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BBeaenue

IlocTranoBka 3aaun: BreinyckHas kBanupuKanuMoHHas padoTa MOCBSIEHA

OJIHOMY M3 pa3/leJIOB TECOPUM YHUCENT — TEOPUH IUO(DAHTOBBIX YpaBHEHUU, HX
pElIEeHUI0 METOIaMU TeoMeTpur uncelsl. PaccMoTpenue quodaHTOBBIX ypaBHEHUN
YaCTHOTO BHUJA C LEIbIMU M PallMOHAJbHBIMU DPEIICHUSIMU — Haubojee Ba)kHas
yacTh JaHHOW pabotel. Bce paccMarpuBaeMble ypaBHEHHUS  SIBISIOTCS
KJIIACCUYECKUMHM M KaXJ0€ M3 HHUX Wrpajo BaXHYI pOJIb B HCTOPUYECKOM

Pa3BUTUHU 3TOM 00J1aCTH TEOPUU YUCE.

AKTYaJbHOCTh_TeMbl: CTaHJapTHas 3ajaya W3 3JIEMEHTapHON anreOpbl

OOBIYHO TPUBOAUTCS K CHUCTEME M3 JIByX YpaBHEHHU C Tpemsi HEU3BECTHBHIMU.
UeTtkast mnepcnektuBa Tnepuoga (opMupoBaHUS IUO(DAHTOBBIX ypaBHEHUU
npeacrapieHa A.Beinem, C.Jlenrom, WM.BuHorpamoBeiM, u T.n1. B Hacrosimiee
BpeMst IMO(PaHTOBBI ypaBHEHUS MPOJAOJKAIOT U3YUYaThCsl, TPU 3TOM MOJHAS TEOPUs

pa3zpaboTaHa JUIIb JJIsl TUHEHHBIX YPaBHEHUIA.

Iean u 3apaun: B paGote uzyuaroTcs ciaeayronme 3aaaun:

* IlpencraBieHue J1r0OOTO HATYpaJlbHOTO YHWCIa B BHJIE CYMMBbl KBaJpaTOB

OEIbIX YHUCCII.
° HSyquHe OCHOBHBIX TCOPEM I'€OMETPHUH YUCCII.

* PaccMoTpenue AMO(aHTOBBIX YpPaBHEHUN YAaCTHOTO BHAA C LEIbBIMU U

palMOHAIbLHBIMU PEIICHUSIMU — HauOoJiee BaXKHasl YaCTh JAaHHOU paboThl
* IlpumeHeHre U3YYEHHOU TEOPUHU K PEIICHHUIO TUO(AHTOBBIX YPaBHEHUM

Hayunoe 3Hayenme: OOHUM M3 IEHTPAIBHBIX B TEOPUHM THO(PAHTOBBIX

YpaBHEHUM SBISIETCA BOIMPOC O TOM, KOTJda YKCIO PEIICHHH KOHEYHO, U O
HaxO0XXJICHUU B 3TOM ciydae 3(P(EKTUBHON T'paHUIBl JJIsI KOOPAUHAT PEIICHUM.
Bomnpoc 00 3¢ dhexTuBHOCTH yAQIOCH PEHIUTD JIMIb JjIsl 4acTHOTO BuAa. [loatomy
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BCSIKO€ TPEJICTABICHUE pElIeHUs AUO(PAHTOBBIX ypaBHEHHU 3(PEKTUBHO HMEET

HAy4YHOE 3HAUECHUE.

Hay4yHo-ucciie1oBare/ibCKue Meroabli: B pa60Te HCIIOJIB3YIOTCSA MCTObI

anre6pLI H IrcoOMETPpHUH 4YUCCII, MCTOAbI PCIICHUHA CpaBHeHHﬁ, MCTOAbI PCHICHUA

YPaBHEHH.

IIpakTHyeckoe 3HavYeHHe PadoTbl: MeToapl pemieHus AUOPaHTOBBIX

ypaBHEHHH U UX 3(PPEKTUBHOCTH CBA3aHBI C BOMPOCAMH MPEACTABICHUS YHCEN B
BUJE CYMMBI JBYX, TPEX M YEThIPEX KBaJIpaTOB LEJbIX 4HcCeld. Pe3ynbrarsi,
MPUBEJICHHBIE B pabOoTe MOTyT HAWTH MNPUMEHEHHE B Pa3IUYHBIX 3aJadax

reoMETpPpHUH 4YUCCII, TCOPUHU YUCCII.

Conep:xkanne padoorbl: Pabota cocTouT W3 BBEICHHS, TpPEX TIJIaB, CEMHU

naparpagoB, 3aKIIOUECHUS U CIIUCKA UCIIOIB30BaHHOM JIUTEPATYPhI, COAEepKAIUN 5

HAaUMEHOBAHUU.

Bo BBemeHun OOOCHOBBIBa€TCSI TeMa, JdaeTcs 0030p JUTEpaTyphl,

(hopMyIHUpYIOTCS LIS U 33]1a4d U KPATKOE COJIep>KaHUe TEMbI paOOTHI.

B HGpBOfI ri1aBC JaHbl OCHOBBI ICOMCTPHUH YHCCII: PCHICTKH, ITOAPCIICTKH U

nux 6aSI/ICBI, a TaK)KC OCHOBHBIC TCOPEMBI I'COMCTPHUH YHUCCII.

Bo BTOpoll TaBe OMUCHIBAIOTCS KBaJApaTHUUHbIE (POPMBI U UX CBS3b C

peIIeTKaMHU.

TpeThst raBa MPENICTABISIET CAMOCTOSITEIbHYIO YacTh Pa0OThl, U3y4arOTCS
nuodaHTOBbl ypaBHEHUs. B 3Toil TaBe, Ha OCHOBaHUU H3YYEHHON TEOpUHU,

PELICHBI CIEAYIONIME 3aa4N:
1) PemieHo HeonmpeaeieHHOE YpaBHEHUE
x4 —21x + 110 = 13y

PemenueM ypaBHeHUs OyoyT CHCTEMBI



{x1= 10 + 13t

y, = 13t3-¢
x, =11+ 13t
vz = 13t3 4+t

2) JlokazaHo, 4TO YpaBHEHUE HEpa3pelIuMo B LIENbIX YHCIIax.

3) Pewmnth B LEeNBIX YKCIIaX ypaBHEHHE

4x — 9y +13z=7
JIJ1st 3TOTO ypaBHEHUSI TIOTYUNUM PEIICHUS
Z=7-4X -3),>

y=16x + 13y -28,>
X = 49x + 30y -84,
e X uV- MPOU3BOJILHBIC IIEJIbIC YHCIIA.

4) PemieHo B palluOHaJIbHBIX YHUCIAX YpPaBHEHUE

Pemenuem YPAaBHCHHUA ABJISICTCA LCJIOC YUCIIO -3,



I''TABA I. OcHOBbBI reoMeTPUH YHCEJ

§ I.1. PemieTku, nmogpemieTKM U UX 0a3uchl

I'eometrpust uymcen cdopMupoBaiaCh C BBIXOJAOM OCHOBOIIOJIAraroIIeH
MoHorpaduu I'. MunkoBckoro B 1896 rony, rae noamMe4aioch TO 0OCTOSITENLCTBO,

YTO HEKOTOPBIE MPEJIOKEHHUSI TOYTU OUYEBUIHBI MPU PACCMOTPEHUH (PUTYD B

M — MepHOM €BKJIMIOBOM IPOCTPAHCTRBE.

OCHOBHOW M THUIHUYHOM 3aJadell TeOMETPUU YHCENl SIBIsSETCS 3aaada o0

apudmermueckom Muaumyme ME) gexoropoit neficTBUTENEHOM ByHKIMH

Fd= Flx,.x,....x)

[pu ostom mox ™MFI-  ponmmaercs TodyHas TpaHMIA —3HAYCHHS
(byHKm/H/IF (X); xorma X mpobGeraetT Bce IeNble TOYKH, YIOBIETBOPSIONINC

HEKOTOPOMY JIOMOJIHUTEILHOMY YCIOBHIO (Hampumep X # 0 ),

['eomeTrpus uucen 0a3upyercs Ha TeopeMe MUHKOBCKOTO O BBIITYKJIOM TEJE,
KOTOpasi IAaeT CBA3b MEKIY «T€OMETPUYECKMMM» CBOWCTBAMU — BBIIYKJIOCTBIO,
CUMMETPUYHOCTBIO, 00BEMOM M  «apuU(METHUYECKHMMH  CBOMCTBaMU» -

CymeCTBOBAHUCM BO MHOKCCTBE HGHOﬁ TOYKH.

B at1oit pabote OyayT U370KEHBI TEOPEMBI O PA3PEIIMMOCTH AUOPAHTOBBIX
YpaBHEHUH B IEJIBIX YUCIaX, JOKa3aHHBIC MPU MOMOIIHA T€OpeMbl MUHKOBCKOTO O

BBIITYKJIOM TCJIC.

n
BeKTOpbl 71 —MEpHOro mpoctpaHcTBa R OylleM 3amuCchIBaTh

CTOJIOLIOM, T.€.



X =(x,...x ).

1. Muoxectso A:AZ" (detA;tO) OyzeM Has3blBaTh pEIICTKOM , T
A —HeBbIpOXKIeHHas Matpuna, . Ecomm A=1[, TO pemieTtka Ha3bpIBaeTCs
IJIABHOM M 3amnMchiBaeTcss A, :Z", T.e., TIaBHas pEIIETKAa COBMNAJAECT C

MHOKCCTBOM LCIIOYHCIICHHBIX BEKTOPOB U3 R".

Benuunna d(A) = |det 4| HasbiBaeTcs 06beMOM peretkn A .

Jlemma 1. Bce aBTOMOpdH3MBI MHOKECTBA Z'° COBMAJAET C MHOXKECTBOM

LEJIOYUCIIEHHBIX YHUMOAYISAPHBIX MaTpull, T.e. EZ" =Z" torma m Tompko TOTHA,

Korjzaa E - HCJIOYHCICHHAA YHUMOAYJIApHAdA MaTpula.

Jloka3zaTeabcTBO. [TokaxeM, 4To eciu
EZ"=7", (I.1.1)

To E - memodnclieHHas YHUMOIYJsSpHAs MaTpuia, W oOpartHoe, eciu £ -

LETIOUKCIICHHAs] YHUMOAYJIApHAasi MaTpulla, To BeinoyHseTcs ycnosue (I.1.1).

ITycte BbImONHseTcs ycnosue (I.1.1) u snemeHt e, € £ He LENOe YUCTIO.

Bo3bmeM BekTOp z € Z", y KOTOPOro I —OW KOOPIMHATOU ABIsETCS 1, a OCTambHbIE

KOOpAMHAThl Hynu. Torma j-as KoOpauHaTa BEKTOpa z, = EZ €CTh JJIEMEHT e,

mo3TOMy z & Z". DTO MPOTHUBOPEUYUT ToMmy, uTto EZ" =Z". CnemoBatenbHo, FE -

OCJIOYHCIICHHAA MaTpulia.

Hanee, moxkem cuutaTh, uTo det £ # (0. B mpoTUBHOM cirydae MHOMKECTBO
EZ"=7" He umeno OBl n-TUHEHHO HE3aBHCHUMBLIX TOYEK, T.€. BCE TOYKH
MHOXecTBa EZ" =Z" nexaiu Obl B MPOCTPAHCTBE pa3MEPHOCTU MEHBIIIECH YeM 7,

9YTO HEBO3MOKHO.



W3 pasencrBa EZ" =Z" Boitekaer Z' =E'Z". Orciona, 1m0 TOILKO YTO
JIOKa3aHHOMY, MaTpuua £E~' Takke IelaoducieHHas. W3 1e104UCIeHHOCTH

matpurt E u E”' cienyer, uto E — yHUMOAYJISpHAsS MaTpHIIA.

OOpatHoe, mycTh [E  -IeJOYUCICHHAS  YHUMOJIYJISApHAs MaTpHIIa,

tornaEZ" c Z", orcroma cneayer, uto 1= f(&). Korma E mnpobGeraer Bce

IEJIOYKMCIIEHHBIE YHUMOAYJSPHbIE Marpuilbl, To E~ Takke mpoberaer Bce

LIEJIOYHCIICHHBIE YHUMOYJISIPHBIE MAaTPUILIBL, IOdTOMY EZ" =Z".

Teopema 1. Ilycts B ™ — mepHoM mpocTpaHcTBe R™ 3ajmaHa peruerka

. n . !
A:AZ", rne A - marpuunsiit 6asuc pemerku. J1s TOro, 4to0sl Martpuia A

Obuta Oazucom pemeTku A HEOOXOAMMO M JTOCTaTOYHO, YTOOBI CyIIeCTBOBajia

HCJIOYHCIICHHAA YHUMOAYJISIPHASA MaTpula E, 9TO A =AE .

Joka3zaTejbcTBO. Heobxooumocmeo.

PaccMOTpUM /1Ba MHOXECTBA, KoTopele coBmanat: A'Z" u AZ". Eciu Ha
. L4l
5TH J[Ba MHOXECTBA MojelcTByeM Marpuneil 4 cieBa, TO HONYyYUM MHOKECTBA

-1 n
AT A'Z" wm Z'. DTm MHOXKECTBA COBIIAJAIOT, MO3TOMY IO JemMMme | marpuia

-1 41
A" A = E —uenouncnennas v yaumonynspuas, T.e. A'= AE

Jocmamounocme.

Paccmorpum  muoxectBo  A'Z" = AEZ" rpe  E - ynumonynspHas,

n n
OCJIOYHCIICHHAA  MaTpula. I[Io nemme I: EZ" =7 , CICAO0BAaTCIBHO

A7 =AEZ" = AZ"  Teopema nokasaHa.

Pemerky A MOXHO 3anucaTh B BUJIE:

A:(alzl+a222 +.ta,z |a €l i=12,..n )



Zy5.++sZ, —cTon61bl MaTpuLbl A, T.€.

A=(2,,2,,...2,)

. n
2. Ecin kaxpmas touka pemerku M 1 BZ", d (M )?5 0 ssmsercst Toxe
touxoii pemerkn A, .e. M C A, 10 M nHaspBaercs noxpemrerkoii pemretku A.
Teneps chopMyaHpyeM U JOKaKEM TEOPEMY, KOTOPas CBA3BIBAET OA3MCHI

pemietkn A ¢ 6a3ucoM ee MOIPENIETKH.

Teopema II. [lnsg Toro, 4roObl MHOXECTBO M  OBUIO HOAPEIIETKOM
. n s
pemerkn A:AZ" HeoGxomuMo M JOCTATOYHO CYIIECTBOBAHHE IENOUYMCICHHOM

marpunpsl B (det B 7&0) taxoit, uto M:ABZ".
Jloka3zaTeabCTBO. /[ocmamounocme.

BosbMmeMm mpou3BonbHbIA onement Y w3 M, t.e. Y, =AB =Ax, €A, rne

xeZ", x,=Bx,€eZ", B-—uenouncnennas MatpuIa, ciefosarensio M A

Heobxooumocms. Tlycte M C A —pemerka, Torma M wumeer Bum:

M:CZ",rne C - 6a3uc peutetku M .

Kaxnpiii cronben matpuiibl C pacCMOTPUM Kak 71 — MEPHBIM BEKTOD, T.€.

C=(v,7,..7,).

U3 ompeneneuus M cneayer, uto Y,,Y,,....Y, € A. Torna u3 onpeaeneHus

A caenyer cymiectBoBaHHe BEKTOPOB Y,Y,,...,Y, € A TakuX, 4TO UMEIOT MECTO

paBEHCTBA:



Ax, =Y,

Ax, =Y,
] . WA A(xl,xz,...,xn)z(YI,YP...,YH)
Ax, =7,

re. AB=C, rge C — yenouncnennas Matpuna, cienosarensno, M:ABZ",

Teopema nokaszana.

3. Lenoe uuncio

,_d(M) _ (det 4)(det B

d(A) (det 4)

) = ‘det B‘

Ha3BIBAETCS MHAEKCOM mojpemerkn M B pemerke A\ .
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§ I.2. OcHOBHBIE TEOpeMbI T€OMETPUM YK CeJI

Onpenesienne. TouyeyHOe MHOXKECTBO 7  HA3bIBAETCS KOMITAKTHBIM, €CIIU

Jr00ast MOCIeI0BaTeIbHOCTD ToueKk X; € I’ comep KHUT MOCIICI0BATEIIBHOCTD

YS :er (Zl <ZZ <)

CXOJIAIIYIOCS K Mpeaeny B 7.

limY =Y'eT

§—>0

["'oBOpAT, YTO MOCIICIOBATEILHOCT BEKTOPOB X, (r = 1,2,...) CBOJISITCSA K BEKTOPY

X, ecin lim(X, — X,)=0 B 0GBIYHOM CMBICIIE.

Teopema 1. (Banxdeanar) Iycts m — HatypanbHOe yncio, A —pemerka
¢ onpenenurenem  d (A), a I —ToyeyHoe MHOXECTBO 00beMa V(T )

(nomyckaetcs cayuaii V(I')= o). [Ipeanonosxkum, 4ro 1méo
V(T)>md(A) M
JIN00 KOMIIAKTHO U
V(T)=md(A) @

Torga Hauayrces m+1  TakuX pas3IMYHBIX TOYEK X, X,,..., X, €1, YTO BCE

pasHocTH X; —X; comepkarcs B A.

Jloka3zateiabcTBo. IIycThb b,,b,,...,b, —TIpOU3BOILHEIH 0a3uc pemeTkn A, a

P —00001IeHHBIN apajUieNenue, T.€. MHOKECTBO TOUEK BH/IA:
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Yb + Vb, +..+Y,h, (057, <1, 1<, <n)
Torma oObemM P paBeH:
V(P)=(det(b,,b,,...b,))d(A)  (3)
Kaxnyto Touky Z mpocTpaHCTBAa MOKHO IIPECTABUTH B BUJIE:
Z=u+v,rne ueh, veP
IpUYEeM 3TO IPCACTABIICHUC OJHO3HAYHO, I/I6O TOYKH PCHICTKH UMCIOT BU:

Yb+Y,b,+..+Y Db,
npu nensix 1, Ys,....Y,.

Iycte ue A, uepes R(u) Gymem 0603HAYaTh MHOXECTBO TOUEK v C

YCIIOBUEM

veP, v+ueTl.

OuyeBUIHO, YTO JJIs1 00HEMOB V(R(u)) 3THUX MHOXECTB CIPABEIMBO PABEHCTBO:

> ViR =v(T) (4)

uelA

[IpeanosioxuM Tenepb, YTO BHIIIOJIHEHO MEPBOE YCIOBUE, & UMEHHO
V(T)>md(A)
Torna u3 paBeHcTBa (4) BBITEKAET CIIEIYIONIEE HEPABEHCTBO:

> VAR(u)} > md(A)=mV(P)

uel

12



BBujy TOro, 4To BCe MHOXecTBa R(u) comepxaTcss B P JOJKHA HAHTHCH 110

KpaitHeil Mepe ojJHa Touka V, € P npuHagnexamas M + 1 MuoxecTBam Buna:
R(u) CkaxeMm V) € P (u i )9 (1 <Jj< m+1), rae U4;  pasauyHble Toukd. Torpa

O ONPEICIEHUIO R(u) TOYKH Z; =V +u j HaXoHOATCs B T, pUYEM

eA
=0 (i = )

DTUM JOKAa3aH NEPBBIN CIIy4ald TEOPEMBI.

HpeI[HOJ'IO)KI/IM TCIICPb, YTO BBIIIOJHCHO BTOPOC  YCIIOBHUC. HYCTI)

£, (1 <z< OO) [IOCJIEOBATENBHOCTD YnCel, npudeM lime, =0. Jlna kaxgoro z

MHO>KECTBO (1 té, )T TOYEK (1 + ¢, )z ,rine z€T wuMmeeT 0YEBUIHO 00BEM

(1+& Y V(T)>V(T)=md(A).
CJ'ICI[OB&TGJIBHO, B CI/IJ'Iy TOJBKO 4TO AOKA3aHHOTO, HaﬁI[YTCH TaKUC TOUKU

z,e(l+e )l (1<j<m+1)

9TO CKaXEM

eA

u(i9j):Zir_er iO (]il) (5)

BeimenuB mnoaxondmum o0pa3oM M3 3aJlaHHOW  MOCJIEA0BATEIbLHOCTH

MIOJITIOCTIEIOBATEILHOCTH (KOTOpBhIE 0003HAYNM TEMH K€ MHICKCAMHM), Mbl MOXKEM,

HE OorpaHHM4YMBasd O6H_IHOCTI/I, npearoiararb, qTo BCC npcaciibl

limz, =z, (I<j<m+1) cymecrByior. 3aech Zj — MOANOCIEAOBATENHHOCTD,

OTBCHAKOIIHNC BI)I6paHHI)IM MOCJICIOBATEIBHOCTIM €,. .

13



Tak kak npeamnosiaraercs, 4ro 7 — KOMIAKTHO, TO TOYKH z, HAXOAATCA B T .

Torpa B cuity paBeHctsa (5)

z; —Z} =limu, (i, )

E—>0

Ho toukm U, (l,] )EA. DTO 3HAYMUT, YTO HAYMHASI C HEKOTOPOrO MecTa

TOukHu U, (i, ]) HE 3aBHCAT OT ¢, T.€. U, (i,j)zu'(i,j)_

Takum oOpa3om, MbI pa3oOpanu BTOpPOMl ciaydail TeopeMbl. Teopema

MOJTHOCTBHIO JTOKA3aHa.
Teopema 2. (o0ob6mennass  teopemMa  MwunkoBckoro)  Ilycthb
S — CUMMETpUYECKOE MHOXKECTBO C 0OBEMOM V(S ) u A\ —pemerka c

ompenemurenem d(A). Ecin V(S )2 d (A), TO MHOXkecTBO S + S conepxur

TOYKH peHIeTKH A , KpoMe HaJaa.

Hoxazamenvcmeo. 1o yCI0BHIO TEOPEMBI V(S ) >d (A), TOT/1a 10 TEOpeMe
Baux(elbaTa MHOKECTBO O  CONEPKHT APy Pa3IHUHBIX TOUeK Z(>Z, € S , T.K.
S — cUMMeTpHYecKOe MHOKECTBO, TO BMECTE C Z, MHOKECTBO O COICPKUT H
— Z,, IO3TOMY, IIO OIPEHEICHUIO CYMMEI S+ S touxa Z, —Z, NOpUHALIEKUT

S +S§ . Teopema noka3ana.

Teopema 3. (TeopeMa MUHKOBCKOTO O BBIITYKJIOM TEJE).

HYCTB S — CUMMCTPHYCCKOC OTHOCHUTCIBbHO Ha4dajla KOOPAWHAT BBIITYKJIIOC

TOYEUHOE MHOXECTBO € O0BEMOM V(S) (Bo3mMoxkHO OeckoHeuyHoe). IlycThb

m—uenoe uhcno, a V —pemetka ¢ ompexenuTenem  d (V) [TycTh

V(S)>mz"d(A), mbo S — xomnaxtroe muoxectso u  V(S)=mz"d (A),

14



Torza O CONCPKUT MO KpaWiHehW ™mepe /M map pasiaduHblX TOYEK

tu, (1<j<m+1) pemerxku A, e coBnagaromux c 0.

1
Jokazamenvcmeo. Ilpumernnum TeopeMy biauxdenbara Kk MHOXKECTBY ES ,
1 1
COCTOAIIYIO M3 TOWEK - Z, T €S . Ee o0bem Oyner paseH X V(S ) Torna

1 .
HalayTcs m + 1 pasaM4HBIX TOYEK 5% € ES , (I<j<m+1) uro

1 eA
—2z,—Z,

270 =0 (j=i)
Yopsa0ouuM BEIISCTBEHHBIC TOUKH, CUHTAS Z; > Z, > ...

Ecnu nepBas, oTnuyHast OT HyJIsI KOOpJAWHATA TOUYKU Z; — Z, TMOJIOKUTEIIbHA

HE yMaJIsisi OOITHOCTH, MOKHO CUUTATh, YTO

Z, > 2, > > 2,

IHonoxum

Torma, oueBumno, uro Bce touku O,%u,,Fu,,..*fu,  pasmuuner.. Ho

-z, ,€8, Tk Z,, €S u MHOKecTBO S cuMMerpuyHo. CIeI0BaTeNbHO,

1 1
u;= E(_ Z; )+ E(_ Z,,,+1) €S, B cuny Bemyknoct . Teopema IIOJIHOCTBIO
JOKa3aHa.

W3 3T0i1 TEOpEMBI HEMOCPEACTBEHHO CIIETYET
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Teopema 4. Ecnu S — MPOU3BOJIBHOE MHOXECTBO, a 1 BBINYKJIOE H

OCHTPAJIBbHO — CHMMCTPHUICCKOC MHOXKCCTBO, IIPUICM:

TCO
k=1

S=8.

| =

TO MHOXECTBO S COJEPKUT TOUYKY (OTJIMYHYIO OT Haudaja) Jro00i TOUYKH A ¢

onpenenurenem d (A) =27V (T )

Loxazamenvcmeo. g MHO)ecTBa T BCE yCJIOBHS NPEABIAYIIEH TEOPEMBI

BBIIIOJIHAIOTCA, IMIO3TOMY MHOZKCCTBO T COJCPIKUT TOYKY PCHICTKHU A, OTJIMYHYIO

or mavama, Te. 0#zeA nu zeT . Tlo YCJIOBUIO T€OpPEMBI I .S, 3HAYUT

zeS.

N3 storo cienyet, 4To

1
—S
Z€2 (6)

Ecnu k=1, To Teopema gokazaHa, ecinu k =1, To u3 (6) cieayert, 4To kzeS.
ScHo, uTO k z spasercs TouKoit peleTKH, T.K. z€ A . Teopema J1oka3aHa.

Teopema MuHKOBCKOro (0 TUHEUHBIX (hOpMax).

[lycTh 3amana cucreMa JTMHEUHBIX HOPM:

fl(x): apXx, +tapx, +--+a,x,

fz(x): )X, +a,x,+--+a,x,

f, (x): a, x,+a,,x,+--+a,x

nn n
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U IOYCTb 0< ‘ det (al.j} < CC,...C, . THE det (Clij )— OIIpEACIUTEIIb CHUCTEMBI,

C,C,...C, NI000€ MOJOKUTEIBbHOE YUCIO. Torma CymecTByeT LEJI0€ YUCIIO MpHU

KOTOpOM 6yz[eT BBIITOJIHCHO:

Hloxasamenvcmeo. Paccmorpum pemerky A AZ " roe A MaTpUIa

CHCTCMBbI

a;; ap, dp a,

Qy Ay dy a,,
A= (al.j):

anl anZ an3 ann

n
MHO0xkecTBO AZ HUMEET BUJ

apXx, tapx, +---+a,x, fl(x)
Ay X, + apX, + - +a, x, fz(X)

A : AZ” = Ve $= W
L anlxl + an2x2 te Tt annxn y L fn (x)

PaccMoTpum MHOXECTBO BuIa

17



Vi

<c,

P(clcz"'cn):< ;yz $‘yl‘£cln.yn

\,

J

OTO MHOXECTBO BBIITYKJIO U CUMMCTPHUYHO.

V(P(cc,---c,))=2"cic, ¢, >2"

det 4 =2"det 4

CHCI[OBEITGJIBHO, 10 TCOpPEMCE MUHKOBCKOTO O BBIITYKJIOM T€JIC MHOKECTBO

P (6162 : "Cn) COJEPKUT HEKOTOPYIO TOUKY M3 PEILETKH AN:Axy, x,#0,

qTo

‘fl (xo)( S ¢

Teopema noka3aHa.
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I'naBa I1. KBagparuunbie (popMbI U UX CBA3b C pellIeTKAMU

§.I1.1. KBagpaTuunbie popMbl

KBanpatuunas opma OT # nepeMEeHHBIX UMEET BU/T

X
X
fn(x)zlz bijxixj:(xlrxzr-”rxn)B ;2 , TIe,
<i<j<n :
x}’l
b11 blz 1n
B= (b )_ 21 bzz b2n
ij)—
bnl an bnn

T
b, =b,,1.e. Matpuia B cuMmeTpuuecKast (BT = B), X' = (prza---axn).

®opmyna OuHapHOU KBaApaTUYHOW QoOpMbl (OT ABYX TEPEMEHHBIX)

3aIUIIETCS B BHIE
_ 2 2
/s (x) = by, x; +2b,x,x, +b,,x;

Onpenenenne 1. ®opmy f(x) Ha3BIBAIOT OIpEENEHHON, €CIH MPH BCEX
3HAYEHUSIX NEPEMEHHOM OHA HE MEHSET 3HaK, T.€. BCErla MOJIOKUTEIbHA WIIH

BCCrAa OTpULATCIIbHA.
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KBagpatuunas hopMa penieTku 3anuiiercs B BUJIE:

FA)=£2(x)+ £ (x)+t f2(x)=(4X) AX = X" 4" AX

rac
( I
a.x +a,x, +..+a x fi(x)
a,x, +a,x, +..+a,x, ] £ (x) &
RSO A:AZ" =] ceeeeteteintiiiinainennannn
ax +a,x, +.+a X £ (x)

20



§ I1.2. CBs3b KBagpaTHYHBIX GOPM C pelIeTKaMu

Onpenesenne 1. MHOXECTBO G c R" Ha3bIBA€TCSI CHMMETPUYHBIM

(OTHOCUTENBHO Hauala), €CIM BMECTE C TOYKOM x OHO COAEPXKHUT U TOUKY —x.

Onpenenenne 2. MuoxecTBo G:{x:+y:}, Ie x:,y:HE3aBUCUMO APYT OT
Ipyra npoOeralT COOTBETCTBEHHO 3JIEMEHThI MHOXECTB G, u G,, Ha3bIBaeTcs

CYMMOH JIByX MHOXeCTB G, U G,, 3aIIUCBIBAIOTCS B BUJIE:
G=G, +G,

Jlemma 1. Ecmu G, u G, —cUMMETpUYHBIE MHOXKECTBA, TO G, +G, Takxke

CUMMCTPHUYHBIC MHOXKCCTBA.

JlokasaTtenbcTBO. PaccCMOTpUM MHOXKECTBO
G=G +G,:{x:+y:

roe G {x :}; G{y :}

Iycts z=x,+y,€G,

rne x;, €G, y€G. Tak xak MHOKkecTBa G, U G, CHMMETPUYHBI, TO

—X; €G, —y €G toraa no onpeseICHIIO CyMMbI HMEEM

(_ X ) + ( — N ) =—z € G | Jlemma nokaszana.

Omnpenesienne 3. MHOXECTBO G — R” HA3bIBACTCA BBIMYKJBIM, €CIH IS

MOOBIX TOYEK X,,%, € G 1 M060ro yncna A(0< A< 1) BBIIIOJTHSETCS
A X, +(l—ﬂu)x2 G,
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Jemma 2. Eciu G, G, —Brimyknsie MHokecTBa, G; + G, Takske BhIIyKIOE

MHOXECTBO.

JlokasatenbcrBo. Ilpeamonoxum npotusHoe. Ilyets G+ G, —ne

BBIMYKJIO€ MHOKECTBO, T.€. CYIIECTBYIOT Takue Touku Z, u Z, uz G, +G,, uro

JUISL HEKOTOPOI'O Yucia A(O <AL 1) HUMEET MECTO COOTHOIIICHUE:
AZ +(1-1)Z, ¢ G +G,
[To onpenenennro cyMmbl MHOXECTB G, U1 G, UMeeM
Ly =X+ N Ly =X, + ),
rie X,X, € Gy, y,,», €G,.
Tak kak G, u G, —BBIIIYKIO€ MHOXKECTBO, TO
A X, +(l—ﬂu)x2 eG uly 4—(1—&))/2 eG,.
Otcrona u u3 onpeneseHus 2 BEITEKAET, YTO
AZ+(1-2)Z, =2x, +(1-A)x, + Ay, +(1-A)y, € G, +G,
A 5TO NPOTHBOPEYUT HALIEMy IIPEINoNoKeHHIo, cienoatensHo G, + G,

BBIITYKIJIO.

Onpenenenne 4. MuoxectBo 7:{X: OyneM Ha3pBaTh II0J0OHBIM
MHOXeCTBY S:{y:} ¥ mucath T" S, €CU CYIIECTBYET TAKOE BEIECTBEHHOE YUCIIO

A>0 M TO4YKa Z € R", 4TO
T=7Z+AS.

Teopema 1. Ecinu Beimykisie nonoOHble MHOkectBa T:{%:} m S:{y:}

umeroT 00bembl V(T) u V(S), To MMeeT MeCTO COOTHOIIEHHE:
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V(r+8)=(1+A)V(S)= G + 1jn v(T)

Omnpenenenue S. /[Be Touku Y,,Y, € R" Ha30BEM CPAaBHUMBIMH 110 MOJIYJIIO

A u3amumeM Y, =Y,(A), ecnu ux pasHocTs Y, —Y, €A
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I'nasa II1. InopanToBbl ypaBHEeHUS
§ II1I.1. OcHOBHBIC IOHATHS

JlnohaHTOBBIMH ypaBHEHUSIMU HA3bIBAIOT ypaBHEHUE, KOTOPOE JIOJHKHO

OBITH PEUICHO B OCIIbIX YHCIaX.

Hu omna wu3 oOnacteil Teopuu YHMCEd HE CTaJIKUBAETCA C TaKUMHU
TPYAHOCTSIMU, KaK Teopus Au0o(daHTOBBIX ypaBHEHHU. C MOMOIIBIO PA3IUYHBIX
HWCKYCCTBEHHBIX IPUEMOB YCTAaHOBIEHO  MHOIO PE3YJbTATOB, CBSI3aHHBIX C
OTJENbHBEIME YPAaBHEHHSAMH Bua X- +Vi=n  x*- Ny*=1 yrg , HO BeCbMa
3aTPYJHUTEIBHBIM SIBJISIETCS. OOBENMHUTH ATU PE3YJIbTaThl B OOIIYI0 TEOPHIO.
WNuorpa ynaercst co3aaTh OOIIYIO TEOPHIO, CBA3AHHYIO C HaWJICHHBIM PEIICHUEM,
Pa3yMHO OOBSCHSIONIYI0 BO3HUKHOBEHHE HTOTO PELICHUS U TOKa3bIBAIOIIYIO,
HACKOJIbKO HaWJeHHOE pelnieHue MOXHO 0000uuTh. Ho BHYTpeHHHE TPYIHOCTHU
MpeaMeTa HACTOJIBKO BEIMKH, YTO 00JIACTh NMPUMEHEHHUS TaKOW TEOPHH OOBITHO
OueHb orpaHuueHa. Ecnu monyuaercss pa3BUTh JOCTAaTOYHO TIIYOOKYIO TEOPHUIO
nro(aHTOBBIX YpPaBHEHUW  CHENUAIBHOTO BHUAA, HAINPUMEP, TEOPHIO

KBaaAPaTHUYHbIX (bOpM, TO TakKasd TCOPHUS BBIACIIACTCA KaK CaMOCTOATCIIbHAA.

CymiecTByeT HECKOJIBKO  AMO(PAHTOBBIX  ypaBHEHUW, JIOMYCKAIOIIUE
AIIEMEHTAPHOE UCCIIEA0BaHUE, I/I€ BO3MOKHO yKa3aHbl 00IIME TEOPUH, CBA3AHHbBIE

C 3TUMHM ypaBHEeHHsIMU. Hanpumep, ypaBHeHUE
x: _I_.-'}_rﬂ =Z=|

OTO ypaBHEHHE HHTEPECOBAJIO TPEUECKUX MaTEMaTHKOB B CBs3U Cc TeopeMoit

[Tudaropa, u ero obuiee pemenue gan EBknua;

[Mocne pa3nencHus ypaBHeHHE HA £7, TOTyYHM
G +6)
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OTta 3aJada CBOAUTCA K HAXOXKIACHHUIO PCIICHHA B pallMOHAJIBHBIX X u Y , IIC

X * Y Y
Tz, z,Te. X+¥Vi=1

Vi=1-X=0-X)1 +X)

(14 X)f

( Y )’ 1-X
ITonenus ero Ha ,momyanm 1+ X 1+X
(rx) =
Tenepsb eciiu 3aMEHUTH 1+X , TO ,TO X u
1-t* 2t
X = - Y= .
Y 6ynyr parmonansaeiMu GyHKIEsIME oT T 14t* 1+t3

O peuwienuu HeonpeoeleHHbIX YPAGHEHUIL.

JlnodaHTOBBIM ypaBHEHHUEM Ha3bIBACTCS alredOpanvyeckoe YypaBHEHHE C
IBYyMs1 WK 00Jie€ HEU3BECTHBIMU C LEIbIMU KO3 (PUITMEHTaMU, PEIIEHHE KOTOPBIX

HUIOCTCA B OCJIBIX WIH PAllMOHAJIbHBIX YHUCJIAX.

Hanpumep, ypaBHeHne  umeer pemieHue * = 7,y =4 Boobme e ero

pEIICHUAMHU CIIY>KaT LeJible Yucia Bujga + = 7 +sn, y=4+3n

B Hacrosimiee BpeMs CBEOCHHS U3 3a7ad PEIICHUS HEOMPEICICHHBIX
ypaBHEHUN (HOpMYIUPYETCS Tak: nycts pAaHo M MHOrouieHos or 7
nepeMeHHsbIx, M <1, O Koo s XD s frn O Xaa e X) ¢ kOB OBUIEEHTAME

3 Hexotoporo moms K . TpedyeTcsi HATH MHOECTBO M(K) pcex panuoHaIbHBIX

L{][xl,x., S'r:n]— 0
(e, X0 s Xr) = O (1)

25
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U ONPENENUTh €ro anredpandeckyro cTpykTypy. [lpu stoM pemenue (. ... xP)

x®eK
HA3bIBACTCSI pAllMOHATIBHBIM, €CIIU BCE Vi :

MmuoxectBo M) pasymeercs, saBucut or mons K . Tak, ypaBHenue
X*+Y*=3 me nMeeT HM OJHOTO pPALMOHAIBHOLO pEIIeHHS B mole ¢
PALIOHATBHBIX YHCENI, HO HMEET OECKOHEUHO MHOro pemrenuii B mone C&3) e,

B MHOKCCTBC YMCCJI BUAA a+ bﬁ, rac a u b— pairOHAaJIbHBIC YHCJIA.

HanGosee BaxHBIM IS TEOPHH YHCe SBISIOTC ciydan korma 1) K =0Q
rne @ — mone parmonansuex uncen, win 2) K ects mone BeiueroB mo npoctomy

Momymio P .

JuodaHT paccmaTpuBall NEpBbIM U3 ATUX cliydaeB. B nanbHelimem Oynem

BCCraa CUHUTATh, 4YTO K = Q . OFpaHI/I‘II/IMCH PaCcCMOTPECHHUCM TOJIBKO 3THX 3aJad

JluodanTta, KOTOpbIE CBOASTCS K OAHOMY YPaBHEHHUIO C ABYMSI HEM3BECTHBIMHU, T.€.

K crydato M = 1, n=az
fa.yI=o

D10 ypaBHEHHE ONpedelseT Ha TockocT R? anrebpamdeckyio Kpuyoo [ .
PanmonanbHoe pemienne (2) OyaeM Ha3bIBaTh pallMOHANIBHON TOUKOM KpuBoil [ . B
nanbHEneM Hepeako OyaeM mnpuberatb K S3bIKy reoMeTpuu, XoTa Juodant
HUTJE ero He npuMeHsieT. OTHAKO TEOMETPUUECKUH A3BIK CTall B HACTOSIIEE BPEMs
CTOJIb HEOTHEMJIEMON YaCThI0 MAaTEMATHUUYECKOTO MBIIIJIEHUS, YTO MHOTHE (DAKTHI

OyJleT Jerye noHATh U OOBICHUTH C €ro MOMOUIBIO.

[Ipexnae Bcero HeoOXOAMMO J1aTh KaKyloO-HHOYIb  KIACCU(PUKAIUIO
ypaBHEHHU (2) uim, 4To TO XKe, anredOpanyeckux KpuBbix. Hauboiee ecTecTBeHHOM

1 paHee BCETO BO3HUKIIEH SBIISIETCS KiIacCU(pUKAIUI UX 1o mopsakam. [lopsakom
KpHUBOH (2) Ha3bIBA€TCS MAKCUMAJILHBIN TOPSII0K WICHOB MHOTOWICHA fO.y rre

nojJ TMOPSAKOM 4YJICHOB TIOHMMAaeTcss cymma creneHed mnpu * u V.

26



FCOMeTpI/I‘IeCKI/Iﬁ CMBICJI JTOro IIOHATHA B TOM, 4YTO IIpsAMas ICPCCCKACTCA C

KpuBoii mopsimka ™ poBHO B ' Toukax. [Ipu mojacuere Todyek Hal0, pazymeeTcs,
YUYHUTHIBATh KPATHOCTH TOUEK NMEPECEUEHUN, U TAKKE KOMIUIEKCHbIEC U «OECKOHEYHO

yaaneHHele» (cM. manmee) TOYKHM. Tak, HanmpuMep, OKPyXHOCTH X°+V* =1 gy
npsmass X +Y =2 pepecekaroTcs B JBYX KOMIUICKCHBIX TOYKax, a THIepOoia
X*-y*=1 pyupamas ¥V=X—- B JIBYX OECKOHEUHO YyNallEHHBIX TOYKaX, Ta K€

runepoona ¢ npssmMod * = 1 pmMeeT oJHy OOIIYI0 TOUKY KPaTHOCTH 2.

Opnako, s weneid auodaHTOBa aHaiM3a (Takoe HAa3BaHUE IMOTy4yuiIa
00JacTh MaTEMATUKHU, BBIPOCILIAS U3 3a7a4 PELICHUS] HEONPEAEICHHBIX YPAaBHEHMIA;
BIIPOYEM, TEHEPh €€ Yallle Ha3bhIBaIOT JUO(AHTOBOU reoMeTpuei) Kiaccudukarus

0 TOPSIKaM OKa3ajach CIUIIKOM IrpyOoH.

F& —

Hanpumep, 1mycTh JaHa OKPYKHOCTH (cM. puc.l.) c: X* +) 1 u mobas

TpsIMasi ¢ PalMOHATBHBIMU Koddduimentamu, Hampumep, L: ¥V = 0 | TlokaxeM,
YTO PAlMOHAIBHBIE TOYKH 3TOM OKPYKHOCTHM U MPSAMON MOYKHO IOCTaBUTHh BO

B3aMMHO OJHO3HA4YHOC COOTBCTCTBHUC.

DTO MOXHO CHIEJIaTh, HAIIPUMED, TaK: 3aKPEMUM TOUKY A0,-1) OKPYKHOCTH
Y TIOCTaBHUM B COOTBETCTBHE KaXKJOW pAIMOHATIBHOM TOYKE B MPSIMOM L TOUYKY
B, OKPY>KHOCTHU C , JIEKAN[yl0 Ha TEPECEUCHUU C u pSIMOU AB To, 4dro

!
KOOPpAHWHATEI TOYKH B 6yI[YT paluOHAJIbHBIMHA, IIPCAOCTABUM aAHAJIOTHYHOC

noKazaTenbcTBO y Juodanra.
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N

O‘IGBI/II[HO, qTO TaKo€ K€ COOTBCTCTBHC MOXHO YCTAHOBUTb MCIKAY

Puc.1.

pannOHAJIbHBIMH TOYKaMM JF000Tr0 KaHOHUYECKOT'O CCUCHHUA, €CJIM HAa HEM JICKHUT

XOTs OBbI OJTHA pallMOHAJIbHAS TOYKA, U PAIlMOHAIBHOMN MPSIMOI.

MBI BHAMM, Y4TO C TOYKH 3peHHs quodaHOTOBA aHAIM3a OKPYKHOCTE C 1

npsamas L HCOTIINYKUMBI; MHOXXCCTBA UX pallMOHAJIbHBIX pCHICHI/Iﬁ OKBHUBAJICHTHBI.

N 5T0 HECMOTPS HA TO, UTO MOPSIAKA 00OUX KPUBBIX PA3IHUHBI.

bonee ToHKO# sBIseTCAs KiaacCHUpUKAIMSA alreOpamvdecKux KpPHUBBIX 10
ponaM, koTopas Oblia BBeleHa Toiibko B XIX Beke AOemem um Pumanom. DOta

KJIacCU(DHUKAIUS YIUTHIBAET YUCIIO OCOOBIX TOUeK KpuBoit I .

bynem cuutath, yTto B ypaBHeHMHM (2) KpuBoil ' MHOTOUNEH fa.
HENPUBOAUM HAJ MOJEM pPAlUUOHAIBHBIX YHUCEN, T.€. OH HE PACKIaJbIBACTCS B

MPOU3BEICHIUE MHOTOUJICHOB C pallMOHAIbHBIMU Ko3dpunmentamu. Kak usBecTtHo,

ypaBHeHHe KacaTeabHOM K kpuBoii I B Touke £ &as Va? Gymer
Yoy, =kl —x,),
rae
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Ecmu B Touke P npomssommas fr wmm fy ornmuama or HYJIsl, TO YTJIOBOH
kodbduument K KacaTeqpHONH HMeeT BIOJHE ONpPENETCHHOE 3Ha4YeHHe (CiH
! ' r =

fx(.10)#0 | g fy(Xo. Yo) 0 10 k== M KacateiapHas B L Ooyner

BEPTUKAIBHOM).
Ecnu B Touxe P 06e gacTHBIE HPOM3BOIHEIC OGPALIAIOTCS B HYIIb,
Fulbov =0 u fylaye) =0
to Touka £ HaswBaeTcst 0COGOIA.

Hanpumep, y xpusoiit ¥* = X* +x* pouka (0,0} Gyner oco6oii, T.x. B Heil

fr=-2x-3x* 4y [y = 2V o6pamarorcs B Hy”®.

Haubonee mnpocteiM u3 AMO(PAHTOBBIX ypaBHEHUU SBISETCS HEOIMPEIEICHHOE

ypaBHEHUE TIEPBON CTEMEHU C ABYMS HEM3BECTHBIMH, UMCIOIIIHI BU]T
ax + by =c ,roe 4, b u C - sanannbie nensle umcia.

Ecm (a,b)=1 , TO YpaBHEHHE MMEET IIeJIble PEIIeHUs, KOTOPbIE B 00IIEM BUJE

3aMMCHIBAIOTCS TAK :

X =x, + bt Vv =y,-at
I TIPH OTPULIATETHHOM P y106HO Gpath:

x =x,-bt y=1v+at

B stux ¢opmynax pemenus X1 u ¥Yi-mapa 4acTHBIX HENbIX 3HadeHuit X wu YV,

YAOBJIETBOPSIIOLINX YpaBHEHHIO, W [ —  NPOU3BOJBHOE LEIOE YHUCIIO.
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Ecm (@, D) =d >1 4 € ye penures ma 4. 1o ypaBHEHHE HE UMEET PEIICHUI B

OCIbIX YHCIAX.

B Teopumn HeomnpenereHHbIX YpaBHEHHM MEPBOM CTENEHU HW3BECTHBI HECKOJIBKO
criocoO0OB OTHICKAHMSI MAPbl YACTHBIX 3HAUCHUI HEU3BECTHBIX, YIOBIETBOPSIOIUX

YpaBHEHUIO.

[Tpu momMoIu cpaBHEHUM, HAITPUMED, ITa [Mapa YaCTHBIX 3HAYCHUN HAXOIUTCS TaK:
UCXOJs W3 ypaBHeHus &X + by =c , 3aIUChIBaeTcsd cpaBHeHHe OX =C (mod b],

rac b 6epeTcs1 CO 3HAKOM IIIIFOC, 3HAYCHUC X , YAOBJICTBOPAIOIICES CPABHCHMUIO,

Oepercd B KauecTBe Xi, a 3HAUCHHE OOBIYHO HAXOAMUTCS HEMOCPEICTBEHHO

IIOCJIC IIOACTAHOBKH B HECT'O HaﬁﬂeHHOFO 3HAUCHUS X1 .

§III.2. Meroabl reoMeTpHMHM YHCEJ sl pPelleHus JAU0PAHTOBBIX

YPaBHEHHH

Teopema Jlazpansca o uemsipex Keaopamax.

Teopema: Bcesikoe HaTypanbHoe ™ MoXeT OBITh MPEICTABICHO B BUAE CYMMBI

YCTBIPCX KBAAPATOB LCJIBIX YUCCII
m=ul+ul+ul+ul (*)

SIcHO, YTO NOCTATOYHO J10Ka3aTh CYIECTBOBAHUE MpeacTaBieHus (*) nuib aJis

OeCKBaJIpaTHBIX YHCEIL.

Bocnone3yemcs cinenyromen 1eMMON U1 JOKa3aTENbCTBA TEOPEMBI:

b

Jlemma: Jlng mo6oro npocroro p Haiiayrcs takue uensie &p u Yp takwme, uto
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a3 +b3 +1=0(mod p)
Tlokazateaberso: EcmuP =2  todp =1 Dbp=0

Ilycte P mpocroe HeyeTHOoe unciio. O4YeBHIHO, YTO YHCIIa

(1

MOTIAPHO HE CPaBHUMBI MEXITy co00i mo moxaymto P . OTcroma BBITEKAET, 4TO U

quciia

w1125, -1- P21 2

TaK ke MOMapHO HE CPABHUMBI MEXIY 000 1o Moayio P .

CyMMapHOe  KOJMYECTBO  YHCEN,  NPUHAIeKAIINX OTUM  JIBYM
HOCIIE0BATENBHOCTAM paBHO P T 1 | uTo mpeBhIIaeT 00IIee KOJIUUECTBO KIaCcCOB
BBIYETOB MO MOIYHI0 P . 3HAUUT, Cpeiln HUX, B3SATHIX B COBOKYIMHOCTH , €CTh IO

MEHBIIICH Mepe JIBa YKCIIa, CPABHUMBIC MEX Ty CO00M 1o MOoAyIio P .
3HauuT, Ip¥ HEKOTOPLIX & u by

a3 = —1 - bi(mod p). 3)
9TO U TPeOYEeTCS YCTAaHOBHTb.

Hycts ™ =P1Pz~Pg rpe Pl = 1,2, ... 4 pasnuunsie mpoctbie uncina.

PaccMoTrpum  pemerky  LENBIX  TOYEK U=(U,.U.U..U,)

KOOPAWHATBI KOTOPBLIX YAOBJICTBOPAIOT CpaBHeHI/Iﬁ

Uy = ap U, + by U,(mod p;)
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U, = ap U, - by U(mod p;) (4)

i=12,...g Dmum Toukm 06pa3ylOT  pemeTKy, O00bEM  OCHOBHOTO

napamienenuneaa kKotopod d(A) noTunHEH OLIEHKE

dN<pip; -Pg
BBeneM B pacCMOTpeHHE YETHIPEXMEPHBIH IIap

X2 4 X34 X34 X2 <2m

Ero o6vem paBen

| ey’ HCPAaBCHCTBA OUYCBU/IHEBI

3HAYMT 110 TCOPEMC MUHHKOBCKOI'O O BBIITYKJIOM TCJIC HaﬁﬂeTCH pPeHICHUC CUCTCMEI

cpaBHeHuil (*), ormuyHoe ot HyneBoro pemrenus (0, 0, 0, 0) Takoe, 4TO
(5)

Ho B cuny (3) u (4)

Uz + Uz + Ug + Uz = (ad, + bj, + 1)Uz +(ap, + b, + 1)Uz = O(mod p;).

i=12,..g

Orcrona crienyer, 4yTo

ui+us+ui+ui=0(modm)

DTO CpaBHEHHE BMECTE C HEPABEHCTBOM (5) U JJOKA3BIBAET , UTO

m=u; +1i+us +u;
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HpeIICTaBJIeHI/Ie YUcCJga B BUJI€ CYMMBI TPEX KBaJApaToB

Bompoc o ToM, KakuM yCIIOBHSIM JOKHO YAOBJIETBOPATH HATYpaJIbHOE YHUCIIO ',
JUISL TOTO, YTOOBI €ro BO3MOXKHO OBLIO NPEACTaBUTh B BHUAE CYMMBI TpexX
KBaJpaTOB LIENbIX YUCeN, ObLI pelieH ['ayccoM, KOTOPhIA YCTAHOBWII CIAEAYIOUIUN

pe3yJbTar.

Teopema. HatypanbHoe uucino ' mpeacraBuMo B BUAE CYMMbI TPEX KBaApaTOB

OCIbIX YHUCCII TOTAa U TOJBKO TOraa, Koraa OHO HC UMCCT BU/J
(1
rac k u I LOEJIbIC HCOTPHUIATCIILHBIC YHCJIA.

Joka3zaTejbcTBO. HeoO6XoaumMocCTs.

[Ipenmnonoxum, 4To CyIIECTBYET TAKOE HATYPAJIbHOE YHUCIIO BH]IA c [Z0 y

k= 0. koropoe sBnseTCS CyMMOM Tpex kBaaparoB. [Iycts ' HanMeHbIIEE YHCIIO

TaKOT'O BHJIA:
n=a*+b*+ct
Eciu cpenn uncen @-D.C ects x0Ts1 GBI 01HO HedeTHOE , TOrIa CyMMa

a*+b*+C* umeer BUI , UTO HE COINACYETCS C MPETONAraeMoil popMoii uncna
" Ecim cpenw uncen @-D.C npa mewetnrl, a TpeTwe wetHoe, TO A%+ Db* +C?
MMeeT BUI — OMSATh He moaxoaut. Ecium Bee uncia @.b.C  peweTHwl, TO HX

CyMMa MMEET BHJ , a 3TO MPOTHUBOPEUUT Mpeamnoioxenuro. Mrak, Bce U- b.c

JOJIZKHBI OBITh YETHBIMU

a=2a b=12b; c=z2c
* b

1!

rome ;- b, - ¢, HEKOTOPBIC IICJIbIC YHCIIA.

n_ b-1{8k+7)

=4 =a?4+h?ycl
3HayYuT 4 1+ Ui+
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Ho 3T0 mpoTuBOpednT mpeanoiioxeHuto, uto 1 HamMmeHbinee ynciio Buma (1) ,

MMpCACTaBUMO B BUAC CYMMBI TPCX KBAJApPAaTOB.

Hoctatounocts. Utak, ™ He umeeT Buma . Jlokaxkem, uto " mpencraBisieTcs: B
BHUJIE CyMMBI TpeX KBAJpaTOB IENBIX 4YHceNl. Bcskoe HartypaibHOE dYmcio 't

(er

MOYKHO 3amucarh B Buge 't=hn

rae 1 - GecKBaJpaTHOE YKCIIO, HA3bIBAIONIEECss OECKBAIPATHOM YacThIO uncna
O4eBHIHO, YTO €CAM M MPeNCTaBiIETCA B BUAE CYMMbI TPEX KBAIpaToB, TO U 1

npejacTaBisercs B TakoMm Buje. C Ipyroi CTOpoHbI, eciid ' He uMeeT BUaa , TO U

M’ He MMeEET BHIA .
B camom nene, npeanosnoxuMm, 4ro
n =48k + 7)
Tak kak ™ GeckpaapaTHoe umcio, To [ =0. re.

n=s8sk+7

ITyctb n' = EII.(M"” T 1) , TOr1a ?’1( L _ 4’:1(81\'” + 1)

(0w

‘T Lo
U 3Hayut , M =" =48k +7) g poTHBOpEUHE C MPE/MOTOKECHHEM.

Htak, MOKHO MPEITONIO0KNTE, 4TO 'L GeCKBaJpaTHOE YUCIIO U

n z 7Gmod 8)
1) CHavama mokaxeM TeopeMy s ciydass 1 = 3tmod 8).

HYCTB KaHOHHYCCKOC PA3JIOKCHUEC YHUCJIa . umeer BHU

nN=p,P; -Dr s

rie PPz --.Pr pa3nuuHbIe MPOCTHIC YUCIA.

34



p_j Jj = 1121 R

Ilo xaxxnomy w3 Momyieu BO3bMEM KakoW JIMOO Kiacc

b

BBIUETOB ~J TaKOH, UTO

b.
1=
(7)-+

Tak xak  (Pj,2)=1 , TO CyIECTBYIOT umcia U=12..m KOTOpBIC
YIOBJIETBOPSIOT CPABHEHHUIO

b; = —2a;(mod P;), j=12,..,r.

3aMeTuM, 4YTO (a;.p;)=1 Ilockompky umncia PPz -Pr mnomapHO

B3aMMHONPOCTHIE, TO HAWIETCS TAKOM KJIaCC BHIYETOB A 1o MOJIYJIKO ,4YTO
A=10mod 43

A = a;(mod p;)
(G=12,..1),

Tak kax (@-Pi)= L 10 (4,am)=1
OO6paTtumMmcs K cieayroiei kiaccuueckoit Teopeme Jupuxie:

Teopema: Ilycts A n B B3anmuo MPOCTBIE HATypajbHbBIE YHcaa. B

apu(pMETHIECKON Mporpeccun

Bx+A,x=0,1,2, ..

COJIEPKUTCSI OECKOHEYHOE KOJIMYECTBO MPOCTHIX YUCEN.

Bosbmem mpoctoe uncno 4 , mpuHaanexaiiee nporpeccun
q =4nx + A

Torna

q = 1tmod 4)
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q=a;{modp;),j=1,23,..71,

U TEM CaMbIM ~2q = b;(modp;),j=1,2,3,...7.

Mpbl nokazanu, 4YTO CYIIECTBYeT mnpoctoe uuciao 9  koropoe obOiagaer

CIENYIOIIUMHU CBOMCTBAMHU

g = ltmod 4) (1)

(ﬂ)=1,1=1,2,3,...,r

)41 P; ()

N3 cBoiicTBa (2) MBI moJly4aem

T

TEINE)D-ONE)

Tak xax 9 = 10nod 4) | 1o 1o 3akoHy B3aMMHOCTH MBI 3aKJTI0UaEM

() (D

Hanee,

Tak kak
-2
n=3tmod8) 19 (ﬁ)= 1

Y 3HAYMT,

Tak xax
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]
Il
g
=
=
&
=
o
|
2|4
p
|
=

. -+

-Nn
— =1
U MBI I10JIy4aeM ( q ) .

-1

CornachHo onpenenennto cumBoia Jlexanapa ( q ) CYILLIECTBYET pEeLICHUE b
CpPaBHEHMS
b= -ntmod q). 4)

MBI MOKEM npceamojararb, 4ro b CCTh YHUCJIO HCUCTHOC: €CJIU MBI BCTPCTUMCA C

gersiM D |10 HewerHoe umcno P4+ 4 take YAOBJIETBOPSIET CpaBHEHUIO (4).

CpaBHenue (4) 3ammineM B BHJE PaBEHCTBA
b*-gn, =-n 4"
PaccmaTpuBas 3T0 paBEHCTBO MO MOJYJIIO 4, MBI OJTy4aeM B CUJTY YCIOBUS
n = 3tmod 4)
1 -k, =10nod 4
OTKyJa CJIELYET, 9TO , T.€ hy = 4h
rae h  1enoe yuciio. 3HAYMT,
b3-4gh=-n 4")

Bepuemcs k cBolicTBy (2). Ha ocHOBaHUU 00111€#1 T€OpEMBI AJIEMEHTApHON TEOpUHU

YHCENl , T.K CPABHEHUS
x* = —2q (mod p;) , j=1,.2,,..r.

pa3perIuMbl, TO pa3peiImMo U CpaBHEHHE
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x? = —2q(mod n).

Tak kak 4 w ™ B3auMHO MPOCTHI, TO U X B3auMHO mpocto ¢ "t .O603HaYUM

uyepe3 I pemenue cpaBHeHHA
tx = 10mod M)

MBI BUIUM, 4TO pa3pelinMO CPABHEHUE

)

—=z
['ne uucno 24 0003HaYaeT pelieHre CPAaBHEHUS

-2¢z = 1(modn).
[lepeiinem k TeopeMaM O peIICHUN HEPABEHCTB B IEJIBIX YHCIIAX.

B TpexmepHOM €BKIMIOBOM MPOCTPAHCTBE , KOOPAWMHATHI KOTOPOro Oyaem
o603unauats cumBoioM &, 5, T paccMOTpEM OTKPBHITHI map ¢ LHEHTPOM B Hadaie

KOOpIMHAT (T.¢ B Touke, y koTopoit K =8 =T =0 )pamuyca +2m:
R4 524T2<2n (6)

OO6mwem mapa (6) paBeH

Jlamee paccMOTpUM peLIeTy

R =2tqg +thy +nz

b
S - ¥Egx +—
Tt g ™
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3nece X Y, Z  mpoberarT BCEBO3MOXKHBIE ynciia. O0beM OCHOBHOTO

napajjefenunesa PeleTKd, pPaBHBIM aOCONIOTHONW BEIWYHMHE OMNpPEACTUTENS

~ a L2l
crcTeMsl THHEHHBIX GopM (7). JIErKO BHAETH, 9TO 3TOT 00beM paBeH 1 /2.

[ITap (6) BbIIYyKJIOE, LEHTPATbHO CHUMMETPUYHOE TEJIO C IIEHTPOM B TOUKE

R =0, §5=0,T=0.

ITockonbky

TO Mexay oobeMoM mapa  (6) 1 00bEMOM OCHOBHOTO Mapaluieienuneaa

pemietku (7) MMeET HEPABEHCTBO

[Io Teopeme MMUHKOBCKOTO O BBIMYKJIOM TEJI€ HAWTyTCs TPU IENBIX YUCTIA
X1 Y1 Z1 o kpaiiHeli Mepe OJHO W3 KOTOPBIX HE PaBHO HYIIO, TaKOE, YTO
COOTBETCTBYIOIIKME UM U3 (popmynam (7) uducia R..5.T, ynoenerBopsior

HEPABEHCTBAM
RigS2+T2<2n

13 popmyn (7) BuaHO, uto R: ecth menoe umcio. Janee,

RE+SE+TE=RE+(JﬁxL+ n

(8)

b : m : = 1 z n 2 2
a27) + (g0 ) ~RE+ zgCans by 4 oyt - Ri+ e

Takum obpaszom, Ri+Si+TF ects menoe gmcio.

Hanee,
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i ) i 2 b 2 2
Ri+S52+7TZ=(2tx, +thy, + nz,) +(Jﬁx1+m}f1) +(%y1) )

OTKyJIa CJIE€IYET, 4TO
R34+ S+ T?=t3(2qx, + bv,Y + %(qu1 + by, Y (mod n)

B CHJTy cpaBHEHUS (5)

R:+57+T2=0(modn) 9)
O06o3HaYNM
v = qx; + bx,y, + kY, (10)
S2,T,
N3 dpopmya (8) BuaHo, uto V'  11e5m0e MoIoKUTETHHOE YUCIIO, T

N3 cpaBHeHus (9) BeITEKAET, YTO
[n|(R]7 +2v )
W3 Hepasenctna (6) ciaemayer, 4To
R34 20 < 2n.
Hanee,
Ri+2v=RI+5;+T7=0.
n6o R..S..T, onpenensroTcs 4yepes HEHyNEBYIO CHCTEMY 3HAUYCHHIA

X1 Vi Z1 ¢ MOMOIIBIO HEBBIPOXKIEHHOTO Mpeobpa3oBanus (7) . tak,

u Nl atz+2v).

3HayYuUT
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n=RI+2v (11)

Jlokaxxem Ternepb, YTO €CIU HEYETHBIM NpPOCTOM AenuTens P uuciaa V' BXOAMT B

KaHOHHWYCCKOC Pa3JIOKCHUC YHClia V' B yeTHOH CTCIICHHU, TO TOrga 00s3aTEIIBEHO

p =10mod 4

2 2 25+z
Urak, nycts P***V | 1oects P*™*V jno P74V,

Ecmu P me memur ™ 1o Tak kak PIRA2-1) | 10 G_fl’) - (12).
N3 popmyn (10) u (4™") umeem

(13)

_'}'1 _
Ilycte P =4 Ttorga uz ¢popmysl (4'') moaydaem (?) - :
Eciu P # 4 | To Torma no gpopmyse (13)
prr L (2 +nyE) rre [ = 2qX, + by, |

T
[ycte PA1Vi1. Ecan S < 4. To MBI IpUIIIH K IPOTHBOPEUHIO

. 2

pu(;_s)ln(g_s) ()

3uauut ¢ = ®- Ho Ttorma

n (?%) + (?%) = 0Gnod p)

¥ B CUIIY « u LP)=1  Mpl BUAMM, 4TO PA3PEIINMO CPABHEHHE

Nz +n = 0(mod p)
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—1 -1

—]1=1 — | =
TO €CTh (’P) MNrak, B cnmywae P71 - (P) ! YTO BMECTE C
dbopmynoit (12) naer, uto 14 WIn

p = 1mod 4.

[ycts Temeps PIV u P torma mo dopmyne (11) PIR o dopmyme

(13) pl(2gx,1+ by, D).

®opmynet  (11) u (13) gator

- 1 2 -
R;+ﬁ((qu1+by1) +ny;)=n (14)

ITockonpky ™ OGeckBagpaTHOE YUCIIO, TO e 00€ 4acTH MOCIEAHEr0 PaBEHCTBA

Ha P, moiyuum

-1
. — — =1
wm Vi = 2q(mod p) , TO €CTb , 9TO B coueTanud ¢ (12) maer (?f’) , TO

€CTb CHOBa

p =1ltnod 4)

Takum O6p330M, MbI JOKa3aJu, 4TO BCAKOC HCUYCTHOC IIPOCTOC YHCIIO, BXOIAIICC B

U | 00s3aTeIbHO UMEET BUJ . TakuM ke CBOMCTBOM oOsamaeT ¥ uuciio . Ho ato
CBOMCTBO SIBJISIETCSI HEOOXOIUMBIM U JOCTATOYHBIM YCJIOBUEM JJisi TOTO, YTOOBI

YqUCJIO MMPCACTABIIAIIOCH B BUJIC CYMMBI JIBYX KBaJIpaTOB LCIILIX YHUCCII. 3Ha‘II/IT,

N B couetanuu ¢ popmyoii (11) nmonyyaem

n=Ri+x*+y*

TeopeMa 0Ka3aHa JuIs ciiydas, korma 1t = 30mod 8),
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2) Pazbepem Teneph ciyuaid, Koraa

n = 1nod 8) n = stmod 8),n = 20mod 8) ,n = 60nod 8)

IlepBble nBa ciydast Oy/neM Ha3bIBaTh HEYETHBIMU, a JIBA MOCIEIHUX YETHHIMU. B
CIydae 4YETHOM YHCJIO 't YeTHO, MONoXHuM T = 21 | 3nech uucio M, B cuily

MPEANOJIOKEHUS 0 OECKBaAPaTHOCTH L, y)Ke HEUETHO.

Ha ocHoBanuu Teopembl [upuxiie 00 apudmeTnyeckoll MNPOrpecCur MOXKHO
MOCTPOUTH MPOCTOE YUCITIO 4 Takoe, 4TO JJig BCEX MPOCTHIX HEUETHBIX JIETUTEIeH

PPz :Pr yucina M BBIMOJHAIOTCA COOTHOIIEHUS

9y — 11 i=1.2.3, ..
(-p}) ] _.’ piy oy s

U KpOME TOTO

xorma N = 10nod 8) q = 1tmod 4)
Korja g = 1omod 4)
Kormaa n = 2tmod 8) q= 16mod 8)
— nl_l
(7)-c
u TeM CaMbIM )
Kormaa n = 60nod 8) q= 5Gnmod 8)

u TEM CaMbIM

MBI UM€eM B HEYETHBIX ciIy4daiax
LI IO 1 A

A B YETHBIX CITy4asx
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OoTCroa CJICAYyCT

TakuMm oOpa3om, cpaBHEHUE
b®* = -n(mod q)
B 000WX CITyJasX UMEET PEIICHHE, TTOJT0KAM

b2yn=-qgn

Jlanee, kak B ciydae 1) Mbl yOexgaemMcs B TOM, YTO CymiecTByer [,

YAOBJICTBOPAIOIICEC CPABHCHUAM

£r= —%(modpj),j =1,2,3....,r

MOJKHO IIPCAIIOJI0XKNUTD L HCYCTHBIM, UJIX YCTHOC L MOXXHO 3aMCHUTDH HAa YUCJIIO

t+PDnPasn Do

PaccMaTpuBarOT TOYEYHYIO PELIETKY

R =tgx +thy + nz

b
S=Vdqx +—y
ql’*'ﬁJ
n
T=—y.
q}
U map R*+5*+T*<2n
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I[IpuMeHeHre JeMMbl MHUHKOBCKOTO O BBIIYKJIOM Telle MO3BOISET IPOBECTH U B
Cilydasx n=1526mod8) e sxe paccykiueHHs, Y4TO W B Clydae

1 = 30m0d 8) i tem caMbIM T0KA3aTh TEOPEMY B TIOTHOM OOBEME.

Ywucaa Buaa
nn+ 1)
2 Ha3bIBAIOT MHOT/IA TPEYTOJbHBIMU, MO0 TAKUMH YHCIAMU BBIPAKAETCS

KOJIMYCCTBO TOYCK B TPCYI'OJIbHBIX Ky4YKaXx.

CaeacrBue. Bcskoe HaTypajdbHOE YHCIO €CTh cymMMa He Oonee Tpex

TPCYT'OJIbHBIX YHUCCJI.

B camom nerne, Bcsikoe HaTypalibHOE YKMCIIO (POPMBI  €CTh CyMMa TPeX KBaJIpaToB,

KOTOPBIC OYCBHUAHBIM o6pa30M, ABJIAKOTCA HCUCTHBIMHA YK CJIaMH

rone . b,c HEOTPUIIATEIbHBIE YUCIIA.

CrnenoBaTeibHO,

ala+ 1y bbb+ 1) clce +1)
=ttt =fg+ip+ 1,

r

ymo u mpeo08anloCch 00KA3aAMb
Pemenue 1uopaHTOBBIX YPAaBHEHH ¢ IBYMSI HEM3BECTHBIMH.

1) Ecnu 2 4ucia npencTaBUMbl B BUJC ny =xi+dyi MN.=xi+dyf

TOrJa U MMPOU3BCACHUC UX IIPCACTABMMO B BU/IC
n=x*+dy?
ﬂo:«wameﬂbcmeo:

MaMg = (XF + dVF)CE + dy3) = 00,07 + dYFxE + dXZy? + d3 (0, y:) = (Gxz + dV,ys) - 2dx
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m
-——]1=1
2) Ilycts ( ?U) , Torga Tpu J0OOOM TMPOCTOM HeueTHOoM P u
m=1,2,3,7 ypasuenne X*+MY* =P paspemrnmo B LEIbIX THCIAX.

Hoxaszamenscmeo:
SO GE)

3anuiieM KBaapaTHIHyo Gopmy

PaccmoTpuMm pemerky Buaa

FUD =mx®+ 22x* + p*y* + 2zxpy = X3 + 2D+ p*y* + 2zxpy = KA

[To ycioBuro TeopeMbl HaM HU3BECTHO, YTO z*+m = o(mod p), > f(A) BCeraa

nenurcs Ha P .

Z,
Mer nmeem AN = ¥mp.= 10 teopeme Munkopckoro npu M = 1,2 g kpyre

Ch
S: [ : /}rf"'y:: < Ep}

IO V)= amp = 4¥myp HalieTCs Takast TOYKa

A3 (zx e ’p}f.,)
o ,OTJINYHAA OT Hayvaja, 4To

mxg + @X, + P)) < 2p,= mxg + @x, + p) Y =p
[pu™ = 3,7 g pyre

Vi
(}J'z)/ a4+ }J: < -l-"p}
1

.

— 1 ~r
IUTOIIA I V)= amp > 4¥myp HalneTcs Takas TOYKa

(7 3)en)
Yo , OTIIAYHAST OT HAYaJIa, 4TO

mxg + @x, + PV, Y < 4p
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Paccmotpum cnyuait s M = 3
1) 3x3 +(2X, +DpV) =P ,TKaenurcsi Ha P U .
2) 3%3 + (2% +PYe) = 2P
pu e YESTHOM
3x3 = o(mod 4)  (2xg + pyy) = 0tmod 43 |
a npu Xa HEYETHOM

x3 = 1(@mod 4) 3 = —1lmod 4,> 3x3 = —1(mod 4)

(zxe+pYe) =1 (mod 4) = 3%+ (2X, +DY,) =o(mod 4),  qro
HEBO3MOKHO IPH yclIoBHH MXg +(ZX, + PV, < 4p.

3) 3x3 + (2%, + DY) = 3p

Pa3nenus 06e yactu Ha 3, MOTyIUM

]
F

&

XP4p————— =D
3(2X, + PVo) , TAKOE e, KaK B IEPBOM CITydae.

Tenepp paccMoTpuM citydail npyu m=7:

TXE 4+ (ZX, +DVe) =D

D Tx fUD

neanrcs Ha P .

TXE 4 (ZXo + DYo) = 2D

2) 371eCh
TaKKe Kak mpu M =3 |
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3) X3 +(2X, + DY) =3P JeBas 4acTh HE JENWTCS Ha 3,
CIE€NOBATENBHO ypaBHeHHme X~ +MY*=7D paspeluMo B LEIbIX

quciax.

§3. IlpuinoxeHue M3y4eHHOH TEOPUH K PELICHHIO 32124
1) Pemiurs HeonmpeaeJeHHOE ypaBHeHHe
x2-21x+ 110 = 13y
PaccmoTpum cpaBHEeHUME
x*-21x+ 110 = O(mod 13) yu IIPUBEJEM €TI0 K BUY
x2-8x + 6 = o{mod 13)
x*-8x + 16 = lo{mod 13)
x*-gx + 1le = 36(mod 13)
(x —4Y = 36(mod 13)
Otkyna X — 4 =+6+ 13t ,T.€
x, =10+ 13t
x, =11+ 13t
IloncraBuB X1: X2 B ypaBHEHHUE MIOJIYUYUM
v, = 13t*-t
v.=13t2+1

PemenueM ypaBHeHUs OyQyT CHCTEMBI
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x, =10+ 13t
v, = 13t3-t¢

x, =11+ 13t
.= 13t3 4+t

(2]

L4
(2]

2) I[OKaI;aTb, YTO YPAaBHCHHUE HeEpa3pelimMo B EJTbIX YUCIaX.

PaccMOTpUM CpaBHEHHE i 5X* = 7(mod 11)

i Taicke BX* = 40(mod 11)

CokpartuB Ha 5 cpaBHeHue, T.k (5,11)=1, 5 u 11 B3aumHOnpOCTHIC, OTYUUM
x*=8(mod 11)

[IpoBepsis BhiueTHl Mo Moaynwo 11, MoxeM yOeAUThCSA, YTO BCE 3HAYCHUS X
ABJISIFOTCA KBAaJPATUYHBIMUA HEBbIYETaMM &8 mno Moayiaw 11, craepoBarenbHO

YpPaBHCHHUEC HCEPA3ZPCHINMO B LCJIbIX YHUCIIAX.

3) PemuTh B 1eJIBIX YHCJIAX YPABHEHHE
4Xx — 9y + 13z=7
Pazgenus ¢ octatkoM -9 Ha 4, monyuum -9=4(-3)+3.

[IpencraBum UCXOAHOE ypaBHEHUE B BUJIE
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ITocne 3amensr & =X —3V 370 ypaBHEHUE 3aIIUILIETCSA B BUJIE

Teneps , yuuTsiBas , 4TO 13=3-4+1 , Ipeo0pa3zyeM ypaBHEHHE

Bamennm Y T 4Z =Y y 3amuiuem

N3 3TOr0 ypaBHEHHUS NOIYyUYUM PELICHUS
z=T7-4x —3y,=

y=1lex + 13y — 28,
x = 4ox + 39y — 84,
rie X wu y - MPOU3BOJIBHBIE LIEJIBIE YHUCIIA.

4) Pemuts B pPaluOHAJBbHBIX YHC/IaX YPABHCHHUE

Pemenne:
CBOOOHBIN YJIeH YpaBHEHUSI UMEET CIICIYIOIIHNE NeTUTEIN

+1,+3,+7,+21

Brimuiiiem Takke moJIOKUTENBHBIE JETUTENH CcTapiiero Kkoddduiuenra:

1,2

CJ'ICI[OBaTCJ'H)HO, IJI palflMOHAJIBHOI'O KOPHA YPpaBHCHUS ITOJIy4aceM CJIICIYIOIIUC

BO3MOXHBIC 3HAYCHUA .

il; iSJ i?y i21ji1f2Ji3f2Jt?f2Ji 21;2

[ToacTaHOBKOM B UCXO/IHOE YpaBHEHHE TUX YUCE YOEXKIaeMCs, UTO y 3TOTO

— 1
MHOkecTBa ToIbKo ~3 ¥ Yo gemsrores KOpHSIMHU ypaBHEHMS. Tak kak —3 meinoe
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quCJio, TO YpaBHCHHUC

paspeuinMo B LHECJIbIX YHCIaX.

SAKVIIOYEHHUE

Paccmotpenne nHO(AHTOBBIX ypaBHEHHM YacTHOTO BHJA C UEIBIMU H
palMOHAJIBLHBIMU PENICHUSMH — HaubOoJee BakHas 4acTh JaHHOW palOoThl. Bcee
paccMaTprUBaeMbI€ YPABHEHHUS SIBJISFOTCA KJIACCUYECKUMH U KAXKJI0€ U3 HUX UTPAJIo

BAXKHYIO POJIb B UCTOPUYECKOM PA3BUTHH 3TOU 00JIACTH TEOPUU UUCEIL.

CamocTtosiTenbHass 4acTh paOOThl MOCBSILEHA PEHICHUIO JTUO(PAHTOBBIX

ypaBHeHUM. Ha OCHOBaHMH N3yYEHHOW TEOPHUU PEIIEHBI CAEAYIOUINE 3a1a4U:
1) PemeHo HeomnpeneneHHOE ypaBHEHUE

x4 —21x + 110 = 13y

PemenueM ypaBHeHUs OyQyT CHCTEMBI

x, =10+ 13t
v, = 13t3i-t¢
rv,=11+13t
y, = l3t? 4+t

2) Jloka3aHoO, YTO ypaBHEHUE HEPA3ZPEUIMMO B LEIBIX YHCIIAX.
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3) PemuTsh B LIENIBIX YHCIIaX YPABHEHNE
4Xx — 9y + 13z=7
JL1st 3TOr0 ypaBHEHUS MOJTYYHUM PEIICHUS
Z=7-4X -3V,
y=16x + 13y -28,>

X = 49x + 30y -84,

e X uV- MPOU3BOJILHBIC IIEJIbIC YHCIIA.

4) PelieHo B pallMOHAJIBHBIX YUCIIaX YPABHEHUE

Pemenuem YPAaBHCHHUA ABJISICTCA LCJIOC YUCIIO -3

OnHuM U3 LEHTPAIbHBIX B TEOPUM JUO(DAHTOBBIX ypaBHEHUN SBISIETCS
BOIIPOC O TOM, KOT'JIa YKCJIO PEHICHUN KOHEYHO, U O HAXOXJIEHUU B ITOM Cilydyae
s PekTUBHON TpaHULBl AJIsI KOOpAUHAT peuieHuid. Bompoc 00 sddekTuBHOCTH
yAQJIOCh PEUIUTh JUIIb i1 4acTHOro Buja. [loaToMy BCsikoe MpeacTaBiEHUE

penieHus 1uo()aHTOBBIX ypaBHEHUM 3P (HEKTUBHO UMEET HAYYHOE 3HAUCHUE.
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