O‘ZBEKISTON RESPUBLIKASI OLIY VA O‘RTA
MAXSUS TA’LIM VAZIRLIGI

ABU RAYHON BERUNIY NOMIDAGI
TOSHKENT DAVLAT TEXNIKA UNIVERSITETI

Oliy matematika fanidan mustaqil
Ishlarni bajarish uchun
o ‘quv-uslubiy go‘llanma
1-gism

Chizigli algebra va analitik geometriya, hosila, integral, diffe-
rensial tenglamalar.

Texnika oliy o ‘quv yurtlarining bakalavriat ta’lim
yo ‘nalishlari talabalari uchun

Toshkent — 2013



Oliy matematika fanidan mustaqil ishlarni bajarish uchun
o‘quv-uslubiy go‘llanma.1l-gism. Texnika oliy o‘quv yurtlari
talabalari uchun. Abzalimov R.R., Xolmuhamedov A.S., Xaldi-
bayeva I.T., Abdikayimova G., Aralova M., Akberadjiyeva U.;
Toshkent, ToshDTU, 2013.

Oquv-uslubiy go ‘llanma oliy texnika o ‘quv yurtlarining baka-
lavr talabalari uchun mo ‘ljallangan. Shuningdek, bu o ‘quv-uslubiy
go ‘llanmadan oliy o ‘quv yurtlarining o ‘gituvchilari ham ma’ruza
va amaliy darslarda foydalanishlari mumkin.

Kafedra professori G¢. Shodmonov umumiy tahriri ostida

Abu Rayhon Beruniy nomidagi Toshkent davlat texnika
universiteti ilmiy-uslubiy kengashining garoriga muvofig chop
etildi.
Tagrizchilar:  A. Abdushukurov- O’z.MU, f.-m.f.d. prof;

A. Abdukarimov- Tosh. DTU, f.-m.f.n. dotsent.

© Toshkent davlat texnika universiteti — 2013.

2



So’z boshi.

Zamonaviy kadrlarni yetishtirish borasida respublikamiz
oliy ta’limi tizimida tub o’zgarishlar amalga oshirilmoqda. Bunga
sabab, «Ta’lim to’g’risida»gi qonun va «Kadrlar tayyorlash milliy
dasturinning qabul qilinishi va ularda ilmiy-texnika taraqqiyoti yu-
tuglarini xalq xo’jaligiga tadbiq qilish, ijtimoiy-iqtisodiy rivojla-
nish bilan uzviy bog’liq ekanligining aniq ko’rsatilishidir.

O'quv uslubiy go'llanma oliy matematika fanining asosiy
bo’limlari bo'yicha mustaqil ish va laboratoriya ishi masalalaridan
iborat bo'lib u 2- gismdan iborat. 1- gqism o'z ichiga chiziqgli alge-
bra va analitik geometriya, hosila, integral, differensial tengla-
malar mavzularidan o’tkaziladigan tipik ishlariga bag’ishlangan
bo’lib, ularda nazariy ma’lumotlar va namuna uchun masalalar
yechimi ko'rsatilgan. Talabalar mustaqil yechishlari uchun shahsiy
variantlar yetarlicha keltirilgan

Qo’llanmani yozishda mualliflar Toshkent davlat texnika
universitetida ko’p vyillar davomida o’qigan ma’ruza va amaliy
mashg’lot darslarini asos qilib oldilar.

Mualliflar.



1. CHIZIQLI ALGEBRA VA ANALITIK GEOMETRIYA
Ikkinchi tartibli determinantlar va chizigli
tenglamalar sistemasi.

a, b
( ! lJ - jadvalga mos ikkinchi tartibli determinant
a2 bZ
al bl
aZ b2

tenglik bilan aniglanadi. Ikki noma’lumli ikkita chizigli tenglama-
lar sistemasi

= a1b2 - a?_bl

{a1x+ b,y=c,

a,x+b,y=c,
. . . a, b1 .
uning determinanti D = 4 b #0 bo‘lsa, u yagona yechimga ega
2 2
bo‘lib, yechim Kramer formulalaridan topiladi:
Cl bl al Cl
D, [c, b D, Ja, c
x=—x 12 %2 : y=_y= 2 2
D |a b D |a b
aZ b2 a2 b2

Agar D=0 bo‘lsa, sistema yoki birgalikda emas,
(D, #0,D, #0) yoki aniglanmagan (D, =D, =0). Oxirgi
holda sistema bitta tenglamaga keltiriladi. Sistemaning birgalikda
bo‘lmaslik shartini a, /a, =b, /b, #c, /c,,anigmaslik shartini
a,/a, =b, /b, =c,/c, kabi yozish mumkin. Chizigli sistema-
ning ozod hadi nolga teng bo‘lsa, u bir jinsli deb ataladi.



Uchinchi tartibli determinant va chizigli tenglamalar siste-

masi
a b ¢
a‘2 b2 CZ
a3 b3 C3
elementlar jadvaliga mos uchinchi tartibli determinant
a, b, c
S b, ¢, a, ¢, a, b,
a, b, c,|=a,- —b, - +C, -
b3 CS a3 C3 a3 bS

a3 bS C3

tenglik bilan aniglanadi.
Uchinchi tartibli determinantdagi berilgan elementni o‘z ichiga ol-
gan satr va ustunni o‘chirishdan hosil bo‘lgan ikkinchi tartibli de-
terminant - uchinchi tartibli determinantning berilgan elementining
minori deb ataladi. Minoring (-1) ga ko‘paytmasi berilgan ele-
mentning algebraik to‘ldiruvchisi deyiladi. (k- berilgan elementni
0°z ichiga olgan satr va ustun nomerlari yigindisi). Shunday gilib,
determinantning elementiga mos minor ishorasi quyidagi

+ - +

jadval bilan aniglanadi.

Yugoridagi 3 - tartibli determinantni ifodalovchi tenglikning o‘ng
tomoni 1 — satr elementlarini ularning o‘z algebraik
to‘ldiruvchilariga ko‘paytmalarining yig‘indisidan iborat.

Teorema 1.

3 - tartibli determinant ixtiyoriy satr (ustun) elementlarini o‘z alge-
braik to‘ldiruvchilariga ko‘paytmalarining yigindisiga teng.

Bu teorema determinantni ixtiyoriy satr (ustun) elementlari
bo‘yicha yoyib hisoblashga imkon beradi.

Teorema 2.

Ixtiyoriy satr elementlarini boshga satr elementlarining alge-
braik to‘ldiruvchilariga ko‘paytmalarining yig‘indisi nolga teng.
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Determinantning xossalari.

1. Agar determinantning satrlarini ustunlari bilan yoki ustun-
larini satrlari bilan almashtirsak, determinantning giymati
o‘zgarmaydi.

2. Determinantning  biror  satr  elementlari  umumiy
ko‘paytuvchiga ega bo‘lsa, uni determinantning tashqarisi-
ga chigarish mumkin.

3. Determinantning biror satr elementlari boshga satr elemen-
tlariga teng bo‘lsa, unday determinant nolga teng.

4. Agar determinantning ikkita satrining o‘rnini almashtirsak,
uning ishorasi teskariga o‘zgaradi.

5. Agar determinantning biror satr elementlariga boshga
satrining  mos elementlarini biror o‘zgarmas songa
ko‘paytirib qo‘shsak, uning giymati o‘zgarmaydi.

Uch noma’lumli uchta chiziqli

ax+by+cz=d,

a,Xx+b,y+c,z=d,

a;x+by+c,z=d,
tenglamalar sistemasini quyidagi Kramer formulalaridan foydala-
nib yechamiz.

x=D\/D, y=D,/D, z=D,/D,

al bl Cl dl bl Cl
D=la, b, ¢, D,=|d, b, ¢,
a3 b3 C3 d3 b3 C3
a, d, c a b d
D,=la, d, ¢, D,=la, b, d,
a3 d3 C3 a3 b3 d3

Bu yerda D=0 deb faraz gilamiz (agar D=0 bo‘lsa, sistema anig-
lanmagan yoki birgalikda bo‘Imaydi).



Ikkinchi va uchunchi tartibli kvadrat matritsalar.
A= (all alZ]
aZl a22
jadval - matritsa deyiladi.
a;; Ay

DA:

ay Ay
A matritsaga mos determinant deyiladi. Bundan so‘ng DA #0 deb

garaladi. Agar DA #0 (DA = 0) bo‘lsa, A matritsa xosmas
(xos) deb ataladi.
a‘ll a‘12 a‘13
all a12
’ aZl a22 a23
a21 a22
aSl a‘32 a‘33
lar mos ravishda 2- va 3- tartibli kvadrat matritsalar deyiladi. Ko‘p
ta’riflarni umumlashtirish uchun ularni 3- tartibli matritsa uchun
beriladi. Ularni 2- tartibli matritsa uchun qo‘llash  qgiyinchilik
tug‘dirmaydi. Agar kvadrat matritsaning elementlari a,, =a,,

shartni ganoatlantirsa, matritsa simmetrik deyiladi.

a; 4, Qg b11 b12 b13
A= y 3y Ay |y B= bzl bzz b23
Ay 33 Agg b31 b32 b33

matritsalar teng bo‘lishi uchun a,, =D, shartning bajarilishi za-
rur va yetarlidir. A, B matritsalar yig‘indisi quyidagicha aniglanadi:
all a12 a13 bll b12 b13 all + bll a'12 + b12 a13 + b13
a21 a22 a23 + bZl b22 b23 = a21 + b21 a22 + b22 a23 + b23
a31 a32 a33 b3l b32 b33 a31 + b3l a32 + b32 a33 + b33
A matritsani m soniga ko‘paytirish uchun uning har bir elementini
m ga ko‘paytiramiz:



a‘ll a‘lZ a13 mall ma12 ma13
m-1a, a, ay|=|Mma, Mma, Mmay,
a3l a‘32 a33 ma3l ma32 maSS
A, B matritsalar ko‘paytmasi quyidagicha aniglanadi:
all a'12 alS bll bl?_ b13
AB = dy; Ay Ay |- b21 bzz b23 =
a31 a32 a33 b31 b32 b33
3 3 3
Dby Dagby, ay;bjs
j=1 j=1 j=1
3 3 3
=12 aby Dab, Dabg
j=1 j=1 j=1
3 3 3
Z 3iDj1 Zasjbjz D ;b5
=1

=1

Ko‘paytma matrltsanlng i- satr va k- ustunda turuvchi
elementi, A matritsa i- satridagi elementlarini B matritsa k- ustunin-
ing mos elementlariga ko‘paytmalari yigindisiga teng.

Ikki matritsaning ko‘paytmasi, umuman, o‘rin almashtirish
xossasiga bo‘ysinmaydi. Ikki matritsa ko‘paytmasining determi-
nanti bu matritsalar determinantlari ko‘paytmalariga teng.

Hamma elementlari nollardan iborat bo‘lgan matritsa - nol matritsa
deyiladi.

0 0O
0 0 0(=0.
0 0O
Bu matritsa uchun A+0=A tenglik o‘rinli.
100
E—|lo 1 ol birlik matritsa deyiladi.
0 01

Bu matritsani A ga chapdan va o‘ngdan ko‘paytmasi A ga teng:
EA=AE=A. Agar AB=BA=E bo‘lsa, B matritsa A-ga teskari matrit-
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sa deyiladi. A ga teskari matritsa A™ bilan belgilanadi: B= A™.
Har ganday xos emas matritsa teskari matritsaga ega. Teskari ma-
tritsa quyidagi formula orgali hisoblanadi:

A A A
DA DA DA
Ao A An Ay
DA DA DA
As An A
DA DA DA
Bu formulada Aqp A matritsa determinantidagi  ap, -

elementning algebraik to‘ldiruvchisi, ya’ni Ay, - A matritsa de-
terminantidagi m —satr va n- ustunini o‘chirishdan hosil bo‘lgan
ikkinchi tartibli determinant ~ (minor) bilan (-1)™" ifoda
ko‘paytmasidir.

ustun matritsa deyiladi.
AX ko‘paytma quyidagicha aniglanadi:

a, a;, a3 Xy A X; +a;,X; 35X,
AX = Ay, a,, Ay || Xy | = Ay Xy 85X, 355X,
as, a;, Ass X3 A1 X; +a5,X, + 855X,

A Xy + 3%, +85X5 = b1

Ay Xy +3p,X; + 353X = b2

Qg1 Xy + 835X, +aA33X3 = bs
sistemani AX=B ko‘rinishda yozish mumkin, bu yerda



a1l a‘12 alS Xl bl
A= Ay By Ay |, X = X5 | B= bz
a‘31 a‘32 a‘33 X3 bS
Bu sistemaning yechimi X =A™.B (D, #0) bo‘ladi.

Vektorlar va ular ustida amallar
OXYZ  koordinatlar ~ fazosida berilgan  aerkin  vektorni

a=a,-i+a,-j+a,-k ko‘rinishida tasvirlash mumkin. & vek-
torni  bunday tasvirlash - uni koordinata o‘glari yoki ortlar
bo‘yicha yoyish deb ataladi. Bu yerda a,, a,, &, lar - a vektorning
mos o‘qlardagi proyeksiyalari (a vektorning koordinatalari) deyi-

ladi, T, j, k lar esa o‘glarning ortlari (mos o‘glarning musbat
yo‘nalishi bilan ustma-ust tushgan birlik vektorlar). a,i, ay], azlz

lar @ vektorning koordinat o‘qlari bo‘yicha tashkil etuvchilari
(komponentalari) deb ataladi. a vektorning uzunligi |a | bilan bel-

gilanib, |a| = Ja’ +ay +a? formula orgali topiladi.a vektorning

yo‘nalishi uning koordinat o‘glari bilan tashkil gilgan «, S, »
burchaklar orgali aniglanadi. Bu burchaklarning kosinuslari (vek-
torning yo‘naltiruvchi kosinuslari)

COSa—— 'cos,B_—

,;a +a +a

cosy = &%

a 1/aX + ay +a’

formulalar bilan aniglanadi.Vektorning yo‘naltiruvchi kosinuslari
cos® o +cos® B +cos® ¥ =1 munosabat bilan bog‘langan. Agar

a va b vektorlar ortlar bo‘yicha yoyilmasi bilan berilgan bolsa,
ularning yig‘indisi va ayirmasi
a+b=(a +b,)-i+(a,+b ) j+(a,+b,)k

a-b=(a,-b,)-T+(a,-b,) j+(a,—b,)-k
10
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formulalardan aniglanadi. Boshlari ustma-ust tushadigan @ va b
vektorlar yig‘indisi tomonlari @ va b bo‘lgan parallelogramm di-
agonali bilan ustma-ust tushadigan vektor orgali tasvirlanadi. a -b
ayirma shu parallelogrammning ikkinchi diagonali bilan ustma-ust
tushib, vektorning boshi b ning oxirida, oxiri @ ning oxirida yota-
di.

1-rasm 2-rasm
Ixtiyoriy sondagi vektorlar vyigindisi ko‘pburchaklar goidasi
bo‘yicha topiladi (1 va 2 — rasmlar). @ vektorning m skalyarga

ko‘paytmasi m-a=m-a,-i+m-a,-j+m-a,-k formuladan
topiladi. Agar m>0 bo‘lsa, & va m-a vektorlar parallel
(kollinear) va bir tomonga yo‘nalgan, m<0 bo‘lsa, garama-garshi
tomonga yo‘nalgan bo‘ladi. Agar m=1/a bo‘lsa, a/a vektor
uzunligi birga teng bo‘lib, yo‘nalishi a ning yo‘nalishi bilan ust-

ma-ust tushadi. Bu vektor a vektorning birlik vektori (orti) deyi-
lib, &, bilan belgilanadi. a vektor yo‘nalishidagi birlik vektorni

toppish - a vektorni normallashtirish deyiladi. Shunday qilib,
a, =a/ a,yoki a =aa,. Boshi koordinat boshida, oxiri M nugta-

da yotgan OM vektor M nugtaning radius - vektori deyilib,

r(M) yoki r bilan belgilanadi. Uning koordinatalari M nugtan-

ing koordinatalari bilan ustma-ust tushgani uchun uning ort

bo‘yicha yoyilmasi F = xi +yj+zk ko‘rinishda bo‘ladi. Boshi

A(X1; Yi; z1), oxiri B(X2; Y2; z2) nugtada bo‘lgan AB  vektor

AB = r, — I, ko‘rinishda yoziladi, bu yerda 1, B nugtaning, 1, A
11



nuqtaning radius vektori.
Shuning uchun AB vektorning ortlar bo‘yicha yoyilmasi

AB =(X, — X )i_+(y2 _yl)j+(22 -z, )k
ko‘rinishda bo‘ladi. Uning uzunligi A va B nugtalar orasidagi ma-
sofaga teng.

‘E‘:d:\/(xz X1 )2 +(y2 = ¥1)? +(25 —2,)?

AB vektorning yo‘nalishi

X

X —_
cosazzT; cos =

Yo, —Y:. Z, -7,
, COSy=————
d T

yo‘naltiruvchi kosinuslar bilan aniglanadi.
Skalyar ko‘paytma.

a vab vektorlarning skalyar ko‘paytmasi deb shunday songa
aytamizki, u vektorlar uzunliklarini ular orasidagi burchak kosinu-

siga ko‘paytmasiga teng: a-b=ab CoS @
Skalyar ko‘paytmaning xossalari.

— 2 . —2 2
1.a-a=|a| yoki a” =l|d|";
2. Agar a=0 yoki b=0, yoki a L b (noldan fargli vektorlar or-
togonalligi) bo‘lsa, a-b =0;
3.a-b=b-a (o‘rin almashtirish qonuni);
4. a(b+c)=ab+ac (tagsimot gonuni);
5. (ma)b=a(mb)=m(ab) (skalyar ko‘paytuvchiga nisbatan

guruhlash gonuni).

Koordinata o‘glari ortlarining skalyar ko‘paytmasi:

-2 =2 =2 T = - T T

i =) =k =1, i-j=j-k=i-k=0.

a=a,i+a,j+a,k, b=b,i+b, j+b,k lar berilgan bo‘lsa,
ularning skalyar ko‘paytmasi ab=a,b, +a,b, +a,b, formuladan
topiladi.
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Vektor ko‘paytma.
Quyidagi shartlarni ganoatlantiruvchi ¢ vektor @ vektorning b
vektorga vector ko‘paytmasi deyiladi:
1. ¢ ning uzunligi a va b vektorlardan yasalgan parallelo-
grammning yuziga teng (¢ = absing, ¢ = 5"5);
2. C vektor a va b vektorlarga perpendikulyar;

3. 5,5,(_‘, vektorlar bitta nugtaga keltirilgandan so‘ng o‘ng sistema-
ni tashkil etadi. (3-rasm)

a vektorning b vektorga vektor ko‘paytmasi axb ko‘rinishda
yoziladi.

A\ C=0xh

913

//// /,/b
7 /////// 7// A2 ek 2>
x ,///////ﬂ

3-rasm
Vektor ko‘paytmaning xossalari:
1. bxa=—axb, o‘rin almashtirish X0ssasiga ega emas.
2.Agar a=0,yo b=0,yo a || b bo‘lsa, axb= 0 bo‘ladi.
3. (ma)xb=ax(mb)=m(axb) (vektor ko‘paytmaning ska-
lyar ko‘paytuvchiga nisbatan guruhlash gqonuni)
4. a><(b+c) axb+axc (tagsimot gonuni)

I, J, k ortlarnmg vektor ko‘paytmasi uchun

- kxi=—ixk=] tengliklar
orinli.a = X|+y11+zk b= y_ k
vektor ko‘paytmasi

j+1z,k  vektorlarning

13



k
Y. 44
Y, ¢

formula yordamida topiladi.
Aralash ko‘paytma.

Uch a,b,c vektorning aralash ko‘paytmasi axb ning ¢ ga skalyar

ko‘paytmasiga teng, ya’ni axb-c. Aralash ko‘paytmaning moduli
shu vektorlarga qurilgan parallelepipedning hajmiga teng.

Aralash ko‘paytmaning xossalari:
1. Agar
a) ko‘paytiriluvchi vektorlardan biri nolga teng,
b) ikkitasi kolleniar,
d) uchta noldan fargli vektor bitta tekislikka parallel (komplanar)
bo‘lsa, aralash ko‘paytma nolga teng.
2. Agar aralash ko‘paytmada vektor ko‘paytma (x) va skalyar
ko‘paytma () larning o‘rnini almashtirsak aralash ko‘paytma

o‘zgarmaydi, ya'ni axb-c=a-bxc, shuni hisobga olib aralash
ko‘paytma a-b-c kabi yoziladi.
3. Agar ko‘paytiriladigan vektorlar o‘rnini doiraviy shaklda al-

mashtirsak, ko‘paytma o‘zgarmaydi: a-b-c=b-c-a=c-a-b.
4. Ixtiyoriy ikkita qo‘shni vektor o‘rnini almashtirsak, aralash
ko‘paytmaning ishorasi o‘zgaradi.

b-a-c=-a-b-c; c-b-a=-a-b-c; a-c-b=-a-b-c.
a=xi+y, j+z2,k; b=xi+y,j+z,k; c=x5i+y,j+2z,k
larning aralash ko‘paytmasi
o Xl yl Zl
a-b-c=x, vy, z
X3 Y3 Z3

dan topiladi. Aralash ko‘paytmaning xossalaridan quyidagilar kelib
chigadi: uch vektor komplanarligining zarur va vyetarli sharti
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.b-c=0 dir. ab,c larga qurilgan parallelepiped hajmi
 a-

2

| uchburchakli piramidaning hajmi

<<m|
<D-.||

:—|a b-c| ga teng.

Ol I ol

Tekislikdagi analitik geometriya.
To‘g‘ri chizigdagi koordinatalar. Kesmani berilgan nisbatda
bo‘lish.
x absissaga ega bo‘lgan OX koordinata o‘gining M nugtasi M(x)
bilan belgilanadi. M(x;) va My(xz) nugtalar orasidagi masofa
d= |)c2 —x1|
formula bilan aniglanadi.

Ixtiyoriy to‘g‘ri chizigda AB (A-kesmaning boshi, B-oxiri)
kesma berilgan bo‘lsin; u holda bu to‘g‘ri chizigning ixtiyoriy C
nuqtasi AB kesmani gandaydir A nisbatda bo‘ladi, bu yerda
A =+ |4AC| : |CB|. Agar AC, CB kesmalar bir tomonga garab
yo‘nalgan bo‘lsa ‘‘+” ishora , garama-garshi tomonga yo‘nalgan
bo‘lsa “-” ishora olinadi. Boshqgacha qilib aytganda, agar C nugta
A va B nuqtalar orasida yotsa, A musbat, tashqgarida yotsa manfiy
bo‘ladi.

Agar A(x,)va B(x, ) nugtalar OX o‘gida yotsa, AB kesma-
ni A nisbatda bo‘luvchi C(x) nugtaning koordinatalari

Xt Ax,
T 1+4
formula bilan aniglanadi. Hususiy holda, agar A=1 bo‘lsa, kesma
o‘rtasining koordinatalari uchun
X, +Xx,
2

X =

formula kelib chigadi.

Tekislikdagi to‘gri burchakli koordinatalar.
Agar berilgan tekislikda XOY dekart koordinatalar sistemasi beril-
gan bo‘lsa, x, y kordinataga ega bo‘lgan M nugtani M(x,y) bilan
belgilaymiz, Mi(x1 Y1) , Ma(X2y2) nugtalar orasidagi masofa
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d= \/(xz — X )2 +(y, = )2
formula bilan hisoblanadi. Xususiy holda koordinita boshidan
M(x,y) nugtagacha bo‘lgan masofa

d=+x"+1y°
formula bilan aniglanadi.

A(x1,y1) , B(X2,y2) nugtalar orasidagi kesmani berilgan A nisbatda
bo‘luvchi C(x,Y) nugtaning koordinatalari

X, + A%, —_ Nty

144 )
formulalar bilan aniglanadi.
Xususiy holda, 2=1 bo‘lganda kesma o‘rtasining koordinatalari
X X - _NtW

2 YT

Uchlarining koordinatalari A(x1,y1) , B(X2,y2) , C(X3,y3s) bo‘lgan
uchburchak yuzasi

X =
X =

1
S :E'|x1(J’2 =13 )+ X, (Vs =11 )+ x3( 01 — 1, )|:

:%.kxz =X )(ys =)= (xs = x ) (¥, = )|

formula yordamida topiladi.

Uchburchak yuzasi
S=14
2
formula bilan hisoblanadi, bu yerda
1 1 1
A=|x; X, X4
Yo Ve Vil

Qutb koordinatalari.
Qutb koordinatalarida M nugtaning o‘rni uning O qutbdan masofasi
/om /= p (p - nugtaning qutb radiusi ) va OM kesmaning qutb
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o‘qi OX bilan tashkil gilgan burchagi ¢ (& - nugtaning qutb bur-
chagi) bilan aniglanadi. Qutb o‘gidan soat strelkasiga garama - gar-
shi olingan @ burchak musbat hisoblanadi. Agar M nuqgta qutb
koordinatalariga ega bo‘lsa (o >0, 0<60<2rx), uholda un-
ga cheksiz ko‘p (p,0+2kr),keZ quth koordinatlari jufti
to‘g‘ri keladi. Agar dekart koordinatalari sistemasining koordinata-
lar boshini qutbga keltirsak, OX o‘gini qutb o°‘gi bo‘yicha
yo‘naltirsak, u holda M nugtaning to‘g‘ri burchakli (x,y) koordana-
talari bilan (p,0) qutb koordinatalari o‘rtasida bog‘lanish quyi-
dagi
X = pCosé, y = psing;

p=+X>+Yy°, tgez%
formulalar bilan ainglanadi.
To‘g‘ri chizigning umumiy tenglamasi.
X, y larga nisbatan har qanday birinchi darajali tenglama, ya’ni
Ax+By+C=0
(A, B, C —lar o‘zgarmas koeffitsientlar, A*+B2=0) tenglama tekis-
likda gandaydir to‘g‘ri chizigni aniglaydi. Bu tenglama to‘g‘ri chi-
zigning umumiy tenglamasi deb ataladi.
Xususiy hollar:
1.C=0; A=0; B=0. Ax+By=0 tenglama bilan aniglanadigan to‘g‘ri
chiziqg koordinatalar boshidan o‘tadi.
2.A=0; B=0; C=0. By+C=0 tenglama bilan aniglanadigan (y=-C/B)
to‘g‘ri chiziq OX o‘giga parallel.
3.B=0; A=0; C=0. Ax+C=0 tenglama bilan aniglanadigan (x=-C/A)
to‘g‘ri chiziqg OY o‘giga parallel.
4.B=C=0; A=0; Ax=0 yoki x=0 tenglama bilan aniglanadigan
to‘g‘ri chiziq OY o‘qi bilan ustma-ust tushadi.
5.A=C=0; B=0, By=0 yoki y=0 tenglama bilan aniglanadigan
to“g‘ri chiziqg OX o‘qi bilan ustma-ust tushadi.
To‘g‘ri chizigning burchak koeffitsientli tenglamasi
Agar umumiy tenglamada B0 bo‘Isa, uni y ga nisbatan yechib
y=kx+b tenglamani hosil gilamiz. (bu yerda k=-A/B, b=-C/B) . Uni
17



to‘gri chizigning burchak koeffitsientli tenglamasi deb atashadi,
bu yerda k =tga, a—to‘g‘ri chiziq bilan OX o‘qining musbat
yo‘nalishi orasidagi burchak. Tenglamaning ozod hadi b to‘g‘ri
chizigning OY o‘qi bilan kesishgan nuqgtasining ordinatasi.
To‘g¢ri chizigning kesmalarga nisbatan tenglamasi.
Agar to‘g‘ri chizigning umumiy tenglamasida C=0 bo‘lsa, tengla-
mani C ga bo‘lib,
5 + X =1
a b
tenglikga ega bo‘lamiz (bu yerda a=-C/A, b=-C/B). Uni to‘g‘ri
chizigning kesmalarga nisbatan tenglamasi deb atashadi; bunda a —
to‘g‘ri chizigning OX o‘qi, b — esa OY o‘qgi bilan kesishish nuqta-
sining shu o‘qlardagi koordinatalari. Shuning uchun, a, b larga
to‘g‘ri chizigning o‘glardagi kesmalari deyiladi.
To‘g¢ri chizigning normal tenglamasi.
Agar to‘g‘ri chizigning umumiy tenglamasining ikki tomonini
u= 1/+JA% +B? ga ko‘paytirsak (u - normallashtiruvchi
ko‘paytuvchi, ildiz oldidagi ishorani shunday tanlaymizki #C <0
bo‘lsin)  xcos@+Yysing—p=0 ga ega bo‘lamiz. Bu tenglik
to‘g‘ri chizigning normal tenglamasi deyiladi. Bu yerda p koordi-
natalar boshidan to‘g‘ri chizigga tushirilgan perpendikulyarning
uzunligi, ¢ - perpendikulyar bilan OX o‘gining musbat yo‘nalishi
orasidagi burchak.
To‘g¢ri chiziglar orasidagi burchak. Ikki nugtadan o‘tuvchi
to‘g‘ri chizig tenglamasi.
y=kix+b; , y=k,x+b, to‘g‘ri chiziglar orasidagi burchak
kz — k1

tgo = |2 L
9%k,

formula bilan aniglanadi.
k 1= k , ikki to‘gri chizigning paralellik sharti. k ;=-1/ k , ikKki
to‘g‘ri chizigning perpendikulyarlik sharti.
k burchak koeffitsientli va M(xy, y1) nugtadan o‘tuvchi to‘g‘ri chi-
ziq tenglamasi quyidagi y-y;= k (x-x;) ko‘rinishda yoziladi.
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Mi (X1, Y1) va Ma(Xz, y2) nugtalardan o‘tuvchi to‘gri chiziq tengla-
masi

Y-Y: — X=X
Yo=Y XX
ko‘rinishda yoziladi, to‘g‘ri chizigning burchak koeffitsienti

k — y2 B yl
Xo =%y
formuladan topiladi. Agar x;=x, bo‘lsa, M;, M, nugtalardan
o‘tuvchi to‘g‘ri chiziq tenglamasi x=x;, agar y;=y, bo‘lsa y=y;
bo‘ladi.
To‘g‘ri chiziglarning kesishuvi. Nugtadan to‘g‘ri chiziggacha
masofa.
Agar Aj/A;#B,/B; bo‘lsa, Ajx+B;y+C;=0 va Ax+B,y+C,=0 to‘g‘ri
chiziglarning kesishgan nuqtasi koordinatalari ularning tenglamala-
rini birgalikda yechib topiladi. M(Xo,yo) nugtadan Ax+Bx+C=0
to‘g‘ri chiziggacha masofa
|AX, + By, +C|
VA? +B?

Ax+B1y+C;=0 va Ax+B,y+C,=0 to‘g‘ri chiziglar orasidagi bur-

chak bissektrisasining tenglamasi
AXx+B,y+C, N AX+By+Cy

JA? +B; - VA +B?

Tekislik.
1)Tekislikning vektor tenglamasi r - n = p ko‘rinishda bo‘ladi. Bu

d

0

bo‘ladi.

yerda r=xi+ y] +zk vektor, tekislikdagi M(x,y,z) nugtaning
radius-vektori; n=icos a + ] cos f + k cos y koordinat boshidan
tekislikka tushirilgan perpendikulyar yo‘nalishiga ega bo‘lgan bir-
lik vektor; «, 8,y lar shu perpendikulyarning OX, OY, OZ o‘qglari
bilan tashkil gilgan burchaklari; p— perpendikulyar uzunligi. Yu-
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goridagi tenglamani koordinata ko‘rinishida yozsak,
Xcosa+Yycos f+zcosy—p=0

ga ega bo‘lamiz (tekislikning normal tenglamasi).

2) Ixtiyoriy tekislik tenglamasini Ax+By+Cz+D=0 ko‘rinishda

yozish mumkin.Bunda A?+B?+C? =0 A, B, C lar tekislikka

perpendikulyar ﬁ( A,B,C) vektorning koordinatalari. Umumiy

tenglamani normal holga keltirish uchun uni normallashtiruvchi
ko‘paytuvchi

ga ko‘paytirish kerak, bu yerdagi ishora D ning ishorasiga teskari
bo‘ladi.

3) Ax+By+Cz+D=0 umumiy tenglamaning xususiy hollari:

A=0; bu holda tekislik OX o‘qgiga parallel;

B=0; bu holda tekislik OY o‘giga parallel;

C=0; bu holda tekislik OZ o°qiga parallel;

D=0; bu holda tekislik koordinat boshidan o‘tadi;

A=B=0; bu holda tekislik OZ o‘giga perpendikulyar (XOY tekisli-
giga parallel);

A=C=0; bu holda tekislik OY o‘giga perpendikulyar (XOZ tekisli-
giga parallel);

B=C=0; bu holda tekislik OX o‘giga perpendikulyar (YOZ tekisli-
giga parallel);

A=D=0; bu holda tekislik OX o‘gidan o‘tadi;

B=D=0; bu holda tekislik OY o‘gidan o‘tadi;

C=D=0; bu holda tekislik OZ o‘gidan o‘tadi;

A=B=D=0; bu holda tekislik XOY (Z=0) tekisligi bilan ustma-ust
tushadi;

A=C=D=0; bu holda tekislik XOZ (Y=0) tekisligi bilan ustma-ust
tushadi;

B=C=D=0; bu holda tekislik YOZ (X=0) tekisligi bilan ustma-ust
tushadi.

Agar umumiy tenglamada D=0 bo‘lsa, tenglamani D ga bo‘lib
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1 + X + E =1

a b c
ga ega bo‘lamiz.(bu yerda a=-D/A, b=-D/B, C=-D/C.) Bu - tekis-
likning kesmalarga nisbatan tenglamasi deyiladi; a, b, c lar tekis-
likning OX, QY, OZ o‘qglar bilan kesishgan nugtalari.Tekislik koor-
dinata o‘glarining ba’zilari bilan kesishmasligi ham mumkin, Ma-
salan, agar A=0 bo‘lsa, tenglamada x ishtirok etmaydi. Bu holda

tekislikning kesmalarga nisbatan tenglamasi %+ z_ 1
c

ko‘rinishda yoziladi.

4) Ajx+B1y+C,z+D;=0 va Ax+B,y+C,z+D,=0 tekisliklar orasi-

dagi burchak

A A, +B,B,+C,.C,

\/Af +B2+C/ \/Aj +BZ+C’
formula bilan aniglanadi.
Ikki tekislikning parallellik sharti A;/A,=B1/B,=C,/C,,
Perpendikulyarlik sharti  A;A,+B;B,+C;,C,=0
5) Mo(Xo, Yo, Zo) nugtadan Ax+By+Cz+D=0 tekislikkacha masofa
d- |AX, + By, +Cz, + D|
VA? +B* +C?
formula bilan aniglanadi.
Ya’ni tekislikning normal tenglamasiga Mo(Xo, Yo, Zo) nugtaning
koordinatalarini qo‘yib, natijaning absolut giymati olingan. Nati-
janing musbat yoki manfiyligi nugta va koordinata boshini berilgan
tekislikka nisbatan joylanishini xarakterlaydi. Agar My nugta va
koordinat boshi tekislikning turli tomonida yotsa,
5o Ax, +By, +Cz, + D
VA? +B? +C?
musbat, bir tomonida yotsa, manfiy bo‘ladi.
6) Mo(Xo, Yo, Zo) nugtadan o‘tib, N =Ai+Bj+Ck vektorga per-
pendikulyar tekislik tenglamasi  A(x-Xo)+B(y-Yo)+C(z-29)=0
ko‘rinishda bo‘ladi.

CoS @ =
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7) Berilgan Ml(Fl ),MZ(Fz ), MB(Fs ) uch nugtadan o‘tuvchi
tekislik tenglamasini (bu yerda
ri=Xi+y, j+2,K, F2=Xi+Y, j+2,K, s =Xgi+Yy,j+2,k),
r—riy, r2 —ra, rs —r: vektorlarning komplanarlik shartidan
(|_’ = Xi+ y] +zk radius - vektor) topamiz:

(r=ru)(r, —ri)(r, —r:)=0
yoki koordinatlar ko‘rinishda

X=X, Y—Y: Z—1,

X=X Y=Y, Z,-2,/=0

X=Xy Y= Y1 Z43—4

Fazoda to‘g¢ri chiziq.
1) Tog‘ri chizigni ikki tekislikning kesishgan chizig‘i deb garash
mumkin:
Ax+By+C;z+D, =0
Ax+B,y+C,z+D, =0
B
yoki A_S # G
B, A B G ]

2) Bu tenglamada ketma-ket x va y ni yo‘qotib, x=az+c, y=bz+d ga
ega bo‘lamiz. Bu yerda to‘g‘ri chiziq, uni XOZ, YOZ tekisligiga
proyeksiyalovchi ikkita tekislik bilan aniglangan.

3) Ikki My(X1, Y1, Z1), Ma(X2, V2, Z2) nugtadan o‘tuvchi to‘g‘ri chiziq
tenglamasi:

A LB

bunda — #

X—X — Y-VY, — 1—-1,
Xy =X Yo=Y1 4,7
4) M1 (X1, Y1, 1) nugtadan o‘tib, S=/i+ mi +nk vektorga parallel
to‘g‘ri chizigning kanonik tenglamasi:
X=X — Y=Y _2-12

l m n
Xususiy holda, uni quyidagicha
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X=X Y=Y, _2-74

cosa cos - CoS ¥
yozish mumkin, bu yerda e, £, ¥ - to‘g‘ri chizigning o‘glar bilan
tashkil gilgan burchaklari. To‘g‘ri chizigning yo‘naltiruvchi kosi-
nuslari

| m
S = ——————, CO0S fl = ———,
N2 +m?+n? N2 +m? +n?
n
Cos y =

V0% +m? +n?
formulalar bilan aniglanadi.
5) Kanonik tenglamalarda t parametr kiritib, parametrik tenglama-

larga kelish mumkin:

X=/1t+X,
y=mt+y,
Z=nt+12,

6) Kanonik tenglamalar bilan berilgan ikki to‘g‘ri chiziq orasidagi
burchak

/.0, +mm, +nn
Cosp = 1-2 Ay B )

JO+mZ+n? ([ +m? +n2

formula bilan hisoblanadi.

0, 1¢,=m_/m,=n,/n, ikki to‘g‘ri chizigning parallellik sharti,

.0, +mm, +nn, =0 ikkito‘g‘ri chizigning perpendikulyarlik
sharti.

7) Kanonik tenglamalar bilan berilgan ikki to‘g‘ri chizigning bir
tekislikda yotish sharti

Xo=X1 Yo—Y1 273
fl ml nl = O
Ly my Ny

Agar ¢,,m,,n, lar ¢,,m,,n, larga proportsioanal bo‘lmasa, u hol-
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da ko‘rsatilgan munosabat ikki to‘g‘ri chizigning fazoda kesishi
shining zaruriy va yetarli shartidir.
8) (X-x1)/ ¢ =(y-y1)/m=(z-z1)/n to‘g‘ri chiziq va Ax+By+Cz+D=0
tekislik orasidagi burchak formulasi:

Al+Bm+Cn
VA2 B2 +C2 1% +m? +n?
Al +Bm+Cn=0 - to‘g‘ri chiziq va tekislikning parallellik sharti,
A/¢v=BIm=C/n - to‘g‘ri chiziq va tekislikning perpendikulyarlik
sharti.
9) To‘g‘ri chiziq va tekislik kesishgan nugtasini topish uchun
ularning tenglamasini birga yechish kerak.
a) Agar A ¢ +Bm+Cn=0 bo‘lsa, to‘g‘ri chiziq tekislikni kesadi.
b) Agar A/ +Bm+Cn=0, Ax, +By, +Cz, + D #0 bo‘lsa, to‘g‘ri
chiziq tekislikka parallel,
v) Agar A/ +Bm+Cn=0, Ax, +By, +Cz, + D=0 bo‘lsa, to‘g‘ri
chiziq tekislikda yotadi.

Hisoblash uchun vazifalar

1 — vazifa. Birinchi masalada tenglamalar sistemasining birgalikda
ekanligi isbotlansin. Sistema Kramer va matritsa usuli bilan ye-
chilsin.
2 —vazifa. Ikkinchi masalada x vektor p, g, ¥ bazis vektorla-
ri bo‘yicha yoyilsin.
3 —vazifa. Uchinchi masalada a va 5{ vektorlarning kolli-
nearligi tekshirilsin.
4-vazifa. 4— masalada @ va b vektorlarga qurilgan parallelogramm
yuzi hisoblansin.
5 —vazifa. 5 — masalada A(x1,)1,21), B(x2,222); C(xs3,y3,Z3) nugtalar
berilgan. 4 nugtaga qo‘yilgan £ = AB kuchining yo‘naltiruvchi
kosinuslari va C nugtaga nisbatan moment miqdori topilsin.
6 — vazifa. 6 — masalada uchlari 44, 4,, 43, A4 nuqtalarda yotgan
tetraedrning hajmi va A, uchidan 4,, 4,, A; yoqga tushirilgan
balandligi hisoblansin
7 —vazifa . 7- masalada uchlari 4, B, C nugtalarda bo‘lgan
uchburchak berilgan :

sing =
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a) AB to‘g‘ri chiziq tenglamasi yozilsin,

b) C uchidan tushirilgan balandlik tenglamasi yozilsin ,

C) B uchidan AC to‘g‘ri chiziggacha bo‘lgan masofa
topilsin ,

d) ichki 4 burchak bissektrisasining tenglamasi yozilsin.
8 — vazifa. 8— masalada A nugtadan o‘tuvchi va BC vektorga
perpendikulyar tekislik tenglamasi yozilsin .
9 —vazifa. 9— masalada M, nuqtadan M;, M,, M3 —nuqtalar
orgali o‘tuvchi tekislikkacha bo‘lgan masofa topilsin.
10 — vazifa.10 — masalada ikki tekislik orasidagi yoki tekislik
bilan to‘g‘ri chiziq orasidagi yoki ikki to‘g‘ri chiziq orasidagi
burchak topilsin.
11 —vazifa. 11 — masalada to‘g‘ri chizigning umumiy
tenglamasini normal va parametrik tenglama ko‘rinishiga
keltirilsin.
12 — vazifa. 12 — masalada to‘g‘ri chiziqg bilan tekislikning
kesishish nuqtasi topilsin.

Ko‘rsatma variant
1. Sistema birgalikdaligi isbotlansin va yechimi Kramer hamda
matritsa usuli yordamida topilsin:
3x1+ 2x; + X3 = §
{ZX1+ 3X2 + X3 = 1
2X1 + Xy +3X3 =11

Yechish: Noma'lumlar oldida turgan koeffitsentlardan tuzilgan A -
aniglovchini hisoblaymiz:

3 2 1
A = |2 3 1| =38-42+1 (—4) =12%0
2 1 3

A #0 ekan, demak, sistema birgalikda va yagona yechimga ega
bo‘ladi:

Kramer usuli:
5 2 1
Axy= |1 3 1[=58-2:(-8)+1:(-32) =24,
11 1 3
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3 5 1
Ax; =12 1 1|=3-(-8)—54+1-20=— 24,
2 11 3
3 2 5
Ax; = |2 3 1]|=332-220+5(—4)=36.
2 1 11
shunday qilib:
_A 24
MZ T 127~
b 24
MEN T T
_Avn 36
BERN T 127

Matritsa usuli:
sistemani quyidagi ko‘rinishda yozamiz:
AX =B, buyerda

3 2 1 X1 5
a=(2 3 1) x=(x) 5=(1)
2 1 3 X3 11

Matritsa ko‘rinishdagi tenglamaning yechimi ushbu ko‘rinishga
ega bo‘ladi: X=47-B, bundagi A4~' ni ushbu formula
yordamida topamiz:

. . A1 Ay Axn
A7 = — 41y Ay A3,

4]
13 A23_ A33 .
buyerda A; —element a; elementning algebraik

to‘ldiruvchisi  i=1,3 j=1,3.
A, = (—1)1+1|i §| —8 vaxk |4]=A=12
shunday qilib

(8 =5 -1
A7 = E(“‘ 7 —1>
-4 1 5
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. 8 -5 -1 5 . 24 2
_1 . —- —_ _ — _
A B—12 (—4 7 —1)(1)—12< 24)—( 2)
. —EL 1 5 11 36 3
1
X3 3

\]aVObxl = 2, Xy = _2, X3 = 3
2. X vector p, q, 7 bazis vektorlar bo‘yicha yoyilmasini yozing:
buyerda x = {15, —20, —1}, p={0, 2, 1},

g=1{0, 1, -1}, r={5 -3, 2}

Yechish: Yoyilmani ushbu ¥ = ap + B¢ + y7  ko‘rinishda
izlaymiz, buyerda «, g,y lar topilishi kerak bo‘lgan
noma'lumlar.

Bu tenglamani vektorial koordinata ko‘rinishida yozamiz:.
15i-20f -k=a(2j+ k)+ G- k) +y(5i— 3j+2k)
151-20j-k =5y i+ QRa+p-3y) j+(a—L+2y)k

15 =5y y =3
—20=2a+p -3y = 2+ =-11
—-1l=a-p+2y a—p=-7

y=3, 3a=-18 = a=-6, f=a+7=1.
Shunday qilib a=-6, =1, y=3 qiymatlarga ega
bo‘lamiz
Javob: x=-—-6p+q+3r

3. ¢g ea c, vektorlar kolleniarmi?

c;=4a—-3b, & =9b-12a
bu yerda
a={-1, 2, 8}
b={3, 7, -1}
Yechish:
4a ={-4, 8, 32} 9b = {27,63,—9}
—3b ={-9,-21,3} —12a = {12, —24,-96}

¢; = 4a—3b = {—13,—13,35}
& = 9b — 12a = {39,39,—-105}
27



Vektorlarning kolleniarlik shartidan:

xj_&_zﬁ_a. —13_—13_ 35 __1

X, Ve, Ze, 39 39 -105 3
Javob: ¢;, ¢;  vektorlar kolleniar va garama — garshi yo‘nalgan.
4. Tomonlari @ va b vektorlardan iborat bo‘lgan
parallelogrammning yuzi hisoblansin:

a=3p+2G, b=2p—q

_ _ A 3

pl=4, lal=3, & ©=—
Yechish: S, = |a % b|
axb=0CBp+27)xRp—q)=6pxXp—3pXq+
+2qX2p—2qXq =2 XDp.
Ma’lumki:pxp =0, gxgqg=0. pXqg=—-qXxXp
Demak |a x b| = 7[glIpl.sinZ = 7-3-4- 2 = 4242
Javob: S, = 42V2 - xs - 6.
5. 4 nugtaga go‘yilgan F = AB kuchning yo*‘naltirovchi
kosinuslari va C nugtaga nisbatan moment miqdori topilsin, bu
yerda

A3, 4 5;B (-1, 7, 0); C (I,-1. D).

Yechish: F = AB=0B —0A={-4, 3,-5}.
M = mom, F— CAxAB=CAXF,CA={25,4}.
i1 J X
M=mom.F=|2 5 4|=-371—6]+ 26k.
—4 3 -5
|M| = /(=37)2 + (—6)2 + (26)% = V2081.
c M, 37 " M, -6
oS =—=—=——,; COSp =—=—=—
IM| /2081 IM| V208
Cos i M, 26
T 37\/2081
Javob : |[M| = +2081, Cosa = NI
Cos § -6 Cos i 26
os = , 0Sj = .
V2081 J V2081
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6. Uchlari 41, 45, A3 va A, nuqtalarda yotgan tetraedrining hajmi
va A, uchidan 4; A, A3 yog'iga tushirilgan balandlik hisoblansin.
Buyerda: A;(I, —I, 2) A, (2, 1, 2),

As(I, I, 4) A6, -3, 8)

1 1
YeCh'Sh memp h SAA1 Ay Az, — g |A1A2 b A1A3 ) A1A4|.

A4 iOA; 4, = {1,2,0)
A4, = 045 — 04, = {022}, A4, = {5 —2,6}
11T 7 k
Bayan, = |A A ><1‘11‘13|—§ 2 0l =
0 2 2

1 1
=3 [4T —=2] +2Kx| = E\/42 ¥ (—2)2+22=+6

I 2 0
Vep=z[0 2 2| =<U6+ 20)=6
> 728 5y 3
S V6

Javob: V., = 6 kub birlik. h = 3v6 birlik.
7. Uchlari 4 (1, -2); B(7, 6); C(-11, 3)
nuqtalarda bo‘lgan uchburchak berilgan;
a) AB to‘g‘ri chizig tenglamasi yozilsin ,
b)C uchidan tushirilgan balandlik tenglamasi yozilsin ,
c) B nugtadan AC to‘g‘ri chiziggacha bo‘lgan masofa
topilsin ,
d) Ichki A burchak bissektrisasining tenglamasi yozilsin .
Yechish:
a) AB to‘g‘ri chiziq tenglamasini topish uchun ikki nugta
A (1,-2) va B(7,6) lardan o‘tuvchi to‘g‘ri chiziq tenglamasidan
foydalanamiz:
X — X y— N x— 1 y+ 2
= = = =
X, —x1 Y2— N1 7— 1 64+ 2
8x— 8= 6y+ 12 = 4x— 3y—10=0 (4B)
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Javob:4x— 3y—-10= 0
b) h. L AB bo‘lganligidan, burchak koeffitsiyentlari quyidagi
munosobatda bo‘ladi, ya'ni

-1 3
Kpe =3— Kne=—7
Berilgan C (-11 ,3) nugtadan o‘tgan to‘g‘ri chiziq tenglamasi
3
y—vi = KX +x)=>y-— 3=—1(X+11)

yoki 3x+ 4y+21= 0
bu h. balandlikning tenglamasi.
Javob: 3x+ 4y+ 21=0
¢) B nugtadan AC to‘g‘ri chiziggacha bo‘lgan masofani topish
uchun AC to‘g‘ri chiziq tenglamasini topamiz:
x — 1 y + 2
-1 — 1 3 + 2
5+ 12y+ 19=0 (AC)
Endi B(7, 6) nugtadan AC to‘g‘ri chiziggacha bo‘lgan masofa

formulasidan foydalanamiz:
|A *Xp + B- VB + Cl
d= =

Ny
Lo _ls7+ 126+ 19] 126
B V25 + 144 13°
Javob:
o126
BM = 13

d) Ichki A burchak bissektrisasining tenglamasini topish uchun bu
bissektrisani AC va AB to‘g‘ri chiziglaridan teng uzoglikda yotgan

nugtalarning giometrik o‘rni deb garalib, uning tenglamasi
Ax+ By+ C $A1x+ Biy + (

VAZ + BZ JA? + B?

ko‘rinishda izlaymiz. AB va AC to‘g‘ri chiziglar tenglamasini

normal holga keltiramiz AB: %x - %y - % =0,

Ac 5 12 19 0
13T 137 137
Bissektrisa tenglamasi
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4 3 10| _ 5 12 19

577 577 51T |_Ex_ 77 13
B va C nugqtalar bissektrissaning turli tomonlarida yotishi shartidan

11x+ 3y— 5=0.
Javob: 11x + 3y — 5=0.
8. A (5,3 — I) nugtadan o‘tuvchi va BC vektorga perpendikulyar
tekislik tenglamasi yozilsin. Bu yerda B(0, 0,-3); C (5, -1, 0).
Yechish: Bir nugtadan o‘tgan tekislik tenglamasidan
foydalanamiz: ya’ni a(x — x¢) + b(y —y) + c(z —25) =0
bunda i = {a, b, c, } tekislikning normal vektori. Bu yerda
7 = BC = {5,—1, 3}. Izlanayotgan tekislik tenglamasi :
5(x—=5)—-@—-3)+3(z+1) =0,
yoki
5x —y+3z—-19=0,

Javob: 5x —y +3z—-19 =0,
9. M, (I,—1,2) nuqtadan M;(1,5,—7),M,(—3,6,3) va
M5(—2,7,3) nuqgtalari orgali o‘tuvchi tekislikkacha bo‘lgan
masofa topilsin.
Yechish: Uch nugtadan o‘tgan tekislik tenglamasi a ni vektor
ko‘rinishda izlaymiz, ya’ni MM MM, M;M5; = 0
Koordinatlari bilan berilgan uch vektorning aralash ko*paymasi:

x—1 y—75 z+ 7
a |-3—-1 6—-5 3+ 71=0
-2-1 7-5 3+ 7
yoki

x—1 y=5 z+7
—4 1 10
-3 2 10

a (2x—2y+z+15)=0
tekislikni normallaymiz.
2 2 1
a: - §x+§y—§z—5=0:
Endi M,(I,—1, 2) nuqgtalardan oc tekislikkacha bo‘lgan masofani

topamiz:

=0
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2 2 1 15 2 2 1 15
d= _—x0+—y0_§Z0__=|_ -1 : 2

37073 3 3 3 3°°3
=7.
Javob: d=7.
10. IKkKi tekislik orasidagi burchak topilsin.
a x+2y—-2z-7=0, n = {1,2,-2},
B: x+y—-35=0, n, = {I,1,0}
Yechish:
Ty 1-1+2:1-0 3 V2
Cosp = ——= = = —
el J1+4+a-vit1+0 3-V2 2
ya’ni cosp = g Bundan = %.
Javob: ¢ = %
2x— 3y— 2z+6=0,, .. .. . .
11. ¢: {x — 3y+ z+43=0. to‘g‘ri chizikning umumiy

tenglamasi kanonik va parametrik tenglama ko‘rinishiga keltiril-
sin:
Yechish : To‘g ri chizigning kononik ko‘rinishdagi tenglamasi
x—xo_y—yo_z—zo 1)
m  n P (
Yo‘naltirovchi vektor S = {m,n,p}  quyidagicha topiladi

S=mxm, bunda 7y ={2,-3,-2}, 7 ={1,-3, 1} ya'ni

ﬁ Tk _
S=mxn,= (2 -3 2(=-91—4j-3k,
1 -3 1

demak, § = —97 —4] — 3k = {-9, —4,—3}
M,(x, y, z,) nugtani topamiz. Buning uchun to‘g‘ri chizigda
z, = 0 deb, ikki noma’lumli ikki tenglamalar sistemasini hosil
gilamiz.

2x — 3y+ 6= 0

{x - 3y+ 3= 0.
Buni yechib, x, y noma’lumlarni topamiz :
x,= -3, y,=0, z,=0, M,(—3,0,0)
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Topilgan bu giymatlarni
X—=Xo Y=Y Z—2Z

m n 14

ga qo‘yib, to‘g‘ri chizigning kanonik tenglamasini topamiz.
x+3 y—0 z-0
-9 -4 -3

yoki
x+3 'y z

9 4 3
bu tengliklarni t ga tenglab , to‘g‘ri chizigning parametrik
tenglamasini topamiz.

x=9t—-3, y=4t, z=3t,

Javob

x+3 'y z

9 4 3

x=9t—-3, y=4t, z=3t.
12.

x=7 y—=3 z+1
3 1 =2’

to“g‘ri chiziq bilan
2x+y+7z—-3=0
tekislikning kesishish nugtasi M, (x,y,z,) topilsin.
Yechish:
x—7 y—3 z+1
3 1 =2
to‘g‘ri chizigning parametrik tenglamasini yozamiz:
x=3t+7, y=t+3, z=-2t-1 (%)
bu yerdagi, x,y,z larning giymatlarini
2x+y+7z—3=0.
tekislik tenglamasiga go‘yamiz , natijada t-ga nisbatan tenglama
hosil bo‘ladi .Bundan t ni topib, (*) ga go‘yamiz.
2Bt+7)+(t+3)+7(-2t—1)-3=07t=7, t=1
x,=3-1+7=10, y, =4, z,=-3,
Natijada M (10,4,-3) nugtani topamiz.
Javob: M (10,4,-3).

Variantlar
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1-variant

2x+y+3z=7
1.{3x —5y+z=0

dx -7y +z=-1
={-247},8={012}, §={1,01}, #={-1,24}
{1,-2,3}, b={3,0,—1}, ¢, =2d+4b, & =3b—
=p+23, b=3p-q Ipl=114=2 @Fq) =%
(-1,2,1), B(3,-1,2), €(2,-1,3).
6.4,(1,3,6), A,(221), A3(-1,0,1), A,(—4,6,-3).
7. A(1,2); B(3,4); €(53).
8.4(1,0,—2); B(2,-1,3); €(0,—-3,2).
9. M;(=3,4,—7); M,(1,5,—4); M;(=5,—2,0);

2. X
3.a
4.d
5.4

My (—12,7,-1).
10, x—3y+5=0;, 2x—-y+5z—-11=0.
-2 = 1 _y#5 2z
11.{2)(+y+z 2 _O 12.{_1 " -
2x—y—3z2+6=0 X—2y+72—24=0

2-variant
3x+4y+z=10
1{X+3y 22z=9
3x—2y+22——3
X=1{6,12,—-1},p = {1,3,0} q—{2—11}r—{0 12}

5—{101}b—{ 2,35} ¢ =3+2b, & =33—b.

.d=3p+d b=p-24 [pl=4 ld=1(59) ="
A(3,-1,4), B(1,2,-3), C(1,—1,2).

Ay (—42,6), Ay(2,-3,0), A3(~10,58), A,(=5.2,—4).
A(1,2); B(34); C(31).

A(-134); B(—150); C(26,1).

M,(~1,2,-3); M,(4,—1,0); M;(2,1,-2); My(1,—6,-5).
0.x—3y+z—-1=0; x+z—-1=0.

BOONDO A W N
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1l{x—3y+22+2:0 12{%=§=%
"x+3y+z+14=0 ' Xx+2y—52+20=0
3-variant

2x+ 3y + 5z =10
{3x+7y+4z=3

Xx+2y+2z=3
2.3={1,-44},p={21,—-1}, 4=1{03,2}, 7 = {1,—1,1}.
3.3={— 241}13’ {1,-2,7}, El =53+3b, ¢ =23—b.
4.3=P+3qb=p+24 [pl= ,IG|=1, p.q) =
5.A(1,—3,4), B(3,—4,2), C(—1,1,4).
6.A,(7,2,4), A,(7,—1,-2), A3(331), A,(—4.21).
7.A(5,3); B(3,4); C(3,1).
8.A(4,—-2,1); B(1,-1,5); C(-2,1,-3).
9.M;(-3,-1,1); M,(=9,1,—2); M;(3,—5,4);

M, (=7,0,—1).

10. 4x—5y+3z—1=0; x—4y—z+9=0.
X—2 y—3 _ z+1

11.{"_25'“_4:_0 12.{—_1=—_1_T
2X+2y—-z—-8=0 X+2y+3z2—14=0

4-variant
5x — 6y + 4z =3
1.{3X—3y+22=2
4x—5y+2z=1
.X ={-9,5,5}, p={411}, q={20-3}, r={- 121}
3=1{1,2,-3},b={2,-1,-1}, c1—4a+3b ¢, =83—b.

A(3,—6,1), B(1,4,—5), C(3,—4,2).

A(—=2,2); B(1,5); C(1,1).
A(=8,0,7); B(-3,2,4); C(-14,)5).

POONDO A WN

0.3x—y+2z+15=0; 5x+9y—-3z—-1=0.
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.a=3p-24q b=p+5q, Ipl = 4, |Q|—5» (P'q)—?ﬂ-

AL(2,1,4), A,(—1,5-2), As(=7,-32), A,(—6,—3,6).

M1(1; _1;1); MZ (_210;3); M3(2)1!_1); MO(_2I4l2)



9= xt1 _y+2 _ z-3

11 {X+y+; 2_00 12.{_3 . -
X—y—2z+2= x+3y—52+9=0

5-variant

4x — 3y + 2z = —4

1.{6x—2y+3z=-1

5x —3y+2z=-3
2.8=1{-5-55}, PB={(-201} G={13-1},F={041}
3.3=1{354},b=1{597},¢ =—-23+b, & =33-2b.
43=p-24b=25+4d Ipl=2 |4 =3, B,q) ="
5.A(-2,1,1), B(1,5,0), C(4,4,—2).
6.A,(—1,—52), A,(—6,0,—-3), A3(3,6,-3), A,(10,6,7).
7.A(-2,2); B(1,5); C(4,2).
8.A(7,—5,1); B(5,—1,-3); C(3,0,—4).
9. M;(1,2,0); M,(1,—1,2); M3(0,1,—1); M,(2,—1,4).

10. 6x+ 2y —4z+17=0; 9x+3y—62—4=0.
- x=5 _y-3 _z=2
11.{2X+3Y+ZZ+6:0 12.{1 =TT
x—3y—2z+3=0 3x+y—52—12=0
6-variant

=

2x—2y+5z=0

3x+4y+2z=-10
¥=1{1327}, p={-201} 4={1,3,-1}, ©t=1{041}
i={14,-2}, b={11-1}, & =3+Db, & =43+ 2b.
d=p+34b=7-2q Il=2 [d=3 (59 =1
A(-2,3,—-4), B(3.25), C(42,-1).
A(0,-1,-1),  A,(=23,5), A;(1,-5,-9),

A, (—1,-6,3).

7.A(-1,1); B(0,3); C(1,1).
8.A(-3,5-2); B(—4,0,3); C(-3,2,5).
9.M;(1,0,2); M,(1,2,—1); M;5(2,—-2,1); M,(=5,-9,1).
10.x—yV2+z—1=0; x+2y+6z—12=0.

{5x+2y+32=—2

o0 b wn
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—7—6= x1_y_z¥8
11.{3x+y Z _6—0 12.{1 =575
3x—y+2z2=0 2x—y+4z=0
Variant 7

[N

Xx+3y—z=—-4

{2x+5y—7z=11
3x+8y—6z=11

X={-19,-1,7}, $=1{0,11}, §=1{-201}, ©={3,1,0}
3={1,-25}, b={3,-10}, & =43—2b, & =b—23
.d=28-q,b=p+2q Ipl=3 [4dl=2 (Bd) =73

A(3,2,—4), B(5,6,—1), C(42, —1).

A(5.2,0), A,(2,50), As(1,24),A,(~1,11).

.A(-2,1); B(1,3); C(3,0).

.A(1,-1,8); B(—4,—-3,10); C(-1,—1,7).

M;(1,2,-3); M,(1,0,1); M;3(—2,—-1,6); M,(3,—2,—9).
10.3y —z=0;2y+z = 0.

11.{x+5y+22+11 =0 ., {"‘1 =2t

©ONOU A WN

2 1 -1
x—-y-z-1=0 X—2y+5z+17=0

8-variant

(BN

2x—y+3z=-5

X+6y—z=4
X=1{3,-34}, p={102}, G={011}, ©F={2—14}L
3={34,-1}, b={2,-12}, ¢, =63—3b, & =b— 23
.a=4p+qb=p-q [pl=7 Ild=2 p.q) =7
.A(3,2,-3), B(51,-1), C(1,—2,1).
A (2,-1,-2), A,(1,21) As(50,—6), A,(—10,9,—7).
.A(=5,2); B(=2,5); C(—1,2).
.A(=2,0,5); B(2,7,-3); C(1,10,—1).
. M;(3,10,—1); M,(—2,3,—5); M3(—6,0,—3); My(—6,7,—10).

10.6x+3y—2z=0; x+2y+6z—12=0.
- = x1_y—2_z2+4
1 {3x+4y 2z+1=0 12.{ . - -

2x—4y+3z+4=0 X—2y+4z—19=0

{x—3y+22=3

O©OoOo~NOoO Ul A WN
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9-variant

Xx+3y—z=3
1.{2x—5y+3z=11

6x—y—7z=17
2.8=(33,-1}, B=(L0}, 4d=(-121}, F={-102}.
3.3={-2,-3,-2}, b—{105} ¢, =33+9b,& = —3 — 3b.
438=p-4q4b=3p+4 Ipl=1 I4 =2 (Bd) =z
5.A(-1,-2,4), B(—4,2,0), C(3,—-2,—1).
6.A,(—2,0,—4), A,(—1,7,1), A3(4,—8,—4),A,(1,—4,6).
7.A(=5,2); B(—2,4); C(—2,0).
8.A(1,9,—4); B(5,7,1); C(3,5,0).
9. M;(—1,24); M,(—1,-2,—4); M;(3,0,—1); M,(—2,3,5).

10.x+2y+2z2—-3=0; 16x+12y—15z—1=0.
5x+y—3z+4=0 S

11. _ 12.4 -1 1 -1
X—y+2z2+2=0 2x—y+3z2+23=0

10-variant

=

2x — 5y + 6z = -5
{X +3y+4z=14

3x—2y+13z=2
X={-17,-4},p p= {-1,2,1}, 4 ={2,03}, ¥ ={1,1,—1}
A= (-142}, b={3,-26}, ¢ =23—b,¢ =3b—63.
3—p+4q,b—2§—@) |§| = 7: |a| =2' (I_))'_q))zg
A(1,-2,2), B(—4,1,1), C(-5,-5,3).
A;(14,45), A,(—=5,-3,2), A;(—2,—6,-3),

A4(—2,2,-1).

A(—-1,1); B(1,3); C(1,10).
A(=7,0,3); B(1,-5,4); C(2,-3,0).

M;(0,-3,1); M,(—4,1,2); M;3(2,—1,5); My(—3,4,-5).

10.2x—y+52+16=0; x+2y+3z2+8=0.
xX+2 z+3

-2
—y-—z-2=0 2 _y-Z_ 3

ll{ 12.4 1 0 0
X_ZY+Z+4_O {2X—3y—52—7=0

11-variant

oUW N

© oA
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x+3y—z=5
42x—4y+3z2=0

x+5y+2z=15
% =1{6,5—-14},p={1,1,4}, q=1{0,-32}, t={21,-1}.
3=1{50-1}, b={7,23}, & =23—b, & =3b—6a
8=3p+24 b=p-4q [Bl=10, [d=1 Fd) =7
.A(1,-8,-7), B(2,2,1), C(1,-1,2).
JAL(1,2,0), A,(3,0,—3) A3(5,2,6), A,(84,—9).
.A(=3,-3); B(=2,0); C(0,—2).
.A(0,-3,5); B(=7,2,6); C(=3,2,4).
.M, (1,3,0); M,(4,—-1,2); M;(3,0,1); M,y(4,3,0).

3x—2y =24 _
10 {337V 6x+15y-10z+31=0.
x—=1 _y-1 z+2

X—y+z—-06= 4x+2y—z =11
12-variant

[N

©O~NOU A WN

[EY

4x—3y+2z=4
x+2y+3z=14
x=1{6-17}, Pp={1,-20}, §={-113}, ¢©={1,04}
.3=1{03,2}, b={1,-21}, & =53—2b, & = 33 + 5b.
.d=4p-q b=p+2q4 [pl=5I4dl=4 (Bd) =7
.A(2,7,-6), B(7,-9,9), C(1,-3,1).
JA1(2,-1,2), Ay(1,2,—1), A3(32,1), A, (—42,5).
.A(=4,—4); B(=2,0); C(0,-3).
.A(5,—1,2); B(2,—-4,3); C(4,—1,3).
M;(=2,—-1,—-1); M,(0,3,2); M3(3,1,—4);
M,(—21,20, —16).
0. I=="2 x+2y+3z-29=0.
_ x—=1 _y+1 _z-1

11-{;));3},_22_1__ 0 1 {T_T_T

ytz+6=0 3x—2y—4z—-8=0
13-variant

{5x—2y+z=4

©oO~NOU A WN
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6x—2y+z=4
Ax—3y+4z=15
2x—y+3z2=6

[N

2' i = {5715:0}1 I_)) = {1'0'5}1 (_i = {_1'3'2}' F = {0’ _1'1}
3.3={-27,-1}, b={-3502}, ¢ =23+ 3b, & = 33+ 2b.
- - - 1 - — — — = = 3

43=5p-qb=p+5q [Bl=2 [d =1 (5d) =7

5.A(2,—1,-3), B(3,2,—1), C(—4,1,3).

6.A,(1,1,2), A,(-1,13), A;(2,—24), A,(—1,8 —2).

7.A(=1,3); B(2,0); C(-2,1).

8.A(=3,7,2); B(3,5,—1); C(4,5,3).

9. M,(=3,-5,6); M,(2,1,—4); Ms(0,—3,—1); M,(3,6,8).
y=3x—-1 _A—

0.0 L, xtytz—4=0

— Ty —4z —2 = x+2 _y-1_ 243
11.{6X 7y—4z-2=0 12.{—1 T T
Xx+7y-z—-5=0 X+2y—z—2=0
14-variant

[EY

3x+5y—-7z=6
.{2x—y+32=3

2.3=1{2,-1,11}, p={1,1,0}, §=1{0,1,2}, t={1,03}.
3.3=1{3,7,0}, b={1,-34},¢ = 43— 2b, ¢, =b— 23
43=4-55, b=p+q Ipl=7[dl=5 (9 =3
5.A(1,2,0), B(3,0,—3), C(5,2,6).
6.4,(23,1), A,(41,-2), A3(63,7), A7,5-3).
7.A(-1,1); B(2,-2); C(—4,-3).
8.A(0,—2,8); B(4,3,2); C(1,4,3).
9. M;(2,—4,-3); M,(5,—6,0);

Ms(—1,3,-3); M,(2,—10,8).
10.%=%=¥ , 2x+y+7z—3=0

—v—37—-1= x+3 _y-2 _ z#2
11. {8X y 321 1=0"4, { LT 5T 3
Xx+y+z+10=0 5x—y+4z+8=0

15-variant
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7X—y+z=6

4x — 2y + 5z =14

X+y—z=2

.X ={11,5,-3}, f)’-{lOZ} q=1{-10,1}, r—{25 3}
a=1{-12,-1}, b—{ 2,-7,1,} c1—4a—2b cz—b 2a
d=2p+34, b=q-5p [Fl=2[4=3 (539 =1
A(2,-4,5), B(4,-2,3), C(3,2,-1).

A(1,1,-1), A,(23,1), Az(321), A459-8).
A(=3,1); B(=2,3); C(-1,1).

A(1,-1,5); B(0,7,8); C(—1,3,8).

.M;(1,-1,2); M,(2,1,2); M3(1,1,4); My(—3,2,7).
ol y#s oot

=

©ENOU AW N

10._—1 il X—2y+7z—24=0.
1 {6x—5y—4z+8=0 1o o
6x+3y+3z+4=0 " (x43y+52-42=0
16-variant
4x+y—2z2=17
14{x+3y+z=14
3x—y—z=28
2.x=1{8,0,5}, p=1{20,1}, d={1,1,0}, r={4,12}
3.3={79,-2}, b={543). & =43a—b, ¢, = 4b —
4.3=25-34, b=3p+q [Bl=4 ld=1 (59 —2
5.A(3,2,—4), B(2,—-1,1), C(4,—2,3).
6.A,(1,5,—-7) A,(=3,63), A3(=27,3), A,(—48,—12).
7.A(2,3); B(0,1); C(3,0).
8. A(—10,0,9); B(12,4,11); C(8,5,15).
9. M1(1,3,6), M2(2,2,1), Mg(—l,o,l), Mo(s, —4,5)
10.$=§=% , 3x+y—-5z2—12=0.

—z_5 = X3 _y—4 _ 74
11.{”53' z=5=0 12.{—1 5 -2
2x=5y+22+5=0 7X+y+4z—47 =0
17-variant

41



x+2y+z=7
1i3x—y+2z=1

dx+y—z=12
2.2={318}, p={013} §=1{1,2,—-1},#={2,0—1}
3.d ={50,-2}, b ={6,4,3}, &, = 5d@ — 3b,&, = 6b — 104d.
4.3=5p+Gb=p-3q Ipl=1141=2(534) =%
5.4(1,2,-1), B(1,—-1,3), C€(1,9,—11).
6. A,(=3,47), Ay(15,—4), A3(=5,—2,0), A,(2.54).
7.4(2,2); B(-1,1); €(1,-2).
8.A(3,-3,—6); B(1,9,—5); C(6,6,—4).
9. M;(—4,2,6); M,(2,-3,0); M5(—10,58); My(—12,1,8).
10. = =2=="2 x—2y+4z—-19=0.

x+3 y—1 z—1

11.{2x—3y+z+6i0 12_{T:T=T

x—3y—2z+3=0 2x+3y+7z—52=0
18-variant

Ix—y—2z=4%
1.{2x+3y+z=9
4x+y—4z=15
={8,1,12}, p=1{12,-1}, ¢={3,02},7={-1,1,1}.

2.X = )
3.4=1{83,-1}, b={413}, ¢, =2d—Db,& =2b—
- i - - 1 > S o
4.d=7p-24, b=p+34, Ipl=7 ldl=2 (5.4
5.4(3,—-2,1), B(2,1,2), C(3,—1,-2).
6.4,(—1,2,-3), A,(4,—-1,0), A3(2,1,-2), A,(34,5).
7.4(-3,-1); B(3,3); C(2,-3).
8.4(2,1,7); B(9,0,2); C(9,2,3).
9. M1(7,2,4‘), M2(7,—1,—2), M3(—5,—2,—1), M0(10,1,8)
0.2 == =" 2x—y+3z+23=0.
- xZ3 _y#l_z43

ll.{5x+y+22+4_—0 12.{2 ; .

x—y=3z+2=0 3x+4y+7z2—16=0
19-variant
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3x+4y+2z=8
1.{2x —4y—-3z=1

=(~9,-8,-3}, B={(141}, §={-320,7={1-12}
={3,-1,6}, b=1{5710}, ¢, =4d—2b, &, =b — 2@

2. X
3.d
4d=6p-Gb=p+q Ipl=314=4(Fq=5%
5.4(2,-1,1), B(5,54), €(3,2,—1).
6. 4,(4,—1,3),4,(=2,1,0), 45(0,—=51),  A,(3,2,—6).
7.A(42); B(-2,-2); C(2,-3).
8. A(=7,1,—4); B(8,11,—-3); €(9,9,—1).
9. M;(2,1,4); M,(3,5,-2); Ms(=7,-3,2); My(—3,1,8).
10. = =22="2 4x+2y-z-11=0
_ x—5 _y-2 _ z+4

11.{4’CJ_ryJ_’Z+_2 =0 12.{—2 i

2x—y—3z-8=0 2x -5y +4z+24=0
20-variant
7x — 5y =31
4x + 11y = —43
2x — 3y +4z =-20

1.

— e

2.8={-59,-13}, F={01,-2}, §=(3-11} 7={410}.
3.4={1,-24}, b={735}, & =6d—3b, ¢& =bh-2d.
4.3=10p+qb=33-24 Ipl=414=1(74q) =%

5.4(23,1), B(41,-2), C(63,7).
6.4,(1,—1,1),4,(—2,0,3), A3(2,1,—1), A4(2,—2,—4).
7.A(-1,2); B(3,1); C(1,-1).
8. A(1,0,—6); B(=7,2,1); C(=9,6,1).
9. M;(—1,-5,2); M,(—6,0,—3); M5(3,6,—3);
M,(10,-8,-7).
10.’62;2=§=%, x+3y+5z—42=0.
x—1 -8 z+5
11.{2x+y—32—2=0 12.{T=y—_5=?
2x=y+z+6=0 x—2y—3z+18=0
21-variant
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5x+8y—z=7
1.42x—-3y+2z=9

x+2y+3z=1
2.%={-1556} P={051} §={32,-1},7={-110}
3.4 =1{37,0},b=1{46-1}, &= 2
4.4 =6p—G,b=p+24, |pl=8,
5.4(1,4,—1), B(-2,4,-5), €(84,0).
6.4,(1,20), 4,(1,-1,2), A45(0,1,—-1), A,(=3,0,1).
7.A(-1,2); B(4,4); C(1,-1).
8.A4(=3,1,0); B(6,3,3); C(9,4,—2).
9. Ml(O,—l,—l), Mz(—2,3,5), M3(1,—5,—9),
My(—4,—13,6).

2x—y—7=0 x=1 _ y+1 _ z—0

10'{2x—z+5=0’ ! __x13_ _ylll z+5
11.{’“’3’_22_2__0 12.{T=—_1=T

x=y+z+2=0 x+7y+3z+11=0

22-variant

Ax—4y—-2z=-1

S5y 3x+6z=10
2.% ={8,9,4}, p={131} §={0-21}, 7=(130).
3.d=1{2,-14}, b={3,-71}, ¢ =2d—3b,¢& = 3d — 2b.
4.da=3p+44,b=4-7 |5l =25 141=2 54) ="
5, A(0,1,0), B(0,2,1), C€(1,2,0).
A,(1,02), A,(1,2,-1), A3(2,-2,1), A,(2,1,0).
7.A(=12); B(=3,-2); C(~1,—1).
8.A(—4,-2,5); B(3,—3,-7); C(9,3,—7).
9. My(5,2,0); My(2,50); Ms(1,2,4); My(—3,—6,—8).

3
{Zx— -7=0 {y=5x+8
z=2x+5

{3x+y+z=5
1

»

|_\

Z=3x5 +3 1
— 3y — 11 = >y _
11{ gy ;+ 1= g 12'{_1 °
—dytez—1= 3x+7y—5z—11=0
23-variant
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2x—y+5z=4
1.{5x + 2y + 13z = -21
3x—y+5z=0
2.% ={23,—-14,-30}, = {2,1,0}, G = {1,—1,0}, # = {-3,2,5}.
3.4 ={5-1,-2}, b=1{607} & =3d-2b,¢ =4b— 6d.
4.d=7p+4b=p-34 Il =3 lil=1 (54) ="
5.A(=7,0,4), B(-1,6,7), C(1,10,9).
6. 4,(1,2,—3) A,(1,0,1), As;(=2,—1,6), A,(0,—5,—4).
7.A(-12); B(3,1); C(=3,-2).
8. A(0,—8,10); B(-5,5,7); C(—8,0,4).
9. M,(2,—1,-2); M,(1,21); M5(5,0,—6); M,(4,—3,7).
10, {Bx —2y+16=0  x+05 _ y+15 _ 2205
3x—z=0 | ' —10 —21 z—6
11.{96_3""22_2:O 12_{(7=yT:__1
x—=2y—z+4=0 4x+y—6z—5=0
24-variant

4x—-3y+z=1

xX+y—z=-2
1{
2x+y—5z=1

2.2=1{313}, B={210}, §={1,01} 7={-325}.
3.4={-953}, b={71,-2}, & =2d—Db,& =3d-+5b.
- - - - - 5 3
4.da=p+34b=p-3q 1pl=3 14l=1 (5.4) ==
5. A(—2,4,—6), B(0,2,—4). C(—6,8,—10).
6.4,(3,10,—1), A,(—23,-5), A3(—6,0,-3), A4(1,—1,2).
7.4(-1,2); B(-3,-2); C(44).
8.A(—1,-5,-2); B(6,—2,1); C(2,—2,-2).
9. My (—2,0,—4); My(—1,7,1); Ms(4,—8,—4); My(—65,5).
10 {¥=32 -4 xt3_yr2_zn1
y=z+2 "' 1 2 1
Ty — 7 — D = x3 _y+2_z78
ll{6x 7y—z—2=0 12.{1__1_0
x+7y—4z—-5=0 Sx+9y+4z—25=0
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HOSILA
Hosila va differensial
X1 Va Xp argumentning giymatlari, y1=f(x1) va y,=f(x,) —esa y=f(x)
funksiyaning mos keluvchi giymatlari, Ax=x, —x, ayirma
argumentning orttirmasi, Ay=y,- y1= f(xz) -f(x;) esa funksiyaning
[x1,x2] kesmadagi orttirmasi deyiladi. y=f(x) funksiyaning x
argument bo‘yicha hosilasi deb, argument orttirmasi nolga
intilganda  funksiya orttirmasining argument orttirmasiga
nisbatining chekli limitiga aytiladi:
’ 1 Ay
y'= lim —
Ax — 0 AX
yoki

F(x)= lim f(x+4ax)-— f(x)_
AX —0 AX
jl bilan ham belgilanadi). y=f(x) funksiyaning
X

grafigining x nuqgtasidagi urinmaning burchak koeffitsiyenti hosi-
laning geometrik ma’nosini bildiradi. Hosila funksiyaning X nug-
tadagi o‘zgarish tezligidir. Hosilani topish funksiyani differensial-
lash deyiladi.

Asosiy elementar funksiyalarni differensiallash formulalari:
!

(hosila shunigdek

1. (x"‘) =m-x"" 11, (ctgx)' = —cosec’x.

1 . 1
2. (VX)) =—=. 12 (arcsinx) =
(xy= T 12 (arcsinx) = ——
3. (1)':—i2 . 13. (arccos x)'=— !
X X 1-x?
X \1 X ] 1
4. (e*)' =e 14. (arctgx)'= 5
. 1+X
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1

5.(a*)=a"-Ina 15. (arcctgx )' = — .
' 1+X .
6. (Inx) == . 16 (shx)'=(—=° )y =chx
X 2 .
7. (Iogax)'=L 17.(chx)':(e e )" = shx
x-Ina_ .
Ly shx 1
8. (sinx) =cosx. 18.(thx)' =(—)'=
(sinx) ()= = e
chx 1

9. (cosx)'=-sinx . 19, (cthx)':(shx)':—

10. (tgx )" = sec® x
Differensiallashning asosiy goidalari:
C -o‘zgarmas son, u=u(x), v=Vv(x) hosilaga ega bo‘lgan funk-

siyalar.

1. C'=0. 4. (cu)' =cu

2. X=1 5. (W) =u'v+u’

3. (uxv)=u=+v 6. (Hj :uv—zuv
v v

7. Agar y=f(u), u=u(x), ya'ni y= f[u(x)] bo‘lib, f(u)va
u(x) funksiyalar hosilaga ega bo‘lsalar, u holda vy '=y,"u,'

bo‘ladi (murakkab funksiyani differensiallash goidasi).
Oshkormas funksiyalarni differensiallash.
Y X ning oshkormas funksiyasi sifatida F(x,y)=0 tenglama

bilan aniglangan bo‘lsin. Bundan keyin bu funksiyani differensial-
lanuvchi deb hisoblaymiz. F(x,y)=0 tenglamaning ikki tomoni-

ni X bo‘yicha differensiallab, Yy' ga nisbatan birinchi darajali
tenglama hosil gilamiz. Bu tenglamadan y’, ya’ni X va Y ning
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barcha giymatlari uchun oshkormas funksiyaning hosilasi oson to-
piladi, bunda tenglamadagi Y' oldidagi ko‘paytuvchi nolga aylan-
maydi.

Parametrik ko‘rinishda berilgan funksiyalarni differensiallash.
Agar argumentning funksiyasi X =g(t), Y =w(X) parametrik
tenglamalar bilan berilgan bo‘lsa, u holda

y, =2
X
yoki
dy
dy _dt
dx dx
dt
bo‘ladi.

Hosilaning geometriya va mexanika masalalariga tadbiqi.
Agar egri chizig y = f (x) tenglama bilan berilgan bo‘lsa u holda
f'(x,) =tge bo‘lib, & - X, nugtada egri chizigga o‘tkazilgan
urinma bilan OX o‘gining musbat yo‘nalishi orasidagi burchakdir.
y = f(x) egri chizigga M (X,;Y,) nugtada o‘tkasilgan urinma
tenglamasi quyidagi ko‘rinishga ega: y —y, = y. (X —X,), bu yer-
da y(’)- hosilaning X = X, nuqtadagi giymati. Egri chizigga
o‘tkazilgan normal deb, urinmaga urinish nuqtasida perpendikulyar
o‘tkazilgan to‘g‘ri chiziqgga aytiladi. Normalning tenglamasi
quyidagicha:
1
Y=Y, :__,(X_Xo)

0
y=f(x) va y= f,(X) egri chiziglarining M, (x,;y,) kesishish
nuqtasida ular orasidagi burchak deb, ularga shu M (x,;V,)

nuqgtada o‘tkazilgan urinmalar orasidagi burchakka aytiladi. Bu
burchak quyidagi formula yordamida topiladi:
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— fzr(xo)_ fll(xo)
1+ £(%,) £,(x,)
Agar nugtaning to‘g‘ri chiziq bo‘ylab harakat gonuni S =S(t)

tgp

berigan bo‘lsa, u holda xarakat tezligi deb yo‘ldan to vagtda
olingan hosilaga aytiladi: V = S'(t,).

Radius-vektor va chiziq orasidagi burchakni topish.
Dekart koordinatalarida y = f(x) tenglama orgali yassi chiziq
berilgan. Berilgan M(x;y) nugtada chizigning yo‘nalishi, shu nug-
tadagi urinma bilan, ya’ni urinma va OX o°‘gining musbat
yo‘nalishi orasidagi soat strelkasiga teskari yo‘nalishdagi burchak
bilan aniglanadi, bunda tgar = y' . M nuqtadagi radius vektorning
burchak koeffitsienti tge = y/ x ni tashkil giladi, radius vektor va

bu nuqgtadagi chizigning urinmasi orasidagi burchak esa
@ = a — ¢ bo‘ladi. Shunday qilib,

Y
_ y -7 1_ _
g = tga —tgp _ x _Xy'—y xdy-—ydx.

l+tga-tge o, y,l_ X+yy  xdx+ydy
X

Agar chizig qutb koordinatalarida r = r(¢) tenglama bilan berilan
bo‘lsa, u holda
X=rCcose, y=rsing.
Bundan xdy — ydx =r*de, xdx + ydy = rdr ni hosil gila-
miz. Demak,
2
r<d r
tQw = L4 =— .
rdr r

Yuqori tartibli hosilalar,
y=AX) funksiyaning hosilasidan olingan hosila uning ikkinchi tar-
tibli hosilasi (ikkinchi hosilasi) deyiladi. Ikkinchi hosila shunday
d?y

dx?

belgililanadi: y", yoki , yoki f"(x). Agar s= f(t) - nug-
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taning to‘gri chizigli harakat gonuni bo‘lsa, u holda yo‘ldan vaqt
2

bo‘yicha olingan ikkinchi hosila LZS bu harakatning tezlanishi
dt

bo‘ladi. Xuddi shunga o‘xshash y = f(x) funksiyaning uchinchi

tartibli hosilasi ikkinchi tartibli hosiladan olingan hosila bo‘ladi:

y"=(y"). Umuman, y= f(X) funksiyaning n- tartibli hosi-

lasi deb (n-1)-tartibli hosiladan olingan hosilaga aytiladi:
y(”)(x)z(y(”’”(x)) n-hosila shunday belgilanadi: y{" yoki

n

Y yoki f(M(x). Yugori tartibli hosilalar (ikkinchi, uchin-

n )
chi va h.k.), berilgan funksiyani ketma-ket differensiyalab hisobla-

nadi. Agar funksiya parametrik ko‘rinishda berilgan bo‘lsa:
"

X=0(t),y=¢(t), uholda Y, Yy Yex--- hosilalar quyidagi
formulalar bo‘yicha hisoblanadi;

I_y_{ " _(y;()t " _

yX Xt, ! yXX Xt, ' yXX Xty

Ikkinchi tartibli hosilani quyidagi formula bo‘yicha ham hisoblash
mumkin:

(y;x) t

yr = e = X))
XX 3 :

(Xt)

Birinchi va yuqori tartibli diferensiallar.
y = f(x) funksiyaning differensiali deb (birinchi tartibli) funk-

siya ortirmasining argument ortirmasiga nisbatan chizigli bo‘lgan
bosh gismiga aytiladi. Argument ortirmasi argument differensiali
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—
g
7]

4-rasm
deyiladi: dX = AX. Funksiya differensiali , uning hosilasini argu-
ment differensialiga ko‘paytmasiga teng bo‘ladi: dy = y'dx. M(x;y)

nugtada funksiya grafigiga o‘tkazilgan urinma ordinatasining or-
tirmasi differensialni geometrik tasvirlaydi (4-rasm).
Differensialning asosiy xossalari.

dC =0, C =const,
d(Cu)=Cdu,
d(utv)=duz+dv,
d(uv)=udv +vdu,

5. d(E):—VdU_ZUdV\ (v=0),
\' \"
6.  df(u)=f'(u)du.
Agar argument ortirmasi A x absolut giymati bo‘yicha yetarlicha
kichik bo‘lsa, u holda Ay ~dy va

f(X+AaX)= f(x)+ f'(x)-Ax.
Shunday qilib, tagribiy hisoblashlarda funksiyaning differensialini
gollash mumkin. y = f(X) funksiyaning birinchi tartibli diffe-
rensialidan olingan differensial uning ikkinchi tartibli differensiali

deyiladi: d?y =d(dy ). Xuddi shunga o‘xshash uchinchi tartibli

> w e

differensial aniglanadi: d®y =d(d?y) Umuman
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d"y=d(d"y). Agar y = f(X), x- erkli o°zgaruvchi bo‘lsa, u
holda yuqori tartibli differensiallar quyidagi formulalar bo‘yicha
hisoblanadi:

d?y=y"(dx)*,d°y=y"(dx)*,...d"y =y (dx)".
Funksiyani tekshirish.
Roll teoremasi.
Agar f(X)funksiya [a, b] kesmada uzluksiz, ]a,b[intervalda

differensiallanuvchi va (a)= f(b) bo‘lsa, u holda Ja,b[ inter-
valda hech bo‘lmaganda bitta X =& qiymat topiladiki, unda

f'(£) =0 bo‘ladi. Agar, xususiy holda
f(a)=0, f(b) =0 bo‘lsa, u holda Roll teoremasi funksiyaning
ikki ildizi orasida uning hosilasining hech bo‘lmaganda bitta ye-
chimi joylashishini bildiradi.

Lagranj teoremasi (chekli ortirmalar uchun).
Agar f(x)funksiya [a,b] kesmada uzluksiz, Ja,b[ intervalda dif-
ferensiyallanuvchi  bo‘lsa u holda Ja,b[ intervalda hech

bo‘lmaganda bitta X = & giymat topiladiki, unda
f(b)- f(a)=(b-a)f'(£)
bo‘ladi.

Bu teoremalar quyidagi geometrik ma’noga ega: y = f(X) uz-
luksiz egri chizigning har bir ichki nugtasida aniq urinmaga ega
bo‘lgan AB yoyida (OY o‘giga parallel bo‘lmagan), hech
bo‘Imaganda bitta ichki nugta topiladiki , bu nugtada urinma AB
vatarga parallel bo‘ladi. (Roll teoremasi uchun, AB xorda va urin-
malar OX o‘giga parallel ).

Koshi teoremasi.

Agar f(x) va @(X) funksiyalar [a,b] kesmada uzluksiz,
]a,b[ intervalda differensiallanuvchi bo‘lib, undan tashqari
@'(x)#0 borlsa, u holda Ja,b[ intervalda hech bo‘Imaganda

bitta X =& giymat topiladiki, unda
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f(b)-f(a)_ f'(¢)

#b)-4@)  #(S)
tenglik bajariladi, bunda a<¢ <b.

Teylor formulasi.
a nugtani o‘z ichiga olgan biror intervalda n+1 marta differen-
siallanuvchi  f (x) funksiya n-tartibli ko*phad va R, goldiq had-

ning yigindisi ko‘rinishida ifodalanishi mumkin:
i " (n)
f(x)= f(a)+%'a)(x— a)+f2—('a)(x— a) + ...+f—(a)(x— a)" + R,

n!
(n+1)
5 10
(n+1)
sida yotadi, ya’'ni & =a+.3 x—a), shu bilan birga, 0 <9< 1.
a =0 da Makloren formulasi hosil bo*ladi:
’ " (n)
f(x)= f(0)+—f (o)x+—]c (o)x2 440 (O)X” +R,,
u 2! n!
f(n+1)(@() e
(n+1)

Ba’zi funksiyalarning Makloren formulasi bo‘yicha yoyilmasini
keltiramiz.

(x-a)"**, Bunda ¢ nugta @ va X nugtalar ora-

n=

, 0<6<1

2 3 n P
eX:1+1+X—+X—+...+X—+Rn; R, = ¢ .
o2t 3 n! (n+1)!

. X X3 X5 (_1)m+1x2m—1
sinX=——-—+——...+ +Rom 1)
1 3 5l (2m-1)!
X2m
Ryms =(—1)" siné&x :
2m-1 ( ) (2m)l
2 4 6 _1\my2m
cosx—1-X X _x (DX iR, :
21 41 6! (2m)!
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2m+1

(2m+1)!’
@+ x)" :1+r]r_:x+ m(r;_l)x2 + mim-1)m - 2yt

! 3
m(m-1)..[m-(n —1)])(n ‘R

R _m(m 1) (m n)(l H)n —-m-1 n+l
(m+1)
(bu formulalarda 0 < @ <1).
Noanigliklarni ochishda Lopital qoidasi

X, nugtaning biror atrofida (X, nugtaning o‘zidan boshqga) f(x)

=(=1)""sinek

va (p(x) funksiyalar differensiallanuvchi va (p'(x);tO bo‘lsin.
Agar

lim f(x)=Ilimgp(x)=0

X—>Xg X—=>Xp
yoki

lim f(x)= I|m p(X)=00

X—Xp

bo‘lsa, ya'ni f(x)/ ¢(x) nisbat x = Xo nuqtada 0/0 yoki oo/ oo

!

ko‘rinishidagi noaniglikdan iborat bo‘lsa va |Lm (x mavjud
X—Xg (1))
bo‘lsa u holda
lim 00 _ = lim ')
> p(X) =% @'(X)
tenglik o‘rinli.
Agar x = x, nugtada f'(X) nisbat 0/0 yoki oo/ oo ko‘rinishidagi

9'(x)
anigmasliklar bo‘lib va f'(X) va ¢ (X) hosilalar mos shartlarni

ganoatlantirsa, u holda ikkinchi tartibli hosilalar nisbatiga o‘tish
kerak va xakozo. 0 - oo yoki oo - oo ko‘rinishidagi noaniglik hol-
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larida, berilgan funksiyani shunday algebraik almashtiriladiki ,
bunda uni 0/0 yoki «o/ o ko‘rinishidagi noanigliklarga keltiriladi

va bundan keyin Lopital goidasi qo‘llaniladi.O0 ,ooo yoki 1%
ko‘rinishidagi noaniglik hollarida berilgan funksiyani logarifmla-
nadi va uning logarifmining limiti topiladi.

Funksiyaning o‘sish va kamayishi
Agar har ganday yetarli kichik h >0 uchun

f(x,—h)< f(x%,)< f(%, +h) shart bajarilsa (5-rasm), f(x)
funksiya X, nugtada o‘suvchi deyiladi.

g I q
ﬂ
I |
\flesh) (Flm)  (Ftaeh)
! ! ! 'Hz'-h)l:flra) :'f(x,,fh)
0 x-h Z, T+ h % 7] Zoh g, g &
5-rasm 6-rasm

Agar har ganday yetarli kichik h>0 uchun
f(X—h)>f(x)> f(X,+h) shart bajarilsa (6-rasm)
f(x) funksiya x, nuqtada kamayuvchi deyiladi. ]a,b[ intervalda
f(x) funksiya o‘suvchi deyiladi, agar ko‘rsatilgan intervaldan

|
I
1
i
{
|

P

olingan va X, <X, tengsizlikni ganoatlantiruvchi har ganday ik-
kita x, va X, nugtalar uchun f(x,)< f(x, ) tengsizlik bajaril-
sa. Ja,b[ intervalda f(x) funksiya kamayuvchi deyiladi, agar
ko‘rsatilgan intervalda x, < x, tengsizlikni ganoatlantiruvchi har
ganday x, va x, nugtalar uchun f(x,)< f(x,) tengsizlik baja-
rilsa.

Funksiyaning o‘sish va kamayish belgilari
1) Agar f'(x)>0 bo‘lsa, u holda f(x) funksiya x, nugtada
o‘sadi.
2) Agar f'(x,)<0 bo‘lsa, u holda f(x) funksiya x, nugtada

kamayadi.
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Funksiyaning ekstremumlari
Agar har ganday yetarli kichik h >0 uchun f(x0 - h)< f(XO)
va f(x, +h)< f(x,) shartlar bajarilsa, f(Xo) giymat f(x)
funksiyaning maksimumi deyiladi. Bu holda x, nugta f(x)
funksiyaning maksimum nuqtasi deyiladi. (7-rasm).Agar har gan-
day vetarli kichik h>0 uchun f(x,—h)>f(x,) va
f(x, +h)> f(x,) shartlar bajarilsa, f(x,) qiymat f(x) funk-
siyaning minimumi deyiladi. Bu holda X, nugta f(X) funk-

siyaning minimum nuqtasi deyiladi.(8-rasm). Funksiyaning mak-
simum va minimumlari funksiyaning ekstremumlari deyiladi.
Funksiyaning maksimum va minimum nugtalari uning ekstremum
nugtalari deyiladi.

Ekstremum mavjudligining zarur sharti
Agar f(x) funksiya x, nuqtada ekstremumga ega bo‘lsa, u holda

uning hosilasi f’(xo) nolga aylanadi yoki mavjud bo‘Imaydi.
f’(xo)zo bo‘lgan X, nugta - statsionar nugta deyiladi.
f'(x,)=0 yoki f’(x,) mavjud bo‘lmagan nugtalar - kritik nug-

talar deyiladi. Har ganday kritik nugta ekstremum nugtasi bo‘la
olmaydi.

J) d
/’;\ \1//
{ I i
[ | ! T

1
;f{u'c';h)i f (zs) Ef(.r:h} b)) Ifteah)
o - 1 L 1
d Irn—ﬂ Iy lro"'h &z &h T Tth B
7-rasm 8-rasm

Ekstrmum mavjudligining yetarli shartlari
1-goida. Agar x, nugta f(x) funksiyaning kritik nuqtasi bo‘lsa

va ixtiyoriy yetarli kichik h>0 da f'(xo—h)>0 :
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f'(x, +h)<0 tengsizlik bajarilsa, f(x) funksiyax, nugtada
maksimumga ega (7-rasm), agar f'(x, —h)<0

f'(x, +h)>0 bo‘lsa, x, nugtada f(x) funksiya minimumga
ega boladi (8-rasm). Agar f’(x, —h), f'(x, +h) laming isho-
ralari bir hil bo‘lsa, u holda x, nugtada f (x) funksiya ekstre-
mumga ega bo‘Imaydi.

2-qoida. Agar f'(x,)=0, f"(x,)#0 bo‘lsa, u holda f(x)
funksiya X, nugtada ekstremumga ega, anigrog aytadigan bo‘lsak,

f(%), agar f"(x,)<0 bo‘lsa, maksimum boladi, va agar
f"(x,)>0 bolsa, minimum bo‘ladi,.
3-qoida. Faraz qilaylik

F/(%)=0,1"(x)=0,f"(x)=0,.... T " (%) =0, (x)=0
bo‘lsin. U holda agar n-juft son bo‘lsa x, nugtada f(x) funksiya
ekstremumga ega bo‘ladi, yani f(")(x,)<0 da maksimum va
f(M(x,)>0 da minimumga ega bo‘ladi. Agar n-tog son bolsa,
u holda X, da f(x) funksiya ekstremumga ega bo‘Imaydi.
[a,b] kesmada f(x) funksiyaning eng katta (eng kichik) giyma-
tini topish uchun, funksiyani oraligning chegarasidagi va shu ora-
ligga tegishli kritik nugtalaridagi giymatlaridan eng kattasini (eng
kichikgini) tanlash kerak.
Qabariglik, botiglik. Burilish nugtasi
y = f(x) funksiyaning grafigi Ja,b[ intervalda gabariq deyiladi,
agar u bu intervaldagi har ganday nuqgtaga o‘tkazilgan urinmadan
pastda joylashgan bo‘lsa, y = f(x) funksiyaning grafigi ]a,b[
intervalda botiq deyiladi, agar u bu intervaldagi har ganday nugtaga
o‘tkazilgan urinmadan yugorida joylashgan bo‘lsa,
Funksiya grafigining gabarigligining (botigligining)
yetarli sharti
Agar ]a,b[ intervalda f"(x) <0 bo‘lsa, u holda bu intervalda
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funksiya grafigi gabariq bo‘ladi (9-rasm).

/MA &' \/\
9-rasm 10-rasm 11-rasm

Agar f"(x)>0 bo‘lsa, u holda funksiya grafigi Ja,b[ intervalda

botiq (10-rasm). Funksiya grafigining gabarig gismidan botiglikka

o‘tadigan (x,,f(X,)) nugta burilish nuqtasi deyiladi (11-rasm).
Agar X, —Y = f(X) funksiya grafigi burilish nugtasining absis-
sasi bo‘lsa, u holda bu nugtada ikkinchi hosila nolga teng yoki
mavjud emas. f"(x)=0 yoki f”"(x) mavjud bo‘lmagan nugtalar,
Il turdagi kritik nugtalar deyiladi.Agar X, Il turdagi kritik nugta va
ixtiyoriy yetarli kichik h >0 da

f"(x, —h)<0, f"(x,+h)>0
yoki

f"(x, —h)>0, f"(x,+h)<0
tengsizliklar bajarilsa, u holda y = f(x) egri chiziqdagi absissasi
X, bo‘lgan nuqta burilish nuqtasi deyiladi. Agar f"(x, —h) va
f"( X, + h)lar bir hil ishoraga ega bo‘lsa, u holda y = f (x) egri
chizigning absissasi X, bo‘lgan nugtasi burilish nugtasi bo‘Imaydi.

Asimptotalar.

Agar egri chizigning M(x,y) nugtasidan L to‘g‘ri chiziqgacha
bo‘lgan masofa, bu nuqgtani egri chizig bo‘yicha koordinata boshi-
dan cheksiz uzoqlashtirilganda (ya’ni nuqtaning koordinatalaridan

hech bo‘lmaganda bittasi cheksizlikka intilsa) nolga intilsa , L
to‘g‘ri chiziq y = f('x) egri chizigning asimptotasi deyiladi. Agar
lim f(x)=+0 yoki lim f(x)=—c bo'lsa, Xx=a
x—a+0 x—a+0
to‘gri chiziq y= f(x) egri chizigning vertikal asimptotasi
bo‘ladi. Agar lim f(x)=b,Yyoki lim f(x)=h, limitmav-
X—>+400 X——0
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jud bo‘lsa, y =b to‘g‘ri chizig gorizontal asimptota bo‘ladi.
Agar

k= tim 29 Zp o im [ F(x)—kx]

X—>+0 X
yoki
k= lim f(xx):b, b= lim [ f(x)—kx]
limitlar mavjud bo‘lsa, Y = kx+Db to‘g‘ri chiziq og‘ma asimp-
tota bo‘ladi.
Xarakterli nuqtalarga ko‘ra funksiyalarning grafiklarini ya-

sash
y = f(x) funksiyaning grafigini yasashda uning xarakterli xusu-

siyatlarini aniglash foydali.
Buning uchun:
1. funksiyaning aniglanish sohasini topish.
2. funksiya toq yoki juftligini tekshirish.
3. funksiya grafigining koordinata o‘glari bilan kesishish nugtalari-
ni topish.
4. funksiyaning uzluksizligini tekshirish.
5. funksiyaning o‘sish va kamayish oraliglarini va ekstremumlarini
topish.
6. egri chizigning gabariglik va botiglik oraliglarini hamda uning
burilish nugtalarini topish kerak.

Hisoblash uchun vazifalar
1 — vazifa. Birinchi masalada berilgan chizigning absissasi  x
nugtadan o‘tkazilgan urinma va normalning tenglamasi topilsin.
2 —vazifa. Ikkinchi masalada funksiya differensialini toping.
3 — vazifa. Uchinchi masalada funksiyaning ikkinchi tartibli
hosilasi topilsin.
4 — vazifa. Logarifmik differensiallash qoidasiga ko‘ra funksiya
hosilasini toping.
5 —vazifa. Oshkormas funksiyaning hosilasini toping.
6 — vazifa. Bu masalada parametrik ravishda berilgan funksiyaning
ikkinchi tartibli hosilasini toping.
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Namunali variant.
1-masala. y = Inife* + V1 + e?*) funksiyaning x, =0
nuqgtasiga o‘tkazilgan urinma va normal tenglamasi yozilsin.

Yechish:
,( ) 1 < x 1 - 2) e*
N=—->=9>" ¥+ ——e% - 2| = ——
Y eX ++/1 + e?x 2V1 + e2x V1 + e?x

y — funktsiyaning va uning hosilasi y' ning x, = 0 nuqtadagi
giymatini topamiz:
=31 r 1
Yo = y(0) = Infig1 +/2), ¥'(0) = i

y = y(x)egrichizigning  (x,Y,) nuqtadagi urinma
tenglamasi

y=Yo+y (x)(x—x0),
va normal tenglamasi

1
=yo— 77— —xp) ,

Y=Y (xo)( 0)

dan bizning misol uchun urinma tenglamasi

y = ln(1+\/§) +%x,

normal tenglamasi
y = ln(l + \/5) —V2x.
Javobi:  x—V2y++v2In(1++2) =0,
V2x +y —In(1++v2) = 0.
2 — masala.
1 sin®6x

=ct 24—
Y = ctgeos +6 cos12x

funksiyaning differensialini toping.
Yechish: funksiya hosilasi y'(x) nitopamiz:
.1 2sin6x - cosbx - 6cos12x — sin?6x(—sin12x) - 12 B
Y =% cos?12x -
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sinl2x

"~ cos212x’ -

dy=y'dx formulaga asosan: dy = C‘::zlzxx dx gaega bo‘lamiz.
- __ sinl2x

Javobi: dy = T

3-masala. y=arctg(x++v1+x?) funksiyaning ikkinchi
tartibli hosilasi topilsin.

Yechish:

. 1 <1+ X )_ 1
TN, et Vi+xZ/ 2(1+x?)
”_(,),_< 1 >,_ 1 2x _ X
Y=V T Ra ) T2 A x02 T T A+ a2

Javobi:
X
(1+x2)?

4 —masala. y = (x3+1)%* funktsiyaning hosilasi topilsin.
Yechish: Tenglikning har ikkala tomonini logarifmlaymiz:
Iny = tgx Ini{k® + 1) . So‘ng y(x) ni funksiya deb har ikkala
tomondan hosila olamiz:

1 _ 3 1 2
;-y = Coslen(x + 1)+tgx-m-3x )
, In(x®+1) 3x*tgx
y = < cos?x x3+1>:
. In(x3+1) 3x%tgx
= + 1) < cos?x x3+1 )
5 — masala. arctg% = %ln(xz + y?) funktsiyaning hosilasi

topilsin.
Yechish: x—niargument, y(x) ni funktsiya ekanligini nazarga
olib, tenglikning har ikki tomonini differentsiallaymiz:
ooy X + y
x2+y2 x2+y2 x2+4y2 x24y?
Bundan  y'(x—y)=x+y  kelib chigadi.

Javobi: y'= %

61



6 —masala. y,, - hosilani toping.
x = Inffil + t?)
{y =t —arctgt
Bunda t-— parametr.

Yechish:
, 1
,:ytzl_—1+t2:1+t2—1:£
WEXT T 2t 73
1+t2
e 11 1+t2 1+t?
Yix = (yx)t ;; - 2 ot = 4t
Variantlar
1-variant
2 T 4

3.y=Vx+Vx. 4. y=(x*45)Wx. 5 eV = arctgxy.
_3t241

6. {x(t) TN
y(t) = sin(t?).

2 -variant
ly= g,/(arctgex)3, xo=0. 2y =In(cos’x+
1+cos4x.
2y
3y = chr:;xl. 4.y =x0 5 [x2+y—tgxy=0.

6 {x(t) =3V1-¢2,
() =tgV1+t.
3-variant

1.y = e?*(2 — sin2x — cos2x), x, = 0.
2.y = In arcsinv1 — e?*,

2(3x3+4x%—x-2 .
3y = % 4.y = (x3 +4)9%. 5. xy = sin(x + y).

6 {x(t) =./2t —t?,
(@ = V-1

4-variant
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(2x2 —1)\/1+x2

3x3

ly= lln(ezx +1)— Zarctg(ex), xg=0.2y=

,cos 28x

3.y = cos(ctg2x) — — 4.y = (sinx)®¢".

16 sinl6x’
6 {x(t) = arccos(sint),

5.xy =3+ xe”. "ly(t) = arcsin(cost).

5-variant
x2 xZ_
ly= s X 2.y = arccos PR 2 1 1
3y=tyg (ln ) + 1 SCLZS:; 4.y = (Inx)*". 5.x3+y3 = as.

{x(t) =In(t +\/t2 +1),

y(t) =Vt + 1.
6-variant
2 1
l.y= ﬁ, xo = 0. 2.y = In3 (arccos ﬁ)
3y = 5 4, y = (tgx)*”. 5. y-sinx =cos(x —y).
6 {x(t) = ctg(2e"),
() = Intg(e").
7-variant
Y

1l.y= wiz;—slﬁc”, Xy = 1”—4. 2.y = Inarccos\V1 — e**,
3y=xVxZ—8. 4y=(x%—1)", 537425 =2%

x(t) = V2t —t?,

“|y(t) = arcsin(t — 1).

8-variant

.y =In(e* + Ve + 1+ arcsine™), x, = 0.
2. 2y= EW. 3y =x2nx. 4.y = (sinvx)"".
x(t) = lnctgt,

( ) - cos t

9var|ant
=Vx3+2x+1, xp=0 2. y—

_x 2 2 _
3y lnm. 4.y = (cos5x)**. 5.y3 +2xy+b =0.

5.x+y =2, 6{
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t
6. {x(t) =arctgez,
y(t) = Ve T 1.
10-variant
_ x—1 _ _ 3(p% _ p—x
l.y= PN xo=0. 2y=arctg’(e e ™).
3y =x*n3x. 4.y = (x3 + 1)c°*,
x(t) = tcost — 2sint,
y(t) = tsint + 2cost.
11-variant

1.y =xe™ +arcsin(5%*), x, =0. 2y=
y = (1 —x)Vx3. 4.y = (sinx)retox

t
5. xcosy — sin(y?) = 0. 6. x(O) = ln\/:f
y(6) =VI=F
12-variant
Ly=x?2=2V4+x% x,=0. 2y =arccosV1+ 2x3.
=In(x +V1+x2). 4y=("+1)%*.

A {x(t) =.J1-1¢t2,

5.x —y = arcsinx — arcsiny. 6. {

1
lOga ﬁ

5. x +y = sinxy. . ot
13-variant
_ 1+2% _ _ 4+3x?
1.y—m—4 ln1 = %o = 0. 2.y—32+x4.

3.y = xV4 — x2 + 4arcsin g 4.y = (1 — cosx)'9*.
x(t) =1 —t2,
() = In(1+ V1 —t2).
14-variant
l.y= %(arctge")3, xo=0. 2.y=tg32x.
5. xy = sin(x + 4).

5 x+1=¢e"Y, {

eCOSX

3y=x%lnzx. 4y=x

6 {x(t) = arcsiny/1 — t?,

y(t) = (arccost)?.
64



15-variant
1Ly=3Y@3+7x—7)3, xy =1. 2.y = arccosx + Intge*.

3.y = arctg x2;1 4.y = (cos2x)c". 5.x3 4+ y3 =3,
6 {x(t) = In3cost,

y(t) — esint_
16-variant
1. y = 8/(x2 4+ x+ 1)3’ Xy = 0. 2y — esian _
logs (\/x + 1).
= i X — _ cosx
3.y = arcsin /x+1' 4.y = (tgx — 1),
x(t) = (1 + cos?t),
6- (t) _ cost
y __ sin?t”
17-variant
ly= %arctg %, xo=0. 2y=In?3+ cos2x).

S.x—y= arctgﬁ

3y =3%cos2x. 4.y =(x3—4)"2% 5 sinxy =y
1
6. {x(t) = arccos -,
y(t) = Vtz —1.
18-variant
x2-1

ly= ln% xo=0. 2.y =x%sin2x. 3.y = %arcsin

>
x(t) = In(1 + t?),

— [ \/; =
4.y = (sinx)¥*. 5.cosxy =x+y. 6. {y(t) =t — arctgt.

19-variant
1Ly =In(e*+ m), Xy =0. 2.y =arccosVl —x2.
3y =3+ 4 y=(cosx)™. 5.x3+y3=3Y,
6 {x(t) = In(1 —t?),
“y(t) = arcsinV1 — t2,

20-variant

1Ly=3Vx3+4, x,=0. 2.y = arctg ’sin;. 3.y =In(1+ x?).
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x(t) = arcsinvt,

y() =1+t
21-variant

1.y=1- W+1x—6, xo=-8. 2. y=Insin(x®+1).
3. y=vV1+x2% 4. y=(tgx)**'. 5. y=arctgy —y+ x.
6 {x(t) = 2sint,

"ly(t) = 3cost.

4.y = (Inx)**~1, 5, arctg% =x. 6. {

22-variant
_ 2
1. y= a f) , X9 =001 2. y=arcsinVv1l —x2.

1 .
3. y=xex. 4 y= ((;05\/;)“"23". 5. e*—eY =y —ux.
6 {x(t) =e2t(t2 4+ 1),

y(t) = e*.
23-variant
. 1
1. y= Clo_s;(, Xp = %. 2. y = sin® /E
3. y=x%Inx. 4. y = (ctg3x*)V*=3. 5. Inx + ex =0.
{ x(t) = arcsint,
“ly(t) = arccosv/t.
24-variant
__ sinx +cosx _r _ 5
l.y= 0 X =3. 2. y =In>(tg3x).

3. y=xV1+x2Z 4 y=(ctg2x)"™*, 5 y =x+arctgy.
6 {x(t) = InVv1l—t,
“Ly(t) = tint.
25-variant
2x

l.y= arcsinm, Xo = 2. 2. y = 5°0%¥,

3 y = a\;is_i% : 4y = (lnff7x _ 5))arctg 2x
_ .2 x(t) = 2cost — tsint,
>y =Xt tarccgy. 6. {y(t) = 3sint + tcost.
26-variant
1.y =(143x+5x%)*% x, = 0.
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2.y=sin(x2—5x+1)+tg(%). 3. y:j%_

4. y = (arcsinif2 + x))"&+3) 5 x3 + x2y = Iny.
{x(t) = tget,
“ly(t) = Ine?t.

27-variant
1
Ly=|Jx+Vx+vx, x5 =4 2.y = oo
3. y=arccosVx. 4.y = (arcsin2x)°t9 &+,

—J1—¢2
5 Jx?—y?2—In/xy. 6. {x(t) 1=¢%,
y(t) = arcsin/t .
28-variant
2 Vs — —
1.y=%, Xo = - 2. y=In(e™ + xe™).
3. y=lInsin(x®+1). 4. y=(In(5x — 4))arcctox
x(t) =1 - 2t,
5. e —x2+y=0. 6. 2
y() =
29-variant
_ . ox—1 _ __ cosx x
1. y= arssm — X = 5. 2. y= oot In(tg 2).
_ 2x +4x+1 _ Vx+5 _
3 y="— 4= (tg3x3)V¥*™>. 5. arctgy = Jx + y.
6 {x(t) = t% + sinVt,
“ly(t) = arctgt.
30-variant
1. y= arctgg —InVx*—a* xy=2a 2. y=In ii’z

- L 4 1 - 2yarcsin Vx
3. y = 3\/x_2+ T 4. y = (COSZX )arcsm x|

1
x(t) = In—,

5. x%siny — cosy + ysinxy = 0. 6. { © Vi-t?
y(t) = cosv't.
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INTEGRAL
Anigmas integral.

Agar F'(x)= f(x) yoki df(x)= f(x)dx bo‘lsa, F(x) funksiya
f(x) funksiya uchun boshlangich deyiladi. Agar f(x) funksiya
biror F(x) boshlang‘ichga ega bo‘lsa, u cheksiz ko‘p boshlangich-
larga ega bo‘ladi, shu bilan birga barcha boshlang‘ichlar F(x)+C
ko‘rinishda bo‘ladi, bu yerda C - o‘zgarmas. f(x) funksiyadan
yoki f (X)dx ifodadan olingan anigmas integral deb uning barcha
boshlang‘ichlari to‘plamiga aytiladi va quyidagicha belgilanadi
[ f(x)dx=F(x)+C,
bu yerda J‘ - integral belgisi , f(x) integral ostidagi funksiya,
/x)dx integral ostidagi ifoda, x- integrallash o‘zgaruvchisi.
Anigmas integralni topish - funksiyani integrallash deyiladi.
Integrallash qoidasi.

K (x)dx) = (9

dq x)dx

[dF x)_F( )+C

Iaf (x)dx = a.[ x)dx bu yerda a — o‘zgarmas,
I[ L) £, ( dx:If1 X xij‘f2 x)x
Agar If(x)dx: F(x)+C va u=¢(x) bolsa
[ f(u)du=F(u)+C  bo'ladi.

Asosiy integrallar jadvali.
l. [dx=x+C

© o k~ w N E

m+1

1. jxmdx:X +C, m=-1,
m+1

. jd—)z(zln\x\JrC
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V. f o = arctgx + C |,

1+x°
V. ) ax =arcsin x+C
V1-x?
VI [e’dx=e"+C
VIL ra*dx = a’ +C
Ina

VIIL. jsinxdx=-cosx'+C
IX. jcosxdx:sinx+C,’
X, [sec’xdx=tgx+C
XI.  [cosecxdx = -ctgx+C
XIl. ghxdx =chx+C |
XIII. jchxdx=shx+ny

XIV. f*cﬂﬁx —thx+C

XV. js)z(z-cthx+c
shx

O¢zgaruvchilarni almashtirish.

Anigmas integralda o‘zgaruvchini almashtirish ikki ko‘rinishdagi
o‘rniga go‘yishlar yordamida bajariladi.
1. x=g(t) , bunda o(t)- yangi o‘zgaruvchi t-ning monoton, uz-
luksiz differensiyalanuvchi funksiyasi. Bu holda o‘zgaruvchini al-
mashtirsh formulasi quyidagi ko‘rinishga ega.
[ £ (x)dx =] f[olt) ' (t)at
2. u :l//(X), bunda u-yangi o‘zgaruvchi. Bunday o‘rniga
go‘yishda o‘zgaruvchini almashtirish formulasi:

[ Fly ()l (x)dx =] f (u)du
Endi asosiy integrallar jadvalini quyidagi formulalar bilan
to‘ldiramiz:
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ij dx In| f (x)+C

XVII. jm%dx:zmm

XVIII. j X _LargXic
x’+a’? a a
XIX. J- dx _1 Ix a LC
x*-a® 2a |x+a
dx . X
XX. jﬁ:arcsmg+c
dx > ’
XXI. | szzmxh/x +z‘+c
XXII. j —Inftg 2|+ C = In|cos ec X —ctgx| + C
sin x 2
X
XXIII. -[cosx In tg(2+Zj:Insecx+tgx

XXIV. Itgxdx =—Injcos x|+ C
XXV. J'ctgxdx =Insinx+C

Bo‘laklab integrallash.
Bo‘laklab integrallash deb integralni

fudv =uv—[vdu

formula bo‘yicha topilishiga aytiladi, bunda u = q)(x), V= y/(x)
lar uzluksiz differensialanuvchi funksiyalar. Bu formula yordami-
da [udv integralni topish - boshga [vdu integralni gidirishga
keltiriladi, bu formulaning qo‘llanishi, oxirgi integral berilganidan

soddaroq yoki unga o‘xshash bo‘lgan hollarda magsadga muvofiq.
Bunda u sifatida differensiallanganda soddalashadigan

70



funksiya, dv sifatida esa, integrali ma’lum yoki topilishi mumkin
bo‘lgan integral ostidagi ifodaning qismi olinadi. Masalan,
[P(x)e™dx, [P(x)sinaxdx, [P(x)cosaxdx ko‘rinishidagi,
bunda P(x) —ko‘phad, integrallar uchun u(x) sifatida mos ra-
vishda P(x) ni, d(v(x)) sifatida esa e®dx,sin axdx,cos axdx
larni olish kerak,

[P(x)Inxdx, [P(x)arcsin xdx, [P(x)arccos xdx
ko‘rinishdagi integrallar uchun u(x) sifatida mos ravishda
Inx,arcsin x,arccos x larni, d(v( x))sifatida esa P(x)dx ifodani
olish kerak.

Eng sodda ratsional kasrlarni integrallash.
Ratsional kasr deb , P(x)/ Q(x) ko‘rinishdagi kasrga aytiladi, bu
yerda P(x) va Q(x) - ko‘phadlar. Agar P(x) ko‘phadning darajasi
Q(x) ko‘phadning darajasidan past bo‘lsa, ratsional kasr to‘g‘ri
kasr deyiladi, aks holda kasr noto‘g‘ri deyiladi. Eng sodda elemen-
tar kasr deb quyidagi ko‘rinishdagi to‘g‘ri kasrlarga aytiladi:
A

. —.
X—a
. A bunda m-birdan katta butun son.
(x-a)"
2

. _Ax+B  punda Z_q<0 ya'ni x*+ px+q kvadrat

X® + pX+q
uchhad haqiqiy ildizlarga ega emas.
V. Ax+B bu yerda n - birdan katta butun son va

(x2 + px+q)
x? + px + g kvadrat uchhad hagiqiy ildizlarga ega emas.
Bu kasrlaeda A,B,p,q,a koeffitsiyentlar — haqigiy sonlar deb faraz
gilinadi. Sanab o‘tilgan kasrlarni mos ravishda LILIII va IV turda-
gi eng sodda kasrlar deb ataymiz.
Birinchi uch turdagi eng sodda kasrlardan olingan integrallarni
ko‘rib chigamiz. Quyidagilarga ega bo‘lamiz:
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L | idx:AIn\x—a\+C :
a

I __ A1 c

(x a) m-1 (x—a)""

é(2x+ p)+[B—Apj
2 2
dx =

m J- Ax+B J-

x? +px+q X% + px+q
:_I _2XHP gy (—&]j#:éln‘xz+px+q+
X% + px+q 2 X +px+q 2

X+
2 4

+( —%)I( pjz(ji((q_pz]gln‘x%px+q‘+

- Ap 2X+p LC
\/4q p? \/4q - p?

Endi IV tur eng sodda kasrlarni ganday integrallashni ko‘rsatamiz:

Ax+B dx, pi_q <0 integralni hisoblash kerak. Surat-

(x2+ px+q)
da, maxrajda turgan kvadrat uchhadning hosilasini ajratamiz.

A Ap
“(2x+ p)+(B—)
Ax+B dx=j2 2 dx=

(2 + px+q) (x2+ px+q)
=éj 2X+p ndx+[B—Apjf dx :
2 (X2+px+q) 2 (X2+px+q)
Tenglikning  o‘ng  tomonida  turgan  birinchi  integral
x® + pX+ (=t o‘rniga qo‘yish yordamida oson topiladi, ikkinchi-

sini esa quyidagicha o‘zgartiramiz:
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dx dx

JP— _I[[HSJZ{QTHH

Endi x +g =t, dx=dt desakva g P = g2 deb belgilasak,
4

J dx :J dt tenglikni hosil gilamiz. Shunday qi-
(x*+px+q) 7 (2 +a?)

lib, IV tur elementar kasrni integrallash rekurent formula yordami-

da bajarilishi mumkin.

dt t 2n-3 dt
j N on2 2 2 \nd T 52 J‘ n1
(2 +a?) 2a°(n-1)(tP+a’)"t 2a%(n-1)° (2 +a?)
Ratsional kasrlarni eng sodda ratsional kasrlarga ajratish yor-
damida integrallash

P(x)/ Q(x) ratsional kasrni integrallashdan oldin quyidagi algebraik
o‘zgartirishlar va hisoblashlar bajarilishi kerak.
1.Agar noto‘g‘ri ratsional kasr berilgan bo‘lsa, undan butun gismi-
ni ajratish, ya’ni kasrni

PO _ )+ A

Q(x)
ko‘rinishga keltirish , bunda M(x) ko‘phad, p,(x)/Q(x)- to‘g'ri
ratsional kasr.

2. Kasr maxrajini chizigli va kvadrat ko‘paytuvchilarga ajratish
kerak:

Q(x)=(x—a)"..x* + px+q).., bu yerda P o o , yani
4

x* + px +q ko‘phad kompleks qo‘shma ildizlarga ega.
3.To‘g ri ratsional kasrni eng soda kasrlarga ajratish kerak:

P(X)_ A Ao An

= + FRSSNENLA. R
Q(x) (x—-a)" (x—a)"* X—a
B x+C; B,x+C, B, x+C,
. —+ I ALl B
(x2 + px+q) (x2 + px+q)
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4.A A, A ..,B,C,B,C,,..B, C. .., noma’lum
koeffitsientlarni hisoblash  uchun so‘nggi tenglikni umumiy
maxrajga keltirib, hosil bo‘lgan ayniyatni chap va o‘ng
gismlaridagi x ning bir xil darajalari oldidagi koeffitsientlarini
tenglash va hosil bo‘lgan chizigli tenglamalar sistemasini
izlanayotgan  koeffitsientlarga  nisbatan  yechish  kerak.
Koeffitsientlarni boshga usul bilan ham topish mumkin, hosil
bo‘lgan ayniyatda x ga ixtiyoriy sonli giymatlar berib, aniglash
mumkin. Ko‘pincha koeffitsientlarni hisoblashni ikkala usulini
go‘llash foydali. Natijada, ratsional kasrni integrallash masalasi
ko‘phadning va eng sodda ratsional kasrning integrallarini topishga
keltiriladi.

j R(e” )dX ko‘rinishdagi integrallar, bunda R- ratsional
funksiya.
e* =t o‘rniga qo‘yish yordamida, bundan

e*dx = dt, dx:g:g,
e*

j R(e”™ )dx ko‘rinishdagi integral, ratsional funksiyadan olingan

integralga keltiriladi.
Eng sodda irratsional funksiyalarni integrallash

m; my
J- R( X,( o bj " ,( ol bjnz ,...JdX Kko‘rinishdagi integralalar,

cx+d cx+d
bunda R-ratsional funksiya , my,n;, mp,ny,...- , butun sonlar(ad#bc).
XD ) _ s h yordamida beril I rat
=1" o‘rniga qo‘yish yordamida berilgan integral rat-
ox+d ga qo'yish y: g g

sional funksiyaning integraliga aylantiriladi, bu yerda s - ng, n...
sonlarning eng kichik umumiy bo‘linuvchisi.

Trigonometrik funksiyalarni integrallash
| R(sinx,cosx) dx Kko‘rinishdagi integrallar, bu yerda R rat-
sional funksiya. Bu ko‘rinishdagi integrallar ratsional funksiya-
larning integralariga universal trigonometric almashtirish  deb
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nomlangan tg(x/2)=t o‘rniga qo‘yish yordamida keltiriladi. Bu
o‘rniga qo‘yish natijasida quyidagilarga ega bo‘lamiz:

X ) X
sinx = 2x= 2t2’ COSX = )2(21 t2 ,x=2arctgt’
1+tg2 > 1+t 1+tg2 X +1
2 2
dx = 2dt
1+t?

tg(x/2)=t universal o‘rniga qo‘yish ko‘p hollarda murakkab
hisoblashlarga olib keladi, chunki uni go‘llaganda sinx va cosx lar
t orqali t* ni o‘z ichiga olgan ratsional kasrlar ko‘rinishida ifodala-
nadi. Ba’zi xususiy hollarda [R(sinx,cos x)dx ko‘rinishdagi inte-
grallarni topish soddalashtirilishi mumkin.
1.Agar R(sin X,c0s X) — SinX ga nisbatan toq funksiya, ya’ni
R(-sinx, cosx)=-R(sinx, cosx) bo‘lsa, cosx=t o‘rniga qo‘yish yor-
damida integral ratsionallashadi.
2. Agar R(sin X,COS x) cosx ga nisbatan toq funksiya , ya’ni
R(Sin X, —COS X) = —R(Sin X,C0S X) bo‘lsa, integral sinx=t o‘rniga
go‘yish yordamida ratsionallashadi.
3.Agar R(sin X,COS X)— sinx, cosx larga nisbatan juft funksiya, ya’ni
R(-sinx,- cosx) = R(sinx,cosx) bo‘lsa, maqsadga tgx=t o‘rniga
go‘yish olib keladi.
Trigonometrik o‘rniga qo‘yishlar.
jR(x,w/a2 - X )dx, jR(x,«/a2 +X? )dx, IR(X,\/ x*—a’ )dx
ko‘rinishdagi integrallar mos trigonometrik o‘rniga qo‘yish yorda-
mida sint va cost larga nisbatan ratsional funksiyalarning inte-
grallariga keltiriladi. Birinchi integral uchun x =asint  Yyoki
X = acost, ikkinchi integral uchun x = atgt yoki X = actgt va
uchinchi integral uchun x = asect yoki X = acosect almashti -
rishlar bajariladi.
Aniq integral
f (x) funksiya [a,b] kesmada aniglangan bo‘Isin. [a,b] kes-
mani
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a=X, <X <X, <..<X_,<X =b
nugtalar bilan ixtiyoriy n-ta bo‘lakka bo‘lamiz, har bir elementar
[x. .. ] kesmadan ixtiyoriy £ nugta olamiz va har bir shunday
kesmaning uzunligini topamiz: AX, =X, — X - f(x)  funksiya

uchun [ab] kesmada integral yig‘indi deb , _ i f(§k )AXk
k=1

ko‘rinishdagi yigindiga aytiladi, agarda har bir & >0 son uchun
shunday s >0 son topilsaki, 6ckning ixtiyoriy tanlanishida AX <5

dan ‘0'— |‘< ¢ tengsizlik bajarilishi kelib chigsa, yig‘indi chekli
limitga ega bo‘ladi, f(x) funksiyadan [a,b] kesmada (yoki a dan
b-gacha bo‘lgan chegarada) olingan aniq integral deb integral yi-
gindining elementar kesmalarning eng kattasining uzunligi
max A Xk nolga intilgandagi limitga aytiladi.

b n

I=[f(x)dx=_lim o= lim > f(&)ax,
a maxAxk

maxAx —0k—1
Agar f(x) funksiya [a,b] da uzluksiz bo‘lsa, integral yigindining
limiti mavjud bo‘ladi (aniq integralning mavjudlik teoremasi) .
a va b sonlar mos ravishda integrallashning yuqori va quyi chega-
ralari deyiladi. Agar [ab] da f(x)>0 bo‘lsa, Tf(x)dx aniq

integral geometrik ma’noda egri chizigli trapetsiyaning, ya’ni
y = f(x), X=a,X=Db, y=0 chiziglar bilan chegaralangan

shaklning yuzini ifodalaydi (12-rasm).

y
y-f (2)

0 za 40 g5 @
12-rasm
Aniq integralning asosiy hossalari

L7 f(x)dx = f f(x)dx *

a
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a
2. [f(x)dx=0;

a
b c b
3. [f(x)dx = [ f(x)dx+ [ f(x)dx;
a a C
411,002 £,00Bx = [ £,(x)dx £ £,(x)dx’
5. ?C f(x)dx=C- ? F(x)dx’ bu yerda C-o‘zgarmas;.

6. Aniq integralni baholash:
agar [a,b]da m< f(x)g M bo‘lsa, u holda

b
m(b—a)sjf(x)dst(b—a)

Aniq integralni hisoblash goidalari
1. Nyuton-Leybnis formulasi:
b
T (x)dx = F(xj _ F(b)-F(a)
bu yerda F(x) - f(x) uchun boshlangich, ya’ni F'(x)= f(x) -
2. Bo‘laklab integrallash:

b p
— [vdu

bu yerda u=u(x), v=v(x) lar [a,b] kesmada uzluksiz differensialla-
nuvchi funksiyalar .

3. Ofzgaruvchini almashtirish:

I £(ax=1 f [p(t)] /()
bu yerda x = ¢(t) a <t < B kesmada o‘zining hosilasi ¢'(t)
bilan birgalikda uzluksiz funksiya, g = (p(a), b= (P(ﬁ), f [¢(t)]
a<t<p kesmada uzluksiz funksiya.
4. Agar f(x)-toq funksiya bo‘lsa, ya’ni f(-x)=- f(x) bo‘lsa, u holda

b
fudv = uv
a
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[ f(x)3x =0
Agar f(x)-juft funksiya bo‘lsa, ya'ni f (—x) = f(x), bo‘lsa, u holda

[ f(x)dx = 2f f(x)dx

Xosmas integrallar
Xosmas integrallar deb:
1. chegaralari cheksiz bo‘lgan integralarga;
2. chegaralanmagan funksiyadan olingan integrallarga aytiladi.

a-dan +oo-gacha f(X)—funksiyadan olingan xosmas integral

+00 . b

J £ (x)dx = lim [ f (x)dx

a 4)+ooa
tenglik bilan aniglanadi. Agar bu limit mavjud va chekli bo‘lsa,
xosmas integral yaginlashuvchi deyiladi; agar limit mavjud

bo‘lImasa yoki cheksizga teng bo‘lsa, uzoglashuvchi deyiladi.
Xuddi shuningdek,

| f (x)dx = alﬂ]j f (x)dx
va N )

400

J f(x)dx=lim I f (x)dx

—00
b—+x

Agar f(X) funksiya [a,b] kesmaning C nugtasida cheksiz uzilishga
ega bo‘lsa va a< X<C va c<x<b larda uzluksiz bo‘lsa, u

holda ta’rifga ko‘ra
b c—¢ b
jf(x)dx: lim [ f(x)dx+ lim J'f(x)dx
£—0+0 L£—0+0
a a c+p

deb olinadi. Agar tenglikning o‘ng tomonidagi ikkala limit mavjud
b

bo‘lsa, [f(x)dx (bu yerda f(c)=o00, a<c<b) xosmas
a

integral yaginlashuvchi deyiladi, va agar yuqoridagi limitlardan
xech bo‘lmaganda bittasi mavjud bo‘lmasa yoki cheksiz bo‘lsa,
xosmas integral uzoglashuvchi deyiladi.

78



Tagqoslash belgilari.
Xosmas integrallarni yaginlashuvchiligini tekshirganda tagqoslash
belgilarining biridan foydalanadilar.

1. Agar f(X) va @( x) funksiyalar barcha X > a -lar uchun anig-
langan va [@,A] kesmada, bunda A > a, integrallanuvchi va bar-
cha X > a laruchun 0 < f(x) < ¢(x) bo‘lsa, u holda
+00
a) jqp(x)dx integralning yaginlashishidan Tf(x)dx integraln-
a a
ing yaginlashishi kelib chigadi, shu bilan birga
Jf(x)dx < [ x)dx

a a

+00 +00

b) If(x)dx integrajning uzoglashishidan qu(x)dx inte-
a a

gralning ham uzoglashishi kelib chigadi.
2. (a) Agar X — +oo da f(x)>0 funksiya 1/X -ga nisbatan

p>0 tartibli cheksiz kichik bo‘lsa, Tf(x)dx integral p>1

bo‘lganda yaqinlashadi va p <1 bo‘lganda uzoglashadi.
(b) Agar f(x)>0 funksiya a <X < b oraligda aniglangan va
1

b—x
b
katta bo‘lsa, [ f (x )dx integral P<1 bo‘lganda yaginlashadi,
a

uzluksizva X —>b—0 da ga nisbatan P tartibli cheksiz

p>1 bo‘lganda uzoglashadi.
Yassi figuralarning yuzini hisoblash
y=f(x) [f(x)>0]egrichizig, x=a va X=D to*gri chiziglar
va OX o‘qgidagi [a,b] kesma bilan chegaralangan egri cizigli tra-
petsiya yuzi quyidagi formula yordamida hisoblanadi:
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S = f(x)dx-

y=f,(x),y=f,(x)f,(x)< f,(x)] egrichiziglar, X=2a va x=b
to‘gri chiziglar bilan chegaralangan figura yuzi quyidagi formula
yordamida topiladi:

§ = J[,(0)— 1,(x)Jox

Agar egri chizig X = X(t) E y(t) ko‘rinishdagi parametrik
tenglama orgali berilgan bo‘Isa, u holda bu egri chiziq bilan hamda
X=a, X=D to‘gri chiziq va OX o‘qgidagi [a,b] kesma bilan chega-
ralangan egri cizigli trapetsiya yuzi quyidagi formula yordamida
topiladi:

D — T

bunda t; va t; lar quyidagi
a=x(t,),b=x(t,), [t St<t, ¢a y(t)>0]
tenglamalardan topiladi. Qutb koordinatalarida berilgan p = p(@)
egri chizigva @ =a, 0= (a < B) qutb radiuslari bilan che-
garalangan egri chizigli sektor yuzi quyidagi formula yordamida
topiladi:
15
Yassi egri chiziq yoyining uzunligini hisoblash
Agar y = f(x) egrichizig [a,b] oraligda silligq bo‘lsa ( ya’ni
y' = f’(x) hosila uzluksiz) u holda bu egri chizigning mos yoyi-
ning uzunligi quyidagi formuladan topiladi:

L=f/1+yZdx

Agar L egri chizig x =x(t)va y = y(t) parametrik tenglama-
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lar bilan berilgan bo‘lsa (x = x(t) va y = y(t) funksiyalar uz-
luksiz differensiallanuvchi) t parametrning t1 dan t2 gacha mo-

noton o‘zgarishiga mos keluvchi egri chiziq yoyining uzunligi
quyidagi formuladan topiladi:

L= 1%yt

Agar L sillig egri chiziq qutb koordinatalar sistemasida berilgan
bo‘lsa, ya’ni p= p(,g),a <OLp bo‘lsa, u holda yoy uzunligi

quyidagiga teng:
L=Tp"+p"d0

Aylanish sirtining yuzasini hisoblash
OXY tekisligidagi y = f(x), a < x <b chizigni OX o‘qi
atrofida aylantirishdan hosil bo‘lgan sirt-aylanish sirti deyiladi
(13-rasm) .

13-rasm
Aylanish sirtining yuzasi

b
S::Zﬂjf(x)J1+(fo)fdx

formula bilan, agar chiziq
x=x(t), y=y(t), ast<p (*)
parametric tenglamalar bilan berilgan bo‘lsa,
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b
s = 27 [ YW (X(1) + (y'(x) et

formula bilan hisoblanadi.
Aylanish jismining hajmini hisoblash
y = f(x), a<x<Db cizigni OX o‘qgi atrofida aylantirish-
dan hosil bo‘lgan sirt, x=a va x=b tekisliklar bilan chegaralangan
jism-aylanish jismi deyiladi.
Uning hajmi

b
vzﬂjfz(x)dx
a

formula bilan, agar ciziq (*) parametric tenglamalar orqali berilgan
bo‘lsa,

b
Vv :ﬂjyz(t)x'(t)dt

formula bilan hisoblanadi.

Hisoblash uchun vazifalar
| —vazifa. | -4 —masalalarda anigmas integrallarni hisoblang.
2 - vazifa. 5,6 - masalalarda aniq integrallarni hisoblang.
3 - vazifa. 7 —masalada hosmas integralni yaginlashuvchanligini
tekshiring.
4 - vazifa. 8 - masalada aniq integralni tatbig gilib geometriyaga
oid masaglani yeching.

Namunali variant
1-masala. [ arcsinx dx anigmas integralni hisoblang.
Yechish: Bu integralni bo‘laklab integrallaymiz. Buning uchun
[udv = uv — [ vdu formuladan foydalanamiz:
dx
V1 — x?

dv=dx , v=x

u = arcsinx , du =
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] dx
J=xarcsinx — | x- =

Vi—x?
. 1 -1
=x-arcsmx+§f(1—x2) l2d(1—x2) =

=x-arcsinx++1—x%2+C
Javobi:  x-arcsinx +V1—x%?+C
2 — macaJna.
2x° +6x3 +1
B f x* 4+ 3x2 x
anigmas integralni hisoblang.
Yechish: Integral ostidagi noto‘g‘ri kasrning butun gismini ajratib
olib, to‘g‘ri kasrga keltiramiz:
2x° +6x3 +1
x*+3x2 2x+x“+3x2
hosil bo‘lgan to‘g‘ri kasrni noma’lum koeffitsientlar usuli bilan
sodda kasrlarga ajratamiz:
1 A B Cx+D

xz(x2+3)_x2+x+x2+3
1=Ax%+3)+Bx(x*>+3) + (Cx + D)x* =
=B+C)x>+ (A+D)x*+3Bx + 34
Bundan
B+C=0,
A+D =0,
3B =0,
34=1
Demak,

1
A=§, B=0, €C=0, D=—<.

x%(x* +3) T 3x2 3(x2+3)
Bu ifodani integrallasak,

f2x5+6x3+1d __f<2 N 1 1 )d B
x* + 3x? == XT3z 3(x% +3) x=

1 1 X
=x?—————arctg—=+ Cw

3x 343 V3
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Javobi:

21 1 t x+C
X —————qarc — .
3x 3v3 U3

1+ Vx

3 — masala. ] dx integralni hisoblang .

x+\/f

Yechish: x =t* almashtirish bajaramiz. U holda
dx = 4t3dt bo‘ladi.

14+ Vx 1+t t3(1+t
f \/_dx= -4t3dt=4j¥ t =

x ++/x t* + t2 t2(t2+1)
—4Jt(t+1)dt—4]t2+tdt—4f<1+ t_l)dt—
B t2+1 t2+1 t2+1 B

=4t — 2ln(t* + 1) — 4arctgt =
= 4Vx — 2In(vVx + 1) — 4arctgVx + C .
Javobi:  4Vx — 2In(Vx + 1) — 4arctgVx + C .

dx
4 — masala. f

——————— anigmas integralni hisoblang.
2sinx — cosx q & &

t
Yechish: Buyerda x = tg 5 belgilash kiritamiz, u holda

1—t? , 2t 2dt
sinx = , dx =
1+ t?

, bo’'ladi.
1+ t2 1+ t2 oladi

COSX =

g J‘ dx f 2dt

) 2sinx —cosx ) 4t _1—t2)
(1+t)<1+t2 1+ t?

t+2-+5

t+2+5

_f 2dt _Zf dt _, 11
T erac—1 ‘) e+22-5 ‘5
V5 tg%+2—\/§
=—lnx—+C.

> |tgz+2++5

Vs |tgz+2-+5
Javobi: —In|—F———
> |tgz+2+45

5-masala.

+C .
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/4

J= f x2cos2x dx aniq integralni hisoblang.

0
Yechish: Bu integralni bo‘laklab integrallaymiz.
[ u=x%, du=2xdx, ]

1 ,
dv = cos2xdx , v = Esian

T
/
! x2 m /4 2
J= f x2cos2x dx = —sin2x| /4 —f xsin2xdx = — —
2 0 0 32
/4
—f xsin2x dx.
0
Yana bo‘laklab integrallashni qo‘llaymiz.
T
u=x, du=dx, /4
-1 J= 2c082x dx =
dv = sin2xdx , v = TCOSZJC] J xocosexax
0
, /4 2 4 .
4 T
—§+20052x| /4——f cos2x dx = ﬁ—ZSanx[ 64—
% —8
32
6 — masala.
x/i/z .
earcsmx + x + 1
J= dx aniq integralni hisoblang.

J V1 —x2
Yechish: Berilgan integralni uchta integralning yig‘indisiga
ajratamiz, u holda

V2

2 v

2
. 1 1
7= f ey esinx d(arcsinx) — 5 f 1-x»)"2d(1—-x%)+
0
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N3
+ /2 dx — earcsinx \/2/2 _ /1 _ xZ \/7/2 +
0o VI-xt 0 0
+arcsinx =e/4t—1——+1+—=¢la+———
0 V2 4 4
Javobi:
- T— 22
e'/4 +
4
7 — la fz — xosmas integralni yechin
masala. |, 3 =7 g y g.

Yechish: Integral ostidagi funksiya [—I; 2] kesmaning ichidagi
x; nugqtada uzilishga egadir. Shuning uchun quyidagi formulaga
ko ra

c—&1

jf(x)dx— llm ] f(x)dx + llm ff(x)dx

(sl >0) a (sz>0) c+ey
(x =c nuqtada funksiya uzﬂlshga ega).

1-¢
—llm3\/xT.F€1+le3\/fo1 =

81—> Sz—>

= 3!111”(‘/: V=2) +81211r5(1 —3e) =3(V2 +1).
Berilgan xosmas integral yaginlashadi.

Javobi: 3(¥2 +1).

8 —masala. 7 = acos? % egri chiziq yoyining uzunligini
hisoblang (14-rasmO

Yechish: Berilgan funksiyaning shaklini chizamiz (14-rasm).
Shakldan ko‘rinib turibdiki, 0 < ¢ < %n oraligi o‘zgarganda
egri chizigni yarmini yasaymiz. U holda

Lyp = f;pf Jr2(p) + (r' (9))2 dp  formuladan,
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L
14-rasm

3
fn r !
L= Zf \/rz((p) + (r (p))?de Do ladi.
0
Bu yerda,
r(p) = acos3% T () = —acoszg-sin%

777.'
L= Zf \/a26056£+ aZCOS4£SiTl2£ dop =
0 3 3 3

2" 27 2
=2a] coszgdv=aj <1+cos—¢) do =
0 3 0 3
( 3.3 2 §n> 3
=a\o 2 = Ean.

2™+ =sin—
5 0
Javobi: S ar.

0 2 3

VARIANTLAR
1-variant

L (4~ 30)e ™dx. 2. [ dx. 3]":(5}{

4. [ sin2xcosxdx. 5, fe 1 1+l:(); D dx.

6. f_oz(x2 + 5x + 6) cos2xdx. 7 floo aricfx dax.

8. Quyidagi chiziglar bilan chegaralangan tekis yuza hisoblansin
=(x-2)? y=4x-8.

2-variant
d (Zx—S)%
L Jarctg(Vax —T)dx. 2. [ e ™
Y
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2
4, fsmecos7xdx 5. fo ﬁ

8. Quyidagi chiziglar bilan chegaralangan tekis yuza

G.f_oz(x2 — 4) cos3xdx.

7. fl N_
hisoblansin y = 4 —x?, y = x? — 2x.
3-variant

X x3-17 2 2=«
LIGx+detde 2 [oormde 3 505 [dx

1 4arctgx —x 0 x3+4x2+43x
4.f sinxcos’xdx. 5. ¢d 6./ ,——— cosxdx.
2 dx
1), 7= Tz

hlsoblansm y =arccosx, y =0, x =0.
4-variant

1. [(4x — 2)cos2xdx. 2. f 245

8. Quyidagi ch|2|qlar bilan chegaralangan tekis yuza

3 f dx
Y JOe=1)3(x+2)5

cos3x dx.

4.f sin2xcos*xdx. 5.f° 0

7. fol J%. 8. Quyidagi chiziglar bilan chegaralangan tekis yuza
hisoblansin y = (x + 1), y?2=x+1.
5 variant

1. [(4 — 16x)sin4xdx. 2. f d 3.
4.f sin2xcos3xdx. 5. fzn ’:;Z‘:;‘x
+o0 2xdx

6f (e +7x +12) cosxdx. 7. [_ . 8. y = e ¥ egri
ChIZIg iva y=0, x =0, x =1to‘g‘ri chiziglari bilan
chegaralangan figuraning OX o‘qi atrofida aylanishidan hosil
bo‘lgan jismning hajmi topilsin.

Vx+I+2 dx
(x+1)2—Vx+1

6-variant
2 3x3+25 dx
1 [In(x*+4)dx. 2. 2+3x+2 f\/ﬂ%_
Z 2cosx +3sinx 2
4.f—5+4sinx - 5.J5 o 3c00) dx. 6.f0 (2x% + 4x + 7) cos2xdx.
7-foo S 8.x= a(t —sint), y = a(1 — cost)

—o0 x242x+2
sikloidaning yarmining OX o‘qi atrofida aylanishidan hosil bo‘lgan

jism sirtining yuzasi hisoblansin.

88



7-variant
(x3+2x2+3)
x-1)(x-2)(x-3)

1
. = 8x—arctg 2x
4.f sin®xcos2xdx. 5. [f ——=dx.
X

6.f, (9x* + 9x + 11) cos3xdx. 7fmw.

8. quyidagi chiziglar bilan chegaralangan tekls yuza hisoblansin
y=e*, y=e* x=1.

1. f(5x — 2)e3*dx. 2. dx.3. [/(x — 1)(x — 2)dx.

8-variant

_ 2x 3x342x2 +1
LA —6x)e*dx. 2. f(xz 4)(x+1) f?/(x Dx+1)?

o
4. sind4xcos5xdx. 5. fl e
6.f, (8x* + 16x + 17)cos4x dx. 7. fooo xe ™ dx
8. quyidagi chiziglar bilan chegaralangan tekis yuza hisoblansin
y=Inx y=In’x.

9-variant
2 x3-1
L[+ 4xNdx. 2 [ omdx 3 s W —dx.
2—sinx 1 xdx 2
4.2 dx. 5. [ 526, [ (3x% + 5) cos2xdx.

7. fooo e Vdx. 8.quyidagi chiziglar bilan chegaralangan tekis
yuza hisoblansin x? + y2 + 6x — 2y + 8 = 0, y = x% + 6x + 10.

10-variant
. (2x—3)dx Vx+5
1. f(2 —4x)sm2xdx. 2. fm 3f . d
. 2
4, fsm5xdx 5. f\/— \/% 6. J," (2x? — 15) cos3xdx.

7. fl - 2+ T = a./cosZgo egri chizig‘i, unga x=0 nugtada
o‘tgan urinma va OX o‘qi bilan chegaralangan tekis yuza
hisoblansin.

11-variant

1. [ xsin?xdx. 2. [ — 3f X

4x2
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V3 T2 .3
5. f\/f\/ﬁ 6. fO x“ e *dx.
= [nx egri chizig‘i, unga x=0 nuqtada o‘tgan

4. [ x8sin’xcos®xdx.

1 dx
Th s &Y

urinma va OX o‘qi bilan chegaralangan tekis yuza hisoblansin

12-variant
-2 — M Vr+3x
1. [ e™?*(4x — 3)dx. 2.f(x e 4) f{/_ 6\/_
V3 arctgx +x 2T _ 2
4. fl s3mx . D J-0 1422 dx. 6. fO (1 8x )COS4X dx.
7. fz YA gy = asin3¢ egri chizig’i bilan chegaralangan tekis

0 Vé4—x2 "
yuza hisoblansin.

13-variant
(5x3+2)

dx
x3+5x2+4x dx. Bf (1—x)51/(1+x)2.

4. [ cos*xdx. 5. f\/—’”ﬁ# . 6. f_04(x2 + 2x + 1) sin3xdx.

7. f3 Z dxz 8.y = Inx egri chizig‘ining V3 < x < /8 oraliqdagi
yoy uzunllgl hisoblansin.

1. [e3*(2—9x)dx. 2. |

14-variant

32xdx dx
1. [ arctgVv2x — 1dx. 2. f(Zx—l)(4x2—16x+15)' 3. f—ﬁx+1)2(x—l)4'

3
4. [ sin3xdx. 5. foll_t7dx. 6. f03(x2 — 3x) sin2xdx.
7. —sin—dx. 8.y= arcsinie™) egri chizig‘ining
t

0 < x <1 oraligdagi yoy uzunligi hisoblansin.
15-variant

1. [arctgV3x — ldx. 2. f%d 3. ——&
27 x<2+3\/xxz>
sin resinx )2 T .

4. [ sin®xdx. 5. [ 1%daa 6. J, (x* = 3x + 2) sinxdx.

7.fO°° e “sinbxdx. 8. Quyidagi egri chizigning berilgan

oraligdagi yoy uzunligi hisoblansin

{x = 2(0(.)st + tsint) <t<®
y = 2(sint — tcost) 2
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16-variant
1. [arctgV5x — ldx. 2. f(x 2 e 3 f—dx

x—2)3

4. [ cos3xdx. 5. f3 \/E(x\i_l) dx. 6. fOZ(x2 — 5x + 6)sin3x dx.
7. fooo e *sinxdx. 8.y = xe* egrichizigtihamday =0, x =1
to‘g‘ri chiziglari bilan chegaralangan figuraning OX o‘qi atrofida
aylanishidan hosil bo‘lgan jismning hajmi hisoblansin.

17-variant
xdx xdx
1. [(5x + 6)cos2xdx. 2. f( ETAETE 3.f W
inxd .
4fsmsxlr;% fﬁ x«/ﬁ 6. [ ,(x* + 6x +9) sin2xdx.
7. f°° amgx dx .8.Quyidagi egri chizigning berilgan oraliqdagi yoy
10cos3t
<t<Z
uzunllgl hisoblansin {y — 10sin3t Osts<-.
18-variant

4_r.3 2
L. [(7x — 10)sindxdx. 2. [0 dx, 3. [

4. [ 5 [ 129 gy 6, f_Ol(x+2)3ln2(x+2) dx.

1+tgx (x—sinx)?

1 xd 2 2 Lo o .
7., J’% 8.%+% = 1. ellipsning OX o‘qi atrofida

aylanishidan hosil bo‘lgan jismning hajmi hisoblansin.

19-variant
(x+1)dx xdx
1 f(x\/E - 3)c052xdx. 2.J (x2+4x+5)2" 3.J V2x+3"

4. [ 2*sin® ( )dx 5. f\/— \/_ 6. J2(1 — 5x?) sinxdx.
7.J xe " dx . 8.y= 2x — x? parabolani y=-x to‘g‘ri chizig‘i
kesishdan hosil bo‘lgan segmentning yuzasi hisoblansin.

20-variant
xdx
1. [(4x + 7)0053xd92c. 2. f(x+a)(x+b) 3. T
dx e x2+inx? N
4. f1+coszx' 5. fl x dx. 6. f% (3x — x*)sin2x dx.
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s xx3df1. 8.x% + (y — 3)* = 16 doiraning OX o‘qi atrofida

aylanishidan hosil bo‘lgan torning sirt yuzasi hisoblansin.
21-variant

1. [ 2xe3*dx. 2. fﬁ x 3. fx +m dx. 4.[ ctg®x dx.

5.f08(3\/§ —2x)dx. 6. fOZ e?*cosx dx. 7.f1°° 2+C%dx

8 y=Inx, x =+/3, x =+/8, chiziglar bilan chegaralangan
yassi figuraning yuzini hisoblang.

22-variant
1fln(3x—5)dx 2. [tz 32— 4 Xy
2xtta3 O P T W sin3x
1 xdx 3 xdx © arctgx
5. fo (x241)2 fz sin2x’ f x dx.

8 Quyidagi parabolalar bilan chegaralangan yassi figuraning yuzini
hisoblang: x = —2y?, x =1-—3y?2
23-variant

31—x

dx. 4ftgPxdx.

+oo dx
x3+8°
8. x = 0 x =2 to g‘ri chiziglar va y = 2%,y = 2x — x? egri
chiziglari bilan chegaralangan yassi figuraning yuzini hisoblang:
24-variant
1.[ xarctg dx. 2.f =22 dx 3f3 x 4 [
3+2x2+5x \/—+1 costx

5.f0 cos® x dx. 6f 702 (a>1).

1- 4sm y' a xInx
8. y = x% + 1 parabolava x +y = 3 to‘g‘ri chizig‘i bilan che-
garalangan yassi figuraning yuzini hisoblang.

5. f_z e —dx. 6. fz sin2x sin7x dx. 7f

25-variant
2 . x+1 \/;-1-3\/; 7
L[ e**sin5x dx. 2.[———dx. BIW—W' 4. tg”x dx.
1+cos2x x dx ) dx 2
5f dx. 6. f03 " 7.f_00 iy 8. y° =4x,

x% = 4y va x? +y? =5 egri chiziglari bilan chegaralangan
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yassi figuraning birinchi chorakdagi gismining yuzini hisoblang.
26-variant

3 5x—14 sin x
1f 2x°cosx dx. Zf x34x2—4x+4 dx. 2f(1 OV1I—x2Z" fcos 6x dx

x dx ooarctg _ 2
5f0 — Zde 6f03ms T ), 7= 8 y=0C-49?

y =16 —x? va 0X o‘qi bilan chegaralangan yassi figuraning
yuzini hisoblang:

27-variant

1.[ 3x%e*dx. 2.f dx. 3.J(x—2) |5 g

x2-5x+6
3 5 3
4.f sin*xcos®x dx. 5.f"_sin de 6.f0 x> (1 —x) dx

7.ff°@dx. 8. Quyidagi parabolalar bilan chegaralangan
yassi figuraning yuzini hisoblang: x =y?, «x= %yz + 1.

28-variant
x3 (x+3)dx sinx

1.f Vx Inx dx. 2'£x2—5x+6' 3= A i
5.f016 \/Wd:_ﬁ. 6.J2 cos®xsin 2x dx. 7.f0°° e *sinx dx.
8.r = cosf aylana yoyining uzunligini hisoblang.

29-variant

5x+4 1

1f3x e VxZt2x+2 W raw Ll 4'f cos *sinx
5flln7e <2 dx. 6f2xcosxdx 7.7

e*+1 2 x2+x/T
8.y = x? + 4x parabolava y = x + 4 to‘g‘ri chiziqlari bilan
chegaralangan yassi figuraning yuzini hisoblang:
30-variant
x +3x +3x+1

1.f(2x* + Vcosx dx. 2.f dx. 3f(x+1)sm

4. 5% gy 5]”"“1”")d Gfe 1ln(x+1)dx 7.0

cosx 2(1+x) '
8.y = x? — 4x parabolavay = 4 — 4x to‘g‘ri chiziglari bilan
chegaralangan yassi figuraning yuzini hisoblang.
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DIFFERENSIAL TENGLAMALAR
Birinchi tartibli tenglamalar

F(x,y,y")=0 (1)
yoki

y'=f(xy) 2
ko‘rinishdagi tenglamalar birinchi tartibli differensial tenglamalar
deyiladi. Bu tenglamalarning (a,b) intervaldagi yechimi deb
shunday y = f(X) funksiyaga aytamizki, uni va uning hosilasini
(1) va (2) tenglamlarga go‘yganda, bu tengliklar ixtiyoriy
xe(a,b) larda ayniyatga aylanadi. Bu yechimni oshkormas
ko‘rinishda aniglovchi @( X,y )=0 funksiya differensial tengla-
maning xususiy integrali deb ataladi. Uning grafigi esa differensial
tenglamaning integral chizig‘i deb ataladi. (1) yoki (2) tenglama-
ning G sohadagi umumiy yechimi deb x argumentga va C ihtiyoriy
o‘zgarmasga bog‘liq bo‘lgan shunday y=¢@(x,C) funksiyaga
aytiladiki, u C o‘zgarmasning har qanday giymatida (1) yoki (2)
tenglamaning yechimi bo‘ladi va G sohsning har ganday (Xg,Yq )
nuqtasi uchun C parametrning Yy, = ¢( Xy ,Cyp ) shartni ganoatlanti-
ruvchi yagona Cgqiymati topiladi. Umumiy yechimni oshkormas

ko‘rinishda aniglovchi @(X,y,C)=0 funksiya esa bu tengla-

maning umumiy integrali deb ataladi
O¢zgaruvchilari ajraluvchi tenglamalar

y' = f(x,y) differensial tenglamada f(X,Y)  funksiya
f,(X)- f,(Y) ko‘rinishdagi ko‘paytuvchilarga ajralgan bo‘lsa,
bu tenglama quyidagi ko‘rinishga keladi:

LR

yoki

dy

= f,(x)dx.
f,(y)
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Bu oxirgi tenglikni integrallab, berilgan tenglamaning umumiy ye-
chimini hosil gilamiz. Xuddi shuning kabi
M(x,y)dx+ N(x,y)dy=0
differensial tenglama berilgan bo‘lsa va
M(X,y)=M,(x)-M,(y)
N(x,y)=N;(x)-N,(y)
ko‘paytuvchilarga ajralsa, u holda berilgan tenglama quyidagi
ko‘rinishga keladi:
Ml(x)dX:_ Nz(y) dy
N, (x) M.(y)
Buni avallgidek integrallab tenglamaning umumiy yechimini to-
pamiz.
Bir jinsli tenglamalar
Agar birinchi tartibli differensial tenglamani

y'=1()
ko‘rinishga keltirish mumkin bo‘lsa u bir jinsli deb ataladi . Bu

tenglamani y_ u( x) almashtirish yordamida o‘zgaruvchilari ajra-
X

luvchi tenglamaga keltiriladi. Ya’ni Y = X-U b o‘lib, undan
y'=u+ U’ - Xni hosil gilamiz. Ularni berilgan tenglamaga qo‘yib
u+u’-x= f(u) o‘zgaruvchilari ajraluvchi tenglama hosil gi-
lamiz. Uni yechib u =u( x,C ) yechimni topamiz va U

o‘zgaruvchidan Y. larga qaytib y = ¢( x,C ) yechimni olamiz.
X
Birinchi tartibli chizigli tenglama

Agar birinchi tartibli differensial tenglama y va Y’ larni birinchi

tartibda oz ichiga olsa, yani
y'=P(x)y +Q(x)
ko‘rinishda bo‘lsa, u chizigli deyiladi.
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Agar Q(x)=0 bo‘lsa, u holda berilgan tenglama
y'=P(x)y

ko‘rinishdagi chizigli bir jinsli tenglamaga keladi. Bu tenglamani
o‘zgaruvchilari ajraluvchi tenglama bo‘lib uning yechimi.
y _C. ejp(x)dx

ko‘rinishda bo‘ladi, bunda C — ixtiyoriy o‘zgarmas son, I P(x)dx
esa P(x) funksiyaning biror boshlangichi. Berilgan chizigli
tenglama

y(x)=u(x)-v(x)
almashtirish yordamida quyidagi ko‘rinishga keltiriladi:

V(d—u— P(x)uj+(ﬂu —Q(x)jzo
dx dx
Birinchi gavsni nolga tenglab U = U1( X )— xususiy yechim topi-
ladi. Ikkinchi gavsdagi U(X)o‘rniga U,(X) ni go‘yib va uni
nolga tenglab vV =V,(X,C) umumiy yechimini topamiz. Bular-
dan esa berilgan tenglamaning umumiy yechimini topamiz:
y:ul(x)'vl(xic).
To‘la differensialli tenglamalar
P(x,y)dx+Q(x,y)dy =0

tenglama to‘la differensialli tenglama deyiladi agar uning chap
gismi biror U( X,y ) funksiyaning to‘la differensial bo‘Isa, yani

0
P(xy) =2 Q(X,y)=Z;

bo‘lsa.
Berilgan tenglamaning to‘la differensialligini ko‘rsatish uchun

oP(x,y) _ 0Q(x,Y)
oy X
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shartni tekshirish zarur va yetarlidir. Agar bu shart bajarilsa bu
tenglamani  du( X,y ) =0Kko‘rinishida yozish mumkin va uning
umumiy integrali u(X,y)=C ko‘rinishda bo‘ladi, bunda C - ix-
tiyoriy o‘zgarmas son.
u(X,y) ni topish uchun, avvalo

ou

&:P(X!y)

ni x bo‘yicha, y- tayinlangan deb integrallaymiz va integrallash
o‘zgarmasini y ning funksiyasi sifatida olamiz, va quyidagini hosil

gilamiz:

u(x,y)=[P(x,y)dx+e(y)
So‘ngra

o= 2 POy + () =Q(xy)

tenglikdan ¢@('y) ni topib va uni yuqoridagi tenglikka go‘yib
u(x,y) ni hosil gilamiz.
Yugori tartibli differensiyal tenglamalar

a) y"= f(X) ko‘rinishdagi tenglama.
Bu tenglamani 2 marta integrallash natijasida
y=[dx[ f(x)dx+ Ax+ B ko‘rinishdagi yechimini topamiz. Bu
yerda A va B lar ixtiyoriy o‘zgamas sonlar.
b) F(x,y’,y")=0 ko‘rinishdagi tenglama.

Bu tenglamada noma’lum y funksiya ishtirok etmaydi. Uning
tartibi Yy’ = p(X) almashtirish yordamida 1 birlikka tushiriladi.
y"=p'(X) ni topib berilgan tenglamaga qo‘yamiz va
F(X,p,p")=0 ni hosil gilamiz. So‘ngra p=¢(x,C,) ni topib
y'=p(x) gagoyib y'=¢(x,C,) dan y=[e(x,C,)dx+C,
yechimni hosil gilamiz.
c) F(y,y',y")=0 ko‘rinishdagi tenglama.
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Bu tenglamada erkli o‘zgaruvchi x — ishtirok etmaydi. y'= p(y)
almashtirish yordamida uning tartibi 1  birlikka tushiriladi.
y"=p'y'=p’p ni topib berilgan tenglamaga qo‘yamiz va
F(y,p,p")=0 tenglamaga kelamiz. Uni yechib p=¢(y,C,)
yechimini hosil gilamiz va almashtirishga go‘yib
y'=¢(y,C,) ni hosil gilamiz . Undan esa y =w(x,C,,C,) ye-
chimni hosil gilamiz.
Chiziqgli bir jinsli, o‘zgarmas koeffitsientli differensial tengla-
malar
y'+a,y +a,y=0
ko‘rinishdagi tenglamalar chiziqli bir jinsli, o‘zgarmas koeffitsien-
tli differensiyal tenglamalar deyiladi. Bu yerda a,,a, lar ixtiyoriy
o‘zgarmas sonlar .

Uning hususiy yechimlarini y = e™ ko‘rinishda qidiramiz.
y=e™y =e™,y"=2e™ lami berilgan tenglamaga
go‘yib va ikkala tomonini e™ ga bo‘lib

A +ad+a,=0
harakteristik tenglamani topamiz.
Uni yechib 4, va A, ildizlarini topamiz.
3 xil hol bo‘lishi mumkin:
1). 1% A2 haqigiy.
2) A =a £ 1 qo‘shma kompleks sonlar,
3) A1= A, 2Kkarrali haqiqiy ildiz .
1) Agar harakteristik tenglamaning ikkita turli haqiqgiy ildizlari
bo‘lsa u holda berilgan tenglama Y, = e va Yy, = e’? xusu-
siy yechimlarga ega bo‘ladi. Ularning chiziqli kombinatsiyasi
y — Cle/'LlX
bo‘ladi .
2) Agar A= *if bo‘lsa berilgan tenglama

+ Czeﬂzx berilgan tenglamaning umumiy yechimi
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y, =e“ sin fx,y, =e” cos X xususiy yechimlarga ega
bo‘ladi va ularning chiziqli kombinatsiyasi

y=C,e™ sin fx+C,e”™ cos X berilgan tenglamaning
umumiy yechimi bo‘ladi

3) A 1= A,bo‘lsa berilgan tenglamaning bitta xususiy yechimi

A
y, =€, ikkinchisi esa Y, = X€"*" bo‘ladi.
y=C,e™™ +C,xe”?* esa umumiy yechim bo‘ladi .

Chiziqgli bir jinslimas, o‘zgarmas Kkoeffitsientli differensiyal
tenglamalar
y”+a1y,+a2y: f(x)
Bu tenglamaning umumiy yechimi y =y, + y ko‘rinishda izlana-

di. Bunda Yo — berilgan tenglamaga mos, bir jinsli differentsiyal
tenglama y"+a,y’'+a,y=0 ning umumiy yechimi. Yy esa

berilgan tenglamani ganoatlantiruvchi biror xususiy yechim.
Differensiyal tenglamalar sistemasi

Bu sistemani yechishining usullaridan biri noma’lumlarni
yo‘qotish usulidir. Bunda tenglama bir noma’lumli ikkinchi daraja-
li tenglamaga keladi va uni yechib birinchi noma’lum topiladi
so‘ngra ikkinchi noma’lum topiladi.

Koshi masalasi.
F(x,y,y")=0 tenglama berilgan. Masala bu tenglamaning

Y(X,)=Y, boshlang‘ish shartni qanoatlantiruvchi xususiy ye-
chimini topish bo‘lsin. Avvalo berilgan tenglamani biror usul bilan
yechib uning umumiy yechimini topamiz: Y= f(X,C).
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So‘ngra X va y o‘zgaruvchilar o‘rniga X, ,Y, larni go‘yib C ning
mos giymatini topamiz. Uni umumiy Yyechimiga qo‘yib
y = f(X,C, ) xususiy yechimini topamiz.
Hisoblash uchun vazifalar

1 —vazifa. 1, 2, 3 — masalalarda birinchi tartibli differensial ten-
glamaning umumiy yechimini toping.
2 — vazifa. 4 — masalada birinchi tartibli differensial tenglama
uchun Koshi masalasini yeching.
3 — vazifa. 5 — masalada (masalani shartiga garab) differensial
tenglamaning xususiy yoki umumiy yechimini toping.
4 — vazifa. 6 — masalada o‘zgarmas koeffitsientli chiziqli bir jin-
slimas differensial tenglamaning umumiy yechimini toping.
5 —vazifa. 7 —masalada o‘zgarmas koeffitsientli chizigli bir jinsli
differensial tenglamalar sistamasini yeching:
a) yuqori tartibli bitta tenglamaga keltirish usulida;
b) matritsalar usulida;
C) sistemalar yechimini turg‘unligini tekshiring.

Namunaviy variant
1-masala. xy —y=1y3 tenglamani umumiy yechimi topilsin.
Yechish: Bu tenglama o‘zgaruvchilari ajraladigan differensial
tenglamadir. Uni quyidagicha yozamiz:

dy 3
x—=y+y
So'ngra o'zgaruvchilarini ajratamiz:
dy _dx . <1 y )d _dx
y(y2+1) «x erH y v +1)9Y T

tenglamani ikkala tomonini integrallaymiz:
1
Inlyl =z In(y* + 1) = Inlx-c|, c#0.

Natijada y=Cx{y?+1 .
Javobi:  y=Cx{y*+1 .

2 — masala. ydx + (2,/xy —x)dy = 0 tenglamani umumiy
yechimi topilsin.
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Yechish: Berilgan tenglama bir jinsli tenglama bo‘lganligidan uni
quyidagicha yozamiz:

Y
A S S 2
dx x—2 /xy dx 1-2 %
So‘ng y=wu-x anMamTupui 6axxkapamus,
dy  du N
dx x dx v
U holda berilgan tenglama:
du+ u K 1—2\/ﬂd dx bolladi
X—TU=—"F7= OKl1 ——au = — O lad1l .
dx 1—2va ~ 212 x
Buni integlallab In|x| = —\/% — In|u| + C ni hosil gilamiz.

1

-y ; = _ |*
ﬁ+C,y—x u edi,unda In|y]| \/;+C

Javobi: In|y|=C —\/%

Bundan In|ux| =

3 —masala.
2x y? — 3x?
F dx + Td}/ =0
tenglamaning umumiy yechimi topilsin.
Yechish: Berilgan tenglama to‘la differensial tenglama ekanini

f H : 2x y2—3x?
ko‘rsatamiz. Buning uchun, M(x;y) =37 Ba N(x;y) = i
deb olamiz:

aM  6x dN _ 6xd de_dN
dy ~ yt dx .yt MGy Ty
bo‘lganligidan

x y
fM(x;y)dx + .[N(x; ydy=C x,=0, yp=1 desak

X0 Yo
X
2x y? x2 1
J‘Fdx+f}7dy=6 yok1F—§=C.
0 1
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Javobi: x% —y? = Cy3.
4 — masala.

Koshi masalasi yechilsin.
Yechish:  Bu differensial tenglama chizigli bo‘lganligi uchun
Bernulli usulida yechamiz. Yechimni y=u-v ko‘rinishda
izlaymiz.
r I 1 ! ’

+ — tgx = —— yoki + —vt =
uvlvu uv tgx = —— yoki uv u(v —vtgx)

cosx’

Bundan ,
v —vtgx =0
, 1
uv =
coSsx

ni hosil gilamiz. Sistemaning birinchi tenglamasini integrallab:
1

cosx
ni hosil gilamiz. v =$ — ni giymatini ikkinchi tenglamaga
go‘yib:
1 1

! —

S cosx  cosx .
ni hosil gilamiz. Bundan u=x+c bo‘ladi. u vav ning

topilgan giymatlarini y=u-v ga go‘ysak, umumiy yechim

Y= (x + C) COSX
bo‘ladi. y) =0 boshlang‘ich shartni qo‘llasak, C=0 hosil
bo‘ladi. Unda Koshi masalasini yechimi

B 1
] y=x cosx
Javobi:
_ X
Y= CcoSX

5-masala. y"y3+25=0 tenglamaning y(2)=-5, y'(2)=-1
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boshlang‘ich shartlarni ganoatlantiruvchi yechimi topilsin.
Yechish: Bu tenglamani tartibini pasaytirish yo‘li bilan yechamiz:
y =p(y), v =p-p.Bu qiymatlarni berilgan tenglamaga
go‘ysak:

pp -y3+25=0

yoki
dp
35p—+25=0.
y de +
O‘zgaruvchilarini ajratamiz:
25
pdp = —de
bundan
p° 25 ¢
2 2y 2
yoki
2
V25 + Cyy?
p(y) = = L LA,

y

1/ 25+ C1y22

qilamiz. C; — ixtiyoriy o‘zgarmasni boshlang‘ich shartdan
topamiz:

y = p(y) ni e'tiborga olsak: y = + ni hosil

25+ C; - 25
—1 = i——S
yoki 5=5,/1+ C;.Bundan C;=0. C; ning giymatini oxirgi
tenglamaga qo‘ysak

! + 5
Yy == y
hosil bo‘ladi.
Buni integrallasak:
2
7 = in + Cz

ga ega bo‘lamiz. Bu tenglikni integrallabva y(2)-y @ =5 ni
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hisobga olib %= 5x +C, ni hosil gilamiz. y(2) = 5

shartdan C, nitopamiz:

25 _ 5:2+C,, C, = >

; 2 2r T

Demak, y? = 5x +g yoki y? =10x +5.
Javobi: y? = 10x + 5.

6 — masala. y"+9y=cos2x  tenglamaning umumiy yechimi
topilsin.
Yechish: Bu yerda xarakteristik tenglama k? +9 =0 ¢go‘shma
kompleks ildizga ega bo‘ladi: k,, = £3i . U holda bir jinsli

tenglamaning umumiy yechimi
y = C;cos3x + C,sin3x
bo'ladi . Bir jinsli bo‘Imagan tenglamaning xususiy yechimini
quyidagicha izlaymiz:
y = Acos2x + Bsin2x
A va B o‘zgarmas sonlarni anigmas koeffitsientlar usulidan
foydalanib topamiz:
y' = —2Asin2x + 2Bcos2x ,
y'"' = —4Acos2x — 4Bsin2x .
Bularni berilgan tenglamaga go‘yamiz
5Acos2x + 5Bsin2x = cos2x
Bundan

B=0 . B =
larni hosil gilamiz.
Berilgan tenglamaning xususiy yechimi

o ul] -

y = < cos2x

bo‘ladi .Umumiy yechim esa:

1
y = Cicos3x + C,sin3x + ECOSZX
Javobi. y = Cycos3x + C,sin3x + %COSZX.
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7 —masala

y=x
tenglamalar sistemasini umumiy yechimi topilsin va turg‘unligi
tekshirilsin.
Yechish:
a) Yechimni bitta bir jinsli tenglamaga keltirib toping;
Sistemani birinchi tenglamasini differensiallaymiz.
X = —y, bunda y ning giymatini ikkinchi tenglamaga qo‘yamiz:
—X=x ¢éku X+x=0.
Bu tenglamaning umumiy yechimi

x(t) = Cycost + C,sint
bo'ladi.

Hng

Endi
y=-X
dan
y(t) = —(—C;sint + C,cost)
yoki  y(t) = Cysint — C,cost ni hosil gilamiz.
Shunday qilib C;, C, ixtiyoriy o‘zgarmaslar uchun sistemaning
umumiy yechimi:
x(t) = Cjcost + C,sint
{y(t) = (C;sint — C,cost
b) Sistemani matritsa usulida yechamiz.
Berilgan sistemani matritsa ko‘rinishida yozamiz:
dx _ _ x(t) 0 -1
E—Ax, bu yerda x_<y(t)> A_<1 0).
U holda sistemani umumiy yechimi x(t) = ®(t)-C bo‘ladi.
Bu yerda:  ®(t) - hagiqgiy xususiy yechimining fundamental

matritsasi: C = (g;) — ixtiyoriy o‘zgarmasining matritsasi.

Xarakteristik tenglama tuzamiz: det(4 — AE) = |I’1 :1| =0

Uningildizi A, = +i dir.
Endi B matritsa tuzamiz (xarakteristik tenglamaning ildizlari har
xil haqgiqiy bo‘lganda B matritsa 4  matritsaning kanonik
ko‘rinishiga teng bo‘ladi):
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-, °)
\0 —i
Fundamental kanonik matritsa tuzamiz:
et 0
H(t) = eft = (0 e_it>.
a a
S =< 11 12)
. i Q21 Gz -
matritsa tuzamiz, u A4-S=S-B shartni ganoatlantiradi.
(0 - 1) <a11 ‘112) _ <a11 a12> ( i 0 )
1 0 Ay /) \ay ap 0 —i
a1, a2,  Qy1, Ay Sonlarni topish uchun 4ta tenglamadan 2ta
har xil tenglamani olamiz.
{ —Qy = i‘_111
—Qpp; = —ldgp _ )
all = 1 ) a12 = 1 deb Ollb a21 = _l ) (122 = l |aml hOS”
gilamiz. Demak,
1 1
s=(; )
—l l

Berilgan sistemaning yechimini fundamental matritsasi,
d(t) =S-H(t)

CD(t)—<1 1) et 0
\=i i/J\0 e
bo‘ladi. Hagigiy va mavhum gismlarini ajratib
cost sint
o) = ( )
sint — cost
ni topamiz. Sistemaning umumiy yechimi

(0 = ( cost sint )(Cl) _ (Clcost + Czsint)
= sint — cost/ \(C, - Cisint — Cycost

yoki

Javobi:
{x(t) = (C;cost + C,sint
y(t) = C;sint — C,cost
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c) Berilgan tenglamalar sistemasini x(t)=0, y(t)=0 tinch nuqtadagi
trivial yechimini turg‘unligini tekshiramiz.
Xarakteristik tenglamalarni ildizi go‘shma komleks bo‘lganligi
A=+i Ba Red=0 , Jn A==1+#0 dantinch nugtada sistema
turg‘undir va tinch nugta — markazdir.
Variantlar
1-variant

, 2
1. 4xdx — 3ydy = 3x%ydy — 2x%ydx. 2.y = i_z + 4% + 2.
3.3x%e¥dx + (x%¢? — 1dy =0. 4.y —L=x2 y(1) =0.

X

5. 4y%y" =y*—16, y(0)=2v2, y'(0) ==

7
v ot ox x=2x+Yy,
6.y 2y =e“* +x. 7'{y=3x+4y.
2-variant
1.4 + y2dx — ydy = x%ydy. 2.y = %
242502 = X 0s
3(3x + 5057 ) dx = ;26057 dy.
4.y" + ycosx = Sinzzx,y(o) = 0.
5.y" =128y y(0) =1,y (0) =8. 6.y" —y = 2e* + cosx.
xX=x-Y,
’. {y =y —4x.
3-variant
_ _ 2 _ 2 r_ 3y3+2yx2 y
l.6xdx — 6ydy = 2x“ydy — 3xy“d.2. xy = 257 ix? +4x + 2.

3. 3x% + 4y?)dx + (8xy + e¥)dy = 0.4.y — yctgx =
= 2xsinx, y(g) =0.5yy3+64=0 y(0)=4,y(0)=2.
x =8y —x,
y=x+y.
4-variant

LxJ1+y24+yy'V1+x2=0.2.xy = /x2+y2+y.
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3. (Zx —-1- :—2) dx — (Zy — %) dy = 04. y + ytgx = cos?x,

T

1 " . ’

y(Z) == 5 y =32sin’y-cos5y, y() =3, y (1) =4
" oy x=x+y,
6.y +y=2e*. T. {y= 3y — 2x.
5-variant
, 2
1. {3+ y%dx —ydy = x*ydy. 2.2y = z—2+ 6§+ 3.
3. (% + ysec?x)dx + (2xy + tgx)dy = 0.
Y 2 —

4.y = =Xt +2x, y(0)=0.

59" =2y3,  y(-1)=1, y(-1) =1

" Qs x =x—3y,
6.y —4y = 8sin2x. 7. {y “3xty
6-variant
, 3 2
1. xy3 + y?dx + yvV2 + x?dy = 0. 2. xy _ 3y ity

2y2+2x2
3. 3x2y + 2y + 3)dx + (x* + 2x + 3y2)dy = 0.
4y —2==e*(x+1), y(0) =1 5x%" +xy =1

" g = 2x X =—5y —x,
6.y 4y = 24e“*. 7'{y=x+y.
7-variant
1. (e?* +5)dy + ye?*dx =0. 2.y = %
3.(*; )dx+< e ———)dy—O

4, y —i—/—XSlnx y(—):lS tgx y =2y”.

_ x=2x+y,
6. y + 16y = 16cos4x. 7. {y —2y—7x.

8-variant
, ’1_x2 ,
lyy 1—y2=_1' 2xy =2m+y.
3. [sin2x — 2cos(x + y)]dx — 2cos(x + y)dy = 0.
4, y’ +i—/ = Sinx, y(T[) = % . 5. (1 + xZ)y” + nyr _ x3_
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—3x 7 {X =3x — vy,
' "y =4x—y.
9-variant

' 3 2
1. x5+ y%dx + yv4 + x?dy = 0. 2. xy — 3y +oyx

2y2+3x2 '

6.y +3y =—e

3.(x% + y? + 2x)dx + 2xydy = 04.y' + 1+x2,y(0):§_
x=7x+3y,

y = 6x + 4y.

y=

y =2x.6.y —36y =36e°. 7.{
10-variant

1. 6xdx — 6ydy = 3x?ydy — 2xy?*dx. 2.3y = i—z + 8% + 4.

3.(x+y)dx+ (e +x+2y)dy=0.4.y +2y—x=x2, y(1) =1

1+2

5.y" +1+2

4" 3. _ " ' _ 3 x = 4x — 3y,
5.x%y +x°y =4. 6.y +3y =e '7'{y=3x+4y.
11-variant
_ - 5 e 2
1. y@G+e¥)dy—e*dx=0. 2. y = Ty 3. xy“dx+
+y(x? +y?)dy =04. y _2x 5y=5, y(2)=4. 5. y" —
_ " _ " x=x+4‘y,
36y = 299(cos7x + sin7x).6.y tgx=y . 7. {y= 2x + 3y.
12-variant
1.Va—x2y +xy? +x=0. 2.xy = 2x2—yZ+y.
3.(m+y>dx+<x+\/—)dy—0
4.y +——m *y(1) =e. 52xy =y".

" _ x =x+ 5y,
6.y + 25y = 20cos5x. 7. {y —x—3y.

13-variant
, 2
1. 2xdx — 2ydy = x*ydy —xy?dx. 2.y = z_z + 6% +6.

3“”d+1”@_04y+ oy =1

x =3x + 2y,

nr H_ mnr " ,_ _ 2
S.xy +xy =16y +3y +2y =1 x.7.{y=_2x+y_
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14-variant

, 3_g 2
x4+ yidx + yV1+ x2dy =0.2. xy = 3y~ —6yx”

Ty

2y2+4x2
d 2 /
_x_“i dy =0.4.y —i—/= -= y(l) =45 xy" +2y =0.
v mo_ _ X =x-+ 4y,
By +y =6x—1. 7'{y=x+y.
15-variant

( x4 8)d _ Xdx =0 2 v x?+42xy—y?
. (e y —ye*dx = 0. Ly = Zizey

X _xy+1 _ '_E _ .3 —_E
dx " dy=0. 4.y xy—x,y(l)— -

5
Yy =32, y® =1 y(# =4

///_ " /_ _ x x:3x+y’
Y 4y +4y = (x—1e”~. 7'{y=x+3y.

16-variant
5y yWI—aZ =0, 2.0y =3/xT+ 52 +y.
.(xex+;)dx———0 4.y'+§=3x, y(1) =1
Vyi+16=0, y1)=2 y@) =2
v "o x=x-=2y,
. + =12x+6. 7.{
Y Y X w=x-y.
17-variant
, 2
. 6xdx — ydy = yx*dy — 3xy*dx. 2.2y =5 +82+4
.(10xy——)dx+(5x t52,
y —1+2+1+x, y(l)—3.
Ly =2y7, y-D=1 y(-)=1

" A X x=x-—13y,
.y +2y =4e*(sinx + cosx). 7. {y —3x+y.

xcosy

— y2siny )dy =0.

18-variant

r_ r_ 3y3+10yx2
.ylny +xy =0. 2.xy = e
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y xdy o 2x—1

3. (>,c,2+y2 + e") dx — iyl 0. 4.y ,= = y+1LyQ) =1
5y ¥ +y=0 y(0)=-1, y(0)=—2é

" ’ o X=X y;
6.y +y +5y=—sin2x. 7. {y — 3% + 6.

19-variant
\Na x T xz+3xy—y2

1L.(A+e")y =ye”. 2.y = o

3.eYdx + (cosy + xe”)dy = 0. 4.y + 3x—y = x% y(1) =1.
5.y%" =4(y* - 1), y(0) =v2, y'(0) =2

1z _ . X = Sx + y,
6.y +y = 2cos4x + 3sindx. 7. {y — _3x + 3y.

20-variant
1.V1—x%2y + xy* +x = 0. 2.xy =32x2 +y2 +y.
3. (3 + cosx)dx + (3xy? + e?)dy = 0.
4.y +2xy = —2x3, y(1) = e .

5.xy =2. 6.y —4y + 4y = e?*sin5x.
7 x =x+ 6y,
'{y:—2x+9y.
21-variant
L V3 ¥ y%dx — ydy = x2ydy. 2.y =T >
. y yay yay. 2.y 6x—y—6

3.2xydx + (x? —y*)dy = 0. 4.y +% =3x, y()=1
5.y" —2y +10y = 74sin3x, y(0=6, y 0) =3.

6.y —2xy+2y=e*+ 7<x=2x+y
.y Xy y=e XCOSX. . y=4y—x'
22-variant
Lx(4+y)dx+y(1+3x*)dy=0. 2.y = —xf_yl_s-

3.v%(ydx — 2xdy) = x3(xdy — 2ydx).
4
4y +2=xy1) =1
y +-=xy1)

Z y ’
5.y b =x(x—-1),y2)=1y (2)=-1.
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" ’ _ —3X_ 3x J&=2y—3x
6.y +6y + 10y = 3xe 2e*cosx. 7. (—y,=y_2x.
23-variant

1.(6x+3xy?)dx = ydy + 2x%ydy.2.y = %.

3.(2 — 9xy?)xdx + (4y% — 6x3)ydy = 0.
4.y —% = x sinx, y(g) =1. 5.yy" —y'2 =0,y(00) =1,
y'(0) =2. 6.y =8y + 20y = Sxe*sin2x.
X=2x+y
(3'/ =x+2y
24-variant

3(x%y + y)dy + 2 + yZdx = 0. 2.y = 28

3x+2y-7"

[E=Y

w

(2 = 9xyH)xdx + (4y? — 6x3)ydy = 0.
. 2xy
1+

.y +3y =0,y(0) =1,y (0) = 3.

—2x

=1+x2% y(1) =3.

4.y

vl

xXx=y—7x
cos5x. 7.2
y=—2x—5y

(@)

.y +7y +10y = xe
25-variant

. 2xdx — 2ydy = yx*dy — 3xy?dx. 2. y' = S22

) §= dx + (y3 + Inx)dy = 0. 4. y’ +yx = —x,y(0) = 3.

, y (@) =2.
x=5x+4y
y=—2x+11y’

—_

oW

y' =4x3 -2x+1,y(1) = u
30

. ym + y’ = sinx + xcosx. 7.

()

26-variant
. 2xdx +V2 — x2dy = —2xy%dx. 2.y =

3x+3
2x+y—1"

—_

w

3
. 3x2(1 + Iny)dx = <2y — %) dy.

112



4., y' + ytgx = cosx,y (%) = %

5.5 =e, y(0) =17 @ =5
| ’ 4 2

6.y +2y +y=x(e™ —cosx). 7
27-variant

1. 3+eX)dy =e¥dx. 2.y = Z:Z;’:g

3. x(Iny + +2Inx — 1)d3”1 = 2ydx. 4. y —y cosx =

—sin2x y(O) =3. 5.y =sinx—1,y(0) =-1,y(0) = 1.

6.y — 6y + 8y =5xe? +2eMsiny. 7. =Y
28-variant

1. ylnxdx + xdy =0. 2.y = %

3. (X2 +y*+x)dx +ydy=0. 4.y +x2—:1=

=e*(x+1),y(0) =1. 5. y" = x — cos2x, y(0) z,

y'(0)=—1. 6. y" =9y = c3%(x? + sin3x). 7. o>V
29-variant

1./5 + yZdx + 4y(x®* + 1)dy = 0.2. y' = Zxéy .

3.ydy = (xdx + ydx)m 4. y' + mTl)e,y(e) =e.

1
5. y =;,y(e) = 2e,y (e) =3.

x=—5x—8y
y=—3x-3y"

y=—4x-2y

y=—4x-2y"

6.y —8y +17y = e (x? — 3xsinx). 7. %
30-variant
1 yVI—x%dy +/5+y2dx =0. 2.y = =22

3.(x2 4 3Iny)ydx = xdy. 4.y +y ctgy = 2xsinx,y (%) = 0.
5.y =2x—-3x%,y(1) =0,y (1) =1

6.y —2y +5y=2xe*+e*sinx. 7. e

y=—7x-3y"
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