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QUARKS AND COLOUR

A fast look into the Parti
le Data Tables [1℄ reveals the ri
hness and variety of

the hadroni
 spe
trum. The large number of known mesoni
 and baryoni
 states


learly signals the existen
e of a deeper level of elementary 
onstituents of matter:

quarks [2℄. In fa
t, the messy hadroni
 world 
an be easily understood in terms

of a few 
onstituent spin-

1
2 quark �avours:

Q = +2
3 u 
 t

Q = −1
3 d s b

Assuming that mesons are M ≡ qq̄ states, while baryons have three quark


onstituents, B ≡ qqq, one 
an ni
ely 
lassify the entire hadroni
 spe
trum:
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π+ = ud̄, K+ = us̄, K0 = ds̄, π0 = (uū− dd̄)/
√
2 . . .

D+ = cd̄, D0 = cū, D+
s = cs̄ . . .

B+ = ub̄, B0 = db̄, B0
s = sb̄, B+

c = cb̄ . . .

p = uud, n = udd, Σ+ = uus, Σ0 = uds . . .

Σ+
c = udc, Σ++

c = uuc, Ξ+
c = usc, Ξ0

c = dsc . . .

Ξ+
cc = dcc, Ξ++

cc = ucc, Ω+
cc = scc . . .

There is a one�to�one 
orresponden
e between the observed hadrons and the

states predi
ted by this simple 
lassi�
ation; thus, the Quark Model appears to

be a very useful Periodi
 Table of Hadrons. However, the quark pi
ture fa
es

a problem 
on
erning the Fermi�Dira
 statisti
s of the 
onstituents. Sin
e the

fundamental state of a 
omposite system is expe
ted to have L = 0, the ∆++

baryon (J = 3
2) 
orresponds to u↑u↑u↑ , with the three quark-spins aligned into

the same dire
tion (s3 = +1
2) and all relative angular momenta equal to zero.

The wave fun
tion is symmetri
 and, therefore, the ∆++

state obeys the wrong

statisti
s.
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The problem 
an be solved assuming [3℄ the existen
e of a new quantum number,


olour, su
h that ea
h spe
ies of quark may have Nc = 3 di�erent 
olours: qα,

α = 1, 2, 3 (red, yellow, violet). Then one 
an reinterpret the ∆++

as the

antisymmetri
 state

∆++ =
1√
6
ǫαβγ |u↑αu↑βu↑γ〉 (1)

(noti
e that at least 3 
olours are needed for making an antisymmetri
 state). In

this pi
ture, baryons and mesons are des
ribed by the 
olour-singlet 
ombinations

B =
1√
6
ǫαβγ |qαqβqγ〉 , M =

1√
3
δαβ |qαq̄β〉 . (2)

In order to avoid the existen
e of non-observed extra states with non-zero 
olour,

one needs to further postulate that all asymptoti
 states are 
olorless, i.e. singlets
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under rotations in 
olour spa
e. This assumption is known as the 
on�nement

hypothesis, be
ause it implies the non-observability of free quarks: sin
e quarks


arry 
olour they are 
on�ned within 
olour-singlet bound states. The quark

pi
ture is not only a ni
e mathemati
al s
heme to 
lassify the hadroni
 world.

We have strong experimental eviden
e of the existen
e of quarks. Fig. 1 shows a

typi
al Z → hadrons event, obtained at LEP. Although there are many hadrons

in the �nal state, they appear to be 
ollimated in 2 jets of parti
les, as expe
ted

from a two-body de
ay Z → qq̄, where the qq̄ pair has later hadronized.
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Figure 1: Two-jet event from the hadroni
 de
ay of a Z boson (DELPHI).

Eviden
e of 
olour

e–

e+

q

q

γ, Z

Figure 2: Feynman diagram for e+e− → hadrons.
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A dire
t test of the 
olour quantum number 
an be obtained from the ratio

Re+e− ≡ σ(e+e− → hadrons)

σ(e+e− → µ+µ−)
. (3)

The hadroni
 produ
tion o

urs through e+e− → γ∗, Z∗ → qq̄ → hadrons.

Sin
e quarks are assumed to be 
on�ned, the probability to hadronize is just

one; therefore, the sum over all possible quarks in the �nal state will give the

total in
lusive 
ross-se
tion into hadrons. At energies well below the Z peak, the


ross-se
tion is dominated by the γ-ex
hange amplitude; the ratio Re+e− is then

given by the sum of the quark ele
tri
 
harges squared:

Re+e− ≈ Nc

Nf
∑

f=1

Q2
f =







2
3Nc = 2 , (Nf = 3 : u, d, s)

10
9 Nc =

10
3 , (Nf = 4 : u, d, s, c)

11
9 Nc =

11
3 , (Nf = 5 : u, d, s, c, b)

. (4)
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Figure 3: Measurements of Re+e− [1℄. The two 
ontinuous 
urves are QCD �ts.
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Figure 4: τ -de
ay diagram.

The measured ratio is shown in Fig. 3. Although the simple formula (4) 
annot

explain the 
ompli
ated stru
ture around the di�erent quark thresholds, it gives

the right average value of the 
ross-se
tion (away from the thresholds), provided

that Nc is taken to be three. The agreement is better at larger energies. Noti
e

that strong intera
tions have not been taken into a

ount; only the 
on�nement

hypothesis has been used.

The hadroni
 de
ay of the τ lepton provides additional eviden
e for Nc = 3.

The de
ay pro
eeds through the W -emission diagram shown in Fig. 4. Sin
e the

W 
oupling to the 
harged 
urrent is of universal strength, there are (2 + Nc)
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equal 
ontributions (if �nal masses and strong intera
tions are negle
ted) to

the τ -de
ay width. Two of them 
orrespond to the leptoni
 de
ay modes

τ− → ντe
−ν̄e and τ− → ντµ

−ν̄µ, while the other Nc are asso
iated with the

possible 
olours of the quark�antiquark pair in the τ− → ντdθu de
ay mode

(dθ ≡ cos θCd+ sin θCs). Hen
e, the bran
hing ratios for the di�erent 
hannels

are expe
ted to be approximately:

Bτ→l ≡ Br(τ− → ντ l
−ν̄l) ≈

1

2 +Nc
=

1

5
= 20% , (5)

Rτ ≡ Γ(τ− → ντ + hadrons)

Γ(τ− → ντe−ν̄e)
≈ Nc = 3 , (6)

whi
h should be 
ompared with the experimental averages [1℄:

Bτ→e = (18.01± 0.18)% , Bτ→µ = (17.65± 0.24)% , (7)

Rτ = (1−Bτ→e −Bτ→µ)/Bτ→e = 3.56± 0.04 . (8)
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The agreement is fairly good. Taking Nc = 3, the naive predi
tions only deviate

from the measured values by about 20%. Many other observables, su
h as the

partial widths of the Z and W±

bosons, 
an be analyzed in a similar way to


on
lude that Nc = 3.

A parti
ularly strong test is obtained from the π0 → γγ de
ay, whi
h o

urs

through the triangular quark loops in Fig. 5. The 
rossed vertex denotes the axial


urrent A3
µ ≡ (ūγµγ5u− d̄γµγ5d). One gets:

Γ(π0 → γγ) =

(

Nc

3

)2
α2m3

π

64π3f2π
= 7.73 eV, (9)

where the π0


oupling to A3
µ, fπ = 92.4 MeV, is known from the π− → µ−ν̄µ

de
ay rate (assuming isospin symmetry). The agreement with the measured value,

Γ = 7.7 ± 0.6 eV [1℄, is remarkable. With Nc = 1, the predi
tion would have

failed by a fa
tor of 9. The ni
e thing about this de
ay is that it is asso
iated
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with an anomaly: a global �avour symmetry whi
h is broken by quantum e�e
ts

(the triangular loops). One 
an then proof that the de
ay amplitude (9) does not

get 
orre
ted by strong intera
tions [4℄.

+
π0

q γ

γ

Figure 5: Triangular quark loops generating the de
ay π0 → γγ.

Anomalies provide another 
ompelling theoreti
al reason to adopt Nc = 3. The

gauge symmetries of the Standard Model of ele
troweak intera
tions have also

anomalies asso
iated with triangular fermion loops (diagrams of the type shown

in Fig. 5, but with arbitrary gauge bosons �W±, Z, γ� in the external legs and

Standard Model fermions in the internal lines). These gauge anomalies are deathly

be
ause they destroy the renormalizability of the theory. Fortunately, the sum
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of all possible triangular loops 
an
els if Nc = 3. Thus, with three 
olours,

anomalies are absent and the Standard Model is well-de�ned.

Asymptoti
 Freedom

The stru
ture of the proton 
an be probed through the s
attering e−p → e−p.

The 
ross-se
tion is given by

dσ

dQ2
=

πα2 cos2θ2
4E2 sin4θ2EE

′











|GE(Q
2)|2 + Q2

4M2
p
|GM(Q2)|2

1 + Q2

4M2
p

+
Q2

2M2
p

|GM(Q2)|2 tan2θ
2











,

(10)

where E and E′

are the energies of the in
ident and s
attered ele
trons,

respe
tively, in the proton rest-frame, θ the s
attering angle, Mp the proton
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mass and Q2 ≡ −q2 = 4EE′ sin2θ2 , with q
µ ≡ (ke − k′e)

µ

the momentum

transfer through the intermediate photon propagator.

GE and GM are the ele
tri
 and magneti
 form fa
tors, respe
tively, des
ribing

the proton ele
tromagneti
 stru
ture; they would be equal to one for a pointlike

spin-

1
2 target. Experimentally they are known to be very well approximated by the

dipole form

GM(Q2)/µp ≈ GE(Q
2) ≈

(

1 +
Q2

0.7GeV2

)−2

, (11)

where µp = 2.79 is the proton magneti
 moment (in proton Bohr magneton

units). Thus, the proton is a
tually an extended obje
t with a size of the order

of 1 fm. At very low energies (Q2 << 1GeV2

), the photon probe is unable to

get information on the proton stru
ture, GM,E(Q
2) ≈ GM,E(0) = 1, and the

proton behaves as a pointlike parti
le. At higher energies, the photon is sensitive
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to shorter distan
es; the proton �nite size gives then rise to form fa
tors, whi
h

suppress the elasti
 
ross-se
tion at large Q2

, i.e. at large angles.

e– e–

γ

X

P

Figure 6: Inelasti
 e−p→ e−X s
attering.

One 
an try to further resolve the proton stru
ture, by in
reasing the in
ident

energy. The inelasti
 s
attering e−p → e−X be
omes then the dominant

pro
ess. Making an in
lusive sum over all hadrons produ
ed, one has an additional

kinemati
al variable 
orresponding to the �nal hadroni
 mass, W 2 ≡ P 2
X . The
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s
attering is usually des
ribed in terms of Q2

and

ν ≡ (P · q)
Mp

=
Q2 +W 2 −M2

p

2Mp
= E − E′ , (12)

where Pµ

is the proton 
uadrimomentum; ν is the energy transfer in the proton

rest-frame. In the one-photon approximation, the unpolarized di�erential 
ross-

se
tion is given by

dσ

dQ2 dν
=

πα2 cos2θ2
4E2 sin4θ2EE

′

{

W2(Q
2, ν) + 2W1(Q

2, ν) tan2
θ

2

}

. (13)

The proton stru
ture is then 
hara
terized by two measurable stru
ture fun
tions.
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For a pointlike proton, the elasti
 s
attering (10) 
orresponds to

W1(Q
2, ν) =

Q2

4M2
p

δ

(

ν − Q2

2Mp

)

, W2(Q
2, ν) = δ

(

ν − Q2

2Mp

)

.

(14)

At lowQ2

, the experimental data reveals prominent resonan
es; but this resonan
e

stru
ture qui
kly dies out as Q2

in
reases. A mu
h softer but sizeable 
ontinuum


ontribution persists at large Q2

, suggesting the existen
e of pointlike obje
ts

inside the proton.

To get an idea of the possible behaviour of the stru
ture fun
tions, one 
an make

a very rough model of the proton, assuming that it 
onsist of some number of

pointlike spin-

1
2 
onstituents (the so-
alled partons), ea
h one 
arrying a given

fra
tion ξi of the proton momenta, i.e. pi
µ = ξiP

µ

. That means that we are
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negle
ting

1

the transverse parton momenta, and mi = ξMp. The intera
tion

of the photon-probe with the parton i generates a 
ontribution to the stru
ture

fun
tions given by:

W
(i)
1 (Q2, ν) =

e2iQ
2

4m2
i

δ

(

ν − Q2

2mi

)

=
e2i

2Mp
δ (ξi − x) , (15)

W
(i)
2 (Q2, ν) = e2i δ

(

ν − Q2

2mi

)

= e2i
x

ν
δ (ξi − x) , (16)

where ei is the parton ele
tri
 
harge and x ≡ Q2

2Mpν
= Q2

Q2+W 2−M2
p
. Thus, the

parton stru
ture fun
tions only depend on the ratio x, whi
h, moreover, �xes

the momentum fra
tions ξi. We 
an go further, and assume that in the limit

Q2 → ∞, ν → ∞, but keeping x �xed, the proton stru
ture fun
tions 
an

1

These approximations 
an be made more pre
ise going to the in�nite momentum frame of

the proton, where the transverse motion is negligible 
ompared with the large longitudinal boost

of the partons.
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be estimated from an in
oherent sum of the parton ones (negle
ting any strong

intera
tions among the partons). Denoting fi(ξi) the probability that the parton

i has momentum fra
tion ξi, one then has:

W1(Q
2, ν) =

∑

i

∫ 1

0

dξi fi(ξi)W
(i)
1 (Q2, ν) =

1

2Mp

∑

i

e2ifi(x) ≡
1

Mp
F1(x) ,(17)

W2(Q
2, ν) =

∑

i

∫ 1

0

dξi fi(ξi)W
(i)
2 (Q2, ν) =

x

ν

∑

i

e2ifi(x) ≡
1

ν
F2(x) . (18)

This simple parton des
ription implies then the so-
alled Bjorken s
aling [5℄: the

proton stru
ture fun
tions only depend on the kinemati
al variable x. Moreover,

one gets the Callan�Gross relation [6℄ F2(x) = 2xF1(x) , whi
h is a 
onsequen
e

of our assumption of spin-

1
2 partons. It is easy to 
he
k that spin-0 partons would

have lead to F1(x) = 0.
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Figure 7: Experimental data on νW2

as fun
tion of x, for di�erent values of
Q2

[7℄ (taken from Ref. [8℄).

Figure 8: The ratio 2xF1/F2 versus

x, for di�erent Q2

values (1.5

GeV

2 < Q2 < 16 GeV

2

) [9℄ (taken

from Ref. [8℄).

The measured values of νW2(Q
2, ν) are shown in Fig. 7 as fun
tion of x, for

many di�erent values of Q2
between 2 and 18 GeV

2

; the 
on
entration of data
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points along a 
urve indi
ates that Bjorken s
aling is 
orre
t, to a quite good

approximation. Fig. 8 shows that the Callan�Gross relation is also reasonably well

satis�ed by the data, supporting the spin-

1
2 assignment for the partons.

The surprising thing of this su

essful predi
tions is that we have assumed the

existen
e of free independent pointlike partons inside the proton, in spite of the

fa
t that quarks are supposed to be 
on�ned by very strong 
olour for
es. Bjorken

s
aling suggests that the strong intera
tions must have the property of asymptoti


freedom: they should be
ome weaker at short distan
es, so that quarks behave

as free parti
les for Q2 → ∞. This also agrees with the empiri
al observation in

Fig. 3, that the free-quark des
ription of the ratio Re+e− works better at higher

energies.

Thus, the intera
tion between a qq̄ pair looks like some kind of rubber band. If we

try to separate the quark form the antiquark the for
e joining them in
reases. At

some point, the energy on the elasti
 band is bigger than 2mq′, so that it be
omes

energeti
ally favourable to 
reate an additional q′q̄′ pair; then the band breaks
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down into two mesoni
 systems, qq̄′ and q′q̄, ea
h one with its 
orresponding

half-band joining the quark pair. In
reasing more and more the energy, we 
an

only produ
e more and more mesons, but quarks remain always 
on�ned within


olour-singlet bound states. Conversely, if one tries to approximate two quark


onstituents into a very short-distan
e region, the elasti
 band loses the energy

and be
omes very soft; quarks behave then as free parti
les.

Why SU(3)?

Flavour-
hanging transitions have a mu
h weaker strength than pro
esses mediated

by the strong for
e. The quark-�avour quantum number is asso
iated with the

ele
troweak intera
tions, while strong for
es appear to be �avour-
onserving and

�avour-independent. On the other side, the 
arriers of the ele
troweak intera
tion

(γ, Z, W±

) do not 
ouple to the quark 
olour. Thus, it seems natural to take


olour as the 
harge asso
iated with the strong for
es and try to build a quantum

�eld theory based on it [10℄. The empiri
al eviden
e des
ribed so far puts a series

of requirements that the fundamental theory of 
olour intera
tions should satisfy:
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1. Colour is an exa
t symmetry GC (hadrons do not show 
olour multipli
ity).

2. Nc = 3. Thus, quarks belong to the triplet representation 3 of GC.

3. Quarks and antiquarks are di�erent states. Therefore, 3∗ 6= 3, i.e. the triplet

representation has to be 
omplex.

4. Con�nement hypothesis: hadroni
 states are 
olour singlets.

5. Asymptoti
 freedom.

Among all 
ompa
t simple Lie groups there are only four having 3-dimensional

irredu
ible representations; moreover, three of them are isomorphi
 to ea
h other.

Thus, we have only two 
hoi
es: SU(3) or SO(3) ≃ SU(2) ≃ Sp(1). Sin
e the

triplet representation of SO(3) is real, only the symmetry group SU(3) survives
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the 
onditions 1, 2 and 3. The well-known SU(3) de
omposition of the produ
ts

of 3 and 3∗ representations,

qq̄ : 3⊗ 3∗ = 1⊕ 8 ,

qqq : 3⊗ 3⊗ 3 = 1⊕ 8⊕ 8⊕ 10 ,

qq : 3⊗ 3 = 3∗ ⊕ 6 ,

qqqq : 3⊗ 3⊗ 3⊗ 3 = 3⊕ 3⊕ 3⊕ 6∗ ⊕ 15⊕ 15⊕ 15⊕ 15′ , (19)

guarantees that there are 
olour-singlet 
on�gurations 
orresponding to meson

(qq̄) and baryon (qqq) states, as required by the 
on�nement hypothesis. Other

exoti
 
ombinations su
h as diquarks (qq, q̄q̄) or four-quark states (qqqq, q̄q̄q̄q̄)

do not satisfy this requirement.

Clearly, the theory of 
olour intera
tions should be based on the SU(3)C group.

It remains to be seen whether su
h a theory is able to explain 
on�nement and

asymptoti
 freedom as natural dynami
al 
onsequen
es of the 
olour for
es.
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GAUGE SYMMETRY: QED

Let us 
onsider the Lagrangian des
ribing a free Dira
 fermion:

L0 = iΨ(x)γµ∂µΨ(x) − mΨ(x)Ψ(x) . (20)

L0 is invariant under global U(1) transformations

Ψ(x)

U(1)−→ Ψ′(x) ≡ exp {iQθ}Ψ(x) , (21)

where Qθ is an arbitrary real 
onstant. The phase of Ψ(x) is then a pure


onvention-dependent quantity without physi
al meaning. However, the free

Lagrangian is no-longer invariant if one allows the phase transformation to depend

on the spa
e-time 
oordinate, i.e. under lo
al phase rede�nitions θ = θ(x),

be
ause

∂µΨ(x)

U(1)−→ exp {iQθ} (∂µ + iQ∂µθ) Ψ(x) . (22)
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Thus, on
e an observer situated at the point x0 has adopted a given phase-


onvention, the same 
onvention must be taken at all spa
e-time points. This

looks very unnatural.

The �Gauge Prin
iple� is the requirement that the U(1) phase invarian
e should

hold lo
ally. This is only possible if one adds some additional pie
e to the

Lagrangian, transforming in su
h a way as to 
an
el the ∂µθ term in Eq. (22).

The needed modi�
ation is 
ompletely �xed by the transformation (22): one

introdu
es a new spin�1 (sin
e ∂µθ has a Lorentz index) �eld Aµ(x), transforming

as

Aµ(x)

U(1)−→ A′
µ(x) ≡ Aµ(x) +

1

e
∂µθ , (23)

and de�nes the 
ovariant derivative

DµΨ(x) ≡ [∂µ − ieQAµ(x)] Ψ(x) , (24)
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whi
h has the required property of transforming like the �eld itself:

DµΨ(x)

U(1)−→ (DµΨ)
′
(x) ≡ exp {iQθ}DµΨ(x) . (25)

The Lagrangian

L ≡ iΨ(x)γµDµΨ(x)−mΨ(x)Ψ(x) = L0+ eQAµ(x)Ψ(x)γµΨ(x) (26)

is then invariant under lo
al U(1) transformations.

The gauge prin
iple has generated an intera
tion between the Dira
 spinor and

the gauge �eld Aµ, whi
h is nothing else than the familiar QED vertex. Note that

the 
orresponding ele
tromagneti
 
harge eQ is 
ompletely arbitrary. If one wants

Aµ to be a true propagating �eld, one needs to add a gauge-invariant kineti
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term

L

Kin

≡ −1

4
FµνF

µν , (27)

where Fµν ≡ ∂µAν − ∂νAµ is the usual ele
tromagneti
 �eld strength. A

possible mass term for the gauge �eld,

1
2m

2AµAµ, is forbidden be
ause it would

violate gauge invarian
e; therefore, the photon �eld is predi
ted to be massless.

The total Lagrangian in (26) and (27) gives rise to the well-known Maxwell

equations.

From a simple gauge-symmetry requirement, we have dedu
ed the right QED

Lagrangian, whi
h leads to a very su

essful quantum �eld theory. Remember

that QED predi
tions have been tested to a very high a

ura
y, as exempli�ed by

the ele
tron and muon anomalous magneti
 moments [al ≡ (gl − 2)/2, where
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µl ≡ gl (eh̄/2ml)℄ [11℄:

ae =

{

(115 965 214.0± 2.8)× 10−11 (Theory)
(115 965 219.3± 1.0)× 10−11 (Experiment)

, (28)

aµ =

{

(1 165 919.2± 1.9)× 10−9 (Theory)
(1 165 923.0± 8.4)× 10−9 (Experiment)

. (29)
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THE QCD LAGRANGIAN

Let us denote ψα
f a quark �eld of 
olour α and �avour f . To simplify the equations,

let us adopt a ve
tor notation in 
olour spa
e: ψf ≡ 
olumn(ψ1
f , ψ

2
f , ψ

3
f) . The

free Lagrangian

L0 =
∑

f

ψ̄f (iγµ∂µ −mf)ψf (30)

is invariant under arbitrary global SU(3)C transformations in 
olour spa
e,

ψα
f −→ (ψα

f )
′ = Uα

β ψ
β
f , UU † = U †U = 1 , detU = 1 .

(31)
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The SU(3)C matri
es 
an be written in the form

U = exp

{

−igs
λa

2
θa

}

, (32)

where λa (a = 1, 2, . . . , 8) denote the generators of the fundamental

representation of the SU(3)C algebra, and θa are arbitrary parameters. The

matri
es λa are tra
eless and satisfy the 
ommutation relations

[

λa, λb
]

= 2ifabc λc , (33)

with fabc the SU(3)C stru
ture 
onstants, whi
h are real and totally

antisymmetri
. Some useful properties of SU(3) matri
es are 
olle
ted in

Appendix A.

As in the QED 
ase, we 
an now require the Lagrangian to be also invariant

under lo
al SU(3)C transformations, θa = θa(x). To satisfy this requirement,
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we need to 
hange the quark derivatives by 
ovariant obje
ts. Sin
e we have now

8 independent gauge parameters, 8 di�erent gauge bosons Gµ
a(x), the so-
alled

gluons, are needed:

Dµψf ≡
[

∂µ − igs
λa

2
Aµ

a(x)

]

ψf ≡ [∂µ − igsA
µ(x)] ψf . (34)

Noti
e that we have introdu
ed the 
ompa
t matrix notation

[Aµ(x)]αβ ≡
(

λa

2

)

αβ

Aµ
a(x) . (35)

We want Dµψf to transform in exa
tly the same way as the 
olour-ve
tor ψf ;

this �xes the transformation properties of the gauge �elds:

Dµ −→ (Dµ)′ = U DµU † ; Gµ −→ (Gµ)′ = U GµU †− i

gs
(∂µU)U † .
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(36)

Under an in�nitesimal SU(3)C transformation,

ψα
f −→ (ψα

f )
′ = ψα

f − igs

(

λa

2

)

αβ

δθaψ
β
f ,

Aµ
a −→ (Aµ

a)
′ = Aµ

a − ∂µ(δθa) + gsf
abcδθbA

µ
c . (37)

The gauge transformation of the gluon �elds is more 
ompli
ated that the

one obtained in QED for the photon. The non-
ommutativity of the SU(3)C

matri
es gives rise to an additional term involving the gluon �elds themselves.

For 
onstant δθa, the transformation rule for the gauge �elds is expressed in

terms of the stru
ture 
onstants fabc only; thus, the gluon �elds belong to the

adjoint representation of the 
olour group (see Appendix A). Note also that there

is a unique SU(3)C 
oupling gs. In QED it was possible to assign arbitrary

ele
tromagneti
 
harges to the di�erent fermions. Sin
e the 
ommutation relation
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(33) is non-linear, this freedom does not exist for SU(3)C.

To build a gauge-invariant kineti
 term for the gluon �elds, we introdu
e the


orresponding �eld strengths:

Fµν(x) ≡ i

gs
[Dµ,Dν] = ∂µAν − ∂νAµ − igs [A

µ, Aν] ≡ λa

2
Fµν
a (x) ,

Fµν
a (x) = ∂µAν

a − ∂νAµ
a + gsf

abcAµ
bA

ν
c . (38)

Under a gauge transformation,

Aµν −→ (Aµν)′ = U Aµν U † , (39)

and the 
olour tra
e Tr(GµνGµν) =
1
2G

µν
a Ga

µν remains invariant.

Taking the proper normalization for the gluon kineti
 term, we �nally have the
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SU(3)C invariant QCD Lagrangian:

L

QCD

≡ −1

4
GFµν

a F a
µν +

∑

f

ψ̄f (iγµDµ −mf) ψf . (40)

It is worth while to de
ompose the Lagrangian into its di�erent pie
es:

L

QCD

= −1

4
(∂µAν

a − ∂νAµ
a)(∂µA

a
ν − ∂νA

a
µ) +

∑

f

ψ̄α
f (iγµ∂µ −mf) ψ

α
f

+ gsA
µ
a

∑

f

ψ̄α
f γµ

(

λa

2

)

αβ

ψβ
f (41)

− gs
2
fabc (∂µAν

a − ∂νAµ
a)A

b
µA

c
ν − g2s

4
fabcfadeA

µ
bA

ν
cA

d
µA

e
ν .

The �rst line 
ontains the 
orre
t kineti
 terms for the di�erent �elds, whi
h give

rise to the 
orresponding propagators. The 
olour intera
tion between quarks

� Typeset by FoilT

E

X � 34



and gluons is given by the se
ond line; it involves the SU(3)C matri
es λa.

Finally, owing to the non-abelian 
hara
ter of the 
olour group, the Gµν
a Ga

µν term

generates the 
ubi
 and quarti
 gluon self-intera
tions shown in the last line; the

strength of these intera
tions is given by the same 
oupling gs whi
h appears in

the fermioni
 pie
e of the Lagrangian. In spite of the ri
h physi
s 
ontained in it,

the Lagrangian (40) looks very simple, be
ause of its 
olour-symmetry properties.

All intera
tions are given in terms of a single universal 
oupling gs, whi
h is 
alled

the strong 
oupling 
onstant. The existen
e of self-intera
tions among the gauge

�elds is a new feature that was not present in the QED 
ase; it seems then

reasonable to expe
t that these gauge self-intera
tions 
ould explain properties

like asymptoti
 freedom and 
on�nement, whi
h do not appear in QED.
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Figure 9: Three-jet event from the hadroni
 de
ay of a Z boson (DELPHI).

Without any detailed 
al
ulation, one 
an already extra
t qualitative physi
al


onsequen
es from L

QCD

. Quarks 
an emit gluons. At lowest-order in gs, the

dominant pro
ess will be the emission of a single gauge boson. Thus, the

hadroni
 de
ay of the Z should result in some Z → qq̄G events, in addition to

the dominant Z → qq̄ de
ays. Fig. 9 
learly shows that 3-jet events, with the
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required kinemati
s, indeed appear in the LEP data. Similar events show up in

e+e− annihilation into hadrons, away from the Z peak.

In order to properly quantize the QCD Lagrangian, one needs to add to L

QCD

the

so-
alled Gauge-�xing and Faddeev�Popov terms. Sin
e this is a rather te
hni
al

issue, its dis
ussion is relegated to the following se
tions.
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SUMMARY

Strong intera
tions are 
hara
terized by three basi
 properties: asymptoti


freedom, 
on�nement and dynami
al 
hiral symmetry breaking.

Owing to the gluoni
 self-intera
tions, the QCD 
oupling be
omes smaller at

short distan
es, leading indeed to an asymptoti
ally-free quantum �eld theory.

Perturbation theory 
an then be applied at large momentum transfers. The

resulting predi
tions have a
hieved a remarkable su

ess, explaining a wide range

of phenomena in terms of a single 
oupling. The running of αs has been

experimentally tested at di�erent energy s
ales, 
on�rming the predi
ted QCD

behaviour.

The growing of the running 
oupling at low-energies makes very plausible that

the QCD dynami
s generates the required 
on�nement of quarks and gluons into


olour-singlet hadroni
 states. A rigorous proof of this property is, however,

still la
king. At present, the dynami
al details of hadronization are 
ompletely
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unknown.

Non-perturbative tools, su
h as QCD sum rules and latti
e 
al
ulations, provide

indire
t eviden
e that QCD also implies the proper pattern of 
hiral symmetry

breaking. The results obtained so far support the existen
e of a non-zero q-q̄


ondensate in the QCD va
uum, whi
h dynami
ally breaks the 
hiral symmetry

of the Lagrangian. However, a formal understanding of this phenomena has only

been a
hieved in some approximate limits.

Thus, we have at present an overwhelming experimental and theoreti
al eviden
e

that the SU(3)C gauge theory 
orre
tly des
ribes the hadroni
 world. This

makes QCD the established theory of the strong intera
tions. Nevertheless, the

non-perturbative nature of its low-energy limit is still 
hallenging our theoreti
al


apabilities.
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QUANTIZATION OF QCD

As was repeatedly emphasized in this notes, quantum �eld theory is nothing else

as quantum me
hani
s with in�nite number of degrees of freedom. We know three

main methods of studying quantum me
hani
al systems: i) expli
it solution of

the S
hrödinger equation, ii) quasi
lassi
al approximation, and iii) perturbation

theory. Speaking of the �rst �brute for
e� approa
h, it is in prin
iple possible,

but not very pra
ti
al for a system of intera
ting �elds: we 
annot solve the

S
hrödinger equation analyti
ally while solving it numeri
ally is extremely di�
ult

(though possible in prin
iple with latti
e methods). But the te
hnique most

widely used whi
h allows one to obtain a lot of nontrivial results for physi
ally

observable e�e
ts is, of 
ourse, the perturbation theory. It is espe
ially fruitful for

the theories like QED where the 
oupling 
onstant is small and the perturbative

series 
onverge rapidly. In many 
ases, perturbative expansion works well also

for QCD.

2

For quantum �eld systems, the alias for perturbation theory is the

2

We will see later that it is so for pro
esses with large 
hara
teristi
 energy transfer.
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Feynman graph te
hnique. In this and in the following se
tions we will 
onstru
t

the diagram te
hnique for QCD, will learn how to 
al
ulate the simplest Feynman

graphs in QCD, and will understand what asymptoti
 freedom is.

The partition fun
tion for the Yang�Mills theory 
an be presented as

Z =

∫

∏

~x,τ

dAa
µ(~x, τ) exp

{

− 1

2g2

∫ β

0

dτ

∫

d~xTr{FµνFµν}
}

(1)

This expression is gauge invariant. Also Lorentz invarian
e is expli
itly seen. The

Minkowski path integral is obtained from Eq.(1) by the 
hange −1 → i in the

exponent:

ZM =

∫

∏

~x,t

dAa
µ(~x, t) exp

{

i
1

2g2

∫

d4xTr{FµνF
µν}
}

(2)
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Feynman rules from path integral.

We assume that a reader is familiar with the standard operator way to derive the

Feynman graph te
hnique. Here we will give a brief sket
h how it is done with

path integrals. Consider the simplest �eld theory with non-trivial intera
tion, the

λφ4 theory. Its lagrangian is

L =
1

2
(∂µφ)

2 − m2

2
φ2 − λ

24
φ4 (3)

Our task is to �nd the elements of S�matrix � the matrix elements < out|in >.

On the �rst step we make use of the redu
tion formula whi
h relates the

s
attering amplitudes to the residues at the poles of the va
uum expe
tation value

of the T �produ
t of the Heisenberg �eld operators φ̂(x) = eiĤtφ(x)e−iĤt

. For
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example, for the s
attering p1p2 → p3p4 (pi0 > 0), we may write

∫ 4
∏

i=1

d4xie
−i

∑4
i=1 pixi < 0|T{φ̂(x1)φ̂(x2)φ̂(x3)φ̂(x4)}|0 >

=





∏

i=1,...,4

i
√
Z

p2i −m2
R + i0



 iM12→34 (2π)4δ(4)(p1 + p2 − p3 − p4)

+ less singular terms , (4)

where Z is the residue of the exa
t propagator at the pole:

∫

d4xeipx < 0|T{φ̂(x)φ̂(0)}|0 > ∼ iZ

p2 −m2
R + i0

when p2 ∼ m2
R, and mR is the renormalized physi
al mass whi
h does not

generally 
oin
ide with the bare mass m entering the lagrangian (3). The result
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(4) 
an be derived both in the operator and in the path integral language (see

e.g. [12℄, Chapt. 7.2). We skip it.

Se
ondly, we must express the va
uum expe
tation value in the L.H.S. of Eq.(4)

into a path integral. We already know the formula expressing a v.e.v. < Ô >

via an Eu
lidean path integral. In our 
ase, we need to �nd the average

of the T �produ
t of the Heisenberg operators depending expli
itly on the

real Minkowski time xi0. Skipping the details again, we write the answer

< 0|T{φ̂(x1) . . . φ̂(xn)}|0 > =

= lim
T→∞(1−i0)

∫

Dφ φ(x1) . . . φ(xn) exp
{

i
∫ T

−T
dtd~xL(x)

}

∫

Dφ exp
{

i
∫ T

−T
dtd~xL(x)

}

(5)

where the in�nitesimal imaginary shift −i0 ensures the dominan
e of the va
uum


ontribution and the boundary values of φ(−T, ~x) and φ(T, ~x) need not be

spe
i�ed: they do not a�e
t the result.
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On the third step we have to 
al
ulate a
tually the path integrals in Eq.(5). For

theories with non-trivial intera
tion, that 
an be done only approximatively. We

will do it perturbatively presenting the result as a series over the 
oupling 
onstant

λ. To this end, we �rst present L = L0+Lint where L0 involves at most se
ond

powers of the �elds and Lint � all the rest. In our 
ase, Lint = −λφ4/24. We

next expand

exp

{

−iλ
∫

φ4

24
d4x

}

(6)

in series in λ and express our va
uum average into the integrals

< φ1 . . . φm >0 =

∫

Dφ φ(x1) . . . φ(xm) exp
{

i
∫

d4xL0(x)
}

∫

Dφ exp
{

i
∫

dtd~xL0(x)
}

(7)

(m = n + 4k if the kth term in the expansion of the exponential (6) is taken

into a

ount). The point is that the integrals (7) have Gaussian form and 
an be
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al
ulated analyti
ally.

3

It is 
onvenient to do it via the generating fun
tional.

In our 
ase, we may write

< φ1 . . . φm >0 =
1

Z[0]

(

−i δ

δJ(x1)

)

· · ·
(

−i δ

δJ(xm)

)

Z[J ]

∣

∣

∣

∣

J=0

(8)

where

Z[J ] =

∫

Dφ exp
{

i

∫

d4x[L0(x) + J(x)φ(x)]

}

=

∫

Dφ exp
{

i

∫

d4x[
1

2
φ(x)(−∂2 −m2 + i0)φ(x) + J(x)φ(x)]

}

(9)

In the last line, we performed the integration by parts; the term i0 should be

added to take into a

ount the fa
t that, a

ording to Eq.(5), the integral over

3

The tri
k we use here is exa
tly equivalent to going into the intera
tion representation in the operator

approa
h.
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dt was originally done over a path somewhat below the real time axis ( in the last

line, we integrate just over the real axis ). The shift i0 makes the integral (9)


onvergent. It 
an be expli
itly done if de�ning

φ = φ′ + i

∫

d4yDF (x− y)J(y) (10)

where DF (x− y) is the Feynman s
alar Green's fun
tion

(∂2 +m2 − i0)DF (x− y) = −iδ(x− y)

The 
hange of variables (10) kills the linear term, the integral over Dφ′ gives an

irrelevant 
onstant, and we obtain

Z[J ] = Z[0] exp

{

−1

2

∫

d4xd4yJ(x)DF (x− y)J(y)

}

(11)
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Varying it a

ording to Eq.(8), we easily obtain

< φ(x)φ(0) >0 = DF (x)

< φ(x1)φ(x2)φ(x3)φ(x4) >0= DF (x1 − x2)DF (x3 − x4)

+DF (x1 − x3)DF (x2 − x4) +DF (x1 − x4)DF (x2 − x3) (12)

et
. i.e. the average of the produ
t of 2p fa
tors φ(xi) presents the sum of

(2p − 1)!! terms, ea
h terms being the produ
t of p Feynman Green's fun
tions

< φ(xi)φ(xj) >0 with di�erent arguments. The property (12) (the absen
e

of non�trivial higher 
orrelators) is a well-known property of Gaussian sto
hasti


ensembles. When 
onstru
ting the diagram te
hnique, it plays the same role as

the Wi
k 
ontra
tion rules used in operator formalism.

To make it absolutely 
lear, 
onsider an example. Let us �nd the one�loop


orre
tion to the propagator < φ(x)φ(0) >. In the �rst order in λ, the
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propagator is given by the ratio

∫

Dφφ(x)
(

1− iλ
24

∫

d4yφ4(y)
)

φ(0) exp
{

i
∫

d4xL0(x)
}

∫

Dφ
(

1− iλ
24

∫

d4yφ4(y)
)

exp
{

i
∫

d4xL0(x)
}

(13)

Consider the numerator. The average of the produ
t of 6 �elds involves many

terms 
orresponding to di�erent pairing among the �elds. Let �rst φ(x) be paired

dire
tly with φ(0). Then we have DF (x) as a 
ommon fa
tor, and whatever it

multiplies, the same fa
tor appears also in the denominator and 
an
els exa
tly the


orresponding λ � dependent terms in the numerator. This phenomenon is known

as 
an
ellation of va
uum loops. A non-trivial perturbative 
orre
tion 
omes from

the terms involving the produ
ts < φ(x)φ(y) >< φ(y)φ(y) >< φ(y)φ(0) >.

There are 12 su
h terms, and we �nally obtain

< φ(x)φ(0) > = DF (x)−
iλ

2

∫

d4yDF (x− y)DF (0)DF (y) +O(λ2) (14)

The se
ond term here 
orresponds, of 
ourse, to the simplest diagram in Fig. 10.
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Figure 10: 1�loop 
orre
tion to s
alar propagator.

Fixing the gauge

To treat QCD perturbatively, we must ensure that 
hara
teristi
 �eld �u
tuations

are small. This is not so in the gauge �elds path integral � a gauge transformation

whi
h 
an 
hange the values of the �elds substantially leaves the integrand

invariant. All su
h gauge�transformed �elds 
ome on equal footing. To 
ope with

this unwanted e�e
t, we should somehow �x the gauge, i.e. impose a 
onstraint

whi
h pi
ks out only one representative from the whole gauge orbit, a set of �eld


on�gurations di�ering by only a gauge transformation

4

.

4

Note that we need not be 
on
erned here whether it is a topologi
ally trivial or a large non�trivial gauge

transformation. We are set now to study perturbative series in the 
oupling 
onstant g whereas the e�e
ts due to

non�trivial topology are non�analyti
 in g being exponentially suppressed ∝ exp{−8π2/g2} when g is small.
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In the toy os
illator model, the requirement φ = 0 played the role of su
h gauge

�xing 
onstraint. The 
onstrains imposed in QCD may have a lot of di�erent

forms. Di�erent 
onstrains (di�erent gauges) are used for di�erent purposes. We

will dis
uss here Lorentz�invariant gauges and in the �rst pla
e, the Landau (or

Lorentz) gauge

∂µAa
µ = 0 (15)

Let us try to write a modi�ed path integral implementing the 
onstraint (15) as

a δ - fun
tion:

Z =

∫

∏

xaµ

dAa
µ(x)

∏

xa

δ[∂λAa
λ(x)] exp

{−i
4g2

∫

d4xF a
µνF

µν a

}

(16)

(we may forget about θ in perturbation theory). This is what is usually done in

QED. However, this is wrong in non�abelian 
ase: the expression (16) is not

gauge�invariant. Indeed, let us perform an in�nitesimal gauge transformation.
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The argument of the δ - fun
tions in (16) is shifted by Mab(A)χb

where

Mab(A) = ∂2δab + facbAc
µ∂

µ ≡ ∂µDµ , (17)

Dµ being the 
ovariant derivative. The shift depends on A and this brings about

a non-trivial Ja
obian

J = det

∥

∥

∥

∥

δ[∂µAa
µ +Mac(A)χc]x

δ(∂µAb
µ)y

∥

∥

∥

∥

(18)

We have

∏

xa

δ[∂µAa
µ +Mab(A)χb] = J−1

∏

xa

δ(∂µAa
µ)

so that the path integral is not gauge�invariant, indeed. In the abelian 
ase, the

se
ond term in Mab(A) was absent and the shift did not depend on A. In that


ase, J = 1 and the problem does not arise.

Faddeev and Popov were the �rst to realize how to write down a 
orre
t gauge�

� Typeset by FoilT

E

X � 52



invariant path integral with gauge��xing 
ondition imposed in the non�abelian


ase. They invented two ingenious tri
ks. The �rst tri
k 
onsists in inserting the

unity

1 =
∏

x

∫

dΩ(x)δR(AΩ) det

∥

∥

∥

∥

δR(AΩ)

δΩ

∥

∥

∥

∥

(19)

in the integrand (2) where R(A) is a gauge �xing fun
tion. In our 
ase,

R(A) =
∏

ax ∂µA
a
µ. The integral in (19) is done over all gauge transformations

with the Haar measure dΩ. As the original expression (2) was gauge�invariant,

the expression

∫

DΩ δR(AΩ) det

∥

∥

∥

∥

δR(AΩ)

δΩ

∥

∥

∥

∥

DAeiS[A]

(20)

is [DΩ ≡ ∏

x dΩ(x), DA ≡ ∏

xaµ dA
a
µ(x) ℄. That allows us to 
hange the
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variables AΩ → A in the above integral and rewrite it as

∫

DΩ

∫

DAδ[R(A)] det
∥

∥

∥

∥

δR(Aχ)

δχ

∥

∥

∥

∥

χ=0

eiS[A]

=

∫

DAδ[R(A)] det ‖Mab(A)‖eiS[A]

(21)

with Mab(A) from Eq. (17). The integral over DΩ in the R.H.S. is lifted as

the integrand does not depend on Ω anymore and

∫

DΩ just brings about an

irrelevant in�nite 
onstant.

The meaning of the transformations performed is the following: the integral (20)

is done over all gauge �elds as the integral (2) was. For ea
h A, δ - fun
tion in

Eq.(20) pi
ks out a gauge transformation Ω(x) su
h that the gauge transformed

�eld satis�es the gauge �xing 
onstraint R(A) = 0. Thereby the whole range

of integration in the path integral is splitted into a gauge orbits (or �bers in our

�ber bundle). As the 
ontribution of the ea
h element of a given orbit in the
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path integral is the same (it is the determinant fa
tor whi
h takes 
are of it), we


an suppress the integral over the orbit dΩ and write the integral in a way that

only one element of the orbit satisfying the gauge �xing 
onstraint R(AΩ) = 0 is

pi
ked out.

The expression (21) is 
orre
t, but still in
onvenient. And here 
omes the se
ond

Faddeev and Popov tri
k. Let us present the determinant in Eq. (21) as a path

integral over �
titious Grassmann variables ca(x) and c̄a(x) :

det ‖Mab(A)‖ =

∫

DcDc̄ exp

{

i

∫

d4x c̄a[−∂2δac − fabcAb
µ∂

µ]cc
}

(22)

whi
h is true up to an irrelevant 
onstant fa
tor (the 
hoi
e of the sign in the

exponent is a pure 
onvention). The produ
t of the determinant (22) and the

exponential eiS[A]

in the path integral 
an be written as eiS̃[A]

where S̃ is a

modi�ed a
tion involving on top of the gauge �elds also �
titious s
alar fermion
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�elds ca(x):

S̃ =

∫

d4x

[

− 1

4g2
(F a

µν)
2 − c̄a(∂µDac

µ )cc
]

(23)

we still have the δ - fun
tion δ(∂µAµ) in the integrand whi
h is not too


onvenient. But it is handled in the same way as in QED. One 
an introdu
e a

family of gauges

∂µAa
µ = ωa(x) (24)

and integrate over all ωa(x) with the weight

exp

{

−i 1

2ξg2

∫

d4x ωa(x)ωa(x)

}
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. This pro
edure is equivalent to inserting in the path integral the weighing fa
tor

exp

{ −i
2ξg2

∫

d4x(∂µAa
µ)

2

}

(25)

and de�nes a general Lorentz � invariant ξ - gauge. The Landau gauge 
orresponds

to the limit ξ → 0. The determinant fa
tor appears for ea
h gauge in the family

(24) by the same token as in the Landau gauge. It does not depend on ωa(x).

The exponent in (25) is added to the lagrangian, and we �nally obtain

LFP = −1

4
(∂µAa

ν − ∂νA
a
µ + gfabcAb

µA
c
ν)

2 − 1

2ξ
(∂µAa

µ)
2

−c̄a(∂2δac + gfabcAb
µ∂

µ)cc , (26)

where we went into normalization A → gA 
onvenient for perturbative analysis.

The ghosts are not real physi
al parti
les. If they would be, the theory would have

no sense: the hamiltonian involving s
alar fermion �elds would not have a ground
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state and unitarity would be broken. Therefore, one is not allowed to 
onsider

ghosts in the physi
al |in > and < out| asymptoti
 states. However, the ghosts

appear with a vengean
e in the loops. Loop integrals over ghosts �elds produ
e

the perturbative expansion of the Faddeev �Popov determinant. We will see a bit

later that the ghosts loops are not a luxury but, in fa
t, it is ne
essary to take

them into a

ount to provide for unitarity of the amplitudes.

Before going further, let us make a �nal 
omment 
on
erning the gauge invarian
e

of the path integral. The integral

∫

Dc Dc̄ DA exp

{

i

∫

d4xLFP

}

(27)


ame from the gauge invariant path integral (2) and should be gauge invariant.

This invarian
e is not seen expli
itly: if transforming the gauge �elds only, both

the gauge �xing term and the ghost-ghost-gluon intera
tion term in Eq.(26) are

varied non�trivially. One 
an be 
onvin
ed, however, that the lagrangian (26) is
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invariant under a global symmetry transformation whi
h a
ts both on the gauge

and the ghost �elds :

δAa
µ = ǫ(Dµc)

a

δca = −1

2
ǫgfabccbcc

δc̄a = −ǫ1
ξ
∂µAa

µ , (28)

where ǫ is an anti
ommuting Grassmann parameter. The invarian
e of (26) under

(28) is a �remnant� of the gauge invarian
e after the gauge is �xed. It is 
alled

the BRST - symmetry. The symmetry (28) is useful when deriving generalized

Ward identities (see e.g. [13℄).

With the path integral (27) in hand, we 
an derive the diagram te
hnique in

the same way as was outlined for the λφ4 theory. Alternatively, if one wishes,

one 
ould introdu
e the unphysi
al ghosts 
reation and annihilation operators and
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derive the Feynman rules in the operator language (one should only keep in mind

that ghosts never appear as asymptoti
 states). The result is displayed in Eq.

(29) where we also added the quark propagator and the quark�antiquark�gluon

vertex 
oming from the term iψ̄(∂µ − igAµ)ψ in the lagrangian.
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aµbν p

gluon propagator: Dab
µν(p) =

−iδab
p2 + i0

[

ηµν −
(1− ξ)pµpν
p2 + i0

]

aµ

bν

cλ

p

q

r

3�gluon vertex: Γabc
µνλ(p, q, r) = −gfabc[(p− q)ληµν +

(q − r)µηνλ + (r − p)νηµλ]

(29)aµ

bν

cλ

dσ

4�gluon vertex: Γabcd
µνλσ = −ig2fabef cde(ηµληνσ − ηµσηνλ)

−ig2facef bde(ηµνησλ − ηµσηνλ)

−ig2fadef bce(ηµνησλ − ηµληνσ)� Typeset by FoilT

E
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ab p

ghost propagator: Cab(p) =
iδab

p2 + i0

p

bµ

a


c̄cg − vertex: Γabc(p) = gfabcpµ

p

quark propagator: Gi
j(p) =

i

/p−m+ i0
δij

aµ

ij

quark - gluon vertex: (Γaµ)ji = igγµ(ta)ji (30)
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Here 3�gluon and 4�gluon verti
es 
ame from the expansion of the �rst term in

the lagrangian (26). We see that the 3�gluon vertex involves momenta 
oming

from the derivatives ∂µA
a
ν et
. The 
onvention when all the momenta p, q, and r

are outgoing so that p+ q + r = 0 is 
hosen. Also the ghost-ghost-gluon vertex

involves the ghost momentum. The 
onvention is that pµ is the momentum of an

outgoing ghost. All the verti
es depend on the 
olor indi
es of the 
rossing lines

[adjoint indi
es a, b, c, d for gluons and ghosts and fundamental (antifundamental)

indi
es i, j for quarks and antiquarks℄ in a non�trivial way. The external gluon

lines present the transverse polarization ve
tors e
(T )
µ (k) = e

(α)
µ (k) , α = 1, 2,

satisfying the properties (e
(α)
µ )2 = −1, e

(α)
µ (k)kµ = 0. This is quite parallel

to QED with the only di�eren
e that here eµ(k) 
arries also the 
olor index

a whi
h we will not display expli
itly. The external quarks and antiquarks are

represented by bispinors ui and ū
j


arrying the fundamental or antifundamental


olor indi
es.

Ghosts and unitarity. Consider the pro
ess of annihilation of the quark�
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antiquark pair into two gluons. Compared with the analogous pro
ess e+e− → 2γ

in QED, it involves an extra graph with 3�gluon vertex (see Fig. 11). The

amplitude of the pro
ess 
an be 
al
ulated a

ording to the Feynman rules (29)

and has the form Mµνe
(α)
µ (k)e

(β)
ν (q).
q

k

q
k

q
k

Figure 11: The pro
ess q̄q → 2g.

Let us �rst re
all the situation in QED. For the pro
ess e+e− → 2γ, one 
ould

write

iMµν(k, q) = (ie0)
2

∫

d4xd4yeikx+iqy < 0|T{jµ(x)jν(y)}|e+e− > (31)
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where jµ(x) = ē(x)γµe(x) is the ele
tromagneti
 
urrent, e0 is the ele
tron


harge. In QED, the ele
tromagneti
 
urrent is 
onserved: ∂µj
µ = 0 whi
h

implies kµM
µν(k, q) = qνM

µν(k, q) = 0. In non�abelian 
ase, the situation is

di�erent. Indeed, the 
urrent jaµ = q̄γµtaq satis�es only the property

Dµj
aµ = (∂µδ

ac + fabcAb
µ)j

cµ = 0 (32)

with 
ovariant derivative. This relation does not des
ribe any lo
al 
onservation

law

5

. Besides, Mµν


annot be presented in the form (31) due to the third graph

in Fig. 11.

Therefore, there is no reason for kµM
µν(k, q) to be zero, and it is not. If we

multiply, however, kµM
µν

by the transverse polarization ve
tor of the se
ond

5

An analogy with general relativity 
an be drawn: as is well-known, in 
urved spa
e a lo
ally 
onserved

energy�momentum tensor does not exist. The 
anoni
al energy�momentum tensor Tµν

satis�es only the property

Tµν
,µ = 0 with 
ovariant derivatives involving the Cristo�el symbols.
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gluon, we obtain zero again:

kµM
µν(k, q)e(T )

ν (q) = 0 (33)

Indeed, an expli
it 
al
ulation (do it !) reveals that

kµM
ab µν(k, q) ∼ (qνqρ − ηνρq2)ūγρt

cufabc (34)

The term ∝ q2 is zero when the se
ond gluon is on mass shell and the �rst term

gives zero after multipli
ation by the transverse polarization ve
tor e
(T )
ν (q). Note

that the 
ontribution of only two �rst graphs in Fig. 11 in the amplitude would

not be transverse even in the limited sense (33); this property holds only when

also the third graph is taken into a

ount.

Generally, it is true that for any amplitude involving an ingoing or outgoing gluon

with the momentum k and presentable thereby in the form e
(T )
µ (k)Mµ(k) where

Mµ

involves also transverse polarization ve
tors of all other eventual external

gluons, the relation Mµ(k)kµ = 0 holds. It is one of the QCD Ward identities
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following from the gauge invarian
e and (after the gauge is �xed) the BRST

symmetry (28). We will not give a general derivation here.

The physi
al meaning of the property (33) is the following. Besides two transverse

polarizations, one 
ould also 
onsider two unphysi
al polarizations, a s
alar

polarization and a spatial longitudinal polarization:

e(s) = (1,~0), e(l) =
1

|~k|
(0, ~k) (35)

Or, alternatively, two light 
one polarizations

e(+)
µ (k) =

1√
2|~k|

kµ, e(−)
µ (k) =

1√
2|~k|

(k0,−~k) (36)

The quantity Mµνkµe
(T )
ν (q) ∼ Mµνe

(+)
µ (k)e

(T )
ν (q) 
an be interpreted as the

amplitude of the pro
ess of the produ
tion of transverse gluon with momentum

q and a gluon with momentum k 
arrying an unphysi
al polarization e
(+)
µ (k).
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That is something whi
h we do not want: only transverse gluons are physi
al

parti
les and nothing else 
an be produ
ed in 
ollision of quark and antiquark

physi
al states

6

. The Ward identity (33) ensures that the amplitude of the

pro
ess q̄q → g(+)g(T )

is zero. One 
an be 
onvin
ed that the amplitude of the

pro
ess q̄q → g(−)g(T )

is zero too.

This is not yet the end of the story, however. Consider the pro
ess q̄q → g(+)g(−)

.

Multiplying the tensor (34) by the ve
tor e
(−)
ν (q) ∼ (q0,−~q) we �nd with a dismay

that the amplitude of the pro
ess with 
reation of two unphysi
al polarization is

nonzero. One 
ould try to �nd a way out of the paradox postulating that one is

just not allowed to 
onsider amplitudes of su
h unphysi
al pro
esses. That is OK

as far as tree amplitudes are 
on
erned, but the trouble strikes ba
k when loops

6

Though we have not dis
ussed it yet, a reader may know that, stri
tly speaking, gluons (whether transverse

or not) and quarks are not physi
al asymptoti
 states of QCD. Due to the wonderful 
on�nement phenomenon,

the spe
trum of the hamiltonian in QCD involves only 
olorless hadron states. Con�nement is an experimental

fa
t whi
h is not proven yet. But what is quite de�nite is that it is a non�perturbative phenomenon and does

not show up in any �nite order of perturbation theory. In perturbative QCD, quarks and transverse gluons are

physi
al asymptoti
 states in the same sense as ele
trons and positrons are.
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are taken into a

ount.

Figure 12: The pro
ess q̄q → q̄q.

Consider the one loop 
ontribution to the elasti
 zero angle s
attering amplitude

q̄q → q̄q with two�gluon intermediate state. The 
orresponding graphs are drawn

in Fig. 12. Let us 
al
ulate its imaginary part using the Cutkosky rules so that

the internal gluon lines are put on mass shell. If the graphs are 
al
ulated in the

Feynman gauge, the residue of the propagators at the pole is ηµν whi
h 
an be
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de
omposed as

ηµν = e(+)
µ e(−)

ν + e(−)
µ e(+)

ν −
∑

α=1,2

e(α)µ e(α)ν (37)

(we 
hoose the basis where e
(α)
µ are real). Then the imaginary part of the

elasti
 forward s
attering amplitude is given by the sum of the 
ross se
tion of

the physi
al pro
ess q̄q → 2g(T )

and the 
ross se
tion of the unphysi
al pro
ess

q̄q → g(+)g(−)

. We have either to abandon the restri
tion that only physi
al

polarizations are 
reated (and thereby gauge invarian
e) or the opti
al theorem

and thereby unitarity.

Figure 13: Ghost loop 
ontribution in Mq̄q→q̄q.
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This paradox is 
ured by the ghosts. Consider another 
ontribution in the

amplitude drawn in Fig. 13 and involving the ghost loop. Its imaginary part

due to the two�ghost �intermediate state� is non-zero. It is related to the �
ross

se
tion� of the pro
ess q̄q → c̄c. An expli
it 
al
ulation shows that this �
ross

se
tion� is negative and 
an
els exa
tly the positive �
ross se
tion� of another

unphysi
al pro
ess q̄q → g(+)g(−)

. Thereby, both 
ontributions whi
h 
an
el

ea
h other 
an be disregarded, only the physi
al 
ross se
tion with transverse

gluons in the �nal state 
ontribute in the imaginary part, and gauge invarian
e

and unitary 
an be re
on
iled again. A 
an
ellation of this kind o

urs a
tually

also in QED if 
hoosing as a basis for unphysi
al polarization not the light


one ve
tors (36) (in whi
h 
ase unphysi
al 
ontributions to the 
ross se
tion

are zero right from the beginning), but the s
alar and spatial longitudinal ve
tors

(35). In that 
ase, the �
ross se
tions� σe+e−→γ(s)γ(s) and σe+e−→γ(l)γ(l) are

not zero, and only the net 
ontribution of all this garbage to the imaginary part

ImMe+e−→e+e− is zero. In the non�abelian 
ase, the 
an
ellation o

urs only

when ghosts are taken into a

ount.
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PERTURBATIVE QCD. Regularization,

Renormalization and β - fun
tion.

Regularization

Feynman integrals for the loop graphs diverge at large momenta. To handle this

divergen
e, we should introdu
e an ultraviolet 
uto�, to regularize the theory in

ultraviolet. We should do it in a gauge�invariant way. If we will not bother to do

so, huge gauge-non-invariant terms in the amplitudes would appear. For example,

a simplisti
 momentum 
uto� (whi
h breaks gauge invarian
e) brings about a

quadrati
ally divergent gluon mass (and a quadrati
ally divergent photon mass in

QED).

Many gauge�invariant regularization pro
edures exit. The most "politi
ally


orre
t" one is probably the latti
e regularization. As we have seen, the path

integral symbol 
an be attributed a meaning (also beyond perturbation theory!)
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if dis
retizing the spa
e-time. The �nite latti
e spa
ing a = Λ−1
UV serves as an

ultraviolet 
uto�. One 
an 
al
ulate loops in the Yang�Mills theory with latti
e

ultraviolet 
uto�, but it is not so 
onvenient. In parti
ular, �xing the gauge for

the latti
e a
tion brings about some (purely te
hni
al) problems.

For QED, the simplest and the most 
onvenient regularization pro
edure is the

Pauli-Villars pro
edure. It 
onsists in subtra
ting from the ea
h QED diagram

involving ele
tron-positron loops a similar diagram with loops of some extra

fermions with a very large mass M . Heavy �elds are irrelevant while the loop

momenta are of order of physi
al external momenta pchar ≪ M . Both graphs

(with ele
tron loops and with heavy Pauli-Villars fermion loops) diverge, however,

at large momenta. Their di�eren
e is �nite but depends on the heavy mass M

whi
h plays the role of the ultraviolet regulator.

In the nonabelian 
ase, the divergen
es 
ome not only from quark, but also from

gluon and ghost loops, and the Pauli-Villars method does not work. A possible

gauge�invariant regularization pro
edure 
onsists in modifying the lagrangian by
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adding a higher derivative term

L → −1

2

[

Tr{FµνF
µν}+ 1

Λ4
Tr{D2FµνD2Fµν}

]

(38)

With this new term, the gluon propagator is modi�ed a

ording to

1

k2
→ 1

k2 + k6/Λ4

and the integrals are mostly 
onvergent in the ultraviolet (those whi
h are not


an be handled in a Pauli�Villars�like way). The drawba
k of this regularization

is the appearan
e of new verti
es whi
h makes expli
it 
al
ulations 
ompli
ated.

The most arti�
ial and, physi
ally, the less transparent but, te
hni
ally, the most


onvenient way is the dimensional regularization used in the most pra
ti
al


al
ulations. It 
onsists in 
hanging the dimension of the spa
e�time. Consider a
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typi
al divergent integral appearing in one�loop 
al
ulations:

∫

d4k

(k2 +M2)2
,

where M2

is an expression involving external momenta, Feynman parameters,

and/or fermion masses. The integral diverges logarithmi
ally at large momenta.

Let us 
onsider the same integral done over ddk where d is an arbitrary (to start

with, an integer) parameter. If d < 4, the integral is 
onvergent and 
an be done

expli
itly. Using the property ddk = kd−1dkVd−1 where

Vd−1 =
2πd/2

Γ(d/2)
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is the volume of the (d− 1)�dimensional unit sphere, one 
an generally derive

∫

ddk

(k2 +M2)n
=
πd/2Γ(n− d/2)

(M2)n−d/2Γ(n)

(39)

We next 
ontinue analyti
ally this formula derived for an integer dimension d onto

arbitrary real values of d and will be interested in the values of d just a little bit

less than 4: d = 4 − 2ǫ, ǫ ≪ 1. For n = 2, the expression (39) develops a

singularity in the limit ǫ→ 0 due to the property

Γ(ǫ) ∼ 1

ǫ
− γ +O(ǫ)

(γ is the Euler 
onstant) so that the original logarithmi
 singularity in our integral

displays itself as a pole ∼ 1/ǫ. Note that, with dimensional regularization, also a

quadrati
 divergen
e for the integral (39) with n = 1 shows up as the same pole

[Γ(−1+ ǫ) = Γ(ǫ)/(−1+ ǫ) ∼ −1/ǫ℄ with an extra dimensional fa
tor ∼M2

;

the logarithmi
 and the power divergen
e are somehow mixed up.
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We have learned how to 
al
ulate s
alar integrals like (39), but in pra
ti
al


al
ulations, the integrand may involve tensor stru
tures depending on loop and

external momenta. For fermion loops, also γ � matri
es and their tra
es are

present. A tensor like ηµν has not a dire
t meaning in the spa
e of fra
tional

dimension. However, bearing in mind that eventually all su
h tensors are going

to be 
ontra
ted with other tensors an/or with polarization ve
tors of external

gluons, it su�
es to de�ne formally ηµνpµqν = (pq) and

ηµνη
µν = d = 4− 2ǫ (40)

It is often ne
essary to keep here the term of order ǫ be
ause the stru
ture like

gµνgµν may be multiplied by a divergent integral ∼ 1/ǫ and 
onstant terms

should be kept to provide for a 
orre
t gauge invariant answer.

Speaking of the γ � �matri
es� in a fra
tional dimension spa
e, they are de�ned

formally as 
ertain obje
ts obeying the Cli�ord algebra

γµγν + γνγµ = 2ηµν (41)
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Bearing (41) and (40) in mind, the habitual relations of the Dira
 matri
es algebra

are somewhat modi�ed, e.g.

γµγ
νγµ = −2(1− ǫ)γν

γµγ
νγργµ = 4ηνρ − 2ǫγνγρ (42)

et
.

Problem 1. Using the Pauli�Villars regularization, prove that the photon mass

is zero, indeed.

Problem 2. The same with dimensional regularization.

Renormalization.

QCD like QED is a renormalizable theory. That means that the only net e�e
t

of all the troublesome divergent 
ontributions to di�erent physi
al amplitudes


onsists in rede�ning the fundamental 
onstants of the theory: ele
tri
 
harge
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and ele
tron mass in QED and the 
oupling 
onstant g and the quark masses in

QCD. In other words, being expressed via a renormalized parameters gren, mren
q ,

all the physi
al quantities do not involve any ultraviolet divergen
es anymore. All

su
h divergen
es are absorbed in the renormalized 
onstants whi
h depend on the

ultraviolet 
uto� Λ0 , the bare 
oupling 
onstants g0 and m0 and an arbitrary


hosen s
ale µ. It is 
onvenient to 
hoose µ of order of 
hara
teristi
 energy s
ale

of the pro
ess of interest.

The assertion of the renormalizability of QCD 
an be proven as an exa
t rigorous

theorem. We will not do here, but rather provide a heuristi
 physi
al explanation.

Ultraviolet divergen
es 
ome from large loop momenta. When loop momenta

are mu
h larger than 
hara
teristi
 external momenta, the latter are not really

important. Ii is instru
tive to 
onsider a one�loop 
orre
tion to, say, the photon

propagator in the 
oordinate representation. Large momenta 
orrespond to small

distan
es in the loop. In that 
ase, the loop �looses its stru
ture� and 
an

be treated as a point (see Fig.14). This point brings about a new quadrati
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ontribution in the lagrangian whi
h, by gauge and Lorentz invarian
e, is bound

to have the stru
ture ∼ (∂µAν − ∂νAµ)
2

. This 
ounterterm is added to the

similar stru
ture in the tree lagrangian so that the e�e
tive value of e2 is 
hanged.

→

Figure 14: Appearan
e of 
ounterterms.

Renormalizability is 
losely related to the general notion of �e�e
tive lagrangian�

whi
h is not even spe
i�
 for �eld theories, but is heavily used also in the usual

quantum and 
lassi
al me
hani
s. Suppose we have a system whose hamiltonian

involves two essentially di�erent dimensionful parameters m and M asso
iated

with some �light� and �heavy� degrees of freedom φlight and φheavy. Suppose

that we are interested with the spe
trum and other 
hara
teristi
s of the system
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at the energies of order Echar ∼ m ≪ M . It is true then that these low�energy

properties 
an be studied not with the full hamiltonianH(φlight, φheavy), but with

an e�e
tive hamiltonian Heff(φlight) depending on the light degrees of freedom

only. One 
an further build up a systemati
 expansion over the dimensionless

small parameter m/M for Heff(φlight) and analyze in the �rst pla
e the e�e
tive

hamiltonian in the leading order in this expansion.

A 
lassi
al example of su
h an e�e
tive hamiltonian is the Born�Oppenheimer

hamiltonian for a 2-atom mole
ule. In that 
ase, heavy degrees of freedom were

the positions and momenta of atomi
 ele
trons while the light degrees of freedom

were the positions and momenta of atomi
 nu
lei. The 
hara
teristi
 energies

related to ele
troni
 ex
itations have atomi
 s
ale while a 
hara
teristi
 energy

due to os
illations of the nu
lei around their equilibrium position is mu
h lower.

The e�e
tive Born�Oppenheimer hamiltonian presents just an os
illator whose

rigidity depends on how the energy of the lowest ele
troni
 term depends on the

distan
e between the nu
lei.
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Another known example is the e�e
tive lagrangian (or hamiltonian) of quasi-stati


and quasi-homogeneous ele
tromagneti
 �elds in QED. For simpli
ity, let the

�eld be just stati
 and homogeneous and purely magneti
. In that 
ase, φlight is

the magneti
 �eld density

~B and φheavy are the ele
tron and positron �eld degrees

of freedom. The e�e
tive hamiltonian presents a series over the dimensionless

parameter e4 ~B2/m4

:

Heff =
1

2
~B2 − e4

360π2m4
( ~B2)2 + · · · (43)

The renormalization pro
edure is nothing else as the 
onstru
tion of the e�e
tive

lagrangian in the Born�Oppenheimer spirit where the light degrees of freedom are

�eld modes with the 
hara
teristi
 momenta of physi
al interest and the heavy

degrees of freedom are the modes with momenta of order Λ0.

7

There is a way

7

To be pre
ise, one should establish some separation s
ale µ and treat all the modes with momenta p < µ as

light variables and the modes with momenta p > µ as heavy variables. This interpretation is due to Wilson.
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to 
al
ulate the Wilsonean e�e
tive lagrangian dire
tly using the ba
kground �eld

method. We will use, however, a more standard approa
h when renormalization

fa
tors of the di�erent stru
tures in the lagrangian are 
al
ulated separately, and

the full e�e
tive lagrangian is obtained on the se
ond step. Being expanded

in the powers of the �elds, the lagrangian of Yang�Mills theory (26) (with the

fermion term added) used for perturbative 
al
ulations involves quadrati
, 
ubi


and quarti
 terms giving rise to the gluon, ghost, and quark propagators and

various verti
es. When a

ounting for loop 
orre
tions, all these stru
tures 
an in

prin
iple be renormalized:
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[Dab
µν(k)]

trans. = Zg(g
2
0,Λ

2
0/µ

2, ξ0)[D
ab (bare)
µν (k)]trans

ξ(k) = Zξ(g
2
0,Λ

2
0/µ

2, ξ0)ξ0

Cab(k) = Zc(g
2
0,Λ

2
0/µ

2, ξ0)C
ab (bare)(k)

Gq(k) = Zq(g
2
0,Λ

2
0/µ

2, ξ0)
i

/p−mq(k)

mq(k) = Zm(g20,Λ
2
0/µ

2, ξ0)m
q
0

Γabc
µνλ(p, q, r) = Z−1

3g (g20,Λ
2
0/µ

2, ξ0)Γ
abc (bare)
µνλ (p, q, r)

Γabcd
µνλσ = Z−1

4g (g20,Λ
2
0/µ

2, ξ0)Γ
abcd (bare)
µνλσ

Γabc
c̄cg = Z−1

c̄cg(g
2
0,Λ

2
0/µ

2, ξ0)Γ
abc (bare)
c̄cg

Γa
µ = Z−1

q̄qg(g
2
0,Λ

2
0/µ

2, ξ0)Γ
a (bare)
µ

(44)
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where for the propagators we assume k2 = −µ2

and, for the verti
es, we 
hoose

a �symmetri
 normalization point� k2 = q2 = r2 = −µ2

and similarly for the

4�gluon vertex.

8

The bare propagators and verti
es are written in (29). The

renormalization fa
tors Z are just some numbers. As is written, they depend on

the bare 
oupling g0, bare gauge parameter ξ0 and the dimensionless ratio Λ0/µ.

Generally, they depend also on the ratio mq
0/µ. In this se
tion, we will assume,

however, that the quark masses are mu
h less than the 
hara
teristi
 s
ale of

interest µ and disregard this dependen
e. Note that the transverse part of the

gluon Green's fun
tion and the longitudinal one involving the gauge parameter

ξ are renormalized with their own fa
tors. A
tually, one 
an be 
onvin
ed that

the longitudinal part is not renormalized at all so that Zξ = 1. Two di�erent

spinor stru
tures in the quark Green's fun
tion G−1(k) are also renormalized with

their own fa
tors, their ratio gives the mass renormalization. All the terms in

the expression (29) for the 3-gluon vertex are multiplied by one and the same

8

Green's fun
tions at Eu
lidean momenta are more 
onvenient to analyze as they do not involve imaginary

parts.
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renormalization fa
tor however. This is guaranteed by the symmetry of the

normalization point.

We hasten to 
omment that 
hoosing the symmetri
 Eu
lidean normalization

point is a pure 
onvention. It makes 
al
ulations with several loops easier, but

other 
onventions leading eventually to the same physi
al results are possible.

The Green's fun
tions (44) �build up� an e�e
tive lagrangian

Leff = − 1

4Zg
(∂µA

a
ν − ∂νA

a
µ)

2 − g0
Z3g

fabc(∂µA
a
ν)A

bµAcν

− g20
4Z4g

fabef cdeAa
µA

b
νA

µcAνd +
1

Zc
∂µc̄

a∂µca − g0
Zc̄cg

fabcc̄aAb
µ∂

µcc

− 1

2ξ0
(∂µAa

µ)
2 +

i

Zq
ψ̄/∂ψ − m0Zm

Zq
ψ̄ψ +

g0
Zq̄qg

ψ̄/Aψ (45)

(with this expression in hand, the renormalized propagators and verti
es (44)
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follow from the tree�level Feynman rules.).

To bring the kineti
 terms to the standard form,it is 
onvenient to rede�ne

9

A→ Z1/2
g A, c→ Z1/2

c c, ψ → Z1/2
q ψ

Gauge invarian
e requires now that after that the e�e
tive lagrangian would


oin
ide by form with the original one up to eventual renormalization of the


onstants. This requirement is rather rigid. It tells that the renormalization

fa
tors 
annot be arbitrary, but satisfy the following Slavnov � Taylor identities

Z3
g

Z2
3g

=
Z2
g

Z4g
=

ZgZ
2
c

Z2
c̄cg

=
ZgZ

2
q

Z2
q̄qg

(46)

Their meaning is that the strength of 
oupling extra
ted from 3-gluon, 4-

gluon, ghost-ghost-gluon, and quark-quark-gluon verti
es 
oin
ides even after

9

Note that su
h a rede�nition results in that the e�e
tive gauge parameter ξ gets renormalized ξ0 → ξ0/Zg.

� Typeset by FoilT

E

X � 87



the renormalization is performed. Any su
h vertex 
an be used to extra
t the

renormalization fa
tor for the e�e
tive 
harge given by the ratio (46)

One-loop 
al
ulations.

We will 
hoose the q̄qg � vertex for this purpose. Te
hni
ally, the 
al
ulations

for the ghost-ghost-gluon vertex are a little bit more easy (ghosts are s
alars

while quarks are fermions involving extra spinor indi
es). The 
al
ulation with

quarks is a little bit more instru
tive, however, be
ause it is parallel to a similar


al
ulation in QED, and both the similarities and di�eren
es between abelian

and non�abelian theories are seen more 
learly in this way. So we de�ne the

renormalized 
harge as

g2(µ) = Zinvg
2
0 =

ZgZ
2
q

Z2
q̄qg

g20 (47)

We start with 
al
ulating the renormalization fa
tor for the gluon propagator.
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The relevant graphs are drawn in Fig. 15. Zg as su
h are not physi
al quantities

and depend on the gauge. We will work in the Feynman gauge ξ = 1.

Figure 15: Gluon polarization operator

Note �rst that, as we have already mentioned, the longitudinal part of the gluon
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propagator is not renormalized:

kµDµν(k) = kµD(bare)
µν (k) (48)

A
tually, it is one of the Ward identities of QCD. From this and from the Dyson

equation

Dµν(k) = D(bare)
µν (k)−D(bare)

µα (k)ΠαβDβν(k)

it follows that the gluon polarization operator is transverse:

kµΠ
µν(k) = 0 (49)

In QED the property (49) follows trivially from the 
urrent 
onservation. As was

dis
ussed earlier, the 
olored 
urrent is not 
onserved in QCD, but the property

(49) holds nevertheless. Lorentz invarian
e and transversality di
tate

Πab
µν(k) = δab

(

ηµν −
kµkν
k2

)

Π(k2)

� Typeset by FoilT

E

X � 90



So, like in QED, it su�
es to 
al
ulate Πaa
µµ(k) = 3(N2

c − 1)Π(k2) whi
h

simpli�es the 
al
ulations. For Πab
µν(k) to be non-singular, Π(0) (the gluon

mass) should be zero and it is. With the dimensional regularization, it is seen

immediately. The graph with fermion loop gives the same expression as for QED

and gives zero for Π(0) by the same reason. Also the 
ontributions to Π(0) from

all other graphs with massless parti
les in the loop are proportional, if any, to

∫

d4p

p2

whi
h, a

ording to the rule (39), gives zero identi
ally as soon as the dimension

of the spa
e�time is 
hanged 4 → 4− 2ǫ.

We will 
al
ulate Π(k2) for massless quarks (we are interested now only in the

renormalization fa
tor whi
h, as was mentioned does not depend on mass when

the latter is small 
ompared to 
hara
teristi
 momenta) via its imaginary part
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using the dispersion relation along the same lines as it is done in the book [14℄ for

QED. This method is mu
h more physi
al than the dimensional regularization

(though its dire
t impli
ation is asso
iated with 
ertain te
hni
al di�
ulties for


ompli
ated graphs in higher orders). The fa
t that the gluon mass is zero allows

us to write for Π(k2) the dispersive relation with one subtra
tion:

Π(s) =
s

π

∫ ∞

0

ImΠ(s′) ds′

s′(s′ − s− i0)

(50)

We will 
al
ulate the imaginary part as a half of the dis
ontinuity of the polarization

operator at the 
ut, the later being determined with the help of the Cutkosky

rules when the fermions, gluons, and ghosts in the loop are put on the mass shell

and their propagators are substituted by δ � fun
tions:

1

p2 + i0
→ −2πiδ(p2)

Consider �rst the diagram with quark loop. The integrand in the 
orresponding
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Feynman integral involves the fa
tor

(i2)propagators[(ig)
2]vertices(−1)ferm.loopTr{tatb}Tr{γµ/pγµ(/p− /k)} (51)

It is the same as in QED up to the fa
tor Tr{tatb} = 1
2δ

ab

. Cal
ulating the

tra
e and noting that, as this expression is multiplied by δ(p2)δ[(p−k)2], we 
an

safely put p2 ≡ 0 and (pk) ≡ k2/2, we obtain

Im Π ∝ 4g2[p2 − pk]δab = −2g2k2δab (52)

It is the same as in QED up to the fa
tor Tr{tatb} = 1
2δ

ab

. Restoring all the

relevant numeri
al fa
tors or just multiplying by Nf/2 the known QED result

(Nf is the number of quark �avours), we obtain

Im Πq(s) =
g2sNf

24π

(53)

Let us now 
onsider 3 other graphs in Fig. 15. The easiest is the graph with

4�gluon vertex: its imaginary part is just zero. The graphs with triple gluon
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verti
es and with the ghost loop 
ontribute, however. Consider �rst the ghost

loop 
ontribution. Cal
ulating the imaginary part of the 
orresponding graph with

Cutkosky rules, we obtain on the pla
e of Eq.(52)

(i2)propagators(−1)ferm.loopg
2fdacf cbdpµ(p−k)µ = −Ng2[p2−pk]δab ≡ g2Nck

2

2
δab


omparing with Eq.(52) and the latter with Eq.(53), we derive for the fourth term

of the proportion

Im Πc(s) = −g
2Ncs

96π

(54)

The imaginary part of the ghost loop 
ontribution has the negative sign whi
h

in the light of the dis
ussion at the end of the previous se
tions is very natural:

in fa
t, the Cutkosky tri
k we are using amounts to 
al
ulating the unphysi
al

amplitude < virtual gluon(k2)|virtual gluon(k2) > by unitarity saturating it, in
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the �rst 
ase, by physi
al quark�antiquark states and, in the se
ond 
ase, by

unphysi
al ghost states. The graph in Fig. 15
) is related to the graph of Fig. 13

for the physi
al pro
ess q̄q → q̄q. As was mentioned, the 
ross se
tion for the

produ
tion of the unphysi
al ghost degrees of freedom is negative.

Finally, let us 
al
ulate the graph with the gluon loop in Fig. 15d). Pro
eeding in

the same way as before, we obtain for the integrand

(

1

2

)

symmetry

× (i2)propagators × g2facdf bdc [(p+ k)βηµα + (k − 2p)µηαβ

+(p− 2k)αηµβ]
2
= 9g2Nc(k

2 − pk + p2)δab ≡ 9g2NCk
2

2
δab (55)

whi
h gives

Im Πc(s) = −3g2Ncs

32π

(56)
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We see that the gluon loop 
ontribution is 9 times larger than that from the

ghost loop and has the same negative sign. It 
omes from the unphysi
al gluon

polarizations whi
h, a

ording to Eq.(37), appear in the residue gµν of the gluon

propagator in Feynman gauge. Noti
e that the 
ontribution of unphysi
al gluon

polarization and the ghosts does not 
an
el as it was the 
ase for the in
lusive


ross se
tion ImMq̄q→q̄q ∝ σq̄q→2g+σq̄q→c̄c 
onsidered in the previous se
tion.

There is nothing wrong here: the de
ay of the virtual gluon is not a physi
al

pro
ess, and there is no reason for su
h a 
an
ellation to o

ur. A
tually, the


al
ulation we have just done is nothing else as the 
al
ulation of two of the

graphs 
ontributing to ImMq̄q→q̄q: the graph in Fig. 13 and the last graph in

Fig. 12; the 
an
ellation o

urs only if taking two other graphs in Fig. 12 into

a

ount.

Adding all pie
es together, we get

Im Π(s) = g2s

[

−5NCc

48π
+
Nf

24π

]

(57)
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Substituting it in the dispersive relation (50), we �nally obtain

Zg = 1 +
g20

48π2
[5Nc − 2Nf ] ln

Λ2
0

µ2

(58)

If 
al
ulating the same graphs in an arbitrary ξ gauge, the result is

Zg = 1 +
g20

48π2

[

13− 3ξ

2
Nc − 2Nf

]

ln
Λ2
0

µ2

(59)

Figure 16: Quark polarization operator.

Our next task is the renormalization fa
tors for the quark propagator and for

the q̄qg vertex. The former 
an a
tually be found without 
al
ulation: the
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orresponding graph depi
ted in Fig. 16 has exa
tly the same stru
ture as in

QED up to the 
olor fa
tor

tata =
N2

c − 1

2Nc
≡ cF , (60)

the Casimir eigenvalue in the fundamental representation. Taking the known

result from QED, we 
an immediately write in the arbitrary ξ gauge

Zq = 1− g20cFξ

16π2
ln

Λ2
0

µ2
. (61)

a) b)

Figure 17: q̄qg vertex.
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Consider now the renormalization of the vertex. On the 1�loop level, two graphs

depi
ted in Fig. 17 
ontribute. The �rst graph has the same stru
ture as in

QED, again, and involves the 
olor fa
tor cF − Nc/2 whi
h is obtained from

the equality

tbtatb = [tb, ta]tb + cF t
a = cF t

a − if bactctb = cF t
a − 1

2
if bac[tc, tb]

= (cF −Nc/2)t
a

(62)

The se
ond diagram involving the 3�gluon vertex should be 
al
ulated anew. We

will not do it here and just quote the result for the sum of two graphs:

Zq̄qg = 1− g20
16π2

[

cFξ +
3 + ξ

4
Nc

]

ln
Λ2
0

µ2

(63)

Note that in QED Ze = Zēeγ; this is one of QED Ward identities following

from the 
urrent 
onservation. In QCD, the 
orresponding Z � fa
tors do not


oin
ide and their ratio 
ontribute in the e�e
tive 
harge renormalization.

� Typeset by FoilT

E

X � 99



Substituting the Z � fa
tors (58, 61, 63) in Eq.(47), we obtain the �nal result

g2(µ) = Zinvg
2
0 =

[

1 +
g20

16π2

(

11Nc

3
− 2Nf

3

)

ln
Λ2
0

µ2
+O(g40)

]

g20 (64)

The result (64) is valid only in the leading non-trivial order in g20 and does not

alone allow one to draw far�rea
hing 
on
lusion. Pretty soon we'll derive an

improved expression taking a

ount the leading 
ontributions in all orders in the


oupling 
onstant. A remarkable fa
t 
an, however, be observed right now: if the

number of �avours is not too large

10

, the 
oe�
ient of g20 in the square bra
ket

has the opposite sign 
ompared to QED [the QED result 
an be obtained from

Eq.(64) if setting Nc → 0, Nf/2 → 1℄. As a result, the e�e
tive 
harge grows

when µ goes down. In QED on the 
ontrary, it de
reases.

Let us re
all the reason why the sign of the term ∼ e20 ln
Λ2
0

µ2 in the renormalization

10

In the real world, Nf = 6 or even e�e
tively less if a 
hara
teristi
 s
ale of interest µ is less than the heavy

quark masses.

� Typeset by FoilT

E

X � 100



fa
tor Zinv in QED was negative. First, in QED Ze = Zēeγ and the


harge renormalization 
omes ex
lusively from the renormalization of the photon

propagator. The renormalization fa
tor of the propagator follows from the

dispersive relation (50): the Källen � Lehmann representation. The imaginary

part of the photon polarization operator 
an be expressed as

Im Π(s) ∝ −
∑

n

< 0|ĵµ|n >< n|ĵµ|0 > δ(P 2
n − s) (65)

where ĵµ is the Heisenberg operator for the ele
tromagneti
 
urrent and the sum

runs over all physi
al intermediate states. In QED, the 
urrent is 
onserved

whi
h di
tates Pµ
n < 0|ĵµ|n >= 0. Going in the frame where the virtual photon

is at rest, we see that the ve
tors < 0|ĵµ|n > are purely spa
elike from whi
h we

derive that Im ΠQED(s) is stri
tly positive; it is an exa
t theorem of QED 11

11

Another way of reasoning is noti
ing that Im ΠQED(s), the de
ay probability for the virtual photon, 
an

be related with a physi
al 
ross se
tion. Consider some extra fermions E 
arrying a very small 
harge e′ ≪ e.

In the leading order in e′2, the in
lusive 
ross se
tion σĒE→all(s) (with all orders in e2 taken into a

ount) is
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Thereby, Zinv = Zγ < 1 in QED and the physi
al 
harge is ne
essarily smaller

that the bare one.

Due to the la
k of 
urrent 
onservation on one hand and, on the other hand,

impossibility to introdu
e some extra quarks with small 
olor 
harge (in non�

abelian 
ase, the latter is in a sense quantized, the ordinary quarks having

the minimal one 
orresponding to the fundamental representation), this kind of

reasoning does not apply to QCD and Im Π(s) does not need to be positive.

In fa
t, we have seen that it is not due to 
ontribution of unphysi
al polarizations

when 
al
ulating it with Cutkosky rules. Besides, Zq 6= Zq̄qg whi
h a�e
ts the


harge renormalization. Nothing prevents Zinv to be greater than unity and we

have seen, indeed, that it is greater than 1 on the one�loop level.

Renormalization group. Asymptoti
 freedom and infrared slavery.

The result (64) 
an be trusted when the 
orre
tion ∼ g20 is small. Note, however,

proportional to Im ΠQED(s). Needless to say, a physi
al 
ross se
tion is always positive.
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that even if g20 is small, the 
orre
tion 
an be of order one or larger due to the

presen
e of the large logarithm

L = ln
Λ2
0

µ2

as a fa
tor. In that 
ase, higher loop 
orre
tions are of the same order as the �rst

one and we are in a position to take them into a

ount.

Fortunately, this 
an be done. There are two ways to do it. The �rst way is

to single out a

urately the leading logarithmi
 
ontributions ∼ (g20)
nLn

in the

relevant graphs in all orders in perturbation theory and sum up all su
h terms. In

QED, it is relatively easy. One 
an noti
e that the higher loop 
orre
tions to the

photon polarization operator in QED involve only one power of L in all orders

[basi
ally, this follows from the fa
t (whi
h needs to be �rst proven, of 
ourse)

that Im ΠQED(s) is �nite ∝ s with a 
oe�
ient presenting a well�de�ned series
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over the 
oupling 
onstant and from the dispersive relation (50)℄. Thereby in

the leading order, it su�
es to 
onsider only the one�loop graph in Π(s) and to

sum all these one�loop bubbles with the Dyson equation. As a result, we have a

geometri
 progression

e2(µ) =
e20

1− e20
12π2 ln

µ2

Λ2
0

(66)

The same program 
an in prin
iple be 
arried out for QCD, but it is mu
h more

di�
ult and I even do not know whether somebody has done it expli
itly. People

usually use here another very powerful method known as the renormalization

group.

Let me �rst quote the result. In the leading order, it is very simple and presents,
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again, a sum of the geometri
 progression

g2(µ) =
g20

1 +
g20b1
16π2 ln

µ2

Λ2
0

(67)

where

b1 =
11Nc

3
− 2

3
Nf (68)

Let us now derive it. The renormalizability of the theory means that all the

physi
al results should not depend on the bare 
harge g20 and the ultraviolet 
uto�

Λ0, but only on the e�e
tive 
harge g2(µ). Let us 
onsider the e�e
tive 
harges

g2(µ) and g2(µ′) at two di�erent s
ales and let us �rst assume that µ′ ≫ µ.
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The e�e
tive 
harges are related to g20 and Λ2
0 a

ording to

g2(µ) = Zinv

(

ln
Λ2
0

µ2
, g20

)

g20

g2(µ′) = Zinv

(

ln
Λ2
0

µ′2, g
2
0

)

g20 (69)

with one and the same invariant fun
tion Zinv.

Suppose we are interested in a pro
ess with a 
hara
teristi
 energy s
ale µ and

hen
e, eventually, in g2(µ). A 
ru
ial observation is that we 
an treat the

parameters µ′

and g2(µ′) exa
tly on the same footing as Λ0 and g20. In the

Wilsonean e�e
tive a
tion spirit, we pro
eed here in several steps. On the 0th

step, we de�ne our theory with the 
oupling 
onstant g20 at the s
ale Λ0. On the

�rst step, we integrate over the modes with momenta greater than µ′

and derive

thereby a renormalized e�e
tive a
tion on the s
ale µ′

whi
h, as far as the modes

with momenta less than µ′
are 
on
erned, plays exa
tly the same role as the bare
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one. We 
an perform now the se
ond step and integrate over the modes with

momenta less than µ′

, but greater than µ to obtain the e�e
tive a
tion at the

s
ale µ and the e�e
tive 
harge g2(µ). Nothing is 
hanged ex
ept the upper and

low s
ale from and where we are going. That means that the 
harge g2(µ) will

be related to g2(µ′) as

g2(µ) = Zinv

(

ln
µ′2

µ2
, g2(µ′)

)

g2(µ′) (70)

with the same fun
tion Zinv(L, g
2) as in Eq.(69). Substituting here the e�e
tive


harges (69), we see that the fun
tion Zinv satisfy an equation

Zinv

(

ln
Λ2
0

µ2
, g20

)

= Zinv

(

ln
µ′2

µ2
, g2(µ′)

)

Zinv

(

ln
Λ2
0

µ′2, g
2
0

)

(71)

This equation de�nes the renormalization group (or the group of multipli
ative

renormalizations) whi
h just 
onsists in tuning the e�e
tive 
harge when s
ale is


hanged with the fa
tor Zinv whi
h depends on the ratio of two s
ales and on
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the 
harge de�ned at upper s
ale, but no expli
it dependen
e on the s
ale as

su
h appears. The elements of the group are the fun
tions Zinv(L, g
2) and the

produ
t of two su
h fun
tions gives a third one.

The fun
tional equation (71) is the main magi
 tri
k. It provides stringent

restri
tions on the form of the fun
tion Zinv(L, g
2). The best way to handle Eq.

(71) is to di�erentiate it over µ and to set µ = µ′

afterwards. This amounts to

presenting one of the group elements in Eq. (71) in the in�nitesimal Lee form. It

is 
onvenient to di�erentiate over lnµ and not Eq. (71), but rather dire
tly Eq.

(70). We obtain

µ
dg2(µ2)

dµ
= β[g2(µ2)] (72)

where

β[g2(µ2)] = −2g2
∂

∂L
Z(L, g2)

∣

∣

∣

∣

L=0

(73)
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is 
alled the Gell-Mann-Low fun
tion. β(g2) presents a series over g2. The �rst

term of this series 
an be inferred from the one�loop result (64):

β(g2) = −b1g
4

8π2
+O(g6) (74)

When only the term (74) is taken into a

ount, the equation (72) 
an be easily

integrated. For

αs =
g2

4π
,

we obtain

αs(µ
2) =

2π

b1 ln
µ

ΛQCD

(75)

where ΛQCD is the integration 
onstant. One 
an be easily 
onvin
ed that
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Eq.(75) 
oin
ides a
tually with Eq.(67) if identifying

Λ2
QCD = Λ2

0 exp

{

−16π2

b1g20

}

(76)

That means that we summed up a geometri
 progression, indeed. The form (75) of

the result is mu
h more illuminating, however. First of all, it does not involve the

dependen
e of unphysi
al parameters Λ0 and g0, but rather on their 
ombination

ΛQCD whi
h is the only physi
al 
oupling parameter of QCD. A mira
le has

happened. The original Yang�Mills lagrangian involves a dimensionless 
oupling

g2. We see, however, that a real physi
al parameter of the theory is ΛQCD whi
h


arries the dimension. This phenomenon is 
alled dimensional transmutation.

Together with the physi
al quark masses, ΛQCD sets a s
ale for all relevant

dimensionful quantities in QCD: in parti
ular, to all hadron masses.

Both from Eqs.(72, 74) (telling us that the derivative of the e�e
tive 
harge over

the s
ale is negative) and from their solution (75), it follows that the e�e
tive
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harge falls down when 
hara
teristi
 energy grows. It means that the larger is the

energy (the smaller are the distan
es), the smaller is the 
oupling 
onstant and

hen
e the more trustable is the perturbation theory. This behavior is 
alled the

asymptoti
 freedom. It is just opposite to what we had in QED: the growing of


harge at small distan
es so that eventually the perturbation theory breaks down,

however small the initial large�distan
e 
harge was.

The latter property dis
overed �rst in QED by Landau, Abrikosov, and

Khalatnikov and known as a zero 
harge problem is rather troublesome and

means in fa
t, that QED seems not to be a self-
onsistent theory. Indeed, to

de�ne a quantum �eld theory, we should attribute a meaning to the path integral

symbol. That 
an be done by putting the theory on the latti
e and introdu
ing

thereby an ultraviolet 
uto�. Naturally, we want that the results would not really

depend on the ultraviolet 
uto� in the limit when it is sent to in�nity. However,

in QED and in many other �eld theories where 
oupling grows at small distan
es

(λφ4 theory, Yukawa theory, et
) , we 
annot do it. If we tend Λ0 → ∞ while
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keeping g0 �xed, the e�e
tive 
harge (66) at any physi
al energy s
ale would go

to zero. Of 
ourse, the result (66) was obtained only in perturbation theory, and

does not allow to make de�nite 
on
lusions 
on
erning non-perturbative regime.

But no serious reason why this trouble should be re
ti�ed in the full theory is

seen, and probably it is not.

On the 
ontrary, QCD is very ni
e in this respe
t. A 
ontinuum limit when

the 
uto� is sent to in�nity and the bare 
oupling to zero exists and presents no

di�
ulties. Everything depends on the 
ombination (76).

There is, however, another side of the 
oin. A

ording to (75), when the physi
al

s
ale µ goes down, the e�e
tive 
harge rises. Eventually, at µ ∼ ΛQCD, it

be
omes of order 1, and perturbative 
al
ulations in terms of quarks and gluons

lose any sense. This growth of 
harge is sometimes 
alled �infrared slavery�.

Indeed, we know from experiment that, at large distan
es, there is no tra
e

of perturbative quarks or gluons whatsoever. The 
on�nement o

urs and,

instead of quarks, we have hadrons with a 
hara
teristi
 energy s
ale ∼ ΛQCD.

� Typeset by FoilT

E

X � 112



Unfortunately, we 
annot prove now that 
on�nement (i.e. the absen
e of free

quarks and gluons in the physi
al spe
trum) o

urs, indeed: this is a problem

(a hard one) for the next 
entury. But the 
onne
tion of 
on�nement with the

infrared slavery phenomenon is obvious.

Asymptoti
 freedom and the infrared slavery are not, however, related so rigidly.

To understand it, remind that the result (75) 
orresponds to the summation of

the leading logarithmi
 terms ∝ αn
sL

n

in the Green's fun
tion. The equation (72)

allows one to sum up also next�to�leading logarithms ∝ αn
sL

n−1

, ∝ αn
sL

n−2

et
. at almost no 
ost.

We need only to know the higher�order terms in the β�fun
tion expansion.

A

ording to Eq. (73), the term ∼ g6 in β(g2) and hen
e all the subleading

terms ∝ αn
sL

n−1

in Zinv 
an be determined if the 
oe�
ients of the two�loop

overlapping ultraviolet logarithm α2
sL in the Green's fun
tions are determined.

The term ∼ g8 in β(g2) gives all the subleading terms αn
sL

n−2

and is obtained

from the 3�loop 
al
ulation of the terms ∼ α3
sL, et
.
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We quote here the result of the two�loop 
al
ulations:

β(g2) = −b1g
4

8π2
− b2g

6

128π4

(77)

where

b2 =
34

3
N2

c −
(

13

3
Nc −

1

N c

)

Nf (78)

Now look. When Nc = 3, Nf = 6, the �rst term is well negative and so is

the se
ond term. The 
oe�
ient b1 given by (68) falls down, however, if Nf is

in
reased: quarks provide for a 
onventional s
reening of 
harge like in QED and

if their e�e
t overshoots the antis
reening e�e
t due to gluons and ghosts whi
h

happens at Nf > 16, the asymptoti
 freedom is lost. Consider an imaginary

World with Nc = 3, Nf = 16. Then the �rst term in (77) is still negative, but

very small. The se
ond term is now positive and is not parti
ularly small. When
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we start to evolve the equation (72) from very small distan
es (with very small


oupling 
onstant) into the infrared, the se
ond term in (77) is at �rst unessential,

only the �rst term works, and the e�e
tive 
harge grows. Sooner or later, the


oupling will grow up to a point when the se
ond term would balan
e the �rst

one. Due to the 
hosen boundary value Nf = 16 when the 
oe�
ient b1 is

arti�
ially small, this balan
ing o

urs at the point when the 
oupling 
onstant is

rather small

α∗
s =

2π

151
, (79)

and third and higher terms in the β � fun
tion 
an be ignored.

The 
oupling 
onstant is freezed at the �xed point (79) and does not grow

anymore however large the distan
e is. In this theory, we do have asymptoti


freedom, but do not have infrared slavery and 
on�nement.

Problem. a) Show that the expli
it solution of the di�erential equation (72)
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an be written in the form

µ′ = µ exp

{

∫ g2(µ′)

g2(µ)

dy

β(y)

}

(80)

b) From that dedu
e that, in any order in 
oupling 
onstant, ΛQCD de�ned as

the s
ale where the e�e
tive 
harge g2(ΛQCD) be
omes singular is related to Λ0

and g20 as

ΛQCD = Λ0 exp

{

∫ ∞

g20

dy

β(y)

}

(81)
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QCD VACUUM

Strong intera
tions as des
ribed by Quantum Chromodynami
s (QCD) is a

remarkable bran
h of physi
s where the observable entities � hadrons and nu
lei �

are very far from quarks and gluons in terms of whi
h the theory is formulated. To

make matters worse, the s
ale of strong intera
tions 1 fm is nowhere to be found in

the QCD Lagrangian. If we restri
t ourselves to hadrons `made of' u, d, s quarks

and glue, the masses of those quarks 
an be to a good a

ura
y set to zero. In

this so-
alled 
hiral limit the nu
leon is just 5% lighter than in reality. In the 
hiral

limit there is not a single dimensional parameter in the QCD Lagrangian. The 1

fm s
ale surfa
es via a me
hanism named the `transmutation of dimensions'. QCD

is a quantum �eld theory and being su
h it is not de�ned without introdu
ing of

some kind of ultra-violet 
uto� µ. There is also a dimensionless gauge 
oupling


onstant given at that 
uto� αs(µ). The dimensionful quantity Λ determining
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the s
ale of the strong intera
tions is the 
ombination of µ and αs(µ):

Λ = µ exp

(

− 2π

b1αs(µ)

) (

4π

b1αs(µ)

)

b2
2b21 (1 +O (αs)) , (1)

b1 =
11

3
Nc −

2

3
Nf , b2 =

34

3
N2

c − 13

3
NcNf +

Nf

Nc
, (2)

where Nc = 3 is the number of quark 
olours and Nf is the number of a
ting

quark �avours. The ultra-violet 
uto� µ sets in the dimension of mass but the

exponentially small fa
tor makes Λ mu
h less than µ. To ensure that Λ is a
tually

independent of the 
uto�, one has to add that αs(µ) has to de
rease with µ

a

ording to
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2π

αs(µ)
= b1 ln

µ

Λ
+

b2
2b1

ln ln
µ2

Λ2
+O

(

1

ln µ
Λ

)

. (3)

This formula is 
alled `asymptoti
 freedom': at large s
ales αs de
reases.

All physi
al observables in strong intera
tions, like the nu
leon mass, the pion

de
ay 
onstant Fπ, total 
ross se
tions, et
. are proportional to Λ in the

appropriate power. That is how the strong intera
tions s
ale, 1 fm, appears in

the theory. One of the theory's goals is to get, say, the nu
leon mass in the

form of eq. (1) and to �nd the numeri
al proportionality 
oe�
ient. Doing latti
e

simulations the �rst thing one needs to 
he
k is whether an observable s
ales with

αs as pres
ribed by eq. (1). If it does not, the 
ontinuum limit is not a
hieved.

In analyti
al approa
hes, getting an observable in the form of eq. (1) is extremely

di�
ult. It implies doing non-perturbative physi
s. The only analyti
al approa
h

to QCD I know of where one indeed gets observables through the transmutation
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of dimensions is the approa
h based on instantons, and it will be the subje
t of

this paper.

Instantons are 
ertain large non-perturbative �u
tuations of the gluon �eld

dis
overed by Belavin, Polyakov, S
hwartz and Tyupkin in 1975 [15, 16℄, and

the name has been suggested in 1976 by 't Hooft [17℄, who made a major


ontribution to the investigation of the instantons properties. The QCD instanton

va
uum has been studied starting from the pioneering works in the end of the

seventies [18, 19℄; a quantitative treatment of the instanton ensemble has been

developed in refs. [20, 21℄. The basi
 ideas of the instanton va
uum are presented

in se
tion 2.

Instantons are not the only possible large non-perturbative �u
tuations of the

gluon �eld: one 
an think also of merons, monopoles, vorti
es, et
. However,

instantons are the best studied non-perturbative e�e
ts. It may happen that they

are not the whole truth but they are de�nitely present in the QCD va
uum, and

they are working quite e�e
tively in reprodu
ing many remarkable features of the
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strong intera
tions. For example, instantons lead to the formation of the gluon


ondensate [22℄ and of the so-
alled topologi
al sus
eptibility needed to 
ure the

U(1) paradox [17, 23℄. The most striking su

ess of instantons is their 
apa
ity

to provide a beautiful mi
ros
opi
 me
hanism of the spontaneous 
hiral symmetry

breaking [24, 25, 26, 27℄. Moreover, instantons enable one to understand it from

di�erent angles and using di�erent mathemati
al formalisms. These topi
s are


entral in the review and are presented in se
tions 4,5 and 6.

We know that, were the 
hiral symmetry of QCD unbroken, the lightest

hadrons would appear in parity doublets. The large a
tual splitting

between, say, N(12
−
, 1535) and N(12

+
, 940) implies that 
hiral symmetry

is spontaneously broken as 
hara
terized by the nonzero quark 
ondensate

<ψ̄ψ>≃ −(250MeV)3. Equivalently, it means that nearly massless (`
urrent')

quarks obtain a sizable non-slash term in the propagator, 
alled the dynami
al

or 
onstituent mass M(p), with M(0) ≃ 350MeV. The ρ-meson has roughly

twi
e and nu
leon thri
e this mass, i.e. are relatively loosely bound. The pion
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is a (pseudo) Goldstone boson and is very light. The hadron size is typi
ally

∼ 1/M(0) whereas the size of 
onstituent quarks is given by the slope of

M(p). In the instanton approa
h the former is mu
h larger than the latter. It

explains, at least on the qualitative level, why 
onstituent quark models are so

phenomenologi
ally su

essful.

It should be stressed that literally speaking instantons do not lead to 
on�nement,

although they indu
e a growing potential for heavy quarks at intermediate

separations [28℄; asymptoti
ally it �attens out [18℄. However, it has been

realized long ago [19, 29℄, that it is 
hiral symmetry breaking and not 
on�nement

that determines the basi
 
hara
teristi
s of nu
leons and pions as well as their

�rst ex
itations. After all, 99% of the mass around us is due to the spontaneous

generation of the quark 
onstituent mass. Probably one would need an expli
it


on�nement to get the properties of short-living highly ex
ited hadrons. A

ording

to a popular wisdom, moving a quark away from a diquark system in a baryon

generates a string, also 
alled a �ux tube, whose energy rises linearly with the
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separation. This is expe
ted in the �pure-glue� world with no dynami
al quarks.

However, in the real world with light quarks and the spontaneous 
hiral symmetry

breaking the string energy ex
eeds the pion mass mπ = 140MeV at a modest

separation of about 0.26 fm, see Fig. 1. At larger separations the would-be

linear potential is s
reened sin
e it is energeti
ally favorable to tear the string and

produ
e a pion. Virtually, the linear potential 
an stret
h to as mu
h as 0.4 fm

where its energy ex
eeds 2mπ but that 
an happen only for a short time of 1/mπ.

Meanwhile, the ground-state baryons are stable, and their sizes are about 1 fm.

The pion-nu
leon 
oupling is huge, and there seems to be no suppression of the

string breaking by pions. The paradox is that the linear potential of the pure

glue world, important as it might be to explain why quarks are not observed as a

matter of prin
iple, 
an hardly have a dire
t impa
t on the properties of lightest

hadrons.
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Figure 18: The latti
e-simulated potential between stati
 quarks in pure glue

theory [30℄ ex
eeds mπ at the separation of 0.26 fm (left). The s
reening

of the linear potential by dynami
al quarks is 
learly seen in simulations at

high temperatures but below the phase transition [31℄ (right). As one lowers

the pion mass the string breaking happens at smaller distan
es; the s
ale is√
σ ≃ 425MeV ≃ (0.47 fm)−1

.

Even for highly ex
ited hadrons lying on linear Regge traje
tories the situation

is not altogether 
lear. The usual explanation of resonan
es lying on linear
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traje
tories is that they are rotating 
on�ning �ux tubes atta
hed to quarks at end

points moving with the speed of light. Why should 350MeV quarks bound by a√
σ ≃ 425MeV string move with the speed of light is not 
lear, but if they do

not, the traje
tories are not linear. In this pi
ture, the �nite (and experimentally

large) width of resonan
es is due to the same string breaking by meson produ
tion.

However, if there is no string in the ground-state nu
leon, why should it be ex
ited

in a 
ollision? The lightest degrees of freedom in the real world are pions and

one might expe
t that they are the �rst to be ex
ited. An alternative explanation

of resonan
es lying on linear traje
tories is that they are rotating elongated

lumps of pion �eld [32℄, and their de
ay is due to the normal pion radiation. It

follows then that the dominant de
ay of a large-J baryon resonan
e is a 
as
ade

BarJ → BarJ−1 + π → BarJ−2 + ππ → ... whereas if it is due to the string

breaking it rather has a di�erent pattern BarJ → Bar∼J/2+Mes∼J/2. Studying

the de
ay patterns of high-J resonan
es 
ould be illuminating for understanding

the relation between 
on�ning and 
hiral for
es.
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Leaving aside the unsettled question of highly ex
ited resonan
es, the situation

with the lightest and most important hadrons π, ρ,N,∆... is, to my mind, 
lear:

it is the spontaneous 
hiral symmetry breaking (SCSB) rather than the expe
ted

linear 
on�ning potential of the pure glue world whi
h is the key to understanding

of their properties. Therefore, sin
e the instanton va
uum des
ribes su

essfully

the physi
s of the 
hiral symmetry breaking, one would expe
t that instantons

do explain the properties of light hadrons, both mesons and baryons. Indeed, a

detailed numeri
al study of dozens of 
orrelation fun
tions with di�erent quantum

numbers in the instanton medium undertaken by Shuryak, Verbaars
hot and

S
häfer [35℄ (earlier 
ertain 
orrelation fun
tions were 
omputed analyti
ally in

refs. [25, 26℄) demonstrated an impressing agreement with the phenomenology [33℄

and with dire
t latti
e measurements [36℄, see ref. [37℄ for a review. In fa
t,

instantons indu
e strong intera
tions between quarks, leading to bound-state

baryons with 
al
ulable and reasonable properties. There are spe
ialized reviews

on this subje
t, therefore I tou
h it only brie�y here (se
tions 8 and 9).
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More re
ently, there has been mu
h a
tivity in applying instantons to explain

various phenomena in high energy pro
esses in
luding heavy ion 
ollisions. For

that reason, I have in
luded se
tion 7 whi
h suggests a new point of view on the

pomeron whi
h might be also related to instantons.
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QCD INSTANTONS

Being a quantum �eld theory, QCD deals with the �u
tuating gluon and quark

�elds. A fundamental fa
t [38, 39℄ is that the potential energy of the gluon

�eld is a periodi
 fun
tion in one parti
ular dire
tion in the in�nite-dimensional

fun
tional spa
e; in all other dire
tions the potential energy is os
illator-like. This

is illustrated in Fig. 2.

To observe this periodi
ity, let us temporarily work in the Aa
0 = 0 gauge, 
alled

Weyl or Hamiltonian gauge, and forget about fermions for a while. The remaining

pure Yang�Mills or �pure glue" theory is nonetheless non-trivial, sin
e gluons are

self-intera
ting. For simpli
ity I start from the SU(2) gauge group.

The spatial YM potentials Aa
i (x, t) 
an be 
onsidered as an in�nite set of the


oordinates of the system, where i = 1, 2, 3, a = 1, 2, 3 and x are �labels"

denoting various 
oordinates. The YM a
tion is
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S =
1

4g2

∫

d4x F a
µνF

a
µν =

∫

dt

(

1

2g2

∫

d3x E2 − 1

2g2

∫

d3x B2

)

(4)

where E is the ele
tri
 �eld strength,

Ea
i (x, t) = Ȧa

i (x, t) (5)

(the dot stands for the time derivative), and B is the magneti
 �eld strength,

Ba
i (x, t) =

1

2
ǫijk

(

∂jA
a
k − ∂kA

a
j + ǫabcAb

jA
c
k

)

. (6)
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Apparently, the �rst term in eq. (4) is the kineti
 energy of the system of


oordinates {Aa
i (x, t)} while the se
ond term is minus the potential energy being

just the magneti
 energy of the �eld. The simple and transparent form of eq. (5)

is the advantage of the Weyl gauge. Upon quantization the ele
tri
 �eld is

repla
ed by the variational derivative, Ea
i (x) → −ig2δ/δAa

i (x), if one uses the

`
oordinate representation' for the wave fun
tional. The fun
tional S
hrödinger

equation for the wave fun
tional Ψ[Aa
i (x)] takes the form

HΨ[Ai] =

∫

d3x

{

−g
2

2

δ2

(δAa
i (x))

2
+

1

2g2
(Ba

i (x))
2

}

Ψ[Ai] = EΨ[Ai] (7)

where E is the eigen-energy of the state in question. The YM va
uum is the

ground state of the Hamiltonian (7), 
orresponding to the lowest energy E .

� Typeset by FoilT

E

X � 130



Let us introdu
e an important quantity 
alled the Pontryagin index or the four-

dimensional topologi
al 
harge of the YM �elds:

QT =
1

32π2

∫

d4x F a
µνF̃

a
µν, F̃ a

µν ≡ 1

2
ǫµναβF

a
αβ. (8)

The integrand in eq. (8) happens to be a full derivative of the four-ve
tor Kµ:

1

32π2
F a
µνF̃

a
µν = ∂µKµ, Kµ =

1

16π2
ǫµαβγ

(

Aa
α∂βA

a
γ +

1

3
ǫabcAa

αA
b
βA

c
γ

)

.

(9)

Therefore, assuming the �elds Aµ are de
reasing rapidly enough at spatial in�nity,
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one 
an rewrite the 4-dimensional topologi
al 
harge (8) as

QT =

∫

d4x(∂0K0 − ∂iKi) =

∫

dt
d

dt

∫

d3xK0. (10)

Introdu
ing the Chern�Simons number

NCS =

∫

d3x K0 =
1

16π2

∫

d3x ǫijk
(

Aa
i ∂jA

a
k +

1

3
ǫabcAa

iA
b
jA

c
k

)

(11)

we see from eq. (10) that QT 
an be rewritten as the di�eren
e of the Chern�

Simons numbers 
hara
terizing the �elds at t = ±∞:
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QT = NCS(+∞)−NCS(−∞). (12)

The Chern�Simons number of the �eld has an important property that it 
an


hange by integers under large gauge transformations. Indeed, under a general

time-independent gauge transformation,

Ai → U †AiU + iU †∂iU, Ai ≡ Aa
i

τa

2
, (13)

the Chern�Simons number transforms as follows:
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NCS → NCS +NW +
i

8π2

∫

d3x ǫijk∂j Tr (∂iUU
†Ak). (14)

The last term is a full derivative and 
an be omitted if, e.g., Ai de
reases

su�
iently fast at spatial in�nity. NW is the winding number of the gauge

transformation (13):

NW =
1

24π2

∫

d3x ǫijk
[

(U †∂iU)(U †∂jU)(U †∂kU)
]

. (15)

The SU(2) unitary matrix U of the gauge transformation (13) 
an be viewed

as a mapping from the 3-dimensional spa
e onto the 3-dimensional sphere of
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parameters S3

. If at spatial in�nity we wish to have the same matrix U

independently of the way we approa
h the in�nity (and this is what is usually

assumed), then the spatial in�nity is in fa
t one point, so the mapping is

topologi
ally equivalent to that from S3

to S3

. This mapping is known to be

non-trivial, meaning that mappings with di�erent winding numbers are irredu
ible

by smooth transformations to one another. The winding number of the gauge

transformation is, analyti
ally, given by eq. (15). As it is 
ommon for topologi
al


hara
teristi
s, the integrand in (15) is in fa
t a full derivative. For example, if we

take the matrix U(x) in a �hedgehog" form, U = exp[i(r · τ)/r P (r)], eq. (15)


an be rewritten as

NW =
2

π

∫

dr
dP

dr
sin2P =

1

π

[

P − sin 2P

2

]∞

0

= integer (16)

sin
e P (r) both at zero and at in�nity needs to be multiples of π if we wish U(~r)
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to be unambiguously de�ned at the origin and at the in�nity.

Let us return now to the potential energy of the YM �elds,

V =
1

2g2

∫

d3x (Ba
i )

2
. (17)

One 
an imagine plotting the potential energy surfa
es over the Hilbert spa
e of

the 
oordinates Aa
i (x). It will be some 
ompli
ated mountain 
ountry. If the

�eld happens to be a pure gauge, Ai = iU †∂iU , the potential energy at su
h

points of the Hilbert spa
e is naturally zero. Imagine that we move along the

�generalized 
oordinate" being the Chern�Simons number (11), �xing all other


oordinates whatever they are. Let us take some point Aa
i (x) with the potential

energy V . If we move to another point whi
h is a gauge transformation of Aa
i (x)
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with a winding number NW , its potential energy will be exa
tly the same as it

is stri
tly gauge invariant. However the Chern�Simons �
oordinate" of the new

point will be shifted by an integer NW from the original one. We arrive to the


on
lusion �rst pointed out by Faddeev [38℄ and Ja
kiw and Rebbi [39℄ in 1976,

that the potential energy of the YM �elds is periodi
 in the parti
ular 
oordinate


alled the Chern�Simons number.

Figure 19: Potential energy of the gluon �eld is periodi
 in one dire
tion and

os
illator-like in all other dire
tions in fun
tional spa
e.
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Instantons in simple words

In perturbation theory one deals with zero-point quantum-me
hani
al �u
tuations

of the YM �elds near one of the minima, say, at NCS = 0 . The non-linearity

of the YM theory is taken into a

ount as a perturbation, and results in series in

g2 where g is the gauge 
oupling. In that approa
h one is apparently missing a

possibility for the system to tunnel to another minimum, say, at NCS = 1 . The

tunneling is a typi
al non-perturbative e�e
t in the 
oupling 
onstant.

Instanton is a large �u
tuation of the gluon �eld in imaginary (or Eu
lidean) time


orresponding to quantum tunneling from one minimum of the potential energy

to the neighbor one. Mathemati
ally, it was dis
overed by Belavin, Polyakov,

S
hwarz and Tyupkin; [15℄ the tunneling interpretation was given by V. Gribov, see

[16℄. The name `instanton' has been introdu
ed by 't Hooft [17℄ who studied many

of the key properties of those �u
tuations. Anti-instantons are similar �u
tuations

but tunneling in the opposite dire
tion in Fig. 2. Physi
ally, one 
an think of

instantons in two ways: on the one hand it is a tunneling pro
ess o

urring in
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time, on the other hand it is a lo
alized pseudoparti
le in the Eu
lidean spa
e.

Following the WKB approximation, the tunneling amplitude 
an be estimated as

exp(−S), where S is the a
tion along the 
lassi
al traje
tory in imaginary time,

leading from the minimum at NCS = 0 at t = −∞ to that at NCS = 1 at

t = +∞. A

ording to eq. (12) the 4-dimensional topologi
al 
harge of su
h

traje
tory is QT = 1. To �nd the best tunneling traje
tory having the largest

amplitude one has thus to minimize the YM a
tion (4) provided the topologi
al


harge (8) is �xed to be unity. This 
an be done using the following tri
k [15℄.

Consider the inequality

0 ≤
∫

d4x
(

F a
µν − F̃ a

µν

)2
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=

∫

d4x
(

2F 2 − 2FF̃
)

= 8g2S − 64π2QT , (18)

hen
e the a
tion is restri
ted from below:

S ≥ 8π2

g2
QT =

8π2

g2
. (19)

Therefore, the minimal a
tion for a traje
tory with a unity topologi
al 
harge

is equal to 8π2/g2, whi
h is a
hieved if the traje
tory satis�es the self-duality

equation:

F a
µν = F̃ a

µν. (20)
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Noti
e that any solution of eq. (20) is simultaneously a solution of the general

YM equation of motion Dab
µ F

b
µν = 0: that is be
ause the �se
ond pair" of the

Maxwell equations, Dab
µ F̃

b
µν = 0, is satis�ed identi
ally.

Thus, the tunneling amplitude 
an be estimated as

A ∼ exp(−Action) = exp

(

− 1

4g2

∫

d4xF 2
µν

)

= exp

(

−8π2

g2

)

= exp

(

−2π

αs

)

.

(21)

It is non-analyti
 in the gauge 
oupling 
onstant and hen
e instantons are missed

in all orders of the perturbation theory. However, it is not a reason to ignore

tunneling. For example, tunneling of ele
trons from one atom to another in a

metal is also a non-perturbative e�e
t but we would get nowhere in understanding

metals had we ignored it.
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Instanton 
on�gurations

To solve eq. (20) let us re
all a few fa
ts about the Lorentz group SO(3, 1).

Sin
e we are talking about the tunneling �elds whi
h 
an only develop in imaginary

time, it means that we have to 
onsider the �elds in Eu
lidean spa
e-time, so

that the Lorentz group is just SO(4) isomorphi
 to SU(2)×SU(2). The gauge

potentials Aµ belong to the (12,
1
2) representation of the SU(2)× SU(2) group,

while the �eld strength Fµν belongs to the redu
ible (1, 0)+(0, 1) representation.

In other words it means that one linear 
ombination of Fµν transforms as a ve
tor

of the left SU(2), and another 
ombination transforms as a ve
tor of the right

SU(2). These 
ombinations are

FA
L = ηAµν(Fµν + F̃µν), FA

R = η̄Aµν(Fµν − F̃µν), (22)

where η, η̄ are the so-
alled 't Hooft symbols des
ribed in ref. [17℄, see also below.
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We see therefore that a self-dual �eld strength is a ve
tor of the left SU(2) while

its right part is zero. Keeping that experien
e in mind we look for the solution of

the self-dual equation in the form

Aa
µ = η̄aµν xν

1 + Φ(x2)

x2
. (23)

Using the formulae for the η symbols from ref. [17℄ one 
an easily 
he
k that the

YM a
tion 
an be rewritten as

S =
8π2

g2
3

2

∫

dτ

[

1

2

(

dΦ

dτ

)2

+
1

8
(Φ2 − 1)2

]

, τ = ln

(

x2

ρ2

)

. (24)

� Typeset by FoilT

E

X � 143



This 
an be re
ognized as the a
tion of the double-well potential whose minima

lie at Φ = ±1, and τ plays the role of �time"; ρ is an arbitrary s
ale. The

traje
tory whi
h tunnels from 1 at τ = −∞ to −1 at τ = +∞ is

Φ = − tanh
(τ

2

)

, (25)

and its a
tion (24) is S = 8π2/g2, as needed. Substituting the solution (25) into

(23) we get

Aa
µ(x) =

2η̄µνaρ
2

x2(x2 + ρ2)
. (26)

The 
orrespondent �eld strength is
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F a
µν = − 4ρ2

(x2 + ρ2)2

(

η̄µνa − 2η̄µαa
xαxν
x2

− 2η̄βνa
xµxβ
x2

)

, F a
µνF

a
µν =

192ρ4

(x2 + ρ2)4
,

(27)

and satis�es the self-duality 
ondition (20).

The anti-instanton 
orresponding to tunneling in the opposite dire
tion, from

NCS = 1 to NCS = 0 , satis�es the anti-self-dual equation, with F̃ → −F̃ ; its


on
rete form is given by eqs.(26, 27) with the repla
ement η̄ → η.

Eqs.(26, 27) des
ribe the �eld of the instanton in the singular Lorenz gauge; the

singularity of Aµ at x2 = 0 is a gauge artifa
t: the gauge-invariant �eld strength

squared is smooth at the origin. Formulae for instantons are more 
ompa
t in the

Lorenz gauge, and I shall use it further on

12

.

12

Ja
kson and Okun [40℄ re
ommend to 
all the ∂µAµ = 0 gauge by the name of the Dane Ludvig Lorenz
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Instanton 
olle
tive 
oordinates

The instanton �eld, eq. (26), depends on an arbitrary s
ale parameter ρ whi
h we

shall 
all the instanton size, while the a
tion, being s
ale invariant, is independent

of ρ. One 
an obviously shift the position of the instanton to an arbitrary 4-point

zµ � the a
tion will not 
hange either. Finally, one 
an rotate the instanton

�eld in 
olour spa
e by 
onstant unitary matri
es U . For the SU(2) gauge

group this rotation is 
hara
terized by 3 parameters, e.g. by Euler angles. For a

general SU(Nc) group the number of parameters is N2
c − 1 (the total number

of the SU(Nc) generators) minus (Nc − 2)2 (the number of generators whi
h

do not a�e
t the left upper 2 × 2 
orner where the standard SU(2) instanton

(26) is residing), that is 4Nc − 5. These degrees of freedom are 
alled instanton

orientation in 
olour spa
e. All in all there are

and not the Dut
hman Hendrik Lorentz who 
ertainly used this gauge too but several de
ades later.
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4 (centre) + 1 (size) + (4Nc − 5) (orientations) = 4Nc (28)

so-
alled 
olle
tive 
oordinates des
ribing the �eld of the instanton, of whi
h the

a
tion is independent.

It is 
onvenient to introdu
e 2× 2 matri
es

σ±
µ = (±i−→σ , 1), x± = xµσ

±
µ , (29)

su
h that

2iτaηµνa = σ+
µ σ

−
ν − σ+

ν σ
−
µ , 2iτaη̄µνa = σ−

µ σ
+
ν − σ−

ν σ
+
µ , (30)
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then the instanton �eld with arbitrary 
enter zµ, size ρ and 
olour orientation U

in the SU(Nc) gauge group 
an be written as

Aµ = Aa
µt

a =
−iρ2U [σ−

µ (x− z)+ − (x− z)µ]U
†

(x− z)2[ρ2 + (x− z)2]
, Tr (tatb) =

1

2
δab,

(31)

or as

Aa
µ =

2ρ2Oabη̄µνb(x− z)µ
(x− z)2[ρ2 + (x− z)2]

, Oab = Tr (U †taUσb), OabOac = δbc.
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(32)

This is the expli
it expression for the 4Nc-parameter instanton �eld in the SU(Nc)

gauge theory, written down in the singular Lorenz gauge.
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QCD INSTANTON VACUUM

Gluon 
ondensate

The QCD perturbation theory implies that the �elds Aa
i (x) are performing

quantum zero-point os
illations; in the lowest order these are just plane waves

with arbitrary frequen
ies. The aggregate energy of these zero-point os
illations,

(B2+E2)/2, is divergent as the fourth power of the 
uto� frequen
y, however for

any state one has 〈F 2
µν〉 = 2〈B2−E2〉 = 0, whi
h is just a manifestation of the

virial theorem for harmoni
 os
illators: the average potential energy is equal the

kineti
 one (I am temporarily in the Minkowski spa
e). One 
an prove that this is

also true in any order of the perturbation theory in the 
oupling 
onstant, provided

one does not violate the Lorentz symmetry and the renormalization properties of

the theory. Meanwhile, we know from the QCD sum rules phenomenology that
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the QCD va
uum possesses what is 
alled gluon 
ondensate [22℄:

1

32π2
〈F a

µνF
a
µν〉 =

1

16π2
〈B2 −E2〉 ≃ (200MeV )4 > 0. (33)

Instantons suggest an immediate explanation of this basi
 property of QCD.

Indeed, instanton is a tunneling pro
ess, it o

urs in imaginary time; therefore

in Minkowski spa
e one has Ea
i = ±iBa

i (this is a
tually the duality eq. (20)).

Therefore, during the tunneling B2 − E2

is positive, and one gets a 
han
e to

explain the gluon 
ondensate. In Eu
lidean spa
e the ele
tri
 �eld is real as well

as the magneti
 one, and the gluon 
ondensate is just the average a
tion density.

Let us make a qui
k estimate of its value. Let the total number of instantons

and anti-instantons (hen
eforth I 's and Ī 's for short) in the 4-dimensional volume

V be N . Assuming that the average separations of instantons are larger than

their average sizes (to be justi�ed below), we 
an estimate the total a
tion of the

ensemble as the sum of individual a
tions (see eq. (19)):
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〈F 2
µν〉V =

∫

d4xF 2
µν ≃ N · 32π2, (34)

hen
e the gluon 
ondensate is dire
tly related to the instanton density in the

4-dimensional Eu
lidean spa
e-time:

1

32π2
〈F a

µνF
a
µν〉 ≃

N

V
≡ 1

R̄4
. (35)

In order to get the phenomenologi
al value of the 
ondensate one needs thus to

have the average separation between pseudoparti
les [22, 19℄

R̄ ≃ 1

200MeV
= 1 fm. (36)
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There is another point of view on the gluon 
ondensate whi
h I des
ribe brie�y. In

prin
iple, all information about �eld theory is 
ontained in the partition fun
tion

being the fun
tional integral over the �elds. In the Eu
lidean formulation it is

Z =

∫

DAµ exp

(

− 1

4g2

∫

d4xF 2
µν

)

T→∞−→ e−ET , (37)

where I have used that at large (Eu
lidean) time T the partition fun
tion

pi
ks up the ground state or va
uum energy E . For the sake of brevity I do

not write the gauge �xing and Faddeev�Popov ghost terms. If the state is

homogeneous, the energy 
an be written as E = θ44V
(3)

where θµν is the

stress-energy tensor and V (3)

is the 3-volume of the system. Hen
e, at large

4-volumes V = V (3)T the partition fun
tion is Z = exp(−θ44V ). This θ44

in
ludes zero-point os
illations and diverges badly. A more reasonable quantity

is the partition fun
tion, normalized to the partition fun
tion understood as a

� Typeset by FoilT

E

X � 153



perturbative expansion about the zero-�eld va
uum

13

,

Z
ZP.T.

= exp
[

−(θ44 − θP.T.
44 )V

]

. (38)

We expe
t that the non-perturbative va
uum energy density θ44 − θP.T.
44 is a

negative quantity sin
e we have allowed for tunneling: as usual in quantum

me
hani
s, it lowers the ground state energy. If the va
uum is isotropi
, one has

θ44 = θµµ/4. Using the tra
e anomaly,

θµµ =
β(αs)

16πα2
s

(

F a
µν

)2 ≃ −b
F 2
µν

32π2
, (39)

13

The latter 
an be distinguished from the former by imposing a 
ondition that it does not 
ontain integration

over singular Yang�Mills potentials; re
all that the instanton potentials are singular at the origins.
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where β(αs) is the Gell-Mann�Low fun
tion,

β(αs) ≡
dαs(µ)

d lnµ
= −b1

α2
s(µ)

2π
− b2

2

α3
s(µ)

(2π)2
− ..., (40)

with b1,2 given by eq. (2), one gets [21℄:

Z
ZP.T.

= exp

(

b

4
V 〈F 2

µν/32π
2〉NP

)

(41)

where 〈F 2
µν〉NP is the gluon �eld va
uum expe
tation value whi
h is due to non-

perturbative �u
tuations, i.e. the gluon 
ondensate. The aim of any QCD-va
uum

builder is to minimize the va
uum energy or, equivalently, to maximize the gluon
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ondensate. It is important that it is a renormalization-invariant quantity, meaning

that its dependen
e on the ultraviolet 
uto� µ and the bare 
harge αs(µ) given

at this 
uto� is su
h that it is a
tually 
uto�-independent. Su
h a 
ombination

is 
alled Λ, see eq. (1). The gluon 
ondensate has to be proportional to Λ4

by

dimensions.

The fa
t that the va
uum energy or, equivalently, the gluon 
ondensate is a re-

normalization-invariant quantity leads to an in�nite number of low-energy theorems

[34℄. Translated into the instanton-va
uum language, the renormalizability of the

QCD implies that the probability that there are N I 's and Ī 's in the va
uum is

[21, 41℄

P (N) ∼ exp

[

−b
4

(

ln
N

〈N〉 − 1

)]

, (42)
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where 〈N〉 ≃ V 〈F a
µνF

a
µν〉/(32π2) is the average number of I 's and Ī 's .

One-instanton weight

The notion "instanton va
uum" implies that one assumes that the QCD partition

fun
tion (37) is mainly saturated by an ensemble of intera
ting I 's and Ī 's

, together with quantum �u
tuations about them. Instantons are ne
essarily

present in the QCD va
uum if only be
ause they lower the va
uum energy with

respe
t to the purely perturbative (divergent) one. The question is whether

they give the dominant 
ontribution to the gluon 
ondensate, and to other basi


quantities. To answer this question one has to 
ompute the partition fun
tion (37)

assuming that it is mainly saturated by instantons, and to 
ompare the obtained

gluon 
ondensate with the phenomenologi
al one.

The starting point of this 
al
ulation [21, 41℄ is the 
ontribution of one isolated

instanton to the partition fun
tion (37), or the one-instanton weight. We have

already estimated the tunneling amplitude in eq. (21) but it is not su�
ient: the
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prefa
tor is very important. To the 1-loop a

ura
y, it has been �rst 
omputed by

't Hooft [17℄ for the SU(2) 
olour group, and generalized to arbitrary SU(N)

by Bernard [42℄.

The general �eld 
an be de
omposed as a sum of a 
lassi
al �eld of an instanton

AI
µ(x, ξ) where ξ is a set of 4Nc 
olle
tive 
oordinates 
hara
terizing a given

instanton (see eq. (31)), and of a presumably small quantum �eld aµ(x):

Aµ(x) = AI
µ(x, ξ) + aµ(x). (43)

There is a subtlety in this de
omposition due to the gauge freedom: an interested

reader is addressed to ref. [21℄ where this subtlety is treated in detail. The a
tion

is
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Action =
1

4g2

∫

d4xF 2
µν =

8π2

g2
+

1

g2

∫

d4xDµFµνaν+
1

2g2

∫

d4xaµWµνaν+O(a3).

(44)

Here the term linear in aµ drops out be
ause the instanton �eld satis�es the

equation of motion. The quadrati
 form Wµν has 4Nc zero modes related to

the fa
t that the a
tion does not depend on 4Nc 
olle
tive 
oordinates. This

brings in a divergen
e in the fun
tional integral over the quantum �eld aµ whi
h,

however, 
an and should be quali�ed as integrals over the 
olle
tive 
oordinates:


entre, size and orientations. Formally the fun
tional integral over aµ gives

1
√

det Wµν(AI)
, (45)
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whi
h must be i) normalized (to the determinant of the free quadrati
 form, i.e.

with no ba
kground �eld), ii) regularized (for example by using the Pauli�Villars

method), and iii) a

ounted for the zero modes. A
tually one has to 
ompute a

�quadrupole" 
ombination,

[

det′W det(W0 + µ2)

detW0 det(W + µ2)

]−1
2

, (46)

where W0 is the quadrati
 form with no ba
kground �eld and µ2

is the Pauli�

Villars mass playing the role of the ultraviolet 
uto�; the prime reminds that the

zero modes should be removed and treated separately. The resulting one-instanton
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ontribution to the partition fun
tion (normalized to the free one) is [17, 42℄:

Z1−inst

ZP.T.
=

∫

d4zµ

∫

dρ

∫

d4Nc−5U d0(ρ), (47)

d0(ρ) =
C(Nc)

ρ5

[

2π

αs(µ)

]2Nc

(µρ)
11
3 Nc exp

(

− 2π

αs(µ)

)

. (48)

The fa
t that there are all in all 4Nc integrations over the 
olle
tive 
oordinates

zµ, ρ, U re�e
ts 4Nc zero modes in the instanton ba
kground. The numeri
al


oe�
ient C(Nc) depends impli
itly on the regularization s
heme used. In the

Pauli�Villars s
heme exploited above [42℄

C(Nc) =
4.60 exp(−1.68Nc)

π2(Nc − 1)!(Nc − 2)!
. (49)
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If the s
heme is 
hanged, one has to 
hange the 
oe�
ient C(Nc) → C ′(Nc) =

C(Nc) · (Λ/Λ′)b. One has [43℄: ΛP.V. = e
1
22ΛMS = 40.66 e

− 3π2

11N2
c Λlat = ...

Eq. (48) 
annot yet be expressed through the 2-loop renormalization-invariant


ombination Λ (1) as it is written to the 1-loop a

ura
y only. In the 2-loop

approximation the instanton weight is given by [44, 21℄

d0(ρ) =
C(Nc)

ρ5
β(ρ)2Nc exp

[

−βII(ρ)+

(

2Nc−
b2
2b1

)

b2
2b1

lnβ(ρ)

β(ρ)
+O

(

1

β(ρ)

)]

∼ 1

ρ5
(Λρ)

11
3 Nc, (50)

where β(ρ) ≡ 2π/αs(ρ) and βII(ρ) are the inverse 
harges to the 1-loop

and 2-loop a

ura
y, respe
tively (not to be 
onfused with the Gell-Mann�Low

fun
tion!):
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βII(ρ) = β(ρ) +
b2
2b1

ln
2β(ρ)

b1
, (51)

β(ρ) = b1 ln
1

Λρ
, b1 =

11

3
Nc, b2 =

34

3
N2

c . (52)

These equations express the one-instanton weight d0(ρ) through the 
uto�-

independent 
ombination Λ (1), and the instanton size ρ. This is how the

`transmutation of dimensions' o

urs in the instanton 
al
ulus and how Λ enters

into the game. Hen
eforth all dimensional quantities will be expressed through Λ,

whi
h is very mu
h wel
ome.

Noti
e that the integral over the instanton sizes in eq. (47) diverges as a high

power of ρ at large ρ: this is of 
ourse the 
onsequen
e of asymptoti
 freedom.

It means that individual instantons tend to swell. This 
ir
umstan
e plagued the

instanton 
al
ulus for many years. If one attempts to 
ut the ρ integrals �by
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hand", one violates the renormalization properties of the YM theory, as mentioned

in the previous se
tion. A
tually the size integrals appear to be 
ut from above

due to instanton intera
tions.

Instanton ensemble

To get a volume e�e
t from instantons one needs to 
onsider an IĪ ensemble, with

their total number N proportional to the 4-dimensional volume V . Immediately

a mathemati
al di�
ulty arises: any superposition of I 's and Ī 's is not, stri
tly

speaking, a solution of the equation of motion, therefore, one 
annot dire
tly use

the semi
lassi
al approa
h of the previous se
tion. One way to over
ome this

di�
ulty is to use a variational prin
iple [21℄. Its idea is to use a modi�ed YM

a
tion for whi
h a 
hosen IĪ ansatz is a saddle point. Exploiting the 
onvexity

of the exponent one 
an prove that the true va
uum energy is less than that

obtained from the modi�ed a
tion. One 
an therefore use variational parameters

(or even fun
tions) to get a best upper bound for the va
uum energy. It is not

the Rayleigh-Ritz but rather the Feynman variational prin
iple sin
e the method
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has been suggested by Feynman in his famous study of the polaron problem.

The gauge theory is more di�
ult, though: one has not to loose either gauge

invarian
e or the renormalization properties of the YM theory. These di�
ulties

were over
ome in ref. [21℄, see also [41℄. It should be kept in mind that we

are dealing with �strong intera
tions", meaning that all dimensionless quantities

are generally speaking of the order of unity � there are no small parameters in

the theory. Therefore, one has to use 
ertain approximate methods, and the

variational prin
iple is among the best. Todays dire
t latti
e investigation of the

IĪ ensemble seem to indi
ate that we have obtained rather a

urate numbers in

this di�
ult problem.

In the variational approa
h, the normalized (to perturbative) and regularized YM

partition fun
tion takes the form of a partition fun
tion for a grand 
anoni
al

ensemble of intera
ting pseudoparti
les of two kind, I 's and Ī 's :
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Z
ZP.T.

≥
∑

N+,N−

1

N+!

1

N−!

N++N−
∏

n

∫

d4zndρndUI d0(ρn) exp(−Uint), (53)

where d0(ρ) is the 1-instanton weight (50). The integrals are over the 
olle
tive


oordinates of (anti)instantons: their 
oordinates z, sizes ρ and orientations given

by SU(Nc) unitary matri
es U ; dU means the Haar measure normalized to unity.

The instanton intera
tion potential Uint (to be dis
ussed below) depends on the

separation between pseudoparti
les, zm − zn, their sizes ρm,n and their relative

orientations UmU
†
n. In the variational approa
h the intera
tion between instantons

arise from i) the defe
t of the 
lassi
al a
tion, ii) the non-fa
torization of quantum

determinants and iii) the non-fa
torization of Ja
obians when one passes to

integration over the 
olle
tive 
oordinates. All three fa
tors are ansatz-dependent,

but there is a tenden
y towards a 
an
ellation of the ansatz-dependent pie
es.

Qualitatively, in any ansatz the intera
tions between I 's and Ī 's resemble those
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of mole
ules: at large separations there is an attra
tion, at smaller separations

there is a repulsion. It is very important that the intera
tions depend on the

relative orientations of instantons: if one averages over orientations (whi
h is the

natural thing to do if the IĪ medium is in a disordered phase; if not, one would

expe
t a spontaneous breaking of both Lorentz and 
olour symmetries [21℄), the

intera
tions seem to be repulsive at any separations.

In general, the mere notion of the instanton intera
tions is notorious for being ill-

de�ned sin
e instanton + antiinstanton is not a solution of the equation of motion.

Su
h a 
on�guration belongs to a se
tor with topologi
al 
harge zero, thus it

seems to be impossible to distinguish it from what is en
ountered in perturbation

theory. The variational approa
h uses brute for
e in dealing with the problem,

and the results appear to be somewhat dependent on the ansatz used. Thanks to

the inequality for the va
uum energy mentioned above, we still get quite a useful

information. However, re
ently a mathemati
ally unequivo
al de�nition of the

instanton intera
tion has been suggested, based on the one hand on analyti
ity
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and unitarity [45℄ and on the other hand on 
ertain singular solutions of the YM

equations of motion [46℄. Both de�nitions 
ut o� automati
ally 
ontributions of

the perturbation theory. The �rst three leading terms for the intera
tion potential

at large separations has been 
omputed by the two very di�erent methods [45, 46℄

with 
oin
iding results. At smaller separations one observes a strong repulsion

[46℄.

At this point I should mention 
ertain experien
e one gains from a simpler

2-dimensional so-
alled CPN

model, also possessing instantons as 
lassi
al

Eu
lidean solutions. Contrary to the 4d YM theory, the instanton measure

in that model is known exa
tly [47, 48℄. In the dilute limit the instanton

measure redu
es to the produ
t of integrals over instanton sizes, positions and

orientations, as in eq. (53). The exa
t measure, however, is written in terms

of the so-
alled `instanton quarks' whi
h does not suppose that instantons are

dilute. The statisti
al me
hani
s of I 's and Ī 's in this model has been studied

in ref. [49℄ both by analyti
al methods and by numeri
al simulations. Although
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the `instanton quark' parameterization allows for 
omplete `melting' of instantons

and is quite opposite in spirit to the dilute-gas ansatz, it has been observed

that, owing to a 
ombination of purely geometri
 and dynami
 reasons, the vast

majority of `instanton quarks' form neutral 
lusters whi
h 
an be identi�ed with

well-separated instantons. Of 
ourse, there is always a fra
tion of overlapping

instantons in the va
uum, however, it is small even in the 2d 
ase; in the 4d YM


ase both reasons mentioned above are expe
ted to be even stronger.

Summing up the dis
ussion, I would say that today there exists no eviden
e

that a variational 
al
ulation with the simplest sum ansatz used in ref. [21℄ is

qualitatively or even quantitatively in
orre
t, therefore I will 
ite the numeri
s

from those 
al
ulations in what follows. The main �nding [21, 41℄ is that the IĪ

ensemble (53) stabilizes at a 
ertain density related to the Λ parameter (there is

no other dimensional quantity in the theory!)
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Figure 20: �Cooling� the normal zero-point os
illations reveals large �u
tuations

of the gluon �eld, whi
h were identi�ed with instantons and anti-instantons with

random positions and sizes [36℄. The left 
olumn shows the a
tion density and

the right 
olumn shows the topologi
al 
harge density for the same snapshot.
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N

V
≃ 〈F 2

µν/32π
2〉 ≃ 1

V
〈Q2

T 〉 ≥ (0.75ΛMS)
4. (54)

The average instanton size and the average separation between instantons are,

respe
tively,

ρ̄ ≃ 0.48/ΛMS ≃ 0.35 fm, (55)

R̄ =

(

N

V

)−1
4

≃ 1.35/ΛMS ≃ 0.95 fm, (56)

if one uses ΛMS = 280MeV as it follows from the DIS data. Earlier, very similar


hara
teristi
s, ρ̄ = 1
3 fm, R̄ = 1 fm, have been suggested by Shuryak [19℄ from

studying the phenomenologi
al appli
ations of instantons.

Instanton intera
tions lead to the modi�
ation of the (divergent) size distribution
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fun
tion d0(ρ) (50) by a distribution de
reasing at large ρ. The use of the

variational prin
iple yields a Gaussian 
uto� for large sizes [21, 41℄:

d0(ρ) → d(ρ) = d0(ρ) exp

(

− const.

√

N

V
ρ2

)

. (57)

In fa
t, it is a rather narrow distribution peaked around ρ̄ (55); therefore for

pra
ti
al estimates in what follows I shall just repla
e all instantons by the

average-size one.

It should be said that, stri
tly speaking, nothing 
an prevent some instantons to

be anomalously large and overlapping with other. For overlapping instantons the

notion of size distribution be
omes senseless. The question is quantitative: how

often and how strong do instantons overlap. Given the estimate (55,56), it seems

� Typeset by FoilT

E

X � 172



that the majority of instantons in the va
uum ensemble are well-isolated.

In the re
ent years instantons have been intensively studied by dire
t numeri
al

simulations of gluon �elds on the latti
e, using various 
on�guration-smoothing

methods [36, 50, 51℄. A typi
al snapshot of gluon �u
tuations in the va
uum is

shown in Fig. 3 borrowed from ref. [36℄. Naturally, it is heavily dominated by

normal perturbative UV-divergent zero-point os
illations of the �eld. However,

after �
ooling� down these os
illations one reveals a smooth ba
kground �eld

whi
h was shown in ref. [36℄ to be nothing but an ensemble of instantons and

anti-instantons with random positions and sizes

14

. The lower part of Fig.20 is

what is left of the upper part after �
ooling� that parti
ular 
on�guration. The

average sizes and separations of instantons found vary somewhat depending on

the 
on
rete smearing method used. Ref. [36℄ gives the following values

14

Quite re
ently a more involved �u
tuation-smearing pro
edure 
arried on the latti
e has indi
ated that

instantons might have an additional stru
ture, see the next se
tion.
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ρ̄ ≃ 0.36 fm, R̄ = (N/V )−
1
4 ≃ 0.89 fm, (58)

whi
h are not far from the estimate from the variational prin
iple. The ratio,

ρ̄

R̄
≃ 1

3
, (59)

seems to be more stable: it follows from phenomenologi
al [19℄, variational

[21, 41℄ and latti
e [36, 50, 51℄ studies. It means that the pa
king fra
tion, i.e.

the fra
tion of the 4-dimensional volume o

upied by instantons appears to be

rather small, π2ρ̄4/R̄4 ≃ 1/8. This small pa
king fra
tion of the instantons

gives an a posteriori justi�
ation for the use of the semi-
lassi
al methods. As I

shall show in the next se
tions, it also enables one to identify adequate degrees of

freedom to des
ribe the low-energy QCD.
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NONPERTURBATIVE QCD

The QCD Lagrangian with Nf massless �avours is known to posses a large global

symmetry, namely a symmetry under U(Nf)× U(Nf) independent rotations of

left- and right-handed quark �elds. This symmetry is 
alled 
hiral

15

. Instead

of rotating separately the 2-
omponent Weyl spinors 
orresponding to left- and

right-handed 
omponents of quark �elds, one 
an make independent ve
tor and

axial U(Nf) rotations of the full 4-
omponent Dira
 spinors � the QCD lagrangian

is invariant under these transformations too.

Meanwhile, axial transformations mix states with di�erent P-parities. Therefore,

were that symmetry exa
t, one would observe parity degenera
y of all states with

otherwise the same quantum numbers. In reality the splittings between states

with the same quantum numbers but opposite parities are huge. For example,

the splitting between the ve
tor ρ and the axial a1 meson is (1260 − 770) ≃
15

The word was 
oined by Lord Kelvin in 1894 to des
ribe mole
ules not superimposable on its mirror image.

� Typeset by FoilT

E

X � 175



500MeV; the splitting between the nu
leon and its parity partner is even larger:

(1535− 940) ≃ 600MeV.

The splittings are too large to be explained by the small bare or 
urrent quark

masses whi
h break the 
hiral symmetry from the beginning. Indeed, the 
urrent

masses of light quarks are: mu ≃ 4MeV, md ≃ 7MeV, ms ≃ 150MeV.

The 
on
lusion one 
an draw from these numbers is that the 
hiral symmetry of the

QCD Lagrangian is broken down spontaneously, and very strongly. Consequently,

one should have light (pseudo) Goldstone pseudos
alar hadrons � their role is

played by pions whi
h indeed are by far the lightest hadrons.

The order parameter asso
iated with 
hiral symmetry breaking is the so-
alled


hiral or quark 
ondensate:

〈ψ̄ψ〉 ≃ −(250MeV )3. (60)
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It should be noted that this quantity is well de�ned only for massless quarks,

otherwise it is somewhat ambiguous. By de�nition, this is the quark Green

fun
tion taken at one point; in momentum spa
e it is a 
losed quark loop:

〈ψ̄ψ〉 = −Nc

∫

d4k

(2π)4i
Tr

Z(k)

M(k)− k/
. (61)

If the quark propagator is massless and has only the `slash' term, the tra
e

over the spinor indi
es in the loop gives an identi
al zero. Therefore, 
hiral

symmetry breaking implies that a massless (or nearly massless) quark develops

a non-zero dynami
al mass M(k), i.e. a `non-slash' term in the propagator.

There are no reasons for this quantity to be a 
onstant independent of the

momentum; moreover, we understand that it should anyhow vanish at large

momentum. Sometimes it is 
alled the 
onstituent quark mass, however a
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momentum-dependent dynami
al quark mass M(k) is a more adequate term

whi
h I shall use below.

The spontaneous generation of the dynami
al quark mass (equivalent to the

spontaneous 
hiral symmetry breaking, SCSB) is the most important feature of

QCD being key to the whole hadron phenomenology. The theory's task is to get

M(k) in the form

M(k) = Λf(k/Λ) (62)

where Λ is the renormalization-invariant 
ombination (1) and f is some fun
tion.

Instantons enable one to get M(k) in the needed form and to �nd the fun
tion.

But �rst let us derive some general relations.

We start by writing down the QCD partition fun
tion. Fun
tional integrals are well
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de�ned in Eu
lidean spa
e whi
h is obtained by the following formal substitutions

of Minkowski spa
e quantities:

ixM0 = xE4, xMi = xEi, AM0 = iAE4, AMi = AEi,

iψ̄M = ψ†
E, γM0 = γE4, γMi = iγEi, γM5 = γE5. (63)

Negle
ting for brevity the gauge �xing and Faddeev�Popov ghost terms, the QCD

partition fun
tion with quarks 
an be written as

Z =

∫

DAµDψDψ
† exp



− 1

4g2

∫

F 2
µν +

Nf
∑

f

∫

ψ†
f(i∇/+ imf)ψf





=

∫

DAµ exp

[

− 1

4g2

∫

F 2
µν

] Nf
∏

f

det(i∇/+ imf). (64)

The 
hiral 
ondensate of a given �avour f is, by de�nition,
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〈ψ̄fψf〉M = −i〈ψ†
fψf〉E = − 1

V

∂

∂mf
(lnZ)mf→0 . (65)

The Dira
 operator has the form

i∇/ = γµ(i∂µ +AĪI
µ + aµ) (66)

where AĪI
µ denotes the 
lassi
al �eld of the IĪ ensemble and aµ is a presumably

small �eld of quantum �u
tuations about that ensemble, whi
h I shall negle
t as

it has little impa
t on 
hiral symmetry breaking. Integrating over DAµ in eq. (64)

means averaging over the IĪ ensemble with the partition fun
tion (53), therefore

one 
an write
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Z = det(i∇/+ im) (67)

where I temporarily restri
t the dis
ussion to the 
ase of only one �avour for

simpli
ity. Be
ause of the im term the Dira
 operator in (67) is formally not

Hermitian; however the determinant is real due to the following observation.

Suppose we have found the eigenvalues and eigenfun
tions of the Dira
 operator,

i∇/Φn = λnΦn, (68)

then for any λn 6= 0 there is an eigen-fun
tion Φn′ = γ5Φn whose eigenvalue

is λn′ = −λn. This is be
ause γ5 anti
ommutes with i∇/. Owing to this the
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fermion determinant 
an be written as

det(i∇/+ im) =
∏

n

(λn + im) =
√

∏

(λ2n +m2) = exp

[

1

2

∑

n

ln(λ2n +m2)

]

=exp

[

1

2

∫ ∞

−∞
dλ ν(λ) ln(λ2 +m2)

]

, ν(λ) ≡
∑

n

δ(λ− λn), (69)

Instanton va
uum �eld is assumed as a superposition of N+ instantons and N−

antiinstantons:

Aµ(x) =

N+
∑

I

AI
µ(ξI, x) +

N−
∑

A

AA
µ (ξA, x). (70)

Here ξ = (ρ, z, U) are (anti)instanton 
olle
tive 
oordinates� size, position and


olor orientation.

The �rst step of the derivation [25, 41℄ was the splitting of the total quark
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determinant to the low and high frequen
ies parts as Det = Dethigh · Detlow,

where Dethigh gets a 
ontribution from fermion modes with Dira
 eigenvalues

from the interval M1 to the Pauli�Villars mass M , and Detlow is a

ounted

eigenvalues less than M1. The produ
t of these determinants is independent on

the s
ale M1. But, we may 
al
ulate both of them only approximately. In [25℄

was demonstrated week dependen
e of the produ
t on M1in the wide range of

M1, whi
h serves as a 
he
k of the approximations.

The high-momentum partDethigh 
an be written as a produ
t of the determinants

in the �eld of individual instantons, while the low-momentum one Detlow has to

be treated approximately, would-be zero modes being taken into a

ount only.
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LIGHT QUARKS IN THE INSTANTON VACUUM

Low-frequen
y part of the quark determinant beyond the 
hiral

limit.

The starting point of the 
onsideration is the zero-mode approximation formulated

in [52, 25, 41℄

Si =
1

p̂+ Âi + im
=

1

p̂
+

|Φi,0〉〈Φi,0|
im

. (71)

Here the zero-modes Φi,0 are also fun
tions of the instanton 
olle
tive 
oordinates

ξi. This approximation is good for small values of m (
hiral limit) and indi
ates

that the main 
ontribution to the quark propagator is due to the zero-modes.

We would like to go beyond 
hiral limit. First of all we have to extend Ed. (71)
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for a non-small m 
ase. Then, our main assumption is the interpolation formula:

Si = S0 + S0p̂
|Φ0i >< Φ0i|

ci
p̂S0 (72)

where

ci = − < Φ0i|p̂S0p̂|Φ0i >= im < Φ0i|S0p̂|Φ0i >= im < Φ0i|p̂S0|Φ0i > (73)

The advantage of this interpolation is shown by the proje
tion of Si to the

zero-modes:

Si|Φ0i >=
1

im
|Φ0i >, < Φ0i|Si =< Φ0i|

1

im

(74)

as it must be, while the similar proje
tion of Si given by Eq. (71) has a wrong


omponent, negligible only in the m→ 0 limit.

Now we swit
h on external �avour �elds (v, a, s, p), where vµ and aµ are ve
tor

and axial-ve
tor �elds, s and p are s
alar and pseudos
alar �elds. They also
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may have �avour 
ontent. We assume that vµ and aµ has a trivial topologi
al

properties and their topologi
al 
harges are equal to zero. Total quark propagator

S̃ and the single instanton quark propagator S̃i be
ome:

S̃ =
1

p̂+ Â+ V̂ + im
, S̃i =

1

p̂+ Âi + V̂ + im
, (75)

where V̂ = v̂+ âγ5+s+pγ5 and v̂ = γµvµ, â = γµaµ. De�ning also the quark

propagator with only external �avour �elds S̃0 and the free one S0 as follows:

S̃0 =
1

p̂+ V̂ + im
, S0 =

1

p̂+ im
, (76)

we 
an expand the quark propagator S̃ with respe
t to a single instanton:

S̃ = S̃0 +
∑

i

(S̃i − S̃0) +
∑

i 6=j

(S̃i − S̃0)S̃
−1
0 (S̃j − S̃0) + · · · . (77)
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In order to spe
ify the gauge dependen
e, we rewrite S̃i and S̃0 in the following

form:

S̃i = LiS
′
iL

−1
i , S′

i =
1

p̂+ Âi + V̂ ′
i ++im

,

S̃0 = LiS
′
0iL

−1
i , S′

0i =
1

p̂+ V̂ ′
i + im

, (78)

where V̂ ′
i = L−1

i (p̂ + V̂ )Li and the gauge 
onne
tion Li 
an be written as the

path-ordered exponent:

Li(x, zi) = P exp

(

i

∫ x

zi

dyµ(vµ(y) + aµ(y)γ5)

)

, L−1
i (x, zi) = γ0L

†
i(x, zi)γ0

(79)

where zi denotes an instanton position.
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We do not in
lude �elds s and p into L-fa
tor sin
e they transform homogenously

under lo
al gauge transformations.

Expanding S′
i over V̂

′
i and re-summing it we get

S′
i = Si(1 +

∑

n

(−1)n(V̂ ′
i Si)

n) = S′
0i + S′

0ip̂
|Φ0i >< Φ0i|

ci − bi
p̂S′

0i (80)

where

bi = < Φ0i|p̂(S′
0i − S0)p̂|Φ0i >, (81)

ci − bi = − < Φ0i|p̂S′
0ip̂|Φ0i >

= < Φ0i|(im+ V̂ ′
i )|Φ0i > − < Φ0i|(im+ V̂ ′

i )S
′
0i(im+ V̂ ′

i )|Φ0i >
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Rearrangement of the Eq. (77) for the total propagator leads to:

S̃ = S̃0 + S̃0

∑

i,j

Lip̂|Φi0 > (
1

−D +
1

−DC
1

−D + ...)ij < Φ0j|p̂L−1
j S̃0

= S̃0 + S̃0

∑

i,j

Lip̂|Φi0 > (
1

−V − T
)ij < Φ0j|p̂L−1

j S̃0 (82)

where

Vij =< Φ0i|p̂(L−1
i S̃0L̄

−1
j )p̂|Φ0j > − < Φ0i|p̂S0(L

−1
i Ljp̂|Φ0j >,(83)

Tij = (1− δij) < Φ0i|p̂S0(L
−1
i Ljp̂|Φ0j >,

Dij = δijVij ≡ (bi − ci)δij, Cij = (1− δij)Vij.
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It is natural to introdu
e

|φ0 >=
1

p̂
Lp̂|Φ0 > (84)

whi
h has the same 
hiral properties as zero-mode fun
tion |Φ0 >. Then

S̃ − S̃0 = −S̃0

∑

i,j

p̂|φ0i >< φ0i|(
1

V + T
)|φ0j >< φ0j|p̂S̃0 (85)

with

V + T = p̂S̃0p̂. (86)
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The �nal expli
it form for (85) is

Tr (S̃ − S̃0) (87)

= −
∑

i,j

< φ0,j,f,g1|p̂ (S̃2
0)g1g2 p̂|φ0,i,g2,g3 >< φ0,i,g3,g4|(

1

p̂S̃0p̂
)g4g5|φ0,j,g5,f >

Introdu
ing now the operator

B̃(m)fgij =< φ0,i,f,f1|(p̂S̃0p̂)f1g1|φ0,j,g1,g > (88)

it is easy to show that

Tr

∫ m

M1

idm′(S̃(m′)− S̃0(m
′)) (89)

=
∑

i,j

∫ B̃(m)

B̃(M1)

dB̃(m′)fgij (
1

B̃(m′)
)gfji = T̃r ln

B̃(m)

B̃(M1)
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Here T̃r means the tra
e on the �avour and only on zero-mode (|Φ0j >) spa
e.

The expli
it form of the matrix B̃(m) in this spa
e is:

B̃(m)fgij =< Φ0i|p̂L−1
i,f,f1

S̃0,f1,g1Lj,g1,gp̂|Φ0j > (90)

Then

Detlow[v, a, s, p,m] = det B̃(m) (91)

We see that B̃ is the extension of Lee-Bardeen's matrix B beyond 
hiral limit

in the presen
e of the external �avour �elds (v, a, s, p). and with a

ount of

quark 
urrent mass m without making expansion over 
urrent mass m and also

extended to a few �avours 
ase.

If turn o� the external �elds and expand over m, keeping only O(m) term, we

obtain the quark determinant Detlow for small m 
ase [52, 25℄.
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Fermionized representation of the determinant

First, by introdu
ing the Grassmanian variables Ωi Ω̄j we represent

det B̃ =

∫

dΩdΩ̄ exp(Ω̄B̃Ω), (92)

where

Ω̄B̃Ω = Ω̄i < Φ0i|p̂L−1
i,f,f1

S̃0,f1,g1Lj,g1,gp̂|Φ0j > Ωj (93)

The next step is to introdu
e the sour
es ηi and η̄j de�ned as:

η̄i = −Ω̄i < Φ0i|p̂L−1
i,f,f1

, ηj = p̂|Φ0j > Ωj (94)
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Then (Ω̄B̃Ω) 
an be rewritten as

(Ω̄B̃Ω) = −(η̄S̃0η) (95)

Compare this representation with the generation fun
tional of fermioni
 �elds


orrelators to get

det B̃ =

∫

dΩdΩ̄ exp(Ω̄B̃Ω)

=
(

det(S̃−1
0 )
)−1

∫

dΩdΩ̄DψDψ† exp

∫

dx(ψ†(x)S̃−1
0 ψ(x)

+
∑

i

(η̄i(x)ψ(x) + ψ†(x)ηi(x))) (96)

The integration over Grassmanian variables Ω and Ω̄ (with the a

ount of the

Nf �avours detN =
∏

f detBf) provides �nally the fermionized representation
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of the determinant (93) in the form:

Detlow[v, a, s, p,m] = det B̃ (97)

=

∫

∏

f

DψfDψ
†
f exp





∫

d4x
∑

f,g

ψ†
f(p̂ + V̂ + im)fgψg





×
∏

f







N+
∏

+

Ṽ+,f [ψ
†, ψ]

N−
∏

−
Ṽ−,f [ψ

†, ψ]







,

where

Ṽ±,f [ψ
†, ψ] =

∑

f1,f2

∫

d4x
(

ψ†
f1
(x)L±,f1f(x, z) p̂Φ±,0(x; ξ±)

)

(98)

×
∫

d4y
(

Φ†
±,0(y; ξ±)(p̂ L

−1
±,ff2

(y, z)ψf2(y)
)

,
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and

L±(x, z) = P exp

(

i

∫ x

z

dyµ(vµ(y)± aµ(y))

)

, (99)

L−1
± (x, z) = P exp

(

−i
∫ x

z

dyµ(vµ(y)∓ aµ(y))

)

.

This fermionization was suggested in [55℄ and we interpret the fermions ψ†, ψ

as a 
onstituent quarks. Note that external vµ and aµ �elds gauges not only

the kineti
 term of the e�e
tive a
tion but also its intera
tion term Ṽ±,f [ψ
†, ψ]

in Eq. (99). The reason is obvious: It is the nonlo
al intera
tion indu
ed by

instantons. The external vµ and aµ �elds are presented here due to the fa
tor L

atta
hed to ea
h fermioni
 line. This fa
tor provides us a gauge invarian
e of the

intera
tion term Ṽ±,f [ψ
†, ψ] under the gauge transformation. Instead of we have

path dependen
e of Ṽ±,f [ψ
†, ψ] via L fa
tors. The reason is obvious � we did

not take into a

ount non-zero quark modes in Detlow, whi
h spoil 
ompleteness
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of the states. In ea
h spe
i�
 
ase we have to estimate the a

ura
y of the


al
ulation and to �nd the way of the minimization of an un
ertainty introdu
ed

by this path dependen
e.

The remaining problem is to average the quark determinant over 
olle
tive


oordinates ξ±. It is a rather simple pro
edure, sin
e the low density of the

instanton medium (π2
(

ρ
R

)4 ∼ 0.1) allows us to average over positions and

orientations of the instantons independently.

Now the averaging over 
olle
tive 
oordinates ξ± be
ome trivial problem. By using

Fourier-transformed zero-modes exp(−ikz)Φ±,0(k; ξ±) = exp(−ikz)
∫

d4(x−
z) exp(−ik(x− z))Φ±,0(x− z; ξ±) we get:

Φ±,0,iα(k1; ξ±)Φ
†
±,0,jβ(k2; ξ±) (100)

=
(2πρ)2F (k1)F (k2)

8k21k
2
2

(k̂1γµγνk̂2
1∓ γ5

2
)ij(U±τ

∓
µ τ

±
ν U

†
±)αβ
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where z is a position and U± is a matrix of the 
olor orientations of the

(anti)instanton. Form-fa
tor F (k) is a normalized zero-mode. It has expli
it

form:

F (k) = − d

dt
[I0(t)K0(t)− I1(t)K1(t)]t= |k|ρ

2

(101)

Also, it was used simpli�ed version of the form-fa
tor F (p) (with 
orre
ted high

momentum dependen
e for a
tual numeri
al 
al
ulations):

F (p) =
L2

L2 + p2
, p < 2GeV (102)

=
1.414

p3
, p > 2GeV

where L ≈
√
2
ρ̄ = 848MeV .
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The integration over 
olor orientations, whi
h are given by the formulae:

∫

dU = 1,

∫

dUU i
kU

†j
l =

1

Nc
δilδ

j
k (103)

∫

dUU i1
k1
U i2
k2
U †j1
l1
U †j2
l2

=
1

N2
c − 1

[δi1l1δ
i2
l2
(δj1k1δ

j2
k2

− 1

Nc
δj2k1δ

j1
k2
) + (1 ↔ 2)]

provide spe
i�
 a la t'Hooft stru
tures of quark-quark intera
tion term.

Also, it is evident that the integration over z leads to the energy-momentum


onservation delta-fun
tion.

Exponentiation.

With very good a

ura
y we may apply saddle-point approximation to the following
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integral to get

i

(2π)0.5

∫ α−i∞

α+i∞
dλ exp

(

N ln
N

λ
+ yλ−N

)

= yN (104)

at N >> 1.

Bosonization of partition fun
tion.

After applying the formula (104) partition fun
tion is:

Z[m] =

∫

DψDψ† exp[

∫

d4x
∑

f

ψ†
f(i∂̂ + imf)ψf (105)

+λ+Y
+
Nf

+ λ−Y
−
Nf

+N+(ln
N+

λ+VM
Nf
1

− 1) +N−(ln
N−

λ−VM
Nf
1

− 1)]
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Take N± = N , λ± = λ, Nf = 2, mf = m. Then

Y ±
2 =

1

N2
c − 1

∫

d4xν(ρ)dρ[(1− 1

2Nc
) det(iJ±(ρ, x)+

1

8Nc
det(iJ±

µν(ρ, x)],

(106)

where

J±
fg(ρ, x) =

∫

d4kfd
4lg

(2π)8
exp i(kf − lg)xq

+
f (kf)

1± γ5
2

qg(lg) (107)

J±
µν,fg(ρ, x) =

∫

d4kfd
4lg

(2π)8
exp i(kf − lg)xq

+
f (kf)

1± γ5
2

σµνqg(lg), (108)

where q(x) =
∫

d4k
(2π)4

exp(ikx) q(k), g2 =
(N2

c−1)2Nc

2Nc−1 ,

q(k) = 2πρF (kρ)ψ(k).
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Introdu
e meson �elds taking into a

ount the 
hiral transformations:

δq = iγ5~τ~αq, δq
+ = q+iγ5~τ~α,

δσ = 2~α~φ, δ~φ = −2~ασ, δη = −2~α~σ, δ~σ = 2η~α.

Then, as it must be, δq+(σ + iγ5~τ ~φ)q = 0, δq+(~τ~σ + iγ5η)q = 0.

The bosonization now means

exp

∫

d4x[λ(det
iJ+

g
+ det

iJ−

g
)] ≡ exp

∫

d4x
λ

8g2
[−(q+q)2 − (q+iγ5~τq)

2

+(q+iγ5q)
2 + (q+~τq)2] =

∫

DσD~φDηD~σ (109)

× exp

∫

d4x

[

λ0.5

2g
q+i(σ + iγ5~τ ~φ+ i~τ~σ + γ5η)q −

1

2
(σ2 + ~φ2 + ~σ2 + η2)

]
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The partition fun
tion be
ome

Z[m] =

∫

dλDσD~φDηD~σ exp[N ln
K

λ
−N − 1

2

∫

d4x(σ2 + ~φ2 + ~σ2 + η2)

+Tr ln
p̂+ im+ iλ

0.5

2g (2πρ)F (σ + iγ5~τ ~φ+ i~τ~σ + γ5η)(2πρ)F

p̂+ im
] (110)

Here K some unessential 
onstant to make under-log expression dimensional-less.

Tr means

∫

d4xtr ctrDtr f , pµ = i∂µ, [pµ, xν] = iδµν.
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Dynami
al quark mass

One of the main advantages of the instanton va
uum model is the natural

des
ription of the SχSB, whi
h is signaled by non-zero va
uum quark 
ondensate

〈q̄q〉. The quark-quark intera
tion term (106) leads to the strong attra
tion in

the 
hannels with va
uum (and pion) quantum numbers. As a 
onsequen
e,

there appear the nonzero va
uum expe
tation σ of s
alar-isos
alar 
omponent of

meson �elds Φ and related with it 〈q̄q〉. For evaluation of the partition fun
tion

Z[m], it is very 
onvenient to use the formalism of the e�e
tive a
tion [62, 63℄

Γeff [m,λ,Φ], de�ned as:

ZN [m] =

∫

dλZN [m,λ] =

∫

dλ exp(−Γeff [m,λ,Φ]) (111)

where for the sake of simpli
ity we dropped all the external 
urrents whi
h are not
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essential in this se
tion, and the �eld Φ is the solution of the va
uum equation

∂Γeff [m,λ,Φ]

∂Φ
= 0. (112)

Noti
e that the solution depends on λ, i.e. Φ = Φ(λ). Here it will be assumed

that the only nonzero va
uum �eld is a 
ondensate Φ = σ, whi
h is independent of


oordinates, so the e�e
tive a
tion Γeff [m,λ,Φ] may be repla
ed with e�e
tive

potential Veff [m,λ, σ].

In the leading order, the e�e
tive a
tion just 
oin
ides with the a
tion. Shifting

Φ → σ + Φ′

and integrating over the �u
tuations, we get for the meson loop


orre
tion

Γmes
eff [m,λ, σ] =

1

2
Tr ln

(

4δij −
1

σ2
Tr

M(p)

p̂+ iµ(p)
Γi

M(p)

p̂+ iµ(p)
Γj

)

, (113)

where µ(p) = m+M(p) and we introdu
ed the dynami
al quark mass M(p) =
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MF 2(p); M = (2πρ)2λ0.5

2g σ.

It is 
onvenient to introdu
e notations for the leading order meson propagators

Π−1
i (q) = 4 +

1

σ2
V i
2 (q), (114)

where V i
2 (q) = Tr (Q(p)ΓiQ(p+ q)Γi) , and Q(p) = S(p)iM(p) ≡ iM(p)

p̂+iµ(p).

With these notations va
uum equation (112) turns into

4σ2 − 1

V
Tr (Q(p))− 1

σ2

∫

d4q

(2π)4
∑

i V i
3 (q)Πi(q) = 0,

where V i
3 (q) = Tr

(

Q2(p)ΓiQ(p+ q)Γi

)

.

There is an important di�eren
e between the instanton va
uum and traditional

NJL-type models � the 
oupling λ is not an external parameter of the model, but

is de�ned from the saddle-point equation. We have to integrate over the 
oupling
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λ in Eq. (111) to obtain partition fun
tion ZN . The saddle-point approximation

for the result be
omes exa
t in the large-N limit. The saddle-point equation for

λ has a form

N

V
− 1

2V
Tr (Q(p)) + +

1

2σ2

∫

d4q

(2π)4

∑

i

(

V i
2 (q)− V i

3 (q)
)

Πi(q) = 0(115)

Noti
e that V2-term in (115) requires spe
ial attention. Formally it is next to

leading order 
orre
tion, while numeri
ally it is strongly enhan
ed (about a fa
tor

of 30 
ompared to the other 1/Nc-
orre
tions), whi
h indi
ates the failure of the

large-Nc expansion in (115).

If we solve the equation (115), expanding it in powers of 1/Nc with the set of
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our parameters, we'll get

M0 = 0.567− 2.362m (116)

M1 =
1

Nc
(−0.687− 0.808m− 4.197m lnm).

Here and in the following M and m are given in GeV.

We 
an see that the meson loop 
orre
tion M1 is of 
omparable size with the LO

term M0, so we 
an try to solve the equations (115,115) numeri
ally in 
hiral

limit and then evaluate the 
hiral 
orre
tions to it. Su
h pro
edure gives

M(m) = 0.36− 2.36m− m

Nc
(0.808 + 4.197 lnm) (117)

The a

ura
y of the solutions(116,117) is O(m2, 1
N2

c
).
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Bowman, unquenched M
0
(m)+M

1
(m)

M(m)
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Figure 21: m-dependen
e of the dynami
al quark mass M . The solid 
urve �

the exa
t numeri
al solution (117) of va
uum Eqs. (115, 115). The dashed 
urve

� the solution (116), obtained by the iterations (1/Nc-expansion) with the same

a

ura
y. Data points are from [65℄. Noti
e that the s
ale of the latti
e data is

1.64GeV , not ρ−1 ≈ 0.6GeV .
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Fig.21 represents the M(m)-dependen
e obtained from Eqs. (115,115). For the

sake of 
omparison we also plotted the latti
e data from [65℄. From the �rst

point of view our results are ≈ 30% higher than the latti
e data. However,

they are given in di�erent gauges and on di�erent s
ales. Sin
e M(p) is

essentially nonperturbative obje
t, it is not very easy to res
ale the data and make


omparison. Rough estimates in perturbative QCD show that the dis
repan
y

may be attributed to the s
ales di�eren
e. We may 
on
lude that we have a

qualitative 
orresponden
e between our model result for M(m)-dependen
e and

unquen
hed latti
e data [65℄, as it was expe
ted.
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Quark 
ondensate

The presen
e of the quark 
ondensate 〈q̄q〉 is one of the most important properties

of the QCD va
uum. Its value 
hara
terizes the SχSB. In the 
hosen framework

we 
an extra
t it dire
tly from the e�e
tive a
tion taking derivative over the


urrent quark mass [59℄

〈q̄q〉 = 1

2

∂Γeff

∂m
= −1

2
Tr

(

i

p̂+ iµ(p)
− i

p̂+ im

)

+
1

2

∫

d4q

(2π)4
Tr

(

MF 2(p)

(p̂+ iµ(p))2
Γi

MF 2(p+ q)

p̂+ q̂ + iµ(p+ q)
Γi

)

Π̃i(q). (118)

Evaluation of (118) gives

−〈q̄q〉(m) = ((0.005− 0.034m) Nc + (0.002− 0.05m− 0.058m lnm)) [GeV 3]
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Figure 22: m-dependen
e of the quark 
ondensate −〈q̄q〉. The long-dashed


urve is the LO result −〈q̄q〉LO, the short-dashed 
urve is the NLO 
ontribution

−〈q̄q〉NLO, the solid 
urve is the total 
ontribution −〈q̄q〉LO+NLO. The

dot-dashed line represents the leading-order in 1/Nc-expansion result, evaluated

with the mass M0 from (116) (see text).
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The 〈q̄q〉(m)-dependen
e is depi
ted on the Fig. 22. We 
an see again that due

to the 
hiral logarithm the m-dependen
e is not linear and meson loops 
hange

the m−dependen
e of the quark 
ondensate drasti
ally.

Here and below we de�ne as leading order (LO) the result 
al
ulated with the

1/Nc-
orre
tions dropped everywhere ex
ept in the mass M(m), whi
h is taken

from (117) without the last O(m/Nc,m/Nc lnm)-terms. As next-to-leading

order (NLO) we de�ne the 
ontribution of the last two terms in (117) plus "dire
t"


ontribution of meson loops.

For the sake of 
omparison, we also plotted the value 〈q̄q〉0 whi
h one would

get using LO formulae with the mass M0(m) taken from (116). Re
all that the

value 〈q̄q(m = 0)〉 = (255MeV )3, as well as Fπ(m = 0) = 88MeV , was

used as the input in order to �x the parameters (ρ,R) in (??). In LO we have

〈q̄q〉(m = 0.1)/〈q̄q〉(m = 0)|LO = 0.31, while with NLO 
orre
tions we have

〈q̄q〉(m = 0.1)/〈q̄q〉(m = 0) = 0.89, a noti
eably di�erent result showing the

size of the 
hiral logarithmi
 term in the NLO-
orre
tions.
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PION PHYSICS FROM THE INSTANTON

VACUUM

Quarks in external axial-ve
tor �eld and pion properties

The formalism of the e�e
tive a
tion used in one of the previous se
tions may

be su

essfully applied in the presen
e of the external axial-ve
tor isove
tor �eld

aµ = aiµτi/2. The general partition fun
tion is redu
ed in this 
ase to the form

ZN [m,~aµ] =

∫

dλ exp(−Γeff [m,λ, ~u,~aµ]) (119)

The external �eld ~aµ 
an generate nonzero va
uum average 〈~φ〉 = ~u and shift

the value of the va
uum �led 〈σ〉 and saddle-point value λ.

In this paper we restri
t ourselves to the 
ase of the soft and weak external �eld

aµ(q), whi
h 
an be treated in perturbative fashion, and q ∼Mπ ≪ ρ−1

. For the
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purpose of this paper it is su�
ient to keep only O(~a2µ,~aµ∂µ~u, ∂µ~u∂µ~u)-terms

in (119).

On general grounds, one 
an guess that the va
uum expe
tation value ~u ∼ ~aµ,

whereas shifts of the va
uum �eld 〈σ〉 and saddle-point value λ are proportional

to the se
ond power of ~aµ. Using the saddle-point equation

∂Γeff [m,λ, ~u,~aµ]

∂λ
= 0 (120)

and the va
uum equations

∂Γeff [m,λ, ~u,~aµ]

∂σ
= 0,

∂Γeff [m,λ, ~u,~aµ]

∂~u
= 0, (121)

we may easily get that the shifts of 〈σ〉, λ 
ontribute only to O(a4)-terms and

thus may be safely omitted in this paper.
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In the leading order the e�e
tive a
tion simply 
oin
ides with the a
tion. Using

va
uum equations (121), one may show that 〈σ〉2 + 〈~φ〉2 = const. This inspires

us to introdu
e a unitary matrix U with the properties

U = u0 + i~τ~u, U †U = UU † = 1, (122)

〈σ〉 = σu0, 〈~φ〉 = σ~u. (123)

where σ is the value found in Se
tion . In this representation the va
uum meson

�eld is represented as Φcl = σ U .

In the next to leading order one has to take into a

ount the �u
tuations of the

�eld Φ → σU + Φ′

and integrate over Φ′

.
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Meson loop 
ontribution to Γeff has a form

Γmes
eff [m,λ, ~u,~aµ] =

1

2
Tr ln

δ2S[m,λ, σ, ~u,~aµ,Φ
′]

δΦ′
iδΦ

′
j

|Φ′=0

= Γmes
eff [m,λ, ~u = 0,~aµ = 0] + ∆Γmes

eff [m,λ, ~u,~aµ] (124)

After simple but very tedious evaluations it is possible to show that in agreement

with 
hiral symmetry expe
tations, the stru
ture of the e�e
tive a
tion is

Γeff = α0(~aµ + ∂µ~u)
2 +mα1∂µ~u(~aµ + ∂µ~u) + (125)

+mα2~u
2 =

1

2

[

F 2
aa~a

2
µ + F 2

uu(∂µ~u)
2 + 2F 2

au~aµ∂µ~u+

+F 2
uuM

2
π~u

2
]

+O(a3, u3,m2),

where beyond 
hiral limit F 2
aa−F 2

uu = 2
(

F 2
au − F 2

uu

)

= −α1m. Now, one 
an
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get that the two-point axial-isove
tor 
urrents 
orrelator has a form:

∫

d4xe−iq·x〈jA,i
µ (x)jA,j

ν (0)〉 = δijF
2
π

(

δµν −
qµqν

q2 +M2
π

)

+O(q2) (126)

We 
an see that Mπ has a meaning of pion mass and Fπ � pion de
ay 
onstant.

Numeri
ally it is mu
h easier to 
al
ulate F 2
π as a 
onstant in front of δµν-term in

(126), taking ~u(x) = 0, aµ(x) = const (this 
orresponds to aµ(q ≈ 0)). Also,

it is possible to show that the result of su
h evaluation is independent of the path


hoi
e in the transporter L. In a similar way, we 
an put a = 0, u = u(q) and

evaluate in NLO the quantities F 2
uu and pion mass Mπ. Both quantities Fπ and

Mπ naturally have the 
hiral log terms due to the pion loops 
ontributions. The


oe�
ients in these 
hiral log terms are 
ontrolled by the low-energy theorems [66℄

and are reprodu
ed analyti
ally.

We 
an see that the spe
i�
 stru
ture of the Γeff (125) provides a 
he
k of the

numeri
al 
al
ulations. Moreover, the 
hiral log theorems provide another 
he
k
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of the numeri
al 
al
ulations.

Pion de
ay 
onstant Fπ from a2-term

The basi
 diagrams whi
h 
ontribute to this quantity in the leading order and

in the next-to-leading order are shown s
hemati
ally in the Fig. 23 and Fig. 24

respe
tively. Noti
e that in integration over

~φ the saddle-point is shifted to

〈~φ〉 ∼ ~aµ, where the �proportionality� sign implies some nonlo
al linear operator.

All the verti
es on these plots should be understood as a sum of the lo
al and

nonlo
al parts.

Figure 23: The basi
 diagrams whi
h 
ontribute to the a2 term in Γeff . The

wavy line 
orresponds to the external �eld aµ(x), the dashed line 
orresponds

to the intermediate meson, the bulbs 
orrespond to all the possible (lo
al and

nonlo
al) 
ouplings of the �eld a to the 
onstituent quarks.
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Figure 24: The meson loop 
orre
tions to the a2 term. The notations are the

same as in Fig. 23.

Finally we have

F 2
π = Nc

((

2.85− 0.869

Nc

)

−
(

3.51 +
0.815

Nc

)

m−

−44.25

Nc
m lnm+O(m2)

)

· 10−3 [GeV 2] = (127)

(7.67− 11.35m− 44.25m lnm) · 10−3 [GeV 2]

The Fπ(m)-dependen
e is shown in the Fig.25. For the sake of 
omparison, we
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also plotted the value Fπ,0 whi
h one would get using LO formulae with the mass

M0(m) taken from (116). Re
all that the value Fπ(m = 0) = 88MeV , as

well as 〈q̄q(m = 0)〉 = (255MeV )3, was used as the input in order to �x the

parameters (ρ,R). The 
omparison between the solid 
urve and the long-dashed

one shows that the e�e
t of the NLO-
orre
tions grows with m and is about 40%

at m = 0.1GeV .
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Figure 25: m-dependen
e of the pion de
ay 
onstant Fπ. The long-dashed 
urve

is the LO 
ontribution, the short-dashed 
urve is the NLO 
ontribution, the solid


urve is the total LO+NLO 
ontribution. The dot-dashed line represents the

leading-order in 1/Nc-expansion result, evaluated with the mass M0 from (116)

(see text).
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The pion mass Mπ.

E�e
tive a
tion Γeff , Eq. (125) at a = 0 has a meaning of inverse π-meson

propagator at small external momentum q ∼ Mπ with a

ount of meson loops.

For our purpose it is su�
ient to have only the O(q0) and O(q2) terms.

Figure 26: Diagrams 
orresponding to the meson loop terms.

The value of the pion mass Mπ is de�ned as a pole position in the propagator.

Evaluating F 2
uu-term in (125) with a

ount of meson loops we obtain the pion

mass

M2
π = m

((

3.49 +
1.63

Nc

)

+m

(

15.5 +
18.25

Nc
+

13.5577

Nc
lnm

))

(128)
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The Mπ(m)-dependen
e of the pion mass is shown on the Fig.27. For the sake

of 
omparison, we also plotted the value Mπ,0 whi
h one would get using LO

formulae with the massM0(m) taken from (116). Altogether, for this observables

the NLO-
orre
tions turn out to be small.
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Figure 27: m-dependen
e of the pion massMπ. The long-dashed 
urve is the LO


ontribution, the short-dashed 
urve is the NLO 
ontribution, the solid 
urve is

the total LO+NLO 
ontribution. The dot-dashed line represents the leading-order

in 1/Nc-expansion result, evaluated with the mass M0 from (116) (see text).
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Finite width and "tensor" term 
orre
tions

In the previous se
tions it was assumed that the instanton size distribution has a

zero width, i.e. d(ρ) = δ(ρ− ρ̄) and all instantons have the same size ρ̄. This

approximation is justi�ed by the small parameter 1/Nc, i.e.

〈ρ2〉−〈ρ〉2
〈ρ〉2 ∼ O

(

1
Nc

)

.

For numeri
al evaluations we take the value δρ2 = 〈ρ2〉 − 〈ρ〉2 ≈ 0.5599GeV −2

Nc

whi
h follows from the two-loop size distribution. Sin
e we are interested in all

1/Nc 
orre
tions, we must take the �nite width into a

ount. To do this, we

must return to the formula (99). Additional integration over ρ doesn't 
hange

the exponentiation pro
edure, and we get the standard 2Nf -intera
tion term in

the e�e
tive a
tion S. However, for bosonization we should slightly modify the

standard pro
edure.
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The �nal results for the 
orre
tions are

δF 2
π =

(

0.00045− 0.0037m+ 0.0036m2
)

[GeV 2] (129)

δ〈q̄q〉 =
(

−0.00045 + 0.011m− 0.062m2
)

[GeV 3]

Thus we 
an see that these 
orre
tions are relatively small, ≈ 5% for F 2
π and

≈ 2.6% for 〈q̄q〉.

The modi�
ation of the dynami
al mass M(p) is shown in the Fig. 28. We 
an

see that for p = 0 the in
rease of the dynami
al quark mass is δM/M = 10%.
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Figure 28: Change of the p-dependen
e of the 
onstituent quark mass M(p)

due to the �nite width 
orre
tions. The dashed 
urve is the 
ontribution of the

leading order result, the dot-dashed 
urve is the 
ontribution of the �nite width


orre
tion, the solid 
urve is a total result
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"Tensor" terms 
ontribution to the axial 
urrents 
orrelator.

This 
ontribution may be represented as a Feynman diagram shown in the Fig.29.

a aM

Figure 29: Contribution to the axial 
urrents 
orrelator. The intermediate state is

the tensor meson Φµν, the diagram is 1/Nc-
orre
tion.

Straightforward evaluation of the tensor-axial 
oupling is

2iǫµνρλΦµνqρaλ(q)× cA, (130)

cA = −8Nc

∫

d4p

(2π)4
2µ3(p) + pMf(p)f ′(p)(p2 − 3µ2(p))

(p2 + µ2(p))2
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and the total 
ontribution of the diagram in the Fig. 29 is

Fig. 29 ∼ 8c2Aq
2

(

gµν −
qµqν
q2

)

× (131)

(

1−
(

β

α〈σ〉

)2

2Nc

∫

d4p

(2π)4
M2F 4(p)µ2(p)

(p2 + µ2(p))2

)−1

Thus we 
an see that this diagram is just O(q2)-
orre
tion to the axial 
orrelator.

Sin
e we are interested only in the LO over q2 (evaluation of Fπ), we should not

evaluate this diagram.
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Gasser-Leutwyler 
ouplings

A

ording to [68℄, the low-energy 
onstants l̄i of the 
hiral lagrangian may be

extra
ted from the O(m)-
orre
tions to physi
al quantities, e.g.

M2
π = m2

π

(

1− m2
π

32π2F 2
l̄3 + ...

)

, F 2
π = F 2

(

1 +
m2

π

8π2F 2
l̄4 + ...

)

,(132)

where Mπ, Fπ are the pion mass and de
ay 
onstants, m2
π = 2mB and B,F

are the phenomenologi
al parameters of the 
hiral lagrangian. Using our results
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(127, 128), we 
an obtain (m is given in GeV )

F 2 = 0.00284777Nc − 0.000868917 +O
(

1

Nc

)

, (133)

B = 1.7467 +
0.8183

Nc
+O

(

1

N2
c

)

(134)

l̄3 = 0.0738267− 1.14251Nc − 0.999 lnm+O
(

1

Nc

)

(135)

l̄4 = −0.0793814Nc + 0.0187608− 1.000 lnm+O
(

1

Nc

)

(136)

whi
h gives

F = 88MeV, B = 2.019GeV, l̄3 = 1.84, l̄4 = 4.98 (137)

at m = 0.0055 GeV , 
orresponding Mπ = 0.142 GeV , Fπ = 0.0937 GeV .
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The values of F,−〈q̄q(m = 0)〉 = −F 2B in (137) were taken as input when

we �xed the parameters ρ = 0.350fm, R = 0.856fm. Our values of (l̄3, l̄4)

should be 
ompared with the phenomenologi
al estimates [69, 70℄ as well as latti
e

predi
tions [71, 72℄ given in Table 1.

χPT MILC Del Debbio ETM Our

[73, 68, 70℄ [74℄ et. al. [72℄ [75℄ predi
tion

l̄3 2.9± 2.4 0.6± 1.2 3.0± 0.5 3.62± 0.12 1.84
l̄4 4.4± 0.2 3.9± 0.5 � 4.52± 0.06 4.98

Table 1: Estimates and predi
tions of the low-energy 
onstants. The �rst 
olumn


ontains phenomenologi
al estimates, the next three 
olumns are latti
e results

from di�erent 
ollaborations, the last 
olumn 
ontains our results. The �rst four


olumns of the table are taken from [70℄.
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Nonperturbative QCD. Dis
ussion.

1. The would-be linear 
on�ning potential of the pure glue world is ne
essarily

s
reened by pion produ
tion at very moderate separations between quarks.

Therefore, light hadrons need not be sensitive to 
on�nement for
es but rather to

the dynami
s of the spontaneous 
hiral symmetry breaking (SCSB).

2. Very likely, the SCSB is driven by instantons � large non-perturbative

�u
tuations of the gluon �eld having the meaning of tunneling. The SCSB is due

to `hopping' of quarks from one randomly situated instanton to another, ea
h

time �ipping the heli
ity. The instanton theory of the SCSB is in agreement

with the low-energy phenomenology (
f. the 
hiral 
ondensate < ψ̄ψ >, the

dynami
al quark mass M(p), Fπ, mη′...) and seems to be 
on�rmed by dire
t

latti
e methods. Furthermore, latti
e simulations indi
ate that instantons alone

are responsible for the properties of lightest hadrons π, ρ,N, ....
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3. Instantons indu
e not only very strong non-perturbative quark intera
tions but

also new and interesting verti
es with an additional gluon emission. In parti
ular,

they indu
e a large anomalous 
hromomagneti
 moment whi
h 
an play an

important role in soft high-energy hadron s
attering, e.g. in spin phenomena.

4. Summing up instanton-indu
ed quark intera
tions in baryons leads to the Chiral

Quark�Soliton Model where baryons appear to be bound states of 
onstituent

quarks pulled together by the 
hiral �eld. The model enables one to 
ompute

numerous parton distributions, as well as `stati
' 
hara
teristi
s of baryons � with

no �tting parameters whatsoever.

5. For highly ex
ited baryons (m = 1.5−3GeV) the relative importan
e of


on�ning for
es vs. those of the SCSB may be reversed. One 
an view a

large-spin J resonan
e as due to a short-time stret
h of an unstable string or,

alternatively, as a rotating elongated pion 
loud [32℄. What pi
ture is more
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adequate is a question to experiment. In the �rst 
ase the dominant de
ay is

on the average of the type BarJ → Bar∼J/2 + Mes∼J/2; in the se
ond 
ase

it is mainly a 
as
ade BarJ → BarJ−1 + π → BarJ−2 + ππ → ... Studying

resonan
es 
an elu
idate the relation between 
hiral and 
on�ning for
es.

6. One of the aim of our work was the study of the pion physi
s beyond

the 
hiral limit in the framework of the instanton va
uum model. We

found the generating fun
tional of the hadroni
 
orrelators with a

ount of

O(1/Nc, m, m/Nc, m lnm/Nc)-
orre
tions and exploited it for evaluation of

the 
orre
tions to di�erent physi
al observables. The 
orre
tions 
onsidered

in this paper in
lude meson loops, �nite width of instanton size distribution

and quark-quark tensor intera
tions term. In 
ontrast to the expe
tations,

we found that numeri
ally the 1/Nc-
orre
tions to dynami
al quark mass are

large and mostly 
ome from meson loops. As a 
onsequen
e, we have

large 1/Nc-
orre
tions to all the other quantities. To provide the values of
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Fπ(m = 0), 〈q̄q(m = 0)〉 in agreement with χPT, we o�er a new set of

parameters ρ = 0.350fm, R = 0.856fm. Remarkably, this set of parameters is

still in agreement with 
urrent phenomenologi
al and latti
e estimates.

It was evaluated the Fπ(m) and Mπ(m)-dependen
e with a

ount of

O(1/Nc,m,m/Nc,m/Nc lnm)-
orre
tions. From 
omparison with χPT we

extra
t the values of the low energy 
onstants l̄3, l̄4. Our results for the values of

l̄3 and l̄4 are in a satisfa
tory agreement with phenomenologi
al as well as latti
e

estimates (See Table 1). This means that the instanton va
uum is appli
able

for understanding of the low-energy physi
s, at least on the qualitative level.

Evaluation of the other LEC's is in progress.
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