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Mavzu: Boshlang‘ich trigonometrik tushuncha (2 soat)

Reja:

1. Burchak va yoylar. Trigonometrik aylana.
2. Asosiy trigonometrik ayniyatlar.

3. Ixtiyoriy burchak. Trigonometrik funksiyalar va ularning choraklardagi

ishoralari.

I. Aytaylik to‘g‘ri burchakli dekart koordinatalar sistemasi x0y berilgan bo‘lsin.
Markazi koordinatalar boshida radiusi birga teng bo‘lgan aylana yasaymiz. Hamda soat
strelkasi harakatiga teskari yo‘nalishni musbat yo‘nalish va A(1;0) nuqgtani boshlang‘ich
nuqta deb gabul gilamiz. Bu birlik aylanadi A(1;0) nugtadan musbat yo‘nalishda son
miqdori t Ssoniga teng bo‘lgan yoy ajratamiz. U holda birlik aylananing abtsissasi x; va
ordinatasi y; bo‘lgan R; nugtasi t songa mos keladi( 1-chizma).

1-ta’rif. Ry nugtaning X
abtsissasi t son (o burchak) kosinusi, y;

1

| Y
ordinatasi esa t son (o burchak) ning _\

cinusi deyiladi, ya’ni X;=CoSt, y;=sint. Vi
2-Ta’rif. t son (a burchak)
ning tangensi deb shu son (burchak)

\ A(L0)

sinusining uning kosinusiga nis- 0
: . . sint
batiga aytiladi, ya'ni tgt = ——,
cost

Kontangensi deb shu son kosinusi-

: e S : cost
ning uning sinusiga nisbatiga aytiladi, ya’ni Ctgt = —t
SN

II. Burchakning gradus o‘lchovini radian o‘lchovi va radian o‘lchovini

gradus o‘lchoviga aylantirish.
0
" 20 =295 iradian = 57°1715"

a=——a,
180° r

I11. Trigonometrik funktsiyalarning asosiy xossalari.

1. y=sinx, D(f)=R, E(f)=[ -1;1] , toq funktsii, davri T=2m,

_% + 2k, % + 2kz | K €2 dao‘sadi,

t_eng bo‘ladi.

Xt

1-chizma.

X

] 2
—%+ 2k7r,%+ 2kz | k €z da kamayadi . y=sin(@x+b) ning davri T = il ga

@



2.y=cosx, D(f)=R, E(f)=[ —1;1], juft funktsiya,davri T=2n [2kz,z+2kz] da kamayadi.
[7+2k 7,2 7+ 2k 7] da o°sadi.

y=cos (@x+b) ning davri T — 27 o3 teng bo‘ladi.

w

3.y=tgx,D(f) - R\{%+ ki, k EZ} E(f)=Rtog funktsiya davri

T
T=x, (_”+ kﬂ,§+ kﬂ) oraligda o‘sadi, y=tg(wx+b) ning davri — ga teng
2 2 @
bo‘ladi.
4. Y=ctgx, D(f)=R\{kz,k eZ}; E(f)=R toq funktsiya, davri T=x,
(kz, z+kz) da kamayadi, y=ctg(@x+b) ning davri T = 7% ga teng bo‘ladi.
(40

IV. Trigonometrik funktsiyalar giymatlarining choraklardagi ishoralari

chorak sinus kosinus tangens kotangens
sinx SOSX tgx ctgx
I + + + +
1 + — - —
Il — - + +
v — + — _

V. Ba’zi burchaklar trigonometrik funktsiyalarning
giymatlari

burchak- | 0° | 30" | 45° | 60° | 90° | 120°| 135° | 150° | 180° | 270° | 360"

lar

funktsiya| O L4 L4 7 | x| 27| 37 | 57 | m 3z | 2nm

lar 6 | 4 | 3| 2| 3| 4 6 2

sinx 0| 1 V2|3 |1 |32 ]| 1L 0 -1 0
2 2 2 2 2 2

COSX 11 J3 |2 1 |0 1| J2 J3]-1 0 1
2 2 2 2 2 2

tgx 0| .J3 | 1 |3 ]| |-43] -1 J3 | 0 0 0
3 3

ctgx o | /3 1 310 | J3] -1 |-{J3]| = 0 0

3 3




VI. Keltirish formulalari

burcha [-oo  [90% o |90%+ o [180%a |180%+ o |270%a |270%+ar |360%-
klar

funk- T V4 T-0 [T+ 3z 3 27 - o
tsiyalar ST pTa o T, ta

sinx -sina. | cosa cosa sina -sina -cosa  |-cosa  |-Sina
COsX cosa | Sina -sinat |-cosa. | -cosal -sina  |Sina cosQL
tg X -fga | ctga -ctga. | -tga tgo ctgo |-Ctga | -tgo
ctgx -ctgor | tgo -tga -ctga. | ctgo tga -tga -ctgo

. . ( Alx)
Misol. SIN _T ni hisoblang.
Yechish.

: ( 41;:) . Ax ( 57[) . 57 : ( z) T 1
SiInf| ———|==sIN——=-=sIN[6r+—|=-SIN—=-=sSINf 7—— [=—=SIN—-=——.
6 6 6 6 6 6 2

VI1. Bir argumentning trigonometrik funktsiyalari orasidagi asosiy

ayniyatlar
: sina CoS
sina+cos® =1, (ga=—-, ctga=-—-, tga ctga =1
cos Sina
2 2 1 1
I+9°a=—7—, l+clg°0=———, SeCa=——, cOseca=—
COs” « sSin‘ « cos Sina

VIII. Trigonometrik funktsiyalar uchun qo‘shish formulalari

sin(at+p)=sina cos f+c’sasing, sin (a-P)=sina c¢’sP-c’sasinf
c’s(at+P)=c’sacosp-sinasing , c¢’s (a-p)=c’sa c’sptsinasing
tga+tgp tga—tg p
tg(a+pB)=——"— " tg(a-pf)=——"
9a+h) l1-tgatgp 9@ -h) l+tgatgp
ctg(a+,8):CtgaCtgﬂ_l ctg(a—ﬁ):CtgaCtg’BJrl
ctga+ctgp ctlga—ctgp

. sin3acosa +cos3asina . .
Misol. ni soddalashtiring.

2c0s’ ax—1

Yechish.
sin3acosa +cos3asina sin(3a + «) 3 sinda
2cos’ ¢ —1 2¢0s’ ¢ —Cos’ @ —Sin*a €cos’ a —sin*
_ 2sin2acos2a
COsS 2

= 2Sin 2«




IX. Ikkilangan va yarim burchakning trigonometrik funktsiyalari
sin2 e=2sina cose,  Cos2o=Cos’a- Sin“a

I+cos2a=2c0s’a, 1-cos2a=2sin*a
2tgor ctg’a — 1 _ L
920 =——-—, Clg2a=—"———, 1tsin2a=(cosa tsina)
1-19°«x 2ctga

o 1l-cosa COSZoz_1+cosoc g sina_ 1-cosa

sin® —=————,  tg— = ==
2 2 2 2 2 l+cosa SIN &
(04 2
. 2tg§ 1-19 2 ,a 1-cosa
sing=———=—, cosa=—=, 19° D=
1+tgz(g 1+t9202[ +Cosa

Mustaqil yechish uchun misollar
Ifodalarni soddalashtiring.

. 187« T 18r . « . i
1. smﬁcos— — CO0S——- smﬁ; 2. sin73%0s17%+cos73%in17°;

17 17
. 5 . 5
3. sin73%0s17 —cos 73%in17; 4.5in>Z cos = +sin -~ . COS—E;
12 12 12 12
. I T . T Vg1
5.8IN—COS——SIN—-CO0S——; 6. sin(at+p)+sin(—a)cos(-p);
12 12 12 12
i . 27 T
7. cos(—a)sin(=p)-sin(ap); 8. COS(? — a) + Cos(a + 5) ;
Sin ¢ COS & T
. —, 10. cos(xcos(——a);
1-2sin"« 2
11. sin 2 + (sin @—s0sa)’; 12. 2 cos*3a-1;
,
208 2_1_ 1—cos2a _
13. - , 14. _—'Ctga,
SIN 2« SIN 2o
sin 2« i
15, ———; 16. (1+ Ctg’or + — )SInza-COSZa;
1+ cos2a COS” o
COS sin : ., ,
17.( - 'B+ 'B)smzm 18. ——sin"a—tg°a;
Sinad COS« Ccos’
19 sina +SiN 3« 20 sin2a +sinda
" cosa+cos3a’ ' cos2a —cosda
sin2a +sin5a —sin 3a 27 27
21. — : 22. COS+COS| — 4+ a | +cos| — —a |;
1+cosa—2sIN° 2« 3 3



23. Quyida keltirilgan funktsiyalarning gaysi birlari davriy
1) y=xsinx,  2) y=sin2x, 3) y=cos(x+2),
4) y=2tgx,  5)y=sin’x,  6)y=sinx’

24. Quyidagi funktsiyalarning davrini toping.

1) y=3sin(3x+3), 2) y=5 cos(g + 1) ;

3)y:7tg(2§x+2); 4)y:80tg(%x+5).

Trigonometrik funksiya grafigi

Reja
1. Trigonometrik funksiyalarning juft va togligi.
2. y=sinx funksiya grafigi va xossalari.
3. y=cosx funksiya grafigi va xossalari.
4. y=tgx, y =ctgx funksiyalar grafiklari va xossalari.

5. y =arctgx, y = arcctgx funksiyalar grafiklari va xossalari.

Trigonometrik funktsiyalarni grafiklari.

y=sinx toq funksiya bo‘lib, uning grafigi koordinata boshiga nisbatan simmetrik,
ya’ni barcha X € R da, sin(- X) = - sin x.
y = sinx funksiya 27k < x < n + 2nk { keZ) giymatlarda musbat, & + 2nk< x < 2w +
2nk (keZ) giymatlarda manfiy, x= ik, (keZ) giymatlarda esa u nolga teng. 0; #n,
+2n,...,+nn,...(n€Z) giymatlar y=sinx funksiyaning nollari deyiladi.

y = sinx funksiya - %+ 27K < X < %+ 27k qiymatlarda monoton o‘sadi,

%+ 27k < X < 3?”+ 27k giymatlarda monoton kamayadi.

y=sinx funksiya 2r davrli davriy funksiya bo‘lib, uning grafigini [0;2x] oraliqda chizish
yetarli.

y=1 _y=sinx

_— 1 — L —
/_\_ T S X
o g:n: _ \ ﬂu z k\ /T g
| -?- "'\‘__
{ _

}J'z—‘f ‘Ti

Boshqa oraliglarda grafikni chizish uchun esa grafikni 27; 4 w; 6 © va h.k. masofaga
surish yetarii hosii bo‘lgan chiziq (grafik) sinusoyida deyiladi.



y=cosx juft funksiya, ya’ni barcha xeR da cos(-x)=cosx. Uning grafigi oy o‘qga
nisbatan simmetrik.

4. y=cosx funksiya- %+ 27k <X < %+ 27k giymatlarda musbat,

+27k < X < 3?7[+ 27k qiymatlarda esa manfiy, X=%+ 27k qiymatlarda esa u nolga teng

E

(i%; 3?”; oy (2 erl)”, ... funksiyaning nollari), bu yerda keZ.

5. y=cosx funksiya 2nk < x < m + 27k (keZ) qiymatlarda monoton kamayadi;

n+ 21k <X <27 + 2nk (keZ) giymatlarda monoton o‘sadi.

6. y = cosx funksiya 2= davriy funksiya bo‘lib, uning grafigini [0; 2xr] oraligda chizish
etarii.

Hosil bo‘lgan grafik (chiziq) kosinusoida deyiladi va uni y=sinx funksiya grafigini

-+

chapga %- masofa qadar surilgan sinusoida deb qarash mumkin.

v 4
v=1 11 P Yy =cosx
- - 2 2
~-27% 3 '3—// O K\J/
V=-7 ~7

y=Asin(mx + ¢) funksiya grafigini bir necha bosqichga ajratib yasaymiz.

y = A sin mx funksiyaning graflgi:

1. Bu funksiyaning grafigini chizish uchun uni y=sinx funksiya bilan tagqoslaymiz.
Grafik ox o‘q bo‘ylab ikki marta gisiladi.

2. y=sing funksiya grafigini chizish uchun uni y=sinx bilan tagqoslab, gzzzz,x:m

kichik davr topiladi.

3. y=A sinmx funksiya grafigini yasash uchun y=sinmx ning giymatlarini A ga
ko‘paytirish kifoya. Grafik )Y o°q bo‘ylab, ikki marta cho‘zishdan hosil bo‘ladi.

4. y=25ing grafigini yasash uchun y=sing grafigini ou o‘q bo‘ylab ikki marta cho‘zish

kerak.
y=A cos (mx + ¢) funksiyaning grafigini ham shunga o‘xshash yasash mumkin.




1. tgx funksiya toq funksiya, ya’ni tg(-x) = - tgx.
2. y = tgx funksiya 7k < x <%+7zk, k e Z qiymatlarda musbat,

—% < x < 7k, k e Z giymatlarda manfiy, x =k, k e Z giymatlarda nolga aylanadi.

3.y =tg x funksiya o‘zining aniglanish sohasida monoton o‘suvchi.
4.y =tg x funksiya davri r» ga teng davriy funksiya.
y

1 |
A AL

eIy BEA 5,/ = =

Nl

Eslatma. y=tgx funksiyax=%+7zk,k e Z giymatlarda aniglanmagan, ya’ni uzilishga ega

bo‘lib, x= i—%, X= j:3%, ... to‘g‘ri chiziglar y=tgx funksiya grafigiga asimtota deyiladi.
1. y = ctg x funksiya toq funksiya, ya’ni ctg(-x) = - ctg x.
2.y = ctg x funksiya 7k < x < %+7zk,k e Z qiymatlarda musbat,

—% < x < 7k, k e Z giymatlarda manfiy, x = % +7k,k € Z giymatlarda nolga aylanadi.

3.y = ctgx funksiya o‘zining aniglanish sohasida monoton kamayadi.

4.y = ctgx funksiya davri = ga teng davriy funksiya.

1-eslatma. y=ctgx funksiya x =7k, k e Z giymatlarda aniglanmagan, ya’ni uzilishga ega
bo‘lib, x = 0 (OY 0Q), X = 7, X= 27, ...,. To‘g‘ri chiziglar y=ctgx funksiya
grafigiga asimtota deyiladi. Xx— = bo‘lganda ctgx — o, x— 0 bo‘lganda ctgx — oo.
2-eslatma. y=ctgx funksiyaning grafigini (0; =) oraliqda chizish yetarli. Uni =; 2 =;
3r; ..., k..., masofaga ketma-ket ko‘chirish bilan y=stgx funksiyaning to‘la grafigi
hosil gilinadi.

A

S]E]

Q
(S]E]

N
A

%




y=ctgx funksiyaning grafigini chizishda ctgx= - tg (X+%) tenglikdan foydalaniladi.

3-mavzu. Trigonometrik funksiyalarning asosiy xossalari (4 soat)
Reja

1. Ikki burchak yig’indisi va ayirmasining trigonometrik funksiyalari.

2. Ikkilangan burchakning va yarim burchakning trigonometrik funksiyalari.
3. Trigonometrik funksiyalar ko’paytmasini yig’indiga keltirish va yig’indini
ko’paytmaga keltirish formulalari.

Trigonometrik funktsiyalar yig‘indisini ularning ko‘paytmasi bilan

almashtirish
Sinuslar yig‘indisi uchun quyidagi formula o‘rinli
. . . a+ o —
sina + sin B = 2sIn Zﬁcos 2ﬁ (1)
.. o+ o —
Bu formani o‘rinli ekanligini isbotlaylik T'B = X, Tﬂ =Yy

deb belgilasak, u holda x+y=a x-y=p tenglikka ega bo‘lamiz. Shuning uchun
sing+sin f=sin(x+y)+sin(x—y)=sinx-cosy +Ssiny-cosx +

a+f
2

+SINX-C0SYy—SiNyCcosX = 2sinX-cosy = 2sin -C0S ni gilamiz.

a-p
2
Quyidagi formulalarni isboti ham (1) formula kabi isbotlanadi.

a;ﬂcosa+ﬁ,

sina —sin = 2sin

2
COS ¢ + COS 3 = 2cosa;ﬂcosa;'3,
. a+pf . a-
COS o — COS 3 = _2sin% 'Bsma P
2 2
sin
tga £ tgp = sin(a £ 5)
cosa Cos 3’
sin
ctga £ ctgp = sin(f+ a)
sina sin g
Misollar. 1) sin75° +cos75° ni hisoblang.
Yechish.

sin75° + cos75° =sin75° + cos(90° —15°) =sin75° +sin15° =



sin 5 +15 cos75 —1 2sin45° cos 30° = 2\/E : V3 = V6
2 2 2 2 2
2) (sin(a + z) + sin(a — 1)) sin " ni hisoblang.
12 12 12
Yechish.
T T T
. . . a+—+a-— at o —at
(sin(a+)+sin(a—)) sin— = 2sin 12 12 cos 12 12 sin— =
12 12 12 2 2 12

i T . T ) .o 1.
=2SIN@-C0S—-SIN— =SIN-SIN— = —SIN &
12 12 6 2
3. cos(%— ,6’) —cos(%+ ﬂ) ni hisoblang

Yechish.
(Go5es) (s

T T . .
cos| —— 3| —cos| —+ = -28In -SIN =
(4 ﬂ) (4 ’B) 2 2

= —Zsin%sin(—ﬁ) = Zsinﬁ-% =2sin .

II. Ko‘paytmani yig‘indiga keltirish formulari
Quyidagi formulalar o‘ringa ega:

sina sin = %(cos(a — ) —cos(a + f)), cosa cos f = %(cos(a + )+ cos(a — f3))

SinaCOSﬁz%(Sin(a+ﬂ)+sin(a—ﬁ)), a=L 06YVyJaca

. 1-cos2a 2 1+ cos 2« . 1 .
SIN“ o = > , COS” o = > , smacosazgsta

Bu formulalardan bittasini isbotlaylik

COSx - COS B = %[cosa — ) +cos(a + )] formulani ibotlang.
Isbot. %[cos(a — ) +cos(a+ B)]= %(cosacosﬁ+ sinasin S+
COSar Cos f—sinasin f) = % 2C0S COS S =COScx - COS 3

_ T T _ »
Misol. ZCOS(Z + 205) COS(Z — 20{) ni soddalashtiring.



Yechish. 2(:03(z + Za) cos(z - Za) =2- l cos(z + 20 — z + 205) +
4 4 2 4 4
+cos(% + 20 + % — 204” = Cc0S4o + cos% = Cc0S4«

I1l. a Sina + b cosa ifodani almashtirish.
a) yordamchi burchak o kritish usuli:

1 2 2 Al b
asina +bcosa =~/a’ + b’ sin(a + @), tgp =—
a

b) ratsionallashtiruvchi almashtirish kritish usuli:

asina+bcosa = #(—btg2g+ 2atgz+ b)
1+t & 2 2
+ tg 5

4. TESKARI TRIGONOMETRIK FUNKTSIYALAR.

Teskari trigonometrik funktsiyalarni aniqlashda quyidagi ildizlar haqidagi
umumiy teoremadan foydalanamiz.

Teorema . Agar y=f(x) funktsiya. J oraligda aniglangan va o‘suvchi (yoki
kamayuvchi) bo‘lib, a shu oraliqdagi funktsiyaning ixtiyoriy qiymati bo‘lsa, u holda
f(x)=a tenglama J oraligda yagona ildizga ega.

Natija. Agar f(x) funktsiya [a;b] intervalda monoton funktsiya bo‘lsa, u holda a
<X <’b da bu funktsiyaga teskari funktsiya mavjud bo‘ladi.

Yugoridagi  natijadan  foydalanib, y=sinx, y=cosx, y=tgx, Yy=ctgx
funktsiyalarga teskari bo‘lgan funktsiyalarni aniglaymiz.

l. y=sinx funktsiya [—%,%} oraligda monoton o‘suvchi bo‘lib,
—1 dan 1 gacha bo‘lgan barcha qiymatlarni qabul qiladi. Natijaga asosan y=sinx
funktsiyaga x e [—% ; %} oraliqda teskari funktsiya mavjud.

|a|<’1 tengsizlikni ganoatlantiruvchi har bir a con uchun
[—%;%} oraligda sinusi a ga teng bo‘lgan b burchak mavjud. Bu sonni a conining

arksinusi deyiladi. Va b=arcsina  ko‘rinishda yoziladi. Aniqlashimizga asosan:
sin(arcsina)=a



Demak, y=sinx funktsiyaning [—%,%} oraligda teskari funktsiyasi x=arcsiny

ko‘rinishga ega bo‘ladi. Funktsiyaning ananaviy belgilanishiga asosan y=sinx
funktsiyaga teskari funktsiyani y=arcsinx ko‘rinishda yozamiz.
Ta’rif. Sinusi X ga teng bo‘lgan arcsin X e [—Ez} burchakka xe [-1;1]

sonning arksinusi deyiladi.
Arksinusning ta’rifiga ko‘ra sin(arcsinx)=x ekanligi kelib chigadi.

y=sinx funktsiyaning [—%,%} oraliqda teskari funktsiyasini bilgan holda,

uning ixtiyoriy monotonlik —E+ 2k7r;E+ 2kﬂ':|, K €7 oralig‘ida unga teskari

funktsiyani aniglash mumkin. y=arcsinx+2kz burchak sinusi x ga teng bo‘lganligidan

y e[—z+2k7r;z+2k7z .
2 2

Ixtiyorty k € z uchun y=arcsinx+2kz funktsiya y=sinx funktsiyaning

L 2kr; % + 2k7r} oraliqdagi teskari funktsiyasidan iborat.
——+ 2k7z;?+2k7rJ, k €z oraligning har birida y=sinx funktsiya uzluksiz,

Izamayuvchi va 1 dan —1 gacha bo‘lgan barcha giymatlarni gabul giladi. X=(z - arcsiny)
+ 2k burchakning sinusi y ga teng bo‘lganda

T T
X € |:—§ + Zkﬂ;E + 2kﬂ'} K €z bo‘ladi. Haqiqatdan ham

sinx = sin (( w—arcsiny)+2kz)=sin (z—arcsiny)= sin(arcsiny)=y.
Demak, har bir ke z uchun x=(zarcsiny)+2kz funktsiya y=sinx funktsiyaning

3
[—% + 2k, ?ﬂ + 2k7z} oraligdagi teskari funktsiyasidan iborat ekan.

[—%+ 2k75%+ 2k75} va [%+ 2k, 3?7[+ 2k72'i|, k €z oraliglaring

birlashmasi esa (—», «)=R - barcha haqiqgiy sonlar to‘plamidan iborat.
Yugoridagilardan ko‘rinadiki y=sin x funktsiya teskari

y=arcsin x funktsiyani [—%; %} oraligda tekshirish etarli ekan.

Demak, y=arcsin x funktsiyada x ning har bir giymati



T T
—1<x <1 kesmada bo‘ladi, uning qiymatlari to‘plami — E Sy<-—

2
kesmadan iborat bo‘ladi. Shunga ko‘ra —1< x <1 kesmaning tashgarasida y=arcsinx
funktsiya o‘z ma’nosini yo‘qotadi.

Misol.

.1 . N3 7 . A2 : V4 iy
arcsmE:g, arcsin— = —; arcsin— = —, arcsmlzz lar  ta’rifga

BN

asosan, yechildi.

1 . 2
arcsin 0,013, arcsin0,12; arcsmg; arCS|n§; arcsin 0,2 kabi misollar teskari

trigonometrik funktsiyaning qiymatlari jadvalidan foydalanib topiladi.

arcsin2, arcsin 3. Arcsin 2,1, arcsin5 kabilar ma’noga ega emas.

y=arcsinx funktsiya argumentining ishorasi o‘zgarganda arcsin x funktsiyaning
Ishorasi o°zgarib, absolyut miqdori o‘zgarmaydi, ya’ni bu funktsiya toq: arcsin(—x)= —
arcsinx

T : /4 -
ISBOT: Ma’lumki _E <arcsinx < E tengsizlikdan

% > arcsinx > —% ekanligi kelib chigadi, bundan

sin(—arcsinx)=-sin(arcsinx)=—x bo‘ladi.
Demak: arcsin(—x)= —arcsinx ekan

: ( 1) 1 T

arcsinf —— | =—arcsin—=——

2 2 6
arcsm(—g) = —arcsin 5 ma’noga ega emas, chunki — § <-1

. 27 .27 2T
arcsin Y = —arcsin 3 ma’noga ega emas, chunki 3 >1

Endi x=arcsiny tenglikda y o‘zgaruvchini sinx ga almashtirib va X ga
cheklanishlarni e’tiborga olib, quyidagi ayniyatni hosil gilamiz:

<:>%+2kn<x<5—g+2krz,kez (1)

Cinus funktsiyasining davriyligidan y=arcsin(sinx) funktsiya ham davriy bo‘lib
uning davri ham 2x ga teng. Shuning uchun bu funktsiyani [—%,3?”} oraligda
tekshirish kifoyadir.

T T
Agar X € |:— E ; E:| bo‘lsa, ta’rifdan y=X tenglik o‘rinli bo‘ladi.



3
Agar xe l:—% g}bo Isa, bu holda 7 — X e[—% %} bo‘lib, sin(zx)=sinx

dan y=arcsinx=zX tenglik o‘rinli bo‘ladi.

[ 3r
Agar X € —7 ’_E bo‘lsa, y=—zX tenglik o‘rinli bo‘ladi.
St 3w o e :
Agar X €| — 7 — ? bo‘lsa, y=x+2z tenglik o‘rinli bo‘ladi.

Yuqoridagi_lardan

X, agar XE{ z.
2’

T—X, agar XE{

arcsin(sin X)=:x—2z, agar Xe

—7—X, agar Xe|->-—

X+27, agar Xe 5 }

tenglikni yozish mumekin.
Umumiy holda quyidagi ayniyatga ega bo‘lamiz:
X —2kz, ar ap —§+ 2k < XS%+2k7z
arcsin(sin x) = 3 (3)
(2k + 1)z — X, ar ap %+ 2k < xs7”+ 2k

"

(2) va (3) formulalardan foydalanib, ba’zi misollarni juda ason yechish mumkin.
Misollar

1. 7arcsin(sin %) ni hisoblang

Yechish. % e[—%,%} ekanligidan (2) ga asosan

7-arcsm(sm—) =7-— = 7 bo‘ladi.
7 7

67

2. arcsin sinTJ ni qaraylik



. (.. 6 6 3
Yechish: arcsm(sm —”) bu erda il € i ;—7[ kesmaga tegishli
7 7 2 2
. . ( . br 6r =« ,
ekanligidan (2) ga asosan arcsin| sin 7 = — 7 = 7 ga ega bo‘lamiz.

37 5
3. Arcsin(sin5) ni hisoblang. Bu erda 5 6[7”77[} bo‘lganligi uchun (2) ga

ko‘ra arcsin(sin5)=5-2z bo‘ladi.
4. Arcsin(sinl0) ni hisoblang. Bu erda (3) formulaga asosan, k=1 da

10 6[57”,7?%} ekanligidan arcsin(sin10)=37-10 bo‘ladi.

I1. Y=cosx funktsiya [0;r] oraligda monoton kamayuvchi bo‘lib 1 dan — 1 gacha
bo‘lgan barcha qgiymatlarni qabul qiladi. Yuqorida berilgan natijaga asosan y=cesx
funktsiyaga xe€[0;z] oraligda teskari funktsiya mavjud. |aj]< 1 tengsizlikni
ganoatlantiruvchi har bir a con uchun [0;z] oraligda kosinusi a ga teng bo‘lgan b
burchak mavjud. Bu burchakni a conining arkkosinusi deyiladi. Va b=arccesa
ko‘rinishda yoziladi.

TA’RIF Kosinusi X ga teng bo‘lgan arcces X €[0; z] burchakka x €[-1;1] sonning
arkkosinusi deyiladi.

Arkkosinusning ta’rifiga ko‘ra ces(arccesx)=x ekanligi kelib chigadi. Bulardan
ko‘rinadiki y=ces x funktsiyaning [0;z] oraliqda teskari funktsiyasi x=arcces Yy
ko‘rinishga ega bo‘ladi.

Funktsiyaning ananaviy belgilanishiga asosan y=cesx funktsiyaga teskari
funktsiyani y=arcces X ko‘rinishda yozamiz. Demak, ses(arcces x)=x ekan .

y=arccosx funktsiyaning aniglanish sohasi —1<x <1 kesmadan iborat bo‘lib,
funktsiya bu kesmadan tashqarida mavjud bo‘lmaydi.

y=arccosx funktsiya argumentining ishorasit o‘zgarsa, ya’ni arccos(—X)=z
arccosx tenglik o‘rinli bo‘ladi.

Isbot. arccesx=y desak, arkkosinus ta’rifga ko‘ra X=CoSy bo‘ladi. 0 <arccosx <
7z ekanligidan 0 < 7 arccosx < 7z va SoS(marccosx)=—cos(arccosx)=—x bo‘ladi.
Demak, arccos(—x)=z—arccosx ekan.

. J3 7 ( 2) 2 T 3
Misollar. arccos— = —; arccos| ——|=r—-arccoS—=7r——=—
2 6 2 2 4

2
arcces0,35, arccos—, arcces0,7135 -lar jadvaldan foydalanib topiladi.
5
3 T ~ _
arccos_, arccos’; arccos -5 lar manoga ega emas, chunki

§>1; z>1, 1-5<-1.
2 2



Ixtiyoriy kez uchun y=arccosx +2kz funktsiya y=coesx funktsiyaning [27K;
m+27K] oraliqda teskrai funktsiyasidan iborat
[-7+2k7; 27K] va [27K; #+27K] Kk €z oraliglarning birlashmasi R - barcha haqiqiy sonlar
to‘plamidan iborat bo‘ladi.

Yugoridagilardan ko‘rinadiki, y=coes X funktsiyaga teskari y=arccesx funktsiyani

tekshirish uchun uni [0; z] oraliqda tekshirish etarli ekan.

Endi y=arcces(cosx) funktsiyani ko‘rib chiqaylik. Kosinus funktsiyaning
davriyligidan y=arcces(ces x) funktsiya ham davriy, uning davri 2z ga teng.

Agar x €[0; z] bo‘lsa, y=arcces(Cosx)=X bo‘ladi.

Agar x €[ z;27] bo‘lsa, y=arccos(cosx)= 27X bo‘ladi.

Xuddi shuningdek, agar x €[3x; 47] bo‘lsa,y=arcces(cosx)=x-2x, agar Xe [37;
47 bo‘lsa, y=arcces(Cosx)= 47X bo‘ladi.

Yugoridagilardan foydalanib quyidagi tenglikni yozish mumkin.
X, gar xe[0;7]
2r—X, gar xe[r;2x]
X—2x, gar xe[2x;3r]
Ar—Xx, gar xe[3r4r]
Umumiy holda quyidagi ayniyatga ega bo‘lamiz.
X—2kz, gar 2kzr <x<(2k+1)z bo'lsa
2kr—x, gar (2k-1)z <x<2kz bo'lsa

arccos(cos X) = 4)

y =arccos(cos x){ (5)

I11. y=tgx funktsiya (—%; %) oraliqda uzluksiz, o‘suvchi va R dagi barcha

giymatlarni gabul giladi. Shuning uchun ixtiyoriy aeR son uchun (—%; %) oraligda

tgx=a tenglamaning yagona v ildizi mavjud. Bu v soni a sonining arctangensi deyiladi
va uni b=arctga ko‘rinishda yoziladi.

Shunday qilib, y=arctgx funktsiyay=tgx funktsiyaning (— % ; %)
oraligda teskari funktsyasidan iborat.
TA’RIF. Tangensi X ga teng bo‘lgan arctgxe (—%; g) burchakka xeR

sonining arktangensi deyiladi.
Arktangenskning ta’rifiga ko‘ra tg(arctgx)=x ekanligi kelib chigadi.
Ixtiyoriy k ez uchun y=arctgx+kz funktsiya y=tgx fknktsiyaning

(—% + Kk ; §+ kz) oraliqdagi teskari funktsiyasidan iborat.



: : T V4 _
y=arctgx funktsiya —ao<x<+oo oraligda — Edan E gacha o‘sadi.

y=tgx funktsiya togligidan y=arctgx funktsiya ham toq bo‘ladi. Ya’ni y=arctgx
funktsiya argumentning ishorasi o‘zgarganda funktsiyaning ishorasi ham o‘zgaradi,
lekin miqdori o‘zgarmaydi.
arctg(—x)= —arctgx
Endi y=arctg(tgx) funktsiyani tekshiraylik y=tgx funktsiyaning va y=arctgx
funktsiyalarning davriyligidan y=arctg(tgx) funktsiya ham davriy bo‘lib, uning davri
ham 7 ga teng.

V4 /4
Yugoridagilarni ~ e’tiborga  olsak, —5 <arctg(tgx) < Ebo‘lib, agar
3
_z < X< % bo‘lsa, unda arctg(tgx); agar % < X< 77[ bo‘lsa, unda arctg(tgx)=x-z;
3z o
agar — < X< ? bo‘lsa, unda

-3 T .
arctg(tgx)=x-2x ; agar T < X< E bo‘lsa, unda arctg(tgx)=x+z bo‘ladi. Bulardan

quyidagi aynimyatga ega bo‘lamiz.

T T
x,agar -7 <x<z
arctg(tgx) ={x—, agar %< X <37” (6)
37 T
X+7,agar —SL<x<-%

. V4 V4
Umumiy holda agar -5 +kr<x< 5 + K7 bo‘lsa,

arctg(tgx)=x—k tenglik o‘rinli bo‘ladi.

IV. y=ctgx funktsiya (0;m) oraligda uzluksiz, kamayuvchi va R dan barcha
giymatlarni gabul giladi.

Shuning uchun har bir ae R son uchun (0; =) oraligda ctgx=a tenglamaning
yagona ildizi mavjud. Bu b soni a sonining arkkotangensi deyiladi va uni b=arcctga
ko‘rinishda belgilanadi.

Demak, y=ctgx funktsiyaning (0;n) oralikdagi teskari funktsiyasi y=arcctgx dan
iborat.

TA’RIF. arcctgx kotangenski X ga teng bo‘lgan 0 dan m gacha oralikdagi
burchakdan iborat.

Ta’rifdan ctg(arcctgx)=x ekanligi kelib chigadi. y=ctgx funktsiyaning davri  ga
teng ekanligidan y=arcctgx+kz funktsiya y=ctgx funktsiyaning (kz; z+k=) oraligdagi
teskari funktsiyasi bo‘ladi.

y=arcctg(ctgx) funktsiya ham davriy uning davri n ga teng.



X, agar <X<7T
y=arcctg(ctgx) =1Xx—rx,agar z<Xx<2z

X+m,agar —z<x<0
Umumiy holda, agar kz<x<z+kz bo‘lsa.
arcctg(ctgx)=x—kz tenglik o‘rinli bo‘ladi.

Biz yugorida arcsin(sinx), arcces(cesx), arctg(tgx) va arcctg(ctgx) larni
hisoblash uchun formulalarni keltirib chigadik

arcsin(sin x) + arccos(sin x) = % (7)

T
arctg(tgx) + arcctg(tgx) = > (8)
ayniyatlarni e’tiborga olsak, arcsin(cosx), arccos(sinx), arctg(ctgx) va arcctg(tgx) larni
hisoblashni arcsin(sinx), arccos(cosx), arctg(tgx), arcctg(ctgx) larni birini hisoblashga
keltiriladi:

: T
1-misol. arcsm(cos7) ni hisoblang

) . T o
Yechish. arcsin(cosx) + arccos(cosx) = > tenglikni
arcsin(cos x) = ' arccos(cos X) kelib chigadi. Bundan xe[0;n] bo‘lganda

. T
arcsin(cos x) = ' X bo‘ladi.

i ( (72’)) T ( 7[) T 7w [(7—27n b5rx
arcsin| cos| — =——alCCosf COS— | =———= =
7 2 7 2 7 14 14

_ ) 117z .
2-misol. arcsin| cos 7 ni hisoblang
Yechish. (7) tenglikdan

arcsin(cos(MT”)) = %— arccos(cos(ll%)) kelib chigadi.

117
—~ €[x;27] bo‘lgani uchun (4) ga asosan.

T ( 117[) T 1z T7-287+227 297-287 =«
——|\2r—-—|=7-27+ = = =
7 14 14 14

) ( 117[)
arcsin| cos——| =
7 2



. i Vs ., ,
(7) tenglikdan arccos(smx)=E—arcsm(sm X) ga ega bo‘lamiz. Bu

tenglikdan arces(sinx) ni giymati x ni qgaysi oraliglarga garashli ekanligini hisobga
olgan holda arcsin(sinx) ni giymatini hisoblashga keltiriladi.

. 8
3-Misol. arccos(sm 7”) ni hisoblang

Yechish. arccos(sin 8—”) T arcsin(sin 8—7[)
7 2 7

8—”6 z’B_ﬂ' bo‘lganligi uchun arcsin(sin8—”) =ﬂ'—8—ﬂ. ga teng bo‘ladi.
7 2 7 7
Bundan
( . 87r) T ( 87[) T 87 Ir-1l4r+16x 9x
arccos| sm—|=——\z7——\|=——-—x1+ = =
7 2 7 2 7 14 14
kelib chigadi.
(. 87[) Or
Demak, arccos| sSin— | = —
7 14

(8) tenglamadan
arcctg(tgx) = % = arctg(tgx), arctgx(ctgx) = % — arcctg(ctgx).

kelib chiqadi bulardan foydalanib quyidagi misollarni oson hal qilish mumkin.

4-Misol. arctg(ctg7) ni hisoblang.
Yechish. Yuqoridagilarni e’tiborga olsak,

arctg(ctg?7) = E —arcctg(ctg7), arcctg(ctg7)=7—-27 ga teng, bundan,
arctg(ctg7) = %— (7-27) = %— 7+27r arctg(ctg7) = 577[ —7 bo‘ladi. Demak,
arctg(ctg7) = 57” — 7 bo‘ladi.

5-Misol. arcctg(tg 977[) ni hisoblang

: 9”) ( 97[) T (975 )
Yechish. arcctg| tg— ——arct taZ |l =222 1] =
echis g( g : > gl tg ; 7

1_9_7[ = 37 — Iz = 21z 187 _ 37[; (6) ni e’tiborga olsak, Demak,
2 7 2 7 14 14
arcctg(tg 9—”) _37
7 14



Yugoridagi teskari trigonometrik funktsiyalarning aniglanishiga asosan quyidagi
jadvalni to‘ldirish mumkin.

t.n Funktsiya aniqlanish sohasi uzgarish sohasi
(qiymatlar sohasi)
1 y=arcsinx [-1;1] o
| 272
2 y=arccosx [-1:1] [0; 7]
3 y=arctgx (—o0; o0) 1 o]
| 272
4 y=arcctgx (-00; @0) (0; m)
Teskari trigonometrik funktsiyalarning xossalaridan
arcsin(—x)=-arcsinx, arctg(—x)=-arctgx,

arccos(—X)=z—arccosx, arcctg(—x)= zarcctgx
larni keltirish mumkin.
Teskari trigonometrik funktsiyalarning ta’rifidan |a|< 1 bo‘lganda.
sin(arcsina)=a cos(arccosa)=a va ixtiyorly va ixtiyoriy aeR son uchun
tg(arctga)=a stg(arcctga)=a
tengliklar o‘rinli ekan.
Endi sin(arccosx), ceos(arcsinx),

sin(arctgx), cos(arctgx),
sin (arcctgx),  cos(arcctgx),
tg(arcsinx), tg(arcctgx),
tg(arccosx), ctg(arcsinx),

ctg(arccosx), ctg(arctgx) - larni ganday (hisoblash) almashtirishni
ko‘rib chiqaylik.
1) sin(arccosx) ni ko‘raylik, ayniyatda ¢=arccos x desak, quyidagi ayniyatga ega
bo‘lamiz.
sin(arccos x) = +4/1— cos*(arccos x) = ++/1—[cos(arccos X)J’
0 < ¢ <7 ekanligidan va [x|< 1 bo‘Isa, sin(arccos X) = +/1— X’

2) cos(arcsin X) =~/1— x* buni yugoridagi kabi keltirib chigarish mumkin, bu erda
IX|<1
3) ixtiyoriy xe R con uchun esa:

+/1- X%,

1 1
tg(arcctgx) = =—
9 9x) ctg(arcctgx) X

tg(arctgx) X

4) sin(arctgx) =

Jl+tgi(arctgx) 1+ X
5) ixtiyoriy X eR son uchun

ctg(arctgx) = % :



cos(arcctgx) =

1 X
cos(arctgx = —F—,
(aretgx) = N

sin(arcctgx) = \/%
+ X

6- misol. #g(arccosx)=ctg(arcsinx) ekanligini isbotlang.
Isboti. Ayniyatni har ikki tomonini soddalashtiramiz.

sin(arccosx) _ V1-x?
cos(arccos x) X
cos(arcsinx)  ~1-x’
sin(arcsinx) X
sin(arcsinx)=x va sin(arccos X) = +/1— X* ; cos(arccosx)=x,
cos(arcsin X) = +/1— x* lardan foydalandik.

7- misol. Sin(2arcsinx)=sin(2arccosx) ekanligini isbotlang.
Isbot. Ayniyatni har ikki tomonini soddalashtiramiz.

1) sin(2arcsin x) = 2sin(arcsin x) - cos(arcsin X) = 2- X -+/1— x*
2) sin(2arccos x) = 2sin(arccos x) -cos(arccosx) = 2-4J/1—x* - X = 2x~/1-x°
Demak, sin(2arcsinx)=sin(2 arccosx).

Bir turdagi teskari trigonometrik funktsiyani ikkinchi turdagi trigonometrik
funktsiyaga almashtirishni quyidagi jadvalda keltiramiz.

1) tg(arccos x) =

2) ctg(arcsonx) = ayniyat isbotlandi bu erda

1 sin(arcsinx)=x cos(arcsinx) = v1-x
2 cos(arcsinx) = J1- x? cos(arccosx)=x
> sin(arctgx) = X cos(arctgx) = 1
N1+ X* N1+ X°
) sin(arcctgx) = 1 cos(arcctgx) = X
N1+ X N1+ X
5 : X J1-x?
tg(arcsin x) = ' =
o ) N ctg(arcsin x) .
6 11 — %2 X
tg(arccos x) = 1-X ctg(arccos x) = T
X _
7 tg(arctgx)=x
faretgx) ctg(arctgx) =1
X
8 ctg(arcctgx)=x
tg(arcctgx) :1 oarcctgx)
X
9 sin(2arcsin x) = 2x/1— x° cos(2arcsinx)=1-2x"




H 2
10 sin(2arccos X) = 2x~+/1— X’ cos(2arccosx)2x™-1

sin(2arctgx) = ——; cos(2arctgx) = -~ X
+ X 1+ X
2 1-x°
tg(2arctgx) = . ctg(2arcctgx) =

1-x

MUSTAQIL YECHISH UCHUN MISOLLAR

Hisoblang:
,
1.12 arccosﬁ — 3arccos —E) ; 2.4arccos(— QJ + 6arccos(— ﬁ)
2 \ 2 2 2
(
3. arcsin(— QJ + arcsin —E]; 4, 6arctg\/§—4arcsin(—i);
2 2 J2
\ A
5. 2arctgl+ 3arcsin(—l ; 6. 3arctg(— i) + 2arccos(—£ ;
2/ J3 2 )
( \
7. 5arctg(—\/§} 3arccos —@); 8. 2arcctg(—§) + 23in[—£ :
N 2 2 )

9. 2arccos(— %) —arcsin ?; 10. 4arctgl + 3arcctg(— ?] :
11. 2arctg(—1) + 3arctg (—\/§] 12. sin(Barcsin ? + 2arccos%);

13. 2 arcsin(— ?) + arcctg(—1) + arccos % + %arccos(—l);

( A
14. coS 3arcsin£+arccos(—E ; 15. cos® arcsin(—l) ;
\ 2 2) 2
( 1)
16. Sin Z(arcsin—S—arccosﬁ ;17 tg(arcsin i);
\ 3 3 /) V10

4-mavzu. Trigonometrik tenglama va tengsizliklar (4 soat)

Reja
1. Trigonometrik tenglamalar.
2. Trigonometrik tengsizliklar



Trigonometrik tenglama deb, noma’lumning trigonometrik funktsiyalariga
nisbatan algebraik bo‘lgan tenglamalarga aytiladi.

Har ganday trigonometrik tenglamani yechish, quyidagi eng sodda trigonometrik
tenglamalardan birini yechishga keltiriladi.

sin x=a,  CO0S X=4a, tgx=a, ctgx=a .

a - haqigiy sonning har turli oraliglardagi qgiymatlari uchun yugoridagi
tenglamalarning yechimlari quyidagi jadvalda berilgan.

a sinx=a cosx=a
laj<1 x=(-1)arcsina+kz, k Z x=2arccosa+2krz, k € Z
la/>1 o 17}
a=0 x=kz, keZ T

X = 5 +kr, keZ
a=1 T x=2kz, keZ
X = 5 +2kr, keZ
a=-1 T x=(1+2k)z, keZ
X = ) +2kzr, keZ
aeR tgx=a, x=arctgatkz, keZ
ctgx=a, x=arcctga + kz, k € Z

Xususiy holda:

sinx =1, x:§+2k7r; sinx = -1, x:—§+2k7z;

sinx = = x=(—1)k%+ kz sinx:%, x=(—1)k%+ k7

1
21
sinx=§,x:(—1)k%+k7r, 7z,cosx=0,x=%+k7z

cosX =1 x=2kr;cosx = -1, X =7+ 2kx; cosx=%, X:iz+2k7z

5 3 tgx=1,
COSX = —, x=i£+2k7z; COSX = —, X:iz+2k7z

2 4 2 6

ctgx=1 da x=%+ kz; tgx=0, x=kz; ctgx=0, x:%—km Yugorida hamma joyda
k eZ

I. Sodda trigonometrik tenglamalar.
1-misol. tg2X = J3 tenglamani yeching.

tg2x = /3 < 2x = arctgyV/3 + kzr < 2x:%+ kr <



¢>x=f+55=fu+3m,kez
6 2 6

Javob: X = %(1+ 3k), keZ

) . 27 2 : :
2-misol. SIN— = 7 tenglamani yeching.
X

.2t N2 2rx
sin—=—¢& T
X 2 X 4 4k + (-1)"

Javob: X=L keZ

4Kk +(=1)*
2. Algebraik tenglamalarga keltiriladigan tenglamalar.
3-misol. Sinx—ces2x=0 tenglamani yeching.
1-Cos2X=25iN’X <> —C052X=2sin°X—1
ekanligini e’tiborga olsak berilgan tenglama 2sin®x+sinx—1=0 tenglamaga tengkuchli.
sinx=t

sinx=t
1

2sin*xX+sinx-1=0 Y
2t +t-1=0 t1=—1,t2=2

: . 1
Bundan sinx= -1 yoki SINn X = 5 tenglamalarga ega bo‘lamiz.
. T n 7T . .
Bularni echsak X = _E+ 2kz, x=(-1) g+ Nz lar hosil bo‘ladi. Agar n=2k

desak X = (—=1)* % + 2k = % + 2k, agar, n=2k+1 desak

X = (—1)2k+1g+ (2k +1)7 = —%+ 7= %’H 2kz natijada

X = —% + 2Kz, X = % + 2Kz, X= 5—7T + 2k, K eZ. larga ega bo‘lamiz. Bu

L . . 2mir _
uchta yechimni birlashtirib uni X=%+— ko‘rinishda ifodalash mumkin.

3

Hagigatan ham, agar m=3k-1 desak X:—%+2k7r, agar m=3k desak

5
X = g+ 2k, agar m=3k+1 desak X = % + 2k yechimlar kelib chigadi. Demak,

_EZL AT ez
§) 3



Agar trigonometrik tenglamalar ikki xil uchul bilan yechilgan bo‘lsa, bu tenglama
yechimlar to‘plamining yozilishi turlicha bo‘lishi mumkin. O‘quvchi tenglamani
echgandan so‘ng, biz keltirgan javobdan fargli (yozilishi jihatdan yechimga ega bo‘lsa,
bu javoblarning ekvivalentligini isbot gilish magsadga muvofiqdir.

Agar trigonometrik tenglamaning yechimlari to‘plami bir necha formulalar orgali
yozilgan bo‘lsa, ba’zan ularni birlashtirish va javobni soddaroq ko‘rinishda yozish
mumkin. (3-Misolga garang).

3.sinx va cosx larga nisbatan birjinsli bo‘lgan tenglamalar.

4-misol. 2sin®x+3sinxcosx+coes’x =0 tenglamani yeching.

Yechish. Berilgan tenglama birjinsli bo‘lgani uchun ces’x=0, tenglamani har ikki
tomonini ces’x #0 ga bo‘lib.

2tg°x+3tgx+1=0 tenglamani hosil gilamiz. Bundan tgx=t deb
2t°+3t+1=0 ga ega bo‘lamiz, buni echamiz: t = —1, t,= —% yoki

tgx = -1, tgx=—E x=—£+k7r, x=—arctgl+k7z, keZ
2 4 2
T 1
Demak, X:_Z+ kr, X:—arctg§+ kr, keZ

Javob: X=—%+k72', X=—arCtg%+k75, ke”Z

4. Bir xil ikkita trigonometrik funktsiyalarning tengligiga Keltiriladigan
tenglamalar.
a) sinx=siny < {x-y=2kz, x+y=(2k+1) z, k €Z}.
b) cosx=cosy <> x=#y+2kx, keZ.
S) tgx=tgy <> x=y+kz, keZ.

5.-misol sin3x—sin5x=0 <> sin3x=sin5x <> { 5x—-3x=2k,

5x+3x=(2k+1) 7, k € Z} <> x=kz, X = g(Zk +1), keZ.

Javob : x=K, x=§(2k+1), keZ.

6-misol. COS3X = SIN X <> C0S3X = cos(% — x) =
<:>3x=i(%—x)+2k7r<:>{3x—(%—x):2k7r,
3x+(%—x)+2kﬂ<:>x:g(4k+l), x=%(4k—1), keZ.

Javob: x=§(4k+1), x=%(4k—l), keZ.



5. Ko‘paytuvchilarga ajraladigan tenglamalar.
7-Misol. 2sin®x+cos2x=sinx <> sinx(2sin’~1)+cos2x=0
& sinxcos2x+cos2x=0 <>cos2x(sinx+1)=0 <

& c0s2x =0, sinx=—1<:>x=%+k—2”, X=—%+2k7[, keZ.

kr

JaVObZX=%+ ,X:—%+2k75, keZ.

6. Yig‘indini ko‘paytmaga Keltirib yechiladigan tenglamalar.
8-Misol. sinx+sin2x+sin3x=0 <> sin2x+2sin2xcosx=0

<> sin2x(2cosx+1) =0 son2x =0, cosX = —%@

<:>X:k—27z, X=i%r+2k7z, keZ.

. . o — . a+ _
Bu erda sin « + SIn B = 2C0s ’Bsm P formuladan foydalanildi.

Javob : X:k—;, X:i%+2kﬂ, ke”Z.

7. Ko‘paytmani yig‘indiga Keltirib yechiladigan tenglamalar.

9-misol. SIN7X C0OS3X = SIN6XCOS4X < %(sin 10X +sin4dx) =

& 2c0s3xsinx=0 <> sinx=-0, cos3x=0 <> x=k, 3X = %+ kz, keZ.

Javob: x = ko, X=z+g, k eZ.
6 3
8. Darajasi pasaytiriladigan tenglamalar.

sin o = m, cos’ o = % formulalardan foydalaniladi.

10-Misol. 2sin*X+Cos?4x<>1—CoS2X+Cos4x=0 <>
&> 1+5084X—C0S2X=-0 ¢ 2C05°2X—C0s4x=0 <> Ccos2x=0,

1 T Kk T
COS2X=—SDX=—+—, X=x—+Kkr
2 4 2 6

JaVObZX=z+M, X:iz+k7z, keZ
4 2 6

9. a sinX+b cosx=C ko‘rinishdagi tenglamalar.
11-misol. 12 cos2x-5 sin2x=-13 tenglamani yeching.

Yechish: 12°+(-5)°=(~13)° bo‘lgani uchun berilgan tenglamani har ikki tomonini

13 ga bo‘lsak.



1—ZCOS 2X — %Sin 2X = —1 ni hosil gilamiz.

13
12 ’ _ S " _ . nie’tibor olsak COS @ = 1_2, sineg = _5
(13) +( 13) =1 T ¢ 13

tenglikni ganoatlantiruvchi ¢ burchak mavjud, shuning uchun
CoS@ S0S2X+SiN@sin2x=—1 <> CoS(2X—@)=—1 <

S 2X—p=m+2kmr < X = z+}go+ kz = z+}arccosl—2+ kz
2 2 2 2 13

Javob: X = z+}arccosi—:2%+ kz, keZ

TRIGONOMETRIK TENGSIZLIKLAR

l.sinx<a
a M
-l<ax<l —m—arcsina+2k z <x<arcsina+2kz, keZ
a>1 R
a<l 17
2. sinx>a
a M
-l<a<1 arcsina+2kz < x < w—arcsin a+2kz, keZ
a<-1 R
a=1 17
3. cos x >a
a M
-l<ax<l1 arccosa+2kzw <x<2marccosa+2krz, keZ
a>1 R
a<l “
1. cosx>a
a M
-l<ax<1 —arccosa+2kz < x < arccos a+2kx, keZ
a<-1 R
a=1 17

5. tgx<a<:>—%+k7r<x<arctga+k7z, keZ

6. tgx>a<:>arctga+k7z<x<§+k7z, keZ.

7. ctgx< a < arcctgatkz< x < wtkw, k € Z.
8. ctgx>a <@ kwr< x < arcctga +kz, ke Z.
Bu erda M - tengsizlikning yechimlaridan iborat bo‘lgan to‘plam.



12-misol. SinX > % tengsizlikni yeching.
. . 1 1 1
Yechish: sinx > 5 & arcsin 5 + 2k < X < 7 —arcsin E +kr2 &
<:>%+2k7:<x<%+2kﬂ, keZ
Javob: %+2k7z< X <%+2k7r, keZ

1
13-misol. COS2X < =3 tengsizlik yechilsin.
Yechish:

1 1 1
C0S 2X < _5 & arccos(—é) +2kr < 2x < — arccos(— E) + 2k7r &

<:>2§+2k7zs 2xs%+2k7z<:>z+k7z3xs%z+k7z, k ez

14-misol. tg2x>1 tengsizlik yechilsin.
Yechish:

tg2x > 1< arctgl+ kz < 2x < %+ kzr <

®f+kﬂ<2X<E+k”©£+M<X<E+M’ keZ
4 2 2 4 2
T kr T kr
Javob:§+7<x<—+—, keZ

15-misol. ctggs NEP=S arcctg\/§+ k;zs5 <r+kre
/4 X T
<:>E+k7zs§<7z+k7z<:>§+2k7zsx<27z+2k7r, keZ

Javob: %+2kﬂ'SX<2ﬂ'+ 2kr, keZ

MUSTAQIL YECHISH UCHUN MISOLLAR
1. 1-4sinx cosx=0; 2. \J3+4sinx cosXx = 0;

3. /3 +4sinxcosx =0; 4. \/3+4sinxcosx =0;



5. 1+s0S5x sindx=sin5xcos4; 6. (2sinx-1)(3sinx+1)=0;

7. (4sinx=3)(2sinx+1)=0; 8. (2sin2x-1)(sin4x+1)=0;
) 1

9. 2sin*x+7 cosx+2=0; 10. 4sin® X 4+ COS X — 35 =0;

11. 2€0S° X + 24/2sin X —3=0; 12. 2 cos’x+sinx—2=0;

13. 25 sin®x+100 cosx=89; 14. cos2x+3sinx=2;

15. 2tgx+3ctgx=3; 16. tgx+ctgx=2sin2x+3;

17. 3 Cos*x=5 sin®x—sin2x=0; 18. sin*x—sin2x=3 cos’X;

) 1.
19. sindx-3 cos4x=8sin’2x;  20. 6SiN° X + Esm 2X —C0S* X = 2;

21. Ctg°X —tg°X = 22. Cos’—3sinXCcosx+2sin’x=3;

CoS2X

23. 2 sin’x+Cos’x+3siN2x=3; 24. 2 sindx-3 sin°2x=1;

25. sin 2x=sin 5x; 26 sin 3Xx=CcosX;

27. CoS4X=CosbX; 28. 1g2x=tgx;

29. sinx’=sinx; 30. tg(x+1)ctg(2x+3)=1;
T

31. tg3x- tg(SX + 5) =1; 32. sin’x-sinx=0;

33. ctg*x—4ctgx=0; 34. tg*x—2tgx=0;

35. tg°x=tgx; 36. ¢’sx1g3x=0.

5-mavzu. Trigonometrik tenglamalar va tengsizliklar sistemasi.(2 soat)
Reja:
1. Trigonometrik tenglamalar sistemasi.

2. Trigonometrik tengsizliklar
sistemasi.



T 3w
Vayuaurn 2 ra Tenr 6yaraH [-—g, —] opaangna Gy KyIUI TEHrCH3IHKHN €d-

2.

5%
5 < %< mapraap GuaaH a{EKIAHTAH €UMMHHU TOMAMMI.

Byuna sinx HUHr AaBpHHA xucoOra oxamus (224- maki).

T
cak, 0 << x < 6"—133

1
®

3 a Boo. an<x<2wk+g, ég+2nk<x<2nk+n,k62.

2. Teuzaramanap cucrmemact.
I. Xap Oup meneaamaci mpuzorHOMempur PyYHIYUAACp2A
Hucoamaw MmeHzaama OV A2QH CUCMEMAARQAP.

S5-MHcOoJda CHcTeMaHd EUUHI:

1
€OS X COS Y=, (13)
Jctgx =1tgy.
Y
. Y= SunX y
N S N o
—25«74” 77_‘,;—1 0 [},{ 250 DT
i _Ir X 57 7
S 2 z - Z \/ /.gf tgj N X

224 mwawa.



T
v auued. Y & ) + wnk, xs=n4+=nn (k, n€Z) aap maptuia auvugiauran 6y

cncreva 6yunail eunnanu (k, n € Z):

1
c cos 1 COSK COS Y =
S -
(13) <=> o Y 47 2 | 3 <“—>
3cos x cosy = sinx siny sin xsin y = ]I
cos(x—y =1, x — y=2nn,
T |eostedn=—5 T |ahs=xg e T =
T
x=x & +n+ k)
T
Tt
IJ’=:l:'§+r-(n--k),
-

K amob6. {( (3n--3k+ 1); — (311—3!; -+ I)), n, ke Z}-

6-Muc oJg. CHCcTeMaHnHu etmnr
sinx —cosy =1,
(14)
c0s 2x — cos 2y = 1. .

Equsrmuii, n = sin x, v = cos y Jlecak,

1
sin x — cos y =1, lu-*-zr'-nl. =",
(14) <=> . . 1 =>1 ol <= ’
sin? x 4 cos*? y = lu.-* + v? = 1
2 ) U == :
Ly epnaua (n, ke Z):
1
sinx"—E, Xp=(—1"— + mn,
(14) «=» " < == 5
T
cosy 2 Ye==% 3 2%

Masob, {(x,3 yr). n€Z, ke Z},
I-vMucox CucTeMAHW €UHHT!

sin 2x -} sin 2y =1,
_ (15)
cos 2x — cos 2y =/ 3.

Eugaume. Vivrunnnay kynafitMara kentvpum GopMyaacHnad

-

sin(x - y)eos(x — y) = o,

sin(x + y)sin(x — y) = — 5



Ayrapu=x-+y, v=x—y neb OGearunad, cyur

CUCTEMAHUHT HKKWHUF
TeHrnaMacuHu OHpunukcura 6yncak (n, k¢ Z):

1
sinu cos v = — o
2’ tg v = — 3,
DY) = - > < ==>
(15) g Vv 3 {sin U = (— )"
sinu sin ¥ = — ——
: |
™
/ Y= = E + ra, /
=
{ T
| u = (—1)" "2— -2k,
Hemaxk,
X4y =i(—1)" g— +2nk,
(15) <—> - <=
X —y = — 3 -+ nn
= (=1t — —— 4 = (2% + n)
B 4 6 ' 2 ’
<> (15 a;

j e = =g (94
> ('—— ) 4 I & + 9 ( {4 —n).
WXaro6. Xamma cunumaap t¥ynaamu (15 a) maru ¢popmynanap 6unad aHnKIaHa L,

II. HAup menzaamacw Oypuarxaap opacudazu OOFAGHUUIHI,
UKKUHYUCH YAQAPRUHZ MPUZOHOMEMPUK @VYHRKQUA AP opaciia-
2u OOFAQHUWHIE UHO0AA084IL MEHZAAMANAY CUCMEMACH.

8-M u c0Ja, CucTeMaHH EUWHT:

x+2y=%1£,
= (16)
co0s? e T sin?2y = 1.
Evvnawwu. Kyiimpa r €7 nap ydyu
_ g _x
T yY=34 ~ g <_>_
e 2= 4 sin? 2 x) 1 -
cOS® — S — ——
z tow (T -3
3
. 4 2 Y= e T o
1+cosx+1~—cos(§—x)=2. sin x = —cos x
3n X g1 (4 ])
y= Pl = xn = n — ®
<> 4 . <> :
T T
X == Z_ + nn Vp = _§ (7 -~ 4n),



M asob. {(Zm (4n — 1); —;— (7 — 412)), nez}.

9-Muco . CucremMadu CUUHI:

T
X - }! == g
1
’ amn
1 —tg2x
= tp 2y.
14 tg 2x
T T T
Evuruvwu, Cucrema x == = (14-2k), y ) (1 + 20, x+ é-(&fn — 1)
£, [, mcZ waprha anuKsanran 6yan6, yHua (n¢€Z):
" ; T
Yoo X o Y ==X ET
12 iz
(17)<—»> v T ~<==)
ot B Y (2x L t (3 Qx) =t (2 —3)
I +tg2x & 6 E\a & 6
T 5% T
b X - Xn = """ a n,
48 4
B 12 & ([7 a)
o __*® ...
ST R Yn =87 2 "

HKapo6. ¥Ysrapysuuaapuuur (17 a) maru xuiiMatiapug CHCTEMAHHHT anHKJIa~
HHLI cOXacura KMpraiu y4yd y euuM Oynain.
10-Mncon. CHCcTeMaHW EYHHT:

Jlgx+ctgy=3,

T (18}
Ewnruwmun, x =/ g 4 nm (mGZ), y+= + wn (n€Z) waprirap acocyna
. 1
cos(x — y) = 3cos.x siny, 2cosx siny= _:;’
(18)<:* i " {——
=y | x—y] ==
3 9
T 1
0y epaa cos(x — y)= coS|x — y| = cos T =5 3KaHU Xpcobra OAMHIM.

1
stn (y + x) + sin (y — x) = =,
>
i
lx—-yl— 3'
V3
a) x >y 6yuaca, x—y=-§ﬁ>sin(y—x)=—-—é—=% sin(y + %) =

vz
2

i

W | -

-+ >1 6y xoaza cucTeMa e€4HMra sra smac.



1 =
6) x < y 6yaca, x — y = -—% ——g L sin(y+ X) = _3.. . ‘%_‘
JeMax:
% s
=y 3 s
(18) «=—> { , : F ,
//3/c+y=(——l)karcsin (_f:— —) 4+ nk kRE€Z,
By epnau (k€ Z):
o
B e A (_1__‘_’__) il
X 5 Tt h*. 5 aresin | = o JF g b
I _ k,l - ___‘/___g) wk
Yr 6 -+ (—1) 5 arcsin ('/_3_ 5 1 5

XK asob6. bapua (19) nap 6uran aHuxaaHrad (Xg; Yp) nNap e€4uMIup.

Mamk, (1) =(8) nard TeHrcusIMK1ap €4dMUHU rpapuk paBUMIRA TacBHpP-
JIAHT.

28- monwupur,. TEHrCU3INKIAPHHA €UMHI:

1 1 x V'3
L. i il 4 —s 8} 1 2 In — < —
a) sin x > "5 )cosx>4 B) tgx > r)sn2< 2;

1 1 - -
R) sinx> -3—; e) cCosx > — —é-; W) tgx > -¥'3; 3) -ctg.x > —-/d‘.

2 ———
n). gos2e < 2

2, a) 2sin?2x — 7sinx + 3>0; 6) 6cos2x-—_llcosx+4>0; B) sin22¢>sinlx;
r) cosdx < —cos2x; 1) sinx 4-cosx > —V 2; e) 12cos?x + 7sin x < 13.

3. a) cosZ2xsinx <0, —n < x < 7} 6) 2tg2x<3tgx; B) tgx jctgx < — 3;
r) cosxcos3x< cosbxcos7x; n) cosx+cos2x +cos3x<0; e) 2cos2x+4sin2x>tgx,

1
Xx) sin x(cosx-{- 5—) < 0.

29- monmupur,. CucreMarapHu e4YWHr:

1
i e 3 t —— premmmd
sin x siny 1’ ST 0 T e e s { gx — tgly
1. a) _ 3 6 B) - tol 4
g(x—2y) = =
cosxcosy=zs Jetg x = — tg ¥; : 3
3
i — si = = :
- R e 2 ° ){2sinx=—-sin‘>’o o {tgx+si'n2y='sin2x,
) cosi +§052y= _:12_’ 2cos x =,/:_3'cos‘y; ‘25inycos( X—y)=sinx;
: cos(x+y) = 2cos(x — y), . .
{tgx+tgy=4, 3) 3 H){]/gsinx=§jny,
ctg x + ctgy = 5; COSX-COSYy = —; 1/2cosx:;/5cosy.
gy 4
ftgx—-*tgyzh_ | cosk—l—cosy: ’
2. a) Ve, x y V2

6)
lco,xcosy—- 5 lcos 5 -+ cos 5 = 5 —1;

—-



cosx—-sinx-——l—{—cosy~81ny, cosxsiny%l—-
B) 3 r) 2

351n2x—-23in2y=1; sin 2% + sin 2y = 0;

sin x 4+ sin y = 2sin(x + ¥),

i) {tgftg?y:l, e) X y 3
V 3sin 2x — 3 cos 2y = 0; cosgcos;:z;

tg?(x+y)-——-tg2x+tg2y, Asin x — 2siny =3,
{251n(2x+y).cosy+ cos2y +1=0; ? {2 cos x — cos y = 0}
sin x + cosx=2siny
{ sin 2% —V 3 sin 2y = — 3 c0s 2.
3. a {Qslnx cosy = 2ctgx - ctgy, 5 {sinx-{— siny==sin{(x-+y) "

2sinycosx = C1gx 4+ Zetgys |l 1lyl=1
5n
5) {Qx—-}f?——-?fﬁ, c {12()C+}’)$—*5“1 ) X+ y="g"
9sing = — : Stpxtgy =V 3
2sinx siny; gxtey Ve L/isinxcosym-—la
o ( Ly 5%
x-_—zy—l-f-. K=Y = 3~ LY =T
e) 4 ¥ ) | 3) 1 3
tg,ap:-—Btg Vi sin?x + sin?y= _é_; Lsin"’x{—sin?y :-Z;
3 T
. {sinxcosyﬂb, " FT V=g
"
x"—y:B; 1 9 i
Jcos?x — 3 COsPy = 5"

9-§. IlapameTpad TeHCAama Ba TEHT CUIJIUKIAP

1. Hapamempain menzLama. Arap Gup HOMabayMau TEHD=
jama
| f(x'! a:" b,...’C)——""'—O (aa bslﬂlg CER)

magarxa oepuaca, y napamempil menzAQMa nefnnand, YHWHAT
aHHKJAAHULI COXAacH, WIAR3AaPU COHU @, Uy ov- € napaMmerpJaapra
HOFAUK paBuIla yarapub TypaiH. [lapaMeTp/i paluoHal Tenraa-
Mara Mucoajaap KeJaTHPaMU3.
1- M u c 0 4. TedrnaMaHy €UHHT: -
ax? —(a— bx —b=0. (D
Euunuwyu, Arap a=0 6jica, Oy TeHriaMa YH3UKAUAND:
b O:}-_’x’ = 1,
(1) <=»> bx — b = 0<=> = -
p = 0 ==» x = ¢, C—UXTHEPHH yegny coi, aK-

cunua, a0 o6¥nca, (1) renrrama KBaJPATUKAY P

a—b + v (@bt dab a—b+latbl
l S— = — = B
(1) <==X) 0= T % _ Qa




6-mavzu. Arkfunksiyalar tushunchasi (2 soat)

_ ' Reja
1. y=arksinx funksiya va xossalari.
2. y=arkcosx funksiya va xossalari.

3. y=arktgx, y=arkctgx funksiyalar va xossalari

7-§. TpuroHoMeTpHK apiHMATIAp Ba TeHrJaaMajiap

1. TpuzOHOMEMPUK QUHUAM. Arap A(x) = B(x) xabu vdo-
napdHr yam Ba YHC TOMOHH TpuronomMeTpuk Qyunxinuaiapra HuC-
Garau aarebpani ndona Oyaca Ba Oy TeurJauK Iy yukuuaaap
apryMeuTHuunr 6npop [D coxamarg xap Oup X KHAMATH YUyl oa-
xapuJaca, y D coxadazi mpuzoHoOMeMPUK QRN ne6 araJsialiu.
Macaaau, ymoy aiunat xR A2 VPUHJAMAUP:

l- M1 cod. Allluainn BUCOOTAANT:

cos? x — cost x -+ sint* x = sin? x.
Hedomu. cos? x — costx - sintx = cas? x (1 — cos? x) |- sint x =
— cos? x sin2 x + sintx = sin2 x (cos? x 4 sin? x) = sin?%.x.

1
Yoy aiiuuat sca R naur X =T, X F Ek (n, k€ Z) mapriapHu Kanoat-

JaHTUPYBYH HYKTAJIAPH rynnravuia YpiuHauiup,
9-MH cO . AlluuaTnn ncoOTAANT:

cos® x — ctg?x

- . = cigbx.
sin? x — (g= x
n cos?x — ctg?x cos? x — cos? x/sin? x
Heoomu. — : = - . =
sin? x — tg* x sin? x — sin* x/cos? X
cos? x « sin? x — cOs* X cos? x —cos* x(1 — sin® x) .
- - = = c0g% x.

sin? x - cos?.x — sin?x sin® X —sint x(1 — cos? x)



Oaarna, aiinuaTau HCGOTNAIMUAT yq YCyau Kyananunanm:

1) Aix) =» B(x), 2) Blx) => A(x), 3) A(x) =>C(x), B(x) =% C(x)
Macanad, 10KOPUAA KYpcaTnarad alumsarTiaprunr yur Tapahu €am Tapadunat

A => B kabu abnuii ammawtdpum 6uaau KeJTHUPHO YHKAPUIAH., YOy MHCOI-
44 8 ==» A YCYaH KV/AdaHUJIALH.

- . - 3 —tg?a tg3a
3-Mu coJd. Afiduarua HcHOTAAHT: ——

1 — 3tg2a tg z

®

Hcoomu. By ndonanapuuar tga £ 0, 1 £ 3 tg? a, 3a 4 -;i—]L nk (kR € Z)

WwapTaap acocuia anmuknAaNran [ coxana J3apo TeHIJHTH KypcaThaany;

_1g 3a th{?a-}-a)» (g 1+ tg o
o g a - ig o _tga(l-—-lgBatga)
2tga
reiP e ol
l—tgza‘i' g« 3tg1—tg3a 3-tg21 ]
= - - . . 3 == - = = A,
tga(l—tga—Q—tg_f_‘) tga(l ~stg¥a) 1—3tg2
l—tg-‘a

Suam yauuuyu ycya (A=»>(C, B =>C) ra mMncon keatupamua.
4-M U COa. AHHUATIM WCOOT.IaHT:

1 — 25sin22a 1+ tg 2o
1 — 4 sin 4a _l—tg‘Za'

¢
Heoomu. 1 £ 4sindax, |+ (g 20, 22 + 5 -+ =k (RE€Z) wapraap acocuzua

AWHUATHHHE TYEPUINT K Kypcatniaau:

I —2sin?2a sin? 2a 4- c0s2 20 — 25in2 2« cos? 22 — sin2 2a
1 —4sin 4z sin? 22 -+ €0822z — 2sin 22 cos2x (cos2a — sin2a)?
. sin 2a
cos 2z - sin 2« 14 tg 2a cos2x  cos 21 4 sin 2« N
- oo =C B= T = = ——=C,
cos 22 - sin 2« 1 —tg 2a 1 sin 2a COSs 2z — sin 2a
cosZa

AU A —> C, B =» C Gawapuanu, aemax A — B,

Babsuna TpuroHowerpuk npopanapum  coagatamITUpUInIA EKH yJapHHHT
KBHMataapuuu xucobaawpa A —~ B KOuJlalaH (oinasaHHIl MYMKHH,
9-Muc oa. CornanamTHpHHT;

Zr

c0s? 2a 4 cos? (%m - Qa) + cos? (-3— - Qa).

Eugavwun. 2cos2a =1 + cos 2a Oyaranu yuyun, Gepuaran wmy udodanu A
#e0 QGearunnacax,

; Az . 47
A = —2—(1+cos4a+1+C05(§+4“)+1+COS(3—%))=

+i 4 -]—( 54—ﬁ 4 ﬂt 4)
2cos a+2 co (3—1— a)+cos(3 a)=

N - ®

- 4 i JY
= COSs COS — CcOs 4a =
2 % wb 08 5 EOSEa

N

—1—1 4—-1cos4—3
o 307 i Ty
2‘:50C 2 ‘ 2



G- mu ¢ o . Kansaanan doMtnasanman gucolnaunr:

= D
cos — — COS —.
b5 5
X T 2w 1 (2 T T
ncosAaHUUWL., COS — — €OS — =" 2 4in — cos — —
7 o 5 .= 5 5
2 sin —
5
9 si T Q% i o 2= ) 31:+ .=
— S - S— | == m - — in — sin —_ | =
n5co 5) TB(sn5 s 5 [5)
2 sin —
1 o 2E o 2=n . T 1
= n— —sin — 4 sin — | = =
e s 5 5) 2
QSIHE

Xamo usrawHune 0031 YCYAAAPL

IOkopuna afituiaran Tapsia MAHTUKHMI (Puxpnad, MUCOANAPHU
eyuIuAa Kyaaanuaaérran 3apyp ¢opwmynanapian YpHILIH Ba TYF-
pyu Gofxasannaa OJUHTAHUHT 1O0HM TeKwHpuo KypHiul MYyMKHH.
Macanau, 6up abutypuent yiuoy

A= Aa, B) = sirﬁ%@ + sin®

a—B o B .
P __92sin —j;J31n

cos B.

[

a—f
2
udonauy Co1AaJamTHPHILILA A =» A=> Ay =~ A3 => A,

cxemaja MauTUKmnit duxpaad
A, (2, B) =-}5 (1 — cos(a -+ B)) + % (1 — cos (@ — B)) — (cosa+

|- cos B) cos B,
Asfa, By =1— ‘13 (cos(a 4 B) + cos (a« —B)) — cosxcos § —cos™ P,

Ag(a, B) =1 —cosacosp — COSXCOS 3 — cos® B,

A,(a, B) =sin?p —2Cosa O3 B
JAPHH XOCHJ knaub, A Ba A, HU afinan TeHr Jge6 xwucobjaarail.
Amvo a = 0, 8 =0 guiimaranapia A(0; 0) =0, A0, 0) =2 =kan-

JUCHHH aHMKJAa6 Y3 XaTOCUHH TOUHIIN MyMICHH 51H. Bynaa xaTo
A {a, P) HH XOCHJ KUAUIIAaEK HyJa Kypuarad, y

a+f_. 2B
2

sin

cosa - cos3d=2sin

,(popmyna“nan Qohsananull paTHIKacHa BY)Kyara KeJaraH.
Macaaan, GoumKa 6up abUTYPHEHT
A — A(a, B) =cos®a - cos*f — costa — cos* P
ucdonanu conanamTupud, yHLaH
A, = A, (a, B)=cos’a sin?a — cos?Psin®
HM XOCHs KuaraH, By epna Gepu.jrad ucdonauunr A(a, ) = A(B, ay

S



Kabu CHMMETPHKJAHK XOCCACH natuxanaru A,(«, B) ugonana 6axa-
PHAMASIITH:

As(e, B) = — A,(8, a).

Hewmax, aburypuenr A aan A, yugapuuiia Kaepaanup xaro-
JINKKA Hya gyirax.

23- monwupur. Afiuuartnapnu ucloTmanr:

Lo RolBRE s 6) tg — | 2 sin? - ct j
. 8) ———— = 3in 2a: o T 2sin?— ctg a = sina;
tg2x—1ga g 2 B ; §
sin?28 — 4 sin2p
B ‘ =2ctg4B; r) 2sin?P + cos B = 1
) $in223 — 4 4- 4 sin+ B AR s ‘ ' e
cOS 4a cos 2a 1+ 2 sin 4« sin « cos a €0820¢052—2sin%x, €osa
_ = 2ctg 2a; e) ' £ =1,
sinn & cosa - €053
, sin (a 4~ B) — cos 2 cos 8 2sin a cos2a 4~ cos 24 sin o
x) = tg a; 3) s = 1,
o a 2
cos (z 2 sin — cos— sin 2sin —a cos — «
(z+8) + 5 > g 5 a 3

la___
2. a) sino(sina - sin B) 4+ coso(cosa 4+ cos B) = 2 cos?

{Z———
6) sina (sina — sin B) + cosa (cosa— cos B) — 2sin? 5 B; B) (sina 4

a2 fi; r) (sina — sin B)* 4 (cosa — cos B)? =

+sinB)? 4~ (cosa+cos B)2 = 4 cos?
o —B

v

= 4gin? .
2

24-monwupur. Connansawrtupuur:

l — tg2a 2 sin 3a cos 3a sin 4a
L. @) ————=—= g : B) T
I + tg2a 2sin?2a

Cos? 3ax — cos? (% —_ Sa)

v
r) 2sin ({3 - —4—) sin(g — B); n) costa — sintay €) sin 22 — tg a;

4sinta 4- sin22q cos?a 2ctg asin?a
¥ 3 -~ ; .
sin a ’ )t . sin?a — cos? o
e aaat
£ 3
cig a 4 tg a (n g\ | —sina
— ctg %2 6) — —; B)tg|— +— ] ——2,
sin 4a & )ctga——tga ) & 4 2) Cos a

2cos(—;—~a) sin (g —f—a)tg (T — a)
1‘) . ?
ctg(? + OL) sin (# — a)

1g2(45° L a) — 1 .
182 (45° 4-ay 4+ 1 '




i (3—”: )t A i (——‘% —8)etg [ = )
’ i 1 —f -
8112+2 g(g+‘) S 5 ‘)Cg(Q - a

€) 3 — - ;) cos da 4
cos (T — a) cig (g——ﬁ) cos (2 — Py ig (= —2)

¥ 4coste 4 3 a) V2 — sina — cos a; o sinﬁ2 Yo — 4 sin?a :
gin a — cosa sin?2a 4+ 4sina — 4
- sin (G0° 4+ a) sin 4a cos 2u
K) o a\ ) 1 + cosda 14 cosVa’
4sin (150 |- -4-} sin (75'3—-- T)

sin a 4 sin 3a¢ 4+ sinbe __ sina -- sin 3¢ 4 sin Sa 4 sin 7«
— - O E—
cosz + cosda 4+ cosba | cosa + cos 3z 4 c0os da + cos 7o’

n) cos(z + B) + costa — B) — 2 cos Za cos 2.

20- mornuunpurg, TYrpHIHTHHE TEKIHPHHTS

V3

a) tg 55° — tg 35° = 21g 20° 6) cos 10° - c0s 507 - cos 70° = ——

8
) T 4= o 1 | T 7 1 T :
B) €DOS—— «+ COS — - €05 — = ——; T) slnp — cos —— = —; A) €COS — I
7 7 7 o] ) 12 12 4 ) 5
- 3= 1 . . - T
- o8 o = o e) 8 cosl0%cos 20° cos 40° = ctg 10% w) cig 70° 4 4 cos 70"=} 3;
¢ : ., 1 1 1
3) c0s20° « 08 307 = cos? 107 - g 407 n) —— = | T
7 2 Y7t
sin sin - sin
{ / /
In A O 1 ) s n i 7
cOS - cOos o o COS o == ) ) sine sin? sin® - .
K) co Z - cos Z |- cos 7 5 1) sin - si 2 ; Y
- 26-monwupur. AlinuaTiapud 1cOOTHANL
fg 3a | — ctg?3a __sina + 05 (28 — a) T N
I. a)y —— . ) =1; 0) - - = clg ——ﬂ);
tg?3a — 1 ctg 3m cos 2 — sin (27 — a) 4
1—cos 4= 1 -} cosla sin?a — tga
B) - -+ i =2; 1) e — = g% a;
I ) 1 | costa — ctgia
cos? 2a - sin? Zu

— — = 3 - bsin 2a.

Vctga-—}-l/tgq T 3tgta 4 10tga +3
- ('Ig( -——a); e)

]/ctgrx——-l/ g 2 4 I+ tg?a
' — B sin (3 — sin (7 — ) '
2 2) sin (a — B) n sin ,(l 7) . n(y—a G 6 3 (cosx+
cos o cos f COS 3 COS ¥ . COS ycosa
cos2a 1—tgx

Pt . §6 7 -1 8inY :]. — : S
—j—sm.__a()l ‘2(,(:05 2 - sins a) ‘_ B);:_l sinZe 14 tga r}.COb'I'-i".
sin23a  cos? 3o
-l-cos (120° — @) 4 cos(120” 4 a) = 0; 1) —— - = 8 cos 2o;
sin’ « cns?a )




e) 4 sin (_a—l—-—g-)sirl (a-——g—-)=4sin21—3; #)Y 1 + sin a — V1 —<sin 2 =

u:]

)

a L
=2sln —, (0<a<—|. -
2 (0 <act)

5
3. a) sinfa + cosda = -8— -+ cos4a;  6) 1 —sin8z = 2 cos? (45° + 4a);

8
B) tha-tg(%———a)—l—tha-lg( - ——a)-—}—tg("z—-—a)tg{%_a) = 1;

3w
r) ctg (cx — T) (I+sin2a)=co0s2%; 1) ctga —tga —2tg2x — 4tgda = Hctg8a;

1 1 — 2 cos?
€) oS — —~ co§ 32 — —— o5 Bz = 83in2a cos¥o; k) l oS~ = 1g a —
2 2 cos a sin a
) . " ;
— ctg B; 2 - cig 20 j)= ctg — — tg —; = 3sina — 4sin3a:
g1 3) (siﬂ % |- cig ‘1) g 5 g B) K) sinda = 3sine — 4sinsa;

cos—la 4 tga

¥

K) ¢cos3da = 4 cos?a — 3 cosa; q) 1g2(i+—i)=
4 2 cos—la 4 tga
COS 2 — sin «

1
M = — tg 2a,
) cos a + sin a cos 2a g =2

2. TpuzoHOMEmMPRIK MEH2AAMA [0, HOMALJYMUHHT TPHIO-
HOMeTpuk (yHKUHsAapura HucbaraH aaredpavkK GVaran TeurJama-
Jlapra aMTuaanu.

Xap Kannaaf TPAUrOHOMETPHK TeHrJamMa CoAAaNallTHPUAUD, yiuioy
TYPT X0A4aH ONPHUra KeATHPUJIUD edusanu:

sinx =a (lal < 1) «<=» x, = (— l}"arcsina +=n, n& Z (L)
€os X = b (|p]<1) <==> x,= + arccosb 4 2xk, kECZ; (2)
fgx=c(cCR) <=> x, = arctge + =f, [CZ 3)
ctgx =d (d & R) ~=» x, = arcctgd + ~me, m€ 7. (4)

Liynn rabxunaaaiimusku, (1) = (4) gopMmyaanap ymymui oy -
Aud, xyfAuparun XycycCHil TenrJamMaJapHuHr €UYKUMHU Oynaain udona-
Jadrasa Mabkya (n € Z):

. Tt
sin X = l<=»Xx,= 5 —+2%n; COsx=0 <=> clgx=0<=»
m
~=>Xp = 3 -+ ©n;
Cos3xX = 1| <=> x, = 2nn; tgxX = — 1 «=> clgx= — l<=>
Ep)
<= Xp= — "y -+ wmn;
:.tg)C:l(—:)—Ctgx=l-«e:_—-> sinx=—= —1 <«—» x”=_.12?.+
- .




sinx =0 <=>tgx =0 <=> Cos X = —1~<=>» xp== | Yrr.
<=3 X, = TH; ()
Batwau adutypuentaap (5) naru 6upop dopmysaa Ouaan anuk-
420 Tonuaanurad edumaapuu xam (1) = (4) naru ymywmnit hop-
MyJaaap opkaan udonanad, KaMUMAHKKA Y. Kysauaap. Arap
a, b, ¢, d nap 0 éxu + 1 ra TeHr Gysaca, aabarra (o) aaru hop-
MyJajaapnan (qofiranauuur 3apyp. babn3npa Ky#nuaaru Mynocadar-
Japau K¥aaanr kepak Oy.aand.

arcsin(— a) = — arcsine; arctg(— a)= — arclga; (6)
arccos(— a) = m=— arccos a; arccig(— a) == — arcciga. (7)

Hatuwxaaap: a, b, ¢, dCR Oyaravaa

1) sin x=sina <—=» x, = (— 1)*a-- =u, ne7; (1 a)
9) cosx =cas b <=» X, === b+ 2nk, RGZ; (2 a)
3)tgx=tgec <=> x;=c+=l, ICZ; (3 a)
4) ctg x = ctgd <=—=> x,,=d {-wm, m¢Z. (4 a)

TpuroHoMeTpux TeHrJaManapuviar CUHMJAAPHHU Kyhauparn yu
xOanaru uiaap Ga;apuaranna Tekwvpud oJuI Kepak:

a) arap 0anL3u TPUIOHOMEIPHK aAMamTHPHUILAAD (maxpaxnan
KYTyAMII, KACpAapuu KHCKAPTUPHIT, YXOTaul XanjddpuHu HX4aMe
A1) HATHOKACKHALA TCHTAAMANWNT AHHKJAAHULL COXACH KCHrafraH
Oy Jicas

©) arap TeuraaManupar  Xap HKKM TOMOHHHM wydr napaxara
OuUIHpHO cuuaca;

r) Yur sBa uan TOMOHHM TYypJaHva aHuKJ/AaHWIl cOxXacHra sra Oy .=
rai  TPHIOHOMETPHK aWHHATIAD épaaMpaa  ajaMamTupuiniapaaH
Qofinanann6 euuaran oOyaca. Macanau, a=tn + 2rne (nCZ) oya-
raHna

g — 1—tg? — otg =

£9 . B 59
= §ing; ———— == CO0S 4; = toa.

a o oL

14tg* — 14 1g% — 1—tg? —

+1g % +1g 9 g 2

[LyHunraex, o= g n, B+£mn, 7 +5= —?— (2n+41), 1 5 —; (27 |-

-~ 1) £ 8 dawapuaranna tga ctga=1; 1—_—_C—O;—B = tg-S— s tg(7+9) =
sin;
lgy 1 1g® B4 OoWK.
I — tgytgd

Ly afiuuaraapnad GoAAasanvmiaad TEHrTaMaauHr  aHUuKJIaHHUT
coxacH KeHragumu (uer wWiauMs nafno Oyauiin) Exu Topaiknliu
(ML AM3JAADHHHAT AYKOAHMIIK) DPYH OepHuu MYMKHI.



7-mavzu. Trigonometrik funksiyalardan arkfunksiyalarga o’tish.
Reja

1. Trigonometrik funksiyalardan arkfunksiyalarga o’tish.
Arkfunksiyalardan trigonometrik funksiyalarga o’tish

i- M c oa. TenrnamamapHuy €1THHIS

a) t_g({;— - x} = 2ctgx — 1, (Ba)
6) (L + tgx) (1 —sin2x)=1—lgx. (36)
= LA tg x CLg & = —l Jecar
Fupanute. ay Arap tg(-z 4 .x:) =T o x o N = Py ax,
t y=tgv, 1
A8a) —» e S QRS Iy 2—y T 0= 5 <=
I —tg x tgx :y s —:——

1
-~ X = arctg E 4nrn, nc Z.

Tonumaran 6y euumJsap (8a) Tenrsamand KanoaTaAauTHPAIM.

T
JleknH Oy TEHrJAaMaHHHr HHA X =— ;2——}—7:1?(#:62) eyruMaapu Gop-
Ky, yvaap 0y euum ycyauna ,#ykoaub® koanu. HyHKU KypcarHa-
rad avHUll adaMallTUpHIU/JIAD HATHKACAOA TeurJaMaHuHT aHnK/aa=
UM COXacu Topaiub, my WAAM3Jap XOCHJ OyJ/AraH TeHr/laMaHHHr
SAHUKJAHHIL CoOXaCHra KupMal KoJirain 3/iu.

: L 14+tg x T
6) Bepwaran (86) renraamann l—1g x ra 6ynnud, — = lg | = -+ x

N I—1ig x 4
Aad doiinanaucaxg,

(86) =—» tg (-Z_' -+ A:)(l—sin 2x) =1 =—» tg ("E .f_x)g COSE(Z +x)=1 <3

TT T T .
=—> 2 cOs (? —I—x) sin (Z -{—x) = | €= sin\E— —-|—2x) S B ——

x = mn, ncZ.
Fr

By epaa xam x,=— =z (n € Z) nap (86) uuHr euumn 6yaub, yHILaH
TAWKAPH X, == % - wk (FEC Z) nap XxaMm YHHHI @UHMHIUP, YYHKH

<y TeHr JaMaHMHTI Xap HKKA TOMOHUHM 1 — ig.x ra Oyaub wo6op-
ragaa UVYKOTHJAraH.
AxcvHua, Ky#dumaru

1
sin 2« = 2 sin @« cos «; COs%a == EY ({1 4+ cosZa);

a0 a—@B
——Q-—LOS "2 »
sina-sind = % (cos(z — B) — cos(a -+ [)),

cos(a + B) = cos acosB — sina sinf

cosa -+ cos 3 = 2 cos

-84 GONIKA CHHYC Ba KOCHHYCJAP YUYH UHKAPHJAraH HKKuIanran oy p-
yak, APMM OypuHaKk, HWHFHHAHHH KynaiTmara KeJarupuul ¢k Kyrnanr-



waHu BMFMOAMCA aaMawTupuin Kadu Gopmynandp OOPKH, y QLp-
MyJaaapHu KYajauw TeHr/amManu AouMO Yy3ura TeHr Kyu/u TeHr-
jJaMara aaMamTHpanu.

TpuroHOMETpPHK TeHr.aaMaJapiy CUUNILA ACOCAn Y4 YCya KYJ-
Januaanu.

1) Aynaimysuurapza axycpamuul ycyAu. f(x) =0 Tenrnama

yayH
- - — O’
f()f) == fl(X) fz(.)() oyaca, f(x) — () —>» f](-x) (9)
fa(x) = (.
Arap 7(x) pra [(x) nunnr Sapua HAAMSAADHIAA f(xX) @anHugIaHTaH
ovyaca, | ;
‘ ) !T‘(x) =0,
J(x) =0 <«=> ‘ (9a)
fo(x)=0.
cos 2x

— O TenrsamaHu euud Ty-

(9) ra (9a) maru TacauKJApHU -
I4|+tgx

wynTUpMOKYKM Oyacar, Oy TenraaManuir gan toMouu cos2x =0

TenrAaMAHUAT HAAM3JapHnpur Gapuacuiia MabHOra sra sMmac:

} x—= = (14+2n), nCZ
cos 2x 0 <—> { cos2x = 0, P 4 <>

1+tgx 1-]-tgx+0 x £ = (4k—1), RCZ
4

[ x,— = (1 +2m),

< —>
‘\ n2k—1, B,nCZ

abuu 6y TeHTJaMaHHHDI KaroOH { xk—:—-g— (4k 4 1), /z(—Z} Jau

uoopar. |
2y Epdamun nomasaysm Kupnmnil yeyan., By Bakraa
f(x) — 0 Teursnamasa 6Gupop TPUIOHOMETPHK byuKuug €EpLaAMUH

HOMaDBLAYM O6uaaH  OCaAruaanud, Koardl dyuxuuaaap y oOpga/au
adonasanann, Jlexun €pramun HOMabJayM ouaan Kadicn QyHxuus-
ad Gearyjam MyXHM axavuarra sra. bup xuaula TeHurnaama pa-
qMona/J Teurjavara, MWKKHIYH XHJAHAA HNppalinoHal TeHrJamara
wearupuaud euuaanu. Buz yuyd pandonas TeurJiamara KeaTnpuo
eyuw xyJaai. Macaaan, sinfx-sinx cos?’x=1 TenrsaMaza y-=sinx
166 Genaruganca, ynaa y* -+ y(1— y?) — 1 xa®u paunuonan TeHrAad-
M2 XOoCuJ OYysajaH, akcuHua, y = COsX ne6 oauHca, y yiuldy HKKH
MppanuoHan TeHrJjamanap Oupaalimacura 3KBUBANCIIT: |

a) 1 — y? -+ y? '/T:,j"—"‘ 1; 6) 1— y‘z ;_}Jg']/l-_}’—g-ﬁ 1.

3) Cynouii Yeya MARAAE eLUNAOULAH MEHZAAMANAD. Tpu-
. onomMeTpHK TEHrJaMajsapHH euuluja YJapHUHI THIIapHIH TYEpH



aHUKAAR OJMWI, LYy KYPCATUAraH yCyJsaapiu TYFPH TaHJAAW HMKO-
nunu Gepald. YJ/apHH acocaH Kyduaaru Tnn.napra O VaArLL MyM-
KHH: ~

I. Bup xus aprymMedHT/ii OWTTA TPUTOHOMETPHK q)ym{lmﬂ KaT=
HALUraH TPUTOHOMETPUK TeHr/amanap, Macasan:

1

a) 3sin?2x + 4sin2x — 7 = 0; B) c0s?3x=2c083X — ———
cos 3.x
. 3 .
i _l_ — 4- t Jx —
0) lgx tg x ’ r) ctg 1 4+ Sctgx

1. Bup xua apryMeHtin Oup TPUTOHOMETPHK (PYyHKUHATA ai-
HU[I TPUTOHOMETPUK aJMalITHPULD OuJaH KeATHPHJAHNU MYMKHH
OV/Aran TPUroHOMETPUK TEeHIJamManaap, macasjaH:

a) b cosx-|-4sin?x = 4; B) cos*x — sin%x =: cos x;
6) (3tgx — 2ctg x)? =2 — ctgx; r) 4 sin?x— ¥ 3 cosx.

Ili, sin x Ba cos X ra Hucobarad 611;_) KHUHCJHU TPUTOHOMETPHEK
TeHrJaamMmaJsJaap, MacaJjad: -

a) acosx 1+ bsinx = 0; 6) acosx -+ bsinx = ¢;
8) a-cosx - H-cosxsinx-|- r) acos’x -~ 6 cosxsinx -4
+e¢-sin‘x =0 - ¢sinx = d;

n) a-cos’x -- hcos?x sinx -+ ¢-cosx sin*x - dsin*x = 0. .. Ba X.K.

By epna a, b, c, d,... CR.
IV. Yur 1oMouu HOJb, ual TOMOHU KYymafitysuuaapra a;pa=
A4/ Urall TPUrOHOMETPUK TeHrJaMmanap, macaJjan:
a) 3sin2x — sindx = 0; r) 2cos*3x — cos3x = 0;
0) sin’x cosx—2sin®*x-4+2—cosx = 0; r) tg3x-4-sin3xcos3x=0.
Xap XuJa apryMeHT/d TPUIOHOMETPHK dyHknusiaapuu oup

XUJA APLYMEHTJHUra KeJTHPHIT MYMKHH OyJaran TenrJjamanap, Ma-
caJiaH:

a) 2sin’(r—x)+3cos(z+x)=0; B) ig* = —.x) -—8ctg(?i§ -]-x) —0;
6) tg(z— - x) — 1 + sinZ2x r) cosdx -4 4cosx sin®x = sinx.
VI. Kynafitma wakaza Oepuaran TPUTOHOMETPUK TEHTJ/IaMaHW

Aurunaura KeJaTHpub euuml MyMKHH Oy arad TenrJaaMaJap, maca-
JIAH:

a) sind.x cos6X == cos3x sin7.x; B) sin®*2x cos*3x — sin*5x =0;
6) sin2xsin8x + cosbx cosdx=0; ) ig2x-4tg3x = sindx.

VII. Murunau wmagadaad xkymnafitMa wakadra YTKasum  Hyau
funaH eduJasural TPUCOHOMETPUK TeHrJamaJjaap, Macaaax:



a) sindx -+ cosbx = sin9x; B) sinx - sin2x--sin 3x +

4 sind ¢ =0
5) 14 cosZx= sin3x —— sin2x; r) sin x -+ cos X - sin 2x -+
4 cos2x = 0,

VIL KydT napaxacuii nacaiTHpHIl yCyau Onnan €euuJaanu-
Fag TPHrOHOMETPUK TEeHrJAamasap, Macajat:

. , . . 1 in®
a) 31n*x+s1n22x:cos”Bx—l—cos‘*&ix; B) sin‘2x+cos2x= i;'—mﬁf;
6) sin'2x 4 cos2x = 1; r) sin®x -} sin®2x -+ sin*3x +
-+ sin?4x = 2.
IX. KOkopuaarn 8 Xua TPHIOHOMETPHK TEHrJaMaJapHuHT OH-

pura GHPOp aaMalTHPHIN OUAAH KeJATHPUIN MyMKUH OyJrai TeHr-
Jiamanap.

Jpau 1oKopuaaru 1 —IX Tun renraamajaprian MHCOAAAD CYHD
KypcaraMus Y IapHUHT Gapuacu ysura Xoc Oupop Apya  TawJaH-

ramnad CyHr IOKOpuaa aiTHaAran yd acocufl ycyaaapaau oupu OuJaaH
eynAain.

9-mu coa. (I tum) TenrnaMany eunnr:
2gix — 2tg2x + 3tgx —3 = 0. (10)
Eugapwe. w = tgx nebd dearnsacak,
(10) = oud — Qut | dn —3 =0 <= 2u*(u — 1) 4 3 — 1) =0 <==>
= (1 —1)2u? | 3) =0 <=> u — I,

("
Hemax, tgx = u; ~=—=> 1gx = | <> Xp = _I (4% 1), k¢ Z.

3a B 06, { -Z—(zue_ 1), kCZ }

3-mucon ([1 ran.) Ten samauu eduur:

2sin2x + tglx = 2. (1
) sin%c
Euuauwiu. Arap tg*x = T sinte Ba u = sin?x necak, 0 < n <1 sxan-
— sin2x

UruHg Hasapaa TyTHO, (11) nan

(W3]

u 13
(11) =» M + —— =2 <—» 2t —5u +2=0 <=>» U4, = :
1— u b2 4

) . 1 1 V2
#Wynnad guaud, u,+2, uy= E— > sin2x=-§ <= sinx = : T .
r5
s

1) sinxm%—4z> xk—;(—])k-Ll— + nk, REZ;

€

Q) sinx= — ——2— <==» X,= (— 1}"'H -':I +zn, n€ L.

¥ anob, {E @nitl1), n¢ z}.
" ' : 351



4-mucon (111 vuu) TenraamaHu euunr:
4cos?x 4 4sinx cosx — 7sin*x — 2 =0, (12)

Funauwu. (12) Tednraama sinx Ba cos x ra uvcéaran 2- napawxanu 6up
HUIICAW Telraama, YYHKH f(Z cos x, sin x)=r%f(cos x, sinx) MAapT TEHrIdMaHUHT
yan ToMoHMnIa 2 = 2(cos®x | sin®x) ned xuecafaaralijla faxapnaant. Y xonia
TelurraMaliur MKKH ToMOHUIIN cos?x(==0) ra (dxu sin2x(s£0) ra) 6¥ans wdHopum
MY MICHIL

(12) €«=—» T4tgx—71g*x—2(1 +tgx)=0 <=—>

5]
<~==» Otg?x —Hgx—b=0 <==> (gx =1, (gx= — ry ¢
wn 5
By epnan x; = -:L— (42 - 1), x,= — arcig ry +nn;, B, n€ 7.
Kapob. | — (1k |1 g 2
aBoo. — (1k- T—a — .
{ 1 { 1), i retg 9}
S5-mpcoaon. (Il tun.) Tenraamauu edunr:
4sinix — cosZxsinx = 0. (13)

Evurnwn. By n=3 papaxann GHp >KHHCHIN TeHriama O§aranm  yuyH yuy

cosTx(+ 0) ra O¥aus (13) <==r 4tgix — (gxr = 0 <==»> lgx (tggx“ "jl—) -

1 _
=0 <«=—=>» tgx =0, tgx = | —E HH XocHa KinaMmuid., bymnjgan waBoGHH yuyM-
JATTUPHUO Oupatryaa €3avus:

1
MHapod. { wn, nk - arclg 5, /zEZ.}
—
By TeHrnaManuHr Xap MKKH TOMOIMIM sindx ra 6ynranga sca,

(13) =—> 4 —ctg®x4 =0 <==—» clgx = + 2
xocua  Oyand, y Gepuiradra TeUr KYydad 3Mac, sbHM 6y yeyijga edYWaran na
sinx = 0 dudr eunmuapn fdyxonanru. (Bepuaran {(13) TeHrmama siny = O =udHr
CHAMIAPHUIAA KAHOATAAUTAH yuyll yira 0Yand evnm MymMKuH avac.) AGUTYpH-
CHTAAPHUHT 0aB3MMAPH MAld NIYHra yXIan TenrjamMaid  CuHmia my xabe xa-
TOra fiya kKysauaap.

Yuily veopemaaap Il tuin rtenraaManapiud eusmlnn  yMYMJIAIITHPA TN,
1- TeopemMa. n- mapmuban Oup swcurcir Yoy

: - ~~1 . — .
asin®x 4~ bsin" " xcos x 4 ¢sin” 1 cosX F-. . .

+ dcos?x =0, a==0 (14)
merzrama L =1gx armauwmupuu 6naax
aur - bo" ' cn" T L 4+ d =0 (15)

ULQKA20 IKBUBAACHIT LAMAULAJIL, _

Xagugaran xam, as=0 OVarasn yuyH cosx==0Q wapTiu Gaxa-
pyBuu x jap (14) HHHP HAIU3H 3Mac, IWIYyHAAT yuyH (14) wuur
Xap HKKW TOMOHHHH COs”x(+0) ra 0O§aud ioéopcax (15) keaud
HUKanNu. p .



2- TeopeMa. 2n-mapmulan Oup sHeuHCAL YOy mMeEeH2AAME

(as~0, a~d)

asin®x+bsin® 'xcosx + ...+ ¢ cos'x =d (16)
xam u=tgx aamaqumupuu buaan 2n- mapmuban oupop
A" B ' ... 4+ Cu-+ D=0 (17)

Oymyr payuonar mereramaza reaadu: (16) <=» (17).

Xakuxkaran xaum, d = d(sin®x -+ cos?x)? ne6 (16) TeHraaMaHuHr
Xap HKKH TOMOHHHU €0s8*"x(=£0) ra 6yauw xkudoa. p

s . X
l-HaTuXa. acos x+ bsin x=c¢ Tedrjama cosx-—-cos”a— —
. g X . X X
—sin® — Ba sinx=2sin-— cos — aopxasau
2 2 2
. x - X x [} .
— asin? Eg—-}-?bsmacos?-l—acos*g—:c (18)

~

MAaKAra KeArauu YuyH u_tgg 6uaau (17) kypurHwAaru 2-ma-

paxanay Oy1yH paunoHaJ TeHrsamara Keaaau. (a -+ ¢ 5= 0).
2-HaTuKa. acosx 4 bsinx—c TeHraama cos(x— ¢)=

c

= ——— (p=arccos kabu €paamMuyu Oypuak) ra kKeda-

vV a? + p* Vv a? + b2
THPHG EUHJHININ MYy MKHH
Xﬂi(l-ilﬂll'l‘illl XaM, 6(.,‘")“."”'{[[! TCHIJTAMAHHHET Xap HKKA TOMOIHWIW

Va*i b= ra OVauo 1wdopeak, mywit ¢ Oypuak TONHJAANNKH,

]

a . b
COS¢ = —, Sillg==— 0O WKapuAauIld/an
¢ P

a b ¢ . ;
— COSX ~+ — s8Il X = — <==» C0SY cOS$ X -+ sing sin x = <
4 P e P

Kesu0 uuKnO, HaTHXKA TACAHFH HCOOTJAAHALH. P
Tenrsnama daxar c¢* < a?-4 h* Oyaranmga euyuMra SradHCHHH
TeKILHUPHHT.
3-naTuXxa, asin’x - bsinxcos x 4+ ccos’x=d(a 0, a4 d)
TeHTJ/1aMa
(a —d)tg?x |- btgx +e—~d=0 (19)
Kabu KBaApaT TeHr/aMara KeaTHpub euyuaaj,
‘ 6-vu con. (Il tun.) TeurgaManu eduHr:
7sin x — Scos x = 5. (20)
I- evaauwn,. 1-narmwwanan ¢oiinananud teursamanu (18) x¥punuwra oand

X
KeJqn0, cVHI u==ctg 5 (x+2an, n€ Z) arnMamTupum Gaxapcak,



- x X x
(20) <==» 5sin® T - 4 sin 5 cos 5——5(:052—; =5(c052 g —i—sin?—g}—) <=>
10 cos? % — 14sin = cos = —0 10 ctg? = — 14 clg = =0
— cos? — — ldsin — cos — =0 <= ctg? = — () €=
<= 5 N3 5 > g? 3 ctg 7 <=
x
X x ctg E‘ =0:
—» 2ctg —[5ctg — —7 | = U<=»
2 2 X 7
- e -5

Texumpn6 myHH AHWKIANI MyMKHHI{H X, =2zn (20) HuAr cUYUMU IMac.
Xapob. {m{2n + 1); =k -+ arcctg —5-; n, RCLj}.

9- equauia. (20) Tenraamann p= J 7¥45% = v 74 ra Gyacax,

— SinXxX — ——— LOSX= .
Vv 74 v T4 V74

(20) <=—=> 20

e

7 \* 5 \?
Jlexun (—-—-—-__:) -+ ( -——-—_—) = 1 6¥nranu  yuyd mwyHAzld ¢ Oypuar ManmyLKH,

Ly T4 V74

7 5 7
—== = Silo, — = ¢osp Gawapuuann (p=arcsin ——— Kal On Epaamuu 0yp-
,/74 V 74 Vit
qaK). X0J1a
, 5 15}
(21) ===» singsinx—cosy COs X = ~—_— <=—» cos{x+ ¢) = , Oy
VA V T4
eplaH xX= -—g¢ ™ I arccos Vit 4 2nn, nCZ ned euuMHMHT HKKAHYHA XH.I
74

INAKIAY XOCHI KUJHMH4ILH.

7 5
A asod. { arc sin F arccos —— —+n(2n + ), ncZ }
v 74 Vv 74
Iy MUCOAunur 3= ennanim 369- 6erina Gepiaran.

7erMucOd (IV Tum) Tewrnmamann CHWNLL
tg22xtgx — sin?2x ctgx = sin?2x tgx — clgx (g2 (22)
Fuypaguig, Tenrnamadd Kynadrysdaujapra ampaTHIL yuyll
(g2 xtgx — sin22x 1gx) |- ({g*lacigy — sin#2x ctgx)=0
Kabdu rpynnanacdx,
(22) «==> (tg*lx —sin?2x)1gx + (tg29x — sin?2x)clgy — 0 <= »

tg2y - 1 )
—> (1g22x —sin22x)(tgx-Fcigx)=0 <==» ——t;;-" (tg2x — sln2x) <
‘ I — cosZx . 1 4 coslx
w (tg2x+sin2x)=0 <=—=>» . gin 2x. ——— +sinZx - ——— ==
tgx cos 2x cos 2x
1 sin®2x . 1 2sinx cosx
= 0 <= - e (1 — cos2x)=0 <==> . = 0.,

tg x cos?2x B - - S tgx cos 2x



8-mavzu. Arkfunksiyalar grafiklari (4 soat)

Reja
1. y=arksinx funksiya grafiklari va xossalari.
2. y=arkcosx funksiya grafiklari va xossalari.

3. y=arktgx, y=arkctgx funksiyalar grafiklari va xossalari

! £ 0, tgx == 0 ==> sinx = 0, eosx = 0 OLaxnc-

iy oxdpra  TeRrjaAaMana

LAHJIH,D,H. TedurJgama euunmMra srd 9MAC.

iaso6. Euuvu HATK.
By (22) Tenraama (9) Ba (10) narm Komjara aman KMauG eTHILAHA.
8 mucon. IV run) TenraaManu eYHHI:

aindx — 1 = sin2x cosZx — cos2x (23)

Fuaauww, (23) <—> sin2x — sin2x cos2x — (1 — cosZx) = 0 <—=>
—s s5in2x (1 — cos2x) — (1 — cos2x) = 0 —<=—=>

Ox, — 2nk, RCZ,

1 — cos2x = 0,
== et ) T
= >~{ sin2x — 1 = 0. 2xn#-—§+2'nn, nc Z.

3K a B o G. { =k, -} (4n--1); %, nez}.

Qemucon. (V rumn) Tearmamanu edHHI:

cos (-;— —-x) ; .
2 - - (24)

1=
1 + cosx o X
[oe 0 )
I- euuauuii.
e X X
2sin - cos = — COs*
sin x 1 i : 2 2 .
24y = B o = 2 o . B
1 l -} coswy LoX . Lo LN
Cose LA L el
) ] > ¥
1 ! ( e, 1 C 7
1§ ' \ ')
X A p— 1 / (
<—=p g — — lg® T T ‘== &
2 R X X — (e |-1), nC 7
lg — = 1. “' 2
2

XX arod. { 2k, —;C— (4rz 4+ 1) R, nE Z},

=

- eyuanuie. By rTeuraamany I tnn Tewrnamacara XeaTupud  Xam e
MyMKHH (&, nC L)

sinx 1 . LN
(24 <€=—=» T 1 = ————— <« ——3 COSX —+ siny = 1 «(===>» cos® e
i-l-cosx 14 cosx J
, X . X X I T ) ein X oy N
—3in® — Jcos -— sin — = €0s* = Sin? — <——= Zsin COS — —a5in=
sin 5 —+Zco 5 5 5 5 5 5 5
. ) |
sin o =0, Xp o= 20k,
= 0 <—=> - T
X X == - T
tg o =1 e #4



10-mucoa, (VI tun.) Tenrnamanu egunur.
cos3x cosbx = cos4d r cos7.x. (25)
1
Eunnruwuy. cosa cosf = o (cos(x—f)+-cos(a+B)) Gopmyna 6yiinua
(25) <=> c0s3x-+¢0s9x — cos3x + cosllxy <=—> co0s9x — cosllx =0 L%

w
=<=—> 2sinl0x - sinx = 0 4:-)[ Sk =1, | =y | **~ F)k’ &G 2,

sinx = 0.

~=»

Xp=71n, nCZ,

T
T xk=i‘6k, kéZ.

(i

6.
Haso {10

k, RCZ }

By cpna £ = 10n(n¢ Z) 6yaranna x, unius X, KYPUHUIIMHH OJCAHU YYYH
xapob dakar xp HIRH3NAPNAH TAIIKHI TOMAH.

ll-mucon, (IV tun.) TeHrnamand euuHr:

7 3 x 5
€COS — X cos — x-sin —— cos — x 4 sin2x cos7x = 0. (26)
P 2 2 2
1
Euganwu. Arap sina cosf= P (sin(a + i) -} sin(a — B)) uu  xyanacax, y

X0J1 14
(26) <—=> sindx+sin2x + sin3x — sin2x 4 sindx — sindx — 0 €«—» sin3x-|
+ sinf9x = 0 <=—=»> 2sinbx cos3x — (0 <=—»

6xp =nn, n€Z;

e l sinbx = 0,

- T

<==> X, =~ Z
r = - : Z.
cos3x = 0 By = o (2+1), £EZ ol R o

2 amBob6. {-g n, nGZ}

by epna x, waanz n = 2% 4 1 6yaranna Xp WIIM3  IMAKAHIH  OJTAHU YUYH
OMpUHYH TEHTNAMAHUHT €YHMH YMyMHH euuMm GyJaa oJanu.

12-mu con. (VII tum) TeHrnamaun euuur:

cos9x -+ cos8x + cos7x = cos3x + cos?x -+ cosx. (27)
. ot+B  a—3B 5
Evnanwu. cosa—cosB= —2sin 5 sin 5 JaH (JolganaHcak,

(27) <==» c0s9x—c0sx} CoS8x—c0s2x--c0s7x—cos3x=0 <=
<==> —25indxsindx—2sinSxsin3x—2sin"xsin2x=0 <—»
<—¥» —2sindx(sindx-+sindx+sin2x)=0 <—>

a -8 a— BB
COSs

duau 6y epna sina + sin3 = 2sin AaH doiinanancak,

<4—» 28indx(2sindx cosx -+ sindx) =0 €¢==» 2sinbr sin3x(2cosx + 1) =0,



B ™
Xp=— k, RCZ,
sindx = (0, # 5% <
sind.x = 0, b
= 1 <= | Xp= 3 n, ncZ;
COS K== — —
2 E
Xm= %7 4 2xm, m @& E.

By epaa n = 2(3m + 2) neiivica, X, NaH X, WIAM3 XOCHI Gynanu.

HKanobo. { %n, l;—k; n, kQZ}

13 mucoun. (VIII tun.) Tedrnamanu equur:

cosx + cos22x — cos23x — cos?4x — 0. (28)

Fauruwun. 2 cos?x = 1-Lcos2x, 2sin2z= 1 —cos22 aapuu xyaaab, renriama-
Jary ¢GpyHKIHAIap fapa)»Xacu nacanTupuJaagn:
(28) «==»> 2cos?x42¢c0s22x—2c0s23x—2c0s?4x = 0 «4=——»
=—=»> |4c0s2x 4+ 1 4 cosdx— | —cosbx— 1 —cos8x =0 «—>
~<=—=> (c052x — cos8x) -~ (cosdx — c0sbx) =0 <—»
~—=» 2sinbx sin3x 4 2sinbxsinx = 0 <=>
<==> 2Zsinfx(sin3x 4 sinx) =0 <—» 4sindx sin2x cosx = 0 ===)

K== % n, nt7Z;
sinSx =0,
- T Sin2x =0, <«(=— Xy == _‘1:_ k, kCZ;
cosx == 0
N = ’:: 2m -1y, m¢Z,
By epna f=2m--1 O6Vica, x;, WIAHI X, WM KYPUTHITHEA CCHAM,
YK awsob. { . kGZ]
5 g .

Mzox. 12 Ba 13 Mucoanapra AAFHHIAMHN KynaliTMara asnMawrapain Ownnan
a-b-c= 0 maxknra KenTHpUAHO, yJapHHHI Xap OHpPH HOJATA Teurjnad cuuiiM,
Babauxa (la), (2a), (3a), (4a) dopmynanap smHa XaMm Kynalpok XucobGrananm.
Macanan:

sindx +sinx=0 <=—» sinx=sin(—3x) <=>» x=(—1)%(—3x)+nk, £CZ.

X == 1,
E=2n(ncCZ)y —» x=—3x+2n,

k=2n Hn CZ) —» x=3x-}7n(2n—1)

"

—

X= —un, n& Z.

SIE no | A

By rtonmaran ewumMpap asBaard yCyJa4a TONMWIIAH eduuMaap Guiad OMD XHILLHP.
$flna 6np mucon:

k1 T X
/ cos3x=sinbx <«—=» C053x=cos(5x —_ 5) <—» 5x — 5= +3x+42rk, kG Z.



5x==%+8x+27tk, ' x=—:—+nk,
B n = w ™
5x='5——3x+2nk,kéz ) x=-1—6'—|—-/? k, RCZ.
14-Mu c o #. (IX Tun.) Tenraamanm eumur:
2c0s2x = (14 3)(cosx+sinx). (29)

Euyusuwun. cos2x = (cosx 4 sinx)(cosx—sinx) xkabu alinparaan ¢ oiiganasd-

3K,
14+y8
2

(29) <«<—>» (cosx —i—sinx)(cosx—sinx— ) = 0 el R

A - -
> (tg.x-;’-])(cosx.—cos—g —sinx — sing =0 <—>

= (tgx + 1) (—- QSin(‘—j -+ -g—) sin (...J_c_ ___l)__

2 6
X o= ., T
——2sin(2+,6.)cos(2 6)>.._()~<__>
<==> (1gx- }sn(g + 6)(811](2 — 6)-]—603(2 — G))-_—-_ <—>
tgx——1; =i(4n-—1) néz;
4
1 T
Sin(——l——)—:O; T
<==> | ) 6 e — x=-3—(6k—-—l), RCZ;
S . . n
g 9 6)'::"' x=—(12m-1) meZ,

By Teurnama wkxm Kapcra axpaan®, 6MpuHUHCH 1- mapakaau Oup WHHCIH
TCHIIAMAa CUHIAPH, UKKUHUKUCH 3Ca, HAFUHJNHU KYymalTMmara KeATHPWIL TEeHIJa-
MacH cuipatvna eunaan.

 Yrueepcan aamammupuue ycyaw. Xap xaunain R(cosx,
sinx) = 0 gypundingaru, COSX Ba sinx (pymmm.napra HucoOarau

panmoHasn OyJArad T1PDUTOHOMETPUK TelrJaaMa u = g - —2— aJaMamTu-

pui Ouaax

1—u? 2u =

. == O 30

R(l--]—u2 1+u9) ( )

kabu © ra HucHaraH panunoHasa TeHr/namara kesanud. bynna cosx=

-1 —tg?2 fé ‘ §F th,g- ;

== ———— Ba SinX=——— ¢opmMysaa x # % 4 2wk, (RCZ)
X
" l+tg2"‘§' 14-tg? 5

wapT OWJad KyJAJaHHAaLU.



Lyunur yayn R(cosx, sinxX)=0 TenriamMauu x=n-+2tk, (REZ)
ja XxaMm Tekluupub Kypuul Kepak, y Gab3uAa €UHM XaM oy aud
goanmy myMmxuH. IOKopuzaru 6- Mucosnu my ycyJ/aa euafJauK:

S-equruwn, (30) ra acoca

2u 1—u?
7 sinx—5cosx =5 =—>» 7- o —5- - =5 <—» 14u=10 <—=»
5 ® 5 5
—> U, = 7 =5 I —2‘ — -7" <==> Xx, = 2arcig 7 +2xn(n € Z).

Duau x=mn 4 2k, (RC Z) nn (20) ra gyicax, YHAHT XaM eqduM 3Kand aﬂmgnai{a,zm.
5
Kaeoo. { (1l 4 k), 2nn 4 2 arctg 7; &, nEZ}
D 6owKa époamnsy HOMABAYMAAD Kupumuuiea Mi-

coanap OepamMus.
15- M u ¢ 0. lenrjgavanu e4ywHr:

sindx -4 5sin2x 4+ bcos2x 4 1 =0, (31)
Eusauwite. w=sin2x+4cos2x —» u? =1+ sindx. Y xouaia
(31) ==» u*+4ou = 0 «<—>» u;, =0, uyg= —25,

T
a) sinx fcosx = 0 <=> fgx==—=1 <—> xk=z(4/e——l),k92._

6) sinx 4 cosx = — 5. By euumra sra smac, UyHKH [sinx| <1, |cosx| <1
OyaraHu yuyi sinx -+ cosx finFuHIM — 5 ra TeHr O0yna OAMAaiilde =
16- M 1 ¢ 0 . TeHraamMaHu e4YHHI! '
V1 sin 4x = V/ 2cos 4x. (32)
Euunwma. 1 4+ sindx = 0 6yaraum yuyn teuraaMa R xa aHuKIanrad, nexkuH
YIHHL Uamn  TomMoun nomattpuitanry yuyn costx > 0 Oamapniajurafd einMiap
U3JaHNIIN KepaK: ’

: 0 (u = sindx,
cosdx = 0, _
(32) <—>» i <—» { cosdx >0, <=>"
1 4+ sindx = 2cos?tx ;
1l 4+ = 2(1=— u?)

N sindx = — 1,
) |

cosdx = 0;
l sin4 :

indx = —

(B) 2"’

| l cos 4x > O.

a) (A) cucremMaHUUr €4YAMHHH TONUIN yHyH sindx = — 1 uuur xp = — % -+

T .
+- -2- k(k € Z) unpusnapuHuHr costx > 0 wapTHH KaHOATIAHTHPHIUN TEKIIHPH-

Jajgu:
] : LN
cos-xk=cos\—- 5 +2nk)——- => Xp=—"7Tg +—2— (BEZ)

MIAM3IAP KYPCaTuirad WapTHU KAHOATIAHTHPIANM yUYH €1UM Oy nanu;



: 1
6) (B) cucremann eyaMmus: sin 4x = o) <> x, = (— 1)* 2—% -+ —E— n{nery.
. E , oyt 6Vaca;
cosdxy, = cos((— 1) — -4 an) = 2
6 /3
2

, n TOK ©¥uica, '

Mlynnait kxuanb, n = 2m(m & Z) 6yaranna x, eqﬁm OYfaa onanu,
® k1
XK asob. — (4k — 1), — (12 1); &, Z
{ Fer—n 5 a2mins b mez)
17-mmncoa. Tenrnamanm eyunr:
sin3x 4 cosd3x = 1. (33)

Eyuaumu, y = sinx, ¢ = cosx Iecak, y x0ala TeHrjJamMa ymlby CHMMeTPHK
anredpank cucreMa €praMmuilad euynmadin (@ =y -+ £, v = yI)

: ¥+ B=1, {(}’—Ff)(}’ﬂ—yf-l-ﬁ)*l,
33) = m— —
9 ” {y2+t2=1. = yi4 £2=1 .
u(l —v)=1,
e 34
Raie {u2m2u0=l. 4

{34) cvicremanan u* —2u 4 1 =0 «<==> u; = 1 tonuaub, v,=0 xam aHuk-
Jaunu. bynnaun

sinx -4 cosx = 1,

sinx - cosx = 0.

@) {
{A) cucremanau { 2rk, %(412—!—1); k, nQZ} €YUM TOHMNAIH.

i{ aBoé6. { 2=k, %(4&—[—[); k, nGZ}

18- M u c 0. TenrnamManu eywnr:
cos2x sinBx 4 cos2x sin9x = cosfx sin8x 4+ cosbhx sin9x. (34)
Euwunrguie, By epna xynadiMany HHFHHAMrE KeJATHpHUL (GopMyJdalapu Kya
KeaMaliH, 9YHKH xap Ovp kynmaliTMajard apryMcHTiap HHFHHAHCH Ba aidmpma-
CHHMIT APMU Xeu Kalcu kynmaditvana 6up xua smac, abHH 6y (V1) tHnra man-
cyb amac. (34) um xynafitrysunnapra Gymnafi amparamms:
(31) ==» cos2x(sin8x 4 sin9x) = cosbx(sin8x + sindx) =<==»>

COSZX == COsdx, Ox = &+ 2x+2nn, nc Z;
<= . . = B-1 =
sin8x= —sinfx 9= (—1) 8x—-nk, kRCZ
2rn Znm onk
== [ Xy = — X = 3 Xp== %’ xp=m(204+1), n, m, k, lcZ;
Zx 2n 2

K aBod. {'——r-z, — m,

p 3 * Ry, =2l 4+ 1); n, m, k, IC Z}



19-Mmucon, Tedrnamaunm euuur:
2c085x 4 3cosx =5 (35}

Eunanmye TpuronomerpHk GpyHxuug xoccanapura Kypa eudnanurant 6y TeHr-
Jama gagat cosx = 1 Ba cosbx = 1 wapraapuHu Gapanap CaaAPYBUYH X Nap yuyH

Hiapusra sra, uynku [cosx | < 1, |cosdx| < 1. Mynnait xuoud (m, n ¢ Z):
35) . { cosx == 1, X = 2nm, Y
b - T ) ps— _ =
( cosbx =1 - {5x=27cn = e 5
on 1
Kapoé. {—r_—n, ncZ /-
e

20- M M c 0 si. Tenrnamaun e4HMr.

cos’x — 2cosx = 4sinx — sin2x, (36)

I-evuauwn. (36) <=—=>» cos2x — 2(1 — sinx)cosx — 4sing = 0, by cosx
ra uxcbaranm xKpaapar reurnama naebd Kapadca,

(cosx)| o= 1—sinx + ¥V (I—sinx)?+-4sinx = 1 —-sinx + (1 + sinx),
a) cosx =1 —sinx 4 (1} sinx) <«=—» cosx =2, 6y eunmra sra amac,

6) cosx = 1—sinx — (1 + sinx) <= cosx = — 2sing <=—=»

1
<==> Xxp=mn — arctg 5 nci.

1
Kabobo, { tn —arctg 5 nGZ}.

X
-evunuen, 1 = (g 5 (¢ % Xy = 7n(2n - 1); n € Z) anmawrupunur Gaxapuaca,

(36) ==» (u? —du — NBu? 4+ 1) =0 €=> u,,, =2 + 5.

X _
5- = i, HH c4YcaK, x; = 2arctg(2V 5) + 2=k, kecZ

X
Arap tg 5 =, Ba (g
Ka0H eYHMAAPIHAT HKKHIUM XM/ WAaKIH XOCHJ dTHAALH. (X, AAp 9Ca WJIAK3 dMAC.)

2l-Mmucaoa. Teurnamanu ewyuur:
8[3“12"—]— 810X _ 3. (37)

1, . 81
E!m/mzuu. Sls[n xX_ y —— SICO‘\’Ex;; Sllwsin"‘x _ —, v xoara
y

(B7) =>» y2—30y 4+- 81 =0 <=—» y;, =3, y,=27. Buun n€Z, k& Z aap
YUy H

P 1 . by
a) g1817%% —_ 3 <—> 4sin?x = 1 w=» sinye = -+ E*:—)- X, = %+ ; + =n,

6) 8181%°F — 97 «—— 3 4sinx = 3 < == Sinyx= -4 »‘-/—9— <= Xp= + E*—!—nk
£ p— = —_— KL= 4 2 —_— 13 3 .

¥ asosé. { e% (30n+1545), nC z}.



.22-MunCO L TenriaMaHH €UUHI:

X
cos? 5 <4 sin?x = 0, . (38)
5 o /!

I- enuanuu. Vikxkn HOMaHbui (byﬂxunﬂ/ﬁlap fimrmnincn  moara  tewr. [lle-

MaK, ) )

(38) <=> cos §-= 0, P—— { xk———(Qk-{—l)n,ZkE Z; \\
Xp=Tm I e,

sinx = 0 n=T S R

—> xk-———‘(gk—!—l),'ﬂ; REZ.

9 eypanwy. By Tenraama Japaxacuiu nacajitMpuin TMNMra Maucyo ne6
KapaJaranna xam, dakat MANTHKAH eunul 6unan oxXMpura eTanm:

- (38) <=—> 14 cosx+1—cos2x=0 <=—> CcOSx—CO0s2x= —2 <=—>
cos2x = 1, L 2x, = 2rn, n€Z,
cosx = — L. = { xp = (1 - 2k), kCZ

<=> Xp=7(1+2k), K€ Zin

Mauwx., Ymby TeHrIaMaHUHT CUHMH Y KAUTHAN ncOOTIaHT:

: sinZx -+ cos?6x =0

<:>' { <>

27- monwupur. Tenraamanapau THORTA 3 pTHOOP Gepnd eunnr:

1. a) Vﬁ—cos‘ﬁx — cos7x == 0; 6) sin23x—bhsin3x-4+4=0; B) g% + tglx —
e QP X = I r)q8cos‘1-x — 8cos?x — cosx 1= 0; n) sinx + sin’x = 0; e) tgbx 4

4 tgix 4 tgix = 0.

2. a) 3sin?2x -+ 7cos2x = 3; 6) 2co0s2x + sinx = 2; B) ;/2_:%i112x 4 cosx =
—0; r) 2cos?x + Bsinx — 4= 0; 1) 6costx + Bsinx — 7 =0; e) 2cos?x +
4 4cosx = 3sin2x; x) 4sintx + 19cos?x = 7; 3) tgx +ctgx = 25 H) Btgtx —

1

—_— = 29; cto?x — tg2x = 1,5.
cos'x ) clE g

1 _
3. a) sinx fcosx =" (1 + ¥'3); 6) costx=1—sintx; B) 3sinx = 2cosx;

r) 2cos?x—3sinx cos x-+5sin?x = 3; n)3sin’x -+ 38sinxcosx=~06cosix; ¢)3sin*x 4
4 sinx cosx = 2; i) sin?x-+3cos?x = 4dsinxcosx; 3) sinbx-|-sindxcos?x=sindxX

L 5
Weosdx-sinxcosix; n) sintx--cosixn= —8-; K) sin2xcos2x=10sinxcos3x—21cos'x;

a) sin® osbx = s
) sinfx-}-cos 16
_ : 1
4. a) cosx-tgdx =0; 0) sindx-cosx-tg2x = 0; B) (]+cosx)( = —l)z 0;
si ]

'y

x ., X x X
r) ig -z- + ig -?— cosx=0; n) cosd3x -+ 4_sin2—0— cos? 5— cosx =0; e) sindx -4

L

. X X X 1 X
i +‘ 2sin - —2— c?s 5 = Q; }_x) sin2xcos 5 — -é- sin2xsin 72— =0;
X X ’
3) 2tg2x sin bY cos 5 sinx - 1g2x = 0; wu) 4sinx + sin2x = 0;
) cOsSXx 0; ) §i_r_1x+cos;_r .___0?

1 4 cos2x - cos2x



3. a) sin?x+sin22x=1; 6) -t X+t b + x |=2; B) cos = —4sin L4
S 4 2

—_ 13 '
— 9co0s? = r) (sin2x+ V3 cos"!x)9=5+cos(—;— —?x)_ 1) 14-cosbxr=32cossx;

3 1L 2
e) tg(x+30°)-tg(x —60°) = 1; x) cig (i —-x) =Ctg?x + _Cos—f
2 sin%x

) T \ i T 3 T ( ©
S — - — —X| = 5 { — . — —X}
3) sin (2 x) sin ( B x) cos (4 —I—x) cos 1 x)

)

) T 3
) 4sinxcos (g ——x)—l——zlsin(rc -+ x)cosx - 251;1 (—25 -—x) cos (m - x) = 13

7 o=
k) Zsinx cos (—;— —f—x) 4 sin (‘2‘- -—}-x) cosx = 3sin (On — x) cos (2= + x);

) si Jx — 711:+ n—3x 1 in(5 0+ tg(1] sinx

a) sin ——— 4 cos oz - : M) sin(dr — ™ -

: 2 2 3 M) sin( ’ g 6 2Cc08x
cos;x

) X 3x ) . ) )
6. a) cos 7 ¢os —— —sinxsindx = sin2xsin3x; 6) siny.sindx - sindxX

2
Xsin8x =0; B) /' 2sin3x cosBitcos2xcosbr=sin2csinbx; r) sin2x sinGx=

=C08XCO0s3x; K)sin2xsinCxcosd x4 :i— cosl2x=0; g) cosz cos2z s[113z-_~_-=_0,25s[r12;:
7. a) sin x 4+ sin —Tl_— = sin (x + i—), 6) sinx — sin3dx — sinbx 4 sin7x = 0;
B) sindx 4sinSx=sin4x; r) cos7x 4 sin8x = cosdx — sin2x; 1) sin2x — sindx +
- slqu:cos(Yx - ég"), €) cosYx — cos7x 4 cosdx == cos.
8. a) sin*2z4sin®3z f-sindz4-sin?52=2; 6) sin23x +sin?4x = sin5x+sin26.x;

T .
8) cos?x - cos?2 x — cos¥3x — cos?t x = 0; r) sin*3z | sint (I + Jz) =T’

] x 3x
) cosbx 4 sinbx — cos22x = l-é; e) cos? -5 -+-cos? 5 = sin®2x 4 sin®dx,

1 ,
9. a) 2(cos 4x — sin x cos 3x) = sindx + sin 2x; 6) sin?z J- Py tg2z == 13

\

B) sin7x 4 sin 9x = 2 (COS2(% ——x) —c0s2 (E —;—x)): r) sin 3x 4 sinbx =

ac o sinz )
=2(c0s%2x — sin?3x). n) sin3x — 4siny coslx = 0; e) = =2-—-rtge
1 4 cose
ix
3 03 +x)
T

10. a) tgix 4 ctgix g2k | cig?x = 4; 6) [g(— __r) ot =2
2 i+ cosx _

_ 41
© B) 4sintxfcosdr=1 + 12cosix; r) sindx-tcosdly—= ?2—8; n) ctg2zf2 fetgdnr?=0;

I —tgx 4 ... +(—D*gtc 4.,
L - tgx+o.e 1% -,

e) =1+ sin2x.



TpUroHOMETPHK TEHICH3JHK, TeHdlJdaMaliap CHCieMacH

1. Tpuzonomempurx menzcuiaux, Ywudy rtacauxaap kR ¢ Z
VUYyH YPHHAHLHP:

sinx>a, |a| <1 <=»2xktarcsina<x<2nk+r—arcsing, (1)

sinx<a, la| <1 <= 2wk——w—arcqma<x < 2nk+arcsinag, (2)
cosx>a, |a| <1 <=—> Ink—arccosa < x < 2xk+ arccosz, (3)

cosx<<a, |a| < 1=<—>2xk 4 arccosa < x<Zxnk-|-2x—arccosa, /Qfl»/}

lgx>a<=> wk—karctga(x*(%—l—ﬁk, (5}

tg x < a<:>—~ﬁ—|—nk<x<nk+arctga (6)

ctg X > a «=—>nk < x < arcctg a | =k, (7)

cgx<a<==>uk+tarcctoa < x < =+ wk, (8)

IOKopuaa Hr COAAA TPUIOHOMETPUK TEHrCH3JAHKJAAp Ba yJap-
HUH!I €4UM{ Kypcartuanu. Kynunua TpUrolioMeTpHK TeHrCHaanKaAap

IOKODUIArd TaCAWKAapAan OWpUra KeATUpHO euduaand.
l-mucoa TcH cU3THKIH UHHT:

4 cos?x — Bcecosx + 3= 0. (9)

Eynaumwu, ¢ = c0os x necax,

1
{ < —

2

(9) =» 412 — 8f + 3 > 0 <=>
i>

®

2
3
2

1
Y xonpa: a) cosx »é—_g ~<—=% 2nk +-§ <x<2(k+ Din -—%, ke Z.,

by euum 22]1-mwaknna rpaduk pasuinja Tacsipaanrat.

8) cosx = 5 6y euumMia 3ra smMmac,

Waso6. {[%(Gk—i—l). g—(ﬁk +5)], kez}.

"

=(0
/_ﬁf 4 /T, 5L F{_ : -

221- ma ¢n.



AY

a1 A A B e

B & & & 5 & 6 :
_ N AY B S -

s N—— N yz_?f M .

Y=Sink :
222- WaKT -
2- MU CcOa, TeHIrCH3IUKHH €YHHI:
(10)

2s8in2x —sinx — 1< 0.

Evuavmu. (10) <—> (sinx — 1) ( sin x "‘;*) < 0 <—>

1 X % +2x Z,
~— —— < sinx <1 <«—>»
2 T VL
2nk —— <x < 2nk -+ — kecZ.
6 6"
By euum 222- maxnna rpadpuk paBumiga TacsupaaHran.
. ) 7T P T T
/Kaso6. ek — —; — 4 2xk U] 2nk 4 —; 2nk +— |, ke Z}.
) 2 ' 2 6
3=Mucoxa. TenrcHsnukiu cunurs
to? v +-(y/3—1tgx —y/3 < 0.
Eyurnwmu. (11) <=—» (g x — 1)(tg x + )/—3—) < 0 «—>

(Im)

T k k T

{tgx<1, 5
—_=> T €==> e
tgx> —y/3
B~ Rk — = < x< kA
3 2
R “< < k+7c
7T e e T e
s 3 =F I

kCZ.
By eunm 223- makana rpadgnk paruinna TacBUpPJIAHTAH,

T T
Kas o6. {[nk——?; Tk +:1_]’ kGZ}.

4-Mucoa Teurcusamkuu euwusr:
sinx 4+ cos2x>1, - 12

Equrumu. (12) <=» sinx +1—2sin?2x > 1 <—>»
1
~<=> sin x(1 —2sin x) > 0 <=» 0 < sin x< E



Tuzatishlar










