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1 Introduction

Driven quantum systems under a confinement appear in many practically im-

portant problems in nanoscale and particle physics. The latter deal with

the hadrons, where quarks are bound due to the strong interaction, while in

nanoscale systems huge variety of confined quantum systems appear in different

structures and devices. The main factor making different physical properties

of confined and bulk quantum systems is caused by the boundary conditions

of the quantum mechanical wave equations (e.g. Schrodinger, Dirac, Klein-

Gordon equations). Due to such difference in the boundary conditions macro-

scopic properties (e.g., heat capacity, thermal conductance, dielectric penetra-

bility,optical conductivity etc.) of bulk and confined systems may be completely

different. This makes important treatment of confined quantum dynamics un-

der different boundary conditions with different wave equations. Up to now the

time-dependent and stationary Schrodinger equations are studied for different

confined systems both from nanoscale and and particle physics frameworks.

Remarkable feature of the confined systems is the dependence of their (both

classical and quantum) dynamics of the geometry of the boundary conditions.

During last few decades such systems have been extensively studied in the con-

text of nonlinear dynamics and quantum chaos theory [1]-[2]. In particular,

quantum billiards were one of the hot topics both in the context of quantum

chaos theory [40, 41, 43, 44]. Driven quantum systems under the confinement

are studied by considering kicked rotor [15, 16, 22]. Despite the great progress

made in the study of confined quantum systems both unperturbed and driven

ones, most of the studies are restricted mainly by consideration of nonrelativis-

tic systems. Relativistic driven systems under the confinement are explored in
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few works (see, e.g., [66, 95, 47]). It is clear that the driven relativistic dynamics

can be much richer than its nonrelativistic counterpart. One of the reason for

that is caused by different ways for choosing driving potential. In particular, it

can be as a pure scalar (i.e. as the scalar component of the 4-potential), vector

(magnetic field) and Lorentz scalar. The latter implies that potential is includ-

ed into the mass term in the Dirac equation. In this work we explore quantum

dynamics of a relativistic Dirac particle confined in a one dimensional box and

simultaneously driven by delta-kicking potential. In particular, we obtain exact

analytical formula for the evolution of the wave function during single kicking

period. In the next section following to the Ref.[45], we will briefly describe

corresponding unperturbed problem, i.e., Dirac particle in one dimensional box

in the absence of driving force. Next to the next section represents descrip-

tion of corresponding nonrelativistic system, i.e., kicked nonrelativistic particle

confined in a box by recalling the results of the Ref.[12]. Section 4 presents

results of our study obtained within this dissertation, i.e. quantum dynamics

of the kicked Dirac particle confined in a one dimensional box. Finally, the last

section presents some concluding remarks.
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2 Treatment of the nonrelativistic system

Study of the quantum dynamics of confined systems subjected to the influence

of external time-dependent forces is of fundamental and practical importance.

A textbook paradigm of this kind is the kicked quantum rotor [1, 3]. For certain

values of system parameter, the map, describing the evolution of such system,

possesses special kind of orbits called Accelerator Modes(AM) [4].If an initial

state of the rotor corresponds to the AM, then it is uniformly accelerated after

each kick. In other words, momentum of the rotor increases linearly with time.

This is to be contrasted with generic chaotic orbits that diffuse in momentum,

i.e., momentum variance of an ensemble of chaotic orbits increases linearly in

time leading to normal diffusion. AM are seen in phase space as small regular

islands embedded in a chaotic sea. They are separated from chaotic region

by cantori (partial barriers). If a chaotic orbit enters through the cantori, it

sticks to the cantori for very long time and thus is accelerated along with the

modes. Considering n as time, such a long excursion of a chaotic orbit is an

example Levy flight [5]. Levy flight, some times called as super-diffusion,is

characterized by < p2n > nγ with γ > 1. AM assisted anomalous transport

of this kind has been already studied with different motivations [6]. It should

be noted that the above mechanism of anomalous effect is numerically ascer-

tained. Further studies have shown that these modes influence corresponding

quantum system as well [7, 8].In particular, the existence of regular islands in

chaotic sea significantly alter the localization of quasienergy states in angular

momentum, leading to enhancement in quantum transport. Developments on

confining atoms in magneto-optical traps have opened experimental feasibility

for atom-optics realizations of the kicked rotor. One such realization, in which
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an ensemble of cold cesium atoms are exposed to a periodically pulsed standing

wave light, has shown that for certain values of the kick amplitude the momen-

tum distribution of the atomic sample is non-exponentially localized [9]. This

then is shown as an effect of AM in the quantum system, in contrast to the

generic exponential localization. Semiconductor based technological develop-

ments, on the other hand, have shown that it is possible to fabricate potential

wells on atomic scales. Motion of electrons in such quantum wells in presence of

an external electromagnetic field has been studied for experimental signatures

of quantum chaos [10]. A simple model of this kind is a particle confined in a

one-dimensional infinite square well exposed to a time periodic pulse field. This

system is known to be one generalization of the kicked rotor [11]. The virtue of

this generalization arises from two length scales of the system, namely, width

of the well and field wavelength. If the well width is an integer multiple of the

field wave-length, kick to kick dynamics of the particle is equivalent to that of

the rotor. Otherwise, the dynamics is described by a discontinuous map result-

ing in a new scenario for transition to chaos even for weak field strengths [11].

Here we briefly recall the results of previous investigations of this model in the

context of AM following to the Ref. [12] where it is shown that the general-

ization leads to a larger parametric space, in comparison to the standard map,

for existence of the AM. In particular, it is demonstrated in the Ref. [12] that

when the border of AM (which we call a beach) ex-poses a chain of islands of

a lower order resonance, stickiness of the beach increases significantly lead-ing

to anomalous transport.
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2.1 Classical dynamics in a kicked well

Let us consider a particle confined in an one-dimensional infinite square-well

potential V0(x) of width 2a and the Hamiltonian is

H0 =
p2

2M
+ V0(x),

V0(x) =

 0 for |x| < a,

∞ for |x| > a
(1)

The particle is subjected to a time periodic pulsed field of period T. The

perturbed system is governed by the Hamiltonian

H = H0 + ϵ cos(
2πx

λ
)
∑
n

δ(n− t

T
), (2)

where ϵ and λ are strength and wavelength of the field respectively; a train of

delta functions accomplishes the time periodic pulse. Kick to kick dynamics of

the particle can be described by the map

Xn+1 = (−1)Bn(Xn + Pn) + (−1)Bn+1Sgn(Pn)Bn

Pn+1 = (−1)BnPn +
K

2π
sin(2πRXn+1), (3)

where Bn = [Sgn(Pn)(Xn+Pn)+1/2]; [...] and Sgn(...) stand for integer part and

sign of the argument respectively.Bnis the number of bounces of the particle

between the walls during the interval between n th and(n+1) th kick. This

dimensionless map is related to physical variables by the scaling:

Xn =
xn
2a
,

Pn =
pnT

2aM

K =
2xn
2a

,
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R =
2a

λ
(4)

where K is effective field strength and R is ratio of two length scales of the

system. Henceforth we refer to the classical mapping (3) as the well map. The

well map can be studied by invoking a Generalized Standard Map (GSM)

Jn+1 = Jn +
K

2π
sin(2πRθn),

θn+1 = θn + Jn+1 (mod 1), (5)

since time reversal of GSM and (3) are quantitatively related. GSM is defined

on a cylinder (−∞,∞) × [−1/2, 1/2) and the standard map is a special case

with R = 1. A detailed study of GSM can be found in our earlier work [9].

The GSM is highly chaotic for strong field strength (large K). In addition, it

exhibits chaotic motion even for weak field strength (small K)depending on the

parameter R. In order to study the AM in the well map, we invoke the GSM

which is amenable to a detailed analysis. Periodicity of the GSM J and θ (with

unit period) implies existence of AM. These are located at (J ′, θ′)

J ′ = m,

K

2π
sin(2πRθ′n) = l (6)

where m and l are integers. They are also termed as step-|l| AM as the accel-

eration is |l| at each iteration. Fixed points belong to the family of AM with

l = 0. For stable AM, required stability condition is

4

KR
< cos(2πRθ′n) < 0, (7)

and using (6) this becomes

|l| < K

2π
<

√
l2 +

(
2

πR

)2

. (8)
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This inequality can also be rewritten as

0 < R < R1, (9)

where R1 = (2/π)
(
(K/2π)2 − l2

)−1/2

. For stable AM

|θ′| = 1

2R

(
2j + 1∓ 1

π
sin−1

(
2π|l|
K

))
, (10)

where j is an integer. Thus the AM are characterized by two integers l and j

and we call them as (l, j)∓ type modes. Since the cylindrical phase space of

GSM has the constraint |θ|′ < +1/2 (equivalent to restriction of the particle

dynamics to between walls of the well), zero cannot be lower limit in the above

inequality. The parameter R in GSM is recognized as frequency of the sinusoidal

force term. As R increases from zero |θ|′ decreases such that (l, j)− type modes

first appear in the phase space followed by the (l, j)+ type. In a similar way, as

R decreases |θ|′ increases such that (l, j)+ type is the first to disappear from the

phase space while the (l, j)− type mode is the last to disappear. Hence, lowest

limit for the inequality (9) is set by the disappearance of (l, j)− type modes.

From Eq.(10), the constraint |θ|′ ≤ 1/2 for (l, j)− becomes R0 ≤ R, where

R0 = 2j + 1− 1

π
sin−1

(
2π|l|
K

)
Thus, the inequality (9) is replaced by

R0 ≤ R < R1, (11)

We emphasize that both the inequalities (8) and (11) must be simultaneously

satisfied for existence of AM in the phase space. This is in contrast to the

standard map for which the inequality (8) with R=1 it-self is sufficient. Thus

the two control parameters,K and R, provide a larger parametric space, in
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comparison to that of the standard map, for the existence of AM. At K = 2π|l|,

the lower bound of the inequality (8) , R0 = 1/2 and this is the minimum

possible value of R0. In other words, for R < 1/2 AM do not exist. In fact,

GSM is hyperbolic for R < 1/2 and there are only unstable orbits in the phase

space. Since the well map and the GSM are quantitatively related, location

of AM are same for both the maps, i.e., (X ′, P ′) = (θ′, J ′) and all the above

arguments hold for well map also. However, AM of the well map differ only in

the following way due to the reflective boundary condition. When particle is on

the AM, nth kick causes the particle to undergo n bounces between the walls.

If n is odd momentum changes its sign, in turn sign of the particle position

is also flipped. Phase space of a mixed system generally has many intricate

structures. In particular, boundaries of regular region embedded in chaotic

sea have structures at all scales and all of them are hard to discern. Stable

AM islands are believed to be separated from the remain-ing chaotic region by

cantori (partial barriers). Phase

space in the vicinity of the cantori is sticky as it retains long time cor-

relations. When chaotic orbits explore all parts of the phase space, there are

occasions that they pass through the cantori. When such an event occurs, chaot-

ic orbits stick to the vicinity of cantori for long time. Thus they are dragged

along the modes ballistically [13]. This is a mechanism which is known to en-

hance momentum transport. Below we demonstrate that the beaches around

the AM island when occupied by a large resonance of small order are highly

sticky. This in turn implies that the cantori surrounding these must have large

gaps to allow larger penetration of itinerant chaotic orbits. Before we dwell

more on AM assisted super diffusion, it is instructive to look at some of the
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Figure 1: Stable regions embedded in chaotic sea are the accelerator modes of the well map

(K/2π = 1.05) whose P ′ = 0 and X ′ is positive. For R=0.7,0.8 and 1, we observe(1, 0)−type

mode. For R=1.4, one more mode just appears in the phase space which is(1, 0)+type. For fur-

ther increase of R, both the types are fully visible. Since X ′α1/R,as R increases the accelerator

islands move towards interior of the square well. Note the three different scales on P -axis.

modes of the well map.Fig. 1shows islands for different R values. In the given

range of phase space we find one (1, 0)−type mode for R=0.7,0.8 and 1. As R

increases the islands move towards interior of the well. For R=1.4, one more

mode just appears at boundary of the well. This is a (1, 0)+ type mode. For

further large values of R both the types fully appear and they

For (i) the ensemble consists of points withP0 = 0 and X0 distributed

uniformly between -1/2 and 1/2. The range of R given by the Eq.(11)withR0 =

0.598 andR1 = 1.988 is seen as γ ∼= 2 due to ballistic evolution of the accel-

erating points contained in the ensemble. For (ii) the ensemble is chosen from
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Figure 2: Exponent γ is plotted with respect to the parameter R for K/2π = 1.05. To obtain

the exponent, an initial ensemble of 10 000 phase space points is iterated by the well map for

5000 time steps.

chaotic region of the phase space. Maximum exponent observed forR = 0.8,

marked by circle, is due to the beaches around the AM island. move into the

interior of the well. Evidently, parameter R also changes the size of the is-

lands.In order to quantify the role of R in AM assisted anomalous transport,

we consider⟨(Pn−P0)
2⟩ nγ Here the angular bracket stands for an ensemble aver-

age and the exponent can be evaluated by iterating an ensemble of phase space

points for long time under the well map. We perform numerical calculations

for two different initial ensembles: (i) phase space points uniformly distributed

along the lineP0 = 0 which correspond to both accelerator and chaotic orbits;

(ii) phase space points from a chaotic region which include only chaotic orbits.

The ensemble (i) contains more chaotic orbits than the regular (accelerator)

orbits. Chaotic orbits exhibit normal diffusion in momentum, i.e., like the ran-

dom walk, until they are dragged along the mode. On the other hand, the
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accelerator orbits exhibit ballistic behaviour (γ = 2). Hence, in the long time

limit, evolution of accelerator orbits dominate the ensemble average.Fig. 2(i),

shows the characteristic exponent γ

Figure 3: Exponent γ is plotted with respect to the parameter Rfor K/2π = 2.05. Rest of

the calculation details are similar to the Fig. 2. In (i) the range of R given by the Eq.(11)

withR0 = 0.57 andR1 = 1.41 is seen as γ ∼= 2. In (ii) the exponents forR=0.8 and 0.9 are

marked by circles. Corresponding AM islands for these two cases are shown in Fig. 4.

for different R values. As we see, for the range of R in Eq.(11) γ ∼= 2. ,

confirming the existence of AM islands. Here the lesser γ for R=1.5 is attributed

to small size of AM (see Fig. 1). On contrary, for parameters outside the range

of Eq. (11), diffusion is normal as there are no AM in the phase space. Fig.

2(ii) corresponds to the ensemble which contains only chaotic orbits. Within

the parametric range where AM exist, the exponent? shows large fluctuations.

There are also occasions wherein presence of AM does not enhance the diffusion

significantly. It is natural to attribute the observed fluctuations to size of the

islands and stickiness of their neighbourhood. That is, big AM islands with

very sticky neighbourhood can significantly enhance the transport.For R=0.8,
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the exponent γ is found to be maximum (∼= 1.6). As seen from Fig. 1, in

this case AM island is surrounded by a chain of 1/5 resonance zones. These

zones are also step-1 accelerators and they are separated from chaotic region

by their boundary, the so-called beaches. Dynamics on the beach is chaotic,

but very sticky with longer classical stay-ing time. If a wandering chaotic orbit

happens to approach the beach region, it stays there for long time and thus gets

accelerated along the modes resulting in very large enhancement in momentum

Figure 4: Step-2 AM are shown forK/2π = 2.05. For R = 0.9, the AM island is accompanied by

a chain of 2/7 resonance zones and sticky beaches. On the other hand, AM island for R = 0.8

is not accompanied by any beach regions.

transport. This maximum transport is a generic behaviour, i.e., independent

of choice of the chaotic ensemble. From Fig. 1 we note that, although size of

the AM forR = 0.7 is larger than that for R = 0.8, exponent γ is maximum for

the latter. This shows that the emergence of lower order resonance zones are

chiefly responsible for the stickiness of the beach regions, leading to AM assisted

anomalous transport. Thus the well map or equivalently GSM has a control
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parameter R by tuning which AM induced super diffusion can be maximized.

More over, longer the period of resonance zones lesser the stickiness of associated

beach regions. Upon magnifying boundaries of AM islands forR = 0.7 and 1, we

found long chain of resonance zones and their beach regions. As seen from Fig.

2(ii), enhancement is limited for both these cases. Further, we explore step-2

AM which are smaller in size than the step-1 modes. We choose K/2π = 2.05

and step-2 modes exist in the range 0.57 < R < 1.41. Nearly ballistic evolution

in this range and the otherwise normal diffusion are shown in Fig. 3(i). In Fig.

3(ii) the exponent exhibits large fluctuations. In order to appreciate the role of

beach regions in large scale transport, we focus our attention on two distinct

cases where the exponent shows a minimum and a maximum. As we see from

Fig. 4, when the enhancement is minimum (or absent) AM islands do not

have the surrounding beach regions. On the other hand, transport is maximum

when AM island is surrounded by short chain of resonance zones and their

beach regions. These results reinforce that the expose of lower order resonance

zones around the AM are chiefly responsible for stickiness of the beach and thus

the resulting enhanced momentum transport.

2.2 Quantum kicked well

Analogous to the classical system, the kick to kick quantum dynamics can be

studied using quantum map by solving Schrodinger equation for one period T

as

|ψ(t+ T )⟩ = U |ψ(t)⟩, (12)

where

U = exp{−ik cos(2πx/λ)}exp{−iH0T/h̄}

15



with k = εT/h̄, being the effective field strength. Eigenvalue equation of the

unperturbed system is H0|ψn⟩ = En|ψn⟩. The eigenstates and eigenvalues are

given by

⟨X|ψn⟩ =


√
2 cos(nπX) for n odd,

√
2 sin(nπX) for n even

En =
n2π2h̄2

2M
, (13)

with n = 1, 2, 3....Considering unperturbed eigenstates as the basis, time evo-

lution of an arbitrary quantum state is |ψ(t)⟩ =
∑

nAn(t)|ϕn⟩, where An(t) =

⟨ϕn|ψ(t)⟩. With following substitution

τ =
EnT

h̄n2
, (14)

quantum map (12) takes the form

Am(t+ T ) =
∑
n

UmnAn(t), (15)

where Umn = e−iτn2⟨ϕm|exp{−ik cos(2πRX)}|ϕn⟩. Dimensionless quantum pa-

rameters, t and the classical parameters are related through K/R = 8kt. Since

k 1/h̄ hand t h̄, semiclassical limit for given classical system can be achieved

by taking the limits k → ∞ and t→ 0. In the following numerical calculations,

quantum map (15) is implemented with a finite, say N , number of unperturbed

basis states. By obtaining the limit

lim
N→∞

N∑
n=1

|An(t)|2 → 1 (16)

we ensure that such a truncation of basis does not influence the quantum system.

As seen from Eq.(15), unperturbed motion of the particle between successive

kicks just adds phase to the wave function components through the parameter
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t (mod2π). If t = 2π, unperturbed motion is absent and this is called quantum

resonance. Under this condition, without loss of generality, we can write

|ψ(t)⟩ = e−ik cos 2πRXt|ψ(0)⟩ (17)

where t represents the number of kicks. Then in the limit t → ∞, kinetic

energy of the particle grows quadratically, i.e.,⟨E⟩t t2 [14]. This phenomenon

is similar to that of the quantum kicked rotor [15]. An earlier study has shown

that quantum resonance of kicked rotor occurs when t is rational multiples of 2π

[16]. This non-generic pure quantum phenomenon does not have any classical

analogue. In order to investigate signatures of AM in the quantum system, it is

necessary to suppress the resonance effect. This can be accomplished by taking

t as an irrational multiple of 2π.

One natural way to study the quantum signatures of the AM is using

the time evolution of an initial wave packet localized in chaotic region of the

classical phase space. We take a Gaussian wave packet confined in the square

well as the initial state. In position representation it is given by

⟨X|ψ(0)⟩ = Cexp

{
−(X − ⟨X⟩)2

2σ2
+
i⟨P ⟩X
h̄e

}
, (18)

where σ measures width of the wave packet, centred at ⟨X⟩ with momentum

⟨P ⟩.Here h̄e = 2τ/π2is the effective Planck constant. Normalization constant,

C, is obtained from the condition∫ 1/2

−1/2

|⟨X|ψ(0)⟩|2dX = 1

as

C =

(
2/σ

√
π

erf(y+)− erf(y−)

)1/2

with

y± =
±1/2− ⟨X⟩

σ
. (19)
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As the quantum map is described in unperturbed basis states, the initial wave

packet is represented in this basis. For evaluating An(0)we consider following

integral

Gn =
√
2

∫ 1/2

−1/2

einπX⟨X|ψ(0)⟩dX (20)

With change of variable u = (X − ⟨X⟩)/
√
2σ the integral becomes

Gn = 2σCeizn⟨X⟩
∫ u+

u−

e−(u2−i
√
2σznu)du, (21)

where zn = nπ + ⟨P ⟩/h̄ and u± = y±/
√
2. Using the standard integral [17]∫

e−(a0x
2+2bx+x)dx =

1

2

√
π

a0
exp

(
b2 − ca0
a0

)
erf

(
a0x+ b
√
a0

)
, (22)

Gn is represented in terms of complex error function, which can be computed

using the algorithm [18].The wave packet in the unperturbed basis is then given

by

An(0) =

 (Gn +G−n)/2 for n odd,

(Gn −G−n)/2i for n even
(23)

It should noted that because of the spatial confinement, the initial state is a

truncated Gaussian and hence it is not a minimum uncertainty wave packet.

However, it can be made close to the minimum uncertainty wave packet pro-

vided mean ⟨X⟩ is not close to boundary of the well and ∆X ≪ 1, i.e., spread

in position is much less than the width of the square well. With this condition

on the wave packet we consider the uncertainty relation ∆X∆P = h̄e/2 for the

following exercise. We take ∆X = 0.02 throughout. The initial wave packet

is chosen with (∆X,∆P ) = (0, 0.5) such that it is placed in a chaotic region.

We take h̄e = 0.008 and hence ∆P = 0.2. For these choice of parameters, the

initial state is squeezed in position and elongated in momentum. The number

of basis states considered is as high as N=7500. Dimension-less kinetic energy
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of the time evolved state is then given by

⟨E⟩t = ⟨ψ(t)|P 2|ψ(t)⟩ =
(
2τ

π

)2 N∑
n=1

|An(t)|2n2, (24)

which is equivalent to the classical energy ⟨P 2
t ⟩. Shown in Fig. 5 are typical

quantum evolutions for K/2π = 1.05 with varying R values. In all the cases,

initially the quantum energy increases and then attains a quasiperiodic satura-

tion. However, the saturation is much higher for R = 0.8 than for R = 0.7 and

1. It should be noted that even though effective field strength k is larger for

R = 0.7 than for R = 0.8,

Figure 5: Kinetic energy of the quantum particle for K/2π = 1.05. For R = 0.7, 0.8 and 1 the

effective field strengths are k = 30.3, 26.5 and 21.2, respectively.

energy saturation for the later is much higher. We may compare these

results with the corresponding phase space shown in Fig. 1. Thus, we obtain a

clear evidence that the expose of lower order resonance zones and the associated
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sticky beach around the AM are mainly responsible for AM assisted enhanced

transport in quantum system also. Thus the treatment of the accelerator modes

done in the Ref.[12] for a particle inside a 1D infinite square well in presence

of a pulsed external field shows that when the border of AM (beach) exposes

short periodic resonance zones, stickiness of the beach region is significantly

increased, leading to AM assisted super diffusion in momentum.It also appears

that longer the period of resonance lesser is the stickiness of the beach, re-

sults to less enhancement in transport. The corresponding quantum system is

studied using time evolved wave packet. We showed that the presence of lower

order resonance around the modes are responsible in enhancing the quantum

transport as well. Some investigations on standard map show that for certain

magic values of system parameter, AM is-lands are accompanied with hierar-

chy of self-similar structures. The vicinity of these structures are known to

be regions of stickiness for the chaotic orbits [19, 20] causing enhancement in

transport. Further, various multi-island structures in the near threshold regime

of the map are identified as trapping zones for wandering orbits [21] leading to

Levy-like flights. All these results collectively support that island-around-island

structures are greatly responsible for anomalous transport in the mixed phase

space.
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3 Dirac equation for one-dimensional box

In non-relativistic quantum mechanics a vanishing normal component of the

probability current is a sufficient condition to obtain an impenetrable bound-

ary surface. This might be accomplished by imposing Dirichlet, Neumann or

mixed boundary conditions upon the wavefunction. In the well known problem

that we all learn in elementary quantum mechanics, the free particle in a one-

dimensional box, the Dirichlet boundary condition, ψ = 0, is the simplest one.

With this boundary condition the formal free Schrodinger Hamiltonian is a well

defined self-adjoint operator. However, besides the above boundary condition,

there exists a family of self-adjoint extensions each labelled by four parameters

[23, 24]. In relativistic quantum mechanics the wavefunction is a spinor of four

complex components, which are coupled in a system of first-order differential

equations. Imposing the Dirichlet condition at the boundary is too restrictive;

it leads to incompatibility in the relativistic scattering [25]as well as in the ener-

gy eigenvalues problem, as will be shown below. However, non-trivial solutions

may be obtained by using appropriate boundary conditions for the wavefunction

[26, 27], in such a way that self-adjointness of the formal Dirac operator is main-

tained. According to the principles of quantum mechanics, for each quantum

mechanical system one defines a Hilbert space H. Every measurable quanti-

ty is called an observable (e.g. energy, momentum, angular momentum, etc.)

and has to be represented by a self-adjoint operator acting on H. One might

be interested in studying the Lorentz-covariant Dirac equation with covariant

boundary conditions, but without losing any generality, the formal Lorentz co-

variance of a dynamical equation can be used to choose the privileged frame

in which the intrinsic nature of the physical system is the simplest one. For a
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particle in a box, if we want to know its energy eigenvalues, the convenient priv-

ileged frame is that in which the spacetime Lorentz transformations are frozen

and the box is at rest in a determined space region. Once we have obtained the

energy spectrum in the privileged frame, the energymomentum 4-vector may

be calculated in any inertial frame. So, the state of the system is a normalized

spinor, i.e. a four-component vector Ψ ∈ H. Its time evolution is determined

by the family of operators U(t) = e−iHt/h̄ . Conservation of probability requires

the operator U(t) to be unitary and, consequently, the Hamiltonian H to be

self-adjoint. His a very special observable because it generates the time evo-

lution of the states and its spectrum represents the energy of the system. To

define the Hamiltonian properly, besides the formal expression as a differential

operator, its domain, in particular the boundary conditions, must be specified.

In fact, by changing the boundary conditions of a given operator, one modifies

the operator itself without changing its formal expression, not to mention the

risk of losing the self-adjointness property (see appendix A). For example, in the

AharonovBohm effect, by choosing different boundary conditions, which pre-

serve self-adjointness, one obtains different cross sections [26]; aside from other

considerations, it is the experimental arrangement which selects the appropriate

observable. In section 2 we give several physically acceptable boundary condi-

tions, some of which were already proposed in scattering problems [26, 27]. We

find non-trivial solutions of the Dirac equation for a particle with a fixed mass

localized in a box. These results, as well as the eigenvalues and eigenfunctions

for a family of self-adjoint extensions of the free Dirac Hamiltonian were ob-

tained in [28]. It is worth pointing out that, as far as we know, the problem

of the several boundary conditions that may be imposed for a free particle in-
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side a box in relativistic quantum mechanics, has not been considered in the

widely used textbooks for exact solutions of the Dirac equation [?]. However,

the problem of a Dirac fermion in a one-dimensional box interacting with a

scalar solitonic potential was considered earlier with periodic [32], as well as

with more general boundary conditions [33] to elucidate the phenomenon of

fractional fermion number. For the case of the Dirac free massless operator, al-

so in 1C1 dimensions, eigenvalues and eigenfunctions were obtained for a family

of self-adjoint extensions in [34] and the case with a non-zero vector potential

was examined in [35]. Another particular solution to this problem has been ob-

tained by considering the Dirac equation with a Lorentz scalar potential; here

the rest mass can be thought of as an x-dependent mass [31]. This allows us

to solve the infinite square well problem as a particle with a changing mass

that becomes infinite outside the box, which avoids the Klein paradox [36]. A

detailed study of the possible boundary conditions, i.e. self-adjoint extensions,

for a relativistic particle inside a box, as well as their non-relativistic limits,

has been considered by two of us (VA and SDeV) and will be submitted for

publication elsewhere. The principal motivation in this pedagogical note is to

call attention to the fact that the boundary conditions used in non-relativistic

quantum mechanics should not be extrapolated to the relativistic case, with-

out proving beforehand that the relativistic Hamiltonian will be self-adjoint for

them. In section 2 we verify that the Dirac spinor cannot vanish at the bound-

ary of a non-permitted regionin our case, the walls of a one-dimensional box.

We find non-trivial solutions upon imposing several boundary conditions on the

wavefunction. The non-relativistic limit of these results is also discussed. In

section 3 we solve the problem of a particle in a spherical box using a boundary
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condition that cancels the large component of the spinor at the walls of the box.

We propose various boundary conditions that lead to non-trivial solutions. Let

us consider a free electron in a one-dimensional box in the interval Ω = [0;L].

The three-dimensional Dirac equation for stationary states reads

H0ψ = (−ih̄cα · ∇+mc2β)ψ = Eψ (25)

where α, β are the well known Dirac matrices. In this paper we restrict ourselves

to positive relativistic energies. In the Dirac representation, the four-valued

Dirac spinor can be expressed in terms of the large and small two-valued semi-

spinors, ϕ =

 ϕ1

ϕ2

 and χ =

 χ1

χ2

 , respectively; that is

ψ =

 ϕ

χ

 (26)

Equation (25) is equivalent to the following coupled equations:

−ih̄cσ · ∇χ+mc2βϕ = Eϕ (27)

−ih̄cσ · ∇ϕ−mc2βχ = Eχ (28)

where σ are the Pauli matrices. Eliminating χ from (27) and (28), and taking

ϕ = ϕ(x) and χ = χ(x), with

k = [E2 − (mc2)2]1/2/h̄c (29)

, one obtains (
d2

dx2
+ k2

)
ϕi = 0 (30)

i = 1, 2
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which is independently satisfied by the large components.The small components

may be obtained by means of χ1

χ2

 =
−ih̄c

E +mc2

 0 d
dx

d
dx 0

 ϕ1

ϕ2

 (31)

One of the positive energy solutions is obtained by taking ϕ2 = 0 and therefore

χ1 = 0. From equation (30), the general solution for ϕ1 is

ϕ1 = A1ϕ
(1)
1 +B1ϕ

(2)
1 = A1e

ikx +B1e
−ikx (32)

whereA1 and B1 are complex constants. The solutions ϕ
(1)
1 and ϕ

(2)
1 are inde-

pendent and verify the following relation in the interval Ω:

ϕ
(1)
1

ϕ
(2)
1

dx
− ϕ

(2)
1

ϕ
(1)
1

dx
= 0 (33)

From equation (31) one gets

χ2 =
−ih̄c

E +mc2

(
A1
ϕ
(1)
1

dx
+B1

ϕ
(2)
1

dx

)
=

h̄ck

E +mc2
(
A1e

ikx −B1e
−ikx

)
. (34)

If ϕ(0) =

 ϕ1(0)

0

 = 0 and χ(0) =

 0

χ2(0)

 = 0 one obtains the homoge-

neous system

A1ϕ
(1)
1 |x=0 +B1ϕ

(2)
1 |x=0 = 0 (35)

A1
dϕ

(1)
1

dx
|x=0 +B1A1

dϕ
(2)
1

dx
|x=0 = 0 (36)

the determinant of which cannot be zero due to (33). Thus A1 = B1 = 0,

that is, the only solution is the trivial one. A similar result is obtained if

ψ = 0 at x = L. From equation (31), it can be seen that the vanishing of

the small component χ2 at x = 0 is equivalent to dϕ1/dx|x=0 = 0. The non-

existence of non-trivial solutions for the given boundary condition is certainly
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a consequence of the fact that (30) is an elliptic equation, so that there are

no non-trivial solutions if the function ϕ1 and its derivative χ2 have to vanish

simultaneously at the boundaries of the interval Ω. Certainly, the vanishing of

the entire relativistic wave function at the beginning of an impenetrable barrier

is not admissible. Though in non-relativistic quantum mechanics a vanishing

wave function at the boundaries is one of the self-adjoint extensions of the free

Hamiltonian, in relativistic quantum mechanics it is not so. Indeed, the formal

Dirac free Hamiltonian does not have this boundary condition as one of its

self-adjoint extensions. However, taking only the large component as zero is

a physically acceptable boundary condition, because this condition is a self-

adjoint extension of H0. In the problem of an electron inside a one-dimensional

box, by imposing upon the large component

ϕ1(0) = ϕ1(L) = 0 (37)

one obtains inside the interval Ω

ψ = 2A1


i sin(kx)

0

0

h̄ck
E+mc2 cos(kx)

 (38)

with k = Nπ/L,N = 1, 2, .... From appendix B, it can be seen that condition

(37) corresponds, in the non-relativistic limit, to the familiar condition of a

vanishing wavefunction at the walls of the box; that is, ϕNR
1 (0) = ϕNR

1 (L) = 0.

Likewise, and according to the SchrodingerPauli problem, the small compo-

nents of (38) are of the order of vNR/c and kNR = (2mENR)1/2/h̄. The Dirac

probability density and current are given by

ρ = ϕ1ϕ1 + χ2χ2 (39)
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j = ecψ†αxψ = ec(ϕ1χ2 + χ−
2 ϕ1) (40)

where ψ† is the Hermitian conjugate spinor and ϕ is the complex conjugate of

ϕ . With the boundary condition (37), these quantities verify

ρ(0) = ρ(L) (41)

j(0) = j(L) = 0 (42)

In this case, the electron is actually enclosed inside the boxthere is no particle for

x < 0 or x > L. There are a variety of other ways of satisfying (42), even though

the four components of the Dirac spinor cannot be equal to zero simultaneously.

In fact, in addition to (37), the impenetrability condition j = 0 can be achieved,

for example, in any of the following three cases: ϕ1(0) = χ2(L), ϕ1(L) = χ2(0)

and χ2(0) = χ2(L) = 0. The vanishing of the relativistic current density at

the walls of the box has been used in the MIT bag model, see e.g. [39]. The

relativistic boundary condition used in this model is ±(−i)βαxψ = ψ, where

the minus sign corresponds to x = 0 and the plus sign to x = L. This boundary

condition in the Dirac representation is precisely χ2(L) = ϕ1(L) = −χ2(0) =

ϕ1(0) = i. All these conditions, which can be used if we consider the walls

of the box to be impenetrable barriers, are self-adjoint extensions for the free

Dirac Hamiltonian. It may argued that the mixed boundary conditions ϕ1(0) =

χ2(L) = 0 and ϕ1(L) = χ2(0) = 0 are not physical because their symmetry is

not the same at the walls of the box. In fact, the probability density ρ is

such that ρ(0) ̸= ρ(L); therefore these boundary conditions are not symmetric

and consequently the corresponding wave functions exhibit a set of eigenvalues,

k = (N − 1
2)π/L with N = 1, 2, 3..., which are different from those of the wave

function (38). In the non-relativistic limit these conditions correspond to a

vanishing of ϕNR
1 at x = 0(x = L) and a vanishing of dϕNR

1 /dx in x = L(x = 0).
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On the other hand, the boundary condition

χ2(0) = χ2(L) = 0 (43)

yields the eigenfunction in Ω

ψ = 2A1


cos(kx)

0

0

ih̄ck
E+mc2 sin(kx)

 (44)

which has the same eigenvalues as the wave function (38) and satisfies the same

relations (41) and (42). In the non-relativistic limit this state corresponds to

a vanishing of dϕNR
1 /dx at x = 0 and x = L. The spinor (44) describes a

positive energy electron; however, one may consider the charge conjugate of

this spinor which has a vanishing large component, which may be regarded

as describing a negative energy positron. It is important to emphasize that by

taking into account only the physical symmetry (41), the requirement of impen-

etrability (42) and the corresponding energy spectrum, one cannot distinguish

between the boundary conditions (37) and (43); that is, ϕ1(0) = ϕ1(L) = 0 and

χ2(0) = χ2(L) = 0. Hence, the wavefunctions (38) and (44) should be regard-

ed as equivalent, although not trivially equivalent inasmuch as they cannot be

taken one into the other by means of a symmetry operation which commutes

with the Hamiltonian. Indeed, we consider that it is not possible to distinguish

physically between these two solutions, despite the fact that they exhibit dif-

ferent probability densities. We assume that the probability prediction can be

verified experimentally only in regions of size ∆x sufficiently large so as to com-

ply with the uncertainty relation ∆x∆p ≥ h̄ = 2, with ∆p corresponding to the

quantum state not perturbed by the measurement of localization. According to
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this criterion, the localization of the points, which in the non-relativistic limit

corresponds to a zero probability of the stationary wave, is not possiblenot to

mention that, in relativistic quantum mechanics, one cannot localize the elec-

tron in a region of size less than the Compton wavelength, because otherwise

the electron energy would be sufficient for pair production. Clearly,L must be

much larger than the Compton wavelength. Finally, the boundary condition

χ2(L)

ϕ1(L)
= −χ2(0)

ϕ1(0)
= i (45)

yields the following eigenfunction in Ω:

ψ = 2A1e
iδ/2


cos(kx− δ/2)

0

0

ih̄ck
E+mc2 sin(kx− δ/2)

 (46)

where δ = arctan(−h̄k/mc). In this case the eigenvalues are obtained from

the transcendental equation tan(kL) + (h̄k/mc) = 0. It is worth pointing out

that these results are the same as those obtained in [36]. There the authors

give a mathematical justification for treating the problem of a particle abso-

lutely confined in a box, without requiring the continuity of the wavefunction

at the wall of the box. In [36] where a scalar potential is used, the particle

mass becomes infinite in the external region of the box. However, we just im-

pose adequate boundary conditions such that the Hamiltonian be self-adjoint.

Taking the non-relativistic limit of (45), as is done in appendix B, we obtain

λ
(
dϕ

(NR)
1 /dx

)
(0) = −

(
ϕ
(NR)
1

)
(0) and λ

(
dϕ

(NR)
1 /dx

)
(0) =

(
ϕ
(NR)
1

)
(0). The

non-relativistic energy eigenvalues are obtained from tan(k(NR)L)+(h̄k(NR)/mc) =

0. Obviously, by eliminating the term of order v
(NR)/c and allowing the size of

the box to grow, we obtain that the spectrum, the wavefunction and the bound-
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ary condition tend to their usual non-relativistic values [36]. Another way of

getting a well defined self-adjoint problem is by extending the domain of H0

to that of periodic or anti-periodic functions in the interval Ω.In fact, we may

consider

ψ(0) = ±ψ(L). (47)

The corresponding plane-wave eigenfunctions have the form

ψ = C1


1

0

0

h̄ck
E+mc2

 eikx (48)

and the energy eigenvalues are obtained from k = 2nπ = L with n = 0,±1,±2, ...

for the periodic condition and from k = (2n − 1)π/Lfor the anti-periodic one.

On the other hand, taking the non-relativistic limit of these boundary con-

ditions, we obtain ϕ
(NR)
1 (0) = ±ϕ(NR)

1 (L),
(
dϕ

(NR)
1 /dx

)
(0) = ±

(
ϕ
(NR)
1

)
(L),

where the plus (minus) sign corresponds to the non-relativistic periodic (anti-

periodic) condition. For these boundary conditions the density current in x = 0

and x = L is not zero, and satisfies j(0) = j(L). In this case the current at

the box walls must be interpreted physically. One may say that the walls of

the box are transparent to the particle, which is travelling through the box in a

condition of resonance. As distinguished from the non-relativistic problem, the

relativistic wavefunction at the boundaries of a non-permitted region cannot

vanish entirely. A necessary and sufficient condition in order to find non-trivial

solutions is to impose on the wavefunction boundary conditions that make the

Hamiltonian self-adjoint. For some of these conditions the probability current

vanishes at the walls of the box; they are just the conditions which can be
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used in a model of an impenetrable barrier in place of the continuity of the

wavefunction.
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4 Kicked Dirac particle in a one-dimensional box

In this section we treat quantum dynamics of the Dirac particle confined to one

dimensional box and simultaneously driven by delta-kicking potential. Study

of particle dynamics in confined systems is of fundamental and practical impor-

tance for variety of problems in nanoscale physics. This causes monotonically

growing interest to the different aspects of classical and quantum particle dy-

namics in confined systems. It should be noted that the main difference between

the physical properties of bulk and confined systems is caused by the boundary

conditions to be imposed for the quantum mechanical wave equations. In the

case of bulk systems these conditions are given in whole space, while for confined

systems the boundary conditions should be imposed in spatially finite domains.

This leads to considerable difference in the macroscopic properties of the bulk

and confined systems. Thus the role of quantum confinement and size effects is

one of the central problems of nanoscale physics. Earlier particle dynamics in

confined domains was the subject of extensive research in the context of non-

linear dynamics and quantum chaos theory (see, e.g., Refs. [40]-[43]). Particle

dynamics in confined domains can be successfully described both in quantum

and classical contexts by modeling so-called billiard geometries which became

paradigm of quantum chaos theory [40, 44]. It was found that depending on

the shape of the billiard walls classical dynamics of the system can be regular,

mixed or chaotic. In the case of quantum systems, Later, in late nineties of the

last century, different types of confined particle motion started to be explored

in the context of mesoscopic and nanoscale physics, in such systems as quan-

tum dots, wells and wires, nanoscale networks, fullerene, CNT (carbon nano

tube), graphene and many other structures. However, despite certain progress
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made in the study of confined particle dynamics, most of the studies are mainly

restricted by non-relativistic systems. However, relativistic confined particles

are of importance for particle and graphene physics. Consider a Dirac particle

confined in a one dimensional box and interacting with external delta-kicking

potential. Quantum dynamics of such particle is described by the following

Dirac equation(in the system of units h̄ = m = c = 1):

∂Ψ(x, t)

∂t
= [−iα d

dx
+ β + ε cosx

∑
l

δ(t− lT )]Ψ(x, t), (49)

for which the box boundary conditions are imposed. Exact solution of this

equation can be obtained within the single kicking period as in the case of kicked

rotor [1] and kicked particle in infinite potential well [12]. Indeed, expanding

the wave, Ψ(x, t) can be in terms of the complete set of the solutions of Eq.(38)

Ψ(x, t) =
∑

An(t)ψn(x)

and inserting this expansion into Eq.(49) after integrating the obtained equation

we have

An(t+ T ) =
∑
l

Al(t)Vlne
−iElT , (50)

where

Vln =

∫
ψ∗
n(x)e

iε cosxψl(x)dx

and El is defined by Eq. (29). Using the relation

eiε cosx =
∞∑

m=−∞
bm(ε)e

imx, (51)

where bm(ε) = imJm(ε) the matrix elements can be calculated exactly and ana-

lytically as. It is important to note that An(t) should satisfy norm conservation

condition given as ∑
n

|An(t)| = 1; ∀t,
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and initial conditions for An(t) should be chosen on the basis of this

condition. The quantity we are interested to treat is time-dependence of the

average kinetic energy which can be calculated as

E(t) =

∫
Ψ∗(x, t)H0Ψ(x, t)dx =

∑
|An(t)|2En,

where An(t) can be found from Eq.(50).

Another choice of the kicking potential is Lorentz-scalar-type kicking for

which the Dirac equation can be written as

∂Ψ(x, t)

∂t
= [−iα d

dx
+ β(1 + ε cosx

∑
l

δ(t− lT ))]Ψ(x, t). (52)

In this case kicking potential is included into the mass term in the Dirac equa-

tion that makes different its matrix structure. We explore particle dynamics

for both cases by treating time-dependence of the average kinetic energy and

wave packet evolution.

4.1 Average kinetic energy

Calculations of the of average kinetic energy is quite important in the context

of so-called quantum localization phenomenon [15] and quantum Fermi accel-

eration. Unlike classical kicked systems, in quantum kicked systems the growth

of the energy is suppressed [15]
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Figure 6: Time-dependence of the average kinetic energy for the fixed kicking period (T = 0.1)

at different kicking strengths in the case of scalar kicking potential (in the units of the kicking

period.

Fig. 6 represents the average kinetic energy as a function of time for the

value of kicking period T = 0.1 and at different values of the kicking strength.

As is seen from these plots,the average kinetic energy is a periodic function

of time for these values of kicking parameters. This implies existence some

synchronization between the particle motion and kicking force. It is clear that

no monotonic particle acceleration is possible in this case.

In Fig. 7 the case of resonances at which E(t) monotonically grows in

time are plotted for scalar kicking potential.

Fig. 8 represents the average kinetic energy as a function of time for the

value of kicking period T = 0.1 and at different values of the kicking strength

for the case of Lorentz scalar potential. As is seen from these plots,the average
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kinetic energy is strongly suppressed compared to that for scalar kicking and no

Fermi acceleration is possible. We also found that no resonances are possible

in the case of Lorentz scalar kicking.
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Figure 7: The case of the quantum resonance (T = 1, ε = 0.1, 0.5 and 1)
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Figure 8: Time-dependence of average kinetic energy for fixed kicking period (T = 0.1) at

different values of the kicking strength (ε = 0.1, 0.5 and 1) for Lorentz-scalar type kicking

potential (in the units of kicking period).

4.2 Wave packet evolution

Another problem we explored in this work is the wave packet evolution. To

treat the wave packet evolution in our system the initial condition is chosen in

terms of the Gaussian wave packet as follows:

Ψ(x, 0) =
f(x)√

|s1|2 + |s2|2 + |s3|2 + |s4|2



s1

s2

s3

s4


(53)

where s1, s2, s3 and s4 determine the initial pseudospin polarization and
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f(x) =
1

d
√
π
exp

[
−(x− x0)

2

2d2
+ iv0x

]
.

By multiplying each side of Eq.(53) to ψ∗
m(x) and integrating over x from

0 to L, we can get expression for initial values of the expansion coefficient as

An(0) =

∫ L

0

ψ∗
n(x)Ψ(x, 0)dx (54)

In Figs. 9 and 10 evolution of the wave packet for the kicking parameters

T = 0.1 and ε = 5 is presented for scalar and Lorentz scalar kicking potentials.

As it can be seen from these plots, the picture of the evolution is completely

different for scalar and Lorentz scalar potentials. Namely, in case of the the

scalar kicking the splitting of the packet into two parts with different spins

is possible, while for Lorentz scalar case the packet splits into more than two

parts. Such splitting is possible due to the boundary conditions that mix the

different spins.
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Figure 9: Gaussian wave packet evolution in delta-kicked one dimensional box for kicking

parameters T = 0.1 and ε = 5. Scalar kicking case is considered.
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Figure 10: Gaussian wave packet evolution in delta-kicked one dimensional box for kicking

parameters T = 0.1 and ε = 5. Lorentz-Scalar kicking case is considered.

5 Conclusion

Thu we have studied quantum dynamics of a kicked Dirac particle confined

to one dimensional box by treating time-dependence of the average kinetic en-

ergy and wave packet evolution. The wave function is found analytically for
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single kicking period.Using the obtained solution the average kinetic energy is

computed as a function of time. Two types of the the kicking potentials are

considered: Scalar and Lorentz-scalar kicking potentials. It is found that in the

case of Lorentz scalar kicking the growth of the energy is strongly suppressed

compared to that of scalar kicking. Also, resonances at which energy grows

monotonically are found for scalar kicking case, while for Lorentz scalar case

there are no resonances. Particle transport in the system is analyzed by ex-

ploring wave packet evolution. In case of the the scalar kicking splitting of the

packet into two parts with different spins is possible, while for Lorentz scalar

case the packet splits into more than two parts. The results obtained within

this study can be used for the study of particle transport in hadrons driven by

external forces and some carbon nanostructures (e.g. CNT, graphene, fullerene

etc.) where particle dynamics is described by the Dirac equation.

Appendix A

For the relativistic ’free’ particle inside a one-dimensional box with fixed walls

at x = 0 and x = L the Dirac equation for stationary states may be written as

(H0ψ)(x) = (−ih̄cαx
d

dx
+mc2β)ψ(x) = Eψ(x) (A1)

(A1)

where ψ is the four-component column Dirac spinor depending on x ∈

Ω = [0;L] and

αx =

 0 σx

σx 0


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β =

 1 0

0 −1

 .

The spinors ψ(x) and (H0ψ)(x) belong to a dense proper subset of the

Hilbert space H = L2(Ω)⊕ L2(Ω); that is, in this subset there exists a basis in

which to expand every ψ ∈ H, with a scalar product denoted by ⟨, ⟩. Generally

the domains of H0 and its adjoint H∗
0 verify Dom (H0) ⊆ Dom(H∗

0), but H0

must be self-adjoint, so we look for self-adjoint extensions of the symmetric

operator H0 (as we shall define below). Without using the machinery of Von

Neumanns theory of self-adjoint extensions of symmetric operators [39] and

without intending to be rigorous, let us briefly consider the construction of a

self-adjoint operator from the formal Hamiltonian

H0 = −ih̄cαx
d

dx
+mc2β (A2)

whose initial dense domain may be written as

D = ψ ∈ H, a.c, in Ω, (H0ψ) ∈ H, with ψ(0) = ψ(L) = 0 (A3)

where a.c. means absolutely continuous functions. With this domain H0 is a

symmetric operator; that is, for all

ζ, η ∈ D,

⟨H0ζ, η⟩ − ⟨ζ,H0η⟩ = ih̄c[(ζ † axη)(L)− (ζ † axη)(0)] = 0. (A4)

Since the quantum dynamics requires H0to be a self-adjoint operator, it must

be fulfilled that Dom(H0)=Dom(H∗
0) ,where (H

∗
0) , defined by the same formal

operator (A2), is the adjoint of the differential operatorH0. Its domain is defined

by Dom(H∗
0) = v ∈ H, a.c, inΩ, (H∗

0v) ∈ H,

⟨H0ζ, v⟩ − ⟨ζ,H∗
0v⟩ = ih̄c[(ζ † axv)(L)− (ζ † axv)(0)] = 0. (A5)
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for all ζ ∈ Dom(H0) and v ∈ Dom(H∗
0). Clearly, (H

∗
0) is defined on a manifold

of spinors taking arbitrary values at the end points of the interval Ω. So,

the boundary conditions (BC) defined by equation (A3) are incompatible with

the required self-adjointness of H0. Now the problem consists in choosing a

sufficiently general set of BC for which Dom(H0)=Dom(H∗
0). If Dom(H0) is

fixed, H∗
0

will be the adjoint of H0 if

its maximal domain is consistent with the vanishing of (ζ †axv)(L)− (ζ †

axv)(0), for all ζ ∈ Dom(H0). Taking into account our study on the general BC

for this problem, we write here, as an example, the form of one of the families

of BC,  ϕ1(L)

ϕ1(0)

 = A

 −χ2(L)

χ2(0)


A = −A†

ϕ2 = χ1 = 0 (A6)

where

A = i(sinµ+ sin τ cos θ)−1 ×

 cosµ+ cos τ cos θ e−iγ sin θ

eiγ sin θ cosµ− cos τ cos θ

 (A7)

with the restrictions that sinµ + sin τ cos θ ̸= 0 and 0 ≤ θ < π,0 ≤

µ, τ, γ < 2π . Among the BC included in this family are ϕ1(L) = ϕ1(0) = 0 and

χ2(L) = ϕ1(L) = −χ2(0) = ϕ1(0) = i.

These BC and all the others discussed in this paper are self-adjoint ex-

tensions for the free Dirac Hamiltonian. The eigenvalues and eigenfunctions

for the most general BC of the Dirac Hamiltonian have been calculated in [28].
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With respect to the problem of completeness, we remark that the set of eigen-

functions of a self-adjoint operator with a non-degenerate spectrum constitutes

a basis of the Hilbert space. In our case we found eigenfunctions of positive

energy, from which those of negative energy can easily be obtained.

Appendix B

By considering ϕ =

 ϕ1(x)

0

 and χ =

 0

χ2(x)

, equations (27) and (28)

lead to the system

−ih̄c d
dx
ϕ1 = (E +mc2)χ2

−ih̄c d
dx
χ2 = (E −mc2)ϕ1 (B1)

Assuming that ϕ1(x, c) = ϕ1(x,−c),χ2(x, c) = −χ2(x,−c) and E(c) =

E(−c), the functions ϕ1(x,−c) and χ2(x,−c) satisfy equations (B1) with c →

−c; consequently, we may write the following expansions in c for ϕ1(x, c) and

χ2(x, c) [31]:

ϕ1 = ϕ
(NR)
1 +

1

c2
ϕ
(NR)
1(1) +

1

c4
ϕ
(NR)
1(2) + ...

χ2 =
1

c
χ
(NR)
2 +

1

c3
χ
(NR)
2(1) +

1

c5
χ
(NR)
2(2) + ... (B2)

and for the energy

E = mc2 + E(NR) +
1

c2
E

(NR)
(1) +

1

c4
E

(NR)
(2) + .... (B3)

Substituting relations (B2) and (B3) in (B1) and comparing the terms

of lower order, we obtain the following system:
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i
d

dx
ϕ
(NR)
1 +

2m

h̄
χ
(NR)
2 = 0

i
d

dx
χ
(NR)
2 +

E(NR)

h̄
χ
(NR)
2 = 0. (B4)

Eliminating χ
(NR)
2 , we obtain the eigenvalue Schrodinger equation[

d2

dx2
+
(
k(NR)

)2]
ϕ
(NR)
1 = 0 (B5)

where
(
k(NR)

)2
= 2mE(NR)/h̄2. In the non-relativistic limit, the connection

between the components ϕ1 and χ2 of the Dirac spinor and the SchrodingerPauli

function ϕ
(NR)
1 , is obtained keeping only the first term of the expansions (B2),

and using the first equation of (B4); that is

ϕ1 → ϕ
(NR)
1

χ2 → −λi d
dx
ϕ
(NR)
1 (B6)

where λ = h̄/2mc. With these relations, we may calculate the non-relativistic

limit up to the order of v(NR)/c for any quantum mechanical expression in one

spatial dimension.
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