° —6\/gy3 +22°, v:Lz, M(L,L,l).
Xz 6 6
2
vz 11
u=x -y =-3z°, v=="r, M(—=,—,—).
Y X V272 \/5)
3, 1 5 z* 2 2
UH=—x —-—— +\/§ , = N M_aza -
G TR T v MG
1, 1 8 X2 NE)
—_ + :—, M\/E,\/E,_-
R TR e T M)
3 e 5 3 13
“xP 43y =227, v= , MQ2,—,—).
u=_x yi-2z8, v=x’yz ( 3 2)
1 4 xp® 1 3
u=9V2x  —— 3P -2 v=" M(=.2,.02).
2l T3 o MG
u=2xr 43y 62, v=—— ma b,
2 xXy“z 36
1 2ﬁ 3J§ X L 53
= V= 2 30 M(_a 27_)
\/Ex 2x y z \/5 2
u=- 4\/_ \/_ ! y= xzyz, M(2,1,L).
x 9y fx 3°46
u=x>+9y’ +6z7, v:L, M(l,l,i).
xyz 3 46
1 5 1 5 8 4 y2z° V3
-y -2, v=2 2 ME2,2, 5
R TR TR T M
2
u:—ix3+£y3+8\/§z3, v:x—f, M ( 2, E,l
V2 3 y 3V2°2

=4yi —9xj 45. a

= xi +4yxj 4.6. d=yj+4zk.
= 4yi +8zk. 4.7.  Ga=9yi —4x
= 42] —9yk. 4.8.  G=4xi +zk
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4.9.  d=2yi +3x. 4.20. da=4xi+yf
4.10. G=23xi +6zk. A21. G=xi+zk.
411. d=yj+3zk. 4.22. Ga=7y +14zk
4.12. d=2z +3yk. 423. G=9z —4yk
4.13. d=xi+y 4.24. Gd=xi +3y
4.14. a=2yj +6zk. 4.25. G=2zi +3xk
4.15. G=>5zi +7xk. 4.26. cqzzxz+3zl€q
4.16. a=2xi +4y) 4.27. a=2xi +6y
4.17. G=4zi —9xk. 4.28. a=5yi+7x
4.18. & =2xi +8zk. 4.29. G=9zi —4xk
4.19. G=6xi +12zk. 4.30. &=2xi +6zk

5. G BeKTOP MaWJIOHHMHI p TEKHCJIMK Ba KOOPAUHATA TEKUCIUKIAPH XOCHII
KWITaH NMUPAMHUIAHUHT TAIKH CHPTU OViiM4ya OKUMMHHM MKKH YCYyJ OWJIaH
TONHUHI:

a) okuMm Tabpuduaan ¢oigananuo;

0) Octporpaackuii-I'aycc popmyiiacu éprammaa.

51. a=3xi+(y+2)j+(x—-2)k, p: x+3y+z=3.

52. a=0x-1)i+(y—x+2)]+4zk, p: 2x—y—-2z=2.
53. d=xi+(x+2)j+(y+2)k, p: 3x+3y+z=3.

54. G=(x+2)i+(z-x)j+&x+2y+2)k, p: x+y+z=2.
55. a=(+22)i +(x+22)j+(x=20k, p: 2x+y+2z=2.
5.6. d=(x+2)i+2y+(x+y—2)k, p: x+2y+z=2.
57. a=0Cx—1)i+Qy+z2)j+Q2z-x)k, p: 2x-3y+z=6.
58. Ga=Qy+2)i+(x—y)j-22)k, p: x—y+z=2.

59. Gda=@x+y)i+3y+(y-2)k, p: 2x—y-2z=-2.
510. G=(x+y-z2)i =2y + (x+22)k, p: x+2y+z=2.
511. a=(y-2)i +x+y)j+zk, p: 2x+y+z=2.
512, G=xi+(y—-22)j+Q2x—y+22)k, p: x+2y+2z=2.
5.13. G=(x+22)i +(y=32)j+zk, p: 3x+2y+2z=6.
514. G=4xi +(x—y—-2)j+By-22)k, p: 2x+y+z=4.
5.15. G=Qz-x)i +(x+2y)j+3zk, p: x+4y+2z=8.
516. Gd=4zi +(x—y—-2)j+Q@y+2)k, p: x—2y+2z=2.
517. a=(x+y)i +(y+2)j+2(x+2)k, p: 3x—2y+2z=6.
518. G=(x+y+z2)i+22)j+(y—-T2)k, p: 2x+3y+z=6.
519. G=0x-2)i+(y—x)j+(x+22)k, p: x—y+z=2.
520. a=Qy-z)i+(x+y)j+xk, p: x+2y+2z=4.
521. a=Qz-y)i+(x-y)j+Q@x+2)k, p: x+y+2z=2.
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5.22. (x+2)i +(x+3y)j+vk, p: x+y+2z=2.

i=
523. d=(x+2)i+7 +Q2x—»k, p: 2x+2y+z=4.
524. G=0Cx+y)i +(x+2)j+yk, p: x+2y+z=2.
525. G=(y+2)i +2x-2)j+(y+32)k, p: 2x+y+3z=6.
526. G=(y+2)i +(x+6y)j+yk, p: x+2y+2z=2.
527. G=Qy-z)i+(x+2y)j+yk, p: x+3y+2z=6.
528. Ga=(y+2)i+x+(y-22)k, p: 2x+2y+z=2.
529. G=(x+2)i+z +Q2x—»)k, p: 3x+2y+z=6.
530. G=zi +(x+y)j+yk, p: 2x+y+2z=2.

6. & BEKTOp MAaWIOHHMHI p TEKHMCJIMK BAa KOOPAMHATA TEKUCIUKJIAPU OMJIaH
KeCHIIUIIMIAH XOCHJ OyJrad y40yp4yak KOHTYPH OyiiM4Ya LUPKYJIAUMACH
KYHHAArH MKKH yCyJ OMJIaH XMCOOJIAHT:

a) HUpPKyJsAUus Tabpuduaad poigananunod:

0) Croxkc ¢opmyiaacu éprammpaa.

6.1. G=zi+(x+2)j+yk, p: 2x+y+2z=2.

6.2. Gd=(x+2)i+z+Q2x—y)k, p: 3x+2y+z=6.

63. Gd=(+2)i+x+(y-22)k, p: 2x+2y+z=2.

6.4. a=Qy-z2)i+(x+2y)j+yk, p: x+3y+2z=6.
6.5. d=(y+2)i +(x+6y)j+vk, p: x+2y+2z=2.
6.6. d=(y+2)i+Qx-2)j+(+32)k, p: 2x+y+3z=6.
6.7. d=0x+y)i+(x+2)j+vk, p: x+2y+z=2.

6.8. d=(x+2)i +2 +Qx— )k, p: 2x+2y+z=4.

6.9. d=(x+2) +(x+30)j+vk, p: x+y+2z=2.
6.10. G=zi+(x+2)j+yk, p: 2x+y+2z=2.

6.11. a=Qz-x)i+(x—-y)j+Bx+2)k, p: x+y+2z=2.
6.12. Ga=Q2x-2)i+(-x)j+(x+22)k, p: x—-y+z=2.
6.13. G=(x+y+2)i+2z+(y-T2)k, p: 2x+3y+z=6.
6.14. d=(x+»)i+(y+z2)j+2(x+2)k, p: 3x-2y+2z=6.
6.15. G=4zi+(x—y-2)j+Q@By+2)k, p: x+4y+2z=2.
6.16. G=Qz—x)i +(x+2y)j+32)k, p: x+4y+2z=8.
6.17. G=4xi+(x—y—-2)]+By+22)k, p: 2x+y+z=4
6.18. G=(x+2z)i +(y—3z)j+zk, p: 3x+2y+2z=6.
6.19. G=xi+(y-22)]+Qx—y+22)k, p: x+2y+2z=2.
6.20. da=(y-z2)i+Qx+y)j+zk, p: 2x+y+z=2.
6.21. d=(x+y-2)i -2y +(x+22)k, p: x+2y+z=2.
6.22. da=(x+)i+3y+(y-2)k, p: 2x—y-2z=-2.
6.23. a=Qy+2)i+(x-y)j—2zk, p: x—y+z=2.
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6.24. Gx—»)i +Q2y+2)j+Q2z—x)k, p: 2x-3y+z=6.

i=
6.25. G=(x+y)i+2y+(x+y—-2)k, p: x+2y+z=2.
6.26. Ga=(y+22)i +(x+22)j +(x=20)k, p: 2x+y+2z=2.
6.27. Gd=(x+2)i+(z-x)]+(x+2y+2)k, p: x+y+z=2.
6.28. d=xi+(x+z2)j+(y+2)k, p: 3x+3y+z=3.
6.29. a=0Cx-y)i+(y-x+z)j+4zk, p: 2x—y-2z=-2.
6.30. G=3xi +(y+2)j+(x—-2)k, p: x+3y+z=3.

7. a BeKTOp Mala0H coineHouaumMu (1-11 Bapuantiaap), norenuuanamu (12-25
BAPHAHTJIAP), TAPMOHUKMH (26-30 BapuaHT/Iap) IKAHUHM AHUKJIAHT:

7.1. =(y+2)i + ] —xzk

a
7.2. a=x2yi —2xp°j +2xy2)k
73, Ga=Qyz—2x)i +(xz-2y)j +xpk
74, a=(x-z)i -3+ +2)k
7.5. a=2xyzi — y(yz+1)j +zk
7.6.  a=Qx-3y)i +2xy —z%k
77.  da=(x=y)i+0Gr-z)j+(E=xDk
7.8. a=yzi +(x—y)] +z%k
7.9. d=y+z)i +(x+2)j+(x+V)k.
7.10.  a=3x2y)i —2xy*j — 2xyzk.
711, Ga=(x+y)i-(y+2)j+(z—x)k.
7.12. d=(yz=2x)i —(xz+2zv)] +x0)k.
7.13. d = yzi +xzj + xyk.
714,  G=6xyi —(3x>-2y)] +zk.
7.15. a=Qx-yz)i +(2x—xy)] + yzk.
7.16.  G=(y-2)i +3xy7 +(z—x)k.
717.  Ga=(y-z2)i+(x+2)]+ (x> = y)k.
718, G=(x+y)i —2x2)] —(z+ y)k.
7.19. d=z+(y+xz2)j+xk.
720.  G=xyBx-4y)i +x*(x—4y)j+3zk.
721.  G=6x +3cos(3x+2z)j +cos3y + 22)k.
722, Ga=(x+y)i+(y—2)j+2(z+x)k.
723, Ga=3(x—z)i +(x*—y?)] +3zk.
7.24. d=2x—y2)i +(xz—2y)] +2zyxk.
7.25. a=3x% +4(x—y)] +2(x-2)k.
7.26. a=xzi +y*j -z x)k.
7.27. d=(x+y)i+(y+2)j+(z+x)k.
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7.28.

7.29.
7.30.

a
a

Y Xi AR
y z X
:yzf+xzj+xyl€.

(y=2)i +(z=x)j +(x— k.
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