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SO’'Z BASI

Bul oqiw-metodikalig gollanba “Matematikaliq analizpa’ninin’ tiykarg'i
bo’limlerinen biri bolg’an aniq emes integral ta@sina bag’'ishlang’an.

Ha'r qanday funktsiyalardi integrallawda ratsion&nktsiyalardi a’piwayi
bo’lshekler gosindisi tu'rinde an’latiw, ko’pag’mal ko’beytiwshilerge jiklew ha'm
duris ratsional bo’lsheklerden paydalanilg’an. iBen funktsiyalardi integrallawdi
esaplawlar integrallaw usillari, ratsional funk&dardi integrallaw, Ostrogradskiy usili,
algebraliq irratsional funktsiyalardi integrallatkganstsendent funktsiyalardi integrallaw
argall orinlaniwi, jetkilikli sandag’t misallardisheshimlerin keltiriwi menen berilgen.
Sonin’ menen birge 0’z betinshe islew ushin biteeshinig’iwlar keltirilgen.

Qaraqalpaq tilinde ja’riyalanip atirg’an da’slep@ollanba bolg’anligtan onda
geypara kemshiliklerdin’ ushirasiwi mu’'mkin. Avtarlbul boyinsha pikirlerdi u’lken

minnetdarshiliq penen gabil eted..



ANIQ EMES INTEGRAL

1. Funktsiyan! tuwindisi boyinsha tabiw

Klassikalig matematikaliq analizdin’ fundamental’lioderinin’ biri  bolg’an
differentsiallig esapta ha'reket nizami berilgeg’'dayda onin’ bir zamattag’i tezligin

tabiw ma’selesi. Eges = s(t) funktsiyasi materiallig nogattin’ ha'reket baslamgan
son’ t waqit dawaminda basip o’tken jolin an’latatug’iolda, onda materialliq
nogattin’ usit waqit dawamindag’t bir zamattag’ tezlig=s(t) funktsiyasinin’
tuwindisina ten’ boladi, yag'niy = s'(t).

Fizikada bul ma’selege keri ma’sele: materiafiagattin’v = v(t) tezligi ma’lim
bolg’anda, onin’ ha'reket nizamin tabiw, yag'niywtadisi v(t) funktsiyag’a ten’
bolatug'in s(t) funktsiyasin tabiw ma’selesi. Usinday ma’selélestieshiwdin’
matematikaliq jollarin islep shig''w magsetinde rgizilgen ilimiy izertlewler
na'tiyjesinde matematikaliq analizdin’ bo’limi boéo integralliq esap ga’liplesti.

Da’slepki funktsiya tu’sinigi. Meyli f(x) ha’'m F(x) funktsiyalar (a, b)
intervalinda aniglang’an, aF(x) funktsiyasi usi intervalda differentsiallaniwshi
bolsin. Eger ha'r bix [1(a, b) ushin

F/(x) = f(X) (1)
ten’ligi orinli bolsa, ondaF (x) funktsiyasi f(x) funktsiyasinin’ (a, b) intervalindag’s
da’slepki funktsiyasi delinedi.

Eskertiw 1. Da’slepki funktsiya tu’'sinigin haqiyqly sanlar ldginde
ushirasatug’in basqa tiptegi kesindiler (segmeatiny interval-shekli yamasa sheksiz,
yarim segment- shekli yamasa sheksiz) ushin dé@kimu'mkin. Ma’selen, egerf (x)
ha'm F(x) funktsiyalari [a,b] segmentinde aniglang’afi,(x) fuknktsiyasi (a,b)
intervalinda differentsiallaniwshi, al [a,b] segriete u’zliksiz ha’'m ga’legerxLi(a, b)
ushin (1) ten’ligi orinli bolsa, ond& (x) funktsiyasinaf(x) funktsiyasinin’ [a, b]

segmentindegi da’slepki funktsiyasi delinedi.

Eskertiw 2. Eger F(x) funktsiyasi f(x) funktsiyasinin’ (a, b) intervalindag’i
da’slepki funktsiyasi bolsa, onda(x) + C funktsiyasi, ha'r bir S = constushin f (x)

funktsiyasinin’ da’slepki funktsiyasi boladi.
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Bug’an keri tastiyiglaw da orinli boladi.
Teorema 1.Eger F(x)ham F,(x) funktsiyalari f(x) funktsiyasinin’ (a, b)
intervalindag’t ha’r qiyli eki da’slepki funktsilai bolsa, onda ha'’r bix Li(a, b) ushin,
F,(x)=F(Xx)+C 2
ten’ligi orinli boladi, bundaS— erikli tu’raqg]l.

Da'lillew. @(x) = F,(x) — F,(x)belgilewin kiritemiz de teoremanin’ sha'’rtinen
ha'm da’slepki funktsiyanin’ aniglamasinan ha'’r bitl(a, b) ushin Fll(x)= f(x),
F, (x) = f(x), ten’likleri orinli bolatug’inin jaza alamiz. Buan @(x) funktsiyasi (a,

b) intervalinda differentsallaniwshi ha'm ga’legerii(a, b) ushin@’(x)=0 ten’ligi
orinli bolatug’ini kelip shig’adi. Sonligtan, gagdenxLl(a, b) ushind(x) =C = const
ten’ligin jaziw mu’mkin (Lagranj teoremasinin’ 1-dat1). Demek,F,(x) - F(x) =C,
yag'niy (2) ten’ligi duris.

Da'lillengen teoremadan berilgef (x) funktsiyasi ushin da’slepki funktsiya bir
ma’nisli aniglanbaydi, tek tu’raglig’a shekemgiltkfe g’ana aniglanadi degen na'tiyje
kelip shig’adi.

f (x) funktsiyasinin’ da’'slepki funktsiyalari ko’pliginebazi bir F, (x) da’slepki
funktsiyasin ajiratip aliw ushiry = F,(x) funktsiyasinin’ grafigine tiysliM (X, Yo)

tochkasin biliw jetkilikli bolad.

Misal f(x) =i4 funktsiyasi ushin grafigM (3;1) tochkasi argal o’'tetug’in
X

da’slepki funktsiyasin tabin’.

Sheshiliwi: x_l“ funktsiyasinin’ barhqg da’slepki funktsiyalarinikd’pligi

1
F(X)=—3?+C

1
formulasi menen beriledi. Misaldin’ sha’rtineR(3) =1, yag'nily 1:—8—1+C,

1 1 1
sonligtan ¢ =1— . Demek,F(x)=-——+1—.
g 81 (%) 3x® 81



Anig emes integral tu'sinigi f(x) funktsiyasinin® bazi bira kesindisindegi
da’slepki funktsiyalari ko'pligine onin’ usi kesiieégi aniq emes integrali dep ataydil,

I f (X)dx simvoli menen belgileydi ha’'m

[ f(9dx=F(x)+C 3)(
tu'rinde jaziladi. Bul jaziwdd (x) funktsiyasi f (x) funktsiyasinin’A kesindisindegi
bazi bir da’'slepki funktsiyasi, a erkli tu'raqgl, f - integral tan’basl,f(x) integral

astindag’l funktsiyaf (x)dx integral astindag’i an’latpa boladi.

Integral astindag’l an’latpanF'(x)dx yamasa dF(x) tu'rlerinde de jaziw

mu’mkKin, yag'niy
f (X)dx =dF(x). (4)

Berilgen funktsiyanin’ aniq emes integralin tabiMmeli bul funktsiyani
differentsiallaw a’meline keri a’mel bolip, berilgdunktsiyaniintegrallaw dep ataladi.
Sonligtan tuwindig’a baylanish jazilg’an qa’legéormulani, yag'’niy F'(x) = f (x)
tu’rindegi formulalardi (3) ten’ligi ko'rinisindegziw mu’mkin. Tuwindilar tablitsasinan

paydalanip bazi bir elementar funktsiyalardin’ gméglarin tabiwg’a boladi. Ma’selen,

ten’liginen j%dx= tgx+ C bolatug’inhg’i kelip shig’adi.

(9% =—
cos® X cos X

Shinig’'itwlar

1. Nokis galasinan Kegeyli galasina shiggan «Tikoxilj@vtomashinasi tuwri
sizig boylapu = 4t® + 3t nizami boyinsha gozg’aladi. Onin’ ha'reket nizatamn’.

2. Tuwr siziq boylap qozg'aliwshi velisopedshinin’ ligiz v =5t +3 nizami
boyinsha o’zgeredi. Eger velisopeddh+ 2c ta 20 m jol ju'rse, onda onin’ ha'reket
nizamis-ti tabin’.

3. Eger baslang’ish wagqitta denenin’ tezligi nolge taplsa, onda turaqh tezleniw
g menen erkin tu’siwshi denenin’ ha'reket nizamioiéa

4. Tuwri siziq boylap Matiz jen’il avtomashinasi=7t—-12 tezleniw menen

ha'reketlenedi. Baslang’'ish waqgitta onin’ tezkgi=8 m/s ten’, als, =10 m.

1) Matiz avtomashinasinin’ tezligin ha’m ha'reketamin;
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2) onin’ 2-sekundtag’i tezleniwin, tezligin ha'mirgen joln;

3) en’ kishi tezlikke erisetug’in waqgtin tabin’.

5. Dene tuwri siziq boylap 1y =t*-5t+6; 2) v =5t—4t> nizamlarl boyinsha
gozg'alsa, onin’ ha'reket nizamin tabin’.

6. Dene tuwrl siziqg boylapy =3t -2 tezlik penen ha'reketlenedi. Eger ol

baslang’ish wagitta 6 m jol ju’rgen bolsa, ondanbha’reket nizamin tabin’.

7. Tuwn siziq boylap dene =3t +4t -1 formulasi boyinsha qozg'aladi. Eger
dene baslang’ish momentte koordinatalar basindsapoinda onin’ ha'reket nizamin

tabin’.
8. Top baslang’isty, tezlik penen vertikal joqarig’a ilaqgtiriidi. Usiptin’ ha'reket

nizamin tabin’ (hawanin’ garsilig’t esapga alinibgasi

9. Materiallg nogat tuwri siziq boylapa=1Ct*+5t tezleniv menen

ha'reketlenbekte. Eger onin’ 1-sekundtag’i tezligF 8 m/c, al jurgen joli S=6 m

bolsa, onda materialliq nogattin’ ha'reket nizataimn’.

10. Materiallig noqattin’ tezligi tuwr siziq boylap = 2sint formulasi boyinsha
gozg’aladi. Egert=% momentte materiallig nogat=4 u jol jurgen bolsa, onda

onin’ ha'reket nizamin tabin’.

2. Aniq emes integraldin’ tiykarg’t ga’'siyetleri

1-ga’siyeti.
d([ f(x)dx) = f (x)dx. 1)
Da'lillew. (1) ten’liktin’ eki ta’repin differentsiallap, f (x)dx = dF(x) ten’likti
ha’'m dC =0 ekenligin esapga alip,
d([ f(x)dx) = d(F(x) + C) = dF (x) + dC = f (x)dx (2)
bolatug’inlig’in ko’remiz.
(2) formuladan, eger differentsial tan’basi intédgeam’basinin’ aldinda kelse, onda

differentsial ha'm integral tan’balari bir-biringcetedi degen juwmagq shig’adi.

2-qa’'siyeti



[dF(x) =F(x) +C. (3)
Da'lillew. f(x)dx =dF(x)ten’likten paydalanlp,.[ f(x)dx=de(x) ten’ligine
iye bolamiz. Endi bul ten’liktin’ on’ jag’lnj f (X)dx=F(x) +C ten’liktin’ on’ jag’l

menen almastirip, (3) formulag’a iye bolamiz. (rnfuladan integral tan’basi
differentsial tan’basinin’ aldinda kelgen jag'daydia bul tan’balar bir-birin joq etedi
(eger erkli tu'ragl nolge ten’ dep esaplansa) deggtiyjege kelemiz.

3-qa’'siyeti Eger f(x) ha'm g(x) funktsiyalari bazi bir kesindide da’slepki
funktsiyalarina iye bolsa, onda qa’lege@f #0, sha'rtin ganaatlandiratug’'in
alR,fOR sanlar ushing(x) =af (x) + fg(x) funktsiyasi da usi kesindide
da’slepki funktsiyasina iye boladi ha’'m

[ (af () + Ba(x))dx=a| f(x)dx+ B[ g(x)dx, (4)
formulasi orinh bolad!.

Da'lillew. f(x) ha'm g(x) funktsiyalarinin’ da’'slepki funktsiyalarin sa'ykes
F(x) ha’'m G(x) arqall belgileymiz. Ondap (x) = aF (x) + G (x) funktsiyasi@(x)
funktsiyasina da’slepki funktsiya boladi. Sebebi,
(aF (x) + BG (X)) = af (x) + Bg(x) = ¢ (x). Anig emes integraldin’ aniglamasinan (4)
tenliginin’  shep tarepi @(x)+C funktsiyalarina, al on’ ta'repi
aF (x) + aC, + BG(X) + BC, = @ (x) + BG(x) + BC, funktsiyalarina ten’ boladi.
af =0 orinli bolg’ani ushind(x) + C funktsiyalar ko'pligindegi ha'r bir funktsiya
@D(x) + G(x) + SC, funktsiyalar ko’pligine de tiyisli boladi ha’'m k&nshe, yag'niy
berilgenC sani arqaliC = aC, + SC, ten’ligi orinli bolatug’'inday etipgC,, C, sanlarin
tan’lap aliw mu'mkin ha'm egerC,, C, sanlari berilgen bolsa, onda=aC, + 5C,

boladi.
Da’lillengen 3-ga’siyet integrallawdinsizigliiq ga’siyeti dep ataladi ha'm ol
berilgen funktsiyalardin® sizighh kombinatsiyasininntegrali olardin® sa'ykes

integrallarinin’ sizigl kombinatsiyasina ten’ bolg'inlig’in an’latad1.



3. Integrallaw usillari

3.1. O’zgeriwshilerdi almastiriw usiiMeyli t =¢@(x) funktsiyasi bazi birA
kesindisinde aniglang’an ha’'m differentsiallaniwgimktsiya bolsin. Bul funktsiyanin’
ma’nisler ko'pligin A = ¢(A)argali belgileymiz. EgelJ (t) funktsiyasiA ko’pliginde
aniglang’an, differentsiallaniwshi funktsiya ha’'m

U'(t) =u(t) (1)
bolsa, onda F(x) =U(¢(x)) quramali funktsiyasiA kesindisinde aniglang’an,
differentsiallaniwshi funktsiya boladi ha’'m
F'(X) = U (@(x))) =U(8(x)¢'(x) = u(#(x))¢'(X). 2)

(1) ha'm (2) ten’liklerden, egeu(t) funktsiyasi ushirlJ (t) da’slepki funktsiya

bolsa, ondau(¢(x))¢'(x) funktsiyasi ushiiJ (¢(x)) da’slepki funktsiya boladi degen

juwmag kelip shig’adi.

Yag’'nly, eger
Judt=u( +c (3)
bolsa, onda
Ju@()¢'(x)dx=U(g(x) +C (4)
yamasa
[u(@())de(x) =U(g(x)) +C (5)

ten’ligi orinli boladi.

(5) ten’ligi o’zgeriwshilerdi almastirip integrallaformulasi dep ataladi. Sebebi (5)
ten’lik (3) ten’liktegi t ni differentsiallaniwshp(x) funktsiyasi menen almastiriwdan
kelip shig’ad1.

(5) formulanin” a’hmiyetli dara jag’daylarin keitiro’temiz.

1) Meyli F(x) funktsiyasi f(x) funktsiyasinin’ da’slepki funktsiyasi bolsin,
yag'nly
[ fo9dx=F(x)+C.

Onda



jf(ax+b):§F(ax+b)+C, a#o0. (6)
Bundag (x) = ax + b, f(ax+b):;f(ax+b)d(ax+b).
2) [—==1Int|+C ten’ligi tiykarinda, egerg(x)#0 Dbolsa, (5) formuladan

paydalanlp,

Id¢(X) I¢ (x)dx
$(x) $(x)

ten’ligine iye bolamiz.

=Ing(x)|+C (7)

3) jt"dt = ta+11 +C, az-1 t>0, ten’ligi tiykarinda (5) formuladan
a +
[ @079 (e = [(pON*dg(x) = EON e, ®)

bundag(x) >0, a # -1, formulasina iye bolamiz.

Misallar.

1) Egera >0 bolsa, I integralin esaplan’.

X + a2)2

Sheshiliwi x = altgt, bunda—§<t <%, formulasina sa’'ykes o’zgeriwshilerdi

almastiriwdi orinlaymiz. Onda

2

dx = 29 x?+a?=a’git+a’=a’(lgit+l) =—
cos 2 t cos“t
boladi. Demek,
dx 1 1+cosZt _ 1 _
fm = —5 [ cos? tdt——j dt —zag(.[dtﬂ'costht)—
1

= (t+1S|n2tj+C—i(t+smtcost)+C
2a’ 2 2a°
Ma’selenin’ sheshimin aqirina jetkeriw maqgsetinide’zgeriwshisinen da’slepkx

L . : n no. .
o’zgeriwshisine o'temiz.x = altgt funktsiyasi _E<t<5 intervalinda u’zliksiz,

gatan’ o’siwshi bolg’ani ushin og’an keri funktsiyear boladi ha’'m ol t=arctg§
a

ko'rinisine iye ekenligi belgili.
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tgt _  ax

sintcostzlsinZt: 5= 5
1+tgt x“+a

ten’liginen paydalanip, ma’selenin’ sheshimin

dx 1 X 1 X
= E + Larctg — + C,
I(x2 +a%)? 2a® x*+a* 2a® 9

tu’rinde jazamiz.

2) J\/ a® — x2dx, (a>0) aniq emes integralin esaplan’.

Sheshiliwi: O’zgeriwshini almastinwdx = asint, bunda- 7 < < 7
2 2

formulasi ja’rdeminde a’'melge asiramiz. Onda

dx=acostdt, va?-x% =avl-sin’t =acod,

boladi. Demek,
2 2
[vVa® - x*dx =a’®| cos’ tdt = a?j 1+ cos2t)dt :a?(t + %sin 2t) + C .
Endi t-dan x-ga o’tiw ushinx = asint funktsiyasina keri funktsiyani tabamiz.

Bul keri funktsiya bar boladl, sebelﬁi—g;g] segmentindesint gatan’ o’siwshi,

u’zliksiz funktsiya hamt = arcsm— ko'rinisine iye.

ESII’]ZI‘SIHICOSI_SII’]I\/ - sin t_ - \/a —X
ten’ligin esapqa alip,

2
J'\/a2 — x2dx = aZJ'cos2 tdt = a?arcsin5+§\/a2 -x?2+C

a
na’tiyjesine iye bolamiz.

3.2. Ornina qoyiw uslili Bazi bir jag’daylarda
J= j f (x)dx (9)
integralin esaplawda taza o’zgeriwshilerge o’tiwamaw protsesin bir gansha

a’piwaylastiriwi mu’mkin. Buni to’mendegishe oaml mu’mkin.

Meyli x=¢(t) gatan’ monoton ha'm bazi bir kesindide differetiésawshi
funktsiya bolsin. Onda bul funktsiyag’a keri funiesbar boladi. Keri funktsiyani
t=¢(x) (10)
11



arqal belgileymiz. Endi (9) integral astindag’i latpani x = ¢(t) ,

dx = dg(t) = ¢'(t)dt tu'rindegi ornina goyiw argali tu'rlendiremiz. Gadntegral
astindag’l an’latpar (x)dx = f (¢ (t))¢'(t)dt ko'rinisine keledi.

f(@(1))@'(t) = u(t) belgilewin kiritip,

f (x)dx = u(t)dt (11)

ten’ligine iye bolamiz.

Meyli U(t) funktsiyasiu(t) funktsiyasinin’ bazi bir da’slepki funktsiyasi bwi,
yag'niy

fuhdt=u (1) +C. (12)
(9)-(12) ten’liklerinen
3 =] f(x)dx = [u(tydt =U (t) + C = U (¢(x)) + C. (13)

formulasina iye bolamiz. (13) formularnina qoyiwlar ja’rdemindeintegrallaw

formulasi dep ataladi.

Misallar.
I"I 1dX H 1
1) I aniq emes integralin esaplan’.
(a+bx")"

Sheshiliwi O’zgeriwshini

t=a+bx"

0’zgeriwshisi menen almastirip,

dt=nbX''dx= X"~ ldx—E
nb’
formulasina iye bolamiz. Bul tabilg’anlardi beritlg@ategraldag’i orinlarina qgoyip,
n-1 1-m
Xl pdt 1y 0o faebd T
(a+bx")™ bndt™ bn bn (1 - m) bn(1- m)

bolatug’inlig’in ko’remiz.

2) | x*dx_ integralin esaplan’.
x-1

Sheshiliwi t = «/x -1 belgilewin kiritemiz.
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Ondat’ = x-1= x=1+t?’ = dx=2tdt; x*= (1+t2)3 boladi. Bul tabilg’anlardi

berilgen integraldag’i orinlarina qoyip,

J.xdx J-(1+t )2tdt ZJ-( +3t4+3t2+l)dt:%t7+gt5+2t3+2t+c’

ten’ligine iye bolamiz. Endi =/ x—1 bolg’ani ushin, na’tiyjeni

[ oo = 2(x=a) + Suxaf vk sk,

tu’rinde jazamiz.

Shinig’'iwlar
O’zgeriwshilerdi almastiriw usilinan paydalanip toendegi integrallardi esaplan’

3_
1.')§ 1 « 2'[5+3xdx
© X" —4X 4+x
X
i 4. j ede
TNe* -2
5. [eX xdx. 6. [ de .
’ 1+ x*
7. ( d>2< , 8. J cosxdx
" xIn®x 4 1+sin®x
9. IZX(XZ +1) dx. 10. jco§ X sinxdx.
x3dx xdx
11. : 12. — > 1
J ﬂ Vo -
14, | ———.
13. Ix 2 +1 szx/x2+a2
15 J 5dx 16.jx2x/4—x2dx.
(arccosx)® -1
18. | ——=——dXx.
7. Y e
Xt x 1 20. j—tg“l) dx.
19. [ tgxIn cosxdx. cos (x +1)
X3 1-cosx
22. | ———dx.
21. I—(X +1) dx. J (x - sinx)?
od. IXCOSX+S'nde.
Sinx — cosx (xsinx)?

23. )
J (cosx +sinx)’
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xdx

25. [ X RNy
Coxt+l 1+In(x-1)
" 28. [~ dx.
27.]—. °ox-1
Ix-1 @
30. de.
29 [ +1)dx e
A -
(x +3x+1)

3.3. Bo’leklep integrallaw usihiMeyli u(x) ha’'m v(x) differentsiallaniwshi

funktsiyalari bolsin.
Ko’beymenin’ differentsialin tabiw gag’itydasinan aypalanip,
d(u(x)o(x)) = u(x)du(x) +u(x)du(x),

ten’ligin jazamiz. Usi ten’liktin’ eki ta’repin imfgrallaymiz, na’tiyjede
Jd(uu(x)) = [u()du(x) + [ u(x)du(x)

ten’ligine iye bolamlz.jd(uu) =uu +C ekenligin esapga alsaq, keyingi ten’lik
uv+C= J'udu + judu yamasaJ' udv =uv —judu+C tu'rine keledi. Erikli tu'raglini
jvdu integralina birlestirip,

Juydu(x) = uu(x) - [ u(x)du(x) (14)
formulasina iye bolamiz. (14) formula(x)du(x) an’latpasinin’ integralirv(x)du(x)
an’latpasinin’ integralina alip keledi, al keyingin’latpanin’ integrali bazi bir

jag’daylarda a’piwayi esaplanadi. Aniq emes intielgr@saplawdin’ bunday usilina

bo’leklep integrallawusili dep ataladi.

(14) bo’leklep integrallaw formulasin bir neshe’ntea qollaniwdi talap etetug’in
jag’daylar da ushirasadi.

Misallar.

1. jarcsin(dx anig emes integralin esaplan’.

Sheshiliwi Eger u=arcsirx, du =dx belgilewin Kkiritip, du= , U=X

bolatug’inhg’in ko’remiz. Onda (14) formulag’a s&es,

14



Iarcsin xdx = x [Arcsin x—f\/% = x [arcsin x+%_[(l— xz)_;d(l— xz):
= xarcsin x + V1- x? +C.

2. j x? sinxdx integralin esaplan’.

Sheshiliwi u=x?u=sinxdx belgilewlerin kiritip, du=2xdx, v = —cosx
bolatug’inhg’in ko’remiz. Onda (14) formuladan,
| X2 sinxdx = -x? cosx + 2[ xcosxdx
boladi. Bul ten’liktin’ on’ ta’repindegi integralg’ (14) formulani ja’ne bir ma’rte

gollanamiz, yag'niyu = X,cosxdx = dv = du = dx,u =sinXx. Demek,

jxcosxdx: xsinx—Isinxdx: XSinx + cosx + C

boladi. Ondaj x? sinxdx = —x? cosx + 2xsinx + 2cosx + C .

Bazi bir jag'daylarda bo’leklep integrallaw protsedo’leklep integrallawdin’
ullwmalasgan formulasi ja’rdeminde alip barg’antiggeli boladi.
Meyli u(x) ha’m u(x) funktsiyalarin+1 ma’rte differentsiallaniwshi funktsiyalar
bolsin. Onda (14) formula tiykarinda
J'uu(””)dx =uo™ —J'u’u(”)dx,
Juo®dx=uv™ - [uv™Vdx,
Jut™Dydx=uo - [u™udx
Bul ten’liklerdi izbe-iz +1 ha’'m -1 sanlarina’keytip alip, keyin o’z-ara qossaq,
to’mendegi na'tiyje kelip shig’adi:
Juo@dx=us™® —uv™? +ur o™+ 4
(15)
+ (=)D + (=) fuudx

Bul formula bo’leklep integrallawdin’lwmalasgan formulasdep ataladi.

Sonin’ menen birge bo’leklep integrallaw formulksibirek
[ £(x)e™dx [ f(x)cospxdx | f(x)sinxdy, [ € cosbxdx, [ €™ sinbxdx,

jx”eaxcosbxdx ha'm jx”eaxsinbMX ko’rinisindegi integrallarda gollaniladi. Bunday
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keltirilgen.

Misal. Ix“ cosxdx integralin esaplan’.

Sheshiliwi  u=x* 0™ =cosx belgilewlerin Kkiritip,

paydalanip,

ko'rinisindegi integrallar 9-paragraftag’t 1V, V, Ivha'm VIII tu'rdegi integrallarda

(15) formulasinan

[ x* cosxdx = x* sinx - 4x*(~cosx) +12x*(~ sinx) -

—12xcosx +12sinx + C = x* sinx + 4x3 cosx —12x? sinx —
—-12xcosx+12sinx+C

na’tiyjesine iye bolamiz.

Shinig’'iwlar

Bo’leklep integrallaw usilinan paydalanip to'mendeiptegrallardi esaplan’

1. jln xdx.

4. I x? cosxdx.
7. I x3e?*dx.
10. jezx cos3xdx.

13. [ sin(In x)dx

16. | x(arctgx)*dx.

19.Ilenﬂdx.

1+x

22, Icosz Jxdx.

2. jx3 In xdx.
5. Ixexdx
8. Ixsinxdx.

11. [ (arcsinx)*dx.

14. I (eX - cosx)2 dx.

17. |

S +x)2'

20. _[ x3ch3xdx.

23. I e* sin® bxdx.

16

3. f xa*dXx.

6. j arctgxdx.

J-Inx

12.jxsin\/_xdx.

X

15. j o dx.

arctgx

Xe
(1+ X )3/2

21. I(1+ x2f cosxdx.

18. I dx

24, j x2e* cosxdx.



4. Aniqg emes integrallardin’ tiykarg’l tablitsasi

Meyli u(x) funktsiyasi bazi bir sanlar kesindisinde diffésgadlaniwshi funktsiya

bolsin. Onda differentsialaw esabindag’l funktayai differentsiallaw qag’iydalarinan
paydalanip, bazi bir elementar funktsiyalar usholardin® anig emes integrallarinin’

tablitsasin jaziwg’a boladi.

|.jomu=c.

|Lj1mu=u+c.

a+l

. [udu = U +c (bundaa # -1).

a+1l

V. I_ =Infu[+C (bundau # 0)

V. Iaudu :i+c (a>0,a¢0).
In u

V|.Ie”du:e“+C.

VIL. jcosuduzsinu+C.

VIII. jsin udu = —cosu +C .

IX. j du _ =tgu + C (cosu # 0 bolatug’'in ha'’r bir aralqta).
cos?u

X. j _dl; = —ctgu + C(sinu # 0 bolatug’in ha’r bir araligta).
sin“u

XI. _[tgudu= ~In[cosu| + C (cosu # O bolatug’in ha'r bir araligta).

XII. jctgudu: Inlsinu + C (sinu # 0 bolatug’in ha'r bir araligta).

XIII. du _ In tg + C (sinu # 0 bolatug’in ha'r bir araligta).
sinu

XIV. J |n‘tg(ﬂ + 7_7) + C (cosu # 0 bolatug’in ha'r bir araligta).
cosu 2 4

In‘u ++/u? +a?|+C (u®+a? >0 bolatug'in ha'r bir araligta).

XVJ\f___
_1
u’-a® 2a

u—a
u+a

XVI. J +C(u#a ha'ma#0 bolatug’in ha'’r bir araligta).

In
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XV”. J. 5 = iarctg H-}-C = —iarcctg £+C (aiO).
a+u? a a a a
XVIII. Id—“: arcsin 2+ C = —arccos 2 + ¢ (@# 0 ha'm|u[<|a| bolatug’in
a’-u? a a

ha'r bir aralgta)

XIX. Ishuduz chu+C.

XX. Ichuduz shu+C.

= —cthu+ C (shi# obolatug’in ha'r bir araligta)..

XXII.

ch?u

Shinig’'iwlar
Anig emes integraldin’ tiykarg’i tablitsasinan pagthnip
to’mendegi integrallardi esaplan’

1 j(;szdx. 2. [ 3. 02X

X x\/_ co<? xsin? x
6.
4. j(l—izj\/x\/&dx. 5. | DEHXTH20, 0 1= 1
X X3 dx.
vx? —1
X+l _ gx-1
7 I(5X+7X)2dx. 8J‘%dx 9 J. 5X 25/2
R1-2x+ x2
10'-.. 1- X dx. - '[2 3x° 12 Jl+co<x
13.j1+d>_‘ . 14. [ (2x - 3)'°dx. 15. [ a*e*dx.
sinx
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5. Ratsional funktsiyalardi a’'piwayl bo’lshekler
gosindisi tu’'rinde an’'latiw. Ko'p ag’zalini
ko'beytiwshilerge jiklew

5.1. Ko’p ag’zalinin’ korenleri Tek bir g’anax o’zgeriwshisinin’ n- da’rejeli

ko’p ag’'zalisidep

— n n-1 n-2
P.(X) =ayXx" +a; X"~ +a,X

+... .+, X+a,, (1)
ko'rinisindegi an’latpag’a aytiladi. Bunda, # 0 bas koeffitsienta,, koeffitsienti saltan
ag’za dep ataladi. Ko’p ag'zalinin’ koeffitsientlea,,a,,a,,---,a, haqiyqly sanlar

boliwi da, komples sanlar boliwi da mu'mkir o’zgeriwshisi R yamasa C
ko'pliklerinen ga’legen ma’nisti gabil ete aladi.

Eger P,(c) =0 ten’ligi orinh bolsa, onda = ¢ saninako’p ag’zalinin’ korenidep

aytiladi.

P,(x) ko’p ag'zalisinx—a eki ag’zalisina bo’liw, degende, (x) ko’'p ag’zalisin
R (X) = (x-a)Q,4(X) +, (2)
ko'rinisinde an’latiw tu’siniledi, bunda berilgen san. Bund®,_,(x) da’rejesin-1
bolg’an ko'p ag’zali,r bazi bir san bolipP,(x) ko’p ag'zalisinx—a eki ag’zalisina
bo’lgendegiqaldiq dep ataladi. Eger =0 bolsa, ondaP,(x) ko’p ag'zalisix—a eki

ag’'zalisina galdigsiz yamasa pu’tin bo’linedi dgpladi.

Teorema (Bezu teoremasi).x—a eki agzalisinin® B,(x) ko’p
ag’zalisina galdigsiz bo’liniwi ushia saninin’P,(x) ko’p ag’zalisinin’ koreni boliwi
za'ru’r ha'm jetkilikli boladi. Yag'niy,

R (X) = Q4 (X) [(x - a) 3
ten’ligi orinh boladi.

Da’lilleniwi. Za'rurliligi . Meyli x=a sani P,(xX) ko’p ag'zahg'inin’ koreni
bolsin. Onda birinshiden korennin’ aniglamasinglses P,(a) =0 boladi. Ekinshiden
(2) ten’likten x =a bolg’'andar = P,(a) =0 boladi. Demek,r =0. Bul P,(x) ko'p

ag’zahsinin’x —a eki ag’zalisina galdigsiz bo’linetug’inlig’in tadi.
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Jetkilikliligi. Meyli P,(x) ko'p agzalisi x—a eki ag'zalisina qaldigsiz
bo’linetug’in  bolsin. Onda (3) ten’ligi orinli bl, usi ten’likten x =a bolg’anda
P,(a) =0 bolatug’'inhg’in keltirip shig’aramiz. Demekx=a sani P,(x) ko'p

ag’zahisinin’ koreni boladi. Teorema da’lillendi.

Eger sonday kOON  sani ham Q.. (x) ko’p ag'zalisi tabilp, ga’legen
xOR (xOC) ushin

Py (%) = Qi (¥) [x - )", (4)
orinli bolsa, onda = a saninaP,(x) ko’p ag’zalisinin’k eseli korendelinedi, bunda
Qn-«(a) #0. (5)

5.2. Koeffitsientleri haqiyqly sanlar bolg’an ko’pag’zalilar. Koeffitsientleri
haqiyqly sanlar bolg’an
P(x) = x* + px+q.
u'sh ag’zalisin (kvadrat u’'sh ag’zalisin) qarastia
Meyli bul kvadrat u'sh ag’zalinin’ diskriminanti lien kishi bolsin, yag'niy

D =p?-49<0.

Onda
2
PO = (x+ D)2+ q-Po= (xv By —i2(- B
yamasa
P(x):(x+£—i—'_D)(X+£+i “_D)
2 2 2 2

tu'rinde sizigh ko’beytiwshilerge jiklenedi. BunmaP(x)kvadrat ush ag’zalisinin’

2 2
x1:—§+i1/q—p7, xzz—g—iq/q—p?

tu’rindegi tu’yinles kompleks sanlar bolatug’'inidelip shig’adi ha’m bul u’sh ag’zali

korenleri

basqga korenlerge iye emes. Bunday tastiyiglaw isieffitleri haqiygly sanlar bolg’an

ha’m da'rejesi ekiden kem bolmag’an ga’legen kajzali ushin orinli boladi.
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Teorema. Eger z=a+if, f#0 kompleks sani koeffitsientleri haqiyqly
sanlar bolg'anP,(x) ko’p ag’zalisinin’ koreni bolsa, onda og’an tu'ds bolg’an
Z =a —if kompleks sani da usi ko'p ag’zalinin’ koreni bolad

Da’lilleniwi. Teoremanin’ sha'rtine sa'yked (z) =0, yag'niy

n-2

n n-1 —
Qpz +taz " t+ta,z “+...+a,,z+a, =0.

2

BunnanP,(z) =0 yamasa,z" +a,z" * +a,z" * +...+a,_,z+a, =0 boladi. Endi

tu’yinles sanlardin’ ga’siyetinen paydalanip keyitem’likti

2

= N 4= on-1, = _n- 5 47 —
Qpz taz " t+ta,z “+..+a,_,z+a,=0 (6)

tu'rinde jaziw mu’mkin.a; OR, j = 0,1,2,---,n bolg’ani ushin (6) ten’ligi

28,(2)" +a(2)"+a,(2)" " +...+a,,2+a, =0 (7)
ten’ligine ten’ ku'shli boladi. (7) ten’likP,(z) = Otu’rinde jaziladi. Al bul bols& sani
P,(X) ko’p ag’zalisinin’ koreni bolatug’inlig’in ko'rsedi.

Bul da’lillengen teorem&ompleks korenler hagqgindag’i teoremep ataladi ha’m

teoremadaP,(x) ko'p ag’zalisi korenge iye dep esaplanildi.

Ko'p ag'zalilardin® korenlerinin’ bar boliwi haqqlag’t ma’selenin’ sheshimi
to’'mendegi algebranin’ tiykarg’'i teoremasi arg&riledi.

Teorema. Da'rejesi birden kem bolmag’an ha'r ganday (hagiygamasa
kompleks koeffitsientli) ko’p ag’zali en’ bolmag’da bir korenge iye boladi.

Bul teoremani da’lillewdin’ bir neshe usili bar. 'OiEew usillarinin’ barlig’
haqiyqly ha’'m kompleks sanlar ko'pliklerinin’ u’kBizlik gasiyetine tiykarlanadi. Sol
sebepli bul da’lillewlerdi algebraliq da’lilewlere@ gabil ete almaymiz. Teoremanin’
da’lili kompleks o’zgeriwshili funktsiyalar teoriyanda keltirilgen

(Mi1sali[4] qaran’).

Meyli x =%, saniP,(x) ko’p ag'zalisinin’ koreni bolsin. Onda Bezu teoesman

paydalanip
P (%) = (X = X%)Qp1(X),

21



ten’ligin jaza alamiz, bund&Q,_,(X) darejesi n—1 bolg’an ko'p ag’zall. Endi
algebranin’ tiykarg't teoremasin ha’'m Bezu teorema®,_,(X) ko'p ag’zalisina
paydalanip,
R (%) = (X = %) (X = %3) Q5 (X),

ten’ligine iye bolamiz. Bundax = x, sani Q,_;(X) ko’p ag’zalisinin’ koreniQ,,_,(X)
da'rejesi n—2 bolg’an ko’p ag’zall. Bul teoremalardi izbe-iz piayanip, induktsiya
ja’rdeminde to’mendegi na'tiyjege kelemiz:

P (%) = 3 (X = X)) (X = X ) (X = X5) -+ (X = X,), (8)
bundaa, saniP,(x)tin’ bas koeffitsienti,x,, k = 1,2,---,n sanlariP,(x) tin’ korenleri.

Bul korenler ishinde bir-birine ten’ bolatug’inlada bar boliwi mu’mkin.
5.3. Koefftsientleri hagiyqly sanlar bolg’an ko’'pg&alilardi ko’beytiwshilerge

jiklew. Eger x = a sani koeffitsientleri haqiyqly sanlar bolg’&y(x) ko’p ag’zalisinin’
k eseli haqglyqly koreni bolsa, onda (4) ten’liginbriboladi ha’'m bul ten’liktegi
Q,-«(X) da'rejesin—k bolg’an haqgiyqly koeffitsientli ko’p ag’zali, at =a sani bul
ko’p ag’zalisinin’ koreni bola almaydi.

Meyli z=a+if, [#0san P,(x) ko'p agzalsinin® haqiyqly emes koreni
bolsin. Onda ko’p ag’zalinin’ kompleks korenlerighgandag’l teoremada = a —if3
sani daP,(x) tin’ koreni boladi. Sonligtan (8) ten’liktéx —z) ha’'m (x —2) tu'rindegi
ko’beytiwshiler payda boladi ha’'m olardin’ 0’z d@beymesi

(x=2)(x-2)=(x—-a-iB)(x-a+iB)=(x-a)’+pB*=x*+px+q,
boladi, bundap = 2a, q = a? + B2, tu'rinde jaziladi ha’'mp? — 49 = -43% <0 bolad.
Demek, bul jag'dayda P,(x) ko’p ag’zalisinin® diskriminanti nolden kishi bcda

x*+px+q, p,q0OR kvadrat ush agzalisina gqaldigsiz bo'linedi. Yag,
koeffitsientleri haqlyqly sanlar bolg’'@Q,_,(x) ko’p ag'zalisi tabiladi da

P () =(x* + px+q)Q,_»(X)
ten’ligi orinli boladi.

Eger z=a+if, B#0 kompleks saniP,(x) ko’p ag'zalisinin’k eseli koreni

bolsa, onda&z = a —i sani da bul ko’p ag’zalinirk eseli koreni boladi. Bul jag’dayda
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P, () =(x=2)(x=2)" Q_ (X)
yamasa
P, (%) =(x* + px+0)" Qq (X)
ten’ligi orinli boladi. Bundap,q0R, p®-4q<0, Q,_,(X) bolsa hagiyqly sanlar
bolg’an n—2k da'rejeli ko’p ag’zall ha’'mz, Z sanlari bul ko’p ag’zalinin’ korenleri
bolmaydi, yag'nty  Q,_5(2) Z0, Q. (2) Z 0.
Meyli X ,X,,X,:--, X sanlariB,(X) ko'p ag’zalhsinin’ sa'ykesr,, a,, a;,---, a,

eseli barliq hagiyqiy korenleri bolsin. Onda (8)ligi
PO =(X= %)™ (X = %,)™ (X = %)™ -+ (X = %)™ G(X),

k
tu'rinde jaziladi. Bund&X(X) da’rejesin - Zam bolg’an ha’m haqgiyqly korenlerge iye

m=1
emes, haqiyqly koeffitsientli ko’p ag’zali.

Eger G(x) -tin’ da'rejesi nolden o’zgeshe bolsa, ondg,(x) ko’p ag’zalisinin’

X;, X; tu'rindegi B; eseli kompleks tu'yinles korenlerinin’ ha'r biugina (8)
formulada (x? + pjx+qj)/gj tu'rindegi  ko’beytiwshi sa'ykes keledi, bunda
pj2 —4q; <0. Sonlgtan, haqiyqly koeffitsientk, (x) ko’p ag'zalis|

Pa(X) =80 (X = %)™ (X = %,) 2 (X = X3) ™ [

X=X )T+ P+ )P (X% pox+ Q) DL [X% + pox + )7,

tu’rinde ko’beytiwshilerge toliq jiklenedi, bundﬁ a. + ZZS: B =n,
i=1

m=1

5.4. Duris ratsional bo’lsheklerRatsional funktsiya yamasa ratsional bo’lshek dep

f(x)zgm_g"; tu'rindegi funktsiyag’a (bo’lshekke) aytadi, bund®,(x), Q,(X)
n(X

da'rejeleri sa’'ykesm,n bolg’an ko’p ag’zallar. m<n ten’sizligi orinli bolg’an
jag’dayda ratsional bo’lshek duris dep ataladi.léiz P, (x), Q,(X) ko'p ag'zalilari
haqiyqiy koeffitsientli bolg’an jag’daydi qarastmez.
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Pa(X)

n

Lemma 1. Eger f(X)= duris ratsional funktsiya ha'nx=a sani

Q,(x) ko'p ag’'zalisinin’k (k =1) eseli haqiyqry koreni bolsa, onda sondslyl R sani
ha’m haqiyqiy koeffitsientlP(x) ko'p ag’zalisi bar boladi da

)= ntd= A RO Q
Q0 (x-a) " (x- )G, (x)

ten’ligi orinli boladi, bundd&s,_, (X) argahQ,(x)ti (x—a)* g’'a bo’lgendegi tiyindi.

(9) ten’liktin’ on’ ta’repindegi ekinshi gosiliwshduris ratsional bo’lshekAR
sanl ha’'m P(x) ko’p ag’zalisi bir ma’nisli aniglanadi.

Da'lilleniwi . (9) formuladag’tA sanin

#(X) = Fn(X) = AG, (X) (10)
ko'p ag'zalisix —a sizigl eki ag’zalisina galdigsiz bo’linetug’indetyp saylap alamiz.
(90 ham (10) formulalardag1G,_ (X) ko'p ag'zalisi Q,(x) ti (x-a)* ga
bo’lgendegi qaldiq bolip, (4) ten’likten ha'm (5ha’rtinen aniglanadi. Bezu
teoremasina@(a) =0 bolg’anda g’anap(x) ko’p ag’zalisix —a sizigh eki ag’zalisina
galdigsiz bo’linedi. Yag'niy
P.(@ - AG,_(a)=0.
Bul ten’lemeden

A= _m(@) (11)
Gn—k(a)

Demek, ALDR ha’'m (11) formula menen birma’nisli aniglanadinBgtan ¢@(x)

ko'p ag'zalisi x—a sizigh eki ag'zalisina qaldigsiz bo’linedi. OnKaeffitsientleri

haqiyqly sanlar bolatug’in bir g’ara(x) ko’p ag’zalisi bar boladi da

#(x) = (x—a)P(x) (12)
ten’ligi orinl boladi. (10) ha’'m (12) formulala@an
Pn(X) = AG, (X) +(x —a)P(x) (13)

ten’ligine iye bolamiz. Endi (13) tin’ eki ta’repig , (x) = (x - a)*G,_, (x) qa bo’lsek,
(9) formula kelip shig’adi.
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@(x) ko’p ag'zalisinin’ da'rejesinr arqgall belgileymiz. Ondar < max(im, n—Kk),
bunda m<n,n—-k<n-1<n, sonligtanr <n ten’sizligi orinli. Demek,

P(x) _ (¥
(x=2) "Gy (X)) Qn(X)

ratsional bo’lshegi duris bo’lshek boladi.

Da’lillengen lemmank ma’rte izbe-iz qollaniw na'tiyjesinde

Pl - A . Aa . . A, PX A)
Q) (x-a)f (x-a)T " x-a Gy (x)’

tu'rindegi ten’ligine iye bolamiz. Bul ten’liktegi , A, -+, A, haqiygly sanlar,p(Xx)
haqiyqly koeffitsientli ko’p ag’zall,ﬂ duris ratsional bolshek ha’m=a sani

C-:'n—k (X)

G,.«(X) ko’p ag’zalisinin’ koreni emes.

Lemma 2. Eger Pn(X) " quns bo’lshek, alz=a +if sani Q,(x) ko’p

n (X)

ag’zalisinin’ s eseli haqiyqly bolmag’an koreni bolsa, or8ladD haqiyqiy sanlari ha’'m
koeffitsientleri haqiyqly sanlar bolg’ah(x) ko’p ag’zalisi bar boladi da

Po(X) . BXx+D T(x) (14)
Qu(x) (X2 +px+a)° (X2 + px+a)" H 0 (x)

ten’ligi orinli boladi. Bul ten’liktin’ on’ jag’inég’t ekinshi qosiliwshi duris ratsional

bolshek, B, D sanlart ha'm T(x) ko’p ag'zalisinin® koeffitsientleri bir ma’nisli
aniglanadi, aH _,.(x) ko’p ag'zalisi bolsaQ, (x) ti (x*+ px+Q)° ko'p ag'zalisina

bo'liwdegi qaldigti an’latadix® + px+ g = (X — 2)(X - 2).

Da’lilleniwi . B ha’m D sanlarin

¢(x) = Bn(x) = (Bx+ D)H  _5s(X) (15)
ko'p ag'zalisi x* + px+q kvadrat u'sh ag'zalisina galdigsiz bo’linetug’ipdatip
saylap alamiz. Bul talaptin’ orinli boliwi bezwtemasinan ha’m kompleks korenler
haqqgindag’i teoremadanz=a +if sani ¢(x) tin’ koreni bolg’an jag'dayda g’ana
orinlanadi, yag'niy
¢(2) = Pp(2) - (Bz+ D)H,, ,(2) = 0.
Bul ten’likten H,_,.(2) # 0 an’latpasin esapga alip,
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P(2)

Hn—ZS(Z) (16)

Bz+ D =

ten’ligine iye bolamiz. MeyIiRe{Pm—(Z)} =, Im{Pm—(Z)} =d bolsin. Onda (16)
H n—Zs(Z) H n—2s(z)

ten’ligin  B(a+if5)+D =c+id, tu'rinde jaziw mu'mkin. Endi kompleks sanlardin’
ten’ boliw sha’rtinen paydalanip,
{Ba +D =c,
/B =d
algebralig tenlemeler sistemasina iye bolanfiz 0 bolg’anlig’t ushin bul sistemadan

B, D sanlari bir ma’nisli aniglanadB, D sanlarinin’ usi tabilg’an ma’nislerindg x)

ko'p ag'zalisi x* + px+q kvadrat u'sh ag'zalisina qaldigsiz bo’linedi. Sqtan,
haqiyqly koeffitsientli jalg'izT (x) ko’p ag’zalisi bar boladi da
@Ax) = (X° + px+Q)T(x) (17)
ten’ligi orinl boladi. Endi (15) ha’'m (17) ten’liktinen
Pn(X) = (Bx+ D)H ps(X) + (X + px+ )T (x)

n-2s
ten’ligin payda etemiz. Usi ten’liktin’ eki ta’repi

Qn(x) = (X2 + pX+ q)SHn—Zs(X)
ko’p ag’zalisina bo’lsek, (14) formulasina iye bula. (14) formuladag’i

Ux) _ T(x)
Qn(x) (X2 + pX+ q)s_lHn—Zs(X)

da'rejesinr argall belgilesek, onda<m ha’'mr < n-2s+1 ten’sizlikleri orinli boladi,

an’latpasi duris bo’lshek, sebebi, egefx)tin’

al bunnanr < n -1 bolatug’inlig’r kelip shig’adi.

Bul da’lillengen lemmange ma’rte paydalanip,
Pm(x) - BsX+ Ds + Bs—1X+ Ds—l +  + Bl)(+ Dl + p* (X)
Qu(x)  (X*+px+a)® (C+px+a) " xXF+px+q Hyp(X)

(V)

ekenligin jaza alamiz. Bund®,,D; (] =15 haqiyqly sanlar,p’(x) haqiyqly

p (X)

koeffitsientli ko’p ag’zall, (% duris ratsional bo’lshekH, _,.(X) ko’p ag'zalisi
X

n-2s

x? + px+q u'sh ag'zalisina galdigsiz bo’linbeydi.
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Teorema. Eger B, (x), Q,(x) berilgen haqgiyqly koeffitsientli ko’p ag'zalilar,

olardin’ da'rejeleri ushirm < n ten’sizligi orinh ha’'m Q,(x) ko’p ag'zalisi
Qn () =8 (X = %) ™ (X = X,) 2 (X = X5) ™ -+ (X = %) ™ (X* + px+ ) -
”'(XZ + P X+ qz)(X2 * P X+ qs)'gS

tu’rinde ko’beytiwshilergen jiklenetug’in bolsa, um_(x) duris ratsional bo’lshegi

Qn(x)
(a1) (a1-1) @ (a2) (a2-1)
Pm(x): A_ - + AZ a_l+..'+ A + AZ - + AZ 7
Qu(X)  (Xx=x)™  (x=x)™ X=X (X=X%)77  (X=X)™
@ ag (ax-1) @) (P y + D(A)
e A — + A —— ...t AT, Brix+Dy =
X=X (X=X)™ (X=X%)™ X=X (X*+pX+q)
.\ Bl(l)x+ Dl(l) A Béﬁs)x+ Dé’BS) A Bs(l)x+ Ds(l)
> > —t :
X +p1X+q1 (X +st+qs)lB X +st+qs
yamasa
P (X) _ i% ALD L br  BUx+DJ ’ (18)

Qn(x) m:1j:1(x_xm)j m:1j=l(X2+ pmx-'-Qm)j
tu’rinde a’piway! bo’lsheklerdin’ gosindisina gkiedi. Bul jikleniwdin’ koeffitsientleri

haqiyqly sanlar bolip, bir ma’nisli aniglanadi.

p
Pa(®) bo’Isheginean, bunda p=12,:--,a,

Da’'lilleniwi. Da’slep
n X) (X_Xl)

tu'rindegi a’piwayl bo’lsheklerdi  ajiratamiz. Bul-lemmani paydalaniw arqal

orinlanatug’inlig’t bizge belgili. Keyin 1-lemma aqtadanL)? duris ratsional
n—-k X

bo’lshegine gollaniladi (formula (A)). 1-lemmanbeziz paydalaniw protsesp, (X)

ko’p ag’'zalisinin’ barlig haqiyqgly korenlerine skég keletug’in a’piwayi bo’lsheklerdi

ajiratip bolg’ansha dawam ettiriledi. Na’tiyjeeg%“% bo’lshegi
X

n

& AY p(x) (19)
Qn(X) mzzlj:l(x = Xp) * Qi (x)’
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Bunda t:n—zk:am, Qp(>2)><) duris bo’lshek ha'mQ,_(x) ko'p ag'zalisi
m=1 n-t

haqgiygly korenge iye emes. End),(x) tin" kompleks tu'yinles korenlerinin’ ha'r bir

jubina 2-lemmani (formula (V)) paydalanip,

p(x) _ s Pnm Br(11j)X+Dr(T1j)_ (20)
G-k (X) m=1j=1(x2 + px+q)’

ten’ligine iye bolamiz. (19) ha’'m (20) formulalardduris ratsional bo’lshekti a’piwayi
bo’lshekler gosindisi argall an’latiw imkanin bheggin (18) formulasina iye bolamiz.
A'dette (18) formulanin’ on’ ta'repindegi\’), B, DY) koeffitsientlerin tabiw
ushin ten’liktin’ on’ ta’repindegi a’piwayi1 bo’lstkéer uliwma bo’limge keltiredi, onda
P.(X) _ R(X)
Qn(x)  Qn(x)

shig’adi. Mine usi ten’liktegi P,(X), R(X) ko’pag’zalarindagt x tin’ birdey

(18) ten’lik tu'rinde jaziladi. BunnanP,(Xx) = R(x) ten’ligi kelip

da'rejelerinin’ aldindag’ koeffitsientlerin tendgirip, A, BU) D) koeffitsientlerine

baylanisli algebraliqg ten’lemelerdin’ sizigh sis@&sina iye bolamiz. Bul algebraliq
ten’lemelerdin’ sizigh sistemasi birden bir sheshe iye boladi (jogarida da’lillengen

son’g’i teoremag’a garan’).

M1 s al 2x2+2x+13 qyps ratsional bo'lshegin a’piwayi bo’lsheklerdin
(x - 2)(x2 +1)2

gosindisi ko'rinisinde jazin'.

Sheshiliwi. Jogaridag’t teoremadan bul ratsional bo’lshek @yidegi ko'riniste
a’piway1 bo’lsheklerdin’ qosindisi ko'rinisinde jdad:
2x?+2x+13 _ A Bx+C  Dx+E
2 = T3 + 2
(x-2)x2+1f x-2 x*+1  (x2+1)

Bul ten’liktegi belgisiz A,B,C,D,E koeffitsientlerin to’'mendegi qatnastan

aniglaymiz:
2x% +2x+13= Alx? +1) + (Bx+C)(x2 +1)(x - 2) + (Dx + E)(x - 2).

x-tin’ birdey da’rejeleri aldindag’l koeffitsientldrten’lestirip
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4 A+B =0,

8 -2B+C =0,

2l 2A+B-2C+D =2,
1-2B+C-2D+E =2,
°fF A-2C-2E =13

X X X X X

sizigh ten’lemeler sistemasina iye bolamiz. Bslesnani sheship
A=1,B=-1,C=-2,D=-3 E=-4
ma’nislerin tabamiz.
Demek,

2x*+2x+13 _ 1 x+2  3x+4
(x-2)+1f  x=2 x*+1 (@ +1f

bolad!.

Shinig’iwlar
Berilgen ratsional bo’lsheklerdi a’piwayi bo’lshekldin’ qosindisi
ko'rinisinde jazin’

1 X 5 X
C(x+1)(2x+1) 2x%-3x-2
3 2x% +41x-91 4 1 .
C(x=1D)(x+3)(x-4) 6x° - 7x% - 3x
5 M 6 x’-1
Cox3-4x Ax3-x
S e -3x+2) o (x+2)1
'x(x2+2x+1)' '(x—lj X
x? 10 X3 +1
x> +5x° +8x+4 x3 = x?
x —6x*>+9x+7
" x +2) X+4) - (x-2)°(x-5)
-1\* 3_2x%+4
13 (x 1 - x3(x-2)
15. 16. 1 .
x<x2+1j 1+x3
: (x42+1) | 18 (Zx -3x- 3)
X =x2+x-1 (x- 1)( —2x+5)
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1 1

19 (x2 +1)(x2 + x) 20 (x+1)° (x2 +1)'
(3x2+x+3) X2 +2x3 +4x+4
2L (x—1)3(x2 +1)' 22. x*+2x3+2x2
x3+x-1 1
AN 24. .
2 (x2 +2)2 ' x(4+ x2)2(1+ x2)
- (5x? -12) b X+
(2 -6x+13 (x2 +2x+2f
1 2X
27. ) 28. )
(x2 +9)3 (1+ x)(1+ x2)3
1 x2
29, b 30. op

6. Ratsional funktsiyalardi integrallaw

Pu’tin ratsional funktsiya dep
f(x)=ax"+ax"t+...+a,

ko'rinisindegi funktsiyag'a aytiladi. Bul funktsipa aniq emes integralin esaplaw

integraldin’ siziglliq ga’siyetinen paydalaniw ahcg’melge asiriladi, yag'niy:

[ £00dx= [ (gx" +a,x"™ +... +a,)dx = [ ax"dx+ [ a,x""dx+... + [a,dx=

a
= %0y Jyn +...+ax+C

n+1 n
boladi.
Eger % tu'rindegi ratsional funktsiya berilse, onda tikke integrallawdi
X

orinlaw ko’pshilik jag’daylarda mu’'mkin emes.
Eger f(x) ko'p ag'zalinin’ da'rejesi¢(x) ko'p ag'zalinin’ da'rejesinen kishi
bolmasa, ondd (x)t1 ¢(x) ga mu’yesh argali bo’lip, berilgen ratsional fusiiani

f(x) _ h(x)
500 Y500

ko’rinisine alip keliw mu’mkin.
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Bunda ¢/(x) ko'p ag’'zahsi f(x) t1 ¢(x) ga bo’liwdegi tiyindi, alh(x) bolsa,
f(x) tt @(x) qa bo’liwdegi galdig ha’'m onin’ da’rejegi(x) tin’ da’'rejesinen kishi,

yag'nly h(x) duris bo’lshek.
¢ (X)

Demek, bo’lshek ratsional funktsiyalardin’ integnalesaplawdi u’yreniw ushin
duris bo’lshekti integrallaw haggindag’t ma’selérsheshiw usillarin jagsi o’zlestiriw

jetkilikli boladi. Solay etip, endi duris bo’lshgkntegrallaw ma’selesin garastiramiz.

Meyli IP”‘—(X)dx integralin esaplaw talap etilsin. BundaFM duris
Q. (%) Q,(x)

gisgartiimaytug’'in  bo’lshek, yag'’ntiym<n. Bul bo’lshek 5-paragraftag’t (18)
formulag’a sa'ykes

A A k22, MX*N - MXHN (5 ), (1)
x-a (x-a) X“+ px+q (x2+px+q)

tu’rindegi a’piway1 bo’lsheklerinin’ gosindisinkjenedi.
Bunda, M, N, A a, p, g -haqiyqly sanlar bolip,x* + px+q ko'p ag'zalis|
haqiyqly korenlerge iye emes, yag'niy
P _4<o.
g <0

Demek, eger (1) formulada keltiriigen a’piway! lstieklerdi integrallaw ma’selesi

Fa(X)
Qn(X)

n

tolig u'yrenilgen bolsa, onda duris ratsional bo’lsheginin’ integralin esaplaw

ma’selesi sheshilgen boladi. Endi usi bo’lsheklentiegrallaw haggindag’t ma’seleni

ko'rip o'temiz.

. A bo’lshegin integrallaw.
X—a

[—2_dx = Ad(Injx-a) = Aln [x - a| +C.
X—a

. Lk bunda k =2, bo’lshegin integrallaw.

(x-a)

x LI (- ,a) L (a,+0) ma’nisleri ushin

j(Akdx = A[(x-a)*d(x-a)=

X-a) *C @

A
- Kk)(x-a)™
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Mx + N
X%+ px+q

1. bo’lshegi berilsin.

Bul bo’lshektin’ bo’limin to’mendegishe tu’rlendingiz

2

2
x2+px+q=|x2+200 x+ 2 |+]|q-P|=
peva( v zcfoe Bl a-

(e o2 o) o)

Endi g —% =Db? belgilewin hamt = x+§ = dx =dt tu’rinde o’zgeriwshilerdi

almastiriw orinlansa, onda
x>+ px+q=t*+b*, Mx+N =Mt +(N —%}

boladi. Demek,

J. Mx + N Mt+[N—

dx = 2jdt=|v| 2t ( _ Mp dt _
x? + px+q J t2+b? 2'[t2+b2 2 It2+b2

In(t2 + b2)+ l(N —mjarctg Lics
b 2 b

2N - Mp

\J4q - p?

In(x2 + px + q)+

|\J|Z N|§

arctg 2x—+p2 +C
J4q-p
boladi.

Mx + N

(x2 + px+q

V. )n , (n>2) bo’lshegin integrallaw.

Mx + N _ _
I(x2+px+q)n =] (t2 +p2) 2 (t2+b2)n+ 3)

_ij d _ M ( _ij dt
N = N
+( 7 J(t2+b2)n 2(1—n)(t2+b2)”_1+ 2 j(t2+b2)n
Solay etip, IV-tipindegi a’piway! bo’lshekti integjtaw

dt
I(t2 +p2)

tu'rindegi integraldi esaplawg’a alip kelindi. Bultegraldi bo’leklep integrallaw usili

J, = nON, (4)

ja’rdeminde esaplaw mu’mkin. Usi magsette,
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1 2nt

dv=dt = v=t

(t2+b2)n (t2 +b2)n+1

belgilewlerin kiritip, bo’leklep integrallaw formaski tiykarinda

t t2
Jo=—— —+2n[———dt,
" (% +b?)" nJ.(t2+b2)”+1

bolatug’inhg’in ko’remiz. Bunda

t? —t?+b*-b® - 1 _h2 1 =
JW I(tz T Do) I‘d(tz rpoyr P I(tz T p2yrit

J, -b%J ...
Demek,
= 2nJ, - 2nb?
Jn —m‘l' an_ n Jn+l’

bunnan

t 2n-1

It = + o (5)
Lo2nb2(t? +b?)"  2nb?

(4) formuladan =1 bolsa, 5, = Itz ‘itbz - %amtg %J, c boladi. Onda (5) formuladan

dt t 1 t
Jp = = +—arctg—+C
? I(t2 +b%)2  20%(t> +b%) 2p° b

bolatug’inhg’t kelip shig’adi. (5) rekkurent formulani  izbe-iz gayta qollaniw

na’tiyjesinde (4) integraldi

At Bt Ht dt
J, = (t2 N bz)”‘l + (t2 N bz)”_z +...+ R + K'[tz b2 1 (6)

tu’rine keltiriwge boladl, bunda A B,---,H,K haqiygly  sanlar.
n=23--- manislerine sa’'ykes keliwshi (4) integraldin’ mekeri (5) formuladan
rekurrent esaplanadi. Solay etip, ha'r ganday aadibo’lshektin’ integralin esaplaw
na'tiyjesinde ko’p ag'zal (ratsional bo’lshek dsirbolmag’an jag’dayda), ratsional
funktsiyalar, logarifmlik funktsiyalar ha’'m arktaagslerdin’ sizigli kombinatsiyasina
lye bolamiz.

Ratsional funktsiyalardi a’piwayi bo’lsheklerdin’ ogindisina jiklew arqgali

integrallaw usili ba’rqulla toliqg na'tiyje berediBirag, bul usildan paydalaniw
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protsesindepm—(x) ratsional bo’lshegin a’piway! bo’lsheklerdin’ godisina jiklew

()

n

ushin Q,(x) ko’p ag'zalisinin® korenlerin tabiwg'a, yag'ni®),(x) =0 tu'rindegi

algebralig ten’lemeni sheshiwge ma’jbu’r bolammz[ON jetkilikli u’'lken bolg’an
jag’daylarda bul ten’lemeni sheshiw an’sat bolmayiiine usi jag’day bul integrallaw
ustlinin’ tiykarg’'i kemshiligi bolip tabiladi.

Degen menen ga’legen ratsional bo’lshektin’ a’piwag’lsheklerge jikleniwinin’
0'zine say ta'repinen garasaq, ga’legen ratsiomaktsiyanin’ integrali bar ha’'m ol
integral a’piwayi funktsiyalar (ratsional funktsjygogarifm ha’m arktangens) argali
g’ana an’latiladi degen juwmaqqga kelemiz. Ratsidnaktsiyalardan basga elementar
funktsiyalardin’ ishinde integrallari elementar ktsiyalar argali an’latiimaytug’inlari
juda’ ko’p. Misali a’'meliyatta jiyi ushirasatug’in

x -integralliq logarifm,

In x

| sin x .. - integralliq sinus,
X

J~COSX
X

[sin(x2)ax ha'm [ cos (x*)ux -Frenel integrallari,

dx -integralliq kosinus,

je‘xzdx-Puasson integrall,

turindegi integrallar ha’m basga da ko’plegen inddlgrdin’ elementar funktsiyalar

argall  an’latilmaytug’inlig’t ~ burinnan  da’lillengen Bunday integrallardi

«integrallanbaytug’i», «aqirina shekeman’latilmaytug’in» integrallar dep ataydi.
Ratsional bo’lsheklerdi integrallawg’a bir neshesatliar keltiremiz.

Misallar.

dx - ,
1) j 7oy integralin esaplan’.

Sheshiliwi. Integral astindag’i funktsiyani a’piwayl bo’lsheklar gosindisi
tu'rinde an’latamiz, yag’'niy

B
X—=2

1 _ 1 :é+
x?-2x x(x-2) x
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Ten’liktin’ on’ ta’repin uliwma bolimge keltirip hah eki bo’lshektin’ ten’ boliwi
sha’rtinen paydalansagq,
1= A(x-2)+Bx
ten’ligine iye bolamiz. Endi eki ko’p ag’zall birdime ten’ boliwi ushin o’zgeriwshx
tin’ birdey da'rejeleri aldindag’t koeffitsientléen’ boliwi tiyis ekenligin esapqga alip

ha'm B tu'raglilarina baylanisl

A+B=0
-2A=1
tu'rindegi algebralig ten’lemelerdin’ sizigh sistasina iye bolamiz. Usi sistemani
sheship,A= —%, B =% bolatug’inhg’in ko’remiz. Demek,
dx A B 1.1 1, dx
= | —dx+ dx =-=|=dx+= =
Ix2—2x Ix Ix—2 2Ix 2Ix—2
:—lln|x|+lln|x—2|+C:In X2, c.
2 2
2) j XS_—SdX integralin esaplan’.
X> = X
Sheshiliwi
X-3 _ X—-3 :§+B+D.
x*-x  x(x-1)(x+1) x x-1 x+1
Bunnan:

x - 3= A(x? —1)+ Bx(x + 1)+ Dx (x - 1).
x-tin’ birdey da'rejeleri aldindag’t koeffitsientler ten’lestirsek, to’mendegi
ten’lemeler kelip shig’adi:
A+B+D =0,

B-D=1,

-A=-3.
Bul ten’lemelerdi sheshid =3, B=-1, D = -2 ma’nislerine iye bolamiz.
Bul belgisiz koeffitsientlerdi to’'mendegi on’ay umenen tabiwg’a boladi:
a) Xx =0 dep alsaq;-3=-A, yag’'niy A= 3 bolsa,
b) x =1 dep alsaqg;-2=2B, yag'niy B=-1,
v) x=-1 dep alg’anda;-4 =2D bolip, bunnarD = -2 kelip shig’ad1.
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Demek berilgen bo’lshek

x-3 _3_ 1 2
x2-x x x-1 x+1
ko'rinisine keledi.
Bunnan
X—-3 1 dx dx
jxs_xdx=3j;dx—jx_l—2.[ +1=3In\x\—|n\x—1\—
—2In|x+]4+C:In| x5 +C
(x-1)(x +1)°|
boladi.
3x+2 . ,
3 dx® integralin esaplan’.
)jx4+3x3+3x2+x X J g
Sheshiliwi
3x+2 _X+2 AL A A A

x*+3x3+3x2+x  x(x+1)P°  x  (x+1°  (x+1f x+1

3x+2=(A+A)DC+(BA + A +2A )X +
+HEA+HATATANXTA.
Bunnan:
A+A=0,
3A +A+2A, =0,
A+ AT ATA =S
A=2,
Bul ten’lemeler sistemasin sheship,
A=2 A =1 A=-2A=-2

ma’nislerine iye bolamiz. Onda:

3X + 2 _ o[ dx dx dx dx  _
Ix“+3x3+3x2+xdx_zjX+I(x+1)3 ZI(x+1)2 2J‘X+1
1 2
=2In|x| - - 21 C=
R~ g ¥ 2
4% + 3 x? c.

= +1n +
2(x +1) (x +1)
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4dx . :
4) | i, Integralin esaplan’

Sheshiliwi.
4 4 4

x*+1  (x*+2x2+1)-2x2 (x2 +1)2—(x\/§)2 -
4 M,x+ N; + M,x+ N,

:(x2+x\/§+1)(x2—x 2+1)_X2+X\/§+1 x2 - x~+/2 +1

Bunnan ten’liktin’ on’ ta’repin uliwma bo’limge kitgennen son’, bo’lsheklerdin’
alimlarin ten’lestirip,
(M, +M,)x%+ (N, = M,v2 + Ny + M2 )x2 +
+ (M, = N;vV2++M, + N,+/2)x+ (N, +N,)=4
ten’lemesine iye bolamiz. Endt tin’ birdey da'rejeleri aldindag’i koeffitsientlgir
salistiriw na’tiyjesinde
N,+N, =4
M+ M, +(N, = Ny)v2=0
N1+N2+(M2_M1)\/§:0

M,+M,=0,
tu’rindegi algebralig ten’lemelerdin’ sizigl sistasin payda etemiz. Bul sistemanin’
. 2 2 y . .
sheshimin tawip,m, = L N,=2,M, = ~ 5 N, =2 ma'nislerine iye bolamiz.
Sonlgtan:
2 x+2 —ix+2
J‘ 4dx _J‘ dX+J' \/E J‘(X'*‘\/_)'*'\/_
x*+1 x+x\/§+1 x? = X 2+1 T2 e xd2+1
2
J~2X 2 \/EdX:: 1J~d(); + X 2+l)dX+J~ CIX2 +
V2o x2 41 V27 P+ x2+1 2V 1
X+—| +=
2 2
+ Id(X2+X\/§+1)dx++J~ dx —
V2! x?+xd2+1 ( JEJZ 1
X=——| +=
2 2
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V2

= T in[x? + x+/Z + 1/~ ——In[x? - x 2+1\+%arctg SR

N2 N2 1 1
2 V2
X_ﬁ e
1 o 1 X%+ x+/2 +1
+ ——arct +C = In + /2 [arctg (x~/2 + 1) +
1A T Tz vz e VAL :
N2 J2

+arctg (x~/2 -1)] + C.

Endi y=arctg(xv/2 +1), z= arctg (x~2 - 1) belgilewin kiritsek,

tgy = x+/2 +1, tgz = x+/2 -1 bolad. Al,tg(y+z):Eg;?gzil_fég?x%‘_lb :ffz,

onday + z = arctg X—\/EZ , yag'nly arcti/2+1) +arct/2-1) =arct%)£.
1-x —x°

x~/2

4dx _ 1 X+ x2 1|+x/§arctgl .c.
- X

x*+1 \/_ |x —x\/§+|

X"+ x>+ x3+x
I 8 6 Z 2
X°+10x° +37x" +60x° + 36

Demek, j

dx integralin esaplan’.

Sheshiliwi x® +10x°® + 37 x* + 60x2 + 36 = (x2 + 2)2 (x2 + 3)2.
Sonlgtan:

X"+ x°+x3+x _ XX+ x Mo+ N,
x® +10x° +37x* + 60X + 36 (Xz + 2)2 (Xz + 3)2 (Xz + 2)2

M2X+ N2 + M3X+ N3 + M4X+ N4 bolad!.
X2 +2 (x2+3)2 x?+3

Bunnan:
x"+x%+x3+x=(M,x+ Nl)(x2+3)2+
+ (M ,x + Nz)(xz + 2)(x2 +3)2 + (M ox + N3)(x2 + 2)2 +
+ (M, x+ N4)(x2+3)(x2+2)2 =M, + M )x"+(N,+N,)x®+
+(M,+8M, +M,+7M,)x®+ (N, +8N, + N;+ 7N, )x* +
+(6M, +21M, +4M , +16M ,)x° + (BN, + 21N, + 4N, + 16N, )x? +
+(9M, +18M, + 4M, +12M ,)x + (9N, + 18N, + 4N, +12N,,).

Bul ten’liktegi x-tin’ birdey da'rejeleri aldindag’i koeffitsientlér ten’lestirgende

kelip shig’atug’in ten’lemeler sistemasin sheshleend
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M,=-5M,=19, M,;=-20, M, =-18 N, =N, =N, =N, =0

kelip shig’ad1.
Demek,
X"+ x%+ x3+ x _ ¢ - 5xdx 19 xdx -20x
Jx8+10x6+37x“+60x2+36 X _J(X2+2)2 Jx2+2+j(xz+3)2 e
-18 d 2
N RO JL L s

~10[ (x2 +3)%d(x2 +3)- o[ 2 dlx*+3)_ 5

19 2
x% +3 2(x2+2)+|n(x r2)s

0
10 _omn(x2+3)+C =y D R G Y
x2+3 2(x2+2) x2+3 (x2 +2)°
Shinig’'iwlar
To’'mendegi berilgen integrallardi esaplan’
xdx xdx
1. . 2. | ————.
J(x+1)(2x+1) -[2x2—3x—2
2x% +41x - 91 dx
4. .
J(x—l)(x+3)(x—4)dx' J6x3—7x2—3x
J‘X +X - 6J‘
x3 - 4x 4%° —X
- J(X —3x+2)dx 8.I x+2j Q(
x(x? +2x+1) x-1) x
xZdx - X +1
9'Jx3+5x2+8x+4' 10..de.
x%dx X3 —6X2 +9x+7
11. : 12. dx.
J (x+ 202 (x + 4 k= 2f(x-5)
1/ x-1 X2 -2x% +4
o Rt 14. —d .
13'J8(x+1j dx. j (x—2) X
dx
15.jm. 16. jl+x
4 2 _ 3y —
17.'[ 3(x erl)dx | 18-J (Zx '\:’,x 3)dx‘.
x*=x2+x-1 (x—-1)\x? - 2x+5)
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19-.[ dx

(x2 + 1)(x2 + x)'

dx

20 J (x+1)2(x2 +1)'

Sl 2 [ B
2| (—2)1" ] x(4+xf)§(1+xz)'
Sl o[ S
27. jm 28.](1+ )(2))((1‘1:()(2)3.
29j(1+x) . 3o.j(x)f—ij)1()2.

7. Ostrogradskiy usili

Ostrogradskiy duris ratsional bo’lshektin’ aniq enietegralin esaplaw protsesin

a’piwaylastiriw magsetinde matematikag’a o’zinintagrallaw usilin kiritken. Bul usil

integraldin’ ratsional bo’legin algebralig jol menejiratip aliwg’a mumkinshilik

jaratadi.

Meyli,

Qx) .. (x-a)t

e+ pxef-

(1)

tu'rindegi duris ratsional funktsiyani integrallama’selesi qoyilg’an bolsin. Bul

funktsiyanin’ integralin esaplaw a’piwayl bo’lsheidin’ integrallarin esaplaw

ma’'selesine alip keletug’'inhg’t ma’lim. EgeQmE; duris bo’lshegin a’piway!i
(X
bo’lshekler qosindisina jikleniwde
A A Mx + N Mx + N 2)

x-a'(x-a) 1X2+DX+q7(x2+px+q)”
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tu’rindegi bo’lshekler ushirasatug’in bolsa, ondg/kes onin’ integrali

_[ A A Mx + N Mx + N
+ + + d
x-a (x-a)k xZ+px+q (X*+px+q)"

dx+

= —al+
n|x-a X%+ px+q (3)

A *f Mx + N
1-Kk)(x-a)k™
®() + LI =
(¢ + px+a)" x? + px+q
_ P(X) +I Y(x)dx

S (x=a) T3+ px+ )"t (x—a)(x? + px+q)

dx

ko'rinisine keledi. (2) formuladag'’i
¢ (x) ¥ (x)

(x —a) (x> + px + )"t (x-a)x®+ px+q)

duris ratsional bo’lshekler bolip esaplanadi.

Berilgen funktsiyanin’ (1) tu’'rindegi jikleniwind€) bo’lsheklerden koffitsientleri
g’ana o’zgeshe bolg’an, basga da a’piwayi bo’l#rekiriwi mu’mkin. Agirinda, sol
formulalardin’ ba'’rin biriktirsek, to'mendegi forata kelip shig’adi

[P0 gy = POO PO o )
Q) Q) Q%)

Bunda F1(X) penenm -duris ratsional bo’lshekler, sonin’ menen birge

Q.1(X) Q,(X)

Q(X) =...x—a)“"...(x* + px+ )" ..,
Q,(X) =...(x —a)...(x* + px+Q)....
Bul (4) ten’likOstrogradskiy formulasidep ataladl.

Ostrogradskiy formulasinin’ golaylilig’l ratsionab’lshek P (x) -tin’ integralinin’
Q(x)

PL(X) i tawip aliwg'a mu'mkinshilik beredi. Sol sebepR (x)
Q1(x) Q (%)

bo’lshegin integrallaw ma’selesi an’sat integradlarg’'in | ha’'m Il tiptegi a’piway!i

ratsional bo’legi

bo’lsheklerge jiklenetug'in ratsiondf2(X) bo’lshegin integrallaw argali sheshiledi.
Q,(x)

Endi Ostrogradskiy formulasmdag’lm penen R -duris ratsional

Q;(X) Q,(x)

bo’lsheklerin galay aniglaw kerekligin keltirip ethiz.

41



Berilgen (1) bo’lshektin’ bo’IimiQ(x)-ti sizigh ko’beytiwshiler menen kvadratliq
ko’beytiwshilerge jiklew kerek. Sond@, (x) ko’p ag’zalisinda bul ko’beytiwshilerdin’
barlig’l birinshi da’reje menen gatnasadi.

Q(x)=Q; (x)Q2(x) (5)

bolg’anligtan ko’p ag'zaliQ(x)-tin’ ishindegi ko’p ag'zaliQ,(x)-ke kirmey galg'an
ko’beytiwshilerdin’ barlig’i ko’p ag’zaliQ, (x)-tin’ ishine kiredi.Q,(x) penenQ, (x)-ti
beriIgenQ(x) ko’'p ag’'zalini ko’beytiwshilerge jiklemey de talgia boladl.Q(x) ko'p
ag’'zalisina ko’beytiwshilerdin’ barlig’t onin’ tuwdisi Q’(x) ko'p ag’'zalisina da'reje
ko'rsetkishleri birlikke g’ana kemeyip kiretug’inoly’anligtan Ql(x) ko’p ag’zalilar
Q(x) penenQ'(x)-tin’ en’ ulken uliwma bo’liwshisi bolip, algebradgarastirilatug’in
izbe-iz bo’liw usili boyinsha tabiladi. Bunnan key{5) ten’liktenQ, (x) tabiladi. Endi
(4) formuladag’i bo'lsheklerdin’ alimlarP,(x) penenP,(x)-ti tabiw ushin aniq emes
koeffitsientler usilinan paydalanamiz.

Eger Q,(x)-tin" da'rejesin n,, Q,(x)-tin’" da'rejesin n, dep belgilesek
(n,+n, =n), P(x) penenP,(x)-tin' sa'ykes da'rejeleri depn, -1 menenn, -1
sanlarin alamiz. AIP,(x) penenP,(x) ko’p ag’zallarinin’ aniq emes koeffitsientlerin

ha’ripler menen belgileymiz. Bunday anig emes kisééntler sann-ge ten’ boladi.

(4) formulani differentsiallasaq,

yamasa
' Q1’Q2
] ] P - P —_——+ P
P_PQ-PQ P _ 19:7R g, TR (6)
Q Q,’ Q> Q.Q:;
kelip shig’adi.

Q,(x) ko'p ag'zalisindag'l ha'r bir ko’beytiwsthl (x) ko'p ag'zalisina da'reje
ko'rsetkishi birge kemip, al sol ko’beytkishl€), (x) ko’p ag’zalisina birinshi da’rejede
kiretug'in bolg'anligtanQ, Q, ko'beymesiQ, (x)-ke bo'linedi. Onda ko'beym®, Q,-

ti
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QQ, =Q;H (7)
ko'rinisinde jazamiz, sonin’ menen birgé(x) ko'p ag’zalisinin’ da'rejesin, —1-ge

ten’ boladi. Onda (6) formula to’mendegishe boladi:

P_PQ-RH+PQ _ T @)
Q Q.Q QQ,

Bunda 1 =p,Q, - PH + P,Q, n-1 da'rejeli ko'p ag'zah ha'm onmn’

koeffitsientleri P, menenP, ko’'p ag’zalilarinin’ aniq emes koeffitsientlerihisizigli

kombinatsiyasi boladi.
(8) formuladan
T(x)=P(x) (9)
ten’be-ten’ligi kelip shig’adi.

Demek, P,(x) penenP,(x) ko’p ag'zallarinin’ aniglanbag’am koeffitsientlerin
tabiw ushin (9) ten’liktin’ shep ta’repi menen oma’repindegi x-tin’ birdey
da'rejelerinin’ aldindag’t koeffitsientlerin ten%tiriwv argah n sizigh ten’lemeler
sistemasin du’'zemiz. Demek berilgen funktsiya Q@ptdskiy formulasi boyinsha
jiklenetug'inin da’lilledik.

M 1 s a |. Ostrogradskiy formulasinan paydalanip

J-x3+x—1dx

(> + 2f
integralin essaplan’.
Sheshiliwi.Bundaq (x) = (x2 + 2 . Onda:
Q,(x)=x? +2 hamQ,(x) = x? + 2. Sonlgtan:P,(x) = Ax+ B, P,(x)=Dx+E

dep belgileymiz. Bul jag’day ushin Ostrogradskiynfimlasi to’'mendegishe boladi:

dx -

x*+x-1, Ax+B Dx+E
_[ 2 dx = 2 +I 2
(x2 + 2) X“+2 X°+2
Bul ten’liktin’ eki ta’repin differentsiallasaq
x*+x-1_ Alx? +2)-2x(Ax + B), Dx +E
(x2 + 2)2 (x2 + 2)2 X2+ 2

ten’ligine iye bolamiz. Bunnan:
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x3+ x-1= A(x? +2)- 2x(Ax + B) + (Dx + E)(x* + 2).
Bul ten’liktin® eki ta'repindegi x-tin’ birdey da'rejelerinin’ aldindag’i
koeffitsientlerin ~ salistirip, A, B, D, E  koeffitsientlerine baylanislh  algebraliq

ten’lemelerdin’ sizigli

D=1,
-A+E=0,
-2B+2D =1,
2A+2E =-1.

sistemasina iye bolamiz. Bul sistemadan
A=t pg=L p-1e=--1%
4 2 4

ma’nisleri kelip shig’adi. Onda,

x*+x-1_ x+2 1edx-1, _ x+2 1 d(x +2) dx
I - L -
(xz + 2) 4(x*+2) 4’ x*+2 4(x? +2) X2+2 4 xP+2

X+ 2

:m —In(x +2) farctg \/»

boladi.
Shinig’iwlar

Ostrogradskiy formulasinan paydalanip to'mendegtégrallard: esaplan’
™ gl
o e e st iz,
dsee Ip ey
el 8. X : X(X“‘I)de
o 1+(XX(I+)X) © O o
[ eewend 2] el
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8. Algebraliq irratsional funktsiyalardi
integrallaw

Irratsional an’latpalardi integrallaw ma’selesin bair jag'daylarda ha'r qiyl
almastiriwlar na'tiyjesinde aldin’g’t eki paragmfu’yrenilgen ratsional funktsialardi
integrallaw ma’selesine alip keliwge boladi. Bapdisilratsionallawusil dep
ataladi. Usratsionallawusiinin’ algebraliq irratsional funktsiyalardina bir

tu'rlerinin’ integrallarin esaplawda gollaniw usiin ko’rsetemiz.

l. jm X, n ax +b dx tu’rindegi integraldi esaplaw, bunad I N .
+
aX+Db

[J ha'ribi integral astindag’i funktsiya gawsirmanishindegi an’latpalardin’ ratsional

funktsiyasi degendi an’latadl.

Berilgen integralda , = ,/_ & * b turinde o’zgeriwshini almastiriw qollanilsa,
a,;x+b

onda

T

n _ n_
aX+b:z”:> x:blZ b = dx= hz” -b dz
a;x+b a-az" a-az"

boladi. Bul tabilg’anlardi berilgen integraldagfinlarina goyip,

I D(:lfna_z? ’ Z] EE:lfna_zE] dz (1)

tu'rindegi integralg’a iye bolamiz. (1) integralz o’zgeriwshisinin’ ratsional

funktsiyasinin’ integrali ha’m oni esaplaw usillaizge belgili. (1) integraldin’

y s , , , . . . + ,
ma’'nisi tabilg’annan son’z o’zgeriwshisinen z = ax El formulasina sa’'ykes
\ a,x +

da’slepki x o’zgeriwshisine o'tiledi.
a) J R(x,\”/ax+ b)dx, az0,

r r I'm

b)J'R x,( ax+b ]Sl( ax+b jSz( ax+b ]sm dx.
ayx+b ayx+b ayx+b
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bunda r; ha'm s,(j=12..m) natural sanlar,a,b,a;b OR ab -ba, #0,

tu'rindegi integrallardi | tiptegi integralg’a keiw mumkin.

Haqiygatinda da, a) integrali | tiptegi integralda= 0, b, =1 bolg’andag’i dara

jag’day!.

S] , . _— . ax + b
b) —bo’lsheklerinin® ulhwma bo’limin n argali belgilep, = Z"

I a,xX+b
tu’rlendiriwi orinlansa, ondg = & dx = (2 bz" - ) dz boladi ha’m integral b)

a-az" a-az
ngoong ity
JOZD s g5 gy (B2 Dy,
a alz a-a2"

tu’rindegi

ratsional funktsiyanin’ integralina keledi, bun%,%,---,%ljz. Bul integraldin’

S S S
ma’nisi tabllg’annan son’z 0'zgeriwshisinen da’slepkix o’zgeriwshisine
X —

z2=( ax+b )” tu’rlendiriwine sa’'ykes o'tiledi.

ax+

Misallar.

1. J' dx integralin esaplan’.

-3/3x+2

Sheshiliwi x t1 ¥/3x+ 2 =z formulasina sa’ykes almastiramiz. Onda

« = 233- 2 4 = 524, boladi da, berilgen integral
J J~ — J~ ZZdZ ,
33x+ 2" -2 z>-3z-2
3
tu’rindegi integralg’a keledi.
Endi [ z*dz integralina ratsional bo’lshekti integrallaw usilgollansagq,
23 -3z-2
na’tiyjede
z%dz 3z%dz A B
= + + dz =
-[23—32—2 '[(z+1)2(z—2) [ (z+1) z+1 z-2 247 =
1 5

+—|n\z+1\+ﬁln\z—2\+c,
z+1 3 3
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boladi. Bundag'iA, B, C tu'raglilarin tabiw ushin
3z° __A ., B D
(z+1)2(z—2) (z+1)2 z+1 z-2'
3z = A(z-2)+B(z+1)(z- 2)+ D(z +1),

ten’liklerinen paydalanildi ha'mA =-1,B =§, D =?—31 ma’nisleri tabildi.

Endi z 0’zgeriwshisinen da’slepkx o’zgeriwshisine o'tip,

d 1 5 4
jX‘Q/’;(x+2 :%/3X+2+1+§In‘§/3x+2+1‘+§|n‘m_2‘+c

bolatug’lnllg’ln ko'remiz.

2. j (x -~ 1)dx integralin esaplan’.
X+ X

Sheshiliwi z=%x belgilewin kiritemiz. Onda
x=2% x=2% 3¥/x%=z dx=62%z

boladi. Ondaj—lezf’dz 6[40' z tu’'rindegi ratsional bo’lshektin’
%22+ 7% z'(1+ 2)

integralina iye bolamiz.

2°-1 -2+ -22+z-1 72 1 1
Imdzzj. 7 dZ:(——Z+|n|Z|+———2+

z 2 z 2z
1 15 101 1
+—=)+C=| ZUx® -x+In&/x + —- + j+C
3 (2 Ux  28/x 3Jx

(x = 2)dx =6 ] 1 1 1
;(\/T) (F &/ + In X+W_2W+3&j+c'

I IR(X, Vvax? +bx+ d}jx, bunda a # 0, b? —4ac # 0 tipindegi integrallar .

Demek, I

Bul tiptegi integrallar Eyler tu'rlendiriwleri depatalatug’in tu’rlendiriwler
ja'rdeminde esaplaniwi mu’mkin. Bunda u’sh jag'dgyrastiriladi.

1. a>0 bolg’an jag’day. Bul jag’dayda o’zgeriwshini

Vaxt +bx+d =z-x/a 2)

formulasi ja'rdeminde almastiriladi. (2) formiglerdin’ birinshi ornina qoyiwi dep

atalad. (2) ten’liginin’ eki ta’repin kvadratda’'tersek,

ax? +bx +d = z? - 2zxJ/a + ax?,
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yamasa

bx+d = z° - 2zx/a

2
~d
boladi. Ondax =2 ~9 —4 4z bolad.
2z Ja +b X= 22«/a+ ) z

Demek, berilgen integral

72 -d 7> —d 72 -d
R z-+/a dz,
J (22\/5+b 22\/5+bj(22\/5+b]

tu’rindegi ratsional funktsiyasinin’ integralinglanadi.

Eskertiw. Eger ax* +bx+d kvadrat u'sh ag'zalisinin’ korenleri kompleks

tu'iynles sanlar bolsa,a>0 bolg’an jag'dayda integral astindag’i funktsiydnin

ma’nisleri haqiyqry boladi ha’'th® — 4ad < 0 ten’sizligi orinlanadi. Sonlqtan,

2 2
ax2+bx+d:a(x2+E j+d al x +9x+b— +d-P|=
a a 4a’ 4a*

_ b\* 4ad - b?
=a[| Xx+_—| +———]
2a 4a

bolad!.

b? —4ad <0 ten’sizligin esapga alsag tin’ ga’legen ma’nisindeax? + bx +d
ko’p ag'zalisi menera saninin’ tan’basi birdey bolatug’inin ko’remiz. mdek,a >0

bolg’an jag’dayda integral astindag’l funktsiya

R(X, M) tek hagiyqly ma’nislerdi g’ana gabillaydi.

2) a<0 bolg’an jag'day. Matematikaliqg analizde haqiygly ma’nisli funktsigr
u'yreniletug’in  bolg’anlig’t ushin a<0 bolg'an jag'dayda ax® +bx+d u'sh
ag'zalinin’ haqgiyqty korenleri u’yreniliwi tiyis.

Meyli, ax* + bx+d kvadrat u’sh ag’zalinin’ korenleti, SOR bolsin.

Onda, ax’ +bx+d =a(x-a)(x-8) ten’ligi orinli boladk.

Integral astindag’t an’latpada

Jax +bx+d =(x-a)z (3)

tu’rindegi almastiriwin jasaymiz. Bul ten’liktieki ta’repin kvadratga ko'terip,
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a(x-a)(x-B)=(x-a)z?,
yamasa

a(x-pg)=(x-a)z%,
tu'rine alip kelemiz. Keyingi ten’likten,

LB i bxed = (wj dx = (2B .4,

z—a z—a z—a

kelip shig’adi. Bul tabilg’anlardi berilgen inte@gtag’t orinlarina goyip,

Im[az —aﬂ,{az - ap “N(MJ(’
z’-a z’-a Z"- —a

tu’rindegi ratsional funktsiyanin’ integralina ipelamiz. (3) ten’likeylerdin’ ekinshi

ornina qoyiwi dep ataladi.
Il tiptegi integraldi ratsional funktsiyanin’ integina keltiriw ushin Eylerdin’ bul
eki almastinwi jetkilikli, birag analizdeEylerdin’ u’shinshi ornina goyiwi dep

atalatug’in

Vax? +bx+d =+/d - xz (4)

ten’ligi de u’'yreniledi.
Bul almastiriw tekd >0 bolg’an jag’dayda g'ana qgollaniladi. (4) ten’ligih eki
ta’repin kvadratqa ko’'tergennen son’,

D02 e = 2O gy br 2y,

2" —a

tabiladi. Bul tabilg’anlardi berilgen integraldagtinlarina qoysagq,

jD(b+z\/6 a d+b{Kb+zJ_J

z2-a  a-2° z2-a

tu'rindegi ratsional funktsiyanin’ integralina ipelamiz.

Misallar.

dx integralin esaplan’.

1) J' X2 -1
xV1+ x? +x*
Sheshiliwi. Da’slep berilgen integraldi Il tiptegi integralgaip kelemiz. Onin’

ushin



formulasi boyinsha o’zgeriwshini almastiramiz. O'rntlagral

I t\/t + 3t +1
ko'rinisine keledi.

Endi Eylerdin’ birinshi almastiriwin gollanamiz, yagy

t2+3t+1=z-t

dep alamiz.
Bunnan:
2 _ 2
3t+1= ZZ—ZZt, t:z—l’ dt:22+—62-;2dz’
3+2z (3+22)
2 2 _o5,_
«/t2+3t+1:z—t:L3Z+1, t_lzﬁ
3+ 22 3+ 22
kelip shig’adi.

Bul tabilg’anlardi integralg’a alip barip qoysagintendegi na'tiyje kelip shig’adi:

72 -272-4 _7°+3z+1

1, 3+2z 3+2z) 72 -2z-4
J:_J' — > ( ) dz:J‘ 7 =
2 2 -1 7° +3z+1 (22 -1)3+22)

3+2z 3+2z
2 _q)_
:J-(Z l)‘ (22+3) Z:J- dz _J- dz :lln|3+22|—
(22 -1)(3+22) 3+2z 1 2
T Czlln‘(3+22)(z+l)|+c:
2 |z+1 2 z-1

_1 |(3+2t+2 t2+3t+1Xt+1+ t +3t+1)(

"2 1o+ R L e

_1 (2t+3+2\/t2+3t+1Xt+1+\/t2+3t+1Xt—1—\/t2+3t+1X+C
2 t-1++t>+3t+1 |
_1, (2t+3’,)(3’,t+2)+(5t+5)2\/t2+3t+1+4(t2+3t+1)+c=
2 5t
2 2
:%InZt +5t+2+(tt+1)2 t +3t+l%+C:
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((t+1)+\/t2+3t+1)2 x? +1++/1+3x* + x*
t X

=1In ‘+C=In
: |

§+c.

Bul misaldi Eylerdin’ ekinshi ha'm u’shinshi almastlari ja’'rdeminde de

esaplawg’a boladi.

dx : ;
) integralin esaplan’.
/ (2x - IV x - x?

Sheshiliwi (3) ten’liginen paydalanip,

inl—xi =Xz

tu’rinde ornina goyiwdi orinlaymiz. Onda

1
x(1-x)=x%22%, 1-x=xz?, x=
(1-x) S
2
dx:—ZZd);, 2x—1:1 22, X—x? = 22 _
(221) 1+2z 22 +1
Demek,
1_7)(_1
I & :2_[ ZdZ :|n|z_1|+C:|nX—+C:|n1_X—_\/;+C
(2x - DVx - x? 722-1  |z+1 1-x,, o x + Jx
V' x
boladi.

Integrallardi Eylerdin’ ornina qoyiw usillarinaayplalanip tabiwda bir gansha
guramah esaplaw jumislarin alip barw talap eteSonligtan Eylerdin’ ornina
goyiwlarinan paydalanbastan esaplaniwi mu’'mkiradpah integrallardin’ bir neshe
a’piway! jag’daylarin keltirip o’temiz.

Integral astindag’t an’latpani bazi bir tu’rlendiéwja’rdeminde

00 Vax +bx+ d)dx =210 L6 (x)dx

ax’> +bx+d

ko'rinisine alp keliw mumkin. Bund&, (x), G,(x) ratsional bo’lsheklerG,(x)ti P,(x)
ko’'p ag’zalisi ha’'m a’piwayi bo’lsheklerdin’ qosuseha jiklep, II-tiptegi integrallardi

a) Pa(X) g, (5)
J\/ax2+bx+d §

b) |

(6)

dx . rON,
(x—-a)'Jax? + bx+d
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V) dx . KON, p?+4q<0, 7)
(x? + px+ Q) yJax? + bx +

integrallarinin’ sizigh kombinatsiyasi tu’rinde’tiwg’a boladi.

(7) integrald1 esaplawda

Po () dx = Q(x)vax? + bx + d dx dx (8)

+ A
I\/ax2+bx+d I\/ax2+bx+d

formulasinan paydalang’an golayli boladi, burfdgx) da'rejesin ge ten’ bolg’an

ko'p ag'zall. (8) formuladd(X)da'rejesin—1 den asip ketpeytug'in ko’'p ag’zald,

bazi bir san. (8) ten’liktin’ eki ta’repin differ¢siallap ha’m na'tiyjeni 2/ax® +bx+d
g’a ko’beytkennen son’,

2P, (x) = 2Q'(x)(ax? + bx + d) + Q(x)(2ax + b) + 21 9)

ten’ligine iye bolamiz. (9) ten’ligindegix tin’ birdey da'rejeleri aldindag’i
koeffitsientlerdi ten’lestirip, kelip shiggan algabq ten’lemelerdin’ sizigli sistemasinan

A sani ha'm Q(x) ko’p ag'zalisinin’ koeffitsientlerin tabamiz. (&n’liginin’ on’

ta’repindegi j integrali kvadrat u’sh ag’zalidan toliq kvadragjamatiw

dx
Vax® +bx+d
na'tiyjesinde
dx dx
el e
tu’rindegi tablitsaliq integrallarg’a keledi.

1
X - a

(6) integralda t = almastiriwin jasaymiz. Na'tiyjede (5) tu’rindegi

integralg’a kelemiz.

Misallar.

1) Egerj% integralin esaplaw talap etilse, koren astindaglatpani
X =2X

coendle gt 4

ko'rinisine keltirip allp,x—% =1t dep o’zgeriwshini almastirsaq,
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[ ax 1 | dt _ 1 scsinat+c =
Jx-2x2 2 1 2 V2
16
1 .
= ——arcsin (4x -1)+C

V2

kelip shlg’adl.

Z)J' —x-1 dx integralin esaplan’.
X% +2x+2

Sheshiliwi. Joqgaridag’l (8) formuladan paydalanip integraitimendegi ko'riniste
jazip alamiz:

j\/x “X71 gy :(ax2+bx+c}\/x2+2x+2+)|j\/x2 dx

X2+ 2X + 2 +2x+2

Bul ten’liktin’ eki ta'repin differentsiallap ha’ma’tiyjeni 2vx?+2x+2 ge
ko’beytirsek
X3 = x +1= (2ax + b)(x? + 2x + 2)+ (ax® + bx + ¢ )(x + 1) + A
ten’ligine iye bolamiz. Bul ten’lemedegix-tin’ birdey da’rejeleri aldindag’i
koeffitsientlerdi ten’lestiremiz. Sonda:3a=1, 5a+2b=0, 4a+3b+c=-1,
2b+c+ A =1 ten’lemeler sistemasina iye bolamiz. Bul ten’lendistemasin sheship

a= % b= _E, c= 1 A :g ma’nislerin alamiz. Demek,

6 6

3_ .y _
| X*-x-1 dx=3(2x2—5x+1)\/m+§f d =
VX2 +2x+2 6 27 X% +2x+2
1(2x —5x+1’x/x +2X+2 +— j
6 \/x+1 +1

:%(sz—5x+1}\/x2+2x+2+gln‘x+1+\/x2+2x+2‘+C.

(7) integraldi esaplaw Eger sondaya sani tabilip, ga’legenx(JR ushin
ax? +bx+d = a(x? + px+q) ten’ligi orinl, yag'niy b=ap, d =aq bolsa, onda (7)

integraldi

_ (2x + p)dx , _ dx
Jl_I — ha’'m JZ_J'

1
(x> + px+q) 2 (X% + px+q) 2
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integrallarinin’ sizigli kombinatsiyas! argqali atilv mumkin. J, integrali tablitsaliq

integral. J,, integralin Abeldin’ ornina goyiwi dep atalatug’in

. 2X +
u:@u?Hm+q):2J?:E§:a (10)

tu’rlendiriwi ja’rdeminde ko’p ag’zalinin’ integrala keltiredi.

Egerb # ap bolsa, onda

x=a*rB 141
t+1

bundaa, £ sanlari integral astindag’i an’latpadag’l kvadrah ag’zalida t nin’

koeffitsienti nolge ten’ bolatug’inday etip tan’labnadi, ornina qoyiw paydalaniladi.

Bunday tu’rlendiriwde (7) integrali

I P(t)dt 12)

(t2 +/])k ’,ut2+V !
bunda P(t) da’rejesi 2k -1 ge ten’ bolg’an ko’p ag'zali, A >0. Eger b=ap, al

d #ag bolsa, onda (11) ornina qoyiwdin’ ornina= x+§ tu’rindegi almastiriwdi

paydalaniw mu’mkin.
(21) integraldi esaplaw ushin duris ratsional Ibeldi a’piwayr bo’lshekler

gosindisina jiklep, bul integraldi

J':I tdt T I dt  mON
(t2+/])m ,/Jt2+|/ (t2+A)m ,/Jt2+|/

tu’rindegi integrallardin’ sizigl kombinatsiyaggali an’latiw mumkin.

J" interall u® = yt*> +v ornina goyiwi ja'rdeminde esaplanadi, al” integrali

bolsa |, - Mt Abel ornina goyiwi ja'rdeminde esaplanadi.
Ut? + v
Misal. J' dx integraldi esaplan’.

(x2 +2Nx? +1
Sheshiliwi. Bul integraldi integrallaw ushin Abel almastiriaim paydalanamiz,

yag'nly




vz(x2+1):x2, X% +2= :

va/x? +1=x, dviWx? +1+v?dx = dx,
dx _  dv

VxZ+1 S 1-v?2

gatnaslar payda boladi. Onda

dx ¢ dv 1 V2 +v _
J' —j = In +C=
(x2+2 241 "2-v2 242 2-v
¢§+44£4f
1 N x? +1+C: 1 In\/2x2+2+x+c.
2\/_ J2 - 22 \2x2+2-x

\/x2+1

J‘ mx+n
vax? +bx+d

argall esaplanadi.

dx tu'rindegi integrallar da kvadrat u’'sh ag’zalinirtendiriw

Misal I xdx integralin esaplan’.
V2x% +4x+5
Sheshiliwi
I I I z 1dz
V2x? +4x+5 \/_ ’x+1 +7 \/_ = +7
_ 1 J zdz _I dz
V2 Jzz +3 \/22 + 2

dz
J' =1In
2243
2

z+‘/22+§
2

ten’liklerinen paydalanip, natiyjede berilgen intalg

+C =In[x+1+ (x+1)2+§ +C-
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1/x +2x+
J‘\/2x +4x+5 \/_
2

—In +C

V2

bolatug’inlig’in ko’remiz.

Eger tabilg’an da’slepki funktsiyag’a turaeﬂM ma’nisin qossag,

V2
xdx :%x/2x2+4x+5—

j\/2x2+4x+5

—%In‘\/ﬁ(x+l)+\/2x2+4x+5‘+c
boladi.
V) J\/xziazdx ha'm J\/az—xzdx

tu’rindegi integrallar to’'mendegishe esaplanadi.

_ >, ¢ xX*xa® NG 5 dx
J —J\/x +a dx—j——xziaz dx—j——xziaz dx+a J——xziaz =

dx+ a’ In‘x+ x> + a®

2
_ X
_I /Xziaz

bolad!.

dx integralina bo’leklep integrallaw formulasin qolkag, onda

2

X
I=[ X
I\/xzia2
u=x, dv=%; du=dx, v=+/x?+a?,

X" fa

dx = xv/x? + a> —j«/xziazdx=xx/xzia2 -J

boladi.
Demek,
J=x+/x?+a%-1J tazln‘x+x/xzta2‘+c
2 2
jxidx =£x\/xzia2 ia—ln‘x+ x2+a?|l+C
x? + a? 2 2
boladi.
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J.\/ a’ — x?dx integralda usig’an ugsas esaplanadi.

s)] j\/ax2 +bx + ddx tu’'rindegi integrallardi kvadrat u’sh ag’zalini’dendiriw

argall esaplaw mumekin.

d) _[(mx+ n)\/ax2 +bx+ ddx tu'rindegi integrallar kvadrat u’sh ag’zalini
tu’rlendiriw ha’m taza o’zgeriwshini kirgiziw argahn’sat esaplanadi.

Misal. 1) J'(x +1/x? - 2x + 3dx integralin esaplan’.

Sheshiliwi. x? - 2x+3=(x-1)> +2. Egerx—1=z dep alip, taza o0’zgeriwsta-

ti kiritsek, dx=dz, x=2z+1 bolip,
[(x+INx? =2x+3dx = [(z+2)Vz* + 2dz = [ V2% + 2dz + 2[/2* + 2dz =
/52
= %j(zz +2)%d(z2 +2)+ 2{%+In‘z+'\/z2 + ZU+C =

:%\/(22+2)3 +Z\/22+2+2In‘z+x/22+2‘+C :%\/(X2—2x+3)3 +
+ (x—IWX? —2x+3+2|n‘x—1+\/x2 —2x+3‘+C -

2

=X 3+X\/x2—2x+3+2|n‘x—1+x/x2+2x+3‘+C

boladi.
2) jxﬂ/xz - 2x + 2dx Integraldi esaplan’.

Bul integral to’'mendegishe esaplanadi:

[x/x? = 2x+ 2dx = [ x/(x = 1) +2dx = [ (x =/ (x = 2" + 1dx + [/(x = 1) + 1dx =
:%I((X—l)+1);d((x—1)2 +1)+jmd(x—1):%((x_1?: +1)E .

2
_ 3
XL 1 e -1 o 2P e 1 e = e - axe2)f 4
XA 2x ez 4 (- 1)+ Vi - 2xe 2

: dx .
e) n-natural san bolg’an Jag’dayda{— integralin esaplag’anda
x"Vx? +a®

0’zgeriwshini X =% tu’rinde almastirg’an qolayli boladi.
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Misal. f integraldi esaplan’.

dx
xv x% -1

Sheshiliwi. O’zgeriwshini X =% dep almastirsaqdx = —tizdt bolip,

1
= arccost + C = arccos—+ C

J‘ dx _ _-[ dt
XA/ x% -1 1-12 X
boladi.

1. jxm(a+ bx”)pdx, bundan,m, p0Q, a,bdR, tipindegi integraldi esaplaw.

a =0 yamasab =0 bolsa bul integral tablitsaliq integral boladizBr abng#0

bolatug’in jag'daydi garastiramiintegral astlndag’lxm(a+bx”)pdx an’latpasina

differentsialliq binom dep ataladi. Differentsialliq binomnin’ integradirhendegi u’sh

jag’dayda g’ana elementar funktsiyalar arqall anddi.

1. p pu'tin san bolg’an jag'day. Eger p menen birgen ha’m m sanlari da
pu’tin sanlar bolip kelse, onda integral astind&gnktsiya ratsional funktsiya boladi.
Meyli pdZ, n ha'm m bo’lshek sanlar bolsin, onda ha'm m bo’lsheklerinin’
uliwma bo’limin g argah belgilep, berilgen integraldix =t9 ornina qoyiwinan

paydalanip ratsional funktsiyanin’ integralina agbemiz, yag’'niy
[x™(a+bx") dx=q[t«™H(a + bt"¥)Pt,

bundaqm, gn, p, QU0 Z bolg’ani ushin keyngi ten’liktin’ on’ ta’repi ratmal

funktsiyanin’ integrall boladi ha’m oni esaplawilasi bizge belgili.

m+1

2. TDZ bolg’an jag'day. Meyli p=—, bundarJZ,sON, tu'rindegi

tn | =

bo’lshek bolsin. Bul jag’dayda

a+bx"=2°

formulasina sa’'ykesx o’zgeriwshisinin’ ornina tazaz o’zgeriwshisin kiritemiz.
Onda,
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x:il(zs—a)i, x™ :im(zs—a

oladi. Demek,

m+1

Ixm(a + bx”)g dx = %I z”s‘l(zS - a)T_ldz
ng "
. . e . m+1 . ,
tu'rine keledi. Ten’liktin’ on’ ta’repindegi integlda —— pu’tin san bolg’ani ushin
n
integral astindag’l funktsiya ratsional funktsiyadl.
m+1 . . . .
Demek, eger—— pu’tin san bolsa, differentsiallig binom
n
a+bx"=2°

almastiriwi ja’rdeminde integrallanadi.

, bundarJZ,sON, ha'm

tn | =

3. m:1+ pOZ bolg'an jag'day. Meyli p=

m+1 bo’lshek sanlar bolsin. Bul jag'dayda o’zgeriwslalmastiriw ushin

n
a+bx" =2z2°x"

formulasi gollaniladi. Sonda,
1 1
= n 1 -1
x=an (zs - b) dx = - 22 (zS — b) n 725z, a+bx" = azs(zS —b)
n

_1
n
’

boladi. Demek,

J'xm(a+bx”)pdx:—Sa " sJ'(z -

1+L gosindi pu’'tin san bolsa g’ana berilgen integratsional
n s
funktsiyanin’ integralina keltiriwge boladi degeaitiyjege kelemiz.

Bunnan

+1 r . . : . :
+— pu’tin san bolsa, differentsialliq binomnin’ intag
n s

Demek, eger
a+bx" =z°x" almastiriwi ja’rdeminde esaplanadi.
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Jogarida ko'rip o'tken u'sh jag'’day Nyuton da'wide de belgili bolg’an.
Differentsialliqg binomnin’ garastirilg’an u’sh jatflydan basga jag’daylarda elementar
funktsiyalar argah an’latiimaytug’inlig’in XIX aigdin’ ortalarina kelip belgili rus

matematigi P.L.Chebishev da’lillegen.
Chebishevtin’ teoremasi. Ixm(a+bx”)pdx tu'rindegi aniq emes

. m+1 m+1
integral p, —,
n

+ p sanlarinin’ en’ bolmag’anda birewi pu’tin san Balgda

g'ana ratsional funktsiyanin’ integralina keledieniek, algebraliq funktsiya,
logarifmlik funktsiya menen trigonometriyaliq fuskta argali an’latiladi. Eger bul
sanlardin’ birde-birewi pu’tin san bolmasa, ond&edentsialllq binom ganday usil

gollanilsa da integrallanbaydi.

Misal. 1) I;dw

T X dx integralin esaplan’.
X

N T 13 1 1 1
Sheshiliwi. dex-jx 211+ x4 | dx. Bunda m= S N=4 P35
_£+1 . . . - .
ham m+1__ 2 °_,. Demek, ekinshi jag'day boyinsha belgilew Kkiritemi
n 1
4
yag'nly:
t=31+4x, x=(-1", o =120 -1 o
Bunnan

1

[ Y1+ % [ x_;(“ x‘l‘de =12[ (t° - t*)dt = %t“(4t3 -7)+cC

Jx
boladi.
2) f dx - integralin esaplan’.
x2(2 + x3)§
Sheshilwi  Bunda m=-2 n=3 p=-=-> ham Mm*l__1
S 3 n 3
m+1 +p= -2.

n
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Demek, jogarida keltirilgen 3-jag’day orinli. Saptan 2 + x* = z3x®

tu’rindegi ornina qoyiwdi gollanamiz.

1 1 1

Sonda: x=23 (23 —1)_5, dx = —23 (23 —1)_431 z%dz, 2+x3 = 223(23 —l)

boladi. Demek,

dx 1,2°-1 22° +1
- == dz=- C=
J.x2(2+x?’)2 4J z 8

3
) (2+x3)2 ‘1
X
__ _+C= 4+3x33+c
J e Bx(2+ )
X

3) J'i integralin esaplan’.
4/1+ X4
Sheshiliwi.integral astindag’i an’latpa ushin

a=b=1, m=0, n=4, pz—% bolip,

M+, p=2-1_0 bolad.
n 4 4

4

Demek,1+ x™* =t* almastiniwin jasaymiz. Na'tiyjede:

X = (t4 —1)_411, ! (t4 _1)L11

1+ x4 t

5
dx=—t3(t* —1) 4dt.
dx _ _tdt _ 1, dt dt ) _
I‘{/1+><4_ o Z(It2—1+'[t2+lj_

= lIn‘ﬂ‘—larctgt +C =
4 1-t| 2

1, Y1+ x*+4 1 Y1+ x4
= —In ——————- —arctg +C-
4 Y1+x*-4 2 X
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1J' 3 xdx
odx -k
4 [T
x2dx
5°
7 (ax+1):
dx
S et
x— 1+Xx
16[l+ Ty
x2dx
9 [ 2%
: I(2+3x2):
22, | ax
vJax? +bx+c

Shinig’iwlar

To’'mendegi berilgen integrallardi esaplan’

2. '[x«3/x+ 2dx.

dx
5.]—&+%&.
8]11/“—de

I x\V1-x

11. |

L+ax-2x)

dx
14.[X ™
17. J.XS«/1+ xdx.

20. [ x(x+ 1)2 dx.

V1++/x
23[—;7;rd

dx

zaj(

29J- x3-x+1

VX2 +2x+2
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X—IWX2 +x+1

1 1
X7 +x2
3. J.ﬁdx.
X7+ x4
6 I(x+1)dx
oxdx=-2°
9 J' dx
XV X% +2x -1
12[
x+1v
xdx
15. | - -
(x+1)2 +(x+1)3
x°dx
18. }
I\/3+ 2x°
5dx

21'Ix2(1+ XZW.

J1+x

X.

x3/x2

27. |V x? = 2x - 1dx.
J~

3ojﬂi—;£:ld
&

24. |



9. Transtsendent funktsiyalardi integrallaw

Ko’birek ushirasatug’in integrallardin’ bir nesh@r garastiramiz. Olar:

A) Trigonometriyaliq an’latpalardi integrallaw

l. JR(sinx,Cosx)dx tu'rindegi integrallar. BundaR(sinx, cosx) funktsiyasi

Sinx ham cosx ga baylanish ratsional funktsiya. Bul integraldi
t=tg§, xO(-n; n) turindegi ornina qoyiw ja’rdeminde ratsional Isbiektin’

integralina keltiriw mu’mkin. Sebebi,

X
2tg — 1-tg°— 2
sinx = 2x = 2t2, COSX = )2(=1 t2’ X = 2arctgt, dx = 2dt2_
1+tg® > 1+t 1+tg® > 1+t 1+t
2 2
Demek, u’yrenilip otirg’an integral ushin,
: 2t 1-t%) 2dt
R(sinx,cosx)dx=| R :
I ( ) J (1+t2 1+t2J1+t2

ten’ligi orinh boladi. Ten’liktin’ on’ ta’repindegintegral t o’zgeriwshisinin’ ratsional
funktsiyasinin’ integrali ha’'m bunday integrallarésaplaw usillari bizge belgili.

Integraldi esaplap bolg’annan sondan x ga gayta o'tiledi.
Joqarida ko'rsetilgem = tgg ,  XUO(-n; n) ornina goyiwi universial tu’'rlendiriw

dep ataladi. Universial tu’rlendiriwvden paydalanarguramali esaplawlar alip bariwg’'a
tuwra keledi. Sonhgtan bul tu'rlendiriw integralatsaplawdin’ basga usillarinan
paydalaniw mu’mkin bolmag’an jag’daylarda golladila

Eger integral astindag’'i funktsiyd&R(—sinx, cosx) = — R(sinx, cosx) sha'rtin
ganaatlandiratug’in  bolsa, ondat =cosx, x[(0,77) ornina goyiwin,

R(sinx,— cosx) =- R(sinXx, cosx) sha'rtin ganaatlandirsa =sinx, x[ (—g : g)

ornina qoyiwin, al egeR(—sinx, —cosx)=R(sinx, cosx) sha'rti orinli bolsa, onda
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t =tgx, XD(_E’E) yamasat =cos2x ornina goyiwinan paydalang’an qolayli

boladi.
Misallar.
dx : :
1) | =J— a)0<a<1 b) a>1integralin esaplan’.
1+acosx

Sheshiliwi. tgg =t almastiriwi na'tiyjesinde integral

2dt
| =j 1+t2 :J' Zdt
1-t2 J1+a+(1-a)?
l1+a 5
1+t

ko'rinisine keledi.

1-a an’latpanin’ belgisia g’a baylanish bolip, a) jag’day ushin, yag'dixa<1
da on’, b) jag’dayda, yag'nig >1 da teris boladi. Demek}) <a <1 bolg’anda
| 2 dt 2 l-a

_1—8. 1+a+t2 - 1—a2
1-a

I:2J-dt 1

t2_1+a \/az—l
a-1

In

\/1+a+t
a-1
2 _1\_ 2 _

21 Ir]‘1+a+t (a_lz) 2_t a 1‘+C
Ja? -1 ‘ l+a-t*(a-1) ‘

bolad!.

tgx .
2) J' _ ct9 dx integralin esaplan’.
sinx+cosx-1
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Sheshiliwi.

.2
COSX 1o -t 2
.[ Ctgx dx:_[ sin x _.[ 2t 1+t -
sinx+cosx-1 sinx+cosx-1 2t + -
1+t% 1+t?
J'(1+t2)dt —i+iln|t|+C:— 1 +£Intgé+C'
2t 2t 2 otg X 2 2
2
3) I dx :,f’ cosxdx _|Sinx=2 :,f dz _
cosx(sinx-3)  [1-sin?x)(sinx-3) | cosxdx=dz| ? {1~ 22[z-3)
= CHNDN S dz:—lln|1—sinx|—lln|1+sinx|+
2(1+z) z-3 2 2
. C(x-3)
+Injsinx -3+ InC = In|———=-
| | \1-sin? x

jsinmxm:oé‘ xdx tu'rindegi integrallar. Bul Kko'rinisindegi integltar

to’mendegi jag'daylarda an’sat integrallanadi:
1) Egerm=2k+1, k=1,2,--- bolsa, o’zgeriwshint = cosx formulasina sa’'ykes

almastirsaq, onddt = —sinxdx boladi ha'm
IsinZk” x [Eos' »dx = Isin2k xcos' xsinxdx = —j (1—t2)kt”dt

ko'rinisine keledi. Endi ten’liktin’ on’ ta'repi arsat integrallanadi.

P2

sin“x , .
Misa I.I >—dx integralin esaplan’.

COS™ X
942
Sheshiliwi. J'Sln Xd =—I£1—tld t Zt +1 =
co<?
2
——t—+2In\t\+i2+C=—C052X+2In\cosx\+ —+C.
2 2t 2C0< X

2) Egern=2k+1, k=12,--- bolsa, o'zgeriwshix ti t=sinx, dt=cosxdx
formulasi ja’rdeminde almastiriw berilgen integrald
[sin™ x[&os" sdx = ['sin™ xcos™ xcosxdx= I(l—tz)ktmdt
ko'rinisine alip keledi, al bul keyingi kelip slggn integral an’sat esaplanadi.

Misal. J\/sinxcos3 xdx integralin esaplan’.
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v

[~/sinx cos® xdx = Jt;(l—tz)dt :%tg —%tz +C =

= 4/sin x(%sin X — %sin2 xj +C.
3) Eger m+n=0ha'mm,ndZ, m>0 bolsa, onda berilgen integral
Itgm>dx ko’rinisine, aln >0 bolg’an jag’daydaf ctg" »dx ko'riniske keledi.

Bunday jag’daydajtgm xdx integralinda o’zgeriwshitgx =t formulasina sa’'ykes

almastiriladi ha’'m dt = sed® xdx, dx = dt _  dt dt polad.

Csedx tg’x+1 t2+1

Bunnan Itgm>dx = _[ tr

2 1dt bolatug’inlig’in ko’riw giyin emes.
+

Al J'ctgmxjx integrall ushinx t1 t=ctgx formulasi ja'rdeminde almastiradi.

Na'tiyjede dt=-cosec?xdx, dx= _tzd-|t-1 boladi da,
tn
m o —
[ ctg " xdx = -[tz +1dt

ten’ligi kelip shig’adi.
Solay etip, eki jag’dayda dzfsinmxmzosf‘ xdx integrali ratsional funktsiyanin’

integralina keledi.

Misal.

[tg®xdx = | t dt:J‘(t3—t+ t ]dt:i_ﬁJ,

t?+1 t? +1 4 2
+;In(t2+1)+C:Llltg“x—;tg2x+;|n(1+tg2x)+c-

4) m+n=-2k,kON yagniy teris jup san bolsa, ondﬁsinmxﬁtoé‘ xax

integrali [tg™xsed* xdx yamasa [ ctg™xcosec? xdx tu'rine keled.

Birinshi tu'rdegi integralda o’zgeriwshirtigx =t formulasi boyinsha almastiriladi
da,

[tg"xsec* xdx = [tg"xsed " sed xdx = jtm(1+t2)k_ldt
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boladi.
Al ekinshi tu'rdegi integralda o’zgeriwshirgtgx =t formulasi arqall almastirsaq,

onda Ictg”‘xcosecz" xdx = —It“(1+ tz)k_ldt boladi.

Misallar.
tgx =t
1)}2 B vty — _ _(e2f a2y L7205 10 A
tg?xsec® xdx =| sed xdx=dt | = [t L+t )dt-;t +PH ot Cs
sec® x =1+ tg?x
1
étg x+—tg x+—tg ’x+C
2) f —fsec?xsec?xdx= tox =t =j(1+t2)jt=
cos' x sed xdx = dt
1. 3
=tgx+§tg x+C.

5) Egerm=—(2k+1), kON, yag'niy teris pu'tin taq san, al=0 bolsa, onda

(44) almastiriw formulasin gollanamiz,

1)t

‘[Slﬂ2k+lX 22k ,f t2k+1

ko'rinisindegi an’sat integrallanatug’in integradgkeledi.

Misal
—tq Z
x:z—% t—t92
[—2 =] ax = dz [-92 =)= 29 |
cos ” X sin 1+t
cosx—cos( —j—smz sin 7 = 2t
1+t2
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6) Eger n=—(2k+1),kONyagniy teris pu'tin taq san, am=0 bolsa,
dx

2k+1

[sin™ x[¢os’ sdx integral |
cos¥* x

ko'rinisine keledi. Bul integraldjctg”xlx

ko'riniske keltiriw ushin x =t —g dep belgilew jetkilikli.
Onda:
dx = dx,cosx = co{t —g) =sint
boladi.
EgerJ's.inm x [¢os' »dx ko'rinisindegi integrallar ushin 1) - 6) jag'dagdan’ hesh
biri de orinlanbasa, onda bul integrllar giyinij@iéar menen esaplanadi.

Misal J= _[cos“ xdx integralin esaplan’.

Sheshiliwi. Berilgen integral 1) — 6) jag’daylardin’ birewin dganaatlandirmaydi.
Eger bul integraldi esaplaw ushin:thg almastiriwin qollansaq, integral to’'mendegi
ko'riniske keledi:

3 :IJ_MZ -

(1+ t2)5

Integral astindag’l funktsiyani a’piwayi bo’lshekjerjiklew ushin 10 koeffitsient

tabiw, al integraldi esaplaw ushin Il tu'rdegi mtegraldi, IV tu’rdegi to’rt integraldi
esaplaw kerek. Al, eger

1+ cos2x
cos x = —

formulasin paydalansaq, berilgen integral a’piwesaplanadi.

Haqgiyqgatinda da,

_ _ _1 2 40—
J = [ co$ xdx= [ cog xcos xdx= Zj (1+co2x)’dx=

dx =

= %I(1+ 2c0s2x + cos? 2 xHix = %j(ﬂ 20052x+mj

::—3x+%sin2x+isin4x+c.
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Il [ sinmxcosnxdx [ cosmxcosnxdx [ sinmxsinnxdx ko'rinisindegi

integrallar (n ha’m n - hagiyqgly sanlar Jntegral astindag’l funktsiyalar
sina cosf = %[Sin(a + B)+sin(a - B)),

cosa cosfB = %[cos(a + )+ cos(a - B))

sina sin B8 = %[cos(a + ) - cos(a - B)]

formulalari argali sinus ha’'m kosinustin’ birinsttia’rejelerinin’ qosindisi ko'rinisine
keltirilip integrallanadi.

Misal.
J' COS> + COS2X dlej' oS> X +cosS X |dx = Tsin2 x+ Lsin S x + C.
2 2 2 2 5 2 3 2

IV [ £ (x)e™dx, [ f(x)cos Bxdx,[ f(x)sin Bxdx,
ko'rinisindegi integrallar. (Bundd (x)-ko’p ag’zali,a ha'm [ - haqgiyqly sanlar)

Bul integrallar bo’leklep integrallaw usili menentagrallanadi. Bunin’ ushin
u= f(x) dep aliw kerek.

V. [ €™ cosbxdx, | € sinbxdx,

ko'rinisindegi integrallar.

e cosbx)' = e™(acosbx - bsinbx),
Eger

e sinbx)' = e®(asinbx+ bcosbx)

bolsa, onda

I I

(a2 + b2 )e™ cosbx = ble™ sinbx) +ale™ cosbx)
(2% + b2 )e™ sinbx = a(e™ sinbx) - ble™ cosbx)
bolatug’inin esapga alsaq, ten’liktin’ eki jag'im @&* +b*> sanina bo’lip, odan keyin

integrallasaq, to’'mendegi na’tiyje kelip shig’adi:

e*(bsinbx + acosbx)

j e cosbxdx = 3 +C,
a“+b

[ & sinbix = e (asmi:)x— Ecosbx) iC
a“+b
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VI, j x"e™ cosbxdx,j x"e™ sinbxdx,

tu'rindegi integrallar. (Bundan-natural sang ha’'m [ - haqiyqiy sanlar.)

Bul integrallardi tabiw ushin bo’leklep integrallawsili qollaniladi. Birinshi

integralda

n

u=x", dv=e*coshxdx

ekinshi integralda

n

u=x", dv=e*sinbxdx
dep alinadi.
Bunin’ na'tiyjesinde x-tin’ da’reje ko'rsetkishi birme-bir kemeyip baripgirinda

integrallar V tipke keledi.
VII. Jxm(ln X)"dxtu’rindegi integrallar. (Bundan-natural san,m - haqiyqly

san.)
Bul tiptegi integrallardi integrallawda o’zgeriisx -ti
t=Inx
formulasi boyinsha almastiriladi.

Sonda:
x=€, dx=e€dt1
boladi da, integral to’'mendegi tu'rge keledi:
[ x™(Inx)"dx = [t"e(™P'dt.

Demek, VII-tu'rdegi integral IV-tu'rdegi integralg’keledi.

Misal.
Inx=2 u=2z% du=2zdz
3 2 z 47 _2
xX°’(Inx)"dx=| x=e =|e“z°dz= =
Jxi(inx ) J dv = e*dz, v = 1"
dx =e“dz 4

=1 2 —EJ' 267dz= T 724 - 1 7¢7 +}J' e*’dz=
4 2 4 8 8

4
226t - Logtr s Lgtr o X (In x)z—lln x+1l+c.
32 4 2 8
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VIII. Ixm(arcsinx)”dx,fXm(arccosx)”dx tu'rindegi integrallar. (bundam-

natural san yamasa nai-natural san ). Birinshi integraldi esaplaw ushmarcsir x
formulasin, al, ekinshi integral ushih=arcco:x formulasin aliw kerek. Sonda

berilgen integrallar sa’'ykes

jt" sin™t costdt

ha'm
- [t" cos" tsintdt
integrallarina keledi. Bul integrallar bo’leklepgegrallaw usili menen esaplanadi.
Misal
arccosx =t _ u=t
[ xarccosxdx = _ =~ [t sintcostdt = _ =
dx = —sintdt du =sintcostdt

= 1tcosZt —%[costht = 1tcosZt —EsinZt +C =
4 4 4 8

= %arcco&(cos2 (arccosx) - sin? (arccos<)) - %sin(arcco&) [togarccosx)+C =
= % (2x2 —1)arccos< - % xV1-x° +C.

Shinig’'iwlar
To’'mendegi berilgen integrallardi esaplan’

¢ sinX
1 dx. ) J-tgx.cosﬁx "
J sinx +cosx sin® x
3 [SOS Xy, a O
3 3sinx sin* xco<* x
-1 +1tq? 1-ctgx
5. (1119 X; t92X X. 6-_[ O dx
" 1-tg°X 1+ ctgx
- 3
7. cos§xsin1xdx. 8.jsm xdXx.
. 4 4
dx sin® x
9. . 10. | ——dx.
'[C054 X Icos6 X
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11.
13. [
15. [
Y a%sin® x + b? cos? x

17. .—.
Y chx+shy

[ /thxdx.

19.
21.
23. [

25. [
27. [—
’ sin” x

29. '_—
7 SINXC0s2X

- sinxdx
J1+sinx

dx
(1+acosx)”
dx

e*dx

[ sin? xcos® xdx

co xsin? xdx
cth®xdx

dx

dx
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12-J sinxdx

0‘X\/1+ sin? x

[ —
tg?x + 4tgx
16. '[\/1+ sin xdx.

18. [ sh®xdx.
20. | ng.
Y ch°x
- -1—cos(x—a)dx
J1-codx+a)
24. | dx_
J7cosx—4sinx+8
2X
26. [ & X
Y shx
28. | dx
* 4/sin® xco< x
30. x3ln(x2+1)dx
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