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QUARKS AND COLOUR

A fast look into the Particle Data Tables [1] reveals the richness and variety of
the hadronic spectrum. The large number of known mesonic and baryonic states
clearly signals the existence of a deeper level of elementary constituents of matter:
quarks [2]. In fact, the messy hadronic world can be easily understood in terms
of a few constituent spin—% quark flavours:

[3

Q=+3|u c t
Q = —% d s b
Assuming that mesons are M = qq states, while baryons have three quark

constituents, B = qqq, one can nicely classify the entire hadronic spectrum:
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at=ud Kt =us K9 = ds 70 = (vt — dd)/V2 ...

D+=cc_i, Dozc@, Djo_E )
Bt =ub, BY=db, BY = sb, Bf=c¢b ..
p = uud, n = udd, ST =uus, Y9 =uwuds ...

+ +4+ =+ _ _
YT =wude, XIT =wuc, ZT =wusc, =;=dsc ...

=t — =t+ — + —
2. =dcc, ZIT =wuce, . = scc

There is a one—to—one correspondence between the observed hadrons and the
states predicted by this simple classification; thus, the Quark Model appears to
be a very useful Periodic Tuble of Hadrons. However, the quark picture faces
a problem concerning the Fermi—Dirac statistics of the constituents. Since the
fundamental state of a composite system is expected to have L = 0, the A™T™
baryon (J = %) corresponds to wTuTu | with the three quark-spins aligned into
the same direction (s3 = —I—%) and all relative angular momenta equal to zero.
The wave function is symmetric and, therefore, the A™T state obeys the wrong

statistics.
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The problem can be solved assuming [3] the existence of a new quantum number,
colour, such that each species of quark may have N, = 3 different colours: ¢¢,
a = 1,2,3 (red, yellow, violet). Then one can reinterpret the AT as the
antisymmetric state

1
ATH = — @B |l ulul) (1)

\/6 By

(notice that at least 3 colours are needed for making an antisymmetric state). In
this picture, baryons and mesons are described by the colour-singlet combinations

1 (07
B = —= e |qaqsqy) M =

V6

1

V3

57 |QO@B> . (2)

In order to avoid the existence of non-observed extra states with non-zero colour,
one needs to further postulate that all asymptotic states are colorless, i.e. singlets
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under rotations in colour space. This assumption is known as the confinement
hypothesis, because it implies the non-observability of free quarks: since quarks
carry colour they are confined within colour-singlet bound states. The quark
picture is not only a nice mathematical scheme to classify the hadronic world.
We have strong experimental evidence of the existence of quarks. Fig. 1 shows a
typical Z — hadrons event, obtained at LEP. Although there are many hadrons
in the final state, they appear to be collimated in 2 jets of particles, as expected
from a two-body decay Z — qq, where the qq pair has later hadronized.
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Figure 1: Two-jet event from the hadronic decay of a Z boson (DELPHI).

Evidence of colour

Figure 2: Feynman diagram for ete~ — hadrons.
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A direct test of the colour quantum number can be obtained from the ratio

R. = o(eTe™ — hadrons) | 3)
o(ete” = ptu~)

The hadronic production occurs through ete™ — ~*, Z* — ¢g — hadrons.
Since quarks are assumed to be confined, the probability to hadronize is just
one; therefore, the sum over all possible quarks in the final state will give the
total inclusive cross-section into hadrons. At energies well below the Z peak, the
cross-section is dominated by the ~-exchange amplitude; the ratio R
given by the sum of the quark electric charges squared:

o+e— IS then

(Ny =3 : u,d,s)
(Ny =4 : u,d,s,c) . (4)

2N, =
Z 8
- %N (Ny =5 : u,d,s,c,b)

C»JIHwIS ‘\’
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Figure 3: Measurements of R.+.— [1]. The two continuous curves are QCD fits.
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Figure 4: 7-decay diagram.

The measured ratio is shown in Fig. 3. Although the simple formula (4) cannot
explain the complicated structure around the different quark thresholds, it gives
the right average value of the cross-section (away from the thresholds), provided
that V. is taken to be three. The agreement is better at larger energies. Notice
that strong interactions have not been taken into account; only the confinement
hypothesis has been used.

The hadronic decay of the 7 lepton provides additional evidence for N, = 3.
The decay proceeds through the W-emission diagram shown in Fig. 4. Since the
W coupling to the charged current is of universal strength, there are (2 + N,.)
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equal contributions (if final masses and strong interactions are neglected) to
the 7-decay width. Two of them correspond to the leptonic decay modes
T~ — vre Ve and 77 — v vy, while the other N, are associated with the
possible colours of the quark—antiquark pair in the 7= — v,dpu decay mode
(dg = cosOcd + sin cs). Hence, the branching ratios for the different channels

are expected to be approximately:

1 1
B, = Br(rtm = vl )~ TN 5 20% ,

R = D(r™ — v, + had_rons) ~N.—3.
(7= — vre 0)

which should be compared with the experimental averages [1]:

Br_. = (18.01 £ 0.18)%, By, = (17.65 £ 0.24)%
R, = (1= Byye — By_,)/Br—e = 3.56 £ 0.04.
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The agreement is fairly good. Taking N. = 3, the naive predictions only deviate
from the measured values by about 20%. Many other observables, such as the
partial widths of the Z and W= bosons, can be analyzed in a similar way to
conclude that N, = 3.

A particularly strong test is obtained from the 7 — ~+ decay, which occurs
through the triangular quark loops in Fig. 5. The crossed vertex denotes the axial
current Ai = (uy,vsu — dy,ysd). One gets:

Nc 2 2,43
) O M 7736V, (9)

(7Y — —
(=) (3 6473 2

where the ¥ coupling to Ai, fr = 92.4 MeV, is known from the 7= — pu~ v,
decay rate (assuming isospin symmetry). The agreement with the measured value,

[' =7.740.6 ¢V [1], is remarkable. With N. = 1, the prediction would have
failed by a factor of 9. The nice thing about this decay is that it is associated
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with an anomaly: a global flavour symmetry which is broken by quantum effects
(the triangular loops). One can then proof that the decay amplitude (9) does not
get corrected by strong interactions [4].

q Y

Y

Figure 5: Triangular quark loops generating the decay ¥ — .

Anomalies provide another compelling theoretical reason to adopt N. = 3. The
gauge symmetries of the Standard Model of electroweak interactions have also
anomalies associated with triangular fermion loops (diagrams of the type shown
in Fig. 5, but with arbitrary gauge bosons =W, Z, v— in the external legs and
Standard Model fermions in the internal lines). These gauge anomalies are deathly
because they destroy the renormalizability of the theory. Fortunately, the sum
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of all possible triangular loops cancels it N. = 3. Thus, with three colours,
anomalies are absent and the Standard Model is well-defined.

Asymptotic Freedom

The structure of the proton can be probed through the scattering e™p — e™p.
The cross-section is given by

p
2\|2 2
do _ T COSzg ) |GE(Q )| +4M2|GM(Q )‘ N Q2 |GM(Q2)|2tan2Q
dQ?> ~ AE2sin*EE 1+ 2M; 2
\

(10)

where £ and E’ are the energies of the incident and scattered electrons,
respectively, in the proton rest-frame, 6 the scattering angle, M, the proton
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mass and Q% = —¢® = 4FF’sin? —, with ¢* = (k. — k.)* the momentum
transfer through the intermediate photon propagator.

G g and Gy are the electric and magnetic form factors, respectively, describing
the proton electromagnetic structure; they would be equal to one for a pointlike
spin—% target. Experimentally they are known to be very well approximated by the
dipole form

(@) /1y ~ G <@2>~(1+ i ) (1)
p R 0.7GeV2)

where p, = 2.79 is the proton magnetic moment (in proton Bohr magneton
units). Thus, the proton is actually an extended object with a size of the order
of 1 fm. At very low energies (Q% << 1 Ge\/2), the photon probe is unable to
get information on the proton structure, Gy p(Q?) =~ G, g(0) = 1, and the
proton behaves as a pointlike particle. At higher energies, the photon is sensitive
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to shorter distances; the proton finite size gives then rise to form factors, which
suppress the elastic cross-section at large Q?, i.e. at large angles.

Figure 6: Inelastic e~ p — e~ X scattering.

One can try to further resolve the proton structure, by increasing the incident
energy. The inelastic scattering e”p — e~ X becomes then the dominant
process. Making an inclusive sum over all hadrons produced, one has an additional
kinematical variable corresponding to the final hadronic mass, W* = P%. The

— Typeset by Foil TEX - 14



scattering is usually described in terms of (9% and

(Pa) ¢ I o (12)
M, 2M,

vV

where P* is the proton cuadrimomentum; v is the energy transfer in the proton
rest-frame. In the one-photon approximation, the unpolarized differential cross-
section is given by

do ra? cos??

o
— 2 2 2 2_
dQ2m/_Ju¥@nﬁgEE’{M@“Q’V)+2LV“Q’LQtMI2}‘ (13)

The proton structure is then characterized by two measurable structure functions.
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For a pointlike proton, the elastic scattering (10) corresponds to

> v Q7 % B Q*
Wi(Q ,V)—4Mg5(u—2—]wp>, WQ(Q2,V)—5(V——>.

At low Q2, the experimental data reveals prominent resonances: but this resonance
structure quickly dies out as Q? increases. A much softer but sizeable continuum

contribution persists at large Q?, suggesting the existence of pointlike objects
inside the proton.

To get an idea of the possible behaviour of the structure functions, one can make
a very rough model of the proton, assuming that it consist of some number of
pointlike spin—% constituents (the so-called partons), each one carrying a given
fraction &; of the proton momenta, i.e. p;# = &P*. That means that we are
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neglecting! the transverse parton momenta, and m; = £M,. The interaction
of the photon-probe with the parton ¢ generates a contribution to the structure
functions given by:

2.2 2 2
2
(1) (2 Y L N L 16
W2 (Q 7V) C; (V 2mz) 6zy (fz ZC), ( )
where e; is the parton electric charge and = = 2@; = Q2+$2_M2. Thus, the
p

parton structure functions only depend on the ratio x, which, moreover, fixes
the momentum fractions &,. We can go further, and assume that in the limit
Q? — 0o, v — 00, but keeping x fixed, the proton structure functions can

I These approximations can be made more precise going to the infinite momentum frame of
the proton, where the transverse motion is negligible compared with the large longitudinal boost
of the partons.
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be estimated from an incoherent sum of the parton ones (neglecting any strong

interactions among the partons). Denoting f;(&;) the probability that the parton
v has momentum fraction &;, one then has:

= 3 | d6 f@ W@ ) = 53 S el = 3 B

p

Z/ s FE) W@ v) = S Y fiw) = Fafe) . (18)

)

This simple parton description implies then the so-called Bjorken scaling [5]: the
proton structure functions only depend on the kinematical variable . Moreover,
one gets the Callan—Gross relation [6] Fy(x) = 22 F}(x) , which is a consequence

of our assumption of spin—% partons. It is easy to check that spin-0 partons would
have lead to Fi(z) = 0.
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Figure 7: Experimental data on vW5s Figure 8: The ratio 2z Fy /F5 versus
as function of x, for different values of  z, for different Q* values (1.5

Q? [7] (taken from Ref. [8]). GieV2 < Q? < 16 GeV?) [9] (taken
from Ref. [8]).

The measured values of vW5(Q?, v) are shown in Fig. 7 as function of x, for
many different values of Q2 between 2 and 18 GeV?: the concentration of data
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points along a curve indicates that Bjorken scaling is correct, to a quite good
approximation. Fig. 8 shows that the Callan—Gross relation is also reasonably well
satisfied by the data, supporting the spin—% assignment for the partons.

The surprising thing of this successful predictions is that we have assumed the
existence of free independent pointlike partons inside the proton, in spite of the
fact that quarks are supposed to be confined by very strong colour forces. Bjorken
scaling suggests that the strong interactions must have the property of asymptotic
freedom: they should become weaker at short distances, so that quarks behave
as free particles for Q? — 0o. This also agrees with the empirical observation in
Fig. 3, that the free-quark description of the ratio R.+.— works better at higher
energies.

Thus, the interaction between a qg pair looks like some kind of rubber band. If we
try to separate the quark form the antiquark the force joining them increases. At
some point, the energy on the elastic band is bigger than 2m,/, so that it becomes
energetically favourable to create an additional ¢’¢’ pair; then the band breaks
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down into two mesonic systems, ¢q’ and ¢'q, each one with its corresponding
half-band joining the quark pair. Increasing more and more the energy, we can
only produce more and more mesons, but quarks remain always confined within
colour-singlet bound states. Conversely, if one tries to approximate two quark
constituents into a very short-distance region, the elastic band loses the energy
and becomes very soft; quarks behave then as free particles.

Why SU(3)7?

Flavour-changing transitions have a much weaker strength than processes mediated
by the strong force. The quark-flavour quantum number is associated with the
electroweak interactions, while strong forces appear to be flavour-conserving and
flavour-independent. On the other side, the carriers of the electroweak interaction
(v, Z, Wi) do not couple to the quark colour. Thus, it seems natural to take
colour as the charge associated with the strong forces and try to build a quantum
field theory based on it [10]. The empirical evidence described so far puts a series
of requirements that the fundamental theory of colour interactions should satisfy:
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1. Colour is an exact symmetry G¢ (hadrons do not show colour multiplicity).
2. N. = 3. Thus, quarks belong to the triplet representation 3 of G.

3. Quarks and antiquarks are different states. Therefore, 3* # 3, i.e. the triplet
representation has to be complex.

4. Confinement hypothesis: hadronic states are colour singlets.

5. Asymptotic freedom.

Among all compact simple Lie groups there are only four having 3-dimensional
irreducible representations; moreover, three of them are isomorphic to each other.

Thus, we have only two choices: SU(3) or SO(3) ~ SU(2) ~ Sp(1). Since the
triplet representation of SO(3) is real, only the symmetry group SU(3) survives
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the conditions 1, 2 and 3. The well-known SU(3) decomposition of the products
of 3 and 3™ representations,

qq: 3®3"=1®8,
qqq: 3®3®3=16848c¢10,
qq 3R3=3"36,
qqqq: 3®30303=3®3®306*e15®l5615615, (19)

guarantees that there are colour-singlet configurations corresponding to meson
(qq) and baryon (qqq) states, as required by the confinement hypothesis. Other
exotic combinations such as diquarks (qq, Gq) or four-quark states (qqqq, G4qqq)
do not satisfy this requirement.

Clearly, the theory of colour interactions should be based on the SU(3)¢ group.
It remains to be seen whether such a theory is able to explain confinement and
asymptotic freedom as natural dynamical consequences of the colour forces.
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GAUGE SYMMETRY: QED

Let us consider the Lagrangian describing a free Dirac fermion:

Lo =iV (x)y*9,¥(x) — mP(z)¥(x). (20)
Ly is invariant under global U (1) transformations

U(r) — V(z) = exp{iQO} ¥ (x), (21)

where Q6 is an arbitrary real constant. The phase of W(x) is then a pure
convention-dependent quantity without physical meaning. However, the free
Lagrangian is no-longer invariant if one allows the phase transformation to depend
on the space-time coordinate, i.e. under local phase redefinitions 6 = 6(x),
because

0,V (x) 5 exp {iQ0} (9, +iQ0,0) ¥(x). (22)
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Thus, once an observer situated at the point xg has adopted a given phase-
convention, the same convention must be taken at all space-time points. This
looks very unnatural.

The “Gauge Principle” is the requirement that the U(1) phase invariance should
hold focally. This is only possible if one adds some additional piece to the
Lagrangian, transforming in such a way as to cancel the 0,6 term in Eq. (22).
The needed modification is completely fixed by the transformation (22): one
introduces a new spin-1 (since 0,0 has a Lorentz index) field A, (x), transforming
as

U(1) 1
Auw) U A @) = Au(a) + 10,0, (23)
and defines the covariant derivative

D, ¥(z) = [0, — ieQA(x)] U(z), (24)
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which has the required property of transforming like the field itself:

DU (z) % (D0 (z) = exp{iQ6} D, V(z). (25)
The Lagrangian
L =iV (x)y" DY (x) —m¥(2)¥(r) = Lo+eQA,(x) ¥(x)y"¥(z) (26)

is then invariant under local U (1) transformations.

The gauge principle has generated an interaction between the Dirac spinor and
the gauge field A,,, which is nothing else than the familiar QED vertex. Note that
the corresponding electromagnetic charge e() is completely arbitrary. If one wants
A, to be a true propagating field, one needs to add a gauge-invariant kinetic
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term

L;(in = — ,UJ/FMV7 (27)

where F,, = 0,A, — 0, A, is the usual electromagnetic field strength. A
possible mass term for the gauge field, %m2A“AM, is forbidden because it would
violate gauge invariance; therefore, the photon field is predicted to be massless.
The total Lagrangian in (26) and (27) gives rise to the well-known Maxwell
equations.

From a simple gauge-symmetry requirement, we have deduced the right QED
Lagrangian, which leads to a very successful quantum field theory. Remember
that QED predictions have been tested to a very high accuracy, as exemplified by
the electron and muon anomalous magnetic moments [a; = (g; — 2)/2, where
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w = g; (eh/2my)] [11]:

~f (115965214.0 £2.8) x 10~

“e T (115965219.3 +1.0) x 1071
(

ay = {(

1165919.2 £1.9) x 107
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THE QCD LAGRANGIAN

Let us denote 1% a quark field of colour avand flavour f. To simplify the equations,

let us adopt a vector notation in colour space: 5 = Column(@b]lc, wj%, @b?) . The
free Lagrangian

Lo=> 5 ('O, —my) iy (30)
f

is invariant under arbitrary global SU(3)¢ transformations in colour space,

Y — (W) =U%), vUt =Utu =1, detU = 1.
(31)
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The SU(3)¢ matrices can be written in the form
A
U = exp {—zgsgﬁa} : (32)

where A (a = 1,2,...,8) denote the generators of the fundamental
representation of the SU(3)c algebra, and 6, are arbitrary parameters. The
matrices A% are traceless and satisfy the commutation relations

(A% NP] = 24 f20C N, (33)

Wi c c structure constants, which are real an ota
th £ the SU(3 truct tant hich | and totally

antisymmetric.  Some useful properties of SU(3) matrices are collected in
Appendix A.

As in the QED case, we can now require the Lagrangian to be also invariant
under [ocal SU(3)¢c transformations, 8, = 0,(x). To satisfy this requirement,
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we need to change the quark derivatives by covariant objects. Since we have now
8 independent gauge parameters, 8 different gauge bosons G¥(x), the so-called
gluons, are needed:

ACL
Dhoy = (04— igy AL)| vy = (0"~ ig. A" (o)) by (34)

Notice that we have introduced the compact matrix notation

s = () M) (35)

We want DH) to transform in exactly the same way as the colour-vector 1 ¢;
this fixes the transformation properties of the gauge fields:

Dt — (DMWY =UDFUT, GF — (G = U G* UT—gi(ﬁ“U) Ut
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(36)

Under an infinitesimal SU(3)¢ transformation,

[\
¢? — (@b?)/ — ¢? — 1Gs (7) ; 00, @b? )
AP (ARY = AP — 9M(80,) + g fP456, AX (37)

The gauge transformation of the gluon fields is more complicated that the
one obtained in QED for the photon. The non-commutativity of the SU(3)¢
matrices gives rise to an additional term involving the gluon fields themselves.
For constant 06, the transformation rule for the gauge fields is expressed in
terms of the structure constants f®°¢ only; thus, the gluon fields belong to the
adjoint representation of the colour group (see Appendix A). Note also that there
is a unique SU(3)¢c coupling gs. In QED it was possible to assign arbitrary
electromagnetic charges to the different fermions. Since the commutation relation
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(33) is non-linear, this freedom does not exist for SU (3)¢.

To build a gauge-invariant kinetic term for the gluon fields, we introduce the
corresponding field strengths:

Fr'(z) = —[DF,D"] = QHAY — Q¥ Al — g, [AF, AV] = %F;W(;c),
Js
Fi¥(e) = 0FAL— VAL 4 g f U ALAY. (38)

Under a gauge transformation,
AP — (AP = U AP UT, (39)

and the colour trace Tr(G**'G ) = %GZLVGZV remains invariant.

Taking the proper normalization for the gluon kinetic term, we finally have the
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SU (3)¢ invariant QCD Lagrangian:
1

Loop = — GEVE, + > by ("D —my) Wy (40)
f

It is worth while to decompose the Lagrangian into its different pieces:

1 o N
Lo = —7 (0"A7 = 0" AL (0, AL — 0,A7) + ) W (i 0 — my) ¥
f

+9: 45 ) Ui (%) vy (41)
f of

2
9s rabc v v c 5 fgabc Y ©
= T (0 AL = VAL LA — T2 faae AL AVALAS,

The first line contains the correct kinetic terms for the different fields, which give
rise to the corresponding propagators. The colour interaction between quarks
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and gluons is given by the second line; it involves the SU(3)c matrices A%
Finally, owing to the non-abelian character of the colour group, the Gg"/wa term
generates the cubic and quartic gluon self-interactions shown in the last line; the
strength of these interactions is given by the same coupling gs which appears in
the fermionic piece of the Lagrangian. In spite of the rich physics contained in it,
the Lagrangian (40) looks very simple, because of its colour-symmetry properties.
All interactions are given in terms of a single universal coupling g5, which is called
the strong coupling constant. The existence of self-interactions among the gauge
fields is a new feature that was not present in the QED case; it seems then
reasonable to expect that these gauge self-interactions could explain properties
like asymptotic freedom and confinement, which do not appear in QED.
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Figure 9: Three-jet event from the hadronic decay of a Z boson (DELPHI).

Without any detailed calculation, one can already extract qualitative physical
consequences from Lycop. Quarks can emit gluons. At lowest-order in gs, the
dominant process will be the emission of a single gauge boson. Thus, the
hadronic decay of the Z should result in some Z — ggG events, in addition to
the dominant Z — ¢q decays. Fig. 9 clearly shows that 3-jet events, with the
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required kinematics, indeed appear in the LEP data. Similar events show up in
eTe™ annihilation into hadrons, away from the Z peak.

In order to properly quantize the QCD Lagrangian, one needs to add to Lcp the
so-called Gauge-firing and Faddeev—Popov terms. Since this is a rather technical
issue, its discussion is relegated to the following sections.

— Typeset by Foil TEX - 37



SUMMARY

Strong interactions are characterized by three basic properties: asymptotic
freedom, confinement and dynamical chiral symmetry breaking.

Owing to the gluonic self-interactions, the QCD coupling becomes smaller at
short distances, leading indeed to an asymptotically-free quantum field theory.
Perturbation theory can then be applied at large momentum transfers. The
resulting predictions have achieved a remarkable success, explaining a wide range
of phenomena in terms of a single coupling. The running of as has been
experimentally tested at different energy scales, confirming the predicted QCD
behaviour.

The growing of the running coupling at low-energies makes very plausible that
the QCD dynamics generates the required confinement of quarks and gluons into
colour-singlet hadronic states. A rigorous proof of this property is, however,
still lacking. At present, the dynamical details of hadronization are completely
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unknown.

Non-perturbative tools, such as QCD sum rules and lattice calculations, provide
indirect evidence that QCD also implies the proper pattern of chiral symmetry
breaking. The results obtained so far support the existence of a non-zero ¢-¢
condensate in the QCD vacuum, which dynamically breaks the chiral symmetry
of the Lagrangian. However, a formal understanding of this phenomena has only
been achieved in some approximate limits.

Thus, we have at present an overwhelming experimental and theoretical evidence
that the SU(3)¢c gauge theory correctly describes the hadronic world. This
makes QCD the established theory of the strong interactions. Nevertheless, the
non-perturbative nature of its low-energy limit is still challenging our theoretical
capabilities.
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QUANTIZATION OF QCD

As was repeatedly emphasized in this notes, quantum field theory is nothing else
as quantum mechanics with infinite number of degrees of freedom. We know three
main methods of studying quantum mechanical systems: i) explicit solution of
the Schrédinger equation, 1) quasiclassical approximation, and i) perturbation
theory. Speaking of the first “brute force” approach, it is in principle possible,
but not very practical for a system of interacting fields: we cannot solve the
Schrédinger equation analytically while solving it numerically is extremely dithicult
(though possible in principle with lattice methods). But the technique most
widely used which allows one to obtain a lot of nontrivial results for physically
observable effects is, of course, the perturbation theory. It is especially fruitful for
the theories like QQE D where the coupling constant is small and the perturbative
series converge rapidly. In many cases, perturbative expansion works well also
for QC'D. ? For quantum field systems, the alias for perturbation theory is the

2\We will see later that it is so for processes with large characteristic energy transfer.
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Feynman graph technique. In this and in the following sections we will construct
the diagram technique for QC'D, will learn how to calculate the simplest Feynman
graphs in QCD, and will understand what asymptotic freedom is.

The partition function for the Yang—Mills theory can be presented as

7 = / [ ds(@. ) exo {—zig2 /0 i / d:E’Tr{FWFW}} 1)

)

This expression is gauge invariant. Also Lorentz invariance is explicitly seen. The
Minkowski path integral is obtained from Eq.(1) by the change —1 — i in the
exponent:

g

a (= 1 v
Iy = /HdAM(x,t) exp {zﬁ/d4xTr{FuyF“ }} (2)
7t
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Feynman rules from path integral.

We assume that a reader is familiar with the standard operator way to derive the
Feynman graph technique. Here we will give a brief sketch how it is done with
path integrals. Consider the simplest field theory with non-trivial interaction, the
Ap* theory. Its lagrangian is

1 2 m’ > A 4
£—§(8M¢) —7¢ —2—4¢ (3)

Our task is to find the elements of S—matrix — the matrix elements < out|in >.
On the first step we make use of the reduction formula which relates the
scattering amplitudes to the residues at the poles of the vacuum expectation value

of the T—product of the Heisenberg field operators ¢(z) = eiﬁtgb(a:)e_iﬁt. For
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example, for the scattering p1p2 — psps (pio > 0), we may write

/HﬁwiMWwwmma<w<wMW>

’I,_

iMi234 (270)*6 (D1 + p2 — p3 — pa)

ivZ
Z_:H.A p? —m% +i0
+ less singular terms , (4)
where Z is the residue of the exact propagator at the pole:
14
— m% + 20

/d%w”<MTw<><HM>~

p2

when p? ~ m%, and mpg is the renormalized physical mass which does not
generally coincide with the bare mass m entering the lagrangian (3). The result
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(4) can be derived both in the operator and in the path integral language (see
e.g. [12], Chapt. 7.2). We skip it.

Secondly, we must express the vacuum expectation value in the L.H.S. of Eq.(4)
into a path integral. We already know the formula expressing a vev. < O >
via an Euclidean path integral. In our case, we need to find the average
of the T'—product of the Heisenberg operators depending explicitly on the
real Minkowski time x;9. Skipping the details again, we write the answer

< O|T{p(x1) ... d(xp)}|0 > =

o IPo @) o) exp {i [y didiL(@) |
= o [ D exp {if—T dtdfﬁ(w)}

(5)

where the infinitesimal imaginary shift —:0 ensures the dominance of the vacuum
contribution and the boundary values of ¢(—T,Z) and ¢(T,Z) need not be
specified: they do not affect the result.
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On the third step we have to calculate actually the path integrals in Eq.(5). For
theories with non-trivial interaction, that can be done only approximatively. We
will do it perturbatively presenting the result as a series over the coupling constant
A. To this end, we first present £ = Lo+ Lint where Ly involves at most second
powers of the fields and Li,; — all the rest. In our case, Liyy = —Ap?/24. We
next expand

exp {—z’)\ ;iid%:} (6)

In series in A and express our vacuum average into the integrals

[ D¢ ¢(x1) ... ¢(xm)exp i [dzLo(x)}

[ D¢ exp{i [dtdZLo(z)} (7)

<¢1---¢m>02

(m = n + 4k if the k™ term in the expansion of the exponential (6) is taken
into account). The point is that the integrals (7) have Gaussian form and can be
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calculated analytically. 3 It is convenient to do it via the generating functional.
In our case, we may write

<or--n>0= 7 (i) (Sis7y) 2V

where

(8)

J=0

= [Doew i [ataitoto) + st |
- [Doen]i / ol30(a)(~0° — w? + 0)6(a) + T)o(a)] b ()

In the last line, we performed the integration by parts; the term 20 should be
added to take into account the fact that, according to Eq.(5), the integral over

3The trick we use here is exactly equivalent to going into the interaction representation in the operator
approach.
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dt was originally done over a path somewhat below the real time axis ( in the last
line, we integrate just over the real axis ). The shift {0 makes the integral (9)
convergent. It can be explicitly done if defining

6 = o +i [ dyDr(z - y)I) (10)
where Dp(x — y) is the Feynman scalar Green's function
(0% +m* —i0)Dp(x — ) = —id(x — y)

The change of variables (10) kills the linear term, the integral over D¢’ gives an
irrelevant constant, and we obtain

2] = Zl0esp {3 [ ated'ui(@)Dete - ) 0) | (11)
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Varying it according to Eq.(8), we easily obtain

< ¢(z)9(0) >0 = Dp(z)
< ¢(x1)p(x2)P(3)P(T4) >0= Dp(T1 — 22)Dp(23 — 24)
+Dp(x1 — x3)Dp(xs — x4) + Dp(x1 — 24)Dp(x9 — X3) (12)

etc. i.e. the average of the product of 2p factors ¢(x;) presents the sum of
(2p — 1)!! terms, each terms being the product of p Feynman Green's functions
< @¢(x;)p(x;) >0 with different arguments. The property (12) (the absence
of non—trivial higher correlators) is a well-known property of Gaussian stochastic
ensembles. When constructing the diagram technique, it plays the same role as
the Wick contraction rules used in operator formalism.

To make it absolutely clear, consider an example. Let us find the one—loop
correction to the propagator < ¢(x)@(0) >. In the first order in A, the
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propagator is given by the ratio

[ Dod(x) (1 = 53 [ dyd(y)) $(0) exp {i [ d*wLo(x) ]
[D¢ (1 -2 [dryod*(y)) exp{i [ d*aLo(z)}

Consider the numerator. The average of the product of 6 fields involves many
terms corresponding to different pairing among the fields. Let first ¢(x) be paired
directly with ¢(0). Then we have Dp(x) as a common factor, and whatever it
multiplies, the same factor appears also in the denominator and cancels exactly the
corresponding A — dependent terms in the numerator. This phenomenon is known
as cancellation of vacuum loops. A non-trivial perturbative correction comes from

the terms involving the products < ¢(x)p(y) >< d(y)d(y) >< d(y)p(0) >.
There are 12 such terms, and we finally obtain

<6(@)8(0) > = Drplx) — 3 [ d'yDr(a — 5) De(0)Dr(y) + O) (14

(13)

The second term here corresponds, of course, to the simplest diagram in Fig. 10.
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Figure 10: 1-loop correction to scalar propagator.

Fixing the gauge

To treat QC'D perturbatively, we must ensure that characteristic field fluctuations
are small. This is not so in the gauge fields path integral — a gauge transformation
which can change the values of the fields substantially leaves the integrand
invariant. All such gauge—transformed fields come on equal footing. To cope with
this unwanted effect, we should somehow fix the gauge, i.e. impose a constraint
which picks out only one representative from the whole gauge orbit, a set of field

configurations differing by only a gauge transformation *.

*Note that we need not be concerned here whether it is a topologically trivial or a large non—trivial gauge
transformation. We are set now to study perturbative series in the coupling constant g whereas the effects due to
non-trivial topology are non—analytic in g being exponentially suppressed ox exp{—87r2/92} when g is small.
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In the toy oscillator model, the requirement ¢ = 0 played the role of such gauge
fixing constraint. The constrains imposed in QC'D may have a lot of different
forms. Different constrains (different gauges) are used for different purposes. We
will discuss here Lorentz—invariant gauges and in the first place, the Landau (or
Lorentz) gauge

OH AL = 0 (15)

Let us try to write a modified path integral implementing the constraint (15) as
a 0 - function:

7 = / gbdAZ(:v)l;L[(S[a’\Ai(x)] exp{;—gi / d*zF}, F* } (16)

(we may forget about @ in perturbation theory). This is what is usually done in
QFED. However, this is wrong in non—abelian case: the expression (16) is not
gauge—invariant. Indeed, let us perform an infinitesimal gauge transformation.
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The argument of the § - functions in (16) is shifted by M°(A)x® where
M®(A) = 826 + f1PASO" = 9"D,, (17)

D,, being the covariant derivative. The shift depends on A and this brings about
a non-trivial Jacobian

0|0 A + M (A)x“a
5(orAL),

J = det (18)

We have
[ [s10"As + pMoo(A)x*] = T 1] ] 6(0"AL)

so that the path integral is not gauge—invariant, indeed. In the abelian case, the
second term in M (A) was absent and the shift did not depend on A. In that
case, J = 1 and the problem does not arise.

Faddeev and Popov were the first to realize how to write down a correct gauge—
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invariant path integral with gauge—fixing condition imposed in the non—abelian
case. They invented two ingenious tricks. The first trick consists in inserting the
unity

‘5R(AQ)

1 =]] / dQ(z)oR(A®?) det =5

| (19)

in the integrand (2) where R(A) is a gauge fixing function. In our case,
R(A) = |1, OuAS,. Theintegral in (19) is done over all gauge transformations
with the Haar measure d€). As the original expression (2) was gauge—invariant,
the expression

/ DQ SR(A™%) det |5R(AQ)

0§

| D AetS1A (20)

s [DQ2 =[], dx), DA =]1],,,dA%(x) |. That allows us to change the

rau
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variables A — A in the above integral and rewrite it as

/ DO / DAS[R(A)] det |5R(§;1X> JislAl
x=0
= [ DAsTR(A) det |37t eS8 o1)

with M®(A) from Eq. (17). The integral over D in the RH.S. is lifted as
the integrand does not depend on € anymore and [ DS) just brings about an
irrelevant infinite constant.

The meaning of the transformations performed is the following: the integral (20)
is done over all gauge fields as the integral (2) was. For each A, § - function in
Eq.(20) picks out a gauge transformation €2(x) such that the gauge transformed
field satisfies the gauge fixing constraint R(A) = 0. Thereby the whole range
of integration in the path integral is splitted into a gauge orbits (or fibers in our
fiber bundle). As the contribution of the each element of a given orbit in the
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path integral is the same (it is the determinant factor which takes care of it), we
can suppress the integral over the orbit d€2 and write the integral in a way that
only one element of the orbit satisfying the gauge fixing constraint R(A%) = 0 is
picked out.

The expression (21) is correct, but still inconvenient. And here comes the second
Faddeev and Popov trick. Let us present the determinant in Eq. (21) as a path
integral over fictitious Grassmann variables ¢*(x) and ¢*(x)

det | M°(A)| = /Dch exp {i/d4x ¢ [—0%0%¢ — fabCAZ(‘?“]cC} (22)

which is true up to an irrelevant constant factor (the choice of the sign in the
exponent is a pure convention). The product of the determinant (22) and the
exponential e*S14] in the path integral can be written as e*$14] where S is a

modified action involving on top of the gauge fields also fictitious scalar fermion
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fields ¢*(x):

& 1 —~a acy .c
S = /d4ac [—4—92(F“ ) —¢ (0"D;%)e (23)

we still have the & - function 6(0*A,) in the integrand which is not too
convenient. But it is handled in the same way as in QED. One can introduce a
family of gauges

OMAL, = w(z) (24)

and integrate over all w*(x) with the weight

exp {—¢2 ;92 / it wa(:c)wa(:v)}
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. This procedure is equivalent to inserting in the path integral the weighing factor

exp {2;2 / d%(amg)?} (25)

and defines a general Lorentz — invariant £ - gauge. The Landau gauge corresponds
to the limit & — 0. The determinant factor appears for each gauge in the family
(24) by the same token as in the Landau gauge. It does not depend on w®(x).
The exponent in (25) is added to the lagrangian, and we finally obtain

1 a a aoc C 1 a
Lrp = —Z(a“AV — Oy A%+ gf*C AL AC)? — i(amuﬁ
—H (076 + gf AL O ) (26)

where we went into normalization A — gA convenient for perturbative analysis.
The ghosts are not real physical particles. If they would be, the theory would have
no sense: the hamiltonian involving scalar fermion fields would not have a ground
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state and unitarity would be broken. Therefore, one is not allowed to consider
ghosts in the physical |in > and < out| asymptotic states. However, the ghosts
appear with a vengeance in the loops. Loop integrals over ghosts fields produce
the perturbative expansion of the Faddeev —Popov determinant. We will see a bit
later that the ghosts loops are not a luxury but, in fact, it is necessary to take
them into account to provide for unitarity of the amplitudes.

Before going further, let us make a final comment concerning the gauge invariance
of the path integral. The integral

/Dc De DA exp {i/d4xﬁpp} (27)

came from the gauge invariant path integral (2) and should be gauge invariant.
This invariance is not seen explicitly: if transforming the gauge fields only, both
the gauge fixing term and the ghost-ghost-gluon interaction term in Eq.(26) are
varied non—trivially. One can be convinced, however, that the lagrangian (26) is
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invariant under a global symmetry transformation which acts both on the gauge
and the ghost fields :

A% = ¢(Dyc)"
Sc® = _legfabccbcc

2

1
Set = —e=OM A" (28)

§

where € is an anticommuting Grassmann parameter. The invariance of (26) under
(28) is a “remnant” of the gauge invariance after the gauge is fixed. It is called
the BRST - symmetry. The symmetry (28) is useful when deriving generalized
Ward identities (see e.g. [13]).

With the path integral (27) in hand, we can derive the diagram technique in
the same way as was outlined for the A\¢* theory. Alternatively, if one wishes,
one could introduce the unphysical ghosts creation and annihilation operators and
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derive the Feynman rules in the operator language (one should only keep in mind
that ghosts never appear as asymptotic states). The result is displayed in Eq.
(29) where we also added the quark propagator and the quark—antiquark—gluon
vertex coming from the term i1)(9, — igA, ) in the lagrangian.
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quark propagator:
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Here 3—gluon and 4—gluon vertices came from the expansion of the first term in
the lagrangian (26). We see that the 3—gluon vertex involves momenta coming
from the derivatives 0, Aj, etc. The convention when all the momenta p, ¢, and r
are outgoing so that p + ¢ + r = 0 is chosen. Also the ghost-ghost-gluon vertex
involves the ghost momentum. The convention is that p,, is the momentum of an
outgoing ghost. All the vertices depend on the color indices of the crossing lines
ladjoint indices a, b, ¢, d for gluons and ghosts and fundamental (antifundamental)
indices 4, j for quarks and antiquarks| in a non—trivial way. The external gluon
lines present the transverse polarization vectors eLT)(k) = e&a)(k) Ca=1,2,
satisfying the properties (el(f‘))2 = —1, e,(f)(k)k” — 0. This is quite parallel
to QED with the only difference that here e, (k) carries also the color index
a which we will not display explicitly. The external quarks and antiquarks are
represented by bispinors u; and @’ carrying the fundamental or antifundamental
color indices.

Ghosts and unitarity. Consider the process of annihilation of the quark—
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antiquark pair into two gluons. Compared with the analogous process eTe™ — 2~
in QED, it involves an extra graph with 3—-gluon vertex (see Fig. 11). The
amplitude of the process can be calculated according to the Feynman rules (29)

and has the form M“”e&a)(k)e,(,ﬁ)(q).

——vvwn —— (]

Figure 11: The process gqg — 2g.

Let us first recall the situation in QED. For the process ete™ — 2, one could
write

iMM (k,q) = (ieg)? / d*xdrye™* T < 0|T{j"(x)5"(y)}eTe™ > (31)

— Typeset by Foil TEX - 64



where j#(x) = é(x)y"e(x) is the electromagnetic current, eq is the electron
charge. In QED, the electromagnetic current is conserved: 9,j5* = 0 which
implies k, M*"(k,q) = q.M*""(k,q) = 0. In non—abelian case, the situation is
different. Indeed, the current j** = gy*t%q satisfies only the property

D, = (2,0 + < AL)j% = 0 (32)
with covariant derivative. This relation does not describe any local conservation

law > Besides, M*” cannot be presented in the form (31) due to the third graph
in Fig. 11.

Therefore, there is no reason for k,M""(k, q) to be zero, and it is not. If we
multiply, however, k,M*"" by the transverse polarization vector of the second

°An analogy with general relativity can be drawn: as is well-known, in curved space a locally conserved
energy—momentum tensor does not exist. The canonical energy—momentum tensor T'H" satisfies only the property
TH, = 0 with covariant derivatives involving the Cristoffel symbols.
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gluon, we obtain zero again:

kMM (k, q)elP (q) = 0 (33)
Indeed, an explicit calculation (do it !) reveals that

kM (k q) ~ (¢"q" — 0" q?)uryptufe* (34)

The term o< g2 is zero when the second gluon is on mass shell and the first term
gives zero after multiplication by the transverse polarization vector e(VT)(q). Note
that the contribution of only two first graphs in Fig. 11 in the amplitude would
not be transverse even in the limited sense (33); this property holds only when
also the third graph is taken into account.

Generally, it is true that for any amplitude involving an ingoing or outgoing gluon

. . T
with the momentum k and presentable thereby in the form e& )(k)M“(k) where
M* involves also transverse polarization vectors of all other eventual external

gluons, the relation M*(k)k,, = 0 holds. It is one of the QC'D Ward identities
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following from the gauge invariance and (after the gauge is fixed) the BRST
symmetry (28). We will not give a general derivation here.

The physical meaning of the property (33) is the following. Besides two transverse
polarizations, one could also consider two unphysical polarizations, a scalar
polarization and a spatial longitudinal polarization:

. 1 o
e®) = (1,0), Y = @(o,m (35)
Or, alternatively, two light cone polarizations
1 1 -
(H (k) = ——k (S)(k) = ko, —k 36
e —k,, e —(ko,

The quantity M“”kue(VT)(q) ~ M“”eﬁr)(k)eg)(q) can be interpreted as the
amplitude of the process of the production of transverse gluon with momentum
g and a gluon with momentum k carrying an unphysical polarization eﬁr)(k).
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That is something which we do not want: only transverse gluons are physical
particles and nothing else can be produced in collision of quark and antiquark
physical states ®. The Ward identity (33) ensures that the amplitude of the
process Gqg — ¢\t g(T) is zero. One can be convinced that the amplitude of the
process §qg — () g™ is zero too.

This is not yet the end of the story, however. Consider the process gg — () g(~).
Multiplying the tensor (34) by the vector e,(,_)(q) ~ (qo, —q) we find with a dismay
that the amplitude of the process with creation of two unphysical polarization is
nonzero. One could try to find a way out of the paradox postulating that one is
just not allowed to consider amplitudes of such unphysical processes. That is OK

as far as tree amplitudes are concerned, but the trouble strikes back when loops

6Though we have not discussed it yet, a reader may know that, strictly speaking, gluons (whether transverse
or not) and quarks are not physical asymptotic states of QC D. Due to the wonderful confinement phenomenon,
the spectrum of the hamiltonian in QC' D involves only colorless hadron states. Confinement is an experimental
fact which is not proven yet. But what is quite definite is that it is a non—perturbative phenomenon and does
not show up in any finite order of perturbation theory. In perturbative QC' D, quarks and transverse gluons are
physical asymptotic states in the same sense as electrons and positrons are.
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are taken into account. > hArn— i .

Figure 12: The process gqg — qq.

Consider the one loop contribution to the elastic zero angle scattering amplitude
qq — qq with two—gluon intermediate state. The corresponding graphs are drawn
in Fig. 12. Let us calculate its imaginary part using the Cutkosky rules so that
the internal gluon lines are put on mass shell. If the graphs are calculated in the
Feynman gauge, the residue of the propagators at the pole is 7, which can be
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decomposed as

Ny = eﬁr)e(y_) + efb_)e(j) — Z efbo‘)e(yo‘) (37)
a=1,2

(we choose the basis where e&a) are real). Then the imaginary part of the

elastic forward scattering amplitude is given by the sum of the cross section of

the physical process gg — 2¢'T) and the cross section of the unphysical process

gq — ¢ g(=). We have either to abandon the restriction that only physical

polarizations are created (and thereby gauge invariance) or the optical theorem

and thereby unitarity. > <

Figure 13: Ghost loop contribution in Mgq— 44
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This paradox is cured by the ghosts. Consider another contribution in the
amplitude drawn in Fig. 13 and involving the ghost loop. Its imaginary part
due to the two—ghost “intermediate state” is non-zero. It is related to the “cross
section of the process qg — cc. An explicit calculation shows that this “cross
section” is negative and cancels exactly the positive “cross section” of another
unphysical process Gg — ¢\t)g(=). Thereby, both contributions which cancel
each other can be disregarded, only the physical cross section with transverse
gluons in the final state contribute in the imaginary part, and gauge invariance
and unitary can be reconciled again. A cancellation of this kind occurs actually
also in QED if choosing as a basis for unphysical polarization not the light
cone vectors (36) (in which case unphysical contributions to the cross section
are zero right from the beginning), but the scalar and spatial longitudinal vectors
(35). In that case, the “cross sections’ o i -, (s)(s) and Ot~ . are
not zero, and only the net contribution of all this garbage to the imaginary part
ImM_+,.— _,.+.— is zero. In the non—abelian case, the cancellation occurs only
when ghosts are taken into account.
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PERTURBATIVE QCD. Regularization,
Renormalization and § - function.

Regularization

Feynman integrals for the loop graphs diverge at large momenta. To handle this
divergence, we should introduce an ultraviolet cutoff, to regularize the theory in
ultraviolet. We should do it in a gauge—invariant way. If we will not bother to do
so, huge gauge-non-invariant terms in the amplitudes would appear. For example,
a simplistic momentum cutoff (which breaks gauge invariance) brings about a
quadratically divergent gluon mass (and a quadratically divergent photon mass in

QED).

Many gauge—invariant regularization procedures exit. The most "politically
correct" one is probably the lattice regularization. As we have seen, the path
integral symbol can be attributed a meaning (also beyond perturbation theory!)

— Typeset by Foil TEX - 72



if discretizing the space-time. The finite lattice spacing a = A{jy; serves as an
ultraviolet cutoff. One can calculate loops in the Yang—Mills theory with lattice
ultraviolet cutoff, but it is not so convenient. In particular, fixing the gauge for
the lattice action brings about some (purely technical) problems.

For QFE D, the simplest and the most convenient regularization procedure is the
Pauli-Villars procedure. It consists in subtracting from the each QE D diagram
involving electron-positron loops a similar diagram with loops of some extra
fermions with a very large mass M. Heavy fields are irrelevant while the loop
momenta are of order of physical external momenta pehar < M. Both graphs
(with electron loops and with heavy Pauli-Villars fermion loops) diverge, however,
at large momenta. Their difference is finite but depends on the heavy mass M
which plays the role of the ultraviolet regulator.

In the nonabelian case, the divergences come not only from quark, but also from
gluon and ghost loops, and the Pauli-Villars method does not work. A possible
gauge—invariant regularization procedure consists in modifying the lagrangian by
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adding a higher derivative term

1 1% 1 1%
L — — Tr{F,, F" }+FT1“{D2FWD2F“ } (38)

With this new term, the gluon propagator is modified according to

1 \ 1
L2 ’ k2_|_k6/A4

and the integrals are mostly convergent in the ultraviolet (those which are not
can be handled in a Pauli-Villars-like way). The drawback of this regularization
Is the appearance of new vertices which makes explicit calculations complicated.

The most artificial and, physically, the less transparent but, technically, the most
convenient way is the dimensional reqularization used in the most practical
calculations. It consists in changing the dimension of the space—time. Consider a
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typical divergent integral appearing in one—loop calculations:

/ d*k
(k2 + M2)2 "’

where M? is an expression involving external momenta, Feynman parameters,
and/or fermion masses. The integral diverges logarithmically at large momenta.
Let us consider the same integral done over d%k where d is an arbitrary (to start
with, an integer) parameter. If d < 4, the integral is convergent and can be done
explicitly. Using the property d%k = k%~ 1dkV, _, where

27/ 2
Vici = =
T T(d)2)
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is the volume of the (d — 1)—dimensional unit sphere, one can generally derive

dek 72T (n — d/2)
/ ( (39)

k2 + M2)» — (M?2)n—d/2T(n)

We next continue analytically this formula derived for an integer dimension d onto
arbitrary real values of d and will be interested in the values of d just a little bit
less than 4. d = 4 — 2¢, ¢ < 1. For n = 2, the expression (39) develops a
singularity in the limit € — 0 due to the property

De) ~ =~ +0(c)
(v is the Euler constant) so that the original logarithmic singularity in our integral
displays itself as a pole ~ 1/e. Note that, with dimensional regularization, also a
quadratic divergence for the integral (39) with n = 1 shows up as the same pole
[[(—1+¢€) =T(e)/(—1+¢€) ~ —1/¢] with an extra dimensional factor ~ M?;
the logarithmic and the power divergence are somehow mixed up.
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We have learned how to calculate scalar integrals like (39), but in practical
calculations, the integrand may involve tensor structures depending on loop and
external momenta. For fermion loops, also v — matrices and their traces are
present. A tensor like 17, has not a direct meaning in the space of fractional
dimension. However, bearing in mind that eventually all such tensors are going
to be contracted with other tensors an/or with polarization vectors of external
gluons, it suffices to define formally n**p,.q, = (pq) and

77,LW77'UJV e d = 4 — 26 (40)

It is often necessary to keep here the term of order € because the structure like
9uvguy may be multiplied by a divergent integral ~ 1/e and constant terms
should be kept to provide for a correct gauge invariant answer.

Speaking of the v — "matrices” in a fractional dimension space, they are defined
formally as certain objects obeying the Clifford algebra

Yu Vv + WV = 2Muw (41)
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Bearing (41) and (40) in mind, the habitual relations of the Dirac matrices algebra
are somewhat modified, e.g.

1yt = 21 = €)y”
VY N = AP — 2eyyP (42)
etc.

Problem 1. Using the Pauli-Villars regularization, prove that the photon mass
Is zero, indeed.

Problem 2. The same with dimensional regularization.
Renormalization.

QCD like QED is a renormalizable theory. That means that the only net effect
of all the troublesome divergent contributions to different physical amplitudes
consists in redefining the fundamental constants of the theory: electric charge
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and electron mass in QED and the coupling constant ¢ and the quark masses in
QCD. In other words, being expressed via a renormalized parameters g*“", m; ",
all the physical quantities do not involve any ultraviolet divergences anymore. All
such divergences are absorbed in the renormalized constants which depend on the
ultraviolet cutoff Ag , the bare coupling constants gg and mg and an arbitrary
chosen scale p. It is convenient to choose p of order of characteristic energy scale

of the process of interest.

The assertion of the renormalizability of QC'D can be proven as an exact rigorous
theorem. We will not do here, but rather provide a heuristic physical explanation.
Ultraviolet divergences come from large loop momenta. When loop momenta
are much larger than characteristic external momenta, the latter are not really
important. i is instructive to consider a one—loop correction to, say, the photon
propagator in the coordinate representation. Large momenta correspond to small
distances in the loop. In that case, the loop “looses its structure’ and can
be treated as a point (see Fig.14). This point brings about a new quadratic
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contribution in the lagrangian which, by gauge and Lorentz invariance, is bound
to have the structure ~ (9,4, — 9, A,,)?. This counterterm is added to the
similar structure in the tree lagrangian so that the effective value of €? is changed.

%

Figure 14: Appearance of counterterms.

Renormalizability is closely related to the general notion of “effective lagrangian”
which is not even specific for field theories, but is heavily used also in the usual
quantum and classical mechanics. Suppose we have a system whose hamiltonian
involves two essentially different dimensionful parameters m and M associated
with some “light” and “heavy” degrees of freedom @1ight and Pneavy. Suppose
that we are interested with the spectrum and other characteristics of the system
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at the energies of order Eepar ~ m < M. It is true then that these low—energy
properties can be studied not with the full hamiltonian H (@1ight, @heavy), but with
an effective hamiltonian H(¢jie1¢) depending on the light degrees of freedom
only. One can further build up a systematic expansion over the dimensionless
small parameter m /M for H® (¢y;41¢) and analyze in the first place the effective
hamiltonian in the leading order in this expansion.

A classical example of such an effective hamiltonian is the Born—Oppenheimer
hamiltonian for a 2-atom molecule. In that case, heavy degrees of freedom were
the positions and momenta of atomic electrons while the light degrees of freedom
were the positions and momenta of atomic nuclei. The characteristic energies
related to electronic excitations have atomic scale while a characteristic energy
due to oscillations of the nuclei around their equilibrium position is much lower.
The effective Born—Oppenheimer hamiltonian presents just an oscillator whose
rigidity depends on how the energy of the lowest electronic term depends on the
distance between the nuclei.
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Another known example is the effective lagrangian (or hamiltonian) of quasi-static
and quasi-homogeneous electromagnetic fields in QED. For simplicity, let the
field be just static and homogeneous and purely magnetic. In that case, @iight is
the magnetic field density B and @heavy are the electron and positron field degrees
of freedom. The effective hamiltonian presents a series over the dimensionless
parameter e*B2/m?*

1 - €
eff 2

H = ZB

2

22
" 360mA D) T (43)

The renormalization procedure is nothing else as the construction of the effective
lagrangian in the Born—Oppenheimer spirit where the light degrees of freedom are
field modes with the characteristic momenta of physical interest and the heavy
degrees of freedom are the modes with momenta of order Ag. © There is a way

"To be precise, one should establish some separation scale v and treat all the modes with momenta p < w as
light variables and the modes with momenta p > v as heavy variables. This interpretation is due to Wilson.
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to calculate the Wilsonean effective lagrangian directly using the background field
method. We will use, however, a more standard approach when renormalization
factors of the different structures in the lagrangian are calculated separately, and
the full effective lagrangian is obtained on the second step. Being expanded
in the powers of the fields, the lagrangian of Yang—Mills theory (26) (with the
fermion term added) used for perturbative calculations involves quadratic, cubic
and quartic terms giving rise to the gluon, ghost, and quark propagators and
various vertices. When accounting for loop corrections, all these structures can in
principle be renormalized:
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where for the propagators we assume k? = —pu? and, for the vertices, we choose
a "symmetric normalization point’ k% = ¢? = r? = —p? and similarly for the
4—gluon vertex. 8 The bare propagators and vertices are written in (29). The
renormalization factors Z are just some numbers. As is written, they depend on
the bare coupling go, bare gauge parameter &y and the dimensionless ratio Ag/ .
Generally, they depend also on the ratio m¢ /. In this section, we will assume,
however, that the quark masses are much less than the characteristic scale of
interest 1 and disregard this dependence. Note that the transverse part of the
gluon Green's function and the longitudinal one involving the gauge parameter
¢ are renormalized with their own factors. Actually, one can be convinced that
the longitudinal part is not renormalized at all so that Z; = 1. Two different
spinor structures in the quark Green's function G~1 (k) are also renormalized with
their own factors, their ratio gives the mass renormalization. All the terms in

the expression (29) for the 3-gluon vertex are multiplied by one and the same

8Green’s functions at Euclidean momenta are more convenient to analyze as they do not involve imaginary
parts.
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renormalization factor however. This is guaranteed by the symmetry of the
normalization point.

We hasten to comment that choosing the symmetric Euclidean normalization
point is a pure convention. It makes calculations with several loops easier, but
other conventions leading eventually to the same physical results are possible.

The Green's functions (44) “build up” an effective lagrangian

eff a a2 & abc a\ Abp pcv
£ = — Z (0, A% — 9, A%) Z?,g (9,A%) A" A
2
abe cdeAaAbA,ucAVd —~aqu a 90 abc—aAb 7
4Z4gf f + 808 o chgf ot e’
(01 A0)? + ww- o’ 7+ A (45)
2% Zqqg

(with this expression in hand, the renormalized propagators and vertices (44)
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follow from the tree—level Feynman rules.).

To bring the kinetic terms to the standard form,it is convenient to redefine °
1/2 1/2 1/2
A— Z)PA, e Z P, = ZVPy

Gauge invariance requires now that after that the effective lagrangian would
coincide by form with the original one up to eventual renormalization of the
constants. This requirement is rather rigid. It tells that the renormalization
factors cannot be arbitrary, but satisfy the following Slavnov — Taylor identities

Z,  Zy 2,7} ZyZ,
72 7y 22, | 22

ccg aq9

(46)

Their meaning is that the strength of coupling extracted from 3-gluon, 4-
gluon, ghost-ghost-gluon, and quark-quark-gluon vertices coincides even after

Note that such a redefinition results in that the effective gauge parameter £ gets renormalized §g — &0/ Zg.
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the renormalization is performed. Any such vertex can be used to extract the
renormalization factor for the effective charge given by the ratio (46)

One-loop calculations.

We will choose the gqg — vertex for this purpose. Technically, the calculations
for the ghost-ghost-gluon vertex are a little bit more easy (ghosts are scalars
while quarks are fermions involving extra spinor indices). The calculation with
quarks is a little bit more instructive, however, because it is parallel to a similar
calculation in QED, and both the similarities and differences between abelian
and non—abelian theories are seen more clearly in this way. So we define the
renormalized charge as

Zng 5
90 (47)
Zag

92(,“) = Zinvgg =

We start with calculating the renormalization factor for the gluon propagator.
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The relevant graphs are drawn in Fig. 15. Z; as such are not physical quantities
and depend on the gauge. We will work in the Feynman gauge £ = 1.

/,—ix\
~NnY e~~~ «/\/\@\/\/\
\ /

Figure 15: Gluon polarization operator

Note first that, as we have already mentioned, the longitudinal part of the gluon
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propagator is not renormalized:
k"D, (k) = k"D (k) (48)

Actually, it is one of the Ward identities of QCD. From this and from the Dyson
equation

Dy, (k) = D'")(k) — D) (k)I1*F Dy, (k)

it follows that the gluon polarization operator is transverse:
ke I () = 0 (49)

In QE D the property (49) follows trivially from the current conservation. As was
discussed earlier, the colored current is not conserved in QC'D, but the property
(49) holds nevertheless. Lorentz invariance and transversality dictate

u u k. k.
H;ub/(k) = 0% (nul/ - 22 ) H(k2)
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So, like in QED, it suffices to calculate I19% (k) = 3(NZ — 1)II(k*) which
simplifies the calculations. For I1% (k) to be non-singular, II(0) (the gluon
mass) should be zero and it is. With the dimensional regularization, it is seen
immediately. The graph with fermion loop gives the same expression as for QE D
and gives zero for I1(0) by the same reason. Also the contributions to I1(0) from
all other graphs with massless particles in the loop are proportional, if any, to

d'p
p2

which, according to the rule (39), gives zero identically as soon as the dimension
of the space—time is changed 4 — 4 — 2e.

We will calculate TI(k?) for massless quarks (we are interested now only in the
renormalization factor which, as was mentioned does not depend on mass when
the latter is small compared to characteristic momenta) via its imaginary part
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using the dispersion relation along the same lines as it is done in the book [14] for
QED. This method is much more physical than the dimensional regularization
(though its direct implication is associated with certain technical difficulties for
complicated graphs in higher orders). The fact that the gluon mass is zero allows
us to write for II(k?) the dispersive relation with one subtraction:

(s) — f/oo ImlII(s") ds’ (50)

T s'(s' — s —i0)

We will calculate the imaginary part as a half of the discontinuity of the polarization
operator at the cut, the later being determined with the help of the Cutkosky
rules when the fermions, gluons, and ghosts in the loop are put on the mass shell
and their propagators are substituted by 0 — functions:

1

0 — —2mid(p?)

Consider first the diagram with quark loop. The integrand in the corresponding
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Feynman integral involves the factor

(7:2)propagators[(ig)2]vertices(_1)ferm.loopTr{tatb}Tr{’yu]é’VM(]é — }é)} (51)

It is the same as in QED up to the factor Tr{t%’} = %5‘”’. Calculating the
trace and noting that, as this expression is multiplied by §(p?)d[(p — k)?], we can
safely put p? = 0 and (pk) = k*/2, we obtain

Im II o 4¢°[p? — pk]6®* = —2¢%k267° (52)

It is the same as in QED up to the factor Tr{¢t“t"} = 16°°. Restoring all the
relevant numerical factors or just multiplying by N¢/2 the known QED result
(Ny is the number of quark flavours), we obtain

g°’sN ¥
241

Let us now consider 3 other graphs in Fig. 15. The easiest is the graph with
4—gluon vertex: its imaginary part is just zero. The graphs with triple gluon

Im IT9(s) = (53)
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vertices and with the ghost loop contribute, however. Consider first the ghost
loop contribution. Calculating the imaginary part of the corresponding graph with
Cutkosky rules, we obtain on the place of Eq.(52)

(iz)propagators(_1)ferm.loopg2fdacf0bdp,u(p_k)'u — _Ng2[p2_pk]5ab = 9

comparing with Eq.(52) and the latter with Eq.(53), we derive for the fourth term
of the proportion

g°>N,_s

Im I1%(s) = — 6

(54)

The imaginary part of the ghost loop contribution has the negative sign which
in the light of the discussion at the end of the previous sections is very natural:
in fact, the Cutkosky trick we are using amounts to calculating the unphysical
amplitude < virtual gluon(k?)|virtual gluon(k?) > by unitarity saturating it, in
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the first case, by physical quark—antiquark states and, in the second case, by
unphysical ghost states. The graph in Fig. 15¢) is related to the graph of Fig. 13
for the physical process gg — qq. As was mentioned, the cross section for the
production of the unphysical ghost degrees of freedom is negative.

Finally, let us calculate the graph with the gluon loop in Fig. 15d). Proceeding in
the same way as before, we obtain for the integrand

1 : ac c
(5) X (Zz)propagators X g2f dfbd [(p + k)ﬁn,uoz + (k- 210)“77@6
symmetry

+(p — 2k)anus]’ = 992N (k? — pk + p?)0%® = 50 b (55)
which gives
3g°N,.s
Im II¢ = — 56
mIl(s) = —24 % (56)
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We see that the gluon loop contribution is 9 times larger than that from the
ghost loop and has the same negative sign. It comes from the unphysical gluon
polarizations which, according to Eq.(37), appear in the residue g, of the gluon
propagator in Feynman gauge. Notice that the contribution of unphysical gluon
polarization and the ghosts does not cancel as it was the case for the inclusive
cross section ImMgq_y 54 X 0gq—s24 + Tgq—ec considered in the previous section.
There is nothing wrong here: the decay of the virtual gluon is not a physical
process, and there is no reason for such a cancellation to occur. Actually, the
calculation we have just done is nothing else as the calculation of two of the
graphs contributing to ImMg,_,4,: the graph in Fig. 13 and the last graph in
Fig. 12; the cancellation occurs only if taking two other graphs in Fig. 12 into
account.

Adding all pieces together, we get

5NCC 1 Nf
487 247

Im II(s) = g°s [— (57)
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Substituting it in the dispersive relation (50), we finally obtain

95 Ag

If calculating the same graphs in an arbitrary & gauge, the result is

95 [13 -3¢ Ag
A8n2 | 2 12

i

Figure 16: Quark polarization operator.

Z, = 1+ Nc—sz] In

Our next task is the renormalization factors for the quark propagator and for
the gqg vertex. The former can actually be found without calculation: the
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corresponding graph depicted in Fig. 16 has exactly the same structure as in
QED up to the color factor

N2 1
2N,

040 — = cp | (60)

the Casimir eigenvalue in the fundamental representation. Taking the known
result from QE D, we can immediately write in the arbitrary & gauge

2 2
gocré . Ag
In =2 61
1672 " 12 (61)

Zy = 1—

a) b)

Figure 17: qqg vertex.
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Consider now the renormalization of the vertex. On the 1-loop level, two graphs
depicted in Fig. 17 contribute. The first graph has the same structure as in
QFED, again, and involves the color factor ¢ — N./2 which is obtained from
the equality

1
tthLtb — [tb, tCL]tb _|_ CFtCL — CFtCL _ ZbeLCtCtb — CFtCL . §ZbeLC[tC’ tb]
— (cp — N./2)t (62)

The second diagram involving the 3—gluon vertex should be calculated anew. We
will not do it here and just quote the result for the sum of two graphs:

2

3+ A§
Zgqg = 1— 12 [Ff f c] lﬂu—g (63)

Note that in QED Z, = Zgc~; this is one of QED Ward identities following
from the current conservation. In QCD, the corresponding Z — factors do not
coincide and their ratio contribute in the effective charge renormalization.
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Substituting the Z — factors (58, 61, 63) in Eq.(47), we obtain the final result

2 2
@ (11N, 2N;\. A
(1) = Zineg? = [1+ 0 ( -2 o) @ (64

1672 3 3

The result (64) is valid only in the leading non-trivial order in g3 and does not
alone allow one to draw far-reaching conclusion. Pretty soon we'll derive an
improved expression taking account the leading contributions in all orders in the
coupling constant. A remarkable fact can, however, be observed right now: if the
number of flavours is not too large 10 | the coefficient of g2 in the square bracket
has the opposite sign compared to QE D [the QE D result can be obtained from
Eq.(64) if setting N. — 0, Nf/2 — 1]. As a result, the effective charge grows
when p goes down. In QE D on the contrary, it decreases.

. AR L
Let us recall the reason why the sign of the term ~ €3 lnu—g in the renormalization

101n the real world, Ny = 6 or even effectively less if a characteristic scale of interest w is less than the heavy
quark masses.
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factor Ziny in QED was negative. First, in QED Z., = Zg. and the
charge renormalization comes exclusively from the renormalization of the photon
propagator.  The renormalization factor of the propagator follows from the
dispersive relation (50): the Kdllen — Lehmann representation. The imaginary
part of the photon polarization operator can be expressed as

Im II(s) oc —» < O0[juln >< n|j*|0 > §(P? - s) (65)

where jﬁ Is the Heisenberg operator for the electromagnetic current and the sum
runs over all physical intermediate states. In QQE D, the current is conserved
which dictates P* < 0|j,|n >= 0. Going in the frame where the virtual photon
is at rest, we see that the vectors < 0[j,|n > are purely spacelike from which we
derive that Im IIQFP(s) is strictly positive; it is an exact theorem of QED

1 Another way of reasoning is noticing that Im HQED(S), the decay probability for the virtual photon, can
be related with a physical cross section. Consider some extra fermions E carrying a very small charge ¢/ < e.
In the leading order in €’?, the inclusive cross section T 5 E—say1(8) (with all orders in e? taken into account) is
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Thereby, Ziw = Z, < 1 in QED and the physical charge is necessarily smaller
that the bare one.

Due to the lack of current conservation on one hand and, on the other hand,
impossibility to introduce some extra quarks with small color charge (in non—
abelian case, the latter is in a sense quantized, the ordinary quarks having
the minimal one corresponding to the fundamental representation), this kind of
reasoning does not apply to QC'D and Im II(s) does not need to be positive.
In fact, we have seen that it is not due to contribution of unphysical polarizations
when calculating it with Cutkosky rules. Besides, Z, # Zg,, which affects the
charge renormalization. Nothing prevents Zi,, to be greater than unity and we
have seen, indeed, that it is greater than 1 on the one—loop level.

Renormalization group. Asymptotic freedom and infrared slavery.

The result (64) can be trusted when the correction ~ g2 is small. Note, however,

proportional to Im HQED(S). Needless to say, a physical cross section is always positive.
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that even if g3 is small, the correction can be of order one or larger due to the
presence of the large logarithm

A2
L= ln—g
7

as a factor. In that case, higher loop corrections are of the same order as the first
one and we are in a position to take them into account.

Fortunately, this can be done. There are two ways to do it. The first way is
to single out accurately the leading logarithmic contributions ~ (g&)™ L™ in the
relevant graphs in all orders in perturbation theory and sum up all such terms. In
QED, it is relatively easy. One can notice that the higher loop corrections to the
photon polarization operator in QED involve only one power of L in all orders
[basically, this follows from the fact (which needs to be first proven, of course)
that Im IIQFP () is finite o< s with a coefficient presenting a well~defined series
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over the coupling constant and from the dispersive relation (50)]. Thereby in
the leading order, it suffices to consider only the one—loop graph in II(s) and to
sum all these one—loop bubbles with the Dyson equation. As a result, we have a
geometric progression

2 . 6%
() = —— (66)
1 - 12701'2 In Xg

The same program can in principle be carried out for QC D, but it is much more
difficult and | even do not know whether somebody has done it explicitly. People
usually use here another very powerful method known as the remnormalization

group.

Let me first quote the result. In the leading order, it is very simple and presents,
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again, a sum of the geometric progression

2 98
1+ 1672 In A2
where
11N, 2
by = ER—Y 68
1 3 SNy (68)

Let us now derive it. The renormalizability of the theory means that all the
physical results should not depend on the bare charge g3 and the ultraviolet cutoff
Ao, but only on the effective charge g%(it). Let us consider the effective charges
g*(p) and g*(y) at two different scales and let us first assume that p’ > pu.
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The effective charges are related to g3 and A2 according to

2 A2 2
g (1) = Ziny | In—; 2 95 | 9

2 / A2 2
9°(1') = Ziny 1nﬂ2, 9% ) 95 (69)

with one and the same invariant function Zi,y.

Suppose we are interested in a process with a characteristic energy scale p and
hence, eventually, in g*(u). A crucial observation is that we can treat the
parameters 1/ and g%(u') exactly on the same footing as Ag and g3. In the
Wilsonean effective action spirit, we proceed here in several steps. On the 02
step, we define our theory with the coupling constant g3 at the scale Ag. On the
first step, we integrate over the modes with momenta greater than ' and derive
thereby a renormalized effective action on the scale i which, as far as the modes
with momenta less than 1/ are concerned, plays exactly the same role as the bare
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one. We can perform now the second step and integrate over the modes with
momenta less than g/, but greater than u to obtain the effective action at the
scale pu and the effective charge ¢g?(u). Nothing is changed except the upper and
low scale from and where we are going. That means that the charge ¢2(u) will
be related to g?(') as

(1) = Zins (m ‘; R0 >) () (70)

with the same function Ziny (L, g*) as in Eq.(69). Substituting here the effective
charges (69), we see that the function Z;,, satisfy an equation

A2 N/Q A2
Zinv (lﬂ /«L2’ gO) — ZiIlV (ln,u_’ g (,LL )) ZiIlV (hl M,Qa gO) (71)

This equation defines the renormalization group (or the group of multiplicative
renormalizations) which just consists in tuning the effective charge when scale is
changed with the factor Zj,, which depends on the ratio of two scales and on
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the charge defined at upper scale, but no explicit dependence on the scale as
such appears. The elements of the group are the functions Zi,,(L, g*) and the
product of two such functions gives a third one.

The functional equation (71) is the main magic trick. It provides stringent
restrictions on the form of the function Zi,, (L, g?). The best way to handle Eq.
(71) is to differentiate it over p and to set p = u’ afterwards. This amounts to
presenting one of the group elements in Eq. (71) in the infinitesimal Lee form. It

is convenient to differentiate over In g and not Eq. (71), but rather directly Eq.
(70). We obtain

W) — i) (72
where
2 2 2 8 2
Blg” ()] = —29 (9_LZ(L’9 ) - (73)
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is called the Gell-Mann-Low function. B(g?) presents a series over g°. The first
term of this series can be inferred from the one—loop result (64):

b19
82

B(g*) = +0(g") (74)

When only the term (74) is taken into account, the equation (72) can be easily
integrated. For

we obtain

2
QS(M2) — bl ln (75)

AQCD

where Agcp is the integration constant. One can be easily convinced that
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Eq.(75) coincides actually with Eq.(67) if identifying

1672
AZ — A?ex {— } 76
QCD 0 €XP b1g§ (76)

That means that we summed up a geometric progression, indeed. The form (75) of
the result is much more illuminating, however. First of all, it does not involve the
dependence of unphysical parameters Ay and gg, but rather on their combination
Aqcp which is the only physical coupling parameter of QC'D. A miracle has
happened. The original Yang—Mills lagrangian involves a dimensionless coupling
g*. We see, however, that a real physical parameter of the theory is Aqcp which
carries the dimension. This phenomenon is called dimensional transmutation.
Together with the physical quark masses, Aqcp sets a scale for all relevant
dimensionful quantities in QCD: in particular, to all hadron masses.

Both from Eqs.(72, 74) (telling us that the derivative of the effective charge over
the scale is negative) and from their solution (75), it follows that the effective
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charge falls down when characteristic energy grows. It means that the larger is the
energy (the smaller are the distances), the smaller is the coupling constant and
hence the more trustable is the perturbation theory. This behavior is called the
asymptotic freedom. It is just opposite to what we had in QED: the growing of
charge at small distances so that eventually the perturbation theory breaks down,
however small the initial large—distance charge was.

The latter property discovered first in QED by Landau, Abrikosov, and
Khalatnikov and known as a zero charge problem is rather troublesome and
means in fact, that QFED seems not to be a self-consistent theory. Indeed, to
define a quantum field theory, we should attribute a meaning to the path integral
symbol. That can be done by putting the theory on the lattice and introducing
thereby an ultraviolet cutoff. Naturally, we want that the results would not really
depend on the ultraviolet cutoff in the limit when it is sent to infinity. However,
in QED and in many other field theories where coupling grows at small distances
(A@* theory, Yukawa theory, etc) , we cannot do it. If we tend Ag — oo while
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keeping go fixed, the effective charge (66) at any physical energy scale would go
to zero. Of course, the result (66) was obtained only in perturbation theory, and
does not allow to make definite conclusions concerning non-perturbative regime.
But no serious reason why this trouble should be rectified in the full theory is
seen, and probably it is not.

On the contrary, QC'D is very nice in this respect. A continuum limit when
the cutoff is sent to infinity and the bare coupling to zero exists and presents no
difficulties. Everything depends on the combination (76).

There is, however, another side of the coin. According to (75), when the physical
scale p goes down, the effective charge rises. Eventually, at p ~ Aqcp, it
becomes of order 1, and perturbative calculations in terms of quarks and gluons
lose any sense. This growth of charge is sometimes called “infrared slavery”.
Indeed, we know from experiment that, at large distances, there is no trace
of perturbative quarks or gluons whatsoever. The confinement occurs and,
instead of quarks, we have hadrons with a characteristic energy scale ~ Aqcp.
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Unfortunately, we cannot prove now that confinement (i.e. the absence of free
quarks and gluons in the physical spectrum) occurs, indeed: this is a problem
(a hard one) for the next century. But the connection of confinement with the
infrared slavery phenomenon is obvious.

Asymptotic freedom and the infrared slavery are not, however, related so rigidly.
To understand it, remind that the result (75) corresponds to the summation of
the leading logarithmic terms oc o L™ in the Green's function. The equation (72)
allows one to sum up also next-to-leading logarithms oc a”L" ™! o a?L" 2
etc. at almost no cost.

We need only to know the higher—order terms in the SB—function expansion.
According to Eq. (73), the term ~ ¢% in B(g?) and hence all the subleading
terms oc L™t in Zi,, can be determined if the coefficients of the two—loop
overlapping ultraviolet logarithm oL in the Green's functions are determined.
The term ~ ¢® in B(g?) gives all the subleading terms o™ L™~ 2 and is obtained
from the 3-loop calculation of the terms ~ oL, etc.
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We quote here the result of the two—loop calculations:

biag* bof
2 19 29
= -2 — 77
where
34 13 1
b = NG (?NC_N) Ny (78)

Now look. When N, = 3, Ny = 6, the first term is well negative and so is
the second term. The coefficient by given by (68) falls down, however, if Ny is
increased: quarks provide for a conventional screening of charge like in QED and
if their effect overshoots the antiscreening effect due to gluons and ghosts which
happens at Ny > 16, the asymptotic freedom is lost. Consider an imaginary
World with N. = 3, Ny = 16. Then the first term in (77) is still negative, but
very small. The second term is now positive and is not particularly small. When
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we start to evolve the equation (72) from wvery small distances (with very small
coupling constant) into the infrared, the second term in (77) is at first unessential,
only the first term works, and the effective charge grows. Sooner or later, the
coupling will grow up to a point when the second term would balance the first
one. Due to the chosen boundary value Ny = 16 when the coefficient by is
artificially small, this balancing occurs at the point when the coupling constant is
rather small

2
. 79
Y T 151 (79)

and third and higher terms in the 8 — function can be ignored.

The coupling constant is freezed at the fized point (79) and does not grow
anymore however large the distance is. In this theory, we do have asymptotic
freedom, but do not have infrared slavery and confinement.

Problem. a) Show that the explicit solution of the differential equation (72)
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can be written in the form

, g* (1) dy
peo= uexp{/QQ(M) 5@)} (80)

b) From that deduce that, in any order in coupling constant, Agcp defined as
the scale where the effective charge g*(Aqcp) becomes singular is related to Ag
and g¢ as

Aqep = AoeXp{/m%} (81)

2
0
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QCD VACUUM

Strong interactions as described by Quantum Chromodynamics (QCD) is a
remarkable branch of physics where the observable entities — hadrons and nuclei —
are very far from quarks and gluons in terms of which the theory is formulated. To
make matters worse, the scale of strong interactions 1 fm is nowhere to be found in
the QCD Lagrangian. If we restrict ourselves to hadrons ‘made of " u, d, s quarks
and glue, the masses of those quarks can be to a good accuracy set to zero. In
this so-called chiral limit the nucleon is just 5% lighter than in reality. In the chiral
limit there is not a single dimensional parameter in the QCD Lagrangian. The 1
fm scale surfaces via a mechanism named the "transmutation of dimensions . QCD
is a quantum field theory and being such it is not defined without introducing of
some kind of ultra-violet cutoff . There is also a dimensionless gauge coupling
constant given at that cutoff as(p). The dimensionful quantity A determining
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the scale of the strong interactions is the combination of p and a(u):

by
2T 47 202
A = exp | — (140 (ay)), 1
i p( blas(:u)) (blas(:u)) ( ( )) ( )
11 2 34 13 N
by, = —N,—=N by = N2 - NN, + -1 D
1 3 31V 2= g lVe = 3 T N’ (2)

where N, = 3 is the number of quark colours and Ny is the number of acting
quark flavours. The ultra-violet cutoff p sets in the dimension of mass but the
exponentially small factor makes A much less than p. To ensure that A is actually

independent of the cutoff, one has to add that ay(u) has to decrease with p
according to

— Typeset by Foil TEX - 118



2T o b 2 1
=bln—4+-—Inln"-+0 | —; | . 3
as(p) nA+2b1 N 1QAQ—i— In % 3)

This formula is called "‘asymptotic freedom’: at large scales g decreases.

All physical observables in strong interactions, like the nucleon mass, the pion
decay constant F;, total cross sections, etc. are proportional to A in the
appropriate power. That is how the strong interactions scale, 1 fm, appears in
the theory. One of the theory's goals is to get, say, the nucleon mass in the
form of eq. (1) and to find the numerical proportionality coefficient. Doing lattice
simulations the first thing one needs to check is whether an observable scales with
g as prescribed by eq. (1). If it does not, the continuum limit is not achieved.
In analytical approaches, getting an observable in the form of eq. (1) is extremely
difficult. It implies doing non-perturbative physics. The only analytical approach
to QCD | know of where one indeed gets observables through the transmutation
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of dimensions is the approach based on instantons, and it will be the subject of
this paper.

Instantons are certain large non-perturbative fluctuations of the gluon field
discovered by Belavin, Polyakov, Schwartz and Tyupkin in 1975 [15, 16], and
the name has been suggested in 1976 by 't Hooft [17], who made a major
contribution to the investigation of the instantons properties. The QCD instanton
vacuum has been studied starting from the pioneering works in the end of the
seventies [18, 19]; a quantitative treatment of the instanton ensemble has been
developed in refs. [20, 21]. The basic ideas of the instanton vacuum are presented
In section 2.

Instantons are not the only possible large non-perturbative fluctuations of the
gluon field: one can think also of merons, monopoles, vortices, etc. However,
instantons are the best studied non-perturbative effects. It may happen that they
are not the whole truth but they are definitely present in the QCD vacuum, and
they are working quite effectively in reproducing many remarkable features of the
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strong interactions. For example, instantons lead to the formation of the gluon
condensate [22] and of the so-called topological susceptibility needed to cure the
U(1) paradox [17, 23]. The most striking success of instantons is their capacity
to provide a beautiful microscopic mechanism of the spontaneous chiral symmetry
breaking [24, 25, 26, 27]. Moreover, instantons enable one to understand it from
different angles and using different mathematical formalisms. These topics are
central in the review and are presented in sections 4,5 and 6.

We know that, were the chiral symmetry of QCD unbroken, the lightest
hadrons would appear in parity doublets. The large actual splitting
between, say, N(3 ,1535) and N(%+,940) implies that chiral symmetry
Is spontaneously broken as characterized by the nonzero quark condensate
<np >~ —(250 MeV)3. Equivalently, it means that nearly massless (‘current’)
quarks obtain a sizable non-slash term in the propagator, called the dynamical
or constituent mass M (p), with M (0) ~ 350 MeV. The p-meson has roughly
twice and nucleon thrice this mass, 7.e. are relatively loosely bound. The pion
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is a (pseudo) Goldstone boson and is very light. The hadron size is typically
~ 1/M(0) whereas the size of constituent quarks is given by the slope of
M (p). In the instanton approach the former is much larger than the latter. It
explains, at least on the qualitative level, why constituent quark models are so
phenomenologically successful.

It should be stressed that literally speaking instantons do not lead to confinement,
although they induce a growing potential for heavy quarks at intermediate
separations [28]; asymptotically it flattens out [18]. However, it has been
realized long ago [19, 29], that it is chiral symmetry breaking and not confinement
that determines the basic characteristics of nucleons and pions as well as their
first excitations. After all, 99% of the mass around us is due to the spontaneous
generation of the quark constituent mass. Probably one would need an explicit
confinement to get the properties of short-living highly excited hadrons. According
to a popular wisdom, moving a quark away from a diquark system in a baryon
generates a string, also called a flux tube, whose energy rises linearly with the
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separation. This is expected in the “pure-glue” world with no dynamical quarks.
However, in the real world with light quarks and the spontaneous chiral symmetry
breaking the string energy exceeds the pion mass m, = 140 MeV at a modest
separation of about 0.26 fm, see Fig. 1. At larger separations the would-be
linear potential is screened since it is energetically favorable to tear the string and
produce a pion. Virtually, the linear potential can stretch to as much as 0.4 fm
where its energy exceeds 2m.; but that can happen only for a short time of 1/m.;.
Meanwhile, the ground-state baryons are stable, and their sizes are about 1fm.
The pion-nucleon coupling is huge, and there seems to be no suppression of the
string breaking by pions. The paradox is that the linear potential of the pure
glue world, important as it might be to explain why quarks are not observed as a
matter of principle, can hardly have a direct impact on the properties of lightest
hadrons.
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Figure 18: The lattice-simulated potential between static quarks in pure glue
theory [30] exceeds m, at the separation of 0.26fm (left). The screening
of the linear potential by dynamical quarks is clearly seen in simulations at
high temperatures but below the phase transition [31] (right). As one lowers
the pion mass the string breaking happens at smaller distances; the scale is

VT ~ 425 MeV ~ (0.47 fm)~!.

Even for highly excited hadrons lying on linear Regge trajectories the situation
is not altogether clear. The usual explanation of resonances lying on linear
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trajectories is that they are rotating confining flux tubes attached to quarks at end
points moving with the speed of light. Why should 350 MeV quarks bound by a
Vo =~ 425 MeV string move with the speed of light is not clear, but if they do
not, the trajectories are not linear. In this picture, the finite (and experimentally
large) width of resonances is due to the same string breaking by meson production.
However, if there is no string in the ground-state nucleon, why should it be excited
in a collision? The lightest degrees of freedom in the real world are pions and
one might expect that they are the first to be excited. An alternative explanation
of resonances lying on linear trajectories is that they are rotating elongated
lumps of pion field [32], and their decay is due to the normal pion radiation. It
follows then that the dominant decay of a large-J baryon resonance is a cascade
Bary; — Bary_; +m — Barj_o + wm — ... whereas if it is due to the string
breaking it rather has a different pattern Bar ; — Bar. j/o+Mes. j/2. Studying
the decay patterns of high-J resonances could be illuminating for understanding
the relation between confining and chiral forces.

— Typeset by Foil TEX - 125



Leaving aside the unsettled question of highly excited resonances, the situation
with the lightest and most important hadrons , p, N, A... is, to my mind, clear:
it is the spontaneous chiral symmetry breaking (SCSB) rather than the expected
linear confining potential of the pure glue world which is the key to understanding
of their properties. Therefore, since the instanton vacuum describes successfully
the physics of the chiral symmetry breaking, one would expect that instantons
do explain the properties of light hadrons, both mesons and baryons. Indeed, a
detailed numerical study of dozens of correlation functions with different quantum
numbers in the instanton medium undertaken by Shuryak, Verbaarschot and
Schifer [35] (earlier certain correlation functions were computed analytically in
refs. [25, 26]) demonstrated an impressing agreement with the phenomenology [33]
and with direct lattice measurements [36], see ref. [37] for a review. In fact,
instantons induce strong interactions between quarks, leading to bound-state
baryons with calculable and reasonable properties. There are specialized reviews
on this subject, therefore | touch it only briefly here (sections 8 and 9).

— Typeset by Foil TEX - 126



More recently, there has been much activity in applying instantons to explain
various phenomena in high energy processes including heavy ion collisions. For
that reason, | have included section 7 which suggests a new point of view on the

pomeron which might be also related to instantons.
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QCD INSTANTONS

Being a quantum field theory, QCD deals with the fluctuating gluon and quark
fields. A fundamental fact [38, 39] is that the potential energy of the gluon
field is a periodic function in one particular direction in the infinite-dimensional
functional space; in all other directions the potential energy is oscillator-like. This
is illustrated in Fig. 2.

To observe this periodicity, let us temporarily work in the A§ = 0 gauge, called
Weyl or Hamiltonian gauge, and forget about fermions for a while. The remaining
pure Yang—Mills or “pure glue" theory is nonetheless non-trivial, since gluons are
self-interacting. For simplicity | start from the SU(2) gauge group.

The spatial YM potentials A%(x,t) can be considered as an infinite set of the
coordinates of the system, where ¢ = 1,2,3, a = 1,2,3 and x are "labels"
denoting various coordinates. The YM action is
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1 4 a a 1 3 2 1 3 2
3:4—g2/dwFﬂyFuu=/dt(2—g2/dXE —Q—!JQ/CZXB (4)

where E is the electric field strength,

Ez'a(Xa t) — A?(Xv t) (5)

(the dot stands for the time derivative), and B is the magnetic field strength,

1
Bf(x,1) = Seign (0 A7 — 9Af + ¢ AJAT) (6)
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Apparently, the first term in eq. (4) is the kinetic energy of the system of
coordinates { A?(x,t)} while the second term is minus the potential energy being
just the magnetic energy of the field. The simple and transparent form of eq. (5)
is the advantage of the Weyl gauge. Upon quantization the electric field is
replaced by the variational derivative, E%(x) — —ig?d /5 A%(x), if one uses the
‘coordinate representation’ for the wave functional. The functional Schrédinger
equation for the wave functional W[A¢(x)] takes the form

1— [ 434 _92 0 1 pa )2 1 — .
Hula] = [ { -G + a(B@) f vla] = vl ()

where & is the eigen-energy of the state in question. The YM vacuum is the
ground state of the Hamiltonian (7), corresponding to the lowest energy £
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Let us introduce an important quantity called the Pontryagin index or the four-
dimensional topological charge of the YM fields:

1 4 a 1a a 1 a
QT = 327‘_2 /d T FMVFMV’ prv — §€M7/045F045‘ (8)

The integrand in eq. (8) happens to be a full derivative of the four-vector K,

1 a 1a 1 a a 1 abc qa Ab pc
327T2FMVFMV =0,K,, K, = @6“0‘57 (140485147 + ge AaAﬁAW) .
(9)

Therefore, assuming the fields A, are decreasing rapidly enough at spatial infinity,
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one can rewrite the 4-dimensional topological charge (8) as

QTI /d4$(aoKo—asz) = /dt%/dSXKo. (10)

Introducing the Chern—Simons number

1
1672

. 1
Nes = / d*x Ky = / d*x ik (Af;ajAg + §eabCAgA§Ag> (11)

we see from eq. (10) that Qp can be rewritten as the difference of the Chern—
Simons numbers characterizing the fields at ¢ = fo00:
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Q1 = Nos(+00) — Nog(—00). (12)

The Chern-Simons number of the field has an important property that it can
change by integers under large gauge transformations. Indeed, under a general
time-independent gauge transformation,

a

A — UTAU +iUTo,U,  A; = Aff%, (13)

the Chern=Simons number transforms as follows:
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(

Necs — Nos + Nw + -
8T

d>x €750, Tr (O;UUT Ay,). (14)

The last term is a full derivative and can be omitted if, e.¢g., A; decreases
sufficiently fast at spatial infinity. Ny is the winding number of the gauge
transformation (13):

B 1
2472

Nw / d*x 75 [(UT9,U)(UT9,U)(UT6,U)] . (15)

The SU(2) unitary matrix U of the gauge transformation (13) can be viewed
as a mapping from the 3-dimensional space onto the 3-dimensional sphere of
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parameters S3. If at spatial infinity we wish to have the same matrix U
independently of the way we approach the infinity (and this is what is usually
assumed), then the spatial infinity is in fact one point, so the mapping is
topologically equivalent to that from S? to S2. This mapping is known to be
non-trivial, meaning that mappings with different winding numbers are irreducible
by smooth transformations to one another. The winding number of the gauge
transformation is, analytically, given by eq. (15). As it is common for topological
characteristics, the integrand in (15) is in fact a full derivative. For example, if we
take the matrix U(x) in a “hedgehog" form, U = expli(r - 7)/r P(r)], eq. (15)

can be rewritten as

2 dP 1 in2P|™
Ny = — /dr— sin® P = — [P A ] = integer (16)
@ 0

since P(r) both at zero and at infinity needs to be multiples of 7 if we wish U (7)
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to be unambiguously defined at the origin and at the infinity.

Let us return now to the potential energy of the YM fields,

1
Y = 507 d>x (BY)? . (17)

One can imagine plotting the potential energy surfaces over the Hilbert space of
the coordinates A%(x). It will be some complicated mountain country. If the
field happens to be a pure gauge, A; = iUT0;U, the potential energy at such
points of the Hilbert space is naturally zero. Imagine that we move along the
“generalized coordinate" being the Chern-Simons number (11), fixing all other
coordinates whatever they are. Let us take some point A¢(x) with the potential
energy V. If we move to another point which is a gauge transformation of A%(x)
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with a winding number Ny, its potential energy will be exactly the same as it
is strictly gauge invariant. However the Chern—-Simons “coordinate" of the new
point will be shifted by an integer Ny, from the original one. We arrive to the
conclusion first pointed out by Faddeev [38] and Jackiw and Rebbi [39] in 1976,
that the potential energy of the YM fields is periodic in the particular coordinate
called the Chern—Simons number.

Figure 19: Potential energy of the gluon field is periodic in one direction and
oscillator-like in all other directions in functional space.
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Instantons in simple words

In perturbation theory one deals with zero-point quantum-mechanical fluctuations
of the YM fields near one of the minima, say, at Nogg = 0 . The non-linearity
of the YM theory is taken into account as a perturbation, and results in series in
g° where g is the gauge coupling. In that approach one is apparently missing a
possibility for the system to tunnel to another minimum, say, at Nog =1 . The
tunneling is a typical non-perturbative effect in the coupling constant.

Instanton is a large fluctuation of the gluon field in imaginary (or Euclidean) time
corresponding to quantum tunneling from one minimum of the potential energy
to the neighbor one. Mathematically, it was discovered by Belavin, Polyakov,
Schwarz and Tyupkin; [15] the tunneling interpretation was given by V. Gribov, see
[16]. The name ‘instanton’ has been introduced by 't Hooft [17] who studied many
of the key properties of those fluctuations. Anti-instantons are similar fluctuations
but tunneling in the opposite direction in Fig. 2. Physically, one can think of
Instantons in two ways: on the one hand it is a tunneling process occurring in
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time, on the other hand it is a localized pseudoparticle in the Euclidean space.

Following the WKB approximation, the tunneling amplitude can be estimated as
exp(—.S), where S is the action along the classical trajectory in imaginary time,
leading from the minimum at Nog = 0 at t = —o0 to that at Nogg = 1 at
t = +00. According to eq. (12) the 4-dimensional topological charge of such
trajectory is Q7 = 1. To find the best tunneling trajectory having the largest
amplitude one has thus to minimize the YM action (4) provided the topological
charge (8) is fixed to be unity. This can be done using the following trick [15].
Consider the inequality

2
4 a ha
ogfd v (Fp, — Fp)
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_ / da (2F2 _ zFﬁ’) — 8425 — 6472Q7, (18)

hence the action is restricted from below:

872 872
S > ?QT = ek (19)

Therefore, the minimal action for a trajectory with a unity topological charge
is equal to 87%/g? which is achieved if the trajectory satisfies the self~duality
equation:

Fo, =F,, (20)
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Notice that any solution of eq. (20) is simultaneously a solution of the general

YM equation of motion Dszﬁy = 0: that is because the "second pair" of the

Maxwell equations, Dzbﬁﬁy = 0, is satisfied identically.

Thus, the tunneling amplitude can be estimated as

1 872 2
A ~ exp(—Action) = exp <_4_g2 /d4x Fi,/) = exp (—9—7;) = exp (—a—t) .

(21)

It is non-analytic in the gauge coupling constant and hence instantons are missed
in all orders of the perturbation theory. However, it is not a reason to ignore
tunneling. For example, tunneling of electrons from one atom to another in a
metal is also a non-perturbative effect but we would get nowhere in understanding
metals had we ignored it.
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Instanton configurations

To solve eq. (20) let us recall a few facts about the Lorentz group SO(3,1).
Since we are talking about the tunneling fields which can only develop in imaginary
time, it means that we have to consider the fields in Euclidean space-time, so
that the Lorentz group is just SO(4) isomorphic to SU(2) x SU(2). The gauge
potentials A,, belong to the (3, 1) representation of the SU(2) x SU(2) group,
while the field strength F},,, belongs to the reducible (1,0)+ (0, 1) representation.
In other words it means that one linear combination of F),,, transforms as a vector
of the left SU(2), and another combination transforms as a vector of the right

SU(2). These combinations are

~

Ffl :an(FMV—i_FMV)? Flé :ﬁfu(FMV_FW)a (22)
where 1), 7] are the so-called 't Hooft symbols described in ref. [17], see also below.

— Typeset by Foil TEX - 142



We see therefore that a self-dual field strength is a vector of the left SU(2) while
its right part is zero. Keeping that experience in mind we look for the solution of
the self-dual equation in the form

1+ ®(z?)
PR

a __ —=a
Au = My T

- (23)

Using the formulae for the 1 symbols from ref. [17] one can easily check that the
YM action can be rewritten as

823

% (2—?)2 + %(@2 — 1)2] ., 17=In (i—j) . (24)
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This can be recognized as the action of the double-well potential whose minima
lie at & = +1, and 7 plays the role of "“time": p is an arbitrary scale. The

trajectory which tunnels from 1 at 7 = —oco to —1 at 7 = +00 is
¢ = — tanh (%) : (25)

and its action (24) is S = 87%/g?, as needed. Substituting the solution (25) into
(23) we get

20 0°
A? = va . 20
() 22(22 1 p2) (26)

The correspondent field strength is
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4p?

Lol T,T
e — ah —oph T 77—6 ol hedc) e
,LSJLI/ (:EQ | p2)2 ( IIL/LCL 2 ga :62 2 rva :EQ ) ) " "

and satisfies the self-duality condition (20).

The anti-instanton corresponding to tunneling in the opposite direction, from
Necs = 1to Nog = 0, satisfies the anti-self-dual equation, with ' — —F'; its
concrete form is given by eqs.(26, 27) with the replacement 7 — 7.

Egs.(26, 27) describe the field of the instanton in the singular Lorenz gauge; the
singularity of A, at # = 0 is a gauge artifact: the gauge-invariant field strength
squared is smooth at the origin. Formulae for instantons are more compact in the
Lorenz gauge, and | shall use it further on 2.

12 Jackson and Okun [40] recommend to call the 8, A;, = 0 gauge by the name of the Dane Ludvig Lorenz
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Instanton collective coordinates

The instanton field, eq. (26), depends on an arbitrary scale parameter p which we
shall call the instanton size, while the action, being scale invariant, is independent
of p. One can obviously shift the position of the instanton to an arbitrary 4-point
2z, — the action will not change either. Finally, one can rotate the instanton
field in colour space by constant unitary matrices U. For the SU(2) gauge
group this rotation is characterized by 3 parameters, e.¢g. by Euler angles. For a
general SU(N,.) group the number of parameters is N> — 1 (the total number
of the SU(N,) generators) minus (N, — 2)? (the number of generators which
do not affect the left upper 2 X 2 corner where the standard SU(2) instanton
(26) is residing), that is 4N. — 5. These degrees of freedom are called instanton
orientation in colour space. All in all there are

and not the Dutchman Hendrik Lorentz who certainly used this gauge too but several decades later.
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4 (centre) + 1 (size) + (4N.—5) (orientations) = 4N. (28)

so-called collective coordinates describing the field of the instanton, of which the

action is independent.

It is convenient to introduce 2 X 2 matrices

alf — (:I:i?, 1), rt = xﬂaf,

such that

+ o=

J ey _
207Ny, = 0,0, —0,0
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then the instanton field with arbitrary center z,, size p and colour orientation U
in the SU(N.) gauge group can be written as

~ipPUlog (x = 2)* = (x = 2),JU"
(@~ 22 + (= — 2]

aa a 1a
A, = Al = , ﬁﬁ(tt%::§5b,

(31)

or as

Aa 2p20abﬁ5b(x o Z)FL

_ ab __ T Tta b abac _ bc.
= e O = TWirUeh), om0 =5
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(32)

This is the explicit expression for the 4 N.-parameter instanton field in the SU (V)
gauge theory, written down in the singular Lorenz gauge.
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QCD INSTANTON VACUUM

Gluon condensate

The QCD perturbation theory implies that the fields A%(x) are performing
quantum zero-point oscillations; in the lowest order these are just plane waves
with arbitrary frequencies. The aggregate energy of these zero-point oscillations,
(B%+E?) /2 is divergent as the fourth power of the cutoff frequency, however for
any state one has (F7,) = 2(B® — E?) = 0, which is just a manifestation of the
virial theorem for harmonic oscillators: the average potential energy is equal the
kinetic one (I am temporarily in the Minkowski space). One can prove that this is
also true in any order of the perturbation theory in the coupling constant, provided
one does not violate the Lorentz symmetry and the renormalization properties of
the theory. Meanwhile, we know from the QCD sum rules phenomenology that
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the QCD vacuum possesses what is called gluon condensate [22]:

1 (Fo oy — 1
372\ Wl ] G2

(B? — E?) ~ (200 MeV)* > 0. (33)

Instantons suggest an immediate explanation of this basic property of QCD.
Indeed, instanton is a tunneling process, it occurs in imaginary time; therefore
in Minkowski space one has Ef = +iB{ (this is actually the duality eq. (20)).
Therefore, during the tunneling B? — E? is positive, and one gets a chance to
explain the gluon condensate. In Euclidean space the electric field is real as well
as the magnetic one, and the gluon condensate is just the average action density.
Let us make a quick estimate of its value. Let the total number of instantons
and anti-instantons (henceforth I's and I's for short) in the 4-dimensional volume
V be N. Assuming that the average separations of instantons are larger than
their average sizes (to be justified below), we can estimate the total action of the
ensemble as the sum of individual actions (see eq. (19)):
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(F7,)V = / d*zFy, ~ N - 3277, (34)

hence the gluon condensate is directly related to the instanton density in the
4-dimensional Euclidean space-time:

1 N 1
Fl F),) ~—=—=. 35
327_‘_2< nv ,LLI/> V R4 ( )

In order to get the phenomenological value of the condensate one needs thus to
have the average separation between pseudoparticles [22, 19]

R

2
|
=

(36)
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There is another point of view on the gluon condensate which | describe briefly. In
principle, all information about field theory is contained in the partition function
being the functional integral over the fields. In the Euclidean formulation it is

1 o
Z = /DAM exp (_ﬁ/dZLZEFELI/) Ti) e 5T’ (37)
9

where | have used that at large (Euclidean) time T’ the partition function
picks up the ground state or vacuum energy £. For the sake of brevity | do
not write the gauge fixing and Faddeev—Popov ghost terms. If the state is
homogeneous, the energy can be written as £ = 0,4V 3) where 0, is the
stress-energy tensor and V') is the 3-volume of the system. Hence, at large
4-volumes V = VT the partition function is Z = exp(—044V'). This 044
includes zero-point oscillations and diverges badly. A more reasonable quantity
is the partition function, normalized to the partition function understood as a
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perturbative expansion about the zero-field vacuum?!3,

Z
Zp.T.

= exXp [—(944 — 9£4T)V] . (38)

We expect that the non-perturbative vacuum energy density 44 — 05,1 is a
negative quantity since we have allowed for tunneling: as usual in quantum
mechanics, it lowers the ground state energy. If the vacuum is isotropic, one has
044 = 0,,,,/4. Using the trace anomaly,

5(043) a F2
O = Tomaz (i ) b (39)

13The latter can be distinguished from the former by imposing a condition that it does not contain integration
over singular Yang—Mills potentials; recall that the instanton potentials are singular at the origins.
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where B(ay) is the Gell-Mann—Low function,

dovs(p) az(p)  brag(p)
)= _ _p W AW 4
flas) =< Tor T 2 (2n)2 (40)
with b1 o given by eq. (2), one gets [21]:
Zom — exp (ZV<F’““’/327T >Np> (41)

where (F'? )xp is the gluon field vacuum expectation value which is due to non-
perturbative fluctuations, i.e. the gluon condensate. The aim of any QCD-vacuum
builder is to minimize the vacuum energy or, equivalently, to maximize the gluon
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condensate. It is important that it is a renormalization-invariant quantity, meaning
that its dependence on the ultraviolet cutoff p and the bare charge as(1) given
at this cutoff is such that it is actually cutoff-independent. Such a combination
is called A, see eq. (1). The gluon condensate has to be proportional to A% by
dimensions.

The fact that the vacuum energy or, equivalently, the gluon condensate is a re-
normalization-invariant quantity leads to an infinite number of low-energy theorems
[34]. Translated into the instanton-vacuum language, the renormalizability of the
QCD implies that the probability that there are N I's and I's in the vacuum is
21, 41]

P(N) ~ exp [—Z (m% - 1)] , (42)
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where (N) ~ V(F{,F%,)/(32m2) is the average number of I's and I's .

One-instanton weight

The notion "instanton vacuum" implies that one assumes that the QCD partition
function (37) is mainly saturated by an ensemble of interacting I's and I's
. together with quantum fluctuations about them. Instantons are necessarily
present in the QCD vacuum if only because they lower the vacuum energy with
respect to the purely perturbative (divergent) one. The question is whether
they give the dominant contribution to the gluon condensate, and to other basic
quantities. To answer this question one has to compute the partition function (37)
assuming that it is mainly saturated by instantons, and to compare the obtained
gluon condensate with the phenomenological one.

The starting point of this calculation [21, 41] is the contribution of one isolated
instanton to the partition function (37), or the one-instanton weight. We have
already estimated the tunneling amplitude in eq. (21) but it is not sufficient: the
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prefactor is very important. To the 1-loop accuracy, it has been first computed by
't Hooft [17] for the SU(2) colour group, and generalized to arbitrary SU(N)
by Bernard [42].

The general field can be decomposed as a sum of a classical field of an instanton
Aﬁ(w,f) where £ is a set of 4N, collective coordinates characterizing a given
instanton (see eq. (31)), and of a presumably small quantum field a,,(z):

Au(z) = Ay (2, ) + ay(z). (43)

There is a subtlety in this decomposition due to the gauge freedom: an interested
reader is addressed to ref. [21] where this subtlety is treated in detail. The action
IS
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872

. 1 1 1
Action = 4—92/d4wF3V — —+?/d4:vDMFWa,,+2—g2/d%aMWWaVJrO(aS).

92
(44)

Here the term linear in a, drops out because the instanton field satisties the
equation of motion. The quadratic form W, has 4N, zero modes related to
the fact that the action does not depend on 4N, collective coordinates. This
brings in a divergence in the functional integral over the quantum field a,, which,
however, can and should be qualified as integrals over the collective coordinates:
centre, size and orientations. Formally the functional integral over a,, gives

1
v/det W, (A1) ’

(45)
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which must be ¢) normalized (to the determinant of the free quadratic form, i.e.
with no background field), i) regularized (for example by using the Pauli—Villars
method), and i) accounted for the zero modes. Actually one has to compute a
“quadrupole" combination,

1
det’ W det(Wy + p?)] 2

46
det Wy det(W + p2) 7 (46)

where Wy is the quadratic form with no background field and ©? is the Pauli-
Villars mass playing the role of the ultraviolet cutoff; the prime reminds that the
zero modes should be removed and treated separately. The resulting one-instanton
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contribution to the partition function (normalized to the free one) is [17, 42]:

Z —ins —
st / d*z, / dp / d*Ne=5U dy(p (47)
Zp.T.

wo = G (“"))HNCGXP( )

The fact that there are all in all 4V, integrations over the collective coordinates
2., p, U reflects 4N, zero modes in the instanton background. The numerical
coefficient C'(IN.) depends implicitly on the regularization scheme used. In the
Pauli—Villars scheme exploited above [42]

4.60 exp(—1.68N,)

CNe) = 72(N, — DI(N, — 2)I

(49)
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If the scheme is changed, one has to change the coefficient C(N.) — C'(N,.) =
372
. _

C(N.) - (A/A')". One has [43]: Ap.v. = e2Agg = 40.66 € 11VZ Apg = ...

Eq. (48) cannot yet be expressed through the 2-loop renormalization-invariant
combination A (1) as it is written to the 1-loop accuracy only. In the 2-loop
approximation the instanton weight is given by [44, 21]

do(p) = C(pjg(:)ﬁ(ﬂ)wc exp [—5II(P)+ (2NC_2blp21) be21 lnﬁf;)p) o (ﬁ)]
N %(Ap)%NC, (50)

where B(p) = 2m/as(p) and BH(p) are the inverse charges to the 1-loop
and 2-loop accuracy, respectively (not to be confused with the Gell-Mann—Low

function!):
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: (51)

1 11 34
5(,0) = bl IHA , bl = 3 NC, b 3 N (52)
These equations express the one-instanton weight dg(p) through the cutoff-
independent combination A (1), and the instanton size p. This is how the
‘transmutation of dimensions’ occurs in the instanton calculus and how A enters
into the game. Henceforth all dimensional quantities will be expressed through A,
which is very much welcome.

Notice that the integral over the instanton sizes in eq. (47) diverges as a high
power of p at large p: this is of course the consequence of asymptotic freedom.
It means that individual instantons tend to swell. This circumstance plagued the
instanton calculus for many years. If one attempts to cut the p integrals "by
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hand", one violates the renormalization properties of the YM theory, as mentioned
in the previous section. Actually the size integrals appear to be cut from above
due to instanton interactions.

Instanton ensemble

To get a volume effect from instantons one needs to consider an I ensemble, with
their total number N proportional to the 4-dimensional volume V. Immediately
a mathematical difficulty arises: any superposition of I's and I's is not, strictly
speaking, a solution of the equation of motion, therefore, one cannot directly use
the semiclassical approach of the previous section. One way to overcome this
difficulty is to use a variational principle [21]. Its idea is to use a modified YM
action for which a chosen IT ansatz is a saddle point. Exploiting the convexity
of the exponent one can prove that the true vacuum energy is less than that
obtained from the modified action. One can therefore use variational parameters
(or even functions) to get a best upper bound for the vacuum energy. It is not
the Rayleigh-Ritz but rather the Feynman variational principle since the method
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has been suggested by Feynman in his famous study of the polaron problem.
The gauge theory is more difficult, though: one has not to loose either gauge
invariance or the renormalization properties of the YM theory. These difficulties
were overcome in ref. [21], see also [41]. It should be kept in mind that we
are dealing with “strong interactions", meaning that all dimensionless quantities
are generally speaking of the order of unity — there are no small parameters in
the theory. Therefore, one has to use certain approximate methods, and the
variational principle is among the best. Todays direct lattice investigation of the
IT ensemble seem to indicate that we have obtained rather accurate numbers in
this ditficult problem.

In the variational approach, the normalized (to perturbative) and regularized YM
partition function takes the form of a partition function for a grand canonical
ensemble of interacting pseudoparticles of two kind, I's and I's :

— Typeset by Foil TEX - 165



N,i+N_

z 1 1
> d*zp,dp,dU; do(pn —Uint), (53
Zpr. N;v N, IN_! 1;[ / 2ndpndUr do(pn) exp( ¢), (53)

where dy(p) is the 1-instanton weight (50). The integrals are over the collective
coordinates of (anti)instantons: their coordinates z, sizes p and orientations given
by SU(N,) unitary matrices U; dU means the Haar measure normalized to unity.
The instanton interaction potential Uy (to be discussed below) depends on the
separation between pseudoparticles, 2, — 25, their sizes p,, , and their relative
orientations U,, U In the variational approach the interaction between instantons
arise from i) the defect of the classical action, /i) the non-factorization of quantum
determinants and Jii) the non-factorization of Jacobians when one passes to
integration over the collective coordinates. All three factors are ansatz-dependent,
but there is a tendency towards a cancellation of the ansatz-dependent pieces.
Qualitatively, in any ansatz the interactions between I's and I's resemble those
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of molecules: at large separations there is an attraction, at smaller separations
there is a repulsion. It is very important that the interactions depend on the
relative orientations of instantons: if one averages over orientations (which is the
natural thing to do if the 1T medium is in a disordered phase; if not, one would
expect a spontaneous breaking of both Lorentz and colour symmetries [21]), the
Interactions seem to be repulsive at any separations.

In general, the mere notion of the instanton interactions is notorious for being ill-
defined since instanton + antiinstanton is not a solution of the equation of motion.
Such a configuration belongs to a sector with topological charge zero, thus it
seems to be impossible to distinguish it from what is encountered in perturbation
theory. The variational approach uses brute force in dealing with the problem,
and the results appear to be somewhat dependent on the ansatz used. Thanks to
the inequality for the vacuum energy mentioned above, we still get quite a useful
information. However, recently a mathematically unequivocal definition of the
Instanton interaction has been suggested, based on the one hand on analyticity
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and unitarity [45] and on the other hand on certain singular solutions of the YM
equations of motion [46]. Both definitions cut off automatically contributions of
the perturbation theory. The first three leading terms for the interaction potential
at large separations has been computed by the two very different methods [45, 46]
with coinciding results. At smaller separations one observes a strong repulsion

[46].

At this point | should mention certain experience one gains from a simpler
2-dimensional so-called C'PY model, also possessing instantons as classical
Euclidean solutions. Contrary to the 4d YM theory, the instanton measure
in that model is known exactly [47, 48]. In the dilute limit the instanton
measure reduces to the product of integrals over instanton sizes, positions and
orientations, as in eq. (53). The exact measure, however, is written in terms
of the so-called ‘instanton quarks’ which does not suppose that instantons are
dilute. The statistical mechanics of I's and I's in this model has been studied
in ref. [49] both by analytical methods and by numerical simulations. Although
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the ‘instanton quark’ parameterization allows for complete ‘melting’ of instantons
and is quite opposite in spirit to the dilute-gas ansatz, it has been observed
that, owing to a combination of purely geometric and dynamic reasons, the vast
majority of ‘instanton quarks’ form neutral clusters which can be identified with
well-separated instantons. Of course, there is always a fraction of overlapping
instantons in the vacuum, however, it is small even in the 2d case: in the 4d YM
case both reasons mentioned above are expected to be even stronger.

Summing up the discussion, | would say that today there exists no evidence
that a variational calculation with the simplest sum ansatz used in ref. [21] is
qualitatively or even quantitatively incorrect, therefore | will cite the numerics
from those calculations in what follows. The main finding [21, 41] is that the IT
ensemble (53) stabilizes at a certain density related to the A parameter (there is
no other dimensional quantity in the theory!)
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Figure 20: "Cooling” the normal zero-point oscillations reveals large fluctuations
of the gluon field, which were identified with instantons and anti-instantons with
random positions and sizes [36]. The left column shows the action density and

the right column shows the topological charge density for the same snapshot.
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<=

~ (F),/321%) =~ <QT> (0.75Ax5)". (54)

The average instanton size and the average separation between instantons are,
respectively,

P~ 0.48/Agg ~ 0.35 fm, (55)
_ N\ 4
R = (V) ~ 1.35/Agrg ~ 0.95 fm, (56)

it one uses Agrg = 280 MeV as it follows from the DIS data. Earlier, very similar
characteristics, p = %fm, R = 1fm, have been suggested by Shuryak [19] from
studying the phenomenological applications of instantons.

Instanton interactions lead to the modification of the (divergent) size distribution
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function dg(p) (50) by a distribution decreasing at large p. The use of the
variational principle yields a Gaussian cutoff for large sizes [21, 41]:

do(p) — d(p) = do(p) exp < const-\/g p2> : (57)

In fact, it is a rather narrow distribution peaked around p (55); therefore for
practical estimates in what follows | shall just replace all instantons by the
average-size one.

It should be said that, strictly speaking, nothing can prevent some instantons to
be anomalously large and overlapping with other. For overlapping instantons the
notion of size distribution becomes senseless. The question is quantitative: how
often and how strong do instantons overlap. Given the estimate (55,56), it seems
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that the majority of instantons in the vacuum ensemble are well-isolated.

In the recent years instantons have been intensively studied by direct numerical
simulations of gluon fields on the lattice, using various configuration-smoothing
methods [36, 50, 51]. A typical snapshot of gluon fluctuations in the vacuum is
shown in Fig. 3 borrowed from ref. [36]. Naturally, it is heavily dominated by
normal perturbative UV-divergent zero-point oscillations of the field. However,
after “cooling” down these oscillations one reveals a smooth background field
which was shown in ref. [36] to be nothing but an ensemble of instantons and
anti-instantons with random positions and sizes *. The lower part of Fig.20 is
what is left of the upper part after “cooling” that particular configuration. The
average sizes and separations of instantons found vary somewhat depending on
the concrete smearing method used. Ref. [36] gives the following values

14Quite recently a more involved fluctuation-smearing procedure carried on the lattice has indicated that
instantons might have an additional structure, see the next section.
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N

p~036fm, R=(N/V) 1~0.89fm, (58)

which are not far from the estimate from the variational principle. The ratio,

1
37 ( )

ol Y

seems to be more stable: it follows from phenomenological [19], variational
21, 41] and lattice [36, 50, 51| studies. It means that the packing fraction, i.e.
the fraction of the 4-dimensional volume occupied by instantons appears to be
rather small, 7w2p%/R* ~ 1/8. This small packing fraction of the instantons
gives an a posterior: justification for the use of the semi-classical methods. As |
shall show in the next sections, it also enables one to identify adequate degrees of
freedom to describe the low-energy QCD.
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NONPERTURBATIVE QCD

The QCD Lagrangian with N massless flavours is known to posses a large global
symmetry, namely a symmetry under U(Ny) x U(Ny) independent rotations of
left- and right-handed quark fields. This symmetry is called chiral *°. Instead
of rotating separately the 2-component Weyl spinors corresponding to left- and
right-handed components of quark fields, one can make independent vector and
axial U(Ny) rotations of the full 4-component Dirac spinors — the QCD lagrangian
is invariant under these transformations too.

Meanwhile, axial transformations mix states with different P-parities. Therefore,
were that symmetry exact, one would observe parity degeneracy of all states with
otherwise the same quantum numbers. In reality the splittings between states
with the same quantum numbers but opposite parities are huge. For example,
the splitting between the vector p and the axial a; meson is (1260 — 770) ~

15The word was coined by Lord Kelvin in 1894 to describe molecules not superimposable on its mirror image.
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500 MeV; the splitting between the nucleon and its parity partner is even larger:
(1535 — 940) ~ 600 MeV.

The splittings are too large to be explained by the small bare or current quark
masses which break the chiral symmetry from the beginning. Indeed, the current
masses of light quarks are: m, ~ 4MeV, mg >~ 7TMeV, mg ~ 150 MeV.
The conclusion one can draw from these numbers is that the chiral symmetry of the
QCD Lagrangian is broken down spontaneously, and very strongly. Consequently,
one should have light (pseudo) Goldstone pseudoscalar hadrons — their role is
played by pions which indeed are by far the lightest hadrons.

The order parameter associated with chiral symmetry breaking is the so-called
chiral or quark condensate:

(Pa)) ~ —(250 MeV)?. (60)
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It should be noted that this quantity is well defined only for massless quarks,
otherwise it is somewhat ambiguous. By definition, this is the quark Green
function taken at one point; in momentum space it is a closed quark loop:

o 44k 7 (k)
() = =N | G T (51)

It the quark propagator is massless and has only the ‘slash’ term, the trace
over the spinor indices in the loop gives an identical zero. Therefore, chiral
symmetry breaking implies that a massless (or nearly massless) quark develops
a non-zero dynamical mass M (k), i.e. a ‘non-slash’ term in the propagator.
There are no reasons for this quantity to be a constant independent of the
momentum; moreover, we understand that it should anyhow vanish at large
momentum. Sometimes it is called the constituent quark mass, however a
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momentum-dependent dynamical quark mass M (k) is a more adequate term
which | shall use below.

The spontaneous generation of the dynamical quark mass (equivalent to the
spontaneous chiral symmetry breaking, SCSB) is the most important feature of

QCD being key to the whole hadron phenomenology. The theory's task is to get
M (k) in the form

M(k) = Af(k/A) (62)

where A is the renormalization-invariant combination (1) and f is some function.
Instantons enable one to get M (k) in the needed form and to find the function.
But first let us derive some general relations.

We start by writing down the QCD partition function. Functional integrals are well
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defined in Euclidean space which is obtained by the following formal substitutions
of Minkowski space quantities:

Tro0 = TE4, TMi= TEi, Amo=1Aps, A = Agi,
i = YL, Ym0 =4, Y = Ymis YMs = VEs- (63)

Neglecting for brevity the gauge fixing and Faddeev—Popov ghost terms, the QCD
partition function with quarks can be written as

Ny
1
z = [DADYDY exp |~ [ F2,+ 3" [ 916V +imy)iy
4g d
f _

= /DAM exp [—%ngFj,/] ﬁdet(N/ +imy). (64)

The chiral condensate of a given flavour f is, by definition,
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1 0

<1Bf¢f>M = —i<¢;¢f>E = _V(?—mf (In Z)mf—>0' (65)

The Dirac operator has the form

iV = 7u(i0, + A + a,.) (66)

where A/I} denotes the classical field of the IT ensemble and a,, is a presumably
small field of quantum fluctuations about that ensemble, which | shall neglect as
it has little impact on chiral symmetry breaking. Integrating over DA, in eq. (64)
means averaging over the IT ensemble with the partition function (53), therefore
one can write
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Z = det(iV] + im) (67)

where | temporarily restrict the discussion to the case of only one flavour for
simplicity. Because of the im term the Dirac operator in (67) is formally not
Hermitian; however the determinant is real due to the following observation.
Suppose we have found the eigenvalues and eigenfunctions of the Dirac operator,

i@, = A, ®,, (68)

then for any A,, £ 0 there is an eigen-function @, = v5®,, whose eigenvalue
is A,y = —A,. This is because 5 anticommutes with ¢V/. Owing to this the
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fermion determinant can be written as

n

det(iV) +1im) = H(An +im) = \/H()\% + m?) = exp [; Z In(A\2 + m?)

—exp B [ avmoe s m2>] vy = Y60 M),

— o0

Instanton vacuum field is assumed as a superposition of N instantons and IN_
antiinstantons:

N, N_
Au(m) =) AL(Enx) + > Al(éa, ). (70)
I A

Here & = (p, z,U) are (anti)instanton collective coordinates— size, position and
color orientation.

The first step of the derivation [25, 41] was the splitting of the total quark
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determinant to the low and high frequencies parts as Det = Detpign, - Detiow,
where Detpign gets a contribution from fermion modes with Dirac eigenvalues
from the interval M; to the Pauli-Villars mass M, and Det,w is accounted
eigenvalues less than M;. The product of these determinants is independent on
the scale M;. But, we may calculate both of them only approximately. In [25]
was demonstrated week dependence of the product on Mjin the wide range of
M7, which serves as a check of the approximations.

The high-momentum part Detyjgn can be written as a product of the determinants
in the field of individual instantons, while the low-momentum one Dety,y has to
be treated approximately, would-be zero modes being taken into account only.
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LIGHT QUARKS IN THE INSTANTON VACUUM

Low-frequency part of the quark determinant beyond the chiral
limit.
The starting point of the consideration is the zero-mode approximation formulated

in [52, 25, 41]

1
Si:/\ = pu—

1 D, D,
. | ,0'>< ,0 . (71)
J) m

Here the zero-modes @; o are also functions of the instanton collective coordinates
&;. This approximation is good for small values of m (chiral limit) and indicates
that the main contribution to the quark propagator is due to the zero-modes.

We would like to go beyond chiral limit. First of all we have to extend Ed. (71)
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for a non-small m case. Then, our main assumption is the interpolation formula:

1Py >< Do
SZ':SO—FSOp‘ Y O|

PSo (72)

&7

where
C;, = — < (I)Oz|]350ﬁ|q)01 >S=1m < (I)Oz|SO]3‘(I)Oz >=1m < (I)OzmsO‘(I)Oz > (73)

The advantage of this interpolation is shown by the projection of S; to the
zero-modes:

1 1
Si|Po; >= —|Po; >, < Py;|S; =< Pps|— (74)
im im

as it must be, while the similar projection of \S; given by Eq. (71) has a wrong
component, negligible only in the m — 0 limit.

Now we switch on external flavour fields (v, a, s,p), where v, and a,, are vector
and axial-vector fields, s and p are scalar and pseudoscalar fields. They also
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may have flavour content. We assume that v, and a, has a trivial topological
properties and their topological charges are equal to zero. Total quark propagator
S and the single instanton quark propagator .S; become:

S =

1 ~ 1
el R (75)
p+A+V 4+im + A, +V +
where V = &+ s+ s+ pys and © = VYV, @ = Ypay. Defining also the quark
propagator with only external flavour fields Sy and the free one Sy as follows:

- 1 1
SO: ~ Y SOZ A . Y
p+V+im p+wm

(76)

we can expand the quark propagator S with respect to a single instanton:

S0+ Y (5= 80+ (5 -80S (S . (1

17
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In order to specify the gauge dependence, we rewrite S; and Sy in the following
form:

1

p+ A + V/ + +im’

- 1

So = L’iS(/)iLi_17 S(/)i:A 5 . (78)
p+V/ +im

Si = LS[L;', S =

where VZ-’ — L' (p + V)L; and the gauge connection L; can be written as the
path-ordered exponent:

Li(z,z;) = Pexp (Z /: dyu(vu(y) + au(y)%)) . LN, 2) = yoLi(2, )70

1

(79)

where z; denotes an instanton position.
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We do not include fields s and p into L-factor since they transform homogenously
under local gauge transformations.

Expanding S} over ‘A/i’ and re-summing it we get

| Do >< Doy

;(1 V’S Sl 4+ 8!, DS/ 80
+ Z ) 02 + Ozp C; — bz 02 ( )
where

bi = < P@oilp(Sh; — S0)p|Poi >, (81)
;i —b; = — < Py|pSh;p|Po; >

= < Oyi|(im + V)| ®o; > — < Ooi|(im + V) Sg(im + V7)|Dg; >
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Rearrangement of the Eq. (77) for the total propagator leads to:

- .- ) 1 1 1 N
S = SO —+ S()ZLZ]?‘(I)ZQ > (3 —+ —DC—D + )zg < (I)Oj|pLj 130
0]
~ ~ ) 1 N 1=
= So+ SOZLZ-p\CI)Z-O > ()i < ®olpL; S0 (82)
2,7

where

Vij =< CI>0¢|]3(L7;_1§01_?3-_1)13|<I’0j > — < Og;|pSo(L; ' L;p|®o; >,(83)
Ti; = (1 —6i5) < Po;|pSo(L; " L;p|Po; >,
Dij = 51'3"/;']' = (bz — Ci)5ij7 Cij = (1 — 523)%3
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It is natural to introduce

L_.
[po >= }—aLp\‘I)o > (84)

which has the same chiral properties as zero-mode function |®¢ >. Then

~ 1
S — So =-S5 Zp|¢0’l, >< ¢0z|( VT )\Cboj >< ¢o;|PSo (85)
i,
with
V + T = pSyp. (86)
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The final explicit form for (85) is

Tr (S’ — SO) (87)

1

— E , < ¢0,J fgl‘p(SO)9192 p|¢0,z,92,93 >< ¢0,z,93,g4|( AS )9495‘¢0,J g5, f >
op
1,7

Introducing now the operator

B(m)fg =< Q0,i,f, f1|(p50p)f1g1|¢0,3 91,9 = (88)

It is easy to show that

Tr / mz‘dm’(S( ") — So(m))) (89)
Bm) 1 - . B(m)
fg 9 — Ty In =
_Z/ml) '(B(mf))ﬁ = B(M;)
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Here Tr means the trace on the flavour and only on zero-mode (|®g; >) space.
The explicit form of the matrix B(m) in this space is:

B(m)zfjg =< (I)Oi‘ﬁLrZ},fl gO,fl,gle,gl,gmq)Oj > (90)
Then
Detiow[v, a, s, p, m] = det B(m) (91)

We see that B is the extension of Lee-Bardeen's matrix B beyond chiral limit
in the presence of the external flavour fields (v, a,s,p). and with account of
quark current mass m without making expansion over current mass m and also
extended to a few flavours case.

If turn off the external fields and expand over m, keeping only O(m) term, we
obtain the quark determinant Detyoy, for small m case [52, 25].

— Typeset by Foil TEX - 192



Fermionized representation of the determinant

First, by introducing the Grassmanian variables Q; Q, we represent

det B = /deQ exp(2BS2),

where
QBQ — Qz < (I)OimL;},fl gO,fl,gle,glagﬁ‘q)Oj > Qj

The next step is to introduce the sources 7; and 7); defined as:
—1

i = —Q; < oi|pLy 5 4,m5 = Pl Poj > €2
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Then (QBSQ) can be rewritten as

—_ o~

(QBQ) = —(750m) (95)

Compare this representation with the generation functional of fermionic fields
correlators to get

det B = /deQexp(QBQ)

— (det(éo—l))_l / dQdQ Dy DT exp / dx (T (2)Sy M (x)
+ D (m@)y(x) + T (z)m(x))) (96)

1

The integration over Grassmanian variables € and Q (with the account of the
Ny flavours detny = ][, det By) provides finally the fermionized representation
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of the determinant (93) in the form:

Detiow|v, a, s, p, m| = det B (97)

- / [ [ DvsDufexp ( / d'z Y YL+ V + im) fgwg)
f fr9
Ny . N_ )
<11 {Hw,fw,wﬂv,fw,m} ,
P -

where

Veslohvl = 3 [t (u),@) Ly (@) puplmss)) (99
f1,12

. ./d4y (@l’O(y;gi)(ﬁL;}ffz(y’ Z)wfz(y)) 3
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and
Li(r,2) = Pexp ( J RO au<y>>) , (99)
Li'(z,2) = Pexp (—i /x dyu(vu(y) F au(y))) :

This fermionization was suggested in [55] and we interpret the fermions T, )
as a constituent quarks. Note that external v, and a,, fields gauges not only
the kinetic term of the effective action but also its interaction term Vi ¢[1)1, 1]
in Eq. (99). The reason is obvious: It is the nonlocal interaction induced by
instantons. The external v, and a,, fields are presented here due to the factor L
attached to each fermionic line. This factor provides us a gauge invariance of the
interaction term Vi ¢[1, 4] under the gauge transformation. Instead of we have

path dependence of Vi ¢[thT, 4] via L factors. The reason is obvious — we did
not take into account non-zero quark modes in Detjyy, which spoil completeness
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of the states. In each specific case we have to estimate the accuracy of the
calculation and to find the way of the minimization of an uncertainty introduced
by this path dependence.

The remaining problem is to average the quark determinant over collective
coordinates &4. It is a rather simple procedure, since the low density of the

. . 4 .
instanton medium (72 (%) ~ 0.1) allows us to average over positions and
orientations of the instantons independently.

Now the averaging over collective coordinates €4 become trivial problem. By using
Fourier-transformed zero-modes exp(—ikz)® o(k; 1) = exp(—ikz) [ d*(z—
z)exp(—ik(x — 2))P1 oz — 2; €4 ) we get:

q’i,o,m(lﬁ;&_L)(I)Ti,o,jg(kz;ﬁi) (100)

(QWp)zF(kl)F(kg) ~ ~ 1 + V5
— Sk%kg (kwuvysz)ij(UiT;FTVlLUj_L)aB
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where z is a position and U4 is a matrix of the color orientations of the

(anti)instanton. Form-factor F'(k) is a normalized zero-mode.

It has explicit
form:

d

(k) = —ﬁ[fo( ) Ko(t) — Il(t)Kl(t)]t:@ (101)

Also, it was used simplified version of the form-factor F'(p) (with corrected high
momentum dependence for actual numerical calculations):

L2
F = 2GeV

1.414
=—=—, p>2GeV
p

(102)

\S

where [ =~ ﬁ = 48MeV .
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The integration over color orientations, which are given by the formulae:

L 1 . .

/ dU =1, / dUUU = ~ 0103 (103)
P . . 1 PR 1 . .

/ AUV URU UL = o (011020707 — < 00201) + (1 2)

provide specific a la t'Hooft structures of quark-quark interaction term.

Also, it is evident that the integration over z leads to the energy-momentum
conservation delta-function.

Exponentiation.

With very good accuracy we may apply saddle-point approximation to the following
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integral to get

i a—100 N
(203 / d)\ exp (N lnx + yA — N) =y (104)
a+100
at N >> 1.

Bosonization of partition function.

After applying the formula (104) partition function is:

Zlm] = /DwaT exp[/ d*z Y i(i0 + img)y (105)
f
N N_
ALY +A-Yy, + Noi(In T~ 1)+ N_(In = 1)]
A VM, A VM,
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TakeNlL:N, >\:|::)\: Nf:2, mf:m. Then

1 1 | 1 .
Y, = NZ 1/d4wV(p)dp[(1—2Nc)det(@Ji(p, z) SN (id (s )],

(106)

where

d*k rd?l , 1+ s
Th(pa) = [ it expithy — Lo (k)5 ay(1,) (107

1+ s

d*kd*l,
T o) = [ L expilhy — 1o ()=

(27)

0,194(lg), (108)

2_
where q(x) = [ 2k exp(ika) q(k), g° = D 2Ne,

q(k) = zpr (kp)w(k)
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Introduce meson fields taking into account the chiral transformations:
0q = iysTdq, g7 = qTivsTa,

5o = 23, ¢ = —2do, on = —2ad, 65
Then, as it must be, d¢* (o + iy57¢)qg = 0

The bosonization now means

+ - A
exp / d*z[\(det i + det i)] = exp / d4xﬁ[—(q+q)2 —

g

(qtinsa)® + (g 7)? / DoDEDyDE

2

(¢tivs7q)?

(109)

AU-9 L7, 1 I
xexp/d4 [%q i(0 + iy5T) + 970 + ysn)q — =(0° + ¢° + 7 +1°)
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The partition function become

e K 1 -
Zlm] = /d)\DangDnDc?exp[NlnX—N_§/d4x(a2_|_¢2_|_52_|_772)
0.5 N
P+ im +i2—(2mp)F (o + iysTd + iT0 + v5n) (27p) F
+Tr In 7y (21P) E — L 51)(2mp) | (10
D+ 1m

Here K some unessential constant to make under-log expression dimensional-less.
4 . .
Tr means [ d*xtr qtr ptr ¢, p,, = 0., [Py, Tu] = 90,
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Dynamical quark mass

One of the main advantages of the instanton vacuum model is the natural
description of the SxSB, which is signaled by non-zero vacuum quark condensate
(qq). The quark-quark interaction term (106) leads to the strong attraction in
the channels with vacuum (and pion) quantum numbers. As a consequence,
there appear the nonzero vacuum expectation o of scalar-isoscalar component of
meson fields ® and related with it (Gg). For evaluation of the partition function
Z|m)], it is very convenient to use the formalism of the effective action [62, 63]

Cerrlm, A, @], defined as;

ZN[m] — /d)\ZN[m, )\] :/d)\exp(—Feff[m,)\,CI)]) (111)

where for the sake of simplicity we dropped all the external currents which are not
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essential in this section, and the field ® is the solution of the vacuum equation

aFeff[mv )‘7 (I)]
0P

Notice that the solution depends on A, i.e. ® = ®(\). Here it will be assumed
that the only nonzero vacuum field is a condensate ® = o, which is independent of
coordinates, so the effective action I'c s ¢[m, A, @] may be replaced with effective
potential Vs rlm, A, ol.

= 0. (112)

In the leading order, the effective action just coincides with the action. Shifting
® — o + @’ and integrating over the fluctuations, we get for the meson loop
correction

1 1 M M
efflm, A o] = ZTr In (45@- — —Tr— (p) ['— (p)
2 o?  p+ip(p) P+ ip(p

)Fj) : (113)
where p(p) = m+ M (p) and we introduced the dynamical quark mass M (p) =
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o7 2>\0.5
MF?(p); M =282

It is convenient to introduce notations for the leading order meson propagators
_ L.
I (q) = 4+ —5V5(a) (114)

where Vi(q) = Tr (Q(p)TiQ(p + ¢)T:) , and Q(p) = S(p)iM (p) = ;2.

| | | | — priu(p)’
With these notations vacuum equation (112) turns into

10t~ 210 (Q(p) - - / T4 S Vig(g) =0,

o2 ) (2n)*
where Vi (q) = T'r (QQ(p)FZ-Q(p - q)Fi) .

There is an important difference between the instanton vacuum and traditional

NJL-type models — the coupling A is not an external parameter of the model, but
is defined from the saddle-point equation. We have to integrate over the coupling
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Ain Eq. (111) to obtain partition function Zp. The saddle-point approximation
for the result becomes exact in the large-IN limit. The saddle-point equation for
A has a form

N T QW) + g 42 Vi(g) - Vi(0)) IL(q) = (115

Notice that Vo-term in (115) requires special attention. Formally it is next to
leading order correction, while numerically it is strongly enhanced (about a factor
of 30 compared to the other 1/N_-corrections), which indicates the failure of the
large-IN,. expansion in (115).

If we solve the equation (115), expanding it in powers of 1/N. with the set of
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our parameters, we'll get

Moy = 0.567 — 2.362m (116)
1

M, = ﬁ(_0'687 — 0.808m — 4.197mInm).

Here and in the following M and m are given in GeV.

We can see that the meson loop correction M is of comparable size with the LO
term My, so we can try to solve the equations (115,115) numerically in chiral
limit and then evaluate the chiral corrections to it. Such procedure gives

M(m) = 0.36 — 2.36m — %(0.808 +4.197Inm) (117)

C

The accuracy of the solutions(116,117) is O(m?, NLCQ)
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M(m), GeV
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Figure 21: m-dependence of the dynamical quark mass M. The solid curve —
the exact numerical solution (117) of vacuum Eqs. (115, 115). The dashed curve
— the solution (116), obtained by the iterations (1/N.-expansion) with the same
accuracy. Data points are from [65]. Notice that the scale of the lattice data is

1.64GeV, not p~!1 = 0.6 GeV .
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Fig.21 represents the M (m)-dependence obtained from Egs. (115,115). For the
sake of comparison we also plotted the lattice data from [65]. From the first
point of view our results are &~ 30% higher than the lattice data. However,
they are given in different gauges and on different scales. Since M (p) is
essentially nonperturbative object, it is not very easy to rescale the data and make
comparison. Rough estimates in perturbative QCD show that the discrepancy
may be attributed to the scales difference. We may conclude that we have a
qualitative correspondence between our model result for M (m)-dependence and
unquenched lattice data [65], as it was expected.
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Quark condensate

The presence of the quark condensate (Gq) is one of the most important properties
of the QCD vacuum. lts value characterizes the SxSB. In the chosen framework
we can extract it directly from the effective action taking derivative over the
current quark mass [59]

) 10T, 1 ; ;
(qq) = = ff:——Tr(A . - )
p+in(p) p+im

}/ d*q Tr( MF?(p) . MF*(p+aq)
(2m)4 (p+inp)? D+q+inlp+q

2 )ri) fli(q). (118)

Evaluation of (118) gives

—(gq)(m) = ((0.005 — 0.034m) N, + (0.002 — 0.05m — 0.058 m Inm)) [GeV*]
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0.02. T~

| | |
0.025 0.05 0.075 0.1 ™ GeV

Figure 22: m-dependence of the quark condensate —(qq). The long-dashed
curve is the LO result —{(qq) o, the short-dashed curve is the NLO contribution
—(Gq)npo, the solid curve is the total contribution —(Gq)rornro. The
dot-dashed line represents the leading-order in 1/N.-expansion result, evaluated
with the mass My from (116) (see text).
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The (Gq)(m)-dependence is depicted on the Fig. 22. We can see again that due
to the chiral logarithm the m-dependence is not linear and meson loops change
the m—dependence of the quark condensate drastically.

Here and below we define as leading order (LO) the result calculated with the
1/N,-corrections dropped everywhere except in the mass M (m), which is taken
from (117) without the last O(m/N., m/N.Inm)-terms. As next-to-leading
order (NLO) we define the contribution of the last two termsin (117) plus "direct"
contribution of meson loops.

For the sake of comparison, we also plotted the value (Gq)o which one would
get using LO formulae with the mass My(m) taken from (116). Recall that the
value (gg(m = 0)) = (255 MeV)?, as well as F.(m = 0) = 88 MeV, was
used as the input in order to fix the parameters (p, R) in (?7). In LO we have
(Gq)(m = 0.1)/{G@q)(m = 0)|Lo = 0.31, while with NLO corrections we have
(Gq)(m = 0.1)/{(gq)(m = 0) = 0.89, a noticeably different result showing the
size of the chiral logarithmic term in the NLO-corrections.
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PION PHYSICS FROM THE INSTANTON
VACUUM

Quarks in external axial-vector field and pion properties

The formalism of the effective action used in one of the previous sections may
be successfully applied in the presence of the external axial-vector isovector field
a, = a;,7;/2. The general partition function is reduced in this case to the form

Zn|m,d,)| = /d)\exp(—Feff[m, A, U, @) (119)

—

The external field @, can generate nonzero vacuum average (¢) = @ and shift
the value of the vacuum filed (o) and saddle-point value A.

In this paper we restrict ourselves to the case of the soft and weak external field
a,,(q), which can be treated in perturbative fashion, and ¢ ~ M < p~*. For the
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purpose of this paper it is sufficient to keep only O(Ji,

in (119).

On general grounds, one can guess that the vacuum expectation value u ~ @,
whereas shifts of the vacuum field (o) and saddle-point value A\ are proportional
to the second power of @,. Using the saddle-point equation

8Feff[m, )\, ?I, JM]

— 0 120
o (120)
and the vacuum equations
ﬁFeff[m, )\, ﬁ, JM] _ O, 8F€ff[m,ﬂ)\, ﬁ, JM] _ O, (121)
do o

we may easily get that the shifts of (o), A contribute only to O(a*)-terms and
thus may be safely omitted in this paper.
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In the leading order the effective action simply coincides with the action. Using
vacuum equations (121), one may show that (o)? + (¢)? = const. This inspires
us to introduce a unitary matrix U with the properties

U =ug+i7u, UU =UUT =1, (122)
(o) = oug, (¢) = 0. (123)

where o is the value found in Section . In this representation the vacuum meson
field is represented as &, = o U.

In the next to leading order one has to take into account the fluctuations of the
field @ — oU + @’ and integrate over ¢’
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Meson loop contribution to I'c ¢ ¢ has a form

1 525[m, A, o, @, d,,, ']

= T7%m,\ i@ =0,d, = 0]+ AT m, A, @,d,,] (124)

After simple but very tedious evaluations it is possible to show that in agreement
with chiral symmetry expectations, the structure of the effective action is

Uerr = ao(@, + 0,@)* + ma10,1(a, + 0,1) + (125)
1

+m Oé2ﬁ2 — 5 [Fc?ac_ii + F’fu(auﬁ>2 + 2F3uﬁﬂaﬂﬁ+

+Fg, Mza"] + O(a®, u?,m?),

where beyond chiral limit F, — F7, = 2 (F3, — F7,) = —a1m. Now, one can
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get that the two-point axial-isovector currents correlator has a form:

4 —iqx) A CAj _ 2 dudv 2
[ atae e G @t 0) = k2 (8, - %) w0l (129

We can see that M, has a meaning of pion mass and F); — pion decay constant.
Numerically it is much easier to calculate F= as a constant in front of §,,,-term in
(126), taking @(x) = 0, a,(x) = const (this corresponds to a,(q ~ 0)). Also,
It is possible to show that the result of such evaluation is independent of the path
choice in the transporter L. In a similar way, we can put a = 0,u = u(q) and
evaluate in NLO the quantities F2, and pion mass M. Both quantities F; and
M naturally have the chiral log terms due to the pion loops contributions. The
coefficients in these chiral log terms are controlled by the low-energy theorems [66]
and are reproduced analytically.

We can see that the specific structure of the I'c ¢ ¢ (125) provides a check of the
numerical calculations. Moreover, the chiral log theorems provide another check
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of the numerical calculations.
Pion decay constant F, from a?-term

The basic diagrams which contribute to this quantity in the leading order and
in the next-to-leading order are shown schematically in the Fig. 23 and Fig. 24
respectively. Notice that in integration over 5 the saddle-point is shifted to
<q;> ~ da,,, where the "proportionality” sign implies some nonlocal linear operator.
All the vertices on these plots should be understood as a sum of the local and
nonlocal parts.

o A OO

Figure 23: The basic diagrams which contribute to the a® term in Tcrr. The
wavy line corresponds to the external field a,(z), the dashed line corresponds
to the intermediate meson, the bulbs correspond to all the possible (local and
nonlocal) couplings of the field a to the constituent quarks.
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D>

Figure 24. The meson loop corrections to the a? term. The notations are the
same as in Fig. 23.

Finally we have

0.869 0.815
Fﬁ:N6(<2.85— ~ ) - (3.51+ ~ )m—

44.25

(7.67 —11.35m — 44.25m Inm) - 1072 [GeV?]

m Inm + O(mQ)) 1077 [GeV?] = (127)

The F(m)-dependence is shown in the Fig.25. For the sake of comparison, we
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also plotted the value F}; g which one would get using LO formulae with the mass
Mo(m) taken from (116). Recall that the value F(m = 0) = 88 MeV, as
well as (gg(m = 0)) = (255 MeV')3, was used as the input in order to fix the
parameters (p, R). The comparison between the solid curve and the long-dashed
one shows that the effect of the NLO-corrections grows with m and is about 40%
at m = 0.1GeV.
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Figure 25: m-dependence of the pion decay constant F.. The long-dashed curve
is the LO contribution, the short-dashed curve is the NLO contribution, the solid
curve is the total LO4+NLO contribution. The dot-dashed line represents the
leading-order in 1/N.-expansion result, evaluated with the mass My from (116)
(see text).
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The pion mass M.

Effective action I'cf¢, Eq. (125) at @ = O has a meaning of inverse m-meson
propagator at small external momentum ¢ ~ M, with account of meson loops.
For our purpose it is sufficient to have only the O(q") and O(¢?) terms.

Figure 26: Diagrams corresponding to the meson loop terms.

The value of the pion mass M, is defined as a pole position in the propagator.

Evaluating F'2 -term in (125) with account of meson loops we obtain the pion
mass

1.63 18.25  13.5577
M£:m<<3.49+ N )+m(15.5+ N + N 1nm)) (128)
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The M., (m)-dependence of the pion mass is shown on the Fig.27. For the sake
of comparison, we also plotted the value M o which one would get using LO
formulae with the mass My(m) taken from (116). Altogether, for this observables
the NLO-corrections turn out to be small.
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Figure 27: m-dependence of the pion mass M. The long-dashed curve is the LO
contribution, the short-dashed curve is the NLO contribution, the solid curve is
the total LO+NLO contribution. The dot-dashed line represents the leading-order
in 1/N -expansion result, evaluated with the mass My from (116) (see text).
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Finite width and "tensor" term corrections

In the previous sections it was assumed that the instanton size distribution has a
zero width, i.e. d(p) = d(p — p) and all instantons have the same size p. This

L P ()’ 1
approximation is justified by the small parameter 1/N,, i.e. B O ~ ) -

. . —2
For numerical evaluations we take the value dp* = (p?) — (p)? ~ 0'5599NG€V
C

which follows from the two-loop size distribution. Since we are interested in all
1 /N, corrections, we must take the finite width into account. To do this, we
must return to the formula (99). Additional integration over p doesn't change
the exponentiation procedure, and we get the standard 2/N¢-interaction term in
the effective action S. However, for bosonization we should slightly modify the
standard procedure.
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The final results for the corrections are

§F2 = (0.00045 — 0.0037m + 0.0036m?) [GeV? (129)
5(qq) = (—0.00045 + 0.011m — 0.062m?) [GeV?]

Thus we can see that these corrections are relatively small, ~ 5% for F# and

~ 2.6% for (qq).

The modification of the dynamical mass M (p) is shown in the Fig. 28. We can
see that for p = 0 the increase of the dynamical quark mass is M /M = 10%.
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Figure 28: Change of the p-dependence of the constituent quark mass M(p)
due to the finite width corrections. The dashed curve is the contribution of the
leading order result, the dot-dashed curve is the contribution of the finite width

rrectblolgngEpe solid curve is a total result
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"Tensor" terms contribution to the axial currents correlator.

This contribution may be represented as a Feynman diagram shown in the Fig.29.

Figure 29: Contribution to the axial currents correlator. The intermediate state is
the tensor meson ®,,,,, the diagram is 1/N_-correction.

Straightforward evaluation of the tensor-axial coupling is

21€,,0P0q,02(q) X ca, (130)

o d4p 2u°(p) + pM f(p) f'(p)(p* — 31 (p))
- / (p2 + p2(p))?
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and the total contribution of the diagram in the Fig. 29 is

Fig. 29 ~ 8c4q? (gu,, - q“—§”> x (131)
q

—1
Y d'p M>F*(p)p*(p)
- 2Ne 4 (2 2(n))2
(o) (2m)* (p* + 12(p))
Thus we can see that this diagram is just O(g?)-correction to the axial correlator.

Since we are interested only in the LO over ¢* (evaluation of Fy), we should not
evaluate this diagram.
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Gasser-Leutwyler couplings

According to [68], the low-energy constants I; of the chiral lagrangian may be
extracted from the O(m)-corrections to physical quantities, e.g.

2 2
M? =m?2 (1 My S S JONT ), F? = F? (1+877:;’F2l4+ ),(132)

where M, F; are the pion mass and decay constants, m2 = 2m B and B, F
are the phenomenological parameters of the chiral |agrang|an. Using our results
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(127, 128), we can obtain (m is given in GeV)

1
2 = 0.00284777N,. — 0.000868917 + O (ﬁ) : (133)
0.8183 1
B =1.7467 O — 134
TN T (N) (13)
_ 1
[y = 0.0738267 — 1.14251 N, — 0.999 Inm + O (ﬁ> (135)

_ 1
l4 = —0.0793814 N, + 0.0187608 — 1.000 Inm + O (F) (136)

C

which gives
F=83MeV, B=2.019GeV, I3 =1.84, l4 = 4.98 (137)
at m = 0.0055 GeV, corresponding M, = 0.142 GeV', F, = 0.0937 GeV .
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The values of F, —(gq(m = 0)) = —F?B in (137) were taken as input when
we fixed the parameters p = 0.350fm, R = 0.856fm. Our values of (I3,14)
should be compared with the phenomenological estimates [69, 70| as well as lattice
predictions [71, 72| given in Table 1.

yPT MILC Del Debbio ETM Our

73, 68, 70] [74] et. al. [72] [75] prediction
s 29+24 |06+12 | 3.0+05 | 3.62+0.12 1.84
Iy | 44402 | 39405 — 4.52 + 0.06 4.98

Table 1: Estimates and predictions of the low-energy constants. The first column
contains phenomenological estimates, the next three columns are lattice results
from different collaborations, the last column contains our results. The first four
columns of the table are taken from [70].
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Nonperturbative QCD. Discussion.

1. The would-be linear confining potential of the pure glue world is necessarily
screened by pion production at very moderate separations between quarks.
Therefore, light hadrons need not be sensitive to confinement forces but rather to
the dynamics of the spontaneous chiral symmetry breaking (SCSB).

2. Very likely, the SCSB is driven by instantons — large non-perturbative
fluctuations of the gluon field having the meaning of tunneling. The SCSB is due
to "hopping’ of quarks from one randomly situated instanton to another, each
time flipping the helicity. The instanton theory of the SCSB is in agreement
with the low-energy phenomenology (cf. the chiral condensate < 1) >, the
dynamical quark mass M(p), Fr, m,y...) and seems to be confirmed by direct
lattice methods. Furthermore, lattice simulations indicate that instantons alone
are responsible for the properties of lightest hadrons 7, p, N, ...
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3. Instantons induce not only very strong non-perturbative quark interactions but
also new and interesting vertices with an additional gluon emission. In particular,
they induce a large anomalous chromomagnetic moment which can play an
important role in soft high-energy hadron scattering, €.¢. in spin phenomena.

4. Summing up instanton-induced quark interactions in baryons leads to the Chiral
Quark=Soliton Model where baryons appear to be bound states of constituent
quarks pulled together by the chiral field. The model enables one to compute
numerous parton distributions, as well as ‘static’ characteristics of baryons — with
no fitting parameters whatsoever.

5. For highly excited baryons (m = 1.5—3 GeV) the relative importance of
confining forces vs. those of the SCSB may be reversed. One can view a
large-spin J resonance as due to a short-time stretch of an unstable string or,
alternatively, as a rotating elongated pion cloud [32]. What picture is more
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adequate is a question to experiment. In the first case the dominant decay is
on the average of the type Bar; — Bar. ;o + Mes./2; in the second case
it is mainly a cascade Bary; — Bary_1 +7® — Barj_o 4+ mm — ... Studying
resonances can elucidate the relation between chiral and confining forces.

6. One of the aim of our work was the study of the pion physics beyond
the chiral limit in the framework of the instanton vacuum model.  We
found the generating functional of the hadronic correlators with account of
O(1/N., m, m/N., m Inm/N.)-corrections and exploited it for evaluation of
the corrections to different physical observables. The corrections considered
in this paper include meson loops, finite width of instanton size distribution
and quark-quark tensor interactions term. In contrast to the expectations,
we found that numerically the 1/N_.-corrections to dynamical quark mass are
large and mostly come from meson loops. As a consequence, we have
large 1/N_-corrections to all the other quantities. To provide the values of
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F.(m = 0),{(Gg(m = 0)) in agreement with xPT, we offer a new set of
parameters p = 0.350 fm, R = 0.856 fm. Remarkably, this set of parameters is
still in agreement with current phenomenological and lattice estimates.

It was evaluated the Fi(m) and M, (m)-dependence with account of
O(1/Ng,m,m/N., m/N.Inm)-corrections. From comparison with xyPT we
extract the values of the low energy constants I3, ls. Our results for the values of
ls and I4 are in a satisfactory agreement with phenomenological as well as lattice
estimates (See Table 1). This means that the instanton vacuum is applicable
for understanding of the low-energy physics, at least on the qualitative level.
Evaluation of the other LEC's is in progress.
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