II QISM. QATORLAR NAZARIYASIDAN MASHQLAR
I BOB. SONLI QATORLAR

1-§. Sonli gatorlar

1

1-misol. Umumiy hadi = - bo Igan
Y o (2n-1)2n+1) J
gator yig’' indisini toping.
Yechish. n ga ketma-ket 1,2,3,..., giymatlar berib
quyidagi
CEIE S S SE
1-3 3.5 5.7 7 (2n-1)2n+1) = =E(2n-1)2n+1)

gatorni hosil gilamiz. Qatorning birinchi n ta hadlarining
yig' indisi
1 1 1 1
S,=—+—+—+.. 00—
1-3 3.5 5.7 (2n-1)2n+1)

ga teng. S, xususiy yig' indini soddaroq ko’ rinishga

n

keltirish uchun gatorning umumi 1 hadini
a J Y (2n-1)2n+1)

anigmas koeffitsientlar usuli bo’ yicha sodda kasrlarga
ajratamiz:
1 __A B
(2n-1)2n+1) 2n-1 2n+1
Umumiy mahraj berib quyidagi ifodani hosil gilamiz
1=2An+A+2Bn-B = 1=(2A+2B)n+A-B.
Bundan
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2A+2B=0
A-B=1
sistemani yozamiz.

Bu sistemadan A:%, B:_; kelib chigadi.

1 11 o111,
(2n-1)2n+1) 2(2n-1) 2(2n+1) 2{(2n-1) (2n+1)
Qatorning har bir hadini ikki go’ shiluvchi yig’ indisi

ko’ rinishida ifodalasak, s, xususiy yig' indi quyidagi
ko' rinishga keladi:

1 1 1 1 1 1) 1/1 1) »
S,=—+—+—+. . F——————=—|1-= [+=| == |+
1-3 3.5 5.7 (2n-1)f2n+1) 2" 3) 23 5
1(1 1j 1( 1 1 ) 1[ 1 1 j 1( 1 J

+=| === |+.. += - +— - =—|1-
2\5 7 2\2n-3 2n-1) 2{2n-1 2n+1) 2" 2n+1
Qator yig' indisi S ni quyidagicha topamiz

S:IM1SH:EWM11— L
n—o n—oo 2n+1 2

Demak, berilgan gator vyaqginlashuvchi bo’ lib,
gatorning yig" indisi % ga teng bo’ ladi.

2-misol. §+%+g+,,,qator yaqginlashishning zaruriy

shart bajarilishini tekshiring.

Yechish. Berilgan qatorning umumiy hadi 2n

2n+1
ko' rinishda bo’ ladi. U holda

2 4 6 2n 2n
+.. .+ +..., a,= .
3 5 7 2n+1 2n+1
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Ma" lumki, qator yagqinlashuvchi bo' lIsa, uning
umumiy hadi n— da nolga intiladi. Buni e’ tiborga olgan

holda

. . 2n . 2
lima, =lim =lim ———=1
n—»o0 n>o2nN+4+1 now 24 1

n

bo" ladi.
Qator yaqinlashishining zaruriy sharti bajarilmadi,
shuning uchun berilgan gator uzoglashuvchi.

Mustagqil yechish uchun mashgqlar

Quyidagi gatorlarinng yig' indilarini toping.

i it Javob: 2
3 6 12 3.2 3

2. b Javob: 1
1-2 2-3 3-4 n(n+1)
1 1 1

3. + + +.o.+
1.2.3 2.3-4 3-4.5

+;+_” Javob: 1
n(n+1)n+2) 4

4, 3 5 2n+1 Javob: 1
12.22 22.32 n?(n+1)°

5 1 1 Javob: 3
1.3 2.4 3.5 4

6,i+i+i+,.. Javob: 1
1-3 3.5 5.7 2
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Quyidagi qatorlarning yaqinlashishini zaruriy sharti
yordamida tekshiring.

L oy s = v — =4 . Javob: uzoglashuvchi
1 8 27 n?
1.3.5, 2n-1 Javob: uzoglashuvchi
2 4 6 2n
1 1 1 .
3. cosl+C0S=+COS=+...+COS=+ ... Javob:
2 3 n
uzoglashuvchi
4. In%+|n§+lnﬂ+. . Javob: uzoglashuvchi
5. 3+§+f+_ 4 n+1 + Javob: uzoglashuvchi
3 5 7 2n+1

2 3
6. (1+1)+(1+%j +(1+%j I Javob: uzoqlashuvchi

2-§. Musbat hadli gatorlar

Quyidagi gatorlarning yaqginlashish yoki
uzoglashishini tekshiring.

1-misol. o1 .
én.3n—l

Yechish. Berilgan gatorning a, =

! - umumiy hadi

yaqinlashuvchi bo’ Igan quyidagi i ! geometrik

n-1

n=1

[q=%<1) gatorning umumiy hadidan kichik, ya’' ni
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1 1

a, = < =b. solishtirish alomatiga asosan, berilgan
n ‘3n—1 3n—1 n
gator yaqinlashuvchi bo’ ladi.
. © 9
2-misol. .
nZ:{ 2n-1

bo" Igan berilgan

Yechish. Umumiy hadi a, = 2
n_

gatorni umumiy hadi b, ~1 bo lgan uzogqlashuvchi z_
n1 N

garmonik gator bilan solishtiramiz.

Ikkinchi solishtirish alomatiga asosan
1
- a, . 1 .
lim 20 = fim 20=1 _ jjm " 1;«tO
n—w b n—oo 1 n>x2n-1 2

n
bo" Igani uchun berilgan gator ham uzoglashuvchi

bo' ladi.

3-misol. Z_
= 3"

Yechish. Bu gatorning umumiy hadi a, -, keyingi
3n

hadi a,, =nn_+11. Dalamber alomatiga asosan
3 +.
n+1
. a ) n+l ] el ]
lim 22 — lim 3 — fim 7(n+1) 13 =1I|m 7(n+1)=}<1
n—o an n—ow 1 noo .3 3w n 3
3|’1
bo’ Igani uchun berilgan qgator yaginlashuvchi bo" ladi.
4-misol. i?’ N
N’
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Yechish. Bu yerda g4 =

Dalamber alomatiga asosan

A, o 3™+ 3".nt o 3"(n+1)! n"

lim = lim - - = lim — . — =

n—w an n—oo (n +1) n n—o0 (n _|_1) 3 -nl!

—fim 3" :3Iim(nj “3lim_ -3 3
n—w (n +1)” n>ol n+1

n—w n n e
(1+ 1) lim (1+ 1)
n n—w n

bo’ Igani uchun berilgan gator uzoglashuvchi.

5-misol. S°(_"_) .
nz_;(n +1)
Yechish. Koshining radikal alomatiga ko’ ra

|imq/a:|imn(”lj :Iim(nlj him =t

n—o0 n—oo n “+ n—o0 n —+ n—o0 1 e
1+—
n

(Dirixle  qatori)  qatorni

bo’ Igani uchun gator yaginlashuvchi.
6-misol. ii
n1n”
yaqinlashishga tekshiring.
Yechish. Qatorni yagqinlashishga tekshirish uchun
Koshining integral alomatidan foydalanamiz.
f(x)=— deb olib, ushbu 19X yosmas integralni
X“ 1 X”

tekshiramiz.
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1

2 b~ —1), 1
j%_llmjx “dx = lim1- a( ) @z =
1 X Inb, a=1

11 , agar a >1bo'lsa, yaginlashuvchi

a J—

=10, agar o <1ho'lsa, uzoglashuvchi
0, agar  =1bo'lsa, uzoglashuvchi

Demak, xosmas integral « >1 da yaqinlashuvchi, o <1
da uzoglashuvchi . Koshining integral alomatiga ko' ra

0

Zi gator «>1 da yaqinlashuvchi, « <1 da uzoglashuvchi
n=1 na

0

bo" ladi. a«=1 bo’ Iganda zl garmonik gator hosil

n=1 n

bo' ladi.
Mustagqil yechish uchun mashgqlar

Solishtirish  alomatlaridan  foydalanib  quyidagi
qatorlarning yaqginlashishi yoki uzoglashishini ko’ rsating.

12

Javob: yaqinlashuvchi

in- 2”
2. z'nn Javob: uzoglashuvchi
n=2 n
3. L. 1 L s
\/2(1+2) J3(1+3?)
it .. Javob: yaginlashuvchi

Jnlt+n?)
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4. sinZ +sinZ +...+sin ln f... Javob: yaginlashuvchi

5. ! + ! + ! ot ! +... Javob:
V1.2 A2-3 34 Jn(n+1)

uzoglashuvchi

6. 1. 1+2 N 1+3 - 1+n Javob:
1+2% 1+3? 1+n?
uzoglashuvchi
7. sinl+ sin%+...+sin1+... Javob: yaqginlashuvchi
2 2 2
8. n3emZ 2 p3 2, it Javob:
2 2% +1 3 +1 n®+1
yaqginlashuvchi
9. 2sinZ+2%sin 2 +..+2"sin ... Javob:
3 3 3"
uzoglashuvchi
Dalamber va Koshi alomatlaridan foydalanib
quyidagi qatorlarning yaqinlashish yoki uzoglashishini
tekshiring.
1 2 3 n . . .
L oy S =+ — 4. Javob: yaginlashuvchi
2 22 28 2"
2 3 n
2. §+5—+5_+...+5_+... Javob: uzoglashuvchi
21 3! n!
2 33 nn .
31+ — 4. Javob: uzoglashuvchi
21 3l n!
2 3 n
4. 2+( 2+1) +( 3+1j +...+(n+1) +...JaV°b:
2.2-1 2-3-1 2n-1

yaginlashuvchi
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2

(3)4 (n+1j”
2 2 n . : ;
5.§+ 5 ot o Javob: yaqginlashuvchi
3n
2. 5 2- 58

6. 2+ == Ce+
1.5 15 9
+12'55 98 ((3n 1)) Javob: yaqginlashuvchi
7. 1+ﬁ+1 4-7 +
31 51
L4 7(2 1)(3n 2) Javob: uzoglashuvchi
n—
8. sinE+sin —+...+sin”2£+... Javob: yaginlashuvchi
n
3 5 2n+1
0. i A A Sl Javob: uzoglashuvchi
2 22 25 23n—1 q
10. > 9 L 4n-3 Javob:

oM e A
yaqginlashuvchi
Koshining integral alomatidan foydalanib, quyidagi
gatorlarning yaqinlashishini tekshiring.

L LENIE SV S Javob:
2(In2)*  3(In3)’ n(inn)’

yaginlashuvchi

2.1+, .1 Javob: uzoglashuvchi

\/E \/5 4n+1

3. 2, 2 .2 2% .. Javob:
3+1> 3+2° 343 3+n’

yaqginlashuvchi
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2 2 2
o (L)L (z2), () Javob:
1+1 1+2 1+n

yaqginlashuvchi

= Inn . . .
5. n;n_z Javob: yaqginlashuvchi
1 a2 N ~Vn
6. ¢ e i € . Javob:

o

+ + Fo =

V1 V2 43 Jn
yaginlashuvchi

Quyidagi gatorlarni yaginlashishga tekshiring.

1 1 1 .
Ly — v — v+ Javob: uzoglashuvchi
V2 3 Jn
2.1+ 2 Ly Lo Javob: yaginlashuvchi
2 32 n2
1 2 . .
3. - 3_3+4_3+__ + PE: .. Javob: yaginlashuvchi
o0 1 .
4, Javob: uzoglashuvchi
é n(n-1) a
5. 3 _" Javob: uzoglashuvchi
EZn—l G
Z n! ) .
6. nZ_;Sn_l Javob: uzoglashuvchi
7. iZn_—nl Javob: yaginlashuvchi
=)
© 2
8. n Javob: uzoglashuvchi
nzzi 2n? +1 .
© 3
9. 3L Javob: yaginlashuvchi
n=1 €
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2
( 1+n ) Javob: yaginlashuvchi

Javob: uzoglashuvchi

Javob: yaqginlashuvchi

n=3 N -9
13. 2%(”7”} Javob: uzoglashuvchi

3-8. Ishoralari o’ zgaruvchi qatorlar

Quyidagi misollarda ishoralari o' zgaruvchi
gatorlarning  absolyut,  shartli  yaqinlashishi  yoki
uzoglashishini tekshiring.

.
1-misol. Zs";:]a (o — uxTuépuii con)-
1

Yechish. Berilgan qator hadlarining absolyut

giymatlaridan yangi gator tuzamiz
o 3"

va bu qgatorni 23% gator bilan taqqoslaymiz. Ma’ lumki

Slg#g?)in. Geometrik qgator (q:;<1) :131“

yaqginlashuvchi bo’ Igani uchun, musbat hadli gatorlarni
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solishtirish alomatiga ko' ra gator yaqginlashuvchi bo’ ladi.

Demak, berilgan gator absolyut yaqginlashuvchidir.
2-misol. 3 cos "% .
nZ:;cos 2
Yechish. Berilgan ishoralari o' zgaruvchi gqator uchun
gator yagqinlashishining zaruriy sharti  bajarilmaydi.
Hagigatan,

: : nz
lim a, = lim cos —
n—o n—so 4
limit mavjud emas. Demak, berilgan gator uzoglashuvchi.
0 n-1
3-misol. Zi
n=1 n‘2n
Yechish. Ishoralari almashinuvchi berilgan gatorning
hadlari absolyut giymat bo’ yicha monoton kamayadi,
ya' ni
SRQEE S I
27 2.227 3.2 7

va

lim =0.

n—op.2"
Leybnis teoremasiga asosan berilgan gator yaqinlashuvchi.
Qatorning absolyut yoki shartli yaqinlashishini tekshirish

uchun berilgan gator hadlarining absolyut giymatlaridan

i 1n gator tuzamiz. Bu qatorning yaqinlashishini
n:ln'2

Dalamber alomatiga ko’ ra tekshiramiz.
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- P m : n-2" , n 1

lim =lim = lim == lim —

e g n—oo 1 n—o (n +1) .2n+ o 2n+2 2
n-2"

Demak, musbat hadli gator yaqginlashuvchi. Shuning

uchun, berilgan qator absolyut yaqginlashuvchi bo’ ladi.

4-misol. Z (-2)" i
1 an-1

Yechish. Berilgan gator Leybnis teoremasi shartlarini

ganoatlantiradi, ya' ni

1>£>£>m
3 5

va

lim =0.

n—wo 2N —1
Demak, berilgan gator yaqinlashuvchi. Berilgan

gatorning absolyut yoki shartli yaqginlashishini tekshiramiz.

Buning uchun qator hadlarining absolyut giymatlaridan

tuzilgan i_l gatorni tekshiramiz. Koshining integral

n=1
alomatidan foydalanamiz.
T a_1j }995—9 ~lim In(2x-1 =;HMHnQn—D=
2x—-1 gn%l 2x—1 2= 2 oo

1 1

bo’ Igani uchun xosmas integral uzoglashuvchi. Demak,

musbat hadli i 1

gator uzoglashuvchi. U holda
=2n-1

berilgan gator shartli yaginlashuvchi.
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Mustaqil yechish uchun mashgqlar

1 1_%+%_%+ Javob: shartli yaginlashuvchi

Lot Javob: shartli yaginlashuvchi
n2 In3 In4
3. ot i Javob:  shartli
N NI N
yaqginlashuvchi
4, Sina  sin2a  sinda Javob: absolyut
1 2° 3?

yaqginlashuvchi

-3 )
e e B e
4 \7 10

3n+1

6. — COS N
;(Inlo)”
7' & _ n+1 2n+1
nZ:;( 1 n(n+1)
8. % —_1)" cos Z
nZ:;( ) cos -
© n-1
9. (-2)
nZ:;(n+1)a2"
10. 1,11
3 2 3

yaqginlashuvchi

Javob: absolyut yaginlashuvchi
Javob: absolyut yaqinlashuvchi
Javob: absolyut yaqginlashuvchi

Javob: uzoglashuvchi

Javob: |[@>1daabs. yaginlash.
|a] <1da uzoglashuvchi

Javob: absolyut
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2 4 2 4

isbotlang.
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II BOB. FUNKSIONAL VA DARAJALI QATORLAR

1-§. Funksional gatorlar

1-misol. Quyidagi funksional gatorning yagqinlashish
sohasini toping:
- 1
Sn(x+3)"
Yechish. Dalamber alomatidan foydalanamiz.
1 1
| lim u,.,(x) n(x +3)" n |_
" Uy (%) (n+1)(x+3)"™|  >|(n+1)x +3)
_ 1 im "N _ 1
x+3r>=n+1 [x+3
Dalamber alomatiga ko' ra gator yaqginlashishi uchun
| <1 bo’ lishi kerak. Bu holda

= lim ‘

N—o0

<l = [x+3>1= x+3>1
x+3

va
X+3<-1=x>-2 Ba Xx<-4.
Demak, gatorning yaqginlashish sohasi
(—o0; —4)U(-2; +0) dan iborat bo' ladi. Berilgan gatorni

topilgan interval chegaralarida tekshiramiz.
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x=-4 bo" Iganda i !

nn(-1)"

ishoralari almashinuvchi

gator hosil bo’ lib, bu qgator Leybnis alomatiga ko' ra

yaginlashuvchi  bo’ ladi. x=-2  bo’' Iganda i_l

n-1 N
uzoqlashuvchi bo’ Igan garmonik gator hosil bo’ ladi.
Shunday qilib, berilgan gatorning yaqginlashish sohasi
(—o0; —4]u(~2; +w) dan iborat.
2-misol. Quyidagi

o0

>B-x2)

n=1

funksional gatorning yaqginlashish sohasini toping.

Yechish. Berilgan funksional gatorni mahraji q=8-x2
bo' Ilgan geometrik qgator deb qgarash mumkin.
\q\=‘8—x2‘<1 bo’ Iganda ma’' lumki gator yaginlashuvchi
bo' ladi. |8-x?|<1 tengsizlikni echamiz. —1<8-x*<1 yoki
7<x*<9, bundan 7 <|x <3. Qatorning yaqinlashish sohasi
(—3; —ﬁ)u(ﬁ; 3) dan iborat. Endi gatorning yaqinlashishini
oraliq chegaralarida tekshirib ko' ramiz: x=-3, x=-7,

x=+7 va x=3 bo’ Iganda i(_l)“ va il“ uzoglashuvchi

n=1 n=1
gatorlar hosil bo’ ladi.

Demak, berilgan gatorning yaqinlashish sohasi

(—3; —ﬁ)u(ﬁ; 3) dan iborat.
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3-misol. Funksional qatorning yagqinlashish sohasini

= 1(X)
g UG 0
SAM) xe

Yechish. Funksional qatorning hadlari sonlar

toping:

o' qining x=0 dan boshqga barcha nuqtalarda aniglangan.

Agar x<0 bo' Isa X _=X__; bo' ladi. U holda ishoralari

X X

almashinuvchi i ( ) i ) qator Leybnis alomatiga

n=1 N

ko' ra yaqginlashuvchi bo’ ladi. Agar x>0 bo' Isa ‘ X _X_q
X X

bo' ladi. U holda Z ( J Z*l uzoglashuvchi garmonik

man{n) aan
gator hosil bo’ ladi. Demak, berilgan qgatorning
yaqinlashish sohasi (- «; 0) dan iborat bo" ladi.

4-misol. Quyidagi funksional gatorning yaginlashish
sohasini toping:

zzn—l . X2n—2 .
n=1

Yechish. Funksional gatorda x ning barcha natural

(x ning toq darajalari qgatnashmaydi) darajalari

gatnashmaganligi uchun qatorning yaqinlashish sohasini
topishda Dalamber alomatidan foydalanamiz.
u, (x)=2"*-x"?; u,,(x)=2"-x?
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U () 2nx® .
| = lim v )= lim ———— =lim 2x* =2x* <1
n—o un(x) n—w 2 - X n—o

Bundan 2 1 yoki X<\1f bo’ ladi. Qatorning yaginlashish
2 2

J2' 2
Endi qator yaqinlashishini intervalning chegaralarida

intervali (_i- i] bo’ ladi.

tekshiramiz. x:ii bo’ lganda
\/E g

1+1+1+ ... +1+..
uzoglashuvchi gator hosil bo’ ladi. Shunday qilib, berilgan

darajali  qator (_LLJ intervalda yaginlashuvchi

J2' 2
bo’ ladi.
5-misol. Quyidagi funksional gatorning yaqinlashish
sohasini toping:

S
“~n*+x2

Yechish. x ning barcha giymatlari uchun
1 1
<—
n*+x? n?

tengsizlik o' rinli. Ma' lumki, i_14 gator (a=4>1
-1 N

bo’ lganligi uchun, umumlashgan garmonik gatorni eslang)
1 1
<—
n*+x* n*
uchun Veyershtrass alomatiga ko’ ra, berilgan gator x ning

yaqinlashuvchi. tengsizlik o' rinli bo’ Igani

barcha giymatlarida tekis yaqginlashuvchi bo’" ladi.
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i sin3" 7 x
3"

yaqinlashishini ko’ rsating.

6-misol. funksional qatorning tekis

Yechish. |sink{<1 bo’ Igani uchun

H n
sin3" 7 X si *)
3" 3"
tengsizlik o' rinli. n - hadi L1 po lgan ii gator
3ﬂ n

n=1

geometrik  gator bo’ lib, [q:%<1j bo' Iganligi uchun

yaginlashuvchi. Yuqoridagi (*) tengsizlik o’ rinli bo" Igani
uchun, Veyershtrass alomatiga ko' ra, berilgan gator x
ning barcha giymatlarida tekis yaqginlashuvchi bo’ Iladi.

. © 1
7-misol. Z - (
2" J1+(2n +1)x

gatorning tekis yaqinlashishini ko’ rsating. Qanday n lar

0<x<ow)  funksional

uchun |p, (x) <0,01 tengsizlik bajariladi?

Yechish. Qaralayotgan oraliqda quyidagi

—___ <~ ()

2" 1+(2n+1)x 2"

tengsizlik o’ rinli. Mahraji q=;<1 bo’ Igan ii
=

geometrik qator yaginlashuvchi bo’ Iganligi uchun (**)

Veyershrass  teoremasiga ko' ra, berilgan  qator
garalayotgan oraligda tekis yagqginlashuvchi bo’ ladi.
Funksional gatorning qoldig’ i r,(x)=S(x)-S,(x) ni baholash
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uchun ii sonli qatorning qoldig" i r,=S-S, ni

n n
=y

1_(1jn+1
baholaymiz. Ma" lumki, s_ _2 \2) |

-1
2
1 (1 n+1
S=IimSn=Iim2 2 =1

n—oo n—oo 1

1-=

2

va

1

rnZS—SnZZ—n-

Berilgan funksional qgator ¢,(x) qoldig’ i ii sonli
= 2"

gatorning r, qoldig’ idan katta bo’ la olmaydi. Shuning
uchun gon(x)szin bo’ ladi.  ¢,(x)<0,01 tengsizlik o' rinli

bo’ lishi uchun in<o,01 tengsizlikni echamiz. U holda
2

2" >100 bo’ lib, n>7 bo’ ladi.
Mustagqil yechish uchun mashgqlar
Quyidagi  funksional gatorlarning yaqinlashish

sohasini toping.

1. ie‘“* Javob: (0; «)
=1
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uzoglashuvchi
4 3 e-x)
n=1

5. S 2" sin
22,

o0

6. > In" x
n=1

7. in%}sin“ X
n=1

.\ COS NX
8. Z 2
n=1 n
S nix+3
9' Z (3n+1 )
n=1
10. 3" (3x)"
n=1
11. 2, COS NX
nZ:; n"
12. *, cos2" x

2

“~n? +cos %x

(_ 1)n+1

“~x¥ +n

'_I
e
M

Javob: (—w; —1)u(1; «)

Javob: butun sonlar o' qida

Javob: (-3 ; —1)uft; V3)

Javob:(—oo ;+w)

Javob: [1 : ej
e

Javob: x, ¢%+ kz (k=0,£1,%2,..)

Javob:(~ o ;+x)
Javob: (-6 ; 0)
Javob:(_1 ; 1)
3 3
Javob: (- oo ;+o0)
Javob: (- oo ;+0)

Javob:(— oo ;+o0)

Javob: (o ; —1)U[1; )
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2-8. Darajali qatorlar

Quyidagi qatorlarning yaqinlashish radiuslari va
yaqginlashish intervallarini toping. Yaqginlashish intervalining
chegaralarida gatorning yagqinlashishini tekshiring.

1-misol. 32X
-Mmisol. .
=ey

Yechish. Bu yerda anzznxn.Qatorning yaqginlashish
NE
radiusini quyidagi Koshi alomati yordamida topamiz.
1 1 1 3 V3
R= = - — =X R==.
limefa, . [2r 2 2 2
n—o limy|—
e\ Jar V3
Demak, yaginlashish intervali [_ggj bo' ladi.
Intervalning chegaralarida gatorning yaginlashishini alohida
tekshiramiz.
N .
X=="> bo" Isa 3(-1)" uzoglashuvchi gator,
=1
V3 1o o -
X=- bo" Isa $'1"=1+1+1+ .. +1+ .. uzoglashuvchi gator

n=1
hosil bo’ ladi. Demak berilgan gatorning yagqinlashish

intervali [‘% ; ?J dan iborat.

o0 n
2-misol. X
n=1 n * 2n

98



Yechish. n - hadining koeffitsienti 5 - 1 .

" n.2"

Qatorning yaginlashish radiusini topish formulaga asosan
topamiz:

\ (n+1)-2™* = 2n+2

R=Iim = lim
n—co an+1‘ n- 2” noo N

=2:

R=2 va yagqinlashish intervali (-2;2) bo' ladi. Interval
chegaralarida, ya' ni x=-2 va x=2 nuqtalarda tekshiramiz.
x=-2 bo’ Iganda iﬂ gator hosil bo’ ladi va u
n=1 n
Leybnis teoremasi shartlarini ganoatlantiradi. Demak, qator
x =-2 nugtada yaqginlashadi.
x=2 bo’ lganda il uzoqglashuvchi garmonik gator
n=1
hosil bo’ ladi. Shunday qilib, berilgan darajali gator [-2; 2)
yarim oraligda yaqinlashuvchi.
3-misol. & 4 :
n1 n3(x2 —4x+7)n
Yechish. Qatorning n-hadiva (n+1)- hadini yozamiz:

! (X): 4n - (X): 4n+1 )
" n(x2—ax+7) " (n+10(x* —ax+7)"
U,, 4 n(x? —4x+7)
l'LTl !1‘1130 3(y2 nel n -
Un (n+1)°(x? —4x+7) 4 ‘

4n® 4

n~>r;o

<1

(n+17(x2 —ax+7)  x*—4x+7
Bu tengsizlikni yechib yagqinlashish oralig’ ini
topamiz.
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Xe(—oo, 1)u(3, oo)
Endi gatorni chegaradagi nuqtalarda yaqinlashishini

tekshiramiz. x =1 da
1

an’
gator hosil bo’ ladi. Bu garmonik gatorning umumlashgan
p=3bo’ Igani uchun yaqinlashuvchidir x=3 da

=1

X
hosil bo’ ladi. Bu qator ham yagqinlashuvchi. Demak

yaqinlashish oralig’ i (—o0, 1]U(3, ).
Mustagqil yechish uchun mashgqlar
Quyidagi qatorlarning yaqinlashish radiuslari va

yaqginlashish intervallarini toping. Yaqginlashish intervalining
chegaralarida gatorning yagqinlashishini tekshiring.

1. ix“ Javob: R=1, (-1;1)
2. 3 (x=4) Javob: R=1, [3; 5]
n=1 n
3. i”!‘xn Javob:R=0, x=0
n=1
4.3 (-2)"x2" Javob: R_i ( 1;1j
zl V2 U V27 V2
5.i X" Javob:r =1, [-1;1]
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Javob:R =1, [-1;1]
Javob:r =2, [0; 4]
Javob:R=2, (-2;2)

Javob: R = oo, (—0; o0)
Javob: R :i, (-01;0,2)
10

Javob:r =1, [-1; 0)
Javob:R =3, (-3; 3]

Javob: R = e, (—o0; o)

Javob:R:L (_1; 1)
e e e
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3-8. Teylor va Makloren qatorlari

1-misol. f(x):sin% funksiyani x=2 nuqta atrofida

Teylor gatoriga yoying.
Yechish. Berilgan funksiyaning hosilalarini va x=2
nuqgtadagi giymatlarini topamiz.

f(x):sin%, f(2)=sin277[=1,

f'(x)=£cosz=£sin(z+z) f'(Z)ZSin(Z_ﬁ+£j:O’
4 4 \4 2 42

4
2 2
Vs X . (X V1
f''(X)=——sin—= sinf| —+2-—,
9 42 4 42 [4 2)
2 2
(2 T
f"(2)=—sin| —+7 |=——,
@5 Zax)--2
~ o X r
f'"'(X)=——c0S— =—sin| —+3-— |,
9 424 4 (4 2)
3
7° . (27 3rx
f''(2)= 3S|n(7+—j—0,
4 4
fV(x)= sm@——sinﬁ+4£,
() 4 4 4 4 2
2
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2k

(
K T . 2 k 7
f(2 )(2):473"1(?"‘ kﬂ-j:(_l) 4(2k) '

2k)

2k+1

f (21) () - ﬂ—sin[% +(2k+1)- gj

42k+1
2k+1
Kt 7T (27 (2k+1)x
f k1) (2)= PET sm(—4 = ij.

Topilganlarni Teylor qatoriga qo’ ysak, quyidagiga
ega bo’' lamiz

2 2 4 4
ain™_q 7 (k=2 7' (x-2)'
4 42 2! 4% 41
o (x— 2
+---+(_1)4T @1

Bu darajali gatorning yagqinlashish intervalini
Dalamber alomati yordamida topamiz.

i u2k+2(x) ~ |ﬂ_2k+2 (X_2)2k+2 . 42 (2k)! |_
K—so0 U2k(X) _k_m‘42k+2 (2k+2)! ﬂZk (X_Z)gk‘—
72'2 2 - 1
=—x-2)lim—=0<1
4? (x=2)"Jim (2k +1)(2k +2) )

bo" Igani uchun x ning barcha giymatlarida yuqorida
berilgan gator yaqinlashuvchi, ya' ni gatorning yaqinlashish
intervali (— o ; ) dan iborat. Endi Teylor formulasidan

7z_2k+1 (X _ 2)2k+1 ) ﬂ_ég i
R, = e sm(T +(2k +1)5j

goldig hadni tekshiramiz. Har ganday k va ¢ uchun
sin(”—{5 +(2k + 1)£)
4 2

2k+1
<1 |im(£j =0 O rinli. Har ganday

k—>o0

chekli x uchun
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2k+1
koo (2K +1)!

U holda lim R,.,(x)=0. Demak, berilgan f(x):sin%
funksiya ixtiyoriy tartibdagi hosilaga ega va lim Ry (X)=0

bo' Igani uchun berilgan funksiya (x-2) ning darajalari
bo' yicha Teylor gatoriga yoyiladi.
X LZ(X—Z)ZJFL“(X—Z)“_

sin—==1— kik(X—z)Zk
4 42 21 44 4

e (2k)!

2-misol. f(x):1 funksiyani x=-3 nugta atrofida
X

Teylor gatoriga yoying.
Yechish. Berilgan f(x)zl funksiya hosilalarini va
X
ularning x=-3 nuqgtadagi giymatlarini topamiz.
f(x):l—x’l, f(—3)=—§,
_ 1 1
f'(x)=—-1-x7? ==z f (—3):—3—2,
" 5 2! 2!
f (X)Zl‘Z'X 32;, f (—3):_3_31
N _ 3! 3!
f (X)——1'2'3'X4=—F, f (_ )2_3_41
n n n! n n'
f( )(X):(_l) x L ! f( )( 3)__E;n+l
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Topilganlarni  Teylor qatoriga qo’ ysak, f(x)=

< |~

funksiya uchun Teylor gatori

1 Ux+3 21(x+3)° _ n! (x+3) _
3 3 11 3 2 3™l
2 n
:—1(1+X+3+(X+23) +...+(X+3)+...J-
3 3 3 3"

ko' rinishda bo’ ladi. Bu gatorning yagqinlashish intervalini
Dalamber alomati bo’ yicha topamiz.

X+3n X+3n+l
)=y 3
| iU () i [+ 303" L LS Y
N—>o0 un(X) now| 30 (X+3)n‘ N 3 3

Bundan |x+3<3, —3<x+3<3, —6<x<0. Intervalning

chegaralarida, ya' ni x=-6, x=0 da mos ravishda
1-1+1-1+.., 1+1+1+1+..
uzoglashuvchi qatorlar hosil bo’ ladi. Demak, gatorning
yaginlashish intervali (-6;0) bo' ladi. Hosil bo' Igan
gatorda
lim R, (x)=0

ekanligini oson isbotlash mumkin. Demak, quyidagi tenglik

o' rinli:

2 n
1= 1 1+X+3+(X+3) +...+(X+3) + .-
X 3 32 3!1
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3-misol. f(x)=; funksiyani x ning darajalari
x? —3x+2
bo" yicha Makloren gatoriga yoying.
Yechish. Berilgan funksiyani sodda kasrlarga
ajratamiz
1 1 1
x2-3x+2 Xx-2 x-1
Bu misolni yechish uchun quyidagi binomial qgator

yoyilmasidan foydalanamiz

@+x)" =1+mx+ m(n21'—1)xz ot m(m—l)...fm—n+1)xn +o
! n!
(-1<x<1)
Demalk,
1 -1 1(, x x° "
= =——|l+—+—=+ .. +—+..|=
X—2 2(1_xj 2 2 22 2"
2
1 x x? x"
=_E—2—2—2—3—...—2n+1—..., (—2<x<2)
ilz_li:—(1+x+ X2+ +x" +...)=
X — —X
=1-x—x?—..—x"—.., (~1<x<D).

Qatorlarni hadma-had ayirish natijasida quyidagiga
ega bo’ lamiz
1 1 1 1.3 M1 |
x> —3x+2 x-2 x-1 2 4 2™
(~1<x<2).
4-misol. f(x)=e*sinx funksiyani Makloren gatoriga

yoying.
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Echish. Ma’' lumki

e =1+x+£x2 +...+£xn +.., (Foo<x<w),
2! n!
3 2n+1
sinx=x—- +.+(-1)" =
3 (2n+1)

+..., (o< x<00).

U holda

e 1o x+ =X -1y +ot (=2)" ENL
2! 3 n!

Ko' paytmani aniglaymiz

f(x):exsinx=(1—x+1x2 e +ot (=1 Ly +...)><
2" 3 nl

3 2n+1
o [ ) L =x—x2+£x3—ix5+...,
3 (2n+1) 3 40

5-misol. f(x)=In L+3x funksiyani Makloren qgatoriga
yoying.
Yechish. Ma’' lumki
|n(1+x)=§(_1)n+lxnn, (C1<x<1).
n=1
U holda
~ . i1 3" - X" _1 1
(3031 ( 3<x<3j,
|n<1_x)=_§xnn, (C1<x<1),
n=1
1+3x 1
In T _E(In(1+3x)—ln(1—x))_
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Mustagqil yechish uchun mashgqlar

Quyidagi  funksiyalarni  (x-x,) ning darajalari
bo' yicha Teylor gatoriga yoying.
1 ¢ :1- _
(x) %o 3

X—3

32

(x—3)"*

o+ (=)™ >

+...,0<x<6-

Javob: f(x)= % _

2. f(x)=x"-3x; %=1

Javob: f(x)=-2+3(x-1)° +(x—1)’.

3. f(x)=x*-3x%;, xp=-2

Javob: f(x)=-16(x+2)+20(x+2)* —8(x +2)° +(x+2)*.
4. f(x)=In(x+2); x,=1

. 1 1((x-1) 1 (x-1
Javob: f(x)=|n3+§(x—1)—3—2( > )+3_3( 2 )+
n-1 n-1
+(_1) (x-1) f.., —2<x<A4.
3" n
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Javob: ¢(x)=e -z(1+ X;Z_(X‘Z'Z)Z_'__“_'_(X‘;Iz)n+“_}—oogxg+oo,

Quyidagi funksiyalarni x ning darajalari bo’ yicha
Makloren gatoriga yoying.

1 f(x)=
Javob: f(x)=5* =1+ ZX In"s, ; (o< x<0)-
n=1 '
2 =eX -1
(0=
X n-1
Javob: f(x):e PR SN +., (-0 < x <)
X 21 n!

3. f(x)=In(10+ x)

Javob: f(x)=In10+x)= IN10+ =~ b =t

n

+(=1)™" XlO“ +..., (o< x< o).
n-
4. f(x)=sin®x
2 2n-1,,2n
Javob: f(x)=sin? x= 20 8 L Cqpr X"
21 4 (2n)!
(~oo< x < ).
5. f(x)=sin? xcos?® x
124n 3y 2n

Javob: f(x)=sin’ 2x =3 (1) :
(x)=sin? xcos® x nzzll( ) @)

. 1.
sin? xcos? X=ZSII’12 2X, (—o0 < X < 0).

3
6. f(x):m

Javob: f(x)= mzz(;(u 2n+l)x 1

n
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3 1 2 1 2 S
= y :1 = y
(1—x)1+2x) 1ox leox 1ox TR T ZX

1__ 2 _1\1on n _Oo_ﬂnn
oo L 2x+(2x)° —...+(=1)"2" - x +...—HZ=C;( 1)"2"x",

o0

= iox" - 22(—1)"2%“ = Z(1+(_1)”2n+l)xn :

7. f(x)=(@+x)e™* _

Javob: f(x)=(1+xpe™ =1 i N 1x ,(—o0 < X< 0)-
1+X
8. f(x)=In=—=
()=InT—
3 2n+1
Javob: f(x)= it oy 2, 2K +o,(-1<x<1)
1-x 3 2n+1
x2
9. f(x)=
1— x2
Javob: f(X)= x* =X2+1X2+ (2n—-1)u X212
1— x2 (gn)n
(-1<x<1))
10. f() In(1+X)
1+x
Javob: f(x)= In@+x) _ x—(l+ 1jx2 +(1+1+1jx3 -
1+X 2 2 3

—[1+1+1+1jx4+...,(—l<x<1)

2 3 4

11. f(x):ln(1+3x+2x2)

Javob: f(x)zln(1+3x+2x2):(—1)”1(1+2”)Xnn, [—;<xs;j

12. Binomial gator yordami bilan |x<1 bo" lganda

T oty 1'3x4+1'3'5x6+...+
L2 2 ‘24 "246
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+1-3-...-(2n—1)X2n
2-4-..-(2n)

ekanini ko’ rsating va qatorni hadma-had integrallab,
arcsin x uchun gatorga yoying.

3 _ 2n+l
Javob: arcsinx = x+~ X 4+ 13 x LB (2n-1) x +u -
23 245 2-4-...-(2n) 2n+1
13. Binomial gator yordami bilan |x<1 bo" Iganda
1, 1, 13 ., 135,

Hax? 2" Tr o T T
ekanligini ko' rsating va qgatorni hadma-had integrallab,
In(x+\/1+ xz) funksiya uchun gatorga yoying.

4-§. Qatorlarning taqribiy hisoblashlarga tatbiqi

1-misol. In11 su 10~ gacha aniqlikda hisoblang.
Yechish. Ma’' lumki

2 3 4 n
X

_ _L 7_)(7 _ n+1L
In(L+x)=x >3 +ot+ (1) —+
(-1<x<1) da x=0, deb olsak
2 3 4
In(l,l):O,l—(O'l) +(0'1) 01 +
2 3 4
Bu ishoralari almashinuvchi Leybnis qgatori. Qator to’ rtinchi

hadining absolyut giymati 10™* dan kichik bo’ Igani sababli,
In11 = 10™* gacha aniglikda hisoblash uchun gqatorning
uchta (n=3) hadini olish yetarlidir. Demak,

In(11)~ 01—% 0.001

~0,0953.
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In(1,1) ~ 0,0953.
2-misol. In2 mu 10~° gacha aniglikda hisoblang.
Yechish. Logarifmlarni taqgribiy hisoblashda
1 1

IN(N +1)=InN +2 + -+
2N +1 32N +1)

+#+...
52N +1)° ]
dan foydalanamiz. Bu yerda N =1 bo’ ladi.

1 1 1
In2=2| =+ 5+ 5+t T |
3 3.3 5.3 (2n+1)-3%™

R,.; qoldig hadni baholaymiz.

o 1 1 11
n+l = 2n+3.32n+1 + 2n+5'32n+5 o<

(2n+3) 33 32 3") (2n+3)-37"%.8
1
“aana) a

Bundan 4(2n+3)-3*"" >10° va bu tengsizlik n=4
bo' Iganda o’ rinli bo" ladi. Demak,
In2= 2( 1 1 4 1 4 1gjz0,69314 yoki In2~0,69314.

373.8 5.3 7.3 9.3
3-misol. ¢°! u1 10~® gacha aniqglikda hisoblang.

Yechish. ¢* ning yoyilmasidan foydalanamiz.

S RV NI X"t + R,
21 (n—1)!
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R :lxg, 0<&<x. x=01 desak, e* <e® <e<3 bo' ladi.

" nl

<0,001 tengsizlik n=3 bo’ Iganda

U holda R, <—>
10" -n!

o' rinli bo’ ladi. Demak, e° w102 gacha aniqglikda
hisoblash uchun gatorning uchta hadini hisoblash kifoya,

ya' ni
~1+l +i~1105
10 200

yoki e ~1105.
4-misol. 3/130 sm 0,0001 gacha aniqlikda taqribiy

hisoblang.
Yechish. Ma’ lumki
m(m — )X2 .\ m(m—l)(m—2)X3 .
21

3!

@+x)" =1+mx+

m(m-1)..(m-n+1) _,
n! X
/130 ni quyidagi ko’ rinishda yozamiz

+.., —1<xxl

3130 =3/125+ 5 _3125 1+— : mzé bo' Isa
HEn J H(l-z]
L+ x)° _pa iy 33 e 383 3 Jyii=
3 21 3!
b 12 125, 1258,
37 3.2 3.3l 3'. 41

Endi hosil bo’ Igan qatorda x ning o' rniga % ni

go’ yamiz.
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1
(“1)3 1.1 12 125 1258
25 3.5 3%.21.5° 3°.31.5° 3%.41.5°
Ishoralari almashinuvchi gator hosil bo" Idi. Ildizning
giymatini 0,0001 gacha aniqglikda tagribiy hisoblash uchun

gatorning 3 ta hadini olish kifoya, chunki to’ rtinchi hadi
51.2.5 1.2 1
3°.31.5° 3°.6.5" 81-625

tengsizlik o' rinli. Demak,

< 0,0001

130 ~5 14—+~ — 12150000+ 0,0667 - 0,0009 ~5,0658
3.5° 3.21.5

{130 ~ 5,0658.
5-misol. sin5° ni 10° gacha aniqlikda taqribiy
hisoblang.
3 5 7

Yechish. sin X = X_X_+X__ X

—+
3! 51 71

Foydalanib, 5° radian hisobida % bo’ lganligi uchun

2 g
360 36
T T 72'3 72'5 72'7

= + - +...
36 36 36°-3! 36°-5! 367!
bo’ ladi. Qatorning uchinchi hadini baholaymiz.

5
i(ﬁj <£(0’1)5 _ L1 0522907,
51\ 36 5! 120 6

Qatorning ikkita hadi bilan chegaralansak ham

sin

bo’ lar ekan, chunki hisoblashda gilingan xatolik %-10‘7

dan kichik bo" ladi. Shuning uchun
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T T 7
SiN_—~ o o ® 0,0872665 —0,0001107 = 0,0871558
36 36 36°-3!

sin 2= ~ 0,0871558 .
36
1
6-misol. jcos\/?dx integralni 0,0001 gacha aniglikda
0

taqgribiy hisoblang.
Yechish. Ma' lumki

2 4 2n
Cos X =1—X—+X——...+(_1)” X
21" 41 (2n)!

Agar x ni J/x bilan almashtirsak,
x> X o X"
COS\/—_1_§+ 41 a+...+(—1) m-ﬁ-..., (XZO)
hosil bo’ ladi. Bu tenglikning ikkala tomonini 0 dan 1

gacha chegaralarda integrallab quyidagini topamiz:

1 2 3 4 1
.[cos&dx: X — X + x _ X +...
3 2-21 3.41 4.6! .

hosil bo’" Igan ishoralari almashinuvchi gator 5-hadining

1 1 1
+ — +
2.21 3.41 4.6l

absolyut giymati 0,0001 dan kichik bo’ Iganligi sababli
qatorning birinchi 4 ta hadini olish kifoya. Demak,

jcosJ_dx 1,1t 1 ~0,7635
472 2880

1
J'cos\/;dx ~0,7635.
0

Mustaqil yechish uchun mashgqlar
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Quyidagi ifodalarni berilgan

hisoblang.
1. In5; £=0,001
2. 1g101; ¢ =0,0001
3. In17; £ =0,001
4. 3/30; £ =0,001
5. 3/10; £ =0,001
6. 3/250; & = 0,001
7. cos10°: &£ =0,0001
8. sin0,4; £ =0,001
9. sin18°: £ =0,001
10. arctg0,2; £ = 0,0001
11. Je; £=0,001
12. %; £ =0,001
Quyidagi integrallarni
hisoblang.

1
1. ﬁ&cosxdx
0

1
2. Isin x? dx
0

116

0,001

¢ aniglikda taqribiy

Javob: 1,609
Javob: 2,0043
Javob: 2,833
Javob: 31072
Javob: 2154
Javob: 3617
Javob: 0,9948
Javob: 0,3894
Javob: 0,309
Javob: 01973
Javob: 1,649

Javob: 0,779

aniglikda tagribiy

Javob: 0,608

Javob: 0,310

Javob: 0,758

Javob: 0,747



u

o
ot 0tk ot— K o—&

~

o
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Javob: 0,487

Javob: 0,500

Javob: 0,072

Javob: 0,508



III BOB. FURYE QATORI

1-§. Davri 27 bo’ lIgan funksiyalarni
Furye qatoriga yoyish

1-misol. Davri T =2z bo’ Igan f(x)=x funksiyani
[- z; z] kesmada Furye gatoriga yoying (8-rasm).

_______

Yechish. f(x)=x funksiya [-7z;z] da Dirixle
shartlarini gqanoatlantiradi. Shuning uchun Furye qatoriga
yoyish mumkin va a,, a_ b, koeffitsientlarini hammasini

quyidagi formulalar orqali topamiz:

ao:ijf(x)dx:—_"xdx_7lr)(2 —21;2_(72' ~x?)=0,
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u=Xx, dv = cos kxdx

a, =§ I f (x)cos kxdx = % J'xcos kxdx =

-7

:l lsinkx< —lj‘sinkxdx :i 0+izcosk><{ =
|k . k7 7 k T

=ké(cos kz —coskz)=0,
T

du=dx, v= %sin kx

. u=x, dv=sinkxdx

1 . 17 .
b, == [f kxdx = = kxdx = -
) 7;-[ (x)sin kxdx ”£x3|n e P v:—%coskx

-

:l —5cosk><4 +1J'coskxdx :l (—Z—choskn+0 =
| k . k2 V4 k Kk
:—gcoskﬂ:(—l)k*lg.
k k
2
b — _1 k+l_-
=)

Javob: f(x)= x =25 (_1)t SINkx
(x)=x kZ:l:( ) ”

yoki
" smx_sm2x+sm3x__“+(_1)k+1smkx+m .
1 2 3 k

2-misol. Davri T =2z bo' Igan f(x)=x funksiyani

[0; 2z] kesmada Furye qatoriga yoying (9-rasm).
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9-rasm.

Yechish. Davri T=2z bo’ Igan f(x)=x funksiya
uchun quyidagi tenglik o’ rinlidir:

]E f(x)dx = Tﬂf (x)dx
- A
va 1=0 bo' Isa
T f(x)dx = Tf (x)dx. 1)
- 0
Bu formulalardan foydalanib, a,, a,, b, koeffitsientlarni
topamiz.
a, =iif(x)dx:iifxdx:i)(—2227r =%(47z2 ~0)=2r,

1% u=x, dv=-coskxdx 1« 2
a, :—_[xcoskxdx: 1 . == —sinkx{ -
7Ty du = dx, V:Esmkx |k 0

1% 1 1 1
e [sin kxdx}: O+k2cosk>{ = (cos2kz —cos0) =0+
0 T 0 T
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2r
by =1_|'xsin kxdx = 1 ==
Ty du = dx, v=—Ecoskx r

2r 2z
+1jcoskxdx :l —2—ﬂ+0—izsinkx{ :l(—z—”J:—E.
k 0 T k k V1 k k

0

u=x, dv = sin kxdx {

Javob: x=r- Zisw:(kx
k=1

yoki

(sinx sin2x  sin3x sinkx )
X=mr—2 + + -+ +.. .
1 2 3 k
3-misol. Davri T =27 bo’' Igan quyidagi funksiyani
[0; 2] kesmada Furye gatoriga yoying: (10-rasm).
f(x):{ 4, agar 0<x<rz
-1, agar 7 <Xx<2rx

IN

(=}
J

RS (U

T27z

10-rasm.
Yechish. 2-misoldagi (1) tenglikdan foydalanib, a,,
a,, b, koeffitsientlarni topamiz.

27 T 27
a, :i.!f(x)dx:iu4dx—£dszi(4x|g—x|i”):3,
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2z V4 27
a, :ljf(x)coskxdx:l j4coskxdx— j coskxdx | =
7% 7o o

= 1Fsin k ——sm k }
k

T

=£J.f(x)sm oxdx = 2| | I4S|n kxdx — Ism kxdx}

T% T

_1 _4cosk>{ += cosk{ (— (coskz — 1)+—1cosk7zj
7| k k k

0, k=2
(> 5 Lo 5 5 Sho (_1)k]: o agar n |
kr kz kz k—,agark=2n+1

T

Javob: f(x):§+@iw,
2 mio 2k+1
4-misol. Davri T =27 bo' Igan quyidagi funksiyani:
- <
f(X)={ O agar—m=xX<0
X, agar 0<x<r

[-7z; =] kesmada Furye qatoriga yoying. (11-rasm)

N\
-
iy
—
x
SN—
Il
o
b ——— -

—3r —2r - 0 T

11-rasm.
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Yechish. Berilgan funksiya [-z;z] da Dirixle

shartlarini qganoatlantiradi. a,, a,, b, koeffitsientlarini
topamiz.

1 V4 1 0 1 T
8 =— _f f(x)dx = ~ I fl(x)dx+;_|. f,(x)dx =
et e 0

271'

[[o dx+dex} 1 X?

VA

z
2

V3 0

=ljf )cos kxdx =~ _[ (x)cos kxdx+lj' f,(x)cos kxdx =
T* T 0

-

1 5sink><< —EJ.sinkxdx =
k o K3

B du =dx, v:%sinkx T

1{O+ 1 coskx{ }
V4 k? 0

2
———, agar k=2n+1
= Kkir 9 p

0 , agar k=2n

u=x, dv=-coskxdx {

e EVRETE

Fid 0 Fiq
b, _1 _[ f (x)sin kxdx = = J'O-sin kxdx+l_|'xsin kxdx =
T 7T 7Ty
u=xX, dv = sin kxdx

=1Ixsinkxdx= 1 =1 —écoskx< +
Ty du = dx, v:—Ecoskx 7| K 0

- o (_ k+1
Javob: ¢ (y)- E_EZCOS(ZK+32L)X+ (-1) sin kx-
4 ria (2k +l) P ¢
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Mustagqil yechish uchun mashgqlar

1. Davri T =2z bo' Igan f(x)=x* funksiyani [0; 27]
kesmada Furye gatoriga yoying.

Javob: f(x)= 47r 4z[coskx_ smkx)
et kK

2. Davri T=2z bo' Igan f(x)=e* funksiyani

[-z; ] kesmada Furye gatoriga yoying.

o (_ k
Javob: f(X)z722_Sh71'|:;+4kzli((2]:21(COSkX—k5inkX)j|'

3. Davri T=2z bo" Igan f(x)=x-2 funksiyani
[-7z; z] kesmada Furye qgatoriga yoying.

Javob:
f(x)= 4+’ 2% (((—1)k 2k —sin 2K Jsin kx (@) —cos;Zk)cos kxj'
27 T k k

4. Davri T =27z bo’ lgan quyidagi:
0, agar — 7 <x<0
f0-1
X%, agar 0<x<rx
funksiyani [~ z; | kesmada Furye qgatoriga yoying.
Javob'

k+1 0 A
f(x)=2= +22 coskx+7rz k) sin kx—izw.

& kd

5.Davri T =27 bo’ Igan quyidagi:
f(x)={_2X’ agar —7<x<0
3X, agar 0<x<rx
funksiyani [~ z; | kesmada Furye qgatoriga yoying.
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57z 10 & cos(2k +1)x - & sinkx
Javob: f(x)="-=— - .
ﬂkz(; (2k +1)° kzzll

6. Davri T=2z bo' Igan f(x)=z-x funksiyani
[0; 2z] kesmada Furye qgatoriga yoying.
Javob: f(x)=2§:Sin kx.

2-§. Juft va toq funksiyalarni Furye gatoriga yoyish

1-misol. Davri T =27 bo’ Igan quyidagi:
f(x):{_l’ agar —7<x<0
1 agar 0<x<rx
funksiyani [-z; z] kesmada Furye qatoriga yoying. (12-
rasm)

11

I
__A_
o
3
>

12-rasm.
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Yechish. Bu funksiya toq funksiya. U holda a, =0,

a, =0. b, koeffitsientni topamiz.

b, :%J. f(x)sin kxdx=§fsin kxdx:—icoskx{ =
0 0

kz 0
0, agar k =2n
2 2 K
=—— kz — 0)=——"|(-1) —-1|= .
kﬂ_(COS T —COS ) Kz [( ) ] k4' agar k=2n+1
T

. 4 & sin(2k +1)x
Javob: f(x):;kz(;%.

2-misol. Davri T =27 bo' Igan f(x)=|x funksiyani

[~ z; z] kesmada Furye gatoriga yoying (13-rasm).

13-rasm.

Yechish. Bu funksiya juft funksiya. U holda b, =0. a,,
a, koeffitsientlarni topamiz.

V4 Vs 2
ao:%J.f(x)dx=%dex=%x7 =,
0 0 0
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u=X, dv = cos kxdx .
2| X .
{—sm kx{

akzgj'xcoskxdx= 1 . ==
Ty du = dx, V=Esmkx |k 0

T

17 . 2 2
——|sinkxdx |=——coskx = coskz —cos0)=
k-([ } k?z X{ k272'( g )

0

0 , agar k=2n

e U

Kz . agar K=2n+1
k7 g

_ 7z 4&cos(2K+1)x

2 7z (2k+1Y
3-misol. Davri T =27 bo' Igan quyidagi
f(x):{ 3, agar 0<x<urx
-2, agar r <X<2x

funksiyani [0;2z] kesmada Furye gatoriga yoying.

Javob: f(x)

rasm)

s ! s——
-2z — 7 Q 7 21y X
| 2" : 1
Cmmmm e 4 '
14-rasm.
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Yechish. Bu funksiya 2z davrli bo’' lib, u toq ham,
juft ham emas. Uning Furye koeffitsientlarini topish uchun
ko' rilgan lemma shartidan foydalanamiz.

2z 4 27
a, = i _([ f(x)dx = i(z[:%dx— ;[ 2dx} :%(3x|g —2x|i”):1,

2 V4 2z
a, = Ear (x)cos kxdx = 11 [3coskxdx— [ 2coskxdx | =
% 7o 71'

T 27
:lFsinkx{ —gsinkx{ }:1(0—0):0,
|k o K . V4

2r T 2r
b, = 1 I f(x)sinkxdx = l{|.3sin kxdx — J. 2sin kxdx} =
T 0 T 0 T

T 2
=1[—§coskx{ +gcosk><< }=1[—§(—1)k_1]+g[1_(_1)k]j=
T k 0 k T T k k
0 , arap k=2n
5
:G[l_(_l)k]z _O ara k=2 )
, p =2n+1
T

Javob: f(x)=£+£ > —sin(2k+1)x.

2 rmim 2k+1
Mustagqil yechish uchun mashgqlar

1. Davri T=2z bo' Igan f(x)=x* funksiyani
[ 7; ] kesmada Furye gatoriga yoying.

Javob: f(x)= i(—l)k (E—ZT”ZJsin kx.

3
a k
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2. Davri T =27 bo' lgan quyidagi
f(x):{_z’ agar —7<x<0
2, agar 0<x<r
funksiyani [~ z; | kesmada Furye qgatoriga yoying.

. 8 & sin(2k +1)x
Javob: f(x):;kz(;%.

3. Davri T =2z bo’ Igan f(x)=x? funksiyani [0; 27]
kesmada Furye gatoriga yoying.

Javob: f(x)=4—”+4i(i2coskx—zsinkxj.
3 o\ K k
4. Davri T =2z bo’ Igan f(x)=x funksiyani [-z; 7]
kesmada Furye gatoriga yoying.

Javob: f(x)= Z k”S'nkX

5. Davri T=2z bo Igan f(x)=sinx funksiyani
[- z; =] kesmada Furye gatoriga yoying.

Javob: f(x)=— sin 2kx
(x) ;lez_l
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3-§. Davri 21 bo’ Igan funksiyalarni
Furye gatoriga yoyish

1-misol. Davri T=2 bo’' Igan f(x)=x+1 funksiyani
[-1;1] kesmada Furye gatoriga yoying (15-rasm).

15-rasm.

Yechish. f(x)=x+1 funksiya toq ham, juft ham
emas. Shuning uchun a,, a,, b, koeffitsientlarni topamiz.
Bunda I =1.

1
1 2
= f dx x+1dx —+X| =2,
o= ] 1600 = oo~ o]
1 ks
a, ZTI f(x)cosTxdx=_[(x+1)cosknxdx=
- -1
u=x+1, dv=coskazxdx 1 1
X+1 . 1 7.
= 1 . = —=sinkzx ——_[smk;zxdx:
du = dx, V= k—sm K7zx kz 4
T

130



1
2
=———(coskz—coskrz)=0
g k272'2( )

:ismkﬂ 0+—— 1 cos kax
ks k27z?

| 1

J S|n—xdx—_[(x+1)sinknxdx=
-l
X+

-1

u=x+1, dv = sin kazx dx 1
X+1
= 1 =———cosknx| +
du=dx, v=-——cosknx kz o
kz
2 1 . !
+—.|.cosk7zxdx———cosk7r 0+— 2smk;zx =
kz ker a
:——(—) (sinkﬂ—sinkﬂ)———(— 1) = (-1 = 2

ko

Javob. f(X):l_ng(_l)kJrl sinkx .
T k2 k

2-misol. Davri T=4 bo’' Igan quyidagi:
f() 2+ X, agar —2<x<0
2, agar 0<x<?2

funksiyani [-2;2] kesmada Furye gatoriga yoying.

rasm)

y=2

y=x+2

<\

1
N

o
Ng--------4

16-rasm.
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Yechish. Bu funksiya juft ham, toq ham emas, | =2.

Shuning uchun a,, a, va b, koeffitsientlarning topamiz.

0

2 2 0
a, :TI f(x)dx:%I(x+2)dx+%j2dx=%(%+2x}
0

2

-3.

+l-2x
2 0

—l -2

0 2
a, :%I(x+2)cosk7ﬁxdx+%.|'2cosk7”xdx:
-2 0

U=x+2, dv=cosk—7[xdx {

du = dx, v:isink—ﬂx 2
kz
2 2 kz
- FCOS7X
2

——, k=2n+1
e R S

2 % . kr 2 . krx
— = [sin——xdx+——sin—~x
T kz

0 2
b, :lI(x+2)sink—”xdx+l.|'25ink—ﬂxdx=
2], 2 21

u=x+2, dv=sink—7zxdx { 0

_ 2 _1

_2Ax+2)  kz

X
kz

+
-2

du = dx, v=—£cosk—”x 2
T

2 0 ki 2 ki 2:| 2 2 ki
jcos—xdx——cos?x

0

k2, 2 kz kz krx

0 -2

2

S VRSV GV
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Javob:

3.4 (2k+1 (- )k+1 kz
f(x)= + 22k+1 z sin X 5 Zx.

7T k=1

3-misol. Davri T =4 bo’ Igan f(x):‘x‘_5 funksiyani
[- 2, 2] kesmada Furye gatoriga yoying (17-rasm).

——————
7
!
7’ |
7 1
7 |
N 1
N |
N 1
N
Ny
|
|
1
1
/
! \
\
\
\

J 3
71
7 1
4 1
4 |
4 |
N |
S |

N

< !
N

N ————
|
|
|
.

17-rasm.

Yechish. Berilgan funksiya juft bo’ Igani uchun fagat
a, va a, koeffitsientlarni topamiz, b =0 bo’ ladi. 1=2

133



2
-=2-10=-8

0

2

=E} f(x)dx=2f(x—5)dx=x2

2
—j f(x cos— xdx = ;j(x —5)cosk27[ xdx =

0
U=X-5=du=dx

kz 2 . kr
dv = cos7xdx =>V=—-35in—X

ko
_ 2 2
=2(X 5)smk—”x —i smk—ﬂxdx—
kz o Kmo
4 kr |° 4
= CoOS—X| = coskz —cos0) =
k?z? 2 |, k27Z'2( i )
0, agar k=2n
4 K
-1) -1
k? 2(( ) ) —%, agar k=2n+1
ke

Javob:

8& 1 (2n+1)z
— COos X
7 kzzl(zn +1) 2

X|-5=—4-

4-misol. Davri T=2 bo’' Igan quyidagi

1, agar —1<x<0
F(x)= ) )
2—-X, agar 0<x<1

funksiyani [-1;1] kesmada Furye gatoriga yoying.

rasm)
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y=1

______

B

18-rasm.

Yechish. Berilgan funksiya juft ham, toq ham emas,

I=1. Demak, a,, a, va b, koeffitsientlarning hammasini

topamiz.
0 2
+ (ZX —X—j
-1 0

u=2-x, dv= COSkﬂXdX]

1

Il_I[f(x dx = Idx+J‘ X)dx = X

S
2'

0 1
a, =J cos k;zxdx+f(2—x)cosk7zxdx= 60 = —dx v = L sin kax

0

1 1
=isink7zx +ﬂsink7zx +ijsink7zxdx:
kz 4 kz 0
1 ! 1 2 agar k=2n+1
=——~ coskmx =——N—(-1)|=dk?r2%" B '
k27Z'2 o k27Z'2[ ( ) ]

T
0 , agar k=2n

u=2-x, dv=sinkmxdx
b, —ISInandXJrIZ xsmk;zxdx_ 1 =
° du = —dx, v =———cos kzx
VA
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0 1

1
:—icoskﬂx —ﬂCOSkﬂX —iJ.COSkﬂXdX:
kz L, kz 0
1
=i[(—1)k —1]—icosk7z+i—ﬁsin x| =
kz k k*z o Krm

Javob: f(x) :§ izcos 2k+17ZX+1 sinkax
4 -0 2k +1 TYa k

Mustaqil yechish uchun mashgqlar

1. Davri T=2 bo' lgan quyidagi:

f(x)—{ 3X2+1, agar —1<x<0

1 agar 0<x<l1

funksiyani [-1;1] kesmada Furye qgatoriga yoying.
Javob: f(x)= 32(005kﬂx sin k7ZX)

k?m? 2k
2. Davri T=2 bo' Igan f(x)=x* funksiyani [-1;1]
kesmada Furye qatoriga yoying.

k
l) coskzx .

Javob: f(x)= z(

3. Davri T=2 bo’ lgan f(x)=|x funksiyani [-1;1]
kesmada Furye gatoriga yoying.

. 1 4 &cos(2K +1)mx
Javob: f(x):??gé (2(k+1)2)

4, Davri T=2 bo' Igan f(x)=x-[x] funksiyani
[-1;1] kesmada Furye gatoriga yoying.
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f(x) 1 1 smk;zx'

2 7igd Kk
5. Davri T=4 bo' Igan f(x)=|x| funksiyani [-2;2]

Javob:

kesmada Furye qatoriga yoying

2k +1)ux
Javob: f(x)=1-— (
(x) 7’ sz; 2k +1Y 2

4-§. Davriy bo’ Imagan funksiyalarni Furye qatoriga
yoyish

Biror [0;1] kesmada uzluksiz va bo’ lakli monoton
f(x) funksiyani [-1;0] kesmada davom ettirib, bu
funksiyani [-1;1] kesmada toq yoki juft holdagi funksiyaga
to" Idirib uni Furye gatoriga yoyish mumkin.

Davom ettirilgan toq funksiya uchun Furye qatori
fagat sinuslarni, juft funksiya uchun Furye qatori faqat
kosinuslarni o' z ichiga oladi.

1-misol. f(x)=xz—2x funksiyani [0; z] kesmada toq
holda davom ettirib, [-7;z] kesmada Furye qatoriga
yoying. (19-rasm).

Yechish. Bu funksiya T =2z davrli bo' lib,
[-7; z]kesmada toq funksiya bo’ ladi. U holda a, =0,
a, =0, b, #0 bo’ lib, b, ni umumiy formuladan topish
kifoya. Bu yerda | =~
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g
\ _______ v
HAY y=m—-2X
o \a
A
—;Z' -\ O X
\
\
______ ) S
-
19-rasm.
0% u=m-2x, dv=sinkxdx
b, =— —2X)sinkxdx = =
X m[(ﬂ ) du = -2dx, v=—%coskx
=E —ﬂ_zxcosk{ —g]rcoskxdx :2{”cosk7r+”cosO—0}=
T k o ko 7l k k
2 2 ﬂ agar k=2n
e |
7 0, agar k=2n+1

Javob: f(x)=4iSin
a 2

2-misol. f(x)=7-2x funksiyani [0; z] kesmada juft

holda davom ettirib, [-7;z] kesmada Furye qatoriga

2kx
o

yoying. (20-rasm).

Yechish. Bu davriy bo' Imagan f(x)=z—-2x
funksiyani juft holda davom ettirib, [-7;z] kesmada
T =2z davrli juft funksiyaga to’ Idirsak bo’ ladi. U holda

138



b,=0 bo' lib, a,, a, larni umumiy formulalardan topish

kifoya. Bu yerda I =~

20-rasm.

3

:E(ﬂ'z —nz)zor

T

2
j 7 —2x)d Z(nx—z-xj
To 2

V4

0
U=mx—2x, dv=cos kxdx

2 T
a =— —2Xx)coskxdx = =
X ﬂg(ﬂ ) du = —-2dx, v=%sin kx

2| =2 i k{ + 2 sinkxax [= 2| - 2. 1cosk{
7| k o Ko 7| k k 0

8
? (coskz —1)= f' [1—(—1)"]: n agar k=2n+1
2 kz

0 , agar k=2n
Javob: f(y)_ ;_px_ 85 cos(2k+1)x.

ko 2k+1
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3-misol. f(x)=x? funksiyani [0;7] kesmada toq
holda davom ettirib, [-7;z] kesmada Furye gatoriga
yoying. (21-rasm).

Yechish. Agar f(x)=x? funksiyani toq holda davom
ettirsak u [-7; z] kesmada T =2z davrli toq funksiyaga
aylanadi. Demak, uni [-z; 7] kesmada toq funksiya deb
garab, uning Furye koeffitsientlarini topamiz. Bunda a, =0,

a =0,b #0, l=x.
y

L_ZT9_ __

1
1
1
1
4
W
i

S SR

_;V'

21-rasm.
u=x?, dv =sin kxdx}

bkzgj'xzsinkxdx: 1 =
Ty du = 2xdx, v:—Ecoskx

o 2 P u=Xx, dv = coskxdx
=—| ———coskx +=[xcoskxdx |= 1 . =
T k o Ky du =dx, V=ESII’] kx
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2 [ T
=E —”—cosk7z+0 +i isink —ljsinkxdx :—z—ﬂcoskzz+
T k kx| k o K3 k

2 O+izcoskx1 =(—1)k+12—ﬂ+é[cosk7r—coso]:
kz k 0 k k°z

L 0, agar k=2n
1 Sinkx _ 8 <sin(2k +1)x
k  7& (2k+1)
4-misol. f(x)=x+1 funksiyani [0;1] kesmada juft
holda davom ettirib, Furye gatoriga yoying. (22-rasm).
Yechish. Agar f(x)=x+1 funksiyani juft holda davom
ettirsak u [-1;1] kesmada T =2 davrli juft funksiyaga

8
:(_1)k+12l+ 4 [(_1)k 1]_(1)k+12k72'{k37[, agar k—2n+1_

Javob: f(x)= 27zi(— 1)

aylanadi. Uning Furye koeffitsientlarini topamiz. Bunda
b, =0, I=1.

TR
x|
X

7
=

<
=

b — - - - -

o
[
=

22-rasm.

a, zllj f (x)dx = Zi(x+1)dx _ z(X;HJ

1

:2(14-1):31
o 2
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| 1
a, =|}J' f(x)coskl—”xdx= 2[ (x+1)cos kmxdx =
- 0

[u =x+1, dv=cos k/ZXdX]
_2[x+1

= 1 . —=sin knx
du=dx, v=-—sin knx T
kz
1

1 1 1
——Isin k7ZXdX:|
Kz s

0

:O+éCOSkﬂX =k227r2 (cosk;z cosO) é[(_l)k_ ]:

0
4

_ —ﬁ, arap k=2n+1
0 , arap k=2n

Javob:

Mustaqil yechish uchun mashglar.

1. Davriy bo’ Imagan f(x)=cos2x funksiyani [0; 7]
kesmada toq holda davom ettirib (sinuslar buyicha),
[~ z; z] da Furye gatoriga yoying.

Javob: _ A5 (2k+1)sin(2k+1)x
f) mzz(; 4—(2k +1)°

2. Davriy bo" Imagan quyidagi:
<x<
f(x)={ X , agar 0<x<1
2—-X, agar 1<x<2

funksiyani [0; 2] kesmada juft holda davom ettirib, [-2; 2]
da Furye gatoriga yoying.

cos (2k +1
R

Javob: f(x)=
) = (2k+1)y
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3. Davriy bo’ Imagan 1“(x)=x—%x2 funksiyani [0; 2]
kesmada juft holda davom ettirib, [-2;2] kesmada Furye
gatoriga yoying.

o k

Javob: f(x :%—iz + 1) cos%x.

k=:

4. Davriy bo’ Imagan f(x)=x—%x2 funksiyani [0; 2]
kesmada toq holda davom ettirib, [-2; 2] kesmada Furye
gatoriga yoying.

- k
Javob: f(x) _iz 1)

3
T k=1

sin X7 .
2
5. Davriy bo’ Imagan f(x):%—g funksiyani [0; 7]
kesmada toq holda davom ettirib, [-z;z] da Furye
gatoriga yoying.

, 2 & Cos (2k +1)x
Javob: f(x =—§
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