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KIRISH

Oliy matematika fanining «Aniq integral» bo’limini turli texnika
masalalarini echishga tadbiqgi beqiyosdir. Talabalardan yechilishi talab
etilayotgan masalalarning matematik modelini yarata bilishi, ilmiy
adabiyotlardan mustaqil foydalana olishi, olgan bilimlarini amaliyotga
tadbiq qilishi talab etiladi. Aniq integral bo’yicha mustaqil ish
topshiriglarini bajarish talabalarda etarli bilim va ko’nikmalar hosil giladi.

Mazkur uslubiy ko’rsatma o’z ichiga quyidagi tushunchalarni gamrab
olgan.

. Aniq integral va uning xossalari

. Aniq integralni hisoblash

. Xxosmas integrallar

. Tekis figuralarning yuzalarini hisoblash
. Tekis chiziq yoy uzunligini hisoblash

. Jismlarning xajmini hisoblash

. Aylanma jism sirtlarni hisoblash

. Statik momentlar. Inersiya momenti

. Og’irlik markazi
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1. Integral yig’indi.

1. [a;b] kesmada aniglangan f(x) funksiya qaralayotgan bo’lsin.
[a;b] kesmani 4 ta ushbu a = x, < x, < x, <.. < x,, < x, =b ko’rinishdagi
bo’lakchalarga bo’lib, uzunligi ax, = x, - x_, bo’lgan xar bir bo’lakchada
ixtiyoriy ¢ nugta tanlaymiz.

Ushbu & :ﬁ f(£)Ax

ko’rinishdagi yig’indiga (x) funksiyaning [a;b] kesmadagi integral
yig’indisi deyiladi.

2. Agar

lim Y f(&)Ax =1



chekki ilmiy mavjud bo’lsa, u xolda I soniga t(x) funksiyadan [a;b]
kesmada olingan aniq integral deyiladi va quyidagicha yoziladi:

I = } f (x)dx

a — integrallashning quyi chegarasi
b — integralllashni yugori chegarasi.

3. Agar 1 (x) funksiya [a;b] temada uzluksiz bo’lsa, u xolda, I chekli
limit mavjud bo’ladi. Bu limit [a;b] kesmani bo’lakchalarga bo’lish
usulidan va ¢ nuqgtani tanlashdan bog’lig bo’Imaydi.

4. Agar [a;b] kesmada f(x) funksiya manfiy bo’Imasa, u xolda aniq
integral ushbu {y = f(x); x=0; x=b } chiziglar bilan chegaralangan
egri chiziqli trapesiyaning yuzini ifodalaydi (1-shakl.)

\ 4

1-shakl



Misol. }xzdx integralni integral yig’indidan foydalanib hisoblang.

Yechish. Buerda f(x)=x*, a=0 b=1. [0/1] kesSmani n ta teng

®=2) 1 po'ladi. ¢ sifatida x,
n

bo’lakchalarga bo’lamiz. U xolda Ax, =

n
ni tanlaymiz. Natijada:
1 2 n-1
XO:O; X, = =5 X, =~y X, = x =1
n n n
: 2\ 2
fey-[r)] = f@J—(*W= 2
\4) n n) n
fogl 3?
f(§)=[ =— f(f)—(}=z
n n n
2 n 2 nz
fey-[t) =L =[] -
n n n n

Hosil bo’ladi va max Ax, — 0 bo’lishi uchun n — « intilishi
Ta'rifga ko’ra:

2

— = lim

n n— n3

L, ) n ) ( Y i 1°+2°+3 +..+n
[x dx = lim Zf(ff)Axi:hmZk )-

i=1

i
n

N ., . ) , n-(n+1)(2n+1
Ma'lumki, 1° + 2° +3° + .. + n° = ( X )

6

Shunga ko’ra:

1+ 2° 43+ 40" n(n+1)(2n+1) 1 @A+H(2+hH 1

lim = lim =—-lim —m————=—.
, 3 ) 3 )

n— o n n— o 6n 6 n—» o 6

1
2=2
3

Natijada [ x“dx = = hosil bo’ladi.
0 3

Javob: £ .
3

1- topshirig. Integrallarni integral yig’indiga ko’ra hisoblang.
1. | xdx 2. [(L+ x)dx 3. [dx 4. [ x dx

5. [2"dx 6. | x'dx 7. Le %
0 1 1 X 1 X



9. szdx 10. Ixadx 11. [e"dx 12. [ 3xdx

13. [/ xdx 14. } xdx 15. [ nxdx 16. }cos xdx
Z . ; v
17. [ 4xdx 18. [ x dx 19. [e"dx 20. [sin xdx

% n 3
21. [ cos xdx 22. [ sin xdx 23. [ cos xdx 24. jdl

0 0 0 1 X
25. [ x"dx 26. [/x dx 27. [ x"dx 28. [e’dx

A
29. [sin xdx 30. [ cos xdx

2. Aniq integralni hisoblash
1. Agar f(x) funksiya [a;b] kesmada uzluksiz bo’lsa, u holda

F(x) = f f (t)dt

funksiya f(x) funksiyaning [a;b] kesmadagi boshlang’ich funksiyasi
bo’ladi.

2. Agar F (x) funksiya f(x) funksiyaning [a;b] kesmadagi boshlang’ich
funksiyani bo’lsa, u holda

[ f(x)dx = F(x),|" = F(b) - F(a)

O’rinli bo’ladi. Bu ifc:daga N yuton - Leybnis formulasi deb yuritiladi.
3. Aniq integral quyidagi asosiy hossalarga ega.

1) [ f(x)dx = —} f (x)dx
2) [ f(x)dx =0

3) JCF(X) £ @(x))dx = [ f(x)dx +[¢(x)dx

4) fc- f(x)dx =c-[ f(x)dx,c 0’Zgarmas son



5) [ f(x)dx = j f(x)dx + [ f(x)dx
6) agar [a;b] kesmada f (x) < ¢ (x) Shart bajarilsa u holda

j f (x)dx sjw(x)dx
o’rinli bo’ladi.
7) agar m va M Sonlari mos ravishda f (x) funksiyaning [a;b]
kesmadagi eng kichik va eng katta giymatlari bo’lsa, u holda

m(b-a)< | f(x)dx <M (b-a)
o’rinli bo’ladi.
4. Agar f(x) funksiya [a;b] kesmada uzluksiz; x = ¢ (t) funksiya birinchi
tartibli hosilasi ,*(t) bilan [«; g] kesmada uzluksiz; a = ¢ (a), b= ¢ (8)

bo’lib; f (¢ (1)) funksiya [«; g] kesmada aniglangan va uzluksiz bo’lsa, u
holda

B

[ F00dx = [ o (t)e’ (t)dt

o’rinli bo’ladi. Bunga aniq igtegralda o’zgaruvchini almashtirish deyiladi.
5. Agar u(x)va 9(x) funksiyalar [a;b] kesmada uzluksiz
differensionlanuvchi bo’lsa, u holda

b b b

Iu-vJ’—jvdu

o’rinli bo’ladi. Bunga aniq integralni bo’laklab integrallash deyiladi.
6. Agar f (x) funksiya juft bo’lsa, u holda

} f(x)dx =0,
Agar f (x) funksiya toq bo’ISa,G holda
} f(x)dx = 2-} f (x)dx
o’rinli bo’ladi. : D

T2

1-misol. [cos xdx ni hisoblang.

) rl2 xl2 IZ_
Yechish. [ cos xdx =sin x [=sin ——sin 0 =1
0 [} 2

Javob: 1
2-misol. [ x*~1-x" dx ni toping.



Yechish.
} x24/1 = x?

X =sin t
dx = cos tdt
dx => Ix = 0gar = 0|>=
T
X =1oat = —
2
xl2 l xl2
4 o
T
Javob: —.
16

xl2

[ sin ’t+/1 — sin °t - cos tdt
0

1
= — jsm 2tdt = —j (1 - cos 4t)dt = —(t——sm 4t) j—i
8 4

3-misol. [x-e*dx ni integrallang.

Yechish.

1
[ xe “dx =

0

=e—-e+1=1

Javob: 1.
2-topshirig. Integralni o’zgaruvchini almashtirish usuli bilan hisoblang.

“u (x — 1) dx

1.
e.[l X -1
x *dx
4. I
o X2+ 9
YSaretg 3
7, e 3,
o 1+9x°
dx

0. ([—
{\/;(X+l)

13. |

19.

22.

* (are cos x)’

0 1-x

4

dx
16. [ ——
P TN PR

X + sin X
—dx

o 1+ cos X
” dx

o3+ 2C0S X

u = x;du = dx

e'dx =dv;v=ce"

5. } (x” +1)dx
o (x° +3x +3)°

3% + 3¢0s X
5. JZ—dX
> X +sin x
1
8. |

0X4+1

xdx

11. }1+qu

X

! (arcsin x)°

14.
J; N

74

17. Jtgxlu cos xdx

20} X + ldx

lu 2

23. j e —1dx

zl2

= [sin *t cos * tdt =

zl2

16

1 1 1 1

>= x-e'[-[e'dx =x-e'[-e'[=

0 0

! aretyx
3. [T,

o 1+ X°

7% 2sin X + 3c0s X

6. :
o (2cos x — 3sin x)
2 (arcsin - x)”
9, ( )
0 V1 - X2
7’2 sin X — €os X
12. | —dx
o (cos X + sin x)
Ptg(x+1
AR
0 COS " (X +1)
18. j 4 — x"dx
21.

f1+f

24, | %

o 1+sin’x



25. [N9 - x"dx j\/ 27. j—dx
o 1 o (X7 +1)

28, *'2x cos X + sin x L x — (arctgx )’ 30. 1+ (arcsin x)°
”Ju (xsin x)* " { 1+ X " { V1-x’

3

3- topshlrlq Integrallarni bo’laklab mtegrallash usuli bilan hisoblang.

1. I(x +3x = 2)sin dx
3. }(x24x+5)sin 2 xdx
5. }(x2+5x+3)sin 3 xdx
7. }(x2+3x+1)e*dx

9. }(xz + 4x + 5)e’"dx
11. }(x+l)|u(x+1)dx
13. }(x + 2)lu(x + 2)dx
15. }(x+3)|u2(x+3)dx
17. }(x23x+5)e"dx
19. }(xz + 6x + 3)cos 5xdx
21. }(xz +5x + 7)e dx

7l2

23. [e" cos xdx

0

25. je“ cos 2 xdx

1

27. [ xarctyxdx

29. }exsin xdx

0

2. J'(x + 4x + 3) cos xdx
4, j(xz+3x+6)cos 2 xdx
6. Jl'(x2+5x+7)cos 3xdx
8. }(x2+4x+7)e“dx
10. Jl‘(xz +5x + 8)e"dx
12. }(x+1)|u2(x+l)dx
14. Jl'(x + 2)lu*(x + 2)dx
16. Jl'(x+4)lu(x+4)dx
18. _1[(x2+2x+3)e“dx
20. Jl'(x2+3x+8)sin 4 xdx
22. }(xz+4x+5)e"”dx
24. ”jlzexsin xdx

26. ”j/ze“sin 2 xdx

1

28. [ x arcsin  xdx

1

30. [e”cos xdx

0

X



3. Xosmas integrallar.
1. Integrallash  chegarasi cheksiz bo’lgan integrallarga  yosh
chegaralanmagan funksiyalarning integrallariga xosmas integrallar
deyiladi.
2. f(x) funksiyaning (a;») oraligdagi xosmas integrali quyidagicha
aniqlanadi.

j f(x)dx = Ibinl } f (x)dx

Agar chekli limit mavjud bo’lsa, u holda xosmas integralni yaginlashuvchi
deyiladi. Agar limit mavjud bo’lmasa yoki cheksizligiga intilsa, u holda
integralni uzoglashuvchi deyiladi.

Mos ravishda,

[ F(x)dx = Iin} [ f(x)dx
} f(x)dx = Iimy} f (dx)

3. [a;b] kesmaning biror x = ¢ nugtasida chegaralanmagan, [a;c) Vva
(c;b] oraliglarda uzluksiz bo’lgan f (x) funksiyaning [a;b] kesmadagi
xosmas integrali quyidagicha aniglanadi:

[ f(x)dx = lim jf (x)dx + lim [ f (x)dx

Agar ikkala limit ham mavjud bo’lsa, u holda hosmas integral
yaginlashuvchi deyiladi. Agar limitlardan birortasi mavjud bo’lmasa, u
holda integral uzoglashuvchi deyiladi.

1-misol. |2 hosmas integralni hisoblang.
71\)(

Echish. jj—xf lim jld—xf lim (—ﬂ: lim (1+3):1

a— -0 X X aawk X} aa—ack a)

Javob: 1; xosmas integral yaginlashuvchi
2-misol. [% ni hisoblang.

1

Echish. Integrallanayotgan f(x) = funksiya x =0 nuqgtada

2
X

chegaralanmagan. Shuning uchun:



.l[dizz lim Jj(j)(z+[|T0}§j;: lim (‘i)“im (—£)= lim (£—1W+Iim (—1+£w:w

K x Sl x) el x) o eele el )

-1
Javob: xosmas integral uzoqlashuvchi.

4-topshirig. Xosmas integrallarni hisoblang.

0 @ 0

l. J_arctgx2 < 2 J, dx : 3 _[ dx : 4 j dx

o L+ X SA+ X S99+ x -16 + x
5. 1% 6. [ 7.1 8. &

r e I L
9. [ 1020 g 1% 12

2 Xm 1 x’ 3 3m 1 (x 2)2
13.[xe " ox 14.[x%e o 15. [ g 16.[ -~

o o 1 X xlux
17,2 18.] % 19. % 20.[-%

o m 1 X+ X o X o Xlu “x
21. [ agan 22, 23] 4%

o 2(xz—l)2 o V4 - x° 4x2 +4x+5
25. [ ox 26.[ % 27 [— X 28| X

o 5 Xlu “x 1 (X+ 1)l (x+1) s (X =Dlu(x -1)
29l :[ dx . SO.J_ dx .

SL(x+2) (x-5)

4

4. Xosmas integrallarni baholash.
1. Agar ushbu 0< f(x) <@ (x) shart barcha x>a da o’rinli bo’lib,

[ » (ax  xosmas integral yaqinlashuvi bo’lsa, u holda e (x)ax integral
ham yaginlashuvchiva [y xdx < [o)ac o’rinli bo’ladi.
2. Agar ushbu o<¢(x)< f(x) Shart barcha x>a da o’rinli bo’lib, J:go(x)dx

integral uzoglashuvchi bo’lsa, u xolda [t (x)ax integral ham uzoglashuvchi

bo’ladi.



3. Agar }\f(x)\ d yaginlashuvchi bo’lsa, u holda }f(x)dx ham

yaginlashuvchi bo’ladi.
4. Agar [a;b] kesmaning biror x=c nuqgtasida f(x) va »(x) funksiyalar
chegaralanmagan bo’lib, kesmaning barcha nuqgtalarida o < t (x) < »(x) Shart

bajarilsa, u holda [, (s ning yaginlashuvehiligidan [ s ning ham

yaginlashuvchiligi kelib chigadi.
5. Agar [a;b] kesmaning biror x-c nuqgtasida f(x) va »(x) funksiyalar
chegaralanmagan bo’Iib kesmaning barcha nugtalarida o < »(x) < t(x) Shart

bajarilsa, u holda I(/)(x)dx ning uzoglashuvchiligidan J'f(x)dx ning ham

uzoglashuvchiligi kellb chiqgadi.
6. Agar () funksiya [a;b] kesmaning biror x-c¢ nugtasida

chegaralanmagan bo’lib, }\f(x)\ ¢ xoSmas integral yaginlashuvchi bo’lsa,
u holda J x)x integral ham yaginlashuvchi bo’ladi.

1- misol. J integralni yaqinlashishga tekshiring.

1+ x°

L funksiya integrallash oralig’ida

1+ x

Echish . Integrallayotgan (x) -

ushbu  o(x)- =

9
X

yaginlashuvchi. Mos ravishda, garalayotgan integral ham yaginlashuvchi
JaVOb' yaqinlashuvchi

funksiyadan  Kkichik.  Ma lumki, jd—x integral

2- misol. j integralni yaginlashga tekshiring.

\/;+3x

Echish. Integrallanayotgan f(x)- funksiya [01] kesmaning

\/7 3x°
x = 0 nuqtasida chegaralanmagan. SHuningdek o (x) -

[0:1]

w
Q‘H
>

kesmaning x-o0 nuqtasida chegaralanmagan. [oa] oraligning barcha

3\/;+3XZ 3\/;
integral yaqginlashuvchi. Mos ravishda, qaralayotgan integral ham
yaginlashuvchi.
Javob: yaginlashuvchi.

nugtalarida —* < = shart bajariladi. Ma lumki, J';jTde X0Smas



5-topshiriq. Xosmas integrallarni solishtirish belgilaridan foydalanib
yaginlashishga tekshiring.

l. ” dx 2l ” dx 3. ” dx
'[xa(l+ex) Jl.x4(1+ex) J;l+x1°
© »© 2 o -x’
4, dx 5. 1+ x 6. e
'[1+ x '1[ x® '.; x’
o 1 2 w
7 lu(l+ x) ) g cos X g (sinx,
'! X 53\/1—x2 { x*
” cos x ! 1 ! dx
10. [ 2, 11— 12. |
TX 04\/;+4x3 05x+5x2
13, [ X 14, [ Xy 15. [ 22
T X i X 0 X3+l
" xdx ” dx ” dx
16. [— 17. [ = 18. [-—
o Vx +1 3 VX =2 4 -3
19. & 20. |22 21, %
1 X 2 X4+l 1 X
22 J_ xdx 23 Isin 32>< " 24 jcos 52x <
L Vx® +1 L T X
: dx L dx ” xarctgx
25. 26. 27.
o o e

28, | 29, % 30, |2,

1



5§. Aniq integral yordamida tekis
figuralarning yuzalarini hisoblash.

1%, Ushbu  {y= f(x)(f(x)=0)y=0;x=a;x=b}  chiziglar  bilan
chegaralangan egri chizigli trapesiyaning yuzi (1-shakl)

S:J'f(x)dx

formula bilan topishdi.
2-shakl.

2°. Ushbu {y=f(x)y =p(x)i(p(x)< f(x)).x=a,x=b} chiziglar bilan
chegaralangan tekis figuraning yuzi (2-shakl.)
S = [(f(x)= o (x)x

a

formula bilan topiladi.
3% Ushbu  y=o(t)x=olt)tela:s] parametrik tenglama bilan berilgan egri
chiziq orqgali chegaralanmagan tekis figuraning yuzi

b

S = Iq;(t).q)l(t).dt

formula bilan topiladi.
4°. Qutb koordinata sistemasida ushbu , - »(0).6 < [o,;0, ] tenglama bilan
berilgan chiziq orgali chegaralangan egri chizigli sektorning yuzi

o
1%
S :—Ipz(a)de
261

Formula bilan topiladi.
1-misol. Ushbu y-x* va y = +/x chiziglar bilan chegaralangan tekis
figuraning yuzini hisoblang.

Echish. Ko’rinib turibdiki, qaralayotgan chiziglar (0;0) va (@)
nuqtalarda kesishadi (3-shakl.)

3-shakl.



Natijada a = 0:b = 1:0(x) = x*; f(x)= +/x Qa ega bo’lamiz. Mos formuladan
foydalansak, tekis figuraning yuzi quyidagicha topiladi:

S :Jl'(\/;—xs)dx —[2\{:73):]—12 yUb

Javob: % yuza birlik. (yu.b.)

2-misol. Ushbu x = 2(t - sin t),y = 21 - cos t) Sikloidaning bitta arkasi va ox
o’qi bilan chegaralangan tekis figuraning yuzini toping.
Echish. SHakliga va formulaga mos asosan:

w(t)=2(1-cost)
p(t)=2(t -sin t)

o' (t)=2(1-cost)

4-shakil.
Natijada, garalayotgan tekis figuraning yuzi quyidagicha topiladi:

27
S = J'(Z(l—cost))zdt = 4J’(1—2cost+coszt)dt = 4]'(3—2(:05 t+£cos 2t)dt =
2 2 )

0 0 0

3 . 1 .
4(7t—23|n t+—sin 2t | =127
(2 4 )

yu.b.

Javob: 12 yu.b.

3-misol. Bernulli lemniskatasi ,? = 4° cos 20 bilan chegaralangan tekis
figuraning yuzini hisoblang.

Echish: Simmetriyaga ko’ra, gidirilayotgan

yuzaning to’rtdan bir gismini topamiz.

5-shakl

SHaklga va mos formulaga asosan, garalayotgan tekis figuraning yuzi
quyidagicha topiladi:



14

18:7"'4005 2040 = sin 26 = 1 bundan s -4 tob.

4 2

Javob: 4 yu.b.
6-topshirig. Quyidagi chiziglar bilan chegaralangan
yuzalarini hisoblang.

T T
y =€C0s X;y =0;Xx=——;X = —
4 4

y=(x-3)"y=09x-27

y:\/;;yzz;yzg

y:97x2;y:x2—3x

5
y=—;y=6-x
X

y:X\/4—x2;y:0;x:0;x:2

y = 9—x2;y:0;x:0;x:2

© oo N oaksw NP
<
Il
x
<
Il
x

10 y = cos x~sin2x,y:0;x:0;x:

11 y = sin xcoszx,y:O;x=0;x:

12. y - x(x-1)(x-2),y=0

3

13 y=tgxy =0;x=0;x=

. y=arccos X,y =0,x=0
14

. =(x+1); X +1
15, y = (x+1);y?

16 y:2x—xz+3;y:xz—4x+3

17 y:x2 8—x2;y:0;x:0;x:2\/;
18 y:—x2;><+y+z:0
19 yz:4x3;y:2xZ

20. y - %; y =17 - x° ( I Chorakda)
21. xy =20;x*+y* =a (| chorakda)

22 y =sin x;y =cos x;x =0
23. y
24 y:x3;y:8;x:0
25 y:2x—xz;y:—x

2
X
26 y=—,y=2X
2

0,25 x%;y =3x-05x"

tekis figuraning



27. y =
28. y=+e -1;y=0;x=1Iu2

29 y:xzcos X;y=0,x=0,x=—

2
30 y = arctgx ;y:O;x:\E

7- topshirig. Parametrik tenglamalari bilan berilgan chiziglar orgali
chegaralangan tekis figuralarning yuzalarini toping.

[x =3(t-sint) [x =5(t-sin t)

1. 4[)/ =3(1-cost) 2. %Ly =5(1-cost)
y=30<x<6z,y>3) y=50<x<107z,y >5)
X = 8cos °t X = 27 cos °t

3{ 3 4 .3
y = 8sin 't y = 27 sin "t
[x = 2cos t %(x:6cost

5. <Ly=65int 6. LY =2sin t
y =3(y = 3) y =3y = v/3)
(x = 4(t —sin t) ([x = 6(t —sin t)

7. ly=@@-cost) 8.ly=6(1—-cost)
y=4(0< x<8x,y >4) y=6(0<x<127z,y>6)
x=4\/;cos3t x=2\/;cos3t

9. |y = 2+/2sin °t 10. |y = /2 sin °t
x=2(x=2) x=1(x = 1)

(x = 7(t —sin t) (x =8(t —sin t)

11. iy =7@@—-cost) 12. %Ly =8(1—-cost)

y=7(0<x<147z,y=>7) y=8(0<x<167:y =>8)



13. %Ly =8sin t

x:3\/§(x23\/§)

(x = 3cos t {x=32 cos "t
14
X

[x =3cos t
15. %Ly:SSin t

x = 3/3(x > 3/3)

Qutb koordinata sistemasida berilgan chiziglar bilan chegaralangan
egri chizigli sektorning yuzini toping.

16 p =cos @;p =2cos 6O 17. p = 4cos 26

18. »% = 9sin 40 19. , - 3sin 30
20.p:4sin 20 21.p:2+0089

22. p =7sin ;p =5sin 6 23. p =2sin 8;p = 4sin 6
24. 5 =3cos 60 25. p =16sin 30

26 p = 9cos 30 27 p =5sin ;p = 3sin 6
28. p:\/gcosﬁ;p:sin 903931 29.p:c059—sin9

2
30. p = 25 cos 40

6. Aniq integral yordamida tekis egri chiziq yoyining uzunligini hisoblash.
1°. [a:b] kesmada birinchi tartibli hosilasi uzluksiz (silliq) bo’lgan 1 (x) egri
chizigning shu kesmaga mos bo’lgan yoyining uzunligi

L= I\l1+(f1(x))2dx

formula bilan topiladi.
2°. Ushbu y =y (t), x = o(t).« <t < # parametrik tenglama bilan berilgan
sillig egri chizigning [a; 5] kesmaga mos yoyini uzunligi



L= J'\/;+ (p.z dt
formula yordamida topiladi.

3°. Qutb koordinata sistemasida , - »(x)e, <0 <0, tenglama bilan berilgan
sillig egri chizigning [o,;0,] kesmaga mos yoyini uzunligi

L= (o e (o) a0

formula yordamida hisoblanadi.
1-misol. Ushbu 7 4 y% _ g% astroidaning uzunligini hisoblang.

%
Echish. Oshirmas funksiyaning hosilasiga ko’ra y' - - yy topiladi.

SHakldagi simmetriyaga ko’ra astroida
uzunligining to’rdan bir gismini
hisoblaymiz.

8 2/3 8
2
—L:j 1+ ymdx =j?dx =3Vx’ =3.4=12
4 0 ) X

X
u.b.

Javob: 48 uzunlik birlik (u.b.)
2-misol. Parametrik tenglamalari

t —sin t

[ x

%L y =1—cost

bilan berilgan sikloida (4-shakl) ning bitta ariosini uzunligini toping.
X=0;08=2xn

p(t)=t—sin t

Echish. SHartga ko’ra: | (t)=1- cos t
p'(t)=1—-cos t
formulaga ko’ra:

L = J'ﬂ(l—cos t)° +sin “dt = Zj'sin Ldt = —4cos L ~4(cos 7 —cos 0)=8 u.b
0 0 z
Javob: 8 u.b.



3-misol. Qutb koordinata sistemasida berilgan , (o) = sin % 0<o<an
3

chizigning uzunligini hisoblang.

H o o 1 o %
Yechish. ,'(6)=3sin 2 —.cos —- = = sin > —-cos —
3 3 3 3 3
3z 3z
o o o %
. L= j\/sin *—+sin* —cos®—do = jsin ?=do =
formulaga asosan: g 3 3 3 ) 3
1 20
ax1— cos —
3 20 3
= _[43& 7*(67—sm —):l u.b
g 2 20 2 3 ) 2
. 3z
Javob: == u.b.
2

8-topshirig. Dekart koordinata sistemasida berilgan tekis silliq
chiziglarning mos yoyi uzunligini hisoblang.

l.y=lux££x£\/g 2_y=XTfluTxlsx£e
3y=ex;03x31 4, y = arcsin x;0 < x <1
5.y:eX;1SXSe 6_y=|ucosx+3;0§xs%
7.y=1-lu(x’-1)2<x<3 8. y =1+ arcsin x—\/l—TOsxgé‘;/A

9. y=lus—lux;\3 < x< A7 10. y = V1-x* —arccos x;0 < x <1

11, y=e*+50<x<1 12.y:l—lusinx;7r/4sxs%
13. y=e*+10:0<x<1 14, y = ux; 3<x<q8

15, y=acsin (e *) 0<x<1 16. y-=2vJx o<x<1
17.y:Iusinx %sxs% :|.8.y:§x‘{/7—%"\/x73 0<x<1



19.y

21. y

23. y

25. y

27. y

29. y

Iu(l—xz) 0<x<

e’ +25 Iu\/gsxs

20. y?*=x® 0<x<1 (y=0)
e’ +1

22.y:|u 0<
e’ -1

24. y i(l—ex—e’x) 0<x<3

2
<x<2 26.y:chx+3
28. y:lu(l—x

qu/; 30.y: x—x°

— arccos

x+5 1/9<x<1

9- topshiriq. Parametrik tenglamalari bilan berilgan tekis silliq egri
chizigning mos yoyi uzunligi topilsin.

x
Il

x
I

x

W Nk WP
x

x

=
Lo
x >

el e
w n
> =

1
3

t
e
8sin t + 6cos t,

=3(t-sin t),

=5(2cos t — cos 2t),,

=e'(cos t +sin t)

=7(t-sin t),

2

==t°-t, y=t>+2 0

cos t, y:e'sint 0

x=6(cost+tsint), y=86

3 3

Xx=9cos t, y=29sin "t

8(cos t + tsin t), =

5cosst, y = 5sin >t

4(t-sint) y=4(1-cost) 0<t<

(t* = 2)sin t+ 2tcos t ,

y=6sint-8cost 0<t<

<t<3

<t<luz

T
2

y=31-cost) 0<t<nx

y = 3(2sin t—sin 2t) 0<t<2x

(sint—tcost) 0<t<?2
T

2

0<t<

y = e'(cos t —sin t)

y=7@-cost) z<t<2xz

R T
8(sin t—tcost) 0<t<—
3
T
0<t<—
3
T
2

y:(Z—tz)cos t+ 2tsin t

0<t< 27



14, x = e'(cos t +sin t), y=e'(cos t—sin t) 0<t<

6

15. «

12cosst, y:lZsingt 0<t<

w |y

T

4

16. x =13(cos t+tsint), y=13(sint—tcost) 0<t<

17. x:(tz—Z)sint+2tcost, y:(Z—IZ)cost+2tsint 0<t<nxz
18. x=e'(cos t+sint), y=e'(cost-sint) 0<t<2x

19. z

2

20. x=14(cos t+tsint) y=14(sin t—tcost) 0<ts<n

=13cos°t, y=13sin’t 0<t<

x

21.x:(t2—2)sint+2tcost,y:(2—t2)cost+2tsint Zstsl
6 3
22. x=15(t—-sint), y=15(1-cos t) Osts< =
2
23. x =16 (cos t + tsin t), y =16 (sin t — tcos t) 0O<t<
2
1 1 1 1
24.x:7cost—70052t,y:fsint—fsinZI thsi
2 4 2 4 6 3
3
25.x:17cos3t, y:17sin3t nsts—”
2
26. x:(t2—2)sint+2tcost, y:(Z—tz)cost+2tsint Zsts;r
2
z

1 1 1 . 1 . b4
27. x = =cos t — —cos 2t y Yy=-—sint-—sin 2t —
3 6 3 6 3 2
<

28. x =18 (cos t+tsin t), y=18(sin t—tcost) 0

29. x:lgcosst, y=19sin’t r<t<2rz

T
30. Xx=8sint+6cost, y=6sint-8cost —<t<nx
2

10-topshirig. Qutb koordinata sistemasida berilgan sillig tekis egri chiziq
yoyining uzunligini hisoblang.

1. p=0% 0<o6<x

2.7r:55|n6 03193Z
2
4
3 p:3COS3(*), 0<0££
(3) 2
4, p=4(1-cos 0), 0<0 <



6. p=7(1-cos 9), Leo<t
6 3
30
- T
T.p=5¢e*, 0<6<=
2
40
- T
8. p=3%, 0<o<=
3
10
~ T
9. p=7e°, 0<o<=
6
10. p-8sino, o0<o<>
3
ll.pzﬁcose, OSHSE
6
12. p-13sino,0<0 <=
4
13. p-12cos 0, 0<o <>
2
4
14. p-s6, o0<o<=
5
5
15. p =76, 0<0<=>
7
16. p-8@+sno), 0o<o<=
2
17. p-9-cos 0), -Z<o<
6
70
o V2
18. p=13e¢, 0<o<=
6
86
- T
19. p=ne’, 0<o<—
4
20. p =14 cos @ , 13931
6 4
21. p-15sine, Z<o<™
4 2
9
22. p=130, 0<6<—
10
13
23. p=170, 0<0<—
14
30
o T
24, p=19e®, 0<0<>
4
25. p-18sin6, —<o<=
3 2
26.p=1—c059, ZS&SII
2
27.p:1+sin6, Zeo<t
6 2



IA
N
IA

28. p=22sin 0,

w [N NN
&N w‘g’

29 p =25cos 6,

IA
N
IN

7§. Aniq integral yordamida hajm hisoblash.

1°. Agar jismni o« o’qiga perpendikulyar kesimining yuzi o(x) ma’lum
bo’lsa, u holda jismning x - a va x = b tekisliklar orasidagi gismini hajmi

Formula bilan topiladi.

2°. Ushbu {y- f(x).y=-0x=ax=-bjchiziglar bilan chegaralangan egri
chizigli trapesiyaning ox 0’qi atrofida aylanishdan hosil bo’lgan jismning
hajmi

formula bilan hisoblaniladi.

3%, Ushbu {x-=y(y)x=o0.y=-c.y-da} chiziglar bilan chegaralangan egri
chizigli trapesiyaning oy 0’qi atrofida aylanishdan hosil bo’lgan jismning
hajmi

formula bilan topiladi.

Misol. y* - (x-1)" va x=3 chiziglar bilan chegaralangan tekis figuraning
ox 0°gl atrofida aylanishdan hosil bo’lgan jismning hajmi topilsin.

Echish.

SHaklga va mos formulaga asosan izlayotgan hajm quyidagicha topiladi.
: . 1 .
Vo= n"'(x—l) dx = —7(x -1)

4
Javob. 4~ h.b.

*-1s 16 - ax hajm birlik.
4

1

11- topshirig. Berilgan chiziglar bilan chegaralagan figuralarni o« o’qi
atrofida aylanishdan hosil bo’lgan jismning hajmini toping.
1. y2 =x, x' = y

2. y:\/;ex, x=1,y=o0



2 8

64
4, y-— . x" =8y

X" +16
5.y=sin2x,y:0,x:0,x:ﬂ
6.y:—xz+3x—2,y:0
7. = 5sin x =sin x,x=0,, X=rx

y y Y y

8. y=x", y-0,x=1
9.y=4-x"y=o0
lO.y:Zx—xz,y:Z—x,x=0
11, y=x*, y=+/x

1
12 y:—x2+4x—3,y:0
13 y:—x2+6x—5,y:0
14, y =3cos X,y =cos x x=0,x>0
T

2

15 y=sin x,y=0,x=0,x =
Berilgan chiziglar bilan chegaralangan figuralarni o, 0’qi atrofida

aylanishdan hosil bo’lgan jismning hajmini toping.

16. y=x, y:\/;
17. y=x°, y=x’

18. y = arccos (iw y = arccos X,y = 0
L4)

NN

19 y = arcsin (iw,y:arcsin X,y =
(3)

20. y=x*—4x+4,,x=3,y=0
21. y=x%,y=x

22 yZ:xfz,y:O,y:xs,yzl
X X

23 y = arccos —,y = arccos —,y =0
6 3

24 y=38lux,x=2,,y=0
25 y = arcsin X,y = arccos X,y =0

26 y:y:x2+1,y:x,x:0,x:l

X X
27. y = arcsin —, X = arcsin —,y:l
7 2 2
28. y =e*, y=0,x=0
29. y?x®,y =0,x =1



8. Aniq integralni aylanma sirt yuzalarini, tekis figuralarning statik va
inersiya momentlarini hamda og’irlik markazining keordinatalarini
topishga tadbiqi.

1°. Sillig egri y - 1 (x) chizigning [a;b] Kesmaga mos yoyini o« 0’qi atrofida
aylanishdan hosil bo’lgan aylanma sirtning yuzi

b
S = 27zj yA/l+ y¥ dx

Formula bilan topiladi.
2°. Agar egri chiziq ushbu x = o (t)y —w ()t < [«: p]  parametrik
tenglamalari bilan berilgan bo’lsa, u holda aylanma sirt yuzi.

s . .
S :2ﬂjl//(t) (pz+y/2dt

Formula bilan hisoblaniladi.

3°. Agar xoy koordinata tekisligida m,.m,..m  massalariga ega bo’lgan
Ay, 1A, (60 y, ) A, (x5 y,) Moddiy nugtalar sistemasi berilgan bo’lsa, u
holda

n n
M,=2 My M, > mx,
r=1 k=1

2 2
Ix:zmkyk’lyzzmkyn
k=1 k=1

ifodalarga sistemaning o« Vva oy o’qglariga nisbatan statik va inersiya
momentlari deyiladi.

Mos ravishda, y - (x) tekis egri chizigning [a;b] Kesmadagi yoyni
statik va inersiya momentlari quyidagicha topiladi

b b
M, = [yd M, = [ xd

ba ba
L=y I, =[x"d

bu erda a = 1+ y?ax - €gri chiziq yoyining differensiali.



4°. Ushbu {y- f(x).y=-o0:x-a;x=b} chiziglar bilan chegaralangan egri
chizigli trapesiyaning statik va inersiya momentlari quyidagicha
hisoblaniladi:

b b

1 1
MX:;_!yzdx My:;{xydx
1° 10
Ing{ysdx Iy:;{xzydx

5°. y = 1(x) egri chizigning [a;b] kesmaga mos yoyini og’irlik markazining
koordinatalari quyidagicha topiladi:

b

b
XC:ITJ'de yczlf_.'ydL

buerda: da. = \1+ y2d, L-Yyoy uzunligi

6°. Ushbu {y = f(x).y = 0;x = a;x = b} chiziglar bilan chegaralangan egri
chizigli trapesiyaning og’irlik markazini koordinatalari quyidagicha
hisoblaniladi.

b b

1
By = d
X, S{XVX Y. [y ax

bu erda s - egri chizigli trapesiyaning yuzi

1- misol. Ushbu y - %ﬁ(g _x) egri chizigning [0:3] kesmaga mos yoyning

ox 0’Qi atrofida aylanishdan hosil bo’lgan aylanma sirt yuzini toping.
Echish. YOyning differensialini aniglaymiz:

dL = 1+ y’zdx = X+1dx
24/x

Mos formulaga ko’ra:

s - 2ﬂj§(3—x)~\/:‘xi+ldx - T 1) - 3

o 2dx 3y
Javob: 3. yuza birlik.
2-misol. x=2cost,y =3sint ellips yuzasining oy o’giga nisbatan inersiya
momentini toping.
Echish.



2 0 0 0
I, = ijzydx = 4J4coszt-35in t-(-2sin t)dt = —98 Isin tcos “tdt = —24J'sin 22tdt =

2 £
z % z
2 2

=-12 J‘(17 cos 4t)dt = 712(t - £sin 4t)
A L 4 )
Javob 6
3-misol. x*+y?*-4  (y=0) Yyarim aylana yoyining og’irlik markazi
koordinatalarini toping.
Echish. Quyidagilarni topamiz:

0
=6
% v

X
y=+va-x y' =-
4 - x?
2dx
dL = 41+ y’zdx:
4 - x?
Natijada:
2
1 1 2 xdx 1
xc:—deL_—J' =—-—4- 2::0
2z 7, 27 " N4 - x? 2
2 2

Javob: x, =0 y, =

12 -topshiriq. Berilgan chiziglarning mos yoylarini o o0’qi atrofida
aylanishidan hosil bo’lgan aylanma sirtlarning yuzini hisoblang.

1. y = tgx x;el_o;£~|
iy
2.y =sin x xel0;7]
3. y:x3 XEFO;i—‘
[ 2]
4, y - x* x e [0;0]
5. x23+y%7a%
6.L+L:1
16 4
7 Jx:Zcost—cosZt
(



10 y = sin x xe[o;%}

11. y-+e-x* yarim aylananing koordinata o’qglariga nisbatan statik
momentlarini toping.

12. y-+16 - x> yarim aylananing koordinata o’glariga nisbatan inersiya
momentlarini toping.

13. x=s5cost;y = asin t ellips yuzasining koordinata o’glariga nisbatan
inersiya momentlarini toping.

14. yzé(eue**) egri chizigning [o2] kesmaga mos yoyini o 0’giga

nisbatanstatik momentini toping.
15. y-4-x* parabola va y -3 chiziq bilan chegaralangan figuraning ox
0’qiga nisbatan inersiya momentini toping.
16. Tomonlari 3 va 4 ga teng bo’lgan to’g’ri to’rtburchakning simmetriya
o’glariga nisbatan inersiya momentlarini toping.
17. y = e* + e+ egri chiziq yoyining [0;2] kesmaga mos gismini o« 0’giga
nisbatan inersiya momentini toping.
18. Tomonlari 6 va 8 bo’lgan to’g’ri to’rtburchakning simmetriya o’qlariga
nisbatan statik momentlarini toping.
19. Radiusi 5 ga teng bo’lgan aylananing diametriga nisbatan inersiya
momentini toping.
20. %H’%ﬂ ellips yuzasining uning bosh o’glariga nisbatan inersiya
momentlarini toping.

Berilgan  chiziglarning mos  yoylarining og’irlik  markazi
koordinatalarini toping.

21. y =3l § x6[- 3;3]

22. x = acos’t y:asingt te{o;%}
23. y =16 — x° x e [-4;4]

24, y = sa X x e [-5:5]

5

25. y:\/36—x2 x e [-6:6]

Berilgan chiziglar bilan chegaralangan figuralarning og’irlik markazi
koordinatalarini toping.

26 y:cosx,y:O,x:O,x:l

N

27.y:97x2,y:0



28 y:2x—x2,y:0
29 y = sin x,y=0,x=0,x_£

2
30. y:xz;y:&



