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1-MUSTAQIL ISH
Mavzu: Koordinatalarni almashtirish
Magqsad: Talabalarga koordinatalarni almashtitrish va ular orasidagi munosabatlarni
chuqurroq o’rgatish. Topshiriglar orgali ularning bilimini sinash.
REJA:
1. Koordinatalar sistemasi, bazis vektorlari, radius vektor;
2. Koordinatalarni burish;
3. Yangi va eski koordinatalar orasidagi o’zaro munosabat.
Asosiy tushunchalar
Koordinatalar sistemasini biror burchakka burish natijasida yangi koordinatalar

sistemasi hosil bo’ladi (1-chizma). Hosil bo’lgan koordinatalar sistemasining & bazis

vektorlarini eski & bazis vektorilari orqgali

, X3 ]
X3 X quyidagicha ifodalash mumkin
\ A& & =o€, (1)
o & e
B bu yerda «; yangi bazis vektorilarining eski bazis
€ g X
X1 € 2 * bilan tashkil gilgan burchaklari kosinuslari. Xuddi
shunday eski bazislarni ham yangi bazislar orgali
W ifodalash mumkin
1
1-chizma € :ai’jé;, (2)

bu yerda «f eski bazis vektorilarining yngi bazis bilan tashkil gilgan burchaklari

kosinuslari.
Masala. Ox,x,x; va OxX,X, koordinatalar sistemasini X, X, X,
Xy’ 3 1 4
orasidagi bog’lanish munosabat bog’lovchi koordinat 52 | V2 | 52
almashtirishlar quyidagi jadval shaklida berilgan: X ) 5 3
1. Ortogonallik sharti bajarilishini ko’rsating. 5 5
2. Berilgan A(1,2,4) nuqgtaning shtrixli  koordinatalar A S T
- Berigan AL24) - nuglaning 52 | V2 | 542




sistemasidagi koordinatalarini aniglang.

3. a(a,,a,,a,) vektorni shtrixli koordinatalar sistemasida ifodalang.

4. Ax+By+Cz+D=0 tekislik tenglamasini shtrixli koordinatalar sistemasida ifodalang.

Yechish
1. Ortogonallikni ixtiyoriy satr(ustun)ning komponentalarini boshga ixtiyoriy
satr(ustun)ning mos komponentalariga ko’paytmalari yig;indisi nolga tengligidan
topamiz
A A I R
5J2 2 5 5/2 2
_i.(_ 4 ]J.(j P
5J2 \ 5/2) 5\ 5) 5J2 5/2
3 4\ 4 3 3
——— == |+=-0+ 0;
52 ( ]+5 52 ( )

_L.L{L] .
5J2 52 \V2) 5J2 5/2
Demak ortogonallik sharti bajarilar ekan.

2. Shtrixli koordinatalar sistemasida 4 nugtaning koordinatalarini topamiz

oo 3 g1, 4,23,
oo T V2 52 52
x2=—ﬂ 1+0- 2—§ 4——E

5 5 5
.3 1 4 19+/5

4=

—1+——=-2+ . .
205 2 52 5v2
23 16 19+\/§J

X3 =

Demak, shtrixli koordinatalar sistemasida

52 5’ 52
3. Tekislik tenglamasini shtrixli koordinatalarda ifodalaymiz
Ax, +Bx, +Cx, + D = A( \/_ \/1_ %x;j+ B(gx{—gx;jJr

j+DO:>

o e
(_STAz+4B 5?:(/:_J (%+%jxé+(_%_%8 sli/c_j +b=0
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1-MUSTAQIL ISH TOPSHIRIQLARI
Ox,X,X; va OX,X,X, koordinatalar sistemasini bog’lovchi koordinat almashtirishlar
quyidagi jadval shaklida berilgan:
1. Ortogonallik sharti bajarilishini ko’rsating.
2. Berilgan A(x,,y,,2,) nugtaning har ikkala koordinatalar sistemasida radius vektorini
aniglang.
3. a(a,,a,,a;) vektorni shtrixli koordinatalar sistemasida ifodalang.

4. Ax+By+Cz+D=0 tekislik tenglamasini shtrixli koordinatalar sistemasida ifodalang.

1-variant 3-variant
X1 X2 X3 X1 X2 X3
' | 3 | 1 | 4 X' |2 1] .2
52 | V2 | 52 3 3 3
X, | 4 0 3 ' | 1) 210
5 3 3
X3 4 3 1 4 ’
2 | = | = X 0 0 1
5J2 | 2 5:2 :
2-variant 4-variant
X1 Xo X3 X1 Xo X3
X1’ § 3 i 0 X1’ 3 1 4
5 5 502 | 2 5.2
X; 0 0 1 o | 4 0 | 3
X3’ 4 3 0 > °
5 5 3" | 3 |1 4
542 | 2 542




5-variant

X1 Xo X3
o | 0 | _a] 3
5 5
Xy’ 1 0 0
' | 0 | 3 [ 4
5 5
6-variant
X1 X2 X3
X1’ 2 1 2
3 3 3
Xy’ 0 0 1
x| 1| 2 0
3 3
7-variant
X1 X2 X3
x| 8 | L 4
572 V2 5v2
X2’ 4 0 3
5
X3 |3 | 1 |__4
52 | V2 5\2
8-variant
X1 X2 X3
X1’ 3 4 0
5 5
Xo’ 0 0 1
X3’ 4 3 0
5 5

9-variant
X1 X2 X3
x [ 2 | 1] 2
3 3 3
X' 1 2 0
3 3
X3’ 0 0 1
10-variant
X1 Xo X3
X,” | __3 14
542 V2 542
Xo ’ ﬂ 0 . §
5
X3’ 3 1 4
542 2 542
11-variant
X1 Xo X3
o | 0 | 4| 3
5 5
Xy’ 1 0 0
x| 0 | 3 [ 4
5 5
12-variant
X1 X2 X3
x| 2 |12
3 3 3
Xy’ 0 0 1
X3’ 1 2 0
3 3




13-variant

X1 X2 X3
' | 3 | L | 4
542 V2 542
X' | 4 o | _3
5
3" |3 | 1 | _ 4
52 | V2 52
14-variant
X1 X2 X3
X1’ 3 4 0
5 5
Xo’ 0 0 1
X3’ 4 3 0
5 5
15-variant
X1 X2 X3
X1’ 2 1 2
3 3 3
Xo’ 1 2 0
3 3
X3’ 0 0 1
16-variant
X1 X2 X3
' |_ 3 | 1 |__4
52 | V2 52
' | 4 | 0 | 3
5 5
X3’ 3 1 4
542 V2 542

17-variant
X1 X2 X3
' [ 0 | 4] 3
5 5
Xy’ 1 0 0
' | 0 [ 3 | 4
5 5
18-variant
X1 X2 X3
X1’ 2 1 2
3 3 3
Xy’ 0 0 1
X3’ 1 2 0
3 3
19-variant
X1 X2 X3
X1’ 3 1 4
52 | 2 52
' | 4 [ 0 | _3
5 5
3" | _. 3 | 1 | _ 4
572 | W2 572
20-variant
X1 X2 X3
X1’ 3 4 0
5 5
Xo' 0 0 1
X3’ 4 3 0
5 5




21-variant 24-variant

X1 Xo X3 X1 Xo X3
X1’ 2 1 _2 X1’ 2 1 _2
3 3 3 3 3 3
X’ _ 1 _ g 0 X’ 0 0 1
3 3
X3’ 1 2 0
X3’ 0 0 1 3 3
22-variant 25-variant
X1 Xo X3 X1 X2 X3
X |8 | 1 |__4 1 2 _2
52 | V2 5.2 3 3 3
X2’ 4 0 3 2 0 0
5 5 3
X3’ 3 1 4 0 1 1
52 | V2 | 52 3
23-variant 26-variant
X1 X, X3 X1 X2 X3
Xy’ 0 4 3 X |3 | L |__4
5 | & 52 | 2 | 542
Xo' 1 0 0 Xo” 4 0 _3
5 5
X3’ 0 3 4
5 5 Xg | 3 | 1 | 4
52 | V2 | 52
Adabiyotlar
1. «MexaHuka CIUIOIIHOW Cpelbl B MpUMEpax W 3ajadax» . YueOHoe mocooOwue.

B own

Y.I'V. Ceepanosck, 1979 r.

Meiis. k. Teopus n 3agaun MEXaHUKH CIUIOIIHOM cpeabl.- M.: Mup, 1974 t.
Cenos JI.. Mexanuka crutomHou cpenbl. - M.: Hayka, 1973 r. B 2-x Tomax.®rr
M.A.Akusec, B.B. 'onsaoepr. TenzopHoe ucuucnenue. -M.:131. Hayka.1972.



2 - MUSTAQIL ISH
Mavzu: Tenzorlar va ular ustida amallar

Makcax: Talabalarda tenzorlar ustida amallarni bajarish ko’nikmalarini
shakllantirish. Mavzu bo’yicha masala yechish orgali ularning bilimini mustahkamlash va
bilimini sinash.

REJA:

Tenzor va uning komponentalari;
Tenzorni simmetrik va antisimmetrik qismlarga ajratish;
Tenzorning sharsimon va deviatr gismlari;

Tenzorning bosh giymatlari va bosh yo’nalishlari;

o ~ W Dnp e

Masala.
Asosiy tushunchalar
Komponentalari quyidagicha aniglanuvchi ob’ektga tenzor deyiladi

Tll TlZ T13
—1=1 -1-2 -1-3 -2-1 =22 —2=3 -3-1 -3=2 -3-3
T=(T, T,, Tpu|=Ty35 +T,533° +T,33° +Tp3°5 +71,,5°5° +T,,3°5° +T,3°5 +T5,5°5° +T,,5°5°. (1)

T31 T32 T33
Agar bu tenzor uchun T, =T, shart bajarilsa simmetrik, T, =-T; shart bajarilsa

antisimmetrik deyiladi.
Tenzor simmetrik va antisimmetrik gismlarga quyidagicha ajratiladi

Tij :Tijsim +-|-ijantisim’ Tijsim — %(Tij +Tji)l Tijantisim :%( ' _Tji)' (2)

Umumiy holda tenzor sharsimon va deviator qismlarga quyidagi formula bo’yicha

ajratiladi

ij? ij

Tij :Tijshar+-|-ijdev’ -I-ijshar — %(T11+T22 +T33)5- -I-_dev :Tij _TijShar' (3)

Tenzorning bosh giymatlari (komponentalari) quyidagi tenglamadan topiladi

T11 -4 T12 T13
T21 Tzz -4 T23 =0. (4)
T31 T32 T33 -4



Bosh giymatlarga mos bosh yo’nalishlar esa quyidagi tenglamalardan topiladi

(T11 - ﬂ’)nl +T12n2 +T13n3 =0;
T21n1 + (Tzz - ﬁ“)nz +T23n3 =0;

. ()
Ty + TN, + (T33 - /ﬁt)ns =0;
n’+n’+nZ=1.
Tenzor sirti esa quyidagi tenglamadan aniglanadi
T, X X; =+c. (6)
4 6 3 o
Masala. + _|3 4 ¢/ tenzor uchun quyidagilarni aniglang
1 0 4

1. Tenzorni matritsa shaklida bo’lsa, uni vektor shaklida va aksincha yozing;

2. Tenzorni simmetrik va antisimmetrik tenzorlarga ajrating va ularning yig’indisidan
iborat ekanligini ko’rsating;

Tenzorning bosh komponentalarini toping;

Tenzorning bosh o’qglarini toping;

Tenzorni sharsimon va deviator gismlariga ajrating;

o 0 &~ w

Tenzor sirti tenglamasini va shaklini toping.

Yechish.

1. Tenzorni vektor ko’rinishga o’tkazamiz

T =453"+65'5°+35'3° +35%5" +45°5° +3°5' + 45°3°;

2. Simmetrik va antisimmetrik qismlarga ajratamiz va ularning yig’indisi sifatida

ifodalaymiz
4 6 3 4 45 2 0 15 1
T=|3 4 0|={45 4 O|+|-15 0 O0f;
1 0 4 2 0 4 -1 0 0

simmetrik antisimmetik
3. Tenzorning sharsimon va deviator gismlari

4 6 3 4 00 0 6 3
T=/3 4 0|=|0 4 0(+|3 0 Of.
1 0 4 0 0O 1 00

sharsimon deviator
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4. Tenzorning bosh komponentalarini topish uchun

4-1 6 3
3 4-4 0 |=0
1 0 4-1

tenglamani yechamiz. Bu kubik tenglamaga keladi
(4-1) -3(4—1)-18(4-1)=0,
(a—af(@a-2y -21)=0,
Uning ildizlari A =4, ,=4+21, A, =4-421

5. Bosh giymatlarga mos bosh yo’nalishlarni topish uchun esa quyidagi tenglamalarni

yechamiz
A =4 uchun A =4++/21 uchun A =4-+/21 uchun
21 n =+ |22
6n, +3n, =0; n, =0; VZin, +6n, 430, =0; | =E [T V/21n, +6n, +3n, = 0; =43
3, =0 ={n, === 3n, —v/2In, =0; n -+ S . 30, + 21, =0, = in, =72
n, =0; J5 n, —~/21n, =0; 27" 31 n, ++/21n, = 0; V31
2 2 2 _ 1
n/+n2+n? =1 nS_jg nZ+nZ+n? =1 nS:i%. nZ+n+nl=1 n3:$E_

6. Tenzor sirtini topamiz
T XiX; = 4X7 +6XX, + 3%, X5 +3X, X, +4X5 +0- XX + XX, +0- XX, +4%; =+c?
yoki AX7 +AXZ +4XZ + 9% X, +4X X5 = +C°.
Demak tenzor sirti yugoridagi tenglama bilan ifodalanuvchi ellipsoiddan iborat ekan.
2-MUSTAQIL ISH TOPSHIRIQLARI

1. Tenzorni matritsa shaklida bo’lsa, uni vektor shaklida va aksincha yozing.

2. Tenzorni simmetrik va antisimmetrik tenzorlarga ajrating.

w

Tenzorning simmetrik va antisimmetrik tenzorlari yig’indisidan iborat ekanligini
ko’rsating.

Tenzorning bosh komponentalarini toping.

Tenzorning bosh o’qlarini toping.

Tenzorni sharsimon va deviator gismlariga ajrating.

N g &

Tenzor sirtini va shaklini aniglang.
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1-variant

) 5 -3 2
M) =13 4 1
2 1 4

2-variant
) 2 -3
T") =1 3 &
8 0
3-variant
) 0 1 2
T =1]3 4
6 7
4-variant
) 1 2 4
T™) =16 7 38
10 12 13
5-variant

A=233"+23'3% +33%3% + 53°3' +
+63°3% + 43°%3°
6-variant
A=233"+33'3%2 + 53%32 + 63°3 +
+43%3% +3°3°
7-variant
A=45"'3" +25'5% +55°3' + 65%3% +
+43°3" +75°%52
8-variant

A=3'3"+23'3%2 + 53'3% + 63°3 +

+45%3° +735%57 4+ 45°5% + 65°35°

9-variant
) 1 2
T =12 4 5
7 6

12

10-variant
) 5 6 3
T =13 4
1 3 2
11-variant
. -4 1 7
T =1 9 4
6 5
12-variant
) 5 8 2
") =13 8 5
7 7 4
13-variant

A=23"3"+23'3° +33%3% + 5333 +
+63%3% +43°%3°

14-variant

A=25"3" +35'3% + 53232 +63°3" +
+ 43332 43333

15-variant

A=45"5"+25'5% +55°5' + 63%3° +
+ 43331 + 73332

16-variant

A=33"+23'32 +53'3° + 6333 +

+43%3% +23%32+33%3° + 63°%°3' + 43°%3°

17-variant
3 1 2
ThH =2 4 5
0 7 6

18-variant

A=233"+23'3% +33%3% + 5333 +

+63°3% + 43°%33



19-variant

A=25'3"+35'3% +535°5% + 63°3" +
+43°%3% +3°5°

20-variant

A=45"'3" +25'5% +55°3' + 635%3% +

+43°3" +75°%5?

24-variant
21-variant -,- 1 2 a4
(T’ =
A=5'5"+25'5% +55'5% + 6325 + fo ZZ 183
+45%3° +73%57 4+ 45°5% + 653°35°
) 25-varint
22-variant
1 2
Tiy = ; _63 : Ty =]2 4 5
( ) - 8 O O 6
] 26- variant
23-variant
0 1 o A=33"+23'32 +53'3° + 6323 +
Ty =|3 4 s +43%3% + 232324+ 33%3% + 63°3' + 43333
6 7 8

Adabiyotlar

1. «MexaHuKka CIUIOIIHOM Cpebl B MIpUMEpax M 3ajgadax» . YdyeoHoe nmocooue. Y.I.VY.
Csepayosck, 1979 r.

2. Unptomun A.A., Jlomakua B.A., IlImakoB A.Il. 3agaun u ymnpaxHEeHUS IO

MEXaHHKH CILTOMIHOM cpenbl. - M. : U3n. MI'Y, 1973 r.

Meiis. JIxx. Teopus 1 3aaun MEXaHUKH CIUIOLIHOM cpeabl.- M.: Mup, 1974 r.

Cenos JI.M. Mexanuka cromiHo# cpenbl. - M.: Hayka, 1973 r. B 2-x Tomax.®rr

NnpromnH A.A. MexaHuka CIiomHou cpenpl. - M.: M3n-Bo Mock. yH-Ta, 1990. -

310 c.

6. M.A.Akusec, B.B. l'ompn6epr. Tensopuoe ucuncnenue. -M.:M3n. Hayka.1972.

B~ w

o1
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3-MUSTAQIL ISH
Mavzu: Tutash mihit kinematikasiga doir masalalar
Makcax: Tutash muhit harakat qonunining berilish usullari, tezliklar va
tezlanishlar maydonlari, hamda deformatsiyasi haqid tasavvurlarni yanada
kengaytirish. Mavzu bo’yicha masala yechish orqali ularning bilimini mustahkamlash
va sinash.
REJA:
1. Tutash muhit harakatininig Lagranj va Eyler ko’rinishlari, ularning biridan
ikkinchisiga o’tish;
2. Ko’chish vektori, tezlik va tezlanishlar maydoni;
3. Deformatsiya va deformatsiya tezliklari.
Ma’lumki tutash muhit harakatini o’rganishda Lagranj va Eyler nuqtai

nazarlari mavjud. Agar harakat x,=x (&, &,, &,1) ko’rinishda berilgan bo’lsa,
Lagranj ko’rinishida, Agar harakat & = & (x,, X,, X;,t) ko’rinishida berilgan bo’lsa,
Eyler ko’rinishida berilgan deyiladi. Ular bir ko’rinishda berilgan bo’lsa uni ikkinchi

ko’rinishga o’tkazish uchun dastlab bir qiymatli moslik bajarilishini tekshirishimiz

kerak, ya’ni yakobian noldan farqli bo’lishi kerak

Lagranjdan Eylerga otish uchun Lagranjdan Eylerga otish
uchun

20 #0 i =0

0§ oX,
1)

Agar boshlang’ich holatda Lagranj va Eyler koordinatalari ustma-ust tushsa, u
holda ko’chish vektori

W, =X _gi (2)
kabi aniglanadi.

Tezlik vektori komponentalari

Lagranj koordinatalarida Vi(§1,§2,§3,t):aWi(fl'ffzvfevt);

ot
3)
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Eyler koordinatalarida
aWi(Xl,XZ’XS,t)+Vk(Xl,X2,X3,t)aWi(Xl1X2’X3,t) . (4)

Vi (Xl’xz’xs’t): at %,

(4) da tezlik vektori komponentalari oshkormas ko’rinishda berilgan.
Tezlanish vektori komponentalari

Lagranj koordinatalarida

a,(&.5.8,1)= 2 (51’5?’5“); (5)

Eyler koordinatalarida
avi (X1’ X27X3't)

oV, (X, X,, X5, 1
ai(X1'X2’X31t): 8t +Vk(xl’X2’X3’t) ( 18X|j 2 ) (6)
Deformatsiya tenzori komponentalari
Lagranj koordinatalarida
oW,
gijzl aW|+ J+aWkaWk : (7)
2\ 0g;  0g;  0g; Og
Eyler koordinatalarida
- OW;
gijzl a\NI+ J_aWkaWk . (8)
2\ 0x;  ox; OX; OX;

Cheksiz kichik deformatsiya holida (5) va (6) dagi kvadratik hadlar tashlab
yuborilishi mumkin.

Deformatsiya tezliklari tenzori komponentalari

. OV,
& =£{—av' +—J]. (8)
2\ 0¢; 06
Masala. Tutash muhit  harakati Lagranj o’zgaruvchilarida

X, =&e' +& @ -1); x, =&, +& (@ —e™); x; =&  ko’rinishda berilgan. Uni  Eyler
ko’rinishga o’tkazing. Lagrang va Eyler koordinatalarida ko’chish vektori
komponentalarini toping. Lagrang koordinatalarida tezlik, tezlanish, deformatsiya va
deformatsiya tezliklari tenzori komponentalarini toping.

Yechish. Harakatni Eyler ko’rinishida ifodalash uchun dastlab yakobianning

noldan fargliligini tekshiramiz

15



et 0 e'-1
=10 1 e'—-e|=e"#0
0 0 1

OX,

0¢;

J =

Demak, Eyler koordinatalariga o’tish mumkin.

X =&e' +& (' -1); x, =& +& (' —e) s x; =&, tenglamalarni &; larga nisbatan

yechamiz.
& =xe" - xs(l—e‘I ,
Sy = X~ Xs(et _eit)
Sy =X
Endi ko’chish vektori komponentalarini topamiz. w, = x, —¢&, formulaga ko’ra
Lagranj koordinatalarida Eyler koordinatalarida
W, = ffl(et —1)+§3(et -1); W, = xl(l—e“)+ x3(1—e‘t ,
w, =& —e); w, = x,(e' —e )
w, =0. w, =0.
Tezlik vektori komponentalari Tezlanish vektori komponentalari
Vi = gl(et +1)+§3(et _1> a = ‘fl(et +1)+§3(et _1>
v, = 53(6‘ +e') a, = X3(et —e'}
v, =0. a, =0.

Deformatsiya tenzori komponentalari
£, = (et —l), £y =0, £,=0, £,=6,,=0, g,=&,, = (et —l), Ey3 = &4y = (et —e*t)
Deformatsiya tezliklari tenzori komponentalari

1= (et +l)’ €, =0 8;=0 €,=6,=0, e;=¢;= (et —1)' €3 =63, = (et +97t)

16



3-MUSTAQIL ISH TOPSHIRIQLARI

Muhit harakati x = x(&,, &, &) qonuniyat bilan berilgan. Lagrang va Eyler

koordinatalarida:

1. ko’chish vektori komponentalarini;

2. tezlik vektori komponentalarini;

3. tezlanish vektori komponentalarini;

4. deformatsiya tezliklari tenzori komponentalarini

toping.

H w0 e

o

7.
8.
9.
10

12.
13.
14.
15.
16.
17.
18.
19.

X1 =65 X, =581 +AL ) Xy = Gt + AL,

X, =& A+EETS X, = 58" Xy = &+ AL,

X, = &8 AL X, =AL 5 Xy = &et,

X, = & +& (6 -1); X, =&, +&, (6" —e) 5 X = e'g +AS,,
X =35&e"; X, =255 | % =5&&e"

X =38, -4&)e" 5 X, = (25, -&)e 5 X, =(4&,-&)e
X, = (G A+&)e" s X, =& X = (G +AG)e,

X =(&+A&)e" s X, =A&e" X =&, ,

X = glet+§3(et -1); X, = §2+§3(et _e_t) » X3 = 53 1

C X = ké:lg?ye_t; X, =k§1§28t » X3 = kfzfs )
11.

X =50 X = (5, +AG)e S Xy =&+ AL,

X = (5 A+E)ETS X, =&, X5 = (& +AG)e”,

X =& +ASe X, =Age" | X, =&,

X, = & +&(6° -1); X, =& +&, (67 —e7) 5 % =&,
X, = €85 X, =k& ; X3 = k& (e +e'),

X =358 X, =25&e" | % =5&&e"
=& X =(& ALK, X =&,

X =(35, —4& )™ X, =(25 - &)™ x; =4&e™,

X = §1+§3(et -1); X, = §2+§3(e2t _e_ZI) » X3 = et§3+A§2’

17
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20. x, = (5 A+&E)e ™ x, =&e 1 x, = (5 +AE)e,
21. x, =k&ERY; X, =EE,0"; X =KEE,

22. x, =& +Ee X, =A&e" ;) X, =k &,

23. %, =& +E1; X, = E,eN ) x, = &+ AL,

24, X = (51 A+§3)e-kt; X, = gz » X3 = (§3+A§1)e-kt:

Adabiyotlar

«MexaHMKa CIUIOIIHOM Cpefibl B MpUMeEpax U 3agavyax» . YueOHOe MmocoOue.
Y.I'Y. Ceepanosck, 1979 r.

Nnprommma A.A., Jlomakun B.A., [lImakoB A.Il. 3agaun u ynpakHEHUs IO
MEXaHUKU CIUTOIHOM cpenbl. - M. : U3n. MI'Y, 1973 r.

Meitz. [Ix. Teopus u 3a1aum MEXaHUKH CIUIOIIHOM cpeapl.- M.: Mup, 1974 r.
Cenos JI.M. Mexanuka crutomHou cpeasl. - M.: Hayka, 1973 r. B |,11-T.
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4 - MUSTAQIL ISH
MAVZU: KUCHLANISH TENZORI VA KUCHLANISH VEKTORI
I. NAZARIY QISM
Tutash muhit mexanikasi fani bo’yicha ma’ruzalardan ma’lumki 1-chizmada

tasvirlangan P, vektor kuchlanish vektori bo’ladi. Uni do elementar yuzachaning
normali f (A|=1) va urinmasi 7 (7|=1) bo’yicha tuzuvchilarga ajratish mumkin (2-
chizma).

P =P i+P.7 (1)

bu yerda P, - M nuqtaga qo’yilgan normali i bo’lgan yuzachadagi kuchlanish

vektori, P, va P, lar mos ravishda normal va urinma kuchlanishlar deyiladi.

P.do

P do

nn

1-chizma 2-chizma

Kuchlanish vektori uchun quyidagi Koshi formulasi o’rinli
P, =Pn, +P,n, + P,n, (2)
bunda n, - berilgan yuza normali yo’naltiruvchi kosinuslari; P - M nuqtaga
qo’yilgan va koordinata o’qlariga parallel yo’nalgan kuchlanish vektorlari. P

vektorlarni €, bazislar bo’yicha yoyib chigamiz.

Bundan

Py =010y + 0,0, + 03405
Prz = 001Ny + 05N, + 0p3N3; 3)

Prs = 031Ny + 03N, +0355N;.

19



Koshi  formulasidan foydalanib, kuchlanishning normal va urinma

tuzuvchilarini topamiz

r]l

P :(F3,1ﬁ):aij.nj.ni :(nl,nz,n3)(aij n, | 4)
n3

Py = (P + (P, + (P} (R, (5)

Ox,x,x, Dekart koordinatalar sistemasida berilgan (o, ) migdorlar majmuasi

ikkinchi rang tenzorni tashkil giladi va kuchlanish tenzori deb ataladi

011 Oy, Oy3

X (Gij): Oz1 Oz Oy (6)

031 O3, Og3

O33
F 3
o Ichki harakat miqgdori momentlar va juftlar
32
0 ¥ 5 mavjud bo’lmagan holda kuchlanish tenzori
O3 — G3 . . .
‘ , U“ _ simmetrik bo’ladi va o, 05, 05, lar X, X,, X
21 X
Oz . . . .
Oy koordinata o’qlariga perpendikulyar yuzalardagi
N normal kuchlanishlar, o,,=0,,, 0,,=0., 0,,=0,,
3-chizma esa urinma kuchlanishlar deyiladi.

Kuchlanish tenzorining koordinatalarni almashtirishga nisbatan invariantlari 3
ta bo’lib, ular quyidagicha aniglanadi

|, =0,+0,+0;,;

011 Oy |O11 O3 [0 Oy

|
2
Oy1 Oy |O31 O3z |03 Oz

011 O35 Oyj
I, =|0, 0y 0Oyl (7)
031 O3, Og3

Kuchlanish tenzorining bosh giymatlari

01,0 O1» O3
Oy  0p=0 0Oy |=0. (8)
O3 O3 O33—0

yoki

3 2 .
oc’—loc"+l,0-1,=0

20



Tenglamaning yechimlari bo’ladi va o,,0,,0, kabi belgilanadi. Topilgan bosh

qiymatlarga mos bosh yo’nalishlar esa quyidagi tenglamalardan topiladi

(0-11 - O-)nl +0p,N, + o5, =0;

O, N + (‘722 - O-)nz +0,50; =0;

. (9)
031 + 03N, + (033 - O-)nz =0;
n’+n’+nZ=1.
nl(l) ngl) ng)
Demak koordinatalarni  A=|n!? n® nl? | kabi almashtirganda kuchlanish
n® n@® p
o, 0 0
tenzori (o"ij): 0 o, 0 |ko’rinishga keladi.
0 0 o

Bosh kuchlanishlarni kamayish tartibida ragamlab o, >0, >0, va ular

yordamida radiuslari < ;U?’ ; & ;az 22 ;03 ga teng bo’lgan doiralarni chizamiz

1

Tmax

Chizmada o normal, - urinma kuchlanishni bildiradi. Shtrixlangan sohadagi
qiymatlarni urinma kuchlanish gabul qilishi mumkin. Ko’rinib turibdiki, normal

kuchlanish % ga teng bo’lganda, urinma kuchlanish % ga teng bo’lgan

maksimal qiymatga erishadi.
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1. TOPSHIRIQNI BAJARISH NAMUNASI

Masala. Oxyz Dekart koordinatalar sistemasida tutash muhitning ™
nugtasidagi (o) kuchlanish tenzori berilgan. Koordinata o’qlarini koordinata
boshidan mos ravishda a, b,c masofalarda kesib o’tuvchi yuzachadagi kuchlanish

vektorini, normal va urinma kuchlanishlarni, shuningdek kuchlanish tenzorining
invariantlarini, bosh giymatlari va unga mos bosh yo’nalishlarini toping. Mor doirasi
yordamida maksimal va minimal urinma kuchlanishlarni

aniglang.
3 -10
y (6,)=|-1 3 0|, a=4,b=6c=2
0 0 1
5-chizma Yechish. Analitik geometriya kursidan ma’lumki,

koordinata o’qlarini kesib o’tuvchi tekislik tenglamasi quyidagi ko’rinishda bo’ladi

5 + X + E =1
a b c
Ushbu tenglamaga berilganlarni qo’yib, uni kanonik ko’rinishga keltiramiz
3X+2y+6z-12=0

Ko’rinib turibdiki, berilgan tekislikka N(3,2,6)vektor perpendikulyar bo’ladi. Unga

mos birlik vektori quyidagicha aniglanadi
vademak :(E,Z,Ej

A= N1 Nz N3
“IUN'N'N
7'7'7

Endi (3) formulalar yordamida kuchlanish vektori komponentalarini topamiz

p -33_12,0%-1
7 777

Pnz——1.§+3 2+0§ E
7 7 7 7

P —03+02+1§:E
7 7 7 7

=13,
7'7

(4) va (5) formulalarga ko’ra normal va urinma kuchlanishlarni topamiz

22



, 3 L0 , , N /G
el )
777 0 1 7 7 7 7 7

(7) formula yordamida berilgan kuchlanish tenzorining bosh giymatlarini

topamiz

Bu tenglama yechimlari 4, =1, 1,=2, 1,=4

Topilgan bosh giymatlarga mos bosh yo’nalishlar (o’qlar) ni topamiz

A4, =4 uchun
-n,—n, =0
-n—n, =0 = L J2 2 ]

=>fi=|t—F—,0

-3n,=0 2 2
n’+nZ+n?=1

A, =2 uchun
n,—-n,=0

U
=]
I

H

-n,+n,=0
—-n, =0

N\§|
T+
N\ﬁ
i/

nf+n2+n?=1

A, =1 uchun

2n, —n, =0

-n+2n,=0 =0=(0,0,+1)

n>+nl+n’=1

Natijaning to’g’riligini bitta holda koordinatalarni almashtirish yordamida
tekshiramiz

11 11
V22 3 -1 0\[V2 2
11 1 1
ol — — ol|l-1 3 o]|= = ol=
i 2 2
o o 1/\0 0 1Jro o 1
11
202 —242 o) |V2 2 4 0 0
| vz vz ol L ol=lo 2 o
V2o 2
0 o 1% ¢ 1| 001




1 1
+— F— 0
2 12
. . 1 1 . . ..
Demak koordinatalarni A=|+— +-—— 0 kabi almshtirganimizda
N J
0 0 +1
kuchlanish tenzori

4 0 O

(pi)=|0 2 0
0 01

ko’rinishni olar ekan.
Endi bosh kuchlanishlar yordamida maksimal urinma kuchlanishlarni aniglaymiz.
Buning uchun radiuslari

pl_ ps _ 4_1=1’5; pl_ pz _ 4-2 =1; pz B p3 _ 2_1=0,5

2 2 2 2 2 2
bo’lgan doiralarni chizamiz

Chizmadan ko’rinadiki, urinma kuchlanish =25 bo’lganda 7, =15

maksimal giymatga erishadi. Shuningdek, normal kuchlanish bosh kuchlanishlarga
teng bo’lganda urinma kuchlanishlar nolga teng bo’ladi.

1. 4-MUSTAQIL ISH TOPSHIRIQLARI

Masala Tutash muhitning M nuqgtasida P kuchlanish tenzori berilgan x,y,z
koordinata o’qlarini koordinata boshidan mos ravishda a,b,c masofalarda kesib
o’tuvchi yuzada kuchlanish vektorini, normal va urinma kuchlanishlarni, shuningdek

kuchlanish tenzorining bosh giymatlari va unga mos bosh yo’nalishlarini toping.
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3 -1 0
l.p-|_1 3 o0o|, a=4, b=6,c=2
0 O
3 01
3.pP=|0 3 0|, a=-4, b=3, c=2
1 01
1 0O
5. P=|0 3 1] a=4, b=4, C=3
0 1 3
2 11
7.p=|1 2 0 a=4, b=4, c=4
1 0 2
2 -1 -2
9. P=|-1 0 0 | a=3 b=3 ¢c=2
-2 0 2
21
11. P=|1 2 , a=4, b=6 c=2
2 0
3 -11
13. p—|_1 2 of|, a=4, b=6, c=2
1 0 2
3 -10
15.p_-|_1 3 ol,a=-4 b=-6, c=2
0O 0 1
5 0 0
17.p= 0 -6 -12 ,a:—l, b=—6, c=1
0 -12 8
3 20
19. p-|2 3 4|,a=4, b=6,c=2
0 4 3
3 -5 2
2. p=|-5 2 o|,a=4, b=-4, c=4
2 0 O
4 1 4
23.p=|1 4 0ol,a=4, b=-3 c=2
4 0 4

25

1 -3 0
2.p-|_3 1 , a=3, b=3 c=2
0 0 3
210
4 P=|1 2 0|, a=5 b=4 c=2
0 0 1
2 -10
6. P=|-1 3 1/ a=4, b=l, c=1
0o 1 2
1 0 -2
8.p=|_05 0|, a=3 b=5 c=5
-2 0 1
011
10 p=|1 0 1|, a=2 b=4 c=2
110

310
12.p=|1 3 0f, a=4, b=-6, c=-2
0 01
3 -1 0
14. p-|-1 3 0|, a=4, b=6 ¢c=2
0 0 1
3 -1 -1
16.p-|_1 o0 _2|,a=-3 b=6, c=-2
-1 -2 0
3 -3 0
18.p=(-3 0 1|, a=4, b=-6, c=2
0 1 8
3 -10
20.p-|_-1 3 o0/, a=3 b=-6 c=-2
0O 0 1
1 -1 0
22. p-|_1 4 of|, a=1 b=1 c=1
0O 0 8
3 01
24, P=|0 3 0|, a=-4, b=1 c=2
1 0 1



ok w

1 1 0 5 1 0
25. p=|1 -3 -1|, a=-1 b=-1 c=1 26. P_[l 5 0|, a=4, b=8, ¢c=2
0 -1 1 0 05

7

1

1

10 11
27 P=|1 5 0|, a=2 b=-2 ¢c=2 28 P= 1 0|, a=3 b=1 c=1
0 1 0 5

Adabiyotlar

«MexaHuKa CIUIOITHOM cpelbl B MpUMEpPaxX M 3amadax» . YdeOHoe mocoOue.
Y.I'V. Ceepanosck, 1979 r.

Nnpromma A.A., Jlomakun B.A., IlImakoB A.Il. 3agauum u ympaxHeHUs IO
MEXaHUKU CIUIOIHOM cpenbl. - M. : U3n. MI'Y, 1973 r.

Meirs. [Ix. Teopus u 3a1aun MEXaHUKH CIUIOIIHOM cpeapl.- M.: Mup, 1974 1.
Cenos JI.LU. Mexanuka crutomHou cpensl. - M.: Hayka, 1973 r. B 2-x Tomax.
Nnprommna A.A. MexaHuka CIuiomHou cpensl. - M.: 3a-Bo Mock. yu-Ta, 1990.
- 310c.

M.A.Akugec, B.B. T'onsabepr. Tenzopuoe ucuucnenue. -M.:1U31. Hayka.1972.
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5-MUSTAQIL ISH
MAVZU: ELASTIK JISM UCHUN ASOSIY MUNOSABATLAR
Magqgsad: Mavzu bo’yicha talabalar bilimini sinash, ko’chish va deformasiya,
deformasiya va kuchlanish tenzori komponentalari orasidagi munosabatlarni topish
davomida ortogonal egri chizigli koordinatalarda ishlash ko’nikmalarini hosil gilish,
ularning bilimini mustahkamlash.
I. NAZARIY QISM
REJA
Dekart koordinatalarida ko’chish va deformasiya orasidagi munosabatlar.
Silindrik koordinatalarda ko’chish va deformasiya orasidagi munosabatlar.

Sferik koordinatalarda ko’chish va deformasiya orasidagi munosabatlar.

> W e

Deformasiya va kuchlanish orasidagi munosabatlar.

Tutash muhitlar mexanikasi ma’ruzalaridan ma’lumki, deformasiyalar kichik
bo’lganda chiziglimas hadlarni hisoblamaslik mumkin. Tutash muhit ko’chish vektori
komponentalari va deformasiya tenzori komponentalari orasida quyidagi geometrik
munosabatlar (Koshi munosabatlari) o’rinli:

Dekart koordinatalarida

ouU, ou, ouU, 1(oU, 0dU,
Exx = v Ey =T € = v Exy =€y =% +—,
OX oy 0z 2\ oy OX ) (1)
1[aux auzj 1(oU, auU, ’
Eyg =€ = + — ,gyz =gzy=_ 4+ —=
2\ oz OX 2\ o0z oy
Silindrik koordinatalarda
ou, 10U, U, oy, 10U, o(U,
En = v Epp = +—, &, = 28, =~ +r—|—|,
or r oo r oz r op ory\r )
ou, 10U, ou, oduU,
28(/,1 - +——, Zgrz = + —
oz r Op or oz
Sferik koordinatalarda
ouU U ct o, U
g":%’gw’:l (p+&1599= 1 aUQ +&+ g g¢,25r¢,=laur+—(p——¢,
or r op r rsing 06 r r r op or r 3)
ou
259(:6U‘9+ _1 aur_u_Q, 264, = 1 ¢,+16U9_Ugctggo'
or rsinp dp r rsinp 06 r ogp r
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Deformasiya va kuchlanish tenzori komponentalari orasida quyidagi fizik

munosabatlar (Guk qonuni o’rinli):

Oii :M1(5)+2ﬂgij’ oy =2y (iij) (4)
bunda dekart koordinatalarida 1,(¢)=&, +&, +&,, silindrik koordinatalarda
l,(e)=¢, +é&,, +&,,, Sferik koordinatalarda 1,(¢)=¢, +¢,, +£0, A, u- Lame

koeffisiyentlari.

1. TORShIRIQNI BAJARISh NAMUNASI

Masala Tutash muhit ko’chish vektori komponentalari U; Dekart, silindrik va

sferik koordinatalar sistemasida berilgan. Deformasiya va kuchlanish  tenzori

komponentalarini toping.
Dekart koordinatalarida U, :7, u,=—,U,=—;
- . . . Z? r2
Silindrik koordinatalarda U, =rsinp,U, =—cosg,U, =—cosg;
r z
Sferik koordinatalarda U, =rsingcosd, U, =rcosesing, U, =rsind.
Yechish  Masalani yechishda dekart koordinatalari uchun
U,=x%y, U, =vyz, U, =xyz
(1) ga ko’ra deformasiya tenzori komponentalarini topamiz

2 2 2 2 2 2
gxx:_X’ gyyz_y) : X _y_ :

y Z X _2y2

_2x2

gzz:_!gxy: ) gyz_ y Exg =

222

(4) formulalardan foydalanib kuchlanish tenzori komponentalarini topamiz

Oy =ﬂ,(%+ﬂ+£j+4yi, Oy =ﬂ[ﬁ+ﬂ+£]+4yl,

y Z X y y Z X Z
2X 2y 2z z X2 2 z?
zz:ﬂ“_+_+_ +4 R xy — M : = TH T xx — TH T
¢ (y z xj My O T gy T T Hoxe
Silindrik koordinatalarda
Z2 r2

U,=rsinp, U,=—cosp, U,=—cCo0se
r z

4

(2) ga ko’ra deformasiya tenzori komponentalarini topamiz
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. 72 . r2 1 z2
& =SINQ, gW:—r—zsm(p, gu:—z—zcos(o, Erp =7 1——2 Cos ¢,

2 r
1(2z r. r
Em :E TCOS@-;S”’]@ v Egy :;COS(p

(4) formulalardan foydalanib kuchlanish tenzori komponentalarini topamiz

72

. z2 . r2 .
On =4 SIN@ ——SINp ——CoS g +2usin @, O, = U 1——2 Cos @,
r z r
. 7?2 . r2 72 . 22 r.
Oy =ﬂ(sm(0——28In(p——ZCOS(pj—2,u—ZSIn 0, O, =,u(—COSg0——SII’] (0],
r z r r z

. 72 . r2 rz . r
0, =AlSiINp——sinp——CoSe |—2u—sIn @, o, = {—CO0S@.
r2 22 z2 z

Sferik koordinatalarda
U, =rsingcosd, U, =rcospsingd, U, =rsing
(2) ga ko’ra deformasiya tenzori komponentalarini topamiz

. coséd . cos2 psin @
& =SIiN@coso, ¢,, =0, g, =m+ sin (pcos«9+W

Erp = %cowcos&, Epr = %(Sin 0 +ctgp —cosh), &, = %(ctggocos&—sin octgp)

(4) formulalardan foydalanib kuchlanish tenzori komponentalarini topamiz

i
Oy = ﬂ[Zsin (pCoSO + Cf)s'g 4+ 58 _(osm 6]+ 218N pCos o,
sing sing
)
Cpp = ){Zsin (Cose + CPSQ 898 .gosm 0
sing sing
2 i 2 .
O = }L(Zsin @CoSO + CPSQ + cos .goSIn a}r Zy(—c_osg +sin (0C089+—COS .gz)SIn 9),
sing sing sing sing

O\, = HCOSQCOSO, T, = u(sind+ctgp—cosh),  o,, = ulctgpcosd—sindctgp)
Adabiyotlar

1. «MexaHuka CIUIONIHOW Cpelsl B MpHUMeEpax M 3ajadax» . YdeOHoe mocobwue.
Y.I'V. Ceepanosck, 1979 r.

2. Wnptomua A.A., Jlomakun B.A., [lImakoB A.Il. 3agauum U ymnpaKHEHHUS IO
MEXaHHKHU CIUTONIHOM cpenbl. - M. : U3n. MI'Y, 1973 r.

3. Meiiz. [Ix. Teopust u 3aj1aui MEXaHUKH CILIOIIHOM cpenbl.- M.: Mup, 1974 r.

4. Cepnos JI.U. Mexanuka criomHoi cpeasl. - M.: Hayka, 1973 r. B 2-x Tomax.

5. Uneromun A.A. Mexanuka cruiomHo# cpeasl. - M.: U3a-Bo Mock. yH-Ta, 1990.
-310c.
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Dekart koordinatalarida

2 2
1 U=~ u,=-2— u,-=
y+2 X+ 2
2. U, =YXy -2 y-2-X
S x Y x4+ T 24y
X3 y2
3V :y2+22’uy:_7’uzz
2 2 2
4, U, =2 u, =2 u,=7
y+z X+ Yy X+2
X3 y2 ZS
5. U,=>,U,= U,=—"—
y X+2 X2 +y
yx2 Zy2 _ 22
O U= e Yty
yz y? X2 + y?2
7. 0,=Y U, = u, =
X+ 2 X+ 2 X+Y
2
8 UX:y_’Uy yZ,UZ_ﬁ;
X
9 UX=ﬁ1Uy=X21Uz=ﬁ;
z z
2
10 UX:X_1uy:Xy1UZ:£;
z y
110, =2 u, =2 u,=¥%;
z X
12.U _Xy §] _ﬁ :E
X ZZ’ y 22’ z X2 !
AT T S AT
X 22’ y 22’ V4 Xz 3
14y =Yy Xz ¥
. X X y y yzi z 72
15'UX:ﬁ1Uy=ﬂ1UZ:£;
z X y

5—-MUSTAQIL ISH VARIANTLARI

Silindrik koordinatalarda

. r2
U, =rcosp,U, =rsing,U, = —cose
z

U,=rsinp,U, =rcosep,U, =-rcose

r2

U, =rshp,U, =rcose,U, =?c05¢
U, =rche,U, =rsing,U, =rcose

U, =rsinp,U, =-rchp, U, =zsing
U, =rsin2e,U, =rsin2¢p,U, = 2c0s? ¢

2
U, =rche,U, =Z—COS(0,UZ =rCosg
r

rz . z2
U, =—sin2p,U,=—cosp, U, =zc0s2 ¢
z r

. z2 z2
U, =rsin?p,U, =—cosep,U, = —Cose
r r

rz .
U, =—sinp,U, = rcose,U, = 202 ¢
z
rz
U, =rcos2p,U, = (r +2z)cose,U, = —sing
z
U, =(r+z)sinp,U, =rcos?p,U, =rcose
z2 ) . rz .
U, =|r+—(sinp,U, =rcosp,U, =—sing
r z

. r?2 .
U, =rsin2p,U,=—cosp,U, =-zsin2 ¢
z

2
U, =r—c05go,U¢, =rsin2 @, U, =(z+r)cosep
z

30

Sferik koordinatalarda

U, =rsingsing,U, =rsinpcosd,U, =rsind

U, =rsingcosd,U, =rcosgsingd,U, = rcose

U, =rsingcosd,U, =rcospsing,U, =rsindcose
U, =-rsinpcosd,U, =rcos?p,U, =rsinfdcose
U, =rsin2¢,U, =rcosgsind,U, = rshdcose

U, =rcosecosd,U, =-rcosepsind,U, = rcos? ¢
U, =rcos?2e,U, =rcosesingd,U, = —-rsinz 0

U, =-rcos?6,U, =-rcospsind,U, = rcosdcose
U, =rsinpcosd,U, =rcos? psing,U, = —rsingcose
U, =rsin2p,U, =rcos?p,U, = —rcosdcose

U, =rshgcosd,U, =rcosesing,U, =rsinfdshg
U, =rcos?0,U, =-rcospshd,U, = -rsinfdcosg
U, =-rsin20,U, =rcospshd,U, = —rsinfcose
U, =rshpcosd,U, = rchepsing,U, = rshdcosg

U, =-rcos?¢,U, =rcospshd,U, =rsin2g



_yz? _xzy . x? _ o z2 _re
16 UX—F,Uy 7,UZ—7, Ur_rch2go,U¢,_TCOSgo,Uz_7shgo
2 2 2 rz . . .
17-Ux=%,Uy=%,UZ=XZy—2; Ur=?smgo,U¢=rsm2§o,Uz=zsm(p
2 2 2 . r2 2
18 Ux=%,Uy=yZi2, ﬁ%; Ur=r5|n2¢>,U¢,:—c03¢>,Uz=Z—smgo
Z r
X z3 X3 22 r2
19.u, U, =—,U,==; U, =rchp,U, =———cosp,U, =—shg
Xy zy r z
2 3 2 2 2
20.U, X ,UyzyT,UZZ)Z(—, U,:(I’-r—jsin(p,u(p:Z—COS(p,Uz=r—Ch(0
y z r z
2 2 2y\2 2 2
21.UX=&2,Uy=%,UZ=XZZ X Ur=r75in(o,U¢,=ZCOS¢,UZ=%C05(p
2 z X . 2
22.U, =y7,Uy _yy’ U, =—7y, UrerIn2¢,U¢:rC052(p,UZzr?COS(o
XZy X2y2 y222 r2 . ZZ r2
23.U, =—,U, =— , U, = ; U, =—sing,U, ==chep,U, =—cos
72 y 73 X3 7 (D @ r (0 z 7 ¢
Xy yZ y2 22 r2
24.U, = U, =2=,U, = ; U, =rshep,U, = —cose,U, = —co0s2
z+y 7 X Z+X P =P =T 14
3 2 2
25.UX—Xy,U - u,=2~ ; U,:Z—singo,u =rcos2 ¢,U, =—zC0s¢@
227 y24z2 X+Y r ?
Xy _ X3 _ y2
26.U, __’Uy_y2+22 Y X+1
3 2 2 2
27.U, = 2X — Uy = y _— ; Ur=r—singo,U¢:—rsin2(p,UZ=zsin(p
y2+12 X+12 Z+y 7
X2 z2 y? : rz . 22
28.U, = U, = U, = ; U, =rsinzgp,U, = —sing,U, = —chg
y+1z X+Yy X+12 z r
Xy X2 +y? y2 +122 r2 rz .
29 U= Uy == U =2 = U, =—cosp,U, =rcostp,U, =—sing
2 2 2 2 2 2 2
30.U, =% ;Z : y=y IZ U, =2 Ur=—I’Sing0,U(p=r—COSZgo,Uz=r—Ch¢)
r z
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U, =-rsingcosd,U, =rcos? psind,U, =rsin2 dcose
U, =rshgcosd,U, =-rcos ¢,U, =-rsingcose
U, =rsinpcosd, U, =-rcosesind, U, =rsin?
U, =rshgpchd, U, =rch20,U, =rsindcos g
U, =rcos26,U, =-rcos? ¢, U, =-rsindcos¢
U, =-rsingcosd,U, =-rcosepsind, U, =-rsinz
U, =rsinpcosd, U, =rcosesind,U, =rsindcose
U, =rsinpcosd, U, =rcosesind,U, =rsindcose
U, =rsin2g,U, =-rcos?2 p,U, =rsin2 g

U, =rsinpcosd, U, =rch2psind, U, =rshdcos ¢

; U, =zsin2¢,U, =rcosp,U, =r(cosp-sing) U, =-rsin2 g, U, =rsh20,U, =rshdchy

U, =rcos20,U, =rcosesind, U, =rsin2 g
U, =rsinpshd, U, =-rcos? gsing, U, =rshdcos ¢
U, =rsingcosd, U, =r(chp—shd), U, =rsin dcos ¢

U, =rsingcosd, U, =r(cosp—sin 8), U, =rsin 0cos ¢



6 — MUSTAQIL ISH
MAVZU: SUYUQLIKLAR UCHUN ASOSIY MUNOSABATLARGA DOIR
MASALALAR
Reja
Tezliklar maydoni;
Uzviylik tenglamasi;
Tezliklar maydoni uyurmasi;

Tezlanishlar maydoni;

o &~ W npoE

Navye-Stoks qonuni;

Asosiy tushunchalar

Tezliklar maydoni koordinatalar va vaqtdan bog’liq bo’lsin. Tutash muhitning

berilgan tezliklar maydoni uchun uzviylik tenglamasi quyidagicha bo’ladi

dp I
——+ pdivwW =0
at ”

Sigilmaydigan suyuglik uchun esa
divw =0

Bu tenglama Dekart koordinatalar sistemasida ushbu ko’rinishni oladi

oV
a—p+VXa—p+Vya—p+Vza—p+ 6VX+ y+6VZ =0
ot OX oy oz OX oy oz

Sigilmaydigan suyuglik uchun

oV, oV, oV,
+ + =0
OX oy oz

Silindrik koordinatalarda

Lop apu.r) apY,) a(pu.)
ot or op oz

Sigilmaydigan suyuglik uchun

=0

16U,r) 10U, oU,
— + — +
r or r Oop oz

Sferik koordinatalarda
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1)

(2)

©)

(4)

()

(6)



5 .
r2sin (paﬂ+sin (err—Lra(pU(p Sin ¢)+rapu6’:0 (7)
ot or op o6

Sigilmaydigan suyuqglik uchun

1oU,re), 1 dU,sing) 1

: L 9% g (8)
rz. or rsin g op rsing 06
Tezlik vektori uyurmasi Dekart koordinatalarida
POk 9
wo=trov =12 <2 2 ( )
2 2|o0x oy oz
VvV, V, V,
Silindrik koordinatalarda
w=trond - (200 Hog (N Pl 2] oV | 10)
2 2|\ r op oz oz or r or op
Sferik koordinatalarda

- oV
w="Lroty = 1 i(vg sinp)——2 |6, + 10 1 v, o)
2 2rsing |\ Op

1(_ éﬁl[a(r\/w)_avr]ée}(ll)
o6 r\sing 06 or r or

op
Tezlanish vektori komponentalari Dekart koordinatalarida

_V Ly Y

a b ox; (12)

a;

Silindrik koordinatalarda

Vv V2
a Ny Ve Vo Ve, N V2

ot o r ép oz r'
a, - oV, v ov, +\iav¢, v, ov, +V,V¢, ' (13)
ot or r op oz r
\Y,
a, = ov, LV, ov, +_(,,6VZ v, oV, :
ot or r op oz
Sferik koordinatalarda
2 2
a, _ oV, Ry oV, +Vi%+ \_/9 NV, VZ+Vy ,
ot or r op rsing 060 r 14
a, = ov, v ov, +vlavq, N \(3 ov, +V,V¢ —V;ctgw’ ( )
ot or r op rsing 06 r
a, = oV, ny oV, +\Q oV, N \(9 oV, +V,Vg +ctgeV,V,
ot or r op rsing 06 r

Deformasiya tezliklari tenzori Dekart koordinatalarida
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oV, v, oV, 1(oV, OV,
B =—— w — € = ' exy =eyx | =t '
OX oy oz 2\ 0y oX (15)
1(eV, oV, 1(ov, oV,
exz =eZX=_ +— aeyz :ezy__ —+
2\ 0z  OX 2\ oz oy
Silindrik koordinatalarda
oV, 10V, V, oV, 1oV, 0 LV(,,J
v = v €= +—, €, = , 28, =~ +r—| —|,
or rop r oz r op or\r (16)
v, 1oV, oV, oV,
2e,, = +—-——, 2e,= +
oz r Op or oz
Sferik koordinatalarda
oV V, ct ov, V
e”=%, W;l_‘/’ \L’ 00 = 1 %‘F\i“' 2 g(/),Zenp:laVr +_(ﬂ__(p,
or rop r rsing 66 r r r op or r (17)
oV
%, - Ny , 1 v, —\ﬁ, 2%, - 1 o 1V, Vg
or rsing op r rsinp 06 r op r
Navye-Stoks gqonuni
Pij =—Pg; +/19ijdiV\7+2ﬂeij (18)
. . . . 2 2 2
Masala Berilgan tezliklar maydoni V :(AX sin a)t,By coswt,Aisin a)tj uchun

z X

tutash muhit zichligi o’zgarishini aniglang, uyurma vektorini, tezlanishni va kuchlanish

tenzori komponentalarin aniglang.

Yechish Zichlikning o’zgarishini topish uchun uzviylik tenglamasidan
foydalanamiz. Tezliklar maydoni divergensiyasini topamiz

oV
OV +—2 +8VZ _ 2AX sin a)t+@coswt+&sina)t¢0

OX oy oz y z X

divv =

Demak, muhit sigilmas ekan.

(9) ga ko’ra tezliklar maydoni uyurmasini topamiz

Qo =

i j
2 . 2 . 2 .
o 9 _1fBy coswti+AZ sina)tj+Bisina)tk
X oy 2\ z2 X2 y?2
2 2 2
AX sin wt Bicosa)t Az
z

sin wt
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tezlanish vektori komponentalari

Ax?2 2A2x3 . ABX .
= wcoswt+ sin2 @t — ——sin 2wt

y y 22

2 2y3 2
a, B wsina;t+28 y cosZa)t—ﬂsianot
z z? 2X

X

Az2@ A2z2 . 2A272
= cos wt — SIn? ot +
X y X2

sin2 wt

z

Deformasiya tezliklari tenzori komponentalari

2AX . 2Ay 2Az . X2 .
e, = —Ssinwt, e,, =——=coswt, e,, =——sinot, e, =e, =— sin wt,
y Z X 2y2
Az2 . By?
e, =€, =— sinwt, e, =€, =— y cos wt
2x2 272

Kuchlanish tenzori komponentalari

pXX:—p+/1[&Sina)t+@COSa)t+&Sina)t]+4'UAXSina)t,
y z X y
Py =—p+/1(&sin a)t+@COSa)t+&Sin cotj+wcoswt,
y z X z
pzz:—p+1(&sina)t+@coswt+&sina)tJ+4'UAZsina)t,
y z X X
2 2 2
pxy=_'“AX sin wt, pXZ:—'uAZ cos at, pyZ:—”Ay sin at,
yz X2 72

6 - MUSTAQIL ISH VARIANTLARI
Berilgan tezliklar maydoni V = (v, )uchun Dekart, silindrik va sferik koordinatalarda
tutash muhit zichligi o’zgarishini aniglang, uyurma vektorini, tezlanishni va kuchlanish
tenzori komponentalarin aniglang.

2
1. V,=AZ—sinwt,V, = A sin wt, V, = AY sin ot;
X X z

2 2
V, =-Arsingsinot,V, = AL cos? psinwt,V, = Al- chgsinwt
z z

V, =Arsingpcosfsinwt,V, = Ar (cos<o—sin 0)sin wt, V, = Ar sin 6cos ¢ sin wt
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2 2 2 2
v :ﬁ1vy:x +y ,szy ver
tz tz X
r2 r rz .
Vr:ECOSgD,Vw:?COS ¢,VZ:ESIn(p

V, = Arsin pcos @sin wt, V, = Ar(chp—sh@)sin ot, V, = Ar sin 6 cos ¢ sinwt

X2 22 y2
R T Y Ay
(y+z)t "7 (x+yh (x+2z)

. . rz . z2 .
V, = Arsin2 psinot,V, = A7smgpc03a)t,Vz = ATchgosma)t

V, = Arsinpsh@coswt,V, =—Ar cos? gsin @sin wt, V, = Arsh @ cos ¢ cos wt
X3 . yz . .
V, =A sinwt,V, = A sin wt, V, = sin wt;
y2 +22 X+2Z zZ+y

2

rz . r . z .
V, =—sing,V, =——sin2 ¢, V, =—sin
z o Ty 4 7

V, = Arcos? #sinwt, U, = Arcospsin dsin ot, U, = Arsin2 gsin ot

r

Xy X3 y2
Vy=-2 v, =X v, = _;
* tz' 7 (yz+z2) (x+2z)

= Azsin2 psin wt, V, = Ar cos gsin ot, V, = Ar(cos ¢ —sin ¢)sin wt
V, =—Arsin2 gsinwt,V, = Arsh2@sin ot, V, = Arsh@chgsin ot

X2y X3 z2
V = 1V = 3 sz—;
tz2 Yoo (yz+z2 )t (x+y)

Az?2

V, = sinpcoswt, V, = Ar cos? pcos wt, V, =—Az cos ¢ Cos mt
V, = Arsingpcos@sin wt,V, = Arch?¢sin 8sin wt, V, = Arsh @ cos ¢ sin ot

Xy yz y?
V, = v, =Y v, = :
(z+yr' 7 t(z+x)

. z2 . Arz2 .
V, = Arshgsinat,V, = A—cosgsinat, V, = ——cos? g sinat
r z

V, =Arsin2 gsinat,V, =—Arcos? gsin at, V, = Ar sin2 gsin ot

X2 X2 2 272
v, 2 XY o XPyE o, yEzE
tz2 tz3 txs3

2

V, = sing, v —Zch \Y —ﬁcos
r =g SineV, = -che, V, =+ »
V, =Arsingpcosdsinat,V, = Ar cos g sin gsin at, V, = Ar sin 6 cos ¢ sin ot
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2 3 3
V=2V, =2V, =
ty txy tzy

V, —Lch V ——Zcos V —ﬁsh
r t P, @ tr P, z tz (24

V, =Arsingpcosdsinat,V, = Ar cos g sin gsin at, V, = Ar sin 6 cos ¢ sin ot

3 2 3
v, =Xy Yy P
tyz tz txy

2 2 2
V, = A(r-r—jsin psinat,V, = AL cosgsinwt,V, = Ar chesin ot
z r z

V, = Arcos? gcos at, V, =—Ar cos? g cos at, V, =—Ar sin £ cos ¢ cos at

_ yx2 yZZ _X2y2 .
V, = o Vv V, =

z

" e 3
rz . . r2
V, =Esmgo, V, =Azcosgsinat, V, ZECOS§D

V, =—Arsinpcos@sinat,V, =—Arcospsin dsin at,V, =—Arsin2 gsin ot

y

. . . r2 .
v, =Y v, Y2y XV, = Arsin? psinat,V, = Arcos? gsinat, V, = A— cosgsinat
xt Xt zt Z

V, = Arsinpcosédcosat,V, = Arcospsin @cosat, V, = Ar sin 8 cos ¢ cos wt

i . Arz . .
V, = Arcos? psinat, V, = Ar +z)cos gsinat, V, = ——singsinat
z
V, = Arshpcos@cosat,V, = Arcos¢sin & cosat, V, = Ar sin 8 shg cos at

X2y XY o, _yz?.

V, = o

otz Ytz

V, = A(r+2z)sin pcosat, V,, = Ar cos? ¢ cos at, V, = Ar cos ¢ cos at

V, =Arsingpcos@sinat,V, = Ar cosgsin gsin at, V, = Ar sin 8 cos ¢ sin ot
2 2 2
Vx = Xy 1Vy = Xy , Vz = ¥z >
tz? tz2 tx?2

2

722\ . . . Arz . .
V, = A(r+—jsm psinot,V, = Arcosgsin ot, V, = sin @ sin wt

r
V, =-Arsin2 gsin at,V, = Arcosgsh@sin at, V, = —Ar sin 8 cos ¢ sin ot

r
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16.

17.

18.

19.

20.

21.

22.

23.

V, =Arsin2 pcosat,V, =

2 2 2
_yz ,Vy:XZ,VZ:yX;
tx2 ty 2 tz2
Ar?2

:ﬁavy:ﬂl Vz _7;
tz tx ty

2

Y, :%cosw, V, = Arsin? gsinat, V, = A(z+r)cos gsin at

Ar?

she cos at

COS @ COS aX, V, =—Az Sin2 ¢ CoSs wt

V, = Arshpcos@sin at,V, = Archgsin gsin at, V, = Arsh @ cos ¢ sin ot

V, =—Arcos? gsin at,V, = Arcospsh@sin at, V, = Arsinz gsin ot

=—Arsingpcos@dsin at,V, = Arcos? ¢sin #sin at, V, = Ar sin2 6 cos ¢ sin ot

2 z X
:y—,vy:y—, VZ :—y;
tx tx tz
2
= Arch2¢pcosat,V, = cosgcosak, V, =
_zy? _yz? _Xy? Vo = Ar?
k2 DY w2 T tz2

= Arshgpcos@sinat, V, =—Ar cos psinat, V, = —Ar sin 6 cos ¢ sin ot

_BE oy YXE o X2V, = Arsin? gsinat, V, =

Ctx2 DY tzz Tt tye

y2 Z2 X2
==,V zi’vzzi;
xt ' t(x+2) (z+y)

Ar?

= Arsinpcosat,V, = Ar cospcos at, V, =—Ar cos g sin ot

cosgsinat, V, =

= Arsin pcos@cosat, V, =—Arcosgsin gsinat, V, = Ar sin g sinot
X2 y2 zZ2
=y Vy =~ v Ve =
(y+2) (x+2)t (x+y)t
. . . Arz .
V, = Arcosgsinat,V, = Arsingsinat,V, = cos g sin wt

V, =Arsingsin@cosat,V, = Ar sin g cos & sin at, V, = Ar sin 6 cos at

= Arsinpcos@sin at, V, = Ar cos g sin 8 cos at, V, = Ar cos ¢ sin et

X3 y2 zZ2

=—,V, = , VvV, = ;
(yz+z2) '’ tz ty

= Ar shpcosat,V, = Arcospcosat, V, = Ar

38

2

COS ¢ COS it

r

2

. sinpcosat, V, = Arsin pcosat, V, = Az singcos at
z

sing sinat



24,

25.

26.

217,

Vi

v,

r

= Arsinpcos@sin at, V, = Arcosgsin @sin at, V, = Ar sin 8 cos ¢ sin et

X2 z2 y2

= Archgsinat,V, = Arsin gsin at,V, = Arcosgsin ot ;
=—Arsingpcosé@cosat,V, = Arcos? gcoswt, V, = Ar sin @ cos ¢ cos ot .

X3 y2 z3
=X v, =L v, 2 ___;
VR ¥ xz+yon

= Arsingpcosat,V, =—Archpcosat,V, = Azsin pcos at .

= Arsinz gsinat ,V, = Arcosgsin @sin at, V, = Arsh@cos ¢ sin at

_yx? 7y’ 22

T2 e Z:(x+y)t;

= Arsinz ge-t,V, = Arsinz pe-~t,V, = Azcos? pe-t.

i)

= Arcospcosfe—t,V, =—Arcosgpsinde-t,V, = Arcos? pe-«t

_X2ty?

yZz y?
:—!V =7 Vz_—1
O o(xwzx T (x+zk (x+yh

2

= Archgpcosat,V, = Az

oS @ cos ak, V, = Ar cos ¢ COS ot

V, = Arcos? psinat,V, = Arcosgsin gsin at, V, =—Ar sin2 gsin at .
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